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Introduction 


The CRC Concise Encyclopedia of Mathematics is a compendium of mathematical definitions, formulas, 
figures, tabulations, and references. It is written in an informal style intended to make it accessible to a broad 
spectrum of readers with a wide range of mathematical backgrounds and interests. Although mathematics is 
a fascinating subject, it all too frequently is clothed in specialized jargon and dry formal exposition that make 
many interesting and useful mathematical results inaccessible to laypeople. This problem is often further 
compounded by the difficulty in locating concrete and easily understood examples. To give perspective to 
a subject, I find it helpful to learn why it is useful, how it is connected to other areas of mathematics and 
science, and how it is actually implemented. While a picture may be worth a thousand words, explicit 
examples are worth at least a few hundred! This work attempts to provide enough details to give the reader 
a flavor for a subject without getting lost in minutiae. While absolute rigor may suffer somewhat, I hope 
the improvement in usefulness and readability will more than make up for the deficiencies of this approach. 

The format of this work is somewhere between a handbook, a dictionary, and an encyclopedia. It differs 
from existing dictionaries of mathematics in a number of important ways. First, the entire text and all 
the equations and figures are available in searchable electronic form on CD-ROM. Second, the entries are 
extensively cross-linked and cross-referenced, not only to related entries but also to many external sites 
on the Internet. This makes locating information very convenient. It also provides a highly efficient way 
to “navigate” from one related concept to another, a feature that is especially powerful in the electronic 
version. Standard mathematical references, combined with a few popular ones, are also given at the end of 
most entries to facilitate additional reading and exploration. In the interests of offering abundant examples, 
this work also contains a large number of explicit formulas and derivations, providing a ready place to locate 
a particular formula, as well as including the framework for understanding where it comes from. 

The selection of topics in this work is more extensive than in most mathematical dictionaries (e.g., 
Borowski and Borwein’s HarperCollins Dictionary of Mathematics and Jeans and Jeans’ Mathematics Dictio- 
nary). At the same time, the descriptions are more accessible than in “technical” mathematical encyclopedias 
(e.g., Hazewinkel’s Encyclopaedia of Mathematics and lyanaga’s Encyclopedic Dictionary of Mathematics). 
While the latter remain models of accuracy and rigor, they are not terribly useful to the undergraduate, 
research scientist, or recreational mathematician. In this work, the most useful, interesting, and entertaining 
(at least. to my mind) aspects of topics are discussed in addition to their technical definitions. For example, 
in my entry for pi (7), the definition in terms of the diameter and circumference of a circle is supplemented 
by a great. many formulas and series for pi, including some of the amazing discoveries of Ramanujan. ‘These 
formulas are comprehensible to readers with only minimal mathematical background, and are interesting to 
both those with and without. formal mathematics training. However, they have not previously been collected 
in a single convenient location. For this reason, T hope that, in addition to serving as a reference source, this 
work has some of the same flavor and appeal of Martin Gardner’s delightful Scientific American columns. 

Everything in this work has been compiled by me alone. I am an astronomer by training, but. have picked 
up a fair bit of mathematics along the way. It never ceases to amaze me how mathematical connections 
weave their way through the physical sciences. It frequently transpires that some piece of recently acquired 
knowledge turns out to be just what I need to solve some apparently unrelated problem. I have therefore 
developed the habit of picking up and storing away odd bits of information for future use. This work has 
provided a mechanism for organizing what has turned out to be a fairly large collection of mathematics. I 
have also found it very difficult to find clear yet accessible explanations of technical mathematics unless I 
already have some familiarity with the subject. I hope this encyclopedia will provide jumping-off points for 
people who are interested in the subjects listed here but who, like me, are not necessarily experts. 

The encyclopedia has been compiled over the last 11 years or so, beginning in my college years and 
continuing during graduate school. The initial document was written in Microsoft Word® on a Mac Phis® 
computer, and had reached about 200 pages by the time I started graduate school in 1990. When Andrew 
Treverrow made his OzIEX program available for the Mac, I began the task of converting all my documents 
to TRA, resulting in a vast improvement in readability. While undertaking the Word to TeX conversion, I also 
began cross-referencing entries, anticipating that eventually I would be able to convert the entire document 


to hypertext. This hope was realized beginning in 1995, when the Internet explosion was in full swing and 
I learned of Nikos Drakos’s excellent TeX to HTML converter, ATRX2HTML. After some additional effort, 
I was able to post an HTML version of my encyclopedia to the World Wide Web, currently located at 
www.astro. virginia. edu/~eww6n/math/. 

The selection of topics included in this compendium is not based on any fixed set of criteria, but rather 
reflects my own random walk through mathematics. In truth, there is no good way of selecting topics in such 
a work. The mathematician James Sylvester may have summed up the situation most aptly. According to 
Sylvester (as quoted in the introduction to Ian Stewart’s book From Here to Infinity), “Mathematics is not 
a book confined within a cover and bound between brazen clasps, whose contents it needs only patience to 
ransack; it is not a mine, whose treasures may take long to reduce into possession, but which fill only a limited 
number of veins and lodes; it is not a soil, whose fertility can be exhausted by the yield of successive harvests; 
it is not a continent or an ocean, whose area can be mapped out and its contour defined; it is as limitless as 
that space which it finds too narrow for its aspiration; its possibilities are as infinite as the worlds which are 
forever crowding in and multiplying upon the astronomer’s gaze; it is as incapable of being restricted within 
assigned boundaries or being reduced to definitions of permanent validity, as the consciousness of life.” 

Several of Sylvester’s points apply particularly to this undertaking. As he points out, mathematics itself 
cannot be confined to the pages of a book. The results of mathematics, however, are shared and passed 
on primarily through the printed (and now electronic) medium. While there is no danger of mathematical 
results being lost through lack of dissemination, many people miss out on fascinating and useful mathematical 
results simply because they are not aware of them. Not only does collecting many results in one place provide 
a single starting point for mathematical exploration, but it should also lessen the aggravation of encountering 
explanations for new concepts which themselves use unfamiliar terminology. In this work, the reader is only 
a cross-reference (or a mouse click) away from the necessary background material. As to Sylvester’s second 
point, the very fact that the quantity of mathematics is so great means that any attempt to catalog it 
with any degree of completeness is doomed to failure. This certainly does not mean that it’s not worth 
trying. Strangely, except for relatively small works usually on particular subjects, there do not appear to 
have been any substantial attempts to collect and display in a place of prominence the treasure trove of 
mathematical results that have been discovered (invented?) over the years (one notable exception being 
Sloane and Plouffe’s Encyclopedia of Integer Sequences). This work, the product of the “gazing” of a single 
astronomer, attempts to fill that omission. 

Finally, a few words about logistics. Because of the alphabetical listing of entries in the encyclopedia, 
neither table of contents nor index are included. In many cases, a particular entry of interest can be located 
from a cross-reference (indicated in SMALL CAPS TYPEFACE in the text) in a related article. In addition, 
most articles are followed by a “see also” list of related entries for quick navigation. This can be particularly 
useful if yov are looking for a specific entry (say, “Zeno’s Paradoxes”), but have forgotten the exact name. 
By examining the “see also” list at bottom of the entry for “Paradox,” you will likely recognize Zeno’s name 
and thus quickly locate the desired entry. 

The alphabetization of entries contains a few peculiarities which need mentioning. All entries beginning 
with a numeral are ordered by increasing value and appear before the first entry for “A.” In multiple-word 
entries containing a space or dash, the space or dash is treated as a character which precedes “a,” so entries 
appear in the following order: “Sum,” “Sum P...,” “Sum-P...,” and “Summary.” One exception is that 
in a series of entries where a trailing “s” appears in some and not others, the trailing “s” is ignored in the 
alphabetization. Therefore, entries involving Euclid would be alphabetized as follows: “Euclid’s Axioms,” 
“Euclid Number,” “Euclidean Algorithm.” Because of the non-standard nomenclature that ensues from 
naming mathematical results after their discoverers, an important result such as the “Pythagorean Theorem” 
is written variously as “Pythagoras’s Theorem,” the “Pythagoras Theorem,” etc. In this encyclopedia, I have 
endeavored to use the most widely accepted form. I have also tried to consistently give entry titles in the 
singular (e.g., “Knot” instead of “Knots”). 

In cases where the same word is applied in different contexts, the context is indicated in parentheses or 
appended to the end. Examples of the first type are “Crossing Number (Graph)” and “Crossing Number 
(Link).” Examples of the second type are “Convergent Sequence” and “Convergent Series.” In the case of 
an entry like “Euler Theorem,” which may describe one of three or four different formulas, I have taken the 
liberty of adding descriptive words (“Euler’s Something Theorem”) to all variations, or kept the standard 


name for the most commonly used variant and added descriptive words for the others. In cases where specific 
examples are derived from a general concept, em dashes (—) are used (for example, “Fourier Series,” “Fourier 
Series—Power Series,” “Fourier Series--Square Wave,” “Fourier Series—Triangle”). The decision to put a 
possessive ’s at the end of a name or to use a lone trailing apostrophe is based on whether the final “s” 
is pronounced. “Gauss’s Theorem” is therefore written out, whereas “Archimedes’ Recurrence Formula” is 
not. Finally, given the absence of a definitive stylistic convention, plurals of numerals are written without 
an apostrophe (e.g., 1990s instead of 1990’s). 

In an endeavor of this magnitude, errors and typographical mistakes are inevitable. The blame for these 
lies with me alone. Although the current length makes extensive additions in a printed version problematic, 
I plan to continue updating, correcting, and improving the work. 


Eric Weisstein 


Charlottesville, Virginia 
August 8, 1998 
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0 
Numerals 


0 
see ZERO 


1 

The number one (1) is the first POSITIVE INTEGER. It 
is an ODD NUMBER. Although the number 1 used to be 
considered a PRIME NUMBER, it requires special treat- 
ment in so many definitions and applications involving 
primes greater than or equal to 2 that it is usually placed 
into a class of its own. The number 1 is sometimes also 
called “unity,” so the nth roots of 1 are often called the 
nth ROOTS OF UNITY. FRACTIONS having 1 as a Nu- 
MERATOR are called UNIT FRACTIONS. If only one root, 
solution, etc., exists to a given problem, the solution is 
called UNIQUE. 


The GENERATING FUNCTION have all COERFFICIENTS 1 
is given by 
1 
——=ltete®teitatt.... 
l-« 
see also 2, 3, EXACTLY ONE, ROOT OF UNITY, UNIQUE, 
UNIT FRACTION, ZERO 


2 

The number two (2) is the second POSITIVE INTEGER 
and the first PRIME NUMBER. It is EVEN, and is the only 
EVEN PRIME (the PRIMES other than 2 are called the 
Opp PRIMES). The number 2 is also equal to its FAc- 
TORIAL since 2! = 2. A quantity taken to the POWER 2 
is said to be SQUARED. The number of times k& a given 
BINARY number 6, ---b26bo is divisible by 2 is given 
by the position of the first b, = 1, counting from the 
right. For example, 12 = 1100 is divisible by 2 twice, 
and 13 = 1101 is divisible by 2 0 times. 


see also 1, BINARY, 3, SQUARED, ZERO 


22 mod 1 Map 
Let zo be a REAL NUMBER in the CLOSED INTERVAL 
[0,1], and generate a SEQUENCE using the MAP 


In41 = 2fn (mod 1). (1) 
Then the number of periodic ORBITS of period p (for p 
PRIME) is given by 
2? —2 
Np = , (2) 
P 


Since a typical ORBIT visits each point with equal prob- 
ability, the NATURAL INVARIANT is given by 


p(z) = 1. (3) 


see also TENT MAP 


References 
Ott, E. Chaos in Dynamical Systems. Cambridge: Cam- 
bridge University Press, pp. 26-31, 1993. 


10 1 


3 

3 is the only INTEGER which is the sum of the preceding 
POSITIVE INTEGERS (1+ 2 = 3) and the only number 
which is the sum of the FACTORIALS of the preceding 
POSITIVE INTEGERS (1! + 2! = 3). It is also the first 
ODD PRIME. A quantity taken to the POWER 3 is said 
to be CUBED. 


see also 1, 2, 32 +1 MAPPING, CUBED, PERIOD THREE 
THEOREM, SUPER-3 NUMBER, TERNARY, THREE- 
COLORABLE, ZERO 


3z + 1 Mapping 
see COLLATZ PROBLEM 


10 

The number 10 (ten) is the basis for the DECIMAL sys- 
tem of notation. In this system, each “decimal place” 
consists of a DIGIT 0-9 arranged such that each DIGIT 
is multiplied by a POWER of 10, decreasing from left to 
right, and with a decimal place indicating the 10° = 1s 
place. For example, the number 1234.56 specifies 


1x 10°+2x107+3x10'+4x10°+5x10°'+6x107. 


The decimal places to the left of the decimal point 
are 1, 10, 100, 1000, 10000, 10000, 100000, 10000000, 
100000000, ... (Sloane’s AQ11557), called one, ten, 
HUNDRED, THOUSAND, ten thousand, hundred thou- 
sand, MILLION, 10 million, 100 million, and so on. The 
names of subsequent decimal places for LARGE NuM- 
BERS differ depending on country. 


Any POWER of 10 which can be written as the PRODUCT 
of two numbers not containing 0s must be of the form 
2”-5” = 10” for n an INTEGER such that neither 2” nor 
5” contains any ZEROS. The largest known such number 
is 
10° = 983 : 533 

= 8, 589, 934, 592 - 116, 415, 321, 826, 934, 814, 453, 125. 


A complete list of known such numbers is 


10! —o9l 5} 
10? = 2 2 
10° = 2°. 53 
10* = 24.54 
10° = 2°. 55 
10° = 2°. 5° 
107 — 97 7 
10° = 2°.5° 


10!8 — 218 . 518 
1033 — 933 . 538 


(Madachy 1979). Since all POWERS of 2 with exponents 
n < 4.6 x 10” contain at least one ZERO (M. Cook), no 


2 i ws 


other POWER of ten less than 46 million can be written 


as the PRODUCT of two numbers not containing Os. 


see also BILLION, DECIMAL, HUNDRED, LARGE NuM- 
BER, MILLIARD, MILLION, THOUSAND, TRILLION, ZERO 


References 

Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, pp. 127-128, 1979. 

Pickover, C. A. Keys to Infinity. New York: W. H. Freeman, 
p- 135, 1995. 

Sloane, N. J. A. Sequence AQ11557 in “An On-Line Version 
of the Encyclopedia of Integer Sequences.” 


12 
One DOZEN, or a twelfth of a GROSS. 


see also DOZEN, GROSS 


13 

A NUMBER traditionally associated with bad luck. A 
so-called BAKER’S DOZEN is equal to 13. Fear of the 
number 13 is called TRISKAIDEKAPHOBIA. 


see also BAKER’S DOZEN, FRIDAY THE THIRTEENTH, 
TRISKAIDEKAPHOBIA 


15 
see 15 PUZZLE, FIFTEEN THEOREM 


15 Puzzle 


A puzzle introduced by Sam Loyd in 1878. It consists of 
15 squares numbered from 1 to 15 which are placed in a 
4x 4 box leaving one position out of the 16 empty. The 
goal is to rearrange the squares from a given arbitrary 
starting arrangement by sliding them one at a time into 
the configuration shown above. For some initial arrange- 
ments, this rearrangement is possible, but for others, it 
is not. 


To address the solubility of a given initial arrangement, 
proceed as follows. If the SQUARE containing the num- 
ber i appears “before” (reading the squares in the box 
from left to right and top to bottom) n numbers which 
are less than 7, then call it an inversion of order n, and 
denote it n;. Then define 


where the sum need run only from 2 to 15 rather than 
1 to 15 since there are no numbers less than 1 (so nj 
must equal 0). If N is EVEN, the position is possible, 
otherwise it is not. This can be formally proved using 
ALTERNATING GROUPS. For example, in the following 
arrangement 


18-Point Problem 


n2 = 1 (2 precedes 1) and all other nj = 0, so N = 1 
and the puzzle cannot be solved. 
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16-Cell 

A finite regular 4-D POLYTOPE with SCHLAFLI SYMBOL 
{3, 3, 4} and VERTICES which are the PERMUTATIONS 
of (+1, 0, 0, 0). 

see also 24-CELL, 120-CELL, 600-CELL, CELL, POLY- 
TOPE 


17 

17 is a FERMAT PRIME which means that the 17-sided 
REGULAR POLYGON (the HEPTADECAGON) is Con- 
STRUCTIBLE using COMPASS and STRAIGHTEDGE (as 
proved by Gauss). 


see also CONSTRUCTIBLE POLYGON , FERMAT PRIME, 
HEPTADECAGON 
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18-Point Problem 

Place a point somewhere on a LINE SEGMENT. Now 
place a second point and number it 2 so that each of the 
points is in a different half of the LINE SEGMENT. Con- 
tinue, placing every Nth point so that all N points are 
on different (1/N)th of the LINE SEGMENT. Formally, 
for a given N, does there exist a sequence of real num- 
bers 71, £2, ..., ZN such that for every n € {1,...,N} 
and every k € {1,...,n}, the inequality 


k-1 
— << - 
mn n 


24-Cell 


holds for some i € {1,...,n}? Surprisingly, it is only 
possible to place 17 points in this manner (Berlekamp 
and Graham 1970, Warmus 1976). 


Steinhaus (1979) gives a 14-point solution (0.06, 0.55, 
0.77, 0.39, 0.96, 0.28, 0.64, 0.13, 0.88, 0.48, 0.19, 0.71, 
0.35, 0.82), and Warmus (1976) gives the 17-point solu- 


Warmus (1976) states that there are 768 patterns of 17- 
point solutions (counting reversals as equivalent). 


see also DISCREPANCY THEOREM, POINT PICKING 
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24-Cell 

A finite regular 4-D PoLyToPE with SCHLAFLI SYMBOL 
{3, 4,3}. Coxeter (1969) gives a list of the VERTEX po- 
sitions. The EVEN coefficients of the D, lattice are 1, 
24, 24, 96, ... (Sloane’s AQ04011), and the 24 shortest 
vectors in this lattice form the 24-cell (Coxeter 1973, 
Conway and Sloane 1993, Sloane and Plouffe 1995). 


see also 16-CELL, 120-CELL, 600-CRELL, CELL, POLY- 
TOPE 


References 

Conway, J. H. and Sloane, N. J. A. Sphere-Packings, Lattices 
and Groups, 2nd ed. New York: Springer-Verlag, 1993. 

Coxeter, H. S. M. Introduction te Geometry, 2nd ed. New 
York: Wiley, p. 404, 1969. 

Coxeter, H. 5. M. Regular Polytopes, 3rd ed. New York: 
Dover, 1973. 

Sloane, N. J. A. Sequences A004011/M5140 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 

Sloane, N. J. A. and Plouffe, 5. Extended entry in The Ency- 
clopedia of Integer Sequences. San Diego: Academic Press, 


1995, 


42 

According to Adams, 42 is the ultimate answer to life, 
the universe, and everything, although it is left as an 
exercise to the reader to determine the actual question 
leading to this result. 


References 
Adams, D. The Hitchhiker’s Guide to the Galary. New York: 
Ballantine Books, 1997. 


196-Algorithm 3 


72 Rule 
see RULE OF 72 


120-Cell 

A finite regular 4-D POLYTOPE with SCHLAFLI SYMBOL 
{5, 3,3} (Coxeter 1969). 

see also 16-CELL, 24-CELL, 600-CELL, CELL, POLY- 
TOPE 


References 
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144 
A Dozen DOzsEN, also called a GROSS. 144 is a SQUARE 
NUMBER and a SUM-PRODUCT NUMBER. 


see also DOZEN 


196-Algorithm 

Take any POSITIVE INTEGER of two DIGITS or more, re- 
verse the DIGITS, and add to the original number. Now 
repeat the procedure with the SUM so obtained. This 
procedure quickly produces PALINDROMIC NUMBERS for 
most INTEGERS. For example, starting with the num- 
ber 5280 produces (5280, 6105, 11121, 23232). The end 
results of applying the algorithm to 1, 2, 3,... are 1, 2, 
3, 4, 5, 6, 7, 8, 9, 11, 11, 33, 44, 55, 66, 77, 88, 99, 121, 
... (Sloane’s A033865). The value for 89 is especially 
large, being 8813200023188. 


The first few numbers not known to produce PALIN- 
DROMES are 196, 887, 1675, 7436, 13783, ... (Sloane’s 
A006960), which are simply the numbers obtained by 
iteratively applying the algorithm to the number 196. 
This number therefore lends itself to the name of the 
ALGORITHM. 


The number of terms a(n) in the iteration sequence re- 
quired to produce a PALINDROMIC NUMBER from n (i.e., 
a(n) = 1 for a PALINDROMIC NUMBER, a(n) = 2 if a 
PALINDROMIC NUMBER is produced after a single iter- 
ation of the 196-algorithm, etc.) for n = 1, 2,... are 
1, 1) 1, 15. 4,1, 1) 19 4).-2) 4,25. 2.2, °2). 2.2) 2,3; 
2, 2, 1, ... (Sloane’s A030547). The smallest numbers 
which require n = 0, 1, 2,... iterations to reach a palin- 
drome are 0, 10, 19, 59, 69, 166, 79, 188, ... (Sloane’s 
A023109). 

see also ADDITIVE PERSISTENCE, DIGITADITION, MUL- 
TIPLICATIVE PERSISTENCE, PALINDROMIC NUMBER, 
PALINDROMIC NUMBER CONJECTURE, RATS SE- 
QUENCE, RECURRING DIGITAL INVARIANT 
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239 

Some interesting properties (as well as a few arcane ones 
not reiterated here) of the number 239 are discussed in 
Beeler et al. (1972, Item 63). 239 appears in MACHIN’S 
FORMULA 


in = 4tan(?) — tan™* (545), 
which is related to the fact that 
2-13* — 1 = 2397, 


which is why 239/169 is the 7th CONVERGENT of V2. 
Another pair of INVERSE TANGENT FORMULAS involv- 
ing 239 is 


tan” *(545) = tan *(4;) — tan7*(4) 
1 


239 
= tan” *(-4) + tan™*(<4.). 


239 needs 4 SQUARES (the maximum) to express it, 9 
CUBES (the maximum, shared only with 23) to express 
it, and 19 fourth POWERS (the maximum) to express it 
(see WARING’S PROBLEM). However, 239 doesn’t need 
the maximum number of fifth POWERS (Beeler et al. 
1972, Item 63). 
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257-gon 

257 is a FERMAT PRIME, and the 257-gon is there- 
fore a CONSTRUCTIBLE POLYGON using COMPASS and 
STRAIGHTEDGE, as proved by Gauss. An illustration 
of the 257-gon is not included here, since its 257 seg- 
ments so closely resemble a CIRCLE. Richelot and 
Schwendenwein found constructions for the 257-gon in 
1832 (Coxeter 1969). De Temple (1991) gives a con- 
struction using 150 CIRCLES (24 of which are CaR- 
LYLE CIRCLES) which has GEOMETROGRAPHY symbol 
945, + 47S2 + 275C, + 0C2 + 150C3 and SIMPLICITY 
566. 


see also 65537-GON, CONSTRUCTIBLE POLYGON, FER- 
MAT PRIME, HEPTADECAGON, PENTAGON 
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65537-gon 


600-Cell 
A finite regular 4-D POLYTOPE with SCHLAFLI SYMBOL 
{3, 3,5}. For VERTICES, see Coxeter (1969). 


see also 16-CELL, 24-CELL, 120-CELL, CELL, PoOLy- 
TOPE 
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666 
A number known as the BEAST NUMBER appearing in 
the Bible and ascribed various numerological properties. 


see also APOCALYPTIC NUMBER, BEAST NUMBER, LE- 
VIATHAN NUMBER 
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2187 
The digits in the number 2187 form the two VAMPIRE 
NUMBERS: 21 x 87 = 1827 and 2187 = 27 x 81. 
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65537-gon 

65537 is the largest known FERMAT PRIME, and the 
65537-gon is therefore a CONSTRUCTIBLE POLYGON us- 
ing COMPASS and STRAIGHTEDGE, as proved by Gauss. 
The 65537-gon has so many sides that it is, for all in- 
tents and purposes, indistinguishable from a CIRCLE us- 
ing any reasonable printing or display methods. Her- 
mes spent 10 years on the construction of the 65537-gon 
at Géttingen around 1900 (Coxeter 1969). De Temple 
(1991) notes that a GEOMETRIC CONSTRUCTION can be 
done using 1332 or fewer CARLYLE CIRCLES. 


see also 257-GON, CONSTRUCTIBLE POLYGON, HEP- 
TADECAGON, PENTAGON 
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A-Integrable 


A 


A-Integrable 

A generalization of the LEBESGUE INTEGRAL. A MEA- 
SURABLE FUNCTION f(z) is called A-integrable over the 
CLOSED INTERVAL [a, }] if 


m{x :|f(x)| >n}= O(n), (1) 
where m is the LEBESGUE MEASURE, and 
b 
I= lim / [F(a))n dex (2) 
exists, where 
J f(z) iflf@l<n 
F@). = . if |f(2)| > n. (3) 
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A-Sequence 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


An INFINITE SEQUENCE of POSITIVE INTEGERS a; sat- 
isfying 
lai < a2 <a3<... (1) 


is an A-sequence if no a, is the SUM of two or more 
distinct earlier terms (Guy 1994). Erdés (1962) proved 


1 
Qk . ( ) 


k=1 


S(A) = sup 


all A sequences 


Any A-sequence satisfies the CHI INEQUALITY (Levine 
and O’Sullivan 1977), which gives S(A) < 3.9998. Ab- 
bott (1987) and Zhang (1992) have given a bound from 
below, so the best result to date is 


2.0649 < S(A) < 3.9998. (3) 


Levine and O’Sullivan (1977) conjectured that the sum 
of RECIPROCALS of an A-sequence satisfies 


8 


S(A) < =3.01..., (4) 


ew 
aw § Xt 


rod 


where x; are given by the LEVINE-O’SULLIVAN GREEDY 
ALGORITHM. 


see also Bz-SEQUENCE, MIAN-CHOWLA SEQUENCE 
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pan 


Specifying three ANGLES A, B, and C does not uniquely 
define a TRIANGLE, but any two TRIANGLES with the 
same ANGLES are SIMILAR. Specifying two ANGLES of 
a TRIANGLE automatically gives the third since the sum 
of ANGLES in a TRIANGLE sums to 180° (7 RADIANS), 
i.e., 


AAA Theorem 


C=n7-A-B. 


see also AAS THEOREM, ASA THEOREM, ASS THEO- 
REM, SAS THEOREM, SSS THEOREM, TRIANGLE 


AAS Theorem 


Specifying two angles A and B and a side a uniquely 
determines a TRIANGLE with AREA 
a’ sin BsinC 
2sin A 


a’ sin Bsin(x — A— B) 


K= 
2sin A 


(1) 
The third angle is given by 
C=nr-A-B, (2) 


since the sum of angles of a TRIANGLE is 180° (x Ra- 
DIANS). Solving the LAW OF SINES 


a b 
= 3 
snA sinB (3) 
for b gives 
sin B 
° sin A’ (4) 
Finally, 


c= bcosA+acosB=a(sinBcotA+cosB) (5) 
= asin B(cot A + cot B). (6) 


see also AAA THEOREM, ASA THEOREM, ASS THEO- 
REM, SAS THEOREM, SSS THEOREM, TRIANGLE 


6 Abacus 


Abacus 

A mechanical counting device consisting of a frame hold- 
ing a series of parallel rods on each of which beads are 
strung. Each bead represents a counting unit, and each 
rod a place value. The primary purpose of the abacus 
is not to perform actual computations, but to provide 
a quick means of storing numbers during a calculation. 
Abaci were used by the Japanese and Chinese, as well 
as the Romans. 


see also ROMAN NUMERAL, SLIDE RULE 
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abc Conjecture 

A CONJECTURE due to J. Oesterlé and D. W. Masser. 
It states that, for any INFINITESIMAL ¢€ > 0, there exists 
a CONSTANT C, such that for any three RELATIVELY 
PRIME INTEGERS a, 8, c satisfying 


at+b=c, 


the INEQUALITY 


maxf{lal,|6|, lel} < Ce [[ p'** 


plabc 


holds, where plabc indicates that the PRODUCT is over 
PRIMES p which DIVIDE the PropuctT abc. If this 
CONJECTURE were true, it would imply FERMAT’S 
Last THEOREM for sufficiently large POWERS (Goldfeld 
1996). This is related to the fact that the abc conjecture 
implies that there are at least Clnz WIEFERICH PRIMES 
< x for some constant C (Silverman 1988, Vardi 1991). 


see also FERMAT’S LAST THEOREM, MASON’S THEO- 
REM, WIEFERICH PRIME 
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Abel’s Functional Equation 


Abelian 


see ABELIAN CATEGORY, ABELIAN DIFFERENTIAL, 
ABELIAN FUNCTION, ABELIAN GROUP, ABELIAN IN- 
TEGRAL, ABELIAN VARIETY, COMMUTATIVE 


Abelian Category 

An Abelian category is an abstract mathematical CaT- 
EGORY which displays some of the characteristic prop- 
erties of the CATEGORY of all ABELIAN GROUPS. 


see also ABELIAN GROUP, CATEGORY 


Abel’s Curve Theorem 
The sum of the values of an INTEGRAL of the “first” or 
“second” sort 


Tis¥L ZN YN 
/ eet | I Ie 
Z0+¥0 Q 70:40 Q 


and 


P(21,y1) dar 4 P(zn, yn) den = dF 
Q(z1,y:) dz Q{xzn, yn) dz dz’ 


from a FIXED POINT to the points of intersection with a 
curve depending rationally upon any number of param- 
eters is a RATIONAL FUNCTION of those parameters. 
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Abelian Differential 

An Abelian differential is an ANALYTIC or MEROMOR- 
PHIC DIFFERENTIAL on a COMPACT or closed RIEMANN 
SURFACE. 


Abelian Function 

An INVERSE FUNCTION of an ABELIAN INTEGRAL. 
Abelian functions have two variables and four periods. 
They are a generalization of ELLIPTIC FUNCTIONS, and 
are also called HYPERELLIPTIC FUNCTIONS. 


see also ABELIAN INTEGRAL, ELLIPTIC FUNCTION 
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Abel’s Functional Equation 
Let Lie(x) denote the DILOGARITHM, defined by 


m 


: = x 
Li2(z) = So he’ 


n=l 


Abelian Group 


then 
Li2(z) + Lie(y) + Lie(ry) + Lie eS) 
ey, ( ¥G—=) 
+ Lig ( 1 zy ) 3 Liz(1). 


see also DILOGARITHM, POLYLOGARITHM, RIEMANN 
ZETA FUNCTION 


Abelian Group 
N.B. A detailed on-line essay by S. Finch was the start- 


ing point for this entry. 


A Group for which the elements COMMUTE (i.e., AB = 
BA for all elements A and B) is called an Abelian group. 
All Cyclic GROUPS are Abelian, but an Abelian group 
is not necessarily CYCLIC. All SUBGROUPS of an Abelian 
group are NORMAL. In an Abelian group, each element 
is ina CONJUGACY CLASS by itself, and the CHARACTER 
TABLE involves POWERS of a single element known as a 
GENERATOR. 


No general formula is known for giving the number 
of nonisomorphic FINITE Groups of a given ORDER. 
However, the number of nonisomorphic Abelian FINITE 
GRovps a(n) of any given ORDER n is given by writing 


nT as 
n= []e*: (1) 
1 


where the p; are distinct PRIME FACTORS, then 
a(n) = [J Plas), (2) 


where P is the PARTITION FUNCTION. This gives 1, 1, 
1, 2,1, 1, 1, 3, 2,... (Sloane’s A000688). The smallest 
orders for which n = 1, 2, 3, ... nonisomorphic Abelian 
groups exist are 1, 4, 8, 36, 16, 72, 32, 900, 216, 144, 
64, 1800, 0, 288, 128, ... (Sloane’s A046056), where 0 
denotes an impossible number (i.e., not a product of 
partition numbers) of nonisomorphic Abelian, groups. 
The “missing” values are 13, 17, 19, 23, 26, 29, 31, 34, 
37, 38, 39, 41, 43, 46, ... (Sloane’s A046064). The 
incrementally largest numbers of Abelian groups as a 
function of order are 1, 2, 3, 5, 7, 11, 15, 22, 30, 42, 56, 
77, 101, ... (Sloane’s A046054), which occur for orders 
1, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096, 8192, 
... (Sloane’s A046055). 


The KRONECKER DECOMPOSITION THEOREM states 
that every FINITE Abelian group can be written as a D1- 
RECT PropuctT of Cyclic Groups of PRIME POWER 
ORDERS. If the ORDERS of a FINITE GROUP is a PRIME 
p, then there exists a single Abelian group of order p 
(denoted Z,) and no non-Abelian groups. If the OrR- 
DERS is a prime squared p?, then there are two Abelian 
groups (denoted Z,2 and Z, @ Z,. If the ORDERS is 


Abelian Group 7 


a prime cubed p’, then there are three Abelian groups 
(denoted Z, @ Zp @ Zp, Zp ® Z,2, and Z,3), and five 
groups total. If the order is a PRODUCT of two primes 
p and q, then there exists exactly one Abelian group of 
order pg (denoted Zp ® Zag). 


Another interesting result is that if a(n) denotes the 
number of nonisomorphic Abelian groups of ORDER n, 
then 


So a(n)n-* = ¢(s)¢(28)¢(38) +, (3) 


n=1 


where ¢(s) is the RIEMANN ZETA FUNCTION. Srinivasan 
(1973) has also shown that 


N 
S\ a(n) = AiN+4gN*/? 4 Ag? +O[2?/*°" (in 2)", 
n=1 
(4) 
where 
2.294856591... fork =1 
Ar = [[¢ (4) = 4 —14.6475663... fork=2 (5) 
jr 118.6924619... fork =3, 
jek 


and ¢ is again the RIEMANN ZETA FUNCTION. [Richert 
(1952) incorrectly gave A3 = 114.] DeKoninck and Ivic 
(1980) showed that 


3 hg =BN+O[VN(InN)-/7], (6) 


where 


_ _ 1 rea pe 
e=T1 {1-3 [masa ~ mam] #}-07™-- 


=2 

(7) 
is a product over PRIMES. Bounds for the number of 
nonisomorphic non-Abelian groups are given by Neu- 
mann (1969) and Pyber (1993). 


see also FINITE GROUP, GROUP THEORY, KRONECKER 
DECOMPOSITION THEOREM, PARTITION FUNCTION P, 
RING 
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8 Abel’s Identity 
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Abel’s Identity 
Given a homogeneous linear SECOND-ORDER ORDI- 
NARY DIFFERENTIAL EQUATION, 


y" + P(z)y' + Q(x)y = 0, (1) 


call the two linearly independent solutions yi(x) and 
yo(z). Then 


vi () + P(z)yi (x) + Q(z)yr = 0 (2) 
y2 (x) + P(x)y2(x) + Q(z) y2 = 0. (3) 
Now, take y: x (3) — yo x (2), 
wily2 + P(z)y2 + Q(x)y2] 
~yaly + P(x)y + Q(z)yi] =0 (4) 
(yiy2 —y2yr) + P(yry2—yiy2) + Q(yiy2—yry2) = 0 (5) 


(yiy2 — yoy) + P(yry2 — yiya) = 0. (6) 


Now, use the definition of the WRONSKIAN and take its 
DERIVATIVE, 


W = yiy2 — Yiy2 (7) 
W' = (yiy2 tmy2) — (viy2 + yi'y2) 
wf “ 
= Yiy2 — Yr Y2- (8) 


Plugging W and W’ into (6) gives 
W'+ PW =0. (9) 
This can be rearranged to yield 


dW 
ae —P(x) dz (10) 


which can then be directly integrated to 
InW = —-C; [Pewee (11) 


where Inz is the NATURAL LOGARITHM. A second in- 
tegration then yields Abel’s identity 


Wie) = ce 1 POs, (12) 


where C, is a constant of integration and C2 = ee. 


see also ORDINARY DIFFERENTIAL EQUATION—SEC- 
OND-ORDER 
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Abel’s Irreducibility Theorem 


Abel’s Impossibility Theorem 

In general, POLYNOMIAL equations higher than fourth 
degree are incapable of algebraic solution in terms of 
a finite number of ADDITIONS, MULTIPLICATIONS, and 
ROOT extractions. 


see also CUBIC EQUATION, GALOIS’S THEOREM, POLY- 
NOMIAL, QUADRATIC EQUATION, QUARTIC EQUATION, 
QUINTIC EQUATION 
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Abel’s Inequality 
Let {fn} and {an} be SEQUENCES with fr > fn41 > 0 
for n = 1, 2,..., then 


Sask < Afi, 
n=1 
where 
A= max{|ai|, ai + a2|,..., {a1 +a2+...+ aml}. 


Abelian Integral 
An INTEGRAL of the form 


where R(t) is a POLYNOMIAL of degree > 4. They are 
also called HYPERELLIPTIC INTEGRALS. 


see also ABELIAN FUNCTION, ELLIPTIC INTEGRAL 


Abel’s Irreducibility Theorem 

If one ROOT of the equation f(x) = 0, which is irre- 
ducible over a FIELD K, is also a ROOT of the equation 
F(z) = 0 in K, then all the RooTS of the irreducible 
equation f(x) = 0 are Roots of F(x) = 0. Equivalently, 
F(z) can be divided by f(z) without a REMAINDER, 


F(x) = f(z)Fi(z), 


where F(x) is also a POLYNOMIAL over K. 


see also ABEL’S LEMMA, KRONECKER’S POLYNOMIAL 
THEOREM, SCHOENEMANN’S THEOREM 
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Abel’s Lemma 


Abel’s Lemma 
The pure equation 

2? =C 
of PRIME degree p is irreducible over a FIELD when C 
is a number of the FIELD but not the pth POWER of an 
element of the FIELD. 
see also ABEL’S IRREDUCIBILITY THEOREM, GAUSS’S 
POLYNOMIAL THEOREM, KRONECKER’S POLYNOMIAL 
THEOREM, SCHOENEMANN’S THEOREM 


References 
Dorrie, H. 100 Great Problems of Elementary Mathematics: 
Their History and Solutions. New York: Dover, p. 118, 


1965. 


Abel’s Test 
see ABEL’S UNIFORM CONVERGENCE TEST 


Abel’s Theorem 


Given a TAYLOR SERIES 


oO OO 

F(z) = 3. Che" = Cartel, (1) 
n=0 n=0 

where the COMPLEX NUMBER z has been written in the 

polar form z = re’’, examine the REAL and IMAGINARY 

PARTS 


u(r,0) = SS Car” cos(n6) (2) 
v(r, 6) = pa Car” sin(né). (3) 


Abel’s theorem states that, if u(1,@) and v(1,0) are 
CONVERGENT, then 


u(1, 0) + év(1,4) = lim f(re*). (4) 


Stated in words, Abel’s theorem guarantees that, if a 
REAL POWER SERIES CONVERGES for some POSITIVE 
value of the argument, the DOMAIN of UNIFORM CON- 
VERGENCE extends at least up to and including this 
point. Furthermore, the continuity of the sum function 
extends at least up to and including this point. 


References 
Arfken, G. Mathematical Methods for Physicists, 9rd ed. Or- 
lando, FL: Academic Press, p. 773, 1985. 


Abel Transform 

The following INTEGRAL TRANSFORM relationship, 
known as the Abel transform, exists between two func- 
tions f(z) and g(t) for0<a<1, 


_ [* s(tae 
ge sin(za) d f(x) dz (2) 


dt Jf, (x—t)i- 


= sin(aa) if df dz . f(0) (3) 


ts dz (t—az)i-* — th-@ 


Abhyankar’s Conjecture 9 


The Abel transform is used in calculating the radial 
mass distribution of galaxies and inverting planetary ra- 
dio occultation data to obtain atmospheric information. 
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Abel’s Uniform Convergence Test 
Let {un(x)} be a SEQUENCE of functions. If 


1. un(z) can be written un(z) = anfn(2), 

2. So an is CONVERGENT, 

3. fn(z) is a MONOTONIC DECREASING SEQUENCE 
(i.e., fn4i(x) < fa(z)) for all n, and 

4. f,(z) is BOUNDED in some region (i.e., 0 < fn(z) < 
M for all x € [a, b]) 

then, for all x € [a, 0], the SERIES 37 un(x) CONVERGES 

UNIFORMLY. 


see also CONVERGENCE TESTS 
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Abelian Variety 

An Abelian variety is an algebraic GROUP which is a 
complete ALGEBRAIC VARIETY. An Abelian variety of 
DIMENSION 1 is an ELLIPTIC CURVE. 


see also ALBANESE VARIETY 
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Abhyankar’s Conjecture 

For a FINITE GROUuP G, let p(G) be the SUBGROUP gen- 
erated by all the SYLow p-SuBGROuPS of G. If X isa 
projective curve in characteristic p > 0, and if zo,..., Z 
are points of X (for t > 0), then a NECESSARY and SuF- 
FICIENT condition that G occur as the GALOIS GROUP 
of a finite covering Y of X, branched only at the points 
Zo, .-.-, Zt, is that the QUOTIENT GROUP G/p(G) has 
2g + t generators. 


Raynaud (1994) solved the Abhyankar problem in the 
crucial case of the affine line (i-e., the projective line 
with a point deleted), and Harbater (1994) proved the 
full Abhyankar conjecture by building upon this special 
solution. 

see also FINITE GROUP, GALOIS GROUP, QUOTIENT 
Group, SYLOW p-SUBGROUP 


10 Ablowitz-Ramani-Segur Conjecture 
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Ablowitz-Ramani-Segur Conjecture 

The Ablowitz-Ramani-Segur conjecture states that a 
nonlinear PARTIAL DIFFERENTIAL EQUATION is solv- 
able by the INVERSE SCATTERING METHOD only if ev- 
ery nonlinear ORDINARY DIFFERENTIAL EQUATION ob- 
tained by exact reduction has the PAINLEVE PROPERTY. 


see also INVERSE SCATTERING METHOD 
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Abscissa 
The z- (horizontal) axis of a GRAPH. 


see also AXIS, ORDINATE, REAL LINE, z-AXIS, y-AXIS, 
z-AXIS 


Absolute Convergence 

A SERIES }>) un is said to CONVERGE absolutely if the 
SeRIES }>, |un| CONVERGES, where |un| denotes the 
ABSOLUTE VALUE. If a SERIES is absolutely convergent, 
then the sum is independent of the order in which terms 
are summed. Furthermore, if the SERIES is multiplied by 
another absolutely convergent series, the product series 
will also converge absolutely. 


see also CONDITIONAL CONVERGENCE, CONVERGENT 
SERIES, RIEMANN SERIES THEOREM 
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Absolute Deviation 
Let & denote the MEAN of a SET of quantities uz, then 
the absolute deviation is defined by 


Au; — us a al. 


see also DEVIATION, MEAN DEVIATION, SIGNED DEVI- 
ATION, STANDARD DEVIATION 


Absolute Square 


Absolute Error 
The DIFFERENCE between the measured or inferred 
value of a quantity zp and its actual value z, given by 


Az=%-2£ 


(sometimes with the ABSOLUTE VALUE taken) is called 
the absolute error. The absolute error of the SuM or 
DIFFERENCE of a number of quantities is less than or 
equal to the Sum of their absolute errors. 


see also ERROR PROPAGATION, PERCENTAGE ERROR, 
RELATIVE ERROR 
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Absolute Geometry 

GEOMETRY which depends only on the first four of Ev- 
CLID’Ss POSTULATES and not on the PARALLEL POSTU- 
LATE. Euclid himself used only the first four postulates 
for the first 28 propositions of the Elements, but was 
forced to invoke the PARALLEL POSTULATE on the 29th. 


see also AFFINE GEOMETRY, Elements, EUCLID’S POS- 
TULATES, GEOMETRY, ORDERED GEOMETRY, PARAL- 
LEL POSTULATE 
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Absolute Pseudoprime 
see CARMICHAEL NUMBER 


Absolute Square 
Also known as the squared NORM. The absolute square 
of a COMPLEX NUMBER z is written |z|* and is defined 
as 

jz|° = zz", (1) 


where z* denotes the COMPLEX CONJUGATE of z. For 
a REAL NUMBER, (1) simplifies to 


|z|? = 27. (2) 


If the COMPLEX NUMBER is written z = x + iy, then 
the absolute square can be written 


lz + iy|? =e +y’. (3) 


An important identity involving the absolute square is 
given by 


ll 


lat be*|? = (a+ be) (a + be’) 
a’? +b? table +e”) 


=a? +b? + 2abcos6. (4) 


Hl 


Absolute Value 


If a = 1, then (4) becomes 


[1+ be“ |? = 1+ + 2bcosd 
=1+6? + 2b(1 — 2sin?(34)] 
=1+42b+b? + 4bsin*(46) 
~ (1+)? F 4bsin? (46). (5) 


Ifa=1, and 6=1, then 

-48)2 2 2 ra) 
jl—e "|? = (1-1)? + 4- Lsin’($6) = 4sin°(36). (6) 
Finally, 


gy 162 /2  (pth1 162\(.—*O1 ~ip2 
jeitt + e882)? = (cits + cif )(e7t#t 4 6-192) 
=24 ei(tz $1) 4 e ila -$1) 


= 2+ 2cos($2 — ¢1) = 2[1 + cos(¢2 — $1)] 
= 4cos"(2 — ¢1). (7) 


Absolute Value 


Im{Abs Zz} 


The absolute value of a REAL NUMBER z is denoted |z| 
and given by 


(| = zsgn(e) = { -z forxr<0 
z for z > 0, 


where SGN is the sign function. 


‘he same notation is used to denote the MODULUS of 
a COMPLEX NUMBER z = z+ ty, |z| = Vz? +y?, a 
p-ADIC absolute value, or a general VALUATION. The 
NorM of a VECTOR x is also denoted |x|, although ||x|| 
is more commonly used. . 


Other NOTATIONS similar to the absolute value are the 
FLOOR FUNCTION |x], NINT function {z], and CEILING 
FUNCTION [2]. 

see also ABSOLUTE SQUARE, CEILING FUNCTION, 
FLOOR FUNCTION, MODULUS (COMPLEX NUMBER), 
Nin'r, SGN, TRIANGLE FUNCTION, VALUATION 
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Absolutely Continuous 

Let uw be a POSITIVE MEASURE on a SIGMA ALGEBRA 
M and let \ be an arbitrary (real or complex) MEASURE 
on M. Then JA is absolutely continuous with respcct to 
B, written \ < p, if \(E) = 0 for every E € M for 
which p.(E) = 0. 

see also CONCENTRATED, MUTUALLY SINGULAR 
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Absorption Law 
The law appearing in the definition of a BOOLEAN AL- 
GEBRA which states 


aN (aVb)=aVv(anb)=a 


for binary operators V and A (which most commonly are 
logical OR and logical AND). 


see also BOOLEAN ALGEBRA, LATTICE 
References 
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Abstraction Operator 
see LAMBDA CALGULUS 


Abundance 
The abundance of a number n is the quantity 


A(n) =o(n)  2n, 


where o(n) is the DIVISOR FUNCTION. Kravitz has con- 
jectured that no numbers exist whose abundance is an 
ODD SQUARE (Guy 1994). 


The following table lists special classifications given to 
a number n based on the value of A(n). 


A(n) Number 


<0. deficient number 
—1 almost perfect number 
Q perfect number 
1 quasiperfect number 
>0 abundant number 


see also DEFICIENCY 
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Abundant Number 
An abundant number is an INTEGER n which is not a 
PERFECT NUMBER and for which 


s(n) =o(n)—n>n, (1) 


where o(n) is the DIvisoOR FUNCTION. The quantity 
a(n) — 2n is sometimes called the ABUNDANCE. The 
first few abundant numbers are 12, 18, 20, 24, 30, 36,... 
(Sloane’s A005101). Abundant numbers are sometimes 
called EXCESSIVE NUMBERS. 


There are only 21 abundant numbers less than 100, and 
they are all EVEN. The first ODD abundant number is 


945 = 3°-7-5. (2) 
That 945 is abundant can be seen by computing 
3(945) = 975 > 945. (3) 


Any multiple of a PERFECT NUMBER or an abundant 
number is also abundant. Every number greater than 
20161 can be expressed as a sum of two abundant num- 
bers. 


Define the density function 
(4) 


A(z) = tim Hria(m) 2 en} 
Nr Oo n 


for a POSITIVE REAL NUMBER zg, then Davenport (1933) 
proved that A(z) exists and is continuous for all z, 
and Erdés (1934) gave a simplified proof (Finch). Wall 
(1971) and Wall et al. (1977) showed that 


0.2441 < A(2) < 0.2909, (5) 
and Deléglise showed that 


0.2474 < A(2) < 0.2480. (6) 


A number which is abundant but for which all its 
PROPER DIVISORS are DEFICIENT is called a PRIMITIVE 
ABUNDANT NuMBER (Guy 1994, p. 46). 


see also ALIQUOT SEQUENCE, DEFICIENT NUMBER, 
HIGHLY ABUNDANT NUMBER, MULTIAMICABLE NUM- 
BERS, PERFECT NUMBER, PRACTICAL NUMBER, PRIM- 
ITIVE ABUNDANT NUMBER, WEIRD NUMBER 
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Acceleration 

Let a particle travel a distance s(t) as a function of time 
t (here, s can be thought of as the ARC LENGTH of 
the curve traced out by the particle). The SPEED (the 
SCALAR NORM of the VECTOR VELOCITY) is then given 


by 
ds dx \? dy\? dz\? 
#-Vla) +l) +@)-  @ 
The acceleration is defined as the time DERIVATIVE of 
the VELOCITY, so the SCALAR acceleration is given by 


= 2 
dt (2) 
d’s 
—P (3) 
dx @? dy d? dz d?z 
_ aetiet na (4) 
z\2 dy \2 z\2 
(2) Hay re 
dxd*x  dyd?y  dzd?z 
de dit | dad? de de (5) 
dr dr 
ie ae (6) 
The VECTOR acceleration is given by 
_dv @r_ ds, ds\* . 
a= Gigi git) s 


where T is the UNIT TANGENT VECTOR, « the CURVA- 
TURE, s the ARC LENGTH, and N the UNIT NORMAL 
VECTOR. 


Let a particle move along a straight LINE so that the 
positions at times t,, t2, and ts are 81, $2, and 53, re- 
spectively. Then the particle is uniformly accelerated 
with acceleration a IFF 


_ | (82 — 83)t: + (83 — $1)t2 + (51 — 82)ts 
a (t1 — ta) (te — ta)(ts — ti) ”) 


is a constant (Klamkin 1995, 1996). 


Accidental Cancellation 


Consider the measurement of acceleration in a rotating 
reference frame. Apply the ROTATION OPERATOR 


R= (Seen (9) 


twice to the RADIUS VECTOR r and suppress the body 
notation, 


“ d 2 
@space = Rr = (F + wx) r 
=(G+0 \(F +wxr) 
~ \dt dt 
dr d dr 
= 35+G 7 (w xr) tw x F +0 x (w xr) 
EE pis OE La cls, 1 
~ at? dt dt dt 
+w x (Ww xr), (10) 


Grouping terms and using the definitions of the VELOC- 
ITY v = dr/dt and ANGULAR VELOCITY @ = dw/dt 
give the expression 


2 


SF 4b Qwxvewx(wxetrxa. (11) 


Aspace = de 


Now, we can identify the expression as consisting of 
three terms 


ar 
Abody = di’ (12) 
ACoriolis = 2W X v, (13) 
centrifugal = WX (W x Fr), (14) 


a “body” acceleration, centrifugal acceleration, and 
Coriolis acceleration. Using these definitions finally 
gives 


Aspace = Abody + Acoriolis + Acentrifugal +rx a, (15) 


where the fourth term will vanish in a uniformly ro- 
tating frame of reference (i.e., @ = 0). The centrifugal 
acceleration is familiar to riders of merry-- »-rounds, and 
the Coriolis acceleration is responsible for the motions 
of hurricanes on Earth and uecessitates large trajectory 
corrections for intercontine~:al ballistic missiles. 


see also ANGULAR ACCELERATION, ARC LENGTH, 
JERK, VELOCITY 


References 

Klamkin, M. S. “Problem 1481.” Math. Mag. 68, 307, 1995. 

Klamkin, M. S. “A Characteristic of Constant Acceleration.” 
Solution to Problem 1481. Math. Mag. 69, 308, 1996. 


Accidental Cancellation 
see ANOMALOUS CANCELLATION 
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Accumulation Point 

An accumulation point is a POINT which is the limit 
of a SEQUENCE, also called a LIMIT POINT. For some 
MAPS, periodic orbits give way to CHAOTIC ones beyond 
a point known as the accumulation point. 


see also CHAOS, LOGISTIC MAP, MODE LOckING, PE- 
RIOD DOUBLING 


Achilles and the Tortoise Paradox 
see ZENO’S PARADOXES 


Ackermann Function 

The Ackermann function is the simplest example of a 
well-defined TOTAL FUNCTION which is COMPUTABLE 
but not PRIMITIVE RECURSIVE, providing a counterex- 
ample to the belief in the early 1900s that every COM- 
PUTABLE FUNCTION was also PRIMITIVE RECURSIVE 
(Dotzel 1991). It grows faster than an exponential func- 
tion, or even a multiple exponential function. The Ack- 
ermann function A(z, y) is defined by 


yt+1 if x =0 
A(a,y) = A(a — 1,1) ify =0 (1) 
A(z —1,A(z,y—1)) otherwise. 

Special values for INTEGER 2 include 
A(0,y)=yt+1 (2) 
A(l,y)=y+2 (3) 
A(2,y) = 2y +3 (4) 
A(3, y) = 2%*3 — 3 (5) 
2 
=o? _ 

A(4,y) = 27-3. (6) 


yt+3 


Expressions of the latter form are sometimes called 
Power Towers. A(0,y) follows trivially from the def- 
inition. A(1, y) can be derived as follows, 


A(1,y) = A(0, A(i,y—1)) = AQ,y-1) +1 
= A(0, A(1,y —2))+1= A(1,y—2)+2 
=...=A(1,0)+ y= A(O,1)+y=y+2. 


(7) 
A(2,y) has a similar derivation, 


A(2,y) = A(1, A(2,y — 1)) = A(2,y-1) +2 
= A(1, A(2,y —2)) +2 = A(2,y—-2)+4=... 
= A(2,0) + 2y = A(1,1)+2y=2y+3. (8) 


Buck (1963) defines a related function using the same 
fundamental RECURRENCE RELATION (with arguments 
flipped from Buck’s convention) 


F(z,y) = F(z = 1, F(z, y — 1)), (9) 
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but with the slightly different boundary values 


F(0,y)=yt+1 (10) 
F(1,0) =2 (11) 
F(2,0) =0 (12) 
F(z,0)=1 for c = 3,4,.... (13) 


Buck’s recurrence gives 


F(l,y)=2+y (14) 
F(2,y) = 2y (15) 
F(3,y) = 24 (16) 
F(4,y) = ae ‘ (17) 


y 


Taking F(4,n) gives the sequence 1, 2, 4, 16, 65536, 
285588. Defining (x) = F(x,x) for z = 0,1,... 
2 


then gives 1, 3, 4, 8, 65536, 2” _,... (Sloane’s A001695), 
NY 


m™m 


, @ truly huge number! 


65536 
see also ACKERMANN NUMBER, COMPUTABLE FUNC- 
TION, GOODSTEIN SEQUENCE, POWER TOWER, PRIMI- 
TIVE RECURSIVE FUNCTION, TAK FUNCTION, TOTAL 
FUNCTION 
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Ackermann Number 
A number of the form nt --- tn, where ARROW NOTA- 
“Sa” 


TION has been used. The first few Ackermann numbers 


33 
SY 
7,625,597 ,484,987 


arelt1l=1,27(2=4,and3t{t3= 


Acute Triangle 


see also ACKERMANN FUNCTION, ARROW NOTATION, 
POWER TOWER 
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Acnode 
Another name for an ISOLATED POINT. 


see also CRUNODE, SPINODE, TACNODE 


Acoptic Polyhedron 

A term invented by B. Griinbaum in an attempt to pro- 
mote concrete and precise POLYHEDRON terminology. 
The word “coptic” derives from the Greek for “to cut,” 
and acoptic polyhedra are defined as POLYHEDRA for 
which the FAcEs do not intersect (cut) themselves, mak- 
ing them 2-MANIFOLDS. 


see also HONEYCOMB, NOLID, POLYHEDRON, SPONGE 


Action . 

Let M(X) denote the GRouP of all invertible MAPS 
X — X and let G be any Group. A HOMOMORPHISM 
6:G— M(X) is called an action of G on X. Therefore, 
6 satisfies 

1. For each g € G, 6(g) isa MaP X 9 X: rH A(Qg)z, 
2. @(gh)x = 8(9)(6(h)e), 

3. 0(e)x = x, where e is the group identity in G, 

4. 0(g"*)x = 0(g)~* a. 


see also CASCADE, FLOW, SEMIFLOW 


Acute Angle 

An ANGLE of less than 7/2 RADIANS (90°) is called an 
acute angle. 

see also ANGLE, OBTUSE ANGLE, RIGHT ANGLE, 
STRAIGHT ANGLE 


Acute Triangle 


A TRIANGLE in which all three ANGLES are ACUTE AN- 
GLES. A TRIANGLE which is neither acute nor a RIGHT 
TRIANGLE (i.e., it has an OBTUSE ANGLE) is called an 
OBTUSE TRIANGLE. A SQUARE can be dissected into as 
few as 8 acute triangles. 


see also OBTUSE TRIANGLE, RIGHT TRIANGLE 


Adams-Bashforth-Moulton Method 


Adams-Bashforth-Moulton Method 
see ADAMS’ METHOD 


Adams’ Method 

Adams’ method is a numerical METHOD for solving 
linear FIRST-ORDER ORDINARY DIFFERENTIAL EQUA- 
TIONS of the form 


av = #(2,y). (a) 
Let 
h= Tnt1—Lfn (2) 


be the step interval, and consider the MACLAURIN SE- 
RIES of y about zp, 


d 
Ynti = Yn + (2) (x = Zn) 


2 
+5 (SE) ena)... (3) 


(2) = (4) + (32) Gate @ 


Here, the DERIVATIVES of y are given by the BACKWARD 
DIFFERENCES 


—~(4y\ _ Ayn _ nti — Yn 
w= (4) -—* ~ h (5) 
a 
Van = (3) = Qn — Qn-1 (6) 
2 dy 
V Qn = ds = Van = Van-1; (7) 


etc. Note that by (1), gn is just the value of f(tn, yn). 


For first-order interpolation, the method proceeds by 
iterating the expression 


Ynt1 = Yn tanh (8) 
where gn = f(%n, Yn). The method can then be ex- 


tended to arbitrary order using the finite difference in- 
tegration formula from Beyer (1987) 


1 
/ fodp=(l+3V+ SV +iv" 
ie) 


6 
+2LV4 + SVS 4 TV +.) fy (9) 


to obtain 
Ynt1 7" Yn = h(gn + $VQn-1 ao SV' an-2 + 2V° qn-s 
+7510 4q,4+ 25 V°qn—st+-..)- (10) 


Note that von Karman and Biot (1940) confusingly use 
the symbol normally used for FORWARD DIFFERENCES 
A to denote BACKWARD DIFFERENCES V. 
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see also GILL’S METHOD, MILNE’S METHOD, PREDIC- 
TOR-CORRECTOR METHODS, RUNGE-KUTTA METHOD 
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Addend 

A quantity to be ADDED to another, also called a SUM- 
MAND. For example, in the expression a+6+c, a, b, and 
c are all addends. The first of several addends, or “the 
one to which the others are added” (a in the previous 
example), is sometimes called the AUGEND. 


see also ADDITION, AUGEND, PLUS, RADICAND 


Addition 

1). carries 

1 5 8 addend | 

+ 2.49 ~<@-addend 2 

4 0 7~<@ sum 
The combining of two or more quantities using the PLus 
operator. The individual numbers being combined are 
called ADDENDS, and the total is called the Sum. The 
first of several ADDENDS, or “the one to which the oth- 
ers are added,” is sometimes called the AUGEND. The 
opposite of addition is SUBTRACTION. 


While the usual form of adding two n-digit INTEGERS 
(which consists of summing over the columns right to 
left and “CARRYING” a 1 to the next column if the sum 
exceeds 9) requires n operations (plus carries), two n- 
digit INTEGERS can be added in about 2lgn steps by 
n processors using carry-lookahead addition (McGeoch 
1993). Here, Ig x is the LG function, the LOGARITHM to 
the base 2. 


see also ADDEND, AMENABLE NUMBER, AUGEND, 
CaRRY, DIFFERENCE, DivisiON, MULTIPLICATION, 
PLUS, SUBTRACTION, SUM 


References 
McGeoch, C. C. “Parallel Addition.” Amer. Math. Monthly 
100, 867-871, 1993. 


Addition Chain 
An addition chain for a number n is a SEQUENCE 1 = 
ag < a1 <...< a, =n, such that each member after ag 
is the SUM of the two earlier (not necessarily distinct) 
ones. The number r is called the length of the addition 
chain. For example, 


1l+1=2,242=4,442=6,6+2=8,8+6=14 


16 Addition-Multiplication Magic Square 


is an addition chain for 14 of length r = 5 (Guy 1994). 


see also BRAUER CHAIN, HANSEN CHAIN, SCHOLZ CON- 
JECTURE 


References 

Guy, R. K. “Addition Chains. Brauer Chains. Hansen 
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Addition-Multiplication Magic Square 


fsfahrese| hs 
2.63] 27 | 52 17] 90 | 58 | TS 
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shapes [2c eho 
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A square which is simultaneously a MAGIC SQUARE and 
MULTIPLICATION MAGIC SQUARE. The three squares 
shown above (the top square has order eight and the 
bottom two have order nine) have addition MAGIC Con- 
STANTS (840, 848, 1200) and multiplicative magic con- 
stants (2,058,068,231,856,000; 5,804,807,833,440,000; 
1,619,541,385,529,760,000), respectively (Hunter and 
Madachy 1975, Madachy 1979). 


see also MAGIC SQUARE 


OG 87/95 /42199 [1 [asfosizd 
fateobetapotsbeta 
138243117) 5002 16190 56]33] 5 
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Additive Persistence 

Consider the process of taking a number, adding its Dic- 
ITS, then adding the Dicits of number derived from it, 
etc., until the remaining number has only one DIGIT. 
The number of additions required to obtain a single 
Dicit from a number n is called the additive persis- 
tence of n, and the DiciT obtained is called the DIGITAL 
Root of n. 


For example, the sequence obtained from the starting 
number 9876 is (9876, 30, 3), so 9876 has an additive 
persistence of 2 and a DIGITAL Root of 3. The ad- 
ditive persistences of the first few positive integers are 


0, 0, 0, 0, 0,0, 0,0,0,1,1,1,1,1,1,1,1, 1, 2,1, 


Adéle Group 


... (Sloane’s A031286). The smallest numbers of ad- 
ditive persistence n for n = 0, 1, ... are 0, 10, 19, 
199, 19999999999999999999999, ... (Sloane’s AO06050). 
There is no number < 10°° with additive persistence 
greater than 11. 


It is conjectured that the maximum number lacking the 
Dicit 1 with persistence 11 is 


7777773333222 2222222222222222 


There is a stronger conjecture that there is a maximum 
number lacking the DIGIT 1 for each persistence > 2. 


The maximum additive persistence in base 2 is 1. It is 
conjectured that all powers of 2 > 2*° contain a 0 in base 
3, which would imply that the maximum persistence in 
base 3 is 3 (Guy, 1994). 


see also DIGITADITION, DIGITAL ROOT, MULTIPLICA- 
TIVE PERSISTENCE, NARCISSISTIC NUMBER, RECUR- 
RING DIGITAL INVARIANT 
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Adéle 

An element of an ADELE GROUP, sometimes called a 
REPARTITION in older literature. Adéles arise in both 
NUMBER FIELDS and FUNCTION FIELDs. The adéles of 
a NUMBER FIELD are the additive SUBGROUPS of all ele- 
ments in [| k,, where v is the PLACE, whose ABSOLUTE 
VALUE is < 1 at all but finitely many vs. 


Let F be a FUNCTION FIELD of algebraic functions of 
one variable. Then a MAP r which assigns to every 
PLACE P of F an element r(P) of F such that there are 
only a finite number of PLACES P for which vp(r(P)) < 
0. 


see also IDELE 
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Adéle Group 
The restricted topological DIRECT PRODUCT of the 
Group G;, with distinct invariant open subgroups Go, . 


References 
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Adem Relations 


Adem Relations 
Relations in the definition of a STEENROD ALGEBRA 
which state that, for i < 27, 


Li 
ee oh eee 
oa esdte= > (? j — 2k ) so VF o Sq*(x), 


2 
k=0 


where f og denotes function COMPOSITION and |i| is 
the FLOOR FUNCTION. 


see also STEENROD ALGEBRA 


Adequate Knot 

A class of KNOTS containing the class of ALTERNATING 
Knots. Let c(K) be the CROSSING NUMBER. Then for 
Knot Sum K1#K?2 which is an adequate knot, 


c(h #K2) = c(Ki) + c(K2). 


This relationship is postulated to hold true for all 
KNOTS. 


see also ALTERNATING KNOT, CROSSING NUMBER 
(Link) 


Adiabatic Invariant 

A property of motion which is conserved to exponential 
accuracy in the small parameter representing the typical 
rate of change of the gross properties of the body. 


see also ALGEBRAIC INVARIANT, LYAPUNOV CHARAC- 
TERISTIC NUMBER 


Adjacency Matrix 
The adjacency matrix of a simple GRAPH is a MATRIX 
with rows and columns labelled by VERTICES, with a 1 
or 0 in position (vi,v;) according to whether v; and v; 
are ADJACENT or not. 


see also INCIDENCE MATRIX 
References 
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Adjacency Relation 

The Set E of EDGES of a GRAPH (V, £), being a set 
of unordered pairs of elements of V, constitutes a RE- 
LATION on V. Formally,:an adjacency relation is any 
RELATION which is IRREFLEXIVE and SYMMETRIC. 


see also IRREFLEXIVE, RELATION, SYMMETRIC 


Adjacent Fraction 

Two FRACTIONS are said to be adjacent if their differ- 
ence has a unit NUMERATOR. For example, 1/3 and 1/4 
are adjacent since 1/3 — 1/4 = 1/12, but 1/2 and 1/5 
are not since 1/2 — 1/5 = 3/10. Adjacent fractions can 
be adjacent in a FAREY SEQUENCE. 

see also FAREY SEQUENCE, FORD CIRCLE, FRACTION, 
NUMERATOR 

References 
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Adjacent Value 


The value nearest to but still inside an inner FENCE. 


References 
Tukey, J. W. Explanatory Data Analysis. Reading, MA: 
Addison-Wesley, p. 667, 1977. 


Adjacent Vertices 
In a GRAPH G, two VERTICES are adjacent if they are 
joined by an EDGE. 


Adjoint Curve 

A curve which has at least multiplicity r; — 1 at each 
point where a given curve (having only ordinary singu- 
lar points and cusps) has a multiplicity r; is called the 
adjoint to the given curve. When the adjoint curve is of 
order n — 3, it is called a special adjoint curve. 


References 
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Adjoint Matrix 
The adjoint matrix, sometimes also called the ADJu- 
GATE MATRIX, is defined by 


A‘ = (A*)’, (1) 


where the ADJOINT OPERATOR is denoted ‘ and 7 de- 
notes the TRANSPOSE. If a MATRIX is SELF-ADJOINT, 
it is said to be HERMITIAN. The adjoint matrix of a 
MATRIX product is given by 


(ab)' = [(ab)* i; - (2) 
Using the property of transpose products that 


[(ab)"]f; = (b" a" )i; = (binaky)” = (67 )3, (a7 Jig 


= bi,aj; = (b'a')s5, (3) 


it follows that 
(AB)' = BIAT, (4) 


Adjoint Operator 
Given a SECOND-ORDER ORDINARY DIFFERENTIAL 
EQUATION 


x _. dw du 
Lu(z)= Powg t Pig, + pat, (1) 


where p; = pi(z) and u = u(z), the adjoint operator Li 
is defined by 


ed d 
Llu= Gaz (Pou) = ig Pt) + pou 
@u ’ du " ' 
= — 2 — ech = : 
PO? + (2p0 Pi) 5 + (po —pi +p2)u 


(2) 
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Write the two LINEARLY INDEPENDENT solutions as 
yi(z) and y2(x). Then the adjoint operator can also 
be written 


Liu= [totn — y:Ly2) dx = |B tn'n = nn’) 
(3) 


see also SELF-ADJOINT OPERATOR, STURM-LIOUVILLE 
THEORY 


Adjugate Matrix 
see ADJOINT MATRIX 


Adjunction 
If a is an element of a FIELD F’ over the PRIME FIELD 
P, then the set of all RATIONAL FUNCTIONS of a with 
COEFFICIENTS in P is a FIELD derived from P by ad- 
junction of a. 


Adleman-Pomerance-Rumely Primality Test 
A modified MILLER’S PRIMALITY TEST which gives a 
guarantee of PRIMALITY or COMPOSITENESS. The AL- 
GORITHM’s running time for a number N has been 
proved to be as O((In N)° 22%) for some c > 0. It was 
simplified by Cohen and Lenstra (1984), implemented by 
Cohen and Lenstra (1987), and subsequently optimized 
by Bosma and van der Hulst (1990). 
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Adlieman-Rumely Primality Test 
see ADLEMAN-POMERANCE-RUMELY PRIMALITY TEST 


Admissible 

A string or word is said to be admissible if that word 
appears in a given SEQUENCE. For example, in the SE- 
QUENCE aabaabaabaabaab..., a, aa, baab are all admis- 
sible, but bb is inadmissible. : 


see also BLOCK GROWTH 


Affine Hull 


Affine Complex Plane 
The set A? of all ordered pairs of COMPLEX NUMBERS. 


see also AFFINE CONNECTION, AFFINE EQUATION, 
AFFINE GEOMETRY, AFFINE GROUP, AFFINE HULL, 
AFFINE PLANE, AFFINE SPACE, AFFINE TRANSFORMA- 
TION, AFFINITY, COMPLEX PLANE, COMPLEX PROJEC- 
TIVE PLANE 


Affine Connection 
see CONNECTION COEFFICIENT 


Affine Equation 

A nonhomogeneous LINEAR EQUATION or system of 
nonhomogeneous LINEAR EQUATIONS is said to be 
affine. 


see also AFFINE COMPLEX PLANE, AFFINE CONNEC- 
TION, AFFINE GEOMETRY, AFFINE GROUP, AFFINE 
Huu, AFFINE PLANE, AFFINE SPACE, AFFINE TRANS- 
FORMATION, AFFINITY 


Affine Geometry 

A GEOMETRY in which properties are preserved by PAR- 
ALLEL PROJECTION from one PLANE to another. In an 
affine geometry, the third aud fourth of EUcLID’s Pos- 
TULATES become meaningless. This type of GEOMETRY 
was first studied by Euler. 


see also ABSOLUTE GEOMETRY, AFFINE COMPLEX 
PLANE, AFFINE CONNECTION, AFFINE EQUATION, 
AFFINE GROUP, AFFINE HULL, AFFINE PLANE, AFFINE 
SPACE, AFFINE TRANSFORMATION, AFFINITY, OR- 
DERED GEOMETRY 
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Birkhoff, G. and Mac Lane, 8. “Affine Geometry.” §9.13 in A 
Survey of Modern Algebra, 3rd ed. New York: Macmillan, 
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Affine Group 

The set of all nonsingular AFFINE TRANSFORMATIONS 
of a TRANSLATION in SPACE constitutes a GROUP known 
as the affine group. The affine group contains the full 
linear group and the group of TRANSLATIONS as SUB- 
GROUPS. 

see also AFFINE COMPLEX PLANE, AFFINE CONNEC- 
TION, AFFINE EQUATION, AFFINE GEOMETRY, AFFINE 
Hutt, AFFINE PLANE, AFFINE SPACE, AFFINE TRANS- 
FORMATION, AFFINITY 


References 
Birkhoff, G. and Mac Lane, S. A Survey of Modern Algebra, 
8rd ed. New York: Macmillan, p. 237, 1965. 


Affine Hull 
The IDEAL generated by a SET in a VECTOR SPACE. 


see also AFFINE COMPLEX PLANE, AFFINE CONNEC- 
TION, AFFINE EQUATION, AFFINE GEOMETRY, AFFINE 


Group, AFFINE PLANE, AFFINE SPACE, AFFINE 


TRANSFORMATION, AFFINITY, CONVEX HULL, HULL 


Affine Plane 


Affine Plane 

A 2-D AFFINE GEOMETRY constructed over a FINITE 
FIELD. For a FIELD F of size n, the affine plane consists 
of the set of points which are ordered pairs of elements in 
F and a set of lines which are themselves a set of points. 
Adding a Point at INFINITY and LINE AT INFINITY 
allows a PROJECTIVE PLANE to be constructed from an 
affine plane. An affine plane of order n is a BLOCK 
DESIGN of the form (n?, n, 1). An affine plane of order 
n exists IFF a PROJECTIVE PLANE of order n exists. | 
see also AFFINE COMPLEX PLANE, AFFINE CONNEC- 
TION, AFFINE EQUATION, AFFINE GEOMETRY, AFFINE 
GRouP, AFFINE HULL, AFFINE SPACE, AFFINE TRANS- 
FORMATION, AFFINITY, PROJECTIVE PLANE 


References 
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Affine Scheme 

A technical mathematical object defined as the SPEC- 
TRUM o(A) of a set of PRIME IDEALS of a commutative 
RinG A regarded as a local ringed space with a structure 
sheaf. 


see also SCHEME 
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Affine Space 

Let V be a VECTOR SPACE over a FIELD K, and let A 
be a nonempty SET. Now define addition p+a€é A for 
any VECTOR a € V and element p € A subject to the 
conditions 


1. p+O0=p, 
2. (pta)+b=p+(atb), 


3. For any g € A, there EXISTS a unique VECTOR a € V 
such that g=p+a. 


Here, a, b € V. Note that (1) is implied by (2) and (3). 
Then A is an affine space and K is called the COEFFI- 
CIENT FIELD. 


In an affine space, it is possible to fix a point and co- 
ordinate axis such that every point in the SPACE can 
be represented as an n-tuple of its coordinates. Every 
ordered pair of points A and B in an affine space is then 
associated with a VECTOR AB. 


see also AFFINE COMPLEX PLANE, AFFINE CONNEC- 
TION, AFFINE EQUATION, AFFINE GEOMETRY, AFFINE 
Group, AFFINE HULL, AFFINE PLANE, AFFINE SPACE, 
AFFINE TRANSFORMATION, AFFINITY 
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Affine Transformation 

Any TRANSFORMATION preserving COLLINEARITY (i.e., 
all points lying on a LINE initially still lie on a LINE 
after TRANSFORMATION). An affine transformation is 
also called an AFFINITY. An affine transformation of 
R” is a Map F': R” — R” of the form 


F(p) = Ap+q (1) 


for all p € R”, where A is a linear transformation of 
R”. If det(A) = 1, the transformation is ORIENTATION- 
PRESERVING; if det(A) = —1, it is ORIENTATION- 
REVERSING. 


DILATION (CONTRACTION, HOMOTHECY), EXPANSION, 
REFLECTION, ROTATION, and TRANSLATION are all 
affine transformations, as are their combinations. A par- 
ticular example combining ROTATION and EXPANSION is 
the rotation-enlargement transformation 


a 3| cose sin @ xz — Xo 

y | | —sina cosa] | y— yo 
cos a(x — zo) + sina(y — yo) (2) 
~" | —sina(ax — 0) + cosa(y — yo) |’ 


Separating the equations, 


z = (scosa)z + (ssina)y — s(to cosa + yosina) (3) 


= (—ssina)z + (scosa)y + s(zo sina — yo cosa). 


(4) 
This can be also written as 
z’ =azr+by+e (5) 
y =br+ay+td, (6) 
where 
a= scosa (7) 
b= -ssina. (8) 


The scale factor s is then defined by 


and the rotation ANGLE by 


a = tan * (-2) : (10) 


a 


see also AFFINE COMPLEX PLANE, AFFINE CONNEC- 
TION, AFFINE EQUATION, AFFINE GEOMETRY, AFFINE 
GrRouP, AFFINE HULL, AFFINE PLANE, AFFINE SPACE, 
AFFINE TRANSFORMATION, AFFINITY, EQUIAFFINITY, 
EUCLIDEAN MOTION 
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Affinity 
see AFFINE TRANSFORMATION 


Affix 
In the archaic terminology of Whittaker and Watson 


(1990), the COMPLEX NUMBER z representing x + iy. 


References 
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Aggregate 
An archaic word for infinite SETS such as those consid- 
ered by Georg Cantor. 


see also CLASS (SET), SET 


AGM 
see ARITHMETIC-GEOMETRIC MEAN 


Agnesi’s Witch 
see WITCH OF AGNESI 


Agnésienne 
see WITCH OF AGNESI 


Agonic Lines 
see SKEW LINES 


Ahlfors-Bers Theorem 

The RIEMANN’S MODULI SPACE gives the solution to 
RIEMANN’S MODULI PROBLEM, which requires an AN- 
ALYTIC parameterization of the compact RIEMANN SUR- 
FACES in a fixed HOMEOMORPHISM. 


Airy Differential Equation 
Some authors define a general Airy differential equation 
as 

y +k’cy =0. (1) 


This equation can be solved by series solution using the 
expansions 


y= » an2" (2) 
n=0 
y= Sena = So nanz 
n=0 n=l 
= So(n + lanyiz” (3) 
n=O 
y= Si(n + 1)nanyi2"™* = SO(n +1)nanyiz™* 
n=0 n=1 
fee) 
— Sin +2)(n + Lanter”. (4) 
n=0 


Airy Differential Equation 


Specializing to the “conventional” Airy differential equa- 
tion occurs by taking the MINUS SIGN and setting 
k? = 1. Then plug (4) into 


y" —ay=0 (5) 
to obtain 
fos) oO 
Soin + 2)(n+l)ang2z”" —2 a anz" =0 (6) 
n=0 n=0 
Son +2)(n+ Lanyon” - > enn*t =0 (7) 
n=0 n=O 
2a2+ S (n+ 2)(n4 Langer” — So an a2” =0 (8) 
n=1 n=l 
fo) 
2a2 + S ln + 2)(n + l)anye — an-ij2” = 0. (9) 
n=1 


In order for this equality to hold for all 2, each term 
must separately be 0. Therefore, 


az =0 (10) 
(n+ 2)(n4+ l)any2 = an-1. (11) 


Starting with the n = 3 term and using the above RE- 
CURRENCE RELATION, we obtain 


5-4as = 20a5 = az = 0. (12) 


Continuing, it follows by INDUCTION that 


a2 = a5 = Gg = 31 =... Agn-1 = 0 (13) 
for n = 1, 2,.... Now examine terms of the form agn. 
ao 
a3= 3-2 (14) 
az ao 
=— = 15 
“o~ 6-5 (6-5)(3- 2) ) 
ig eee a (16) 


9-8 (9-8)(6-5)(3- 2)" 


Again by INDUCTION, 


a ao 
“Sn [(8n)(Bn = 1)j[(Bn — 3)(Bn — 4)]---[6 - 5]3 - 2] 
(17) 
for n = J, 2,.... Finally, look at terms of the form 
Q3n41); 

a4 = ran (18) 

G4 ai 
= = 19 
T= 7.6 (7-6)(4-3) (19) 
a1i0 = =e = (20) 


10-9 (10-9)(7-6)(4-3)° 


Airy-Fock Functions 
By INDUCTION, 
a = = 
antl [(8n + 1)(3n)|[(3n — 2)(3n — 3)]--- [7 - 6][4- 3] 
(21) 
for n = 1, 2,.... The general solution is therefore 


= 23” 


ite gintl 
ae : + d, (3n + 1)(3n)(3n — 2)(3n —3)---4- | 
: (22) 
For a general k* with a MINUS SIGN, equation (1) is 
y —k’ zy = 0, (23) 
and the solution is 


y(z) = V2 [Al1js (2ha*/?) Bly (2he*/?)], 


(24) 
where I is a MODIFIED BESSEL FUNCTION OF THE 
First KIND. This is usually expressed in terms of the 
Airy Functions Ai(z) and Bi(z) 


y(t) = A’ Ai(k’/*2) + B’ Bi(k?/*z). (25) 
If the PLUS SIGN is present instead, then 
y" +k’acy =0 (26) 
and the solutions are 


y(2) = 4Va [AJ1/o (3ka*/”) + Bula (2kx*/)], 
(27) 
where J(z) is a BESSEL FUNCTION OF THE FIRST KIND. 
see also AIRY-FOCK FUNCTIONS, AIRY FUNCTIONS, 
BESSEL FUNCTION OF THE FIRST KIND, MODIFIED 
BESSEL FUNCTION OF THE FIRST KIND 


Airy-Fock Functions 
The three Airy-Fock functions are 


(2) = 4VF Ai(2) () 
wi(z) = 2e*7/y(wz) (2) 
w2(z) = 2e7*"/8y (woz), (3) 


where Ai(z) is an AIRY FUNCTION. These functions 
satisfy Aa tai 
v(z) = a ac (4) 
{wi(z)]" = wa(z"), (5) 
where z* is the COMPLEX CONJUGATE of z. 
see also AIRY FUNCTIONS 
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Airy Functions 
Watson’s (1966, pp. 188-190) definition of an Airy func- 
tion is the solution to the AIRY DIFFERENTIAL EQUA- 
TION 

b’ +k br =0 (1) 


which is FINITE at the ORIGIN, where ®’ denotes the 
DERIVATIVE d&/dz, k? = 1/3, and either SIGN is per- 
mitted. Call these solutions (1/7)®(4k?, x), then 


=9(£3;2) = [conte + at) dt (2) 


z Qn3/2 Qx3/2 
O(- 332) = a 3 Lt ( 33/2 Nis 33/2 ’ 


where J(z) is a BESSEL FUNCTION OF THE First KIND 
and I(z) is a MODIFIED BESSEL FUNCTION OF THE 
FIRST KIND. Using the identity 


m I_n(x) — In(z) 


Hane) = 2 sin(n7) 


(5) 


where K(z) is a MODIFIED BESSEL FUNCTION OF THE 
SECOND KIND, the second case can be re-expressed 


1 1 xz 2 j 1 200 
&(—432) = 3a/Z (=) sin (37) Kis | Gaz } (8) 


© 2 V3 2x3/? 
a ge 9 Ki 3 ( 35/2 (7) 
2a3/2 
= ave): ( 33/72 ) (8) 


A more commonly used definition of Airy functions is 
given by Abramowitz and Stegun (1972, pp. 446-447) 
and illustrated above. This definition identifies the 
Ai(z) and Bi(z) functions as the two LINEARLY INDE- 
PENDENT solutions to (1) with k? = 1 and a MINus 
SIGN, 


f 


y" — yz = 0. (9) 


22 Airy Functions 
The solutions are then written 

y(z) = AAi(z) + BBi(z), (10) 
where 


Ai(z) = = #(-1,2) 
= 1 /z [I_1/3(22°/") = Ihyjs(22°/?)] 
Ve Rial”) (11) 


Bi(z) = VE l-ss(32) +hys(32”)). (12) 


i 


In the above plot, Ai(z) is the solid curve and Bi(z) is 
dashed. For zero argument, 


372/38 


Ai(0) = ~ TQ)’ 


(13) 


where I'\(z) is the GAMMA FUNCTION. This means that 
Watson’s expression becomes 


(3a)7*/?m Ai(+(3a)~*/%z) = / % cos(at® + at) dt. (14) 


ie) 


A generalization has been constructed by Hardy. 


The ASYMPTOTIC SERIES of Ai(z) has a different form 
in different QUADRANTS of the COMPLEX PLANE, a fact 
known as the STOKES PHENOMENON. Functions related 
to the Airy functions have been defined as 


Gi(z) = : l sin(1t* + zt) dt (15) 
0 


Hi(z) = = | exp(—it° + 2t) dt. (16) 
0 


see also AIRY-FOCK FUNCTIONS 
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Aitken’s 6? Process 


Airy Projection 
A Map Projection. The inverse equations for ¢ are 
computed by iteration. Let the ANGLE of the projection 
plane be &. Define 


0 for 0 = ia 


a= In[¥ coa( 3m —6)] (1) 


—47;——_ otherwise. 
tan[5 (9 7-9)] 


For proper convergence, let x; = 1/6 and compute the 
initial point by checking 


w= lexp(—(/2" +y?+atanz;)tanzi]}. (2) 


As long as z; > 1, take 2:41; = 2;/2 and iterate again. 
The first value for which z; < 1 is then the starting 
point. Then compute 


a; = cos *{exp[—(+/x? + y? + atanz;)tanzi]} (3) 


until the change in x; between evaluations is smaller 
than the acceptable tolerance. The (inverse) equations 
are then given by 


$= in 22; (4) 
\ = tan} (-2) ; (5) 


Aitken’s 6* Process 

An ALGORITHM which extrapolates the partial sums sp, 
of a SERIES }° an whose CONVERGENCE is approxi- 
mately geometric and accelerates its rate of CONVER- 
GENCE. The extrapolated partial sum is given by 


(Sn41 = Sn)? 


, 
Sa 3 SF 
8n41— 28n + Sn-1 


see also EULER’S SERIES TRANSFORMATION 
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Aitken Interpolation 


Aitken Interpolation 

An algorithm similar to NEVILLE’S ALGORITHM for con- 
structing the LAGRANGE INTERPOLATING POLYNOM- 
IAL. Let f(z|zo,21,...,2%) be the unique POLYNOMIAL 


of kth ORDER coinciding with f(x) at xo, ..., %. Then 
1 fo @o- az 
x = 
F(a|z0, 21) m—-tifi m1-2£ 
1 fo To — 2 
£ = —— 
f(z|z0, 22) = — fea 
1 | f(a|eo,21) ZT) -2| 
f(x|z0,%1,22) = #1 | f(a|to,22) 22-2] 
- 1 f(z|zo,v1,22) xz2—-2 
F(alzo, #1, 22, 23) £3 — &2 f(z\zo, 21,23) r3- 2) 


see also LAGRANGE INTERPOLATING POLYNOMIAL 
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Ajima-Malfatti Points 


A 


The lines connecting the vertices and corresponding 
circle-circle intersections in MALFATTI’S TANGENT TRI- 
ANGLE PROBLEM coincide in a point Y called the first 
Ajima-Malfatti point (Kimberling and MacDonald 1990, 
Kimberling 1994). Similarly, letting A”, B’, and C” be 
the excenters of ABC, then the lines A’A", B'B”, and 
C’'C" are coincident in another point called the second 
Ajima-Malfatti point. The points are sometimes simply 
called the MALFATTI Points (Kimberling 1994). 
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Albanese Variety 

An ABELIAN VARIETY which is canonically attached to 
an ALGEBRAIC VARIETY which is the solution to a cer- 
tain universal problem. The Albanese variety is dual to 
the PICARD VARIETY. 
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Albers Conic Projection 
see ALBERS EQUAL-AREA CONIC PROJECTION 


Albers Equal-Area Conic Projection 


ee ee 
Let ¢o be the LATITUDE for the origin of the CARTESIAN 
COORDINATES and Ao its LONGITUDE. Let ¢: and de 
be the standard parallels. Then 


z= psin@ (1) 
y = po — pcos8, (2) 
where 
JVC — 2nsin 
Pp heme (3) 
n 
@ =n(A— Ao) (4) 
VC — 2nsi 
en ee (5) 
nr 
C = cos’ ¢ + 2nsin gi (6) 
= $(sin 1 + sin o2). (7) 
The inverse FORMULAS are 
_ 22 
¢=sin' (se a ze ) (8) 
6 
a _ do + n’ (9) 
where 
p= V2? + (po - y)? (10) 
6 = tan + = : 11 
(;; = ;) ae 
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24 Alcuin’s Sequence 


Alcuin’s Sequence 

The INTEGER SEQUENCE 1, 0, 1, 1, 2, 1, 3, 2, 4, 3, 5, 4, 
7, 5,8, 7, 10, 8, 12, 10, 14, 12, 16, 14, 19, 16, 21, 19,... 
(Sloane’s A005044) given by the COEFFICIENTS of the 
MACLAURIN SERIES for 1/(1 — x”)(1 — 2)(1— 24). The 
number of different TRIANGLES which have INTEGRAL 
sides and PERIMETER n is given by 


T(n)=Ps(n)— > Pal) (1) 
1<3<|n/2 
“ll - GIS @ 
ve for n even 
. [2] for n odd, ®) 


where P2(n) and P3(n) are PARTITION FUNCTIONS, with 
P,(n) giving the number of ways of writing n as a sum of 
k terms, [2] is the NINT function, and |2| is the FLOOR 
FUNCTION (Jordan et al. 1979, Andrews 1979, Hons- 
berger 1985). Strangely enough, T(n) for n = 3, 4,... 
is precisely Alcuin’s sequence. 


see also PARTITION FUNCTION P, TRIANGLE 
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Aleksandrov-Cech Cohomology 

A theory which satisfies all the EILENBERG-STEENROD 
AXIOMS with the possible exception of the LONG EXx- 
ACT SEQUENCE OF A PAIR AXIOM, as well as a certain 
additional continuity CONDITION. 
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Aleksandrov’s Uniqueness Theorem 

A convex body in EUCLIDEAN n-space that is centrally 
symmetric with center at the ORIGIN is determined 
among all such bodies by its brightness function (the 
VOLUME of each projection). 


see also TOMOGRAPHY 
References 


Gardner, R. J. “Geometric Tomography.” Not. Amer. Math. 
Soc. 42, 422-429, 1995. 


Alexander-Conway Polynomial 


Aleph 
The SET THEORY symbol (X) for the CARDINALITY of 
an INFINITE SET. 


see also ALEPH-O0 (No), ALEPH-1 (X1), COUNTABLE 
SET, COUN'TABLY INFINITE SET, FINITE, INFINITE, 
TRANSFINITE NUMBER, UNCOUNTABLY INFINITE SET 


Aleph-0 (Xo) 

The SET THEORY symbol for a SET having the same 
CARDINAL NUMBER as the “small” INFINITE SET of IN- 
TEGERS. The ALGEBRAIC NUMBERS also belong to No. 
Rather surprising properties satisfied by No include 


No” = No (1) 
To = No (2) 
Ro + f =. No, (3) 


where f is any FINITE SET. However, 
No" = C, (4) 


where C is the CONTINUUM. 


see also ALEPH-1, CARDINAL NUMBER, CONTINUUM, 
CONTINUUM HYPOTHESIS, COUNTABLY INFINITE SET, 
FINITE, INFINITE, TRANSFINITE NUMBER, UNCOUNT- 
ABLY INFINITE SET 


Aleph-1 (X;) 

The SET THEORY symbol for the smallest INFINITE SET 
larger than ALPHA-O (Ro). The CONTINUUM HyPOTH- 
ESIS asserts that X; = c, where c is the CARDINALITY 
of the “large” INFINITE SET of REAL NUMBERS (called 
the CONTINUUM in SET THEORY). However, the truth 
of the CONTINUUM HYPOTHESIS depends on the version 
of SET THEORY you are using and so is UNDECIDABLE. 


Curiously enough, n-D SPACE has the same number of 
points (c) as 1-D SPACE, or any FINITE INTERVAL of 1- 
D SPACE (a LINE SEGMENT), as was first recognized by 
Georg Cantor. 

sce also ALEPH-0 (No), CONTINUUM, CONTINUUM Hy- 
POTHESIS, COUNTABLY INFINITE SET, FINITE, INFI- 
NITE, TRANSFINITE NUMBER, UNCOUNTABLY INFINITE 
SET 


Alethic 
A term in LOGIC meaning pertaining to TRUTH and 
FALSEHOOD. 


see also FALSE, PREDICATE, TRUE 


Alexander-Conway Polynomial 
see CONWAY POLYNOMIAL 


Alexander’s Horned Sphere 


Alexander’s Horned Sphere 


The above solid, composed of a countable UNION of 
COMPACT SETS, is called Alexander’s horned sphere. 
It is HOMEOMORPHIC with the BALL B*, and its bound- 
ary is therefore a SPHERE. It is therefore an example of 
a wild embedding in E®. The outer complement of the 
solid is not SIMPLY CONNECTED, and its fundamental 
GROUP is not finitely generated. Furthermore, the set 
of nonlocally flat (“bad”) points of Alexander’s horned 
sphere is a CANTOR SET. 


The complement in R? of the bad points for Alexan- 
der’s horned sphere is SIMPLY CONNECTED, making it 
inequivalent to ANTOINE’S HORNED SPHERE. Alexan- 
der’s horned sphere has an uncountable infinity of WILD 
POINTS, which are the limits of the sequences of the 
horned sphere’s branch points (roughly, the “ends” of 
the horns}, since any NEIGHRORHOON of a limit con- 
tains a horned complex. 


A humorous drawing by Simon Frazer (Guy 1983, 
Schroeder 1991, Albers 1994) depicts mathematician 
John H. Conway with Alexander’s horned sphere grow- 
ing from his head. 


see also ANTOINE’S HORNED SPHERE 
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Alexander Ideal 

The order IDEAL in A, the RING of integral LAURENT 
POLYNOMIALS, associated with an ALEXANDER MATRIX 
for a KNoT K. Any generator of a principal Alexander 
ideal is called an ALEXANDER POLYNOMIAL. Because 
the ALEXANDER INVARIANT of a TAME Knot in S° 
has a SQUARE presentation MATRIX, its Alexander ideal 
is PRINCIPAL and it has an ALEXANDER POLYNOMIAL 
A(t). 

see also ALEXANDER INVARIANT, ALEXANDER MATRIX, 
ALEXANDER POLYNOMIAL 
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Alexander Invariant _ 

The Alexander invariant H.(X) of a KNoT K is the Ho- 
MOLOGY of the INFINITE cyclic cover of the complement 
of K, considered as a MODULE over A, the RING of inte- 
gral LAURENT POLYNOMIALS. The Alexander invariant 
for a classical TAME KNOT is finitely presentable, and 
only A is significant. 


For any Knot K” in S"*? whose complement has the 


homotopy type of a FINITE COMPLEX, the Alexander 
invariant is finitely generated and therefore finitely pre- 
sentable. Because the Alexander invariant of a TAME 
KNoT in S® has a SQUARE presentation MATRIX, its 
ALEXANDER IDEAL is PRINCIPAL and it has an ALEX- 
ANDER POLYNOMIAL denoted A(t). 


see also ALEXANDER IDEAL, ALEXANDER MATRIX, AL- 
EXANDER POLYNOMIAL 
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Alexander Matrix 
A presentation matrix for the ALEXANDER INVARIANT 
H,(X) of a Knot K. If V is a SEIFERT MATRIX for 
a TAME KNOT K in S*, then V™ — tV and V — tV™ 
are Alexander matrices for K, where V? denotes the 
MATRIX TRANSPOSE. 


see also ALEXANDER IDEAL, ALEXANDER INVARIAN', 
ALEXANDER POLYNOMIAL, SEIFERT MATRIX 
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Alexander Polynomial 

A POLYNOMIAL invariant of a KNOT discovered in 1923 
by J. W. Alexander (Alexander 1928). In technical lan- 
guage, the Alexander polynomial arises from the Ho- 
MOLOGY of the infinitely cyclic cover of a KNOT’s com- 
plement. Any generator of a PRINCIPAL ALEXANDER 
IDEAL is called an Alexander polynomial (Rolfsen 1976). 
Because the ALEXANDER INVARIANT of a TAME KNOT 
in S* has a SQUARE presentation MATRIX, its ALEX- 
ANDER IDEAL is PRINCIPAL and it has an Alexander 
polynomial denoted A(t). 


Let Y be the MATRIX PRODUCT of BRAID WORDS of a 
Knot, then 


det(I — W) 


iets age = OS er 


where A; is the Alexander polynomial and det is the 
DETERMINANT. The Alexander polynomial of a TAME 
Knor in S° satisfies 


A(t) = det(V™ — tV), (2) 


where V is a SEIFERT MATRIX, det is the DETERMI- 
NANT, and V™ denotes the MATRIX TRANSPOSE. The 
Alexander polynomial also satisfies 


A(1) = 41. (3) 


The Alexander polynomial of a splittable link is always 
0. Surprisingly, there are known examples of nontrivial 
KNOTS with Alexander polynomial 1. An example is 
the (-3,5,7) PRETZEL KNorT. 


The Alexander polynomial remained the only known 
KNOT POLYNOMIAL until the JONES POLYNOMIAL was 
discovered in 1984. Unlike the Alexander polynomial, 
the more powerful JONES POLYNOMIAL does, in most 
cases, distinguish HANDEDNESS. A normalized form of 
the Alexander polynomial symmetric in t and t~! and 
satisfying 

A(unknot) = 1 (4) 
was formulated by J. H. Conway and is sometimes de- 
noted Vz. The NOTATION [a+b6+¢+... is an abbrevi- 


ation for the Conway-normalized Alexander polynomial 
of a KNoT 


atb(e@+a7')+e(a* +e *)4+.... (5) 


For a description of the NOTATION for LINKS, see Rolf- 
sen (1976, p. 389). Examples of the Conway-Alexander 
polynomials for common KNOTS include 


Vr« =(1-1=-2 '+1-~¢ (6) 
Vrex = (3—1=—-a' +3-—2 (7) 
Vssk =[L-l}1l=2%-2 '+1l-ae+2’ (8) 


Alexander Polynomial 


for the TREFOIL KNOT, FIGURE-OF-EIGHT KNOT, and 
SoLomon’s SEAL KNOT, respectively. Multiplying 
through to clear the NEGATIVE POWERS gives the usual 
Alexander polynomial, where the final SIGN is deter- 


mined by convention. 

“i x 

NS ae 
By Lo a 


Let an Alexander polynomial be denoted A, then there 
exists a SKEIN RELATIONSHIP (discovered by J. H. Con- 
way) 


Ar, (t)— Ar_(t)+(t707 -#/*)Ar,(t)=0 (9) 


corresponding to the above LINK DIAGRAMS (Adams 
1994). A slightly different SKEIN RELATIONSHIP con- 
vention used by Doll and Hoste (1991) is 


Vi, — Vii =2Vio- (10) 


These relations allow Alexander polynomials to be con- 
structed for arbitrary knots by building them up as a 
sequence of over- and undercrossings. 


For a KNOT, 


_ J 1 (mod 8) 
a . (mod 8) 


where Arf is the ARF INVARIANT (Jones 1985). If K is 
a KNOT and 


if Arf(K) = 0. 
fArtK)=1, 


|Ax(i)| > 3, (12) 


then K cannot be represented as a closed 3-BRAID. Also, 
if 

Ax(e™"*) > 2, (13) 
then K cannot be represented as a closed 4-braid (Jones 
1985). 


The HOMFLY PoLynomIAL P(a, z) generalizes the Al- 
exander polynomial (as well at the JONES POLYNOMIAL) 
with 

V(z) = PCI, z) (14) 


(Doll and Hoste 1991). 


Rolfsen (1976) gives a tabulation of Alexander polyno- 
mials for KNOTS up to 10 CROSSINGS and LINKS up to 
9 CROSSINGS. 


see also BRAID GROUP, JONES POLYNOMIAL, KNOT, 
KNOT DETERMINANT, LINK, SKEIN RELATIONSHIP 
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Alexander-Spanier Cohomology 

A fundamental result of DE RHAM COHOMOLOGY 
is that the kth DE RHAM COHOMOLOGY VECTOR 
SPACE of a MANIFOLD M is canonically isomorphic 
to the Alexander-Spanier cohomology VECTOR SPACE 
H*(M;R) (also called cohomology with compact sup- 
port). In the case that M is CoMPACT, Alexander- 
Spanier cohomology is exactly “singular” COHOMOL- 
OGY. 


Alexander’s Theorem 
Any LINK can be represented by a closed BRAID. 


Algebra 

The branch of mathematics dealing with GROUP THE- 
ORY and CODING THEORY which studies number sys- 
tems and operations within them. The word “algebra” 
is a distortion of the Arabic title of a treatise by Al- 
Khwarizmi about algebraic methods. Note that mathe- 
maticians refer to the “school algebra” generally taught 
in middle and high school as “ARITHMETIC,” reserving 
the word “algebra” for the more advanced aspects of the 
subject. 


Formally, an algebra is a VECTOR SPACE V, over a 
FIELD F with a MULTIPLICATION which turns it into 
a RING defined such that, if f € F and z,y € V, then 


f(cy) = (fa)y = x(fy). 


In addition to the usual algebra of REAL NUMBERS, 
there are © 1151 additional CONSISTENT algebras which 
can be formulated by weakening the FIELD AXIOMS, at 
least 200 of which have been rigorously proven to be 
self-CONSISTENT (Bell 1945). 


Algebras which have been investigated and found to be 
of interest are usually named after one or more of their 
investigators. This practice leads to exotic-sounding 
(but unenlightening) names which algebraists frequently 
use with minimal or nonexistent explanation. 


see also ALTERNATE ALGEBRA, ALTERNATING ALGE- 
BRA, B*-ALGEBRA, BANACH ALGEBRA, BOOLEAN AL- 
GEBRA, BOREL SIGMA ALGEBRA, C*-ALGEBRA, Cay- 
LEY ALGEBRA, CLIFFORD ALGEBRA, COMMUTATIVE 
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ALGEBRA, EXTERIOR ALGEBRA, FUNDAMENTAL THE- 
OREM OF ALGEBRA, GRADED ALGEBRA, GRASSMANN 
ALGEBRA, HECKE ALGEBRA, HEYTING ALGEBRA, Ho- 
MOLOGICAL ALGEBRA, HOPF ALGEBRA, JORDAN AL- 
GEBRA, LIE ALGEBRA, LINEAR ALGEBRA, MEASURE 
ALGEBRA, NONASSOCIATIVE ALGEBRA, QUATERNION, 
ROBBINS ALGEBRA, SCHUR ALGEBRA, SEMISIMPLE AL- 
GEBRA, SIGMA ALGEBRA, SIMPLE ALGEBRA, STEEN- 
ROD ALGEBRA, VON NEUMANN ALGEBRA 
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Algebraic Closure 

The algebraic closure of a FIELD K is the “smallest” 
FIELD containing K which is algebraically closed. For 
example, the FIELD of COMPLEX NUMBERS C is the 
algebraic closure of the FIELD of REALS R. 


Algebraic Coding Theory 
see CODING THEORY 


Algebraic Curve 

An algebraic curve over a FIELD K is an equation 
f(X,Y) = 0, where f(X,Y) isa POLYNOMIAL in X and 
Y with COEFFICIENTS in K. A nonsingular algebraic 
curve is an algebraic curve over K which has no SIN- 
GULAR POINTS over K. A point on an algebraic curve 
is simply a solution of the equation of the curve. A K- 
RATIONAL PoinT is a point (X,Y) on the curve, where 
X and Y are in the FIELD K. 


see also ALGEBRAIC GEOMETRY, ALGEBRAIC VARIETY, 
CURVE 
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Algebraic Function 

A function which can be constructed using only a finite 
number of ELEMENTARY FUNCTIONS together with the 
INVERSES of functions capable of being so constructed. 


see also ELEMENTARY FUNCTION, TRANSCENDENTAL 
FUNCTION 


Algebraic Function Field 

A finite extension K = Z(z)(w) of the FIELD C(z) of 
RATIONAL FUNCTIONS in the indeterminate z, i.e., w is 
a ROOT of a POLYNOMIAL ap +010 +0207 +...+ana”, 
where a; € C(z). 

see also ALGEBRAIC NUMBER FIELD, RIEMANN SUR- 
FACE 


Algebraic Geometry 
The study of ALGEBRAIC CURVES, ALGEBRAIC VARI- 
ETIES, and their generalization to n-D. 


see also ALGEBRAIC CURVE, ALGEBRAIC VARIETY, 
COMMUTATIVE ALGEBRA, DIFFERENTIAL GEOMETRY, 
GEOMETRY, PLANE CURVE, SPACE CURVE 
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Algebraic Integer 
If r is a ROOT of the POLYNOMIAL equation 


“la +aie tao =9, 


x” Sa G@n-12" 
where the a;s are INTEGERS and r satisfics no similar 
equation of degree < n, then r is an algebraic INTEGER 
of degree n. An algebraic INTEGER is a special case of 
an ALGEBRAIC NUMBER, for which the leading CoEF- 
FICIENT Gy need not equal 1. RADICAL INTEGERS are a 
subring of the ALGEBRAIC INTEGERS. 


A SuM or Provuct of algebraic integers is again an al- 
gebraic integer. However, ABEL’S IMPOSSIBILITY THE- 
OREM shows that. there are algebraic integers of degree 
> 5 which are not expressible in terms of ADDITION, 
SUBTRACTION, MULTIPLICATION, DIVISION, and the ex- 
traction of Roots on REAL NUMBERS. 


The GAUSSIAN INTEGER are are algebraic integers of 
Q(V-1), since a + bi are roots of 


2? -2az+a7+h?=0. 


see also ALGEBRAIC NUMBER, EUCLIDEAN NUMBER, 
RADICAL INTEGER 
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Algebraic Invariant 
A quantity such as a DISCRIMINANT which remains un- 
changed under a given class of algebraic transforma- 
tions. Such invariants were originally called HYPERDE- 
TERMINANTS by Cayley. 


see also DISCRIMINANT (POLYNOMIAL), INVARIANT, 
QUADRATIC INVARIANT 


Algebraic Knot 
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Algebraic Knot 
A single component ALGEBRAIC LINK. 


see also ALGEBRAIC LINK, KNOT, LINK 


Algebraic Link 

A class of fibered knots and links which arises in AL- 
GEBRAIC GEOMETRY. An algebraic link is formed by 
connecting the NW and NE strings and the SW and SE 
strings of an ALGEBRAIC TANGLE (Adams 1994). 


see also ALGEBRAIC TANGLE, FIBRATION, TANGLE 
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Algebraic Number 
If r is a ROOT of the POLYNOMIAL equation 


aot” +a,2" 1+... 4+4an_-12 + an =0, (1) 


where the a;js are INFEGERS and r satisfies no similar 
equation of degree < n, then r is an algebraic number of 
degree n. If r is an algebraic number and ap = 1, then 
it is called an ALGEBRAIC INTEGER. It is also true that 
if the c,s in 


T+ en-1t + tn = 0 (2) 


cov” + cra” 
are algebraic numbers, then any Root of this equation 
is also an algebraic number. 


If a is an algebraic number of degree n satisfying the 
POLYNOMIAL 


a(x —a)(z— B)(x-)---, (3) 


then there are n — 1 other algebraic numbers #, vy, ... 
called the conjugates of a. Furthermore, if a@ satisfies 
any other algebraic equation, then its conjugates also 
satisfy the same equation (Conway and Guy 1996). 


Any number which is not algebraic is said to be TRANS- 
CENDENTAL. 
see also ALGEBRAIC INTEGER, EUCLIDEAN NUMBER, 


HERMITE-LINDEMANN THEOREM, RADICAL INTEGER, 
SEMIALGEBRAIC NUMBER, TRANSCENDENTAL NUMBER 
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Algebraic Number Field 
see NUMBER FIELD 


Algebraic Surface 

The set of Roots of a POLYNOMIAL f(z, y,z) — 0. An 
algebraic surface is said to be of degree n = max(?+j + 
k), where n is the maximum sum of powers of all terms 
ama'i™yi™ z*m_ The following table lists the names of 
algebraic surfaces of a given degree. 


Order Surface 


cubic surface 
quartic surface 
quintic surface 
sextic surface 
heptic surfacc 
octic surface 
nonic surface 
10 decic surface 


won naa fF Ww 


see also BARTH DECIC, BARTH SEXTIC, Boy SURFACE, 
CAYLEY CUBIC, CHAIR, CLEBSCH DIAGONAL CuBIC, 
CUSHION, DERVISH, ENDRASS OCTIC, HEART SURFACE, 
KUMMER. SURFACE, ORDER (ALGEBRAIC SURFACE), 
ROMAN SURFACE, SURFACE, TOGLIATTI SURFACE 
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Algebraic Tangle 
Any TANGLE obtained by ADDITIONS and MULTIPLICA- 
TIONS of rational TANGLES (Adams 1994). 


see also ALGEBRAIC LINK 
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Algebraic Topology 

The study of intrinsic qualitative aspects of spatial 
objects (e.g., SURFACES, SPHERES, TORI, CIRCLES, 
Knots, LINKS, configuration spaces, etc.) that re- 
main invariant under both-directions continuous ONE- 
TO-ONE (HOMEOMORPHIC) transformations. The dis- 
cipline of algebraic topology is popularly known as 
“RUBBER-SHEET GEOMETRY” and can also be viewed 
as the study of DISCONNECTIVITIES. Algebraic topology 
has a great deal of mathematical machinery for studying 
different kinds of HOLE structures, and it gets the prefix 
“algebraic” since many HOLE structures are represented 
best by algebraic objects like GROUPS and RINGS. 


A technical way of saying this is that algebraic topol- 
ogy is concerned with FuNcTorRs from the topological 
CaTEGORY of GRouPS and HOMOMORPHISMS. Here, 
the FUNCTORS are a kind of filter, and given an “input” 
SPACE, they spit out something else in return. The re- 
turned object (usually a GROUP or RING) is then a rep- 
resentation of the HOLE structure of the SPACE, in the 
sense that this algebraic object is a vestige of what the 
original SPACE was like (i.e., much information is lost, 
but some sort of “shadow” of the SPACE is retained— 
just enough of a shadow to understand some aspect of its 
HOLE-structure, but no more). The idea is that FUNC- 
TORS give much simpler objects to deal with. Because 
SPACES by themselves are very complicated, they are 
unmanageable without looking at particular aspects. 


COMBINATORIAL TOPOLOGY is a special type of alge- 
braic topology that uses COMBINATORIAL methods. 


see also CATEGORY, COMBINATORIAL TOPOLOGY, DIF- 
FERENTIAL TOPOLOGY, FUNCTOR, HOMOTOPY THE- 
ORY 
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Algebraic Variety 

A generalization to n-D of ALGEBRAIC CURVES. More 
technically, an algebraic variety is a reduced SCHEME of 
FINITE type over a FIELD K. An algebraic variety V is 
defined as the ST of points in the REALS R” (or the 
COMPLEX NUMBERS C”) satisfying a system of POLY- 
NOMIAL equations fi(v1,...,2n) = 0 fori = 1, 2,.... 
According to the HILBERT Basis THEOREM, a FINITE 
number of equations suffices. 


see also ABELIAN VARIETY, ALBANESE VARIETY, 
BRAUFR-SEVERI VARIETY, CHOW VARIETY, PICARD 
VARIETY 
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Algorithm 


Algebroidal Function 
An ANALYTIC FUNCTION f(z) satisfying the irreducible 
algebraic equation 


Ao(z) f* + Ar(z)f*7) +... + Ax(z) = 0 


with single-valued MEROMORPHIC functions A;(z) in a 
COMPLEX DOMAIN G is called a k-algebroidal function 
in G. 
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Algorithm 

A specific set of instructions for carrying out a proce- 
dure or solving a problem, usually with the requirement 
that the procedure terminate at some point. Specific 
algorithms sometimes also go by the name METHOD, 
PROCEDURE, or TECHNIQUE. The word “algorithm” is 
a distortion of Al-Khwarizmi, an Arab mathematician 
who wrote an influential treatise about algebraic meth- 
ods. 


see also 196- ALGORITHM, ALGORITHMIC COMPLEXITY, 
ARCHIMEDES ALGORITHM, BHASKARA-BROUCKNER 
ALGORITHM, BORCHARDT-PFAFF ALGORITHM, BRE- 
LAZ’S HEURISTIC ALGORITHM, BUCHBERGER’S ALGO- 
RITHM, BULIRSCH-STOER ALGORITHM, BUMPING AL- 
GORITHM, CLEAN ALGORITHM, COMPUTABLE FUNC- 
TION, CONTINUED FRACTION FACTORIZATION ALGO- 
RITHM, DECISION PROBLEM, DIJKSTRA’S ALGORITHM, 
EUCLIDEAN ALGORITHM, FERGUSON-FORCADE AL- 
GORITHM, FERMAT’S ALGORITHM, FLOYD’s ALGO- 
RITHM, GAUSSIAN APPROXIMATION ALGORITHM, GE- 
NETIC ALGORITHM, GOSPER’S ALGORITHM, GREEDY 
ALGORITHM, HASSE’S ALGORITHM, HJLS ALGo- 
RITHM, JACOBI ALGORITHM, KRUSKAL’S ALGORITHM, 
LEVINE-O’SULLIVAN GREEDY ALGORITHM, LLL AL- 
GORITHM, MARKOV ALGORITHM, MILLER’S ALGO- 
RITHM, NEVILLE’S ALGORITHM, NEWTON’S METHOD, 
PRIME FACTORIZATION ALGORITHMS, PRIMITIVE RE- 
CURSIVE FUNCTION, PROGRAM, PSLQ ALGORITHM, 
PSOS ALGORITHM, QUOTIENT-DIFFERENCE ALGO- 
RITHM, RISCH ALGORITHM, SCHRAGE’S ALGORITHM, 
SHANKS’ ALGORITHM, SPIGOT ALGORITHM, SYRACUSE 
ALGORITHM, TOTAL FUNCTION, TURING MACHINE, 
ZASSENHAUS-BERLEKAMP ALGORITHM, ZEILBERGER’S 
ALGORITHM 
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Algorithmic Complexity 
see BIT COMPLEXITY, KOLMOGOROV COMPLEXITY 


Alhazen’s Billiard Problem 

In a given CIRCLE, find an ISOSCELES TRIANGLE whose 
LEGS pass through two given PoInTs inside the CIRCLE. 
This can be restated as: from two POINTS in the PLANE 
of a CIRCLE, draw LINES meeting at the POINT of the 
CIRCUMFERENCE and making equal ANGLES with the 
NORMAL at that Poin. 


The problem is called the billiard problem because it cor- 
responds to finding the POINT on the edge of a circular 
“BILLIARD” table at which a cue hall at a given POINT 
must be aimed in order to carom once off the edge of the 
table and strike another ball at a second given POINT. 
The solution leads to a BIQUADRATIC EQUATION of the 
form 


H(a" — y®) — 2K ay + (2? + y?)(hy — kx) = 0. 


The problem is equivalent to the determination of the 
point on a spherical mirror where a ray of light will re- 
flect in order to pass from a given source to an observer. 
It is also equivalent to the problem of finding, given two 
points and a CIRCLE such that the points are both inside 
or outside the CIRCLE, the ELLIPSE whose FOCI are the 
two points and which is tangent to the given CIRCLE. 


The problem was first formulated by Ptolemy in 150 
AD, and was named after the Arab scholar Alhazen, 
who discussed it in his work on optics. It was not until 
1997 that Neumann proved the problem to be insoluble 
using a COMPASS and RULER construction because the 
solution requires extraction of a CuBE Root. This is 
the same reason that the CUBE DUPLICATION problem 
is insoluble. 


see also BILLIARDS, BILLIARD TABLE PROBLEM, CUBE 
DUPLICATION 
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Alhazen’s Problem 


see ALHAZEN’S BILLIARD PROBLEM 


Alias’ Paradox 
Choose between the following two alternatives: 


1. 90% chance of an unknown amount zx and a 10% 
chance of $1 million, or 


2. 89% chance of the same unknown amount zx, 10% 
chance of $2.5 million, and 1% chance of nothing. 


The PARADOX is to determine which choice has the 
larger expectation value, 0.9z + $100,000 or 0.892 + 
$250,000. However, the best choice depends on the un- 
known amount, even though it is the same in both cases! 
This appears to violate the INDEPENDENCE AXIOM. 


see also INDEPENDENCE AXIOM, MONTY HALL PROB- 
LEM, NEWCOMB’S PARADOX 


Aliasing 

Given a power spectrum (a plot of power vs. frequency), 
aliasing is a false translation of power falling in some fre- 
quency range (—f,, f-) outside the range. Aliasing can 
be caused by discrete sampling below the NYQUIST FRE- 
QUENCY. The sidelobes of any INSTRUMENT FUNCTION 
(including the simple SINC SQUARED function obtained 
simply from FINITE sampling) are also a form of alias- 
ing. Although sidelobe contribution at large offsets can 
be minimized with the use of an APODIZATION FUNC- 
TION, the tradeoff is a widening of the response (i.e., a 
lowering of the resolution). 


sce also APODIZATION FUNCTION, NyYQuIST FRE- 
QUENCY 


Aliquant Divisor 

A number which does not DIVIDE another exactly. For 
instance, 4 and 5 are aliquant divisors of 6. A num- 
ber which is not an aliquant divisor (i.e., one that does 
DIVIDE another exactly) is said to be an ALIQUOT DI- 
VISOR. 


sec also ALIQUOT Divisor, DIvISOR, PROPER DIVISOR 
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Aliquot Cycle 
see SOCIABLE NUMBERS 


Aliquot Divisor 

A number which DIVIDES another exactly. For instance, 
1, 2, 3, and 6 are aliquot divisors of 6. A number which 
is not an aliquot divisor is said to be an ALIQUANT DI- 
VISOR. The term “aliquot” is frequently used to specif- 
ically mean a PROPER DIvisor, i.e., a DIVISOR of a 
number other than the number itself. 


see also ALIQUANT Divisor, DIVISOR, PROPER DIVI- 
SOR 


Aliquot Sequence 
Let 
s(n) =a(n)—7n, 


where a(n) is the DIVISOR FUNCTION and s(n) is the 
RESTRICTED DIVISOR FUNCTION. Then the SEQUENCE 
of numbers 


s°(n) =n,s'(n) = s(n), s?(n) = s(s(n)),... 


is called an aliquot sequence. If the SEQUENCE for a 
given n is bounded, it either ends at s(1) = 0 or becomes 
periodic. 


1. If the SEQUENCE reaches a constant, the constant is 
known as a PERFECT NUMBER. 


2. If the SEQUENCE reaches an alternating pair, it is 
called an AMICABLE Pair. 


3. If, after k iterations, the SEQUENCE yields a cycle 
of minimum length ¢ of the form s*t1(n), s*+?(n), 
.., 8***(n), then these numbers form a group of 
SOCIABLE NUMBERS of order ft. 


It has not been proven that all aliquot sequences eventu- 
ally terminate and become period. The smallest number 
whose fate is not known is 276, which has been computed 
up to s*°7(276) (Guy 1994). 


see also 196-ALGORITHM, ADDITIVE PERSISTENCE, 
AMICABLE NUMBERS, MULTIAMICABLE NUMBERS, 
MULTIPERFECT NUMBER, MULTIPLICATIVE PERSIS- 
TENCE, PERFECT NUMBER, SOCIABLE NUMBERS, UNI- 
TARY ALIQUOT SEQUENCE 
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All-Poles Model 


see MAXIMUM ENTROPY METHOD 


Allegory 


Alladi-Grinstead Constant 

N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 

Let N(n) be the number of ways in which the FACTO- 


RIAL n! can be decomposed into n FACTORS of the form 
px°* arranged in nondecreasing order. Also define 


m(n) = max(p1°* ); (1) 


i.e., m(n) is the LEAST PRIME FACTorR raised to its 
appropriate POWER in the factorization. Then define 


Ses 2 
a(n) eee (2) 
where In(z) is the NATURAL LOGARITHM. For instance, 
g!—2-2-2.2-2-2?.5.7.3% 
=2-2-2-2-3-5-7-29.3° 
Se ey oe ee ene ke wee wet a 
=—2-2-2-3-27.27.5.7.3° 
=—2.2.2.97.9?.5.7.37.3? 
-2-2-3-3-5-7-37- 24 
= 2-2-3-3-27-5-7-2%.3? 
= 2-2-3-3-3-3-5-7-2° 
=2-3-3-27-27.27.5.7.-3? 
Diag Hag <9" 5729" 
=2-3-3-3-3-5-7-2%.2° 
ca Rk ee a ee area ey Bey (3) 
e In3 Ind 1 
n n 
oad: ona (4) 
For large n, 
lim a(n) = e& * = 0.809394020534..., (5) 
n~—>co 
where 
wl k 
c= oe (ea): (6) 
k=2 
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Allegory 

A technical mathematical object which bears the same 
resemblance to binary relations as CATEGORIES do to 
FUNCTIONS and SETS. 


see also CATEGORY 
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Allometric 


Allometric 

Mathematical growth in which one population grows at 
a rate PROPORTIONAL to the POWER of another popu- 
lation. 
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Almost All 

Given a property P, if P(x) ~ x as x — oo (so the num- 
ber of numbers less than x not satisfying the property 
P is o(x)), then P is said to hold true for almost all 
numbers. For example, almost all positive integers are 
COMPOSITE NUMBERS (which is not in conflict with the 
second of EuCLID’s THEOREMS that there are an infinite 
number of PRIMES). 


see also FOR ALL, NORMAL ORDER 
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Almost Alternating Knot 
An ALMOST ALTERNATING LINK with a single compo- 
nent. 


Almost Alternating Link 

Call a projection of a LINK an almost alternating pro- 
jection if one crossing change in the projection makes it 
an alternating projection. Then an almost alternating 
link is a LINK with an almost alternating projection, but 
no alternating projection. Every ALTERNATING KNOT 
has an almost alternating projection. A PRIME KNOT 
which is almost alternating is either a TORUS KNOT or 
a HYPERBOLIC KNOT. Therefore, no SATELLITE KNOT 
is an almost alternating knot. 


All nonalternating 9-crossing PRIME KNOTS are almost 
alternating. Of the 393 nonalternating with 11 or fewer 
crossings, all but five are known to be nonalternating (3 
of these have 11 crossings). The fate of the remaining 
five is not known. The (2,q), (3,4), and (3,5)-Torus 
KNOTS are almost alternating. 


see also ALTERNATING KNOT, LINK 
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Almost Everywhere 

A property of X is said to hold almost everywhere if 
the SET of points in X where this property fails has 
MEASURE 0. 


see also MEASURE 
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Almost Integer 
A number which is very close to an INTEGER. One sur- 
prising example involving both e and PI is 


e” — 7 = 19.999099979..., (1) 
which can also be written as 
(w+ 20)' = —0.9999999992 — 0.0000388927i = —1 (2) 


cos(In( + 20))  —0.9999999992. (3) 


Applying COSINE a few more times gives 


cos(m cos(m cos(In(m + 20)))) 
~~ —1 + 3.9321609261 x 10°*°. (4) 


This curious near-identity was apparently noticed al- 
most simultaneously around 1988 by N. J. A. Sloane, 
J. H. Conway, and S. Plouffe, but no satisfying explana- 
tion as to “why” it has been true has yet been discov- 
ered. 


An interesting near-identity is given by 


1 
7 [cos( +4) + cosh( 75) + 2 cos( 4, V2) cosh( 4 V2 )] 
=142.480...x 107°? (5) 


(W. Dubuque). Other remarkable near-identities are 


given by 


5(1+ v5 )IP(R)P 
68/6 /7 


where ['(z) is the GAMMA FUNCTION (S. Plouffe), and 


=144.5422...x107"*, (6) 


e® — x* — n° = 0.000017673... (7) 


(D. Wilson). 


A whole class of IRRATIONAL “almost integers” can be 
found using the theory of MODULAR FUNCTIONS, and a 
few rather spectacular examples are given by Ramanu- 
jan (1913-14). Such approximations were also stud- 
ied by Hermite (1859), Kronecker (1863), and Smith 
(1965). They can be generated using some amazing (and 
very deep) properties of the 7-FUNCTION. Some of the 
numbers which are closest approximations to INTEGERS 
are e7V163 (sometimes known as the RAMANUJAN CON- 
STANT and which corresponds to the field Q(./—163 } 
which has CLASS NUMBER 1 and is the IMAGINARY 
quadratic field of maximal discriminant), ers, gov, 
and V8 the latter three of which have CLASS NuM- 
BER 2 and are due to Ramanujan (Berndt 1994, Wald- 
schmidt 1988). 
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The properties of the 7-FUNCTION also give rise to the 
spectacular identity 


In(640320° + 744) |” 


nT 


= 163 + 2.32167... x 107° (8) 


(Le Lionnais 1983, p. 152). 


The list below gives numbers of the form 2 = e”¥” for 
nm < 1000 for which [a] — x < 0.01. 

e”¥® = 2, 197.990 869 543... 
et)? = 422, 150.997 675 680... 
e718 — 614, 551.992 885619... 


e”Y”? — 2,508, 951.998 257553... 
e” 5 — 6, 635, 623.999 341134... 


env = 199, 148, 647.999 978 046551... 
enV 884, 736, 743.999 777 466... 


e**® — 24,591, 257, 751.999 999 822 213... 
e*¥® — 30, 197, 683, 486.993 182 260... 
e"Y®" = 147,197, 952, 743.999 998 662454... 


e””™ = 54,551, 812, 208.999 917 467 885... 

e" VME. 45, 116, 546, 012, 289, 599.991 830 287... 

en V165 262, 537, 412, 640, 768, 743.999 999 999 999 250072... 
e”Y""" = 1, 418, 556, 986, 635, 586, 485.996 179 355... 

oS? — 604, 729, 957, 825, 300, 084, 759.999 992 171526... 
e”¥87 _. 19, 683, 091, 854, 079, 461, 001, 445.992 737040... 


e””** = 4, 309, 793, 301, 730, 386, 363, 005, 719.996 011651... 
* W586 — 639, 355, 180, 631, 208, 421,--- 
+++ 212,174, 016.997 669 832... 
e™°?? — 14, 871, 070, 263, 238, 043, 663, 567,--- 
-+- 627, 879, 007.999 848 726... 
e7 ¥°8 — 288, 099, 755, 064, 053, 264, 917, 867, --- 
+. 975, 825, 573.993 898 311... 
e7 ¥838 _ 98 994, 858, 898, 043, 231, 996, 779, --- 
+++771, 804, 797, 161.992 372939... 
e"V¥"° — 3, 842, 614, 373, 539, 548, 891, 490, --- 
. 294, 277, 805, 829, 192.999 987 249... 
eX V7 _ 993, O70, AB7, 213, 077, B89, 794, 379, --- 
+++ 623, 183, 838, 336, 437.992 055118... 
eV? — 249, 433, 117, 287, 892, 229, 255, 125,--- 
+++ 388, 685, 911, 710, 805.996 097 323... 


e"~°*® — 365, 698, 321, 891, 389, 219, 219, 142, --- 
+++ 531, 076, 638, 716, 362, 775.998 259 747... 


e VSS — 6, 954, 830, 200, 814, 801, 770, 418, 837, --- 
940, 281, 460, 320, 666, 108.994649611.... 


Gosper noted that the expression 


1 — 262537412640768744e "1°? — 19688427?" 1° 
+1033788319U07302U5293632e 2778 (gy) 


Almost Prime 


differs from an INTEGER by a mere 107*°. 
see also CLASS NUMBER, j-FUNCTION, PI 
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Almost Perfect Number 

A number n for which the DIVISOR FUNCTION satisfies 
a(n) = 2n—1 is called almost perfect. The only known 
almost perfect numbers are the POWERS of 2, namely 
1, 2, 4, 8, 16, 32, ... (Sloane’s A000079). Singh (1997) 
calls almost perfect numbers SLIGHTLY DEFECTIVE. 


see also QUASIPERFECT NUMBER 
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Almost Prime 
A number n with prime factorization 


n= [|e 


i=l 


is called k-almost prime when the sum of the POWERS 


bee a; =k. The set of k-almost primes is denoted P,. 


‘The PRIMES correspond to the “l-almost prime” num- 
bers 2, 3, 5, 7, 11, ... (Sloane’s A000040). The 2-almost 
prime numbers correspond to SEMIPRIMES 4, 6, 9, 10, 
14, 15, 21, 22, ... (Sloane’s A001358). The first few 
3-almost primes are 8, 12, 18, 20, 27, 28, 30, 42, 44, 
45, 50, 52, 63, 66, 68, 70, 75, 76, 78, 92, 98, 99, ... 
(Sloane’s A014612). The first few 4-almost primes are 
16, 24, 36, 40, 54, 56, 60, 81, 84, 88, 90, 100, ... (Sloane’s 
A014613). The first few 5-almost primes are 32, 48, 72, 
80, ... (Sloane’s A014614). 


Alpha 


see also CHEN’S THEOREM, PRIME NUMBER, SEMI- 
PRIME 
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Alpha 

A financial measure giving the difference between a 
fund’s actual return and its expected level of perfor- 
mance, given its level of risk (as measured by BETA). 
A POSITIVE alpha indicates that a fund has performed 
better than expected based on its BETA, whereas a NEG- 
ATIVE alpha indicates poorer performance 


see also BETA, SHARPE RATIO 


Alpha Function 


k 


foe) 
an(z) / te dt = nle ™tVe-* a 
; ! 


n 
k=0 


The alpha function satisfies the RECURRENCE RELA- 
TION 
20n(z) =e * + non—1(z). 


see also BETA FUNCTION (EXPONENTIAL) 


Alpha Value 

An alpha value is a number 0 < a < 1 such that P(z > 
Zobserved) < @ is considered “SIGNIFICANT,” where P is 
a P-VALUE. 

see also CONFIDENCE INTERVAL, P-VALUE, SIGNIFI- 
CANCE 


Alphabet 

A SET (usually of letters) from which a SUBSET is drawn. 
A sequence of letters is called a WORD, and a set of 
Wonrbs is called a CODE. 


see also CODE, WORD 
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Alphamagic Square 

A Macic SQuaRE for which the number of letters in 
the word for each number generates another MaGIc 
SQUARE. This definition depends, of course, on the lan- 
guage being used. In English, for example, 


5 22 18 4 9 8 
28 15 2 i; ae ae 
12 8 25 6 5 10 


where the MAGIC SQUARE on the right corresponds to 
the number of letters in 


five twenty-two eighteen 
twenty-eight fifteen two 
twelve eight twenty-five 
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Alphametic 

A CRYPTARITHM in which the letters used to represent 
distinct DiGITs are derived from related words or mean- 
ingful phrases. The term was coined by Hunter in 1955 
(Madachy 1979, p. 178). 
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Alternate Algebra 
Let A denote an R-ALGEBRA, so that A is a VECTOR 
SPACE over R and 


Ax ASA (1) 


(x,y) ey. (2) 
Then A is said to be alternate if, for all z,y € A, 


(z-y)-y==x-(y-y) (3) 


(w-a2)-y=a-(x-y). (4) 


Here, VECTOR MULTIPLICATION 2 - y is assumed to be 
BILINEAR. 
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Alternating Algebra 
see EXTERIOR ALGEBRA 


Alternating Group 

EVEN PERMUTATION GRoups A, which are NORMAL 
SUBGROUPS of the PERMUTATION GROUP of ORDER 
ni/2. They are FINITE analogs of the families of sim- 
ple LIE Groups. The lowest order alternating group is 
60. Alternating groups with n > 5 are non-ABELIAN 
SIMPLE Groups. The number of conjugacy classes in 
the alternating groups A, for n = 2, 3,... are 1, 3, 4, 
5, 7, 9, ... (Sloane’s A000702). 


see also 15 PuzzLe, FINITE GROuP, GROUP, LIE 
GROUP, SIMPLE GROUP, SYMMETRIC GROUP 
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Alternating Knot 

An alternating knot is a KNOT which possesses a knot 
diagram in which crossings alternate between under- and 
overpasses. Not all knot diagrams of alternating knots 
need be alternating diagrams. 


The TREFOIL KNOT and FIGURE-OF-EIGHT KNOT are 
alternating knots. One of TaIT’s KNOT CONJECTURES 
states that the number of crossings is the same for 
any diagram of a reduced alternating knot. Further- 
more, a reduced alternating projection of a knot has 
the least number of crossings for any projection of that 
knot. Both of these facts were proved true by Kauffman 
(1988), Thistlethwaite (1987), and Murasugi (1987). 


If K has a reduced alternating projection of n crossings, 
then the SPAN of K is 4n. Let c(K) be the CROSSING 
NuMBER. Then an alternating knot Ki #K2 (a KNOT 
SuM) satisfies 


c( ki #K2) = c( Ki) + c( Ke). 


In fact, this is true as well for the larger class of ADE- 
QUATE KNOTS and postulated for all KNoTs. The num- 
ber of PRIME alternating knots of n crossing for n = 1, 
2,... are 0, 0, 1, 1, 2, 3, 7, 18, 41, 123, 367, ... (Sloane’s 
A002864). 


see also ADEQUATE KNoT, ALMOST ALTERNATING 
LINK, ALTERNATING LINK, FLYPING CONJECTURE 
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Alternating Knot Diagram 

A KNOT DIAGRAM which has alternating under- and 
overcrossings as the KNOr projection is traversed. The 
first KNOT which does not have an alternating diagram 
has 8 crossings. 


Alternating Link 
A LINK which has a LINK DIAGRAM with alternating 
underpasses and overpasses. 


see also ALMOST ALTERNATING LINK 
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Alternating Permutation 

An arrangement of the elements ci, ..., Cn such that 
no element c; has a magnitude between cj—1 and c;+1 is 
called an alternating (or ZIGZAG) permutation. The de- 
termination of the number of alternating permutations 
for the set of the first n INTEGERS {1, 2,..., n} is known 
as ANDRE’S PROBLEM. An example of an alternating 
permutation is (1, 3, 2, 5, 4). 


As many alternating permutations among n elements 
begin by rising as by falling. The magnitude of the crs 
does not matter; only the number of them. Let the 
number of alternating permutations be given by Z, = 
2A,. This quantity can then be computed from 


2nan = So aras, (1) 


where 7 and s pass through all INTEGRAL numbers such 
that 
r+s=n-1, (2) 


ao = a; = 1, and 
An = nian. (3) 


The numbers A, are sometimes called the EULER 
ZIGZAG NUMBERS, and the first few are given by 1, 1, 
1, 2, 5, 16, 61, 272, ... (Sloane’s A000111). The Opp- 
numbered A,s are called EULER NUMBERS, SECANT 
NUMBERS, or ZIG NUMBERS, and the EVEN-numbered 
ones are sometimes called TANGENT NUMBERS or ZAG 
NUMBERS. 


Alternating Series 


Curiously enough, the SECANT and TANGENT Mac- 
LAURIN SERIES can be written in terms of the Ans as 


x xt 
sect = Ao + Ard + Aa +... (4) 
x xz 
tang = Ae + As3 + Asay +. (5) 
or combining them, 
secz + tanz 
x? x x4 x 
= Ap +Aixz+ Az ry + Ag 31 + A4 7 + As aI +.... (6) 


see also ENTRINGER NUMBER, EULER NUMBER, EUv- 
LER ZIGZAG NUMBER, SECANT NUMBER, SEIDEL- 
ENTRINGER-ARNOLD TRIANGLE, TANGENT NUMBER 
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Alternating Series 
A SERIES of the form 


Or 


see also SERIES 
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Alternating Series Test 
Also known as the LEIBNIZ CRITERION, An ALTERNAT- 
ING SERIES CONVERGES if a1 > a2 >... and 


lim a, = 0. 


k-roo 
see also CONVERGENCE TESTS 


Alternative Link 
A category of LINK encompassing both ALTERNATING 
KNOTS and TORUS KNOTS. 


see also ALTERNATING Knot, LINK, Torus KNoT 
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Altitude 


A H Az 
The altitudes of a TRIANGLE are the CEVIANS Ai Hi; 
which are PERPENDICULAR to the LEGS A; Ax opposite 
A;. They have lengths h; = AiH; given by 


h; = Gi+1 sin Qi4+2 = Ai+2 sin Qin. (1) 


= 24/s(s — a1)(s — a2)(s — a3) 


ai 


hy ; (2) 


where s is the SEMIPERIMETER and a; = A; Ax. Another 
interesting FORMULA is 


Ayhoh3 = 2sA (3) 


(Johnson 1929, p. 191), where A is the AREA of the TRI- 
ANGLE. The three altitudes of any TRIANGLE are CON- 
CURRENT at the ORTHOCENTER H. This fundamental 
fact did not appear anywhere in Euclid’s Elements. 


Other formulas satisfied by the altitude include 


1 1 1 
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+= = = (6) 


? 
rT, T3 rT T1 hy 


where r is the INRADIUS and r; are the EXRADII (John- 
son 1929, p. 189). In addition, 


HA, HH, = HA,.HH, = HA3:.HH3; (7) 


HA, Ui AHA, = $(a,” + ay? + a3”) —4R?, (8) 


where R is the CIRCUMRADIUS. 


A2 


The points Ai, As, Hi, and Hs (and their permuta- 
tions with respect to indices) all lie on a CIRCLE, as 
do the points A3, H3, H, and Hy (and their permuta- 
tions with respect to indices). TRIANGLES AA1A2As3 
and AA, H2Hs3 are inversely similar. 


The triangle H,H2H3 has the minimum PERIMETER 
of any TRIANGLE inscribed in a given ACUTE TRIAN- 
GLE (Johnson 1929, pp. 161-165). The PERIMETER of 
AH AH; is 2A/R (Johnson 1929, p. 191). Additional 
properties involving the FEET of the altitudes are given 
by Johnson (1929, pp. 261-262). 


see also CEVIAN, FOOT, ORTHOCENTER, PERPENDICU- 
LAR, PERPENDICULAR FooT 
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Alysoid 
see CATENARY 


Ambient Isotopy 

An ambient isotopy from an embedding of a MANIFOLD 
M in N to another is a HOMOTOPY of self DIFFEOMOR- 
PHISMS (or ISOMORPHISMS, or piecewise-linear transfor- 
mations, etc.) of N, starting at the IDENTITY Map, such 
that the “last” DIFFEOMORPHISM compounded with the 
first embedding of M is the second embedding of M. 
In other words, an ambient isotopy is like an IsSOTOPY 
except that instead of distorting the embedding, the 
whole ambient SPACE is being stretched and distorted 
and the embedding is just “coming along for the ride.” 


Amicable Numbers 


For SMOOTH MANIFOLDS, a MAP is IsOTOPIC IFF it is 
ambiently isotopic. 


For KNOTS, the equivalence of MANIFOLDS under con- 
tinuous deformation is independent of the embedding 
SPACE. KNOTS of opposite CHIRALITY have ambient 
isotopy, but not REGULAR ISOTOPY. 


see also ISOTOPY, REGULAR ISOTOPY 


References 
Hirsch, M. W. Differential Topology. New York: Springer- 
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Ambiguous 

An expression is said to be ambiguous (or poorly de- 
fined) if its definition does not assign it a unique inter- 
pretation or value. An expression which is not ambigu- 
ous is said to be WELL-DEFINED. 


see also WELL-DEFINED 


Ambrose-Kakutani Theorem 

For every ergodic FLOW on a nonatomic PROBABILITY 
SPACE, there is a MEASURABLE SET intersecting almost 
every orbit in a discrete set. 


Amenable Number 
A number n which can be built up from INTEGERS ai, 


@2,+++, @k by either ADDITION or MULTIPLICATION such 
that 
k k 
> a= I] aj=n. 
i=1 i=1 
The numbers {a1,...,@n} in the SuM are simply a PaR- 


TITION of n. The first few amenable numbers are 


24+2=2x2=4 
1424+3=1x2x3=6 
1414+24+4=1x1x2x4=8 
141424+24+2=1x1x2x2x2=8. 


In fact, all COMPOSITE NUMBERS are amenable. 
see also COMPOSITE NUMBER, PARTITION, SUM 


References 
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Amicable Numbers 


see AMICABLE PAIR, AMICABLE QUADRUPLE, AMICA- 
BLE TRIPLE, MULTIAMICABLE NUMBERS 


Amicable Pair 


Amicable Pair 

An amicable pair consists of two INTEGERS m,n for 
which the sum of PROPER Divisors (the DIVISORS ex- 
cluding the number itself) of one number equals the 
other. Amicable pairs are occasionally called FRIENDLY 
Pairs, although this nomenclature is to be discouraged 
since FRIENDLY Pairs are defined by a different, if re- 
lated, criterion. Symbolically, amicable pairs satisfy 


s(m) =n (1) 
8(n) =m, (2) 


where s(n) is the RESTRICTED DIVISOR FUNCTION or, 
equivalently, 


o(m) = o(n) = s(m) + s(n) = m+n, (3) 


where o(n) is the DIVISOR FUNCTION. The smallest 
amicable pair is (220, 284) which has factorizations 


220 = 11-5-2? (4) 
284 = 71-2? (5) 


giving RESTRICTED DIVISOR FUNCTIONS 


5(220) = S$“ {1, 2, 4,5, 10, 11, 20, 22, 44, 55, 110} 


= 284 (6) 
9(284) = }°{1, 2,4, 71, 142} 
= 220. (7) 


The quantity 
a(m) = o(n) = s(m) + s(n), (8) 


in this case, 220 + 284 = 504, is called the PAIR SUM. 


In 1636, Fermat found the pair (17296, 18416) and in 
1638, Descartes found (9363584, 9437056). By 1747, 
Euler had found 30 pairs, a number which he later ex- 
tended to 60. There were 390 known as of 1946 (Scott 
1946). There are a total of 236 amicable pairs below 
108 (Cohen 1970), 1427 below 107° (te Risl- 1 74), 3340 
less than 10'! (Moews and Moews 1°73}, . 1’ .ess than 
2.01 x 10’? (Moews and Moe: .., « d 5iU1 .ess than 
sz 3.06 x 10"? (Moews and Moews). 


The first few amicable pairs are (2. 0, 284), (1184, 1210), 
(2620, 2924) (5020, 5564), (6232, 6368), (10744, 10856), 
(12285, 14595), (17296. 1:116), (63020, 76084), ... 
(Sloane’s A002025 and A002046). An. exhaustive tab- 
ulation is maintained by D. Moews. 


Let an amicable pair be denoted (m,n) with m < n. 
(m,n) is called a regular amicable pair of type (4,7) if 


(m, 7) = (9M, 9N), (9) 
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where g = GCD(m,n) is the GREATEST COMMON DI- 
VISOR, 
GCD(g, M) = GCD(g, N) = 1, (10) 


M and N are SQUAREFREE, then the number of PRIME 
factors of M and N are i and j. Pairs which are not 
regular are called irregular or exotic (te Riele 1986). 
There are no regular pairs of type (1,7) for 7 > 1. If 
m = 0 (mod 6) and 


n=o(m)—m (11) 


is EVEN, then (m,n) cannot be an amicable pair (Lee 
1969). The minimal and maximal values of m/n found 
by te Riele (1986) were 


938304290 /1344480478 = 0.697893577... (12) 
and 


4000783984 /4001351168 = 0.9998582519.... (13) 


te Riele (1986) also found 37 pairs of amicable pairs hav- 
ing the same Pair Sum. The first such pair is (609928, 
686072) and (643336, 652664), which has the PAIR SUM 


o(m) = o(n) = m+n = 1,296,000. (14) 


te Riele (1986) found no amicable n-tuples having the 
same PAIR SUM for n > 2. However, Moews and 
Moews found a triple in 1993, and te Riele found 
a quadruple in 1995. In November 1997, a quin- 
tuple and sextuple were discovered. The sextuple 
is (1953433861918, 2216492794082), (1968039941816, 
2201886714184), (1981957651366, 2187969004634), 
(1993501042130, 2176425613870), (2046897812505, 
2123028843495), (2068113162038, 2101813493962), all 
having PAIR SUM 4169926656000. Amazingly, the sex- 
tuple is smaller than any known quadruple or quintuple, 
and is likely smaller than any quintuple. 


On October 4, 1997, Mariano Garcia found the largest 
known amicable pair, each of whose members has 4829 
DIGITS. The new pair is 


Ni = CM[(P + Q)P* — 1) (15) 
Nz = CQ{(P - M)P** - 1), (16) 
where 

Cao PF (17) 
M = 287155430510003638403359267 (18) 
P = 574451143340278962374313859 (19) 

Q = 136272576607912041393307632916794623. 
(20) 


P,Q, (P+ Q)P® — 1, and (P — M)P®® — 1 are PRIME. 


40 Amicable Pair 


Pomerance {1981) has proved that 


—{n(ny}t/3 


[amicable numbers <n] < ne (21) 


for large enough n (Guy 1994). No nonfinite lower 


bound has been proven. 


see also AMICABLE QUADRUPLE, AMICABLE TRIPLE, 
AUGMENTED AMICABLE PAIR, BREEDER, CROWD, Evu- 
LER’S RULE, FRIENDLY PAIR, MULTIAMICABLE NUM- 
BERS, PAIR SUM, QUASIAMICABLE PAIR, SOCIABLE 
NUMBERS, UNITARY AMICABLE PAIR 
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Amicable Quadruple 
An amicable quadruple as a QUADRUPLE (a, b, c,d) such 
that 


o(a) = a(b) = o(c) =o(d) =at+b+c+d, 


where o(n) is the DivISOR FUNCTION. 
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Amicable Triple 
Dickson (1913, 1952) defined an amicable triple to be a 
TRIPLE of three numbers (/,m,n) such that 


sl) =m+n 
s(m) =l+n 
s(n) =l+m, 


where s(n) is the RESTRICTED DIVISOR FUNCTION 
(Madachy 1979). Dickson (1913, 1952) found eight sets 
of amicable triples with two equal numbers, and two 
sets with distinct numbers. The latter are (123228768, 
103340640, 124015008), for which 


3(12322876) = 103340640 + 124015008 = 227355648 
s(103340640) = 123228768 + 124015008 = 24724377 
s(124015008) = 123228768 + 10334064 = 226569408, 


Amortization 


and (1945330728960, 2324196638720, 2615631953920), 
for which 


8(1945330728960) = 2324196638720 + 2615631953920 


= 4939828592640 
$(2324196638720) = 1945330728960 + 2615631953920 
= 4560962682880 
s(2615631953920) = 1945330728960 + 2324196638720 
= 4269527367680. 


A second definition (Guy 1994) defines an amicable 
triple as a TRIPLE (a,b,c) such that 


a(a) = o(b) =a(c) =at+b+e, 


where a(n) is the DIVISOR FUNCTION. An example is 
(24975 11, 2°9°7, 273771). 
see also AMICABLE PAIR, AMICABLE QUADRUPLE 
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Amortization 
The payment of a debt plus accrued INTEREST by regu- 


lar payments. 


Ampersand Curve 


SA? 


ee 


The PLANE CURVE with Cartesian equation 


(y? — 2”)(@ — 1)(2¢ — 3) = A(z” + y? — 22)’. 
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Amplitude Al 


Amphichiral 

An object is amphichiral (also called REFLEXIBLB) if it 
is superposable with its MIRROR IMAGE (i.e., its image 
in a plane mirror). 

see also AMPHICHIRAL KNOT, CHIRAL, DISYMMETRIC, 
HANDEDNESS, MIRROR IMAGE 


Amphichiral Knot 

An amphichiral knot is a KNOT which is capable of be- 
ing continuously deformed into its own MIRROR IMACE. 
The amphichiral knots having ten or fewer crossings are 
04901 (FIGURE-OF-EIGHT KNOT), 06003, 08003, O8o09, 
08012, 08017, 08018, 10017,10033, 10037, 10043, 1004s, 
10079, 10081, 10088, 10099, 10109, 10115, 10118, and 10123 
(Jones 1985). The HOMFLY POLYNOMIAL is good at 
identifying amphichiral knots, but sometimes fails to 
identify knots which are not. No complete invariant (an 
invariant which always definitively determines if a KNOT 
is AMPHICHIRAL) is known. 


Let b, be the Sum of POSITIVE exponents, and b_ the 
Sum of NEGATIVE exponents in the BRAID GROUP Bn. 
If 

6b, — 3b. -n+1>0, 


then the KNOT corresponding to the closed BRAID b is 
not amphichiral (Jones 1985). 


see also AMPHICHIRAL, BRAID GROUP, INVERTIBLE 
KNoT, MIRROR IMAGE 
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Amplitude 
The variable ¢ used in ELLIPTIC FUNCTIONS and EL- 
LIPTIC INTEGRALS, which can be defined by 


@=amu= [envau, 


where dn(z) isa JACOBI ELLIPTIC FUNCTION. The term 
“amplitude” is also used to refer to the maximum offset 
of a function from its baseline level. 


see also ARGUMENT (ELLIPTIC INTEGRAL), CHARAC- 
TERISTIC (ELLIPTIC INTEGRAL), DELTA AMPLITUDE, 
ELLIPTIC FUNCTION, ELLIPTIC INTEGRAL, JACOBI EL- 


LIPTIC FUNCTIONS, MODULAR ANGLE, Moputus (EL- 
LIPTIC INTEGRAL), NOME, PARAMETER 
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Anallagmatic Curve 

A curve which is invariant under INVERSION. Exam- 
ples include the CARDIOID, CARTESIAN OVALS, CASSINI 
OVALS, LIMAGON, STROPIIOID, and MACLAURIN TRI- 
SECTRIX. 


Anallagmatic Pavement 
see HADAMARD MATRIX 


Analogy 

Inference of the TRUTH of an unknown result obtained 
by noting its similarity to a result already known to be 
TRUE. In the hands of a skilled mathematician, anal- 
ogy can be a very powerful tool for suggesting new and 
extending old results. However, subtleties can render re- 
sults obtained by analogy incorrect, so rigorous PROOF 
is still needed. 


see also INDUCTION 


Analysis 

The study of how continuous mathematical structures 
(FUNCTIONS) vary around the NEIGHBORHOOD of a 
point on a SURFACE. Analysis includes CALCULUS, DIF- 
FERENTIAL EQUATIONS, etc. 


see also ANALYSIS SITUS, CALCULUS, COMPLEX ANAL- 
YSIS, FUNCTIONAL ANALYSIS, NONSTANDARD ANALY- 
sis, REAL ANALYSIS 
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Analysis Situs 
An archaic name for TOPOLOGY. 


Analytic Continuation 
A process of extending the region in which a COMPLEX 
FUNCTION is defined. 


see also MONODROMY THEOREM, PERMANENCE OF AL- 
GEBRAIC FORM, PERMANENCE OF MATHEMATICAL RE- 
LATIONS PRINCIPLE 
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Anchor 


Analytic Function 

A FUNCTION in the CoMPpLEX NuMBERS C is analy- 
tic on a region A if it is COMPLEX DIFFERENTIABLE 
at every point in R. The terms HOLOMORPHIC FUNC- 
TION and REGULAR FUNCTION are sometimes used in- 
terchangeably with “analytic function.” If a FUNCTION 
is analytic, it is infinitely DIFFERENTIABLE. 


see also BERGMAN SPACE, COMPLEX DIFFERENTIABLE, 
DIFFERENTIABLE, PSEUDOANALYTIC FUNCTION, SEMI- 
ANALYTIC, SUBANALYTIC 
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Analytic Geometry 

The study of the GEOMETRY of figures by algebraic rep- 
resentation and manipulation of equations describing 
their positions, configurations, and separations. Ana- 
lytic geometry is also called COORDINATE GEOMETRY 
since the objects are described as n-tuples of points 
(where n = 2 in the PLANE and 3 in SPACE) in some 
COORDINATE SYSTEM. 


see also ARGAND DIAGRAM, CARTESIAN COORDINATES, 
COMPLEX PLANE, GEOMETRY, PLANE, QUADRANT, 
SPACE, z-AXIS, y-AXIS, z-AXIS 


References 

Courant, R. and Robbins, H. “Remarks on Analytic Geome- 
try.” §2.3 in What is Mathematics?: An Elementary Ap- 
proach to Ideas and Methods, 2nd ed. Oxford, England: 
Oxford University Press, pp. 72-77, 1996. 


Analytic Set 
A DEFINABLE SET, also called a SOUSLIN SET. 


see also COANALYTIC SET, SOUSLIN SET 


Anarboricity 

Given a GRAPH G, the anarboricity is the maximum 
number of line-disjoint nonacyclic SUBGRAPHS whose 
UNION is G. 


see also ARBORICITY 


Anchor 
An anchor is the BUNDLE Map p from a VECTOR BUN- 
DLE A to the TANGENT BUNDLE TB satisfying 


1. [o(X), (¥)] = o(|X, ¥]) and 


2. [(X, @Y] = o[X,Y] + (o(X) - )Y, 

where X and Y are smooth sections of A, ¢ is a 
smooth function of B, and the bracket is the “Jacobi-Lie 
bracket” of a VECTOR FIELD. 


see also LIE ALGEBROID 
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Anchor Ring 


Anchor Ring 
An archaic name for the Torus. 
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And 

A term (PREDICATE) in Locic which yields TRUE if one 
or more conditions are TRUE, and FALSE if any condi- 
tion is FALSE. A AND B is denoted A&B, AA B, or 
simply AB. The Binary AND operator has the follow- 
ing TRUTH TABLE: 


A Propuct of ANDs (the AND of n conditions) is 
called a CONJUNCTION, and is denoted 


n 
\\ 4e. 
k=1 


Two binary numbers can have the operation AND per- 
formed bitwise with 1 representing TRUE and 0 FArsF. 
Some computer languages denote this operation on A, 
B, and C as A&&B&&C or logand(A,B,C). 


see also BINARY OPERATOR, INTERSECTION, NOT, OR, 
PREDICATE, ‘TRUTH TABLE, XOR 


Anderson-Darling Statistic 
A statistic defined to improve the KoLMOGOROV- 
SMIRNOV TEST in the TAIL of a distribution. 


see also KOLMOGOROV-SMIRNOV_ TEST, 
STATISTIC 


KUIPER 
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André’s Problem 
The determination of the number of ALTERNATING PER- 
MUTATIONS having elements {1, 2, ..., n} 


see also ALTERNATING PERMUTATION 
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André’s Reflection Method 

A technique used by André (1887) to provide an elegant 
solution to the BALLOT PROBLEM (Hilton and Pederson 
1991). 
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Andrew’s Sine 
The function 


which occurs in estimation theory. 


see also SINE 
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Andrews Cube 
see SEMIPERFECT MAGIC CUBE 


Andrews-Curtis Link 

The Link of 2-spheres in R* obtaincd by SPINNING in- 
tertwined arcs. The link consists of a knotted 2-sphere 
and a SPUN TREFOIL KNOT. 


see also SPUN KNOT, TREFOIL KNOT 
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Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
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Andrews-Schur Identity 
‘s k? tok hi —k+ :) 

: k 
k=0 


n-5k | [n+2a+2]’ 
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where [z] is a GAUSSIAN POLYNOMIAL. It is a POLY- 
NOMIAL identity for a = 0, 1 which implies the ROGERS- 
RAMANUJAN IDENTITIES by taking n —> oo and apply- 
ing the JACOBI TRIPLE PRODUCT identity. A variant of 
this equation is 


> k420k |nN+k+a 
q n—-k 
k=—[a/2] 


[n/5] 


- > 


~[(n4+2a+2)/5| 


15k? +(6a+i)k | 22+ 2a+ 2 
q 5 —5k 


[10k + 2a + 2] 


<Dntaayg? 


where the symbol {z| in the SuM limits is the FLOOR 
FUNCTION (Paule 1994). The RECIPROCAL of the iden- 
tity is 


k? 420k 


gq 
PB (95 q)2k+a 


k=0 


-T] 1 (3) 
= at (1 ae gtt)(1 Cae gr0it4e+4)(] c= @q20j—40+16) 


for a = 0, 1 (Paule 1994). For g = 1, (1) and (2) become 


aes 


~(a/2] 
[n/5] 
- > Qn+2a+2\5k+a+1 (4) 
n—5k n+atl1- 
-[(n-+2a+2)/5| 
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Andrica’s Conjecture 


o 
a 


100 200 300 400 500 
Andrica’s conjecture states that, for pn the nth PRIME 
NUMBER, the INEQUALITY 


An = VPn4+1 — VPn < 1 


Anger Function 


holds, where the discrete function A, is plotted above. 
The largest value among the first 1000 PRIMES is for 
n = A, giving V11 — V7 ~ 0.670873. Since the Andrica 
function falls asymptotically as n increases so a PRIME 
GAP of increasing size is needed at large n, it seems 
likely the CONJECTURE is true. However, it has not yet 
been proven. 


A, bears a strong resemblance to the PRIME DIFFER- 
ENCE FUNCTION, plotted above, the first few values of 
which are 1, 2, 2, 4, 2, 4, 2, 4, 6, 2, 6, ... (Sloane’s 
A001223). 


see also BROCARD’S CONJECTURE, GOOD PRIME, FoR- 
TUNATE PRIME, POLYA CONJECTURE, PRIME DIFFER- 
ENCE FUNCTION, TWIN PEAKS 
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Anger Function 
A generalization of the BESSEL FUNCTION OF THE 
FirsT KIND defined by 


Jz) = z[ cos(vé — zsin 8) dé. 
0 


If v is an INTEGER n, then J,(z) = Jn(z), where J,(z) 
is a BESSEL FUNCTION OF THE FIRST KIND. Anger’s 
original function had an upper limit of 27, but the cur- 
rent NOTATION was standardized by Watson (1966). 


see also BESSEL FUNCTION, MODIFIED STRUVE FUNC- 
TION, PARABOLIC CYLINDER FUNCTION, STRUVE 
FUNCTION, WEBER FUNCTIONS 
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Abramowitz, M. and Stegun, C. A. (Eds.). “Anger and We- 
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Angle 


Angle 


é 


Given two intersecting LINES or LINE SEGMENTS, the 
amount of ROTATION about the point of intersection 
(the VERTEX) required to bring one into correspondence 
with the other is called the angle 9 between them. An- 
gles are usually measured in DEGREES (denoted °), RA- 
DIANS (denoted rad, or without a unit), or sometimes 
GRADIANS (denoted grad). 


One full rotation in these three measures corresponds to 
360°, 27 rad, or 400 grad. Half a full ROTATION is called 
a STRAIGHT ANGLE, and a QUARTER of a full rotation 
is called a RiGHT ANGLE. An angle less than a RIGHT 
ANGLE is called an ACUTE ANGLE, and an angle greater 
than a RIGHT ANGLE is called an OBTUSE ANGLE. 


The use of DEGREES to measure angles harks back to 
the Babylonians, whose SEXAGESIMAL number system 
was based on the number 60. 360° likely arises from the 
Babylonian year, which was composed of 360 days (12 
months of 30 days each). The DEGREE is further divided 
into 60 ARC MINUTES, and an ARC MINUTE into 60 
Arc SECONDS. A more natural measure of an angle is 
the RADIAN. It has the property that the ARC LENGTH 
around a CIRCLE is simply given by the radian angle 
measure times the CIRCLE Raptus. The RADIAN is also 
the most useful angle measure in CALCULUS because the 
DERIVATIVE of TRIGONOMETRIC functions such as 


d 

dq Sint = cosx 
does not require the insertion of multiplicative constants 
like 7/180. GRADIANS are sometimes used in surveying 
(they have the nice property that a RIGHT ANGLE is ex- 
actly 100 GRADIANS), but are encountered infrequently, 
if at all, in mathematics. 


The concept of an angle can be generalized from the 
CIRCLE to the SPHERE. The fraction of a SPHERE sub- 
tended by an object is measured in STERADIANS, with 
the entire SPHERE corresponding to 4m STERADIANS. 


A ruled SEMICIRCLE used for measuring and drawing 
angles is called a PROTRACTOR. A COMPASS can also 
be used to draw circular ARCS of some angular extent. 


see also ACUTE ANGLE, ARC MINUTE, ARC SECOND, 
CENTRAL ANGLE, COMPLEMENTARY ANGLE, DEGREE, 
DIHEDRAL ANGLE, DIRECTED ANGLE, EULER ANGLES, 
GRADIAN, HORN ANGLE, INSCRIBED ANGLE, OBLIQUE 
ANGLE, OBTUSE ANGLE, PERIGON, PROTRACTOR, 
RADIAN, RIGHT ANGLE, SOLID ANGLE, STERADIAN, 
STRAIGHT ANGLE, SUBTEND, SUPPLEMENTARY ANGLE, 
VERTEX ANGLE 
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Dixon, R. Mathographics. New York: Dover, pp. 99-100, 
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Angle Bisector 


interior angle 
bisector 


exterior angle 
“wv bisection 


~~ 
™ 
~ 


The (interior) bisector of an ANGLE is the LINE or LINE 
SEGMENT which cuts it into two equal ANGLES on the 
same “side” as the ANGLE. 


The length of the bisector of ANGLE A in the above 
TRIANGLE AA, A2 Az is given by 


a1 
t1? = aga3 | 1 — ———~ 
1 2 | earl 
where t; = A;T; and a; = Aj;Ax. The angle bisectors 
meet at the INCENTER IJ, which has TRILINEAR COoR- 
DINATES 1:1:1. 


see also ANGLE BISECTOR THEOREM, CYCLIC QUAD- 
RANGLE, EXTERIOR ANGLE BISECTOR, ISODYNAMIC 
PoINTS, ORTHOCENTRIC SYSTEM, STEINER-LEHMUS 
THEOREM, TRISECTION 
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Angle Bisector Theorem 

The ANGLE BISECTOR of an ANGLE in a TRIANGLE di- 
vides the opposite side in the same RATIO as the sides 
adjacent to the ANGLE. 


Angle Bracket 

The combination of a BRA and KET (bratket = 
bracket) which represents the INNER PRODUCT of two 
functions or vectors, 


(lg) = / f(a)g(«) dx 


(vjw) =Vv-w. 
By itself, the BRA is a COVARIANT 1-VEcToR, and the 
KET is a COVARIANT ONE-FORM. These terms are com- 
monly used in quantum mechanics. 
see also BRA, DIFFERENTIAL k-FORM, KET, ONE-FORM 
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Angle of Parallelism 


P 
E 


Ia) 


A Cc D B 

Given a point P and a LINE AB, draw the PERPENDIC- 
ULAR through P and call it PC. Let PD be any other 
line from P which meets CB in D. In a HYPERBOLIC 
GEOMETRY, as D moves off to infinity along CB, then 
the line PD approaches the limiting line PE, which is 
said to be parallel to CB at P. The angle CPE which 
PE makes with PC is then called the angle of paral- 
lelism for perpendicular distance z, and is given by 


T(x) = 2tan™*(e~*). 


This is known as LOBACHEVSKY’S FORMULA. 
see also HYPERBOLIC GEOMETRY, LOBACHEVSKY’S 
FORMULA 


References 
Manning, H. P. Introductory Non-Euclidean Geometry. New 
York: Dover, pp. 31-32 and 58, 1963. 


Angle Trisection 
see TRISECTION 


Angular Acceleration 
The angular acceleration a@ is defined as the time DE- 
RIVATIVE of the ANGULAR VELOCITY w, 


dw _ d’0 a 


a= 


dt dir 


see also ACCELERATION, ANGULAR DISTANCE, ANGU- 
LAR VELOCITY 


Angular Defect 
The DIFFERENCE between the Sum of face ANGLES A; 
at a VERTEX of a POLYHEDRON and 27, 


S=r- > As 


see also DESCARTES TOTAL ANGULAR DEFECT, JUMP 
ANGLE 


Angular Distance 
The angular distance traveled around a CIRCLE is the 
number of RADIANS the path subtends, 


£ 


6= —2nr=-. 


see also ANGULAR ACCELERATION, ANGULAR VELOC- 
ITY 


Annulus Conjecture 


Angular Velocity 

The angular velocity w is the time DERIVATIVE of the 
ANGULAR DISTANCE @ with direction 2 PERPENDICU- 
LAR to the plane of angular motion, 


see also ANGULAR ACCELERATION, ANGULAR DIs- 
TANCE 


Anharmonic Ratio 
see CROSS-RATIO 


Anisohedral Tiling 
A k-anisohedral tiling is a tiling which permits no n- 
ISOHEDRAL TILING with n < k. 


References 
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Annihilator 

The term annihilator is used in several different ways in 
various aspects of mathematics. It is most commonly 
used to mean the SET of all functions satisfying a given 
set of conditions which is zero on every member of a 
given SET. 


Annulus 
The region in common to two concentric CIRCLES of 
RADII a and b. The AREA of an annulus is 


Aannulus i n(b? = a’). 


An interesting identity is as follows. In the figure, 


NOY 


= 


the AREA of the shaded region A is given by 
A=C1+C2. 

see also CHORD, CIRCLE, CONCENTRIC CIRCLES, LUNE 

(PLANE), SPHERICAL SHELL 
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Annulus Conjecture 
see ANNULUS THEOREM 


Annulus Theorem 


Annulus Theorem 

Let K? and K® be disjoint bicollared knots in R”** or 
S"*! and let U denote the open region between them. 
Then the closure of U is a closed annulus S” x [0, 1]. 


Except for the case n = 3, the theorem was proved by 
Kirby (1969). 
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Anomalous Cancellation 

The simplification of a FRACTION a/b which gives a cor- 
rect answer by “canceling” DIGITS of a and b. There 
are only four such cases for NUMERATOR and DENOM- 
INATORS of two DIGITS in base 10: 64/16 = 4/1 = 4, 
98/49 = 8/4 = 2, 95/19 = 5/1 = 5, and 65/26 = 5/2 
(Boas 1979). 


The concept of anomalous cancellation can be extended 
to arbitrary bases. PRIME bases have no solutions, but 
there is a solution corresponding to each PROPER DIVI- 
SOR of a COMPOSITE b. When 6— 1 is PRIME, this type 
of solution is the only one. For base 4, for example, 
the only solution is 324/134 = 24. Boas gives a table of 
solutions for 6 < 39. The number of solutions is EVEN 
unless b is an EVEN SQUARE. 


b N| 6b N 
4 1/26 4 
6 2)27 6 
8 2 )28 10 
9 2)30 6 
10 4/)32 4 
12 4/34 6 
144 2/35 6 
15 6/36 21 
16 7/38 2 
18 4/39 6 
20 «4 
21 10 
22 «6 
24 6 


see also FRACTION, PRINTER’S ERRORS, REDUCED 
FRACTION 
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Anomalous Number 
see BENFORD’S LAW 


Anosov Flow A7 


Anonymous 
A term in SOCIAL CHOICE THEORY meaning invariance 
of a result under permutation of voters. 


see also DUAL VOTING, MONOTONIC VOTING 


Anosov Automorphism 

A HYPERBOLIC linear map R” —- R” with INTEGER en- 
tries in the transformation MATRIX and DETERMINANT 
+1 is an ANOSOV DIFFEOMORPHISM of the n-TORUS, 
called an Anosov automorphism (or HYPERBOLIC AU- 
TOMORPHISM). Here, the term automorphism is used in 
the GROUP THEORY sense. 


Anosov Diffeomorphism 

An Anosov diffeomorphism is a C! DIFFEOMORPHISM ¢ 
such that the MANIFOLD M is HYPERBOLIC with respect 
to ¢. Very few classes of Anosov diffeomorphisms are 
known. The best known is ARNOLD’S CaT MAP. 


A HYPERBOLIC linear map R” — R” with INTEGER 
entries in the transformation MATRIX and DETERMI- 
NANT +1 is an Anosov diffeomorphism of the n-TORUS. 
Not every MANIFOLD admits an Anosov diffeomorphism. 
Anosov diffeomorphisms are EXPANSIVE, and there are 
no Anosov diffeomorphisms on the CIRCLE. 


It is conjectured that if ¢: M — M is an Anosov dif- 
feomorphism on a COMPACT RIEMANNIAN MANIFOLD 
and the NONWANDERING SET (0(¢) of ¢ is M, then ¢ 
is TOPOLOGICALLY CONJUGATE to a FINITE-TO-ONE 
FACTOR of an ANOSOV AUTOMORPHISM of a NILMAN- 
IFOLD. It has been proved that any Anosov diffeomor- 
phism on the n-ToRUuS is TOPOLOGICALLY CONJUGATE 
to an ANOSOV AUTOMORPHISM, and also that Anosov 
diffeomorphisms are C’ STRUCTURALLY STABLE. 


see also ANOSOV AUTOMORPHISM, AXIOM A DIFFEO- 
MORPHISM, DYNAMICAL SYSTEM 
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Anosov Flow 

A FLow defined analogously to the ANOSOV DIFFEO- 
MORPHISM, except that instead of splitting the TAN- 
GENT BUNDLE into two invariant sub-BUNDLES, they 
are split into three (one exponentially contracting, one 
expanding, and one which is 1-dimensional and tangen- 
tial to the flow direction). 


see also DYNAMICAL SYSTEM 
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Anosov Map 
An important example of a ANOSOV DIFFEOMORPHISM. 


Ent. on 2 1 Ln, 
Ynti aa (bs ab | Yn f 


where 2n41, Yn41 are computed mod 1. 
see also ARNOLD’S CAT Map 


ANOVA 

“Analysis of Variance.” A STATISTICAL TEST for het- 
erogeneity of MEANS by analysis of group VARIANCES. 
To apply the test, assume random sampling of a vari- 
ate y with equal VARIANCES, independent errors, and a 
NORMAL DISTRIBUTION. Let n be the number of REPLI- 
CATES (sets of identical observations) within each of K 
Factor LEVELS (treatment. groups), and yi; be the jth 
observation within FACTOR LEVEL 7. Also assume that 
the ANOVA is “balanced” by restricting n to be the 
same for each FACTOR LEVEL. 


Now define the sum of square terms 


SST = » So (is - 5) (1) 


La aS at Mis : 
= a Se ys? = {is Sa) (2) 


i=1 j=l 
1 k n 2 1 k n 3 
ssA=-So (ous) -zo | do dow) @) 
i=1 gel i=1 j=1 
k n 
SSE= 0 >i (vy — &) (4) 
i-1 j=1 
= SST — SSA, (5) 


which are the total, trcatment, and error sums of 
squares. Here, 9; is the mean of observations within 
FACTOR LEVEL 2, and ¥ is the “group” mean (i.e., mean 
of means). Compute the entries in the following table, 
obtaining the P-VALUE corresponding to the calculated 
I’-RatTio of the mean squared values 


F= 22, (6) 


Category SS  °Freedom Mean Squared F-Ratio 


treatment SSA A-1 MSA = 384 MSA 


K-1 MSE 
error SSE K(n-1) MSE= Fest 
total SST Kn-1 MST= > 


If the P-VALUE is small, reject the NULL HYPOTHESIS 
that all MEANS are the same for the different groups. 


see also FACTOR LEVEL, REPLICATE, VARIANCE 


Anticlastic 


Anthropomorphic Polygon 
A SIMPLE POLYGON with precisely two EARS and one 
MoutTu. 


References 
Toussaint, G. “Anthropomorphic Polygons.” Amer. Math. 
Monthly 122, 31-35, 1991. 


Anthyphairetic Ratio 
An archaic word for a CONTINUED FRACTION. 


References 
Fowler, D. H. The Mathematics of Plato’s Academy: A New 
Reconstruction. New York: Oxford University Press, 1987. 


Antiautomorphism 

Ifa Map f : G > G' from a Group G to a Group G’ 
satisfies f(ab) = f(a) f(b) for all a,b € G, then f is said 
to be an antiautomorphism. 


see also AUTOMORPHISM 


Anticevian Triangle 

Given a center a : 8 : y, the anticevian triangle is 
defined as the TRIANGLE with VERTICES —a: 8: y¥, 
a:—-G:7, anda: 6: -7. If A'B'C’ is the CEVIAN 
TRIANGLE of X and A’B"C" is an anticevian trian- 
gle, then X and A” are HARMONIC CONJUGATE POINTS 
with respect to A and A’. 


see alsu CEVIAN TRIANGLE 


References 
Kimberling, C. “Central Points and Central Lines in the 
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Antichain 

Let P be a finite PARTIALLY ORDERED Set. An an- 
tichain in P is a set. of pairwise incomparable elements 
(a family of SUBSETS such that, for any two members, 
one is not the SUBSET of another). The WIDTH of P is 
the maximum CARDINALITY of an ANTICHAIN in P. For 
a PARTIAL ORDER, the size of the longest ANTICHAIN 
is called the WIDTH. 


see also CHAIN, DILWORTH’S LEMMA, PARTIALLY OR- 
DERED SET, WIDTH (PARTIAL ORDER) 


References 
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Anticlastic 

When the GAUSSIAN CURVATURE K is everywhere NEG- 
ATIVE, a SURFACE is called anticlastic and is saddle- 
shaped. A SURFACE on which K is everywhere PosI- 
TIVE is called SYNCLASTIC. A point at which the Gaus- 
SIAN CURVATURE is NEGATIVE is called a HYPERBOLIC 
POINT. 


see also ELLIPTIC POINT, GAUSSIAN QUADRATURE, 
HYPERBOLIC POINT, PARABOLIC POINT, PLANAR 
POINT, SYNCLASTIC 


Anticommutative 


Anticommutative 
An OPERATOR * for which a 6 = —b* a is said to be 
anticommutative. 


see also COMMUTATIVE 


Anticommutator _ 
For OPERATORS A and B, the anticommutator is defined 
by 
{A,B} = AB+ BA. 
see also COMMUTATOR, JORDAN ALGEBRA 


Anticomplementary Triangle 


A ; 
AY 3 A’ 


AS 
A TRIANGLE AA’B’C’ which has a given TRIANGLE 


MAABC as its MEDIAL TRIANGLE. The TRILINEAR Co- 
ORDINATES of the anticomplementary triangle are 


A’=-a':b':¢' 
B'=a7):-b7':¢7! 


Geant sb sce 
see also MEDIAL TRIANGLE 


Antiderivative 
see INTEGRAL 


Antidifferentiation 
see INTEGRATION 


Antigonal Points 
B 


Y 


Given ZAX B+ ZAYB =m RADIANS in the above fig- 
ure, then X and Y are said to be antigonal points with 
respect to A and B. 


Antihomography 
A CIRCLE-preserving TRANSFORMATION composed of 
an ODD number of INVERSIONS. 


see also HOMOGRAPHY 
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Antihomologous Points 

Two points which are COLLINEAR with respect to 

a SIMILITUDE CENTER but are not HOMOLOGOUS 

PoInTs. Four interesting theorems from Johnson (1929) 

follow. 

1. Two pairs of antihomologous points form inversely 
similar triangles with the HOMOTHETIC CENTER. 

2. The PRODUCT of distances from a HOMOTHETIC 
CENTER to two antihomologous points is a constant. 

3. Any two pairs of points which are antihomologous 
with respect to a SIMILITUDE CENTER lie on a CIR- 
CLE. 

4. The tangents to two CIRCLES at antihomologous 


points make equal ANGLES with the LINE through 
the points. 


see also HOMOLOGOUS POINTS, HOMOTHETIC CENTER, 
SIMILITUDE CENTER 
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Antilaplacian 

The antilaplacian of u with respect to z is a function 
whose LAPLACIAN with respect to x equals u. The an- 
tilaplacian is never unique. 


see also LAPLACIAN 


Antilinear Operator 
An antilinear OPERATOR satisfies the following two 
properties: 


Alfi(a) + fo(x)] = Afi(x) + Afa(z) 
Acf (x) = c* Af(z), 


where c” is the COMPLEX CONJUGATE of c. 
see also LINEAR OPERATOR 


Antilogarithm 
The INVERSE FUNCTION of the LOGARITHM, defined 
such that 


log, (antilog, z) = z = antilog, (log, z). 


The antilogarithm in base b of z is therefore b*. 


see also COLOGARITHM, LOGARITHM, POWER 


Antimagic Graph 

A GRAPH with e EDGES labeled with distinct elements 
{1, 2,..., e} so that the SuM of the EDGE labels at each 
VERTEX differ. 

see also MAGIC GRAPH 
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Antimagic Square 


Eoeeeeee 
[27/39] 7 [s7}53] 4 [eo[31 
An antimagic square is ann xn ARRAY of integers from 
1 to n? such that each row, column, and main diago- 
nal produces a different sum such that these sums form 
a SEQUENCE of consecutive integers. It is therefore a 
special case of a HETEROSQUARE. 


nH 
bafer|ifaol [aps 
Brlehielsafee) = fs 


Antimagic squares of orders one and two are impossi- 
ble, and it is believed that there are also no antimagic 
squares of order three. There are 18 families of an- 
timagic squares of order four. Antimagic squares of or- 
ders 4-9 are illustrated above (Madachy 1979). 


see also HETEROSQUARE, MAGIC SQUARE, TALISMAN 
SQUARE 
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Antimorph 

A number which can be represented both in the form 
xo” — Dyo” and in the form Dz,* — y,?. This is only 
possible when the PELL EQUATION 


- Dy? =-1 


is solvable. Then 


— Dy Dyn”) 


(fotn — Dyoyn)?. 


—(t0 — Dyo”)(#n* — 


D(xoyn — yotn)” — 


see also IDONEAL NUMBER, POLYMORPH 
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Antimorphic Number 
see ANTIMORPH 


Antipedal Triangle 


Antinomy 
A PARADOX or contradiction. 


Antiparallel 


i P ~ 


A pair of Lines B,, Bz which make the same ANGLES 
but in opposite order with two other given LINEs A; and 
Az, as in the above diagram, are said to be antiparallel 
to A; and Az. 


see also HYPERPARALLEL, PARALLEL 
References 


Phillips, A. W. and Fisher, I. Elements of Geometry. New 
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Antipedal Triangle 


T, 
Ay Ay 


A, 


The antipedal triangle A of a given TRIANCLE T is the 
TRIANGLE of which T is the PEDAL TRIANGLE. For 
a TRIANGLE with TRILINEAR COORDINATES a: @: ¥ 
and ANGLES A, B, and C, the antipedal triangle has 
VERTICES with TRILINEAR COORDINATES 


—(@+acosC)(y+acos B): (y+acos B)(a+GcosC) : 
(8 + acosC)(a + 7cos B) 
—(7¥+8cos A)(a+ BcosC) : 
(a + 8 cosC)(8 + ¥ cos A) 
(@+ycos A)(y + acos B) : (a+ ycosB)(y+ cos A): 
—(a+ycos B)(G+ ycos A). 


(y¥+8 cos A)(8+acosC): 


The ISOGONAL CONJUGATE of the ANTIPEDAL TRIAN- 
GLE of a given TRIANGLE is HOMOTHETIC with the orig- 
inal TRIANGLE. Furthermore, the PRopDucT of their 
AREAS equals the SQUARE of the AREA of the original 
TRIANGLE (Gallatly 1913). 


see also PEDAL TRIANGLE 


Antipersistent Process 


References 
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London: Hodgson, pp. 56-58, 1913. 


Antipersistent Process 


A FRACTAL PROCESS for which H < 1/2, sor <0. 


see also PERSISTENT PROCESS 


Antipodal Map 
The Map which takes points on the surface of a SPHERE 
S? to their ANTIPODAL PoINTS. 


Antipodal Points 

Two points are antipodal (i.e., each is ae ANTIPODE of 
the other) if they are diametrically opposite. Examples 
include endpoints of a LINE SEGMENT, or poles of a 
SPHERE. Given a point on a SPHERE with LATITUDE 6 
and LONGITUDE 4, the antipodal point has LATITUDE 
~6§ and LONGITUDE A + 180° (where the sign is taken 
so that the result is between —180° and +180°). 

see also ANTIPODE, DIAMETER, GREAT CIRCLE, 
SPHERE 


Antipode 
Given a point A, the point B which is the ANTIPODAL 
POINT of A is said to be the antipode of A. 


see also ANTIPODAL POINTS 


Antiprism 


a 


A SEMIREGULAR POLYHEDRON constructed with 2 n- 
gons and 2n TRIANGLES. The 3-antiprism is simply the 
OCTAHEDRON. The DUALS are the TRAPEZOHEDRA. 
The SURFACE AREA of a n-gonal antiprism is 


S = 2An—gon + 2NAA 
=2|} na * cot (= )] +2003 V3 07) 


= tna? [cot (= )+v3]. 


see also OCTAHEDRON, PRISM, PRISMOID, TRAPEZOHE- 
DRON 
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Antiquity 
see GEOMETRIC PROBLEMS OF ANTIQUITY 


Antisnowflake 
see KOCH ANTISNOWFLAKE 


Antisquare Number 

A number of the form p* - A is said to be an antisquare 
if it fails to be a SQUARE NUMBER for the two reasons 
that a is ODD and A is a nonsquare modulo p. 


see also SQUARE NUMBER 


Antisymunetric 

A quantity which changes SIGN when indices are re- 
versed. For example, Ai; = a; — a; is antisymmetric 
since Ai; = — Aji. 

see also ANTISYMMETRIC MATRIX, ANTISYMMETRIC 
TENSOR, SYMMETRIC 


Antisymmetric Matrix 
An antisymmetric matrix is a MATRIX which satisfies 
the identity 

A=-A™ (1) 


where A* is the MATRIX TRANSPOSE. In component 
notation, this becomes 


Aig = —Azi. (2) 
Letting k =i =, the requirement becomes 

Qkk = —Akk, (3) 
so an antisymmetric matrix must have zeros on its diag- 


onal. The general 3 x 3 antisymmetric matrix is of the 
form 


0 ai2 Q13 
—ai2 O- ae]. (4) 
—a13 —a23 0 


Applying A~* to both sides of the antisymmetry condi- 


tion gives 


-ATAT =1, (5) 


Any SQUARE MATRIX can be expressed as the sum of 
symmetric and antisymmetric parts. Write 


A= 1(A+A‘)+3(A—A’). (6) 
fc @11 0 @120 8 **— Ain 
@21 @22 °°° Gan 

ate ie ee Se : (7) 
Qnl An2 anced ann 


52 Antisymmetric Relation 
ai. a1 Ani 
7 G12 22, *** On 
Qin Gin sos Qan 
so 
2a11 ai2 + Gai Qin + @ni 
a a2 + G21 2a22 “+ Gan + Gn2 
A+A = : F : : : 
Gin + An1 A2n + On2 ye 2Ann 
(9) 
which is symmetric, and 
A-AT= 
0 Q12 — G21 Qin — Ani 
—(ai2 — a1) 0 Q2n — An2 
—(Qin = Unt) — (dan a Un2) ara 0 
(10) 


which is antisymmetric. 


see also SKEW SYMMETRIC MATRIX, SYMMETRIC Ma- 
TRIX 


Antisymmetric Relation 

A RELATION R on a SET S is antisymmetric provided 
that distinct elements are never both related to one an- 
other. In other words zRy and yRz together imply that 
L=y. 


Antisymmetric Tensor 
An antisymmetric tensor is defined as a TENSOR for 


which 


Any TENSOR can be written as a sum of SYMMETRIC 
and antisymmetric parts as 


The antisymmetric part is sometimes denoted using the 
special notation 


Ala) pes i(A® = A’); (3) 


For a general TENSOR, 


permutations 


where €g,-.-a, is the LEvI-CIVITA SYMBOL, a.k.a. the 
PERMUTATION SYMBOL. 


see also SYMMETRIC TENSOR 


Apeirogon 


Antoine’s Horned Sphere 

A topological 2-sphere in 3-space whose exterior is not 
SIMPLY CONNECTED. The outer complement of An- 
toine’s horned sphere is not SIMPLY CONNECTED. Fur- 
thermore, the group of the outer complement is not 
even finitely generated. Antoine’s horned sphere is in- 
equivalent to ALEXANDER’S HORNED SPHERE since the 
complement in R® of the bad points for ALEXANDER’S 
HORNED SPHERE is SIMPLY CONNECTED. 


see also ALEXANDER’S HORNED SPHERE 
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Antoine’s Necklace 


Construct a chain C' of 2n components in a solid TORUS 
V. Now form a chain C1 of 2n solid tori in V, where 


m(V —- C1) = m(V -C) 


via inclusion. In each component of Ci, construct a 
smaller chain of solid tori embedded in that component. 
Denote the union of these smaller solid tori C2. Con- 
tinue this process a countable number of times, then the 
intersection 


which is a nonempty compact SuBseT of R°® is called 
Antoine’s necklace. Antoine’s necklace is HOMEOMOR- 
PHIC with the CANTOR SET. 


see also ALEXANDER’S HORNED SPHERE, NECKLACE 
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Apeirogon 

The REGULAR POLYGON essentially equivalent to the 
CIRCLE having an infinite number of sides and denoted 
with SCHLAFLI SYMBOL {oo}. 


see also CIRCLE, REGULAR POLYGON 


References 

Coxeter, H. S. M. Regular Polytopes, 3rd ed. New York: 
Dover, 1973. 

Schwartzman, 8. The Words of Mathematics: An Etymolog- 
ical Dictionary of Mathematical Terms Used in English. 
Washington, DC: Math. Assoc. Amer., 1994. 


Apéry’s Constant 


Apéry’s Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Apéry’s constant is defined by 
C(3) = 1.2020569..., (1) 


(Sloane’s A002117) where ¢(z) is the RIEMANN ZETA 
Function. Apéry (1979) proved that ¢(3) is IRRA- 
TIONAL, although it is not known if it is TRANSCEN- 
DENTAL. The CONTINUED FRACTION for ¢(3) is [1, 4, 1, 
18, 1, 1, 1, 4, 1, ...] (Sloane’s A013631). The positions 
at which the numbers 1, 2, ... occur in the continued 
fraction are 1, 12, 25, 2, 64, 27, 17, 140, 10,.... 


Sums related to ¢(3) are 


(13 5 CS (—1)**+1 (x1)? 
mR) 22 eas) 


=D weap = KO) (3) 
= Qa 13 
> GEFIF > avs? 276(3) (4) 
“ 1 Woe i 
Dm Gk+ip > Gat 75 $(3) (5) 
k=0 
7 1 n gl 
du (6k + 1) ~ 36/3 ° 316 $(3); (6) 


where A(z) is the DirntcHLet LAMBDA FUNCTION. The 
above equations are special cases of a general resull due 
to Ramanujan (Berndt 1985). Apéry’s proof relied on 
showing that the sum 


mEQCY 0 


where (7) is a BINOMIAL COEFFICIENT, satisfies the RE- 
CURRENCE RELATION 


(34n3 + 51n? + 27n + 5)a(n) 
+n?a(n—1)=0 (8) 


(n+ 1)8a(n +1) - 


(van der Poorten 1979, Zeilberger 1991). 


Apéry’s constant is also given by 


oo 
=) ee 
i ’ 
aN 

n=l 


(9) 
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where Sym is a STIRLING NUMBER OF ‘THE Fins'r KIND. 
This can be rewritten as 


He = 2¢(3), (10) 


n=1 


where H,, is the nth HARMONIC NUMBER. Yet another 
expression for ¢(3) is 


“poets es +2) (11) 


ie 


(Castellanos 1988). 


INTEGRALS for ¢(3) include 


co 2 
¢(3) = | aut (12) 
/0 


Gosper (1990) gave 


ir 30k — 11 
=5 Drrmerevory ea (14) 


A CONTINUED FRACTION involving Apéry’s constant is 
6 18 = 98 7 
— 5 a race tee aga al 

¢(3) 117— 535- 


34n3 + 51n? 4+ 27n + 5-— 

(15) 
(Apéry 1979, Le Lionnais 1983). Amdeberhan (1996) 
used WILF-ZEILBERGER PAIRS (F,G) with 


(-1)*k!?(sn —k — 1)! 
(st tkh+1)"k +1)’ 


F(n,k) = (16) 


$s = 1 to obtain 


(3) = 


Loe 


ys aay T =i (17) 


For s = 2, 


(8) = PO rears 


n=1 
and for s = 3, 


— (=1" 
¢(3) = Ss 1 (An) [3n 
perp 4 | 
6120n + 5265n4 + 13761n? + 13878n? + 1040 


‘Can n+3)(n+)Gn+1~ne2)? 9) 
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(Amdeberhan 1996). The corresponding Gn, k) for 3 = 
1 and 2 are 


2(—1)*k!?(n — k)! 


CU) = Gee De ea? 


(20) 


and 


G(n,k) = 
(—1)*k!?(2n — k)'(3 + 4n)(4n? + 6n +k +3) 


2(2n + k + 2)i(n + 1)2(2n + 1)? (21) 


Gosper (1996) expressed ¢(3) as the MATRIX PRODUCT 


N 
0 ¢(3) 
lim M, = 22 
N-00 E 1 ? ( ) 
n=1 
where 
M,= 
(n+1)4 24570n44.64161n> |.62152n?426427n4+4154 
| 4096(n+7)2(n+7)? S1104(nt3)(n+2)(n+2) 
0 1 


(23) 


which gives 12 bits per term. The first few terms are 


1 2077 

= 10600 1728 
M | 0 1 (24) 

_1_ 7561 

— | 9801 4320 
M2 | 0 7 (25) 

9 50601 

— | 67600 20160 
Ms 0 1 |. (26) 

which gives 

¢(3) ee $23208977228 = 1.20205690315732.... (27) 


Given three INTEGERS chosen at random, the probabil- 
ity that no common factor will divide them all is 


[¢(3)]~* = 1.2027" = 0.832... (28) 


B. Haible and T. Papanikolaou computed ¢(3) to 
1,000,000 Dicrrs using a WILF-ZEILBERGER. PAIR iden- 
tity with 


p Wi8(2n — k — 1k? 
2(n +k + 1)!2(2n)!8’ 


F(n,k) = (-1) (29) 


s=1, and t = 1, giving the rapidly converging 


ae y10 2 
¢(3) = s*( pr er +77) (30) 
n=0 


Apoapsis 


(Amdeberhan and Zeilberger 1997). The record as of 
Aug. 1998 was 64 million digits (Plouffe). 


see also RIEMANN ZETA FUNCTION, WILF-ZEILBERGER 
PAIR 
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Apoapsis 
r, r 


The greatest radial distance of an ELLIPSE as measured 
from a Focus. Taking v = 7 in the equation of an 
ELLIPSE 

— afl — e”) 

~ 1+ecosy 


Apocalypse Number 
gives the apoapsis distance 
ry =a(l+e). 


Apoapsis for an orbit around the Earth is called apogee, 
and apoapsis for an orbit around the Sun is called aphe- 
lion. 


see also ECCENTRICITY, ELLIPSE, Focus, PERIAPSIS 


Apocalypse Number 

A number having 666 DIcITs (where 666 is the BEAST 
NUMBER) is called an apocalypse number. The FI- 
BONACCI NUMBER F'31g4 is an apocalypse number. 


see also BEAST NUMBER, LEVIATHAN NUMBER 
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Apocalyptic Number 

A number of the form 2” which contains the digits 666 
(the BEAST NUMBER) is called an APOCALYPTIC NuM- 
BER. 2)°” is an apocalyptic number. The first few such 
powers are 157, 192, 218, 220, ... (Sloane’s A007356). 


see also APOCALYPSE NUMBER, LEVIATHAN NUMBER 
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Apodization 
The application of an APODIZATION FUNCTION. 


Apodization Function 

A function (also called a TAPERING FUNCTION) used to 
bring an interferogram smoothly down to zero at the 
edges of the sampled region. This suppresses sidelobes 
which would otherwise be produced, but at the expense 
of widening the lines and therefore decreasing the reso- 
lution. 


The following are apodization functions for symmetrical 
(2-sided) interferograms, together with the INSTRUMENT 
FUNCTIONS (or APPARATUS FUNCTIONS) they produce 
and a blowup of the INSTRUMENT FUNCTION sidelobes. 
The INSTRUMENT FUNCTION I(k) corresponding to a 
given apodization function A(z) can be computed by 
taking the finite FOURIER COSINE TRANSFORM, 


ne) = [ cos(2rkxr) A(x) dz. (1) 


a 
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Apodization Function Instrument Function Instrument Function Sidelobes 


1 1.251 on! 
/ { 0. 
o.7h/ 
Bartlett _ EN ofa | 
gl 
-3 -2-0125' 1 2 3 
0.5! 4-2 2064 
1.28; 
1 
0.7, 
Blackman Py 
“3-2-0125! 1 2 3 
“0.5! 
Connes 
Cosine 
oda) 
Gaussian Na, 
AY. Aer 
0.8 “82 
1.25 “otal 
: 0.7; 0.045) 
Hamming o/s obi 
Of5) \ Obs i An 
3-2-0125 
o.5 5} 
4 
2 
Hanning ae . 
4 
Uniform 
1-05 os 1 
0.8 
Welch 3 F 
0.2 
tae | "0 5 os 1 
Type Apodization Function Instrument Function 
+= 
Bartlett 1- =! a sinc®(mka) 
Blackman Ba(zx) B,(k) 
22 \? Jg/_ (Arka) 
Connes (1 - =) 8aV/2n TEE ee 
Cosine cos (42) EST TEES] 
Gaussian ~#7/(207) 2f" cos(2rkx)e7*'/(?°") de 
Hamming Hm(zx) Hm,(k) 
Hanning Hna(z) Hn1(k) 
Uniform 1 2a sinc (27ka) 
Welch 1-3 W,(k) 
where 
Tx 2rz 
Ba(z) = 0.42 + 0.5cos (=) + 0.08 cos (=) (2) 
a a 
B,(k) = a(0.84 — 0.36a?k? — 2.17 x 107 !%atk*) sinc(2mak) 
, (1 — a?k?)(1 — 402k?) 
(3) 
ced 
Hm 4(x) = 0.54 + 0.46 cos (=) (4) 
a 
a(1.08 — 0.64a7k?) sinc(27ak 
Hee OE ee) (5) 


1 ~— 4a?k? 
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Hn a(x) = cos? (=) (6) 


; [1 + cos (=)] (7) 


HT 


asinc (27ak) 


Hn ;(k) = —-—_———— 8 
i(k) = TT aaaRe (8) 
= afsinc(2mka) + 5 sinc(2rka — 7) 
$e 
+ $sinc(2rka + 7)] (9) 
J3/2(2rka) 
W1(k) = a2V 22 ———_— 10 
i(k) (2rka)?/? (10) 
sin(2xka) — 27ak cos(27ak 
=a ( ) ( : (11) 
2a%k3 15 
+ oo, | Peak (—) S.L. | Peak (+) S.L. 
Type IF FWHM (IF Peak Poak Peak 
—_—= + — 
Bartlett 1.77179 1 0.00000000 0.0471904 
Blackman 2.29880 0.84 —0.00106724 0.00124325 
Connes 1.90416 ue —0.0411049 0.0128926 
Cosine 1.63941 4 —0.0708048 0.0292720 
Gaussian _ 1 —_— _— 
Hamming 1.81522 1.08 —0.00689132 0.00734934 
Hanning 2.00000 1 —0.0267076 0.00843441 
Uniform 1.20671 2 ~—0.217234 0.128375 
Welch 1.59044 2 —0.0861713 0.356044 


A general symmetric apodization function A(x) can be 
written as a FOURIER SERIES 


A(x) Sasa, cos (es, (12) 


n=1 


where the COEFFICIENTS satisfy 
oo 
ao +2 $0 an = 1. (13) 
n=1 
The corresponding apparatus function is 


b 
(js / A(a)e™?™*** da = 2b a9 sinc(27kb) 


+ S \[sine(2akb +n) + sinc(2rkb — nz)] \ (14) 


n=1 


To obtain an APODIZATION FUNCTION with zero at ka = 
3/4, use 


ag sinc($m) + ai(sine($m) + sinc($7) = 0. (15) 


Plugging in (13), 


2 2 2 
ahha ( ) 
( a)s ta eee 


om 
= -}(1—2a1)+a1(3+1)=0 (16) 


m($+5)=3 (17) 


Apollonius Circles 


i 5 
3 5 
a1 = 5 = = 35 (18) 
G42 6-84+2°5 
282-5 
a= 1-2 = — = B=2. (19) 


The HAMMING FUNCTION is close to the requirement 
that the APPARATUS FUNCTION goes to 0 at ka = 5/4, 
giving 


apg = 2 = 0.5435 (20) 
a) = 3 & 0.2283. (21) 


The BLACKMAN FUNCTION is chosen so that the APPA- 
RATUS FUNCTION goes to 0 at ka = 5/4 and 9/4, giving 


ao = 3889 ~ 0.4266 (22) 
a; = PSs w 0.2483 (23) 
a2 = 7d. & 0.0384. (24) 


see also BARTLETT FUNCTION, BLACKMAN FUNCTION, 
CONNES FUNCTION, COSINE APODIZATION FUNCTION, 
FULL WIDTH AT HALF MAXIMUM, GAUSSIAN FUNC- 
TION, HAMMING FUNCTION, HANN FUNCTION, HAN- 
NING FUNCTION, MERTZ APODIZATION FUNCTION, 
PARZEN APODIZATION FUNCTION, UNIFORM APODIZA- 
TION FUNCTION, WELCH APODIZATION FUNCTION 


References 

Ball, J. A. “The Spectral Resolution in a Correlator Sys- 
tem” §4.3.5 in Methods of Experimental Physics 12C (Ed. 
M. L. Meeks). New York: Academic Press, pp. 55-57, 
1976. 

Blackman, R. B. and Tukey, J. W. “Particular Pairs of Win- 
dows.” In The Measurement of Power Spectra, From 
the Point of View of Communications Engineering. New 
York: Dover, pp. 95-101, 1959. 

Brault, J. W. “Fourier Transform Spectrometry.” In High 
Resolution in Astronomy: 15th Advanced Course of 
the Swiss Society of Astronomy and Astrophysics (Ed. 
A. Benz, M. Huber, and M. Mayor). Geneva Observatory, 
Sauverny, Switzerland, pp. 31-32, 1985. 

Harris, F. J. “On the Use of Windows for Harmonic Analysis 
with the Discrete Fourier Transform.” Proc. [EEE 66, 51- 
83, 1978. 

Norton, R. H. and Beer, R. “New Apodizing Functions for 
Fourier Spectroscopy.” J. Opt. Soc. Amer. 66, 259-264, 
1976. 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vetter- 
ling, W. T. Numerical Recipes in FORTRAN: The Art of 
Scientific Computing, 2nd ed. Cambridge, England: Cam- 
bridge University Press, pp. 547-548, 1992. 

Schnopper, H. W. and Thompson, R. I. “Fourier Spectrom- 
eters.” In Methods of Experimental Physics 12A (Ed. 
M. L. Meeks). New York: Academic Press, pp. 491-529, 
1974. 


Apollonius Circles 
There are two completely different definitions of the so- 
called Apollonius circles: 


1. The set of all points whose distances from two fixed 
points are in a constant ratio 1: yp (Ogilvy 1990). 


Apollonius Point 


2. The eight CIRCLES (two of which are nondegener- 
ate) which solve APOLLONIUS’ PROBLEM for three 
CIRCLES. 


Given one side of a TRIANGLE and the ratio of the 
lengths of the other two sides, the Locus of the third 
VERTEX is the Apollonius circle (of the first type) whose 
CENTER is on the extension of the given side. For a given 
TRIANGLE, there are three circles of Apollonius. 


Denote the three Apollonius circles (of the first type) 
of a TRIANGLE by hy, ke, and k3, and their centers Ly, 
Lz, and L3. The center Lj is the intersection of the side 
A2A3 with the tangent to the CIRCUMCIRCLE at Ai. 
L, is also the pole of the SYMMEDIAN POINT K with 
respect to CIRCUMCIRCLE. The centers £1, L2, and Lg 
are COLLINEAR on the POLAR of K with regard to its 
CIRCUMCIRCLE, called the LEMOINE LINE. The circle of 
Apollonius k; is also the locus of a point whose PEDAL 
TRIANGLE is IsosceLEs such that Pj P) = Pi P3. 


Let U and V bc points on the side line BC of a TRI- 
ANGLE AABC met by the interior and exterior ANGLE 
BISECTORS of ANGLES A. The CIRCLE with DIAME- 
TER UV is called the A-Apollonian circle. Similarly, 
construct the B- and C-Apollonian circles. The Apol- 
lonian circles pass through the VERTICES A, B, and C, 
and through the two ISODYNAMIC PoINTs S$ and S’. 
The VERTICES of the D-TRIANGLE lie on the respective 
Apollonius circles. 


see also APOLLONIUS’ PROBLEM, APOLLONIUS PURSUIT 
PROBLEM, CASEY’S THEOREM, HART’S THEOREM, ISO- 
DYNAMIC POINTS, SODDY CIRCLES 
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Apollonius Point 

Consider the EXCIRGLES I'4, I's, and [¢ of a TRIAN- 
GLE, and the CIRCLE I internally TANGENT to all three. 
Denote the contact point of and [4 by A’, etc. Then 
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the LINES AA’, BB’, and CC’ CONCUR in this point. It 
has TRIANGLE CENTER FUNCTION 


a = sin’ Acos’[}(B — C)]. 
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Apollonius’ Problem 


5 el es 
ole: 


Given three objects, each of which may be a POINT, 
LINE, or CIRCLE, draw a CIRCLE that is TANGENT to 
each. There are a total of ten cases. The two easi- 
est involve three points or three LINES, and the hardest 
involves three CIRCLES. Euclid solved the two easiest 
cases in his Elements, and the others (with the exception 
of the three CIRCLE problem), appeared in the Tangen- 
cies of Apollonius which was, however, lost. The general 
problem is, in principle, solvable by STRAIGHTEDGE and 
COMPASS alone. 
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o 


The three-CIRCLE problem was solved by Viéte (Boyer 
1968), and the solutions are called APOLLONIUS CIR- 
CLES. There are eight total solutions. The simplest 
solution is obtained by solving the three simultaneous 
quadratic equations 


(a —21)? + (y-y:)? -(r+r1)? =0 (1) 
(x ~ 22)” + (y— ya)? —(rtr2)? =0 (2) 
(w — 23)? +(y—ys)*-(rtra)?=0 — (3) 


in the three unknowns z, y, r for the eight triplets of 
signs (Courant and Robbins 1996). Expanding the equa- 
tions gives 


(x? +y? - r’) — 2xnxi —2yyit 2rrit+ (x7 +y. —1;") =0 

(4) 
for i = 1, 2, 3. Since the first term is the same for each 
equation, taking (2) ~ (1) and (3) — (1) gives 


az +by+cr=d (5) 
art+by+cr=d, (6) 

where 
a = 2(41 — £2) (7) 
b= 2(y1 — y2) (8) 
c= F2(r1 — re) (9) 


d = (x2? + yo” — 127) — (a1? +y.7— 1717) (10) 


and similarly for a’, ’, c’ and d’ (where the 2 subscripts 
are replaced by 3s). Solving these two simultaneous lin- 
ear equations gives 


ies b'd — bd’ — Wer + be'r 
ab! — ba! 
—a'd +ad' 4+ a'cr ~ac'r 
abb—ab 


(11) 


(12) 


Apollonius Pursuit Problem 


which can then be plugged back into the QUADRATIC 
EQUATION (1) and solved using the QUADRATIC FOR- 


MULA. 


Perhaps the most elegant solution is due to Gergonne. 
It proceeds by locating the six HOMOTHETIC CENTERS 
(three internal and three external) of the three given 
CIRCLES. These lie three by three on four lines (illus- 
trated above). Determine the POLES of one of these 
with respect to each of the three CIRCLES and connect 
the POLES with the RADICAL CENTER of the CIRCLES. 
If the connectors meet, then the three pairs of intersec- 
tions are the points of tangency of two of the eight circles 
(Johnson 1929, Dérrie 1965). To determine which two 
of the eight Apollonius circles are produced by the three 
pairs, simply take the two which intersect the original 
three CIRCLES only in a single point of tangency. The 
procedure, when repeated, gives the other three pairs of 
CIRCLES. 


If the three CIRCLES are mutually tangent, then the 
eight solutions collapse to two, known as the SODDY 
CIRCLES. 


see also APOLLONIUS PURSUIT PROBLEM, BEND (CUR- 
VATURE), CASEY’S THEOREM, DESCARTES CIRCLE 
THEOREM, FOUR COINS PROBLEM, HART’S THEOREM, 
SopDyY CIRCLES 
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Apollonius Pursuit Problem 

Given a ship with a known constant direction and speed 
v, what course should be taken by a chase ship in pur- 
suit (traveling at speed V) in order to intersect the other 
ship in as short a time as possible? The problem can be 
solved by finding all points which can be simultaneously 
reached by both ships, which is an APOLLONIUS CIRCLE 
with «zp = v/V. If the CIRCLE cuts the path of the pur- 
sued ship, the intersection is the point towards which 


Apollonius Theorem 


the pursuit ship should steer. If the CIRCLE does not 
cut the path, then it cannot be caught. 


see also APOLLONIUS CIRCLES, APOLLONIUS’ PROB- 
LEM, PURSUIT CURVE 
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Apollonius Theorem 


Ay PAs 
<$<—\_—_, ——_» 


mar? + nay? = (m+n)AiP 2 4 mPA;? +nPAQ?. 


- 


Given a CIRCLE, the PERPENDICULAR distance a from 
the MIDPOINT of a CHORD to the CIRCLE’s center is 
called the apothem. It is also equal to the RADtwus r 
minus the SAGITTA s, 


Apothem 


a=-T-~ Ss. 
see also CHORD, RaADIusS, SAGIrra, SECTOR, SEGMENT 


Apparatus Function 
see INSTRUMENT FUNCTION 


Appell Hypergeometric Function 

A formal extension of the HYPERGEOMETRIC FUNCTION 
to two variables, resulting in four kinds of functions (Ap- 
pell 1925), 


Fy (058,85 y;2,y) = DS Sy (omen (BeBe omy 


min\(y) min 


; deen OR (Denicn(O)m (Be in 
Pla B,Binvizy) =) Ee y 


min'!(y)m4n 


F3(a,0'5 BBs y32,y) = », >, (2) m(")n(B)m(B")n amy” 


= on min B min 
Fila; By, 2,y) = S> oe Oe Ole ary 
=O 
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Appell defined the functions in 1880, and Picard showed 
in 1881 that they may all be expressed by INTEGRALS 
of the form 


a ut(1—u)®(1 — eu)? (1 — yu)? du. 
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Appell Polynomial 

A type of POLYNOMIAL which includes the BERNOULLI 
POLYNOMIAL, HERMITE POLYNOMIAL, and LAGUERRE 
POLYNOMIAL as special cases. The series of POLYNOMI- 
ALS {A,(z)}%o is defined by 


A(t)e* = > An(z)t", 
n=0 


where 
fo.<] 


A(t) = So ant" 


k=0 
is a formal POWER series with k = 0, 1, ...and ao £0. 
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Appell Transformation 
A HOMOGRAPHIC transformation 


az +by+c 
v1 = we i 
a'z+ b"y+e 
_— avat+byt+c 
y= az + b’y +c" 


with t; substituted for t according to 


dt 


kd = —— 7 - 
1 (a’x + b’y +c’)? 
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Apple 


A SURFACE OF REVOLUTION defined by Kepler. It con- 
sists of more than half of a circular ARC rotated about 
an axis passing through the endpoints of the Arc. The 
equations of the upper and lower boundaries in the z-z 
PLANE are 


Zt = +R? -(x-1r)? 


for R> rand # € [-(r+ R),r +R]. It is the outside 
surface of a SPINDLE TORUS. 


see also BUBBLE, LEMON, SPHERE-SPHERE INTERSEC- 
TION, SPINDLE TORUS 


Approximately Equal 
If two quantities A and B are approximately equal, this 
is written A = B. 


see also DEFINED, EQUAL 


Approximation Theory 

The mathematical study of how given quantities can be 
approximated by other (usually simpler) ones under ap- 
propriate conditions. Approximation theory also stud- 
ies the size and properties of the ERROR introduced by 
approximation. Approximations are often obtained by 
POWER SERIES expansions in which the higher order 
terms are dropped. 


see also LAGRANGE REMAINDER 
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Arbelos 


Arakelov Theory 

A formal mathematical theory which introduces “com- 
ponents at infinity” by defining a new type of divisor 
class group of INTEGERS of a NUMBER FIELD. The di- 
visor class group is called an “arithmetic surface.” 


see also ARITHMETIC GEOMETRY 


Arbelos 


The term “arbelos” means SHOEMAKER’S KNIFE in 
Greek, and this term is applied to the shaded AREA 
in the above figure which resembles the blade of a knife 
used by ancient cobblers (Gardner 1979). Archimedes 
himself is believed to have been the first mathematician 
to study the mathematical properties of this figure. The 
position of the central notch is arbitrary and can be lo- 
cated anywhere along the DIAMETER. 


The arbelos satisfies a number of unexpected identities 
(Gardner 1979). 


1. Call the radii of the left and right SEMICIRCLES a 
and b, respectively, with a+ 6 = R. Then the arc 
length along the bottom of the arbelos is 


L = 2na + 2nb = 2n(a4+b) = 27rR, 


so the arc lengths along the top and bottom of the 
arbelos are the same. 


2. Draw the PERPENDICULAR BD from the tangent of 
the two SEMICIRCLES to the edge of the large CiIr- 
CLE. Then the AREA of the arbelos is the same as 
the AREA of the CIRCLE with DIAMETER BD. 


3. The CIRCLES C, and Cy inscribed on each half of 
BD on the arbelos (called ARCHIMEDES’ CIRCLES) 
each have DIAMETER (AB)(BC)/(AC). Further- 
more, the smallest CIRCUMCIRCLE of these two cir- 
cles has an area equal to that of the arbelos. 


4. The line tangent to the semicircles AB and BC con- 
tains the point E and F which lie on the lines AD 
and CD, respectively. Furthermore, BD and EF bi- 
sect each other, and the points B, D, EB, and F are 
CONCYCLIC. 


Arbelos 


5. In addition to the ARCHIMEDES’ CIRCLES C) and C2 
in the arhelos figure, there is a third circle C3 called 
the BANKOFF CIRCLE which is congruent to these 
two. 


6. Construct a chain of TANGENT CIRCLES starting 
with the CIRCLE ‘TANGENT to the two small ones 
and large one. The centers of the CIRCLES lie on 
an ELLIPSE, and the DIAMETER of the nth CiR- 
CLE C;, is (1/n)th PERPENDICULAR distance to the 
base of the SEMICIRCLE. This result is most eas- 
ily proven using INVERSION, but was known to Pap- 
pus, who referred to it as an ancient theorem (Hood 
1961, Cadwell 1966, Gardner 1979, Bankoff 1981). If 
r = AB/AC, then the radius of the nth circle in the 
PAPPUS CHAIN is 


epee (l-r)r 
*" Qn2(1—r)2 +7) 


This general result simplifies to rn = 1/(6 +n”) for 
r = 2/3 (Gardner 1979). Further special cases when 
AC = 1+ AB are considered by Gaba (1940). 


7. If B divides AC in the GOLDEN RATIO @, then the 
circles in the chain satisfy a number of other special 
properties (Bankoff 1955). 


see also ARCHIMEDES’ CIRCLES, BANKOFF CIRCLE, 
COXETER’S LOXODROMIC SEQUENCE OF TANGENT 
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CIRCLES, GOLDEN RATIO, INVERSION, PAPPUS CHAIN, 
STEINER CHAIN 


References 

Bankoff, L. “The Fibonacci Arbelos.” Scripta Math. 20, 
218, 1954. 

Bankoff, L. “The Golden Arbelos.” Scripta Math. 21, 70-76, 
1955. 

Bankoff, L. “Are the Twin Circles of Archimedes Really 
Twins?” Math. Mag. 47, 214-218, 1974. 

Bankoff, L. “How Did Pappus Do It?” In The Mathematical 
Gardner (Ed. D. Klarner). Boston, MA: Prindle, Weber, 
and Schmidt, pp. 112-118, 1981. 

Bankoff, L. “The Marvelous Arbelos.” In The Lighter Side of 
Mathematics (Ed. R. K. Guy and R. E. Woodrow). Wash- 
ington, DC: Math. Assoc. Amer., 1994. 

Cadwell, J. H. Topics in Reercational Mathematics. Cam- 
bridge, England: Cambridge University Press, 1966. 

Gaba, M. G. “On a Generalization of the Arbelos.” Amer. 
Math. Monthly 47, 19-24, 1940. 

Gardner, M. “Mathematical Games: The Diverse Pleasures 
of Circles that Are Tangent to One Another.” Sci. Amer. 
240, 18-28, Jan. 1979. 

Heath, T. L. The Works of Archimedes with the Method of 
Archimedes. New York: Dover, 1953. 

Hood, R. T. “A Chain of Circles.” Math. Teacher 54, 134- 
137, 1961. 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 116-117, 1929. 

Ogilvy, C. S. Excursions in Geometry. New York: Dover, 
pp. 54-55, 1990. 


Arborescence 

A DIGRAPH is called an arborescence if, from a given 
node « known as the RoOoT, there is exactly one ele- 
mentary path from z to every other node y. 


see also ARBORICITY 


Arboricity 

Given a GRAPH G, the arboricity is the MINIMUM num- 
ber of line-disjoint acyclic SUBGRAPHS whose UNION is 
G. 


see also ANARBORICITY 


Arc 

In general, any smooth curve joining two points. In 
particular, any portion (other than the entire curve) of 
a CIRCLE or ELLIPSE. 

see also APPLE, CIRCLE-CIRCLE INTERSECTION, FIVE 
DISKS PROBLEM, FLOWER OF LIFE, LEMON, LENS, 
PIECEWISE CIRCULAR CURVE, REULEAUX POLYGON, 
REULEAUX TRIANGLE, SALINON, SEED OF LIFE, TRI- 
ANGLE ARCS, VENN DIAGRAM, YIN- YANG 


Arc Length 
Arc length is defined as the length along a curve, 


os fat, (1) 


Defining the line element ds* = |dé|?, parameterizing 
the curve in terms of a parameter ¢, and noting that 
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ds/dt is simply the magnitude of the VELOCITY with 
which the end of the RaDIUS VECTOR r moves gives 


ss fas= [4 = dt = [wore (2) 


In POLAR COORDINATES, 


dé =fdr+r6d0 = (SF+r8) dé, (3) 


ds = |dé| = r+ (2)' a (4) 


be dr\? 
s= | |dé|= | r24+(—) dé. (5) 
/ . (a) 


In CARTESIAN COORDINATES, 


sO 


dé = 2% + y¥ (6) 
= Vdz?+dy? = 


Therefore, if the curve is written 


(ey t1de. (7) 


r(x) = x + f(xy, (8) 
then ‘ 
so / 1+ f'(x) de. (9) 
If the curve is instead written 
r(t) = x(t)k + y(t)y, (10) 
then 
b 
$= i xl2(t) + y’2(t) dt. (11) 


Or, in three dimensions, 


r(t) = x(t) + y(t)y + z(t)z, (12) 


=f Var 


see also CURVATURE, GEODESIC, NORMAL VECTOR, 
RADIUS OF CURVATURE, RADIUS OF TORSION, SPEED, 
SURFACE AREA, TANGENTIAL ANGLE, TANGENT VEC- 
TOR, TORSION (DIFFERENTIAL GEOMETRY), VELOC- 
ITY 


850 


y’2(t) + 2'2(8) de. (13) 


Arc Minute 

A unit of ANGULAR measure equal to 60 ARC SECONDS, 
or 1/60 of a DEGREE. The arc minute is denoted ‘ (not 
to be confused with the symbol for feet). 


Archimedes Algorithm 


Arc Second 

A unit of ANGULAR measure equal to 1/60 of an ARC 
MINUTE, or 1/3600 of a DEGREE. The arc second is de- 
noted ” (not to be confused with the symbol for inches). 


Arccosecant 
see INVERSE COSECANT 


Arccosine 
see INVERSE COSINE 


Arccotangent 
see INVERSE COTANGENT 


Arch 


A 4-POLYHEX. 
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Archimedes Algorithm 

Successive application of ARCHIMEDES’ RECURRENCE 
FORMULA gives the Archimedes algorithm, which can 
be used to provide successive approximations to a (P1). 
The algorithm is also called the BORCHARDT-PFAFF AL- 
GORITHM. Archimedes obtained the first rigorous ap- 
proximation of m by CIRCUMSCRIBING and INSCRIBING 
n = 6-2*-gons on a CIRCLE. From ARCHIMEDES’ RE- 
CURRENCE FORMULA, the CIRCUMFERENCES a and 6 of 
the circumscribed and inscribed POLYGONS are 


a(n) = 2ntan (=) (1) 
b(n) = 2nsin (=) F (2) 

where 
b(n) < C = Qnr = In -1 = 2x < a(n). (3) 


For a HEXAGON, n = 6 and 
ao = a(6) = 4V3 (4) 
bo = b(6) = 6, (5) 


where ax = a(6-2*). The first iteration of ARCHIMEDES’ 
RECURRENCE FORMULA then gives 


_ 2-6-4V8 248 
Pe abe eee 24(2— /3) (6) 
by = 1/24(2 — V3) -6 = 12V2- v3 


= 6(v6 ~ V2). (7) 


Archimedes’ Axiom 


Additional iterations do not have simple closed forms, 
but the numerical approximations for k = 0, 1, 2, 3, 4 
(corresponding to 6-, 12-, 24-, 48-, and 96-gons) are 


3.00000 <  < 3.46410 (8) 
3.10583 < 7 < 3.21539 (9) 
3.13263 < m < 3.15966 (10) 
3.13935 <  < 3.14609 (11) 
3.14103 < 7 < 3.14271. (12) 


By taking k = 4 (a 96-gon) and using strict inequalities 
to convert irrational bounds to rational bounds at each 
step, Archimedes obtained the slightly looser result 


223 _. 22 _ 
233 = 3.14084... << 92 = 3,14985.... (13) 
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Archimedes’ Axiom 
An AXIOM actually attributed to Eudoxus (Boyer 1968) 
which states that 

a/b=c/d 


IFF the appropriate one of following conditions is satis- 
fied for INTEGERS m and n: 


1. If ma < nb, then mc < md. 
2. If ma = nd, then mc = nd. 
3. If ma > nd, then mc > nd. 


ARCHIMEDES’ LEMMA is somctimes also known as Arch- 
imedes’ axiom. 
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Archimedes’ Cattle Problem 

Also called the BOVINUM PROBLEMA. It is stated as 
follows: “The sun god had a herd of cattle consisting of 
bulls and cows, one part of which was white, a second 
black, a third spotted, and a fourth brown. Among the 
bulls, the number of white ones was one half plus one 
third the number of the black greater than the brown; 
the number of the black, one quarter plus one fifth the 
number of the spotted greater than the brown; the num- 
ber of the spotted, one sixth and one seventh the number 
of the white greater than the brown. Among the cows, 
the number of white ones was one third plus one quarter 
of the total black cattle; the number of the black, one 
quarter plus one fifth the total of the spotted cattle; the 
number of spotted, one fifth plus one sixth the total of 
the brown cattle; the number of the brown, one sixth 
plus one seventh the total of the white cattle. What 
was the composition of the herd?” 
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Solution consists of solving the simultaneous DIOPHAN- 
TINE EQUATIONS in INTEGERS W, X, Y, Z (the number 
of white, black, spotted, and brown bulls) and w, z, y, z 
(the number of white, black, spotted, and brown cows), 


W=8X4+Z (1) 
X=2Y+Z (2) 
Y=$W+2z (3) 
w= £(X+2z) (4) 
2 20 (Y+y) (5) 
y= 33(2Z +2) (6) 
z= 3(W +w) (7) 
The smallest solution in INTEGERS is 

W = 10,366,482 (8) 
X= 7,460,514 (9) 
Y = 7,358,060 (10) 
Z= 4,149,387 (11) 
= 7,206,360 (12) 
a= 4,893,246 (13) 
y= 3,515,820 (14) 
z= 5,439,213. (15) 


A more complicated version of the problem requires that 
W+X bea SQUARE NUMBER and Y+Z a TRIANGULAR 
NUMBER. The solution to this PROBLEM are numbers 
with 206544 or 206545 digits. 
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Archimedes’ Circles 


Draw the PERPENDICULAR LINE from the intersection 
of the two small SEMICIRCLES in the ARBELOS. The 
two CIRCLES C; and Cy TANGENT to this line, the large 
SEMICIRCLE, and each of the two SEMICIRCLES are then 
congruent and known as Archimedes’ circles. 


see also ARBELOS, BANKOFF CIRCLE, SEMICIRCLE 


Archimedes’ Constant 
see PI 


Archimedes’ Hat-Box Theorem 

Enclose a SPHERE in a CYLINDER and slice PERPEN- 
DICULARLY to the CYLINDER’s axis. Then the SURFACE 
AREA of the of SPHERE slice is equal to the SURFACE 
AREA of the CYLINDER slice. 


Archimedes’ Lemma 

Also known as the continuity axiom, this LEMMA sur- 
vives in the writings of Eudoxus (Boyer 1968). It states 
that, given two magnitudes having a ratio, one can find 
a multiple of either which will exceed the other. This 
principle was the basis for the EXHAUSTION METHOD 
which Archimedes invented to solve problems of AREA 
and VOLUME. 


see also CONTINUITY AXIOMS 
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Archimedes’ Midpoint Theorem 
M 


ee 


B 
A 


Let M be the MIDPOINT of the ARC AMB. Pick C 
at random and pick D such that MD | AC (where L 
denotes PERPENDICULAR). Then 


AD= DC 4 BC. 


see also MIDPOINT 
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Archimedes’ Recurrence Formula 


Archimedes’ Postulate 
see ARCHIMEDES’ LEMMA 


Archimedes’ Problem 
Cut a SPHERE by a PLANE in such a way that the VOL- 
UMES of the SPHERICAL SEGMENTS have a given RATIO. 


see also SPHERICAL SEGMENT 


Archimedes’ Recurrence Formula 


Let an and bn» be the PERIMETERS of the CIRCUM- 
SCRIBED and INSCRIBED n-gon and aden and ben the 
PERIMETERS of the CIRCUMSCRIBED and INSCRIBED 2n- 
gon. Then 


2anbn 
1 
an + bn (1) 


bon =v denbn . (2) 


The first follows from the fact that side lengths of the 
POLYGONS on a CIRCLE of RADIUS r = 1 are 


Q2n = 


us 
=2 - 3 
SR tan (=) (3) 
. (3 
$, = 2sin (=) ’ (4) 
so 
T 
= 2nt _ 5 
an ntan (=) (5) 
. ( 
bn = 2nsin (=) : (6) 
But 
2anbn _ 2: 2ntan (=) - 2nsin (=) 
Gn + bn 2ntan ) + 2nsin (2) 


(7) 


(5 

an (E)sin(=)_ 
an) +sin (5) 
Using the identity 


tangzsing 
tan($z) = ——_-— 8 
ange) tang +sinz (8) 


then gives 


2anbn 
Qn + by 


= 4ntan (=) = G2n- (9) 
2n 
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The second follows from 


/danbn = 4/4ntan (=) - 2nsin (=) (10) 


Using the identity 
sin x = 2sin($2) cos($z) (11) 


gives 


T . T wT 
\/@Qanbn = 2n4/2tan (=) -2sin (=) cos (=) 


= 4n,/sin? (=) = 4nsin (=) =ben. (12) 


Successive application gives the ARCHIMEDES ALGO- 
RITHM, which can be used to provide successive approx- 
imations to PI (7). 

see also ARCHIMEDES ALGORITHM, PI 
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Archimedean Solid 

The Archimedean solids are convex POLYHEDRA which 
have a similar arrangement of nonintersecting regu- 
lar planc CONVEX POLYGONS of two or more differ- 
ent types about each VERTEX with all sides the same 
length. The Archimedean solids are distinguished from 
the PRISMS, ANTIPRISMS, and ELONGATED SQUARE 
GYROBICUPOLA by their symmetry group: the Arch- 
imedean solids have a spherical symmetry, while the 
others have “dihedral” symmetry. The Archimedean 
solids are sometimes also referred to as the SEMIREG- 
ULAR POLYHEDRA. 


Pugh (1976, p. 25) points out the Archimedean solids 
are all capable of being circumscribed by a regular TET- 
RAHEDRON so that four of their faces lie on the faces 
of that TETRAHEDRON. A method of constructing the 
Archimedean solids using a method known as “expan- 
sion” has been enumerated by Stott (Stott 1910; Ball 
and Coxeter 1987, pp. 139-140). 


Let the cyclic sequence S = (p1, p2,...,P_) represent the 
degrees of the faces surrounding a vertex (i-e., S is a list 
of the number of sides of all polygons surrounding any 
vertex). Then the definition of an Archimedean solid 
requires that the sequence must be the same for each 
vertex to within ROTATION and REFLECTION. Walsh 
(1972) demonstrates that S represents the degrees of the 
faces surrounding each vertex of a semiregular convex 


polyhedron or TESSELLATION of the plane IFF 
1. g > 3 and every member of S is at least 3, 
2. as 7 > #q — 1, with equality in the case of a 


plane TESSELLATION, and 
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3. for every ODD NUMBER p € S, S contains a subse- 
quence (6, p, 8). 


Condition (1) simply says that the figure consists of two 
or more polygons, each having at least three sides. Con- 
dition (2) requires that the sum of interior angles at a 
vertex must be equal to a full rotation for the figure to 
lie in the plane, and less than a full rotation for a solid 
figure to be convex. 


The usual way of enumerating the semiregular polyhe- 
dra is to eliminate solutions of conditions (1) and (2) 
using several classes of arguments and then prove that 
the solutions left are, in fact, semiregular (Kepler 1864, 
pp. 116-126; Catalan 1865, pp. 25-32; Coxeter 1940, 
p. 394; Coxeter et al. 1954; Lines 1965, pp. 202-203; 
Walsh 1972). The following table gives all possible reg- 
ular and semiregular polyhedra and tessellations. In 
the table, ‘P’ denotes PLATONIC SOLID, ‘M’ denotes a 
PrisM or ANTIPRISM, ‘A’ denotes an Archimedean solid, 
and ‘T’ a plane tessellation. 


Ss Fg. Solid Schlafli 
(3, 3, 3) P tetrahedron {3,3} 
(3, 4, 4) M triangular prism t{2, 3} 
(3, 6, 6) A truncated tetrahedron = t {3,3} 
(3, 8, 8) A truncated cube t{4, 3} 
(3, 10, 10) A truncated dodecahedron +t{5,3} 
(3, 12, 12) T (plane tessellation) t {6,3} 
(4, 4, n) M _ n-gonal Prism t{2,n} 
(4, 4, 4) P cube {4,3} 
(4, 6, 6) A truncated octahedron t{3, 4} 
(4, 6, 8) A great rhombicuboct. t : 
(4, 6, 10) A great rhombicosidodec.  t ; 
(4, 6, 12) T (plane tessellation) t : 
(4, 8, 8) T (plane tessellation) t{4, 4} 
(5, 5, 5) P dodecahedron {5,3} 
(5, 6, 6) A truncated icosahedron t{3,5} 
(6, 6, 6) T (plane tessellation) {6,3} 
(3, 3, 3, n) M __ n-gonal antiprism s{ : } 
(3, 3, 3, 3) P octahedron {3, 4} 
(3, 4, 3, 4) A cuboctahedron 

(3, 5, 3, 5) A icosidodecahedron ; 

(3, 6, 3, 6) T (plane tessellation) ; 

(3, 4, 4, 4) A small rhombicuboct. r 
(3, 4, 5, 4) A small rhombicosidodec. r : 
(3, 4, 6, 4) T (plane tessellation) r : 
(4, 4, 4, 4) T (plane tessellation) {4,4} 
(3, 3, 3, 3,3) P icosahedron {3,5} 
(3, 3, 3,3, 4) A snub cube si 
(3, 3, 3, 3,5) A snub dodecahedron S45 
(3, 3, 3, 3,6) T (plane tessellation) s : 
(3, 3,3, 4,4) T (plane tessellation) — 

(3, 3,4,3,4) T (plane tessellation) s{ * 
(3, 3, 3, 3,3) T (plane tessellation) {3,6} 


As shown in the above table, there are exactly 13 Ar- 
chimedean solids (Walsh 1972, Ball and Coxeter 1987). 


66 Archimedean Solid 


They are called the CUBOCTAHEDRON, GREAT RHOMB- 
ICOSIDODECAHEDRON, GREAT RHOMBICUBOCTAHE- 
DRON, ICOSIDODECAHEDRON, SMALL RHOMBICOSIDO- 
DECAHEDRON, SMALL RHOMBICUBOCTAHEDRON, SNUB 
CUBE, SNUB DODECAHEDRON, TRUNCATED CUBE, 
TRUNCATED DODECAHEDRON, TRUNCATED ICOSAHE- 
DRON (soccer ball), TRUNCATED OCTAHEDRON, and 
TRUNCATED TETRAHEDRON. The Archimedean solids 
satisfy 
(2x —0)V = 4n, 


where o is the sum of face-angles at a vertex and V is 
the number of vertices (Steinitz and Rademacher 1934, 


Ball and Coxeter 1987). 


Here are the Archimedean solids shown in alphabetical 
order (left to right, then continuing to the next row). 


The following table lists the symbol and number of faces 
of each type for the Archimedean solids (Wenninger 
1989, p. 9). 


Archimedean Solid 


Solid Schléfli | Wythoff | C&R 
cuboctahedron - 2134 | (3.4)? 
great rhombicosidodecahedron t : 235 | 

great rhombicuboctahedron t : 234] 

icosidodecahedron ; 2/35 | (3.5)? 
small rhombicosidodecahedron | t x 35 | 2 | 3.4.5.4 
small rhombicuboctahedron r : 34 | 2 3.48 
snub cube s Fi | 234 34.4 
snub dodecahedron s ; | 235 34.5 
truncated cube t{4, 3} 23/4 3.8? 
truncated dodecahedron t{5,3} | 2345 | 3.10? 
truncated icosahedron t{3,5} | 25/3 5.6? 
truncated octahedron t{3,4} | 24] 3 4.6? 
truncated tetrahedron t{3, 3} 23/3 3.6? 


[ Solid v e 

| cuboctahedron 12 24 

| great rhombicos. 120 | 180 12 
great rhombicub. 48 | 72 

icosidodecahedron 30 | 60 

small rhombicos. 60 | 120 

small rhombicub. 24 | 48 

snub cube 24 60 

snub dodecahedron | 60 | 150 

trunc. cube 24 | 36 

trunc. dodec. 60 | 90 12 
trunc. icosahedron 60 | 90 

trunc. octahedron 

trunc. tetrahedron 


Let r be the INRADIUS, p the MIDRADIUS, and R the 
CIRCUMRADIUS. The following tables give the analytic 
and numerical values of r, p, and R for the Archimedean 
solids with EDGEs of unit length. 


r 
3 


cuboctahedron 7 


great rhombicosidodecahedron | 34, (105 + 6V5 )4/ 31 + 1275 
great rhombicuboctahedron 3 (14 + V2)+/13 + 6V2 
icosidodecahedron $(5 + 3V5) 


small rhombicosidodecahedron 


4 (15 + 2V5) 9/11 + 4V5 
(64+ V2)V/5 4+ 2V2 


small rhombicuboctahedron 


snub cube 
snub dodecahedron 


truncated cube 


* 
Tp (5 + 2V2)V/ 7+ 4V2 


truncated dodecahedron w (17/2 + 310 ) 1/37 + 1575 
truncated icosahedron gag (214+ V5) vf 58 + 18V5 
truncated octahedron 3v10 


#22 


truncated tetrahedron 
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Solid 
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Pp 
cuboctahedron 7 V3 


great rhombicosidodecahedron | 3 4/30 +1275 


14/124 6/2 
24/5425 


small rhombicosidodecahedron 14/10 +475 


24/4422 


great rhombicuboctahedron 


icosidodecahedron 


small rhombicuboctahedron 


snub cube 


snub dodecahedron 


truncated cube 2(24 V2) 
truncated dodecahedron 4(5+3V5) 
truncated icosahedron (14+ V5) 
truncated octahedron 2 
truncated tetrahedron 8/2 


*The complicated analytic expressions for the CIRCUM- 
RADII of these solids are given in the entries for the SNUB 
CUBE and SNUB DODECAHEDRON. 


Solid 
cuboctahedron 0.75 0.86603 |1 
great rhombicosidodecahedron | 3.73665 | 3.76938 | 3.80239 
great rhombicuboctahedron 2.20974 | 2.26303 | 2.31761 
icosidodecahedron 1,46353 | 1.53884 | 1.61803 
small rhombicosidodecahedron | 2.12099 | 2.17625 | 2.23295 
small rhombicuboctahedron 1.22026 | 1.30656 | 1.39897 
snub cube 1.15766 | 1.24722 | 1.34371 
snub dodecahedron 2.03987 | 2.09705 | 2.15583 
truncated cube 1.63828 | 1.70711 | 1.77882 
2.88526 | 2.92705 | 2.96945 
2.37713 | 2.42705 | 2.47802 
1.42302 | 1.5 1.58114 
i 0.95940 | 1.06066 | 1.17260 


truncated dodecahedron 
truncated icosahedron 
truncated octahedron 


truncated tetrahedron 


The DUALS of the Archimedean solids, sometimes called 
the CATALAN SOLIDS, are given in the following table. 


Archimedean Solid Dual 


deltoidal hexecontahedron 
deltoidal icositetrahedron 
disdyakis dodecahedron 


rhombicosidodecahedron 
small rhombicuboctahedron 
great rhombicuboctahedron 
great rhombicosidodecahedron disdyakis triacontahedron 
pentakis dodecahedron 
pentagonal hexecontahedron 
{dextro) 
pentagonal icositetrahedron 
(dextro) 


thomhic dodecahedron 


truncated icosahedron 


snub dodecahedron (laevo) 
snub cube (laevo) 


cuboctahedron 
icosidodecahedron rhombic triacontahedron 
tctrakis hcxahcdron 
triakis icosahedron 
triakis octahedron 


triakis tetrahedron 


truncated octahedron 
truncated dodecahedron 
truncated cube 
truncated tetrahedron 


Here are the Archimedean DUALS (IIolden 1971, Pearce 
1978) displayed in alphabetical order (left to right, then 
continuing to the next row). 


Here are the Archimedean solids paired with their Du- 
ALS 


8S @CCES 


Ge co © @ 


The Archimedean solids and their DuaLs are all 
CANONICAL POLYHEDRA. 


& o, 
ey 


see also ARCHIMEDEAN SOLID STELLATION, CATA- 
LAN SOLID, DELTAHEDRON, JOHNSON SOLID, KEPLER- 
PoINsoT SOLID, PLATONIC SOLID, SEMIREGULAR 
POLYHEDRON, UNIFORM POLYHEDRON 
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Archimedean Solid Stellation 

A large class of POLYHEDRA which includes the Do- 
DECADODECAHEDRON and GREAT ICOSIDODECAHE- 
DRON. No complete enumeration (even with restrictive 
uniqueness conditions) has been worked out. 
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Archimedean Spiral 

A SPIRAL with POLAR equation 
r=apil™ 

where r is the radial distance, @ is the polar angle, and m 

is a constant which determines how tightly the spiral is 


“wrapped.” The CURVATURE of an Archimedean spiral 
is given by 


nO'—1/"(1 4. n + n76?) 
a(1 + n?6?)3/2 


Various special cases are given in the following table. 


| Name m | 
lituus -2 
hyperbolic spiral -1 
Archimedes’ spiral 1 
Fermat’s spiral Z 


Archimedes’ Spiral 


see also ARCHIMEDES’ SPIRAL, DAISY, FERMAT’S SPI- 
RAL, HYPERBOLIC SPIRAL, LITUUS, SPIRAL 
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Archimedean Spiral Inverse Curve 
The INVERSE CURVE of the ARCHIMEDEAN SPIRAL 


r=agi/™ 


with INVERSION CENTER at the origin and inversion RA- 
DIUS k is the ARCHIMEDEAN SPIRAL 


r = kagl/™, 


Archimedes’ Spiral 


An ARCHIMEDEAN SPIRAL with POLAR equation 
r=aé. 


This spiral was studied by Conon, and later by Archi- 
medes in On Spirals about 225 BC. Archimedes was able 
to work out the lengths of various tangents to the spiral. 


Archimedes’ spiral can be used for COMPASS and 
STRAIGHTEDGE division of an ANGLE into n parts (in- 
cluding ANGLE TRISECTION) and can also be used for 
CIRCLE SQUARING. In addition, the curve can be used 
as a cam to convert uniform circular motion into uni- 
form linear motion. The cam consists of one arch of the 
spiral above the z-AXIS together with its reflection in 
the z-Axis. Rotating this with uniform angular veloc- 
ity about its center will result in uniform linear motion 
of the point where it crosses the y-AXIS. 


Archimedes’ Spiral Inverse 


see also ARCHIMEDEAN SPIRAL 
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Archimedes’ Spiral Inverse 

Taking the ORIGIN as the INVERSION CENTER, ARCHI- 
MEDES’ SPIRAL r = @@ inverts to the HYPERBOLIC SPI- 
RAL r = a/8. 


Archimedean Valuation 

A VALUATION for which |z| < 1 IMPLIES |1+ 2| < C for 
the constant C = 1 (independent of x). Such a VALUA- 
TION does not satisfy the strong TRIANGLE INEQUALITY 


|x + y| < max(|z|, |y)). 


Arcsecant 
see INVERSE SECANT 


Arcsine 
see INVERSE SINE 


Arctangent 
see INVERSE TANGENT 


Area 
The AREA of a SURFACE is the amount of material 
needed to “cover” it completely. The AREA of a TRIAN- 
GLE is given by 

Ag = 5th, (1) 


where l is the base length and h is the height, or by 
HERON’S FORMULA 


Aa = /s(s — a)(s — b)(s — c), (2) 


where the side lengths are a, b, and c and s the 
SEMIPERIMETER. The AREA of a RECTANGLE is given 
by 

Avectangle = ab, (3) 


where the sides are length a and b. This gives the special 
case of 
Asquare = a? (4) 


for the SQUARE. The AREA of a regular POLYGON with 
n sides and side length s is given by 


as 
An-—gon = ins? cot (=) . (5) 


Area-Preserving Map 69 


CALCULUS and, in particular, the INTEGRAL, are power- 
ful tools for computing the AREA between a curve f(z) 
and the z-AXIS over an INTERVAL [a, 5], giving 


“b 
a= | f(x) dz. (6) 
The AREA of a POLAR curve with equation r = r(6) is 
2 
A= sf dé. (7) 
Written in CARTESIAN COORDINATES, this becomes 
1 dy *) 
A=- vy) at 8 
2 / ¢ at at (8) 
1 
= 5 | tea - vas) (9) 


For the AREA of special surfaces or regions, see the en- 
try for that region. The generalization of AREA to 3-D 
is called VOLUME, and to higher DIMENSIONS is called 
CONTENT. 

see also ARC LENGTH, AREA ELEMENT, CONTENT, 
SURFACE AREA, VOLUME 
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Area Element 
The area element for a SURFACE with RIEMANNIAN 
METRIC 


ds* = Edu? + 2F dudv+ Gadv" 


is 
dA= ~EG— F?2 duAdv, 
where du A dv is the WEDGE PRODUCT. 


see also AREA, LINE ELEMENT, RIEMANNIAN METRIC, 
VOLUME ELEMENT 
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Area-Preserving Map 
A Map F from RK” to IR” is AREA-preserving if 


m(F(A)) = m(A) 


for every subregion A of R”, where m(A) is the n- 
D MEASURE of A. A linear transformation is AREA- 
preserving if its corresponding DETERMINANT is equal 
to 1. 


see also CONFORMAL MAP, SYMPLECTIC MAP 
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Area Principle 


A, Ay 
Ay 
B P 
B Cc P 
Ag 
The “AREA principle” states that 
|Ai P| - |A1BC| (1) 
|A2P| |A2,BC|" 
This can also be written in the form 
[45] = Ee (2) 
A2P)~ LA2,BC}’ 
where AR 
a (3) 


is the ratio of the lengths [A, B] and [C, D] for AB||CD 

with a PLUS or MINUS SIGN depending on if these seg- 

ments have the same or opposite directions, and 
ABC 

loz (a) 


is the RATIO of signed AREAS of the TRIANGLES. 
Griinbaum and Shepard show that CEvA’s THEOREM, 
HOEHN’S THEOREM, and MENELAUS’ THEOREM are the 
consequences of this result. 


see also CEVA’S THEOREM, HOEHN’S THEOREM, MEN- 
ELAUS’ THEOREM, SELF-TRANSVERSALITY THEOREM 
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Areal Coordinates 
TRILINEAR COORDINATES normalized so that 


ti +t2+¢3 = 1. 


When so normalized, they become the AREAS of the 
TRIANGLES PA;Az2, PA,A3, and PA2A3, where P is 
the point whose coordinates have been specified. 


Arf Invariant 

A LINK invariant which always has the value 0 or 1. 
A KNOT has ARF INVARIANT 0 if the KNOT is “pass 
equivalent” to the UNKNOT and 1 if it is pass equiv- 
alent to the TREFOIL Knot. If Ky, K_, and LD are 
projections which are identical outside the region of the 
crossing diagram, and K, and K_ are KNOTS while LE 
is a 2-component LINK with a nonintersecting crossing 


Argoh’s Conjecture 


diagram where the two left and right strands belong to 
the different LinKS, then 


a(K 4) = a(K_) +1(L1, Le), (1) 


where | is the LINKING NUMBER of L, and L2. The 
Arf invariant can be determined from the ALEXANDER 
POLYNOMIAL or JONES POLYNOMIAL for a KNOT. For 
Ax the ALEXANDER POLYNOMIAL of K, the Arf invari- 
ant is given by 


_ J 1 (mod 8) 
Bx) = { 5 (mod 8) 


(Jones 1985). For the JONES POLYNOMIAL Wx of a 
Knot K, 


if Arf(K) =0 
fArf(K)=1 


Arf(K) = Wx(t) (3) 
(Jones 1985), where 7 is the IMAGINARY NUMBER. 


References 

Adams, C. C. The Knot Book: An Elementary Introduction 
to the Mathematical Theory of Knots. New York: W. H. 
Freeman, pp. 223-231, 1994. 

Jones, V. “A Polynomial Invariant for Knots via von Neu- 
mann Algebras.” Bull. Amer. Math. Soc. 12, 103-111, 
1985. 

& Weisstein, E. W. “Knots.” http://www.astro.virginia. 
edu/~eww6n/math/notebooks/Knots.m. 


Argand Diagram 
A plot of COMPLEX NUMBERS as points 


z=axut+ty 


using the z-AXIS as the REAL axis and y-AXIS as the 
IMAGINARY axis. This is also called the COMPLEX 
PLANE or ARGAND PLANE, 


Argand Plane 
see ARGAND DIAGRAM 


Argoh’s Conjecture 
Let B, be the kth BERNOULLI NUMBER. Then does 


nBn-1 = —1 (mod n) 


IFF n is PRIME? For example, for n = 1, 2,..., nBn-i 
(mod n) is 0, -1, —1, 0, -1, 0, -1, 0, ~3, 0, -1,.... 
There are no counterexamples less than n = 5,600. Any 
counterexample to Argoh’s conjecture would be a con- 
tradiction to GIuUGA’S CONJECTURE, and vice versa. 


see also BERNOULLI NUMBER, GIUGA’S CONJECTURE 
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Argument Addition Relation 

A mathematical relationship relating f(z + y) to f(z) 
and f(y). 

see also ARGUMENT MULTIPLICATION RELATION, 
RECURRENCE RELATION, REFLECTION RELATION, 
TRANSLATION RELATION 


Argument (Complex Number) 
A COMPLEX NUMBER z may be represented as 


z=at+iy=|zle”, (1) 


where |z| is called the MODULUS of z, and @ is called the 
argument 


arg(a + iy) = tan™* (2) : (2) 
Therefore, 
arg(zw) = arg(|z|e"* |wle™) = arg(e# e) 


= arg[e*?=+»)) — arg(z)+arg(w). (3) 


Extending this procedure gives 
arg(z”) = narg(z). (4) 


The argument of a COMPLEX NUMBER is sometimes 
called the PHASE. 


see also AFFIX, COMPLEX NUMBER, DE MOIVRE’S 
IDENTITY, EULER FORMULA, MODULUS (COMPLEX 
NUMBER), PHASE, PHASOR 
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Argument (Elliptic Integral) 
Given an AMPLITUDE @ in an ELLIPTIC INTEGRAL, the 
argument wu is defined by the relation 


g@=amu. 
see also AMPLITUDE, ELLIPTIC INTEGRAL 


Argument (Function) 

An argument of a FUNCTION f(a1,...,2n) is one of 
the n parameters on which the function’s value de- 
pends. For example, the SINE sinz is a one-argument 
function, the BINOMIAL COEFFICIENT (”) is a two- 
argument function, and the HYPERGEOMETRIC FUNC- 
TION 2Fi(a,b;c; z) is a four-argument function. 


Argument Multiplication Relation 
A mathematical relationship relating f(nz) to f(x) for 
INTEGER n. 


see also ARGUMENT ADDITION RELATION, RECUR- 
RENCE RELATION, REFLECTION RELATION, TRANSLA- 
TION RELATION 
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Argument Principle 

If f(z) is MEROMORPHIC in a region R enclosed by a 
curve +, let N be the number of COMPLEX Roots of 
f(z) in y, and P be the number of POLEs in 7, then 


1 f'(z) dz 
’ Poa | f(z) ~ 


Defining w = f(z) and o = f(y) gives 


Nn-pP=al[”. 


2ri w 
oC 
see also VARIATION OF ARGUMENT 
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Argument Variation 
see VARIATION OF ARGUMENT 


Aristotle’s Wheel Paradox 


A PARADOX mentioned in the Greek work Mechanica, 
dubiously attributed to Aristotle. Consider the above 
diagram depicting a wheel consisting of two concen- 
tric CIRCLES of different DIAMETERS (a wheel within 
a wheel). There is a 1:1 correspondence of points on 
the large CIRCLE with points on the small CIRCLE, so 
the wheel should travel the same distance regardless of 
whether it is rolled from left to right on the top straight 
line or on the bottom one. This seems to imply that 
the two CIRCUMFERENCES of different sized CIRCLES 
are equal, which is impossible. 


The fallacy lics in the assumption that a 1:1 correspon- 
dence of points means that two curves must have the 
same length. In fact, the CARDINALITIES of points in 
a LINE SEGMENT of any length (or even an INFINITE 
LINE, a PLANE, a 3-D SPACE, or an infinite dimensional 
EUCLIDEAN SPACE) are all the same: 8; (ALEPH-1), so 
the points of any of these can be put in a ONE-TO-ONE 
correspondence with those of any other. 


see also ZENO’S PARADOXES 
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Arithmetic 

The branch of mathematics dealing with INTEGERS 
or, more generally, numerical computation. Arithmeti- 
cal operations include ADDITION, CONGRUENCE cal- 
culation, DIVISION, FACTORIZATION, MULTIPLICATION, 
POWER computation, ROOT extraction, and SUBTRAC- 
TION. 


The FUNDAMENTAL THEOREM OF ARITHMETIC, also 
called the UNIQUE FACTORIZATION THEOREM, states 
that any POSITIVE INTRGER can be represented in ex- 
actly one way as a PRODUCT of PRIMES. 


The LOWENHEIMER-SKOLEM THEOREM, which is a fun- 
damental result in MODEL THEORY, establishes the ex- 
istence of “nonstandard” models of arithmetic. 


see also ALGEBRA, CALCULUS, FUNDAMENTAL THE- 
OREM OF ARITHMETIC, GROUP THEORY, HIGHER 
ARITHMETIC, LINEAR ALGEBRA, LOWENHEIMER- 
SKOLEM THEOREM, MODEL THEORY, NUMBER THE- 
ory, TRIGONOMETRY 


References 
Karpinski, L. C. The History of Arithmetic. Chicago, IL: 
Rand, McNally, & Co., 1925. 

Maxfield, J. E. and Maxfield, M. W. Abstract Algebra and 
Solution by Radicals. Philadelphia, PA: Saunders, 1992. 
Thompson, J. E. Arithmetic for the Practical Man. New 

York: Van Nostrand Reinhold, 1973. 


Arithmetic-Geometric Mean 

The arithmetic-geometric mean (AGM) M(a,b) of two 
numbers a and 6 is defined by starting with ay = a and 
bo = 6, then iterating 


Qn4+1 = i (dn + bn) (1) 


basi = Vanbn (2) 


until a, = b,. a, and b, converge towards each other 


since 
Qn41 — bay = 5 (an + bn) — Vanbn 
Qn — — + bn (3) 
But Vb, < Qn, SO 


2bn < 2/anbn. (4) 


— 2\/dnb, to each side 


Now, add an — bn 
Oy + bn -2 Onba < an — bay (5) 


sa 
G41 — bags <5 (Gn — Dn), (6) 


The AGM is very useful in computing the values of 
complete ELLIPTIC INTEGRALS and can also be used 
for finding the INVERSE TANGENT. The special value 
1/M(1, V2) is called Gauss’s CONSTANT. 


Arithmetic-Geometric Mean 


The AGM has the properties 


M(a,b) = M(\a, Ab) (7) 
M(a,b) = M (3(a +6), Vab) (8) 
M(i,V1l-—a?)=M(14+4,1-<2) (9) 
1+b 2vb 
1 ‘ 
M(,b) = 3 seas (1,4) (10) 
The Legendre form is given by 
=|] 4(1+ kn) (11) 
n=0 
where ko = x and 
_ 2Vkn 
Kn41 = 1 + hy! (12) 
Solutions to the differential equation 
d? d 
3 y 2 y = 
(x - 2) 7 + (Bz — Noi tay =0 (13) 


are given by [M(1+a,1—2)]~' and {M(1,2)]7* 


A generalization of the ARITHMETIC-GEOMETRIC 
MEAN is 


e x? * dx 
100=) Graymeream 4 


which is related to solutions of the differential equation 


a(1—2?)Y¥" +(1—(p+1)a2”]Y’ —(p—1)2?“'Y = 0. (15) 
When p = 2 or p = 3, there is a modular transformation 
for the solutions of (15) that are bounded as x + 0. Let- 
ting J,(x) be one of these solutions, the transformation 
takes the form 


IJp{Ar) = wJp(2), (16) 

where 

l-wu 
17 
1+(p-1)u ay 
1+ (p-1)u (18) 
P 
and 

ePiuP =1, (19) 
The case p = 2 gives the ARITHMETIC-GEOMETRIC 


MBEAN, and p = 3 gives a cubic relative discussed by 
Borwein and Borwein (1990, 1991) and Borwein (1996) 
in which, for a,b > 0 and I(a,b) defined by 


= tdt 
10)= | rarmere 


Arithmetic Geometry 


(a,b) =1 (SE, [Pt +ab+?)]). (21) 

For iteration with ag = a and bp = b and 
Qn41 = nt abn (22) 

3 
bn 

bn4t = FZ (an + Gnbn + Ba"); (23) 

’ eeey _ 7,1) 
ee = eS aay Gy 


Modular transformations are known when p = 4 and 
p = 6, but they do not give identities for p = 6 (Borwein 
1996). 

see also ARITHMETIC-HARMONIC MEAN 
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Arithmetic Geometry 

A vaguely defined branch of mathematics dealing with 
VARIETIES, the MORDELL CONJECTURE, ARAKELOV 
‘THEORY, and ELLIPTIC CURVES. 
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Arithmetic-Harmonic Mean 


Let 
Anti = (an + bn) (1) 
b= oe (2) 
Then 


A(ao,69) = lim a, = lim 6, = V/aobo, (3) 


N00 noo 


which is just the GEOMETRIC MEAN. 
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Arithmetic-Logarithmic-Geometric Mean 
Inequality 


a+b b-a 
2 7 aT Rens 


see also NAPIER’S INEQUALITY 
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Arithmetic Mean 

For a CONTINUOUS DISTRIBUTION function, the arith- 
metic mean of the population, denoted yu, %, (x), or 
A(z), is given by 


Pee / P(2) f(z) de, (1) 


where (x) is the EXPECTATION VALUER. For a DISCRETE 
DISTRIBUTION, 


_ — ON Plan) flan) 
w= (f(z) = = Ba). = DP) San) 

(2) 

The population mean satisfies 
(f(x) + g(x)) = (f(#)) + (9(2)) (3) 
(cf(x)) =e(f(z)), (4) 

and 

(f(x)g9(y)) = (f(@)) (9(y)) (5) 


if z and y arc INDEPENDENT STATISTICS. The “sample 
mean,” which is the mean estimated from a statistical 
sample, is an UNBIASED ESTIMATOR for the population 
mean. 


For small samples, the mean is more efficient than the 
MEDIAN and approximately 7/2 less (Kenney and Keep- 
ing 1962, p. 211). A general expression which often holds 
approximately is 


mean — mode ~ 3(mean — median). (6) 


Given a set of samples {z;}, the arithmetic mean is 


An) =8 =p (2)=— oa. (7) 


Hoehn and Niven (1985) show that 
A(ai+c,az2+e,...,4n +c) =c+A(ai,a2,...,an) (8) 
for any POSITIVE constant c. The arithmetic mean sat- 


isfies 
A>G>H, (9) 
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where G is the GEOMETRIC MEAN and 4H is the HAR- 
MONIC MEAN (Hardy et al. 1952; Mitrinovié 1970; Beck- 
enbach and Bellman 1983; Bullen et al. 1988; Mitrinovié 
et al. 1993; Alzer 1996). This can be shown as follows. 


For a,b > 0, 
2 
1 1 
ee 8 10 
(Fe z) 5 oe 
L 2 L 
Pie eat i 
re hE (11) 
1 1 2 
ee See 12 
a b-~ Vab (2) 
i (13) 
ats 
H>G, (14) 


with equality Irr b = a. To show the second part of the 
inequality, 


(Ja — Vb)? =a—2Vab+b>0 (15) 


at? > Vab (16) 


A> H, (17) 


with equality Irr a = 6. Combining (14) and (17) then 
gives (9). 


Given n independent random GAUSSIAN DISTRIBUTED 
variates z;, each with population mean yi; = pw and 


VARIANCE 077 = 0? 
y 


ben Vw (18) 


N 
= 5 a= =m (19) 


so the sample ‘mean is an UNBIASED EstiMaAToR of 
population mean. However, the distribution of z de- 
pends on the sample size. For large samples, % is ap- 
proximately NORMAL. For small samples, STUDENT’S 
t-DISTRIBUTION should be used. 


The VARIANCE of the population mean is independent 
of the distribution. 


var(Z) 


i 
6 
g 


= xi S> var(z:) = (xz) —? = z. 


t=1 t=1 


Arithmetic Progression 


From k-STATISTICS for a GAUSSIAN DISTRIBUTION, the 
UNBIASED ESTIMATOR for the VARIANCE is given by 


N 
Bes 2 
c= Hie: (21) 
where 
i 
i= > @i- 2)’, (22) 
i=1 
sO 
7 s? - 
var(Z) = oT (23) 


The SQUARE ROOT of this, 


2 - =, (24) 


is called the STANDARD ERROR. 


var(Z) = (2°) — (z)*, (25) 
so 2 
(g*) = var(a) + (@)? — +H. (26) 


see also ARITHMETIC-GEOMETRIC MEAN, ARITH- 
METIC-HARMONIC MEAN, CARLEMAN’S INEQUAL- 
Ivy, CUMULANT, GENERALIZED MEAN, GEOMET- 
RIC MEAN, HARMONIC MEAN, HARMONIC-GEOMETRIC 
MEAN, KurtTosis, MEAN, MEAN DEVIATION, MEDIAN 
(STATISTICS), MODE, MOMENT, QUADRATIC MEAN, 
ROOT-MEAN-SQUARF, SAMPLE. VARIANCE, SKEWNESS, 
STANDARD DEVIATION, TRIMEAN, VARIANCE 
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sec ARITHMETIC SERIES 


Arithmetic Sequence 


Arithmetic Sequence 
A SEQUENCE of n numbers {do + kd}"=} such that the 
differences between successive terms is a constant d. 


see also ARITHMETIC SERIES, SEQUENCE 


Arithmetic Series 

An arithmetic series is the SUM of a SEQUENCE {ax}, 
k = 1, 2,..., in which each term is computed from 
the previous one by adding (or subtracting) a constant. 
Therefore, for k > 1, 


Qk = Qp-1 +d =ap-2+2d=...= a1 + d(k —1). (1) 


The sum of the sequence of the first n terms is then 
given by 


Sn = Yan = > “far + (k - 1)d] 


= na, +d (k —1l)=na PC: -1) 
k=l k=2 


n-1 
= nai+ dy k (2) 
k=l 
Using the Sum identity 
S_ = jn(n+1) (3) 


then gives 
Sn = nai + $d(n—1) = $n[2a1+d(n—-1)]. (4) 
Note, however, that 
a1 + dn = a1 + [a1 + d(n — 1)] = 2a1 +d(n—1), (5) 


so 
Sn = 3n(a1 + an), (6) 


or n times the AVERAGE of the first and last terms! 
This is the trick Gauss used as a schoolboy to solve 
the problem of summing the INTEGERS from 1 to 100 
given as busy-work by his teacher. While his classmates 
toiled away doing the ADDITION longhand, Gauss wrote 
a single number, the correct answer 


}(100)(1 + 100) = 50- 101 = 5050 (7) 


on his slate. When the answers were examined, Gauss’s 
proved to be the only correct one. 


see also ARITHMETIC SEQUENCE, GEOMETRIC SERIES, 
HARMONIC SERIES, PRIME ARITHMETIC PROGRESSION 
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Armstrong Number 

The n-digit numbers equal to sum of nth powers of their 
digits (a finite sequence), also called PLUS PERFECT 
NUMBERS. They first few are given by 1, 2, 3, 4, 5, 
6, 7, 8, 9, 153, 370, 371, 407, 1634, 8208, 9474, 54748, 
... (Sloane’s A005188). 

see also NARCISSISTIC NUMBER 
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Arnold’s Cat Map 
The best known example of an ANOSOV DIFFEOMOR- 
PHISM. It is given by the TRANSFORMATION 


ee]=[i al lz], @ 


where %n+41 and yn+1 are computed mod 1. The Arnold 
cat mapping is non-Hamiltonian, nonanalytic, and mix- 
ing. However, it is AREA-PRESERVING since the DETER- 
MINANT is 1. The LYAPUNOV CHARACTERISTIC EXPO- 
NENTS are given by 


xg Ly lag =e 0 (2) 


1 2-0¢0 


so 


oz = (3+ V5). (3) 


The EIGENVECTORS are found by plugging o+ into the 
MATRIX EQUATION 


ern 

For a+, the solution is 
y= $(1+ V5)e = ¢2, (5) 
where ¢ is the GOLDEN RATIO, so the unstable (normal- 


ized) EIGENVECTOR is 


ae - 1 
&, = 3V50 i0¥8 | at vey] (6) 
Similarly, for a_, the solution is 
=-}(v5-lc=¢"'2, (7) 


so the stable (normalized) EIGENVECTOR is 
€ =i+50+10V5 | , ; : (8) 
7(1— v5) 


see also ANOSOV MAP 
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Arnold Diffusion 

The nonconservation of ADIABATIC INVARIANTS which 
arises in systems with three or more DEGREES OF FREE- 
DOM. 


Arnold Tongue 

Consider the CIRCLE Map. If K is NONZERO, then 
the motion is periodic in some FINITE region surround- 
ing each rational 2. This execution of periodic motion 
in response to an irrational forcing is known as MODE 
LOCKING. If a plot is made of K versus 2 with the re- 
gions of periodic MODE-LOCKED parameter space plot- 
ted around rational 2 values (the WINDING NUMBERS), 
then the regions are seen to widen upward from 0 at 
K = 0 to some FINITE width at K = 1. The region 
surrounding each RATIONAL NUMBER is known as an 
ARNOLD TONGUE. 


At K = 0, the Arnold tongues are an isolated set of 
MEASURE zero. At K = 1, they form a general CAN- 
TOR SET of dimension d % 0.8700. In general, an Arnold 
tongue is defined as a resonance zone emanating out 
from RATIONAL NUMBERS in a two-dimensional param- 
eter space of variables. 


see also CIRCLE MAP 


Aronhold Process 

The process used to generate an expression for a covari- 
ant in the first degree of any one of the equivalent sets 
of COEFFICIENTS for a curve. 

see also CLEBSCH-ARONHOLD NOTATION, JOACHIMS- 
THAL’S EQUATION 
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Aronson’s Sequence 
The sequence whose definition is: “t is the first, fourth, 


eleventh, ... letter of this sentence.” The first few val- 
ues are 1, 4, 11, 16, 24, 29, 33, 35, 39, ... (Sloane’s 
A005224). 
References 
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Arrangement 

In general, an arrangement of objects is simply a group- 
ing of them. The number of “arrangements” of n items 
is given either by a COMBINATION (order is ignored) or 
PERMUTATION (order is significant). 


The division of SPACE into cells by a collection of Hy- 
PERPLANES is also called an arrangement. 


see also COMBINATION, CUTTING, HYPERPLANE, OR- 
DERING, PERMUTATION 


Array 


Arrangement Number 
see PERMUTATION 


Array 

An array is a “list of lists” with the length of each 
level of list the same. The size (sometimes called the 
“shape”) of a d-dimensional array is then indicated as 
mxXnxX-+++Xp. The most common type of array en- 
‘cesta, mien?” 


d 
countered is the 2-D m x n rectangular array having m 
columns and n rows. If m = n, a square array results. 
Sometimes, the order of the elements in an array is sig- 
nificant (as in a MATRIX), whereas at other times, arrays 
which are equivalent modulo reflections (and rotations, 
in the case of a square array) are considered identical 
(as in a MAGIC SQUARE or PRIME ARRAY). 


In order to exhaustively list the number of distinct ar- 
rays of a given shape with each element being one of k 
possible choices, the naive algorithm of running through 
each case and checking to see whether it’s equivalent to 
an earlier one is already just about as efficient as can 
be. The running time must be at least the number of 
answers, and this is so close tok”? that the difference 
isn’t significant. 


However, finding the number of possible arrays of a given 
shape is much easier, and an exact formula can be ob- 
tained using the POLYA ENUMERATION THEOREM. For 
the simple case of an m x n array, even this proves un- 
necessary since there are only a few possible symmetry 
types, allowing the possibilities to be counted explicitly. 
For example, consider the case of m and n EVEN and 
distinct, so only reflections need be included. To take a 
specific case, let m = 6 and n = 4 so the array looks like 


a bc | de f 
gh t {| jg k fb 
_ _— — ++ — — —_ 
mno | p qr 
st | vw a, 
where each a, b,..., can take a value from 1 to k. The 


total number of possible arrangements is k?4 (k™" in 
general). The number of arrangements which are equiv- 
alent to their left-right mirror images is k!? (in general, 
Rmn/ 2), as is the number equal to their up-down mirror 
images, or their rotations through 180°. There are also 
k® arrangements (in general, k™”/*) with full symmetry. 


In general, it is therefore true that 
Rents with full symmetry 

with only left-right reflection 

with only up-down reflection 

with only 180° rotation, 


Rmn/2 ore Emn/4 
Rmn/2 = prensa 
Rmn/2 oe pmn/4 


so there are 


ee 3Rmn/2 a aRmn/4 


Arrow Notation 


arrangements with no symmetry. Now dividing by the 
number of images of each type, the result, form 4 
with m,n EVEN, is 


Rm +4 (2)(3)(K™"/? -_ Raney 


Cee 2 aRmr/2 +4 ok™n/4) 
Rm a erat a oT aie 


N(m,n,k) = 


The number is therefore of order O(k"/4), with “cor- 
rection” terms of much smaller order. 


see also ANTIMAGIC SQUARE, EULER SQUARE, 
KIRKMAN’S SCHOOLGIRL PROBLEM, LATIN REcT- 
ANGLE, LATIN SQUARE, MAGIC SQUARE, MATRIX, 
MRS. PERKINS’ QUILT, MULTIPLICATION TABLE, OR- 
THOGONAL ARRAY, PERFECT SQUARE, PRIME ARRAY, 
QUOTIENT-DIFFERENCE TABLE, ROOM SQUARE, STO- 
LARSKY ARRAY, TRUTH TABLE, WYTHOFF ARRAY 


Arrow Notation 

A NOYATION invented by Knuth (1976) to represent 
LARGE NUMBERS in which evaluation proceeds from the 
right (Conway and Guy 1996, p. 60). 


mtn m:m-++m 
——v” 


er eer 
—— 


mttn 


mittn mttmite ttm 
FS 


For example, 


mtn=m"™ (1) 
mitn=mt--tm=m™ 
mtt2=mtm=mtm=m™ (2) 


2 
mtt3=mtmtm=mt(mtm) 
—S 


=mtm™ =m™ (3) 
mitt2=mittm=mttTm=m™ (4) 
2 m 


mm 


mitts =m ttm tm =mitm™ 
ue~_ _“——— 


SS 
3 m™m 
=mfectm=m™ . (5) 
—SS as 
m™ Pee 
‘ - ae 


7 ™m 


m Tt n is sometimes called a POWER TOWER. The 
values n +--+ tn are called ACKERMANN NUMBERS. 
eee 


n 


Artin Braid Group 77 


see also ACKERMANN NUMBER, CHAINED ARROW No- 
TATION, Down ARROW NOTATION, LARGE NUMBER, 
POWER TOWER, STEINHAUS-MOSER NOTATION 
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Arrow’s Paradox 
Perfect democratic voting is, not just in practice but in 
principle, impossible. 


References 
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Arrowhead Curve 
see SIERPINSKI ARROWHEAD CURVE 


Art Gallery Theorem 

Also called CHVATAL’S ART GALLERY THEOREM. If 
the walls of an art gallery are made up of n straight 
LINES SEGMENTS, then the entire gallery can always be 
supervised by |n/3| watchmen placed in corners, where 
|z] is the FLOOR FUNCTION. This theorem was proved 
by V. Chvatal in 1973. It is conjectured that an art 
gallery with n walls and h HOLES requires {(n + h)/3] 
watchmen. 


see also ILLUMINATION PROBLEM 
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Articulation Vertex 
A VERTEX whose removal will disconnect a GRAPH, also 
called a CUT- VERTEX. 


see also BRIDGE (GRAPH) 
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Artin Braid Group 
see BRAID GROUP 


78 Artin’s Conjecture 


Artin’s Conjecture 

There are at least two statements which go by the name 
of Artin’s conjecture. The first is the RIEMANN Hy- 
POTHESIS. The second states that every INTEGER not 
equal to —1 or a SQUARE NUMBER is a primitive root 
modulo p for infinitely many p and proposes a density 
for the set of such p which are always rational multi- 
ples of a constant known as ARTIN’S CONSTANT. There 
is an analogous theorem for functions instead of num- 
bers which has been proved by Billharz (Shanks 1993, 
p. 147). 


see also ARTIN’S CONSTANT, RIEMANN HYPOTHESIS 
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Artin’s Constant 

Ifn # —1 and n is not a PERFECT SQUARE, then Artin 
conjectured that the SET S(n) of all PRIMEs for which n 
is a PRIMITIVE ROOT is infinite. Under the assumption 
of the EXTENDED RIEMANN HYPOTHESIS, Artin’s con- 
jecture was solved in 1967 by C. Hooley. If, in addition, 
n is not an rth POWER for any r > 1, then Artin con- 
jectured that the density of S(n) relative to the PRIMES 
is Cartin (independent of the choice of n), where 


1 
Canin = J] E = aaa = 0.3739558136..., 


q prime 


and the PRODUCT is over PRIMES. The significance of 
this constant is more easily seen by describing it as the 
fraction of PRIMES p for which 1/p has a maximal DEc- 
IMAL EXPANSION (Conway and Guy 1996). 
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Artin [£-Function 

An Artin L-function over the RATIONALS Q encodes in 
a GENERATING FUNCTION information about how an 
irreducible monic POLYNOMIAL over Z factors when re- 
duced modulo each PRIME. For the POLYNOMIAL z? +1, 
the Artin L-function is 


L(s, Q(z)/Q, sgn) = 


p odd prime 


Artistic Series 


where (—1/p) is a LEGENDRE SYMBOL, which is equiv- 
alent to the EULER L-FUNCTION. The definition over 
arbitrary POLYNOMIALS generalizes the above expres- 
sion. 


see also LANGLANDS RECIPROCITY 


References 
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Artin Reciprocity 
see ARTIN’S RECIPROCITY THEOREM 


Artin’s Reciprocity Theorem 

A general RECIPROCITY THEOREM for all orders. If R 
is a NUMBER FIELD and R’ a finite integral extension, 
then there is a SURJECTION from the group of fractional 
IDEALS prime to the discriminant, given by the Artin 
symbol. For some cycle c, the kernel of this SURJECTION 
contains each PRINCIPAL fractional IDEAL generated by 
an element congruent to 1 mod c. 


see also LANGLANDS PROGRAM 


Artinian Group 
A GRoUP in which any decreasing CHAIN of distinct 
SUBGROUPS terminates after a FINITE number. 


Artinian Ring 
A noncommutative SEMISIMPLE RING satisfying the 
“descending chain condition.” 


see also GORENSTEIN RING, SEMISIMPLE RING 
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Artistic Series 
A SERIES is called artistic if every three consecutive 
terms have a common three-way ratio 


— (ai + Giga + Giga) aig1 
Qj Qi4+2 


Plai, i41, 2:42] 


A SERIES is also artistic IFF its BIAS is a constant. A 
GEOMETRIC SERIES with RATIO r > 0 is an artistic 
series with 


Pai+ltr>3, 


see also BIAS (SERIES), GEOMETRIC SERIES, MELODIC 
SERIES 
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ASA Theorem 


ASA Theorem 


c 


Specifying two adjacent ANGLES A and B and the side 
between them ¢ uniquely determines a TRIANGLE with 


AREA ‘ 
c 


k= ———_.. 1 
2(cot A + cot B) @) 

The angle C is given in terms of A and B by 
C=x-A-B, (2) 


and the sides a and b can be determined by using the 
LAW OF SINES 


a b c 
snA sinB sinC (3) 
to obtain 
sin A 
= sin(a — A — B)° (4) 
sin B 
= —____—___¢, 5 
sin(n — A— B)° (5) 


see also AAA THEOREM, AAS THEOREM, ASS THEO- 
REM, SAS THEOREM, SSS THEOREM, TRIANGLE 


Aschbacher’s Component Theorem 

Suppose that E(G) (the commuting product of all com- 
ponents of G) is SIMPLE aud G contains a SEMISIM- 
PLE INVOLUTION. Then there is some SEMISIMPLE 
INVOLUTION « such that Cg(x) has a NORMAL SuB- 
GROUP K which is either QUASISIMPLE or ISOMORPHIC 
to Ot (4,q)’ and such that Q = Cg(K) is TIGHTLY Em- 
BEDDED. 

see also INVOLUTION (GROUP), ISOMORPHIC GROUPS, 
NORMAL SUBGROUP, QUASISIMPLE GROUP, SIMPLE 
GrRouP, TIGHTLY EMBEDDED 


ASS Theorem 


¢c 
Specifying two adjacent side lengths a and b of a TRIAN- 
GLE (taking a > 6) and one ACUTE ANGLE A opposite 
a does not, in general, uniquely determine a triangle. 
If sin A < a/c, there are two possible TRIANGLES satis- 
fying the given conditions. If sin A = a/c, there is one 
possible TRIANGLE. If sin A > a/c, there are no possible 
‘TRIANGLES. Remember: don’t try to prove congruence 
with the ASS theorem or you will make make an ASS 
out of yourself. 


see also AAA THEOREM, AAS THEOREM, SAS THEO- 
REM, 55S THEOREM, TRIANGLE 
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Associative 
In simple terms, let x, y, and z be members of an AL- 
GERRA. Then the ALGEBRA is said to be associative 
if 

“e(y+z)=(e-y)-z, (1) 


where - denotes MULTIPLICATION. More formally, let A 
denote an R-algebra, so that A is a VECTOR SPACE over 
R and 

AxAOA (2) 


(zy) ay. (3) 


Then A is said to be m-associative if there exists an m-D 
SUBSPACE S of A such that 


(y-2)-z=y-(x-2z) (4) 


for all y,z € A and x € S. Here, VECTOR MULTIPLI- 
CATION z-y is assumed to be BILINEAR. An n-D n- 
associative ALGEBRA is simply said to be “associative.” 
see also COMMUTATIVE, DISTRIBUTIVE 
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Associative Magic Square 


20 A 13 22 6 
12 21 10 19 3 
9 18 2 11 25 


Ann xn MaGic SQUARE for which every pair of num- 
bers symmetrically opposite the center sum to n? + 1. 
The Lo Suu is associative but not PANMAGIC. Order 
four squares can be PANMAGIC or associative, but not 
both. Order five squares are the smallest which can be 
both associative and PANMAGIC, and 16 distinct asso- 
ciative PANMAGIC SQUARES exist, one of which is illus- 
trated above (Gardner 1988). 


see also MaGic SQUARE, PANMAGIC SQUARE 
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Astroid 


A 4-cusped HyPocycLoID which is sometimes also 
called a TETRACUSPID, CUBOCYCLOID, or PARACYCLE. 
The parametric equations of the astroid can be obtained 
by plugging in n = a/b = 4 or 4/3 into the equations for 
a general HYPOCYCLOID, giving 


x = 3bcos¢ + bcos(3d) = 4bcos* ¢ = acos*¢ (1) 
y = 3bsind — bsin(3¢) = 4bsin®? 6 = asin’ ¢. (2) 


In CARTESIAN COORDINATES, 


2/3 2/3 (3) 


In PEDAL COORDINATES with the PEDAL POINT at the 
center, the equation is 


r+ 3p" =a’. (4) 


Ca rH t | =e 


The Arc LENGTH, CURVATURE, and TANGENTIAL AN- 
GLE are 


phiit) 


sith 
kit) 


t 
s(t) = 7 |sin(2t’)| dt’ = 3 sin? e (5) 
K(t) = —2 ese(2t) (6) 
o(t) = -t (7) 


As usual, care must be taken in the evaluation of s(t) for 
t > 1/2. Since (5) comes from an integral involving the 
ABSOLUTE VALUE of a function, it must be monotonic 
increasing. Each QUADRANT can be treated correctly 
by defining 


: 2t 
where |x| is the FLOOR FUNCTION, giving the formula 
a() = (<1) th 0008 18 aint 3 [tn]. (9) 


The overall ARC LENGTH of the astroid can be com- 
puted from the general HYPOCYCLOID formula 


a 8a(n — 1) (10) 


n 


Astroid 


with n = 4, 
$4 = 6a. (11) 


The AREA is given by 
(12) 


with n = 4, 
Aq = 37a”. (13) 


The EVOLUTE of an ELLIPSE is a stretched Hypocy- 
CLOID. The gradient of the TANGENT T from the point 
with parameter p is —tanp. The equation of this TAN- 
GENT T is 


asinp + ycosp = }asin(2p) (14) 


(MacTutor Archive). Let T cut the x-Axis and the y- 
AXIS at X and Y, respectively. Then the length XY is 
a constant and is equal to a. 


iN 


The astroid can also be formed as the ENVELOPE pro- 
duced when a LINE SEGMENT is moved with each end 
on one of a pair of PERPENDICULAR axes (e.g., it is the 
curve enveloped by a ladder sliding against a wall or a 
garage door with the top corner moving along a verti- 
cal track; left figure above). The astroid is therefore 
a GLISSETTE. To see this, note that for a ladder of 
length L, the points of contact with the wall and floor 
are (xo,0) and (0, /L? — zo”), respectively. The equa- 
tion of the LINE made by the ladder with its foot at 
(xo, 0) is therefore 


he: AS 
Ss 
LU? 


VP ae? 


—2Zo 


(x — xo) (15) 


which can be written 


L? - 2 
U(z,y,20) = y+ Y— (x— 29). (16) 


Zo 


The equation of the ENVELOPE is given by the simulta- 
neous solution of 


Vv 2 2 
U(z, y, £0) =yt — ad (x Zo) =0 


2 2 
BU zo Le at 0, 


820 gy 2a/L2—2p? 
which is 


(17) 


£=— (18) 


(19) 


Astroid 


Noting that 


2/3 to" 
lama 0T: (20) 
L? — xo? 
18 = 14/3 (21) 


allows this to be written implicitly as 
2/9 4 2/3 — 72/9 (22) 


the equation of the astroid, as promised. 


slotted 


(Xp, 0) 


-AL-<q—1— 
The related problem obtained by having the “garage 
door” of length L with an “extension” of length AL 
move up and down a slotted track also gives a surprising 
answer. In this case, the position of the “extended” end 
for the foot of the door at horizontal position zo and 
ANGLE @ is given by 


2 = ~ALcosé (23) 


y= VL? — xo? + ALsin#. (24) 


Using 
xo = Lcos@ (25) 
then gives 
AL 


y= VL? — 20? (1+ 42). (27) 
Solving (26) for zo, plugging into (27) and squaring then 
gives 


Lx? AL\? 
2 2 
=L 
y (ALY? (ley ) (28) 
Rearranging produces the equation 
2 2 
= 2 1 (29) 


(AL? (E+ ALP” 


the equation of a (QUADRANT of an) ELLIPSE with 
SEMIMAJOR and SEMIMINOR AXES of lengths AL and 
L+AL. 
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The astroid is also the ENVELOPE of the family of EL- 


LIPSES 
2 2 


£ y 
= + >=, -1=0, 30 
2 Gage (39) 


illustrated above. 


see also DELTOID, ELLIPSE ENVELOPE, LAME CURVE, 
NEPHROID, RANUNCULOID 
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Astroid Evolute 


A HypocycLoip Evo.uutTeE for n = 4 is another As- 
TROID scaled by a factor n/(n — 2) = 4/2 = 2 and 
rotated 1/(2-4) = 1/8 of a turn. 


Astroid Involute 


A HYPOCYCLOID INVOLUTE for n = 4 is another AS- 
TROID scaled by a factor (n — 2)/2 = 2/4 = 1/2 and 
rotated 1/(2-4) = 1/8 of a turn. 
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Astroid Pedal Curve 


The PEDAL CURVE of an ASTROID with PEDAL POINT 
at the center is a QUADRIFOLIUM. 


Astroid Radial Curve 


The QUADRIFOLIUM 


x= Xo + 3acost — 3acos(3t) 
y = yo + 3asint + 3asin(3¢). 


Astroidal Ellipsoid 

The surface which is the inverse of the ELLIPSOID in the 
sense that it “goes in” where the ELLIPSOID “goes out.” 
It. is given by the parametric equations 


x = (acosucosv)* 
y = (bsin ucos v)* 


z = (csinv)® 


for u € [—7/2,7/2] and v € [—72,7]. The special case 
a= b= c= 1 corresponds to the HYPERBOLIC OCTA- 
HEDRON. 


see also ELLIPSOID, HYPERBOLIC OCTAHEDRON 
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Asymptosy 

ASYMPTOTIC behavior. A useful yet endangered word, 
found rarely outside the captivity of the Oxford English 
Dictionary. 


see also ASYMPTOTE, ASYMPTOTIC 


Asymptotic Curve 


Asymptote 


asymptotes 
A curve approaching a given curve arbitrarily closely, as 
illustrated in the above diagram. 


see also ASYMPTOSY, ASYMPTOTIC, ASYMPTOTIC 
CURVE 
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Asymptotic 

Approaching a value or curve arbitrarily closely (ie., 
as some sort of LIMIT is taken). A CURVE A which is 
asymptotic to given CURVE C is called the ASYMPTOTE 
of C. 


see also ASYMPTOSY, ASYMPTOTE, ASYMPTOTIC 
CurvVE, ASYMPTOTIC DIRECTION, ASYMPTOTIC SE- 
RIES, LIMIT 


Asymptotic Curve 

Given a REGULAR SURFACE M, an asymptotic curve 
is formally defined as a curve x(t) on M such that the 
NORMAL CURVATURE is 0 in the direction x’(t) for all 
t in the domain of x. The differential equation for the 
parametric representation of an asymptotic curve is 


eu? + 2fu'v’ + gv” =0, (1) 
where e, f, and g are second FUNDAMENTAL FORMS. 
The differential equation for asymptotic curves on a 
MONGE PAartcH (u,v, A(u, v)) is 

huvt’” + 2hyyu'v’ + hy”? = 0, (2) 


and on a polar patch (rcos6,rsin@, h(r)) is 


h''(r)r’? + hi (rr? = 0. (3) 


The images below show asymptotic curves for the EL- 
LIPTIC HELICOID, FUNNEL, HYPERBOLIC PARABOLOID, 
and MONKEY SADDLE. 


Asymptotic Direction 


see also RULED SURFACE 
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Asymptotic Direction 
An asymptotic direction at a point p of a REGULAR 
SuRFACE M € R? is a direction in which the NORMAL 
CURVATURE of M vanishes. 


1. There are no asymptotic directions at an ELLIPTIC 
POINT. 

2. There are exactly two asymptotic directions at a Hy- 
PERBOLIC POINT. 


3. There is exactly one asymptotic direction at a PAR- 
ABOLIC POINT. 


4. Every direction is asymptotic at a PLANAR POINT. 
see also ASYMPTOTIC CURVE 
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Asymptotic Notation 

Let n be a integer variable which tends to infinity and let 
x be a continuous variable tending to some limit. Also, 
let @(n) or o(z) be a positive function and f(n) or f(x) 
any function. Then Hardy and Wright (1979) define 


1. f = O(¢) to mean that |f| < Ad for some constant 
A and all values of n and z, 

2. f = o(¢) to mean that f/¢ — 0, 

3. f ~ ¢ to mean that f/¢ —- 1, 

4. f < @ to mean the same as f = o(¢), 

5. f > @ to mean f/d — oo, and 

6. f x ¢ to mean A,¢ < f < A? for some positive 
constants A; and Apo. 

f = 0(¢) implies and is stronger than f = O(@). 
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Asymptotic Serics 

An asymptotic series is a SERIES EXPANSION of a FUNC- 
TION in a variable « which may converge or diverge 
(Erdelyi 1987, p. 1), but whose partial sums can be made 
an arbitrarily good approximation to a given function 
for large enough z. To form an asymptotic series R(z) 
of f(x), written 


f(z) ~ R{z), (1) 


take 
2” Ra(z) = 2"(f(z) — Sn(2)], (2) 
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where 


a1 a2 an 
Sa Sagot—t+s+...+—. 3 
(e)= 0 x x? an ( ) 


The asymptotic series is defined to have the properties 


lim 2"R, (2) = 0 for fixed n (4) 
@w@—+00 
lim z"Ra(x) = for fixed z. (5) 
NWO 
Therefore, 
f(a) % So ano (6) 
n=0 


in the limit z —» oo. If a function has an asymptotic 
expansion, the expansion is unique. The symbol ~ is 
also used to mean directly SIMILAR. 
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Atiyah-Singer Index Theorem 

A theorem which states that the analytic and topological 
“indices” are equal for any elliptic differential operator 
on an n-D COMPACT DIFFERENTIABLE C™ boundary- 
less MANIFOLD. 


see also COMPACT MANIFOLD, DIFFERENTIABLE MAN- 
IFOLD 
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Atkin-Goldwasser-Kilian-Morain Certificate 
A recursive PRIMALITY CERTIFICATE for a PRIME p. 
The certificate consists of a list of 


1. A point on an ELLIPTIC CURVE C 
2 3 
y = 2" + goa + gs (mod p) 


for some numbers g2 and g3. 


2. A PRIME q with g > (p'/4 + 1)’, such that for 
some other number k and m = kq with k #£ 1, 
mC(a,Y,92,93;p) is the identity on the curve, but 
kC (az, y, 92,93,P) is not the identity. This guaran- 
tees PRIMALITY of p by a theorem of Goldwasser 
and Kilian (1986). 

3. Each q has its recursive certificate following it. So if 
the smallest g is known to be PRIME, all the numbers 
are certified PRIME up the chain. 


A PRATT CERTIFICATE is quicker to generate for 
small numbers. The Mathematica® (Wolfram Re- 
search, Champaign, IL) task ProvablePrime[n] there- 
fore generates an Atkin-Goldwasser-Kilian-Morain cer- 
tificate only for numbers above a certain limit (10'° by 
default), and a PRATT CERTIFICATE for smaller num- 
bers. 


see also ELLIPTIC CURVE PRIMALITY PROVING, ELLIP- 
TIC PSEUDOPRIME, PRATT CERTIFICATE, PRIMALITY 
CERTIFICATE, WITNESS 
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Atomic Statement 
In LOGIC, a statement which cannot be broken down 
into smaller statements. 


Attraction Basin 
see BASIN OF ATTRACTION 


Attractor 

An attractor is a SET of states (points in the PHASE 
SPACE), invariant under the dynamics, towards which 
neighboring states in a given BASIN OF ATTRACTION 
asymptotically approach in the course of dynamic evo- 
lution. An attractor is defined as the smallest unit which 
cannot be itself decomposed into two or more attractors 


Augmented Amicable Pair 


with distinct BASINS OF ATTRACTION. This restriction 
is necessary since a DYNAMICAL SYSTEM may have mul- 
tiple attractors, each with its own BASIN OF ATTRAC- 
TION. 


Conservative systems do not have attractors, since the 
motion is periodic. For dissipative DYNAMICAL SyYSs- 
TEMS, however, volumes shrink exponentially so attrac- 
tors have 0 volume in n-D phase space. 


A stable FIXED POINT surrounded by a dissipative re- 
gion is an attractor known as a SINK. Regular attractors 
(corresponding to 0 LYAPUNOV CHARACTERISTIC ExX- 
PONENTS) act. as LIMIT CYCLES, in which trajectories 
circle around a limiting trajectory which they asymp- 
totically approach, but never reach. STRANGE ATTRAC- 
TORS are bounded regions of PHASE SPACE (correspond- 
ing to POSITIVE LYAPUNOV CHARACTERISTIC EXPoO- 
NENTS) having zero MEASURE in the embedding PHASE 
SPACE and a FRACTAL DIMENSION. Trajectories within 
a STRANGE ATTRACTOR appear to skip around ran- 
domly. 


see also BARNSLEY’S FERN, BASIN OF ATTRACTION, 
CHAOS GAME, FRACTAL DIMENSION, LIMIT CYCLE, 
LYAPUNOV CHARACTERISTIC EXPONENT, MEASURE, 
SINK (MAP), STRANGE ATTRACTOR 


Auction 

A type of sale in which members of a group of buyers 
offer ever increasing amounts. The bidder making the 
last bid (for which no higher bid is subsequently made 
within a specified time limit: “going once, going twice, 
sold”) must then purchase the item in question at this 
price. Variants of simple bidding are also possible, as in 
a VICKERY AUCTION. 


see also VICKERY AUCTION 


Augend 

The first of several ADDENDS, or “the one to which 
the others are added,” is sometimes called the augend. 
Therefore, while a, 6, and c are ADDENDS ina+b+c, 
a is the augend. 


see also ADDEND, ADDITION 


Augmented Amicable Pair 
A PAIR of numbers m and n such that 


o(m) =o(n)=min-l, 


where o(m) is the DIVISOR FUNCTION. Beck and Najar 
(1977) found 11 augmented amicable pairs. 


see also AMICABLE Pair, DIVISOR FUNCTION, QUASI- 
AMICABLE PAIR 
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Augmented Dodecahedron 


Augmented Dodecahedron 
see JOHNSON SOLID 


Augmented Hexagonal Prism 
see JOHNSON SOLID 


Augmented Pentagonal Prism 
see JOHNSON SOLID 


Augmented Polyhedron 
A UNIFORM POLYHEDRON with one or more other solids 
adjoined. 


Augmented Sphenocorona 
see JOHNSON SOLID 


Augmented Triangular Prism 
see JOHNSON SOLID 


Augmented Tridiminished Icosahedron 
see JOHNSON SOLID 


Augmented Truncated Cube 
see JOHNSON SOLID 


Augmented Truncated Dodecahedron 
see JOHNSON SOLID 


Augmented Truncated Tetrahedron 
see JOHNSON SOLID 


Aureum Theorema 
Gauss’s name for the QUADRATIC RECIPROCITY THE- 
OREM. 


Aurifeuillean Factorization 
A factorization of the form 


gant? 4 = (22rtt _ omth + yyg?mtt 4 ont 4.1), (1) 


The factorization for n = 14 was discovered by Au- 
rifeuille, and the general form was subsequently discov- 
ered by Lucas. The large factors are sometimes written 
as L and M as follows 


2*k-F 4 = (27 — oF 4 1)(27* "2 4 9* 4-1) (2) 
BORSS 4 l= (3?*-1 4+ 1)(37*—? = 3k of 1)(37*"? 4 3k 4 1), 
(3) 

which can be written 
27" 4.1 = LonMon (4) 
ooh 4 =.(34 1) han Max (5) 
5°! _ 1 = (5 ~ 1) LsnMsn, (6) 
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where h = 2k — 1 and 


Lon, Mon = 2" +14 2* (7) 
Lsn, Man = 3" +1 $3" (8) 
Lsn, Msn = 5°? + 3-5" 41 5*(5" 41). (9) 


see also GAUSS’S FORMULA 
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Ausdehnungslehre 
see EXTERIOR ALGEBRA 


Authalic Latitude 
An AUXILIARY LATITUDE which gives a SPHERE equal 
SURFACE AREA relative to an ELLIPSOID. The authalic 
latitude is defined by 


Sect @ 
6B =sin (4). (1) 
where 


q= (Qe) E sing te 1 (2) 


—esin?d 2 1l+esing 


and @p is g evaluated at the north pole (¢ = 90°). Let R, 
be the RApIus of the SPHERE having the same SURFACE 
AREA as the ELLIPSOID, then 


R= af. (3) 


The series for § is 
_4 (1,2 4 31,4, 59 6 : 
B=o- (fe + Hee + pe +---)sin(2¢) 
+ (abet + Sef +...) sin(4g) 
- (383° +...)sin(6¢)+.... (4) 


The inverse FORMULA is found from 


ht (1—e’sin? ¢)? | q sind 
2cos@ 1l1-—e? 1-e?sin?¢ 
1 1-—esing 
Tae (j=) » (6) 
where 


q = QsinB (6) 
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and $0 = sin7*(¢/2). This can be written in series form 
as 


o=B+ (xe” + het + Se’ +...) sin(26) 
23 et 4 251 of 4 .) sin(48) 
1 


$78U 


( 
(Sice® +...) sin(6G) +... (7) 


see also LATITUDE 
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Autocorrelation 
The autocorrelation function is defined by 


C(t) = ff =f"(—t)* f(t) = J. fr)f(e-+r) dr, 
- (1) 


where * denotes CONVOLUTION and x denotes CROSS- 
CORRELATION. A finite autocorrelation is given by 


Cr(r) = (l(t) ~ allult +7) — a) (2) 
T/2 
= im, ij allt) dilute +7) — alae. 8) 


If f is a REAL FUNCTION, 
f* = f, (4) 


and an EVEN FUNCTION so that 


f(-r) = f(r), (5) 
then ee 
Cr) = fs g(e+ nar (6) 
But let 7’ = —7, so dr’ = —dr, then 


a | Beem tae 
=[ s@pi=narsrep. ~~ @ 


The autocorrelation discards phase information, return- 
ing only the POWER. It is therefore not reversible. 


There is also a somewhat surprising and extremely im- 
portant relationship between the autocorrelation and 


Autocorrelation 


the FOURIER TRANSFORM known as the WIENER- 
KHINTCHINE THEOREM. Let F[f(x)] = F(k), and F* 
denote the COMPLEX CONJUGATE of F, then the Four- 
IER TRANSFORM of the ABSOLUTE SQUARE of F'(k) is 
given by 


F(IF(H)F] = i ” p(rfr+a)dr (8) 


The aulocurrelation is a HERMITIAN OPERATOR since 
C;(—t) = C*(t). f « f is MAXIMUM at the ORIGIN. In 
other words, 


foe} Co 
J flu) flu + 2) du < / Plu)du. (9) 
To see this, let € be a REAL NUMBER. Then 


ie [f(u) + ef(ut+2)]? du > 0 (10) 


oo 


/ Fw) dure [ f(u)f(ut+ 2) du 


co 


+e? ie P(uta)du>O (11) 


a f?(u) du + 2e ie f(w)f(u+a) du 
+e is f?(u)du>0. (12) 
Define 
a= I. f?(u) du (13) 
b=2 ie f(u)f(u+ 2) du. (14) 


Then plugging into above, we have ae? +be+c > 0. This 
QUADRATIC EQUATION does not have any REAL ROOT, 
so 6? — 4ac < 0, ie., 6/2 < a. It follows that 


/ fl fla+ 2)du < | P(u)du, (15) 


with the equality at z = 0. This proves that f x f is 
MAXIMUM at the ORIGIN. 


see also CONVOLUTION, CROSS-CORRELATION, QUAN- 
TIZATION EFFICIENCY, WIENER-KHINTCHINE THEO- 
REM 
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Automorphic Function 


Automorphic Function 

An automorphic function f(z) of a COMPLEX variable 
z is one which is analytic (except for POLES) in a do- 
main D and which is invariant under a DENUMERABLY 
INFINITE group of LINEAR FRACTIONAL TRANSFORMA- 
TIONS (also known as MOBIUS TRANSFORMATIONS) 


po az+b 
cztd 


Automorphic functions are generalizations of TRIGONO- 
METRIC FUNCTIONS and ELLIPTIC FUNCTIONS. 


see also MODULAR FUNCTION, MOBIUS TRANSFORMA- 
TIONS, ZETA FUCHSIAN 


Automorphic Number 

A number k such that nk? has its last digits equal to 
k is called n-automorphic. For example, 1-5? = 25 
and 1-6? = 36 are l-automorphic and 2-8? = 128 
and 2. 88? = 15488 are 2-automorphic. de Guerre and 
Fairbairn (1968) give a history of automorphic numbers. 


The first few 1-automorphic numbers are 1, 5, 6, 25, 
76, 376, 625, 9376, 90625, ... (Sloane’s A003226, Wells 
1986, p. 130). There are two 1-automorphic numbers 
with a given number of digits, one ending in 5 and one in 
6 (except that the 1-digit automorphic numbers include 
1), and each of these contains the previous number with 
a digit prepended. Using this fact, it is possible to con- 
struct automorphic numbers having more than 25,000 
digits (Madachy 1979). The first few 1-automorphic 
numbers ending with 5 are 5, 25, 625, 0625, 90625, ... 
(Sloane’s A007185), and the first few ending with 6 are 
6, 76, 376, 9376, 09376, ... (Sloane’s A016090). The 1- 
automorphic numbers a(n) ending in 5 are IDEMPOTENT 
(mod 10”) since 


[a(n)|” = a(n) (mod 10”) 


(Sloane and Plouffe 1995). 


The following table gives the 10-digit n-automorphic 
numbers. 


n n-Automorphic Numbers Sloane 

1 0000000001, 8212890625, 1787109376 —, A007185, A016090 

2 0893554688 A030984 

3 6666666667, 7262369792, 9404296875 —, A030985, A030986 

4 0446777344 A030987 

5 3642578125 A030988 

6 3631184896 A030989 

7 7142857143, 4548984375, 1683872768 A030990, A030991, 
A030992 

8 0223388672 A030993 

9 5754123264, 3134765625, 8888888889 A030994, A030995, — 


see also IDEMPOTENT, NARCISSISTIC NUMBER, NUM- 
BER PYRAMID, TRIMORPHIC NUMBER 
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Automorphism 
An ISOMORPHISM of a system of objects onto itself. 


see also ANOSOV AUTOMORPHISM 


Automorphism Group 

The GrovupP of functions from an object G to itself which 
preserve the structure of the object, denoted Aut(G). 
The automorphism group of a GROUP preserves the 
MULTIPLICATION table, the automorphism group of a 
GRAPH the INCIDENCE MATRICES, and that of a FIELD 
the ADDITION and MULTIPLICATION tables. 


see also OUTER AUTOMORPHISM GROUP 


Autonomous 

A differential equation or system of ORDINARY DIFFER- 
ENTIAL EQUATIONS is said to be autonomous if it does 
not explicitly contain the independent variable (usu- 
ally denoted t). A second-order autonomous differen- 
tial equation is of the form F(y,y',y’) = 0, where 
y = dy/dt = v. By the CHAIN RULE, y” can be ex- 
pressed as 


For an autonomous ODE, the solution is independent of 
the time at which the initial conditions are applied. This 
means that all particles pass through a given point in 
phase space. A nonautonomous system of n first-order 
ODEs can be written as an autonomous system of n+1 
ODEs by letting t = zn41 and increasing the dimension 
of the system by 1 by adding the equation 


din41 


di =1. 


Autoregressive Model 
see MAXIMUM ENTROPY METHOD 
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Auxiliary Circle 

The CIRCUMCIRCLE of an ELLIPSE, i.e., the CIRCLE 
whose center corresponds with that of the ELLIPSE and 
whose RaDius is equal to the ELLIPSE’s SEMIMAJOR 
AXIS. 


see also CIRCLE, ECCENTRIC ANGLE, ELLIPSE 


Auxiliary Latitude 


see AUTHALIC LATITUDE, CONFORMAL LATITUDE, 
GEOCENTRIC LATITUDE, ISOMETRIC LATITUDE, LAT- 
ITUDE, PARAMETRIC LATITUDE, RECTIFYING LATI- 
TUDE, REDUCED LATITUDE 


Auxiliary Triangle 
see MEDIAL TRIANGLE 


Average 
see MEAN 


Average Absolute Deviation 


N 
a= lead = (ei al). 


see also ABSOLUTE DEVIATION, DEVIATION, STANDARD 
DEVIATION, VARIANCE 


Average Function 
If f is CONTINUOUS on a CLOSED INTERVAL [{a, 6], then 
there is at least one number z* in [a,b] such that 


6b 
d. f(a)de = f(2")(b — a). 


The average value of the FUNCTION (f) on this interval 
is then given by f(2*). 
see MEAN-VALUE THEOREM 


Average Seek Time 
see POINT-POINT DISTANCE—1-D 


Ax-Kochen Isomorphism Theorem 

Let P be the SET of PRIMES, and let Q, and Z,(t) be the 
FIELDS of p-ADIC NUMBERS and formal POWER series 
over Zp = (0,1,...,p—1). Further, suppose that D isa 
“nonprincipal maximal filter” on P. Then Tne pQ,/D 
and |] <p 2p(t)/D are ISOMORPHIC. 

see also HYPERREAL NUMBER, NONSTANDARD ANALY- 
SIS 


Axial Vector 
see PSEUDOVECTOR 


Axiom A Flow 


Axiom 

A PROPOSITION regarded as self-evidently TRUE with- 
out PROOF. The word “axiom” is a slightly archaic syn- 
onym for POSTULATE. Compare CONJECTURE or Hy- 
POTHESIS, both of which connote apparently TRUE but 
not self-evident statements. 


see also ARCHIMEDES’ AXIOM, AXIOM OF CHOICE, AX- 
IOMATIC SYSTEM, CANTOR-DEDEKIND AXIOM, CON- 
GRUENCE AXIOMS, CONJECTURE, CONTINUITY AX- 
IOMS, COUNTABLE ADDITIVITY PROBABILITY AXIOM, 
DEDEKIND’S AXIOM, DIMENSION AXIOM, EILENBERG- 
STEENROD AXIOMS, EUCLID’s AXIOMS, EXCISION AX- 
10M, FANO’S AXIOM, FIELD AXIOMS, HAUSDORFF AX- 
IOMS, HILBERT’S AXIOMS, HomMoToPY AXIOM, IN- 
ACCESSIBLE CARDINALS AXIOM, INCIDENCE AXIOMS, 
INDEPENDENCE AXIOM, INDUCTION AXIOM, Law, 
LEMMA, LONG EXACT SEQUENCE OF A PAIR AXIOM, 
ORDERING AXIOMS, PARALLEL AXIOM, PASCH’S AX- 
IOM, PEANO’S AXIOMS, PLAYFAIR’S AXIOM, PORISM, 
POSTULATE, PROBABILITY AXIOMS, PRocLUs’ AXIOM, 
RULE, T2-SEPARATION AXIOM, THEOREM, ZERMELO’S 
AXIOM OF CHOICE, ZERMELO-FRAENKEL AXIOMS 


Axiom A Diffeomorphism 

Let ¢: M - M be a C! DIFFEOMORPHISM on a com- 
pact RIEMANNIAN MANIFOLD M. Then ¢ satisfies Ax- 
iom A if the NONWANDERING set 0(¢@) of ¢ is hyperbolic 
and the PERIODIC POINTS of ¢ are DENSE in 2(@). Al- 
though it was conjectured that the first of these condi- 
tions implies the second, they were shown to be indepen- 
dent in or around 1977. Examples include the ANOSOV 
DIFFEOMORPHISMS and SMALE HORSESHOE Map. 


In some cases, Axiom A can be replaced by the condi- 
tion that the DIFFEOMORPHISM is a hyperbolic diffeo- 
morphism on a hyperbolic set (Bowen 1975, Parry and 
Pollicott 1990). 


see also ANOSOV DIFFEOMORPHISM, AXIOM A FLow, 
DIFFEOMORPHISM, DYNAMICAL SYSTEM, RIEMANNIAN 
MANIFOLD, SMALE HORSESHOE Map 
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Axiom A Flow 

A FLOow defined analogously to the AXIOM A DIFFEO- 
MORPHISM, except that instead of splitting the TAN- 
GENT BUNDLE into two invariant sub-BUNDLES, they 
are split into three (one exponentially contracting, one 
expanding, and one which is 1-dimensional and tangen- 
tial to the flow direction). 


see also DYNAMICAL SYSTEM 


Axiom of Choice 


Axiom of Choice 

An important and fundamental result in SET THEORY 
sometimes called ZERMELO’S AXIOM OF CHOICE. It was 
formulated by Zermelo in 1904 and states that, given any 
SET of mutually exclusive nonempty SETS, there exists 
at least one SET that contains exactly one element in 
common with each of the nonempty SETS. 


It is related to HILBERT’S PROBLEM 1B, and was proved 
to be consistent with other AXIOMS in SET THEORY in 
1940 by Gédel. In 1963, Cohen demonstrated that the 
axiom of choice is independent of the other AXIOMS in 
Cantorian SET THEORY, so the AXIOM cannot be proved 
within the system (Boyer and Merzbacher 1991, p. 610). 


see also HILBERT’S PROBLEMS, SET THEORY, WELL- 
ORDERED SET, ZERMELO-FRAENKEL AXIOMS, ZORN’S 
LEMMA 
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Axiomatic Set Theory 

A version of SET THEORY in which axioms are taken 
as uninterpreted rather than as formalizations of pre- 
existing truths. 


see also NAIVE SET THEORY, SET THEORY 


Axiomatic System 
A logical system which possesses an explicitly stated 
SET of AXIOMS from which THEOREMS can be derived. 


see also COMPLETE AXIOMATIC THEORY, CONSIS- 
TENCY, MODEL THEORY, THEOREM 


Axis 

A LINE with respect to which a curve or figure is drawn, 
measured, rotated, etc. The term is also used to refer 
to a LINE SEGMENT through a RANGE (Woods 1961). 


see also ABSCISSA, ORDINATE, z-AXIS, y-AXIS, z-AXIS 
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Axonometry 
A METHOD for mapping 3-D figures onto the PLANE. 


see also CROSS-SECTION, MAP PROJECTION, POHLKE’S 
THEOREM, PROJECTION, STEREOLOGY 
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Hazewinkel, M. (Managing Ed.). Encyclopaedia of Math- 
ematics: An Updated and Annotated Translation of the 
Soviet “Mathematical Encyclopaedia.” Dordrecht, Nether- 
lands: Reidel, pp. 322-323, 1988. 


Azimuthal Equidistant Projection 


An AZIMUTHAL PROJECTION which is neither equal- 
AREA nor CONFORMAL. Let ¢1 and Ao be the LATI- 
TUDE and LONGITUDE of the center of the projection, 
then the transformation equations are given by 


z =k’ cosd¢sin(A — Ao) (1) 
y = k'[cos g1 sind — sin gi cos @cos(A — Ao)}. (2) 


Here, 
c 


f= 3 
sinc (3) 
and 
cosc = sin gi sind + cos g1 cos dcos(A — Ao), (4) 


where c is the angular distance from the center. The 
inverse FORMULAS are 


¢=sin* (cos esin dit es — o) (5) 


and 


Apt tan- "(san ces sndieine) 
for ¢; ~ +90° 
en Ao + tan 7 (-2) (6) 
for ¢1 = 90° 
Ao + tan™* (2) , 
for ¢1 = —90°, 


with the angular distance from the center given by 
c= fatty. (7) 
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Azimuthal Projection 


see AZIMUTHAL EQUIDISTANT PROJECTION, LAM- 
BERT AZIMUTHAL EQUAL-AREA PROJECTION, ORTHO- 
GRAPHIC PROJECTION, STEREOGRAPHIC PROJECTION 


B*-Algebra 
B 


B*-Algebra 
A BANACH ALGEBRA with an ANTIAUTOMORPHIC IN- 
VOLUTION * which satisfies 


2" =2 (1) 
z*y” = (yx)" (2) 
ee ern e (3) 
(cx)” = ex" (4) 


and whose NORM satisfies 
||zx*|| = ||2||?. (5) 


A C*-ALGEBRA is a special type of B*-algebra. 
see also BANACH ALGEBRA, C’*-ALGEBRA 


Bo-Sequence 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Also called a SIDON SEQUENCE. An INFINITE SE- 


QUENCE of POSITIVE INTEGERS 
1<bi <bo <og3 <... (1) 
such that all pairwise sums 
bi + 85 (2) 


for i <j are distinct (Guy 1994). An example is 1, 2, 4, 
8, 13, 21, 31, 45, 66, 81, ... (Sloane’s A005282). 


Zhang (1993, 1994) showed that 


foo} 


S | 521597. (3) 
~ by 
k=1 


S(B2)= sup 


all B2 sequences 


The definition can be extended to B,-sequences (Guy 
1994), 


see also A-SEQUENCE, MIAN-CHOWLA SEQUENCE 
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B,-Theorem 
If O,:(G) = 1 and if z is a p-element of G, then 


Ly (Ce(2) < E(Ca(2)), 
where Lp is the p-LAYER. 


B-Spline 


e 
P2 P, 


A generalization of the BEZIER CURVE. Let a vector 
known as the KNOT VECTOR be defined 


T= fig tiyesogthn}; (1) 
where T is a nondecreasing SEQUENCE with t; € [0, 1], 
and define control points Po, ..., Pn. Define the degree 
as 

p=m-n-l. (2) 


The “knots” tpi, .. 
KNOTS. 


.; tm-p-1 are called INTERNAL 


Define the basis functions as 


: _ fl iff <t<t41 and ti < teyi 

Nio(f) = ie otherwise (3) 
t—t; tizpti —t 

Nip(t) = - Nip-1(t) + eh Ni+i,p-1(t). 

lity — ti titpy1 — tid 
(4) 

Then the curve defined by 
C(t) = S> PiMio(t) (5) 
i=0 


is a B-spline. Specific types include the nonperiodic B- 
spline (first p+ 1 knots equal 0 and last p+ 1 equal to 
1) and uniform B-spline (INTERNAL KNOTS are equally 
spaced). A B-Spline with no INTERNAL KNOTS is a 
BEZIER CURVE. 


The degree of a B-spline is independent of the number of 
control points, so a low order can always be maintained 
for purposes of numerical stability. Also, a curve is p—k 
times differentiable at a point where k duplicate knot 
values occur. The knot values determine the extent of 
the control of the control points. 


A nonperiodic B-spline is a B-spline whose first p+ 1 
knots are equal to 0 and last p + 1 knots are equal to 
1. A uniform B-spline is a B-spline whose INTERNAL 
KNOTS are equally spaced. 


see also BEZIER CURVE, NURBS CurRVE 
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B-Tree 

B-trees were introduced by Bayer (1972) and Mc- 
Creight. They are a special m-ary balanced tree used in 
databases because their structure allows records to be 
inserted, deleted, and retrieved with guaranteed worst- 
case performance. An n-node B-tree has height O(Ig 2), 
where LG is the LOGARITHM to base 2. The Apple® 
Macintosh® (Apple Computer, Cupertino, CA) HFS fil- 
ing system uses B-trees to store disk directories (Bene- 
dict 1995). A B-tree satisfies the following properties: 


1. The Root is either a LEAF (TREE) or has at least 
two CHILDREN. 


2. Each node (except the ROOT and LEAVES) has be- 
tween [m/2] and m CHILDREN, where fz] is the 
CEILING FUNCTION. 


3. Each path from the RooT to a LEAF (TREE) has the 
same length. 


Every 2-3 TREE is a B-tree of order 3. The number of 
B-trees of order n = 1, 2,... are 0,1, 1, 1, 2, 2, 3, 4, 5, 
8, 14, 23, 32, 43, 63, ... (Ruskey, Sloane’s A014535). 


see also RED-BLACK TREE 
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Baby Monster Group 
Also known as FISCHER’S BABY MONSTER GROUP. The 
SPORADIC GRouP B. It has ORDER 


g4t 313 58.77. 11-13-17-19- 23-31-47. 


see also MONSTER GROUP 
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BAC-CAB Identity 
The VECTOR TRIPLE PRODUCT identity 


A x (Bx C) = B(A-C) - C(A-B). 
This identity can be generalized to n-D 


a2 X ++: X Aan—-1 X (bi X --+ X Dn-1) 


bi on bn-1 
(ay! az: by a2-Dn-i 
@n-1' by @n-1° Ba-1 


see also LAGRANGE’S IDENTITY 


Backtracking 


BAC-CAB Rule 
see BAC-CAB IDENTITY 


Bachelier Function 
see BROWN FUNCTION 


Bachet’s Conjecture 
see LAGRANGE’S FOUR-SQUARE THEOREM 


Bachet Equation 
The DIOPHANTINE EQUATION 


2 +k=y’, 


which is also an ELLIPTIC CURVE. The general equation 
is still the focus of ongoing study. 


Backhouse’s Constant 
Let P(z) be defined as the POWER series whose nth term 
has a COEFFICIENT equal to the nth PRIME, 


oo 
P(z)= So pea" = 14224307 +52°47244+112°+..., 
k=0 


and let Q(x) be defined by 


1 oo 
Q2) = pay = ae 


Then N. Backhouse conjectured that 


= 1.456074948582689671399595351116.... 


Qn | 


The constant was subsequently shown to exist by P. Fla- 
jolet. 
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Backlund Transformation 
A method for solving classes of nonlinear PARTIAL DIF- 
FERENTIAL EQUATIONS. 


see also INVERSE SCATTERING METHOD 
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Backtracking 

A method of drawing FRACTALS by appropriate num- 
bering of the corresponding tree diagram which does not 
require storage of intermediate results. 


Backus-Gilbert Method 


Backus-Gilbert Method 

A method which can be used to solve some classes of 
INTEGRAL EQUATIONS and is especially useful in im- 
plementing certain types of data inversion. It has been 
applied to invert seismic data to obtain density profiles 
in the Earth. 
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Backward Difference 
The backward difference is a FINITE DIFFERENCE de- 
fined by 

Vp = Vip = fo — f-1- (1) 


Higher order differences are obtained by repeated oper- 
ations of the backward difference operator, so 


Vp = V(Vp) = V(fp - fo-1) = Vip — Vir-1 (2) 
= (fp a fp-1) — (fp-1 - fp-2) 
= fy — 2fp-i + fp-2 (3) 


In general, 


k 


Veevi= (UE \fotem — () 


m=0 


where (*) is a BINOMIAL COEFFICIENT. 


NEWTON’S BACKWARD DIFFERENCE FORMULA ex- 
presses fp as the sum of the nth backward differences 


fp = fot pVo+ 7P(p+1)Vo+ 3P(Pt+1)(p+2)Vo+..-s 

(5) 
where VG is the first nth difference computed from the 
difference table. 


see also ADAMS’ METHOD, DIFFERENCE EQUATION, 
DIVIDED DIFFERENCE, FINITE DIFFERENCE, FOR- 
WARD DIFFERENCE, NEWTON’S BACKWARD DIFFER- 
ENCE FORMULA, RECIPROCAL DIFFERENCE 
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Bader-Deufihard Method 
A generalization of the BULIRSCH-STOER ALGORITHM 
for solving ORDINARY DIFFERENTIAL EQUATIONS. 
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Baguenaudier 

A PUZZLE involving disentangling a set of rings from a 
looped double rod (also called CHINESE RINGS). The 
minimum number of moves needed for n rings is 


n even 


3 ant) — 2) 
5(2"7? —1) n odd. 


By simultaneously moving the two end rings, the num- 
ber of moves can be reduced to 


eee —1 mneven 
qr} n odd. 


The solution of the baguenaudier is intimately related 
to the theory of GRAY CODES. 


References 

Dubrovsky, V. “Nesting Puzzles, Part II: Chinese Rings Pro- 
duce a Chinese Monster.” Quantum 6, 61-65 (Mar.) and 
58-59 (Apr.), 1996. 

Gardner, M. “The Binary Gray Code.” In Knotted Dough- 
nuts and Other Mathematical Entertainments. New York: 
W. H. Freeman, pp. 15-17, 1986. 

Kraitchik, M. “Chinese Rings.” §3.12.3 in Mathematical 
Recreations. New York: W. W. Norton, pp. 89-91, 1942. 

Steinhaus, H. Mathematical Snapshots, 3rd American ed. 
New York: Oxford University Press, p. 268, 1983. 


Bailey’s Method 


see LAMBERT’S METHOD 


Bailey’s Theorem 
Let I'(z) be the GAMMA FUNCTION, then 


I(m+4))? fa i ea | 123)? 4 
Pa et Gh we a) ee 
a 


= [ete] [2 (3) 1, (1:3 aaaee | 
a T(n) a 2 + +( =) at] 
SS 


Baire Category Theorem 

A nonempty complete METRIC SPACE cannot be repre- 
sented as the UNION of a COUNTABLE family of nowhere 
DENSE SUBSETS. 
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Baire Space 

A TOPOLOGICAL SPACE X in which each SUBSET of X 
of the “first category” has an empty interior. A TOPo- 
LOGICAL SPACE which is HOMEOMORPHIC to a complete 
METRIC SPACE is a Baire space. 


Bairstow’s Method 

A procedure for finding the quadratic factors for the 
COMPLEX CONJUGATE ROOTS of a POLYNOMIAL P(z) 
with REAL COEFFICIENTS. 


[x — (a + ib) |[x — (a — ib)] 
=2?42r+(a?+b?)=274+Br+C. (1) 


Now write the original POLYNOMIAL as 


P(e) = (27+ Be+C)Q(z)+Re+S (2) 
OR OR 
R(B+6B,C+65C) = R(B,C)+ => 5B dB+ ac I (3) 
1 os os 
S(B+6B,C + 6C) % 3(B,C)+ 3B —dB+ 5G dC (4) 
OP ps ies 22 | 9 4 OR , 28 
ag == & + Ba+C)aq + Q( \+ 56+ 56 (5) 
a] OR OS 
—Q(x) = (2? + Ba+C)o8 + + 3a tag (6) 
OFS Ste? 20) OF a8 
jp Oo + Ba+C) 55 +aQ(z)+ a5 + a (7) 
(6) os 
—2Q(2) = (a? + Ba + C)S2 + SF 4. (8) 


Now use the 2-D NEWTON’S METHOD to find the simul- 
taneous solutions. 
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Baker’s Dozen 
The number 13. 


see also 138, DOZEN 


Baker’s Map 
The Map 
En4i = 2Uen, (1) 


where x is computed modulo 1. A generalized Baker’s 
map can be defined as 


_ Aakn Yn <a 
note = { (1—Ay)+ATn Ya >a (2) 
Yn 
= ee Yn <a ¢ 
Yat = ‘ =" y, >a, (3) 


Ball Triangle Picking 


where G@ = 1—a, Aa +As < 1, and z and y are computed 
mod 1. The g = 1 g-DIMENSION is 


aln (5) + Bln (5) 
aln(+) + Bln (3) 


If Ag = Ab, then the general g-DIMENSION is 


Dy=14 (4) 


7494 
Dy —,4—2 moi t+ 64) 


q-1 Indra (5) 


References 

Lichtenberg, A. and Lieberman, M. Regular and Stochastic 
Motion. New York: Springer-Verlag, p. 60, 1983. 

Ott, E. Chaos in Dynamical Systems. Cambridge, England: 
Cambridge University Press, pp. 81-82, 1993. 

Rasband, S. N. Chaotic Dynamics of Nonlinear Systems. 
New York: Wiley, p. 32, 1990. 


Balanced ANOVA 

An ANOVA in which the number of REPLICATES (sets 
of identical observations) is restricted to be the same for 
each FACTOR LEVEL (treatment group). 


see also ANOVA 


Balanced Incomplete Block Design 
see BLOCK DESIGN 


Ball 

The n-ball, denoted B”, is the interior of a SPHERE 
S"~!, and sometimes also called the n-DiskK. (Al- 
though physicists often use the term “SPHERE” to mean 
the solid ball, mathematicians definitely do not!) Let 
Vol(B”) denote the volume of an n-D ball of Raptus r. 
Then 


S~ Vol(B") = e7 [1 + erf(r/7)], 


where erf(z) is the ERF function. 


see also ALEXANDER’S HORNED SPHERE, BANACH- 
TARSKI PARADOX, BING’s THEOREM, BISHOP’S IN- 
EQUALITY, BOUNDED, DISk, HYPERSPHERE, SPHERE, 
WILD POINT 
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Ball Triangle Picking 

The determination of the probability for obtaining an 
OBTUSE TRIANGLE by picking 3 points at random in 
the unit DISK was generalized by Hall (1982) to the n- 
D BALL. Buchta (1986) subsequently gave closed form 


Ballantine 


evaluations for Hall’s integrals, with the first few solu- 
tions being 


9 
ee 
uae seat 
Py; = iw 0.53 
Py, = 0.39 
Ps = 0.29. 


The case P2 corresponds to the usual Disk case. 


see also CUBE TRIANGLE PICKING, OBTUSE TRIANGLE 
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Ballantine 
see BORROMEAN RINGS 


Ballieu’s Theorem 
For any set pp = (p11, 412,.--,Hn) of POSITIVE numbers 
with po = 0 and 


bn 
i ee Hi + Hn|bn—el 
O<k<m-1 0 Mk+1 


Then all the EIGENVALUES \ satisfying P(A) = 0, where 
P(A) is the CHARACTERISTIC POLYNOMIAL, lie on the 
DIsk |z| < M,. 
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Ballot Problem 

Suppose A aud B are candidates for office and there are 
2n voters, 7 voting for A and n for B. In how many ways 
can the ballots be counted so that A is always ahead of 
or tied with B? The solution is a CATALAN NUMBER 
Ch. 


A related problem also called “the” ballot problem is to 
let A receive a votes and B b votes with a > b. This ver- 
sion of the ballot problem then asks for the probability 
that A stays ahead of B as the votes are counted (Vardi 
1991). The solution is (a — b)/(a+ 6), as first shown 
by M. Bertrand (Ihlton and Pedersen 1991). Another 
elegant solution was provided by André (1887) using the 
so-called ANDRE’S REFLECTION METHOD. 


The problem can also be generalized (Hilton and Ped- 
ersen 1991). Furthermore, the TAK FUNCTION is con- 
nected with the ballot problem (Vardi 1991). 


see also ANDRE’S REFLECTION METHOD, CATALAN 
NuMBER, TAK FUNCTION 
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Banach Algebra 

An ALGEBRA A over a FIELD F with a NORM that. 
makes A into a COMPLETE METRIC SPACE, and there- 
fore, a BANACH SPACE. F is frequently taken to be the 
COMPLEX NUMBERS in order to assure that the SPEc- 
TRUM fully characterizes an OPERATOR (i.e., the spec- 
tral theorems for normal or compact normal operators 
do not, in general, hold in the SPECTRUM over the REAL 
NUMBERS). 


see also B*-ALGEBRA 


Banach Fixed Point Theorem 

Let f be a contraction mapping from a closed SUBSET 
F of a BANACH SPACE E into F. Then there exists a 
unique z € F such that f(z) = z. 

see also FIXED POINT THEOREM 
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Banach-Hausdorff-Tarski Paradox 
see BANACH-TARSKI PARADOX 


Banach Measure 
An “AREA” which can be defined for every set—even 
those without a true geometric AREA—which is rigid 
and finitely additive. 
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Banach Space 

A normed linear SPACE which is COMPLETE in the norm- 
determined METRIC. A HILBERT SPACE is always a Ba- 
nach space, but the converse need not hold. 


see also BESOV SPACE, HILBERT SPACE, SCHAUDER 
FIXED PoInT THEOREM 


Banach-Steinhaus Theorem 
see UNIFORM BOUNDEDNESS PRINCIPLE 


Banach-Tarski Paradox 

First stated in 1924, this theorem demonstrates that it 
is possible to dissect a BALL into six pieces which can 
be reassembled by rigid motions to form two balls of 
the same size as the original. The number of pieces was 
subsequently reduced to five. However, the pieces are 
extremely complicated. A generalization of this theo- 
rem is that any two bodies in R? which do not extend 
to infinity and each containing a ball of arbitrary size 
can be dissected into each other (they are are EQUIDE- 
COMPOSABLE). 


References 

Stromberg, K. “The Banach-Tarski Paradox.” Amer. Math. 
Monthly 86, 3, 1979. 

Wagon, S. The Banach-Tarski Paradox. New York: Cam- 
bridge University Press, 1993. 


Bang’s Theorem 

The lines drawn to the VERTICES of a face of a TETRA- 
HEDRON from the point of contact of the FACE with the 
INSPHERE form three ANGLES at the point of contact 
which are the same three ANGLES in each FACE. 


References 

Brown, B. H. “Theorem of Bang. Isosceles Tetrahedra.” 
Amer. Math. Monthly 33, 224-226, 1926. 

Honsberger, R. Mathematical Gems II. Washington, DC: 
Math. Assoc. Amer., p. 93, 1976. 


Bankoff Circle 


In addition to the ARCHIMEDES’ CIRCLES C, and C2 in 
the ARBELOS figure, there is a third circle C3 congruent 
to these two as illustrated in the above figure. 


see also ARBELOS 


Barbier’s Theorem 


References 

Bankoff, L. “Are the Twin Circles of Archimedes Really 
Twins?” Math. Mag. 47, 214-218, 1974. 

Gardner, M. “Mathematical Games: The Diverse Pleasures 
of Circles that Are Tangent to One Another.” Sci. Amer. 
240, 18-28, Jan. 1979. 


Banzhaf Power Index 

The number of ways in which a group of n with weights 
” 1 we = 1 can change a losing coalition (one with 

So wi < 1/2) to a winning one, or vice versa. It was 

proposed by the lawyer J. F. Banzhaf in 1965. 


References 
Paulos, J. A. A Mathematician Reads the Newspaper. New 
York: BasicBooks, pp. 9-10, 1995. 


Bar (Edge) 
The term in rigidity theory for the EDGES of a GRAPH. 


see also CONFIGURATION, FRAMEWORK 


Bar Polyhex 


A POLYHEX consisting of HEXAGONS arranged along a 
line. 


see also BAR POLYIAMOND 


References 

Gardner, M. Mathematical Magic Show: More Puzzles, 
Games, Diversions, Illusions and Other Mathematical 
Sleight-of-Mind from Scientific American. New York: 
Vintage, p. 147, 1978. 


Bar Polyiamond 


DISET, 


A POLYIAMOND consisting of EQUILATERAL TRIANGLES 
arranged along a line. 


see also BAR POLYHEX 


References 

Golomb, S. W. Polyominoes: Puzzles, Patterns, Problems, 
and Packings, 2nd ed. Princeton, NJ: Princeton University 
Press, p. 92, 1994. 


Barber Paradox 

A man of Seville is shaved by the Barber of Seville IrrF 
the man does not shave himself. Does the barber shave 
himself? Proposed by Bertrand Russell. 


Barbier’s Theorem 
All CURVES OF CONSTANT WIDTH of width w have the 
same PERIMETER 7rw. 


Bare Angle Center 


Bare Angle Center 
The TRIANGLE CENTER with TRIANGLE CENTER 
FUNCTION 

a=A. 


References 
Kimberling, C. “Major Centers of Triangles.” Amer. Math. 
Monthly 104, 431-438, 1997. 


Barnes G-Function 
see G-FUNCTION 


Barnes’ Lemma 

If a CONTOUR in the COMPLEX PLANE is curved such 
that it separates the increasing and decreasing sequences 
of POLES, then 


of plat )P(8 + a) (y— aT (5-5) ds 


Py.) . 
—% 


_ Tat )P(at 6)0(6+7)0(6 +8) 
T(at+B+7+6) 


where ['(z) is the GAMMA FUNCTION. 


Barnes- Wall Lattice 
A lattice which can be constructed from the LEECH LAT- 
TICE Aga. 


see also COXETER-TODD LATTICE, LATTICE POINT, 
LEECH LATTICE 


References 

Barnes, E. S. and Wall, G. E. “Some Extreme Forms Defined 
in Terms of Abelian Groups.” J. Austral. Math. Soc. 1, 
47-63, 1959. 

Conway, J. H. and Sloane, N. J. A. “The 16-Dimensional 
Barnes-Wall Lattice Ais.” §4.10 in Sphere Packings, Lat- 
tices, and Groups, 2nd ed. New York: Springer-Verlag, 
pp. 127-129, 1993. 


Barnsley’s Fern 
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The ATTRACTOR of the ITERATED FUNCTION SYSTEM 
given by the set of “fern functions” 


0.85 0.04 [0.00 
flan) = | 8, el [+ [sc] a 


Ho 
y 
_ [-0.15 0.28] [2] [0.00 
fo(z,y) = 0.26 al e] + (ost (@) 


20 —0.2 lo. 
pew = [938 ve | J+ | (3) 
0.00 0.00 
falz,y) = Ke ol ki 


(Barnsley 1993, p. 86; Wagon 1991). These AFFINE 
TRANSFORMATIONS are contractions. The tip of the 
fern (which resembles the black spleenwort variety of 
fern) is the fixed point of f;, and the tips of the lowest 
two branches are the images of the main tip under f. 
and fs (Wagon 1991). 

see also DYNAMICAL SYSTEM, FRACTAL, ITERATED 
FUNCTION SYSTEM 
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Barnsley, M. Fractals Everywhere, 2nd ed. Boston, MA: Aca- 
demic Press, pp. 86, 90, 102 and Plate 2, 1993. 

Gleick, J. Chaos: Making a New Science. New York: Pen- 
guin Books, p. 238, 1988. 
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Barrier 

A number 7 is called a barrier of a number-theoretic 
function f(m) if, for all m <n, m+ f(m) <n. Neither 
the TOTIENT FUNCTION ¢(n) nor the Divisor FUNC- 
TION o(n) has barriers. 


References 


Guy, R. K. Unsolved Problems in Number Theory, 2nd ed. 
New York: Springer-Verlag, pp. 64-65, 1994. 
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The Barth decic is a DECIC SURFACE in complex three- 
dimensional projective space having the maximum pos- 
sible number of ORDINARY DOUBLE POINTS (345). It is 
given by the implicit equation 


8 (x? dy yy? biz) (2 ¢' x”) 
x (a4 + y* +24 Qa? y? 2x? 2? 2y*z? 
+(3+56)(2? +y7 +27 —w’)? (2? +? +27 — (2-0) w? Pw? 
=0 


? 


where ¢ is the GOLDEN MEAN and w is a parameter 
(Endra8, Nordstrand), taken as w = 1 in the above plot. 
The Barth decic is invariant under the ICOSAHEDRAL 
GROUP. 


see also ALGEBRAIC SURFACE, BARTH SEXTIC, DECIC 
SURFACE, ORDINARY DOUBLE POINT 
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Barth Sextic 


The Barth-sextic is a SEXTIC SURFACE in complex 
three-dimensional projective space having the maximum 
possible number of ORDINARY DOUBLE POINTS (65). It 
is given by the implicit equation 


(Ga? — (pty? — 2 yz? — 2) 

—(1+ 2¢)(2? + y? + 2? — w?)?w? = 0. 
where ¢ is the GOLDEN MEAN, and w is a parameter 
(Endra8, Nordstrand), taken as w = 1 in the above plot. 


The Barth sextic is invariant under the ICOSAHEDRAL 
Group. Under the map 


2 2 2 2 
(2,y,2z,w) > (2°, y°,2°,w’), 


Bartlett Function 


the surface is the eightfold cover of the CAYLEY CUBIC 
(Endrag). 


see also ALGEBRAIC SURFACE, BARTH DECIC, CAYLEY 
CuBICc, ORDINARY DOUBLE POINT, SEXTIC SURFACE 
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Bartlett Function 


QgQo000 
Nob DOF 


TTT ws 4 -0. 


The APODIZATION FUNCTION 


val 
‘ 
8] 
‘ 
NI 
NI 
S| 


which is a generalization of the one-argument TRIANGLE 
FUNCTION. Its FULL WIDTH AT HALF MAXIMUM is a. 
Tt has INSTRUMENT FUNCTION 


a 
I(x) = / earns (: - i) dz 
“2 ; 
-| eo artke (14 =) dz 
+f oe trika (2 = =) de. (2) 
f a 


Letting z' = —z in the first part therefore gives 


ie en~2tike (a @ =) gos a e2tike’ (2 2 =) (—dz’) 
a a % a 
= ee (1 re =) dx. (3) 
Rewriting (2) using (3) gives 
I(x) = (e27ike + en 2th) (a - =| ae 


= 2f cos(2rkz) (2 - =) dz. (4) 


Integrating the first part and using the integral 


fs cos(br) dx = = cos(bz) + : sin(bx) (5) 


Barycentric Coordinates 


for the second part gives 


_ , | sin(QQrkz) 
a2 | Ink 

a {ap 

a | 4n?k? 


_ sin(27ka) 
= 2 fea - 


1 | cos(2rka) — 1 i asin(27ka) 
a 4n?k? 2k 
sin?(zka) 


Qn ak? 12h? @2 
asinc’ (ka), (6) 


oy stro 
cos(2rkaz) + inh sin(27kx) . 


[cos(2rka) — 1] =a 


where sinc z is the SINC FUNCTION. The peak (in units 
of a) is 1. The function I(x) is always positive, so there 
are no NEGATIVE sidelobes. The extrema are given by 
letting @ = wka and solving 


d {sin a sin Z sin ~ Bcos ZB 
(oa ) Seca — agg ee, 
sin G(sin 8 — Bcos 8) — 0 (8) 
sin 3 — BcosB =0 (9) 
tan B = B. (10) 


Solving this numerically gives 6 = 4.49341 for the first 
maximum, and the peak POSITIVE sidelobe is 0.047190. 
The full width at half maximum is given by setting z = 
aka and solving 


sinc? x = } (11) 


for 21/2, yielding 
1/2 = wk 2a = 1.39156. (12) 
Therefore, with D = 2a, 


0.885895 1.77179 
= — 


FWHM = 2ki/o = (13) 


see also APODIZATION FUNCTION, PARZEN APODIZA- 
TION FUNCTION, TRIANGLE FUNCTION 


Reterences 
Bartlett, M.S. “Periodogram Analysis and Continuous Spec- 
tra.” Biometrika 37, 1-16, 1950. 


Barycentric Coordinates 
Also known as HOMOGENEOUS COORDINATES or TRI- 
LINEAR COORDINATES. 


see TRILINEAR COORDINATES 


Base Curve 
see DIRECTRIX (RULED SURFACE) 
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Base (Logarithm) 

The number used to define a LOGARITHM, which is then 
written log,. The symbol logz is an abbreviation for 
logy, £, nz for log, x (the NATURAL LOGARITHM), and 
lg x for log, x. 


see also E, LG, LN, LOGARITHM, NAPIERIAN LOGA- 
RITHM, NATURAL LOGARITHM 


Base (Neighborhood System) 

A base for a neighborhood system of a point z is a col- 
lection N of OPEN SETS such that z belongs to every 
member of N, and any OPEN SET containing «x also con- 
tains a member of N as a SUBSET. 


Base (Number) 

A REAL NUMBER z can be represented using any INTE- 
GER number Bb as a base (sometimes also called a RADIX 
or SCALE). The choice of a base yields to a representa- 
tion of numbers known as a NUMBER SYSTEM. In base 
b, the DiciTs 0, 1, ..., 6-1 are used (where, by con- 
vention, for bases larger than 10, the symbols A, B, C, 
...are generally used as symbols representing the DEc- 
IMAL numbers 10, 11, 12, ...). 


Base Name 


2 binary 

3 ternary 

4 quaternary 
5 quinary 

6 senary 

7 septenary 
8 octal 

9 nonary 

10 decimal 

11 uudeuary 


12 duodecimal 
16 hexadecimal 
20 vigesimal 

60 sexagesimal 


Let the base b representation of a number z be written 
(Qn Qn-1 -.. @0-@-1 ..-)b, (1) 


(e.g., 123.45610), then the index of the leading DIGIT 
needed to represent the number is 


n = |log, x}, (2) 


where |x| is the FLOOR FUNCTION. Now, recursively 
compute the successive DIGITS 


«= [Bh ° 


where rz = x and 


ri-1 = 7: — aid (4) 


100 Base Space 


fori =n,n-—1,..., 1, 0,.... This gives the base 6 
representation of x. Note that if x is an INTEGER, then 
i need only run through 0, and that if x has a fractional 
part, then the expansion may or may not terminate. 
For example, the HEXADECIMAL representation of 0.1 
(which terminates in DECIMAL notation) is the infinite 
expression 0.19999...n. 


Some number systems use a mixture of bases for count- 
ing. Examples include the Mayan calendar and the old 
British monetary system (in which ha’pennies, pennies, 
threepence, sixpence, shillings, half crowns, pounds, and 
guineas corresponded to units of 1/2, 1, 3, 6, 12, 30, 240, 
and 252, respectively). 


Knuth has considered using TRANSCENDENTAL bases. 
This leads to some rather unfamiliar results, such as 
equating 7 to 1 in “base 7,” x — 1,. 


see also BINARY, DECIMAL, IIEREDITARY REPRESEN- 
TATION, HEXADECIMAL, OCTAL, QUATERNARY, SEXA- 
GESIMAL, TERNARY, VIGESIMAL 
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Base Space 

The SPACE B of a FIBER BUNDLE given by the Map 
f:E—- B, where E is the TOTAL SPACE of the FIBER 
BUNDLE. 


see also FIBER BUNDLE, TOTAL SPACE 


Baseball 

The numbers 3 and 4 appear prominently in the game 
of baseball. There are 3-3 = 9 innings in a game, and 
three strikes are an out. However, 4 balls are needed for 
a walk. The number of bases can either be regarded as 
3 (cxcluding HOME PLATE) or 4 (including it). 


see BASEBALL COVER, HOME PLATE 


Baseball Cover 


Basis 


A pair of identical plane regions (mirror symmetric 
about two perpendicular lines through the center) which 
can be stitched together to form a baseball (or tennis 
ball). A baseball has a CIRCUMFERENCE of 9 1/8 inches. 
The practical consideration of separating the regions far 
enough to allow the pitcher a good grip requires that 
the “neck” distance be about 1 3/16 inches. The base- 
ball cover was invented by Elias Drake as a boy in the 
1840s. (Thompson’s attribution of the current design 
to trial and error development by C. H. Jackson in the 
1860s is apparently unsubstantiated, as discovered hy 
George Bart.) 


One way to produce a baseball cover is to draw the re- 
gious on 4 SPHERE, then cut them out. However, it is 
difficult to produce two identical regions in this man 
ner. Thompson (1996) gives mathematical expressions 
giving baseball cover curves both in the plane and in 
3-D. J. H. Conway has humorously proposed the follow- 
ing “baseball curve conjecture:” no two definitions of 
“the” baseball curve will give the same answer unless 
their equivalence was obvious from the start. 


see also BASEBALL, HOME PLATE, TENNIS BALL THE- 
OREM, YIN- YANG 
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Basin of Attraction 

The set of points in the space of system variables such 
that initial conditions chosen in this set dynamically 
evolve to a particular ATTRACTOR. 


see also WADA BASIN 


Basis 

A (vector) basis is any SET of n LINEARLY INDEPEN- 
DENT VECTORS capable of generating an n-dimensional 
SuBSPAcE of R”. Given a IlyPERPLANE defined by 


“1 } @2+23 | 4+ a5 =0, 


a basis is found by solving for x1 in terms of r2, 73, 24, 
and #5. Carrying out this procedure, 


@) = —%2—- 23 —- L4—- 15, 
so 
D1 -l1 -l -1 -1 
£2 1 0 0 0 
z3) = x2 0 | +23 1 | +24 QO | +25 0 ‘ 
Za 0 0 1 0 
5 0 0 0 1 


Basis Theorem 


and the above VECTOR form an (unnormalized) BASIS. 

Given a MATRIX A with an orthonormal basis, the MA- 

TRIX corresponding to a new basis, expressed in terms 

of the original X1,...,Xn is 
A’ = [Aki Axn J. 

see also BILINEAR BASIS, MODULAR SYSTEM BASIS, 

ORTHONORMAL BAsIs, TOPOLOGICAL BASIS 


Basis Theorem 
see HILBERT BASIS THEOREM 


Basler Problem 
The problem of analytically finding the value of ¢(2), 
where ¢ is the RIEMANN ZETA FUNCTION. 


References 
Castellanos, D. “The Ubiquitous Pi. Part I.” Math. Mag. 
61, 67-98, 1988. 


Basset Function 


see MODIFIED BESSEL FUNCTION OF THE SECOND 
KIND 


Batch 
A set of values of similar meaning obtained in any man- 
ner. 


References 
Tukey, J. W. Explanatory Data Analysis. Reading, MA: 
Addison-Wesley, p. 667, 1977. 


Bateman Function 
oe 


ky(2) = Ta +n) 


U(- ay, 0, 22) 
for « > 0, where U is a CONFLUENT HYPERGEOMETRIC 
FUNCTION OF THE SECOND KIND. 


see also CONFLUENT HYPERGEOMETRIC DIFFERENTIAL 
EQUATION, HYPERGEOMETRIC FUNCTION 


Batrachion 

A class of CURVE defined at INTEGER values which hops 
from one value to another. Their name derives from the 
word batrachion, which means “frog-like.” Many ba- 
trachions are FRACTAL. Examples include the BLANC- 
MANGE FUNCTION, HOFSTADTER-CONWAY $10,000 SE- 
QUENCE, HOFSTADTER’S Q-SEQUENCE, and MALLOW’S 
SEQUENCE. 


References 
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Bauer’s Identical Congruence 

Let £(m) denote the set of the ¢(m) numbers less than 
and RELATIVELY PRIME to m, where ¢(n) is the To- 
TIENT FUNCTION. Define 


fm(z) = [| (z-2)- (1) 


t(m) 
A theorem of Lagrange states that 
fm(x) = 2*°™ —1 (mod m). (2) 
This can be generalized as follows. Let p be an ODD 
PRIME Divisor of m and p® the highest POWER which 
divides m, then 


f(z) = (a? * — 1)*™/@-Y (mod p*) (3) 


and, in particular, 


fo (x) = (z?-} —1)?"”* (mod p*). (4) 


Furthermore, if m > 2 is EVEN and 2° is the highest 
Power of 2 that divides m, then 


f(x) = (x? — 1)*™/? (mod 2°) (5) 


and, in particular, 


22-2 


fea (x) = (2” — 1) (mod 2°). (6) 


see also LEUDESDORF THEOREM 
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Bauer’s Theorem 
see BAUER’S IDENTICAL CONGRUENCE 


Bauspiel 
A construction for the RHOMBIC DODECAHEDRON. 
References 


Coxeter, H. S. M. Regular Polytopes, 3rd ed. New York: 
Dover, pp. 26 and 50, 1973. 


Bayes’ Formula 


Let A and B; be SETS. CONDITIONAL PROBABILITY 
requires that 


P(AN B;) = P(A)P(B;|A), (1) 
where M denotes INTERSECTION (“and”), and also that 


P(A B;) = P(B; A) = P(B;)P(AIB;) (2) 


102 Bayes’ Theorem 


and 
P(B; A) = P(B;)P(A|B;). (3) 


Since (2) and (3) must be equal, 
P(ANB,) = P(B; NA). (4) 
From (2) and (3), 
P(AN B;) = P(B;)P(A|B3). (5) 


Equating (5) with (2) gives 


P(A)P(B;|A) = P(B;)P(A|B;), (6) 
7 _ P(B;)P(A|B;) 
P(B;|A) = =P (7) 
Now, let 
s=(JA. (8) 


so A; is an event is S and A; A; = @ fori # j, then 


N N 
A=ANS=AN (Ua) =n) (9) 


t=1 t=1 


N N 
P(A) = P| (And) ) = S>P(AN A). (10) 


i=l 


From (5), this becomes 


N 


P(A) = S~ P(A: P(E|As), (11) 


i=1 


sO 
P(A)P(AIA) 


P(Ai|A) = 
Y) P(As)P(AIAs) 


(12) 


see also CONDITIONAL PROBABILITY, INDEPENDENT 
STATISTICS 
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Bayes’ Theorem 
see BAYES’ FORMULA 


Beam Detector 


Bayesian Analysis 

A statistical procedure which endeavors to estimate pa- 
rameters of an underlying distribution based on the ob- 
served distribution. Begin with a “PRIOR DISTRIBU- 
TION” which may be based on anything, including an 
assessment of the relative likelihoods of parameters or 
the results of non-Bayesian observations. In practice, it 
is common to assume a UNIFORM DISTRIBUTION over 
the appropriate range of values for the PRIOR DISTRI- 
BUTION. 


Given the PRIOR DISTRIBUTION, collect data to obtain 
the observed distribution. Then calculate the LIKELI- 
HOOD of the observed distribution as a function of pa- 
rameter values, multiply this likelihood function by the 
PRIOR DISTRIBUTION, and normalize to obtain a unit 
probability over all possible values. This is called the 
POSTERIOR DISTRIBUTION. The MODE of the distribu- 
tion is then the parameter estimate, and “probability 
intervals” (the Bayesian analog of CONFIDENCE INTER- 
VALS) can be calculated using-the standard procedure. 
Bayesian analysis is somewhat controversial because the 
validity of the result depends on how valid the PRIOR 
DISTRIBUTION is, and this cannot be assessed statisti- 
cally. 


see also MAXIMUM LIKELIHOOD, PRIOR DISTRIBUTION, 
UNIFORM DISTRIBUTION 
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Bays’ Shuffle 
A shuffling algorithm used in a class of RANDOM Num- 
BER generators. 
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Beam Detector 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Bean Curve 


A “beam detector” for a given curve C is defined as 
a curve (or set of curves) through which every LINE 
tangent to or intersecting C passes. The shortest 1- 
arc beam detector, illustrated in the upper left figure, 
has length Lj = 7+ 2. The shortest known 2-arc beam 
detector, illustrated in the right figure, has angles 


6; = 1.286 rad (1) 
62 ~ 1.191 rad, (2) 


given by solving the simultaneous equations 
2cos 6, — sin(}62) = 0 (3) 


tan( $01) cos(402) + sin(262)[sec2(262) +1] =2. (4) 


The corresponding length is 


Lz = 2m — 20, — 02 + 2tan(}01) + sec( 362) 
— cos(#62)+tan( $61) sin(5 2) = 4.8189264563.... (5) 


A more complicated expression gives the shortest known 
3-arc length L3 = 4.799891547.... Finch defines 


C= inf Ly 6 
a (6) 


as the beam detection constant, or the TRENCH DIG- 
GERS’ CONSTANT. It is known that DL > r. 
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The PLANE CURVE given by the Cartesian equation 


gita’y?+y* =2(a*? +y’). 
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Beast Number 

The occult “number of the beast” associated in the Bible 
with the Antichrist. It has figured in many numerolog- 
ical studies. It is mentioned in Revelation 13:13: “Here 
is wisdom. Let him that hath understanding count the 
number of the beast: for it is the number of a man; and 
his number is 666.” 


The beast number has several interesting properties 
which numerologists may find particularly interesting 
(Keith 1982-83). In particular, the beast number is 
equal to the sum of the squares of the first 7 PRIMES 


27 4.37457 477 4117 413? 417? = 666, (1) 
satisfies the identity 
(666) = 6-6-6, (2) 


where ¢ is the TOTIENT FUNCTION, as well as the sum 


6-6 
Si = 666. (3) 
i=1 


The number 666 is a sum and difference of the first three 
6th POWERS, : 
666 = 1° — 2° +. 3° (4) 


(Keith). Another curious identity is that there are ex- 
actly two ways to insert “+” signs into the sequence 
123456789 to make the sum 666, and exactly one way 
for the sequence 987654321, 


666 = 14+24+3+4+4 567 + 89 = 1234 456+78+9 
(5) 
666 = 9+ 87+6+543 + 21 (6) 


(Keith). 666 is a REPDIGIT, and is also a TRIANGULAR 
NUMBER 
Te.6 = T36 = 666. (7) 


In fact, it is the largest REPDIGIT TRIANGULAR NUM- 
BER (Bellew and Weger 1975-76). 666 is also a SMITH 
NuMBER. The first 144 DicITs of a — 3, where z is PI, 
add to 666. In addition 144 = (64+ 6) x (646) (Blatner 
1997). 


A number of the form 2? which contains the digits of the 
beast number “666” is called an APOCALYPTIC NUM- 
BER, and a number having 666 digits is called an APOC- 
ALYPSE NUMBER. 
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see also APOCALYPSE NUMBER, APOCALYPTIC NuM- 
BER, BIMONSTER, MONSTER GROUP 
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Beatty Sequence 

The Beatty sequence is a SPECTRUM SEQUENCE with an 
IRRATIONAL base. In other words, the Beatty sequence 
corresponding to an IRRATIONAL NUMBER @ is given by 
[@], [20], [30},..., where |x| is the FLOOR FUNCTION. 
If a and 6 are POSITIVE IRRATIONAL NUMBERS such 
that 


then the Beatty sequences [a], |2a],... and [@], [2], 
... together contain all the POSITIVE INTEGERS without 
repetition. 
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Beauzamy and Dégot’s Identity 
For P, Q, R, and S POLYNOMIALS in n variables 


A 


. . ns 
Byeytn DO 


[P-Q,R-S]= 


where 


A= (RM) (Dy... 
x Pm ®@ OD... 


»Dn)Q(a1,+++58n) 
DIS Gia tall 


D; = 0/02; is the DIFFERENTIAL OPERATOR, [X,Y] is 
the BOMBIERI INNER PRODUCT, and 
PURGORE) ae De Pe 


see also REZNIK’S IDENTITY 


Bei 


Bee 


A 4-POLYHEX. 
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Behrens-Fisher Test 
see FISHER-BEHRENS PROBLEM 


Behrmann Cylindrical Equal-Area 
Projection 

A CYLINDRICAL AREA-PRESERVING projection which 
uses 30° N as the no-distortion parallel. 


References 


Dana, P. H. “Map Projections.” http://www.utexas.edu/ 
depts/grg/gcraft/notes/mapproj/mapproj. html. 


Bei 


Re[Bei z] 


The IMAGINARY PART of 


J,(xe*™*/4) = ber, (x) + ibei,(z). (1) 
The special case v = 0 gives 
Jo(iviz) = ber(z) + ibei(a), (2) 


where Jo(z) is the zeroth order BESSEL FUNCTION OF 
THE FIRST KIND. 


oo ee 
bei(z Toe inn a) : (3) 


see also BER, BESSEL FUNCTION, KEI, KELVIN FuNC- 
TIONS, KER 


Bell Curve 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Kelvin Func- 
tions.” §9.9 in Handbook of Mathematical Functions with 
Formulas, Graphs, and Mathematical Tables, 9th printing. 
New York: Dover, pp. 379-381, 1972. 

Spanier, J. and Oldham, K. B. “The Kelvin Functions.” 
Ch. 55 in An Atlas of Functions. Washington, DC: Hemi- 
sphere, pp. 543-554, 1987. 


Bell Curve 
see GAUSSIAN DISTRIBUTION, NORMAL DISTRIBUTION 


Bell Number 

The number of ways a SET of n elements can be PARTI- 
TIONED into nonempty SUBSETS is called a BELL NuM- 
BER and is denoted B,. For example, there are five 
ways the numbers {1, 2, 3} can be partitioned: {{1}, 


{2}, {3}}, {{1, 2}, {33}, {{1, 3}, {23}, ({1}, {2, 3}}, 
and {{1, 2, 3}}, so Bs = 5. Bo = 1 and the first few 
Bell numbers for n = 1, 2,... are 1, 2, 5, 15, 52, 203, 
877, 4140, 21147, 115975, ... (Sloane’s A000110). Bell 
numbers are closely related to CATALAN NUMBERS. 


The diagram below shows the constructions giving Bz = 
5 and B, = 15, with line segments representing elements 
in the same SUBSET and dots representing subsets con- 
taining a single element (Dickau). 


-~DE>Pbe 


2, COQOQOOVDOOD 
" SOOO 


The INTEGERS By can be defined by the sum 
n 
P= 4 \ (1 


n ’ 
where gf) = o,f 8a STIRLING NUMBER OF THE 


SECOND KIND, or by the generating function 
oO 
x B. 
ev m1 non 


The Bell numbers can also be generated using the BELL 
TRIANGLE, using the RECURRENCE RELATION 


Bice = By G (3) 
k=0 
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a 


where (3) is a BINOMIAL COEFFICIENT, or using the 


formula of Comtet (1974) 


an e 
Bn = - S- =] (4) 


where [z] denotes the CEILING FUNCTION. 


The Bell number B,, is also equal to én(1), where $n(zx) 
is a BELL POLYNOMIAL. DOBINSKI’s FORMULA gives 
the nth Bell number 


B,= 25> %. (5) 


Lovasz (1993) showed that this formula gives the asymp- 
totic limit 


Baw Om Cheba a aa (6) 
where A(n) is defined implicitly by the equation 
An) log[A(n)] = n. (7) 


A variation of DOBINSKI’S FORMULA gives 


ae 


for 1 < k <n (Pitman 1997). de Bruijn (1958) gave the 
asymptotic formula 


In Bn 1 
on Inn -Ininn-1+ 2224 
Inn Inn 


1 /Ininn\? InInn 
+5 ( Inn ) +0) meal. ”) 


TOUCHARD’S CONGRUENCE states 


Bpsk = Be + Besi (mod p), (10) 


when p is PRIME. The only PRIME Bell numbers for 
n < 1000 are Bo, Bs, By, Biz, Baz, and Bss. The Bell 
numbers also have the curious property that 


Bo B, Be tee Bn 

B, By Bs Bn+i = 
; ; =[Je ay 
: : : : s ror 

Bn Basi Bute oat oA Bon 


(Lenard 1986). 


see also BELL POLYNOMIAL, BELL TRIANGLE, DOBIN- 
SKI’S FORMULA, STIRLING NUMBER OF THE SECOND 
Kinp, TOUCHARD’S CONGRUENCE 


106 Bell Polynomial 


References 

Bell, E. T. “Exponential Numbers.” Amer. Math. Monthly 
41, 411-419, 1934. 

Comtet, L. Advanced Combinatorics. Dordrecht, Nether- 
lands: Reidel, 1974. 

Conway, J. H. and Guy, R. K. In The Book of Numbers. New 
York: Springer-Verlag, pp. 91-94, 1996. 

de Bruijn, N. G. Asymptotic Methods in Analysis. New York: 
Dover, pp. 102-109, 1958. 

Dickau, R. M. “Bell Number Diagrams.” http:// forum . 
swarthmore.edu/advanced/robertd/bell .html. 

Gardner, M. “The Tinkly Temple Bells.” Ch. 2 in Fractal 
Music, Hypercards, and More Mathematical Recreations 
from Scientific American Magazine. New York: W. H. 
Freeman, 1992. 

Gould, H. W. Bell & Catalan Numbers: Research Bibliogra- 
phy of Two Special Number Sequences, 6th ed. Morgan- 
town, WV: Math Monongliae, 1985. 

Lenard, A. In Fractal Music, Hypercards, and More Math- 
ematical Recreations from Scientific American Magazine. 
(M. Gardner). New York: W. H. Freeman, pp. 35-36, 
1992. 

Levine, J. and Dalton, R. E. “Minimum Periods, Modulo p, 
of First Order Bell Exponential Integrals.” Math. Comput. 
16, 416-423, 1962. 

Lovasz, L. Combinatorial Problems and Exercises, 2nd ed. 
Amsterdam, Netherlands: North-Holland, 1993. 

Pitman, J. “Some Probabilistic Aspects of Set Partitions.” 
Amer. Math. Monthly 104, 201-209, 1997. 

Rota, G.-C. “The Number of Partitions of a Set.” Amer. 
Math. Monthly 71, 498-504, 1964. 

Sloane, N. J. A. Sequence A000110/M1484 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Bell Polynomial 
14} 


12} 


0.8 1 


0.2 0.4 0.6 
Two different GENERATING FUNCTIONS for the Bell 


polynomials for n > 0 are given by 


7 oe kr-1yk 
on({x) =e S> (k=)! 
k=1 
or 
n-1 1 
ee 
dn{x) = 2 (fay) 22, 
k=1 
where (7) is a BINOMIAL COEFFICIENT. 


Beltrami Differential Equation 


The Bell polynomials are defined such that ¢,(1) = Bn, 
where B,, is a BELL NUMBER. The first few Bell poly- 
nomials are 


go(z) =1 
oi{z4)=2 
d2(z) =2+2" 


és(x) = 2+ 3a? + 2° 

oa(z) = 2 +72 + 62° + 24 

és(x) =x + 152" + 252° + 10244 2° 

go(x) = x + 31a? + 902° + 65a* + 152° 4 2°. 


see also BELL NUMBER 
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Bell Triangle 


12 5 15 $2 203 877... 
1 3 10 37 151 674°. 
27 27 114 523°. 

5 20 87 409 ° 
15 67 322 ° 
52 255 ° 
203 *- 


A triangle of numbers which allow the BELL NUMBERS 
to be computed using the RECURRENCE RELATION 


Bayi = S_ Be () 
k=0 


see also BELL NUMBER, CLARK’S TRIANGLE, LEIBNIZ 
HARMONIC TRIANGLE, NUMBER TRIANGLE, PASCAL’S 
TRIANGLE, SEIDEL-ENTRINGER-ARNOLD TRIANGLE 


Bellows Conjecture 
see FLEXIBLE POLYHEDRON 


Beltrami Differential Equation 
For a measurable function uw, the Beltrami differential . 
equation is given by 


fee = pfe, 


where f, is a PARTIAL DERIVATIVE and z* denotes the 
COMPLEX CONJUGATE of z. 


see also QUASICONFORMAL MAP 
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Beltrami Field 


Beltrami Field 
A VECTOR FIELD u satisfying the vector identity 


ux (V xu) =0 


where A x B is the CROSS PRODUCT and V x A is the 
CURL is said to be a Beltrami field. 
see also .DIVERGENCELESS FIELD, 
FIELD, SOLENOIDAL FIELD 


IRROTATIONAL 


Beltrami Identity 

An identity in CALCULUS OF VARIATIONS discovered in 
1868 by Beltrami. The EULER-LAGRANGE DIFFEREN- 
TIAL EQUATION is 


o£ (2L) (1) 


Now, examine the DERIVATIVE of x 


af OF OF of 
dx Oy Ya + OY Yau + Ox" (2) 


Solving for the Of /Oy term gives 


af, df of _ af 3) 


By” ~ dr Bi Ox’ 


Now, multiplying (1) by yz gives 


fs] d {0 
5h — weg ( ) = : (4) 


Oya 


Substituting (3) into (4) then gives 


fy, % 44 (8)o0 


dx Oy Yer By de Oye 
Of d Of \ _ 
~ Ox 7 dz € se Oyz ) aie (8) 


This form is especially useful if f, = 0, since in that case 


d of 
& (f-m ge) 0 (7 


which immediately gives 
of 
f — Ye Oye = C" (8) 


where C’ is a constant of integration. 


The Beltrami identity greatly simplifies the solution for 
the minimal AREA SURFACE OF REVOLUTION about 
a given axis between two specified points. It also al- 
lows straightforward solution of the BRACHISTOCHRONE 
PROBLEM. 

see also BRACHISTOCHRONE PROBLEM, CALCULUS OF 


VARIATIONS, EULER-LAGRANGE DIFFERENTIAL EQUA- 
TION, SURFACE OF REVOLUTION 
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Bend (Curvature) 

Given four mutually tangent circles, their bends are de- 
fined as the signed CURVATURES of the CIRCLES. If the 
contacts are all external, the signs are all taken as Pos- 
ITIVE, whereas if one circle surrounds the other three, 
the sign of this circle is taken as NEGATIVE (Coxeter 
1969). 


see also CURVATURE, DESCARTES CIRCLE THEOREM, 
SODDY CIRCLES 
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Bend (Knot) 
A KNOT used to join the ends of two ropes together to 
form a longer length. 
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Benford’s Law 

Also called the FIRST DIGIT LAW, FIRST DIGIT PHE- 
NOMENON, or LEADING DIGIT PHENOMENON. In list- 
ings, tables of statistics, etc., the DIGIT 1 tends to oc- 
cur with PROBABILITY ~ 30%, much greater than the 
expected 10%. This can be observed, for instance, by 
examining tables of LOGARITHMS and noting that the 
first pages are much more worn and smudged than later 
pages. The table below, taken from Benford (1938), 
shows the distribution of first digits taken from several 
disparate sources. Of the 54 million real constants in 
Plouffe’s “Inverse Symbolic Calculator” database, 30% 
begin with the DicirT 1. 


Title First Digit # 


1 2 3 4 5 6 7 8 9 


Rivers, Area 31.0 16.4 10.7 11.3 7.2 8.65.5 4.2 5.1 335 
33.9 20.414.2 8.1 7.26.2 4.13.7 2.2 3259 
41.314.4 4.8 8.610.658 1.02.9 10.6 104 
Newspapers 30.0 18.0 12.0 10.0 8.06.06.05.0 5.0 100 
Specific Heat 24.0 18.4 16.2 14.6 10.6 4.13.2 4.8 4.1 1389 


Population 
Constants 


Pressure 29.6 18.3.12.8 9.8 8.36.45.74.4 4.7 703 
H.P. Lost 30.0 18.4 11.910.8 8.17.05.15.1 3.6 690 
Mol. Wet. 26.7 25.2 15.4 10.8 6.7 5.14.1 2.8 3.2 1800 
Drainage 27.1 23.9 13.8 12.6 8.25.05.02.5 1.9 159 


Atomic Wet. 47.2 18.7 5.5 44 66443344 5.5 91 
nt, fn 25.7 20.3 9.7 6.8 6.66.8 7.2 8.0 8.9 5000 
Design 26.8 148143 7.5 8.38.47.07.3 5.6 560 
Reader’s Dig. 33.418.512.4 7.5 7.16.55.549 4.2 308 
Cost Data 32.4 18.8 10.110.1 9.85.54.75.5 3.1 741 
X-Ray Volts 27.917.514.4 9.0 8.17.45.15.8 4.8 707 
Am. League 32.7 17.612.6 9.8 7.464495.6 3.0 1458 


Blackbody 31.0 17.3 14.1 8.7 6.67.05.24.7 5.41165 
Addresses 28.919.212.6 88 856.45.65.0 5.0 342 
ni,n?..-n! 25.3 16.0 12.0 10.0 8.58.86.87.1 5.5 900 
Death Rate 27.018.615.7 9.4 6.76.5 7.24.8 4.1 418 
Average 30.6 18.512.4 9.4 8.06.45.14.9 4.7 1011 
Prob. Error 0.8 0.4 0.4 0.3 0.20.20.20.2 0.3 
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In fact, the first SIGNIFICANT DIGIT seems to follow a 
LOGARITHMIC DISTRIBUTION, with 


P(n) & log(n + 1) —logn 


forn=1,...,9. One explanation uses CENTRAL LIMIT- 
like theorems for the MANTISSAS of random variables 
under MULTIPLICATION. As the number of variables in- 
creases, the density function approaches that of a Loc- 
ARITHMIC DISTRIBUTION. 
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Benham’s Wheel 


An optical ILLUSION consisting of a spinnable top 
marked in black with the pattern shown above. When 
the wheel is spun (especially slowly), the black broken 
lines appear as green, blue, and red colored bands! 
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Benson’s Formula 


Bennequin’s Conjecture 
A BRAID with M strands and R components with P 
positive crossings and N negative crossings satisfies 


|IP-N|<2U+M-R<P+N, 


where U is the UNKNOTTING NUMBER. While the 
second part of the INEQUALITY was already known to 
be true (Boileau and Weber, 1983, 1984) at the time 
the conjecture was proposed, the proof of the entire 
conjecture was completed using results of Kronheimer 
and Mrowka on MILNOR’S CONJECTURE (and, indepen- 
dently, using MENASCO’s THEOREM). 


see also BRAID, MENASCO’S THEOREM, MILNOR’S CON- 
JECTURE, UNKNOTTING NUMBER 
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Benson’s Formula 
An equation for a LATTICE SUM with n = 3 


(—1)*t3th+1 


asia 
-()= So 
i,j, k=—00 VE+P +k 
= 120 S 


m,n=1,3,... 


sech?(374/m? + n?). 


Here, the prime denotes that summation over (0, 0, 0) is 
excluded. The sum is numerically equal to —1.74756..., 
a value known as “the” MADELUNG CONSTANT. 


see also MADELUNG CONSTANTS 
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Ber 


Ber 


Im[Ber z) |Ber z| 


The REAL PART of 


Ju(ve*"/*) = ber, (x) + ibei, (zx). (1) 
The special case v = 0 gives 
Jo(iVi x) = ber(x) + ibei(z), (2) 


where Jo is the zeroth order BESSEL FUNCTION OF THE 
First KIND. 
love} 2+4n 
(=1)" (3) 
b = 
er(x) » [n+ 1)!}? 
ne 


(3) 


see also BEI, BESSEL FUNCTION, KEI, KELVIN FUNC- 
TIONS, KER 
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Beraha Constants 
The nth Beraha constant is given by 


2 
Ben = 2+ 2cos (=). 
n 


The first few are 


Be, = 4 
Bez =0 
Be3 = 1 
Beg = 2 
Bes = 3(3 + V5) © 2.618 
Beg =3 


Bez = 2+ 2cos(27) * 3.247.... 


They appear to be RoOoTS of the CHROMATIC POLY- 
NOMIALS of planar triangular GRAPHS. Beg is ¢ + 1, 
where ¢ is the GOLDEN RATIO, and Bey is the SILVER 
CONSTANT. 
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Berger-Kazdan Comparison Theorem 
Let M be a compact n-D MANIFOLD with INJECTIVITY 
radius inj(M). Then 


Vol(M) > Soin) 
= T ’ 


with equality IrFF M is ISOMETRIC to the standard round 
SPHERE S” with RADIUS inj(M), where c,(r) is the 
VOLUME of the standard n-HYPERSPHERE of RADIUS 
rT. 


see also BLASCHKE CONJECTURE, HYPERSPHERE, IN- 
JECTIVE, ISOMETRY 
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Bergman Kernel 

A Bergman kernel is a function of a COMPLEX VARI- 
ABLE with the “reproducing kernel” property defined 
for any DOMAIN in which there exist NONZERO ANA- 
LYTIC FUNCTIONS of class [2(D) with respect to the 
LEBESGUE MEASURE dV. 
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Bergman Space 

Let G be an open subset of the COMPLEX PLANE C, and 
let L?(G) denote the collection of all ANALYTIC FuNc- 
TIONS f : G -+ C whose MODULUS is square integrable 
with respect to AREA measure. Then L2(G), sometimes 
also denoted A*(G), is called the Bergman space for G. 
Thus, the Bergman space consists of all the ANALYTIC 
FUNCTIONS in L?(G). The Bergman space can also be 
generalized to L?(G), where 0 < p < co. 
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(2) 


Rewriting (1) gives 


yr = q(x) — play” = (ez) ~ rela). (3) 
Plugging (3) into (2), 
& = (1 n)la(z) - vpl2)) (4) 
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Now, this is a linear FIRST-ORDER ORDINARY DIFFER- 
ENTIAL EQUATION of the form 


& + vP(z) = (2), (5) 


where P(x) = (1—n)p(x) and Q(z) = (1—n)q(z). It can 
therefore be solved analytically using an INTEGRATING 
FACTOR 


fel? (@) ave 
if P(x) dz 
(1 ~ ny f et? J) #2 9() dz+C 


= : 6 
elon) f ra) ae (6) 


where C' is a constant of integration. If n = 1, then 
equation (1) becomes 


d 
Te = y(q ~- p) (7) 
d 
“i = (q-p)de (8) 
y= Coed [ate)-P(2)] da (9) 


The general solution is then, with C; and C2 constants, 


1/(1-n) 
(len) ein fred ee sen, 
gonn) ple) da 
as forn #1 (20) 
Coed (2) P(@)] de 
forn = 1. 
Bernoulli Distribution 
A DISTRIBUTION given by 
q=l-p forn=0 
P(n) = {3 forn=1 (1) 
= p"(1— p)'"” for n = 0,1. (2) 


The distribution of heads and tails in COIN TOSSING is 
a Bernoulli distribution with p = q = 1/2. The GENER- 
ATING FUNCTION of the Bernoulli distribution is 


he yes Ye m1 o are e(1 —p) +e'p, 


(3) 
so 
M(t) = (1—p) + pe‘ (4) 
M(t) = pet (5) 
M"(t) = pe’ (6) 
M(t) = pe’, (7) 
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and the MOMENTS about 0 are 


uy, == M'(0)=p (8) 
2 = M"(0) =p (9) 
uw, = M'(0) = p. (10) 


The MOMENTS about the MEAN are 


Ha = U2 — (uh)? =p—p” = p(l—p) (11) 
bs = 13 — 3p, + 2(u1)° = p — 3p? + 2p° 
= p(1 — p)(1 — 2p) (12) 


ba = fy — 4pgu + 6y2(u1)” — 3(u1)? 
=p — 4p” + 6p® — 3p" 


= p(l—p)(3p’ — 3p + 1). (13) 


The MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 
then 


=p =P (14) 
o” = [2 = p(l — p) (15) 
we Hs = PP) 2p) 

oF [p(t =p)? 

1— 2p (16) 
p(1 — p) 
_ Hs _g_ P(l— 2p)(2p? — 2p +1) _ 
Be p*{1 — p)? ? 
6p? —6p4+1 
= 17 
p(1 — p) On 
To find an estimator for a population mean, 
N 
a N Ney, _ g\Na 
= > (np)? (1 - 8) 
ie 
= Np-t Nq 
=) 3 (ie ‘ye (1 — 8) 
Np=l 
[0 + (1-0)]%~* = 8, (18) 


so (p) is an UNBIASED ESTIMATOR for 6. The probabil- 
ity of Np successes in N trials is then 


N Np Nq 
- 1 
(x, era —ay"e (19) 
where ; ; 
number of successes} _—§- 7. 
= W =n: (20) 


see also BINOMIAL DISTRIBUTION 


Bernoulli Function 
see BERNOULLI POLYNOMIAL 


Bernoulli Inequality 
Bernoulli Inequality 


(1+2)" >1+nz2, (1) 


wherez € R>-140,ne€Z> 1. This inequality can 
be proven by taking a MACLAURIN SERIES of (1+ x)", 


(1+2)" = 1l+ng+in(n—1)27+3n(n—-1)(n—2)2*4.... 

(2) 
Since the series terminates after a finite number of terms 
for INTEGRAL n, the Bernoulli inequality for x > 0 is 
obtained by truncating after the first-order term. When 
~1 <2 <0, slightly more finesse is needed. In this case, 
let y = |x] = ~x > 0 so that 0 < y < 1, and take 


(1-y)” = 1-ny+43n(n—1)y’ —in(n-1)(n 2)y>+.... 

(3) 
Since each POWER of y multiplies by a number < 1 and 
since the ABSOLUTE VALUE of the COEFFICIENT of each 
subsequent term is smaller than the last, it follows that 
the sum of the third order and subsequent terms is a 
POSITIVE number. Therefore, 


(l-y)" >1-ny, (4) 


or 


(l+2)” >1l+nz2, for -1<2z<0, (5) 


completing the proof of the INEQUALITY over all ranges 
of parameters. 


Bernoulli Lemniscate 
see LEMNISCATE 


Bernoulli Number 

There are two definitions for the Bernoulli numbers. The 
older one, no longer in widespread use, defines the Ber- 
noulli numbers B} by the equations 


em~~1 2 Gn 
n=1 
Biz Box B 
2! 4! 6! At) 
for |x| < 27, or 
bes By?” 
1 t = 2 
9 °° G) d (2n) 
Bix? B3ct  B32® 
a 71 + 61 +... (2) 


for [z| < m (Whittaker and Watson 1990, p. 125). Grad- 
shteyn and Ryzhik (1979) denote these numbers Be, 
while Bernoulli numbers defined by the newer (National 
Bureau of Standards) definition are denoted B, The 
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B;, Bernoulli numbers may be calculated from the inte- 


gral 
Bi =A4n / 
n) 


and analytically from 


« _ 2(2n)! Fan _ 2(2n)! 
Bu = Gaye 2? faqpns(2n) (4) 


eri dt 4 
emt — 1? ( ) 


for n = 1, 2, 
FUNCTION. 


.., where C(z) is the RIEMANN ZETA 


The first few Bernoulli numbers B}, are 


peat 
Bi = 3 
eee 
Bp=4 
Bi=% 

Be = x30 
B}=1 

Bs = “Sy 
By = Tie 
Blo a “eu 
Bi, = 54.618 


Bernoulli numbers defined by the modern definition are 
denoted B, and also called “EVEN-index” Bernoulli 
numbers. These are the Bernoulli numbers returned by 
the Mathematica® (Wolfram Research, Champaign, IL) 
function BernoulliB[n]. These Bernoulli numbers are 
a superset of the archaic ones BF since 


1 forn=0 
—i forn =1 
B,= 2 5 
(—1)'°"/) "1 B* |. for n even (5) 
0 for n odd. 
The B,, can be defined by the identity 
as = ~ Bna™ 
em -17~ 2 nt (6) 
n=O 
These relationships can be derived using the generating 
function 
=~ Br (x)t” 
F(2,t)= Oe, (7) 
n=0 


which converges uniformly for |¢} < 27 and all z (Castel- 
lanos 1988). Taking the partial derivative gives 


> Bn oe tF (a, t). 


(8) 


OF (x,t) _ 2 Bn—1(z)t” 


Ox (n — 1)! 
n=0 
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The solution to this differential equation is 

F(a, t) = T(t)e”’, (9) 
so integrating gives 


ef -1 


[ F(a, t) de = ro [ e*’ dx = T(t) 
7 a, Bi (a) ae 


n=0 0 
=14+05 / Bn(x) dz =1 (10) 


n=l 


or 


te** a Bn(x)t” 
e—1_ Ds n! ap 
n=0 
(Castellanos 1988). Setting « = 0 and adding t/2 to 
both sides then gives 


feo) 


Bont?” 


1 14) _ 
1¢coth(4t) = 2 Ca (12) 
Letting t = 2ia then gives 
co 
on” 
xcotr = D-Boy (13) 
n=0 


for x € {-x,x]. The Bernoulli numbers may also be 
calculated from the integral 


n! z dz 


Be oe rR CET (14) 
or from re 
Hi 
B, = ; 15 
lien ale: (15) 


The Bernoulli numbers satisfy the identity 


k+1 k+1 k+1 
( : ) e+ ( . ) Beat +( : ) itm = 


(16) 
where (%) is a BINOMIAL COEFFICIENT. An asymptotic 
FORMULA is 


an 


lim |Bon| ~ avin (=) (17) 
noo WE 
Bernoulli numbers appear in expressions of the form 
ck k?, where p = 1, 2, .... Bernoulli numbers also 
appear in the series expansions of functions involving 
tanz, cotz, csc z, In| sinaz|, In| cosz|, In| tanz|, tanhz, 
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coth2, and cschz. An analytic solution exists for EVEN 
orders, 


(-1)"712(2n)! a an (—1)"712(2n)! 
Bos ee aha SE 
? (an)?n py (myn S(2R) 
(18) 
for n = 1, 2, ..., where ¢(2n) is the RIEMANN ZETA 
FUNCTION. Another intimate connection with the RIE- 
MANN ZETA FUNCTION is provided by the identity 


Brn = (-1)"*?n¢(1 — 2). (19) 


The DENOMINATOR of Bo, is given by the VON STAUDT- 
CLAUSEN THEOREM 


2k+1 
denom(B2,) = II P; (20) 


p prime 
(p-1)|2k 


which also implies that the DENOMINATOR of Box is 
SQUAREFREE (Hardy and Wright 1979). Another curi- 
ous property is that the fraction part of B,, in DECIMAL 
has a DECIMAL PERIOD which divides n, and there is a 
single digit before that period (Conway 1996). 


Bo=1 

Bi =-} 
B, =} 
B= -4 
B=H 
ee 
Bro = ae 
Biz = — 3730 
Bu=t 

Bio = ~ Sy 
Bas = Set 
By = aiace 
By= sets 


(Sloane’s AQU0367 and A002445). In addition, 
Bony = 0 (21) 


forn = 1, 2,.... 
Bernoulli first used the Bernoulli numbers while com- 


puting pe k?. He used the property of the FIGURATE 
NUMBER TRIANGLE that 


nr 


sao ee (22) 


7#A 
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along with a form for a,; which he derived inductively 
to compute the sums up to n = 10 (Boyer 1968, p. 85). 
For p € Z > 0, the sum is given by 


n 


ad Ipt+1} _ ppt 
Weey Siete B (23) 
k=1 


k=1 Dat 


where the Notation B!*! means the quantity in ques- 
tion is raised to the appropriate POWER k, and all terms 
of the form B™ are replaced with the corresponding Ber- 
noulli numbers B,,. Written explicitly in terms of a sum 
of POWERS, 


2 Bxp! —k41 
5 pi PrP ep 
2* ~ Kip—k+iyt” ‘ 4) 


It is also true that the COEFFICIENTS of the terms in 
such an expansion sum to 1 (which Bernoulli stated 
without proof). Ramanujan gave a number of curi- 
ous infinite sum identities involving Bernoulli numbers 
(Berndt 1994). 


G. J. Fee and S. Plouffe have computed B2o0,000, which 
has ~ 800,000 DiciTs (Plouffe). Plouffe and collabora- 
tors have also calculated B, for n up to 72,000. 


see also ARGOH’S CONJECTURE, BERNOULLI FUNC- 
TION, BERNOULLI POLYNOMIAL, DEBYE FUNCTIONS, 
EULER-MACLAURIN INTEGRATION FORMULAS, EULER 
NUMBER, FIGURATE NUMBER TRIANGLE, GENOCCHI 
NUMBER, PASCAL’S TRIANGLE, RIEMANN ZETA FUNC- 
TION, VON STAUDT-CLAUSEN THEOREM 
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Bernoulli’s Paradox 
Suppose the HARMONIC SERIES converges to h: 


1 
—=h. 


Then rearranging the terms in the sum gives 


which is a contradiction. 
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Bernoulli Polynomial 


There are two definitions of Bernoulli polynomials in 
use. The nth Bernoulli polynomial is denoted here by 
B,,(z), and the archaic Bernoulli polynomial by BF (2). 
These definitions correspond to the BERNOULLI NUM- 
BERS evaluated at 0, 


B, = B,(0) (1) 
By = B7(0). (2) 

They also satisfy 
Bn (1) = (—1)"Bn(0) (3) 


and 
B, (1 — x) = (—1)"B,(z) (4) 
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(Lehmer 1988). The first few Bernoulli POLYNOMIALS 
are 


Bo(x) =1 

Bi(z) = 2-3 

Bo(z) =a? -a2+2 

B3(a) = «2° — 32° + he 

Ba(a) = x4 — 22° + 07 — + 

Bs(x) = a° — 34° 4+ 32° — da 
eB 5, 5,4 1,2 1 

Be{z) = 2° — 32° + 32° -Ge+a 


Bernoulli (1713) defined the POLYNOMIALS in terms of 
sums of the POWERS of consecutive integers, 


[Bn(m) ~ Bn(0)]. (5) 


Pad 
3 
x 
I] 
Sle 


Euler (1738) gave the Bernoulli POLYNOMIALS B,,(z) in 
terms of the generating function 


te’® = t” 
aq = )0B.(2)—. (6) 
=0 


They satisfy recurrence relation 


aoe = nBy-i(2) (7) 
(Appell 1882), and obey the identity 
Bn(x) =(B+za)", (8) 


where B* is interpreted here as B,(r). Hurwitz gave 


the FOURIER SERIES 


nl = —n 2nike 
B. == ) 
0) =~ Grip ZL es ©) 


for 0 <a <1, and Raabe (1851) found 


m= 


m— 


Bn (« + *) =m-"B,(mz). (10) 


k= 


A sum identity involving the Bernoulli POLYNOMIALS is 


= —(m—-1)B,r(atB)+m(at+f8-1)Bn-i(a+f8) (11) 


for an INTEGER m and arbitrary REAL NUMBERS a and 
B. 

see also BERNOULLI NUMBER, EULER-MACLAURIN IN- 
TEGRATION FORMULAS, EULER POLYNOMIAL 


Bernstein’s Constant 
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Bernoulli’s Theorem 
see WEAK LAW OF LARGE NUMBERS 


Bernoulli Trial 
An experiment in which s TRIALS are made of an event, 
with probability p of success in any given TRIAL. 


Bernstein-Bézier Curve 
see BEZIER CURVE 


Bernstein’s Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let E,(f) be the error of the best uniform approxima- 
tion to a REAL function f(x) on the INTERVAL [—1, 1] 
by REAL POLYNOMIALS of degree at most n. If 


a(x) = |a], (1) 
then Bernstein showed that 


0.267... < lim 2nEan(a) < 0.286. (2) 
nm-+0O 


He conjectured that the lower limit (8) was @ = 
1/(2,/m). However, this was disproven by Varga and 
Carpenter (1987) and Varga (1990), who computed 


@ = 0.2801694990.... (3) 


For rational approximations p(z)/q(x) for p and q of 
degree m and n, D. J. Newman (1964) proved 


Bernstein’s Inequality 


for n > 4. Gonchar (1967) and Bulanov (1975) improved 
the lower bound to 


ev) 2 Bax ge". (5) 


Vjacheslavo (1975) proved the existence of POSITIVE 
constants m and M such that 


m <e"" En n(a) <M (6) 


(Petrushev 1987, pp. 105-106). Varga et al. (1993) con- 
jectured and Stahl (1993) proved that 


lim e™¥?" Bon on(a) = 8. (7) 
noo 
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Bernstein’s Inequality 
Let P be a POLYNOMIAL of degree n with derivative P’. 
Then 

I|P"lloo < n||Plleo, 


where 
[PF tle == mae eC) 
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Bernstein Minimal Surface Theorem 

If a MINIMAL SURFACE is given by the equation z = 
f(x,y) and f has CONTINUOUS first and second PARTIAL 
DERIVATIVES for all REAL « and y, then f is a PLANE. 
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Bernstein Polynomial 
The POLYNOMIALS defined by 


Bin(t) = i Bi art, 


where (7) is a BINOMIAL COEFFICIENT. The Bernstein 
polynomials of degree n form a basis for the POWER 


POLYNOMIALS of degree n. 
see also BEZIER CURVE 


Bernstein’s Polynomial Theorem 

If g(@) is a trigonometric POLYNOMIAL of degree m sat- 
isfying the condition |g(@)| < 1 where @ is arbitrary and 
real, then g'(8@) < m. 
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Bernstein-Szegé Polynomials 
The POLYNOMIALS on the interval [—1,1] associated 
with the WEIGHT FUNCTIONS 


ag?) "1/? 


w(x) = (1— 
w(x) = (1-2*)'/? 


1—z 
me Vite 


also called BERNSTEIN POLYNOMIALS. 
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Berry-Osseen Inequality 

Gives an estimate of the deviation of a DISTRIBUTION 
FUNCTION as a SUM of independent RANDOM VARI- 
ABLES with a NORMAL DISTRIBUTION. 
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Berry Paradox 

There are several versions of the Berry paradox, the 
original version of which was published by Bertrand 
Russell and attributed to Oxford University librarian 
Mr. G. Berry. In one form, the paradox notes that the 
number “one million, one hundred thousand, one hun- 
dred and twenty one” can be named by the description: 
“the first number not nameable in under ten words.” 
However, this latter expression has only nine words, so 
the number can be named in under ten words, so there 
is an inconsistency in naming it in this manner! 


References 
Chaitin, G. J. “he Berry Paradox.” Complezity 1, 26-30, 
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Bertelsen’s Number 

An erroneous value of 1(10°), where 7(z) is the PRIME 
COUNTING FUNCTION. Bertelsen’s value of 50,847,478 
is 56 lower than the correct value of 50,847,534. 
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Bertini’s Theorem 

The general curve of a system which is LINEARLY IN- 
DEPENDENT on a certain number of given irreducible 
curves will not have a singular point which is not fixed 
for all the curves of the system. 
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Bertrand Curves 

Two curves which, at any point, have a common princi- 
pal NORMAL VECTOR are called Bertrand curves. The 
product of the TORSIONS of Bertrand curves is a con- 
stant. 


Bertrand’s Paradox 
see BERTRAND’S PROBLEM 


Bertrand’s Problem 


Bertrand’s Postulate 

If n > 3, there is always at least one PRIME between n 
and 2n — 2. Equivalently, if nm > 1, then there is always 
at least one PRIME between n and 2n. It was proved 
in 1850-51 by Chebyshev, and is therefore sometimes 
known as CHEBYSHEV’S THEOREM. Aun elegant proof 
was later given by Erdés. An extension of this result is 
that ifn > k, then there is a number containing a PRIME 
divisor > k in the sequence n, n+1,...,n+k-—1. (The 
case n = k +1 then corresponds to Bertrand’s postu- 
late.) This was first proved by Sylvester, independently 
by Schur, and a simple proof was given by Erdés. 


A related problem is to find the least value of 8 so that 
there exists at least one PRIME between n and n+O(n*) 
for sufficiently large n (Berndt 1994). The smallest 
known value is 6 = 6/11 +e (Lou and Yao 1992). 


see also CHOQUET THEORY, DE POLIGNAC’S CONJEC- 
TURE, PRIME NUMBER 
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Bertrand’s Problem 

What is the PROBABILITY that a CHORD drawn at RAN- 
DOM on a CIRCLE of RADIUS r has length > r? The an- 
swer, it turns out, depends on the interpretation of “two 
points drawn at RANDOM.” In the usual interpretation 
that ANGLES 6; and @2 are picked at RANDOM on the 
CIRCUMFERENCE, 


However, if a point is instead placed at RANDOM on a 
RADIUS of the CIRCLE and a CHORD drawn PERPEN- 
DICULAR to it, 


pot 
Tr 27 


The latter interpretation is more satisfactory in the 
sense that the result remains the same for a rotated CIR- 
CLE, a slightly smaller CiRCLE INSCRIBED in the first, 
or for a CIRCLE of the same size but with its center 
slightly offset. Jaynes (1983) shows that. the interpre- 
tation of “RANDOM” as a continuous UNIFORM DISTRI- 
BUTION over the RADIUS is the only one possessing all 
these three invariances. 
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Bertrand’s Test 


Bertrand’s Test 
A CONVERGENCE TEST also called DE MORGAN’S AND 
BERTRAND’S TesvT. If the ratio of terms of a SERIES 
{@n}%1 can be written in the form 

an Pn 


ea ee : 
ninn 


1 
Qnt+1 n 


then the series converges if limn-s.fn > 1 and diverges 
if limn-scofn < 1, where limn-,¢ is the LOWER LIMIT 
and limnoo is the UPPER LIMIT?. 


see also KUMMER’S TEST 
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Bertrand’s Theorem 
sce BERTRAND’S POSTULATE 


Besov Space 
A type of abstract SPACE which occurs in SPLINE and 


RATIONAL FUNCTION approximations. The Besov space 
By, is a complete quasinormed space which is a Ba- 
NACH SPACE when 1 < p, g < oo (Petrushev and Popov 
1987). 
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Bessel’s Correction 

The factor (N — 1)/N in the relationship between the 
VARIANCE @ and the EXPECTATION VALUES of the SAM- 
PLE VARIANCE, 


(hs 0a. (1) 


where 
= (2”) — (x). (2) 


For two samples, 


2 
ex Nis1* + Nos2 


- Ni +Nz—-2 ~ (3) 


see also SAMPLE VARIANCE, VARIANCE 
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Bessel Differential Equation 


2 d’y p 
dx? dx 


+ (x* — m*)y = 0. (1) 


Equivalently, dividing through by 2?, 


dy 1d : 
ya ids (1 me) y=0. (2) 


dx? «dz 


The solutions to this equation define the BESSEL FUNC- 
TIONS. The equation has a rcgular SINGULARITY at 0 
and an irregular SINGULARITY at oo. 


A transformed version of the Bessel differential equation 
given by Bowman (1958) is 


a? 5 + (2p + ot + (a2 + B’)y=0. (3) 


The solution is 


y= 2 [Cuda (22") + C2Yq/r (2+")) (4) 


where 
y= VP-P, (5) 


J and Y are the BESSEL FUNCTIONS OF THE First and 
SECOND KINDS, and C, and C2 are constants. Another 
form is given by letting y = +*J, (827), 7 = yx“, and 
€ = Bx" (Bowman 1958, p. 117), then 


dy 2a-1dy 22 w-2, a8 -ny\ _ 
ate de (OR Pe et 


The solution is 


_ J «*[AJn(8x7) + BY, (Gz")) for integral n 
- { AJn (B27) + BI_n(Bx7)| for nonintegral 7. 
(7) 
see also AIRY FUNCTIONS, ANGER FUNCTION, BEI, 
BER, BESSEL FUNCTION, BOURGET’S HYPOTHESIS, 
CATALAN INTEGRALS, CYLINDRICAL FUNCTION, DINI 
EXPANSION, HANKEL FUNCTION, HANKEL’S INTEGRAL, 
HEMISPHERICAL FUNCTION, KAPTEYN SERIES, LIP- 
SCHITZ’S INTEGRAL, LOMMEL DIFFERENTIAL EQUA- 
TION, LOMMEL FUNCTION, LOMMEL’S INTEGRALS, 
NEUMANN SERIES (BESSEL FUNCTION), PARSEVAL’S 
INTEGRAL, POISSON INTEGRAL, RAMANUJAN’S INTE- 
GRAL, RICCATI DIFFERENTIAL EQUATION, SONINE’S 
INTEGRAL, STRUVE FUNCTION, WEBER FUNCTIONS, 
WEBER’S DISCONTINUOUS INTEGRALS 
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Bessel’s Finite Difference Formula 
An INTERPOLATION formula also sometimes known as 


fo = fo + pb1/2 + Ba(55 + 67) + B3dj/o 
+ Ba(5g + 62) + Bsdtjo+..., (1) 


for p € [0,1], where 6 is the CENTRAL DIFFERENCE and 


Bon = Gon = 4 (Eon + Fon) (2) 
Boni = Gonti — Gon = $ (Fon — Exn) (3) 
Eon = Gan — Ganzi = Ban — Bansi (4) 
Fon = Gonti = Ban + Ban+1, (5) 


where G;, are the COEFFICIENTS from GAuSSs’s BACK- 
WARD FORMULA and GAUSS’S FORWARD FORMULA and 
E, and F, are the COEFFICIENTS from EVERETT’S ForR- 
MULA. The Bxs also satisfy 


Bon (p) a Bon(q) (6) 
Bonyi(p) = —Ban+1(4); (7) 

for 
q=1—p. (8) 


see also EVERETT’S FORMULA 
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Bessel’s First Integral 
i es , 
Jn(x) = =i cos(n@ — zsin 6) dé, 
I 0 


where J,(x) is a BESSEL FUNCTION OF THE FIRST 
KIND. 


Bessel’s Formula 


see BESSEL’S FINITE DIFFERENCE FORMULA, BES- 
SEL’S INTERPOLATION FORMULA, BESSEL’S STATISTI- 
CAL FORMULA 


Bessel Function 
A function Z(z) defined by the RECURRENCE RELA- 
TIONS 


Zm+1 + Zm-1 = ar Zi 


and Z 
Zm+1 = Zm-1 = -2-——. 
dx 


Bessel Function of the First Kind 


The Bessel functions are more frequently defined as so- 
lutions to the DIFFERENTIAL EQUATION 
2 d’y 


i dx? Ta 


2 


m)y = 0. 


There are two classes of solution, called the BESSEL 
FUNCTION OF THE FIRST KIND J and BESSEL FUNC- 
TION OF THE SECOND KIND Y. (A BESSEL FUNCTION 
OF THE THIRD KIND is a special combination of the first 
and second kinds.) Several related functions are also de- 
fined by slightly modifying the defining equations. 


see also BESSEL FUNCTION OF THE FIRST KIND, 
BESSEL FUNCTION OF THE SECOND KIND, BESSEL 
FUNCTION OF THE THIRD KIND, CYLINDER FUNC- 
TION, HEMICYLINDRICAL FUNCTION, MODIFIED BES- 
SEL FUNCTION OF THE FIRST KIND, MODIFIED BESSEL 
FUNCTION OF THE SECOND KIND, SPHERICAL BESSEL 
FUNCTION OF THE FIRST KIND, SPHERICAL BESSEL 
FUNCTION OF THE SECOND KIND 
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Bessel Function of the First Kind 


The Bessel functions of the first kind J,,(z) are defined as 
the solutions to the BESSEL DIFFERENTIAL EQUATION 


v2 42-2 + (2? ~m’*)y=0 (1) 


which are nonsingular at the origin. They are some- 
times also called CYLINDER FUNCTIONS or CYLINDRI- 
CAL HARMONICS. The above plot shows J,(z) forn = 1, 
oa Be 


To solve the differential equation, apply FROBENIUS 
METHOD using a series solution of the form 


foe) oO 
y= a* :s ane” = Ss ana” *, (2) 
n=0 


n=) 


Plugging into (1) yields 


2 Set n)(k-+n—lanett™? 


n=0 
CO [a 2) 
+a So(k + nana tr} +a? S- ana*t” 
n=0 =0 


oO 
am? Sons =0 (9 


nex0 


Sok +n)(k+n—-1)ane**” + Silk +n)ana*t” 


n=0 n=0 
oo oo 
+ ) An—22"*” — m? ana” t* — 0. (4) 
n=2 n=0 


The INDICIAL EQUATION, obtained by setting n = 0, is 


ao[k(k — 1) +k —m?] =ao(k? —m?)=0. (5) 


Since ag is defined as the first NONZERO term, k?—m? = 
0,sok=-+m. Now, if k = m, 


Yol(m +n)(m+n—1)+ (m+n) —m’Janz™*” 


n=0 


+S" anoz™*" =0 (6) 
na2 
Sol(m +n) ~m Janz + Sl ene" =0 (7) 
n=0 nd 
»- n(2m + njana™*” + ys Qn-20" *" =0 (8) 
n=0 n=2 


ai(2m +1) + S [ann(2m +n) +an_2]2"?” = 0. (9) 


n=2 
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First, look at the special case m = —1/2, then (9) be- 
comes 


So lann(n -1)4+ On—2|2""*" =0, (10) 


so 


dn =~ : yon-2 ay 


n(n-1 


Now let n = 21, where 1 = 1, 2,.... 


<2, 1 
a2 = ~ oat — 1) 9"? 
= (-1)! 
~ [al(ai = 1)[f2@ — 1)(2t— 8)]---(2-1- 1] ° 
—1) 
= ait ; nie M2) 


which, using the identity 2°J!(21 — 1)!! = (21)!, gives 


aq = are (13) 


Similarly, letting n = 21+ 1 


1 
Q2i4+1 = ~ + n(n 2? 


- (ey 
~ pial + Dad — HNQi— D)--- (2-1-3) 


(14) 


which, using the identity 2'1!(2/ + 1)!! = (214+ 1)!, gives 


__ {-1) ee 9 
Pate Sense ye ed (15) 


Plugging back into (2) with k =m = —1/2 gives 


oO 
y= gif? > ana” 
n=0 
n--1,3,5,... n=0,2,4,... 
foe] oO 
a gi? ps ot om > cae 
1=0 1=0 
oO 1 band I 
= 7 i/2 (-1) 21 (~1) 2141 
a) Ds (nr #0 > ora 
l=0 t=0 
= 2 */* (ao cos 2 + a1 sinz). (16) 


The BESSEL FUNCTIONS of order +1/2 are therefore de- 


fined as 
2 
J_yj2(2) = 4] te (17) 
2, 
Jijo(x) = 4/ 7g ine, (18) 
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so the general solution for m = +1/2 is 
y= ao J—1/2(z) + ay Jy /2(a). (19) 


Now, consider a general m # —1/2. Equation (9) re- 
quires 


a1(2m +1) =0 (20) 
fann(2m +n) + an-2]z™t" = 0 (21) 
for n = 2, 3,..., so 
a, =0 (22) 
1 
sa ae OPIN a (23) 
for n = 2, 3, .... Let n = 21+ 1, where 1 = 1, 2,..., 
then 
: a 
Q2i41 = a 
ae GEE Devan oo 
=...=f(n,m)ai = 0, (24) 


where f(n,m) is the function of | and m obtained by 
iterating the recursion relationship down to ai. Now let 


n = 2l, where 1 = 1, 2,..., 80 
= 1 = 1 
a2 = ~ 81(2m + 21) 2"? = 4i(m +1 +0 a21-2 
= (=1)! ; 
~ fal(m + DAC — D(m+l—1]--- (4: (mF Dj” 
(25) 


Plugging back into (9), 


= 
y= a,2 7 


(-1)' Qlim 
[4i(m + Dae 1)Gn $11) [4- (ms) 


g 
J 
Elv}e 


((=1)'m(m ~ 1) 
[4l(m + D4 —1)(m +l — DD) 


1j22tt™ 


fal — I) 


= a 


tM 


o yn (-1)!'m! 
o> ae rae (m a oH eo 2 21m +H! (26) 
i=0 i=0 


Now define 


oe ety 
cana = 
Jin (z) = acne 27 
(x) Bmi(m+ De Gh 
1=0 
where the factorials can be generalized to GAMMA 
FUNCTIONS for nonintegral m. The above equation then 
becomes 


Y = a92" mM! Im (2) = ApJ m(a). (28) 
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Returning to equation (5) and examining the case k = 
—m, 


a\(1—2m)+ S$ lann(n —2m)+an-2]z"~™ = 0. (29) 


n=2 


However, the sign of m is arbitrary, so the solutions must 
be the same for +m and ~m. We are therefore free to 
replace —m with —|ml, so 


Co 
ai(1 + 2|m|) + S$ [ann(n + 2\m]) + an-a}al™'*” =0, 
n=2 
(30) 
and we obtain the same solutions as before, but with m 
replaced by |m|]. 


foe} -1)! ™m 
ar earn? | for |m| # ~} 
Im({z) = J 25 cos for m = —} 
J/+sinaz for m = 3. 
(31) 
We can relate Jm and J-m (when m is an INTEGER) by 
writing 
(1) atm 
R=) ee 32) 
m(z) 2 22!—m]!(1 — m)! ( 
Now let | =l' +m. Then 
= (sijF ae 2l/+m 
pea = ; aren Bem my 
-1 Utm 
= > ey gilt 
Le BEEMINY + mm)! 
(=1)* Pa 2’ tm 
us 3 eat Enel oy 
But I’! = oo for l' = —m,...,—1, so the DENOMINA- 


TOR is infinite and the terms on the right are zero. We 
therefore have 


1)'+™ 


g?it =. m 
m/( => man ia my itd ( 1) Jm (zx). 


(34) 


Note that the BESSEL DIFFERENTIAL EQUATION is 
second-order, so there must be two linearly independent 
solutions. We have found both only for |m| = 1/2. For 
a general nonintegral order, the independent solutions 
are Jm and J_m. When m is an INTEGER, the general 
(real) solution is of the form 


—— Ci JIm(x) + C2Ym(z), (35) 
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where Jm is a Bessel function of the first kind, Yn 
(a.k.a. Nm) is the BESSEL FUNCTION OF THE SECOND 
KIND (a.k.a. NEUMANN FUNCTION or WEBER FUNC- 
TION), and C; and C2 are constants. Complex solutions 
are given by the HANKEL FUNCTIONS (a.k.a. BESSEL 
FUNCTIONS OF THE THIRD KIND). 


The Bessel functions are ORTHOGONAL in (0, 1] with re- 
spect to the weight factor x. Except when 2n is a NEG- 
ATIVE INTEGER, 


gi? 


= Q2m41/24m41/20 (mm + 1) 


Jm(z) Mo,m(2iz), (36) 


where ['(x) is the GAMMA FUNCTION and Mom is a 
WHITTAKER FUNCTION. 


In terms of a CONFLUENT HYPERGEOMETRIC FUNC- 
TION OF THE FIRST KIND, the Bessel function is written 


(32)" 


aXe) = T(wv+1) 


oFi(v + 1; —427). (37) 


A derivative identity for expressing higher order Bessel 
functions in terms of Jo(z) is 


¢ ) Jo(z), (38) 


In(z) = i"T, (i= 


where T(x) is a CHEBYSHEV POLYNOMIAL OF THE 
First KIND. Asymptotic forms for the Bessel functions 


are Tm (x) ea (5) (39) 


for z <1 and 


Jm(a) © 4] = cos (« = 4) (40) 


for x >> 1. A derivative identity is 


[2 Im(2)] Seis aiay (41) 


An integral identity is 


i u'Jo(u’) du’ = uJi(u). (42) 
0 
Some sum identities are 
1 = [Jo(x)]? + 2[i(x)]? + 2[Je(z)]? +... (43) 
A ie Jo(xz) + 2J2(x) + 2J4(zx) A siéas (44) 


and the JACOBI-ANGER EXPANSION 


ei 0089 Sy S i” In(z)e'”®, (45) 
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which can also be written 
gree Fe eh a9 > i" In (z) cos(n8). (46) 
n=1 
The Bessel function addition theorem states 
In(ytz)= S> Im(y)In-m(z). (47) 


Roots of the FUNCTION J, (xz) are given in the following 
table. 


Ji(z) 
3.8317 
7.0156 

10.1735 

13.3237 

16.4706 


J;(z) 
6.3802 
9.7610 

13.0152 

16.2235 

19.4094 


Jax) 
7.5883 
11.0647 
14.3725 
17.6160 
20.8269 


Js (x) 
8.7715 | 
12.3386 
15.7002 
18.9801 
22.2178 


Jz (x) 
5.1336 
8.4172 

11.6198 

14.7960 

17.9598 


2.4048 
5.5201 
8.6537 
11.7915 
14.9309 


Let t, be the nth RooT of the Bessel function Jo(z), 
then 


foe) 


1 
——- = ='0.38479:.. 
y aCe 0.38479 (48) 


n=1 
(Le Lionnais 1983). 


The Roots of its DERIVATIVES are given in the following 
table. 


1 3.8317 | 1.8412 | 3.0542 ; 4.2012 | 5.3175 | 6.4156 
7.0156 | 5.3314 | 6.7061 8.0152 | 9.2824 | 10.5199 
10.1735 | 8.5363 | 9.9695 | 11.3459 | 12.6819 | 13.9872 
13.3237 | 11.7060 | 13.1704 | 14.5858 | 15.9641 | 17.3128 


16.4706 | 14.8636 | 16.3475 | 17.7887 | 19.1960 | 20.5755 


Various integrals can be expressed in terms of Bessel 
functions 


1 Qa i 
Jo{z) = xf e’ cosd¢dd (49) 
Jn(z) = if cos(z sin 8 — n@) dé, (50) 
0 
which is BESSEL’S FIRST INTEGRAL, 


i? 


Jn{z) = = if e'* °° cos(nb) dO (51) 
0 


Qn 
Ta) = —_ a EF Son tein? dp (52) 
forn=1, 2,..., 
2 ae is + 2n 
Jn{z) = 2am [ sin“” ucos(zcosu) du (53) 
for nS 1) 2y548 5 


1 z—-lf/z)_-n—- 
Jn({x) = ri as 1 dy dz (54) 
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for n > —1/2. Integrals involving Ji(x) include 


i Ji(x) dz = 1 (55) 
fs} 2 

/ |) dz = a (56) 
ss J,(x) 7 _ 1 

| 22 ade = 5. (57) 


see also BESSEL FUNCTION OF THE SECOND KIND, DE- 
BYE’S ASYMPTOTIC REPRESENTATION, DIXON-FERRAR 
FORMULA, HANSEN-BESSEL FORMULA, KAPTEYN SE- 
RIES, KNESER-SOMMERFELD FORMULA, MEHLER’S 
BESSEL FUNCTION FORMULA, NICHOLSON’S FORMULA, 
POISSON’S BESSEL FUNCTION FORMULA, SCHLAFLI’S 
FORMULA, SCHLOMILCH’S SERIES, SOMMERFELD’S 
FORMULA, SONINE-SCHAFHEITLIN FORMULA, WAT- 
SON’S FORMULA, WATSON-NICHOLSON FORMULA, WE- 
BER’S DISCONTINUOUS INTEGRALS, WEBER’S FOR- 
MULA, WEBER-SONINE FORMULA, WEYRICH’S FOR- 
MULA 
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Bessel Function Fourier Expansion 

Let n > 1/2 and a1, ag, ...be the POSITIVE ROooTs 
of Jn(x) = 0. An expansion of a function in the inter- 
val (0,1) in terms of BESSEL FUNCTIONS OF THE FIRST 
KIND 


f(z) = > ArJn(zar), (1) 
t=1 


has COEFFICIENTS found as follows: 


1 oo 1 
| ef(a)In(aar)de = SA, f ZIn (rar) In (rar) dz. 


0 0 

(2) 
But ORTHOGONALITY of BESSEL FUNCTION ROOTS 
gives 


r=1 


1 
i tJn(xa1)Jn(ra,) dz = 1 6irJns1’ (ar) (3) 
0 


Bessel Function of the Second Kind 


(Bowman 1958, p. 108), so 


1 oO 
| tf(x)Jn(xa) dx = $ > A, 61,rIng1' (xO) 
o 


r=1 


= Ai Jn417 (an), (4) 


and the COEFFICIENTS are given by 
2 1 
Al = ioe f xf (x)Jn (raz) dz. 5 
Jnsi?(o) Jo te) 7am) (5) 
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Bessel Function of the Second Kind 
QO. 4t 
0.21 


A Bessel function of the second kind Y,,(x) is a solution 
to the BESSEL DIFFERENTIAL EQUATION which is sin- 
gular at the origin. Bessel functions of the second kind 
are also called NEUMANN FUNCTIONS or WEBER FUNC- 
TIONS. The above plot shows Y,,(xr) for n = 1, 2, ..., 
5. 


Let v = Jm(zx) be the first solution and u be the 
other one (since the BESSEL DIFFERENTIAL EQUATION 
is second-order, there are two LINEARLY INDEPENDENT 
solutions). Then 


ru’ +u+2u=0 (1) 


zu) +v +zv=0. (2) 
Take v x (1) — u x (2), 


z(u"v — uv") +u'v —uv' =0 (3) 
d 4 i 
qq ltlu v—uv )] =0, (4) 


so z(u'v — uv’) = B, where B is a constant. Divide by 
2 
xv’, 


uly — uv" d {u B 
v2 ~ dr (5) ~ gy? (5) 
u dz 
i A+B so (6) 


Bessel Function of the Third Kind 


Rearranging and using v = Jm(z) gives 


EZ AGE BIS / AIS 


= A’ Im (&) te BY m(2), (7) 


where the Bessel function of the second kind is defined 
by 


Jm(x) cos(mm) — J-m(x) 


Ymn(z) = 


sin(m7) 

ic (—1)Fa™t?* z 
T 2s Qm+2kkl(m + k)! = (5) aay ots be| 
L277 **(m — k 1)! < 
_ Q—m+2k f] (8) 

k=0 
m= 0,1, 2,..., 7 is the EULER-MASCHERONI CON- 
STANT, and 


0 k=0 
b= k ; 9 
{ pe = k # 0. ( ) 
The function is given by 


Y,(z) = zf sin(z sin 0 — n@) dé 
ty) 
= =a [e™* +e ™*(-1) "Je" 7" dt. (10) 

T Jo 


Asymptotic equations are 


[aa 1s. mr © 
Yn(x) = = sin (e~ * - 7) z>>1, (12) 


where I'(z) is a GAMMA FUNCTION. 


see also BESSEL FUNCTION OF THE FIRST KIND, BOuR- 
GET’s HYPOTHESIS, HANKEL FUNCTION 
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Bessel Function of the Third Kind 
see HANKEL FUNCTION 
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Bessel’s Inequality 
If f(x) is piecewise CONTINUOUS and has a general 
FOURIER SERIES 

S> aidi(x) (1) 


t 


with WEIGHTING FUNCTION w(z), it must be true that 


2 
i oe) w(a)de>0 (2) 


t 


/ F?(a)u(2) dz - 2 a4 / fea @wleyae 
+a? [oA@we)ae 20. () 


But the COEFFICIENT of the generalized FOURIER SE- 
RIES is given by 


ae i. fo enloulaaz; (4) 


So 


[ Peweyae _ 250 a; + Soa? >0 (5) 


[ P@we)arz No’ (6) 


Equation (6) is an inequality if the functions ¢; are not 

COMPLETE. If they are COMPLETE, then the inequality 

(2) becomes an equality, so (6) becomes an equality and 

is known as PARSEVAL’S THEOREM. If f(a) has a simple 

FOURIER SERIES expansion with COEFFICIENTS ao, a1, 
., Qn and b;,..., bn, then 


5a0° + So (ax? +b”) < | [f(z))’ de. (7) 
k=1 ae 


The inequality can also be derived from SCHWARZ’S IN- 
EQUALITY 


| (fla)? < (fIF) (ala) (8) 


by expanding g in a superposition of EIGENFUNCTIONS 
of f,g = )0, aifi. Then 


(fla) = So ai (fifi) < Soa: (9) 


a 


I(flg)? < =e - (= | = -) 


i i 


= So aias* < (fIf) (alg) (20) 


124 Bessel’s Interpolation Formula 


If g is normalized, then (g|g) = 1 and 


(ff) = So aia’. (11) 


see also SCHWARZ'S INEQUALITY, TRIANGLE INEQUAL- 
ITY 
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Bessel’s Interpolation Formula 
see BESSEL’S FINITE DIFFERENCE FORMULA 


Bessel Polynomial 
see BESSEL FUNCTION 


Bessel’s Second Integral 
see POISSON INTEGRAL 


Bessel’s Statistical Formula 


— ’ (1) 
ow/VN yor (wi -w)? 
N(N-1) 
where 
WM = 2) ~- Fe (2) 
w = Ma) — M2) (3) 
N=N,+N2. (4) 
Beta 


A financial measure of a fund’s sensitivity to market 
movements which measures the relationship between a 
fund’s excess return over Treasury Bills and the excess 
return of a benchmark index (which, by definition, has 
8 = 1). A fund with a beta of @ has performed r = 
(8 — 1) x 100% better (or jr| worse if r < 0) than its 
benchmark index (after deducting the T-bill rate) in up 
markets and |r| worse (or |r| better if r < 0) in down 
markets. 


see also ALPHA, SHARPE RATIO 


Beta Distribution 


Se. on (a. 8} = 41.1) ! ae 
i ’ Pe. 5 | > Micge 


(2. BY ez 
YY L718 F OD 
pa 


Beta Distribution 


A general type of statistical DISTRIBUTION which is re- 
lated to the GAMMA DISTRIBUTION. Beta distributions 
have two free parameters, which are labeled according 
to one of two notational conventions. The usual defini- 
tion calls these a and (, and the other uses #’ = 8 — 1 
and a’ = a — 1 (Beyer 1987, p. 534). The above plots 
are for (a, 8) = (1,1) [solid], (1, 2) [dotted], and (2, 3) 
[dashed]. The probability function P(x) and DIsTRIBU- 
TION FUNCTION D(z) are given by 


_ m\8-1,4-1 
Pte) = OH 
_ T(at+8) -loa-1 
= Tarai") * (1) 
D(a) = I(a;a,6), (2) 


where B(a,b) is the BETA FuNcTION, I(x;a,6) is the 
REGULARIZED BETA FUNCTION, and 0 < x < 1 where 
a, 8 > 0. The distribution is normalized since 


; _T@+8) f) ot 2 
i El) t= Fria) g 4 (1—2)* 1 ay 
_ Tat) a, gy — 


The CHARACTERISTIC FUNCTION is 
p(t) oe iFy (a, a+ b, it). (4) 
The MOMENTS are given by 


fp veg, . Mat B)M(a +7) 
Me = f(s H) al CES ESI EO (5) 


The MEAN is 


_ P(a+B) f’ ot e-1 
= ror | (1-2) "'xdz 
Pa + 8) 
Fare 
_ T(ia+8)T(at+ 1s) a (6) 
~ P(a)T (8) Tia+6B+1)  at+f’ 
and the VARIANCE, SKEWNESS, and KURTOSIS are 
2 a3 
* (a+ BP(o+8 +1) - 
VaR (a+ B+ 2) 
_ 6(a? +0? — 408 - 2078 + B? — 208? + B*) 
= aB(at+B+2)(at+B+3) 
(9) 
The MODE of a variate distributed as G(a, 8) is 
gaat (10) 


at f—-—2 


Beta Function 
In “normal” form, the distribution is written 
4a-2)P* (a1) 


and the MEAN, VARIANCE, SKEWNESS, and KURTOSIS 
are 


Qa 


p= 5 (12) 
2 ap 
= apd Fats) ag 
ye WVe= VO Vet VE Vite+2 (14) 
VoB(a+ B +2) 
3(1+a+ B)(2a? — 2a8 + a7 6 + 26? + a8?) 
my af(a+ B+ 2)\(a+ 6 +3) 
(15) 
see also GAMMA DISTRIBUTION 
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Beta Function 

The beta function is the name used by Legendre and 
Whittaker and Watson (1990) for the EULERIAN INTE- 
GRAL OF THE SECOND KIND. To derive the integral 
representation of the beta function, write the product 
of two FACTORIALS as 


eo oO 
min! | e’u™ au | ev" du. (1) 
0 i) 


2 


Now, let u = 2’, v = y’, so 


i 2 “2 2 
min! = af e* gent ae | e YP") dy 
0 


oO oo 
=a/ i, e722 +¥?) pIm+1 241 da dy. (2) 
—o9 J —oo 


Transforming to POLAR COORDINATES with x = rcos@, 
y=rsing 


n/2 poo 4 
min! = af i e-” (rcosé)’”**(rsin 0)?"**r dr dO 
0 a 
co n/2 
= af en pimtonds ar | cos?” +! @ sin?**! 9 dg 
0 0 


n/2 
= 2(m+n+1)! i: cos’”t? @sin?”*1 9 dO. (3) 
0 
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The beta function is then defined by 
Bim +1,n+1) = B(n+1,m+1) 


a{2 In} 
= af eos’! Hsin gg9 Se (4) 
" (m+n-+1)! 


Rewriting the arguments, 


(p)P(q) _ @- Dg— 1)! 


T(p+q) (p+q-1)! (6) 


B(p,q) = 


The general trigonometric form is 
aw /{2 
/ sin" xcos™ edz = i B(n+3,m+4). (6) 
0 


Equation (6) can be transformed to an integral over 
POLYNOMIALS by letting u = cos? 0, 


In! : 

B(m+1nti)= me | u™(1—u)" du 
7 0) 

(7) 


Femi) = fm ta-wytan. ©) 


B(m,n) id T(m+n) = 


To put it in a form which can be used to derive the 
LEGENDRE DUPLICATION FORMULA, let x = \/u, so 
u= 2’ and du = 2xdz, and 


B(m,n) = i: rman dE es az*)"~1 (22 dz) 
0 
1 
= 2 | a?™-1(1 — 2?)?-1 de. (9) 


To put it in a form which can be used to develop integral 
representations of the BESSEL FUNCTIONS and HYPER- 
GEOMETRIC FUNCTION, let u = z/(1+ 2), so 


u™ du 


, 10 
1+ y)jmtnt2 ( ) 


aime ineny= fo 7 


Various identities can be derived using the GAUSS MUL- 
TIPLICATION FORMULA 


_ [(np)P'(ng) 
Penn) = Tinto + a) 
B(q, 9) B(2q,q):-- B([n— 19,9) © 
Additional identities include 
Tp)T(q+)) _ gi(p+1T(q@) 
PET T(p+q+1) p T([p+1]q) 
= 5B +14) (12) 


B(p,q) = B(p + 1,4) + Blp,q+1) (13) 


126 Beta Function (Exponential) 


B(p,q+1) = pewrtae q)- (14) 


If n is a POSITIVE INTEGER, then 


1-2-n 


EEA ops Dean) 
B(P,P)B(P + P+ 3) = gpa (16) 
B(p+q)B(p+4,r) = B(g,r)B(q +7,P). (17) 


A generalization of the beta function is the incomplete 
beta function 


(18) 


see also CENTRAL BETA FUNCTION, DIRICHLET IN- 
TEGRALS, GAMMA FUNCTION, REGULARIZED BETA 
FUNCTION 
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Beta Function (Exponential) 


Betti Group 


Another “BETA FUNCTION” defined in terms of an in- 
tegral is the “exponential” beta function, given by 


bate) = f te ** dt (1) 


-1 


m1 
= —1)¥z* _ 2 
=nlz t) |e ) ee 5 —_ 
k=0 k=0 


(2) 


The exponential beta function satisfies the RECUR- 
RENCE RELATION 


2Bn(z) = (—1)"e* — 


The first few integral valucs are 


e * +nBn-1(z). (3) 


Bitz) = 2 sme (4) 
Bay = 2(sinh z = cosh z) (5) 
Ha 2(2 + 27) sinh z ~ 4z.coshz (6) 


23 
see also ALPHA FUNCTION 


Beta Prime Distribution 

A distribution with probability function 

eet (1 + a) e78 
B(a,B) ’ 


where B is a BETA FUNCTION. The MODE of a variate 
distributed as 9'(a, B) is 


P(x) = 


a-l 
B+1° 


g= 


If x is a ’(a, B) variate, then 1/z is a 6'(G,a) variate. 
If z is a B(a,) variate, then (1 — x)/x and «/(1 — x) 
are ('(G,a) and @'(a, #) variates. If « and y are y(a1) 
and y(@2) variates, then z/y is a @'(a1, @2) variate. If 
x? /2 and y?/2 are y(1/2) variates, then z? = (x/y)? is 
a §'(1/2, 1/2) variate. 


Bethe Lattice 
see CAYLEY TREE 


Betrothed Numbers 
see QUASIAMICABLE PAIR 


Betti Group 

The free part of the HOMOLOGY GROUP with a domain 
of COEFFICIENTS in the GROUP of INTEGERS (if this 
HOMOLOGY GROUP is finitely generated). 
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Betti Number 


Betti Number 

Betti numbers are topological objects which were proved 
to be invariants by Poincaré, and used by him to ex- 
tend the POLYHEDRAL FORMULA to higher dimensional 
spaces. The nth Betti number is the rank of the nth 
HOMOLOGY GrRouP. Let p, be the RANK of the Ho- 
MOLOGY GrRouP dH, of a TOPOLOGICAL SPACE K. For 
a closed, orientable surface of GENUS g, the Betti num- 
bers are po = 1, p: = 2g, and po = 1. For a nonori- 
entable surface with k CRoss-Caps, the Betti numbers 
are pp = 1, p) =k — 1, and p2 = 0. 


see also EULER CHARACTERISTIC, POINCARE DUALITY 


Bézier Curve 


Po 


e 

P, 
Given a set of n control points, the corresponding Bézier 
curve (or BERNSTEIN-BEZIER CURVE) is given by 


Olt) = 2P.Bin(d), 
i=0 


where B;,,(t) is a BERNSTEIN POLYNOMIAL and t € 
(0, 1]. 


A “rational” Bézier curve is defined by 


C(t) = ae Bi p(t)wiP: 
ae Bip (t)wi 


where p is the order, B;,p are the BERNSTEIN POLYNO- 
MIALS, P; are control points, and the weight w; of P; is 
the last ordinate of the homogeneous point Pj’. These 
curves are closed under perspective transformations, and 
can represent CONIC SECTIONS exactly. 


The Bézier curve always passes through the first and 
last control points and lies within the CONVEX HULL of 
the control points. The curve is tangent to Pi — Po and 
P,, —Pp_-1 at the endpoints. The “variation diminishing 
property” of these curves is that no line can have more 
intersections with a Bézier curve than with the curve 
obtained by joining consecutive points with straight line 
segments. A desirable property of these curves is that 
the curve can be translated and rotated by performing 
these operations on the control points. 


Undesirable properties of Bézier curves are their numer- 
ical instability for large numbers of control points, and 


Bhargava’s Theorem 127 


the fact that moving a single control point changes the 
global shape of the curve. The former is sometimes 
avoided by smoothly patching together low-order Bézier 
curves. A generalization of the Bézier curve is the B- 
SPLINE. 


see also B-SPLINE, NURBS CURVE 


Bézier Spline 
see BEZIER CURVE, SPLINE 


Bezout Numbers 
Integers (A, 4) for a and 6 such that 


Aa + pb = GCD(a, db). 


For INTEGERS ai, ..., Qn, the Bezout numbers are a set 
of numbers ky, ..., kn such that 


kia1 + keag+...+knan = d, 


where d is the GREATEST COMMON DivIisor of a1, ..., 
an. 
see also GREATEST COMMON DIVISOR 


Bezout’s Theorem 

In general, two algebraic curves of degrees m and n in- 
tersect in m-n points and cannot meet in more than m:n 
points unless they have a component in common (i.e., 
the equations defining them have a common factor). 
This can also be stated: if P and Q are two POLYNOMI- 
ALS with no roots in common, then there exist two other 
POLYNOMIALS A and B such that AP + BQ = 1. Simi- 
larly, given N POLYNOMIAL equations of degrees n1, n2, 
...mn in N variables, there are in general ninz2---nw 
common solutions. 


see also POLYNOMIAL 
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Bhargava’s Theorem 

Let the nth composition of a function f(x) be denoted 
f(x), such that f(x) = 2 and f(z) = f(x). De- 
note f o g(x) = f(g(x)), and define 


S> F(a,b,¢) = F(a,b,c) + F(b,c,a) + F(c,a,b). (1) 


Let 
u = (a,b,c) (2) 
jul =Sa+bt+e (3) 
lu}} = at +ot4+c4, (4) 
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and 
f(u) = (filu), fou), fa(u)) (5) 
= (a(b — c), b(c — a), c(a — b)) (6) 
g(u) = (91(%), g2(%), ga (%)) 
= (322, 5 ab?, sabe) : (7) 
Then if |u| ~ 0, 
[IFO 0g (u)|| = 2(ab+ be + ca)?” 3" 
= |19 0 f™(u)II, (8) 
where m,n € {0, 1, ...} and composition is done in 


terms of components. 


see also DIOPHANTINE EQUATION—QUARTIC, FORD’S 

TIIEOREM 
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Bhaskara-Brouckner Algorithm 
see SQUARE ROOT 


Bi-Connected Component 

A maximal SUBGRAPH of an undirected graph such that 
any two edges in the SUBGRAPH lie on a common simple 
cycle. 


see also STRONGLY CONNECTED COMPONENT 


Bianchi Identities 
The RIEMANN TENSOR is defined by 


R ial fe] O* gn 

Auer “9 Ban \ Arr Ax 
PF ouv 8? gan + O Gin 
Oz"Or* Oztdz” § Oz’dx } © 


Permuting v, *, and 7 (Weinberg 1972, pp. 146-147) 
gives the Bianchi identities 


Ryperin + Ryrynujn + Ryprnye = 0. 


see also BIANCHI IDENTITIES (CONTRACTED), RIE- 
MANN TENSOR 
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BIBD 


Bianchi Identities (Contracted) 
CONTRACTING 4 with v in the BIANCHI IDENTITIES 


Ro ypuein + Rayne + Ryycnye =0 (1) 


gives 
Rurnsn i= Runis + RY psn =0. (2) 


CONTRACTING again, 


Rin — Re nip — R’ ny = 0, (3) 

or 
(R*, a 50 DR) ap = 0, (4) 

or 
(RY 1g” R) su =0 (5) 


Bias (Estimator) 
The bias of an ESTIMATOR 6 is defined as 


B(6) = (6) —8. 
It is therefore true that 
6 — 6 = (6 — (6)) + (() — 8) = (6 — (6)) + BOS). 


An ESTIMATOR for which B = 0 is said to be UNBIASED. 
see also ESTIMATOR, UNBIASED 


Bias (Series) 
The bias of a SERIES is defined as 
aiai42 — ai41? 


Qla:, Qi+1, ai+2] = 
Q,Q;414;)2 


A SERIES is GEOMETRIC IFF Q = 0. A SERIES is ARTIS- 
TIC IFF the bias is constant. 


sce also ARTISTIC SERIES, GEOMETRIC SERIES 
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Biased 
An ESTIMATOR which exhibits BIAS. 


Biaugmented Pentagonal Prism 
see JOHNSON SOLID 


Biaugmented Triangular Prism 
see JOHNSON SOLID 


Biaugmented Truncated Cube 
see JOHNSON SOLID 


BIBD 
see BLOCK DESIGN 


Bicentric Polygon 


Bicentric Polygon 


or 


A POLYGON which has both a CIRCUMCIRCLE and an 
INCIRCLE, both of which touch all VERTICES. All TRI- 
ANGLES are bicentric with 


R? aoe 3 — 2Rr, (1) 


where R is the CIRCUMRADIUS, r is the INRADIUS, and s 
is the separation of centers. In 1798, N. Fuss character- 
ized bicentric POLYGONS of n = 4, 5, 6, 7, and 8 sides. 
For bicentric QUADRILATERALS (FUSS’S PROBLEM), the 
CIRCLES satisfy 


2r?(R? — 5”) = (R? — 8”)? — 4r?s? (2) 


(Dorrie 1965) and 


A= vabcd (3) 
§ 
_ 1 [(ac+bd)(ad + be)(ab + cd) 
i= 4 abcd . (4) 
(Beyer 1987). In addition, 
1 1 1 
= 5 
(Roa Rte? (5) 
and 
a+c=b6+d. (6) 
The ARBA of a bicentric quadrilateral is 
A= Vabcd. (7) 


If the circles permit successive tangents around the IN- 
CIRCLE which close the POLYGON for one starting point 
on the CIRCUMCIRCLE, then they do so for all points on 
the CIRCUMCIRCLE. 


see also PONCELET’S CLOSURE THEOREM 
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Beyer, W. H. (Ed.) CRC Standard Mathematical Tables, 
28th ed. Boca Raton, FL: CRC Press, p. 124, 1987. 

Dérrie, H. “Fuss’ Problem of the Chord-Tangent Quadrilat- 
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Bicentric Quadrilateral 
A 4-sided BICENTRIC POLYGON, also called a CYcLic- 
INSCRIPTABLE QUADRILATERAL. 


References 
Beyer, W. H. (Ed.) CRC Standard Mathematical Tables, 
28th ed. Boca Raton, FL: CRC Press, p. 124, 1987. 


Bichromatic Graph 

A GRAPH with EDGES of two possible “colors,” usually 
identified as red and blue. For a bichromatic graph with 
Rred EDGES and B blue EDGEs, 


R+B> 2. 


see also BLUE-EMPTY GRAPH, EXTREMAL COLORING, 
EXTREMAL GRAPH, MONOCHROMATIC FORCED TRI- 
ANGLE, RAMSEY NUMBER 


Bicollared 

A SuBSET X C Y is said to be bicollared in Y if there 
exists an embedding 6 : X x [-1,1] — Y such that 
b(z,0) = z when x € X. The MAP bor its image is then 
said to be the bicollar. 


References 


Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
Perish Press, pp. 34-35, 1976. 


Bicorn 


The bicorn is the name of a collection of QUARTIC 
CURVES studied by Sylvester in 1864 and Cayley in 1867 
(MacTutor Archive). The bicorn is given by the para- 
metric equations 


x =asint 
_ acos? t(2 + cost) 
- 3sin? t : 


The graph is similar to that of the COCKED HAT CURVE. 
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Bicubic Spline 
A bicubic spline is a special case of bicubic interpolation 
which uses an interpolation function of the form 


4 4 
y(@1, a2) = a Soci tw? 
i=l j=l 
4 4 
Yay (z1, 22) = Ye —-s Dena? 
i=l g=1 
4 4 
Yeo (1,22) = > we — Veith tut? 
i=l j=1 
4 4 
Yerea = DY E—NG - Newt ul, 
i=1 j=l 


where ci; are constants and u and ¢ are parameters rang- 
ing from 0 to 1. For a bicubic spline, however, the partial 
derivatives at the grid points are determined globally by 
1-D SPLINES. 


see also B-SPLINE, SPLINE 


References 

Press, W. H.; Flannery, B. P.; ‘Teukolsky, $. A.; and Vetter- 
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Bicupola 

Two adjoined CUPOLAS. 

see also CUPOLA, ELONGATED GYROBICUPOLA, ELON- 
GATED ORTHOBICUPOLA, GYROBICUPOLA, ORTHOBI- 
CUPOLA 


Bicuspid Curve 


> 
iy 


see 


The PLANE CURVE given by the Cartesian equation 


(x? — a?)(a — a)? + (y? — 07)? =0. 


Bicylinder 
see STEINMETZ SOLID 


Bieberbach Conjecture 


Bidiakis Cube 


The 12-VERTEX graph consisting of a CUBE in which two 
opposite faces (say, top and bottom) have edges drawn 
across them which connect the centers of opposite sides 
of the faces in such a way that the orientation of the 
edges added on top and bottom are PERPENDICULAR to 
each other. 


see also KISLIT CUBE, CUBE, CUBICAL GRAPH 


Bieberbach Conjecture 

The nth COEFFICIENT in the POWER series of a UNIVA- 
LENT FUNCTION should be no greater than n. In other 
words, if 


f(z) =ao + arz+aoz7+...+an2"+4+... 


is a conformal transformation of a unit disk on any do- 
main, thenlan| < nlai|. In more technical terms, “ge- 
ometric extremality implies metric extremality.” The 
conjecture had heen proven for the first. six terms (the 
cases n = 2, 3, and 4 were done by Bieberbach, Lowner, 
and Shiffer and Garbedjian, respectively), was known 
to be false for only a finite number of indices (Hayman 
1954), and true for a convex or symmetric domain (Le 
Lionnais 1983). The general case was proved by Louis 
de Branges (1985). De Branges proved the MILIN CoON- 
JECTURE, which established the ROBERTSON CONJEC- 
TURE, which in turn established the Bieberbach conjec- 
ture (Stewart 1996). 
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Bienaymé-Chebyshev Inequality 


Bienaymé-Chebyshev Inequality 
see CHEBYSHEV INEQUALITY 


Bifoliate 


The PLANE CURVE given by the Cartesian equation 


zi + y* = 2ary’. 


References 
Cundy, H. and Rollett, A. Mathematical Models, 3rd ed. 
Stradbroke, England: Tarquin Pub., p. 72, 1989. 


UV 


A Fo.LiumM with b = 0. The bifolium is the PEDAL 
CuRVE of the DELTOID, where the PEDAL POINT is the 
MIDPOINT of one of the three curved sides. The Carte- 
sian equation is 


Bifolium 


(a? +. y?)? = dary’ 
and the POLAR equation is 


228 
r = 4dasin’ 6 cos 6. 


see also FOLIUM, QUADRIFOLIUM, TRIFOLIUM 
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Bifurcation 

A period doubling, quadrupling, etc., that accompanies 
the onset of CHAOS. It represents the sudden appear- 
ance of a qualitatively different solution for a nonlin- 
ear system as some parameter is varied. Bifurcations 
come in four basic varieties: FLIP BIFURCATION, FOLD 
BIFURCATION, PITCHFORK BIFURCATION, and TRANS- 
CRITICAL BIFURCATION (Rasband 1990). 


see also CODIMENSION, FEIGENBAUM CONSTANT, 
FEIGENBAUM FUNCTION, FLIP BIFURCATION, HopF 
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BIFURCATION, LocisTIC MAP, PERIOD DOUBLING, 
PITCHFORK BIFURCATION, TANGENT BIFURCATION, 
TRANSCRITICAL BIFURCATION 
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Applied Nonlinear Dynamical Systems and Chaos. New 
York: Springer-Verlag, pp. 253-419, 1990. 


Bifurcation Theory 
The study of the nature and properties of BIFURCA- 
TIONS. 


see also CHAOS, DYNAMICAL SYSTEM 


Bigraph 
see BIPARTITE GRAPH 


Bigyrate Diminished 
Rhombicosidodecahedron 


see JOHNSON SOLID 


Biharmonic Equation 
The differential equation obtained by applying the BI- 
HARMONIC OPERATOR and setting to zero. 


Vib =0. (1) 


In CARTESIAN COORDINATES, the biharmonic equation 
is 


Vig = V"(V")o 
oe? a a oh e a? 
a (Z: 5 Oy? 7 sa) (sa ss Oy? is es) $ 


_ Hb 9d Od, HO 


Oz* = Oy* = Ozt Ox? Oy? 
a*d , ae 
A 2 Byaz ve Ox? 0z? (2) 


In POLAR CoorDINATES (Kaplan 1984, p. 148) 


4 2 1 2 
Vv to) aa QOrrrr i 72 Prr9e + 74 $0608 + 7 Orr 


2 1 4 1 
=, ra oreo r2 Orr + 4 deo + rs br = 0. (3) 
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For a radial function ¢(r), the biharmonic equation be- 
comes 


von ta tra lea (-@)]} 


2 1 1 
= Qrerr rep rr Oi 4 
Proee + wader + “50 (4) 


Writing the inhomogeneous equation as 


V"¢ — 648, (5) 
we have 
ord — are ECR} 
wrsoerd Pe) o 
(asr+ )anafLZ (4) 
166r? + Cylnr + Cy = 72 (2) (9) 
(16Br° + Cyr Inr + Cor) dr — a(n). (10) 
7 [rovrar = }r7Inr — 3? (11) 
to obtain 


kCor® +C3 = Pld (12) 


4 2 2 
4Br* + O,(r° nr — fr’) + en 


(460° +Cjrnr + Cyr + 2) dr=ds (13) 


r)=Pro4-Oy (gr iInr— gr 
Br) = Br* + Cy (Gr? Inn — Gr’) 
+3C5r° + Calnr+Cz 
= Br* + ar? +64 (cr? 4d)In (=) . (14) 
The homogeneous biharmonic equation can be separated 
and solved in 2-D BIPOLAR COORDINALES. 
References 
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Reading, MA: 


Biharmonic Operator 
Also known as the BILAPLACIAN. 
=(V")*, 


In n-D space, 


1 3(15 — 8n +n?) 
, (=) , 
Tr rs 


see also BIMARMONIC EQUATION 


Billiards 


Bijection 
A transformation which is ONE-TO-ONE and ONTO. 
see also ONE-TO-ONE, ONTO, PERMUTATION 


Bilaplacian 
see BIHARMONIC OPERATOR 


Bilinear 
A function of two variables is bilinear if it is linear with 
respect to cach of its variables. The simplest example is 


f(z, y) = zy. 


Bilinear Basis 
A bilinear basis is a BASIS, which satisfies the conditions 


(ax + by) -2=a(x-z)+b(y-z) 


z- {ax + by) = a(z-x)+b(z-y). 
see also BASIS 


Billiard Table Problem 

Given a billiard table with only corner pockets and sides 
of INTEGER lengths m and n, a ball sent at a 45° angle 
from a corner will be pocketed in a corner after m+n—2 
bounces. 


see also ALHAZEN’S BILLIARD PRORLEM, BILLIARDS 


Billiards 

The game of billiards is played on a RECTANGULAR table 
(known as a billiard table) upon which balls are placed. 
One ball (the “cue ball”) is then struck with the end 
of a “cue” stick, causing it to bounce into other balls 
and REFLECT off the sides of the table. Real billiards 
can involve spinning the ball so that it does not travel 
in a straight LINE, but the mathematical study of bil- 
liards generally consists of REFLECTIONS in which the 
reflection and incidence angles are the same. However, 
strange table shapes such as CIRCLES and ELLIPSES are 
often considered. Many interesting problems can arise. 


For example, ALHAZEN’S BILLIARD PROBLEM seeks to 
find the point at the edge of a circular “billiards” table 
at which a cue ball at a given point must be aimed in 
order to carom once off the edge of the table and strike 
another ball at a second given point. It was not until 
1997 that Neumann proved that the problem is insoluble 
using a COMPASS and RULER construction. 


On an ELLIPTICAL billiard table, the ENVELOPE of a 
trajectory is a smaller ELLIPSE, a HYPERBOLA, a LINE 
through the Foct of the ELLIPSE, or periodic curve (e.g., 
DIAMOND-shape) (Wagon 1991). 


see also ALHAZEN’S BILLIARD PROBLEM, BILLIARD TA- 
BLE PROBLEM, REFLECTION PROPERTY 


Billion 
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Billion 

The word billion denotes different numbers in American 
and British usage. In the American system, one billion 
equals 10°. In the British, French, and German systems, 
one billion equals 10°?. 

see also LARGE NUMBER, MILLIARD, MILLION, TRIL- 
LION 


Bilunabirotunda 
see JOHNSON SOLID 


Bimagic Square 


DEGEMEEC 

| 52 21] 32] 57| 39{_ 2] 111 46} 

[61] 28] 17] 56/42] 15] of 35] 
If replacing each number by its square in a MAGIC 
SQUARE produces another MAGIC SQUARE, the square 
is said to be a bimagic square. The first bimagic square 
(shown above) has order 8 with magic constant 260 for 
addition and 11,180 after squaring. Bimagic squares 
are also called DOUBLY MAGIC SQUARES, and are 2- 
MULTIMAGIC SQUARES. 


see also Macic SQUARE, 
TRIMAGIC SQUARE 


MULTIMAGIC SQUARE, 
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Bimedian 
D Mcp “ 
bimedians 
Map Mec 
B 
A Map 


A LINE SEGMENT joining the MIDPOINTS of opposite 
sides of a QUADRILATERAL. 


see also MEDIAN (TRIANGLE), VARIGNON’S THEOREM 


Bimodal Distribution 
A DISTRIBUTION having two separated peaks. 


see also UNIMODAL DISTRIBUTION 


Bimonster 

The wreathed product of the MONSTER GROUP by Zo. 
The bimonster is a quotient of the COXETER GROUP 
with the following COXETER-DYNKIN DIAGRAM. 


This had been conjectured by Conway, but was proven 
around 1990 by Ivanov and Norton. If the parameters 
p,q,7 in Coxeter’s NOTATION [3”%7] are written side 
by side, the bimonster can be denoted by the BEAST 
NUMBER 666. 


Bin 
An interval into which a given data point does or does 
not fall. 


see also HISTOGRAM 


Binary 

The BASE 2 method of counting in which only the digits 
0 and 1 are used. In this BASE, the number 1011 equals 
1:2°41-24+0-2?41-2% = 11. This BASE is used in com- 
puters, since all numbers can be simply represented as 
a string of electrically pulsed ons and offs. A NEGATIVE 
--n is most commonly represented as the complement of 
the POSITIVE number n — 1, so —11 = 000010112 would 
be written as the complement of 10 = 000010102, or 
11110101. This allows addition to be carried out with 
the usual carrying and the left-most digit discarded, so 
17-11 = 6 gives 


00010001 17 
11110101 —-11 
00000110 6 
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The number of times k a given binary number 
by ---b2b1bo is divisible by 2 is given by the position 
of the first b, = 1 counting from the right. For exam- 
ple, 12 = 1100 is divisible by 2 twice, and 13 = 1101 is 
divisible by 2 0 times. 


Unfortunately, the storage of binary numbers in com- 
puters is not entirely standardized. Because computers 
store information in 8-bit bytes (where a bit is a sin- 
gle binary digit), depending on the “word size” of the 
machine, numbers requiring more than 8 bits must be 
stored in multiple bytes. The usual FORTRAN77 integer 
size is 4 bytes long. However, a number represented as 
(bytel byte2 byte3 byte4) in a VAX would be read and 
interpreted as (byte4 byte3 byte2 bytel) on a Sun. The 
situation is even worse for floating point (real) num- 
bers, which are represented in binary as a MANTISSA 
and CHARACTERISTIC, and worse still for long (8-byte) 
reals! 


Binary multiplication of single bit numbers (0 or 1) is 
equivalent to the AND operation, as can be seen in the 
following MULTIPLICATION TABLE. 


see also BASE (NUMBER), DECIMAL, HEXADECIMAL, 
OCTAL, QUATERNARY, TERNARY 
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Binary Bracketing 

A binary bracketing is a BRACKETING built up entirely 
of binary operations. The number of binary bracketings 
of n letters (CATALAN’S PROBLEM) are given by the 
CATALAN NUMBERS C,-1, where 


nm 


~ n+1 ni? 


1 2) _ 1 (an)! (2n)! 


n+1\n ~ (n+Iinv? 


where (?") denotes a BINOMIAL COEFFICIENT and n! 
is the usual FACTORIAL, as first shown by Catalan in 
1838. For example, for the four letters a, 6, c, and d 
there are five possibilities: ({ab)c)d, (a(bc))d, (ab)(cd), 
a((bc)d), and a(b(cd)), written in shorthand as ((zx)z)z, 


(z(xz))z, (xx) (xx), x((zx)x), and z(z(zrz)). 


Binary Tree 


see also BRACKETING, CATALAN NUMBER, CATALAN’S 
PROBLEM 
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Binary Operator 

An OPERATOR which takes two mathematical objects 
as input and returns a value is called a binary operator. 
Binary operators are called compositions by Rosenfeld 
(1968). Sets possessing a binary multiplication opera- 
tion include the GROUP, GROUPOID, MONOID, QUASI- 
GROUP, and SEMIGROUP. Sets possessing both a bi- 
nary multiplication and a binary addition operation in- 
clude the DIVISION ALGEBRA, FIELD, RING, RINGOID, 
SEMIRING, and UNIT RING. 


see also AND, BOOLEAN ALGEBRA, CLOSURE, DIVI- 
SION ALGEBRA, FIELD, GROUP, GROUPOID, MONOID, 
OPERATOR, OR, MONOID, NOT, QUASIGROUP, RING, 
RINGOID, SEMIGROUP, SEMIRING, XOR, UNIT RING 
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Binary Quadratic Form 
A 2-variable QUADRATIC FORM of the form 


2 2 
Q(x, y) = ai1z + 2arary + az2y’. 
see also QUADRATIC FORM, QUADRATIC INVARIANT 


Binary Remainder Method 
An ALGORITHM for computing a UNIT FRACTION 
(Stewart 1992). 
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Binary Tree 

A TREE with two BRANCHES at each FORK and with 
one or two LEAVES at the end of each BRANCH. (This 
definition corresponds to what is sometimes known as 
an “extended” binary tree.) The height of a binary tree 
is the number of levels within the TREE. For a binary 
tree of height H with n nodes, 


H<n<2"-1. 


Binet Forms 


These extremes correspond to a balanced tree (each 
node except the LEAVES has a left and right CHILD, 
and all LEAVES are at the same level) and a degenerate 
tree (each node has only one outgoing BRANCH), respec- 
tively. For a search of data organized into a binary tree, 
the number of search steps S(n) needed to find an item 
is bounded by 
Ign < S(n) <n. 


Partial balancing of an arbitrary tree into a so-called 
AVL binary search tree can improve search speed. 


The number of binary trees with n internal nodes is 
the CATALAN NUMBER Cy (Sloane’s A000108), and the 
number of binary trecs of height b is given by Sloane’s 
A001699. 


see also B-TREE, QUADTREE, QUATERNARY TREE, 
RED-BLACK TREE, STERN-BROCOT TREE, WEAKLY 
BINARY TREE 
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Binet Forms 
The two RECURRENCE SEQUENCES 


Un = mUn-1 + Un-2 (1) 
Vn = MVn-1 + Vn-2 (2) 


with Up = 0, U; = 1 and Vo = 2, Vi = m, can be solved 
for the individual U, and Vn. They are given by 


Vn =a" +6", (4) 
where 

A= Vm+4 (5) 

a= mis (6) 

p= ™TF. (7) 


A useful related identity is 
Un~1 ste Uniti = Vn. (8) 


BINET’S FORMULA is a special case of the Binet form 
for U,, corresponding to m = 1. 
see also FIBONACCI Q-MATRIX 
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Binet’s Formula 
A special case of the U, BINET FORM with m = 0, 
corresponding to the nth FIBONACCI NUMBER, 


te (L+V75)"—-(1— V5)” 
co 97/5 . 


It was derived by Binet in 1843, although the result 
was known to Euler and Daniel Bernoulli more than a 
century earlier. 


see also BINET FORMS, FIBONACCI NUMBER 


Bing’s Theorem 

If M® is a closed oriented connected 3-MANIFOLD such 
that every simple closed curve in M lies interior to a 
BALL in M, then M is HOMEOMORPHIC with the Hy- 
PERSPHERE, S°. 


see also BALL, HYPERSPHERE 
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Manifold be $3.” Ann. Math. 68, 17-37, 1958. 
Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
Perish Press, pp. 251-257, 1976. 


Binomial 
A POLYNOMIAL with 2 terms. 


see also MONOMIAL, POLYNOMIAL, TRINOMIAL 


Binomial Coefficient 

The number of ways of picking m unordered outcomes 
from N possibilities. Also known as a COMBINATION. 
The binomial coefficients form the rows of PASCAL’S 
TRIANGLE. The symbols nC, and 


N\ _ N! 
(*) ™ (N—n)!n! (1) 


are used, where the latter is sometimes known as N 
Cnoose n. The number of LATTICE PATHS from the 
ORIGIN (0,0) to a point (a,b) is the BINOMIAL COEFFI- 
cienT (**°) (Hilton and Pedersen 1991). 


For POSITIVE integer n, the BINOMIAL THEOREM gives 
n n\ k n-k 
(+a) => (tee d (2) 


The FINITE DIFFERENCKE analog of this identity is 
known as the CHU-VANDERMONDE IDENTITY. A sim- 
ilar formula holds for NEGATIVE INTEGRAL n, 


(x ayo ma > @ eat. (3) 
k=0 
A general identity is given by 
(a+s)" _\" 
a 7 Tn - \j-1 -\n—j 
WW = _f(a—ge b+ je 4 
> ("\ jo (b+ je)"F (4) 


a 
j=0 
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(Prudnikov et al. 1986), which gives the BINOMIAL THE- 
OREM as a special case with c = 0 


The binomial coefficients satisfy the identities: 


os o r* = (14r)" (10) 


(the BINOMIAL THEOREM), and 


(2 
Fy ( pr *) = 2F\(3(s +1), 4(s+2);8 + 1,42) 


n=O 
93 


~ (/t = 42 + 1) ae’ 


where 2F\(a,b;c;z) is a HYPERGEOMETRIC FUNCTION 
(Abramowitz and Stegun 1972, p. 555; Graham e¢ al. 
1994, p. 203). For NONNEGATIVE INTEGERS n and r 
with r<n+1, 


EEG) [Ler Gleam 
ae 1) (inti r ar “]-2 (12) 


Taking n = 2r — 1 gives 


n k r-1 
S- a (7) S o (r—g)"*=4nt. (18) 


k=0 j=0 


(11) 


Another identity is 


3 é i ‘) fetta —2)' a (—2)"t2"]=1 (14) 


k=0 


(Beeler et al. 1972, Item 42). 


Binomial Coefficient 

RECURRENCE RELATIONS of the sums 

n P 
= nm 
=> ( s (15) 
k=0 
are given by 

281(n) — si(n+1)=0 (16) 
—2(2n + 1)s2(n) + (n+ 1)sa(n) =0 (17) 


(—16 — 21n ~ 7n*)s3(n + 1) 
+(n+2)?s3(n+2)=0 (18) 


~8(n + 1)?s3(n) + 


—A(n + 1){4n + 3)(4n + 5)s4(n) 
—2(2n + 3)(3n? + 9n + 7)s4(n + 1) 
+(n + 2)?sa(n+2)=0. (19) 


This sequence for s3 cannot be expressed as a fixed 
number of hypergeometric terms (PetkovSek et al. 1996, 
p. 160). 


A fascinating series of identities involving binomial co- 
efficients times small powers are 


foe] 
ay, =) = 1 (2nV3 + 9) = 0.7363998587... (20) 


n=l en 
by — iaV3 = 0.6045997881... (21) 
a n(7) 
oe welts oe 
Dae) = 3¢( )= 5m ( 
ae 
mG ni a = 356(4) = aT (23) 


(Comtet 1974, p. 89) and 
Sa eee 
aa = 33): (24) 
dE) 


where €(z) is the RIEMANN ZETA FUNCTION (Le Lion- 
nais 1983, pp. 29, 30, 41, 36, and 35; Guy 1994, p. 257). 


As shown by Kummer in 1852, the exact POWER of p 
dividing (*5°) is equal to 


écotert...+6€, (25) 


where this is the number of carries in performing the 
addition of a and 6b written in base 6 (Graham et al. 
1989, Exercise 5.36; Ribenboim 1989; Vardi 1991, p. 68). 


Kummer's result can also be stated in the form that the 


Binomial Coefficient 


exponent of a PRIME p dividing (") is given by the 
number of integers 7 > 0 for which 


frac(m/p’) > frac(n/p’), (26) 


where frac(z) denotes the FRACTIONAL PART of z. This 
inequality may be reduced to the study of the exponen- 
tialsums }> A(n)e(a/n), where A(n) is the MANGOLDT 
FUNCTION. Estimates of these sums are given by Jutila 
(1974, 1975), but recent improvements have been made 
by Granville and Ramare (1996). 


R. W. Gosper showed that 


n-l1 


f(n) = Gs = , =(-1)"-)/? (mod n) (27) 


for all PRIMES, and conjectured that it holds only for 
PRIMES. This was disproved when Skiena (1990) found 
it also holds for the COMPOSITE NUMBER n = 3 x 11 x 
179. Vardi (1991, p. 63) subsequently showed that n = 
p’ is a solution whenever p is a WIEFERICH PRIME and 
that if nm = p* with k > 3 is a solution, then so is n = 
p*-?, This allowed him to show that the only solutions 
for COMPOSITE n < 1.3x107 are 5907, 10937, and 35117, 
where 1093 and 3511 are WIEFERICH PRIMES. 


Consider the binomial coefficients (?"7), the first few 
of which are 1, 3, 10, 35, 126, ... (Sloane’s A001700). 
The GENERATING FUNCTION is 


1 1 2 3 4 

These numbers are SQUAREFREE only for n = 2, 3, 4, 
6, 9, 10, 12, 36, ... (Sloane’s A046097), with no others 
less than n = 10,000. Erdés showed that the binomial 
coefficient (2) is never a POWER of an INTEGER for n > 
3 where k # 0, 1, n—1, and n (Le Lionnais 1983, p. 48). 


The binomial coefficients (rca) are called CENTRAL 
BINOMIAL COEFFICIENTS, where |z| is the FLOOR 
FUNCTION, although the subset of coefficients (2) is 
sometimes also given this name. Erddés and Graham 
(1980, p. 71) conjectured that the CENTRAL BINOMIAL 
Cogrricient (?”) is never SQUAREFREE for n > 4, and 
this is sometimes known as the ERDOS SQUAREFREE 
CONJECTURE. SARKOzyY’S THEOREM (Sarkézy 1985) 
provides a partial solution which states that the BINO- 
MIAL COEFFICIENT (?") is never SQUAREFREE for all 
sufficiently large n > no (Vardi 1991). Granville and 
Ramare (1996) proved that the only SQUAREFREE val- 
ues are n = 2 and 4. Sander (1992) subsequently showed 
that Ce) are also never SQUAREFREE for sufficiently 


nT 
large n as long as d is not “too big.” 


For p, q, and r distinct PRIMES, then the above function 
satisfies 


F(par) f(p) f(a) f(r) = f(pa)f(pr)p(ar) (mod a ' 
29 


Binomial Coefficient 137 


(Vardi 1991, p. 66). 


The binomial coefficient (™) mod 2 can be computed 
using the XOR operation n XOR m, making PASCAL’S 
TRIANGLE mod 2 very easy to construct. 


aan mcey 


1 aan 


ran 


i eR 


", 
“af 


az; 
LET tere, 
aes, Ht 
SH] 


Prae 
acer, 


The binomial coefficient “function” can be defined as 


gl 


C(z,y) = eae 


(30) 


(Fowler 1996), shown above. It has a very complicated 
GRAPH for NEGATIVE z and y which is difficult to render 
using standard plotting programs. 


see also BALLOT PROBLEM, BINOMIAL DISTRIBU- 
TION, BINOMIAL THEOREM, CENTRAL BINOMIAL Co- 
EFFICIENT, CHU-VANDERMONDE IDENTITY, COMBI- 
NATION, DEFICIENCY, ERDOS SQUAREFREE CONJEC- 
TURE, GAUSSIAN COEFFICIENT, GAUSSIAN POLYNOM- 
IAL, KINGS PROBLEM, MULTINOMIAL COEFFICIENT, 
PERMUTATION, ROMAN COEFFICIENT, SARKOZY'S 
THEOREM, STREHL IDENTITY, WOLSTENHOLME’S THE- 
OREM 
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Binomial Distribution 


The probability of n successes in N BERNOULLI TRIALS 
is 


P(n|N) = (*) era =)" = yea 


7~Tn 


(1) 
The probability of obtaining more successes than the n 
observed is 


P= > (eta =1,(n+1,N—-N), (2) 


k=n+1 


B(«; a, 6) 
B(a,b) ’ 
B(a,b) is the BETA FUNCTION, and B(z;a,b) is the 


incomplete BETA FUNCTION. The CHARACTERISTIC 
FUNCTION is 


T,(a,h) = (3) 


o(t) = (q+ pe)”. (A) 


The MOMENT-GENERATING FUNCTION M for the dis- 
tribution is 


N 
M(t) = (e'") =e a ) prgn—™ 


n=0 
= e (pet)"(1— p)"" 
n—O 
= [pe + (1 —p)]” (5) 
M'(t) = N[pe’ + (1—p)|” *(pe') (6) 
M"(t) = N(N — 1)[pe + (1 — p)|"~?(pe*)? 
+ N{pe* + (1 - p)]%~*(pe’). (7) 
The MEAN is 
w= M'(0) = N(p+1-p)p= Np. (8) 


The MOMENTS about 0 are 


u, =u=Np (9) 
M2 = Np(1— p+ Np) (10) 
us = Np(1— 3p + 3Np+ 2p? — 3NP? + N*p*) (11) 
us = Np(L-— 7p +7Np + 12p? — 18Np? + 6N’p? 

— 6p® + 11Np*® — 6N?p* + N*p*), (12) 


so the MOMENTS about the MEAN are 


#2 = 0° =[N(N — 1)p* + Np] — (Np)" 
= N*p? — Np? + Np— N?p? 


= Np(1 — p) = Npq (13) 
bs = fs — Spy, 1 2(pn)° 
= Np(1— p)(1 — 2p) (14) 


fia = ply — Apia, + 6y15(W1)? — 3(ua)* 
= Np(1 — p)[8p?(2 — N) + 8p(N — 2) + 1]. (15) 


Binomial Distribution 


The SKEWNESS and KURTOSIS are 


us _ Np(1—p)(1 — 2p) 
"a3 ~~ [Np = p) 7? 


am L:= 2p = q-p (16) 
VNp(i-p) VNpg 
fa 6p? -6p+1 _ 1-6pq 
n= 3= — a 17 
a4 Np(1 — p) Npgq (17) 


An approximation to the Bernoulli distribution for large 
N can be obtained by expanding about the value n 
where P(n) is a maximum, i.e., where dP/dn = 0. Since 
the LOGARITHM function is MONOTONIC, we can instead 
choose to expand the LOGARITHM. Let n = #+ 7, then 


In[P(n)] = In[P(®)] + Bint $ Ban? + 4 Ban? +..., (18) 


where ‘ 
d* In{[P(n)] 
B, = | ——-— i 1 
: dn n=h 
But we are expanding about the maximum, so, by defi- 
nition, 
dln[P(n)] 
B, = | ———_— =0. 
1 an ie 0 (20) 


This also means that Bz is negative, so we can write 
Bz = —|B2|. Now, taking the LOGARITHM of (1) gives 


In[P(n)] = In N!-Inn!-In(N—n)!4+nInp+(N—n) Ing. 

(21) 
For large n and N — n we can use STIRLING’S APPROX- 
IMATION 


In(n!) = nIinn —n, (22) 
80 
An (Inn + 1)-1=Inn (23) 
diin(N -n)!]_ d 
Y= 7) 2 iy —n)In( ~ n) ~ (N ~ n)] 
= [= m(W =n) + (V =n) +1] 
= ~In(N —n), (24) 
and 
el) = -—Inn+In(N—n)+Inp—Ing. (25) 


To find ’, set this expression to 0 and solve for n, 


N—-fap\ _ 
N-np _ 
rae (27) 
(N — A)p = ng (28) 
nA(q+p) =n = Np, (29) 
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since p+q = 1. We can now find the terms in the 


expansion 
Bal? MP} 1 1 
edn? | RON 
ey eae eres (2 se +) 
Np N(1—p) N\p @ 
1 fp+@q 1 1 
=-. { ——] = -—— = -——._ (30 
al Pq ) Npq N(1—p) eo) 
_ [dln[P(n)] 1 1 
B= [oe ) era 
dn . nm (N-7n)? 
R=Nr 
oe a @ _p? 
_ N?2p2 N2q?2 = N?2p?q? 
_(lL-2p+p?)-p? ___1-2p (31) 
N?p?(1 — p)? N?p?(1 — p)? 
_ {d* in[P(n)] 2 2 
B= =-4 py 
dnt ae nm (n-—7)3 
anon ose 1 \ _ 2p +4") 
~ "\ N38p3 a Nig] N3p3q3 
_ 2(p? — pata’) 
= N3p3q3 
_ 2p? = p(1—p) + (1 - 2p +p”) 
N3p3(1 — p>) 
_ 2(3p? — 3p +1) P 
= “Nap — py (32) 


Now, treating the distribution as continuous, 


gin, Pt) ~ [ Pendn= [ P(it+n)dn=1. 


n=0 sone 
(33) 
Since each term is of order 1/N ~ 1/0” smaller than the 
previous, we can ignore terms higher than Bo, so 


P(n) = P(fi)e7!B2!""/2, (34) 
The probability must be normalized, so 


2n 


i P(A)e'P2I""/? dy = P(t) 


P(n) = 1f Bal, tealim-avra 


ea we . (36) 


and 


1 
~ JIN pq oP - 


Defining o? = 2Npq, 


P(n) = wm 
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which is a GAUSSIAN DISTRIBUTION. For p < 1, a 
different approximation procedure shows that the bi- 
nomial distribution approaches the POISSON DISTRIBU- 
TION. The first CUMULANT is 


K1 = np, (38) 


and subsequent CUMULANTS are given by the RECUR- 
RENCE RELATION 


dk; 
spies 39 
o> Pg (39) 


Let x and y be independent binomial RANDOM VARI- 
ABLES characterized by parameters n,p and m,p. The 
CONDITIONAL PROBABILITY of x given thatr+y=k 
is 


P(x =ile+y=k)= P(e =iaty =k) 


P(r+y=k) 
_ P(w=ty=k—-i)  P(x=i)P(y=k—i) 
~  Platy=ky) — P(x +y=k) 


(()r'Q —p)-' (2 Je" "0 — p)™—(k~4) 
("4") pC - p)rtm—k 


Note that this is a HYPERGEOMETRIC DISTRIBUTION! 


see also DE MOIVRE-LAPLACE THEOREM, HYPERGEO- 
METRIC DISTRIBUTION, NEGATIVE BINOMIAL DISTRI- 
BUTION 
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Binomial Expansion 
see BINOMIAL SERIES 


Binomial] Formula 
see BINOMIAL SERIES, BINOMIAL THEOREM 


Binomial Number 
A number of the form a” + 6”, where a,b, and n are 
INTEGERS. They can be factored algebraically 


a” —b" = (a—b)(a""*+a"-7b+...4ab"-? 46") (1) 


a” +b" = (a+b)(a"~* ~a"~7b+...—ab"-?+6""") (2) 


Binomial Series 


at™ —b"™ = ea “ b™)[a™(n-) oy ginin—2) pm 


fcc Per, 3) 


In 1770, Euler proved that if (a,b) = 1, then every FAc- 
TOR of “s . 
a” +0? (4) 


is either 2 or of the form 2"*'K +1. If p and q are 
PRIMES, then 


a’? —1)\{a~1 
(a? — 1)(a# — 1) 

is DIVISIBLE by every PRIME FACTOR of a?~* not divid- 
ing a? — 1. 

see also CUNNINGHAM NUMBER, FERMAT NUMBER, 
MERSENNE NUMBER, RIESEL NUMBER, SIERPINSKI 
NUMBER OF THE SECOND KIND 


References 

Guy, R. K. “When Does 2% — 2° Divide n* — n°.” §B47 in 
Unsolved Problems in Number Theory, 2nd ed. New York: 
Springer-Verlag, p. 102, 1994. 

Qi, S and Ming-Zhi, Z. “Pairs where 2% — a® Divides n* — n? 
for All n.” Proc. Amer. Math. Soc. 93, 218-220, 1985. 
Schinzel, A. “On Primitive Prime Factors of a” — b”.” Proc. 

Cambridge Phil. Soc. 58, 555-562, 1962. 


Binomial Series 


For |z| < 1, 
(l+2)"= y (Re ” 
k=0 
-(e(eGen 
ad Wen Din -G vaya? + o 


The binomial series also has the CONTINUED FRACTION 
representation 


(1+2)" = . (5) 
qs 


1+ 


Binomial Theorem 


see also BINOMIAL THEOREM, MULTINOMIAL SERIES, 
NEGATIVE BINOMIAL SERIES 
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Binomial Theorem 
The theorem that, for INTEGRAL POSITIVE n, 


mr t - nr A 
(a+a)"= > iim — bi mie Re y & aka" *, 
k=O ; k=0 


n 


the so-called BINOMIAL SERIES, where (2) are BINO- 
MIAL COEFFICIENTS. The theorem was known for the 
case n = 2 by Euclid around 300 BC, and stated in its 
modern form by Pascal in 1665. Newton (1676) showed 
that a similar formula (with INFINITE upper limit) holds 
for NEGATIVE INTEGRAL n, 


(a +a)~" = 3 (eet 


k=0 


the so-called NEGATIVE BINOMIAL SERIES, which con- 
verges for |x| > fal. 

see also BINOMIAL COEFFICIENT, BINOMIAL SERIES, 
CAUCHY BINOMIAL THEOREM, CHU-VANDERMONDE 
IDENTITY, LOGARITHMIC BINOMIAL FORMULA, NEGA- 
TIVE BINOMIAL SERIES, q-BINOMIAL THEOREM, RAN- 
DOM WALK 
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Binomial Triangle 
see PASCAL’S TRIANGLE 
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Binormal Developable 

A RULED SuRFACE M is said to be a binormal de- 
velopable of a curve y if M can be parameterized by 
x(u,v) = y(u)+vB(u), where B is the BINORMAL VEC- 
TOR. 

see also NORMAL DEVELOPABLE, TANGENT DEVEL- 
OPABLE 
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Binormal Vector 


B=TxN (1) 
r’ xr” 
= xr) (2) 


where the unit TANGENT VECTOR T and unit “princi- 
pal” NORMAL VECTOR N are defined by 


5 2s) 
en z0) 8) 
- _ r’'(s) 
N= Fv) ) 


Here, r is the RADIUS VECTOR, s is the ARC LENGTH, r 
is the TORSION, and & is the CURVATURE. The binormal 
vector satisfies the remarkable identity 


(B, 8, i) = a (£). (5) 


see also FRENET FORMULAS, NORMAL VECTOR, TAN- 
GENT VECTOR 
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Kreyszig, E. “Binormal. Moving Trihedron of a Curve.” §13 
in Differential Geometry. New York: Dover, p. 36-37, 
1991. 


Bioche’s Theorem 

If two complementary PLUCKER CHARACTERISTICS are 
equal, then each characteristic is equal to its comple- 
ment except in four cases where the sum of order and 
class is 9. 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York: Dover, p. 101, 1959. 


Biotic Potential 
see LOGISTIC EQUATION 
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Bipartite Graph 


A set of VERTICES decomposed into two disjoint sets 
such that no two VERTICES within the same set are 
adjacent. A bigraph is a special case of a k-PARTITE 
GRAPH with k = 2. 


see also COMPLETE BIPARTITE GRAPH, k-PARTITE 
GRAPH, KONIG-EGEVARY THEOREM 
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Dover, p. 116, 1985. 

Saaty, T. L. and Kainen, P. C. The Four-Color Problem: 
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Biplanar Double Point 
see ISOLATED SINGULARITY 


Bipolar Coordinates 

Bipolar coordinates are a 2-D system of coordinates. 
There are two commonly defined types of bipolar co- 
ordinates, the first of which is defined by 


asinhv 
z= 1 
coshv — cos u (1) 
asinu 
= ee 2 
¥ = cosh v — cos u’ (2) 
where u € [0, 27), v € (—00, 00). The following identi- 
ties show that curves of constant u and v are CIRCLES 
in zy-space. 


x’ + (y — acotu)? = a’ csc? u (3) 


(a — acothv)” + y* = a’ csch’ v. (4) 
The SCALE FACTORS are 


a 
he 
cosh v — cos u (5) 
a 


a=, (6) 


cosh v — cos u 


The LAPLACIAN is 


= 2 2 2 
v= (cosh v — cos u)* ( re) fs o 7 (7) 


a? Ou? — Av? 


LAPLACE’S EQUATION is separable. 


Bipolar Cylindrical Coordinates 


Two-center bipolar coordinates are two coordinates giv- 
ing the distances from. two fixed centers r, and rz, some- 
times denoted r and r’. For two-center bipolar coordi- 
nates with centers at (+c, 0), 


nm =(rtey? ty (8) 


ro” = (x—c) +y". (9) 


Combining (8) and (9) gives 
ry? — 12? = 4cz. (10) 


Solving for CARTESIAN COORDINATES z and y gives 


2 2 
= ————. 11 
* 4c (i) 


1 
y = $7 V/16c?r? — (r,? — ro? + 4c?). (12) 
c 


Solving for POLAR COORDINATES gives 


[n2 2 _ 92 
ee a (13) 


2 2 2 2 
g= tan7?} Pe —1{. (14) 


712 — r2? 
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Bipolar Cylindrical Coordinates 


A set of CURVILINEAR COORDINATES defined by 


ies asinhv (1) 
cosh v — cosu 
asinu 
megs oe AE 2 
y cosh v — cos u (2) 
B= 2; (3) 


where u € (0,27), v € (—o0,00), and z € (—00, 00). 
There are several notational conventions, and whereas 
{u,v,z) is used in this work, Arfken (1970) prefers 


Biprism 
(n,€,z). The following identities show that curves of 
constant u and v are CIRCLES in zy-space. 


x? + (y—acotu)? = a’ esc” u (4) 


(x —acothv)? + y? = a’ csch? v. (5) 
The SCALE FACTORS are 


a 


aon cosh v — cos u (8) 
a 

Rie cosh v — cos u (7) 

hz, =1. (8) 


The LAPLACIAN is 


ve (cosh v — cos u)? ( om oe ) o 


a? du? - Ov? - 022° (9) 


LAPLACE’S EQUATION is not separable in BIPOLAR 
CYLINDRICAL COORDINATES, but it is in 2-D BIPOLAR 
COORDINATES. 


References 

Arfken, G. “Bipolar Coordinates (€, 7, z).” §2.9 in Math- 
ematical Methods for Physicists, 2nd ed. Orlando, FL: 
Academic Press, pp. 97-102, 1970. 


Biprism 
Two slant triangular PRISMS fused together. 
see also PRISM, SCHMITT-CONWAY BIPRISM 


Bipyramid 
see DIPYRAMID 


Biquadratefree 
Bot 
6ot 
40 
20} 
i. 20 40.60 80 100 


A number is said to be biquadratefree if its PRIME de- 
composition contains no tripled factors. All PRIMES are 
therefore trivially biquadratefree. The biquadratefree 
numbers are 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 
15, 17, ... (Sloane’s A046100). The biquadrateful num- 
bers (i-e., those that contain at least one biquadrate) 
are 16, 32, 48, 64, 80, 81, 96, ... (Sloane’s A046101). 
The number of biquadratefree numbers less than 10, 100, 
1000, ... are 10, 93, 925, 9240, 92395, 923939, ..., and 
their asymptotic density is 1/¢(4) = 90/m* = 0.923938, 
where ¢(n) is the RIEMANN ZETA FUNCTION. 
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see also CUBEFREE, PRIME NUMBER, RIEMANN ZETA 
FUNCTION, SQUAREFREE 


References 
Sloane, N. J. A. Sequences A046100 and A046101 in “An On- 
Line Version of the Encyclopedia of Integer Sequences.” 


Biquadratic Equation 
see QUARTIC EQUATION 


Biquadratic Number 

A biquadratic number is a fourth POWER, n*. The first 
few biquadratic numbers are 1, 16, 81, 256, 625, ... 
(Sloane’s A000583). The minimum number of squares 
needed to represent the numbers 1, 2, 3,... are 1, 2, 3, 
4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 1, 2, 3, 4,5,... 
(Sloane’s A002377), and the number of distinct ways to 
represent the numbers 1, 2, 3,... in terms of biquadratic 
numbers are 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 2, 2, 
2,2,2,.... A brute-force algorithm for enumerating the 
biquadratic permutations of n is repeated application of 
the GREEDY ALGORITHM. 


Every POSITIVE integer is expressible as a SUM of (at 
most) 9(4) = 19 biquadratic numbers (WARING’S PROB- 
LEM). Davenport (1939) showed that G(4) = 16, mean- 
ing that all sufficiently large integers require only 16 
biquadratic numbers. The following table gives the first 
few numbers which require 1, 2, 3, ..., 19 biquadratic 
numbers to represent them as a sum, with the sequences 
for 17, 18, and 19 being finite. 


# Sloane 


000290 
003336 
003337 
003338 
003339 
003340 
003341 
003342 
9 003343 
10 003344 
11 003345 
12 003346 


Numbers 


1, 16, 81, 256, 625, 1296, 2401, 4096, ... 
2, 17, 32, 82, 97, 162, 257, 272,... 

3, 18, 33, 48, 83, 98, 113, 163, ... 

4, 19, 34, 49, 64, 84, 99, 114, 129, ... 
5, 20, 35, 50, 65, 80, 85, 100, 115, ... 
6, 21, 36, 51, 66, 86, 96, 101, 116, ... 
7, 22, 37, 52, 67, 87, 102, 112, 117,... 
8, 23, 38, 53, 68, 88, 103, 118, 128, ... 
9, 24, 39, 54, 69, 89, 104, 119, 134,... 
10, 25, 40, 55, 70, 90, 105, 120, 135, ... 
11, 26, 41, 56, 71, 91, 106, 121, 136, ... 
12, 27, 42, 57, 72, 92, 107, 122, 137,... 


ABNOR WN 


The following table gives the numbers which can be rep- 
resented in n different ways as a sum of k biquadrates. 


k mn Sloane Numbers 


1 1 000290 
2 2 


1, 16, 81, 256, 625, 1296, 2401, 4096, ... 
635318657, 3262811042, 8657437697, ... 


The numbers 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 
15, 18, 19, 20, 21, ... (Sloane’s A046039) cannot be 
represented using distinct biquadrates. 

see also CUBIC NUMBER, SQUARE NUMBER, WARING’S 
PROBLEM 

References 
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Biquadratic Reciprocity Theorem 


z* =q (mod p). (1) 


This was solved by Gauss using the GAUSSIAN INTEGERS 
as 


(=) (Z) = (IM @—D/AlOV)-D/4l (9 
O/4\T/4 


where 7 and o are distinct GAUSSIAN INTEGER PRIMES, 


N(a + bi) = Va? +B? (3) 


and N is the norm. 


= { 1 if * = a (mod 7) is solvable 


—1,i, or —i otherwise, 


(4) 


where solvable means solvable in terms of GAUSSIAN IN- 
TEGERS. 
see also RECIPROCITY THEOREM 


Biquaternion 

A QUATERNION with COMPLEX coefficients. The ALGE- 
BRA of biquaternions is isomorphic to a full matrix ring 
over the complex number field (van der Waerden 1985). 


see also QUATERNION 
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Birational Transformation 
A transformation in which coordinates in two SPACES 
are expressed rationally in terms of those in another. 


see also RIEMANN CURVE THEOREM, WEBER’S THEO- 
REM ; 


Birch Conjecture 
see SWINNERTON-DYER CONJECTURE 


Birch-Swinnerton-Dyer Conjecture 
see SWINNERTON-DYER CONJECTURE 


Birthday Attack 


Birkhoff’s Ergodic Theorem 

Let T be an ergodic ENDOMORPHISM of the PROBABIL- 
Iry SPACE X and let f : X 3 R be a real-valued MEA- 
SURABLE FUNCTION. Then for ALMOST EVERY x € X, 


we have a 
oo F(a) + f fam 
j=l 


as n — oo. To illustrate this, take f to be the charac- 
teristic function of some SUBSET A of X so that 


_fl iffeaA 
Fla) = {4 if2¢ A. 


The left-hand side of (-1) just says how often the or- 
bit of x (that is, the points 2, Tx, T?z, ...) lies in 
A, and the right-hand side is just the MEASURE of A. 
Thus, for an ergodic ENDOMORPHISM, “space-averages 
= time-averages almost everywhere.” Moreover, if T is 
continuous and uniquely ergodic with BOREL PROBA- 
BILITY MEASURE m and f is continuous, then we can 
replace the ALMOST EVERYWHERE convergence in (-1) 
to everywhere. 


Birotunda 
Two adjoined ROTUNDAS. 


see also BILUNABIROTUNDA, CUPOLAROTUNDA, ELON- 
GATED GYROCUPOLAROTUNDA, ELONGATED ORTHO- 
CUPOLAROTUNDA, ELONGATED ORTHOBIROTUNDA, 
GYROCUPOLAROTUNDA, GYROELONGATED ROTUNDA, 
ORTHOBIROTUNDA, TRIANGULAR HEBESPHENOROTUN- 
DA 


Birthday Attack 

Birthday attacks are a class of brute-force techniques 
used in an attempt to solve a class of cryptographic 
hash function problems. These methods take advantage 
of functions which, when supplied with a random in- 
put, return one of & equally likely values. By repeatedly 
evaluating the function for different inputs, the same 
output is expected to be obtained after about 1.2Vk 
evaluations. 


see also BIRTHDAY PROBLEM 
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Birthday Problem 

Consider the probability Qi(7,d) that no two people out 
of a group of n will have matching birthdays out of d 
equally possible birthdays. Start with an arbitrary per- 
son’s birthday, then note that the probability that the 
second person’s birthday is different is (d — 1)/d, that 
the third person’s birthday is different from the first two 
is [(d — 1)/d]|(d — 2)/d], and so on, up through the nth 
person. Explicitly, 


_d-lid—2 d—(n-1) 
Qu(n,d) = = S5 =... 
d—1)}(d-2)---[d-(n-1 
SG Snes sG=Gl <a) 
But this can be written in terms of FACTORIALS as 
d! 
Qi(n,d) = (= nia’ (2) 


so the probability P2(n,365) that two people out of a 
group of n do have the same birthday is therefore 


d! 


P2(n, d) =1- Qi(n, da) =l1l- (d@—n)la"" 


(3) 
If 365-day years have been assumed, i.e., the existence of 
leap days is ignored, then the number of people needed 
for there to be at least a 50% chance that two share 
birthdays is the smallest n such that P2(n,365) > 1/2. 
This is given by n = 23, since 


P(23, 365) = 
38093904702297390785243708291056390518836454060947061 
75091883268515350125426207425223147563269805908203125 

= 0.507297. (4) 


‘The number of people needed to obtain P2(n, 365) > 1/2 
for n = 1, 2, ..., are 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, ... 
(Sloaue’s A033810). 


The probability P2(n,d) can be estimated as 
Py(n,d) w1— en d/2d (5) 


(6) 


(7) 
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In general, let Qi(n,d) denote the probability that a 
birthday is shared by exactly i (and no more) people 
out of a group of n people. Then the probability that a 
birthday is shared by k or more people is given by 


k-1 


Py(n, d) =1- S~ Qi(n,d). (8) 


t=1 


Qz can be computed explicitly as 


i aA asa 
Qalrd) = oe 2 2 (‘) é - > 
= 


[n/2 
n! 


IV d! 
~ de > QHil(n — 2i)'"(d —n +i)! 


T(il+d-n) 
(9) 


where () is a BINOMIAL COEFFICIENT, [(n) is a 
GAMMA FUNCTION, and P(x) is an ULTRASPHERI- 
CAL POLYNOMIAL. This gives the explicit formula for 
P3(n,d) as 


P3(n,d) = 1— Qi(n, d) — Qa(n, d) 
(-1)""7r(n + 1)PO% (2-1/7) 


=4 + gn/aqn 


. (10) 


Q3(n,d) cannot be computed in entirely closed form, 
but a partially reduced form is 


T(d+1) [(-1)"F(3) — F(-3) 
d” T(d—-n+1) 
[n/3] ~io(i- i-d 
‘ (—3) #2079)? Pl G v2) 
+(-1)"TA+n) >) Td asirG + 1) 


i=1 


Qa(n, d) = 


(11) 


1(d—n+1),4(d—n+2)** 


7} 


1 1 _i 
F — F(n,d,a) =1—3F g(1—n), 3(2—n), 3 | 
(12) 
and 3F(a,b,c;d,e;z) is a GENERALIZED HYPERGEO- 
METRIC FUNCTION. 


In general, Q;.(n,d) can be computed using the RECUR- 
RENCE RELATION 


ale nid! 
Qi (n.d) = IS eer siron, 


= 


"| ay 
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(Finch). However, the time to compute this recursive 
function grows exponentially with k and so rapidly be- 
comes unwieldy. The minimal number of people to give 
a 50% probability of having at least n coincident birth- 
days is 1, 23, 88, 187, 313, 460, 623, 798, 985, 1181, 
1385, 1596, 1813, ... (Sloane’s A014088; Diaconis and 
Mosteller 1989). 


A good approximation to the number of people n such 
that p = Px(n,d) is some given value can given by solv- 
ing the equation 


1/k 
-n/(dk) _ | yk—-1 i = n 
ne = a atin (5+) (1 We) 
(14) 


for n and taking [n], where [n] is the CEILING FUNC- 
TION (Diaconis and Mosteller 1989). For p = 0.5 and 
k = 1, 2, 3, ..., this formula gives n = 1, 23, 88, 187, 
313, 459, 722, 797, 983, 1179, 1882, 1592, 1809, ..., 
which differ from the truce valucs by from 0 to 4. A 
much simpler but also poorer approximation for n such 
that p = 0.5 for k < 20 is given by 


n= 47(k — 1.5)°/? (15) 


(Diaconis and Mosteller 1989), which gives 86, 185, 307, 
448, 606, 778, 965, 1164, 1376, 1599, 1832, ... for k = 3, 
4,.... 


The “almost” birthday problem, which asks the number 
of people needed such that two have a birthday within 
a day of each other, was considered by Abramson and 
Moser (1970), who showed that 14 people suffice. An ap- 
proximation for the minimum number of people needed 
to get a 50-50 chance that two have a match within k 
days out of d possible is given by 


d 


n(k,d) — 1.2 Sh1 


(16) 


(Sevast’yanov 1972, Diaconis and Mosteller 1989). 


see also BIRTHDAY ATTACK, COINCIDENCE, SMALL 
WoRLD PROBLEM 
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Bisected Perimeter Point 
see NAGEL POINT 


Bisection Procedure 

Given an interval [a, 6], let an and b, be the endpoints 
at the nth iteration and r, be the nth approximate solu- 
tion. Then, the number of iterations required to obtain 
an error smaller than ¢ is found as follows. 


bn — dn = = (b~a) (1) 
Tn = $(an + bn) (2) 
m—7r< $(bn — Qn) = 27-"(b-a) <e (3) 
—nln2 < Ine — In(b— a), (4) 
= Hea 
Wes esa (5) 


see also ROOT 
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Bisector 
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Bisector 
Bisection is the division of a given curve or figure into 
two equal parts (halves). 


see also ANGLE BISECTOR, BISECTION PROCKFDURF, 
EXTERIOR ANGLE BISECTOR, HALF, HEMISPHERE, 
LINE BISECTOR, PERPENDICULAR BISECTOR, TRISEC- 
TION 


Bishop’s Inequality 

Let V(r) be the volume of a BALL of radius r in a com- 
plete n-D RIEMANNIAN MANIFOLD with Ricci CurRva- 
TURE > (n— 1). Then V(r) > V(r), where V. is 
the volume of a BALL in a space having constant SEC- 
TIONAL CURVATURE. In addition, if equality holds for 
some BALL, then this BALL is ISOMETRIC to the BALL 
of radius r in the space of constant SECTIONAL CURVA- 
TURE kK. 
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Bishops Problem 


Find the maximum number of bishops B(n) which can 
be placed on an n x nm CHESSBOARD such that no two 
attack each other. The answer is 2n — 2 (Dudeney 1970, 
Madachy 1979), giving the sequence 2, 4, 6, 8, ... (the 
Even NuMBERS) for n — 2, 3, ..... One maximal so- 
lution for n = 8 is illustrated ahove. The number of 
distinct maximal arrangements of bishops for n = I, 2, 

. are 1, 4, 26, 260, 3368, ... (Sloane’s A002465). The 
number of rotationally and reflectively distinct solutions 
on an n x n board for n > 2 is 


e 7 gla) /aigin=-2)/2 11] for n even 
B(n) = ornne):7 gia siie + 1] for n odd 


(Dudeney 1970, p. 96; Madachy 1979, p. 45; Pickover 
1995). An equivalent formula is 


B(n) = gr-3 Ae gl D/2 a2 
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where |n| is the FLOOR FUNCTION, giving the sequence 
forn = 1, 2,... as 1, 1, 2, 3, 6, 10, 20, 36, ... (Sloane’s 
A005418). 


The minimum number of bishops needed to occupy or 
attack all squares on an m X 7 CHESSBOARD is n, ar- 
rangcd as illustratcd above. 


see also CHESS, KINGS PROBLEM, KNIGHTS PROBLEM, 
QUEENS PROBLEM, ROOKS PROBLEM 
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Bislit Cube 


The 8-VERTEX graph consisting of a CUBE in which two 
opposite faces have DIAGONALS oriented PERPENDICU- 
LAR to each other. 


see also BiDIAKIS CUBE, CUBE, CUBICAL GRAPH 
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Bispherica] Coordinates 


A system of CURVILINEAR COORDINATES defined by 


- are ae (2) 
= wate ae (3) 
The SCALE FACTORS are 
he = See: (4) 
ee aig ee () 
he = ae. (6) 


The LAPLACIAN is 


v? — cos ucot? u + 3coshv cot? u 
- cosh v — cos u 


x —3 cosh? v cot ucscu + cosh? vesc?u\ @ 
coshv — cosu O¢? 


2 
+(cos u — cosh v) sinh v2 + (cosh? v — cos u) a3 


: a] 
+(cosh v — cos u)(cosh v cot u — sin u — cos ucot u) — 


Ou 


2 
2 20 
+(cosh” v — cos u)* —. 7 
ier (7) 
In bispherical coordinates, LAPLACE’S EQUATION is sep- 
arable, but the HELMHOLTZ DIFFERENTIAL EQUATION 
is not. 


see also LAPLACE’S EQUATION—BISPHERICAL COOR- 
DINATES, TOROIDAL COORDINATES 
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Black-Scholes Theory 


Bit Complexity 

The number of single operations (of ADDITION, SuB- 
TRACTION, and MULTIPLICATION) required to complete 
an algorithm. 


see also STRASSEN FORMULAS 
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Bitangent 
bitangent 


A LINE which is TANGENT to a curve at two distinct 
points. 


see also KLEIN’S EQUATION, PLUCKER CHARACTERIS- 
TICS, SECANT LINE, SOLOMON’S SEAL LINES, TANGENT 
LINE 


Bivariate Distribution 
see GAUSSIAN BIVARIATE DISTRIBUTION 


Bivector 

An antisymmetric TENSOR of second RANK (a.k.a. 2- 
form). 

X= Xaw* Aw’, 

where A is the WEDGE PRopDUCT (or OUTER PROD- 
UCT). 


Biweight 
see TUKEY’S BIWEIGHT 


Black-Scholes Theory 

The theory underlying financial derivatives which in- 
volves “stochastic calculus” and assumes an uncor- 
related LoG NORMAL DISTRIBUTION of continuously 
varying prices. A simplified “binomial” version of the 
theory was subsequently developed by Sharpe et al. 
(1995) and Cox et al. (1979). It reproduces many re- 
sults of the full-blown theory, and allows approximation 
of options for which analytic solutions are not known 
(Price 1996). 


see also GARMAN-KOHLHAGEN FORMULA 


References 

Black, F. and Scholes, M. S. “The Pricing of Options and 
Corporate Liabilities.” J. Political Econ. 81, 637-659, 
1973. 

Cox, J. C.; Ross, A.; and Rubenstein, M. “Option Pricing: A 
Simplified Approach.” J. Financial Economics 7, 229-263, 
1979. 

Price, J. F. “Optional Mathematics is Not Optional.” Not. 
Amer. Math. Soc. 43, 964-971, 1996. 

Sharpe, W. F.; Alexander, G. J.; and Bailey, J. V. Invest- 
ments, 5th ed. Englewood Cliffs, NJ: Prentice-Hall, 1995. 


Black Spleenwort Fern 


Black Spleenwort Fern 
see BARNSLEY’S FERN 


Blackman Function 


An ABObIDARION FUNCTION given by 
A(x) = 0.42 + 0.5 cos (= . =) + 0.08 cos (7) . (1) 


Its FULL WIDTH AT HALF MAXIMUM is 0.810957a. The 
APPARATUS FUNCTION is 


I(k) = 
a(0.84 — 0.36a*k? — 2.17 x 107!9a*k*) sin(2rak) @) 
(1 — a?k?)(1 — 4a?k?) 


The COEFFICIENTS are approximations to 


3969 


40 = 9304 (3) 
1155 

1 = 4652 (4) 
715 

ean 5 

72 = 78608’ (5) 


which would have produced zeros of I(k) at k = (7/4)a 

and k = (9/4)a. 

sec also APODIZATION FUNCTION 
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the Point of View of Communications Engineering. New 


York: Dover, pp. 98~99, 1959. 


Blancmange Function 


A Continuous FUNCTION which is nowhere DIFFER- 
ENTIABLE. The iterations towards the continuous func- 
tion are BATRACHIONS resembling the HOFSTADTER- 
Conway $10,000 SEQUENCE. The first six iterations 
are illustrated below. The dth iteration contains N + 1 
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points, where N = 2%, and can be obtained by setting 
b(0) = oN) = 0, letting 


b(m + 2"~*) = 2" + 3[b(m) + b(m + 2”), 
and looping over n = d to 1 by steps of land m=0 


to N — 1 by steps of 2”. 


Peitgen and Saupe (1988) refer to this curve as the TAK- 
AGI FRACTAL CURVE. 


see also HOFSTADTER-CONWAY $10,000 SEQUENCE, 
WEIERSTRAB FUNCTION 
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Blaschke Conjecture 

The only WIEDERSEHEN MANIFOLDS are the standard 
round spheres. The conjecture has been proven by com- 
bining the BERGER-KAZDAN COMPARISON THEOREM 
with A. Weinstein’s results for n EVEN and C. T. Yang’s 
for n ODD. 


References 
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Blaschke’s Theorem 
A convex planar domain in which the minimal length is 
> 1 always contains a CIRCLE of RAbDIus 1/3. 


References 
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Blecksmith-Brillhart-Gerst Theorem 
A generalization of SCHROTER’S FORMULA. 
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© 
Blichfeldt’s Lemma 
see BLICHFELDT’S THEOREM 


Blichfeldt’s Lemma 


Blichfeldt’s Theorem 

Published in 1914 by Hans Blichfeldt. It states that any 
bounded planar region with POSITIVE AREA > A placed 
in any position of the UNIT SQUARE LATTICE can be 
TRANSLATED so that the number of LATTICE POINTS 
inside the region will be at least A+ 1. The theorem 
can be generalized to n-D. 


BLM/Ho Polynomial 
A 1-variable unoriented KNOT POLYNOMIAL Q(z). It 
satisfies 


Qunknot = 1 (1) 
and the SKEIN RELATIONSHIP 
Qr, + Qn. = 2(Qr, + Qr.): (2) 
It also satisfies 
Qu#ts = Qn4Qr, (3) 
where # is the KNOT SUM and 
Qi = Qn, (4) 


where L* is the MIRROR IMAGE of L. The BLM/Ho 
polynomials of MUTANT KNOTS are also identical. 
Brandt et al. (1986) give a number of interesting prop- 
erties. For any LINK DL with > 2 components, Qz — 1 is 
divisible by 2(2 — 1). If L has c components, then the 
lowest POWER of x in Qz(z) is 1—c, and 

: c-1 : e-1 

lim a*Qz (2) =, lim (-m)"P(Lam), (8) 
where Pr is the HOMFLY POLYNOMIAL. Also, the de- 
gree of Qz is less than the CRossING NUMBER of L. If 
DL is a 2-BRIDGE KNOT, then 


Qi(z) = 227*Vi(t)Vi(t* +1-2z7*), (6) 
where z = —t —t~' (Kanenobu and Sumi 1993). 


The POLYNOMIAL was subsequently extended to the 2- 
variable KAUFFMAN POLYNOMIAL F‘a, z), which satis- 
fies 


Q(z) = F(1, 2). (7) 
Brandt et al. (1986) give a listing of @ POLYNOMIALS 
for KNOTS up to 8 crossings and links up to 6 crossings. 
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Block Design 


Bloch Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let F be the set of COMPLEX analytic functions f de- 
fined on an open region containing the closure of the 
unit disk D = {z: |z| < 1} satisfying f(0) = 0 and 
df /dz(0) = 1. For each f in F, let b(f) be the SUPRE- 
MUM of all numbers r such that there is a disk S in D on 
which f is ONE-TO-ONE and such that f(S) contains a 
disk of radius r. In 1925, Bloch (Conway 1978) showed 
that b(f) > 1/72. Define Bloch’s constant by 


B= inf{b(f): f ¢ F}. 
Ahlfors and Grunsky (1937) derived 


0.433012701...=1V3<B 
eb __M3)P CG) 
Vi+v3 TG) 


They also conjectured that the upper limit is actually 
the value of B, 


< 0.4718617. 


B= 


= /r2'/4 
= 0.4718617 S. a, 


(Le Lionnais 1983). 
see also LANDAU CONSTANT 
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Bloch-Landau Constant 
see LANDAU CONSTANT 


Block 
see also BLOCK DESIGN, SQUARE POLYOMINO 


Block Design 

An incidence system (v, k, 4, r, 6) in which a set X 
of v points is partitioned into a family A of b subsets 
(blocks) in such a way that any two points determine A 
blocks, there are k points in each block, and each point 
is contained in r different blocks. It is also generally 
required that k < v, which is where the “incomplete” 
comes from in the formal term most often encountered 


Block Design 


for block designs, BALANCED INCOMPLETE BLOCK DE- 
sins (BIBD). The five parameters are not independent, 
but satisfy the two relations 


ur = bk (1) 


A(u — 1) = r(k- 1). (2) 


A BIBD is therefore commonly written as simply (v, k, 
A), since b and r are given in terms of v, k, and A by 


_ v(v—1)r 

°= Ey 7 
_ A(v— 1) 

ais Te oa 


A BIBD is called SyMMETRIC if 6 = v (or, equivalently, 
r=k). 


Writing X = {ai}?.1 and A = {A;}'_,, then the IN- 
CIDENCE MATRIX of the BIBD is given by the v x 6 
MATRIX M defined by 


1 iff;EeA 
ij = ie 5 
oo 1% otherwise. (5) 


This matrix satisfies the equation 
MM™ = (r — Al + AJ, (6) 


where | is a v x v IDENTITY MATRIX and J is av x v 
matrix of 1s. (Dinitz and Stinson 1992). 


Examples of BIBDs are given in the following table. 


Block Design (v, k, A) 
affine plane (n*, n, 1) 
Fano plane (7, 3, 1)) 


Hadamard design symmetric (4n + 3, 2n + 1, n) 
projective plane symmetric (n? +n+1,n+1, 1) 
Steiner triple system (v, 3, 1) 

unital (qg°+1,¢4+1,1) 


see also AFFINE PLANE, DESIGN, FANO PLANE, HADA- 
MARD DESIGN, PARALLEL CLASS, PROJECTIVE PLANE, 
RESOLUTION, RESOLVABLE, STEINER TRIPLE SYSTEM, 
SYMMETRIC BLOCK DESIGN, UNITAL 
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Block Growth 

Let (xoz122...) be a sequence over a finite ALPHABET 
A (all the entries are elements of A). Define the block 
growth function B(n) of a sequence to he the number 
of ADMISSIBLE words of length n. For example, in the 


sequence uubuabuabuabaab..., the following words are 
ADMISSIBLE 

Length Admissible Words 

1 a,b 

2 aa, ab, ba 

3 aab, aba, baa 

4 aaba, abaa, baab 


so B(1) = 2, B(2) = 3, B(3) = 3, B(4) = 3, and so 
on. Notice that B(n) < B(n +1), so the block growth 
function is always nondecreasing. This is because any 
ADMISSIBLE word of length n can be extended right- 
wards to produce an ADMISSIBLE word of length n + 1. 
Moreover, suppose B(n) = B(n + 1) for some n. Then 
each admissible word of length n extends to a unique 
ADMISSIBLE word of length n+ 1. 


For a SEQUENCE in which each substring of length n 
uniquely determines the next symbol in the SEQUENCE, 
there are only finitely many strings of length n, so the 
process must eventually cycle and the SEQUENCE must 
be eventually periodic. This gives us the following the- 
orems: 


1. If the SEQUENCE is eventually periodic, with least 
period p, then B(n) is strictly increasing until it 
reaches p, and B(n) is constant thereafter. 

2. If the SEQUENCE is not eventually periodic, then 
B(n) is strictly increasing and so B(n) > n+1 for all 
n. If a SEQUENCE has the property that B(n) = n+1 
for all n, then it is said to have minimal block growth, 
and the SEQUENCE is called a STURMIAN SEQUENCE. 


The block growth is also called the GROWTH FUNCTION 
or the COMPLEXITY of a SEQUENCE. 


Block Matrix 

A square DIAGONAL MATRIX in which the diagonal ele- 
ments are SQUARE MATRICES of any size (possibly even 
1 x 1), and the off-diagonal elements are 0. 


Block (Set) 

One of the disjoint SUBSETS making up a SET PARTI- 
TION. A block containing n elements is called an n- 
block. The partitioning of sets into blocks can be de- 


noted using a RESTRICTED GROWTH STRING. 
see also BLOCK DESIGN, RESTRICTED GROWTH 


STRING, SET PARTITION 


Blow-Up 
A common mechanism which generates SINGULARITIES 
from smooth initial conditions. 
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Biue-Empty Coloring 
see BLUE-EMPTY GRAPH 


Blue-Empty Graph 

An EXTREMAL GRAPH in which the forced TRIAN- 
GLES are all the same color. Call R the number of 
red MONOCHROMATIC FORCED TRIANGLES and B the 
number of blue MONOCHROMATIC FORCED TRIANGLES, 
then a blue-empty graph is an EXTREMAL GRAPH with 
B= 0. For EVEN n, a blue-empty graph can be 
achieved by coloring red two COMPLETE SUBGRAPHS 
of n/2 points (the RED NET method). There is no blue- 
empty coloring for ODD n except for n = 7 (Lorden 
1962). 

see also COMPLETE GRAPH, EXTREMAL GRAPH, 
MONOCHROMATIC FORCED TRIANGLE, RED NET 
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Board 
A subset of d x d, where d = {1, 2,..., d}. 


see also ROOK NUMBER 


Boatman’s Knot 
see CLOVE HITCH 


Bochner Identity 
For a smooth HARMONIC Mapu:M—-WN, 


A(|Vul*) = |V(du)|? + (Rica Vu, Vu) 
— (Riemy(u)(Vu, Vu)Vu, Vu) , 


where V is the GRADIENT, Ric is the RICCI TENSOR, 
and Riem is the RIEMANN TENSOR. 
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Bochner’s Theorem 
Among the continuous functions on R”, the POSITIVE 


DEFINITE FUNCTIONS are those functions which are the 
FOURIER TRANSFORMS of finite measures. 


Bode’s Rule 


e5 
/ f(x) dx = ZA(Thi + 32f2 + 12fs + 32f4 + Ths) 
ey 
— hgh" f(E). 
see also HARDY’S RULE, NEWTON-COTES FORMULAS, 


SIMPSON’S 3/8 RULE, SIMPSON’S RULE, TRAPEZOIDAL 
RULE, WEDDLE’S RULE 


Bohemian Dome 
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Bogdanov Map 
A 2-D Map which is conjugate to the HENON MAP in 
its nondissipative limit. It is given by 

a ae y! 


, 


y =yteytke(e—1)4+ pry. 


see also HENON MAP 
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Bogomolov-Miyaoka- Yau Inequality 

Relates invariants of a curve defined over the INTEGERS. 
If this inequality were proven true, then FERMAT’S LAST 
THEOREM would follow for sufficiently large exponents. 
Miyaoka claimed to have proven this inequality in 1988, 
but the proof contained an error. 


see also FERMAT’S LAST THEOREM 
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Bohemian Dome 


A QUARTIC SURFACE which can be constructed as fol- 
lows. Given a CIRCLE C and PLANE & PERPENDICULAR 
to the PLANE of C, move a second CIRCLE K of the 
same RADIUS as C through space so that its CENTER 
always lies on C and it remains PARALLEL to E. Then 
K sweeps out the Bohemian dome. It can be given by 
the parametric equations 


z= acosu 
y = bcosu+asinu 


z=csinuv 


where u,v € [0, 27). In the above plot, a = 0.5, b = 1.5, 
andc=1. 


see also QUARTIC SURFACE 


Bohr-Favard Inequalities 
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Bohr-Favard Inequalities 
If f has no spectrum in [ A, A], then 


IIFlloo S SIF" loo 


(Bohr 1935). A related inequality states that if A, is 
the class of functions such that 


f(a) = f(e + 2m), f(z), F(z), F-(@) 
are absolutely continuous and fie f(s) de 20: then 


foo] 


_1\¥(k+1) 
Mle < 2) Ite 


(Northcott 1939). Further, for each value of k, there is 
always a function f(x) belonging to A; and not identi- 
cally zero, for which the above incquality becomes an in- 
equality (Favard 1936). These inequalities are discussed 
in Mitrinovic et al. (1991). 
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Bolyai-Gerwein Theorem 
see WALLACE-BOLYAI-GERWEIN THEOREM 


Bolza Problem 
Given the functional 


ty 
v= | F (yay. --. Yai yr y+ ++ Yn’) dt 
to 


+G4(yr0, sees Ynr3Ylls--- sYnr)s 


http://www.uib.no/ 
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find in a class of arcs satisfying p differential and gq finite 
equations 


Poly s-sYni Pi. -s-2§e) =O fora=1,...,p 
wa(yi,-.-,yn) =0 for 8 =1,...,¢ 

as well as the r equations on the endpviuts 
Xy(Y10,---;Ynrj Y1ly+++yYn1) =0 for y= 1,...,7, 


one which renders U a minimum. 
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Bolzano Theorem 


see BOLZANO-WEIERSTRAB THEOREM 


Bolzano-Weierstra8 Theorem 

Fivery BOUNDED infinite set in R” has an ACCUMULA- 
TION POINT. For n = 1, the theorem can be stated as 
follows: If a SET in a METRIC SPACE, finite-dimensional 
EUCLIDEAN SPACE, or FIRST-COUNTABLE SPACE has 
infinitely many members within a finite interval ¢ € 
[a,b], then it has at least one LIMIT POINT 2x such that 
x € [a,b]. The theorem can be used to prove the INTER- 
MEDIATE VALUE THEOREM. 


Bombicri’s Inequality 
For HOMOGENEOUS POLYNOMIALS P and Q of degree 
m and n, then 


where [P - Q]2 is the BOMBIERI Nor. If m = n, this 
becomes 


[P - Q]2 > [P]2[Q]2. 


see also BEAUZAMY AND DEGOT’s IDENTITY, REZNIK’S 
IDENTITY 


Bombieri Inner Product 
For HOMOGENEOUS POLYNOMIALS P and Q of degree 
n, 


PQl= So (abe inl) (06, in Din én): 


iy yin DO 


Bombieri Norm 
For HOMOGENEOUS POLYNOMIALS P of degree m, 


3 


P= | > Sal 


ja|=m 


see also POLYNOMIAL BAR NORM 
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Bombieri’s Theorem 


Define a 

E(z;q, a) = p(x; q,a) — Ha)’ (1) 
where 

v(ajqe)= S>  Aln) (2) 


nse 
n=a (mod q) 
(Davenport 1980, p. 121), A(n) is the MANGOLDT 
FUNCTION, and ¢(q) is the TOTIENT FUNCTION. Now 
define 
E(«;q) = max |E(2;4,2)| (3) 
(a,.q)=1 


where the sum is over a RELATIVELY PRIMF to q, 
(a,q) = 1, and 


E*(x,q) = max E(y, q). (4) 
yse 
Bombieri’s theorem then says that for A > 0 fixed, 


S5 EB (@9) K VeQ(nz)’, (5) 


asQ 


provided that /z(Inz)"“*<Q< yz. 
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Bond Percolation 


bond percolation site percolation 


A PERCOLATION which considers the lattice edges as the 
relevant entities (left figure). 


sce also PERCOLATION THEORY, SITE PERCOLATION 


Bonferroni Correction 

The Bonferroni correction is a multiple-comparison cor- 
rection used when several independent STATISTICAL 
TESTS are being performed simultaneously (since while 
a given ALPHA VALUE @ may be appropriate for each 
individual comparison, it is not for the set of all com- 
parisons). In order to avoid a lot of spurious positives, 
the ALPHA VALUE needs to be lowered to account for 
the number of comparisons being performed. 


The simplest and most conservative approach is the 
Bonferroni correction, which sets the ALPHA VALUE for 
the entire set of n comparisons equal to a by taking the 


Bonne Projection 


ALPHA VALUE for cach comparison equal to a/n. Ex- 
plicitly, given n tests T; for hypotheses H; (1 <i <n) 
under the assumption Ho that all hypotheses H; are 
false, and if the individual test critical values are < a/n, 
then the experiment-wide critical value is < a. In equa- 
tion form, if 

P(T;, passes |Ho) < 


31g 


for 1 <i<n, then 
P(some T; passes |Ho) < a, 


which follows from BONFERRONI’S INEQUALITY. 


Another correction instead uses 1—~(1—a)!/”". While this 
choice is applicable for two-sided hypotheses, multivari- 
ate normal statistics, and positive orthant dependent 
statistics, it is not, in general, correct (Shaffer 1995). 


see also ALPHA VALUE, HYPOTHESIS TESTING, STATIS- 
TICAL TEST 
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Bonferroni’s Inequality 
Let P(E;,) be the probability that FE; is true, and 


P (UE, E;) be the probability that Fi, E2, ..., En 
are all true. Then 


P Uzi < 7 P(E). 
i=t i=1 


Bonferroni Test 
see BONFERRONI CORRECTION 


Bonne Projection 


Book Stacking Problem 


A Map PROJECTION which resembles the shape of a 
heart. Let di be the standard parallel and Xo the central 
meridian. Then 


x= psinE (1) 
y = Rcot 1 — pcos R, (2) 
where 
p=cotdi+¢i -—¢ (3) 
E= ates (4) 


The inverse FORMULAS are 


¢=cot¢di + ¢1 — p (5) 
- Pp -1 x 
A= Ao + cose tan (ae ree ;) ; (6) 
where 
p= +y/x? + (cot di — y)?. (7) 
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Book Stacking Problem 


——= = 
EE 
—— 
<_ 3 —>- —————— 


of a table without the stack falling over? It turns out 
that the maximum overhang possible dp for n books (in 
terms of book lengths) is half the nth partial sum of the 


HARMONIC SERIES, given explicitly by 


Ienl, 
et ee aa) 


where &(z) is the DIGAMMA FUNCTION and 7 is the 
EULER-MASCHERONI CONSTANT. The first few values 
are 


1 
dy = 55 0.5 
dz = 2 =0.75 
d3 = 1 ~ 0.91667 


12 
da = 25 = 1.04167, 
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(Sloane’s A001008 and A002805). 


In order to find the number of stacked books required to 
obtain d book-lengths of overhang, solve the dn, equation 
for d, and take the CEILING FUNCTION. Forn = 1, 2,... 
book-lengths of overhang, 4, 31, 227, 1674, 12367, 91380, 
675214, 4989191, 36865412, 272400600, ... (Sloane’s 
A014537) books are needed. 
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Boole’s Inequality 


P (Us) cs yo P(e. 


i=1 


If ; and &; are MUTUALLY EXCLUSIVE for all 7 and 3, 
then the INEQUALITY becomes an equality. 


Boolean Algebra 

A mathematical object which is similar to a BOOLEAN 
RING, but which uses the meet and join operators in- 
stead of the usual addition and multiplication operators. 
A Boolean algebra is a set B of elements a, b, ... with 
BINARY OPERATORS + and - such that 


la. If a and 8 are in the set B, then a + 6 is in the set 
B. 


lb. If a and 6 are in the set B, then a:b is in the set 
B. 


2a. There is an element Z (zero) such that a+Z=a 
for every element a. 


2b. There is an element U (unity) such that a-U =a 
for every element a. 


3a.atb=b+a 
3b. a-b=b-a 
4a.a+b-c=(a+b)(a+c) 
4b. a-(b+c)=a-b+a-c 
5. For every element a there is an element a’ such that 
at+a’=Uanda-a' =Z. 
6. There are are least two distinct elements in the set 
B. 
(Bell 1937, p. 444). 
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In more modern terms, a Boolean algebra is a SET B of 
elements a, b, ... with the following properties: 


1. B has two binary operations, A (WEDGE) and V 
(VEE), which satisfy the IDEMPOTENT laws 


ankha=ava=a, 
the COMMUTATIVE laws 
aNb=bAa 


aVb=bVa, 


and the ASSOCIATIVE laws 
aN(bAc)=(anb)Ac 


aV(bVc) =(avb)Ve. 


2. The operations satisfy the ABSORPTION LAW 
aN (aVb)=aV (ab) =a. 

3. The operations are mutually distributive 
aN (bVc)=(aNb)V (arc) 


aV (bAc) =(aVb)A(aVe). 


4. B contains universal bounds O,I which satisfy 


OANa=O 
OVa=a 
ITAa=a 
Iva=I. 


5. B has a unary operation a —> a’ of complementation 
which obeys the laws 


aha =O 
aVa =I 


(Birkhoff and Mac Lane 1965). Under intersection, 
union, and complement, the subsets of any set I form a 
Boolean algebra. 


Huntington (1933a, b) presented the following basis for 
Boolean algebra, 


1. Commutivity. e+ y=yt+e. 

2. Associativity. (c+ y)+2z=24+(y+2z). 

3. ITIUNTINGTON EQUATION. n(n(x) + y) + n(n(ax) + 
ny)) = &. 

H. Robbins then conjectured that the HUNTINGTON 


EQUATION could be replaced with the simpler ROBBINS 
EQUATION, 


n(n(z+y) + n(a + n{y))) = 2. 


Boolean Ring 


The ALGEBRA defined by commutivity, associativity, 
and the ROBBINS EQUATION is called ROBBINS ALGE- 
BRA. Computer theorem proving demonstrated that ev- 
ery ROBBINS ALGEBRA satisfies the second WINKLER 
ConpiITION, from which it follows immediately that all 
ROBBINS ALGEBRAS are Boolean. 
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Boolean Connective 
One of the LOGIC operators AND A, OR V, and Not -. 


see also QUANTIFIER 


Boolean Function 
A Boolean function in n variables is a function 


f(x1,---,2n), 


where each x; can be 0 or 1 and f is 0 or 1. Determining 
the number of monotone Boolean functions of n vari- 
ables is known as DEDEKIND’S PROBLEM. The number 
of monotonic increasing Boolean functions of n variables 
is given by 2, 3, 6, 20, 168, 7581, 7828354, ... (Sloane’s 
A000372, Beeler et al. 1972, Item 17). The number of 
inequivalent monotone Boolean functions of n variables 
is given by 2, 3, 5, 10, 30, ...(Sloane’s A003182). 


Let M(n,k) denote the number of distinct monotone 
Boolean functions of n variables with k mincuts. Then 


M(n,0) =1 

M(n,1) = 2” 

M(n, 2) = 2"~*(2” — 1) — 3" 4.2” 

M(n, 3) = 3(2")(2" — 1)(2” - 2) - 6" +5" +4" ~ 3”. 


References 

Beeler, M.; Gosper, R. W.; and Schroeppel, R. HAKMEM. 
Cambridge, MA: MIT Artificial Intelligence Laboratory, 
Memo AIM-239, Feb. 1972. 

Sloane, N. J. A. Sequences A003182/M0729 and A000372/ 
M0817 in “An On-Line Version of the Encyclopedia of In- 
teger Sequences.” 


Boolean Ring 
A Rine with a unit element in which every element is 
IDEMPOTENT. 


see also BOOLEAN ALGEBRA 


Borchardt-Pfaff Algorithm 


Borchardt-Pfaff Algorithm 
see ARCHIMEDES ALGORITHM 


Border Square 


40] 1] 2] 3 [42 ze 31113] 141 32135 


43/33/27[25[23]17| 7] | 33 | 27 | 25 | 23 | 27 
6 (16/22/29]24)34]44 =] 
5 |15/37/36|1e/19]45] Pep} | 
4 |49/48/471 8 | 9/10 15 | 37) 36) 18/19 


A MAGIc SQUARE that remains magic when its bor- 
der is removed. A nested magic square remains magic 
after the border is successively removed one ring at a 
time. An example of a nested magic square is the order 
7 square illustrated above (i.e., the order 7, 5, and 3 
squares obtained from it are all magic). 


see also MAGIC SQUARE 
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Bordism 

A relation between COMPACT boundaryless MANIFOLDS 
(also called closed MANIFOLDS). Two closed MANI- 
FOLDS are bordant IFF their disjoint union is the bound- 
ary of acompact (n+1)-MANIFOLD. Roughly, two MAN- 
IFOLDS are bordant if together they form the boundary 
of a MANIFOLD. The word bordism is now used in place 
of the original term COBORDISM. 
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Bordism Group 

There are bordism groups, also called COBORDISM 
Groups or COBORDISM RINGS, and there are singu- 
lar bordism groups. The bordism groups give a frame- 
work for getting a grip on the question, “When is a 
compact boundaryless MANIFOLD the boundary of an- 
other MANIFOLD?” The answer is, precisely when all of 
its STIEFEL-WHITNEY CLASSES are zero. Singular bor- 
dism groups give insight into STEENROD’S REALIZATION 
PROBLEM: “When can homology classes be realized as 
the image of fundamental classes of manifolds?” That 
answer is known, too. 


The machinery of the bordism group winds up being 
important for HOMOTOPY THEORY as well. 
References 


Budney, R. “The Bordism Project.” http://math.cornell. 
edu/~rybu/bordism/bordism. html. 
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Borel-Cantelli Lemma 

Let {An}?25 be a SEQUENCE of events occurring with a 
certain probability distribution, and let A be the event 
consisting of the occurrence of a finite number of events 
An, N=1,.... Then if 


P(An) < 00, 
Z 


u= 


then 
P(AVH 1 
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Borel Determinacy Theorem 

Let T be a tree defined on a metric over a set of paths 
such that the distance between paths p and g is 1/n, 
where n is the number of nodes shared by p and g. Let 
A be a Borel set of paths in the topology induced by this 
metric. Suppose two players play a game by choosing a 
path down the tree, so that they alternate and each time 
choose an immediate successor of the previously chosen 
point. The first player wins if the chosen path is in A. 
Then one of the players has a winning STRATEGY in this 
GAME. 


see also GAME THEORY, STRATEGY 


Borel’s Expansion 
Let $(t) = )0~, Ant” be any function for which the 
integral 


oe} 
T(z) =/ e ‘*t? p(t) dt 
0 
converges. Then the expansion 


_ T(p+)) 
a ppt 


I(2) [Ao + (p +1) 


+(p+ Np+2 3+... 


where ['(z) is the GAMMA FUNCTION, is usually an 
ASYMPTOTIC SERIES for I(z). 


Borel Measure 

If F is the BOREL SIGMA ALGEBRA on some TOPOLOG- 
ICAL SPACE, then a MEASURE m: F - R is said to be 
a Borel measure (or BOREL PROBABILITY MEASURE). 
For a Borel measure, all continuous functions are MEA- 
SURABLE. 


Borel Probability Measure 
see BOREL MEASURE 
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Borel Set 

A DEFINABLE SET derived from the REAL LINE by re- 
moving a FINITE number of intervals. Borel sets are 
measurable and constitute a special type of SIGMA AL- 
GEBRA Called a BOREL SIGMA ALGEBRA. 


see also STANDARD SPACE 


Borel Sigma Algebra 

A SiGMA ALGEBRA which is related to the TOPOLOGY 
of a SET. The Borel sigma-algebra is defined to be 
the SIGMA ALGEBRA generated by the OPEN SETS (or 
equivalently, by the CLOSED SETS). 


see ulso BOREL MEASURE 


Borel Space 
A SET equipped with a SIGMA ALGEBRA of SUBSETS. 


Borromcan Rings 
aD) 


Three mutually interlocked rings named after the Italian 
Renaissance family who used them on their coat. of arms. 
No two rings are linked, so if one of the rings is cut, all 
three rings fall apart. They are given the LINK symbol 
0683, and are also called the BALLANTINE. The Bor- 
romean rings have BRAID WORD o17 1020110201102 
and are also the simplest BRUNNIAN LINK. 
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Borrow 


1234 
8:9" 2 
45 


dps DO 


The procedure used in SUBTRACTION to “borrow” 10 
from the next higher DiGIT column in order to obtain a 
POSITIVE DIFFERENCE in the column in question. 


see also CARRY 


Borwein Conjectures 


Borsuk’s Conjecture 

Borsuk conjectured that it is possible to cut an n-D 
shape of DIAMETER 1 into n + 1 pieces each with di- 
ameter smaller than the original. It is true for n = 2, 
3 and when the boundary is “sinooth.” However, the 
minimum number of pieces required has been shown to 
increase as ~ 1.1Y”. Since 1.1¥*™ >n+latn= 9162, 
the conjecture becomes false at high dimensions. In fact, 
the limit has been pushed back to ~ 2000. 


see also DIAMETER (GENERAL), KELLER’S CONJEC- 
TURE, LEBESGUE MINIMAL PROBLEM 
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Borwein Conjectures 
Usc the definition of the g-SERIES 


awl 


(a;q)n = [[ GQ - a9’) (1) 


jJ=0 


and define 


(2) 


a er ae 
~  (G)m 


Then P. Borwein has conjectured that (1) the POLYNO- 
MIALS An(y), Bn(q), and Cr(qg) defined by 


(q39°)n(9739°)n = An(q*) — @Bn(q°) — @’Cn(q*) (3) 


have NONNEGATIVE COEFFICIENTS, (2) the POLYNOMI- 
ALS At(q), Br(g), and CR(q) defined by 


(a:@°)a(Qsa°)n = An(@’) - GBR (a) -— Cha") (4) 


have NONNEGATIVE COEFFICIEN'rS, (3) the POLYNOMI- 
ALS A;(q), Br(q); Cr(q), Dz (q), and Ex,(q) defined by 


(39° )n(V°3¢°)n(Q7s@)n(Qiig?)n = 
A*(q°)—9B3(q°)-@° CR (4°) -@° Dh (4°) —-G* Ei(q°) (5) 


Bouligand Dimension 


have NONNEGATIVE COEFFICIENTS, (4) the POLYNOMI- 
ALS Al(m, n, t, q); Bh (m, n, t, q), and Clim, n, t, q) de- 
fined by 


(939° )m(973 0° )m(295 9° )n(24°5q°)n 
2m 


= S02 [At(m, n,t, q°) _ qB' (m,n, t, q°) 


t=0 


-¢C'(m,n,t,@)| (6) 


have NONNEGATIVE COEFFICIENTS, (5) for k ODD and 
1<a<k/2, consider the expansion 


(q°;.4")m(q* *34")n 


(k-1)/2 
2 
= YP cyt mrwn a) (0) 
v=(1—k)/2 
with 
F,(q) 
oO é 4 
= 1) 5 pi (7 G+2kv +k —2a)/2 mtn 
= ote Bae (8) 
jae 


then if a is RELATIVELY PRIME to k and m = n, the Co- 
EFFICIENTS of Fu{q) are NONNEGATIVE, and (6) given 
at+@8<2K and-K+@8<n-—m< K —a, consider 


Gla, 8, K;q) = So (-1)iqil¥ (et 005+K(e40)1/2 


q 
«lave | 


the GENERATING FUNCTION for partitions inside an mx 
n rectangle with hook difference conditions specified by 
a, B, and K. Let a and 8 be POSITIVE RATIONAL 
NUMBERS and K > 1 an INTEGER such that aK and 
BK are integers. Then if 1 < a+ < 2K —1 (with strict 
inequalities for K = 2) and -K+8<n-m<K-a, 
then G(a, 8, K;y) has NONNEGATIVE COEFFICIENTS. 
see also q-SERIES 
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Bouligand Dimension 


see MINKOWSKI-BOULIGAND DIMENSION 


Bound 


see GREATEST LOWER BOUND, INFIMUM, LEAST UP- 
PER BOUND, SUPREMUM 
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Bound Variable 
An occurrence of a variable in a Locic which is not 
FREE. 


Boundary 

The set of points, known as BOUNDARY POINTS, which 
are members of the CLOSURE of a given set S and the 
CLOSURE of its complement set. The boundary is some- 
times called the FRONTIER. 


see also SURGERY 


Boundary Conditions 

There are several types of boundary conditions com- 
monly encountered in the solution of PARTIAL DIFFER- 
ENTIAL EQUATIONS. 


1. DIRICHLET BOUNDARY CONDITIONS specify the 
value of the function on a surface T = f(r, t). 


2. NEUMANN BOUNDARY CONDITIONS specify the nor- 
mal derivative of the function on a surface, 


OT. 
5p =A VT = Fry). 
3. CAUCHY BOUNDARY CONDITIONS specify a weighted 
average of first and second kinds. 


4. ROBIN BOUNDARY CONDITIONS. For an elliptic par- 
tial differential equation in a region 2, Robin bound- 
ary conditions specify the sum of au and the normal 
derivative of u = f at all points of the boundary of 
Q, with a and f being prescribed. 


see also BOUNDARY VALUE PROBLEM, DIRICHLET 
BOUNDARY CONDITIONS, INITIAL VALUE PROBLEM, 
NEUMANN BOUNDARY CONDITIONS, PARTIAL DIFFER- 
ENTIAL EQUATION, ROBIN BOUNDARY CONDITIONS 
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Boundary Map 
The Map H,(X, A) > Hn-1(A) appearing in the LONG 
EXACT SEQUENCE OF A PAIR AXIOM. 


see also LONG EXACT SEQUENCE OF A PAIR AXIOM 


Boundary Point 

A point which is a member of the CLOSURE of a given 
set S and the CLOSURE of its complement set. If Aisa 
subset of R”, then a point x € R” is a boundary point 
of A if every NEIGHBORHOOD of x contains at least one 
point in A and at least one point not in A. 


see also BOUNDARY 
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Boundary Set 
A (symmetrical) boundary set of RapDIus r and center 
Xo is the set of all points x such that 


|x — Xo| =r. 


Let xo be the ORIGIN. In R’, the boundary set is then 
the pair of points x = r and x = -r. In R?, the 
boundary set is a CIRCLE. In R°, the boundary set 
is a SPHERE. 


see also CIRCLE, DISK, OPEN SET, SPHERE 


Boundary Value Problem 

A boundary value problem is a problem, typically an 
ORDINARY DIFFERENTIAL EQUATION or a PARTIAL 
DIFFERENTIAL EQUATION, which has values assigned 
on the physical boundary of the DOMAIN in which the 
problem is specified. For example, 


y-Vu=f ino 
on 00 
on 02, 


where 09 denotes the boundary of 2, is a boundary 
problem. 
see also BOUNDARY CONDITIONS, INITIAL VALUE 
PROBLEM 
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Bounded 

A SET in a METRIC SPACE (X,d) is bounded if it has 
a FINITE diameter, i.e., there is an R < oo such that 
d(z,y) < R for all x,y € X. A SET in R” is bounded if 
it is contained inside some BALL 217 +...+ 277 < R? 
of FINITE RapDtus R (Adams 1994). 


see also BOUND, FINITE 
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Bounded Variation 

A FUNCTION f(x) is said to have bounded variation if, 
over the CLOSED INTERVAL z € [a, b], there exists an M 
such that 


|f(wi)— f(a)i+]f(w2)—F(ar)|+..-+1f(6)-F(en-1)| < M 


for alla <a, <a%g<...< fn-1 < 0. 


Boustrophedon Transform 


Bourget Function 


1 mae 1\* 1 
= t (e+ ) exp E (¢ - 3) dt 


_ | (2cos 0)* cos(n0 — z sin @) dd. 
® Jo 


Ink (z) 


l| 


see also BESSEL FUNCTION OF THE FIRST KIND 
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Soviet “Mathematical Encyclopaedia.” Dordrecht, Nether- 
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Bourget’s Hypothesis 

When n is an INTEGER > 0, then J,(z) and Jn4m(z) 
have no common zeros other than at z = 0 for m an 
INTEGER > 1, where J,(z) is a BESSEL FUNCTION OF 
Tug First KIND. The thcorem has been proved true 
for m=1 2, 3, and 4. 


References 

Watson, G. N. A Treatise on the Theory of Bessel Functions, 
2nd ed. Cambridge, England: Cambridge University Press, 
1966. 


Boustrophedon Transform 
The boustrophedon (“ox-plowing”) transform b of a se- 
quence a is given by 


bn = ss @ at En—k (1) 


a= Ea (i) Bude (2) 


k=O 


for n > 0, where E,, is a SECANT NUMBER or TANGENT 
NUMBER defined by 


oO n 


>) Ea =secr+tanz. (3) 


n=0 
The exponential generating functions of a and b are 
related by 

B(x) = (secre + tanz) A(z), (4) 


where the exponential generating function is defined by 
oO a? 
A(z) = S> An: (5) 
n=0 


see also ALTERNATING PERMUTATION, ENTRINGER 
NUMBER, SECANT NUMBER, SEIDEL-ENTRINGER- 
ARNOLD TRIANGLE, TANGENT NUMBER 


References 
Millar, J.; Sloane, N. J. A.; and Young, N. E. “A New Op- 
eration on Sequences: The Boustrophedon Transform.” J. 


Combin. Th. Ser. A 76, 44-54, 1996. 


Bovinum Problema 


Bovinum Problema 
see ARCHIMEDES’ CaTTLE PROBLEM 


Bow 


References 
Cundy, H. and Rollett, A. Mathematical Models, 3rd ed. 
Stradbroke, England: Tarquin Pub., p. 72, 1989. 


Bowditch Curve 
see LISSAJOUS CURVE 


Bowley Index 
The statistical INDEX 


Pg= 5 (Po | Pp), 


where P, is LASPEYRES’ INDEX and Pp is PAASCHR’S 
INDEX. 


see also INDEX 
References 


Kenney, J. F. and Keeping, E. S. Mathematics of Statistics, 
Pt. 1, 8rd ed. Princeton, NJ: Van Nostrand, p. 66, 1962. 


Bowley Skewness 
Also known as QUARTILE SKEWNESS COEFFICIENT, 


(Qs — Q2) — (Q@2-Q:1) _ Qi — 2Q24+ Qs 
Qs — 91) Q3-Q: ” 


where the Qs denote the INTERQUARTILE RANGES, 


see also SKEWNESS 


Bowling 

Bowling is a game played by rolling a heavy ball down 
a long uarrow track aud attempting to knock down ten 
pins arranged in the form of a TRIANGLE with its vertex 
oriented towards the bowler. The number 10 is, in fact, 
the TRIANGULAR NUMBER TJ, = 4(4+4+ 1)/2 = 10. 


Two “bowls” are allowed per “frame.” If all the pins are 
knocked down in the two bowls, the score for that frame 
is the number of pins knocked down. If some or none of 
the pins are knocked down on the first bowl, then all the 
pins knocked down on the second, it is called a “spare,” 
and the number of points tallied is 10 plus the number 
of pins knocked down on the bowl of the next frame. 
If all of the pins are knocked down on the first bow}, 
the number of points tallied is 10 plus the number of 
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pins knocked down on the next two bowls. Ten frames 
are bowled, unless the last frame is a strike or spare, in 
which case an additional bowl is awarded. 


The maximum number of points possible, corresponding 
to knocking down all 10 pins on every bowl, is 300. 


Refercnecs 

Cooper, C. N. and Kennedy, RK. E. “A Generating Function 
for the Distribution of the Scores of All Possible Bowl- 
ing Games.” In The Lighter Side of Mathematics (Ed. 
R. K. Guy and R. E. Woodrow). Washington, DC: Math. 
Assoc. Amer., 1994. 

Cooper, CO. N. and Kennedy, R. E. “Is the Mean Bowling 
Score Awful?” In The Lighter Side of Mathematics (Kd. 
R. K. Guy and R. E. Woodrow). Washington, DC: Math. 
Assoc. Amer., 1994, 


Box 
see CUBOID 


Box-and-Whisker Plot 


A IIISTOGRAM-like method of displaying data invented 
by J. Tukey (1977). Draw a box with ends at the QUAR- 
TILES Q; and Q3. Draw the MEDIAN as a horizontal 
line in the box. Extend the “whiskers” to the farthest 
points. For every point that is more than 3/2 times the 
INTERQUARTILE RANGE from the end of a box, draw a 
dot on the corresponding top or bottom of the whisker. 
If two dots have the same value, draw them side by side. 


References 
Tukey, J. W. Explanatory Data Analysis. Reading, MA: 
Addison-Wesley, pp. 39-41, 1977. 


Box Counting Dimension 
see CAPACITY DIMENSION 


Box Fractal 


Pee eee 


A FRACTAL which can be coustrucled using STRING 
REWRITING by creating a matrix with 3 times as 
many entries as the current matrix using the rules 


line 1: "e"=->"e x HopH on 
line 2: "*"->" # MH Hep on 
line 3: "*"->'x x" ie Hon on 
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Let N,» be the number of black boxes, LZ, the length of 
a side of a white box, and A, the fractional AREA of 
black boxes after the nth iteration. 


Nys'5" (1) 
Ln =(3)" =3"™ (2) 
Ang = En? Na = (8). (3) 


The CAPACITY DIMENSION is therefore 


3 6 Ne In(5") 
Heap hg a es) 
In5 
= jg = 164973521... (4) 


see also CANTOR DUST, SIERPINSKI CARPET, SIERPIN- 
SKI SIEVE 


References 
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Box-Muller Transformation 

A transformation which transforms from a 2-D contin- 
uous UNIFORM DISTRIBUTION to a 2-D GAUSSIAN BI- 
VARIATE DISTRIBUTION (or COMPLEX GAUSSIAN DIS- 
TRIBUTION). If x, and z2 are uniformly and indepen- 
dently distributed between 0 and 1, then 2: and zz as de- 
fined below have a GAUSSIAN DISTRIBUTION with MEAN 
= 0 and VARIANCE o? = 1. 


zy = /—21ln a1 cos(2722) (1) 
Zq = V/ -21n 21 sin(2722). (2) 


This can be verified by solving for z, and zz, 


r= e721? +227)/2 (3) 
tan (2) 
tq = — tan —). 4 
si Qn 2 (4) 
Taking the JACOBIAN yields 
a a 
Axi, 22) _ | Bet Bap 
O(21, 22) an gaa 


Box-Packing Theorem 

The number of “prime” boxes is always finite, where a 
set of boxes is prime if it cannot be built up from one 
or more given configurations of boxes. 


see also CONWAY PUZZLE, CUBOID, DE BRUIJN’S THEO- 
REM, KLARNER’S THEOREM, SLOTHOUBER-GRAATSMA 
PUZZLE 


References 
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Boy Surface 


Boxcar Function 


y = c[H(x — a) — H(x — d)], 


where H is the IIEAVISIDE STEP FUNCTION, 


References 
von Seggern, D. CRC Standard Curves and Surfaces. Boca 
Raton, FL: CRC Press, p. 324, 1993. 


Boxcars 

A roll of two 6s (the highest roll possible) on a pair of 
6-sided DICE. The probability of rolling boxcars is 1/36, 
or 2.777...%. 


see also DICE, DOUBLE SIXES, SNAKE EYES 


Boy Surface 

A NONORIENTABLE SURFACE which is one of the three 
possible SURFACES obtained by sewing a MOsius STRIP 
to the edge of a Disk. The other two are the Cross- 
CaP and ROMAN SURFACE. The Boy surface is a model 
of the PROJECTIVE PLANE without singularities and is 
a SEXTIC SURFACE. 


The Boy surface can be described using the general 
method for NONORIENTABLE SURFACES, but this was 
not known until the analytic equations were found by 
Apéry (1986). Based on the fact that it had been proven 
impossible to describe the surface using quadratic poly- 
nomials, Hopf had conjectured that quartic polynomials 
were also insufficient (Pinkall 1986). Apéry’s IMMER- 
SION proved this conjecture wrong, giving the equations 
explicitly in terms of the standard form for a NONORI- 
ENTABLE SURFACE, 


fila, y,z) = Zl(2e? — y? — 2?)(a? + y? +2”) 
5 2yz(y? - 27) + za(x* = z”) 


+ sy(y” — 2”)] (1) 
fo(z,y,z) = £V3[(y? — 2°)(a? + y? + 2”) 

+ za(z” - x’) + zy(y” ~ x’) (2) 
fa(e,u,z) = F(e@t+ytz)[(e@+yt+2) 

+ 4(y — x)(z—y)(x — 2)]. (3) 


Boy Surface 


Plugging in 


x = cosusinu (4) 
y =sinusinv (5) 
z= cosv (6) 


and letting wu € [0,7] and v € [0,7] then gives the Boy 
surface, three views of which are shown above. 


3 alas . 
The R” parameterization can also be written as 


ics V2 cos? vcos(2u) + cos u sin(2v) (7) 
2 — V2sin(3u) sin(2v) 
V2 cos? v sin(2u) + cos usin(2v) 
2 — /2sin(3u) sin(2v) 
3cos? v 


ma V2 sin(3u) sin(2v) 


y= (8) 


(9) 


(Nordstrand) for u € [—72/2, 7/2] and v € [0, z]. 


Three views of the surface obtained using this parame- 
terization are shown above. 


In fact, a HOMOTOPY (smooth deformation) between 
the ROMAN SURFACE and Boy surface is given by the 
equations 


_ ¥2cos(2u) cos” v + cos u sin(2v) 


aD) 2 — avV/2sin(3u) sin(2v) a0) 
_ ¥2sin(2u) cos? uv — sin usin(2v) 

yiune) = 2 — aV2sin(3u) sin(2v) m 

aide 3.cos* uv (12) 


2— avV/2sin(3u) sin(2v) 


as a varies from 0 to 1, where a = 0 corresponds to the 
ROMAN SURFACE and @ = 1 to the Boy surface (Wang), 
shown below. 


Boy Surface 163 


In R‘, the parametric representation is 


zo = 3{(u? + v? + w?)(w? + 0?) — V2uw(3u? — v7) 
(13) 
ay = V2(u? +0?)(u? — v? + V2 uw) (14) 
ag = V2(u* + v”)(2uv — V2vw) (15) 
3 = 3(u? +07)’, (16) 


and the algebraic equation is 


64(xo — z3)°x3° — 48(r0 — r3)°237 (321° + 3297 + 223") 
412(x — 23)x3(27(x17 + 227)? — 24237(xy? + 22”) 
+36V 22223 (27 — 3217) + 23°] 
+(9217 + 922” — 223”) 

x[—81(217 + zo)? =: 72037 (x1? + xz") 
4108/22, 23(21? — 322”) + 4x34] =0 (17) 


(Apéry 1986). Letting 


Io=1 (18) 
w=2 (19) 
m=y (20) 
x3 = 2 (21) 


; ; «13 
gives another version of the surface in R*. 


see also CROSS-CAP, IMMERSION, MOBIUS STRIP, 
NONORIENTABLE SURFACE, REAL PROJECTIVE PLANE, 
ROMAN SURFACE, SEXTIC SURFACE 
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Bra 

A (COVARIANT) 1-VECTOR denoted (|. The bra is 
DUAL to the CONTRAVARIANT KET, denoted |W). Taken 
together, the bra and KET form an ANGLE BRACKET 
(bra-++ket = bracket). The bra is commonly encountered 
in quantum mechanics. 

see also ANGLE BRACKET, BRACKET PRODUCT, Co- 
VARIANT VECTOR, DIFFERENTIAL k-FORM, KET, ONE- 
Form 


Brachistochrone Problem 

Find the shape of the CURVE down which a bead sliding 
from rest and ACCELERATED by gravity will slip (with- 
out friction) from one point to another in the least time. 
This was one of the earliest problems posed in the CAL- 
CULUS OF VARIATIONS. The solution, a segment of a 
CYCLOID, was found by Leibniz, L’Hospital, Newton, 
and the two Bernoullis. 


The time to travel from a point P; to another point P2 
is given by the INTEGRAL 


a a (1) 


The VELOCITY at any point is given by a simple appli- 
cation of energy conservation equating kinetic energy to 
gravitational potential energy, 


zm” = mgy, (2) 


so 
v= /2gy. (3) 
Plugging this into (1) then gives 


t [ eeu ge i 
12 = = 
1 v2gy ‘ 29y 


The function to be varied is thus 


f=(1+y?)'?(2gy)70”?. (5) 


To proceed, one would normally have to apply the full- 
blown EULER-LAGRANGE DIFFERENTIAL EQUATION 


afd (af\ _ 
LZ (55) <0 (6) 


However, the function f(y,y',z) is particularly nice 
since x does not appear explicitly. Therefore, Of /Ox = 
0, and we can immediately use the BELTRAMI IDENTITY 


Of _ 
fr-y in C. (7) 
Computing 
o ' ae = 
OF Ly ty?) 2g)”, (8) 


Oy’ 


Brachistochrone Problem 


subtracting y'(Of/Oy’) from f, and simplifying then 


gives 
1 


V2gyr/1 +y? 


Squaring both sides and rearranging slightly results in 


dy\? 1 2 
p+ () Ju- spars? ‘ a 


where the square of the old constant C has been ex- 
pressed in terms of a new (POSITIVE) constant k?. This 
equation is solved by the parametric equations 


=C. (9) 


a = £k7(6 —sin@) (11) 
y = 1k°(1— cos 9), (12) 


which are—lo and behold—the equations of a CYCLOID. 


If kinetic friction is included, the problem can also be 
solved analytically, although the solution is significantly 
messier. In that case, terms corresponding to the normal 
component of weight and the normal component of the 
ACCELERATION (present because of path CURVATURE) 
must be included. Including both terms requires a con- 
strained variational technique (Ashby et al. 1975), but 
including the normal component of weight only gives an 
elementary solution. The TANGENT and NORMAL VEC- 
TORS are 


_ dz, , dy, 
dy. | dx. 
=> ae as” (14) 


gravity and friction are then 


F gravity — mgy (15) 


dz 
Friction a ~p(F gravity N)T — “wings. (16) 
and the components along the curve are 


dy 


Egavity Tl. a mgr. (17) 
Friction T = — amg =, (18) 
so Newton’s Second Law gives 

mor eG eg nS a a) 

ses Ce Te ee 
de as ds ay) 
30° = gy — ue) (21) 
v= V29(y — ue), (22) 


Bracket 


so 
1+) 4 
i= | (aS mae 23) 


Using the FULER-LAGRANGE DIFFERENTIAL EQUATION 
gives 


[L+y7](1+ ny’) +2(y—-pa)y”=0. (24) 


This. can be reduced to 


4\2 
cai ~y 7 pa (23) 
Now letting 
y’ = cot(46), (26) 
the solution is 
x = }k?[(@ — sin) + u(1 — cos8)] (27) 
y = 2k*[(1—cos@)+4(9-+sin8)]. (28) 


see also CYCLOID, TAUTOCHRONE PROBLEM 
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Bracket 


see ANGLE BRACKET, BRA, BRACKET POLYNOMIAL, 
BRACKET PropuCT, IVERSON BRACKET, KET, La- 
GRANGE BRACKET, POISSON BRACKET 


Bracket Polynomial 

A one-variable KNOT POLYNOMIAL related to the JONES 
POLYNOMIAL. The bracket polynomial, however, is not 
a topological invariant, since it is changed by type | REI- 
DEMEISTER Moves. However, the SPAN of the bracket 
polynomial is a knot invariant. The bracket polynom- 
ial is occasionally given the grandiose name REGULAR 
IsOTOPY INVARIANT. It is defined by 


(L) (A, B,d) = S > (Ljo) dle", (1) 


o 


where A and B are the “splitting variables,” o runs 
through all “states” of LZ obtained by SPLITTING the 
Link, (L|o) is the product of “splitting labels” corre- 
sponding to o, and 


lol] = Nz — 1, (2) 
where Nz is the number of loops in a. Letting 


B=A" (3) 
d=-A?-A™” (4) 
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gives a KNOT POLYNOMIAL which is invariant under 
REGULAR IsoTopy, and normalizing gives the KAUFF- 
MAN POLYNOMIAL X which is invariant under AMBIENT 
IsoTopy. The bracket POLYNOMIAL of the UNKNOT is 
1. The bracket POLYNOMIAL of the MIRROR IMAGE K” 
is the same as for K but with A replaced by A~'. In 
terms of the one-variable KAUFFMAN POLYNOMIAL X, 
the two-variable KAUFFMAN POLYNOMIAL F' and the 
JONES POLYNOMIAL V, 


X(A) = (-A®)-*™ (Ly, (5) 
(L) (A) = F(- 4, A+ 47?) (6) 
(L) (A) = V(A~*), (7) 


where w(ZL) is the WRITHE of LD. 
see also SQUARE BRACKET POLYNOMIAL 
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Bracket Product 
The INNER PRODUCT in an D2 SPACE represented by an 
ANGLE BRACKET. 


see also ANGLE BRACKET, BRA, KET, Le SPACE, ONE- 
FORM 


Bracketing 

Take x itself to be a bracketing, then recursively de- 
fine a bracketing as a sequence B = (Bi,..., Bx) where 
k > 2 and each B; is a bracketing. A bracketing can be 
represented as a parenthesized string of zs, with paren- 
theses removed from any single letter « for clarity of 
notation (Stanley 1997). Bracketings built up of binary 
operations only are called BINARY BRACKETINGS. For 
example, four letters have 11 possible bracketings: 


LLLE (ea)ex x{ex)e xa(xx) 
(rx)(rx) 2((rr)x) 2(2(ze)), 


the last five of which are binary. 


The number of bracketings on n letters is given by the 
GENERATING FUNCTION 


L(+e2-V1-6r+22)=24+2? 432% 4 112" + 452° 


(Schroder 1870, Stanley 1997) and the RECURRENCE 
RELATION 


3(2n — 3)sn-1 — (n — 3)8n-2 
n 
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(Sloane), giving the sequence for s, as 1, 1, 3, 11, 45, 
197, 903, ... (Sloane’s A001003), The numbers are also 


given by 
at Dy 


tpt bigen 
for n > 2 (Stanley 1997). 


The first PLUTARCH NUMBER 103,049 is equal to s19 
(Stanley 1997), suggesting that Plutarch’s problem of 
ten compound propositions is equivalent to the number 
of bracketings. In addition, Plutarch’s second number 
310,954 is given by (s19 + 811)/2 = 310,954 (Habsieger 
et al. 1998). 


see also BINARY BRACKETING, PLUTARCH NUMBERS 


s(t1) +++ s(tx) 
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Bradley’s Theorem 
Let 


S(a, B,m;z) = 


= Tmt j(z+1))I(B+14+ jz) (alti 
"2 TntietiMe+e+itie+0) jl 


and a be a NEGATIVE INTEGER. Then 


yan tT OFiam) 
i aaa a, re 


where I'(z) is the GAMMA FUNCTION. 
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Brahmagupta’s Formula 
For a QUADRILATERAL with sides of length a, b, c, and 
d, the AREA K is given by 


KkK= 
Ve — a)(s — b)(s — ¢)(s ~ d) — abedcos?[}(A + B)], 
(1) 
where 
s=i(atb+e+d) (2) 


is the SEMIPERIMETER, A is the ANGLE between a and 
d, and B is the ANGLE between 6 and c. For a CYCLIC 


Brahmagupta Matrix 


QUADRILATERAL (i.e., a QUADRILATERAL inscribed in 
a CIRCLE), A+ B=7, so 


K = y/(s — a)(s — b)(s — c)(s — d) (3) 


J (be + ad)(ac + bd}(ab + cd) 
: - , A) 


where R is the RADIUS of the CIRCUMCIRCLE. If the 
QUADRILATERAL is INSCRIBED in one CIRCLE and CIR- 
CUMSCRIBED on another, then the AREA FORMULA sim- 


plifies to 
K = Vabed. (5) 


see also BRETSCHNEIDER’S FORMULA, HERON’S ForR- 
MULA 
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Brahmagupta Identity 
Let 
B=|Bl=2?-ty’, 


where B is the BRAHMAGUPTA MATRIX, then 


det[B(x1, 1) B(x2, y2)] = det[B(2r1, y1)] det[B(x2, y2)] 
= fi Be. 
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Brahmagupta Matrix 


_ | # ¥ 
Bow=| oy 2): 
It satisfies 
B(w1,y1)B(a2, y2) = Blaive + tyrye, viy2 + ya). 


Powers of the matrix are defined by 


aa | al in| = 
ty 2 tyn Zn 


The zn and yp are called BRAHMAGUPTA POLYNOMI- 
ALS. The Brahmagupta matrices can be extended to 
NEGATIVE INTEGERS 


Se ae BP 2 toes Sens | 
ePrlael “le eee 


see also BRAHMAGUPTA IDENTITY 
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Brahmagupta Polynomial 


Brahmagupta Polynomial 

One of the POLYNOMIALS obtained by taking POWERS 
of the BRAHMAGUPTA MATRIX. They satisfy the recur- 
rence relation 


Ln41 = LLyn + tyyn (1) 
Yn41 = LYn + yEn. (2) 


A list of many others is given by Suryanarayan (1996). 
Explicitly, 


in =a" +t S) oy? +t (:) a4yt +... (3) 


Un = naty ++(3) 2 y+? 6) oye +, 


(4) 
The Brahmagupta POLYNOMIALS satisfy 
Orn OY 
se eye 5 
Ox Oy ae (5) 
Otn Oyn 
=t = ntyn-1. 6 
dy dy ntYn-1 ( ) 


The first few POLYNOMIALS are 


Zo = 0 
L1 =a 
=a’ +ty’ 


tg = 2° + 3tzy’ 
vasa 6ta*y? + ty? 


and 
yo = 0 
y=y 
y2 = 2xy 


ua = 3a°y+ty® 
y= 4x°y + Atay?. 


Taking z = y = 1 and t = 2 gives yn equal to the PELL 
NUMBERS and z, equal to half the Pell-Lucas num- 
bers. The Brahmagupta POLYNOMIALS are related to 
the MORGAN-VOYCE POLYNOMIALS, but the relation- 
ship given by Suryanarayan (1996) is incorrect. 


References 
Suryanarayan, E. R. “The Brahmagupta Polynomials.” Fib. 
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Brahmagupta’s Problem 
Solve the PELL EQUATION 


gz —92y? =1 


in INTEGERS. The smallest solution is x = 1151, y = 
120. 
see also DIOPHANTINE EQUATION, PELL EQUATION 
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Braid 

An intertwining of strings attached to top and bottom 
“bars” such that each string never “turns back up.” In 
other words, the path of a braid in something that a 
falling object could trace out if acted upon only by grav- 
ity and horizontal forces. 


see also BRAID GROUP 


References 
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Braid Group 

Also called ARTIN BRAID GROUPS. Consider n strings, 
each oriented vertically from a lower to an upper “bar.” 
If this is the least number of strings needed to make a 
closed braid representation of a LINK, n is called the 
BRAID INDEX. Now enumerate the possible braids in a 
group, denoted B,. A general n-braid is constructed by 
iteratively applying the a; (¢ = 1,...,n — 1) operator, 
which switches the lower endpoints of the ith and (i + 
1)th strings—keeping the upper endpoints fixed—with 
the (i+ 1)th string brought above the ith string. If the 
(i+1)th string passes below the ith string, it is denoted 

-1 


1 
Topological equivalence for different representations of 
a BRAID Worbp [], 0; and ||, 0; is guaranteed by the 
conditions 


f i. 
{ O15 = 059; 


1 2 


for |i —j| >2 


/ toe . 
OiFi41 0% = F4410;0i4, for alli 


as first proved by E. Artin. Any n-braid is expressed as 
a BRAID WORD, e.g., 0102030, 01 is a BRAID WORD 
for the braid group B3. When the opposite ends of the 
braids are connected by nonintersecting lines, KNOTS 
are formed which are identified by their braid group and 
BraID WorD. The BURAU REPRESENTATION gives a 
matrix representation of the braid groups. 
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Braid Index 
The least number of strings needed to make a closed 
braid representation of a LINK. The braid index is equal 
to the least number of SEIFERT CIRCLES in any projec- 
tion of a KNoT (Yamada 1987). Also, for a nonsplit- 
table LINK with CRossING NUMBER c(L) and braid in- 
dex i(L), 

e(L) 2 2[i(L) — 1] 


(Ohyama 1993). Let EF be the largest and e the small- 
est POWER of @ in the HOMFLY POLYNOMIAL of an 
oriented LINK, and 7 be the braid index. Then the 
MORTON-FRANKS-WILLIAMS INEQUALITY holds, 


i>i(E-e)+1 


(Franks and Williams 1987). The inequality is sharp for 
all PRIME KNOTS up to 10 crossings with the exceptions 
of 09942, 09049, 10132, 10150, and 10156. 
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Braid Word 

Any n-braid is expressed as a braid word, e.g., 
01020303 O14 is a braid word for the BRAID GROUP B3. 
By ALEXANDER’S THEOREM, any LINK is representable 
by a closed braid, but there is no general procedure for 
reducing a braid word to its simplest form. However, 
MARKOV’S THEOREM gives a procedure for identifying 
different braid words which represent the same LINK. 


Let 64 be the sum of POSITIVE exponents, and b_ the 
sum of NEGATIVE exponents in the BRAID GROUP By. 
If 

be 8b wT SO, 


then the closed braid 6 is not AMPHICHIRAL (Jones 
1985). 


see also BRAID GROUP 
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Branch Point 


Braikenridge-Maclaurin Construction 

‘The converse of PASCAL’S THEOREM. Let Ai, Ba, Ci, 
Az, and B, be the five points on a Conic. Then the 
Conic is the Locus of the point 


Ce = Ai(z * C, Az) = Bi(z : C: Bz), 


where z is a line through the point Ai Bz - By, Ao. 
see also PASCAL’S THEOREM 


Branch 
The segments of a TREE between the points of connec- 
tion (FORKS). 


see also ForK, LEAF (TREE) 


Branch Cut 


Re(Sqrt z)} 


Im({Sqrt 2j 


A line in the COMPLEX PLANE across which a FUNCTION 
is discontinuous. 


too, —1) and (i, i00) 
—oo, -1] and {1, c) 
oo, 0) for R[n] < 0; (—oo, 0] for R[n] > 0 


see also BRANCH POINT 


References 
Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, pp. 399-401, 1953. 


Branch Line 
see BRANCH CUT 


Branch Point 
An argument at which identical points in the COMPLEX 
PLANE are mapped to different points. For example, 
consider 

f(z)=2. 


Brauer Chain 


Then f(e%) = f(1) = 1, but fle?™*) = e?"**, despite 
the fact that e° = e?"*, PINCH POINTS are also called 
branch points. 


see also BRANCH CUT, PINCH POINT 
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Arfken, G. Mathematical Methods for Physicists, 3rd ed. Or- 
Jando, FL: Academic Press, pp. 397-399, 1985. 

Morse, P, M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, pp. 391-392 and 399- 
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Brauer Chain 

A Brauer chain is an ADDITION CHAIN in which each 
member uses the previous member as a summand. A 
number n for which a shortest chain exists which is a 
Brauer chain is called a BRAUER NUMBER. 


see also ADDITION CHAIN, BRAUER NUMBER, HANSEN 
CHAIN 


References 

Guy, R. K. “Addition Chains. Brauer Chains. Hansen 
Chains.” §C6 in Unsolved Problems in Number Theory, 
2nd ed. New York: Springer-Verlag, pp. 111-113, 1994. 


Brauer Group 

The GROUP of classes of finite dimensional central sim- 
ple ALGEBRAS over k with respect to a certain equiva- 
lence. 
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Hazewinkel, M. (Managing Kd.). ncyclopaedia of Math- 
ematics: An Updated and Annotated Translation of the 
Soviet “Mathematical Encyclopaedia.” Dordrecht, Nether- 
lands: Reidcl, p. 479, 1988. 


Brauer Number 

A number n for which a shortest chain exists which is 
a BRAUER CHAIN is called a Brauer number. ‘here are 
infinitely many non-Brauer numbers. 


see also BRAUER CHAIN, HANSEN NUMBER 
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Braucr-Severi Variety 
An ALGEBRAIC VARIETY over a FIELD K that becomes 
TSOMORPHIC to a PROIFCTIVE SPACE. 


References 

Hazewinkel, M. (Managing Ed.). Encyclopaedia of Math- 
ematics: An Updated and Annotated ‘Translation of the 
Soviet “Mathematical Encyclopaedia.” Dordrecht, Ncther- 
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Brauer’s Theorem 
If, in the GERSGORIN CIRCLE THEOREM for a given m, 


|aj7 — Umm| > Aj + Am 


for all 7 #4 m, then exactly one EIGENVALUE of A lies in 
the Disk Ty. 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Niego, CA: Academic 
Press, p. 1121, 1979. 


Braun’s Conjecture 

Let B = {bi,62,...} be an INFINITE Abelian SEMI- 
CROUP with linear order b; < b2 <... such that b; is the 
unit element and a < 6 IMPTIES ac < be for a,b,c € B. 
Define a MOBIUS FUNCTION y on B by (bi) = 1 and 


(ba) = 0 


balbn 


for n = 2, 3,.... Further suppose that p(b,) = p(n) 
(the true MoOsius Function) for all n > 1. Then 
Braun’s conjecture states that 


for all m,n > 1. 
see also MOBIUS PROBLEM 


References 

Flath, A. and Zulauf, A. “Does the Mébius Function Deter- 
mine Multiplicative Arithmetic?” Amer. Math. Monthly 
102, 354-256, 1995. 


Breeder 
A pair of PosiTIVE INTEGERS (a1,a2) such that the 
cquations 


a; + a2x% = o(ai) = o(az)(x + 1) 


have a POSITIVE INTEGER solution x, where a(n) is the 
DIVISOR FUNCTION. If z is PRIME, then (a1, a2) is an 
AMICABLE PAIR (te Riele 1986). (ai, a2) is a “special” 
breeder if 


ay — au 


a2 =a, 


where a and u are RELATIVELY PRIME, (a,u) = 1. If 
regular amicable pairs of type (1,1) with « > 2 are of 
the form (au, ap) with p PRIME, then (au, a) are special 
breeders (te Riele 1986). 


References 

te Riele, H. J. J. “Computation of All the Amicable Pairs 
Below 107°.” Math. Comput. 47, 361-368 and S9~535, 
1986. 
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Brelaz’s Heuristic Algorithm 

An ALGORITHM which can be used to find a good, but 
not necessarily minimal, EDGE or VERTEX coloring for 
a GRAPH. 


see also CHROMATIC NUMBER 


Brent’s Factorization Method 
A modification of the POLLARD p FACTORIZATION 
METHOD which uses 


Vigi = xi —c(mod n). 


References 

Brent, R. “An Improved Monte Carlo Factorization Algo- 
rithm.” Nordisk Tidskrift for Informationsbehandlung 
(BIT) 20, 176-184, 1980. 


Brent’s Method 

A Root-finding ALGORITHM which combines root 
bracketing, bisection, and INVERSE QUADRATIC IN- 
TERPOLATION. It is sometimes known as the VAN 
WIJNGAARDEN-DEKER-BRENT METHOD. 


Brent’s method uses a LAGRANGE INTERPOLATING 
POLYNOMIAL of degree 2. Brent (1973) claims that this 
method will always converge as long as the values of the 
function are computable within a given region contain- 
ing a ROOT. Given three points 21, 2, and x3, Brent’s 
method fits 2 as a quadratic function of y, then uses the 
interpolation formula 


_ fly — f(e2))\zs 
[f (xs) ~ f(wr)][f (es) — f(x2)] 
ly ~ f(x2)|ly — fxs) ax 
[f (a1) — f(w2)|[F(a1) — f(2a)] 
+ (y— f(ra)Ily—f@r))z2_ 
[f (22) — f(xs)][f(z2) — f(21)] 


Subsequent root estimates are obtained by setting y = 0, 
giving 


+ 


(1) 


mab+e, (2) 


where 


P=S[R(R-T)(x3 — #2) — (1— R)(w2 — 21)] (3) 


Q = (T —-1)(R-1)(S—-1) (4) 
with 

_ £(%2) 

ae f (zs) ©) 
— f{x2) 

= Fe.) (6) 
— f(z) 

= Fes) (7) 


(Press et al. 1992). 


Bretschneider’s Formula 
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Brent-Salamin Formula 

A formula which uses the ARITHMETIC-GEOMETRIC 
MEAN to compute PI. It has quadratic convergence 
and is also called the GAUSS-SALAMIN FORMULA and 
SALAMIN FORMULA. Let 


Qn+1 = 3 (An + bn) (1) 
bn = Vanbn (2) 
Cn+1 = 3(@n — bn) (3) 

=a, Sb, (4) 


and define the initial conditions to be ag = 1, bo = 
1/V2. Then iterating an and bp gives the ARITHMETIC- 
GEOMETRIC MEAN, and 7 is given by 


_ 4(M(1,2-7/7)P 
1-52, 24d, 
_ 4(M(1, 27/7)? 
a Dai Qi+1 052° 
King (1924) showed that this formula and the LEGEN- 


DRE RELATION are equivalent and that either may be 
derived from the other. 


see also ARITHMETIC-GEOMETRIC MEAN, PI 


(6) 
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Bretschneider’s Formula 
Given a general QUADRILATERAL with sides of lengths 
a, b, c, and d (Beyer 1987), the AREA is given by 


Aguadrilateral = z Ap?q? — (b? + d? — a? — c)2, 


where p and gq are the diagonal lengths. 


see also BRAHMAGUPTA’S FORMULA, HERON’S FOR- 
MULA 


References 
Beyer, W. H. (Ed.). CRC Standard Mathematical Tables, 
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Brianchon Point 


Brianchon Point 
The point of CONCURRENCE of the joins of the VER- 
TICES of a TRIANGLE and the points of contact of a 
CONIC SECTION INSCRIBED in the TRIANGLE. A CONIC 
INSCRIBED in a TRIANGLE has an equation of the form 
h 

fpoy Bo, 

U Vv w 
so its Brianchon point has TRILINEAR COORDINATES 


(1/f, 1/g, 1/h). For KIEPERTS PARABOLA, the Bran- 
chion point has TRIANGLE CENTER FUNCTION 


asco 
~ a(b? — c?)’ 


which is the STEINER POINT. 


Brianchon’s Theorem 

The DUAL of PASCAL’S THEOREM. It states that, given 
a 6-sided POLYGON CIRCUMSCRIBED on a CONIC SEC- 
TION, the lines joining opposite VERTICES (DIAGONALS) 
meet in a single point. 


see also DUALITY PRINCIPLE, PASCAL’S THEOREM 
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Brick 


see EULER BRICK, HARMONIC BRICK, RECTANGULAR 
PARALLELEPIPED 


Bride’s Chair 
One name for the figure used by Euclid to prove the 
PYTHAGOREAN THEOREM. 


see also PEACOCK’S TAIL, WINDMILL 


Bridge Card Game 
Bridge is a CARD game played with a normal deck of 52 
cards. The number of possible distinct 13-card hands is 


52 
N= ( : 3) = 635,013,559,600. 


where ({) is a BINOMIAL COEFFICIENT. While the 
chances of being dealt a hand of 13 CarRDs (out of 52) 
of the same suit are 


4 1 
(22) 158,753,389,900’ 
13 


Bridge (Graph) 171 


the chance that one of four players will receive a hand 
of a single suit is 


1 
39,688,347,497 


There are special names for specific types of hands. A 
ten, jack, queen, king, or ace is called an “honor.” Get- 
ting the three top cards (ace, king, and queen) of three 
suits and the ace, king, and queen, and jack of the re- 
maining suit is called 13 top honors. Getting all cards of 
the same suit is called a 13-card suit. Getting 12 cards 
of same suit with ace high and the 13th card not an 
ace is called 2-card suit, ace high. Getting no honors is 


called a Yarborough. 


The probabilities of being dealt 13-card bridge hands 
of a given type are given bclow. As usual, for a hand 
with probability P, the ODDS against being dealt it are 
(1/P)-1:1. 


Hand Exact Probability 
4 1 
13 top honors V 188,753,389,900 
: 4 1 
13-card suit N 158,753,389,900 
4-12-36 


: . 4 
12-card suit, ace high 1460.038,755 


N 
(32 
13) 5,394 


Yarborough iG 5860 485 

fi (3) il 

our aces Ne 4,165 

20) (32 

nine honors G)(s)  sse.212- 
Hand Probability Odds 
13 top honors 6.30 x 107! 158,753,389,899:1 
13-card suit 6.30 x 107!” 158,753,389,899:1 
12-card suit, ace high 2.72 x 107° 367 ,484,697.8:1 
Yarborough 5.47 x 1074 1,827.0:1 
four aces 2.64 x 1073 377.6:1 
nine honors 9.51 x 1073 104.1:1 


see also CARDS, POKER 
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Bridge (Graph) 
The bridges of a GRAPH are the EDGES whose removal 
disconnects the GRAPH. 


see also ARTICULATION VERTEX 
References 
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Bridge Index 

A numerical KNOT invariant. For a TAME KNoT K, the 
bridge index is the least BRIDGE NUMBER of all planar 
representations of the KNoT. The bridge index of the 
UNKNOT is defined as 1. 


see also BRIDGE NUMBER, CROOKEDNESS 
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Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
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Bridge of Kénigsberg 
see KONIGSBERG BRIDGE PROBLEM 


Bridge Knot 

An n-bridge knot is a knot with BRIDGE NUMBER n. 
The set of 2-bridge knots is identical to the set of rational 
knots. If L is a 2-BRIDGE KNOT, then the BLM/Ho 
POLYNOMIAL Q and JONES POLYNOMIAL V satisfy 

Qx(z) = 227! Vi(t)Vi(t-* + 1-227), 

where z = —t —t~* (Kanenobu and Sumi 1993). Ka- 
nenobu and Sumi also give a table containing the num- 
ber of distinct 2-bridge knots of n crossings for n = 10 


to 22, both not counting and counting MIRROR IMAGES 
as distinct. 


n K, |Kit+ Kn 
3 0 0 
4 0 0 
5 
6 
7 
8 
9 | 
10 45 85 
11 91 182 
12 176 341 
13 352 704 
14 693 1365 
15 | 1387 2774 
16 | 2752 5461 
17 | 5504 11008 
18 | 10965 21845 
19 | 21931 43862 
20 | 43776 87381 
21 | 87552 | 175104 
[22 |174933 | 349525 
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Bridge Number 

The least number of unknotted arcs lying above the 
plane in any projection. The knot 0595 has bridge num- 
ber 2. Such knots are called 2-BRIDGE KNOTS. There is 
a one-to-one correspondence between 2-BRIDGE KNOTS 
and rational knots. The knot 0810 is a 3-bridge knot. A 
knot with bridge number b is an n-EMBEDDABLE KNOT 
where n < 8, 


see also BRIDGE INDEX 
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Brill-Noether Theorem 

If the total group of the canonical series is divided into 
two parts, the difference between the number of points 
in each part and the double of the dimension of the 
complete series to which it belongs is the same. 
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Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
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Bring-Jerrard Quintic Form 
A TSCHIRNHAUSEN TRANSFORMATION can be used to 
algebraically transform a general QUINTIC EQUATION 
to the form 

2 +cz+c9 = 0. (1) 


In practice, the general quintic is first reduced to the 
PRINCIPAL QUINTIC FORM 


y? + bey? + by + bo = (2) 


before the transformation is done. Then, we require that 
the sum of the third POWERS of the ROOTS vanishes, 
so s3(y;} = 0. We assume that the Roots z; of the 
Bring-Jerrard quintic are related to the ROOTS y; of the 
PRINCIPAL QUINTIC FORM by 


a ays? + By? + vy + dy: +. (3) 


In a similar manner to the PRINCIPAL QUINTIC FORM 
transformation, we can express the COEFFICIENTS c; in 
terms of the 6;. 

see also BRING QUINTIC FORM, PRINCIPAL QUINTIC 
FORM, QUINTIC EQUATION 


Bring Quintic Form 
A TSCHIRNHAUSEN TRANSFORMATION can be used to 
take a general QUINTIC EQUATION to the form 


2 —t-a= 0, 
where a may be COMPLEX. 


see also BRING-JERRARD QUINTIC FORM, QUINTIC 
EQUATION 
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Brioschi Formula 
For a curve with METRIC 


ds* = Edu? + Fdudu + Gdv’, (1) 


where E, F, and G is the first FUNDAMENTAL FORM, 
the GAUSSIAN CURVATURE is 


Mi + M2 


K = ——, 2 
(BG — F?)2? (2) 
where 
5 Bu + For 3 Guu 3 Ey Fy ~ 3 Ey 
M,= EF, - $Gu E F 
4G, F G 
(3) 
0 3E, $Gu 
M,=\|iE, E F |, (4) 
3Gu F G 


which can also be written 


Hie = (432) +E (eE)| 
~ SEG |Ou\ JE Ou du \ V/G Ov 
(5) 


=-ayea le (ie) + & (yea) © 
2VEG |9u\ VEG) 4 \ VEG/ |" 
see also FUNDAMENTAL FORMS, GAUSSIAN CURVATURE 
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Briot-Bouquet Equation 
An ORDINARY DIFFERENTIAL EQUATION of the form 


oy! = f(2,y), 


where m is a POSITIVE INTEGER, f is ANALYTIC at 2 = 
y = 0, f(0,0) = 0, and f,(0,0) #0. 
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Brocard Angle 


A Cc 
Define the first BROCARD POINT as the interior point Q 
of a TRIANGLE for which the ANGLES ZQAB, ZOQBC, 
and ZQCA are equal. Similarly, define the second BRO- 
CARD POINT as the interior point ' for which the AN- 
GLES £0’ AC, 20'CB, and 22’ BA are equal. Then the 
ANGLES in both cases are equal, and this angle is called 
the Brocard angle, denoted w. 


The Brocard angle w of a TRIANGLE AABC is given by 
the formulas 


cotw = cot A+cot B+ cotC (1) 
_ (AR) (2) 
4A 
_ 1+ cos a1 COS a2 Cos ag (3) 
sin a1 sin @2 sin ag 
= sin? a, +sin* ag + sin? a3 (4) 
2sin ay sin a2 sin ag 
_ a sin a; + a2 sina + a3 sin ag (5) 
a1 COS 11 + G2 COS G2 + A3 COS 3 

esc” w = esc” ay + esc* a + csc” ag (6) 
sinw = ZA (7) 


’ 
Va1?a2? + a2?a3? + a3?a1* 


where A is the TRIANGLE AREA, A, B, and C are AN- 
GLES, and a, b, and c are side lengths. 


If an ANGLE a@ of a TRIANGLE is given, the maximum 
possible Brocard angle is given by 


cotw = 2 tan($a) + } cos($a). (8) 


Let a TRIANGLE have ANGLES A, B, and C. Then 


sin Asin BsinC < kABC, (9) 
where ; 
— (52) (10) 
27 


(Le Lionnais 1983). This can be used to prove that 
8u° < ABC (11) 


(Abi-Khuzam 1974). 
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see alsy BROCARD CIRCLE, BROCARD LINE, EQUI- 
BROCARD CENTER, FERMAT POINT, ISOGONIC CEN- 
TERS 
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Brocard Axis 

The LINE KO passing through the LEMOINE POINT K 
and CIRCUMCENTER O of a TRIANGLE. The distance 
OK is called the BROCARD DIAMETER. The Brocard 
axis is PERPENDICULAR to the LEMOINE AXIS and is 
the ISOGONAL CONJUGATE of KIEPERT’S HYPERBOLA. 
It has equations 


sin(B — C)a + sin(C — A)@ + sin(A — B)y = 0 


be(b? — c?)a + ca(c? — a”) 9 + ab(a? — b?)y = 0. 


The LEMOINE POINT, CIRCUMCENTER, ISODYNAMIC 
POINTS, and BROCARD Mmpornr all lie along the Bro- 
card axis. Note that the Brocard axis is not equivalent 
to the BROCARD LINE. 

see also BROCARD CIRCLE, BROCARD DIAMETER, BRO- 
CARD LINE 


Brocard Circle 


The CIRCLE passing through the first and second BRO- 
CARD POINTS 2 and 9’, the LEMOINE POINT K, and 
the CIRCUMCENTER O of a given TRIANGLE. The BRo- 
CARD POINTS 2 and 1’ are symmetrical about the LINE 
KQ> Which is called the BRocarRD Ling. The LINE 
SEGMENT KO is called the BROCARD DIAMETER, and 
it has length 


Do /) _ hein2 
OK = _R 1 pat 


ae O 
COS Ww COS W 


where # is the CIRCUMRADIUS and w is the BROCARD 
ANGLE. The distance between either of the BROCARD 
POINTS and the LEMOINE POINT is 


QK = VK = N0tanw. 


Brocard Line 


see also BROCARD ANGLE, BROCARD DIAMETER, Bro- 
CARD POINTS 
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Brocard’s Conjecture 


2 3 
T(Dn+1 ) = ™(Dn7) 24 
for n > 2 where 7 is the PRIME COUNTING FUNCTION. 
see also ANDRICA’S CONJECTURE 


Brocard Diameter 

The LINE SEGMENT KO joining the LEMOINE Point K 
and CIRCUMCENTER O of a given TRIANGLE. It is the 
DIAMETER of the TRIANGLE’S BROCARD CIRCLE, and 
lies along the BROCARD Axis. The Brocard diameter 
has length 


Q 
cos Ww cos w 


OD _— RvV1-4sin?w 


OK = 


where 0? is the first BROCARD POINT, R is the CIRCUM- 
RADIUS, and w is the BROCARD ANGLE. 


see also BROCARD AXIS, BROCARD CIRCLE, BROCARD 
LINE, BROCARD POINTS 


Brocard Line 


A, 


A Line from any of the VERTICES A; of a TRIANGLE 
to the first 2 or second 2’ BrocarD Point. Lect the 
ANGLE at a VERTEX A; also be denoted A;, and denote 
the intersections of A419 and Ai’ with A2A3 as W, and 
W.. Then the ANGLES involving these points are 


LA, QW3 = Aji (1) 
LW3QA2 = Ag (2) 
ZA20QW, = Az. (3) 


Distances involving the points W; and Wj are given by 


sin w (4) 


Brocard Midpoint 
AoQ = as? -_ sin( Ag ae w) (5) 
A3sQ 41@2 ss sinw 
W3A1 


_ a2 sinw (2)", (6) 


W,A, aisin(A3 —w) s a3 


where w is the BROCARD ANGLE (Johnson 1929, 
pp. 267-268). 


The Brocard line, MEDIAN M, and LEMOINE Point K 
are concurrent, with AiQ1, A2K, and A3M meeting at 
a point P. Similarly, Ai’, A2oM, and AsK meet at 
a point which is the ISOGONAL CONJUGATE point of P 
(Johnson 1929, pp. 268-269). 


see also BROCARD AXIS, BROCARD DIAMETER, BRO- 
CARD POINTS, ISOGONAL CONJUGATE, LEMOINB 
POINT, MEDIAN (TRIANGLE) 
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Brocard Midpoint 
The MippoinT of the BROCARD Points. It has TRI- 
ANGLE CENTER FUNCTION 


a = a(b? +c?) = sin(A+w), 


where w is the BROCARD ANGLE. It lies on the BRO- 
CARD AXIS. 
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Brocard Points 


A Cc 

The first Brocard point is the interior point 2 (or 7 
or Z,) of a TRIANGLE for which the ANGLES ZQAB, 
LQBC, and QCA are equal. The second Brocard point 
is the interior point 9’ (or 72 or Z2) for which the AN- 
GLEs £0’ AC, £0'CB, and /0'BA are equal. The ANn- 
GLES in both cases are equal to the BROCARD ANGLE 
w, 


w=/QAB=/NBC=/NCA 
= ZY AC = £0'CB = £0'BA. 


The first two Brocard points are ISOGONAL CONJU- 
GATES (Johnson 1929, p. 266). 
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~ 
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Let Cgc be the CIRCLE which passes through the ver- 
tices B and C and is TANGENT to the line AC at C, and 
similarly for Cap and Cgc. Then the CIRCLES Cuz, 
Cac, and Cac intersect in the first Brocard point 2. 
Similarly, let Cyo be the CrRCLE which passes through 
the vertices B and C and is TANGENT to the line AB at 
B, and similarly for C!,, and C4c. Then the CIRCLES 
Chg, Ceo, and Che intersect in the second Brocard 
points 2’ (Johnson 1929, pp. 264-265). 


Sic. See 


The PEDAL TRIANGLES of 2 and 1’ are congruent, 
and SIMILAR to the TRIANGLE AABC (Johnson 1929, 
p. 269). Lengths involving the Brocard points include 


Q = ON! = RvV/1 —4sin?w (1) 
QO’ = 2Rsinw/1 — 4sin? w. (2) 


Brocard’s third point is related to a given TRIANGLE by 
the TRIANGLE CENTER FUNCTION 


a=a" (3) 


(Casey 1893, Kimberling 1994). The third Brocard 
point 2” (or 73 or Z3) is COLLINEAR with the SPIEKER 
CENTER and the ISOTOMIC CONJUGATE POINT of its 
TRIANGLE’S INCENTER. 


see also BROCARD ANGLE, BROCARD MIDPOINT, EQUuI- 
BROCARD CENTER, YFF POINTS 
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Brocard’s Problem 

Find the values of n for which n!+1 is a SQUARE NUM- 
BER m”, where n! is the FACTORIAL (Brocard 1876, 
1885). The only known solutions are n = 4, 5, and 
7, and there are no other solutions < 1027. The pairs of 
numbers (m,n) are called BROWN NUMBERS. 


see also BROWN NUMBERS, FACTORIAL, SQUARE NUM- 
BER 
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Brocard Triangles 

Let the point of intersection of A2 and A3' be Bi, 
where 2 and 9’ are the BROCARD POINTS, and similarly 
define By and Bs. B,B2B3 is the first Brocard trian- 
gle, and is inverscly similar to A,A2A3. It is inscribed 
in the BROCARD CIRCLE drawn with OK as the DIAM- 
ETER. The triangles B,A2 As, Bl A3Ai1, and B3 Ai Ao 
are ISOSCELES TRIANGLES with base angles w, where w 
is the BROCARD ANGLE. The sum of the areas of the 
ISOSCELES TRIANGLES is A, the AREA of TRIANGLE 
AiAoA3. The first Brocard triangle is in perspective 
with the given TRIANGLE, with A1Bi, A2 Be, and A3B3 
CONCURRENT. The MEDIAN Point of the first Brocard 
triangle is the MEDIAN PoINT M of the original triangle. 
The Brocard triangles are in perspective at M. 


Let ci, co, and cg and cj, cp, and cz be the CIRCLES 
intersecting in the BROCARD POINTS 2 and ”’" respec- 
tively. Let the two circles cy and c} tangent at Ai to 
A, A, and A; A3, and passing respectively through A3 
and Az, meet again at C;. The triangle C,C2C3 is the 
second Brocard triangle. Each VERTEX of the second 
Brocard triangle lies on the second BROCARD CIRCLE. 


The two Brocard triangles are in perspective at M. 
see also STEINER POINTS, TARRY POINT 
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Bromwich Integral 
The inverse of the LAPLACE TRANSFORM, given by 


1 y | too 
Ft) = / e f(8) ds, 
y 


400 


where + is a vertical CONTOUR in the COMPLEX PLANE 
chosen so that all singularities of f(s) are to the left of 
it. 
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Brown Function 


Brothers 
A PAIR of consecutive numbers. 


see also PAIR, SMITH BROTHERS, TWINS 


Brouwer Fixed Point Theorem 
Any continuous FUNCTION G : D” > D” has a FIXED 
POINT, where 


D” = {xe R®: a7 +...42n2 <1} 


is the unit n-BALL. 
see also FIXED POINT THEOREM 
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Browkin’s Theorem 

For every POSITIVE INTEGER n, there exists a SQUARE 
in the plane with exactly n LATTICE POINTS in its inte- 
rior. This was extended by Schinzel and Kulikowski to 
all plane figures of a given shape. The generalization of 
the SQUARE in 2-D to the CUBE in 3-D was also proved 
by Browkin. 


see also CUBE, SCHINZEL’S THEOREM, SQUARE 
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Brown’s Criterion 
A SEQUENCE {v;} of nondecreasing POSITIVE INTEGERS 
is COMPLETE IFF 


1. ,=1. 
2. For all k = 2, 3,..., 


Skea = Uy tvet...+up-1 > UR — 1. 


A corollary states that a SEQUENCE for which 4, = 1 
and v.41 < 21% is COMPLETE (Honsberger 1985). 


see also COMPLETE SEQUENCE 
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Brown Function 
For a FRACTAL PROCESS with values y(t— At) and y(t+ 
At), the correlation between these two values is given by 
the Brown function 

p= gel _y, 


also known as the BACHELIER FUNCTION, LEVY FUNC- 
TION, or WIENER FUNCTION. 


Brown Numbers 


Brown Numbers 
Brown numbers are PAIRS (m,n) of INTEGERS satisfying 
the condition of BROCARD’S PROBLEM, i.e., such that 


nl+1=m’ 


where n! is the FACTORIAL and m? is a SQUARE NuM- 
BER. Only three such PAIRS of numbers are known: 
(5,4), (11,5), (71,7), and Erdés conjectured that these 
are the only three such Pairs. Le Lionnais (1983) points 
out that there are 3 numbers less than 200,000 for which 


(n—1)!+1=0 (mod n’), 


namely 5, 13, and 563. 


see also BROCARD’S PROBLEM, FACTORIAL, SQUARE 
NUMBER 
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Broyden’s Method 
An extension of the secant method of root finding to 
higher dimensions. 
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Bruck-Ryser-Chowla Theorem 

Ifn = 1,2 (mod 4), and the SQUAREFREE part of n is di- 
visible by a PRIME p = 3 (mod 4), then no DIFFERENCE 
SET of ORDER n exists. Equivalently, if a PROJECTIVE 
PLANE of order n exists, and n = 1 or 2 (mod 4), then 
n is the sum of two SQUARES. 


Dinitz and Stinson (1992) give the theorem in the fol- 
lowing form. If a symmetric (v,k,\)-BLOCK DESIGN 
exists, then 


1. If vu is EVEN, then k — \ is a SQUARE NUMBER, 


2. If v is ODD, the the DIOPHANTINE EQUATION 
2 = (k = dp)y? + (-1)°-)/2 2? 


has a solution in integers, not all of which are 0. 


see also BLOCK DESIGN, FISHER’S BLOCK DESIGN IN- 
EQUALITY 
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Bruck-Ryser Theorem 
see BRUCK-RYSER-CHOWLA THEOREM 


Brun’s Constant 
The number obtained by adding the reciprocals of the 
TWIN PRIMES, 


B= Gt eGs+ eG + a) +($+ is) +o" 


By BRUN’s THEOREM, the constant converges to a def- 
inite number as p — oo. Any finite sum underesti- 
mates B. Shanks and Wrench (1974) used all the TWIN 
PRIMES among the first 2 million numbers. Brent (1976) 
calculated all TWIN PRIMES up to 100 billion and ob- 
tained (Ribenboim 1989, p. 146) 


B® 1.90216054, (2) 


assuming the truth of the first HaRDY-LITTLEWOOD 
CONJECTURE. Using TWIN PRIMES up to 10", Nicely 
(1996) obtained 


B = 1.9021605778 + 2.1 x 107° (3) 


(Cipra 1995, 1996), in the process discovering a bug in 
Intel’s® Pentium™ microprocessor. The value given by 
Le Lionnais (1983) is incorrect. 


see also TWIN PRIMES, TWIN PRIME CONJECTURE, 
TWIN PRIMES CONSTANT 
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Brunn-Minkowski Inequality 

The nth root of the CONTENT of the set sum of two sets 
in Euclidean n-space is greater than or equal to the sum 
of the nth roots of the CONTENTS of the individual sets. 


see also TOMOGRAPHY 
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Brun’s Sum 
see BRUN’S CONSTANT 


Brun’s Theorem 

The series producing BRUN’S CONSTANT CONVERGES 
even if there are an infinite number of TWIN PRIMES. 
Proved in 1919 by V. Brun. 


Brunnian Link 

A Brunnian link is a set of n linked loops such that 
each proper sublink is trivial, so that the removal of any 
component leaves a set of trivial unlinked UNKNOTs. 
The BORROMEAN RINGS are the simplest example and 
have n = 3. 


see also BORROMEAN RINGS 
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Brute Force Factorization 


see DIRECT SEARCH FACTORIZATION 


Bubble 

A bubble is a MINIMAL SURFACE of the type that is 
formed by soap film. The simplest bubble is a single 
SPHERE. More complicated forms occur when multi- 
ple bubbles are joined together. Two outstanding prob- 
lems involving bubbles are to find the arrangements with 
the smallest PERIMETER (planar problem) or SURFACE 
AREA (AREA problem) which enclose and separate n 
given unit areas or volumes in the plane or in space. 
For n = 2, the problems are called the DOUBLE BuB- 
BLE CONJECTURE and the solution to both problems is 
known to be the DOUBLE BUBBLE. 


see also DOUBLE BUBBLE, MINIMAL 
PLATEAU’S LAWS, PLATEAU’S PROBLEM 


SURFACE, 
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Buffon’s Needle Problem 


Buchberger’s Algorithm 
The algorithm for the construction of a GROBNER BASIS 
from an arbitrary ideal basis. 


see also GROBNER BASIS 
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Buckminster Fuller Dome 
see GEODESIC DOME 


Buffon-Laplace Needle Problem 


LETT TTT TTT eye ei ett 4 


rat 


Find the probability P(é,a,b) that a needle of length @ 
will land on a line, given a floor with a grid of equally 
spaced PARALLEL LINES distances a and b apart, with 
£> a,b. 

2é(a +b) — & 


P(é,a,6) = Rah 


see also BUFFON’S NEEDLE PROBLEM 


Buffon’s Needle Problem 


Bulirsch-Stoer Algorithm 


Find the probability P(é,d) that a needle of length ¢ 
will land on a line, given a floor with equally spaced 
PARALLEL LINES a distance d apart. 


Qn n/2 
£| cos 6| dé £ 
P(t,d)= — = — 4 0d6 
(é.4) [ ad 24 a’ | my 


2e 
xd 


lI 


2 angie? = 


nd 


Several attempts have been made to experimentally de- 
termine a by needle-tossing. For a discussion of the 
relevant statistics and a critical analysis of one of the 
more accurate (and least believable) needle-tossings, sec 
Badger (1994). 


see also BUFFON-LAPLACE NEEDLE PROBLEM 
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Bulirsch-Stoer Algorithm 
An algorithm which finds RATIONAL FUNCTION extrap- 
olations of the form 


Recestycfeeggy = Pule) . Pot pie t+ .. + Pua 
ie P (x) go + Qe +... + quae” 


and can be used in the solution of ORDINARY DIFFER- 
ENTIAL EQUATIONS. 


References 

Bulirsch, R. and Stoer, J. §2.2 in Introduction to Numerical 
Analysis. New York: Springer-Verlag, 1991. 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vetter- 
ling, W. T. “Richardson Extrapolation and the Bulirsch- 
Stoer Method.” §16.4 in Numerical Recipes in FORTRAN: 
The Art of Scientific Computing, 2nd ed. Cambridge, Eng- 
land: Cambridge University Press, pp. 718-725, 1992. 


Bullet Nose 


A plane curve with implicit equation 
SS eh (1) 


In parametric form, 
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xz =acost (2) 
y = beott. (3) 

The CURVATURE is 
‘s 3ab cot tcsct (4) 


~ (b? csc4 t + a? sin? t)3/2 


and the TANGENTIAL ANGLE is 


@= tan! (=) : (5) 


a 
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Bumping Algorithm 

Given a PERMUTATION {pi,p2,---,pn} of {1, ..., n}, 
the bumping algorithm constructs a standard YOUNG 
‘TABLEAU by inserting the p; one by one into an already 
constructed YOUNG TABLEAU. To apply the bump- 
ing algorithm, start with {{pi}}, which is a YOUNG 
TABLEAU. If p, through py have already been inserted, 
then in order to insert p,41, start with the first line of 
the already constructed YOUNG TABLEAU and search 
for the first element of this line which is greater than 
pPry+i- If there is no such element, append p,+1 to the 
first line and stop. If there is such an element (say, pp), 
exchange p, for p.41, search the second line using pp, 
and so on. 


see also YOUNG TABLEAU 
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Bundle 
see FIBER BUNDLE 


Burau Representation 

Gives a MATRIX representation b; of a BRAID GROUP 
in terms of (n — 1) x (n— 1) MATRICES. A —t always 
appears in the (i,7) position. 


St 0D ted. 
b,=| 9 O 1 --: 0 (1) 
0 01 1 
1 0 0 0 
0 -t 0 0 
b;= | 0 -t 0 0 (2) 
0 -1 1 0 
0 0 0 : 
0 0 0 1 
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10 -- 0 0 
OD, es Oe 520 

Sa ae eee (3) 
0 0 + 0 ~t 
00 --- 0 -¢ 


Let © be the MaTRIxX Propuct of BRAID WORDS, then 
det(I — Y) = 
Ll+it-.-+ir7 


where Az is the ALEXANDER POLYNOMIAL and det is 
the DETERMINANT. 


Au, (4) 
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Burkhardt Quartic 
The VARIETY which is an invariant of degree four and 
is given by the equation 


yo — yo(yi + y2 + ¥3 + ya) + 8yry2ysya = 0. 
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Burnside’s Conjecture 
Every non-ABELIAN SIMPLE GRouP has EVEN ORDER. 


see also ABELIAN GROUP, SIMPLE GROUP 


Burnside’s Lemma 

Let J be a FINITE GROUP and the image R(J) be a 
representation which is a HOMEOMORPHISM of J into a 
PERMUTATION GROUP S(X), where 5(X) is the GROUP 
of all permutations of a SET X. Define the orbits of R(J) 
as the equivalence classes under x ~ y, which is true if 
there is some permutation p in R(J) such that p(x) = y. 
Define the fixed points of p as the elements x of X for 
which p(z) = z. Then the AVERAGE number of FIXED 
POINTS of permutations in R(J) is equal to the number 
of orbits of R(J). 


The LEMMA was apparently known by Cauchy (1845) in 
obscure form and Frobenius (1887) prior to Burnside’s 
(1900) rediscovery. It was subsequently extended and 
refined by Pélya (1937) for applications in COMBINATO- 
RIAL counting problems. In this form, it is known as 
POLYA ENUMERATION THEOREM. 
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Burnside Problem 


Burnside Problem 

A problem originating with W. Burnside (1902), who 
wrote, “A still undecided point in the theory of dis- 
continuous groups is whether the ORDER of a GROUP 
may be not finite, while the order of every operation 
it contains is finite.” This question would now be 
phrased as “Can a finitely generated group be infinite 
while every element in the group has finite order?” 
(Vaughan-Lee 1990). This question was answered by 
Golod (1964) when he constructed finitely generated in- 
finite p-GROUPS. These GROUPS, however, do not have 
a finite exponent. 


Let F, be the FREE GROUP of RANK r and let N be 
the SUBGROUP generated by the set of nth POwers 
{g"\g € F,}. Then N is a normal subgroup of F,. We 
define B(r,n) = F,/N to be the QUOTIENT GROUP. We 
call B(r,n) the r-generator Burnside group of exponent 
n. It is the largest r-generator group of exponent n, in 
the sense that every other such group is a HOMEOMOR- 
PHIC image of B(r,n). The Burnside problem is usually 
stated as: “For which values of r and n is B(r,n) a 
FINITE GROUP?” 


An answer is known for the following values. For r = 1, 
B(1,n) is a CycLic Group of ORDER n. For n = 2, 
B(r,2) is an elementary ABELIAN 2-group of ORDER 2”. 
For n = 3, B(r,3) was proved to be finite by Burnside. 
The ORDER of the B(r,3) groups was established by 
Levi and van der Waerden (1933), namely 3° where 


a=r+(2)+(2), (1) 


where (%) is a BINOMIAL COEFFICIENT. For n = 4, 
B(r, 4) was proved to be finite by Sanov (1940). Groups 
of exponent four turn out to be the most complicated 
for which a POSITIVE solution is known. The precise 
nilpotency class and derived length are known, as are 
bounds for the ORDER. For example, 


|B(2,4)| = 2"? (2) 
|B(3,4)| = 2°° (3) 
|B(4,4)| = 2° (4) 
|B(5, 4)| = 277°, (5) 


while for larger values of r the exact value is not yet 
known. For n = 6, B(r,6) was proved to be finite by 
Hall (1958) with ORDER 2°3°, where 


@=1+4 (r—1)3° (6) 
b=1+(r—1)2” (7) 


car+(3)+({). (8) 


No other Burnside groups are known to be finite. On 
the other hand, for r > 2 and n > 665, with n ODD, 


Busemann-Petty Problem 


B(r,n) is infinite (Novikov and Adjan 1968). There is a 
similar fact for r > 2 and n a large POWER of 2. 


E. Zelmanov was awarded a FIELDS MEDAL in 1994 for 
his solution of the “restricted” Burnside problem. 


see also FREE GROUP 
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Busemann-Petty Problem 

If the section function of a centered convex body in Eu- 
clidean n-space (n > 3) is smaller than that of another 
such body, is its volume also smaller? 


References 
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Busy Beaver 

A busy beaver is an n-state, 2-symbol, 5-tuple TURING 
MACHINE which writes the maximum possible number 
BB(n) of 1s on an initially blank tape before halting. 
For n = 0, 1, 2, ..., BB(n) is given by 0, 1, 4, 6, 13, 
> 4098, > 136612, .... The busy beaver sequence is 
also known as RADO’S SIGMA FUNCTION. 


see also HALTING PROBLEM, TURING MACHINE 
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Butterfly Catastrophe 


A CATASTROPHE which can occur for four control fac- 
tors and one behavior axis. The equations 


x = c(8at® + 24t°) 
y = c(—-6at? — 15t*) 
display such a catastrophe (von Seggern 1993). 


References 
von Seggern, D. CRC Standard Curves and Surfaces. Boca 
Raton, FL: CRC Press, p. 94, 1993. 


Butterfly Curve 


A PLANE CURVE given by the implicit equation 
6 2 6 
y =(@ -«@). 
see also DUMBBELL CURVE, EIGHT CURVE, PIRIFORM 


References 
Cundy, H. and Rollett, A. Mathematical Models, 3rd ed. 
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Butterfly Effect 

Due to nonlinearities in weather processes, a butterfly 
flapping its wings in Tahiti can, in theory, produce a 
tornado in Kansas. This strong dependence of outcomes 
on very slightly differing initial conditions is a hallmark 
of the mathematical behavior known as CHAOS. 


see also CHAOS, LORENZ SYSTEM 


Butterfly Fractal 


(x? — y*) sin (=+¥) 


x? +y? 


f(z,y) = 
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Butterfly Polyiamond 


References 
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and Packings, 2nd ed. Princeton, NJ: Princeton University 


Press, p. 92, 1994. 


A 6-POLYIAMOND. 


Butterfly Theorem 
A C 


B 


Given a CHORD PQ of a CIRCLE, draw any other two 
Cuorps AB and CD passing through its MIDPOINT. 
Call the points where AD and BC meet PQ X and Y. 
Then M is the MIDPOINT of XY. 


see also CHORD, CIRCLE, MIDPOINT 
References 


Coxeter, H. S. M. and Greitzer, 8. L. Geometry Revisited. 
Washington, DC: Math. Assoc. Amer., pp. 45-46, 1967. 


Butterfly Theorem 


C 


Cc 
The FIELD of COMPLEX NUMBERS, denoted C. 


see also C*, COMPLEX NuMBER, I, N, Q, R, Z 
(og 
The RIEMANN SPHERE C U {oo}. 


see also C, COMPLEX NuMBER, Q, R, RIEMANN 
SPHERE, Z 


C*-Algebra 
A special type of B*-ALGEBRA in which the INVOLU- 
TION is the ADJOINT OPERATOR in a HILBERT SPACE. 


see also B*-ALGEBRA, k-THEORY 


References 
Davidson, K. R. C*-Algebras by Example. Providence, RI: 
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C-Curve 
see LEVY FRACTAL 


C-Determinant 
A DETERMINANT appearing in PADE APPROXIMANT 
identities: 


Orp—s+1 Gr—-s+2 *'° ar 
Cr/s = 


ar Qr+1 Gr+s—1 


see also PADE APPROXIMANT 


C-Matrix 
Any SYMMETRIC Matrix (A™ = A) or SKEW SYMMET- 
RIC Matrix (A* = ~A) C,, with diagonal elements 0 


and others +1 satisfying 
CCT = (n- 1), 


where | is the IDENTITY MATRIX, is known as a C- 
matrix (Ball and Coxeter 1987). Examples include 


oO + + + 

- 0 -— + 
G=}~ 1 4 _ 

= “Ssh 0 

o+ + + + 4 

+ 0+ - - + 
Gk a. ODE AE ee 
eT ]+ - + 0 4+ - 

+ —- =~ + 0 + 

+ + - - + 0 
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C-Table 
see C-DETERMINANT 


Cable Knot 
Let K, be a ToRuS KNOT. Then the SATELLITE KNOT 
with COMPANION KNOT Kg is a cable knot on Ke. 
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Cactus Fractal 


A MANDELBROT SET-like FRACTAL obtained by iterat- 
ing the map 


3 
Zn41 = 2n° + (z0 — 1)2n — 20. 
see also FRACTAL, JULIA SET, MANDELBROT SET 


Cake Cutting 

It is always possible to “fairly” divide a cake among n 
people using only vertical cuts. Furthermore, it is pos- 
sible to cut and divide a cake such that each person 
believes that everyone has received 1/n of the cake ac- 
cording to his own measure. Finally, if there is some 
piece on which two people disagree, then there is a way 
of partitioning and dividing a cake such that each par- 
ticipant believes that he has obtained more than 1/n of 
the cake according to his own measure. 


Ignoring the height of the cake, the cake-cutting problem 
is really a question of fairly dividing a CIRCLE into n 
equal AREA pieces using cuts in its plane. One method 
of proving fair cake cutting to always be possible relies 
on the FROBENIUS-KONIG THEOREM. 


see also CIRCLE CUTTING, CYLINDER CUTTING, EN- 
VYFREE, FROBENIUS-KONIG THEOREM, HAM SAND- 
WICH THEOREM, PANCAKE THEOREM, PIZZA THEO- 
REM, SQUARE CUTTING, TORUS CUTTING 
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Cal 
see WALSH FUNCTION 


Calabi’s Triangle 


BY AON 


Equilateral Triangle Calabi’s Triangle 

The one TRIANGLE in addition to the EQUILATERAL 
TRIANGLE for which the largest inscribed SQUARE 
can be inscribed in three different ways. The ra- 
tio of the sides to that of the base is given by x = 


1.55138752455... (Sloane’s A046095), where 


(—23 + 31/237 )1/8 11 
3+ 22/3 3[2(—23 + 3iv/237 )]1/3 


z= : cot 
~ 3 
is the largest POSITIVE ROOT of 
Qe? — 207 -32+2=0, 


which has CONTINUED FRACTION [1, 1, 1, 4, 2, 1, 2, 1, 
5, 2, 1, 3, 1, 1, 390, ...] (Sloane’s A046096). 


see also GRAHAM’S BIGGEST LITTLE HEXAGON 
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Calabi- Yau Space 
A structure into which the 6 extra DIMENSIONS of 10-D 
string theory curl up. 


Calculus 
In general, “a” calculus is an abstract theory developed 
in a purely formal way. 


“The” calculus, more properly called ANALYSIS (or 
REAL ANALYSIS or, in older literature, INFINITESIMAL 
ANALYSIS) is the branch of mathematics studying the 
rate of change of quantities (which can be interpreted as 
SLOPES of curves) and the length, AREA, and VOLUME 
of objects. The CALCULUS is sometimes divided into 
DIFFERENTIAL and INTEGRAL CALCULUS, concerned 
with DERIVATIVES q 


dE (x) 


Calculus of Variations 


/ fla) de, 


While ideas related to calculus had been known for some 
time (Archimedes’ EXHAUSTION METHOD was a form 
of calculus), it was not until the independent work of 
Newton and Leibniz that the modern elegant tools and 
ideas of calculus were developed. Even so, many years 
elapsed until the subject was put on a mathematically 
rigorous footing by mathematicians such as Weierstraf. 


and INTEGRALS 


respectively. 


see also ARC LENGTH, AREA, CALCULUS OF VARI- 
ATIONS, CHANGE OF VARIABLES THEOREM, DE- 
RIVATIVE, DIFFERENTIAL CALCULUS, ELLIPSOIDAL 
CALCULUS, EXTENSIONS CALCULUS, FLUENT, FLUX- 
ION, FRACTIONAL CALCULUS, FUNCTIONAL CALCULUS, 
FUNDAMENTAL THEOREMS OF CALCULUS, HEAVISIDE 
CALCULUS, INTEGRAL, INTEGRAL CALCULUS, JACO- 
BIAN, LAMBDA CALCULUS, KIRBY CALCULUS, MALLI- 
AVIN CALCULUS, PREDICATE CALCULUS, PROPOSI- 
TIONAL CALCULUS, SLOPE, TENSOR CALCULUS, UM- 
BRAL CALCULUS, VOLUME 
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Calculus of Variations 

A branch of mathematics which is a sort of general- 
ization of CALCULUS. Calculus of variations seeks to 
find the path, curve, surface, etc., for which a given 
FUNCTION has a STATIONARY VALUE (which, in physical 


Calcus 


problems, is usually a MINIMUM or MAXIMUM). Mathe- 
matically, this involves finding STATIONARY VALUES of 
integrals of the form 


f= J Vie ae. (1) 


I has an extremum only if the EULER-LAGRANGE DIF- 
FERENTIAL EQUATION is satisfied, i.e., if 


of 4 (af\_ 
3a (He) =o (2) 


The FUNDAMENTAL LEMMA OF CALCULUS OF VARIA- 
TIONS states that, if 


b 
/ M(x)h(x) dx = 0 (3) 


for all h(x) with CONTINUOUS second PARTIAL DERIVA- 
TIVES, then 
M(zx)=0 (4) 


on (a,b). 

see also BELTRAMI IDENTITY, BOLZA PROBLEM, 
BRACHISTOCHRONE PROBLEM, CATENARY, ENVE- 
LOPE THEOREM, EULER-LAGRANGE DIFFERENTIAL 
EQUATION, ISOPERIMETRIC PROBLEM, ISOVOLUME 
PROBLEM, LINDELOF’S THEOREM, PLATEAU’S PROB- 
LEM, POINT-POINT DISTANCE—2-D, POINT-POINT 
DISTANCE—-3-D, ROULETTE, SKEW QUADRILATERAL, 
SPHERE WITH TUNNEL, UNDULOID, WEIERSTRA8- 
ERDMAN CORNER CONDITION 
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Calcus 


2" 
1 calcus = x53- 


see also HALF, QUARTER, SCRUPLE, UNCIA, UNIT 
FRACTION 
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Calder6n’s Formula 


f(t) =Cy / = / ” Cp wt) p°?(aa-? da db, 


where 


ye(a) = |al-/y (2). 


This result was originally derived using HARMONIC 
ANALYSIS, but also follows from a WAVELETS viewpoint. 


Caliban Puzzle 
A puzzle in LOGIC in which one or more facts must be 
inferred from a set of given facts. 


Calvary Cross 


see also CROSS 


Cameron’s Sum-Free Set Constant 

A set of POSITIVE INTEGERS S is sum-free if the equa- 
tion + y = z has no solutions z, y, z € S. The proba- 
bility that a random sum-free set S consists entirely of 
OpD INTEGERS satisfies 


0.21759 < c < 0.21862. 
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Cancellation 
see ANOMALOUS CANCELLATION 


Cancellation Law 
If bc = bd (mod a) and (b,a) = 1 (ie., a and 6 are 
RELATIVELY PRIME), then c=d (mod a). 


see also CONGRUENCE 
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Cannonball Problem 

Find a way to stack a SQUARE of cannonballs laid out on 
the ground into a SQUARE PYRAMID (i.e., find a SQUARE 
NUMBER which is also SQUARE PYRAMIDAL). This cor- 
responds to solving the DIOPHANTINE EQUATION 


k 
Soi? = ik(1+k)(1 + 2k) = N? 


i=l 


for some pyramid height k. The only solution is k = 24, 
N = 70, corresponding to 4900 cannonballs (Ball and 
Coxeter 1987, Dickson 1952), as conjectured by Lucas 
(1875, 1876) and proved by Watson (1918). 


see also SPHERE PACKING, SQUARE NUMBER, SQUARE 
PYRAMID, SQUARE PYRAMIDAL NUMBER 
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Canonical Form 
A clear-cut way of describing every object in a class in 
a ONE-TO-ONE manner. 


see also NORMAL FORM, ONE-TO-ONE 
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Canonical Polyhedron 

A POLYHEDRON is said to be canonical if all its EDGES 
touch a SPHERE and the center of gravity of their contact 
points is the center of that SPHERE. Each combinato- 
rial type of (GENUS zero) polyhedron contains just one 
canonical version. The ARCHIMEDEAN SOLIDS and their 
DUALS are all canonical. 


References 
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Posting to 


Canonical Transformation 


see SYMPLECTIC DIFFEOMORPHISM 


Cantor Comb 
see CANTOR SET 


Cantor Dust 


Cantor-Dedekind Axiom 
The points on a line can be put inte a ONE-TO-ONE 
correspondence with the REAL NUMBERS. 


see also CARDINAL NUMBER, CONTINUUM HYPOTHE- 
sis, DEDEKIND CUT 


Cantor Diagonal Slash 

A clever and rather abstract technique used by Georg 
Cantor to show that the INTEGERS and REALS cannot be 
put into a ONE-TO-ONE correspondence (i.e., the INFIN- 
ITY of REAL NUMBERS is “larger” than the INFINITY of 
INTEGERS). It proceeds by constructing a new member 
S’ of a SET from already known members S by arrang- 
ing its nth term to differ from the nth term of the nth 
member of S. The tricky part is that this is done in 
such a way that the SET including the new member has 
a larger CARDINALITY than the original SET S. 


see also CARDINALITY, CONTINUUM HYPOTHESIS, DE- 
NUMERABLE SET 
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Cantor Dust 
@O@is see 


A FRACTAL which can be constructed using STRING RE- 
WRITING by creating a matrix three times the size of the 
current matrix using the rules 


line 1: Yep ; mn tay " 
line 2: Hy ti>t " " hoy" Ty 
line 3: Het xl ' hoiyt “ 


Let N, be the number of black boxes, Z, the length of 
a side of a white box, and A, the fractional AREA of 
black boxes after the nth iteration. 


Nn = 5” (1) 
Ln = (3)"=3™ (2) 
Ans be Ne SEY (3) 


The CAPACITY DIMENSION is therefore 


. InN, f In(5”) 
ca = = l 
Gan inh, n>oo In(3-") 
In5 
= —— = 1.464973521.... 4 
ie = 1464973521 (4) 


see also BOX FRACTAL, SIERPINSKI CARPET, SIERPIN- 
SKI SIEVE 


Cantor’s Equation 
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Cantor’s Equation 


w =€, 
where w is an ORDINAL NUMBER. and e is an INACCES- 
SIBLE CARDINAL. 
see also INACCESSIBLE CARDINAL, ORDINAL NUMBER 
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Cantor Function 
The function whose values are 


(2+ grime +=) 
2 “" " gm-i 2™ 


for any number between 


ge jg Cet! 

ae aaa aai ae 

and ‘ 
_ ©1 Cm-1 

bag tt gmat + gm 


Chalice (1991) shows that any real-values function F(z) 
on [0, 1] which is MONOTONE INCREASING and satisfies 
1. F(0) = 0, 

2. F(x/3) = F(x)/2, 

3. F-—2)=1- F(z) 

is the Cantor function. 


see also CANTOR SET, DEVIL’S STAIRCASE 
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Cantor’s Paradox 

The Ser of all SETS is its own POWER SET. Therefore, 
the CARDINALITY of the SET of all SETS must be bigger 
than itself. 


see also CANTOR’S THEOREM, POWER SET 
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Cantor Set 

The Cantor set (J) is given by taking the interval [0,1] 
(set Tp), removing the middle third (7), removing the 
middle third of each of the two remaining pieces (T2), 
and continuing this procedure ad infinitum. It is there- 
fore the set of points in the INTERVAL [0,1] whose ternary 
expansions do not contain 1, illustrated below. 


This produces the SET of REAL NUMBERS {2} such that 


LORE La (1) 


where cy, may equal 0 or 2 for each n. This is an infinite, 
PERFECT SET. The total length of the LINE SEGMENTS 
in the nth iteration is 


2 n 
m= (5) @) 
and the number of LINE SEGMENTS is N, = 2”, so the 
length of each element is 


wat -( : 


d 7 InN er nin2 
aaa Payers Ine Boer —nln3 
In2 
=-——=0. 29.... 
a3 0.630929 (4) 


The Cantor set is nowhere DENSE, so it has LEBESGUE 
MEASURE 0. 


A general Cantor set is a CLOSED SET consisting en- 
tirely of BOUNDARY POINTS. Such sets are UNCOUNT- 
ABLE and may have 0 or POSITIVE LEBESGUE MEA- 
SURE. The Cantor set is the only totally disconnected, 
perfect, COMPACT METRIC SPACE up to a HOMEOMOR- 
PHISM (Willard 1970). 


see also ALEXANDER’S HORNED SPHERE, ANTOINE’S 
NECKLACE, CANTOR FUNCTION 
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A FRACTAL which can be constructed using STRING RE- 
WRITING by creating a matrix three times the size of the 
current matrix using the rules 


line 1: Wet Hegel ist tip" i 
line 2: "*"=>"x" x" ee a a“ 
line 3: Haga > Net tou " 


The first few steps are illustrated above. 


The size of the unit element after the nth iteration is 


and the number of elements is given by the RECUR- 
RENCE RELATION 


Na = 4Nn-1 + 5(9”) 


where N, = 5, and the first few numbers of elements are 
5, 65, 665, 6305, .... Expanding out gives 


Nn = Oe ee a = 9? — 4”, 
k=0 


The CAPACITY DIMENSION is therefore 


_ ~  InNn _ . In(g" — 4”) 
as Pa nL, <a In(3-") 
_ lim In(9") = In9_— 21n3 _ 

n-+00 In(3-7) ~in3 In3 


Since the DIMENSION of the filled part is 2 (i.e., the 
SQUARE is completely filled), Cantor’s square fractal is 
not a true FRACTAL. 


see also BOX FRACTAL, CANTOR DuST 
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Cantor’s Theorem 

The CARDINAL NUMBER of any set is lower than the 
CARDINAL NUMBER of the set of all its subsets. A 
COROLLARY is that there is no highest 8 (ALEPH). 


see also CANTOR’S PARADOX 


Cap 
see CROSS-CAP, SPHERICAL CaP 


Capacity 
see TRANSFINITE DIAMETER 


Cardano’s Formula 


Capacity Dimension 

A DIMENSION also called the FRACTAL DIMEN- 
SION, HAUSDORFF DIMENSION, and HAUSDORFF- 
BESICOVITCH DIMENSION in which nonintegral values 
are permitted. Objects whose capacity dimension is dif- 
ferent from their TOPOLOGICAL DIMENSION are called 
FRACTALS. The capacity dimension of a compact MET- 
RIC SPACE X is a REAL NUMBER deapacity Such that if 
n(e) denotes the minimum number of open sets of diam- 
eter less than or equal to ¢, then n(e) is proportional to 


e-? ase > 0. Explicitly, 


= . InN 
deapacity = — lim 
«30+ Ine 


(if the limit exists), where N is the number of elements 
forming a finite COVER of the relevant METRIC SPACE 
and ¢€ is a bound on the diameter of the sets involved 
(informally, € is the size of each element used to cover 
the set, which is taken to to approach 0). If each ele- 
ment of a FRACTAL is equally likely to be visited, then 
dcapacity = dinformation, where dinformation is the INFOR- 
MATION DIMENSION. The capacity dimension satisfies 


decorrelation < dinformation < dcapacity 


where decorrelation is the CORRELATION DIMENSION, and 
is conjectured to be equal to the LYAPUNOV DIMENSION, 


see also CORRELATION EXPONENT, DIMENSION, HAUS- 
DORFF DIMENSION, KAPLAN- YORKE DIMENSION 
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Carathéodory Derivative 
A function f is Carathéodory differentiable at a if there 
exists a function ¢@ which is CONTINUOUS at a such that 


f(x) — f(a) = o(x)(z - a). 


Every function which is Carathéodory differentiable is 
also FRECHET DIFFERENTIABLE. 


see also DERIVATIVE, FRECHET DERIVATIVE 


Carathéodory’s Fundamental Theorem 
Each point in the CONVEX HULL of a set S in R® is in 
the convex combination of n+ 1 or fewer points of S. 


see also CONVEX HULL, HELLY’s THEOREM 


Cardano’s Formula 
see CUBIC EQUATION 


Cardinal Number 


Cardinal Number 
In informal usage, a cardinal number is a number used 
in counting (a COUNTING NUMBER), such as 1, 2, 3,.... 


Formally, a cardinal number is a type of number defined 
in such a way that any method of counting SETS using it 
gives the same result. (This is not true for the ORDINAL 
NUMBERS.) In fact, the cardinal numbers are obtained 
by collecting all ORDINAL NUMBERS which are obtain- 
able by counting a given set. A set has Xo (ALEPH-O) 
members if it can be put into a ONE-TO-ONE correspon- 
dence with the finite ORDINAL NUMBERS. 


Two sets are said to have the same cardinal number if 
all the elements in the sets can be paired off ONb-'1ro- 
Ong. An INACCESSIBLE CARDINAL cannot be expressed 
in terms of a smaller number of smaller cardinals. 


see also ALEPH, ALEPH-0 (No), ALEPH-1 (Xi), CAN- 
TOR-DEDEKIND AXIOM, CANTOR DIAGONAL SLASH, 
CONTINUUM, CONTINUUM HYPOTHESIS, EQUIPOL- 
LENT, INACCESSIBLE CARDINALS AXIOM, INFINITY, 
ORDINAL NUMBER, POWER SET, SURREAL NUMBER, 
UNCOUNTABLE SET 
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Cardinality 
see CARDINAL NUMBER 


Cardioid 


The curve given by the POLAR equation 

r =a(1+cos@), (1) 
sometimes also written 

r = 2b(1 + cos 6), (2) 
where b = a/2, the CARTESIAN equation 


(2? +y° — az)’ =a? (x? +’), (3) 
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and the parametric equations 


z= acost(1 + cost) (4) 
y = asint(1+ cost). (5) 


The cardioid is a degenerate case of the Limagon. It is 
also a 1-CUSPED EPICYCLOID (with r = R) and is the 
CAUSTIC formed by rays originating at a point on the 
circumference of a CIRCLE and reflected by the CIRCLE. 


The name cardioid was first used by de Castillon in 
Philosophical Transactions of the Royal Society in 1741. 
Its ARC LENGTH was found by La Hire in 1708. There 
are exactly three PARALLEL TANGENTS to the cardioid 
with any given gradient. Also, the ‘TANGENTS at the 
ends of any CHORD through the Cusp point are at 
RIGHT ANGLES. The length of any CHORD through the 
CuSP point is 2a. 


The cardioid may also be generated as follows. Draw 
a CIRCLE C and fix a point A on it. Now draw a set 
of CIRCLES centered on the CIRCUMFERENCE of C and 
passing through A. The ENVELOPE of these CIRCLES 
is then a cardioid (Pedoe 1995). Let the CIRCLE C be 
centered at the origin and have RADIUS 1, and let the 
fixed point be A = (1,0). Then the RADIUS of a CIRCLE 
centered at an ANGLE @ from (1, 0) is 


r? = (0 — cos@)? + (1 — sin@)? 
= cos? §@+1-—2sin6@ +4 sin? @ 
= 2(1 —sin6). (6) 


Lo i 


s(t) 
kit) 


phi(ti 


aa 


t t 
The Arc LENGTH, CURVATURE, and TANGENTIAL AN- 
GLE are 


s= : 2| cos(4t)| dt = 4a sin( $6) (7) 
o 
_ 3|sec(36)| 
kK cay areal (8) 
o = 39. (9) 


As usual, care must be taken in the evaluation of s(t) 
for t > 7. Since (7) comes from an integral involving the 


190 Cardioid Caustic 


ABSOLUTE VALUE of a function, it must be monotonic 
increasing. Each QUADRANT can be treated correctly 
by defining 


n= =| fe (10) 


where |2| is the FLOOR FUNCTION, giving the formula 


s(t) = (are (mod 714 sin(2t) +8 [$n] . (11) 
The PERIMETER of the curve is 
27 . 
L= / |2a cos(50)| dd = aa [ cos(50) dé 
0 0 


nw /2 nw /2 
= ta | cos $(2 dd) = sa f cos Pdd 
0 it) 
= 8a[sin b)/? = 8a. (12) 


The AREA is 


A= 


bo 


2a 2a 
7 ay = 30 [ (1 + 2cos@ + cos” 8) dO 
0 0 
an 
= 1 | {1+ 2cos@ + $[1 + cos(20)]} d@ 
0 


20 
= al [3 + 2cos@ + 4 cos(26)] dé 
0 


4a(30 + 2sin@ + i sin(26)|5" = 3na’. (13) 


see also CIRCLE, CISSOID, CONCHOID, EQUIANGULAR 
SPIRAL, LEMNISCATE, LIMAGON, MANDELBROT SET 
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Cardioid Caustic 

The CATACAUSTIC of a CARDIOID for a RADIANT POINT 
at the Cusp is a NEPHROID. The CATACAUSTIC for 
PARALLEL rays crossing a CIRCLE is a CARDIOID. 


Cards 


Cardioid Evolute 


aa te 
/ *S 
f \ 
{ \ 
\ \ 
\ \ 
S a 
/ } 
! i 
I 
\ i 
7, 
x va 
“XN rd 
Sat Ae 


z= 2a+ facos@(1 — cos) 


y = jasin 6(1 — cosé). 


This is a mirror-image CARDIOID with a’ = a/3. 


Cardioid Inverse Curve 
If the Cusp of the cardioid is taken as the INVERSION 
CENTER, the cardioid inverts to a PARABOLA. 


Cardioid Involute 


x = 2a + 3acos 0(1 — cos 4) 
y = 3asin 0(1 — cos 8). 


This is a mirror-image CARDIOID with a’ = 3a. 


Cardioid Pedal Curve 


The PEDAL CURVE of the CARDIOID where the PEDAL 
POINT is the CUSP is CAYLEY’S SEXTIC. 


Cards 

Cards are a set of n rectangular pieces of cardboard 
with markings on one side and a uniform pattern on the 
other. The collection of all cards is called a “deck,” and 
a normal deck of cards consists of 52 cards of four dif- 
ferent “suits.” The suits are called clubs (#&), diamonds 
(}), hearts (Y), and spades (@). Spades and clubs are 


Carleman’s Inequality 


colored black, while hearts and diamonds are colored 
red. The cards of each suit are numbered 1 through 13, 
where the special terms ace (1), jack (11), queen (12), 
and king (13) are used instead of numbers 1 and 11-13. 


The randomization of the order of cards in a deck is 
called SHUFFLING. Cards are used in many gambling 
games (such as POKER), and the investigation of the 
probabilities of various outcomes in card games was onc 
of the original motivations for the development of mod- 
ern PROBABILITY theory. 

see also BRIDGE CARD GAME, CLOCK SOLITAIRE, 
Coin, Coin Tossinc, DICE, POKER, SHUFFLE 


Carleman’s Inequality 
Let {ai}7.; be a Sev of Posivivs numbers. Then the 
GEOMETRIC MEAN and ARITHMETIC MEAN satisfy 


n 


n 
SS (ara2 sai li< = So ai. 
i=1 


w=1 


Here, the constant e is the best possible, in the sense 
that counterexamples can be constructed for any stricter 
INEQUALITY which uses a smaller constant. 


see ulso ARITHMETIC MEAN, e, GEOMETRIC MEAN 
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Carlson-Levin Constant 
N.B. A detailed on-line essay by 5. Finch was the start- 
ing point for this entry. 


Assume that f is a NONNEGATIVE REAL function on 
[0, 00) and that the two integrals 


} af (a))? de (1) 


0 


if ecerintent as (2) 


exist and are FINITE. Ifp=q=2andA=p=1, 
Carlson (1934) determined 


|  YOaeda ( / “y@e ic) i‘ 
x ( / “sy (e)Pds) (3) 


and showed that \/7 is the best constant (in the sense 
that counterexamples can be constructed for any stricter 
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INEQUALITY which uses a smaller constant). For the 
general case 


/ ” f(a)de <C ( / “ 2 Ay(o)) do) 


<( i a nf(ayt de) (4) 


and Levin (1948) showed that the best constant 


1 r(z)T (a) 


ao 


~ (ps)*(gt)’ | (A+ p)P (224) |” (5) 
where 
_ vw 
°= putan (6) 
— A 
+= ataa (7) 
a=1-s-t (8) 


and I'(z) is the GAMMA FUNCTION. 
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Carlson’s Theorem 

If f(z) is regular and of the form O(e*!#!) where k < 7, 
for R{z] > 0, and if f(z) = 0 for z= 0, 1,..., then f(z) 
is identically zero. 


see also GENERALIZED HYPERGEOMETRIC FUNCTION 
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Carlyle Circle 


Consider a QUADRATIC EQUATION a” —s2-+p — 0 where 
s and p denote signed lengths. The CIRCLE which has 
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the points A = (0,1) and B = (s,p) as a DIAMETER 
is then called the Carlyle circle C.,p of the equation. 
The CENTER of C,,p is then at the MiIpPpoinr of AB, 
M = (s/2,(1 + p)/2), which is also the MIDPOINT of 
S = (s,0) and Y = (0,14 p). Call the points at which 
Cs,p crosses the z-AXIS Hy = (21,0) and Hz = (22,0) 
(with x1 > 22). Then 


s=% +22 


p=%122 
(x — 21)(a — #2) = 2? —sx+p, 


so 2, and wg are the Roots of the quadratic equation. 
see also 257-GON, 65537-GON, HEPTADECAGON, PEN- 
TAGON 
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Carmichael Condition 

A number n satisfies the Carmichael condition IFF (p — 
1)|(n/p — 1) for all PRIME DIvISoRS p of n. ‘This is 
equivalent to the condition (p —1)|(m — 1) for all PRimz 
DIVISORS p of n. 


see also CARMICHAEL NUMBER 
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Carmichael’s Conjecture 
Carmichael’s conjecture asserts that there are an IN- 
FINITE number of CARMICHAEL NUMBERS. This was 
proven by Alford et al. (1994). 


sce also CARMICHAEL NUMBER, CARMICHAEL’S To- 
TIENT FUNCTION CONJECTURE 
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Carmichael Number 


Carmichael Function 

A(n) is the LEAST COMMON MULTIPLE (LCM) of all the 
Factors of the TOTIENT FUNCTION @(n), except that 
if 8|n, then 2°~? is a FACTOR instead of 2°~*. 


o(n) 

forn = p*,p=2anda <2, orp>3 
39(n) 

for n = 2% anda> 3 
LCM[X(pi** 

for n = TJ, pi“. 


A(n) = 


Some special values are 


Veheonl 
M2) =1 
N4) = 2 

(2) = 9"? 


for r > 3, and 
A(p") = $(p") 


for pan ODD PRIME and r > 1. The ORDER of a (mod 
n) is at most A(n) (Ribenboim 1989). The values of A(n) 
for the first few n are 1,1, 2, 2, 4, 2,6, 4, 10, 2, 12,... 
(Sloane’s A011773). 


see also MODULO MULTIPLICATION GROUP 
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Carmichael Number 
A Carmichael number is an ODD COMPOSITE NUMBER 
n which satisfies FERMAT’S LITTLE THEOREM 


a”~*  1=0 (mod n) 


for every choice of a satisfying (a,n) = 1 (ie., a and 
n are RELATIVELY PRIME) with 1 < a <n. A Car- 
michael number is therefore a PSEUDOPRIMES to any 
base. Carmichael numbers therefore cannot be found 
to be COMPOSITE using FERMAT’S LITTLE THEOREM. 
However, if (a,n) 4 1, the congruence of FERMAT’S LIT- 
TLE THEOREM is sometimes NONZERO, thus identifying 
a Carmichael number n as COMPOSITES. 


Carmichacl numbers are sometimes called ABSOLUTE 
PSEUDOPRIMES and also satisfy KORSELT’S CRITERION. 
R. D. Carmichael first noted the existence of such num- 
bers in 1910, computed 15 examples, and conjectured 
that there were infinitely many (a fact finally proved by 
Alford et al. 1994). 


Carmichael Number 


The first few Carmichael numbers are 561, 1105, 1729, 
2465, 2821, 6601, 8911, 10585, 15841, 29341, 
(Sloane’s A002997). Carmichael numbers have at least 
three PRIME Factors. Tor Carmichael numbers with 
exactly three PRIME FACTORS, once one of the PRIMES 
has been specified, there are only a finite number of Car- 
michael numbers which can be constructed. Numbers of 
the form (64+ 1)(12k+1)(18k+1) are Carmichael num- 
bers if each of the factors is PRIME (Korselt 1899, Ore 
1988, Guy 1994). This can be seen since for 


N = (6k+1)(12k+1)(18k+1) = 1296k°+396k?+36k+1, 


N —1 is a multiple of 364 and the LEAST COMMON 
MULTIPLE of 6k, 12k, and 18k is 36k, so aN7+ = 1 
modulo each of the PRIMES 6k 4+ 1, 12k +1, and 18k + 
1, hence aY~! = 1 modulo their product. The first 
few such Carmichael numbers correspond to k = 1, 6, 
35, 45, 51, 55, 56, ... and are 1729, 294409, 56052361, 
118901521, ... (Sloane’s A046025). The largest known 
Carmichael number of this form was found by H. Dubner 


in 1996 and has 1025 digits. 


The smallest Carmichael numbers having 3, 4, ... fac- 
tors are 561 = 3 x 11 x 17, 41041 = 7 x 11 x 13 x 41, 
825265, 321197185, ... (Sloane’s A006931). In total, 
there are only 43 Carmichael numbers < 10°, 2163 
< 2.5 x 107°, 105,212 < 10'*, and 246,683 < 10°® (Pinch 
1993). Let C(m) denote the number of Carmichael num- 
bers less than n. Then, for sufficiently large n (n ~ 10° 
from numerical evidence), 


C(n) a n?/? 


(Alford ef al. 1994). 


The Carmichael numbers have the following properties: 


1. If a PRIME p divides the Carmichael number 
n, then n = 1 (mod p- 1) implies that n = 
p (mod p(p — 1)). 

2. Every Carmichael number is SQUAREFREE. 


3. An ODD COMPOSITE SQUAREFREE number 7 is a 
Carmichael number IFF n divides the DENOMINATOR 
of the BERNOULLI NUMBER B,- 1. 


see also CARMICHAEL CONDITION, PSEUDOPRIME 
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Carmichael Sequence 
A FINITE, INCREASING SEQUENCE of INTEGERS {a1, 
.-,) @m} such that 


(ai — 1)|(a1 +++ a:-1) 


fori =1,...,m, where m|7 indicates that m DIVIDES n. 
A Carmichael sequence has exclusive EVEN or ODD cle- 
ments. There are infinitely many Carmichael sequences 
for every order. 


sce also GIUGA SEQUENCE 
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Carmichael’s Theorem 
If aand n are RELATIVELY PRIME so that the GREATEST 
COMMON DENOMINATOR GCD(a,n) = 1, then 


a‘ =1 (mod n), 
where A is the CARMICHAEL FUNCTION. 


Carmichael’s Totient Function Conjecture 

It is thought that the TOTIENT VALENCE FUNCTION 
Ng(m) > 2 (i.e., the TOTIENT VALENCE FUNCTION 
never takes the value 1). This assertion is called Car- 
michael’s totient function conjecture and is equivalent 
to the statement that there exists an m # n such 
that ¢(n) = ¢(m) (Ribenboim 1996, pp. 39-40). Any 
counterexample to the conjecture must have more than 
10,000 Dicirs (Conway and Guy 1996). Recently, 
the conjecture was reportedly proven by F. Saidak in 
November, 1997 with a proof short enough to fit on a 
postcard. 


see also TOTIENT FUNCTION, TOTIENT VALENCE 
FUNCTION 
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Carnot’s Polygon Theorem 
If Pi, Pe, ..., are the VERTICES of a finite POLYGON 


with no “minimal sides” and the side P;P; meets a curve 
in the POINTS P,;1 and P,j2, then 


[], Pi Pus: [], PePosi: ++], Pw Peas 
I], Px Peni ae I], Pe Pei 


? 


where AB denotes the DISTANCE from POINT A to B. 
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Carnot’s Theorem 

Given any TRIANGLE A, A2 As, the signed sum of PFR- 
PENDICULAR distances from the CIRCUMCENTER O to 
the sides is 


OO, + OO, + OO3 = R-+r, 


where r is the INRADIUS and R is the CIRCUMRADIUS. 
The sign of the distance is chosen to be POSITIVE IFF 
the entire segment OO; lies outside the TRIANGLE. 


see also JAPANESE TRIANGULATION THEOREM 
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Carotid-Kundalini Fractal 


Fractal Valley 


Gaussian Mtn. Oscillation Land 


A fractal-like structure is produced for x < 0 by super- 
posing plots of CAROTID-KUNDALINI FUNCTIONS CK,, 
of different orders n. The region —1 < z < 0 is called 
FRACTAL LAND by Pickover (1995), the central region 
the GAUSSIAN MOUNTAIN RANGE, and the region z > 0 
OSCILLATION LAND. The plot above shows n = 1 to 25. 
Gaps in FRACTAL LAND occur whenever 


Pp 


1 
x= 27- 


Z COS 


for p and g RELATIVELY PRIME INTEGERS. At such 
points z, the functions assume the [(¢ + 1)/2] values 


Cartan Torsion Coefficient 


cos(2nr/q) for r = 0, 1, -.., |¢/2], where [z] is the 
CEILING FUNCTION and |z] is the FLOOR FUNCTION. 
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Carotid-Kundalini Function 
The FUNCTION given by 


CKn(x) = cos(nx cos‘ z), 


where n is an INTEGER and —1<2< 1. 
see also CAROTID-KUNDALINI FRACTAL 


Carry 


11. ~@ carries 
| 5 8 <@addend 1 


+2 49 ~@ addend 2 
40 7 <@sum 
The operating of shifting the leading DicITs of an AD- 
DITION into the next column to the left when the SuM of 
that. column exceeds a single DIGIT (i.e., 9 in base 10). 


see also ADDEND, ADDITION, BORROW 


Carrying Capacity 
see LOGISTIC GROWTH CURVE 


Cartan Matrix 
A MatTRIX used in the presentation of a LIE ALGEBRA. 


References 
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Cartan Relation 

The relationship Sq'(x# ~ y) = Dj+n=iSq? (x) ~ Sq*(y) 
encountered in the definition of the STEENROD ALGE- 
BRA. 


Cartan Subgroup 
A type of maximal Abelian SUBGROUP. 
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Cartan Torsion Coefficient 
The ANTISYMMETRIC parts of the CONNECTION COEF- 
FICIENT I yy. 


Cartesian Coordinates 


Cartesian Coordinates 
z-axis 


X-axis y-axis 


Cartesian coordinates are rectilinear 2-D or 3-D coordi- 
nates (and therefore a special case of CURVILINEAR Co- 
ORDINATES) which are also called RECTANGULAR Co- 
ORDINATES. The three axes of 3-D Cartesian coordi- 
nates, conventionally denoted the a-, y-, and z-AXES (a 
NOTATION due to Descartes) are chosen to be linear and 
mutually PERPENDICULAR. In 3-D, the coordinates z, 


y, and z may lic anywhere in the INTERVAL (—0o, 00). 


The SCALE Factors of Cartesian coordinates are all 
unity, hi; = 1. The LINE ELEMENT is given by 


ds = dzx+dyy + dzz, (1) 
and the VOLUME ELEMENT by 
dV = dax dy dz. (2) 


The GRADIENT has a particularly simple form, 


fe) (e) te) 
Vex -+y~—4+2-—, 3 
* Ox YB, Sia (3) 
as does the LAPLACIAN 


a? a a? 


Ve Po * Oe (4) 


~ Ox? 


The LAPLACIAN is 


= get pe oe 


. { PF, rf OF, n OF, 
Ox? Oy? Oz? 


(OF, OF,  aF, 
oe ( Ox? a Oy? * Oz? f° (5) 
The DIVERGENCE is 
OF, . OF, | OF, 
VES gt ae (6) 


and the CURL is 


x y @ 

_~|a@ a 2 
VxF=la; oy. ae 
F, F, F: 


OF, OF. \., 
+ (= 7 ay je (7) 
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The GRADIENT of the DIVERGENCE is 


a Gus 6 Ouz 
ox ( ont rE + aus ) 
V(V-u)= | 2 (G+ Se+ Ss) 

a bu Ou Ou 

fo 
= F Our . Ouy , Ouz (8) 
a oy Ox Oy Oz 

Oz 


LAPLACE’S EQUATION is separable in Cartesian coordi- 
nates. 


see also COORDINATES, HELMHOLTZ DIFFERENTIAL 
EQUATION-——-CARTESIAN COORDINATES 
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Cartesian Ovals 


We ae 
é \ 
\ 
; -— \ 
| / \ 
\ + 
rt ; + 
| eee j 
/ 
Z 
Su Ps 


A curve consisting of two ovals which was first studied 
by Descartes in 1637. It is the locus of a point P whose 
distances from two FOCI Fi and F2 in two-center BIpo- 
LAR COORDINATES Satisfy 


mrtnr’ =k, (1) 


where m,n are POSITIVE INTEGERS, k is a POSITIVE 
real, and r and r’ are the distances from F, and Fy. If 
m =n, the oval becomes an an ELLIPSE. In CARTESIAN 
COORDINATES, the Cartesian ovals can be written 


mi/(e-aPtytn/(e+a)P?+yP=k (2) 


(x? + y? +.a”)(m? ~ n”) — 2az(m? +n’) — k? 


= —2n\/(x+a)?+y?, (3) 


[(m? — n?)(x? + y? + a”) — 2ax(m? +7)? 
= 2(m? + n?)(n? + y? + a”) — 4ax(m? ~n?)—k?. (4) 


Now define 


ban’ —1n? (5) 


c=m +n’, (6) 


196 Cartesian Product 
and set a = 1. Then 
[b(a? +y") —2ca +b]? +4b2 +k? — 2c = 2c(x? +y?). (7) 
If c' is the distance between F, and F2, and the equation 
r+mr'=a (8) 
is used instead, an alternate form is 


[((1—m?)(x? +-y?)+2m?e'r+a?—m?c??? — 4a”(x? +y’). 

(9) 
The curves possess three Foci. If m = 1, one Cartesian 
oval is a central CONIC, while if m = a/c, then the curve 
is a LIMAGON and the inside oval touches the outside 
one. Cartesian ovals are ANALLAGMATIC CURVES. 


References 

Cundy, H. and Rollett, A. Mathematical Models, 3rd ed. 
Stradbroke, England: Tarquin Pub., p. 35, 1989. 

Lawrence, J. D. A Catalog of Special Plane Curves. New 
York: Dover, pp. 155-157, 1972. 

Lockwood, E. H. A Book of Curves. Cambridge, England: 
Cambridge University Press, p. 188, 1967. 

MacTutor History of Mathematics Archive. “Cartesian 
Oval.” http: //www-groups.dcs.st-and.ac.uk/~history/ 
Curves/Cartesian.html. 


Cartesian Product 
see DIRECT PRopuctT (SET) 


Cartesian Trident 
see TRIDENT OF DESCARTES 


Cartography 
The study of MAP PROJECTIONS and the making of ge- 
ographical maps. 


see also MAP PROJECTION 


Cascade 

A Z-ACTION or N-AcTION. A cascade and a single MAP 
X — X are essentially the same, but the term “cascade” 
is preferred by many Russian authors. 


see also ACTION, FLOW 


Casey’s Theorem 
Four CIRCLES are TANGENT to a fifth CIRCLE or a 
straight LINE IFF 


tyotsa © tigta2 + tiate3 = 0, 


where t;; is a common TANGENT to CIRCLES i and j. 
sce also PURSER’S THEOREM 
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Cassini Ovals 
Casimir Operator 


An OPERATOR 
m™m 
r= ; ef uk 
i=1 
on a representation R of a LIE ALGEBRA. 
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Cassini Ellipses 
see CASSINI OVALS 


Cassini’s Identity 
For F;, the nth FIBONACCI NUMBER, 


Fa-1Fn41 — Fa? = (-1)". 


see also FIBONACCI] NUMBER 
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Cassini Ovals 

SCO OSSO 
The curves, also called CASSINI ELLIPSES, described by 
a point such that the product of its distances from two 
fixed points a distance 2a apart is a constant 67. The 
shape of the curve depends on b/a. If a < 6, the curve 
is a single loop with an OvAT. (left. figure above) or dog 
bone (second figure) shape. The case a = 6 produces 
a LEMNISCATE (third figure). If a > b, then the curve 
consists of two loops (right figure). The curve was first 
investigated by Cassini in 1680 when he was studying 
the relative motions of the Earth and the Sun. Cassini 


believed that the Sun traveled around the Earth on one 
of these ovals, with the Earth at one Focus of the oval. 


Cassini ovals are ANALLAGMATIC CURVES. The Cassini 
ovals are defined in two-center BIPOLAR COORDINATES 


by the equation 
T1T2 = b’, (1) 


with the origin at a Focus. Even more incredible curves 
are produced by the locus of a point the product of 
whose distances from 3 or more fixed points is a con- 
stant. 


The Cassini ovals have the CARTESIAN equation 
[(c-a)? +y7][(e+a)? +47] = 0 (2) 
or the equivalent form 


(x? + y? +07)? — 4072? = b* (3) 


Cassini Ovals 
and the polar equation 
r* +a‘ — 2a7r? cos(26) = b°. (4) 


Solving for r? using the QUADRATIC EQUATION gives 


as 2a? cos(26) + »/4a4 cos?(26) — 4(at — d4) 


= a” cos(26) + 
= a’ cos(26) +/a4[cos? (26) —1)+64 


= a’ cos(26) + 4/64 — a4 sin? (26) 


=a eon +4/ (2)’ _ ara . (5) 


lf a < b, the curve has AREA 


a* cos?(20) + b4 — a4 


—n/4 


where the integral has been done over half the curve 
and then multiplied by two and F(z) is the complete 
ELLIPTIC INTEGRAL OF THE SECOND KIND. If a = b, 
the curve becomes 


r=a? [:05(28) + Y1 ~ sin? a = 2a” cos(20), (7) 
which is a LEMNISCATE having AREA 
A= 20? (8) 


(two loops of a curve V2 the linear scale of the usual 
lemniscate r? = a* cos(26), which has area A = a?/2 
for each loop). If a > 6, the curve becomes two disjoint 
ovals with equations 


r= sey eo Be y/ (2) sora), (9) 


where 6 € [—00, 60] and 


= Lsin7? (2) | , (10) 


see also CASSINI SURFACE, LEMNISCATE, MANDELBROT 
SET, OVAL 
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Cassini Projection 


z=sin 'B (1) 
= 4, tan @ 
aprenen EF - mi] ; @) 
where 
B = cos dsin(X — Ao). (3) 


The inverse FORMULAS are 


¢ = sin” ‘(sin D cos z) (4) 
se dotian (ME), 
where 
D=y+ do. (6) 
References 


Snyder, J. P. Map Projections—A Working Manual. U. S. 
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Cassini Surface 


The QUARTIC SURFACE obtained by replacing the con- 
stant c in the equation of the CASSINI OVALS 


[(e@-@)? +y7I[e+ayt+y7] =e? (1) 
by c = 2”, obtaining 
[(e - a)? + y"I[(@ + 4)? + y"] = 2". (2) 


As can be seen by letting y = 0 to obtain 


198 Castillon’s Problem 


the intersection of the surface with the y = 0 PLANE is 
a CIRCLE of RADIUS a. 
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Castillon’s Problem 


Me TS 


Inscribe a TRIANGLE in a CIRCLE such that the sides of 
the TRIANGLE pass through three given POINTS A, B, 
and C. 
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Casting Out Nines 

An elementary check of a MULTIPLICATION which makes 
use of the CONGRUENCE 10” = 1 (mod 9) for n > 2. 
From this CONGRUENCE, a MULTIPLICATION ab = ec 
must give 


— * 
c=) GH, 


so ab = a*b* must be = c* (mod 9). Casting out nines 
is sometimes also called “the HINDU CHECK.” 
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Cat Map 
see ARNOLD’S CAT MAP 


Catacaustic 
The curve which is the ENVELOPE of reflected rays. 


Catalan’s Conjecture 


Curve Source Catacaustic 
cardioid cusp nephroid 
circle not on circumf. limagon 
circle on circumf. cardioid 
circle point at co nephroid 
cissoid of Diocles focus cardicid 


1 arch of a cycloid rays 1 axis 2 arches of a cycloid 


deltoid point at co astroid 

Ins rays || axis catenary 

logarithmic spiral origin equa! logarithmic spiral 
parabola rays 1 axis Tschirnhausen cubic 
quadrifolium center astroid 


Tschirnhausen cubic focus semicubical parabola 


see also CAUSTIC, DIACAUSTIC 
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Catalan’s Conjecture 

8 and 9 (2° and 37) are the only consecutive POWERS 
(excluding 0 and 1), ie., the only solution to CaTa- 
LAN’S DIOPHANTINE PROBLEM. Solutions to this prob- 
lem (CATALAN’S DIOPHANTINE PROBLEM) are equiva- 
lent to solving the simultaneous DIOPHANTINE EQUA- 
TIONS 


xX?-yi=1 
xX?—y?=1. 


This CONJECTURE has not yet been proved or refuted, 
although it has been shown to be decidable in a Fi- 
NITE (but more than astronomical) number of steps. 
In particular, if n and n +1 are POWERS, then n < 
exp exp exp exp 730 (Guy 1994, p. 155), which follows 
from R. Tijdeman’s proof that there can be only a FI- 
NITE number of exceptions should the CONJECTURE not 
hold. 


Hyyr6é and Makowski proved that there do not exist 
three consecutive POWERS (Ribenboim 1996), and it is 
also known that 8 and 9 are the only consecutive CUBIC 
and SQUARE NUMBERS (in either order). 


see also CATALAN’S DIOPHANTINE PROBLEM 
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Catalan’s Constant 


Catalan’s Constant 

A constant which appears in estimates of combinatorial 
functions. It is usually denoted K, (2), or G. It is not 
known if K is IRRATIONAL. Numerically, 


K = 0.915965594177... (1) 
(Sloane’s A006752). The CONTINUED FRACTION for K 


is (0, 1, 10, 1, 8, 1, 88, 4, 1, 1, ...] (Sloane’s A014538). 
K can be given analytically by the following expressions, 


K = B(2) (2) 
ea a ee 
= grep re tR te (3) 
1 ee 1 
=e, dX (4n+1)2 9 X Gn+ap 4) 
"tan ada 
= an eee 5 
[= (5) 
‘inadz 
--[ 1+ 2?’ (6) 


where ((z) is the DirICHLET BETA FuNCTION. In terms 
of the POLYGAMMA FUNCTION W;(z), 


K = ye (3) — ze (4) (7) 
Sealer arnt SiC ry keer (8) 
= £01(2) — 301(2) - £v2. (9) 


Applying CONVERGENCE IMPROVEMENT to (3) gives 


K= ig Lim + a Lem +2), (10) 


where ¢(z) is the RIEMANN ZETA FUNCTION and the 
identity 


1 1 
G—3z)? (i—z)? 


= Som4 1 tem (11) 


m=1 


has been used (Flajolet and Vardi 1996). The Flajolet 
and Vardi algorithm also gives 


_1i7 1 \ ¢(2*) cae 
x= SIT |(1- gs) | ; C2) 


where G(z) is the DIRICHLET BETA FUNCTION. Glaisher 
(1913) gave 


ey eee) (13) 


n=1 
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(Vardi 1991, p. 159). W. Gosper used the related For- 
MULA 


i ; 21/2 1 1/(2kt+1) 
k= Fla I |=se7=3| 
(14) 


where ‘ 
mYpm—1( 4 ) 


n™(2™ — 1)4m—1B,, (15) 


¥(m) = 


where B,, is a BERNOULLI NUMBER and 4(z) is a POLy- 
GAMMA FUNCTION (Finch). The Catalan constant may 
also be defined by 


K= af K(k) dk, (16) 


where K(k) (not to be confused with Catalan’s constant 
itself, denoted K’) is a complete ELLIPTIC INTEGRAT. OF 
THE FIRST KIND. 


Les 2 
= + ama CERNE 2? (17) 


where 
{a:} = {1,1,1, 0, -1, -1, -1,0} (18) 


is given by the periodic sequence obtained by appending 
copies of {1, 1, 1, 0, —1, —1, —1, 0} (in other words, 
Q4 = Q(i—1) (moa 8)}41 for i > 8) and |2] is the FLOOR 
FUNCTION (Nielsen 1909). 


see also DIRICHLET BETA FUNCTION 
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Catalan’s Diophantine Problem 
Find consecutive POWERS, i.e., solutions to 


ee 1, 
excluding 0 and 1. CATALAN’S CONJECTURE is that the 
only solution is 3? — 2° = 1, so 8 and 9 (2° and 3°) are 
the only consecutive POWERS (again excluding 0 and 1). 


see also CATALAN’S CONJECTURE 
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Catalan Integrals 
Special cases of general FORMULAS due to Bessel. 


Jo(f 2? —y?) = a e4 9 cos(z sin 6) dO, 
0 


where Jo is a BESSEL FUNCTION OF THE FIRST KIND. 
Now, let z= 1-2’ and y=1+ 2’. Then 


Jo(2i/z) = | elt ++) 0058 Cosi(1 — 2) sin 6] dé. 
0 


Catalan Number 

The Catalan numbers are an INTEGER SEQUENCE {C,,} 
which appears in TREE enumeration problems of the 
type, “In how many ways can a regular n-gon be di- 
vided into n ~— 2 TRIANGLES if different orientations 
are counted separately?” (EULER’S POLYGON DIvI- 
SION PROBLEM). The solution is the Catalan number 
Cy—2 (Dorrie 1965, Honsberger 1973), as graphically il- 
lustrated below (Dickau). 


OD 
QIVOODW 


QDIOVVEGO 
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Catalan Number 


The first few Catalan numbers are 1, 2, 5, 14, 42, 132, 
429, 1430, 4862, 16796, (Sloane’s A000108). The 
only ODD Catalan numbers are those of the form cx _1, 
and the last DiGiT is five for k = 9 to 15. The only 
PRIME Catalan numbers for n < 2'® —1 are Cz = 2 and 
C3 = 5. 


The Catalan numbers turn up in many other related 
types of problems. For instance, the Catalan number 
Cr-1 gives the number of BINARY BRACKETINGS of n 
letters (CATALAN’S PROBLEM). The Catalan numbers 
also give the solution to the BALLOT PROBLEM, the 
number of trivalent PLANTED PLANAR TREES (Dickau), 


Le 
2 ie 
a ae 
= 


the number of states possible in an n-FLEXAGON, the 
number of different diagonals possible in a FRIEZE PAT- 
TERN with n+ 1 rows, the number of ways of forming 
an n-fold exponential, the number of rooted planar bi- 
nary trees with n internal nodes, the number of rooted 
plane bushes with n EDGES, the number of extended 
BINARY TREES with n internal nodes, the number of 
mountains which can be drawn with n upstrokes and 
n downstrokes, the number of noncrossing handshakes 
possible across a round table between n pairs of peo- 
ple (Conway and Guy 1996), and the number of SE- 
QUENCES with NONNEGATIVE PARTIAL SUMS which can 
be formed from n 1s and n —1s (Bailey 1996, Buraldi 
1992)! 


An explicit formula for C,, is given by 


"i ee 1 (2n)!_— (2n)! () 


n+1 nm+1 ni? — (n+1)!n!’ 


n= 


where (°") denotes a BINOMIAL COEFFICIENT and n! is 
the usual FACTORIAL. A RECURRENCE RELATION for 
C,, is obtained from 
Catt _ (2n + 2)! (n+ 1)(n!)? 
Ch (n+ 2)[(n + 1)!]? (2n)! 

_. (Qn + 2)(2n + 1)(n + 1) 

_ (n+ 2)(n+ 1)? 

_ Aan+1)(n+1)? _ 2(2n+1) 

~ (n+1)2(n+2) — n+2 


» (2) 
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Cra = errand (3) 
Other forms include 


2-6-10---(4n— 2) 


a (n +1)! (4) 
2"(2n ~ 1)! 
= “we ) (5) 
2n)! 
= mati ©) 


SEGNER’S RECURRENCE FORMULA, given by Segner in 
1758, gives the solution to EULER’S POLYGON DIVISION 
PROBLEM 


E, = EoEn-1 + E3En-2+...+ En-1ks. (7) 


With FE, = EF, = 1, the above RECURRENCE RELATION 
gives the Catalan number Cp—z = En. 


The GENERATING FUNCTION for the Catalan numbers 
is given by 
1- Vv 1-42 — 7 ; 2 3 
oe So Cnn” = 1+2+207 +52°+.... (8) 
n=0 


The asymptotic form for the Catalan numbers is 


4* 


On~ Tease 


(9) 


(Vardi 1991, Graham et al. 1994). 


A generalization of the Catalan numbers is defined by 


1( pk 1 pk 
rae (5) -sanl%) ny) 


for k > 1 (Klarner 1970, Hilton and Pederson 1991). 
The usual Catalan numbers C;, = 2d, are a special case 
with p = 2. pd, gives the number of p-ary TREES with k 
source-nodes, the number of ways of associating k appli- 
cations of a given p-ary OPERATOR, the number of ways 
of dividing a convex POLYGON into k disjoint (p + 1)- 
gons with nonintersecting DIAGONALS, and the number 
of p-Goop PaTus from (0, —1) to (&, (p—1)k—1) (Ililton 
and Pederson 1991). 


A further generalization is obtained as follows. Let p 
be an INTEGER > 1, let Py = (k,(p — 1)k — 1) with 
k > 0, and q < p—1. Then define pdgo9 = 1 and let pd, 
be the number of p-GooD PATHS from (1, g— 1) to Py 
(Hilton and Pederson 1991). Formulas for pdg; include 
the generalized JONAH FORMULA 


oe. ae ae 


i-l 
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and the explicit formula 


_ p-~@q [pk—-@q 
rae = 58), (12) 


A RECURRENCE RELATION is given by 


pdgk = Sa pdgtr,j (13) 


2,3 


where 2,97,7 > 1,k >1,qg<p-—r,andi+j=k+1 
(Hilton and Pederson 1991). 


see also BALLOT PROBLEM, BINARY BRACKETING, 
BINARY TREE, CATALAN’S PROBLEM, CATALAN’S 
TRIANGLE, DELANNOY NUMBER, EULER'S POLYGON 
DIVISION PROBLEM, FLEXAGON, FRIEZE PATTERN, 
MOTZKIN NUMBER, p-GOOD PATH, PLANTED PLANAR 
TREE, SCHRODER NUMBER, SUPER CATALAN NUMBER 
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Catalan’s Problem 

The problem of finding the number of different ways in 
which a PRODUCT of n different ordered FACTORS can be 
calculated by pairs (i.e., the number of BINARY BRACK- 
ETINGS of n letters). For example, for the four Fac- 
TORS a, b, c, and d, there are five possibilities: ((ab)c)d, 
(a(be))d, (ab)(cd), a((bc)d), and a(b(ed)). The solution 
was given by Catalan in 1838 as 


ec ape ete (ah 6) 
n! 
and is equal to the CATALAN NUMBER Cp-1 = C4. 


see also BINARY BRACKETING, CATALAN’S DIOPHAN- 
TINE PROBLEM, EULER’S POLYGON DIVISION PROBLEM 
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Catalan Solid 
The DuaL POLYHEDRA of the ARCHIMEDEAN SOLIDS, 


given in the following table. 
Archimedean Solid Dual 


rhombicosidodecahedron deltoidal hexecontahedron 


small rhombicuboctahedron 
great rhombicuboctahedron 
greal rhombicosidudecahedrun 
truncated icosahedron 
snub dodecahedron 

(laevo) 
snub cube 

(laevo) 
cuboctahedron 
icosidodecahedron 
truncated octahedron 
truncated dodecahedron 
truncated cube 


truncated tetrahedron 


deltoidal icositetrahedron 

disdyakis dodecahedron 

disdyakis triacontahedron 

pentakis dodecahedron 

pentagonal hexecontahedron 
(dextro) 

pentagonal icositetrahedron 
(dextro) 

rhombic dodecahedron 

thombic triacontahedron 

tetrakis hexahedron 

triakis icosahedron 

triakis octahedron 


triakis tetrahedron 


Catalan’s Surface 


Here are the ARCHIMEDEAN Duats (Holden 1971, 
Pearce 1978) displayed in alphabetical order (left to 
right, then continuing to the next row). 


Here are the Archimedean solids paired with the corre- 
sponding Catalan solids. 


SOOCESE 
©O8GSE ES 
Geo © @ 
©¢e@eev 


see also ARCHIMEDEAN SOLID, DUAL POLYHEDRON, 
SEMIREGULAR POLYHEDRON 
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Catalan’s Surface 


Ye 


z(u,v) = u—sinucoshy (1) 


y(u,v) = 1—cosucoshu (2) 
z(u,v) = 4sin(}u) sinh($v) (3) 


Catalan’s Triangle 
(Gray 1993), or 


x(r, 6) = asin(2¢) — 2af + av cos(2¢) (4) 


y(r, d) = —acos(2¢) — dav? cos(2¢) (5) 
z(r, @) = 2avsin d, (6) 

where 
vs rt Z (7) 


(d@ Carmo 1986). 
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Catalan’s Triangle 
A triangle of numbers with entries given by 


_ (n+m)!(n— m+ 1) 
ees ml(n +1)! 


for 0 < m < n, where each element is equal to the one 
above plus the one to the left. Furthermore, the sum 
of each row is equal to the last element of the next row 
and also cqual to the CATALAN NUMBER Cy. 


1 

11 

12 2 

13 5 5 

14 9 #14 14 

1 5 14 28 42 42 

1 6 20 48 90 132 132 


(Sloane’s A009766). 


see also BELL TRIANGLE, CLARK’S TRIANGLE, Eu- 
LER’S TRIANGLE, LEIBNIZ HARMONIC TRIANGLE, NUM- 
BER TRIANGLE, PASCAL’S TRIANGLE, PRIME TRIAN- 
GLE, SEIDEL-ENTRINGER- ARNOLD ‘'l’RIANGLE 
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Catalan’s Trisectrix 


see TSCHIRNHAUSEN CUBIC 
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Catastrophe 


see BUTTERFLY CATASTROPHE, CATASTROPHE THE- 
ORY, Cusp CATASTROPHE, ELLIPTIC UMBILIC CATAS- 
TROPHE, FOLD CATASTROPHE, HYPERBOLIC UMBILIC 
CATASTROPHE, PARABOLIC UMBILIC CATASTROPHE, 
SWALLOWTAIL CATASTROPHE 


Catastrophe Theory 

Catastrophe theory studies how the qualitative nature 
of equation solutions depends on the parameters that 
appear in the equations. Subspecializations include bi- 
furcation theory, nonequilibrium thermodynamics, sin- 
gularily theory, syuergelics, and topological dynamics. 
For any system that secks to minimize a function, only 
seven different local forms of catastrophe “typically” ac- 
cur for four or fewer variables: (1) FOLD CATASTROPHE, 
(2) Cusp CATASTROPHE, (3) SWALLOWTAIL CATASTRO- 
PHE, (4) BUTTERFLY CATASTROPHE, (5) ELLIPTIC Um- 
BILIC CATASTROPHE, (6) HYPERBOLIC UMBILIC CATAS- 
TROPHE, (7) PARABOLIC UMBILIC CATASTROPHE. 


More specifically, for any system with fewer than five 
control factors and fewer than three behavior axes, these 
are the only seven catastrophes possible. The following 
tables gives the possible catastrophes as a function of 
control factors and behavior axes (Goetz). 


Control 1 Behavior 2 Behavior 
Factors Axis Axes 
1 fuld _ 
2 cusp _ 
3 swallowtail hyperbolic umbilic, elliptic umbilic 
4 


butterfly parabolic umbilic 
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Categorical Game 
A GAME in which no draw is possible. 


Categorical Variable 
A variable which belongs to exactly one of a finite num- 
ber of CATEGORIES. 
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Category 

A category consists of two things: an OBJECT and a 
MORPHISM (sometimes called an “arrow”). An OB- 
JECT is some mathematical structure (e.g., a GROUP, 
VECTOR SPACE, or DIFFERENTIABLE MANIFOLD) and a 
MORPHISM is a MAP between two OBJECTS. The Mor- 
PHISMS are then required to satisfy some fairly natural 
conditions; for instance, the IDENTITY MAP between 
any object and itself is always a MORPHISM, and the 
composition of two MORPHISMS (if defined) is always a 
MORPHISM. 


One usually requires the MORPHISMS to preserve the 
mathematical structure of the objects. So if the objects 
are all groups, a good choice for a MORPHISM would be 
a group HOMOMORPHISM. Similarly, for vector spaces, 
one would choose linear maps, and for differentiable 
manifolds, one would choose differentiable maps. 


In the category of TOPOLOGICAL SPACES, homomor- 
phisms are usually continuous maps between topologi- 
cal spaces. However, there are also other category struc- 
tures having TOPOLOGICAL SPACES as objects, but they 
are not nearly as important as the “standard” category 
of TOPOLOGICAL SPACES and continuous maps. 


see also ABELIAN CATEGORY, ALLEGORY, EILENBERG- 


STEENROD Axioms, GROUPOID, HoLoNomy, LoGos, 
MONODROMY, TOPOS 
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Category Theory 

The branch of mathematics which formalizes a number 
of algebraic properties of collections of transformations 
between mathematical objects (such as binary relations, 
groups, sets, topological spaces, etc.) of the same type, 
subject to the constraint that the collections contain the 
identity mapping and are closed with respect to compo- 
sitions of mappings. The objects studied in category 
theory are called CATEGORIES. 


see also CATEGORY 


Catenary 


The curve a hanging flexible wire or chain assumes when 
supported at its ends and acted upon by a uniform grav- 
itational force. The word catenary is derived from the 
Latin word for “chain.” In 1669, Jungius disproved 
Galileo’s claim that the curve of a chain hanging un- 
der gravity would be a PARABOLA (MacTutor Archive). 
The curve is also called the ALYSOID and CHAINETTE. 
The equation was obtained by Leibniz, Huygens, and 
Johann Bernoulli in 1691 in response to a challenge by 
Jakob Bernoulli. 


Catenary 


Huygens was the first to use the term catenary in a letter 
to Leibniz in 1690, and David Gregory wrote a treatise 
on the catenary in 1690 (MacTutor Archive). If you roll 
a PARABOLA along a straight line, its Focus traces out 
a catenary. As proved by Euler in 1744, the catenary is 
also the curve which, when rotated, gives the surface of 
minimum SURFACE AREA (the CATENOID) for the given 
bounding CIRCLE. 


The CARTESIAN equation for the catenary is given by 
y = ta(e"/* +e" */*) = acosh (2), (1) 
and the CESARO EQUATION is 
(s? + a?) = —a. (2) 


The catenary gives the shape of the road over which a 
regular polygonal “wheel” can travel smoothly. For a 
regular n-gon, the corresponding catenary is 


y = —Acosh (3) ‘ (3) 
where 
A= Reos (=). (4) 


phiit) 


= } t 
The ARC LENGTH, CURVATURE, and TANGENTIAL AN- 
GLE are 


s = asinh (<), (5) 
n= —= sech! (<), (6) 
d= —-2 tan! [tanh (=) : (7) 


The slope is proportional to the ARC LENGTH as mea- 
sured from the center of symmetry. 


see also CALCULUS OF VARIATIONS, CATENOID, LINDE- 
LOF’S THEOREM, SURFACE OF REVOLUTION 
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Catenary Evolute 


Catenary Evolute 
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@ = a(x — 3 sinh(2t)| 


y = 2acosht. 


Catenary Involute 


The parametric equation for a CATENARY is 


a Ee : 


so 
dr 1 
dt sinht 
e =aV1+sinh? t = acosht 
and 
= 7 _ | secht 
ge tanh t 
ds? = |dr*| = a?(1 + sinh’ t) dt? = a” cosh” dt? 
“ = acosht. 
Therefore, 


$= a f cosntat = asinht 


and the equation of the INVOLUTE is 


e = a(t—tanht) 


y = asecht. 


This curve is called a TRACTRIX. 


(3) 


(5) 


(9) 


Catenoid 


Catenary Radial Curve 
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The KAMPYLE OF EUDOXUS. 


Catenoid 


A CATENARY of REVOLUTION. The catenoid and PLANE 
are the only SURFACES OF REVOLUTION which are also 
MINIMAL SURFACES. The catenoid can be given by the 


parametric equations 


z = ccosh (2) COS 11 
y = ccosh (2) sin u 
z=, 
where wu € (0,27). The differentials are 
: v v\ . 
dx = sinh (*) cos udu — cosh (=) sinu du 
dy = sinh (*) sin u dv + cosh ( 
c 
dz = du, 


) cos udu 


c 


so the LINE ELEMENT is 


ds? = dz” + dy? + dz” 
= [ sinh” (=) + 1 dv? + cosh’ () du? 
= cosh? (<) dv? + cosh? (:) du’. 
c c 
The PRINCIPAL CURVATURES are 
1 
Ki = ——sech? (2) 
c c 


K2 = eee (5). 
c c 


The MEAN CURVATURE of the catenoid is 


H=0 


(1) 


(2) 
(3) 


(4) 


(6) 


(8) 
(9) 


(10) 
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and the GAUSSIAN CURVATURE is 


1 4 {UV 
ai sech (2) ‘ (11) 


The HELICOID can be continuously deformed into a 
catenoid with c = 1 by the transformation 


z(u,v) = cosasinhvsinu+sinacoshucosu (12) 
y(u, v) = —cosasinhvcosu + sina cosh vsin u (13) 


z(u,v) = ucosa+ vsina, (14) 


where a = 0 corresponds to a HELICOID and a = 7/2 
to a catenoid. 


see also CATENARY, COSTA MINIMAL SURFACE, HELI- 
COID, MINIMAL SURFACE, SURFACE OF REVOLUTION 
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Caterpillar Graph 
A TREE with every NODE on a central stalk or only one 
EDGE away from the stalk. 
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Cattle Problem of Archimedes 
see ARCHIMEDES’ CATTLE PROBLEM 


Cauchy Binomial Theorem 


nr 


m_ m(m+1)/2{ 7% _ k 
dy q © =[[a+20*), 


q k=1 
where Cae is a GAUSSIAN COEFFICIENT. 


see also q-BINOMIAL THEOREM 


Cauchy Distribution 


Cauchy Boundary Conditions 

BOUNDARY CONDITIONS of a PARTIAL DIFFERENTIAL 
EQUATION which are a weighted AVERAGE of DIRICH- 
LET BOUNDARY CONDITIONS (which specify the value 
of the function on a surface) and NEUMANN BOUNDARY 
CONDITIONS (which specify the normal derivative of the 
function on a surface). 


see also BOUNDARY CONDITIONS, CAUCHY PROB- 
LEM, DIRICHLET BOUNDARY CONDITIONS, NEUMANN 
BOUNDARY CONDITIONS 


References 
Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, pp. 678-679, 1953. 


Cauchy’s Cosine Integral Formula 


nf{/2 
i: cost tY 2 get@(u- 4 +26) ag 


_ mT(u+v—1) 
ete 2D (py + €)T(v — €)’ 


where ['(z) is the GAMMA FUNCTION. 


Cauchy Criterion 

A NECESSARY and SUFFICIENT condition for a SE- 
QUENCE S; to CONVERGE. The Cauchy criterion is sat- 
isfied when, for all « > 0, there is a fixed number N such 
that |S; — S;| < ¢ for all i,j > N. 


Cauchy Distribution 


x 


The Cauchy distribution, also called the LORENTZIAN 
DISTRIBUTION, describes resonance behavior. It also de- 
scribes the distribution of horizontal distances at which 
a LINE SEGMENT tilted at a random ANGLE cuts the 
z-AxIs. Let @ represent the ANGLE that a line, with 
fixed point of rotation, makes with the vertical axis, as 
shown above. Then 


tan = 5 (1) 
@=tan! (=) (2) 
a 

1+ % 6 +2 


so the distribution of ANGLE @ is given by 


dé 1 bdz 
= Hg s (4) 


nm «wb?+z2° 


Cauchy Distribution 


This is normalized over all angles, since 


a/2 
[92 (5) 
—n/2 z 


and 
"1 bde _ 1 [tan ele 
En ee hea 
1 
=<[}r-(-imJ=1. @) 


The general Cauchy distribution and its cumulative dis- 
tribution can be written as 


me: ar 
Pe) ew + Ey me 
D(z) = 5 += tan? (24), (8) 


where [is the FULL WIDTH AT HALF MAxXIMuM (T = 
2b in the above example) and p is the MEAN (yp = 0 in 
the above example). The CHARACTERISTIC FUNCTION 


is 
1 oo eit(Pe/2—p) 
t = ——— daz 


e #E f° cos(Ttx/2) - 
T _ oo 1+ (Pa/2)? 
= ewimt-Ttl/2. (9) 


I 


The MOMENTS are given by 


fg = 0 =00 (10) 
_ f0 forz=0 

#3 = {5 for p #0 ay) 

H4 = 00, (12) 


and the STANDARD DEVIATION, SKEWNESS, and KurR- 
TOSIS by 


o* =00 (13) 
_f0 forp=0 

AES { co for ~~0 (14) 

2 = CO. (15) 


If X and Y are variates with a NORMAL DISTRIBUTION, 
then Z = X/Y has a Cauchy distribution with MEAN 
p= 0 and full width 


(16) 
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TION 
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Cauchy Equation 
see EULER EQUATION 


Cauchy’s Formula 
The GEOMETRIC MEAN is smaller than the ARITH- 
METIC MEAN, 


N 1/N N 
I] y: par ni 
i=1 ‘ N ; 


Cauchy Functional Equation 
The fifth of HILBERT’S PROBLEMS is a generalization of 
this equation. 


Cauchy-Hadamard Theorem 
The RADIUS OF CONVERGENCE of the TAYLOR SERIES 


2 
Qo +@1z2+ a22° +... 


is 
_ 1 

“Tim (|an|)*/" 

nm— Co 
see also RADIUS OF CONVERGENCE, TAYLOR SERIES 
Cauchy Inequality 
A special case of the HOLDER SUM INEQUALITY with 
p=q=2, 


(SJ <(Ee)(E¥): » 


where equality holds for a, = cb,. In 2-D, it becomes 
(a? + b*)(c? + a”) > (ac + bd)’. (2) 


It can be proven by writing 


nr 


Ses +b)? = So ai? (2 + by" = 0. (3) 


1=1 


If b;/a; is a constant c, then x = —c. If it is not a 
constant, then all terms cannot simultaneously vanish 
for REAL x, so the solution is COMPLEX and can be 
found using the QUADRATIC EQUATION 


—2 Dabs + 4/4 (Slabs)? — 40a? 08? re 
es itd 


235 ai? 


z= 
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In order for this to be COMPLEX, it must be true that 


(E—) <(E)(E") 


with equality when 6;/a; is a constant. The VECTOR 
derivation is much simpler, 


(a:b)? = a7b? cos? @ < 070’, (6) 


where 


a =a-a= Sai’, (7) 


and similarly for 6. 


see also CHEBYSHEV INEQUALITY, HOLDER SuM IN- 
EQUALITY 
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Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
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Cauchy Integral Formula 
aa 
ree 
¥ 7 


Given a CONTOUR INTEGRAL of the form 


f(z) dz 


Z— 2 


(1) 


vy 


define a path yo as an infinitesimal CIRCLE around the 
point zo (the dot in the above illustration). Define the 
path +, as an arbitrary loop with a cut line (on which 
the forward and reverse contributions cancel each other 
out) so as to go around Zp. 


The total path is then 


Y= 0+; (2) 
f(z) dz = f(z) dz 42 f(z) ae (3) 
y= AO 46) 2° #8 ae oO 


From the CAUCHY INTEGRAL THEOREM, the CONTOUR 
INTEGRAL along any path not enclosing a POLE is 0. 
Therefore, the first term in the above equation is 0 since 
‘yo does not enclose the POLE, and we are left with 


fede _ ff fle)dz 


z-2 zZ— 2 
y o Yr 9 


(4) 


Cauchy Integral Formula 


Now, let z = zo + re’, so dz = ire’® d@. Then 


f(z) dz Z f(zo + ret ok re? dO 


78 
Zz z re 
Y 7 Yr 


= / f(zo + re’ ji dé. (5) 
Yr 


But we are free to allow the radius r to shrink to 0, so 


f flze)dz = mf f( (zo + re’ )i dO = i f(zo)idé 
7 P Aes) 20 i 
- iste) [ dé = 2nif (zo), (6) 
and fled 
1 z) dz 
f (zo) = 5— =. (7) 


If multiple loops are made around the POLE, then equa- 
tion (7) becomes 


1 f fled 


a 7 
ZB 
277 = ‘0 


n(7, 20) f (20) = (8) 


where n(7, Zo) is the WINDING NUMBER. 


A similar formula holds for the derivatives of f(z), 


f(s) = fim £2244) 108) 


ey 1 f(z) dz f(z) dz 
“ma ead fe 


flz 
Hue ink 


[(z — zo) — (2 - 2 — h)] dz 
(z — zo — h)(z — 20) 


= hf(z) dz 
7 haar Sik y (2 20 — h)(z — 20) 
de f(z)dz 
= mal (z — 20)?" (9) 
Iterating again, 
i _ 2 f(z)dz 
f (20) = i) oar (10) 


Continuing the process and adding the WINDING NuM- 
BER n, 


ny, 20) f°” (20) = = | eae (11) 


see also MORERA’S THEOREM 
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Cauchy Integral Test 


Cauchy Integral Test 
see INTEGRAL ‘TEST 


Cauchy Integral Theorem 
If f is continuous and finite on a simply connected region 
R and has only finitely many points of nondifferentia- 


bility in R, then 
f fle)de=0 (1) 
: 


for any closed CONTOUR y completely contained in R. 
Writing z as 
z=at+iy (2) 


and f(z) as 
f(z) =utiv (3) 


then gives 


f teyae = [(u+ iv)(ae + idy) 


= [ude vdy+i f vde+udy, (4) 
. 


_ 
From GREEN’S THEOREM, 
i) dz dy, 


[resic-aune--[f (3 
() 
[ te. derte.0av= ff - FE) away . 


so (4) becomes 


Ov 
| dxdy. (7) 


Ou dv 
Be By (8) 
Ou Ov 
ao (9) 
50 
p 1) dz = 0, (10) 
dy 
Q. E. D. 
For a MULTIPLY CONNECTED regiun, 
f(z)dz= f(z) dz. (11) 
C7L C2 


see also CAUCHY INTEGRAL THEOREM, MORERA’S 
THEOREM, RESIDUR THEOREM (COMPLEX ANALYSIS) 


References 
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Cauchy-Kovalevskaya Theorem 
The theorem which proves the existence and uniqueness 
of solutions to the CAUCHY PROBLEM. 


see also CAUCHY PROBLEM 


Cauchy-Lagrange Identity 


(a1? + a2? +... + an?) (br? + be? +... + bn”) 
= (arb — a2b;)? + (a1b3 — agb,)* + 
+(dn—1bn = GAdeeay 


From this identity, the n-D CAUCHY INEQUALITY fol- 
lows. 


Cauchy-Maclaurin Theorem 
see MACLAURIN-CAUCHY THEOREM 


Cauchy Mean Theorem 
For numbers > 0, the GEOMETRIC MEAN < the ARITH- 
METIC MEAN. 


Cauchy Principal Value 


oo R 
pv | f(a) de = lim ip f(x) dx 


-R 


py i fe) de = lim | / f(a) de + fle) 
a a e+e 


wheree >Oanda<c<b. 
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Cauchy Problem 

If f(x,y) is an ANALYTIC FUNCTION in a NEIGHBOR- 
HOOD of the point (zo, yo) (i.e., it can be expanded in 
a series of NONNEGATIVE INTEGER POWERS of (x — x9) 
and (y — yo)), find a solution y(z) of the DIFFERENTIAL 
EQUATION 


dy _ 
dz = f(x), 


with initial conditions y = yo and z = zo. The existence 
aud uniqueness of the solution were proven by Cauchy 
and Kovalevskaya in the CAUCHY-KOVALEVSKAYA THE- 
OREM. The Cauchy problem amounts to determining 
the shape of the boundary and type of equation which 
yield unique and reasonable solutions for the CAUCHY 
BOUNDARY CONDITIONS. 


see also CAUCHY BOUNDARY CONDITIONS 


Cauchy Ratio Test 
see RATIO TEST 
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Cauchy Remainder Form 
The remainder of n terms of a TAYLOR SERIES is given 
by 


(x — c)""*(x — a) 


Rn = (n) 
wherea<c< uz. 
Cauchy-Riemann Equations 
Let 
f(t, y) = u(x, y) + iv(z,y), (1) 
where 
z=rt+iy, (2) 
sO. 
dz = dz + idy. (3) 


The total derivative of f with respect to z may then be 
computed as follows. 


2-2 
oer (4) 
r=z—iy, (5) 
FX) 
Oy 1. 
a (6) 
Ox 
soe Say, 
Oz 7) 
and ae ed ; : 
af _Ofd2 ofa _of Of 
dz Ox@z OyOz Oz Oy’ 
In terms of u and v, (8) becomes 
df Ou dv .{ du. .dv 
a: = (5a t 5a) -« (Fe +g 
= (FE +i52) + 42 , ov (9) 
~\Oc "dx “Oy Oy} - 
Along the real, or z-AXxIS, Of /Oy = 0, so 
df Ou , dv 
7s) =e ca a (10) 
Along the imaginary, or y-axis, 0f/Oz = 0, so 
ie ek (11) 


It f is COMPLEX DIFFERENTIABLE, then the value of the 
derivative must be the same for a given dz, regardless of 
its orientation. Therefore, (10) must equal (11), which 
requires that 


Ou Ov 

oe ay (12) 
and 3 a 

Vv _ Ub (13) 


Ox Oy 


Cauchy Root Test 


These are known as the Cauchy-Riemann equations. 
They lead to the condition 


Ou Ov 


Oxdy = ~ Ozdy" (14) 


The Cauchy-Riemann equations may be concisely writ- 
ten as 


In POLAR COORDINATES, 
f(re®) = R(r, er, (16) 


so the Cauchy-Riemann equations become 


OR ROA 

a” Fe (17) 
10R 00 
a as ~Rp-- (18) 


If u and wu satisfy the Cauchy-Riemann equations, they 
also satisfy LAPLACE’S EQUATION in 2-D, since 


Ou du Qo [du Q Ov 
da? * By? ~ Ox ($2) +5 ( 5) =9 ~ 


Ov ay re) Ou O (du 
Det yl Ba ( | + By (5: =o 00) 


By picking an arbitrary f(z), solutions can be found 
which automatically satisfy the Cauchy-Riemann equa- 
tions and LAPLACE’S EQUATION. This fact is used to 
find so-called CONFORMAL SOLUTIONS to physical prob- 
lems involving scalar potentials such as fluid flow and 
electrostatics. 


see also CAUCHY INTEGRAL THEOREM, CONFORMAL 
SOLUTION, MONOGENIC FUNCTION, POLYGENIC FUNC- 
TION 
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Cauchy’s Rigidity Theorem 
see RIGIDITY THEOREM 


Cauchy Root Test 
see ROOT TEST 


Cauchy-Schwarz Integral Inequality 


Cauchy-Schwarz Integral Inequality 
Let f(x) and g(z) by any two REAL integrable functions 
of [a,b], then 


i IO ie] < | / PO) ae | ‘| * (2) ar| 


with equality Irr f(z) = kg(x) with k real. 
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Cauchy-Schwarz Sum Inequality 


ja- bl < Jal |b}. 
2 


n n 


So ands < So ax? 


k=1 k=1 


So 
k=1 
Equality holds Irr the sequences ai, az2,... and by, be, 


. are proportional. 
see also FIBONACCI IDENTITY 
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Cauchy Sequence 
A SEQUENCE @}, Qo,.. 
satisfies 


. such that the METRIC d(am, Gn) 


lim d(am,4n) = 0. 
min(m,n)—0o 
Cauchy sequences in the rationals do not necessarily 
CONVERGE, but they do CONVERGE in the REALS. 


REAL NUMBERS can be defined using either DEDEKIND 
CuTs or Cauchy sequences. 


see also DEDEKIND CuT 


Cauchy Test 
see RATIO TEST 


Caustic 

The curve which is Une ENVELOPE of reflected (CatT- 
ACAUSTIC) or refracted (DIACAUSTIC) rays of a given 
curve for a light source at a given point (known as the 
RADIANT POINT). ‘Lhe caustic is the EVOLUTE of the 
ORTHOTOMIC. 
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Cavalieri’s Principle 


1. If the lengths of every one-dimensional slice are equal 
for two regions, then the regions have equal AREAS. 


2. If the AREAS of every two-dimensional slice (CROSS- 
SECTION) are equal for two SOLIDS, then the SOLIDS 
have equal VOLUMES. 


see also CROSS-SECTION, PAPPuUS’S CENTROID THEO- 
REM 
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Cayley Algebra 

The only NONASSOCIATIVE DIVISION ALGEBRA with 
REAL SCALARS. There is an 8-square identity corre- 
sponding to this algebra. The elements of a Cayley al- 
gebra are called CAYLEY NUMBERS or OCTONIONS. 


References 
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Cayley-Bacharach Theorem 

Let X1, X2 C P? be CUBIC plane curves meeting in nine 
points pi, ..., po. If X C P* is any Cusic containing 
Pi, .+-, pg, then X contains pg as well. It is related to 
GORENSTEIN RINGS, and is a generalization of PAPPUS’S 
HEXAGON THEOREM and PASCAL’S THEOREM. 
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Cayley Cubic 


A CuBic RULED SURFACE (Fischer 1986) in which the 
director line meets the director CONIC SECTION. Cay- 
ley’s surface is the unique cubic surface having four OR- 
DINARY DOUBLE Points (Hunt), the maximum possible 
for CUBIC SURFACE (Endraf). The Cayley cubic is in- 
variant under the TETRAHEDRAL GROUP and contains 
exactly nine lines, six of which connect the four nodes 
pairwise and the other three of which are coplanar (En- 
dra). 


If the ORDINARY DOUBLE POINTS in projective 3-space 
are taken as (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 
0, 0, 1), then the equation of the surface in projective 
coordinates is 
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(Hunt). Defining “affine” coordinates with plane at in- 
finity v = zo + 21 + v2 + 2%3 and 


oi) 

gu 
v 

= 
v 

L2 

ZS 
v 


then gives the equation 
-5(x°ytarzty ety 2t+2°yt2'2)+2(cyt+az+yz) = 0 


plotted in the left figure above (Hunt). The slightly 
different form 


Ae? +y? +224) -(a+yt+z2+w)? =0 


is given by Endra8 which, when rewritten in TETRAHE- 
DRAL COORDINATES, becomes 


et+y—avztyzt+2?-1=0, 


plotted in the right. figure above. 


a 


» 


The Hessian of the Cayley cubic is given by 


2 2 
0 = xo" (#1e2 + @123 + 2x3) + £{(ox2 + Los + L2e3) 


2 2 
+29(r021 + Lot3 + 2103) + £3(Z0L1 + LoL2 + L122). 


in homogeneous coordinates zo, 21, %2, and x3. Taking 
the plane at infinity as v = 5(zo +21 + v2 + 2@3)/2 and 
setting xz, y, and z as above gives the equation 


25[a°(ytz)ty*(et+z)+2°(ety)]+50(27y" +272" +y"z") 
-125(a*yz+y°ez+27 xy) + 60ryz —4(xyt+az+yz) = 0, 


plotted above (Hunt). The Hessian of the Cayley cubic 
has 14 ORDINARY DOUBLE POINTS, four more than a 
the general Hessian of a smooth CuBIC SURFACE (Hunt). 
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Cayley Graph 

The representation of a GROUP as a network of directed 
segments, where the vertices correspond to elements and 
the segments to multiplication by group generators and 
their inverses. 


see also CAYLEY TREE 
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Cayley’s Group Theorem 
Every FINITE GROUP of order n can be represented as 
a PERMUTATION GROUP on 7n letters, as first proved by 
Cayley in 1878 (Rotman 1995). 


see also FINITE GROUP, PERMUTATION GROUP 
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Cayley-Hamilton Theorem 


Given 
aii — & ai2 aa aim 
a21 Q22-G --- QA2m 
aml Qam2 Aamm — & 
m m—1 
= 2" + Cm—-12 +...+¢0, (1) 
then 


A” + ¢m-1A”) +... + col =0, (2) 


where | is the IDENTITY MATRIX. Cayley verified this 
identity for m = 2 and 3 and postulated that it was true 
for all m. For m = 2, direct verification gives 


= (a—2r)(d—x) — be 


=x" —(at+d)e+ (ad-be) =e? +e2+02 (3) 


Cayley’s Hypergeometric Function Theorem 


a b 
~ | ; 


b a b 
d ec 6d 
a? +be a 


actcd be+d? 


sae 
[S 
—ad | 
" 


-—(a+d)A 


Il 


-ac—dce —ad-— d? 


ad — be 


(ad — be)! = a ae (7) 


so 


A? — (a+ d)A + (ad — bc)l = E 4 (8) 
The Cayley-Hamilton theorem states that a n x n MA- 
TRIX A is annihilated by its CHARACTERISTIC POLY- 


NOMIAL det(z! — A), which is monic of degree n. 
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Cayley’s Hypergeometric Function Theorem 


If a 
(1 — z)°*°7* 9 Fy (2a, 2b; 2c; z) = > Oye; 
n=0 
then 


2Fi(a, be + £32) 2Fi(c— a,c — b;c$; 2) 


where 2/;(a,;c;z) is a HYPERGEOMETRIC FUNCTION. 
see also HYPERGEOMETRIC FUNCTION 


Cayley-Klein Parameters 

The parameters a, 8, 7, and 6 which, like the three 
EULER ANGLES, provide a way to uniquely characterize 
the orientation of a solid body. These parameters satisfy 
the identities 


aa" +47" = 1 (1) 
aa” + BB" =1 (2) 
BB" + 65° =1 (3) 
a’ B+7"d=0 (4) 
ab — By=1 (5) 
and 
B=-y (6) 


b=a", (7) 
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where z* denotes the COMPLEX CONJUGATE. In terms 
of the EULER ANGLES 6, ¢, and wy, the Cayley-Klein 
parameters are given by 


a = e\¥t9)/? cos( 19) (8) 
B= ie?~?)/? sin( 19) (9) 
y = ie YO)? sin( 19) (10) 
5 =e (¥F#)/? cos( 19) (11) 


(Goldstein 1960, p. 155). 


The transformation matrix is given in terms of the 
Cayley-Klein parameters by 


A= 
3(P - 74+ 8-8?) Rily?-a7? + 8-6)  y5- af 
par ty? -f?- 8) F(a? +7? +H? +6") —i(aB +6) 
B5 — ay i(ay + Bd) ad + By 
(12) 


(Goldstein 1960, p. 153). 


The Cayley-Klein parameters may be viewed as param- 
eters of a matrix (denoted Q for its close relationship 
with QUATERNIONS) 


_|«* 8 
a= [2 4] (13) 
which characterizes the transformations 
u =aut+ Bu (14) 
vi =yut ov. (15) 


of a linear space having complex axes. This matrix sat- 


isfies 
Q'0=90' =I; (16) 


where { is the IDENTITY MATRIX and A! the MATRIX 
TRANSPOSE, as well as 


(Q|"|Q| = 1. (17) 


In terms of the EULER PARAMETERS e; and the PAULI 
MATRICES gi, the Q-matrix can be written as 


Q = eol + i(eior + e202 + €303) (18) 


(Goldstein 1980, p. 156). 


see also EULER ANGLES, EULER PARAMETERS, PAULI 
MATRICES, QUATERNION 


References 

Goldstein, H. “The Cayley-Klein Parameters and Related 
Quantities.” §4-5 in Classical Mechanics, 2nd ed. Read- 
ing, MA: Addison-Wesley, pp. 148-158, 1980. 


214 Cayley-Klein-Hilbert Metric 


Cayley-Klein-Hilbert Metric 
The METRIC of Felix Klein’s model for HYPERBOLIC 
GEOMETRY, 


a (1 = 22°) 
9 = = ay? — 22?) 
a a? 2122 
giz = a= 227)? 
a?(1 — 21°) 
922 = . 
(1 = xy? ~ x27)? 


see also HYPERBOLIC GEOMETRY 


Cayley Number 

There are two completely different definitions of Cayley 
numbers. The first type Cayley numbers is one of the 
eight elements in a CAYLEY ALGEBRA, also known as 
an OCTONION. A typical Cayley number is of the form 


a+ big + ci; + dig + et3 + fig + gis + hig, 


where each of the triples (to, 11,73), (¢1, i2, 4), (42,73, %5), 
(43, 44, ie), (ta, ds, to), (ts, 16, i), (46, 10, a2) behaves like 
the QUATERNIONS (i,j,k). Cayley numbers are not As- 
SOCIATIVE. They have been used in the study of 7- and 
8-D space, and a general rotation in 8-D space can be 
written 


w' —+ ((((((er)e2)e3)ea)es)ce er. 


The second type of Cayley number is a quantity which 
describes a DEL PEZZO SURFACE. 


see also COMPLEX NUMBER, DEL PEZZO SURFACE, 
QUATERNION, REAL NUMBER 
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Cayley’s Ruled Surface 
see CAYLEY CUBIC 


Cayley’s Sextic 


Cayley’s Sextic Evolute 


A plane curve discovered by Maclaurin but first studied 
in detail by Cayley. The name Cayley’s sextic is due 
to R. C. Archibald, who attempted to classify curves in 
a paper published in Strasbourg in 1900 (MacTutor Ar- 
chive). Cayley’s sextic is given in POLAR COORDINATES 
by 

r = acos*(36), (1) 


or 
r = 4bcos*(46), (2) 


where b = a/4. In the latter case, the CARTESIAN equa- 
tion is 


A(x? + y* — bz)? = 27a? (2? + y’)’. (3) 
The parametric equations are 


a(t) = 4acos*(4t)(2cost — 1) (4) 
y(t) = 4acos*(4t) sin( 32). (5) 


s(t) 
k(t) 
phi(t} 


4 t 
The Arc LENGTH, CURVATURE, and TANGENTIAL AN- 
GLE are 


s(t) = 3(t+ sinf#), (6) 
w(t) = } sec?(22), (7) 
p(t) = 2t. (8) 


References 

Lawrence, J. D. A Catalog of Special Plane Curves. New 
York: Dover, pp. 178 and 180, 1972. 

MacTutor History of Mathematics Archive. “Cayley’s Sex- 
tic.” http: //www-groups.dcs.st-and.ac.uk/-history/ 
Curves/Cayleys.html. 


Cayley’s Sextic Evolute 


- ane 
yo ae 
é \ 
/ \ 
{ \ 
{ \ 
\ \ 
Ne L 
/ i 
i / 
{ / 
\ / 
\ pf 
\ 
4 
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The EVOLUTE of Cayley’s sextic is 


z = 4a+ ya[3 cos(2t) — cos(2t)] 
y = #,a[3sin(2t) — sin(2¢)], 


which is a NEPHROID. 


Cayley Tree 


Cayley Tree 

A TREE in which each NODE has a constant number of 
branches. The PERCOLATION THRESHOLD for a Cayley 
tree having z branches is 


see also CAYLEY GRAPH 


Cayleyian Curve 

The ENVELOPE of the lines connecting correspond- 
ing points on the JACOBIAN CURVE and STEINERIAN 
CuRVE. The Cayleyian curve of a net of curves of or- 
der m has the same GENUS (CURVE) as the JACOBIAN 
CURVE and STEINERIAN CURVE and, in general, the 
class 3n(n ~ 1). 
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Cech Cohomology 

The direct limit of the COHOMOLOGY groups with Co- 
EFFICIENTS in an ABELIAN GROUP of certain coverings 
of a TOPOLOGICAL SPACE. 


Ceiling Function 


emer fx] Ceiling 
(x] Nint (Round) 
——— |a| Floor 


The function [z] which gives the smallest INTEGER > z, 
shown as the thick curve in the above plot. Schroeder 
(1991) calls the ceiling function symbols the “GALLOWS” 
because of the similarity in appearance to the structure 
used for hangings. The name and symbol for the ceiling 
function were coined by K. E. Iverson (Graham et al. 
1990). It cau be implemented as ceil(x)=-int(-x), 
where int(x) is the INTEGER PaRT of z. 


see also FLOOR FUNCTION, INTEGER PART, NINT 
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Cell 
A finite regular POLYTOPE. 


see also 16-CELL, 24-CELL, 120-CELL, 600-CELL 


Cellular Automaton 

A grid (possibly 1-D) of cells which evolves according to 
a set of rules based on the states of surrounding cells. 
von Neumann was one of the first people to consider 
such a model, and incorporated a cellular model into 
his “universal constructor.” von Neumann proved that, 
an automaton consisting of cells with four orthogonal 
neighbors and 29 possible states would be capable of 
simulating a TURING MACHINE for some configuration 
of about 200,000 cells (Gardner 1983, p. 227). 


1-D automata are called “elementary” and are repre- 
sented by a row of pixels with states either 0 or 1. 
These can be represented with an 8-bit binary num- 
ber, as shown by Stephen Wolfram. Wolfram further 
restricted the number from 2° = 256 to 32 by requiring 
certain symmetry conditions. 


The most well-known cellular automaton is Conway’s 
game of LIFE, popularized in Martin Gardner’s Scien- 
tific American columns. Although the computation of 
successive LIFE generations was originally done by hand, 
the computer revolution soon arrived and allowed more 
extensive patterns to be studied and propagated. 


see LIFE, LANGTON’S ANT 
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Cellular Space 
A HAuUSDORFF SPACE which has the structure of a so- 
called CW-COMPLEX. 


Center 

A special POINT which usually has some symmetric 
placement with respect to points on a curve or in a 
SOLID. The center of a CIRCLE is equidistant from all 
points on the CIRCLE and is the intersection of any two 
distinct DIAMETERS. The same holds true for the center 
of a SPHERE. 


see also CENTER (GROUP), CENTER OF MASS, CIR- 
CUMCENTER, CURVATURE CENTER, ELLIPSE, EQUI- 
BROCARD CENTER, EXCENTER, HOMOTHETIC CEN- 
TER, INCENTER, INVERSION CENTER, ISOGONIC CEN- 
TERS, MAJOR TRIANGLE CENTER, NINE-POINT CEN- 
TER, ORTHOCENTER, PERSPECTIVE CENTER, POINT, 
RADICAL CENTER, SIMILITUDE CENTER, SPHERE, 
SPIEKER CENTER, TAYLOR CENTER, TRIANGLE CEN- 
TER, TRIANGLE CENTER FUNCTION, YFF CENTER OF 
CONGRUENCE 


Center Function 
see TRIANGLE CENTER FUNCTION 


Center of Gravity 
see CENTER OF MASS 


Center (Group) 

The center of a GROUP is the set of elements which 
commute with every member of the GROUP. It is equal 
to the intersection of the CENTRALIZERS of the GROUP 
elements. 


see also ISOCLINIC GROUPS, NILPOTENT GROUP 


Center of Mass 
see CENTROID (GEOMETRIC) 


Centered Pentagonal Number 


Centered Cube Number 


A FIGURATE NUMBER of the form, 
CCubn = n* + (n—1)° = (2n-1)(n? —n +1). 


The first few are 1, 9, 35, 91, 189, 341, ... (Sloane’s 
A005898). The GENERATING FUNCTION for the cen- 
tered cube numbers is 


a(x? + 5a? + 5¢ +1) 


2 3 4 
(e—1)4 =24+92" + 352° 4+ 91a +.... 


see also CUBIC NUMBER 
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Centered Hexagonal Number 
see HEX NUMBER 


Centered Pentagonal Number 


A CENTERED POLYGONAL NUMBER consisting of a cen- 
tral dot with five dots around it, and then additional 
dots in the gaps between adjacent dots. The general 
term is (5n? — 5n + 2)/2, and the first few such num- 
bers are 1, 6, 16, 31, 51, 76, ... (Sloane’s A005891). 
The GENERATING FUNCTION of the centered pentago- 
nal numbers is 


24 3a41 
eae) =2+62" + 162° +3127 +.... 
G@=1P 
see also CENTERED SQUARE NUMBER, CENTERED TRI- 
ANGULAR NUMBER 
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Centered Polygonal Number 


Centered Polygonal Number 


POL 


A FIGURATE NUMBER in which layers of POLYGONS are 
drawn centered about a point instead of with the point 
at a VERTEX. 

see also CENTERED PENTAGONAL NUMBER, CENTERED 
SQUARE NUMBER, CENTERED TRIANGULAR NUMBER 
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Centered Square Number 


A CENTERED POLYGONAL NUMBER consisting of a cen- 
tral dot with four dots around it, and then additional 
dots in the gaps between adjacent dots. The general 
term is n? + (n — 1), and the first few such numbers 
are 1, 5, 13, 25, 41, ... (Sloane’s A001844). Centered 
square numbers are the sum of two consecutive SQUARE 
NUMBERS and are congruent to 1 (mod 4). The GEN- 
ERATING FUNCTION giving the centered square numbers 
is ‘ 

ED ee ba 4 Yan" fnbe inks 

(1— 2)? 
see also CENTERED PENTAGONAL NUMBER, CENTERED 
POLYGONAL NUMBER, CENTERED TRIANGULAR NuUM- 
BER, SQUARE NUMBER 
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Centered Triangular Number 


A CENTERED POLYGONAL NUMBER consisting of a cen- 
tral dot with three dots around it, and then additional 
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dots in the gaps between adjacent dots. The general 
term is (3n? — 3n+2)/2, and the first few such numbers 
are 1, 4, 10, 19, 31, 46, 64, ... (Sloane’s A005448). The 
GENERATING FUNCTION giving the centered triangular 
numbers is 


a(z? +241) 


Ga) =24+ 4274102? +19274+.... 


see also CENTERED PENTAGONAL NUMBER, CENTERED 
SQUARE NUMBER 
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Centillion 
In the American system, 10°°%. 


see also LARGE NUMBER 


Central Angle 


f» 
a, 


An ANGLE having its VERTEX at a CIRCLE’s center 
which is formed by two points on the CIRCLE’S CIR- 
CUMFERENCE. For angles with the same endpoints, 


O, = 26;, 


where 6; is the INSCRIBED ANGLE. 
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Central Beta Function 
10 


2) 


The central beta function is defined by 


B(p) = Bip,p), (1) 
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where B(p,q) is the BETA FUNCTION. It satisfies the 
identities 


Alp) = 2° BG, 3) (2) 
= gl-?P cos(rp)B( 4 — p,p) (3) 
1 4P dt 
z | qc (4) 
_ 277 _n(n+2p) 
= pl ainaen e 


With p = 1/2, the latter gives the WALLIS FORMULA. 
When p = a/b, 


bB(a/b) = 2°~**/" F(a, 6), (6) 

where pees 
Jab) = f a (7) 

The central beta function satisfies 
(2+ 42) @(1 + x) = xA(z) (8) 
(1 — 2) @(1 — x) G(x) = 2x cot(r2) (9) 
B(4 — a) = 2**7? tan(mz)B(z) (10) 


B(x) B(x + 4) = 2°***nB(2x)G(2z + 4). (11) 


For p an ODD POSITIVE INTEGER, the central beta func- 
tion satisfies the identity 


(p-1)/2 2k-1 p—1 
1 Qa + 2k=1 k 
B(pz) = — eer pommel (Os (= + =) . (12) 


see also BETA FUNCTION, REGULARIZED BETA FUNC- 
TION 
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Central Binomial Coefficient 
The nth central binomial coefficient is defined as (in72 )s 


where (%) is a BINOMIAL COEFFICIENT and |n| is the 
FLOOR FUNCTION. The first few values are 1, 2, 3, 6, 10, 
20, 35, 70, 126, 252, ... (Sloane’s A001405). The central 


binomial coefficients have GENERATING FUNCTION 


1 — 4a? ~ /1 ~ 42? 
2(223 — x?) 


= 14274327 +62? +10274+.... 


The central binomial coefficients are SQUAREFREE only 
for n = 1, 2, 3, 4, 5, 7, 8, 11, 17, 19, 23, 71, ... (Sloane’s 
A046098), with no others less than 1500. 


Central Conic 


The above coefficients are a superset of the alternative 
“central” binomial coefficients 


2n\ _ (2n)! 
n}~ (ni)? 


which have GENERATING FUNCTION 


1 
V1—4z 


The first few values are 2, 6, 20, 70, 252, 924, 3432, 
12870, 48620, 184756, ... (Sloane’s A000984). 


=1422+ 62? + 202° + 702? +... 


Erdés and Graham (1980, p. 71) conjectured that 
the central binomial coefficient Go) is never SQUARE- 
FREE for n > 4, and this is sometimes known as the 
ERDOS SQUAREFREE CONJECTURE. SARKOZY’S THE- 
OREM (Sdrkézy 1985) provides a partial solution which 
states that the BINOMIAL COEFFICIENT (?”) is never 
SQUAREFREE for all sufficiently large n > no (Vardi 
1991). Granville and Ramare (1996) proved that the 
only SQUAREFREE values are n = 2 and 4. Sander 
(1992) subsequently showed that (?"**) are also never 


n 


SQUAREFREE for sufficiently large n as long as d is not 
“too big.” 


see also BINOMIAL COEFFICIENT, CENTRAL TRINO- 
MIAL COEFFICIENT, ERDOS SQUAREFREE CONJEC- 
TURE, SARKOZY’S THEOREM, QUOTA SYSTEM 
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Central Conic 
An ELLIPSE or HYPERBOLA. 


see also CONIC SECTION 
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Central Difference 


Central Difference 
The central difference for a function tabulated at equal 
intervals f; is defined by 


6(fn41/2) = 6n41/2 = On41/2 = fati- fa. (1) 
Higher order differences may be computed for EVEN and 
ODD powers, 


Pap SC y(? fates (2) 


j=0 


2h+1 er 
ae De, i ) footer -3: (3) 


2k+1 
on41/2 = 


see also BACKWARD DIFFERENCE, DIVIDED DIFFER- 
ENCE, FORWARD DIFFERENCE 
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Central Limit Theorem 

Let 21,22,...,2N be a set of N INDEPENDENT random 
variates and each x; have an arbitrary probability distri- 
bution P(@1,...,2n) with MEAN y; and a finite VARI- 
ANCE oj”. Then the normal form variate 


i - Da 


Xnorm = =) Se (1) 


ane a? 


has a limiting distribution which is NORMAL (Gaus- 
SIAN) with MEAN yp = O and VARIANCE o” = 1. If 
conversion to normal form is not performed, then the 


variate 
N 
eS wl (2) 


is NORMALLY DISTRIBUTED with px = ws and ox = 
o./VN. To prove this, consider the INVERSE FOURIER 
‘TRANSFORM of Px(f). 


= \ > CHD (ayn, (3) 
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Now write 
(X") = (N“"(a1 +22 +...+2N)”) 
= i. N-" (ey +...-+an)" plea) plen) des --- dow, 
~ (a 


so we have 


=~. (Qmif)” 
Fpetfl= 3 hy” (x) 


= => ale er 


oo 


~" (zy +...+2@n)” 


xX p{a1)--- plan) dzi---dan 


- fo ey 


x p(@i)--- 


oo 
Sf etait. t+2n)/Np(g,)..-p(an) da, ---day 


= aes / . orton fen) den] 
/ © arite/% p(x) | aa 
[Ff ass Cae Juan 


= / p(x) dx + —— zi a zp(x) dr 


2 oe. Wy 
_@rf) / “r{e)de+0N->) 


p(an)dx,---dry 


li 
_—- 


2N2 
= [1+ anit (a) Siti (2) +o) 
= exp {Nin [i+ FF d= Cnty (2 *) + O(N- s}}. 


(5) 


Now expand 


In(lt+2)=2— 42? +42°+..., (6) 
Pets 
exp { [PR ) — Crt)” (9?) 
5 Ce (a)? + on] | 
= exp [be (x) — acai ae) + ow’) 
= exp [aris = Cafes) : (7) 
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He = (2) (8) 
oe? = (22) — (2)? (9) 


Taking the FOURIER TRANSFORM, 


‘Se / © Peep F)] df 


oo 


= / : e2tiflue—2)—QnfyPas7/2N ae (19) 


OO 


This is of the form 
/ eat OF" ap (11) 


where a = 2n(2 — 2) and b = (270~)*/2N. But, from 
Abramowitz and Stegun (1972, p. 302, equation 7.4.6), 


foo 
i) cia bf? af ete, [F (12) 


Therefore, 
[—% —[2n(u2 — «))? 
Ex dh eae oP gi2nen)? 
2N 2N 

_ | 2nN _4n? (U2 — £)°2N 

~ NV 407022 4-4n2¢,? 

Ea vN eo (Het)? N/20n" (13) 

OV 20 


But ox = o:/VN and px = pz, So 


1 
= ——e 
oxV20 


Px — (nx —2)? /20x? (14) 


The “fuzzy” central limit theorem says that data which 
are influenced by many small and unrelated random ef- 
fects are approximately NORMALLY DISTRIBUTED. 


see also LINDEBERG CONDITION, LINDEBERG-FELLER 
CENTRAL LIMIT THEOREM, LYAPUNOV CONDITION 
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Centroid (Geometric) 


Central Trinomial Coefficient 

The nth central binomial coefficient is defined as the co- 
efficient of x2” in the expansion of (1+ z+27)”. The first 
few are 1, 3, 7, 19, 51, 141, 393, ... (Sloane’s A002426). 
This sequence cannot be expressed as a fixed number 
of hypergeometric terms (Petkovéek et al. 1996, p. 160). 
The GENERATING FUNCTION is given by 


1 


VG +2)(1 - 32) 


see also CENTRAL BINOMIAL COEFFICIENT 


f(z) = =l+ae4+30?+7e°4+.... 
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Centralizer 
The centralizer of a FINITE non-ABELIAN SIMPLE 
GROUP G is an element z of order 2 such that 


Ce(z) = {9 € G: gz = zg}. 
see also CENTER (GROUP), NORMALIZER 


Centrode 


C=rT4+ «4B, 


where 7 is the TORSION, x is the CURVATURE, T is the 
TANGENT VECTOR, and B is the BINORMAL VECTOR. 


Centroid (Function) 
By analogy with the GEOMETRIC CENTROID, the cen- 
troid of an arbitrary function f(x) is defined as 


(2) = S75, tf (x) dx 
fsa f(x) dx , 
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Centroid (Geometric) 

The CENTER OF Mass of a 2-D planar LAMINA or a 
3-D solid. The mass of a LAMINA with surface density 
function o(z, y) is 


M= [fen dA. (1) 


The coordinates of the centroid (also called the CENTER 
OF GRAVITY) are 


2 aoae (2) 


Centroid (Orthocentric System) 


ff we y) ge (3) 


The centroids of several common laminas along the non- 
symmetrical axis are summarized in the following table. 


y= 


Figure y 

parabolic segment 2h 

semicircle = 
aT 


In 3-D, the mass of a solid with density function 


p(x, y, z) is 
a= [ff e.neav, (4) 


and the coordinates of the center of mass are 


ff zp(z,y,z)dV 


t= Vi (5) 
__ fff ye(z,y,z) dV 
ae ae (6) 
Sff ze(z, y,2) dV 
z= oe 7 
Figure Zz 
cone th 
conical frustum i Ry“ p2Rs Ra +8") 
hemisphere 3 R 
paraboloid 2h 
pyramid qh 


see also PAPPUS’S CENTROID THEOREM 
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Centroid (Orthocentric System) 

The centroid of the four points constituting an ORTHO- 
CENTRIC SYSTEM is the center of the common NINE- 
POINT CIRCLE (Johnson 1929, p. 249). This fact auto- 
matically guarantees that the centroid of the INCENTER 
and EXCENTERS of a TRIANGLE is located at the CIR- 
CUMCENTER. 
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Johnson, R. A. Modern Geometry: An Elementary Treatise 


on the Geometry of the Triangle and the Circle. Boston, 
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Centroid (Triangle) 

The centroid (CENTER OF Mass) of the VERTICES of 
a TRIANGLE is the point M (or G) of intersection of 
the TRIANGLE’S three MEDIANS, also called the MEDIAN 
PoInT (Johnson 1929, p. 249). The centroid is always 
in the interior of the TRIANGLE, and has TRILINEAR 
COORDINATES 


1 1 
ra sr (1) 


or 


esc A: csc B: escC. (2) 


If the sides of a TRIANGLE are divided so that 


A2P, _ AsP2 _ AiPo _ p 
PiA; P2A, P3A, @’ 


(3) 


the centroid of the TRIANGLE AP, P2P3 is M (Johnson 
1929, p. 250). 


Pick an interior point X. The TRIANGLES BXC,CXA, 
and AXB have equal arcas IFF X corresponds to the 
centroid. The centroid is located one third of the way 
from each VERTEX to the MIDPOINT of the opposite side. 
Each median divides the triangle into two equal areas; 
all the medians together divide it into six equal parts, 
and the lines from the MEDIAN POINT to the VERTICES 
divide the whole into three equivalent TRIANGLES. In 
general, for any line in the plane of a TRIANGLE ABC, 


d= 3(da + dp +dc), (4) 


where d, da, dg, and dg are the distances from the cen- 
troid and VERTICES to the line. A TRIANGLE will bal- 
ance at the centroid, and along any line passing through 
the centruid. The TRILINEAR POLAR of the centroid is 
called the LEMOINE AXIS. The PERPENDICULARS from 


the centroid are proportional to s;—*, 


@1p2 = a2p2 = aap3 = 5A, (5) 
where A is the AREA of the TRIANGLE. Let P be an 


arbitrary point, the VERTICES be Ai, Az, and A3, and 
the centroid M. Then 


PA,’ +PA,'+PAs = MA,’ +MA;’+MA, +3PM. 

(6) 

If O is the CIRCUMCENTER of the triangle’s centroid, 
then F 

OM =H? —i(a’ +6? +c’). (7) 


The centroid lies on the EULER LINE. 


The centroid of the PERIMETER of a TRIANGLE is the 
triangle’s SPIEKER CENTER (Johnson 1929, p. 249). 


see also CIRCUMCENTER, EULER LINE, EXMEDIAN 
POINT, INCENTER, ORTHOCENTER 
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Certificate of Compositeness 
see COMPOSITENESS CERTIFICATE 


Certificate of Primality 
see PRIMALITY CERTIFICATE 


Cesaro Equation 

An INTRINSIC EQUATION which expresses a curve in 
terms of its ARC LENGTH s and RADIUS OF CURVA- 
TURE & (or equivalently, the CURVATURE &). 


see also ARC LENGTH, INTRINSIC EQUATION, NATURAL 
EQUATION, RADIUS OF CURVATURE, WHEWELL EQUA- 
TION 
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Cesaro Fractal 


Pere atns 


eH ae 


A FRACTAL also known as the TORN SQUARE FRAC- 
TAL. The base curves and motifs for the two fractals 
illustrated above are show below. 


| J | Ja 


see also FRACTAL, KOCH SNOWFLAKE 
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Ceva’s Theorem 


Cesaro Mean 
see FEJES TOTH’S INTEGRAL 


Ceva’s Theorem 


D 
B 


Given a TRIANGLE with VERTICES A, B, and C and 
points along the sides D, E, and F, a NECESSARY and 
SUFFICIENT condition for the CEviANS AD, BE, and 
CF to be CONCURRENT (intersect in a single point) is 
that 


BD-CE-AF=DC-EA-FB. (1) 
Let P = [Vi,...,Vn] be an arbitrary n-gon, C a given 
point, and k a POSITIVE INTEGER such that 1 < k < 
n/2. Fori=1,..., n, let Wi be the intersection of the 
lines CV; and Vi_;Vi+x, then 
a [Vi-nWs 
——— | =1. 2 
11 | wat] @ 
Here, AB||CD and 
AB 
—— 3 
ad @) 


is Lhe RATIO of the lengths [A, B] and [C, D] with a plus 
or minus sign depending on whether these segments have 
the same or opposite directions (Griinbaum and Shepard 
1995). 


Another form of the theorem is that three CONCURRENT 
lines from the VERTICES of a TRIANGLE divide the op- 
posite sides in such fashion that the product of three 
nonadjacent segments equals the product of the other 
three (Johnson 1929, p. 147). 


see also HOEHN’S THEOREM, MENELAUS’ THEOREM 
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Cevian 


Cevian 


b 


A line segment which joins a VERTEX of a TRIANGLE 
with a point on the opposite side (or its extension). In 
the above figure, 


__ bsina’ 
~ sin(y + a!) 
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Cevian Conjugate Point 
see ISOTOMIC CONJUGATE POINT 


Cevian Transform 
Vandeghen’s (1965) name for the transformation taking 
points to their ISOTOMIC CONJUGATE POINTs. 


see also ISOTOMIC CONJUGATE POINT 
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Cevian Triangle 
A3 


A, A’ Az 
Given a center a: 3: +, the cevian triangle is defined 
as that with VERTICES 0: 6: 7, a: 0:74, anda: 
8:0. If A'B’C’ is the CEVIAN TRIANGLE of X and 
A" B"C" is the ANTICEVIAN TRIANGLE, then X and 
A” are HARMONIC CONJUGATE POINTS with respect to 
Aand A’. 


see also ANTICEVIAN TRIANGLE 
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Chain 

Let P be a finite PARTIALLY ORDERED SET. A chain 
in P is a set of pairwise comparable elements (ie., a 
TOTALLY ORDERED subset). The WIDTH of P is the 
maximum CARDINALITY of an ANTICHAIN in P. For a 
PARTIAL ORDER, the size of the longest CHAIN is called 
the WIDTH. 

see also ADDITION CHAIN, ANTICHAIN, BRAUER CHAIN, 
CHAIN (GRAPH), DILWORTH’S LEMMA, HANSEN CHAIN 


Chain Fraction 
see CONTINUED FRACTION 


Chain (Graph) 


A chain of a GRAPH is a SEQUENCE {21, 22,...,2n} such 
that (21,22), (v2, 23), .--, ({n-1,2n) are EDGES of the 
GRAPH. 


Chain Rule 
If g(x) is DIFFERENTIABLE at the point « and f(z) is 
DIFFERENTIABLE at the point g(x), then f og is DiFr- 
FERENTIABLE at z. Furthermore, let y = f(g(x)) and 
u = g(z), then 
dy dy du 
—= Se. 1 
dx du dz ”) 
There are a number of related results which also go un- 
der the name of “chain rules.” For example, if z = 
f(x,y), @ = g(t), and y = A(2), then 


dz _ 02 de 
dt Oz dt 


Oz dy 
By as (2) 


The “general” chain rule applies to two sets of functions 


y= fi(us, sae , Up) 


:(3) 


Ym = fm (t1,---,Up) 
and 


uu >= gi(zi,. oe Zn) 


:(4) 


Up = gp(@1,---,&n). 


Defining the m x n JACOBI MATRIX by 


oun Our. ON 
Az, oz2 OEn 
Oy \_ |. ; ; 
= : 4 ‘i : ; (5) 
az; ; ; Sf 
O¥m oum Bares 9um 
Oz, 8x2 Ban, 


and similarly for (@y;/Ou;) and (Oui/Oz;) then gives 


OY: _ Oy: Oui 
(5) = (3) (32) : (6) 
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In differential form, this becomes 


dy: 8 
an = ( A 


Ou, Ar, 5°" Oup O21 
Oy Oth Our Oup 
+ (3 Bap eee a | dzg+... (7) 


(Kaplan 1984). 


see also DERIVATIVE, JACOBIAN, POWER RULE, PROD- 
ucT RULE 
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Chained Arrow Notation 
A NOTATION which generalizes ARROW NOTATION and 


is defined as 


at::-tb=a4boe. 
eS eS 


c 


see also ARROW NOTATION 
References 
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Chainette 
see CATENARY 


Chair 


A SURFACE with tetrahedral symmetry which, according 
to Nordstrand, looks like an inflatable chair from the 
1970s. It is given by the implicit equation 


(a? +y? +2? —ak?)? —of(2—k)? — 207 ][(z-+h)? —2y"] = 0. 


see also BRIDE’S CHAIR 
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Champernowne Constant 


Chaitin’s Constant 

An IRRATIONAL NUMBER 2 which gives the probability 
that for any set of instructions, a UNIVERSAL TURING 
MACHINE will halt. The digits in 0 are random and 
cannot be computed ahead of time. 


see also HALTING PROBLEM, TURING MACHINE, UNI- 
VERSAL TURING MACHINE 
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Chaitin’s Number 
see CHAITIN’S CONSTANT 


Chaitin’s Omega 
see CHAITIN’S CONSTANT 


Champernowne Constant 

Champernowne’s number 0.1234567891011... (Sloane’s 
A033307) is the decimal obtained by concatenating the 
POSITIVE INTEGERS. It is NORMAL in base 10. In 1961, 
Mahler showed it to also be TRANSCENDENTAL. 


The CONTINUED FRACTION of the Champernowne con- 
stant is [0, 8, 9, 1, 149083, 1, 1, 1, 4, 1, 1, 1, 3, 4, 1, 1, 
Pe15s 


4575401113910310764836466282429561185996039339 - - - 
710457555000662004393090262659256314937953207. - - 
747128656313864120937550355209460718308998457 - - - 
5801469863148833592141783010987, 


66 04s 21 10s B18, 8, dy Ay, 83) A, 156, A 
58, 8, 54, ...] (Sloane’s A030167). The next term of 
the CONTINUED FRACTION is huge, having 2504 digits. 
In fact, the coefficients eventually become unbounded, 
making the continued fraction difficult to calculate for 
too many more terms. Large terms greater than 10° oc- 
cur at positions 5, 19, 41, 102, 163, 247, 358, 460,... and 
have 6, 166, 2504, 140, 33102, 109, 2468, 136, ... digits 
(Plouffe). Interestingly, the COPELAND-ERDOs CoN- 
STANT, which is the decimal obtained by concatenating 
the PRIMES, has a well-behaved CONTINUED FRACTION 
which does not show the “large term” phenomenon. 


see also COPELAND-ERDOS CONSTANT, SMARANDACHE 
SEQUENCES 


Change of Variables Theorem 
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Change of Variables Theorem 

A theorem which effectively describes how lengths, ar- 
eas, volumes, and generalized n-dimensional volumes 
(CONTENTS) are distorted by DIFFERENTIABLE FUNC- 
TIONS. In particular, the change of variables theorem 
reduces the whole problem of figuring out the distortion 
of the content to understanding the infinitesimal dis- 
tortion, i.e., the distortion of the DERIVATIVE (a linear 
Map), which is given by the linear MAP’s DETERMI- 
NANT. So f : R” > R” is an AREA-PRESERVING linear 
Map IrF |det(f)| = 1, and in more generality, if S is 
any subset of R”, the CONTENT of its image is given by 
| det( f)| times the CONTENT of the original. The change 
of variables theorem takes this infinitesimal knowledge, 
and applies CALCULUS by breaking up the DOMAIN into 
small pieces and adds up the change in AREA, bit by 
bit. 


The change of variable formula persists to the general- 
ity of DIFFERENTIAL FORMS on MANIFOLDS, giving the 


formula 
(f*w) = / (w) 
M Ww 


under the conditions that M and W are compact con- 
nected oriented MANIFOLDS with nonempty boundaries, 
f : M — W is a smooth map which is an orientation- 
preserving DIFFEOMORPHISM of the boundaries. 


In 2-D, the explicit statement of the theorem is 


| f(z, y) dx dy 


= A(z, y) 
=f f{z(u, v), y(u, v)] au, v) du dv 
and in 3-D, it is 
[tevndeavas 
R 
-| Fen 2,0), ules, w),2(a, wy] | ee du dv dw, 
R O(u, v, w) 


where R = f(R*) is the image of the original region R”, 


A(z, y, 2) 
O(u, v, w) 


is the JACOBIAN, and f is a global orientation-preserving 
DIFFEOMORPHISM of R and R* (which are open subsets 
of R”). 
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The change of variables theorem is a simple consequence 
of the CURL THEOREM and a little DE RHAaM COHOMOL- 
ocy. The generalization to n-D requires no additional 
assumptions other than the regularity conditions on the 
boundary. 


see also IMPLICIT FUNCTION THEOREM, JACOBIAN 
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Chaos 
A DYNAMICAL SYSTEM is chaotic if it 


1. Has a DENSE collection of points with periodic or- 
bits, 

2. Is sensitive to the initial condition of the system (so 
that initially nearby points can evolve quickly into 
very different states), and 


3. Is TOPOLOGICALLY TRANSITIVE. 


Chaotic systems exhibit irregular, unpredictable behav- 
ior (the BUTTERFLY EFFECT). The boundary between 
linear and chaotic behavior is characterized by PERIOD 
DOUBLING, following by quadrupling, etc. 


An example of a simple physical system which displays 
chaotic behavior is the motion of a magnetic pendulum 
over a planc containing two or more attractive magnets. 
The magnet over which the pendulum ultimately comes 
to rest (due to frictional damping) is highly dependent 
on the starting position and velocity of the pendulum 
(Dickau). Another such system is a double pendulum (a 
pendulum with another pendulum attached to its end). 


see also ACCUMULATION POINT, ATTRACTOR, BASIN 
OF ATTRACTION, BUTTERFLY EFFECT, CHAOS GAME, 
FEIGENBAUM CONSTANT, FRACTAL DIMENSION, GIN- 
GERBREADMAN MAP, HENON-HEILES EQUATION, 
HENON Map, LIMIT CYCLE, LOGISTIC EQUATION, Lya- 
PUNOV CHARACTERISTIC EXPONENT, PERIOD THREE 
THEOREM, PHASE SPACE, QUANTUM CHAOS, RESO- 
NANCE OVERLAP METHOD, SARKOVSKII’S THEOREM, 
SHADOWING THEOREM, SINK (MAP), STRANGE AT- 
TRACTOR 
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Chaos Game 

Pick a point at random inside a regular n-gon. Then 
draw the next point a fraction r of the distance between 
it and a VERTEX picked at random. Continue the pro- 
cess (after throwing out the first few points). The result 
of this “chaos game” is sometimes, but not always, a 
FRACTAL. The case (n,r) = (4,1/2) gives the interior 
of a SQUARE with all points visited with equal probabil- 


ity. 


see also BARNSLEY’S FERN 


Character Table 


References 
Barnsley, M. F. and Rising, H. Fractals Everywhere, 2nd ed. 
Boston, MA: Academic Press, 1993. 
Dickau, R.M. “The Chaos Game.” http:// forum 
swarthmore.edu/advanced/robertd/chaos.game.html. 
Wagon, S. Mathematica in Action. New York: W. H. Free- 
man, pp. 149-163, 1991. 
¥ Weisstein, E. W. “Fractals.” http: //www.astro.virginia, 
edu/~eww6n/math/notebooks/Fractal .m. 


Character (Group) 

The GROUP THEORY term for what is known to physi- 
cists as the TRACE. All members of the same CoONJU- 
GACY CLASS in the same representation have the same 
character. Members of other CONJUGACY CLASSES may 
also have the same character, however. An (abstract) 
GROUP can be uniquely identified by a listing of the 
characters of its various representations, known as a 
CHARACTER TABLE. Some of the SCHONFLIES SYM- 
BOLS denote different sets of symmetry operations but 
correspond to the same abstract. GROUP and so have the 
same CHARACTER TABLES. 


Character (Multiplicative) 

A continuous HOMEOMORPHISM of a GROUP into the 
NONZERO COMPLEX NuMBERS. A multiplicative char- 
acter w gives a REPRESENTATION on the 1-D Space C 
of COMPLEX NUMBERS, where the REPRESENTATION ac- 
tion by g € G is multiplication by w(g). A multiplicative 
character is UNITARY if it has ABSOLUTE VALUE 1 ev- 
erywhere. 


References 
Knapp, A. W. “Group Representations and Harmonic Anal- 
ysis, Part IT.” Not. Amer. Math. Soc. 48, 537-549, 1996. 


Character (Number Theory) 
A number theoretic function y.(n) for POSITIVE integral 
n is a character modulo k if 


rad 
co 
— 
ry 
~~ 
lt 
BR 


for all m,n, and 


Xe(n) = 0 


if (k,n) #1. x can only assume values which are ¢(k) 
Roots oF UNITY, where ¢ is the TOTIENT FUNCTION. 


see also DIRICHLET L-SERIES 
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Ci\E 
Ajl 
Cs 

A 


Character Table 


Ci | E i 


Agi l 1 | R., Ry, Rz 
A,| 1 -1 |a,y,z 


yey aes) 
ToyY ye LY, LZ, YZ 


Coli BE Co 
Ajl 1 |z,R, wy, 2, LY 
Bil -1 |a,y,Rz,Ry | yz,2z 
C3|E Cs C;? | € = exp(2ni/3) 
Ai i111 z,R, xu ,y,z, zy 
1 : 
BS &. ©} | Gale, Ry) | (2 - 9%, 20)(v2,22) 
Ci1l/E C3 Co Ci? | 
A 1 1 1 1 z,Rz Pry ie 
Bi} 1-1 1-1 x? —y?, cy 
ET ft} [Gace Ry) | (ye,22) 
1-i 1 i , sae : 


é€ = exp(27i/5) 


(x? — 


(yz, £z) 


y’, vy) 
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CO, 801-38 | 


EB 
Aiil 1 1 1 1 1 
Az2/ 1 1 1 2 -1 -1 
B,i lil -1 1 —1 1 -1 
B,j 1 —-1 1-1 —-1 1 
EB, | 2 tT =) +2 0 0 
2 


ety ee 
z,R, 
(z,y)(Rz, Ry) 

(xz, yz) 

(a? — y?, ay) 


Cay 20y 204 | 
Aj 1 1 z 
Az -1 -1|R, 


2 2cos 72° 2cos 144° 0 
2 2cos144° 2cos 72° 0 


R, 
(t,y)(Re, Ry) 


1 
1 

Ey 1 -1 -2 0 O | (z,y)(R., Ry) | (xz, yz) 

E, -1 -1 2 0 0 (x? — y’, zy) 
D3|\E 
Ai} 1 
Apt i > ety 
E}|2 sey 

2 2cos ® . (w,y); (R., Ry) | (ez, yz) 

EB, = 2 2cos2 ... 0 (2? — y?, cy) 
Da|E 2Cy C2 205 20% | | 2 2cos3& 
AG iD 2 Als. I ee A etyyZ 
Ag| 1 1 1 -1 -1 |z,R, 
By}1 -1 1 1 =-1 vy? a 

eferences 
Bz} 1 1 I 1 1 vy Bishop, D. M. “Character Tables.” Appendix 1 in Group 
E | 2 0-2 0 O | (z,y)(Fte, Ry) | (ez, yz) Theory and Chemistry. New York: Dover, pp. 279-288, 
1993. 
2 Cotton, F. A. Chemical Applications of Group Theory, 3rd 

ear 20s aCe oC | | ——s—7—__ ed. New York: Wiley, 1990. 
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B,| 2 2cos 72° 2cos144° 0 | (z, y)(Rz, Ry) | (xz, yz) of Mathematics. Cambridge, MA: MIT Press, pp. 1496- 
Bz | 2 2cosi44° 2cos 72° 0 (z?-—y?, zy) 1503, 1980. 
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Characteristic Class 

Characteristic classes are COHOMOLOGY classes in the 
BASE SPACE of a VECTOR BUNDLE, defined through 
OBSTRUCTION theory, which are (perhaps partial) ob- 
structions to the existence of k everywhere linearly 
independent vector FIELDS on the VECTOR BUNDLE. 
The most common examples of characteristic classes 
are the CHERN, PONTRYAGIN, and STIEFEL- WHITNEY 
CLASSES. 


Characteristic (Elliptic Integral) 

A parameter n used to specify an ELLIPTIC INTEGRAL 

OF THE THIRD KIND. 

see also AMPLITUDE, ELLIPTIC INTEGRAL, MODULAR 

ANGLE, MopuLus (ELLIPTIC INTEGRAL), NOME, Pa- 

RAMETER 

References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formalas, Graphs, and 


Mathematical Tables, 9th printing. New York: Dover, 
p. 590, 1972. 


Characteristic Equation 

The equation which is solved to find a MATRIX’s EIGEN- 
VALUES, also called the CHARACTERISTIC POLYNOMIAL. 
Given a 2 x 2 system of equations with MATRIX 


a b 
m=(° i (1) 


which can be rewritten 


est at l[i]e[f 


M can have no MATRIX INVERSE, since otherwise 


etl-f 


which contradicts our ability to pick arbitrary x and y. 
Therefore, M has no inverse, so its DETERMINANT is 0. 
This gives the characteristic equation 


la-t b 


| c d-t mee (5) 


where |A| denotes the DETERMINANT of A. For a general 
kx k Matrix 


@i1 G12. «--- Gilk 
G21 G22... 2k 
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the characteristic equation is 


@11 — t Q12 tee Qik 
a21 a22 — BO see ask 0 (7) 
Qk1 Ak2 ark —t 


see also BALLIEU’S THEOREM, CAYLEY-HAMILTON 
THEOREM, PARODI’S THEOREM, ROUTH-HURWITZ 
THEOREM 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Diego, CA: Academic 
Press, pp. 1117-1119, 1979. 


Characteristic (Euler) 
see BULER CHARACTERISTIC 


Characteristic Factor 

A characteristic factor is a factor in a particular fac- 
torization of the TOTIENT FUNCTION ¢(n) such that 
the product of characteristic factors gives the represen- 
tation of a corresponding abstract GROUP as a DIRECT 
Propuct. By computing the characteristic factors, any 
ABELIAN GROUP can be expressed as a DIRECT PROD- 
ucT of CYcLIC SUBGROUPS, for example, Z2 ® Z4 or 
42QL42@QZLZ>2. ‘Vhere is a simple algorithm for determining 
the characteristic factors of MODULO MULIIPLICATION 
GROUPS. 


see also CYCLIC GROUP, DIRECT PRODUCT (GROUP), 
MopvuLo MULTIPLICATION GROUP, TOTIENT FUNC- 
TION 


References 
Shanks, D. Solved and Unsolved Problems in Number Theory, 
4th ed. New York: Chelsea, p. 94, 1993. 


Characteristic (Field) 

For a FIELD AK with multiplicative identity 1, consider 
the numbers 2=1+1,3=1+1+1,4=1+4+1+4141, 
etc. Either these numbers are all different, in which 
case we say that K has characteristic 0, or two of them 
will be equal. In this case, it is straightforward to show 
that, for some number p, we have 1+1+...+1= 0. 

p times 

If p is chosen to be as small as possible, then p will 
be a PRIME, and we say that K has characteristic p. 
The Fietps Q, R, C, and the p-apic NumBErRs Q, 
have characteristic 0. For p a PRIME, the GALOIS FIELD 
GF(p”) has characteristic p. 


If H is a SUBFIELD of K, then Hf and K have the same 
charactcristic. 


see also FIELD, SUBFIELD 


Characteristic Function 


Characteristic Function 

The characteristic function @(t) is defined as the FOUR- 
IER TRANSFORM of the PROBABILITY DENSITY FUNC- 
TION, 


CO 


o(t) = FIP(e)|= fe Playas (a) 
= ‘a P(e) de tit [ x2P(xr) dr 
+ 4 (it)? - a’ P(x)dr+... (2) 
OO ak 
-y eu (3) 


=1+4 tty, - 14? ut _ Aitt ys + i, +...,(4) 


where j,, (sometimes also denoted v,) is the nth Mo- 
MENT about 0 and yg = 1. The characteristic function 
can therefore be used to generate MOMENTS about 0, 


mo) = [Ge] _ =m (5) 
or the CUMULANTS kn, 
_yo lit)” 
In d(t) = So kn re (6) 
n=0 


A DISTRIBUTION is not uniquely specified by its Mo- 
MENTS, but is uniquely specified by its characteristic 
function. 


see also CUMULANT, MOMENT, MOMENT-GENERATING 
FUNCTION, PROBABILITY DENSITY FUNCTION 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 928, 1972. 
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pp. 72-77, 1951. 


Characteristic (Partial Differential 
Equation) 

' Paths in a 2-D plane used to transform PARTIAL DIF- 
FERENTIAL EQUATIONS into systems of ORDINARY DIF- 
FERENTIAL EQUATIONS. They were invented by Rie- 
mann. For an example of the use of characteristics, con- 
sider the equation 


ut — Guuz = 0. 


Now let u(s) = u(x(s), t(s)). Since 


Chasles’s Polars Theorem 229 


it follows that dt/ds = 1, dx/ds = —6u, and du/ds = 
Q. Integrating gives t(s) = s, r(s) = —6suo(x), and 
u(s) = uo(z), where the constants of integration are 0 
and uo(x) = u(z, 0). 


Characteristic Polynomial 
The expanded form of the CHARACTERISTIC EQUATION. 


det(xl — A), 


where A is an n X n MATRIX and | is the IDENTITY 
MATRIX. 


see also CAYLEY-HAMILTON THEOREM 


Characteristic (Real Number) 
For a REAL NUMBER @, [z| = int(x) is called the char- 
acteristic. Here, |x| is the FLOOR FUNCTION. 


see also MANTISSA, SCIENTIFIC NOTATION 


Charlier’s Check 


A check which can be used to verify correct computation 
of MOMENTS. 


Chasles-Cayley-Brill Formula 
The number of coincidences of a (v,v') correspondence 
of value y on a curve of GENUS p is given by 


v+v' + 2py. 


see also ZEUTHEN’S THEOREM 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York; Dover, p. 129, 1959. 


Chasles’s Contact Theorem 

If a one-parameter family of curves has index N and 
class M, the number tangent to a curve of order n; and 
class m1 in general position is 


mN+nM. 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York: Dover, p. 436, 1959. 


Chasles’s Polars Theorem 

If the TRILINEAR POLARS of the VERTICES of a TRI- 
ANGLE are distinct from the respectively opposite sides, 
they meet the sides in three COLLINEAR points. 


see also COLLINEAR, TRIANGLE, TRILINEAR POLAR 
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Chasles’s Theorem 

If two projective PENCILS of curves of orders n and n’ 
have no common curve, the LOCUS of the intersections of 
corresponding curves of the two is a curve of order n+n’ 
through all the centers of either PENCIL. Conversely, if 
a curve of order n+ n’ contains all centers of a PENCIL 
of order n to the multiplicity demanded by NOETHER’S 
FUNDAMENTAL THEOREM, then it is the Locus of the 
intersections of corresponding curves of this PENCIL and 
one of order n’ projective therewith. 


see also NOETHER’S FUNDAMENTAL THEOREM, PENCIL 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York: Dover, p. 33, 1959. 


Chebyshev Approximation Formula 
Using a CHEBYSHEV POLYNOMIAL OF THE FIRST KIND 
T, define 


il 


05 = SY Flta)Ti (ze) 


k=1 
N 1 1 
= 4 ot eos { se] cos { te 2) } 
k=1 
Then 
N-1 
f(z) i ck T(x) = $c0 

k=0 


It is exact for the N zeros of Ty(x). This type of ap- 
proximation is important because, when truncated, the 
error is spread smoothly over [—1,1]. The Chebyshev 
approximation formula is very close to the MINIMAX 
POLYNOMIAL. 


References 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and 
Vetterling, W. T. “Chebyshev Approximation,” “Deriva- 
tives or Integrals of a Chebyshev- Approximated Function,” 
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bridge, England: Cambridge University Press, pp. 184- 
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Chebyshev Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


The constants 


Amn = inf oF: : 
eae ape r(z)| 
where (2) 
plz 
r(z) = —— 
(x) a(a)” 


p and g are mth and nth order POLYNOMIALS, and Rin,n 
is the set all RATIONAL FUNCTIONS with REAL coeffi- 
cients. 


Chebyshev Differential Equation 


see also ONE-NINTH CONSTANT, RATIONAL FUNCTION 
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Chebyshev Deviation 


anax {|f(#) — p(z)|w(x)}. 


References 
Szeg6, G. Orthogonal Polynomials, 4th ed. Providence, RI: 
Amer. Math. Soc., p. 41, 1975. 


Chebyshev Differential Equation 
2 
a Jett y dy 2 (1) 
for |z| < 1. The Chebyshev differential equation has reg- 


ular SINGULARITIES at —1, 1, and oo. It can be solved 
by series solution using the expansions 


y= So anz” (2) 


- So(n + 1)@n4i1 2” (3) 


n=0 


y= Soin + 1)nangiz”™* = + @ + 1)nanyiz”* 


n=0 n=l 
co 


= So (n+ 2)(n4 lansez”. (4) 
n=0 
Now, plug (2-4) into the original equation (1) to obtain 


(1 — 2”) Son + 2)(n + l)ante2x” 


n=0 
—2 Si(n + 1)nayiz™ +m? > anzx” =0 (5) 
n=0 n=0 
Soe + 2)(n+l)@nz22” — xC +2)(n + l)anzen”*? 
n=0 n=0 
- Si(n + Vanyie™** +m’? S- anz”=0 (6) 
n=0 n=0 


Chebyshev Differential Equation 


Son +2)(n + Danser” — ys n(n —1)anx"*? 


n=0 n=2 


am ‘> none” +m? 3 Qn2" =0 (7) 
n=l n=0 


2-lag+3-2a3x — 1-az+ mao + maiz 
+30 i(n + 2)(n + lange — n(n — Dan 
n=2 
—nan+man]z" =0 (8) 
(2a2 + mao) + [(m? — 1)ai + 6a3]z 


+S [(n + 2)(n + lange + (m? —n?)anje” =0, (9) 


n=2 
so 
2a2 + map = 0 (10) 
(m? — 1)a; + 6a3 = 0 (11) 
2 2 
n°’ ~m, ee 
An42 = (m+Dnt+” forn= Qe Opens (12) 


The first two are special cases of the third, so the gencral 


recurrence relation is 
2 

n?>—m 
Gnj;2> ( 


fore. SO tet Fe) 


From this, we obtain for the EVEN COEFFICIENTS 


a2 = —}m? ao (14) 
yg (2m)? = m2If(2n = 2)? = m2] [=m?} 
n (2n)! 0; 
(16) 


and for the ODD COEFFICIENTS 


a3 = : ae ao (17) 

a= 2m poe ain Se (18) 
[((2n — 1)? — m?][(2n — 3)? — m?]---[1? — m? 

Q2n-1 = z ca = | dss 

(19) 


So the general solution is 
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If n is EVEN, then y1 terminates and is a POLYNOMIAL 
solution, whereas if n is ODD, then yz terminates and 
is a POLYNOMIAL solution. The POLYNOMIAL solutions 
defined here are known as CHEBYSHEV POLYNOMIALS 
OF THE FIRST KIND. The definition of the CHEBYSHEV 
POLYNOMIAL OF THE SECOND KIND gives a similar, but 
distinct, recurrence relation 


: (n+1)?—m? , 


= SOtcres- (1 
On42 (n+ 2)(n 43) for n = 0,1, (21) 


Chebyshev Function 


(2) = > Inp, 


pez 
where the sum is over PRIMES p, so 


6 
li —-=1. 
a too O(a) 


Chebyshev-Gauss Quadrature 

Also called CHEBYSHEV QUADRATURE. A GAUSSIAN 
QUADRATURE over the interval [-1,1] with WEIGHT- 
ING FUNCTION W(x) = 1/V1 — 22. The Apscissas for 
quadrature order n are given by the roots of the CHEBY- 
SHEV POLYNOMIAL OF THE FIRST KIND T,(zx), which 
occur symmetrically about 0. The WEIGHTS are 


ae Ant1Yn _ An Ya=1 
: AnTi(@i)Tnoi1(ti) = An—1 Tn-1("i)Tn(xi)’ 
(1 
where A,, is the COEFFICIENT of x” in T,,(z). For HER- 
MITE POLYNOMIALS, 


Ay aos, (2) 
so A 
n+1 
=2 3 
= (3) 
Additionally, 
a | 
Yn = 97 (4) 
so t 
wv; = -= 5 
Tn+1(ti) Tn (ri) (5) 
Since 
Tn(x) = cos(ncos~* «), (6) 
the ABSCISSAS are given explicitly by 
22 —1)r 
Zi = cos [oe ; (7) 
Since 
—1)#2 
Ti(a:) = (s) 
Oi 
Tn41(xi) = (—1)' sina, (9) 
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where (24-1) 
1 tm Tv 
ay = GM, (10) 


all the WEIGHTS are 
vil 


The explicit FORMULA is then 


(@n)(e). (12) 


ee ene 


vi Wi 

2 +0.707107 1.5708 

3 0 1.0472 
+0.866025 1.0472 

4 +0.382683 0.785398 
+0.92388 0.785398 

5 (0 0.628319 


0.587785 0.628319 
+0.951057 0.628319 


References 
Hildebrand, F. B. Introduction to Numerical Analysis. New 
York: McGraw-Hill, pp. 330-331, 1956. 


Chebyshev Inequality 
Apply MARKOv’s INEQUALITY with a = k? to obtain 


a : ((z = H)*) o 

Pl(w — py)" 2k’) < ~ = (1) 
Therefore, ifa RANDOM VARIABLE z has a finite MEAN 
ps and finite VARIANCE o”, then V k > 0, 


P(e yl > k) < (2) 


P(\x- pl > ka) < = (3) 


References 

Abramowitz, M. and Stegun, ©. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 11, 1972. 


Chebyshev Integral 


[re — x)" dz. 


Chebyshev Polynomial 


Chebyshev Integral Inequality 


[ slorae fr Sa(w) dw --- vv [ fole)ae 


b 
< wey f (21) f(w2)-+- fr(z) da, 


where fi, fo,..., fn are NONNEGATIVE integrable func- 
tions on [a, b] which are monotonic increasing or decreas- 
ing. 


References 

Gradshteyn, I. §. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Diego, CA: Academic 
Press, p. 1092, 1979. 


Chebyshev Phenomenon 
see PRIME QUADRATIC EFFECT 


Chebyshev Polynomial of the First Kind 


1 


0.5 


-0.5 
A set of ORTHOGONAL POLYNOMIALS defined as the so- 
lutions to the CHEBYSHEV DIFFERENTIAL EQUATION 
and denoted T,(z). They are used as an approxima- 
tion to a LEAST SQUARES FIT, and are a special case 
of the ULTRASPHERICAL POLYNOMIAL with a = 0. The 
Chebyshev polynomials of the first kind tae) are illus- 
trated above for x € [0,1] and n = 1, 2,..., 5. 


The Chebyshev polynomials of the first kind can be ob- 
tained from the generating functions 


g(t,x) = ae = To(z) )+25 Tle (1) 


and 
>> Tr(z)t"” (2) 


for |z{ < 1 and [t| < 1 (Beeler et al. 1972, Item 15). 
(A closely related GENERATING FUNCTION is the basis 
for the definition of CHEBYSHEV POLYNOMIAL OF ‘LHE 
SECOND KIND.) They are normalized such that T,(1) = 
1. They can also be written 


9a(t,@) = ot are Ey 7 


Ln/2] 


T(z) = >> ore : ") (22)"~7", (3) 


r=0 


Chebyshev Polynomial 


or in terms of a DETERMINANT 


x 1 0 0 0 0 
1 22 1 0 0 0 
0 1 2 1 0 0 

In=|0 0 1 Qe 0 0 (4) 
00 0 0 1 22 


In closed form, 


[n/2] 
Tn(x) = cos(ncos”* z) = S- ( - Jerre -1)”, 


2m 
(5) 
where (7) is a BINOMIAL COEFFICIENT and [2] is the 
FLOOR FUNCTION. Therefore, zeros occur when 


m=0 


a(k — 3) 
@ == cos bares (6) 
fork = 1, 2,...,. Extrema occur for 
wk 
2 = cos (=) , (7) 


where & = 0,1,...,n. At maximum, 7,(z) = 1, and 
at minimum, T,(z) = —1. The Chebyshev POLYNOMI- 
ALS are ORTHONORMAL with respect to the WEIGHTING 
FUNCTION (1 — 2?)71/? 


/ Tm(z)Tn(a) dt _ J dndam formZ#0,n 40 
- vi-a ~ a form=n=0, 

(8) 
where dmn is the KRONECKER DELTA. Chebyshev poly- 
nomials of the first kind satisfy the additional discrete 
identity 


~ lmd,; fori #0, 7 £0 
So ntenyts(en) = me AGES 


k=l 


where x, for k = 1, ..., m are the m zeros of T(z). 
They also satisfy the RECURRENCE RELATIONS 


Tr41(2) = 2xT, (x) — Tr-1(z) (10) 


Tri 1(2) = tT n(x) — y/(1 — 2?){1 - [Ta(x)|?} (11) 


for n > 1. They have a COMPLEX integral representa- 


tion he ss 
~, | = dz (12) 
y 


1— 2rz+4 2? 


and a Rodrigues representation 


(=1)"vm (1-27)? a” gaye 2/9) (13) 


Th = 
(2) In(n — 2)! dx” 
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Using a Fast FIBONACCI TRANSFORM with mulliplica- 
tion law 


(A, B)\(C, D} — (AD + BC + 22AC,BD—- AC) (14) 
gives 


(Tn4i(£),; —Tn(z)) = (Ti(z), -To(x))(1,0)". (15) 


Using GRAM-SCUMIDT ORTIIONORMALIZATION in the 
range (—1,1) with WEIGHTING FUNCTION (1—27)‘-1/?) 
gives 


po(z) = 1 (16) 


* 2(1 — 22)7)/? de 
mco= [+ f°,20-27) 


fi, (l= 2?)-1/? de 
[a Es 
(sin“*z]!, 
Ae 23 (1 — 2?)-1/? dz 
es : mma . 
7 [4S 2?(1 — 2?)73/? “| 4 


fea — 2?)-1/2 dz 


=" (17) 


=[x Ojz - - 


9 [sis 

ll 

8 
wu 

| 
vie 
—~ 
fay 
co 
— 


etc. Normalizing such that T,(1) = 1 gives 


To{z) =1 
T2(z) = 2x -1 


T3(x) = 42° — 32 

T;(x) = 8x4 — 82? +1 

Ts(x) = 162° — 202° + 52x 

Te(x) = 324° — 48x* + 182? — 1. 


The Chebyshev polynomial of the first kind is related 
to the BESSEL FUNCTION OF THE First KInD J,(z) 
and MODIFIED BESSEL FUNCTION OF THE FIRST KIND 
I,(x) by the relations 


Ae ae (iz) Jo(z) (19) 
I,(a) = Ts (<) Io(2). (20) 


Letting x = cos@ allows the Chebyshev polynomials of 
the first kind to be written as 


Tn(z) = cos(n@) = cos(n cos! z). (21) 
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The second linearly dependent solution to the trans- 
formed differential equation 


CT, 
apr tn Tn = 0 (22) 

is then given by 
Vn(x) = sin(nO) = sin(ncos™* 2), (23) 


which can also be written 


= V1-2°U,-1(2), (24) 


where U, is a CHEBYSHEV POLYNOMIAL OF THE SEC- 
OND KIND. Note that Va(x) is therefore not a POLY- 
NOMIAL. 


The POLYNOMIAL 
x” — 2°-"T,(x) (25) 


(of degree n — 2) is the POLYNOMIAL of degree < n which 
stays closest to x” in the interval (—1,1). The maximum 
deviation is 2'—” at the n + 1 points where 


r= cas (*) ? (26) 


fork =0,1,..., m (Beeler e¢ al. 1972, Item 15). 


see also CHEBYSHEV APPROXIMATION FORMULA, 
CHEBYSHEV POLYNOMIAL OF THE SECOND KIND 
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Chebyshev Polynomial of the Second Kind 
6 


St 


Chebyshev Polynomial 


A modified set of Chebyshev POLYNOMIALS defined by a 
slightly different GENERATING FUNCTION. Used to de- 
velop four-dimensional SPHERICAL HARMONICS in an- 
gular momentum theory. They are also a special case 
of the ULTRASPHERICAL POLYNOMIAL with a = 1. The 
Chebyshev polynomials of the second kind Un(x) are 
illustrated above for x € [0,1] andn = 1, 2,..., 5. 


The defining GENERATING FUNCTION of the Chebyshev 
polynomials of the second kind is 


1 ~ , 
Tomeepe = Uo Y) 


n=0 


92 {(t, zr) — 


for |x| < 1 and |t| < 1. To see the relationship to 
a CHEBYSHEV POLYNOMIAL OF THE FIRST KIND (T), 
take 0g/dt, 


28 = —(1 — 2at + t?)~?(—22 + 2t) 
= 2(t—2)(1—22t+t)~? 
= So nUn(z)t™™. (2) 
n—O 


Multiply (2) by ¢, 
(2t? - 2ct)(1 — 2rt + t?) *= Yond (x)t” (3) 


and take (3)—(2), 


(2? —2tz)-(1-22t+#?) = -1 
(1 — 2zxt + t?)? ™ (1 — 2at + t)? 
= So(n-1)Un(z)t". (4) 
n=0 


The Rodrigues representation is 


— EU (n+ vr iG — a?)0 43/2), 


Un(x) = ar+l(n + $i x?)1/2 dx” 


‘The polynomials can also be written 


[n/2 be 
y-w( : Jer 


r=0 
fn/2] ned 
= ie Cri) - mx? ae (6) 


where |z] is the FLOOR FUNCTION and [z] is the CEIL- 
ING FUNCTION, or in terms of a DETERMINANT 


Un(x) = 


2x 1 0 O 0 60 
0 2 1 O 0 60 


Chebyshev Quadrature 
The first few POLYNOMIALS are 


Uo(z) =1 

Ui (x) = 2a 

Uo(x) = 42? —1 

Us(x) = 82° — 4a 

U4(ax) = 162* — 1227 +1 

Us(x) = 322° — 322° + 62 

U(x) = 64x° — 80a7 + 24x? — 1, 


Letting 2 = cos@ allows the Chebyshev polynomials of 
the second kind to be written as 


sin[(n + 1)6] 


Ualz) = sin @ 


(8) 


The second linearly dependent. solution to the trans- 
formed differential equation is then given by 


cos|(n + 1)0 
which can also be written 
W.(a) = (1 = 22)? Tas (2), (10) 


where T, is a CHEBYSHEV POLYNOMIAL OF THE FIRST 
KIND. Note that W,,(z) is therefore not a POLYNOMIAL. 


see also CHEBYSHEV APPROXIMATION FORMULA, 
CHEBYSHEV POLYNOMIAL OF THE FIRST KIND, ULTRA- 
SPHERICAL POLYNOMIAL 
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Chebyshev Quadrature 

A GAUSSIAN QUADRATURE-like FORMULA for numeri- 
cal estimation of integrals. It uses WEIGHTING FUNC- 
TION W(az) = 1 in the interval [—1, 1] and forces all the 
weights to be equal. The general FORMULA is 


[ teree=2 > Fes. 
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The ABSCISSAS are found by taking terms up to y” in 
the MACLAURIN SERIES of 


Sn(y) = exp { Ln -2 +In(1 ~ y) (: = 1) 


1 
tiny (1+2)]h, 


Gr(x) = 2" sn (=) : 


and then defining 


The ROOTS of G,,(x} then give the ABSCISSAS. ‘The first 
few values are 


Go(z) =1 
Gi(xz) =a 
G(x) = } (3a? — 1) 
G3(z) = (22° — 2x) 


Ga(x) = 4(452* — 302? + 1) 

Gs(x) = 4,(722° — 602° + 72) 

Ge(z) = 43 (1052° — 1052* + 212" — 1) 

Gr(x) = <4, (64802" — 75602° + 21422° — 1492) 


6480 
G(x) = gypqg (425252° — 567002° + 207902" 
— 22202? — 43) 


Go(x) = sping (224002 — 33600z" + 151202° 
— 2280x° + 532). 
Because the ROOTS are all REAL for n < 7 and n = 9 


only (Hildebrand 1956), these are the only permissible 
orders for Chebyshev quadrature. The error term is 


(n+1) 
Cn Cesta Tt odd 
En =) pint(e) 
Cn “(n+2)! nm even, 
where 
n odd 


i z’Gn(x) dx n even. 


7 fi rGn(z) dz 


The first few values of cn are 2/3, 8/45, 1/15, 32/945, 
13/756, and 16/1575 (Hildebrand 1956). Beyer (1987) 
gives abscissas up to n — 7 and Hildebrand (1956) up 
ton= 9. 
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nm 


2 +0.57735 _ 
3 0 
+0.707107 
4 +0.187592 
+0.794654 
5 0 
+0.374541 
+0.832497 
6 +0.266635 
+0.422519 
+0.866247 
7 0 
+0.323912 
+0.529657 
+0.883862 
9 0 
+0.167906 
+0.528762 
+0.601019 
+0.911589 


The ABSCISSAS and weights can be computed analyti- 
cally for small n. 


rh Ly 
+3V¥3 
3.0 
+13 
‘| V5-2 
44 3V5 
V5+2 
+ 3Vv5 
5 0 
~ Jit 
+i 5 wit 
Vii 
+1 Seval 


see also CHEBYSHEV QUADRATURE, LOBATTO QUAD- 
RATURE 
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Chebyshev-Radau Quadrature 

A GAUSSIAN QUADRATURE-like FORMULA over the in- 
terval [—1, 1] which has WEIGHTING FUNCTION W(z) = 
x. The general FORMULA is 


i of(2)dz =) wilf(as) - f(a) 


- Chebyshev’s Theorem 


n org Wi 
0.7745967 0.4303315 
2 0.5002990 0.2393715 
0.8922365 0.2393715 
3 0.4429861 0.1599145 
0.7121545 0.1599145 
0.9293066 0.1599145 
4 0.3549416 0.1223363 
0.6433097 0.1223363 
0.7783202 0.1223363 
0.9481574 0.1223363 


ry 
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Chebyshev Sum Inequality 
If 
a1 >a2>...>4n 


by > b2 2... 2 bn, 


then 


k=1 
This is true for any distribution. 


see also CAUCHY INEQUALITY, HOLDER SUM INEQUAL- 
ITY 
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Chebyshev-Sylvester Constant 
In 1891, Chebyshev and Sylvester showed that for suf- 
ficiently large x, there exists at least one prime number 
p satisfying 

z<p<(l+a)z, 
where a = 0.092.... Since the PRIME NUMBER THE- 
OREM shows the above inequality is true for all a > 0 


for sufficiently large x, this constant is only of historical 
interest. 
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Chebyshev’s Theorem 
see BERTRAND’S POSTULATE 


Checker-Jumping Problem 


Checker-Jumping Problem 

Seeks the minimum number of checkers placed on a 
board required to allow pieces to move by a sequence of 
horizontal or vertical jumps (removing the piece jumped 
over) n rows beyond the forward-most initial checker. 
The first few cases are 2, 4, 8, 20. It is, however, impos- 
sible to reach level 5. 
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Checkerboard 
see CHESSBOARD 


Checkers 

Beeler et al. (1972, Item 93) estimated that there are 
about 10’? possible positions. However, this disagrees 
with the estimate of Jon Schaeffer of 5 x 107° plausible 
positions, with 107° reachable under the rules of the 
game. Because “solving” checkers may require only the 
SQUARE ROOT of the number of positions in the search 
space (i.e., 10°), so there is hope that some day checkers 
may be solved (i.e., it may be possible to guarantee a 
win for the first player to move before the game is even 
started; Dubuque 1996). 


Depending on how they are counted, the number of Eu- 
LERIAN CIRCUITS on an n X n checkerboard are either 
1, 40, 793, 12800, 193721, ... (Sloane’s A006240) or 1, 
13, 108, 793, 5611, 39312, ... (Sloane’s A006239). 


see also CHECKERBOARD, CHECKER-JUMPING PROB- 
LEM 
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Checksum 

A sum of the digits in a given transmission modulo some 
number. The simplest form of checksum is a parity bit 
appended on to 7-bit numbers (e.g., ASCII characters) 
such that the total number of 1s is always EVEN (“even 
parity”) or Opp (“odd parity”). A significantly more 
sophisticated checksum is the CYCLIC REDUNDANCY 
CHECK (or CRC), which is based on the algebra of poly- 
nomials over the integers (mod 2). It is substantially 
more reliable in detecting transmission errors, and is 
one common error-checking protocol used in modems. 
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see also CYCLIC REDUNDANCY CHECK, ERROR- 


CORRECTING CODE 
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Cheeger’s Finiteness Theorem 

Consider the set of compact n-RIEMANNIAN MANIFOLDS 
M with diameter(M) < d, Volume(M) > V, and |K| < 
« where « is the SECTIONAL CURVATURE. Then there 
is a bound on the number of DIFFEOMORPHISMS classes 
of this set in terms of the constants n, d, V, and kx. 
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Chefalo Knot 

A fake KNOT created by tying a SQUARE KNOT, then 
looping one end twice through the KNOT such that when 
both ends are pulled, the KNOT vanishes. 


Chen’s Theorem 

Every “large” EVEN INTEGER may be written as 2n = 
p+m where p is a PRIME and m € P2 is the SET of 
SEMIPRIMES (i.e., 2- ALMOST PRIMES). 


see also ALMOST PRIME, PRIME NUMBER, SEMIPRIME 
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Chern Class 

A GADGET defined for COMPLEX VECTOR BUNDLES. 
The Chern classes of a COMPLEX MANIFOLD are the 
Chern classes of its TANGENT BUNDLE. The ith Chern 
class is an OBSTRUCTION to the existence of (n —i+ 
1) everywhere COMPLEX linearly independent VECTOR 
FIELDS on that VECTOR BUNDLE. The ith Chern class 
is in the (2i)th cohomology group of the base SPACE. 


see also OBSTRUCTION, PONTRYAGIN CLASS, STIEFEL- 
WHITNEY CLASS 


Chern Number 

The Chern number is defined in terms of the CHERN 
CLASS of a MANIFOLD as follows. For any collection 
CHERN CLASSES such that their cup product has the 
same DIMENSION as the MANIFOLD, this cup product 
can be evaluated on the MANIFOLD’s FUNDAMENTAL 
Cass. The resulting number is called the Chern num- 
ber for that combination of Chern classes. The most 
important aspect of Chern numbers is that they are 
COBORDISM invariant. 


see also PONTRYAGIN NUMBER, STIEFEL-WHITNEY 
NUMBER 
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Chernoff Face 

A way to display n variables on a 2-D surface. For in- 
stance, let x be eyebrow slant, y be eye size, z be nose 
length, etc. 
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Chess 

Chess is a game played on an 8x8 board, called a CHESs- 
BOARD, of alternating black and white squares. Pieces 
with different types of allowed moves are placed on the 
board, a set of black pieces in the first two rows and 
a set of white pieces in the last two rows. The pieces 
are called the bishop (2), king (1), knight (2), pawn (8), 
queen (1), and rook (2). The object of the game is to 
capture the opponent’s king. It is believed that chess 
was played in India as early as the sixth century AD. 


In a game of 40 moves, the number of possible board 
positions is at least 10'*° according to Peterson (1996). 
However, this value does not agree with the 10*° pos- 
sible positions given by Beeler et al. (1972, Item 95). 
This value was obtained by estimating the number of 
pawn positions (in the no-captures situation, this is 158), 
times all pieces in all positions, dividing by 2 for each 
of the (rook, knight) which are interchangeable, divid- 
ing by 2 for each pair of bishops (since half the posi- 
tions will have the bishops on the same color squares). 
There are more positions with one or two captures, since 
the pawns can then switch columns (Schroeppel 1996). 
Shannon (1950) gave the value 


64! 


~ 1943 
321(B!)2(2!)6 moe 


P(40) & 


The number of chess games which end in exactly n plies 
(including games that mate in fewer than n plies) for 
n = 1, 2, 3,... are 20, 400, 8902, 197742, 4897256, 
119060679, 3195913043, ... (K. Thompson, Sloane’s 
A007545). Rex Stout’s fictional detective Nero Wolfe 
quotes the number of possible games after ten moves as 
follows: “Wolfe grunted. One hundred and sixty-nine 
million, five hundred and eighteen thousand, eight hun- 
dred and twenty-nine followed by twenty-one ciphers. 
The number of ways the first ten moves, both sides, 
may be played” (Stout 1983). The number of chess 
positions after n moves for n — 1, 2,... are 20, 400, 
5362, 71852, 809896?, 91324847, ... (Schwarzkopf 1994, 
Sloane’s A019319). 


Cunningham (1889) incorrectly found 197,299 games 
and 71,782 positions after the fourth move. C. Flye 
St. Marie was the first to find the correct number of po- 
sitions after four moves: 71,852. Dawson (1946) gives 
the source as Intermediare des Mathematiques (1895), 
but K. Fabel writes that Flye St. Marie corrected the 
number 71,870 (which he found in 1895) to 71,352 in 


Chess 


1903. The history of the determination of the chess se- 
quences is discussed in Schwarzkopf (1994). 
Two problems in recreational mathematics ask 


1. How many picces of a given type can be placed on a 
CHESSBOARD without any two attacking. 


2. What is the smallest number of pieces needed to oc- 
cupy or attack every square. 


The answers are given in the following table (Madachy 
1979). 


Piece Max. Min. 
bishops 14 8 


kings 16 9 
knights 32 12 
queens 8 5 
rooks 8 8 


see also BISHOPS PROBLEM, CHECKERBOARD, CHECK- 
ERS, FalRY CHESS, Go, GOMORY’s THEOREM, HARD 
HEXAGON ENTROPY CONSTANT, KINGS PROBLEM, 
Knicut’s Tour, MAGIc Tour, QUEENS PROBLEM, 
ROoOKS PROBLEM, TOUR 
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Chessboard 


A board containing 8 x 8 squares alternating in color 
between black and white on which the game of CHESS is 
played. The checkerboard is identical to the chessboard 
except that chess’s black and white squares are colored 
red and white in CHECKERS. It is impossible to cover a 
chessboard from which two opposite corners have been 
removed with DOMINOES. 


see also CHECKERS, CHESS, DOMINO, GOMORY’S THE- 
OREM, WHEAT AND CHESSBOARD PROBLEM 
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Chevalley Groups 

Finite SIMPLE GROUPS of LIE-TYPE. 
four families of linear SIMPLE GROUPS: 
PSU(n,q), PSp(2n,q), or PQ*(n,q). 


see also TWISTED CHEVALLEY GROUPS 


They include 
PSL(n, 4); 
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Chevalley’s Theorem 

Let f(z) be a member of a FINITE FIELD 
F[zi,22,..-.,@%n] and suppose f(0,0,...,0) = 0 and n 
is greater than the degree of f, then f has at least two 
zeros in A”(F’). 
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Chevron 


/\/ 


ze A ) 
\ V/ 


Golomb, S. W. Polyominoes: Puzzles, Patterns, Problems, 
and Packings, 2nd ed. Princeton, NJ: Princeton University 
Press, p. 92, 1994. 


A 6-POLYIAMOND. 


Chi 


\CoshIntegral z| 


Re[Coshtntegrat 7] Im(CoshIntegral z} 


Chile) <a ine + f ——_ 
0 


where -y is the EULER-MASCHERONI CONSTANT. The 
function is given by the Mathematica® (Wolfram Re- 
search, Champaign, IL) command CoshIntegral[z]. 


see also COSINE INTEGRAL, SHI, SINE INTEGRAL 
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Chi Distribution 
The probability density function and cumulative distri- 
bution function are 


gi-n/2,n-1_—27 /2 


Pals) = Toy (1) 
Dp(z) = Q(4n, $2”), (2) 
where Q is the REGULARIZED GAMMA FUNCTION. 
_ v2r(F(n+1)) 
B= ~ Tin) (3) 
re 2r(anjr(i + 2”) ~ T(3(n + 1))] (4) 
Tr (57) 
ee ars(2(n 4 1)) - 3P(4n)r(S(n +: 1))P (1 + $n) 


[F(n)PQ@ + in) —P2(E(n + 1))87?? 
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y2 ly T B4+n 
TCE es EIST CES NT ©) 
—3P(2(n +1)) + OF ($n) + T?(3(n +: 1))T (1 + En) 
(P(An)P (242) -1?2(k(n+ 1)? 
~47?(4n)P(A(n + 1))P (222) + P8(2n PCE) 
[Pann (242) —T?(4(n + 1))/? 


Y2>= 
, (6) 


where pz is the MEAN, o” the VARIANCE, 71 the SKEW- 
NESS, and y2 the KURTOSIS. For n = 1, the x distribu- 
tion is a IIALF-NORMAL DISTRIBUTION with 0 = 1. For 
n= 2, it isa RAYLEIGH DISTRIBUTION with o = 1. 


see also CHI-SQUARED DISTRIBUTION, HALF-NORMAL 
DISTRIBUTION, RAYLEIGH DISTRIBUTION 


Chi Inequality 
The inequality 


(9+ La; + ai > (9 + 1)4, 


which is satisfied by all A-SEQUENCES. 
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Chi-Squared Distribution 

A x? distribution isa GAMMA DISTRIBUTION with 6 = 2 
and a = r/2, where r is the number of DEGREES OF 
FREEDOM. If Y; have NORMAL INDEPENDENT distribu- 
tions with MEAN 0 and VARIANCE 1, then 


n 
ae (1) 
i=1 


is distributed as x? with n DEGREES OF FREEDOM. If 
xi? are independently distributed according to a x? dis- 
tribution with ni, ne, ..., Nx DEGREES OF FREEDOM, 


then 
k 
ya (2) 
j=l 


is distributed according to y? with n = ae 


j=l nj DE- 
GREES OF FREEDOM. 


pt/2-1l_,—2/2 « 
geile eae . f <7 
Pr(z) = { rane? SE - tas 
0 forz <0. 
The cumulative distribution function is then 
x* yn/2-1-t/2 
D ( ) _ t € dt 
ed 5 T(ir)2"/2 
15% 3X) pa a2 
= rer a = P(3n, 5x’); (4) 


Chi-Squared Distribution 


where P(a,z) is a REGULARIZED GAMMA FUNCTION. 
The CONFIDENCE INTERVALS can be found by finding 
the value of x for which Dn(z) equals a given value. 
The MoMENT-GENERATING FUNCTION of the x? distri- 
bution is 


M(t) = (1-2t)""/? (5) 

R(t) = In M(t) = —$r In(1 — 2t) (6) 

R(t) = (7) 
" 2r 

R'(t)= 2p?” (8) 

p= RO)=r (9) 

o” = R"(0) = 2r (10) 

n= 24/2 (11) 

bers = (12) 


The nth MoMENT about zero for a distribution with n 
DEGREES OF FREEDOM is 


' on Dnt 27) _ op 4.2)... (r +202), us) 


and the moments about the MEAN are 


fig = 2r (14) 
ps = 8r (15) 
pa = 12n? + 48n. (16) 


The nth CUMULANT is 


Kn = 22 (n)(4r) = 27-7 (n — 1). (17) 


The MOMENT-GENERATING FUNCTION is 


-r/2 
M(t) = e"t/¥™ (1 — 76 i 
V2r 


~r/2 
T 


| a (18) 


l| 
i 
fon 
a([% 
wl 
o— 
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As r > 0, 
2 
lim M(t) — e* ”, (19) 


T+ O° 


so for large r, 


Chi-Squared Distribution 
is approximately a GAUSSIAN DISTRIBUTION with 
MEAN V2r and VARIANCE o? = 1. Fisher showed that 
2 
xo. 7 
A 21 
V2r—1 Ch) 


is an improved estimate for moderate r. Wilson and 


Hilferty showed that 
2\ 1/3 
x 
a 22 
(=) (22) 


is a nearly GAUSSIAN DISTRIBUTION with MEAN = 
1 — 2/(9r) and VARIANCE o? = 2/(9r). 


In a GAUSSIAN DISTRIBUTION, 


1 2 2 
P(x) dz = —-mee™*- 4) /? dz, 23 
(x) a (23) 
let 
a 2,2 
z=(a-p)*/o’. (24) 
Then 
dz= ae > Hu) dz = az dz (25) 
o o 
sO a 
dz = mer (26) 
But 
P(z) dz = 2P(z) dz, (27) 
so 


1 1 oe 
P(x) dx = 2 ——e7*? dz = —e7*/" dz. 28 
(2) de = 2 a (28) 


This is a x? distribution with r = 1, since 


1/2-1,-2/2 -1/2,-1/2 
74 eé xz € 


If X; are independent variates with a NORMAL DISTRI- 
BUTION having MEANS ji; and VARIANCES o;” for i = 1, 
..., 7, then 


1? = s- (&i =m)" (30) 


is a GAMMA DISTRIBUTION variate with a = n/2, 


yx? n ae 
ee Ga eda) 


(31) 


P(4x”) d(4x”) = 


The noncentral chi-squared distribution is given by 


Papa Tee ele he Pan bey G2) 


where 
oF (54; 2) 


F(a,z)= Tia)” 


(33) 
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oF, is the CONFLUENT HYPERGEOMETRIC LIMIT FUNC- 
TION and [ is the GAMMA FUNCTION. The MEAN, 
VARIANCE, SKEWNESS, and KURTOSIS are 


w=At+n (34) 
o” =2(2\+n) (35) 
_ 2V2(3A +n) 
1 = OX 4 nj a 
_ 12(4A4+n) 
™= Bxtay me 


see also CHI DISTRIBUTION, SNEDECOR’S F-DISTRIBU- 
TION 
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Chi-Squared Test 
Let the probabilities of various classes in a distribution 
be pi, p2, ..., De. The expected frequency ‘ 


k 
2 (mi — Npi)? 
‘Saar ae 


i=1 


is a measure of the deviation of a sample from expecta- 
tion. Karl Pearson proved that the limiting distribution 
of x,” is x? (Kenney and Keeping 1951, pp. 114-116). 


Pr(x? > x42) = i P02) db?) 
Xs? 


(gy 

boats GE 

-3/ AF 08/7 d(x?) 
x 


2 
=1-I1 a 
2k-1) 2? 


where I(z,7) is PEARSON’S FUNCTION. There are some 
subtleties involved in using the y? test to fit curves (Ken- 
ney and Keeping 1951, pp. 118-119). 


lI 
an 
| 


When fitting a one-parameter solution using y?, the 
best-fit parameter value can be found by calculating x? 
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at three points, plotting against the parameter values of 
these points, then finding the minimum of a PARABOLA 
fit through the points (Cuzzi 1972, pp. 162-168). 
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Child 
A node which is one EDGE further away from a given 
EDGE in a ROOTED TREE. 


see also ROOT (TREE), ROOTED TREE, SIBLING 


Chinese Hypothesis 

A PRIME p always satisfies the condition that 2? — 2 
is divisible by p. However, this condition is not true 
exclusively for PRIME (e.g., 2°41 — 2 is divisible by 341 = 
11-31). COMPOSITE NUMBERS n (such as 341) for which 
2” — 2 is divisible by n are called POULET NUMBERS, 
and are a special class of FERMAT PSEUDOPRIMES. The 
Chinese hypothesis is a special case of FERMAT’S LITTLE 
THEOREM. 

see also CARMICHAEL NUMBER, EULER’S THEOREM, 


FERMAT’S LITTLE THEOREM, FERMAT PSEUDOPRIME, 
POULET NUMBER, PSEUDOPRIME 
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Chinese Remainder Theorem 

Let r and s be POSITIVE INTEGERS which are RELA- 
TIVELY PRIME and let a and 6 be any two INTEGERS. 
Then there is an INTEGER N such that 


N =a (mod r) (1) 
and 
N =b (mod s). (2) 


Moreover, N is uniquely determined modulo rs. An 
equivalent statement is that if (r,s) = 1, then every 
pair of RESIDUE CLASSES modulo r and s corresponds 
to a simple RESIDUE CLASS modulo rs. 


The theorem can also be generalized as follows. Given 
a set of simultaneous CONGRUENCES 

z =a; (mod mi) (3) 
fori =1,..., rand for which the m; are pairwise RELA- 
TIVELY PRIME, the solution of the set of CONGRUENCES 


is 
Pe ec eee aie te 
My ™m 


(mod M), (4) 
where 
M =mim2::-m, (5) 


Choose 


and the 6; are determined from 


ead = 1 (mod mj). (6) 


7 
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Chinese Rings 
see BAGUENAUDIER 


Chiral 
Having forms of different HANDEDNESS which are not 
mirror-symmetric. 


see also DISYMMETRIC, ENANTIOMER, HANDEDNESS, 
MIRROR IMAGE, REFLEXIBLE 


Choice Axiom 
see AXIOM OF CHOICE 


Choice Number 


see COMBINATION 


Cholesky Decomposition 
Given a symmetric POSITIVE DEFINITE MATRIX A, the 
Cholesky decomposition is an upper TRIANGULAR Ma- 
TRIX U such that 

A=UTU. 


see also LU DECOMPOSITION, QR DECOMPOSITION 
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Choose 

An alternative term for a BINOMIAL COEFFICIENT, in 
which (2) is read as “n choose k.” R. K. Guy suggested 
this pronunciation around 1950, when the notations "C, 
and ,C, were commonly used. Leo Moser liked the pro- 
nunciation and he and others spread it around. It got 
the final seal of approval from Donald Knuth when he 
incorporated it into the TeX mathematical typesetting 
language as {n\choose k}. 


Choquet Theory 


Choquet Theory 

Erdés proved that there exist at least one PRIME of the 
form 4k + 1 and at least one PRIME of the form 4k + 3 
between n and 2n for all n > 6. 


see ulso EQUINUMEROUS, PRIME NUMBER 


Chord 
chord. 


a 


The LINE SEGMENTY joining two points on a curve. The 
term is often used to describe a LINE SEGMENT whose 
ends lie on a CIRCLE. In the above figure, r is the RA- 
DIUS of the CIRCLE, a is called the APOTHEM, and s the 
SAGITTA. 


The shaded region in the left figure is called a SECTOR, 
and the shaded region in the right figure is called a SEG- 
MENT. 


All ANGLES inscribed in a CIRCLE and subtended by 
the same chord are equal. The converse is also true: 
The Locus of all points from which a given segment 
subtends equal ANGLES is a CIRCLE. 


Let a CIRCLE of RADIUS FR have a CHORD at distance r. 
The AREA enclosed by the CHORD, shown as the shaded 
region in the above figure, is then 


A=2 is a(y) dy. (1) 
0 
But. 
y +(r+a) =R’, (2) 
so 


a(y) = R2-y —r (3) 
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(VR? — y? —r) dy 


= |y/R? — y? + R’ tan’ | —4— 
/ R2 _ y? 
af R2—12 
on 


0 


= R’ tan (2) -4 — r/R? - 1?. (4) 


Checking the limits, when r = R, A = 0 and when 


r—0, 
A= inh’, (5) 


see also ANNULUS, APOTHEM, BERTRAND’S PROBLEM, 
CONCENTRIC CIRCLES, RADIUS, SAGITTA, SECTOR, 
SEGMENT 


Chordal 
see RADICAL AXIS 


Chordal Theorem 


\ 
R Pa 
ae 
Cb G, ‘ 
R 1\ 
“7 a) 


The Locus of the point at which two given CIRCLES 
possess the same POWER is a straight line PERPENDIC- 
ULAR to the line joining the MIDPOINTS of the CIRCLE 
and is known as the chordal (or RADICAL AXIS) of the 
two CIRCLES. : 


References 


Dérrie, H. 100 Great Problems of Elementary Mathematics: 
Their History and Solutions. New York: Dover, p. 153, 
1965. 


Chow Coordinates 

A generalization of GRASSMANN COOKDINATES to m-D 
varieties of degree d in P”, where P” is an n-D pro- 
jective space. To define the Chow coordinates, take 
the intersection of a m-D VariETY Z of degree d by 
an (n — m)-D SUBSPACE U of P”. Then the coordi- 
nates of the d points of intersection are algebraic func- 
tions of the GRASSMANN COORDINATES of U, and by 
taking a symmetric function of the algebraic functions, 
a hHOMOGENEOUS POLYNOMIAL known as the Chow 
form of Z is obtained. The Chow coordinates are then 
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the COEFFICIENTS of the Chow form. Chow coordinates 
can generate the smallest field of definition of a divisor. 
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Chow Ring 
The intersection product for classes of rational equiva- 
lence between cycles on an ALGEBRAIC VARIETY. 
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Chow Variety 


The set Crjm,a of all m-D varieties of degree d in an n-D 
projective space P” into an M-D projective space P™. 
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Christoffel-Darboux Formula 
For three consecutive ORTHOGONAL POLYNOMIALS 


Pn) = (Ant + Bn)pn-1@ — Cnpn-2(x) (1) 
for n = 2, 3, ..., where A, > 0, Bn, and Cr > O are 


constants. Denoting the highest COEFFICIENT of pn (x) 
by kn, 


kn 

An = po | (2) 
An knkn—2 

C, = = : 3 
An-1 kn—17 (3) 


Then 


Ppo(x)po(y) +... + Pn(t)paly) 
_kn_ Pn+i1(@)pn(y) = Pn(&)pn+i1(y) (4) 
Kn41 z—-y ‘ 


In the special case of x = y, (4) gives 


[po(x)]? +... + [pa(x)]? 


= has (a)pa(e) — ph(a)pnsr(a)]- (5) 
Tet 1 
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Christoffel Number 


Christoffel-Darboux Identity 


y wa _ $mt1(t)bm(Y) = bm()bm+r(y) 


Eo OmnYm(r in Y), 


(1) 
where ¢(2#) are ORTHOGONAL POLYNOMIALS with 
WEIGHTING FUNCTION W(z), 


it if [bm (2)|?W (a) de, (2) 
and of 
a= ra (3) 


where A, is the COEFFICIENT of z* in ¢(z). 
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Christoffel Formula 
Let {pn(x)} be orthogonal POLYNOMIALS associated 
with the distribution da(x) on the interval [a,b]. Also 
let 

p=c(x —21)(@ — 42) +--+ (w@ ~ 2) 


(for c # 0) be a POLYNOMIAL of order | which is 
NONNEGATIVE in this interval. Then the orthogonal 
POLYNOMIALS {gq(x)} associated with the distribution 
p(x) da(x) can be represented in terms of the POLYNO- 
MIALS pr(z) as 


Pn (x) Pn+i(z) Pnti(x) 

Pn(t1) Pn+1(z1) Pnti(x1) 
p(z)gn(z) =]. 

Pn(21)  Pn4i(21) Pn+t(£1) 


In the case of a zero x, of multiplicity m > 1, we replace 
the corresponding rows by the derivatives of order 0, 1, 


2, ...,m-—1 of the POLYNOMIALS pn(a1), ..-, Pn4t(a1) 
at © = &p. 
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Christoffel Number 


One of the quantities \; appearing in the Gauss- JACOBI 
MECHANICAL QUADRATURE. They satisfy 


dda titan f da(z) = a(b)-a(a) (1) 


Christoffel Symbol of the First Kind 


and are given by 


= Bel) ; ae 
i i Pecerst da(z) (2) 


= _ Anti 1 
aaa Same Pa (3) 
kn 1 
aa REA RORY TES (4) 
(Av)~? = [po(a,)]? +--+ [pa(ar)]?, (5) 


where kp is the higher COEFFICIENT of p, (x). 
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Christoffel Symbol of the First Kind 
Variously denoted [73, k], P Fs ar Tobe, or {ab, ch. 


wee [EFS aa am OG; _. O86; 
[i], k] = k = Omk 3; = Gmk€ agi = €k qi’ 
(1) 
where gms is the METRIC TENSOR and 
~_ OF A 
i= age = hyé;. (2) 
But 
09:5 oO, oe .  _ 8; 
Bge ~ Aq HE) = Bak TE Be 
= [ik, j] + [9k, i], (3) 
so 
[ab, c] = $ (Goes + Ybe,a — Jab,c): (4) 
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Christoffel Symbol of the Second Kind 
Variously denoted ee or Ty. 

m pm em 98: am., 
. jergae agi 9 [2j, k] 


w] 
_ likm f Ogik , Ogjk — Ogi; 
= 39 (2 5 oq? Oqk }? (1) 


where I'{j is a CONNECTION COEFFICIENT and {bc, d} 
is a CHRISTOFFEL SYMBOL OF THE FIRST KIND. 


{,° 2} = gaa{be, d}. (2) 


Christoffel Symbol of the Second Kind = 245 


The Christoffel symbols are given in terms of the first 
FUNDAMENTAL ForM E, F’, and G by 


_ GE, - 2FF, + FE, 


Ph 2(EG — F?) (3) 
Th = Ses (4) 
th (6) 
i= Ee a ae (6) 
ee EOL Fh (7) 
Th eG (8) 


and T3, = Th, and 2, = 135. If F = 0, the Christoffel 
symbols of the second kind simplify to 


Th = 2B (9) 
rh = = (10) 
Th = -3¢ (11) 
ri, = 3h (12) 
Th= 3 (18) 
Tr, = aad (14) 


(Gray 1993). 


The following relationships hold between the Christoffel 
symbols of the second kind and coefficients of the first 
FUNDAMENTAL FORM, 


TnE+Ti,F = iE, (15) 
Ppb+ThF = iB, (16) 
TE +032 F = Fy - $Gu (17) 
ThF+Ti.G =F. —1E, (18) 
PF +TiG = 3G, (19) 


ri, +12, = (In. WEG — F?)x (21) 
Ti, +132 = (In VEG — F?)y (22) 


(Gray 1993). 
For a surface given in MONGE’S FORM z = F(z, y), 


Zijrzk 


Ms =. 
oO Aa a9 


(23) 


see also CHRISTOFFEL SYMBOL OF THE FIRST KIND, 
CONNECTION COEFFICIENT, GAUSS EQUATIONS 
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Chromatic Number 

The fewest number of colors y(G) necessary to color a 
GRAPH or surface. The chromatic number of a surface 
of GENUS g is given by the HEAWOOD CONJECTURE, 


¥(9) = | H(7+ 489-41), 


where |x| is the FLOOR FUNCTION. (g) is sometimes 
also denoted x(g). For g = 0,1, ..., the first few values 
of x(g) are 4, 7, 8, 9, 10, 11, 12, 12, 13, 13, 14, 15, 15, 
16, ... (Sloane’s A000934). 


The fewest number of colors necessary to color each 
EDGE of a GRAPH so that no two EDGES incident on the 
same VERTEX have the same color is called the “EDGE 
chromatic number.” 


see also BRELAZ’S HEURISTIC ALGORITHM, CHRO- 
MATIC POLYNOMIAL, EDGE-COLORING, EULER CHAR- 
ACTERISTIC, HEAWOOD CONJECTURE, MAP COLOR- 
ING, TORUS COLORING 
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Chromatic Polynomial 

A POLYNOMIAL P(z) of a graph g which counts the 
number of ways to color g with exactly z colors. Tutte 
(1970) showed that the chromatic POLYNOMIALS of pla- 
nar triangular graphs possess a Root close to ¢? = 
2.618033..., where ¢ is the GOLDEN MEAN. More pre- 
cisely, if n is the number of VERTICES of G, then 


Peo) <¢” 


(Le Lionnais 1983). 
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Chu Identity 
see CHU- VANDERMONDE IDENTITY 


Cl 


Chu Space 

A Chu space is a binary relation from a SET A to an 
antiset X which is defined as a SET which transforms 
via converse functions. 
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Chu- Vandermonde Identity 
(e+@)n = > (;) (a)e(2)n—k 
=0 


where (7) is a BINOMIAL COEFFICIENT and (a)n 
a(a—1)---(a—n+1) is the POCHHAMMER SYMBOL. 
special case gives the identity 


2) 


see also BINOMIAL THEOREM, UMBRAL CALCULUS 


> Ill 
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Church’s Theorem 
No decision procedure exists for ARITHMETIC. 


Church’s Thesis 
see CHURCH-TURING THESIS 


Church-Turing Thesis 

The TURING MACHINE concept defines what is meant 
mathematically by an algorithmic procedure. Stated 
another way, a function f is effectively COMPUTABLE 
IFF it can be computed by a TURING MACHINE. 


see also ALGORITHM, COMPUTABLE FUNCTION, TUR- 
ING MACHINE 
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Chvatal’s Art Gallery Theorem 
see ART GALLERY THEOREM 


Chvatal’s Theorem 

Let the GRAPH G have VERTICES with VALENCES d, < 
... <dm. If for every i < n/2 we have either d; >i1+1 
or dn-i; > n —i, then the GRAPH is HAMILTONIAN. 


ci 
see COSINE INTEGRAL 


Ci 


Ci 
see COSINE INTEGRAL 


Cigarettes 

It is possible to place 7 cigarettes in such a way that 

each touches the other if I/d > 73/2 (Gardner 1959, 

p. 115). 
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Cin 
see COSINE INTEGRAL 


Circle 


Co 
A circle is the set of points equidistant from a given 
point O. The distance r from the CENTER is called the 
RADIUS, and the point O is called the CENTER. Twice 
the RADIUS is known as the DIAMETER d = 2r. The 
PERIMETER C of a circle is called the CIRCUMFERENCE, 
and is given by 

C = 1d = 2Qrr. (1) 


The circle is a CONIC SECTION obtained by the intersec- 
tion of a CONE with a PLANE PERPENDICULAR to the 
CONE’s symmetry axis. A circle is the degenerate case 
of an ELLIPSE with equal semimajor and semiminor axes 
(i.e., with ECCENTRICITY 0). The interior of a circle is 
called a Disk. The generalization of a circle to 3-D is 
called a SPHERE, and to n-D for n > 4 a HYPERSPHERE. 


The region of intersection of two circles is called a LENS. 
The region of intersection of three symmetrically placed 
circles (as in a VENN DIAGRAM), in the special case of 
the center of each being located at the intersection of 
the other two, is called a REULEAUX TRIANGLE. 


The parametric equations for a circle of RADIUS a are 


x =acost (2) 
y = asint. (3) 


For a body moving uniformly around the circle, 


zg = —asint (4) 

y’ = acost, (5) 
and 

" — —acost (6) 


—asint. (7) 
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When normalized, the former gives the equation for the 
unit TANGENT VECTOR of the circle, (— sint, cost). The 
circle can also be parameterized by the rational func- 
tions 


1-? 

LEB) (8) 
2t 

ee Te" (9) 


but an ELLIPTIC CURVE cannot. The following plots 
show a sequence of NORMAL and TANGENT VECTORS 
for the circle. 


s(t) 
k(t) 
phift) 


has tated 


t © c 
The Arc LENGTH s, CURVATURE &, and TANGENTIAL 
ANGLE ¢ of the circle are 


s(t) = fas= [ g'? + y’? dt = at (10) 


rou t eS 
_ @£y -yr i 
K(t) = (2!2 + y!2)3/2 — a (11) 


o(t) = [ro di = =. (12) 
The CESARO EQUATION is 


(13) 


a 
II 
ain 


In POLAR COORDINATES, the equation of the circle has 
a particularly simple form. 


r=a (14) 

is a circle of RADIUS a centered at ORIGIN, 
r = 2acos@ (15) 

is circle of RADIUS a centered at (a,0), and 


r = 2asin6 (16) 
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is a circle of RADIUS a centered on (0,a). In CARTE- 
SIAN COORDINATES, the equation of a circle of RADIUS 
a centered on (29, yo) is 


(x — to)” + (y— yo)” = a”. (17) 


In PEDAL COORDINATES with the PEDAL POINT at the 
center, the equation is 


pa=r’. (18) 
The circle having P,; P) as a diameter is given by 


(« — a1)(z — 2) + (y- yn)(y — y2) = 0. (19) 


The equation of a circle passing through the three points 
(xi, yi) for i = 1, 2, 3 (the CIRCUMCIRCLE of the TRI- 
ANGLE determined by the points) is 


Pod + y? wv y 
arty? a yy 
x27 + yo” 22 ye 
x37 +y3" 23 ys 


=0. (20) 


a 


The CENTER and RADIUS of this circle can be identified 
by assigning coefficients of a QUADRATIC CURVE 


az? + cy’? +dx+ey+f =0, (21) 


where a = c and b = 0 (since there is no zy cross term). 
COMPLETING THE SQUARE gives 


d\? ey? d? +e? 
a(z+<) +a(y+>) +f-— jo =0. (22) 


The CENTER can then be identified as 


d 
=—— 23 
Zo 3a (23) 
aes (24) 
nS 2a 
and the RADIUS as 
@ie f 
= eae 2 
ss 4a? a’ (25) 
where 
ty 1 
a—|z2 yz 1 (26) 
x3 3 1 
wi? + yw oy ol 
d=—|a27+ yo? y 1 (27) 
aa*+ys" ys 1 
a1? + yi? a, 1 
e=|227+y2” 22 1 (28) 
z3°+y37 £3 1 
aio + wn? 11 WM 
f=-|a2?+yo? a2 Ye (29) 
ag? + ys? t3 O¥3 


Circle 


Four or more points which lie on a circle are said to be 
CONCYCLIC. Three points are trivially concyclic since 
three noncollinear points determine a circle. 


The CincUMFERENCE-to-DIAMETER ratio C/d for a cir- 
cle is constant as the size of the circle is changed (as 
it must be since scaling a plane figure by a factor s in- 
creases its PERIMETER by s), and d also scales by s. This 
ratio is denoted 7 (P1), and has been proved TRANSCEN- 
DENTAL. With d the DIAMETER and r the RADIUS, 


C = ad = 2Qar. (30) 


Knowing C/d, we can then compute the AREA of the 
circle either geometrically or using CALCULUS. From 
CALCULUS, 


A= [a0 [nde = (amy }e*) = a (31) 


Now for a few geometrical derivations. Using concentric 
strips, we have 


y << — 2a1r——_> 


As the number of strips increases to infinity, we are left 
with a TRIANGLE on the right, so 


A=i(2ar)r = ar’. (32) 


This derivation was first recorded by Archimedes in 
Measurement of a Circle (ca. 225 BC). If we cut the 
circle instead into wedges, 


—— 
i (MAM, 


As the number of wedges increases to infinity, we are 
left with a RECTANGLE, so 


A=(nr)r=nr’. (33) 


see also ARC, BLASCHKE’S THEOREM, BRAHMAGUPTA’S 
FORMULA, BROCARD CIRCLE, CASEY’S THEOREM, 
CHORD, CIRCUMCIRCLE, CIRCUMFERENCE, CLIF- 
FORD’S CIRCLE THEOREM, CLOSED DISK, CONCENTRIC 
CIRCLES, COSINE CIRCLE, COTES CIRCLE PROPERTY, 
DIAMETER, DISK, DROZ-FARNY CIRCLES, EULER TRI- 
ANGLE FORMULA, EXCIRCLE, FEUERBACH’S THEOREM, 


Circles-and-Squares Fractal 


FivE DISKS PROBLEM, FLOWER OF LIFE, FORD CIR- 
CLE, FUHRMANN CIRCLE, GERSCORIN CIRCLE THEO- 
REM, HOPF CIRCLE, INCIRCLE, INVERSIVE DISTANCE, 
JOHNSON CIRCLE, KINNEY’S SET, LEMOINE CIRCLE, 
LENS, MAGIC CIRCLES, MALFATTI CIRCLES, McCay 
CIRCLE, MIDCIRCLE, MONGE’s THEOREM, MOSER’S 
CIRCLE PROBLEM, NEUBERG CIRCLES, NINE-POINT 
CIRCLE, OPEN DISK, P-CIRCLE, PARRY CIRCLE, PI, 
POLAR CIRCLE, POWER (CIRCLE), PRIME CIRCLE, 
PTOLEMY’S THEOREM, PURSER’S THEOREM, RADI- 
CAL AXIS, RADIUS, REULEAUX TRIANGLE, SEED OF 
LIFE, SEIFERT CIRCLE, SEMICIRCLE, SODDY CIRCLES, 
SPHERE, TAYLOR CIRCLE, TRIANGLE INSCRIBING IN 
A CIRCLE, TRIPLICATE-RATIO CIRCLE, TUCKER CIR- 
CLES, UNIT CIRCLE, VENN DIAGRAM, VILLARCEAU 
CIRCLES, YIN- YANG 
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Circles-and-Squares Fractal 
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A FRACTAL produced by iteration of the equation 
Zn41 = Zn’ (mod m) 


which results in a M@IRE-like pattern. 
see also FRACTAL, MOIRE PATTERN 


Circle-Circle Intersection 249 


Circle Caustic 

Consider a point light source located at a point (1,0). 
The CATACAUSTIC of a unit CIRCLE for the light at wu = 
oo is the NEPHROID 


xz = }[3cost — cos(3¢)] (1) 
y = 3[3sint — sin(3t)). (2) 


The CATACAUSTIC for the light at a finite distance pz > 1 
is the curve 


_ p(1 — 3u.cost + 2pu-cos* t) 
—(1+ 2u:?) + 3ucost 

= 2y? sin t 

~ 1+ 2p? — 3pcost’ 


(3) 


y (4) 


and for the light on the CIRCUMFERENCE of the CIRCLE 
uw = 1 is the CARDIOID 


x = 3 cost(1+ cost) — } (5) 
y 


2 sin t(1 + cost). (6) 


If the point is inside the circle, the catacaustic is a dis- 
continuous two-part curve. These four cases are illus- 
trated below. 


The CATACAUSTIC for PARALLEL rays crossing a CIRCLE 
is a CARDIOID. 


see also CATACAUSTIC, CAUSTIC 


Circle-Circle Intersection 


Let two CIRCLES of RADII & and r and centered at (0,0) 
and (d,0) intersect in a LENS-shaped region. The equa- 
tions of the two circles are 


a? +y? = R? (1) 
(g-dP+y =r’. (2) 


250 Circle-Circle Intersection 
Combining (1) and (2) gives 
(a — d)? + (R? — 2?) =r”. (3) 
Multiplying through and rearranging gives 
a* — de +d? —2? =r? — R?. (4) 
Solving for z results in 


_@ 1? + R? 


od (5) 


zr 


The line connecting the cusps of the LENS therefore has 
half-length given by plugging z back in to obtain 


2 
2 2 2 2 P-r?+R 
= _ = R* ~> | ——_———_ 
y =Ro-2z ( 5d 
4d? R? ~ d? —r? + R? 2 
Z Cs is (6) 


giving a length of 


a= : 4d? R? — (d? — r? + R2)? 
= H[(-d+r-R)(-d-r +R) 
x [(-d+r+R)(d+r+R)}”. (7) 


This same formulation applies directly to the SPHERE- 
SPHERE INTERSECTION problem. 


To find the AREA of the asymmetric “LENS” in which 
the CIRCLES intersect, simply use the formula for the 
circular SEGMENT of radius R’and triangular height d’ 


A(R’, d') = R” cos} (=) —d'/R®—-d? ~~ (8) 


twice, one for each half of the “LENS.” Noting that the 
heights of the two segment triangles are 


@— 24 R? 
dy =e = (9) 
2 2 p2 
Roepe eo a -_ ye (10) 


The result is 


A= A(Ri,di) + A(Ro, do) 


=r*cos * Lins 
a 2dr 


~ 2+ R?-r? 
2 1 
ae oe (a 


-3v(d-r- Rd 


(11) 


+r—R)(d-r+R)(d+r4+R). 


Circle Cutting 


The limiting cases of this expression can be checked to 
give 0 when d= R+r7r and 


A = 2R? cos”? (5) —1d/4R?— a (12) 


= 2A(3d, R) (13) 


when r = R, as expected. In order for half the area of 
two Unit Disks (R = 1) to overlap, set A = 7R?/2 = 
a /2 in the above equation 


4m = 2cos ($d) — 4~d? (14) 


and solve numerically, yielding d ~ 0.807946. 


see also LENS, SEGMENT, SPHERE-SPHERE INTERSEC- 
TION 


Circle Cutting 
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Determining the maximum number of pieces in which 
it is possible to divide a CIRCLE for a given number of 
cuts is called the circle cutting, or sometimes PANCAKE 
CUTTING, problem. The minimum number is always 
n+ 1, where n is the number of cuts, and it is always 
possible to obtain any number of pieces between the 
minimum and maximum. The first cut creates 2 regions, 
and the nth cut creates n new regions, so 


f(lj=2 (1) 
f(2) =2+ FQ) (2) 
(n) =n+ f(n— 1). (3) 
Therefore, 
f(n) =n+t [(n-1) + f(n—2)] 
ant (n—1)+...42+F(1) =) Af (1) 
= So k-1+4 f(1) = }n(n+1)-142 
k=1 
= }(n? +n+2). (4) 


Evaluating for n = 1, 2,... gives 2, 4, 7, 11, 16, 22,... 


(Sloane’s A000124). 


Sleler= 


A related seca sometimes ie ee CIRCLE 
PROBLEM, is to find the number of pieces into which 
a CIRCLE is divided if n points on its CIRCUMFERENCE 


Circle Evolute 


are joined by CHORDS with no three CONCURRENT. The 


answer is 
(") r (5) #1 (5) 


ay(n* — 6n* + 23n? — 18n +24), (6) 


g(n) 


(Yaglom and Yaglom 1987, Guy 1988, Conway and Guy 
1996, Noy 1996), where (") is a BINOMIAL COEFFI- 
CIENT. The first few values are 1, 2, 4, 8, 16, 31, 57, 
99, 163, 256, ... (Sloane’s A000127). This sequence 
and problem are an example of the danger in making 
assumptions based on limited trials. While the series 
starts off like 2"~!, it begins differing from this GEo- 
METRIC SERIES at n = 6. 


see also CAKE CUTTING, CYLINDER CUTTING, HAM 
SANDWICH THEOREM, PANCAKE THEOREM, PIZZA 
THEOREM, SQUARE CUTTING, TORUS CUTTING 
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Circle Evolute 


x= cost zg = —sint x =-—cost (1) 


y =sint y’ = cost y =-sint, (2) 
so the RADIUS OF CURVATURE is 


ae (a’? + ha 
ya! = aly! 


(sin? t + cos? t)3/? 


= (— sin t)(— sin £) — (— cost) cost =, Ae) 
and the TANGENT VECTOR is 
le ( 
Therefore, 
cost =T - = —sint (5) 
sint =T-¥ =cost, (6) 
so 
€(t) =x — Rsint = cost —1-cost=0 (7) 


n(t) = y+ Roost =sint+1-(—sint)=0, (8) 
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and the EVOLUTE degenerates to a POINT at the ORI- 
GIN. 


see also CIRCLE INVOLUTE 
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Circle Inscribing 
If r is the RADIUS of a CIRCLE inscribed in a RIGHT 
TRIANGLE with sides a and b and HYPOTENUSE c, then 


r= i(at+b-—c). 
see INSCRIBED, POLYGON 


Circle Involute 

First studied by Huygens when he was considering clocks 
without pendula for use on ships at sea. He used the cir- 
cle involute in his first pendulum clock in an attempt to 
force the pendulum to swing in the path of a CYCLOID. 


For a CIRCLE with a = 1, the parametric equations of 
the circle and their derivatives are given by 


x = cost xz’ = —sint xv’ =-—cost (1) 


ut 


y=sint y =cost y =-sint. (2) 


The TANGENT VECTOR is 


Pa Ea (3) 


cost 


and the ARC LENGTH along the circle is 


a= |: raya = f d= (4) 


so the involute is given by 


i 2 pe ba ag Fed es Raeee| ; 


sint | cost sint — tcost 
(5) 
or 
z = a(cost + tsint) (6) 
y = a(sint — tcost). (7) 


252 Circle Involute Pedal Curve 


© t 


kit} 


The ARC LENGTH, CURVATURE, and 'l'‘ANGENTIAL AN- 


GLE are 
v= fas=[ x’? + y? dt = dat” (8) 
1 


oe (9) 


peg: (10) 


The CesARO EQUATION is 


k= —. (11) 


see also CIRCLE, CIRCLE EVOLUTE, ELLIPSE INVOLUTE, 
INVOLUTE 
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Circle Involute Pedal Curve 


“D 


| 
The PEDAL CURVE of CIRCLE INVOLUTE 


f =cost+tsint 


g =sinl —lcost 


with the center as the PEDAL POINT is the ARCHIME- 
DES’ SPIRAL 


tsint 


y = —tcost. 


Circle Lattice Points 

For every POSITIVE INTEGER n, there exists a CIRCLE 
which contains exactly n lattice points in its interior. 
H. Steinhaus proved that for every POSITIVE INTEGER 
n, there exists a CIRCLE of AREA n which contains ex- 
actly n lattice points in its interior. 


Circle Lattice Points 


SCHINZEL’S THEOREM shows that for every POSITIVE 
INTEGER n, there exists a CIRCLE in the PLANE hav- 
ing exactly n LATTICE POINTS on its CIRCUMFERENCE. 
The theorem also explicitly identifies such “SCHINZEL 
CIRCLES” as 
(2-2)? +y?=45'"" forn = 2k (1) 
(2-3)? +y? = i5* forn = 2k +1. 


Note, however, that these solutious do not necessarily 
have the smallest possible RADIUS. For cxamplc, while 
the SCHINZEL CIRCLE centered at (1/3, 0) and with 
RApIus 625/3 has nine lattice points on its CIRCUM- 
FERENCE, so does the CIRCLE centered at (1/3, 0) with 
Rapius 65/3. 


Let r be the smallest INTEGER RADIUS of a CIRCLE cen- 
tered at the ORIGIN (0, 0) with L(r) LATTICE PoINTs. 
In order to find the number of lattice points of the CIR- 
CLE, it is only necessary to find the number in the first 
octant, ie., those with 0 < y < |r/v2], where |z| is the 
FLOOR FUNCTION. Calling this N(r), then for r > 1, 
L(r) = 8N(r) — 4, so L(r) = 4 (mod 8). The multipli- 
cation by eight counts all octants, and the subtraction 
by four eliminates points on the axes which the multi- 
plication counts twice. (Since 2 is IRRATIONAL, the 
MIDPOINT of a are is never a LATTICE POINT.) 


Gauss’s CIRCLE PROBLEM asks for the number of lat- 
tice points within a CIRCLE of RADIUS r 


Lr] 


N(r)=144[r] +4) |v]. (2) 


Gauss showed that 


where 


are 1, 4, 4, 


circles centered at (0, 0) with radii 0, 1, 2,... 
4,4, 12,4, 4, 4, 4,12, 4, 4,... (Sloane’s A046109). The 
following table gives the smallest RADIUS r < 111,000 
for a circle centered at (0, 0) having a given number of 
LATTICE Points L(r). Note that the high water mark 
radii are always multiples of five. 


Circle Lattice Points 


L(r) r 
1 0 

4 1 

12 5 
20 25 
28 125 
36 65 
44 3,125 
52 15,625 
60 325 


68 < 390, 625 
76 << 1,953,125 


84 1,625 

92 < 48,828, 125 
100 4,225 
108 1,105 
132 40,625 
140 21,125 
180 5,525 
252 27,625 
300 71,825 
324 32,045 


If the CIRCLE is instead centered at (1/2, 0), then the 
CIRCLES of RADU 1/2, 3/2, 5/2, ... have 2, 2, 6, 2, 2, 
2, 6, 6, 6, 2, 2, 2, 10, 2,... (Sloane’s A046110) on their 
CIRCUMFERENCES. If the CIRCLE is instead centered 
at (1/3, 0), then the number of lattice points on the 
CIRCUMFERENCE of the CIRCLES of Ravius 1/3, 2/3, 
4/3,.6/3; 7/3, 8/8, .0< ave 1,1, 1,3, 1y.1):3; 1y8y ly 4, 
3, 1, 3, 1, 1, 5, 3, ... (Sloane’s A046111). 


Let 


1. an be the Raptius of the CIRCLE centered at (0, 0) 
having 8n+ 4 lattice paints on its CIRCUMFERENCE, 


2. b,/2 be the RADIUS of the CIRCLE centered at (1/2, 
0) having 4n + 2 lattice points on its CIRCUMFER- 
ENCE, 

3. c,/3 be the RADIUS of CIRCLE centered at (1/3, 0) 
having 2n +1 lattice points on its CIRCUMFERENCE. 

Then the sequences {an}, {b,}, and {cn} are equal, with 

the exception that b, = 0 if 2|n and c, = 0 if 3|n. How- 

ever, the sequences of smallest radii having the above 
numbers of lattice points are equal in the three cases 
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and given by 1, 5, 25, 125, 65, 3125, 15625, 325, ... 
(Sloane’s A046112). 


KULIKOWSKI’S THEOREM states that for every POSsI- 
TIVE INTEGER n, there exists a 3-D SPHERE which has 
exactly n LATTICE POINTs on its surface. The SPHERE 
is given by the equation 


(za)? +(y—6)? +(2-V2) =? +2, 


where a and 6 are the coordinates of the center of the 
so-called SCHINZEL CIRCLE and c is its RADIUS (Hons- 
berger 1973). 


see also CIRCLE, CIRCUMFERENCE, GAUSS’S CIRCLE 
PROBLEM, KULIKOWSKI’S THEOREM, LATTICE POINT, 
SCHINZEL CIRCLE, SCHINZEL’S THEOREM 
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Circle Lattice Theorem 
see GAUSS’S CIRCLE PROBLEM 


Circle Map 
A 1-D Map which maps a CIRCLE onto itself 


K., 
On41 = On +N — a sin(276,), (1) 


where 6,41 is computed mod 1. Note that the circle map 
has two parameters: 1. and K. 2 can be interpreted as 
an externally applied frequency, and K as a strength of 
nonlinearity. The 1-D JACOBIAN is 


OOn+1 


a =. 1— K cos(276,), (2) 


so the circle map is not AREA-PRESERVING. It. is related 
to the STANDARD MAP 


K 
= — sin(276n 
Ingt = In + = sin(276,,) (3) 
Ont1 = On + Tn4i, (4) 
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for I and 8 computed mod 1. Writing @n+1 as 


Anti = On + In + = sin(276,) (5) 


gives the circle map with J, = Q and K = -K. The 
unperturbed circle map has the form 


On41 =6,4+2. (6) 


If O is RATIONAL, then it is known as the map WINDING 
NuMBER, defined by 


Pp 
Q=W=-, 7 
; (7) 


and implies a periodic trajectory, since 6, will return 
to the same point (at most) every g ORBITS. If 2 is 
IRRATIONAL, then the motion is quasiperiodic. If K is 
NONZERO, then the motion may be periodic in some 
finite region surrounding each RATIONAL 2. This exe- 
cution of periodic motion in response to an IRRATIONAL 
forcing is known as MODE LOCKING. 


If a plot is made of K vs. 2 with the regions of pe- 
riodic MODE-LOCKED parameter space plotted around 
RATIONAL 2. values (WINDING NUMBERS), then the re- 
gions are seen to widen upward from 0 at K = 0 to some 
finite width at K = 1. The region surrounding each Ra- 
TIONAL NUMBER is known as an ARNOLD TONGUE. At 
K = 0, the ARNOLD TONGUES are an isolated set of 
MEASURE zero. At K = 1, they form a CANTOR SET 
of DIMENSION d & 0.08700. For K > 1, the tongues 
overlap, and the circle map becomes noninvertible. The 
circle map has a FEIGENBAUM CONSTANT 

§ = lim 2 —9n-1 _ 9 ggg (8) 

n-r00 On41 — On 

see also ARNOLD TONGUE, DEVIL'S STAIRCASE, MODE 
LoOcKING, WINDING NUMBER (MAP) 


Circle Method 
see PARTITION FUNCTION P 


Circle Negative Pedal Curve 

The NEGATIVE PEDAL CURVE of a circle is an ELLIPSE 
if the PEDAL POINT is inside the CIRCLE, and a Hy- 
PERBOLA if the PEDAL POINT is outside the CIRCLE. 


Circle Notation 

A NotTaTION for LARGE NUMBERS due to Steinhaus 
(1983) in which (@) is defined in terms of STEINHAUS- 
Moser NOTATION as n in n SQUARES. The particular 
number known as the MEGA is then defined as follows. 


o-G-|A\-A-H-& 


see also MEGA, MEGISTRON, STEINHAUS-MOSER NOo- 
TATION 
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Circle Packing 


Circle Order 


A PoseT P isa circle order if it is ISOMORPHIC to a SET 
of Disks ordered by containment. 


see also ISOMORPHIC POSETS, PARTIALLY ORDERED 
SET 


Circle Orthotomic 


The ORTHOTOMIC of the CIRCLE represented by 


x= cost (1) 
y= sint (2) 


with a source at (zx, y) is 


= zcos(2t) — ysin(2t) + 2sint (3) 
= —zx sin(2t) — ycos(2t) + 2cost. (4) 


8 
| 


cs) 
| 


Circle Packing 


The densest packing of spheres in the PLANE is the 
hexagonal lattice of the bee’s honeycomb (illustrated 
above), which has a PACKING DENSITY of 


Tv 
= — = 0.9068996821.... 
1 O/3 


Gauss proved that the hexagonal lattice is the densest 
plane lattice packing, and in 1940, L. Fejes Toth proved 
that the hexagonal lattice is indeed the densest of all 
possible plane packings. 


Solutions for the smallest diameter CIRCLES into which 
n UNIT CIRCLES can be packed have been proved op- 
timal for n = 1 through 10 (Kravitz 1967). The best 
known results are summarized in the following table. 


Circle Packing 
n |d exact [d approx. 
14 1.00000 
2 12 2.00000 
3 |14+273 2.15470... 
4 |1+ V2 2.41421... 
5 [14 /2(1+1/v5) | 2.70130... 
6 13 3.00000 
c. 3 3.00000 
8 | 1 | esc(7/7) 3.30476... 
9 }14+4/2(2+ V2) | 3.61312... 
10 3.82... 
11 
12 4.02... 


For CIRCLE packing inside a SQUARE, proofs are known 
only for n = 1 to 9. 


d exact |d approx. 
1 1.000 
0.58... 
0.500... 
0.500 
0.41... 
0.37... 
0.348... 
0.341... 
0.333... 
0.148204... 


Rin 


ole 


SOertanrpwnels 


The smallest SQUARE into which two UNIT CIRCLES, 
one of which is split into two pieces by a chord, can be 
packed is not known (Goldberg 1968, Ogilvy 1990). 

see also HYPERSPHERE PACKING, MALFATTI’S RIGHT 
TRIANGLE PROBLEM, MERGELYAN-WESLER THEOREM, 
SPHERE PACKING 
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Circle Pedal Curve 


The PEDAL CURVE of a CIRCLE is a CARDIOID if the 
PEDAL POINT is taken on the CIRCUMFERENCE, 


and otherwise a LIMAGON. 


Circle-Point Midpoint Theorem 


Taking the locus of MIDPOINTS from a fixed point to a 
circle of radius r results in a circle of radius r/2. This 
follows trivially from 


vo=[$] +3 ((ra88]-[<]) 


1 1 
ieee 


1 2 
3 sin @ 
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Circle Radial Curve 


The RADIAL CURVE of a unit CIRCLE from a RADIAL 
PoINT (#,0) is another CIRCLE with parametric equa- 
tions 


Circle Squaring 

Construct a SQUARE equal in AREA to a CIRCLE using 
only a STRAIGHTEDGE and COMPASS. This was one of 
the three GEOMETRIC PROBLEMS OF ANTIQUITY, and 
was perhaps first attempted by Anaxagoras. It was fi- 
nally proved to be an impossible problem when P1 was 
proven to be TRANSCENDENTAL by Lindemann in 1882. 


However, approximations to circle squaring are given 
by constructing lengths close to m = 3.1415926.... 
Ramanujan (1913-14) and Olds (1963) give geomet- 
ric constructions for 355/113 = 3.1415929.... Gard- 
ner (1966, pp. 92-93) gives a geometric construc- 
tion for 3 + 16/113 = 3.1415929.... Dixon (1991) 
gives constructions for 6/5(1 + @) = 3.141640... and 


4+ [3 — tan(30°)] = 3.141533... 


While the circle cannot be squared in EUCLIDEAN 
SPACE, it can in GAUSS-BOLYAI-LOBACHEVSKY SPACE 
(Gray 1989). 


see also GEOMETRIC CONSTRUCTION, QUADRATURE, 
SQUARING 
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Circle Tangents 


Circle Strophoid 

The STROPHOID of a CIRCLE with pole at the center 
and fixed point on the CIRCUMFERENCE is a FREETH’S 
NEPHROID. 


Circle Tangents 

There are four CIRCLES that touch all the sides of a 
given TRIANGLE. These are all touched by the CIRCLE 
through the intersection of the ANGLE BISECTORS of 
the TRIANGLE, known as the NINE-POINT CIRCLE. 


B 


Given the above figure, GE = F'H, since 


AB = AG+GB=GE+4+GF =GE+(GE+ FF) 
=2GiEF 

CD=CH+IID — Ell + Fil — FIl + (FH + EF) 
= EF + 2FH. 


Because AB — CD, it follows that GE = FH. 


The line tangent to a CIRCLE of RADIUS a centered at. 
(x,y) 


xz’ =ax+acost 


y =ytasint 
through (0,0) can be found by solving the equation 
E + a ; ead ae, 
y+asint asint : 
giving 


nee —ar + yy/x? + y* — a? 
= cos 


x24 y?2 


Circuit 


Two of these four solutions give tangent lines, as illus- 
trated above. 

see also KISSING CIRCLES PROBLEM, MIQUEL POINT, 
MONGE’S PROBLEM, PEDAL CIRCLE, TANGENT LINE, 
TRIANGLE 
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Circuit 
see CYCLE (GRAPH) 


Circuit Rank 

Also known as the CYCLOMATIC NUMBER. The circuit 
rank is the smallest number of EDGES y which must be 
removed from a GRAPH of N EDGES and n nodes such 
that no CIRCUIT remains. 


y= N-n+1l. 


Circulant Determinant 
Gradshteyn and Ryzhik (1970) define circulants by 


L1 T2 FR +c Cn 

In T1 2 *'' Fn-1 
In-1 Ur FA1 *'* Ln-2 

v2 x3 £4 arate vy 


= [[@ + £2W; + 23w;" +... + tnw;"—"), (1) 
j=1 
where w; is the nth Root oF UNITY. The second-order 
circulant determinant is 


21 2 


eae = (1 + £2)(21 — 22), (2) 


and the third order is 


T1 2 3 
ty 21 22 
22 £3 Cy 


= (91 + 2 + @3)(@1 + wee + wa3)(x1 + wa, + wz3), 

(3) 

where w and w” are the COMPLEX CUBE RooTs of 
UNITY. 


The EIGENVALUES A of the corresponding n xn circulant 
matrix are 


Aj = %1 + Law; + £3w;" +...4 Enw;"*. (4) 


see also CIRCULANT MATRIX 
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Circulant Graph 

A GRAPH of n VERTICES in which the ith VERTEX is 
adjacent to the (¢ + j)th and (2 — j)th VERTICES for 
each j in a list U. 


Circulant Matrix 
Ann xn MATRIX C defined as follows, 


C= . : a 
(7) G@) Go 1 
n-1 
C= [Ja +4;)" - 4), 
j=0 
where w = 1, wi, ..., Wn-1 are the nth ROOTS 


oF Unity. Circulant matrices are examples of LATIN 
SQUARES. 


see also CIRCULANT DETERMINANT 
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Circular Cylindrical Coordinates 
see CYLINDRICAL COORDINATES 


Circular Functions 

The functions describing the horizontal and vertical po- 
sitions of a point on a CIRCLE as a function of ANGLE 
(COSINE and SINE) and those functions derived from 
them: 


cotr = = (1) 
tanz sin gz 
1 
= 2 
ee = sina (2) 
secr = 4 (3) 
~ cosz 
tang = 2". (4) 
cos x 


The study of circular functions is called TRIGONOME- 
TRY. 


see also COSECANT, COSINE, COTANGENT, ELLIPTIC 
FUNCTION, GENERALIZED HYPERBOLIC FUNCTIONS, 
HYPERBOLIC FUNCTIONS, SECANT, SINE, TANGENT, 
TRIGONOMETRY 
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Circular Permutation 
The number of ways to arrange n distinct objects along 
a CIRCLE is 

P, = (n—1)!. 


The number is (n — 1)! instead of the usual FACTORIAL 
n! since all CycLIC PERMUTATIONS of objects are equiv- 
alent because the CIRCLE can be rotated. 


see also PERMUTATION, PRIME CIRCLE 


Circumcenter 


circumcenter 


The center O of a TRIANGLB’S CIRCUMCIRCLE. It can 
be found as the intersection of the PERPENDICULAR BI- 
SECTORS. If the TRIANGLE is ACUTE, the circumcenter 
is in the interior of the TRIANGLE. In a RIGHT TRI- 
ANGLE, the circumcenter is the MIDPOINT of the Hy- 
POTENUSE. 


OO; + O02 + OOs = R+r, (1) 


where O; are the MIDPOINTS of sides Ai, R is the 
CIRCUMRADIUS, and r is the INRADIUS (Johnson 1929, 
p. 190). The TRILINEAR COORDINATES of the circum- 


center are 
cos A: cosB : cosC, (2) 


and the exact trilinears are therefore 


RceosA: RceosB: ReosC. (3) 

The AREAL COORDINATES are 
(Zacot A, tbcot B, secot C). (4) 
The distance between the INCENTER and circumcenter 
is /R(R — 2r). Given an interior point, the distances 


to the VERTICES are equal IFF this pvint is the circum- 
center. It lies on the BROCARD AXIS. 


Circumcircle 


The circumcenter O and ORTHOCENTER H are ISOGO- 
NAL CONJUGATES. 


Ay 
Oz 
A 0; Ay 


The ORTHOCENTER H of the PEDAL TRIANGLE 
AO10203 formed by the CIRCUMCENTER O concurs 
with the circumcenter O itself, as illustrated above. The 
circumcenter also lies on the EULER LINE. 


sec also BROCARD DIAMETER, CARNOT’S THEOREM, 


CENTROID (TRIANGLE), CIRCLE, EULER LINE, INCEN- 
TER, ORTHOCENTER 
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Circumcircle 


~ 


Circumcircle 


A TRIANGLE’S circumscribed circle. Its center O is 
called the CIRCUMCENTER, and its RADIUS R the CiR- 
CUMRADIUS. The circumcircle can be specified using 
TRILINEAR COORDINATES as 


Bya+yab+ afc = 0. (1) 


The STEINER POINT S and TARRY POINT T lie on the 
circumcircle. 


A GEOMETRIC CONSTRUCTION for the circumcircle is 
given by Pedoe (1995, pp. xii—xiii). The equation for the 
circumcircle of the TRIANGLE with VERTICES (zi, yi) for 
i= 1, 2, 3is 


r+y? zc yi il 
2 2 
a ty z1 yn 1 
= 0 2 
wo7 + yo* 22 y2 1 (2) 
x37 t+y3? 23 ys 1 
Expanding the DETERMINANT, 
a(x” + y*) + 2de + 2fy +g =0, (3) 
where 
Zi Yi 1 
a= |z2 y 1 (4) 
z3° ys (1 
zety? ys 1 
ek eg ae (5) 
v3? + ys? ys 1 


a+y? a 1 


f= 3 we? + yp? T2 1 (6) 
x3? +y3° 23 1 
a,” +" ZT. Yl 
g=—\a27+y” a2 ye (7) 
r3" + y3? z3 Ys 


COMPLETING THE SQUARE gives 


d 2 2 da 2 
a(z+5) +a(y+4) Be ae (8) 
a a a a 
which is a CIRCLE of the form 
(t ~ 20)" + (y- yo)” =7", (9) 


with CIRCUMCENTER 
(10) 


yo = — (11) 


and CIRCUMRADIUS 


raf Ete 8 (12) 


see also CIRCLE, CIRCUMCENTER, CIRCUMRADIUS, EX- 
CIRCLE, INCIRCLE, PARRY POINT, PURSER’S THEOREM, 
STEINER POINTS, TARRY POINT 
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Circumference 
The PERIMETER of a CIRCLE. For RADIUS r or DIAM- 
ETER d= 2r, 

C = 2nr = 7d, 


where 7 is PI. 
see also CIRCLE, DIAMETER, PERIMETER, PI, RADIUS 


Circuminscribed 

Given two closed curves, the circuminscribed curve is 
simultaneously INSCRIBED in the outer one and CIR- 
CUMSCRIBED on the inner one. 


see also PONCELET’S CLOSURE THEOREM 


Circumradius 

The radius of a TRIANGLE’S CIRCUMCIRCLE or of a 
POLYHEDRON’s CIRCUMSPHERE, denoted R. For a TRI- 
ANGLE, 


abc 
Vlat+b+e)(b+e—a)(e+a—by(atb—c) 
(1) 


where the side lengths of the TRIANGLE are a, 6, and c. 


mat 


This equation can also be expressed in terms of the 
Rabi! of the three mutually tangent CIRCLES centered 
at the TRIANGLE’S VERTICES. Relabeling the diagram 
for the SODDY CIRCLES with VERTICES O;, Oo, and Og 
and the radii r1, r2, and r3, and using 


R= 


@=T1+712 (2) 
b=re+r3 (3) 
c=7r +73 (4) 


then gives 


(ri +172)(T1 + 173)(r2 + 73) 


4,/ryrer3(ri +72 +73) 


R 


(5) 


If O is the CIRCUMCENTER and M is the triangle CEN- 
TROID, then 


OM’ = R?-3(a? +8? +0’). (6) 


Q1842083 
Rr = —— 
r ic (7) 
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cos a + cos az + cosas = 1 | 4 (8) 
r = 2Rcos ai COs a2 COs a3 (9) 
ay? + a2? +43” = 4rR+8R? (10) 


(Juhuson 1929, pp. 189-191). Let d be the distance 
between INRADIUS r and circumradius R, d= rR. Then 


R? — d? = 2Rr (11) 


1 1 1 
= 12 
R-d ik Rid r me) 
(Mackay 1886-87). These and many other identities are 
given in Johnson (1929, pp. 186-190). 


For an ARCHIMEDEAN SOLID, expressing the circumra- 
dius in terms of the INRADIUS r and MIDRADIUS p gives 


3(r-+ vr? +a?) (13) 
=4/p?+ ta? (14) 


for an ARCHIMEDEAN SOLID. 


see also CARNOT’S THEOREM, CIRCUMCIRCLE, OIR- 
CUMSPHERE 


R 
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Circumscribed 
A geometric figure which touches only the VERTICES (or 
other extremities) of another figure. 


see also CIRCUMCENTER, CIRCUMCIRCLE, CIRCUMIN- 
SCRIBED, CIRCUMRADIUS, INSCRIBED 


Circumsphere 
A SPHERE circumscribed in a given solid. Its radius is 
called the CIRCUMRADIUS. 


see also INSPHERE 
Cis 


i _ iz es 
Cisz =e = cosxz+ising. 


Cissoid of Diocles 


Cissoid 

Given two curves C, and C2 and a fixed point O, let a 
line from O cut C at Q and C at R. Then the Locus of 
a point P such that OP = QR is the cissoid. The word 


cissuid means “ivy shaped.” 


Curve 1 Curve 2 Pole Cissoid 


line parallel line any point line 


line circle center conchoid of 
Nicomedes 

circle tangent line on © oblique cissoid 

circle tangent line on C opp. cissoid of Diocles 

tangent 

circle radial line on C strophoid 

circle concentric circle center circle 

circle same circle (aV2,0) _lemniscate 


see also CISSOID OF DIOCLES 
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Cissoid of Diocles 


A curve invented by Diocles in about 180 BC in con- 
ueclion with his attempt to duplicate the cube by geo- 
metrical methods. The name “cissoid” first appears in 
the work of Geminus about 100 years later. Fermat and 
Roberval constructed the tangent in 1634. Huygens and 
Wallis found, in 1658, that the AREA between the curve 
and its asymptote was 3a (MacTutor Archive). From a 
given point there are cither one or three TANGENTS to 
the cissoid. 


Given an origin O and a point P on the curve, let S be 
the point where the extension of the line OP intersects 
the line z — 2a and R be the intersection of the CIRCLE 
of RADIUS a and center (a,0) with the extension of OP. 
Then the cissoid of Diocles is the curve which satisfies 


OP=RS. 


Cissoid of Diocles 


The cissoid of Diocles is the ROULEI Ts of the VERTEX 
of a PARABOLA rolling on an equal PARABOLA. Newton 
gave a method of drawing the cissoid of Diocles using 
two line segments of equal length at RIGHT ANGLES. If 
they are moved so that one line always passes through a 
fixed point and the end of the other line segment slides 
along a straight line, then the MIDPOINT of the sliding 
line segment traces out a cissoid of Diocles. 


‘The cissoid of Diocles is given by the parametric equa- 
tions 


x = 2asin’ 6 (1) 
2asin® @ , 
~  cosé (2) 


Converting these to POLAR COORDINATES gives 


: 6 
rae ty’ = 40° (sinto+ = 3) 


cos? 6 
= 4a” sin* 6(1 + tan? 9) = 4a” sin’ @sec” @, (3) 
so 
r = 2asin’ 6 sec @ = 2asin@ tand. (4) 


In CARTESIAN COORDINATES, 


x _ 8a° sin® 6 42 sin® 6 
2a—x 2a—2asin?6 1 — sin? 6 
- 6 
2sin’ 0 2 
bem ——_—_—_- r 5 
* cos? 8 ¥ (5) 


An equivalent form is 


a(x’ +y”) = 2ay’. (6) 


Using the alternative parametric form 


2at? 
t)h= 
a(t) = (7) 
2at? 
(Gray 1993), gives the CURVATURE as 
3 
K(t) = (9) 


alt|(t? + 4)9/2 
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Cissoid of Diocles Caustic 
The Caustic of the cissoid where the RADIANT POINT 
is taken as (8a,0) is a CARDIOID. 


Cissoid of Diocles Inverse Curve 

lf the cusp of the CISSOID OF DIOCLES is taken as 
the INVERSION CENTER, then the cissoid inverts to a 
PARABOLA. 


Cissoid of Diocles Pedal Curve 
/ 1] 
! 


\ 
\ \| 
The PEDAL CURVE of the cissoid, when the PEDAL 
POINT is on the axis beyond the ASYMPTOTE at a dis- 
tance from the cusp which is four times that of the 
ASYMPTOTE is a CARDIOID. 


Clairaut’s Differential Equation 


or 
y= pz + f(p), 


where f is a FUNCTION of one variable and p = dy/dz. 
The general solution is y = cz + f(c). The singular 
solution ENVELOPES are x = —f'(c) and y = f{c) — 
cf'(c). 


see also D’ALEMBERT’S EQUATION 
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Clarity 
The Ratio of a measure of the size of a “fit” to the size 
of a “residual.” 


References 
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Reading, MA: 


Clark’s Triangle 
(m-1} 


3 
1k 
127 1 
18 19 8 1 

24 37 279 1 


30 61 64 36 101 
36 91 125 100 46 11 1 


xx 
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A NUMBER TRIANGLE created by setting the VERTEX 
equal to 0, filling one diagonal with 1s, the other diag- 
onal with multiples of an INTEGER f, and filling in the 
remaining entries by summing the elements on either 
side from one row above. Call the first column n = 0 
and the last column m = n so that 


e(m,0) = fm (1) 
ce(m,m) = 1, (2) 


then use the RECURRENCE RELATION 
c(m,n) = c(m—1,n~-1)+ce(m—1,n) (3) 
to compute the rest of the entries. For n = 1, we have 


c(m, 1) = c(m — 1,0) + c(m — 1,1) (4) 


1,1) =ce(m—1,0)=f(m-1). (5) 


For arbitrary m, the value can be computed by Sum- 
MING this RECURRENCE, 


c(m,1) — c(m 


m-1 


k=1 


cm =t( t) #1 = hymen aye (6) 


Now, for n = 2 we have 
c(m, 2) = e(m — 1,1) + c(m — 1,2) (7) 


e(m, 2)—e(m—1, 2) = e(m—1,1) = $ f(m—1)m+1, (8) 


so SUMMING the RECURRENCE gives 


c(m, 2) = $0 [3 fk(k -1) +1) = S04 Fk? -— 3 fk +1) 


k=1 
= $f[gm(m +4 1)(2m+ 1)] - $f[$m(m+1)] +m 
= }(m—1)(fm? — 2fm+6). (9) 


Similarly, for n = 3 we have 


c(m, 3) — e(m — 1,3) = e(m — 1, 2) 
= gfm* — fm? + (BF +1)m—(f +2). (10) 


Taking the Sum, 
c(m,3) = S° 2h fk® — fk? + (Bf + 1)k - (f +2). (11) 
k=2 


Evaluating the SUM gives 


e(m, 3) = 4(m—1)(m-— 2)(fm? — 3fm+12). (12) 
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So far, this has just been relatively boring ALGEBRA. 
But the amazing part is that if f = 6 is chosen as the 
INTEGER, then c(m, 2) and e(m, 3) simplify to 


c(m, 2) = 2(m — 1)(6m? — 12m + 6) 
=(m-—1)° (13) 
e(m, 3) = 3(m — 1)?(m — 2)’, (14) 


which are consecutive CuBEs (m— 1)* and nonconsecu- 
tive SQUARES n? = [(m — 1)(m — 2)/2]?. 

see also BELL TRIANGLE, CATALAN’S TRIANGLE, 
EULER’S TRIANGLE, LEIBNIZ HARMONIC TRIANGLE, 
NUMBER TRIANGLE, PASCAL’S TRIANGLE, SEIDEL- 
ENTRINGER-ARNOLD TRIANGLE, SUM 
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Class 

see CHARACTERISTIC CLASS, CLASS INTERVAL, CLASS 
(MULTIPLY PERFECT NUMBER), CLASS NUMBER, 
Crass (SET), CoNJUGACY CLASS 


Class (Group) 
see CONJUGACY CLASS 


Class Interval 
The constant bin size in a HISTOGRAM. 


see also SHEPPARD’S CORRECTION 


Class (Map) 
A Map wu: R” -> R® from a DoMAIN G is called a map 
of class C” if each component of 


u(x) = (ur (@1,...,2n),.-.,Um(£1,...,2n)) 


is of class C" (0 < r < 00 or r = w) in G, where C* 
denotes a continuous function which is differentiable d 
times. 


Class (Multiply Perfect Number) 
The number k in the expression s(7) = kn for a MUL- 
TIPLY PERFECT NUMBER is called its class. 


Class Number 
For any IDEAL J, there is an IDEAL J; such that 


Il; = 2, (1) 


where z is a PRINCIPAL IDEAL, (i-e., an IDEAL of rank 
1). Moreover, there is a finite list of ideals I; such that 
this equation may be satisfied for every I. The size 
of this list is known as the class number. When the 
class number is 1, the RING corresponding to a given 
IDEAL has unique factorization and, in a sense, the class 


Class Number 


number is a measure of the failure of unique factorization 
in the original number ring. 


A finite series giving exactly the class number of a RING 
is known as a CLASS NUMBER FORMULA. A CLASS 
NUMBER FORMULA is known for the full ring of cyclo- 
tomic integers, as well as for any subring of the cyclo- 
tomic integers. Finding the class number is a computa- 
tionally difficult problem. 


Let h(d) denote the class number of a quadratic ring, 
corresponding to the BINARY QUADRATIC FORM 


ax” + bry + cy’, (2) 
with DISCRIMINANT 
d = 0b" — 4ac. (3) 


Then the class number A(d) for DISCRIMINANT d gives 
the number of possible factorizations of aa? + bay + cy” 
in the QUADRATIC FIELD Q(Vd). Here, the factors are 
of the form z + yVd, with z and y half INTEGERS. 


Some fairly sophisticated mathematics shows that the 
class number for discriminant d can be given by the 
CLass NUMBER FORMULA 


spe ae yi (d|r) Insin (47) ford>0 
= 4 _ w(a) yl (d|r)r for d < 0, 


2|d| 


(4) 


r=1 


where (dir) is the KRONECKER SYMBOL, 7(d) is the 
FUNDAMENTAL UNIT, w(d) is the number of substitu- 
tions which leave the BINARY QUADRATIC FORM un- 
changed 
6 ford=-—-3 
w(d) = 4 ford=-4 (5) 
2 otherwise, 
and the sums are taken over all terms where the KRON- 


ECKER SYMBOz is defined (Cohn 1980). The class num- 
ber for d > 0 can also be written 


d—1 


. (air) (FT 
oo = [[s# in) (=) (6) 


r=1 


for d > 0, where the PRODUCT is taken over terms for 
which the KRONECKER SYMBOL is defined. 


The class number is related to the DIRICHLET L-SERIES 
by 
_ La(1) 


where «(d) is the DIRICHLET STRUCTURE CONSTANT. 


Wagner (1996) shows that class number h(—d) satisfies 
the INEQUALITY 


DSL (: = | Ind, (8) 
pid p 


55 +1 
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for —d < 0, where |x] is the FLOOR FUNCTION, the 
product is over PRIMES dividing d, and the * indicates 
that the GREATEST PRIME FACTOR of d is omitted from 
the product. 


The Mathematica® (Wolfram Research, Champaign, 
IL) function NumberTheory ‘NumberTheoryFunctions ‘ 
ClassNumber[n] gives the class number h(d) for d a 
NEGATIVE SQUAREFREE number of the form 4k + 1. 


GAuUSS’S CLASS NUMBER PROBLEM asks to determine 
a complete list of fundamental DISCRIMINANTS —d such 
that the CLAss NUMBER is given by h{—d) = m for 
a given m. This problem has been solved for n < 7 
and ODD n < 23. Gauss conjectured that the class 
number h{—d) of an IMAGINARY quadratic field with 
DISCRIMINANT —d tends to infinity with d, an assertion 
now known as GAUSS’s CLASS NUMBER CONJECTURE. 


The discriminants d having h{—d) = 1, 2, 3, 4, 5, ... 
are Sloane’s A014602 (Cohen 1993, p. 229; Cox 1997, 
p. 271), Sloane’s A014603 (Cohen 1993, p. 229), Sloane’s 
A006203 (Cohen 1993, p. 504), Sloane’s A013658 (Co- 
hen 1993, p. 229), Sloane’s A046002, Sloane’s A046003, 

The complete set of negative discriminants hav- 
ing class numbers 1-5 and ODD 7-23 are known. Buell 
(1977) gives the smallest and largest fundamental class 
numbers for d < 4,000,000, partitioned into EVEN dis- 
criminants, discriminants 1 (mod 8), and discriminants 
5 (mod 8). Arno et al. (1993) give complete lists of val- 
ues of d with h(-—d) = k for ODD k = 5, 7, 9, ..., 23. 
Wagner gives complete lists of values for k = 5, 6, and 
7. 


Lists of NEGATIVE discriminants corresponding to 
IMAGINARY QUADRATIC FIFLDS Q(,/—d(n)) having 
small class numbers h(—d) are given in the table below. 
In the table, N is the number of “fundamental” values 
of —d with a given class number h(—d), where “funda- 
mental” means that —d is not divisible by any SQUARE 
NUMBER s” such that h(—d/s*) < h(—d). For example, 
although h(-63) = 2, —63 is not a fundamental dis- 
criminant since 63 = 3? - 7 and h(—63/3") = h(—7) = 
1 < h(-—63). EVEN values 8 < h(—d) < 18 have been 
computed by Weisstein. The number of negative dis- 
criminants having class number 1, 2, 3, ... are 9, 18, 
16, 54, 25, 51, 31, ... (Sloane’s A046125). The largest 
negative discriminants having class numbers 1, 2, 3, ... 
are 163, 427, 907, 1555, 2683, ... (Sloane’s A038552). 


The following table lists the numbers with small class 
numbers < 11. Lists including larger class numbers are 
given by Weisstein. 
h(-d) N d 
1 9 3,4, 7, 8, 11, 19, 43, 67, 163 
2 18 15, 20, 24, 35, 40, 51, 52, 88, 91, 115, 
123, 148, 187, 232, 235, 267, 403, 427 
3 16 23, 31, 59, 83, 107, 139, 211, 283, 307, 
331, 379, 499, 547, 643, 883, 907 
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h(_d) Nd 


4 54 


8 131 


10 87 


39, 55, 56, 68, 84, 120, 132, 136, 155, 
168, 184, 195, 203, 219, 228, 259, 280, 
291, 292, 312, 323, 328, 340, 355, 372, 
388, 408, 435, 483, 520, 532, 555, 568, 
595, 627, 667, 708, 715, 723, 760, 763, 
772, 795, 955, 1003, 1012, 1027, 1227, 
1243, 1387, 1411, 1435, 1507, 1555 

47, 79, 103, 127, 131, 179, 227, 347, 443, 
523, 571, 619, 683, 691, 739, 787, 947, 
1051, 1123, 1723, 1747, 1867, 2203, 2347, 
2683 

87, 104, 116, 152, 212, 244, 247, 339, 
411, 424, 436, 451, 472, 515, 628, 707, 
771, 808, 835, 843, 856, 1048, 1059, 1099, 
1108, 1147, 1192, 1203, 1219, 1267, 1315, 
1347, 1363, 1432, 1563, 1588, 1603, 1843, 
1915, 1963, 2227, 2283, 2443, 2515, 2563, 
2787, 2923, 3235, 3427, 3523, 3763 

71, 151, 223, 251, 463, 467, 487, 587, 
811, 827, 859, 1163, 1171, 1483, 1523, 
1627, 1787, 1987, 2011, 2083, 2179, 2251, 
2467, 2707, 3019, 3067, 3187, 3907, 4603, 
5107, 5923 

95, 111, 164, 183, 248, 260, 264, 276, 
295, 299, 308, 371, 376, 395, 420, 452, 
456, 548, 552, 564, 579, 580, 583, 616, 
632, 651, 660, 712, 820, 840, 852, 868, 
904, 915, 939, 952, 979, 987, 995, 1032, 
1043, 1060, 1092, 1128, 1131, 1155, 
1195, 1204, 1240, 1252, 1288, 1299, 1320, 
1339, 1348, 1380, 1428, 1443, 1528, 1540, 
1635, 1651, 1659, 1672, 1731, 1752, 1768, 
1771, 1780, 1795, 1803, 1828, 1848, 1864, 
1912, 1939, 1947, 1992, 1995, 2020, 2035, 
2059, 2067, 2139, 2163, 2212, 2248, 2307 
2308, 2323, 2392, 2395, 2419, 2451, 2587 
2611, 2632, 2667, 2715, 2755, 2788, 2827, 
2947, 2968, 2995, 3003, 3172, 3243, 3315 
3355, 3403, 3448, 3507, 3595, 3787, 3883, 
3963, 4123, 4195, 4267, 4323, 4387, 4747 
4843, 4867, 5083, 5467, 5587, 5707, 5947, 
6307 

199, 367, 419, 491, 563, 823, 1087, 1187 
1291, 1423, 1579, 2003, 2803, 3163, 3259, 
3307, 3547, 3643, 4027, 4243, 4363, 4483, 
4723, 4987, 5443, 6043, 6427, 6763, 6883, 
7723, 8563, 8803, 9067, 10627 

119, 143, 159, 296, 303, 319, 344, 415, 
488, 611, 635, 664, 699, 724, 779, 788, 
803, 851, 872, 916, 923, 1115, 1268, 
1384, 1492, 1576, 1643, 1684, 1688, 1707, 
1779, 1819, 1835, 1891, 1923, 2152, 2164, 
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h(—d) N d 


2363, 2452, 2643, 2776, 2836, 2899, 3028, 
3091, 3139, 3147, 3291, 3412, 3508, 3635 
3667, 3683, 3811, 3859, 3928, 4083, 4227, 
4372, 4435, 4579, 4627, 4852, 4915, 5131, 
5163, 5272, 5515, 5611, 5667, 5803, 6115, 
6259, 6403, 6667, 7123, 7363, 7387, 7435, 
7483, 7627, 8227, 8947, 9307, 10147, 
10483, 13843 

11 41 167, 271, 659, 967, 1283, 1303, 1307, 
1459, 1531, 1699, 2027, 2267, 2539, 2731, 
2851, 2971, 3203, 3347, 3499, 3739, 3931, 
4051, 5179, 5683, 6163, 6547, 7027, 7507 
7603, 7867, 8443, 9283, 9403, 9643, 9787, 
10987, 13003, 13267, 14107, 14683, 15667 


The table below gives lists of POSITIVE fundamental 
discriminants d having small class numbers h(d), cor- 
responding to REAL quadratic fields. All POSITIVE 
SQUAREFREE values of d < 97 (for which the KRon- 
ECKER SYMBOL is defined) are included. 


h(d) d 
1 5, 13, 17, 21, 29, 37, 41, 53, 57, 61, 69, 73, 77 
2 65 


The POSITIVE d for which h(d) = 1 is given by Sloane’s 
A014539. 


see also CLASS NUMBER FORMULA, DIRICHLET L- 
SERIES, DISCRIMINANT (BINARY QUADRATIC FORM), 
Gauss’s CLASS NUMBER CONJECTURE, GAUSS’S 
CLASS NUMBER PROBLEM, HEEGNER NUMBER, IDEAL, 
j-FUNCTION 
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Class Number Formula 

A class number formula is a finite series giving exactly 
the CLASS NUMBER of a RING. For a RING of quadratic 
integers, the class number is denoted h(d), where d is the 
discriminant. A class numbcr formula is known for the 
full ring of cyclotomic integers, as well as for any subring 
of the cyclotomic integers. This formula includes the 
quadratic case as well as many cubic and higher-order 
rings. 


see also CLASS NUMBER 


Class Representative 

A set of class representatives is a SUBSET of X which 
contains exactly one element from each EQUIVALENCE 
CLASS. 


Class (Set) 

A class is a special kind of SET invented to get around 
RUSSELL’S PARADOX while retaining the arbitrary cri- 
teria for membership which leads to difficulty for SETS. 
The members of classes are SETS, but it is possible to 
have the class C' of “all SETS which are not members of 
themselves” without producing a paradox (since C is a 
proper class (and not a SET), it is not a candidate for 
membership in C). 


see also AGGREGATE, RUSSELL’S PARADOX, SET 


Classical Groups 
The four following types of GROUPS, 


1. LINEAR GROUPS, 

2. ORTHOGONAL GROUPS, 

3. SYMPLECTIC GROUPS, and 
4. UNITARY GROUPS, 


which were studied before more exotic types of groups 
(such as the SPORADIC GROUPS) were discovered. 


see also GROUP, LINEAR GROUP, ORTHOGONAL 
GROUP, SYMPLECTIC GRouP, UNITARY GROUP 


Classification 

The classification of a collection of objects generally 
means that a list has been constructed with exactly one 
member from each ISOMORPHISM type among the ob- 
jects, and that tools and techniques can effectively be 
used to identify any combinatorially given object with 
its unique representative in the list. Examples of math- 
ematical objects which have been classified include the 
finite SIMPLE GROUPS and 2-MANIFOLDS but not, for 
example, KNOTS. 
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Classification Theorem 

The classification theorem of FINITE SIMPLE GROUPS, 
also known as the ENORMOUS THEOREM, which states 
that the FinrrE SIMPLE GROUPS can be classified com- 
pletely into 

1. CycLic Groups Z, of PRIME ORDER, 

2. ALTERNATING GROUPS A, of degree at least five, 


3. Lie-TYPE CHEVALLEY Groups  PSL(n,q), 
PSU(n,q), PsP(2n,q), and POQ*(n,q), 

4. LigE-TYPE (TWISTED CHEVALLEY GROUPS or the 
Tirs Group) *Da(q), Ee(q), Ex(q), Es(q), F4(q); 
?Fy(2")’, G2(q); *G2(3"), ?B(2”), 

. SPORADIC GRouPS Mii, M12, M22, Mo3, Moa, J2 = 
HJ, Suz, HS, McL, Co3, Coz, Coi, He, Fi22, Fiza, 
Fig4, HN, Th, B, M, Ji, O’N, Jz, Ly, Ru, Ja. 

The “PRoor” of this theorem is spread throughout the 

mathematical literature and is estimated to be approx- 

imately 15,000 pages in length. 


see also FINITE GROUP, GROUP, j-FUNCTION, SIMPLE 
GROUP 
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Clausen Formula 
Clausen’s 4F3 identity 


wi? & ¢ 4, _ (2a)\ai(a + b)yai (26) jay 
Te fF sg-  * (2a + 2b) aj) a) Oya 


holds fora +b+e-—d=1/2,e=a+641/2,a+f= 
d+1=6+4g, da nonpositive integer, and (a)n is the 
POCHHAMMER SYMBOL (Petkovéek et al. 1996). 


Another identity ascribed to Clausen which in- 
volves the HYPERGEOMETRIC FUNCTION 2F;(a, b; c; z) 
and the GENERALIZED HYPERGEOMETRIC FUNCTION 
3 F(a, b,c; d, e; z) is given by 


a 2a,a+b,2b | 
as ee ee te) a 


see also GENERALIZED HYPERGEOMETRIC FUNCTION, 
HYPERGEOMETRIC FUNCTION 
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Clausen Function 


Define 
“\ sin(kx 
Sn(2) = S> sin(te) (1) 
k=1 
Ca(n) = > Sone) (2) 
k=1 
and write 
sin(kx) 
Cla(z) = Sn(x) = ae i Zs, nm even (3) 
Ch(x) = a 1 cos(k) n odd. 


Then the Clausen function Cl, (2) can be given symbol- 
ically in terms of the POLYLOGARITHM as 


) = J dalLin(e7**) - Lin(e'*)] nm even 
Clr (x) — {i tiie rie) + Linte)} n ak 


For n = 1, the function takes on the special form 
Chi(z) = Ci(z) = —In|2sin($z)| (4) 


and for n = 2, it becomes CLAUSEN’S INTEGRAL 


Cl(x) = S2(x) = — / In[2sin(34)]dt. (5) 


The symbolic sums of opposite parity are summable 
symbolically, and the first few are given by 


Co(z) = $n”? — Awe + 32” (6) 

Ca(z) = o5 — hr?n? + bre® — fo" (7) 

Si(t) = 3(" — =) (8) 

S3(x) = an’ ~ rx? + ye (9) 
Lt 12,3 1 4 1,5 

Ss(x) = g57 L— 367 xz + are — aq67 (10) 


for 0 < 2 < 2r (Abramowitz and Stegun 1972). 


see also CLAUSEN’S INTEGRAL, POLYGAMMA FuUNC- 
TION, POLYLOGARITHM 


CLEAN Algorithm 
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Clausen’s Integral 


-1 


The CLAUSEN FUNCTION 
o 
Clh(6) = -f In[2 sin($t)] dt. 
0 


see also CLAUSEN FUNCTION 
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CLEAN Algorithm 

An iterative algorithm which DECONVOLVES a sampling 
function (the “DirTY BEAM”) from an observed bright- 
ness (“DirTY MAp”) of a radio source. This algorithm 
is of fundamental importance in radio astronomy, where 
it is used to create images of astronomical sources which 
are observed using arrays of radio telescopes (“synthesis 
imaging”). As a result of the algorithm’s importance to 
synthesis imaging, a great deal of effort has gone into 
optimizing and adjusting the ALGORITHM. CLEAN is a 
nonlinear algorithm, since linear DECONVOLUTION algo- 
rithms such as WIENER FILTERING and inverse filtering 


CLEAN Algorithm 


are inapplicable to applications with invisible distribu- 
tions (i.e., incomplete sampling of the spatial frequency 
plane) such as map obtained in synthesis imaging. 


The basic CLEAN method was developed by Hogbom 
(1974). It was originally designed for point sources, but 
it has been found to work well for extended sources 
as well when given a reasonable starting model. The 
Hégbom CLEAN constructs discrete approximations J, 
to the CLEAN Map in the (€,7) plane from the Con- 
VOLUTION equation 


be l=l', (1) 


where b' is the Dirty BEAM, I’ is the DIRTY MAP (both 
in the (€,7) PLANE), and f *g denotes a CONVOLUTION. 


The CLEAN algorithm starts with an initial approxi- 
mation Ip = 0. At the nth iteration, it then searches for 
the largest value in the residual map 


Tyed! 0 e Iasi. (2) 


A DELTA FUNCTION is then centered at the location of 
the largest residual flux and given an amplitude yu (the 
so-called “Loop GAIN”) times this value. An antenna’s 
response to the DELTA FUNCTION, the DIRTY BEAM, is 
then subtracted from J,,-1 to yield I,. Iteration con- 
tinues until a specified iteration limit N is reached, or 
until the peak residual or ROOT-MEAN-SQUARE resid- 
ual decreases to some level. The resulting final map is 
denoted Iy, and the position of each DELTA FUNCTION 
is saved in a “CLEAN component” table in the CLEAN 
Map file. At the point where component subtraction is 
stopped, it is assumed that the residual brightness dis- 
tribution consists mainly of NOISE. 


To diminish high spatial frequency features which may 
be spuriously extrapolated from the measured data, 
each CLEAN component is convolved with the so-called 

CLEAN BEAM 8, which is simply a suitably smoothed 

version of the sampling function (“DirTY BEAM”). Usu- 

ally, a GAUSSIAN is used. A good CLEAN BEAM should: 

1. Have a unity FOURIER TRANSFORM inside the sam- 
pled region of (u,v) space, 

2. Have a FOURIER TRANSFORM which tends to 0 out- 
side the sampled (u,v) region as quickly as possible, 
and 

3. Not have any effects produced by NEGATIVE side- 
lobes larger than the NOISE level. 

A CLEAN Map is produced when the final residual 

map is added to the the approximate solution, 


{clean map] = In * b+ [I' — 0! * Iy] (3) 


in order to include the NOISE. 


CLEAN will always converge to one (of possibly many) 
solutions if the following three conditions are satisfied 
(Schwarz 1978): 
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1. The beam must be symmetric. 


2. The FOURIER TRANSFORM of the Dirty BEAM is 
NONNEGATIVE (positive definite or positive semidef- 
inite). 

3. There must be no spatial frequencies present in the 
dirty image which are not also present in the DIRTY 
BEAM. 


These conditions are almost always satisfied in practice. 
If the number of CLEAN components does not exceed 
the number of independent (u,v) points, CLEAN con- 
verges to a solution which is the least squares fit of the 
FOURIER TRANSFORMS of the DELTA FUNCTION com- 
ponents to the measured visibility (Thompson et al. 
1986, p. 347). Schwarz claims that the CLEAN algo- 
rithm is equivalent to a least squares fitting of cosine 
and sine parts in the (u,v) plane of the visibility data. 
Schwab has produced a NOISE analysis of the CLEAN 
algorithm in the case of least squares minimization of 
a noiseless image which involves an N x M MATRIX. 
However, no NOISE analysis has been performed for a 
REAL image. 


Poor modulation of short spacings results in an under- 
estimation of the flux, which is manifested in a bowl of 
negative surface brightness surrounding an object. Pro- 
viding an estimate of the “zcro spacing” flux (the to- 
tal flux of the source, which cannot be directly mea- 
sured by an interferometer) can considerably reduce 
this effect. Modulations or stripes can occur at spa- 
tial frequencies corresponding to undersampled parts 
of the (u,v) plane. This can result in a golf ball-like 
mottling for disk sources such as planets, or a corru- 
gated pattern of parallel lines of peaks and troughs 
(“stripes”). A more accurate model can be used to sup- 
press the “golf ball” modulations, but may not elimi- 
nate the corrugations. A tapering function which de- 
emphasizes data near (u,v) = (0,0) can also be used. 
Stripes can sometimes be eliminated using the Cornwell 
smoothness-stabilized CLEAN (a.k.a. Prussian helmet 
algorithm; Thompson et al. 1986). CLEANing part way, 
then restarting the CLEAN also seems to eliminate the 
stripes, although this fact is more disturbing than reas- 
suring. Stability the the CLEAN algorithm is discussed 
by Tan (1986). 


In order to CLEAN a map of a given dimension, it is nec- 
essary to have a beam pattern twice as large so a point 
source can be subtracted from any point in the map. 
Because the CLEAN algorithm uses a FAST FOURIER 
TRANSFORM, the size must also be a POWER of 2. 


There arc many variants of the basic Hégbom CLEAN 
which extend the method to achieve greater speed and 
produce more realistic maps. Alternate nonlinear DE- 
CONVOLUTION methods, such as the MAXIMUM EN- 
TROPY METHOD, may also be used, but are gener- 
ally slower than the CLEAN technique. The Astro- 
nomical Image Processing Software (AIPS) of the Na- 
tional Radio Astronomical Observatory includes 2-D 
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DECONVOLUTION algorithms in the tasks DCONV and 
UVMAP. Among the variants of the basic Hogbom CLEAN 
are Clark, Cornwell smoothness stabilized (Prussian 
helmet), Cotton-Schwab, Gerchberg-Saxton (Fienup), 
Steer, Steer-Dewdney-Ito, and van Cittert iteration. 


In the Clark (1980) modification, CLEAN picks out only 
the largest residual points, and subtracts approximate 
point source responses in the (€,7) plane during minor 
(Hégbom CLEAN) cycles. It only occasionally (dur- 
ing major cycles) computes the full J, residual map by 
subtracting the identified point source responses in the 
(u,v) plane using a FAST FOURIER TRANSFORM for the 
CONVOLUTION. The ALGORITHM then returns to a mi- 
nor cycle. This algorithm modifies the H6gbom method 
to take advantage of the array processor (although it also 
works without one). It is therefore a factor of 2-10 faster 
than the simple Hégbom routine. It is implemented as 
the AIPS task APCLN. 


The Cornwell smoothness stabilized variant was devel- 
oped because, when dealing with two-dimensional ex- 
tended structures, CLEAN can produce artifacts in the 
form of low-level high frequency stripes running through 
the brighter structure. These stripes derive from poor 
interpolations into unsampled or poorly sampled re- 
gions of the (u,v) plane. When dealing with quasi-one- 
dimensional sources (i.e., jets), the artifacts resemble 
knots (which may not be so readily recognized as spuri- 
ous). APCLN can invoke a modification of CLEAN that 
is intended to bias it toward generating smoother solu- 
tions to the deconvolution problem while preserving the 
requirement that the transform of the CLEAN compo- 
nents list fits the data. The mechanism for introducing 
this bias is the addition to the Dirty BEAM of a DELTA 
FUNCTION (or “spike”) of small amplitude (PHAT) while 
searching for the CLEAN components. The beam used 
for the deconvolution resembles the helmet worn by Ger- 
man tilitary officers in World War I, hence the name 
“Prussian helmet” CLEAN. 


The theory underlying the Cornwell smoothness stabi- 
lized algorithm is given by Cornwell (1982, 1983), where 
it is described as the smoothness stabilized CLEAN. It 
is implemented in the AIPS tasks APCLN and MX. The 
spike performs a NEGATIVE feedback into the dirty im- 
age, thus suppressing features not required by the data. 
Spike heights of a few percent and lower than usual loop 
gains are usually needed. Also according to the MX doc- 
umentation, 


(noise)? __ 1 


PHAT ~ = z= 5: 
2(signal) 2(SNR) 


Unfortunately, the addition of a Prussian helmet gen- 
erally has “limited success,” so resorting to another de- 
convolution method such as the MAXIMUM ENTROPY 
METHOD is sometimes required. 
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The Cotton-Schwab uses the Clark method, but the 
major cycle subtractions of CLEAN components are 
performed on ungridded visibility data. The Cotton- 
Schwab technique is often faster than the Clark variant. 
It is also capable of including the w baseline term, thus 
removing distortions from noncoplanar baselines. It is 
often faster than the Clark method. The Cotton-Schwab 
technique is implemented as the AIPS task MX. 


The Gerchberg-Saxton variant, also called the Fienup 
variant, is a technique originally introduced for solv- 
ing the phase problem in electron microscopy. It was 
subsequently adapted for visibility amplitude measure- 
ments only. A Gerchberg-Saxton map is constrained to 
be NONZERO, and positive. Data and image plane con- 
straints are imposed alternately while transforming to 
and from the image plane. If the boxes to CLEAN are 
chosen to surround the source snugly, then the algorithm 
will converge faster and will have more chance of finding 
a unique image. The algorithm is slow, but should be 
comparable to the Clark technique (APCLN) if the map 
contains many picture elements. However, the resolu- 
tion is data dependent and varies across the map. It is 
implemented as the AIPS task APGS (Pearson 1984). 


The Steer variant is a modification of the Clark variant 
(Cornwell 1982). It is slow, but should be comparable 
to the Clark algorithm if the map contains many pic- 
ture elements. The algorithm used in the program is 
due to David Steer. The principle is similar to Barry 
Clark’s CLEAN except that in the minor cycle only 
points above the (trim level) x (peak in the residual map) 
are selected. In the major cycle these are removed us- 
ing a Fast FourteER TRANSFORM. If boxes are chosen 
to surround the source snugly, then the algorithm will 
converge faster and will have more chance of finding a 
unique image. It is implemented in AIPS as the exper- 
imental program STEER and as the Steer-Dewdney-Ito 
variant combined with the Clark algorithm as SDCLN. 


The Steer-Dewdney-Ito variant is similar to the Clark 
variant, but the components are taken as all pixels 
having residual flux greater than a cutoff value times 
the current peak residual. This method should avoid 
the “ripples” produced by the standard CLEAN on ex- 
tended emission. The AIPS task SDCLN does an AP- 
based CLEAN of the the Clark type, but differs from 
APCLN in that it offers the option to switch to the Steer- 
Dewdney-Ito method. 


Finally, van Cittert iteration consists of two stcps: 


1. Estimate a correction to add to the current map es- 
timate by multiplying the residuals by some weight. 
In the classical van Cittert algorithm, this weight is 
a constant, where as in CLEAN the weight is zero 
everywhere except at the peak of the residuals. 

2. Add the step to the current estimate, and subtract 


the estimate, convolved with the DIRTY BEAM, from 
the residuals. 


CLEAN Beam 


Though it is a simple algorithm, it works well (if slowly) 
for cases where the DIRTY BEAM is positive semidefinite 
(as it is in astronomical observations). The basic idea is 
that the Dirty Map is a reasonably good estimate of 
the deconvolved map. The different iterations vary only 
in the weight to apply to each residual in determining 
the correction step. van Cittert iteration is implemented 
as the AIPS task APVC, which is a rather experimental 
and ad hoc procedure. In some limiting cases, it reduces 
to the standard CLEAN algorithm (though it would be 
impractically slow). 


see also CLEAN BEAM, CLEAN Map, Dirty BEAM, 
Dirty Map 
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CLEAN Beam 

An ELLIPTICAL GAUSSIAN fit to the DIRTY BEAM in 
order to remove sidelobes. The CLEAN beam is con- 
volved with the final CLEAN iteration to diminish spu- 
rious high spatial frequencies. 


see also CLEAN ALGORITHM, CLEAN Map, DECON- 
VOLUTION, Dirty BEAM, Dirty Map 


CLEAN Map 

The deconvolved map extracted from a finitely sampled 
DIRTY MAP by the CLEAN ALGORITHM, MAXIMUM 
ENTROPY METHOD, or any other DECONVOLUTION pro- 
cedure. 
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see also CLEAN ALGORITHM, CLEAN BEawM, DECON- 
VOLUTION, DIRTY BEAM, DIRTY Map 


Clebsch-Aronhold Notation 

A notation used to describe curves. The fundamen- 
tal principle of Clebsch-Aronhold notation states that 
if each of a number of forms be replaced by a POWER of 
a linear form in the same number of variables equal to 
the order of the given form, and if a sufficient number 
of equivalent symbols are introduced by the ARONHOLD 
PROCESS so that no actual COEFFICIENT appears except 
to the first degree, then every identical relation holding 
for the new specialized forms holds for the general ones. 
References 
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Clebsch Diagonal Cubic 


A Cusic ALGEBRAIC SURFACE given by the equation 
to? + 21° + 22° + 23° + 24° = 0, (1) 
with the added constraint 
Lote +%2+43+ 24 = 0. (2) 


The implicit equation obtained by taking the plane at 
infinity as zo + 21 + 22 + 23/2 is 


81(a> +y3 +27) - 18927? ytarety ety? z+27atz7y) 
+54zyz + 126(xy + cz + yz) — O(a? +y? +27) 
-8Ae@+yt+z)+1=0 (3) 


(Hunt, Nordstrand). On Clebsch’s diagonal surface, 
all 27 of the complex lines (SOLOMON’s SEAL LINES) 
present on a general smooth CUBIC SURFACE are real. 
In addition, there are 10 points on the surface where 3 
of the 27 lines meet. These points are called ECKARDT 
PoINnTs (Fischer 1986, Hunt), and the Clebsch diago- 
nal surface is the unique CUBIC SURFACE containing 10 
such points (Hunt). 


If one of the variables describing Clebsch’s diagonal sur- 
face is dropped, leaving the equations 


ao? +a1° +22°+23° =0, (4) 
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tot+a@i+22+23=0, (5) 


the equations degenerate into two intersecting PLANES 
given by the equation 


(a+ y)(x@+z)(y+z) =0. (6) 


see also CUBIC SURFACE, ECKARDT POINT 
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Clebsch-Gordon Coefficient 

A mathematical symbol used to integrate products of 
three SPHERICAL HARMONICS. Clebsch-Gordon coeffi- 
cients commonly arise in applications involving the ad- 
dition of angular momentum in quantum mechanics. If 
products of more than three SPHERICAL HARMONICS 
are desired, then a generalization known as WIGNER 
6j7-SYMBOLS or WIGNER 9j-SYMBOLS is used. The 
Clebsch-Gordon coefficients are written 


Chaymg = (jrjomimealjrjojm) (1) 
and are defined by 


Vim = 


SS) Cita Ua ma, (2) 


M=M,+M2 


where J = J; + Je. The Clebsch-Gordon coefficients 
are sometimes expressed using the related RACAH V- 
COEFFICIENTS 


V (j1j2j3 mim2m) (3) 


or WIGNER 3j-SYMBOLS. Connections among the three 
are 


(j1j27™1Ma|jijom) 


= yim fapai ( 2 ja J ) (4) 


(j1Jamimea|jijojm) 
= (-1)°t" 4/27 + 1V(jnjaj;mimz —m) (5) 


tan _(_4)-hthti f A RoW 
V(jij2j; mimzm) = (1) e mi ae 


(6) 
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They have the symmetry 


(jrjamimealjijajm) = (-1)* 497-79 (jaj1memaljajijm), 
(7) 


and obey the orthogonality relationships 


So (irjamamaljrjnjm)(jrjagmljrjamimy) 
p,m 


= bm, m! Sng m!, (8) 


D> Grdarmama|yjagajm) (jrj23'm' |jigamima) 


™ 1,72 


= 64;-5mm'- (9) 


see also RACAH V-COEFFICIENT, RACAH W-COEF- 
FICIENT, WIGNER 3j7-SYMBOL, WIGNER 6j-SYMBOL, 
WIGNER 9j-SYMBOL 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Vector-Addition 
Coefficients.” §27.9 in Handbook of Mathematical Func- 
tions with Formulas, Graphs, and Mathematical Tables, 
9th printing. New York: Dover, pp. 1006-1010, 1972. 

Cohen-Tannoudji, C.; Diu, B.; and Laloé, F. “Clebsch- 
Gordon Coefficients.” Complement Bx in Quantum Me- 
chanics, Vol. 2. New York: Wiley, pp. 1035-1047, 1977. 

Condon, E. U. and Shortley, G. §3.6-3.14 in The Theory of 
Atomic Spectra. Cambridge, England: Cambridge Univer- 
sity Press, pp. 56~78, 1951. 

Fano, U. and Fano, L. Basie Physics of Atoms and Molecules. 
New York: Wiley, p. 240, 1959. 

Messiah, A. “Clebsch-Gordon (C.-G.) Coefficients and ‘3,’ 
Symbols.” Appendix C.I in Quantum Mechanics, Vol. 2. 
Amsterdam, Netherlands: North-Holland, pp. 1054-1060, 
1962. 

Shore, B. W. and Menzel, D. H. “Coupling and Clebsch- 
Gordon Coefficients.” §6.2 in Principles of Atomic Spectra. 
New York: Wiley, pp. 268-276, 1968. 

Sobel’man, I. I. “Angular Momenta.” Ch. 4 in Atomic Spec- 
tra and Radiative Transitions, 2nd ed. Berlin: Springer- 
Verlag, 1992. 


Clement Matrix 
see KAC MATRIX 


Clenshaw Recurrence Formula 

The downward Clenshaw recurrence formula evaluates a 
sum of products of indexed COEFFICIENTS by functions 
which obey a recurrence relation. If 


N 


Fle) = Yen Fe(e) 


k=0 


and 


Fr+1(2) a a(n, x) F(x) + B(n, 2) Fr-i(x), 


Cliff Random Number Generator 


where the c,s are known, then define 


YN+2 = yn+1 =0 
Ye = a(k, 2) yng1 + B(R+1,2)ynp2 + ck 


for k = N,N —1,... and solve backwards to obtain y2 
and y. 


Ck = Ye — a(k, 2)ye+1 — B(R+1,2)ye+2 


N 


f(a) = D7 caFi(2) 


= coFo(x) + [yi — a(1, 2)y2 — B(2, x)ys)Fi(z) 
+[y2 — a(2, x)ys — B(3, x)y4] Fo(z) 
+lys ~ a(3, 2)ys — B(4, 2) ys] F3(x) 
+[ys — a(4, 2)ys — B(5,)ye}Fa(x) +... 

= coFo(z) + yi Fi(x) + yo[Fo(x) — a(1, x) Fi(z)] 
+ ys[F3(x) — a(2, 2) Fe(x) — B(2, 2)] 
+ ya[Fu(x) — a(3,2)F3(x) — B(3,2)] +... 

= coFo(x) + ya[{a(1, 2) Fi (x) + B01, 2) Fo(x)} 
— a(1,2)Fi(x)] + Fi (z) 

= coFo(x) + yi Fi(x) + B(1, x) Fo(x) ye. 


The upward Clenshaw recurrence formula is 
y-2 = y-1=0 


Yk = B(k+ 1,2) Ye? — a(k, 2)yn—1 — cx] 


fork =0,1,...,N—-1. 


f(z) = cn F(x) — B(N,2)Fn-1(x)yn-1 — Fn (x)yn-2- 
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Cliff Random Number Generator 
A RANDOM NUMBER generator produced by iterating 


Xn41 = |100In X, (mod 1)| 


for a SEED Xp = 0.1. This simple generator passes 
the NOISE SPHERE test for randomness by showing no 
structure. 


see also RANDOM NUMBER, SEED 
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Clifford Algebra 

Let V be an n-D linear SPACE over a FIELD K, and let Q 
be a QUADRATIC FORM on V. A Clifford algebra is then 
defined over the T(V)/I(Q), where T(V) is the tensor 
algebra over V and J is a particular IDEAL of T(V). 
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Clifford’s Circle Theorem 

Let Ci, Co, C3, and C4 be four CIRCLES of GENERAL 
POSITION through a point P. Let Pj; be the second 
intersection of the CIRCLES C; and C;. Let Cijx be 
the CIRCLE P;;PixP;~. Then the four CIRCLES Po3a, 
Pi3a, Py24, and Pi23 all pass through the point Pio3a. 
Similarly, let Cs be a fifth CIRCLE through P. Then the 
five points P2345, Pry345, Pry248, Py235 and Pry234 all lie on 
one CIRCLE C2343. And so on. 


see also CIRCLE, COX’S THEOREM 


Clifford’s Curve Theorem 
The dimension of a special series can never exceed half 
its order. 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 


York: Dover, p. 263, 1959. 


Clique 

In a GRAPH of N VERTICES, a subset of pairwise ad- 
jacent VERTICES is known as a clique. A clique is a 
fully connected subgraph of a given graph. The prob- 
lem of finding the size of a clique for a given GRAPH is 
an NP-COMPLETE PROBLEM. The number of graphs on 
n nodes having 3 cliques are 0, 0, 1, 4, 12, 31, 67, ... 
(Sloane’s A005289). 


see also CLIQUE NUMBER, MAXIMUM CLIQUE PROB- 
LEM, RAMSEY NUMBER, TURAN’S THEOREM 
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Clique Number 
The number of VERTICES in the largest CLIQUE of G, 
denoted w(G). For an arbitrary GRAPH, 


“~ 
w(G) > > ae 
i=1 


where d; is the DEGREE of VERTEX i. 


References 
Aigner, M. “Turdn’s Graph Theorem.” Amer. Math. 
Monthly 102, 808-816, 1995. 
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Clock Solitaire 
A solitaire game played with CARDS. The chance of 
winning is 1/13, and the AVERAGE number of CARDS 
turned up is 42.4. 


References 

Gardner, M. Mathematical Magic Show: More Puzzles, 
Games, Diversions, Illusions and Other Mathematical 
Sleight-of-Mind from Scientific American. New York: 
Vintage, pp. 244-247, 1978. 


Close Packing 
see SPHERE PACKING 


Closed Curve 


Ole LC 


closed curves 
A CURVE with no endpoints which completely encloses 
an AREA. A closed curve is formally defined as the con- 
tinuous IMAGE of a CLOSED SET. 


see also SIMPLE CURVE 


open curves 


Closed Curve Problem 

Find NECESSARY and SUFFICIENT conditions that de- 
termine when the integral curve of two periodic func- 
tions K(s) and 7(s) with the same period L is a CLOSED 
CURVE. 


Closed Disk 

An n-D closed disk of RADIUS r is the collection of points 
of distance < r from a fixed point in EUCLIDEAN n- 
space. 


see also Disk, OPEN DISK 


Closed Form 

A discrete FUNCTION A(n,k) is called closed form (or 
sometimes “hypergeometric” ) in two variables if the ra- 
tios A(n+1,k)/A(n,k) and A(n,k+1)/A(n, k) are both 
RATIONAL FUNCTIONS. A pair of closed form functions 
(F, G) is said to be a WILF-ZEILBERGER PAIR if 


F(n+1,k) — F(n,k) = G(n,k + 1) — G(n,k). 


see also RATIONAL FUNCTION, WILF-ZEILBERGER PAIR 


References 

Petkovgek, M.; Wilf, H. S.; and Zeilberger, D. A=B. Welles- 
ley, MA: A. K. Peters, p. 141, 1996. 

Zeilberger, D. “Closed Form (Pun Intended!).” Contempo- 
rary Math. 143, 579-607, 1993. 


Closure 


Closed Graph Theorem 
A linear OPERATOR between two BANACH SPACES is 
continuous IFF it has a “closed” GRAPH. 


see also BANACH SPACE 


References 
Zeidler, E. Applied Functional Analysis: Applications to 
Mathematical Physics. New York: Springer-Verlag, 1995. 


Closed Interval 

An INTERVAL which includes its Limit PoInts. If the 
endpoints of the interval are FINITE numbers a and b, 
then the INTERVAL is denoted [a,b]. If one of the end- 
points is -too, then the interval still contains all of its 
Limit POINTS, so [a,oo) and (—oo,8] are also closed 
intervals. 


see also HALF-CLOSED INTERVAL, OPEN INTERVAL 


Closed Set 


There are several equivalent definitions of a closed SET. 


A SET S is closed if 

1. The COMPLEMENT of S is an OPEN SET, 

2. S is its own CLOSURE, 

3. Sequences/nets/filters in S which converge do so 
within S, 

4. Every point outside S has a NEIGHBORHOOD disjoint 
from S. 


The POINT-SET TOPOLOGICAL definition of a closed set 
is a set which contains all of its Limit Points. There- 
fore, a closed set C’ is one for which, whatever point z 
is picked outside of C, x can always be isolated in some 
OPEN SET which doesn’t touch C. 


see also CLOSED INTERVAL 


Closure 

A SET S and a BINARY OPERATOR * are said to ex- 
hibit closure if applying the BINARY OPERATOR to two 
elements S returns a value which is itself a member of 


S. 


The term “closure” is also used to refer to a “closed” 

version of a given set. The closure of a SET can be 

defined in several equivalent ways, including 

1. The SET plus its LIMIT POINTS, also called “bound- 
ary” points, the union of which is also called the 
“frontier,” 

2. The unique smallest CLOSED SET containing the 
given SET, 

3. The COMPLEMENT of the interior of the COMPLE- 
MENT of the set, 

4. The collection of all points such that every NEIGH- 
BORHOOD of them intersects the original SET in a 
nonempty SET. 


In topologies where the T2-SEPARATION AXIOM is as- 
sumed, the closure of a finite SET S$ is S itself. 


Clothoid 


see also BINARY OPERATOR, EXISTENTIAL CLOSURE, 
REFLEXIVE CLOSURE, TIGHT CLOSURE, TRANSITIVE 
CLOSURE 


Clothoid 
see also CORNU SPIRAL 


Clove Hitch 


A Hrtcu also called the BoarMAN’s KNoT or PEG 
KNOT. 


References 
Owen, P. Knots. Philadelphia, PA: Courage, pp. 24-27, 1993. 


Clump 
see RUN 


Cluster 
Given a lattice, a cluster is a group of filled cells which 
are all connected to their neighbors vertically or hori- 
zontally. 


see alsa CLUSTER. PERIMETER, PERCOLATION THEORY, 
s-CLUSTER, 8-RUN 


References 
Stauffer, D. and Aharony, A. Introduction to Percolation 
Theory, 2nd ed. London: Taylor & Francis, 1992. 


Cluster Perimeter 
The number of empty neighbors of a CLUSTER. 


see also PERIMETER POLYNOMIAL 


Coanalytic Set 
A DEFINABLE SET which is the complement of an AN- 
ALYTIC SET. 


see also ANALYTIC SET 


Coastline Paradox 

Determining the length of a country’s coastline is not 
as simple as it first appears, as first considered by 
L. F. Richardson (1881-1953). In fact, the answer de- 
pends on the length of the RULER you use for the mea- 
surements. A shorter RULER measures more of the sin- 
uosity of bays and inlets than a larger one, so the esti- 
mated length continues to increase as the RULER length 
decreases. 


In fact, a coastline is an example of a FRACTAL, and 
plotting the length of the RULER versus the measured 
length of the coastline on a log-log plot gives a straight 
line, the slope of which is the FRACTAL DIMENSION of 
ihe coastline (and will be a number between 1 and 2). 


Cobordism 273 


References 

Lauwerier, H. Fractals: Endlessly Repeated Geometric Fig- 
ures. Princeton, NJ: Princeton University Press, pp. 29- 
31, 1991. 


Coates-Wiles Theorem 

In 1976, Coates and Wiles showed that ELLIPTIC 
CURVES with COMPLEX MULTIPLICATION having an in- 
finite number of solutions have L-functions which are 
zero at the relevant fixed point. This is a special case of 
the SWINNERTON-DYER CONJECTURE. 


References 
Cipra, B. “Fermat Prover Points to Next Challenges.” Sci- 


ence 271, 1668-1669, 1996. 


CIRCLES which share a RADICAL LINE with a given cir- 
cle are said to be coaxal. The centers of coaxal circles 
are COLLINEAR. It is possible to combine the two types 
of coaxal systems illustrated above such that the sets 
are orthogonal. 


Coaxal Circles 


see also CIRCLE, COAXALOID SYSTEM, GaAUSS- 


BODENMILLER THEOREM, RADICAL LINE 


References 

Coxeter, H. S. M. and Greitzer, 5. L. Geometry Revisited. 
Washington, DC: Math. Assoc. Amer., pp. 35-36 and 122, 
1967. 

Dixon, R. Mathographics. New York: Dover, pp. 68-72, 1991. 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Iriangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 34 37, 199, and 279, 1929. 


Coaxal System 
A system of COAXAL CIRCLES. 


Coaxaloid System 
A system of circles obtained by multiplying each RADIUS 
in a COAXAL SYSTEM by a constant. 


References 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 276-277, 1929. 


Cebordant Manifold 

Two open MANIFOLDS M and M’ arc cobordant if there 
exists a MANIFOLD with boundary W"*? such that an 
acceptable restrictive relationship holds. 


see also COBORDISM, h-COBORDISM THEOREM, MORSE 
THEORY 


Cobordism 


see BORDISM, h-COBORDISM 
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Cobordism Group 
see BORDISM GROUP 


Cobordism Ring 
see BORDISM GROUP 


Cochleoid 


The cochleoid, whose name means “snail-form” in Latin, 
was first discussed by J. Peck in 1700 (MacTutor Ar- 
chive). The points of contact of PARALLEL TANGENTS 
to the cochleoid lie on a STROPHOID. 


In POLAR COORDINATES, 


asin 
ear es (1) 
In CARTESIAN COORDINATES, 
2 2 ~1/¥)\_ 
(2° + y°) tan (2) = ay. (2) 
The CURVATURE is 
2/2 67(26 — sin(26 


F [1 + 26? — cos(20) — 26 sin(26)]/2” 


see also QUADRATRIX OF HIPPIAS 


References 

Lawrence, J. D. A Catalog of Special Plane Curves. New 
York: Dover, pp. 192 and 196, 1972. 

MacTutor History of Mathematics Archive. ‘“Cochleoid.” 
http: //www-groups.dcs.st-and.ac.uk/~history/Curves 
/Cochleoid.html. 


Cochleoid Inverse Curve 


The INVERSE CURVE of the COCHLEOID 


sin 8 


r= (1) 


Code 


with INVERSION CENTER at the ORIGIN and inversion 
radius k is the QUADRATRIX OF HIPPIAS. 


x = ktcoté (2) 
y = kt. (3) 


Cochloid 
see CONCHOID OF NICOMEDES 


Cochran’s Theorem 
The converse of FISHER’S THEOREM. 


Cocked Hat Curve 


The PLANE CURVE 
(x? + 2ay — a”)? = y"(a" — 2”), 


which is similar to the BICORN. 


References 
Cundy, H. and Rollett, A. Mathematical Models, Srd ed. 
Stradbroke, England: Tarquin Pub., p. 72, 1989. 


Cocktail Party Graph 


A GRAPH consisting of two rows of paired nodes in which 
all nodes but the paired ones are connected with an 
EDGE. It is the complement of the LADDER GRAPH. 


Coconut 
see MONKEY AND COCONUT PROBLEM 


Codazzi Equations 
see MAINARDI-CODAZZI EQUATIONS 


Code 
A code is a set of n-tuples of elements (“Worps”) taken 
from an ALPHABET. 


see also ALPHABET, CODING THEORY, ENCODING, 


ERROR-CORRECTING CODE, GRAY CODE, HUFFMAN 
CopiInG, ISBN, LINEAR CoDE, WORD 


Codimension 


Codimension 

The minimum number of parameters needed to fully de- 
scribe all possible behaviors near a nonstructurally sta- 
ble element. 


see also BIFURCATION 


Coding Theory 

Coding theory, sometimes called ALGEBRAIC CODING 
THEORY, deals with the design of ERROR-CORRECTING 
CopEs for the reliable transmission of information 
across noisy channels. It makes use of classical and 
modern algebraic techniques involving FINITE FIELDS, 
GROUP THEORY, and polynomial algebra. It has con- 
nections with other areas of DISCRETE MATHEMATICS, 
especially NUMBER THEORY and the theory of experi- 
mental designs. 


see also ENCODING, ERROR-CORRECTING CODE, GA- 
LOIS FIELD, HADAMARD MATRIX 


References 

Alexander, B. “At the Dawn of the Theory of Codes.” Math. 
Intel. 15, 20-26, 1993. 

Golomb, $. W.; Peile, R. E.; and Scholtz, R. A. Basic Con- 
cepts in Information Theory and Coding: The Adventures 
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MacWilliams, F. J. and Sloane, N. J. A. The Theory of Error- 
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Coefficient 

A multiplicative factor (usually indexed) such as one of 
the constants a; in the POLYNOMIAL anz" +@n-12""' + 
... bagz? + azz + ao. 

see also BINOMIAL COEFFICIENT, CARTAN TOR- 
SION COEFFICIENT, CENTRAL BINOMIAL COEFFI- 
CIENT, CLEBSCH-GORDON COEFFICIENT, COEFFI- 
CIENT FIELD, COMMUTATION COEFFICIENT, CON- 
NECTION COEFFICIENT, CORRELATION COEFFICIENT, 
CROSS-CORRELATION COEFFICIENT, EXCESS COEF- 
FICIENT, GAUSSIAN COEFFICIENT, LAGRANGIAN Co- 
EFFICIENT, MULTINOMIAL COEFFICIENT, PEARSON’S 
SKEWNESS COEFFICIENTS, PRODUCT-MOMENT Co- 
EFFICIENT OF CORRELATION, QUARTILE SKEWNESS 
COEFFICIENT, QUARTILE VARIATION COEFFICIENT, 
RACAH V-COEFFICIENT, RACAH W-COEFFICIENT, RE- 
GRESSION COEFFICIENT, ROMAN COEFFICIENT, TRI- 
ANGLE COEFFICIENT, UNDETERMINED COEFFICIENTS 
METHOD, VARIATION COEFFICIENT 


Coefficient Field 

Let V be a VECTOR SPACE over a FIELD K, and let A be 
a nonempty SET. For an appropriately defined AFFINE 
SPACE A, K is called the COEFFICIENT field. 
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Coercive Functional 

A bilinear FUNCTIONAL ¢ on a normed SPACE E is called 
coercive {or sometimes ELLIPTIC) if there exists a Pos- 
ITIVE constant K such that 


G(z,a) > K|z\\? 


for allz € E. 
see also LAX-MILGRAM THEOREM 


References 

Debnath, L. and Mikusiriski, P. Introduction to Hilbert 
Spaces with Applications. San Diego, CA: Academic Press, 
1990. 


Cofactor 

The MINOR of a DETERMINANT is another DETERMI- 
NANT |C| formed by omitting the ith row and jth col- 
umn of the original DETERMINANT |M]. 


Ci; = (—1)**aiMi;. 
see also DETERMINANT EXPANSION BY MINORS, MINOR 


Cohen-Kung Theorem 
Guarantees that the trajectory of LANGTON’S ANT is 
unbounded. 


Cohomology 

Cohomology is an invariant of a TOPOLOGICAL SPACE, 
formally “dual” to HOMOLOGY, and so it detects “holes” 
in a SPACE. Cohomology has more algebraic structure 
than HOMOLOGY, making it into a graded ring (multi- 
plication given by “cup product”), whereas HOMOLOGY 
is just a graded ABELIAN GROUP invariant of a SPACE. 


A generalized homology or cohomology theory must sat- 
isfy all of the EILENBERG-STEENROD AXIOMS with the 
exception of the dimension axiom. 


see also ALEKSANDROV-CECH COHOMOLOGY, ALEXAN- 
DER-SPANIER COHOMOLOGY, CECH COHOMOLOGY, DE 
RHAM COHOMOLOGY, HOMOLOGY (TOPOLOGY) 


Cohomotopy Group 

Cohomotopy groups are similar to HOMOTOPY GROUPS. 
A cohomotopy group is a GRouP related to the HOMO- 
TOPY classes of MAPS from a SPACE X into a SPHERE 
Ss". 

see also HOMOTOPY GROUP 


Coin 

A flat disk which acts as a two-sided DIE. 

see BERNOULLI TRIAL, CARDS, COIN PARADOX, COIN 
TossING, DICE, FELLER’S COIN-TOSSING CONSTANTS, 
Four Coins PROBLEM, GAMBLER’S RUIN 


References 
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Coin Flipping 
see COIN TOSSING 


Coin Paradox 


After a half rotation of the coin on the left around the 
central coin (of the same RADIUS), the coin undergoes 
a complete rotation. 


References 
Pappas, T. “The Coin Paradox.” The Joy of Mathematics. 
San Carlos, CA: Wide World Publ./Tetra, p. 220, 1989. 


Coin Problem 

Let there be n > 2 INTEGERS 0 < aj <... < Gn with 
(a1, @2,...,@n) = 1 (all RELATIVELY Prime). For large 
enough N = }0"_| a:ai, there is a solution in NONNEG- 
ATIVE INTEGERS 2;. The greatest N = g(a1,@2,...@n) 
for which there is no solution is called the coin problem. 
Sylvester showed 


g(a1, a2) = (a1 _ 1) (az _ 1) —1, 


and an explicit solution is known for n = 3, but no 
closed form solution is known for larger N. 


References 

Guy, R. K. “The Money-Changing Problem.” §C7 in Un- 
solved Problems in Number Theory, 2nd ed. New York: 
Springer-Verlag, pp. 113-114, 1994. 


Coin Tossing 

An idealized coin consists of a circular disk of zero thick- 
ness which, when thrown in the air and allowed to fall, 
will rest with either side face up (“heads” H or “tails” T) 
with equal probability. A coin is therefore a two-sided 
Dig. A coin toss corresponds to a BERNOULLI DISTRI- 
BUTION with p = 1/2. Despite slight differences between 
the sides and NONZERO thickness of actual coins, the 
distribution of their tosses makes a good approximation 
to ap = 1/2 BERNOULLI DISTRIBUTION. 


There are, however, some rather counterintuitive prop- 
erties of coin tossing. For example, it is twice as likely 
that the triple TTH will be encountered before THT 
than after it, and three times as likely that THH will 
precede HTT. Furthermore, it is six times as likely that 
HTT will be the first of HTT, TTH, and TTT to oc- 
cur (Honsberger 1979). More amazingly still, spinning 
a penny instead of tossing it results in heads only about 
30% of the time (Paulos 1995). 


Let w(n) be the probability that no RUN of three consec- 
utive heads appears in n independent tosses of a COIN. 
The following table gives the first few values of w(n). 


Coin Tossing 


nm w(n) 
Oo 1 
1 1 
2 1 
af 
4 
5G 


Feller (1968, pp. 278-279) proved that 


Jim, w(n)a"*? = 8, (1) 


where 


a = 1[(136 + 24V33)'/? — 8(136 + 24/33) ~*/? — 2] 


= 1.087378025... (2) 
and 9 
—a 
B = 7—— = 1.236839845.... (3) 


The corresponding constants for a RUN of k > 1 heads 
are a,x, the smallest POSITIVE ROOT of 


1—2+(iz)*t* =0, (4) 
and 
= 2-—a 
~ k+1—-kax’ 
These arc modified for unfair coins with P(H) = p and 


P(T) =q=1->p to a, the smallest PosiTI1vE Root 
of 


Br (5) 


1-2+qp*c*** =0, (6) 
and ; 
* 1 — pa, 
(k+1—ka,)p 
(Feller 1968, pp. 322-325). 


see also BERNOULLI DISTRIBUTION, CARDS, COIN, 
DICE, GAMBLER’S RUIN, MARTINGALE, RUN, SAINT 
PETERSBURG PARADOX 


Dr (7) 
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Coincidence 


Coincidence 

A coincidence is a surprising concurrence of events, per- 
ceived as meaningfully related, with no apparent causal 
connection (Diaconis and Mosteller 1989). 


see also BIRTHDAY PROBLEM, LAW OF TRULY LARGE 
NUMBERS, ODDS, PROBABILITY, RANDOM NUMBER 
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Colatitude 

The polar angle on a SPHERE measured from the North 
Pole instead of the equator. The angle ¢ in SPHERICAL 
COORDINATES is the COLATITUDE. It is related to the 
LATITUDE 6 by ¢ = 90° — 6. 


see also LATITUDE, LONGITUDE, SPHERICAL COORDI- 
NATES 


Colinear 
see COLLINEAR 


Collatz Problem 

A problem posed by L. Collatz in 1937, also called the 
3x2 + 1 MAPPING, HASSE’S ALGORITHM, KAKUTANI’S 
PROBLEM, SYRACUSE ALGORITHM, SYRACUSE PROB- 
LEM, THWAITES CONJECTURE, and ULAM’S PROBLEM 
(Lagarias 1985). Thwaites (1996) has offered a £1000 
reward for resolving the CONJECTURE. Let nm be an IN- 
TEGER. Then the Collatz problem asks if iterating 


1 
_— fan for nm even 1 
F(n) { 3n+1 for n odd (1) 


always returns to 1 for POSITIVE n. This question 
has been tested and found to be true for all numbers 
< 5.6 x 10'* (Leavens and Vermeulen 1992), and more 
recently, 10'° (Vardi 1991, p. 129). The members of 
the SEQUENCE produced by the Collatz are sometimes 
known as HAILSTONE NUMBERS. Because of the dif- 
ficulty in solving this problem, Erdés commented that 
“mathematics is not yet ready for such problems” (La- 
garias 1985). If NEGATIVE numbers are included, there 
are four known cycles (excluding the trivial 0 cycle): (4, 
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2, 1), (—2, -1), (-5, —7, —10), and (-17, —25, —37, 
—55, —82, —41, —61, —91, —136, —68, —34). The num- 
ber of tripling steps needed to reach 1 for n = 1, 2, ... 
are 0, 0, 2, 0, 1, 2, 5, 0, 6,... (Sloane’s A006667). 


The Collatz problem was modified by Terras (1976, 
1979), who asked if iterating 


1 


ey { 1 (30 +1) 


always returns to 1. If NEGATIVE numbers are included, 
there are 4 known cycles: (1, 2), (—1), (—5, —7, —10), 
and (-—17, —25, -37, —55, —82, —41, -61, —91, —136, 

68, -34). It is a special case of the “generalized Collatz 
problem” with d = 2, mp = 1, mi = 3, ro = O, and 
ry = —1. Terras (1976, 1979) also proved that the set 
of INTEGERS S; = {n: n has stopping time < k} has a 
limiting asymptotic density F(k), so the limit 


for x even 
for x odd (2) 


F(k) = lim 3, (3) 
z-r+co © 
for {n : n < @ and a(n) < k} exists. Furthermore, 
F(k) > 1 as k + oo, so almost all INTEGERS have a 
finite stopping time. Finally, for all k > 1, 


1 F(k) = lim = <2", (4) 
root 
where 
1 = 1— H(6) = 0.05004... (5) 
H(a) = -zlgz ~ (1— x) 1g(1— z) (6) 
1 
= 63 (7) 


(Lagarias 1985). 


Conway proved that the original Collatz problem has 
no nontrivial cycles of length < 400. Lagarias (1985) 
showed that there are no nontrivial cycles with length 
< 275,000. Conway (1972) also proved that Collatz- 
type problems can be formally UNDECIDABLE. 


A generalization of the COLLATZ PROBLEM lets d > 2 be 
a POSITIVE INTEGER and mo, ..., mMa-1 be NONZERO 
INTEGERS. Also let r; € Z satisfy 


Tr; =im; (mod d). (8) 
Then 
rae (9) 


for x =7i (mod d) defines a generalized Collatz mapping. 
An equivalent form is 


T(2) = | ae 6 (10) 
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for zc =i (mod d) where Xo, ..., Xa-1 are INTEGERS 
and |r| is the FLOOR FUNCTION. The problem is con- 
nected with ERGODIC THEORY and MARKOV CHAINS 
(Matthews 1995). Matthews (1995) obtained the fol- 
lowing table for the mapping 


fie for c =0 (mod 2) 
ale f(se+k) forz=1(mod2), (1) 


where k = Tye. 
k # Cycles Max. Cycle Length 
0 5 27 
1 10 34 
2 13 118 
3 17 118 
4 19 118 
5 21 165 
6 23 433 


Matthews and Watts (1984) proposed the following con- 

jectures. 

1. If |mo---ma-i| < d?, then all trajectories {T* (n)} 
for n € Z eventually cycle. 

2. If |mo---ma-i| > d*, then almost all trajectories 
{T* (n)} for n € Z are divergent, except for an ex- 
ceptional set of INTEGERS n satisfying 


#{ne $|-X<n< X}=0(X). 


3. The number of cycles is finite. 


4. If the trajectory {T* (n)} for n € Z is not eventually 
cyclic, then the iterates are uniformly distribution 
mod d® for each a > 1, with 


card{K < N|T*(n) =j (mod d*)} 


lim 
Noo +1 


=d~* (12) 


for0<j<d*—-1. 


Matthews believes that the map 


Tx+3 for z =0 (mod 3) 
T(x) = g (Ta +2) for z=1 (mod 3) (13) 
(w—2) for r=2 (mod 3) 


will either reach 0 (mod 3) or will enter one of the cycles 
(~1) or (—2, —4), and offers a $100 (Australian?) prize 
for a proof. 


see also HAILSTONE NUMBER 


References 

Applegate, D. and Lagarias, J. C. “Density Bounds for the 
3x +1 Problem 1. Tree-Search Method.” Math. Comput. 
64, 411-426, 1995. 

Applegate, D. and Lagarias, J. C. “Density Bounds for the 
3x +1 Problem 2. Krasikov Inequalities.” Math. Comput. 
64, 427-438, 1995. 


Collineation 


Beeler, M.; Gosper, R. W.; and Schroeppel, R. HAKMEM. 
Cambridge, MA: MIT Artificial Intelligence Laboratory, 
Memo AIM-239, Feb. 1972. 

Burckel, S. “Functional Equations Associated with Congru- 
ential Functions.” Theor. Comp. Sci. 123, 397-406, 1994. 

Conway, J. H. “Unpredictable Iterations.” Proc. 1972 Num- 
ber Th. Conf., University of Colorado, Boulder, Colorado, 
pp. 49-52, 1972. 

Crandall, R. “On the ‘32+ 1’ Problem.” Math. Comput. 32, 
1281-1292, 1978. 

Everett, C. “Iteration of the Number Theoretic Function 
f(2n) = n, f(Qn+1) = f(8n4+2).” Adv. Math. 25, 
42-45, 1977. 

Guy, R. K. “Collatz’s Sequence.” §E16 in Unsolved Problems 
in Number Theory, 2nd ed. New York: Springer-Verlag, 
pp. 215-218, 1994. 

Lagarias, J. C. “The 3x+1 Problem and Its Generalizations.” 
Amer. Math. Monthly 92, 3-23, 1985. http://www.cecm. 
sfu.ca/organics/papers/lagarias/. 

Leavens, G. T. and Vermeulen, M. “3x+1 Search Programs.” 
Comput. Math. Appl. 24, 79-99, 1992. 

Matthews, K. R. “The Generalized 32+-1 Mapping.” http:// 
www.maths.uq.oz.au/~krm/survey.dvi. Rev. Sept. 10, 
1995. 

Matthews, K. R. “A Generalized 32 + 1 Conjecture.” {$100 
Reward for a Proof.| ftp://www.maths.uq.edu.au/pub/ 
krm/gnubc/challenge. 

Matthews, K. R. and Watts, A. M. “A Generalization of 
Hasses’s Generalization of the Syracuse Algorithm.” Acta 
Arith. 48, 167-175, 1984. 

Sloane, N. J. A. Sequence A006667/M0019 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 

‘Terras, R. “A Stopping Time Problem on the Positive Inte- 
gers.” Acta Arith. 30, 241-252, 1976. 

Terras, R. “On the Existence of a Density.” Acta Arith. 35, 
101-102, 1979. 

Thwaites, B. “Two Conjectures, or How to win £1100.” 
Math. Gaz. 80, 35-36, 1996. 

Vardi, I. “The 3x + 1 Problem.” Ch. 7 in Computational 
Recreations in Mathematica. Redwood City, CA: Addison- 
Wesley, pp. 129-137, 1991. 


Collinear 


Three or more points Pi, Po, P3, ..., are said to be 
collinear if they lie on a single straight Line L. (Two 
points are always collinear.) This will be true IFF the 
ratios of distances satisfy 


Z2—-%1 2 Y2 — Ys 22 — 21 = 13 — TZ: Ys — Yr: 23 — 2. 


Two points are trivially collinear since two points deter- 
mine a LINE. 


see also CONCYCLIC, DIRECTED ANGLE, N-CLUSTER, 
SYLVESTER’S LINE PROBLEM 


Collineation 

A transformation of the plane which transforms COL- 
LINEAR points into COLLINEAR points. A projective 
collineation transforms every 1-D form projectively, and 
a perspective collineation is a collineation which leaves 
all lincs through a point and points through a line invari- 
ant. In an ELATION, the center and axis are incident; in 


Cologarithm 


a HOMOLOGY they are not. For further discussion, see 
Coxeter (1969, p. 248). 


see also AFFINITY, CORRELATION, ELATION, EQulI- 
AFFINITY, HOMOLOGY (GEOMETRY), PERSPECTIVE 
COLLINFATION, PROJECTIVE COLLINEATION 
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Cologarithm 

The LOGARITHM of the RECIPROCAL of a number, equal 
to the NEGATIVE of the LOGARITHM of the number it- 
self, 


1 
cologr = log} —} = —logz. 
x 
see also ANTILOGARITHM, LOGARITHM 


Colon Product 
Let AB and CD be DyApbs. Their colon product is 
defined by 


AB:CD=C-AB-D=(A-C)(B-D). 


Colorable 
Color each segment of a KNOT DIAGRAM using one of 
three colors. If 


1. at any crossing, either the colors are all different or 
all the same, and 


2. at least two colors are used, 


then a KNOT is said to be colorable (or more specif- 
ically, THREE-COLORABLE). Colorability is invariant 
under REIDEMEISTER MOVES, and can be generalized. 
For instance, for five colors 0, 1, 2, 3, and 4, a KNOT is 
five-colorable if 


1. at any crossing, three segments meet. If the overpass 
is numbered a and the two underpasses B and C, 
then 2a =b+c (mod 5), and 


2. at least two colors are used. 


Colorability cannot alway distinguish HANDEDNESS. 
For instance, three-colorability can distinguish the mir- 
ror images of the TREFOIL KNOT but not the FIGURE- 
OF-EIGHT KNOT. Five-colorability, on the other hand, 
distinguishes the MIRROR IMAGES of the FIGURE-OF- 
EIGHT KNOT but not the TREFOIL KNOT. 


see also COLORING, THREE-COLORABLE 


Coloring 

A coloring of plane regions, LINK segments, etc., is an 
assignment of a distinct labelling (which could be a 
number, letter, color, etc.) to each component. Col- 
oring problems generally involve TOPOLOGICAL consid- 
erations (i.e., they depend on the abstract study of the 
arrangement of objects), and theorems about colorings, 
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such as the famous FOUR-COLOR THEOREM, can be ex- 
tremely difficult. to prove. 


see also COLORABLE, EDGE-COLORING, FOUR-COLOR 
THEOREM, k-COLORING, POLYHEDRON COLORING, 
SIX-COLOR THEOREM, THREE-COLORABLE, VERTEX 
COLORING 
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Columbian Number 
see SELF NUMBER 


Colunar Triangle 

Given a SCHWARZ TRIANGLE (p q r), replacing each 
VERTEX with its antipodes gives the three colunar 
SPHERICAL TRIANGLES 


(pq r'),(p' ar’), (p' q' r), 


where 
1 1 
~+—=1 
p Pp 
1 1 
=~+—=1 
q @q 
1 1 
-~+—75=1 
ror 


see also SCHWARZ TRIANGLE, SPHERICAL TRIANGLE 
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Comb Function 
see SHAH FUNCTION 


Combination 

The number of ways of picking r unordered outcomes 
from n possibilities. Also known as the BINOMIAL Co- 
EFFICIENT or CHOICE NUMBER and read “n choose r.” 


n n! 


where n! is a FACTORIAL. 


see also BINOMIAL COEFFICIENT, DERANGEMENT, FAC- 
TORIAL, PERMUTATION, SUBFACTORIAL 


References 

Conway, J. H. and Guy, R. K. “Choice Numbers.” In The 
Book of Numbers. New York: Springer-Verlag, pp. 67-68, 
1996. 

Ruskey, F. “Information on Combinations of a Set.” 
http://sue.csc.uvic.ca/~cos/inf/comb/Combinations 
Info.html. 


280 Combination Lock 


Combination Lock 

Let a combination of n buttons be a SEQUENCE of dis- 
joint nonempty SuBSETS of the Ser {1, 2,..., n}. If 
the number of possible combinations is denoted a, then 
an satisfies the RECURRENCE RELATION 


gy 1 rok 
ae aa (==) = (2) 
where the definition 0° = 1 has been used. Furthermore, 


n n 
an = S 5 Ann2"* = y Ago?s*, (3) 
k=1 k=1 


where A, are EULERIAN NUMBERS. In terms of the 
STIRLING NUMBERS OF THE SECOND KIND s(n,k), 


«2=0 


an =} kls(n, k). (4) 
k=1 


am can also be given in closed form as 
an = 5 Li-n(}), (5) 


where Lin(z) is the POLYLOGARITHM. The first few 
values of a, for n = 1, 2,... are 1, 3, 13, 75, 541, 
4683, 47293, 545835, 7087261, 102247563, ... (Sloane’s 
A000670). 


The quantity 


bn = (6) 
satisfies the inequality 
1 1 
aoe <n < : 7 
2(In2)” ~ ~~ (In 2)" (7) 
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Combinatorial Species 
see SPECIES 


Combinatorial Topology 

Combinatorial topology is a special type of ALGEBRAIC 
TOPOLOGY that uses COMBINATORIAL methods. For 
example, SIMPLICIAL HOMOLOGY is a combinatorial 
construction in ALGEBRAIC TOPOLOGY, so it belongs 
to combinatorial topology. 


see also ALGEBRAIC TOPOLOGY, SIMPLICIAL Homo- 
LOGY, TOPOLOGY 


Combinatorics 


Combinatorics 

The branch of mathematics studying the enumeration, 
combination, and permutation of sets of elements and 
the mathematical relations which characterize these 
properties. 


see also ANTICHAIN, CHAIN, DILWORTH’s LEMMA, 
DIVERSITY CONDITION, ERDOs-SZEKERES THEO- 
REM, INCLUSION-EXCLUSION PRINCIPLE, KIRKMAN’S 
SCHOOLGIRL PROBLEM, KIRKMAN TRIPLE SYSTEM, 
LENGTH (PARTIAL ORDER), PARTIAL ORDER, PIGEON- 
HOLE PRINCIPLE, RAMSEY’S THEOREM, SCHRODER- 
BERNSTEIN THEOREM, SCHUR’S LEMMA, SPERNER’S 
THEOREM, TOTAL ORDER, VAN DER WAERDEN’S THE- 
OREM, WIDTH (PARTIAL ORDER) 
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Comma Derivative 


OA 
A, = Onk =O,A 
it LOAR ny 
Ae Gyan oe : 


see also COVARIANT DERIVATIVE, SEMICOLON DERIV- 
ATIVE 


Comuna of Didymus 
The musical interval by which four fifths exceed a sev- 
enteenth (i.e., two octaves and a major third), 


3y4 4 
G) a9 1010s 
92(3) 27-5 BO 


also called a SYNTONIC COMMA. 
see also COMMA OF PYTHAGORAS, DIESIS, SCHISMA 
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Comma of Pythagoras 
The musical interval by which twelve fifths exceed seven 
octaves, 


(3)? _ 3 _ 531441 
27 ~~ 229 524288 


= 1,013643265. 


Successive CONTINUED FRACTION CONVERGENTS to 
log 2/log(3/2) give increasingly close approximations 
m/n of m fifths by n octaves as 1, 2, 5/3, 12/7, 41/24, 
53/31, 306/179, 665/389, ... (Sloane’s A005664 and 
A046102; Jeans 1968, p. 188), shown in bold in the ta- 
ble below. All near-equalities of m fifths and n octaves 


having 
Gye 


Qn = Qmtrn 


R= 


with | — 1| < 0.02 are given in the following table. 


m n_ Ratio m n Ratio 


12 7 1.013643265 265 155 1.010495356 
41 24 0.9886025477 | 294 172 0.9855324037 
53 31 1.002090314 |306 179 0.9989782832 
65 38 1.015762098 | 318 186 1.012607608 
94 55 0.9906690375 | 347 203 0.9875924759 
106 62 1.004184997 | 359 210 1.001066462 
118 «69 1.017885359 | 371 217 1.014724276 
147 86S 0.9927398469 | 400 234 0.9896568543 
159 93 1.006284059 | 412 241 1.003159005 
188 110 0.9814251419 | 424 248 1.016845369 
200 117 0.994814985 | 453 265 0.9917255479 
212 124 1.008387509 | 465 272 1.005255922 
241 141 0.9834766286 | 477 279 1.018970895 
253 148 0.9968944607 | 494 289 0.9804224033 


see also COMMA OF DIDYMUS, DIBSIS, SCHISMA 
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Common Cycloid 
see CYCLOID 


Common Residue 
The value of b, where a = b (mod m), taken to be NON- 
NEGATIVE and smaller than m. 


see ulso MINIMAL RESIDUE, RESIDUE (CONGRUENCE) 


Commutation Coefficient 

A coefficient which gives the difference between partial 
derivatives of two coordinates with respect to the other 
coordinate, 


coaeu = [€a, 3] = Vaés — Veea. 


see also CONNECTION COEFFICIENT 
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Commutative 
Let A denote an R-algebra, so that A is a VECTOR 


SPACE over R and 
AxAOA 


(x,y) ry. 
Now define 
Z={x€a:z-y for some y € AF 0}, 


where 0 € Z. An ASSOCIATIVE R-algebra is commuta- 
tive ifx-y=y-z for all zy € A. Similarly, a RING is 
commutative if the MULTIPLICATION operation is com- 
mutative, and a LIE ALGEBRA is commutative if the 
COMMUTATOR [A, B] is 0 for every A and B in the LIE 
ALGEBRA. 


see also ABELIAN, ASSOCIATIVE, TRANSITIVE 
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Commutative Algebra 
An ALGEBRA in which the + operators and x are COM- 
MUTATIVE. 


see also ALGEBRAIC GEOMETRY, GROBNER BASIS 
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Commutator 
Let A, B,...be OPERATORS. Then the commutator of 


A and B is defined as 


(4, 8) = AB- BA. (1) 
Let a, b, ... be constants. Identities include 
[f(z), a] = (2) 
[A, A] = 0 (3) 
(A, B] = -[B, A] (4) 
(A, BO] = [A, BIG + BIA, G) (5) 
(4B, C] = [A, OB + AB, C} (6) 
(a+ A,b + B] = [A, B] (7) 
[A+ B,C + D] =[A,C] + [A, D] + [B, C] + (B, D}. 
(8) 


The commutator can be interpreted as the “infinitesi- 
mal” of the commutator of a LIE GROUP. 


Let A and B be TENSORS. Then 
(A, B] = VaB— VBA. (9) 


see also ANTICOMMUTATOR, JACOBI IDENTITIES 


Compactness Theorem 


Compact Group 

If the parameters of a LIE GROUP vary over a CLOSED 
INTERVAL, the Group is compact. Every representation 
of a compact group is equivalent to a UNITARY repre- 
sentation. 


Compact Manifold 

A MANIFOLD which can be “charted” with finitely many 
EUCLIDEAN SPACE charts. The CIRCLE is the only com- 
pact 1-D MANIFOLD. The SPHERE and n-TORUS are 
the only compact 2-D MANIFOLDS. It is an open ques- 
tion if the known compact MANIFOLDS in 3-D are com- 
plete, and it is not even known what a complete list in 
4-D should look like. The following terse table there- 
fore summarizes current knowledge about the number 
of compact manifolds N(D) of D dimensions. 


D N(D) 
1 1 
2 2 


see also TYCHONOF COMPACTNESS THEOREM 


Compact Set 

The SET S is compact if, from any SEQUENCE of ele- 
ments Xi, X2, ...of S, a subsequence can always be 
extracted which tends to some limit element X of S. 
Compact sets are therefore closed and bounded. 


Compact Space 

A TOPOLOGICAL SPACE is compact if every open cover 
of X has a finite subcover. In other words, if X is the 
union of a family of open sets, there is a finite subfamily 
whose union is X. A subset A of a TOPOLOGICAL SPACE 
X is compact if it is compact as a TOPOLOGICAL SPACE 
with the relative topology (i.e., every family of open 
sets of X whose union contains A has a finite subfamily 
whose union contains A). 


Compact Surface 

A surface with a finite number of TRIANGLES in its TRI- 
ANGULATION. The SPHERE and TORUS are compact, 
but the PLANE and TORUS minus a DISK are not. 


Compactness Theorem 
Inside a BALL B in R?, 


{rectifiable currents S in BL AREA S <c, 
length OS < c} 


is compact under the FLAT NORM. 
References 
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Companion Knot 

Let Ky be a knot inside a Torus. Now knot the Torus 
in the shape of a second knot (called the companion 
knot) K2. Then the new knot resulting from K; is called 
the SATELLITE KNOT K3. 
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Comparability Graph 

The comparability graph of a PoSET P = (X,<) is the 
GRAPH with vertex set X for which vertices x and y are 
adjacent IFF either « < y or y < z in P. 

see also INTERVAL GRAPH, PARTIALLY ORDERED SET 


Comparison Test 

Let 5> ax and 5~ by be a SERIES with POSITIVE terms 

and suppose a; < 61, a2 < ba, .... 

1. If the bigger series CONVERGES, then the smaller 
series also CONVERGES. 


2. If the smaller series DIVERGES, then the bigger series 
also DIVERGES. 


see also CONVERGENCE TESTS 
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Compass 

A tool with two arms joined at their ends which can 
be used to draw CIRCLES. In GEOMETRIC CONSTRUC- 
TIONS, the classical Greek rules stipulate that the com- 
pass cannot be used to mark off distances, so it must 
“collapse” whenever one of its arms is removed from 
the page. This results in significant complication in the 
complexity of GEOMETRIC CONSTRUCTIONS, 


see also CONSTRUCTIBLE POLYGON, GEOMETRIC CON- 
STRUCTION, GEOMETROGRAPHY, MASCHERONI CON- 
STRUCTION, PLANE GEOMETRY, POLYGON, PONCELET- 
STEINER THEOREM, RULER, SIMPLICITY, STEINER 
CONSTRUCTION, STRAIGHTEDGE 
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Compatible 

Let |{A|| be the MATRIX NoRM associated with the MA- 
TRIX A and |{x|| be the VECTOR NoRM associated with 
a VECTOR x. Let the product Ax be defined, then |{Al| 
and ||x|| are said to be compatible if 


||Azx|| < |IAI| il]. 
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Complement Graph 

The complement GRAPH G of G has the same VERTICES 
as G but contains precisely those two-element SUBSETS 
which are not in G. 


Complement Knot 
see KNOT COMPLEMENT 


Complement Set 
Given a set S with a subset E, the complement of E is 
defined as 

E'={F:.F€S,F ¢ E}. (1) 


If B = S, then 
EB’ =S'=2, (2) 


where @ is the Empty SET. Given a single SET, the 
second PROBABILITY AXIOM gives 


1 = P(S) = P(EUE’). (3) 
Using the fact that EM E’ = ©, 
1= P(E) + P(E’) (4) 


P(E') =1- P(B). (5) 


This demonstrates that 


P(S') = P(@)=1-P(S)=1-1=0. (6) 


Given two SETS, 


P(EN F’) = P(E) — P(ENF) (7) 
P(E'N F') =1- P(E)—-P(F)+P(ENF). (8) 


Complementary Angle 

Two ANGLES a and 7/2 — are said to be complemen- 
tary. 

see also ANGLE, SUPPLEMENTARY ANGLE 


Complete 

see COMPLETE AXIOMATIC THEORY, COMPLETE BI- 
GRAPH, COMPLETE FUNCTIONS, COMPLETE GRAPH, 
COMPLETE QUADRANGLE, COMPLETE QUADRILAT- 
ERAL, COMPLETE SEQUENCE, COMPLETE SPACE, 
COMPLETENESS PROPERTY, WEAKLY COMPLETE SE- 
QUENCE 


Complete Axiomatic Theory 

An axiomatic theory (such as a GEOMETRY) is said to be 
complete if each valid statement in the theory is capable 
of being proven true or false. 


see also CONSISTENCY 
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Complete Bigraph 
see COMPLETE BIPARTITE GRAPH 


Complete Bipartite Graph 


A BIPARTITE GRAPH (i.e., a set of VERTICES decom- 
posed into two disjoint sets such that there are no two 
VERTICES within the same set are adjacent) such that 
every pair of VERTICES in the two sets are adjacent. If 
there are p and q VERTICES in the two sets, the complete 
bipartite graph (sometimes also called a COMPLETE BI- 
GRAPH) is denoted K,,,. The above figures show K3,2 
and Kas. 

see also BIPARTITE GRAPH, COMPLETE GRAPH, 


COMPLETE k-PARTITE GRAPH, k-PARTITE GRAPH, 
THOMASSEN GRAPH, UTILITY GRAPH 


Saaty, T. L. and Kainen, P. C. The Four-Color Problem: 
Assaults and Conquest. New York: Dover, p. 12, 1986. 


Complete Functions 

A set of ORTHONORMAL FUNCTIONS @,(x) is termed 
complete in the CLOSED INTERVAL z € {a, 6] if, for every 
piecewise CONTINUOUS FUNCTION f(z) in the interval, 
the minimum square error 


En = ||f — (cigi +... + enn) ||? 


(where || denotes the NORM) converges to zero as n be- 
comes infinite. Symbolically, a set of functions is com- 
plete if 


2 


b m 
lim / f(z) - So andn(x) w(x) dz = 0, 
hod n=0 


where w(x) is a WEIGHTING FUNCTION and the above 
is a LEBESGUE INTEGRAL. 


see also BESSEL’S INEQUALITY, HILBERT SPACE 


References 

Arfken, G. “Completeness of Eigenfunctions.” §9.4 in Mathe- 
matical Methods for Physicists, 3rd ed. Orlando, FL: Aca- 
demic Press, pp. 523-538, 1985. 


Complete Graph 


Complete Graph 


K, K, 
SS 
a 
CF 
K, K, 


A GRAPH in which each pair of VERTICES is connected 
by an EDGE. The complete graph with n VERTICES is 
denoted K,. In older literature, complete GRAPHS are 
called UNIVERSAL GRAPHS. 


Ka is the TETRAHEDRAL GRAPH and is therefore a PLA- 
NAR GRAPH. Ks is nonplanar. Conway and Gordon 
(1983) proved that every embedding of Ke is INTRINSI- 
CALLY LINKED with at least one pair of linked triangles. 
They also showed that any embedding of K7 contains a 
knotted HAMILTONIAN CYCLE. 


The number of EDGES in Ky is v(v — 1)/2, and the 
GENUS is (v—3)}(v—4)/12 for v > 3. The number of dis- 
tinct variations for K,, (GRAPHS which cannot be trans- 
formed into each other without passing nodes through 
an EDGE or another node) for n = 1, 2,... are 1, 1, 1, 
1, 1, 1, 6, 3, 411, 37, .... The ADJACENCY MATRIX of 
the complete graph takes the particularly simple form 
of all 1s with Os on the diagonal. 


It is not known in general if a set of TREES with 1, 2,..., 
nm — 1 EDGES can always be packed into K,. However, 
if the choice of TREES is restricted to either the path or 


star from each family, then the packing can always be 
done (Zaks and Liu 1977, Honsberger 1985). 
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Complete k-Partite Graph 


Complete k-Partite Graph 


RF 


aS 


A k-PARTITE GRAPH (ie., a set of VERTICES decom- 
posed into k disjoint sets such that no two VERTICES 
within the same set are adjacent) such that every pair 
of VERTICES in the k sets are adjacent. If there are 
Pp, q, -.-, r VERTICES in the k sets, the complete k- 
partite graph is denoted Kp,q,.....- The above figure 
shows K2,3,5. 

see also COMPLETE GRAPH, COMPLETE k-PARTITE 
GRAPH, k-PARTITE GRAPH 
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Complete Metric Space 

A complete metric space is a METRIC SPACE in which 
every CAUCHY SEQUENCE is CONVERGENT. Examples 
include the REAL NUMBERS with the usual metric and 
the p-ADIC NUMBERS. 


Complete Permutation 
see DERANGEMENT 


Complete Quadrangle 

If the four points making up a QUADRILATERAL are 
joined pairwise by six distinct lines, a figure known as 
a complete quadrangle results. Note that a complete 
quadrilateral is defined differently from a COMPLETE 
QUADRANGLE. 


The midpoints of the sides of any complete quadrangle 
and the three diagonal points all lie on a CONIC known 
as the NINE-POINT CONIC. If it is an ORTHOCENTRIC 
QUADRILATERAL, the CONIC reduces to a CIRCLE. The 
ORTHOCENTERS of the four TRIANGLES of a complete 
quadrangle are COLLINEAR on the RADICAL LINE of the 
CIRCLES on the diameters of a QUADRILATERAL. 


see also COMPLETE QUADRANGLE, PTOLEMY’S THEO- 
REM 


References 

Coxeter, H. S. M. Introduction to Geometry, 2nd ed. New 
York: Wiley, pp. 230-231, 1969. 

Demir, H. “The Compleat [sic] Cyclic Quadrilateral.” Amer. 
Math. Monthly 79, 777-778, 1972. 


Complete Sequence 285 


Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 61-62, 1929. 

Ogilvy, C. S. Excursions in Geometry. New York: Dover, 
pp. 101-104, 1990. 


Complete Quadrilateral 

The figure determined by four lines and their six points 
of intersection (Johnson 1929, pp. 61-62). Note that 
this is different from a COMPLETE QUADRANGLE. The 
midpoints of the diagonals of a complete quadrilateral 
are COLLINEAR (Johnson 1929, pp. 152-153). 


A theorem due to Steiner (Mention 1862, Johnson 1929, 
Steiner 1971) states that in a complete quadrilateral, the 
bisectors of angles are CONCURRENT at 16 points which 
are the incenters and EXCENTERS of the four TRIAN- 
GLES. Furthermore, these points are the intersections of 
two sets of four CIRCLES each of which is a member of 
a conjugate coaxal system. The axes of these systems 
intersect at the point common to the CIRCUMCIRCLES 
of the quadrilateral. 


see also COMPLETE QUADRANGLE, GAUSS-BODENMIL- 
LER THEOREM, POLAR CIRCLE 
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Complete Residue System 
A set of numbers ao, a1, ..., @m-1 (mod m) form a 


complete set of residues if they satisfy 


a; =% (mod m) 


for i = 0, 1, ..., m —1. In other words, a complete 
system of residues is formed by a base and a modulus if 
the residues r; in 6’ =r; (mod m) fori=1,...,m-—1 


run through the values 1, 2, ... 
see also HAUPT-EXPONENT 


»m—i1. 


Complete Sequence 

A SEQUENCE of numbers V = {v,,} is complete if every 
POSITIVE INTEGER n is the sum of some subsequence of 
V, ie., there exist a; = 0 or 1 such that 


(Honsberger 1985, pp. 123-126). The FIBONACCI Num- 
BERS are complete. In fact, dropping one number still 
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leaves a complete sequence, although dropping two num- 
bers does not (Honsberger 1985, pp. 123 and 126). The 
SEQUENCE of PRIMES with the element {1} prepended, 


{1,2,3,5, 7, 11, 13, 17, 19, 23, ...} 


is complete, even if any number of PRIMES each > 7 are 
dropped, as long as the dropped terms do not include 
two consecutive PRIMES (Honsberger 1985, pp. 127- 
128). This is a consequence of BERTRAND’S POSTU- 
LATE. 


see also BERTRAND’S POSTULATE, BROWN’S CRI- 
TERION, FIBONACCI DUAL THEOREM, GREEDY AL- 
GORITHM, WEAKLY COMPLETE SEQUENCE, ZECK- 
ENDORF’S THEOREM 
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Complete Space 
A SPACE of COMPLETE FUNCTIONS. 


see also COMPLETE METRIC SPACE 


Completely Regular Graph 

A POLYHEDRAL GRAPH is completely regular if the 
DvuAL GRAPH is also REGULAR. There are only five 
types. Let p be the number of EDGES at each node, p* 
the number of EDGES at each node of the DUAL GRAPH, 
V the number of VERTICES, & the number of EDGES, 
and F the number of faces in the PLATONIC SOLID cor- 
responding to the given graph. The following table sum- 
marizes the completely regular graphs. 


Type lplo |VI EF 
Tetrahedral 3/3] 4!/] 6) 4 
Cubical 3/4] 8/12 | 6 
Dodecahedral |3 | 5 | 20 |39 | 12 
Octahedral 4|} 3] 6/12; 8 
Icosahedral 5 | 3 112 130 | 20 


Completeness Property 
All lengths can be expressed as REAL NUMBERS. 


Completing the Square 
The conversion of an equation of the form az” + br +c 


to the form 
5 \? b? 
a(z+5,) +(<-E). 


which, defining B = b/2a and C = c — 6 /4a, simplifies 
to 
a(e+ BY +C. 


Complex Analysis 


Complex 
A finite SET of SIMPLEXES such that no two have a 
common point. A 1-D complex is called a GRAPH. 


see also CW-COMPLEX, SIMPLICIAL COMPLEX 


Complex Analysis 

The study of COMPLEX NUMBERS, their DERIVATIVES, 
manipulation, and other properties. Complex analysis is 
an extremely powerful tool with an unexpectedly large 
number of practical applications to the solution of phys- 
ical problems. CONTOUR INTEGRATION, for example, 
provides a method of computing difficult INTEGRALS by 
investigating the singularities of the function in regions 
of the COMPLEX PLANE near and between the limits of 
integration. 


The most fundamental result of complex analysis is the 
CAUCHY-RIEMANN EQUATIONS, which give the condi- 
tions a FUNCTION must satisfy in order for a com- 
plex generalization of the DERIVATIVE, the so-called 
COMPLEX DERIVATIVE, to exist. When the COMPLEX 
DERIVATIVE is defined “everywhere,” the function is 
said to be ANALYTIC. A single example of the unex- 
pected power of complex analysis is PICARD’s TIIEO- 
REM, which states that an ANALYTIC FUNCTION as- 
sumes every COMPLEX NUMBER, with possibly one ex- 
ception, infinitely often in any NEIGHBORHOOD of an 
ESSENTIAL SINGULARITY! 


see also ANALYTIC CONTINUATION, BRANCH CUT, 
BRANCH POINT, CAUCHY INTEGRAL FORMULA, CAU- 
CHY INTEGRAL THEOREM, CAUCHY PRINCIPAL VALUE, 
CAUCHY-RIEMANN EQUATIONS, COMPLEX NUMBER, 
CONFORMAL MAP, CONTOUR INTEGRATION, DE 
MOIVRE’S IDENTITY, EULER FORMULA, _INSIDE- 
OUTSIDE THEOREM, JORDAN’s LEMMA, LAURENT SE- 
RIES, LIOUVILLE’S CONFORMALITY THEOREM, MOoNo- 
GENIC FUNCTION, MORERA’S THEOREM, PERMANENCE 
OF ALGEBRAIC FORM, PICARD’S THEOREM, POLE, 
POLYGENIC FUNCTION, RESIDUE (COMPLEX ANALY- 
SIS) 
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Complex Conjugate 


Complex Conjugate 

The complex conjugate of a COMPLEX NUMBER z = 
a+bi is defined to be z* = a—bi. The complex conjugate 
is ASSOCIATIVE, (21 + 22)" = 21° + 22", since 


(a1 + byt)" + (ag + bot)” = ay — tdi + a2 — ibe 
(ai — ib1) + (az — ibz) 
= (a; + 61)" + (a2 + be)”, 


i} 


and DISTRIBUTIVE, (z122)* = z1*z2", since 


[(ai + bré)(a2 + b2i)]* = [ 

= (ai1a2 — bib) — i(aibe + a2b1) 
ay eee eer 

= (a1 + iby)*(a2 + ibe)”. 
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Complex Derivative 

A DERIVATIVE of a COMPLEX function, which must sat- 
isfy the CAUCHY-RIEMANN EQUATIONS in order to be 
COMPLEX DIFFERENTIABLE. 


see also CAUCHY-RIEMANN EQUATIONS, COMPLEX 
DIFFERENTIABLE, DERIVATIVE 


Complex Differentiable 

If the CAUCHY-RIEMANN EQUATIONS are satisfied for a 
function f(x) = u(x) + ¢v(x) and the PARTIAL DERIVA- 
TIVES of u(x) and u(x) are CONTINUOUS, then the Com- 
PLEX DERIVATIVE df /dz exists. 


see also ANALYTIC FUNCTION, CAUCHY-RIEMANN 
EQUATIONS, COMPLEX DERIVATIVE, PSEUDOANALYTIC 
FUNCTION 


Complex Function 
A FUNCTION whose RANGE is in the COMPLEX NuM- 
BERS is said to be a complex function. 


see also REAL FUNCTION, SCALAR FUNCTION, VECTOR 
FUNCTION 


Complex Matrix 
A MATRIX whose elements may contain COMPLEX NuM- 
BERS. The MATRIX PRODUCT of two 2 x 2 complex 
matrices is given by 


Bit yt Li2t yrot| | Ur + vit ui2 + viat 
a1 + yoit $22 + yoot| | war t+ v2it uaz + Veet 


_|Ru Riz 4G Tin the 
Roi Reo In, Ia2 |’ 


(a1a2 — b1b2) + 2(a1be + a2b1)]|* 
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where 


Ray = wi1211 + Uaiziz — viryi — varyi2 
Rig = ui2F11 + U22F12 — Vi2eyi1 — v22y12 
Ray = ui11f21 + Ui Tez — Viryer — V2iy22 
Roz = ur12@a1 + U22F22 — Vi2ye1 — V22Y22 
Jy = 11211 + V21%12 + U11yar + U21y12 
Fy = vie@11 + voet12 + Ui2y11 + U22y12 
Za, = V11021 + V21%22 + Ui1yer + U21Yy22 


Io2 = vieLa1 + V22F22 + Ui2ye1 + U22yo2. 
see also REAL MATRIX 


Complex Multiplication 
Two COMPLEX NUMBERS z = a+ ib and y=c+id are 
multiplied as follows: 


zy = (a+ ib)(e + id) = ac + ibe + tad — bd 
= (ac — bd) + i(ad + be). 


However, the multiplication can be carried out using 
only three REAL multiplications, ac, bd, and (a+b)(c+d) 
as 


R[(a + ib)(c + id)] = ac — bd 
S{(a + ib)(e + id)} = (a + b)(e + d) — ac — bd. 


Complex multiplication has a special meaning for EL- 
LIPTIC CURVES. 


see also COMPLEX NUMBER, ELLIPTIC CURVE, IMAGI- 
NARY PART, MULTIPLICATION, REAL PART 
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Complex Number 

The complex numbers are the FIELD C of numbers of the 
form z+iy, where x and y are REAL NUMBERS and 7 is 
the IMAGINARY NUMBER equal to /—1. When a single 
letter z = e+iy is used to denote a complex number, it 
is sometimes called an “AFFIX.” The FIELD of complex 
numbers includes the FIELD of REAL NUMBERS as a 
SUBFIELD. 


Through the EULER FORMULA, a complex number 
z=xt+ty (1) 
may be written in “PHASOR” form 
z = |z|(cos@ + isin§) = |zle®. (2) 


Here, |z| is known as the MODULUS and @ is known as 
the ARGUMENT or PHASE. The ARSOLUTE SQUARE of 
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z is defined by |z|? = zz*, and the argument may be 
computed from 


arg(z) = @ =tan* (4) : (3) 


DE MOIvRE’sS IDENTITY relates POWERS of complex 
numbers 


2” = |z2|"[cos(n@) + isin(né)]. (4) 


Finally, the REAL #(z) and IMAGINARY PaRTs S(z) are 
given by 


R(z) = $(z+2") (5) 


9(z) = * Swe te D.. 6 


The POWERS of complex numbers can be written in 
closed form as follows: 


The first few are explicitly 


2? = (a? —y’) + i(2ay) (8) 
z? = (a* — 3zy) + i(3ay — y*) (9) 
z’ = (a* — 627y" + y*) + i(4a°y — dry’) (10) 
z° = (2° — 10x°y* + Say*) + i(5a*ty — 1027y? + y’) 
(11) 


(Abramowitz and Stegun 1972). 


see also ABSOLUTE SQUARE, ARGUMENT (COMPLEX 
NUMBER), COMPLEX PLANE, I, IMAGINARY NUMBER, 
MODULUS, PHASE, PHASOR, REAL NUMBER, SURREAL 
NUMBER 
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Complex Structure 


Complex Plane 


Imaginary 


Real 


The plane of COMPLEX NUMBERS spanned by the vec- 
tors 1 and 7, where 7 is the IMAGINARY NUMBER. Every 
COMPLEX NUMBER corresponds to a unique POINT in 
the complex plane. The LINE in the plane with 7 = 0 is 
the REAL LINE. The complex plane is sometimes called 
the ARGAND PLANE or GAUSS PLANE, and a plot of 
COMPLEX NUMBERS in the plane is sometimes called 
an ARGAND DIAGRAM. 


see also AFFINE COMPLEX PLANE, ARGAND DIAGRAM, 
ARGAND PLANE, BERGMAN SPACE, COMPLEX PROJEC- 
TIVE PLANE 
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Complex Projective Plane 

The set P* is the set of all EQUIVALENCE CLASSES 
[a,b,c] of ordered triples (a,b,c) € C*\(0,0,0) under 
the equivalence relation (a, b,c) ~ (a’,b’,c’) if (a,b,c) = 
(Aa’, Ab’, Ac’) for some NONZERO COMPLEX NUMBER A. 


Complex Representation 
see PHASOR 


Complex Structure 
The complex structure of a point x = 21,zZ2 in the 
PLANE is defined by the linear Map J: R? > R? 


J(x1,22) = (—Z2,21), 


and corresponds to a clockwise rotation by 7/2. This 
map satisfies 


P=-!I 
(Jx)-(Jy)=x-y 
(Jx)-x=0, 


where I is the IDENTITY MAP. 


More generally, if V is a 2-D VECTOR SPACE, a linear 
map J: V -+ V such that J? = —I is called a complex 
structure on V. If V = R?, this collapses to the previous 
definition. 
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Complexity (Number) 

The number of 1s needed to represent an INTEGER us- 
ing only additions, multiplications, and parentheses are 
called the integer’s complexity. For example, 


1=1 
2=1+1 
3=14+141 


4=(14+1)44+1)=14+14141 
§=(14+1)4+1)4+1=14+141+14+1 
6=(14+1)(14+14+1 
7=(14+1(14141)4+1 
8=(141)(1+1)(14+1) 
9=(14+14+1)(1+14+1) 
10=(1+14+1)1+14+1)41 
=(14+1)(1+14+14141) 


So, for the first few n, the complexity is 1, 2, 3, 4, 5, 5, 
6, 6, 6, 7, 8, 7, 8, ... (Sloane’s A005245). 
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Complexity (Sequence) 
see BLOCK GROWTH 


Complexity Theory 

Divides problems into “easy” and “hard” categories. 
A problem is easy and assigned to the P-PROBLEM 
(POLYNOMIAL time) class if the number of steps needed 
to solve it is bounded by some POWER of the prob- 
lem’s size. A problem is hard and assigned to the NP- 
PROBLEM (nondeterministic POLYNOMIAL time) class if 
the number of steps is not bounded and may grow ex- 
ponentially. 


However, if a solution is known to an NP-PROBLEM, it 
can be reduced to a single period verification. A prob- 
lem is NP-COMPLETE if an ALGORITHM for solving it 
can be translated into one for solving any other NP- 
PROBLEM. Examples of NP-COMPLETE PROBLEMS in- 
clude the HAMILTONIAN CYCLE and TRAVELING SALES- 
MAN PROBLEMS. LINEAR PROGRAMMING, thought to 
be an NP-PROBLEM, was shown to actually be a P- 
PROBLEM by L. Khachian in 1979. It is not known if all 
apparently NP-PROBLEMS are actually P-PROBLEMS. 
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see also BIT COMPLEXITY, NP-COMPLETE PROBLEM, 
NP-PROBLEM, P-PROBLEM 
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Component 
A Group L is a component of H if L is a QUASISIMPLE 
Group which is a SUBNORMAL SUBGROUP of H. 


see also GROUP, QUASISIMPLE GROUP, SUBGROUP, 
SUBNORMAL 


Composite Knot 
A KNot which is not a PRIME KNoT. Composite knots 
are special cases of SATELLITE KNOTS. 


see also KNOT, PRIME KNOT, SATELLITE KNOT 


Composite Number 
A POSITIVE INTEGER which is not PRIME (i.e., which 
has FACTORS other than 1 and itself). 


A composite number C’ can always be written as a 
PRODUCT in at least two ways (since 1-C is always 
possible). Call these two products 


C = ab = cd, (1) 


then it is obviously the case that C|ab (C divides a6). 
Set 
c=mn, (2) 


where m is the part of C which divides a, and n the part 
of C which divides n. Then there are p and q such that 


a = mp (3) 
b= ng. (4) 
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Solving ab = cd for d gives 


ga 2b = (mya) _ 


ee pq. (5) 


It then follows that 
SSCP $e 4d 
= mp? + n2q? + m?n? + pg? 
= (m? + q°)(n? +p’). (6) 


It therefore follows that a? +b? +c? +d? is never PRIME! 
In fact, the more general result that 


SH eo" i ae ea" (7) 


is never PRIME for k an INTEGER > 0 also holds (Hons- 
berger 1991). 


There are infinitely many integers of the form |(3/2)"| 
and |(4/3)"| which are composite, where |x| is the 
FLoor FuNcTION (Forman and Shapiro, 1967; Guy 
1994, p. 220). The first few composite |(3/2)"} occur 
for n = 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 
23, ..., and the the few composite |(4/3)"{ occur for 
n= 5, 8, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22,.... 

see also AMENABLE NUMBER, GRIMM’S CONJECTURE, 
HIGHLY COMPOSITE NUMBER, PRIME FACTORIZATION 
PRIME GAPS, PRIME NUMBER 
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Composite Runs 
see PRIME GAPS 


Compositeness Certificate 

A compositeness certificate is a piece of information 
which guarantees that a given number p is COMPOSITE. 
Possible certificates consist of a FACTOR of a number 
(which, in general, is much quicker to check by direct 
division than to determine initially), or of the determi- 
nation that either 


a?! #1 (mod p), 
(i.e., p violates FERMAT’S LITTLE THEOREM), or 
a#é—-1l,land a’? =1 (mod p). 


A quantity @ satisfying either property is said to be a 
WITNESS to p’s compositeness. 
see also ADLEMAN-POMERANCE-RUMELY PRIMALITY 


Test, FERMAT’S LITTLE THEOREM, MILLER’S PRI- 
MALITY TEST, PRIMALITY CERTIFICATE, WITNESS 


Composition Theorem 


Compositeness Test 

A test which always identifies PRIME numbers correctly, 
but may incorrectly identify a COMPOSITE NUMBER as 
a PRIME. 


see also PRIMALILY TEST 


Composition 

The combination of two FUNCTIONS to form a single new 
OPERATOR. The composition of two functions f and g 
is denoted f og and is defined by 


fog=f(g(z)) 


when f and g are both functions of x. 


Aun operation called composition is also defined on BI- 
NARY QUADRATIC FORMS. For two numbers repre- 
sented by two forms, the product can then be repre- 
sented by the composition. For example, the composi- 
tion of the forms 2x? + 15y? and 3a? + 10y” is given by 
6x? + 5y?, and in this case, the product of 17 and 13 
would be represented as (6 - 36 +5-1 = 221). There 
are several algorithms for computing binary quadratic 
form composition, which is the basis for some factoring 
methods. 


see also ADEM RELATIONS, BINARY OPERATOR, BI- 
NARY QUADRATIC FORM 


Composition Series 

Every FINITE Group G of order greater than one pos- 
sesses a finite series of SUBGROUPS, called a composition 
series, such that 


ICH,c...CcCM&cMcG, 


where Hi41 is a maximal subgroup of H;. The Quo- 
TIENT GrRouPS G/Ai, Ai/H2, ..., Hs-1/Hs, Hs are 
called composition quotient groups. 

see also FINITE GROUP, JORDAN-HOLDER THEOREM, 
QUOTIENT GROUP, SUBGROUP 
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Composition Theorem 


Let 
Qz,y) = 27 +4". 
Then 
Q(z, y)Q(2', y') = Q(aa’ — yy’, 2'y + cy’), 
since 


(2? + y?)(2? + y*) = (az’ — yy’)? + (ay’ + 2'y)? 
= v2” + yy? + a? y? + 27y", 


see also GENUS THEOREM 


Compound Interest 


Compound Interest 

Let P be the PRINCIPAL (initial investment), r be the 
annual compounded rate, i'™ the “nominal rate,” n be 
the number of times INTEREST is compounded per year 
(i.e., the year is divided into n CONVERSION PERIODS), 
and t be the number of years {the “term”). The INTER- 
EST rate per CONVERSION PERIOD is then 


Fidee) 


(1) 


r=—. 
n 

If interest is compounded n times at an annual rate of r 
(where, for example, 10% corresponds to r = 0.10), then 
the effective rate over 1/n the time (what an investor 
would earn if he did not redeposit his interest after each 
compounding) is 

(atryi/”. (2) 


The total amount of holdings A after a time t when 
interest is re-invested is then 


Note that even if interest is compounded continuously, 
the return is still finite since 


: ede. 
lim (1+-) =e, (4) 


where e is the base of the NATURAL LOGARITHM. 


The time required for a given PRINCIPAL to double (as- 
suming mn = 1 CONVERSION PERIOD) is given by solving 


2P = P(lt+r), (5) 
sig In2 


where LN is the NATURAL LOGARITIM. This function 
can be approximated by the so-called RULE OF 72: 


t~ —. (7) 


see also e, INTEREST, LN, NATURAL LOGARITHM, PRIN- 
CIPAL, RULE OF 72, SIMPLE INTEREST 


References 

Kellison, 8. G. The Theory of Interest, 2nd ed. Burr Ridge, 
IL: Richard D. Irwin, pp. 14-16, 1991. 

Milanfar, P. “A Persian Folk Method of Figuring Interest.” 
Math. Mag. 69, 376, 1996. 


Compound Polyhedron 
see POLYHEDRON COMPOUND 


Computability 
see COMPLEXITY THEORY 
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Computable Function 

Any computable function can be incorporated into a 
PROGRAM using while-loops (i.e., “while something is 
true, do something else”). For-loops (which have a fixed 
iteration limit) are a special case of while-loops, so com- 
putable functions could also be coded using a combina- 
tion of for- and while-loops. The ACKERMANN FUNC- 
TION is the simplest example of a well-defined TOTAL 
FUNCTION which is computable but not PRIMITIVE RE- 
CURSIVE, providing a counterexample to the belief in 
the early 1900s that every computable function was also 
primitive recursive (Détzel 1991). 


see also ACKERMANN FUNCTION, CHURCH’S THESIS, 
COMPUTABLE NUMBER, PRIMITIVE RECURSIVE FUNC- 
TION, TURING MACHINE 
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Dotzel, G. “A Function to End All Functions.” Algorithm: 
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Computable Number 

A number which can be computed to any number of 
Digits desired by a TURING MACHINE. Surprisingly, 
most IRRATIONALS are not computable numbers! 


References 
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Computational Complexity 
see COMPLEXITY THEORY 


Concatenated Number Sequences 
see CONSECUTIVE NUMBER SEQUENCES 


Concatenation 

The concatenation of two strings a and } is the string ab 
formed by joining a and 6. Thus the concatenation of 
the strings “book” and “case” is the string “bookcase”. 
The concatenation of two strings a and b is often de- 
noted ab, al||b, or (in Mathematica® (Wolfram Research, 
Champaign, IL) a <> b. Concatenation is an asso- 
ciative operation, so that the concatenation of three or 
more strings, for example abc, abcd, etc., is well-defined. 


The concatenation of two or more numbers is the num- 
ber formed by concatenating their numerals. For exam- 
ple, the concatenation of 1, 234, and 5678 is 12345678. 
The value of the result depends on the numeric base, 
which is typically understood from context. 


The formula for the concatenation of numbers p and g 
in base b is 
pliq = pb? +4, 


where 
lq) = |log,g) +1 


is the LENGTH of g in base 6 and |2{ is the FLOOR 
FUNCTION. 
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see also CONSECUTIVE NUMBER SEQUENCES, LENGTH 
(NUMBER), SMARANDACHE SEQUENCES 


Concave 


concave 


convex 


A Sst in R® is concave if it does not contain all the 
LINE SEGMENTS connecting any pair of its points. If 
the SET does contain all the LINE SEGMENTS, it is called 
CONVEX. 


see also CONNECTED SET, CONVEX FUNCTION, CON- 
vex HULL, CONVEX OPTIMIZATION THEORY, CONVEX 
POLYGON, DELAUNAY TRIANGULATION, SIMPLY CON- 
NECTED 


Concave Function 
A function f(a) is said to be concave on an interval [a, 5] 
if, for any points x1 and 2 in [a,b], the function —f(z) 
is CONVEX on that interval. If the second DERIVATIVE 
of f 

f" (x) > 0, 


on an open interval (a,b) (where f(x) is the second 
DERIVATIVE), then f is concave up on the interval. If 


f"(z) <0 


on the interval, then f is concave down on it. 
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Concentrated 

Let p be a POSITIVE MEASURE on a SIGMA ALGEBRA 
M, and let 4 be an arbitrary (real or complex) MEASURE 
on M. If there is a Set A € M such that \(E) = 
A(A NM £) for every E € M, then lambda is said to be 
concentrated on A. This is equivalent to requiring that 
A(E) = 0 whenever EN A=. 


see also ABSOLUTELY CONTINUOUS, MUTUALLY SINGU- 
LAR 
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Concentric 

Two geometric figures are said to be concentric if their 
CENTERS coincide. The region between two concentric 
CIRCLES is called an ANNULUS. 


see also ANNULUS, CONCENTRIC CIRCLES, CONCYCLIC, 
ECCENTRIC 


Conchoid 


Concentric Circles 
The region between two CONCENTRIC circles of different 
RADII is called an ANNULUS. 


Given two concentric circles with RADI R and 2R, what 
is the probability that a chord chosen at random from 
the outer circle will cut across the inner circle? Depend- 
ing on how the “random” CHORD is chosen, 1/2, 1/3, or 
1/4 could all be correct answers. 


1. Picking any two points on the outer circle and con- 
necting them gives 1/3. 


2. Picking any random point on a diagonal and then 
picking the CHORD that perpendicularly bisects it 
gives 1/2. 


3. Picking any point on the large circle, drawing a line 
to the center, and then drawing the perpendicularly 
bisected CHORD gives 1/4. 


So some care is obviously needed in specifying what is 
meant by “random” in this problem. 


Given an arbitrary CHORD BB’ to the larger of two 
concentric CIRCLES centered on O, the distance be- 
tween inner and outer intersections is equal on both 
sides (AB = A’'B'). To prove this, take the PERPEN- 
DICULAR to BB’ passing through O and crossing at P. 
By symmetry, it must be true that PA and PA’ are 
equal. Similarly, PB and PB’ must be equal. There- 
fore, PB — PA = AB equals PB’ — PA' = A'B'. Inci- 
dentally, this is also true for HOMEOIDS, but the proof 
is nontrivial. 


see also ANNULUS 


Concho-Spiral 
The SPACE CURVE with parametric equations 


u 
r=pa 
6=u 

ua 
z=p'e. 


see also CONICAL SPIRAL, SPIRAL 


Conchoid 

A curve whose name means “shell form.” Let C be a 
curve and O a fixed point. Let P and P’ be points 
on a line from O to C meeting it at Q, where P’Q = 
QP =k, with k a given constant. For example, if C is a 
CIRCLE and O is on C, then the conchoid is a LIMAgon, 
while in the special case that k is the DIAMETER of C, 


Conchoid of de Sluze 


then the conchoid is a CARDIOID. The equation for a 
parametrically represented curve (f(t), g(t)) with O = 
(zo, yo) is 


k(f — xo) 
JG — 20)" + (9 — m0) 
k(g — yo) 
=gt , 
made (Pa ee rare, 


g=ft 


see also CONCHO-SPIRAL, CONCHOID OF DE SLUZE, 
CONCHOID OF NICOMEDES, CONICAL SPIRAL, DURER’S 
CONCHOID 
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Conchoid of de Sluze 


A curve first constructed by René de Sluze in 1662. In 
CARTESIAN COORDINATES, 


a(a — a)(2” + y”) = ka”, 
and in POLAR COORDINATES, 


k? cos 0 
+ asec é. 


T = 
The above curve has k?/a = 1, a= —0.5. 


Conchoid of Nicomedes 


A curve studied by the Greek mathematician Nicomedes 
in about 200 BC, also called the COCHLOID. It is the 
Locus of points a fixed distance away from a line as 
measured along a line from the Focus point (MacTutor 
Archive). Nicomedes recognized the three distinct forms 
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seen in this family. This curve was a favorite with 17th 
century mathematicians and could be used to solve the 
problems of CUBE DUPLICATION and ANGLE TRISEC- 
TION. 


In POLAR COORDINATES, 
r=b+asecé. (1) 
In CARTESIAN COORDINATES, 
(c—a)'(2? +47) =b"07. (2) 


The conchoid has z = a as an asymptote and the AREA 
between either branch and the ASYMPTOTE is infinite. 
The AREA of the loop is 


a/b? — a2 
A=av/b? — a? — 2abln Ga 
a 


+b? cos * (5) : (3) 


see also CONCHOID 


References 

Lawrence, J. D. A Catalog of Special Plane Curves. New 
York: Dover, pp. 135-139, 1972. 

Lee, X. “Conchoid of Nicomedes.” http://www.best.com/ 
~xah/SpecialPlaneCurves.dir/ConchoidOfNicomedesdir 
/conchoidOfNicomedes html. 

MacTutor History of Mathematics Archive. “Conchoid.” 
http: //waw-groups .dcs.st-and.ac.uk/-history/Curves 
/Conchoid.html. 

Pappas, T. “Conchoid of Nicomedes.” The Joy of Mathemat- 
ics. San Carlos, CA: Wide World Publ./Tetra, pp. 94-95, 
1989. 

Yates, R. C. “Conchoid.” A Handbook on Curves and Their 
Properties. Ann Arbor, MI: J. W. Edwards, pp. 31-33, 
1952. 


Concordant Form 
A concordant form is an integer TRIPLE (a, 6, N) where 


a+b? =? 
a? + Nb? = d’, 


with c and d integers. Examples include 


{ 14663? + 111384? = 112345? 

146637 + 47 - 111384? = 763751? 

{ 1141? + 13260? = 13309? 
1141? + 53 - 13260? = 96541? 
28731617 + 2401080? = 3744361? 
28731617 + 83 - 2401080? = 220627617. 


Dickson (1962) states that C. H. Brooks and S. Watson 
found in The Ladies’ and Gentlemen’s Diary (1857) that 
ze? +y* and x? + Ny’ can be simultaneously squares for 
N < 100 only for 1, 7, 10, 11, 17, 20, 22, 23, 24, 27, 
30, 31, 34, 41, 42, 45, 49, 50, 52, 57, 58, 59, 60, 61, 
68, 71, 72, 74, 76, 77, 79, 82, 85, 86, 90, 92, 93, 94, 97, 
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99, and 100 (which evidently omits 47, 53, and 83 from 
above). The list of concordant primes less than 1000 
is now complete with the possible exception of the 16 
primes 103, 131, 191, 223, 271, 311, 431, 439, 443, 593, 
607, 641, 743, 821, 929, and 971 (Brown). 


see also CONGRUUM 
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Concur 
Two or more lines which intersect in a POINT are said 
to concur. 


see also CONCURRENT 


Concurrent 

Two or more LINES are said to be concurrent if they 
intersect in a single point. Two LINES concur if their 
TRILINEAR COORDINATES satisfy 


ly Mm, M1 
lg m2 no|=0. (1) 
lg ms ns 


Three LINES concur if their TRILINEAR COORDINATES 
satisfy 


ha+mB+ny=0 (2) 
la + m8 + nay = 0 (3) 
ba+ms3+nsy =0, (4) 


in which case the point is 


Men3 n2mMs3 : Nels = Inng iS Inm3 Mals3. (5) 
Three lines 
Aiz+ Biy+ Ci =0 (6) 
Aor + Boy + C2 = 0 (7) 
Asx + Bsy + Cs = 0. (8) 


are concurrent if their COEFFICIENTS satisfy 


A, By Gy 
Az Bo Co| =0. (9) 
A3 B3 C3 


see also CONCYCLIC, POINT 


Conditional Convergence 


Concyclic 


P3 


P. 
Py : 


Four or more points P,, P2, P3, P4, ... which lie on a 
CIRCLE C are said to be concyclic. Three points are 
trivially concyclic since three noncollinear points deter- 
mine a CIRCLE. The number of the n? LATTICE POINTS 
z,y € [1,n] which can be picked with no four concyclic 
is O(n?/> — ¢) (Guy 1994). 


A theorem states that if any four consecutive points of 
a POLYGON are not concyclic, then its AREA can be 
increased by making them concyclic. This fact arises in 
some PROOFS that the solution to the ISOPERIMETRIC 
PROBLEM is the CIRCLE. 


see also CIRCLE, COLLINEAR, CONCENTRIC, CYCLIC 
HEXAGON, CYCLIC PENTAGON, CYCLIC QUADRILAT- 
ERAL, ECCENTRIC, N-CLUSTER 
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Condition 
A requirement NECESSARY for a given statement or the- 
orem to hold. Also called a CRITERION. 


see also BOUNDARY CONDITIONS, CARMICHAEL CON- 
DITION, CAUCHY BOUNDARY CONDITIONS, CONDITION 
NUMBER, DIRICHLET BOUNDARY CONDITIONS, DIVER- 
SITY CONDITION, FELLER-LEVY CONDITION, HOLDER 
CONDITION, LICHNEROWICZ CONDITIONS, LINDEBERG 
CONDITION, LIPSCHITZ CONDITION, LYAPUNOV CON- 
DITION, NEUMANN BOUNDARY CONDITIONS, ROBERT- 
SON CONDITION, ROBIN BOUNDARY CONDITIONS, TAY- 
LOR’S CONDITION, TRIANGLE CONDITION, WEIER- 
STRA’-ERDMAN CORNER CONDITION, WINKLER CON- 
DITIONS 


Condition Number 

The ratio of the largest to smallest SINGULAR VALUE of 
asystem. A system is said to be singular if the condition 
number is INFINITE, and ill-conditioned if it is too large. 


Conditional Convergence 
If the SERIES 


CONVERGES, but 


Conditional Probability 


does not, where |z| is the ABSOLUTE VALUE, then the 
SERIES is said to be conditionally CONVERGENT. 


see also ABSOLUTE CONVERGENCE, CONVERGENCE 
TESTS, RIEMANN SERIES THEOREM, SERIES 


Conditional Probability 
The conditional probability of A given that B has oc- 
curred, denoted P(A|B), equals 


_ P(ANB) 


P(A|B) = PB)” 


(1) 


which can be proven directly using a VENN DIAGRAM. 
Multiplying through, this becomes 


P(A|B)P(B) = P(ANMB), (2) 
which can be generalized to 
P(AUBUC)=P(A)P(BIA)P(C|AUB). (3) 
Rearranging (1) gives 


P(BN A) 


P(BIA) = P(A) (4) 


Solving (4) for P(BM A) = P(AN B) and plugging in 
to (1) gives 


P(A|B) = eee (5) 


see also BAYES’ FORMULA 


Condom Problem 
see GLOVE PROBLEM 


Condon-Shortley Phase 

The (—1)™ phase factor in some definitions of the 
SPHERICAL HARMONICS and associated LEGENDRE 
POLYNOMIALS. Using the Condon-Shortley convention 
gives 


¥"(6,6) = (-1)",/ an : a - a P™(cos6)e'*, 


see also LEGENDRE POLYNOMIAL, SPHERICAL HAR- 
MONIC 
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Conductor 
see j-CONDUCTOR 


Cone 


A cone is a PYRAMID with a circular CROSS-SECTION. 
A right cone is a cone with its vertex above the center 
of its base. A right cone of height h can be described by 
the parametric equations 


x =r(h—z)cosé (1) 
y=r(h—z)sin8 (2) 
zZ=2 (3) 


for z € [0,h] and @ € [0, 27). The VOLUME of a cone is 
therefore 


V = 2 Abh, (4) 


where Ay is the base AREA and A is the height. If the 
base is circular, then 


V= Lar h. (5) 


This amazing fact was first discovered by Eudoxus, and 
other proofs were subsequently found by Archimedes in 
On the Sphere and Cylinder (ca. 225 BC) and Euclid in 
Proposition XII.10 of his Elements (Dunham 1990). 


The CENTROID can be obtained by setting Re = 0 in the 
equation for the centroid of the CONICAL FRUSTUM, 


2 _ @) _ h(Ri? + RiRe + Re’) 
V  4(Ri? + 2R, Re +3R2*)’ 


(6) 


(Beyer 1987, p. 133) yielding 


h. (7) 


ali 


Zo 


For a right circular cone, the SLANT HEIGHT s is 


s= Vr? +h? (8) 


and the surface AREA (not including the base) is 


S=ars=nrvr?+h?. (9) 


In discussions of CONIC SECTIONS, the word cone is of- 
ten used to refer to two similar cones placed apex to 
apex. This allows the HYPERBOLA to be defined as the 
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intersection of a PLANE with both NAPPES (pieces) of 
the cone. 


The Locus of the apex of a variable cone containing 
an ELLIPSE fixed in 3-space is a HYPERBOLA through 
the Foci of the ELLIPSE. In addition, the Locus of 
the apex of a cone containing that HYPERBOLA is the 
original ELLIPSE. Furthermore, the ECCENTRICITIES of 
the ELLIPSE and HYPERBOLA are reciprocals. 


see also CONIC SECTION, CONICAL FRUS'TUM, CYLIN- 
DER, NAPPE, PYRAMID, SPHERE 
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Cone Graph 
A GRAPH Cy, + Km, where C, is a CYCLIC GRAPH and 
Km is a COMPLETE GRAPH. 


Cone Net 

The mapping of a grid of regularly ruled squares onto a 
CONE with no overlap or misalignment. Cone nets are 
possible for vertex angles of 90°, 180°, and 270°, and 
are beautifully illustrated by Steinhaus (1983). 
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Cone (Space) 

The JOIN of a TOPOLOGICAL SPACE X and a point P, 

C(X) =X * P. 
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Cone-Sphere Intersection 
Let a CONE of opening parameter c and vertex at (0,0, 0) 
intersect a SPHERE of RADIUS r centered at (Zo, yo, 20), 
with the CONE oriented such that its axis does not pass 
through the center of the SPHERE. Then the equations 
of the curve of intersection are 


ie (1) 
(@ — 20)” + (y— yo)” + (2-20)? = 9”. (2) 
Combining (1) and (2) gives 
e+ y 2z 


(2-20)? +(y—yo)? + a = z?+y2+2° =P? 


(3) 


Confidence Interval 


1l+-—5]-2 1+—5]-2 
x ( + a Lor +y a a yoy 


2 
+(z0” + yo? + 207 — 7”) — aay A aE y2=0. (4) 


c 


Therefore, » and y are connected by a complicated 
QUARTIC EQUATION, and a, y, and z by a QUADRA- 
TIC EQUATION. 


If the CONE-SPHERE intcrscction is on-azis so that a 
CONE of opening parameter c and vertex at (0,0, zo) is 
oriented with its AXIS along a radial of the SPHERE of 
radius r centered at (0,0,0), then the equations of the 
curve of intersection are 


(e- a) = 24 (5) 
ety +z? =r’, (6) 
Combining (5) and (6) gives 
e(z—2)4+22=r° (7) 
(27 — 22+ 2° )+22 =r? (8) 
27 (C7 +1) — 2c? z9z + (297%? — 7”) = 0. (9) 


Using the QUADRATIC EQUATION gives 


2c? zn & \/4c42z0? — 4(c? + 1)(z02c? — r?) 
2 = 
2(c? +1) 
c?(r? — zo?) +7? 


c+1 


zt 


(10) 


So the curve of intersection is planar. Plugging (10) 
into (5) shows that the curve is actually a CIRCLE, with 
RADIUS given by 


r? — 27, (11) 


Confidence Interval 

The probability that a measurement will fall within a 
given CLOSED INTERVAL [a,b]. For a continuous distri- 
bution, 


Cl(a,6) = a P(x) dz, (1) 


where P(x) is the PROBABILITY DISTRIBUTION FUNC- 
TION. Usually, the confidence interval of interest is sym- 
metrically placed around the mean, so 


Cl(z) = Cl(u-a2,p+2)= es P(z)dz, (2) 


= 


Configuration 
where p is the MEAN. For a GAUSSIAN DISTRIBUTION, 


the probability that a measurement falls within no of 
the mean p is 


L+ne 


1 
OV 20 June 


ee aaa ror 
= e dz. 3 
oV2n [ ( ) 


Now let u = (2 — p)/V20, so du = dx//2c. Then 


2 V3 BANG ats 
2 od 
aie a € u 


2 nf/J2 2 ae n 
-= | e iu= ext (5), (4) 


where erf(z) is the so-called ERF function. The variate 
value producing a confidence interval CI is often denoted 
Lc, SO 


eo (tH)? /207 dz 


ClI(no) = 


Cl(na) = 


tor = V2 erf~*(Cl). (5) 


0.6826895 
0.9544997 


0.9973002 
0.9999366 
0.9999994 


To find the standard deviation range corresponding to 
a given confidence interval, solve (4) for n. 


n= V2erf *(CI) (6) 
CI range 
0.800 | +1.281550 
0.900 | £1.644850 
0.950 | +1.959960 
0.990 | +2.57583c 
0.995 | +2.807030 
0.999 | +3.29053a 
Configuration 


A finite collection of points p = (pi,...,pn), pi € R%, 


where IR? is a EUCLIDEAN SPACE. 


see also BAR (EDGE), EUCLIDEAN SPACE, FRAME- 
WORK, RIGID 


Confluent Hypergeometric Differential 
Equation 


zy" +(b—2)y' ~ay=0, (1) 


where y’ = dy/dx and with boundary conditions 


1Fi (a; b; 0) =1 (2) 
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re] a 

=1Fi a; 652) =>. 3 
LagrFabie)| = 5 (3) 
The equation has a REGULAR SINGULAR POINT at 0 
and an irregular singularity at oo. The solutions are 
called CONFLUENT HYPERGEOMETRIC FUNCTION OF 
THE FIRST or SECOND KINDS. Solutions of the first 
kind are denoted 1F1(a;b;x) or M(a,b,z). 

see also HYPERGEOMETRIC DIFFERENTIAL EQUATION, 
WHITTAKER DIFFERENTIAL EQUATION 
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Confluent Hypergeometric Function 


see CONFLUENT HYPERGEOMETRIC FUNCTION OF THE 
First KIND, CONFLUENT HYPERGEOMETRIC FUNC- 
TION OF THE SECOND KIND 


Confluent Hypergeometric Function of the 
First Kind 

The confluent hypergeometric function a degenerate 
form the HYPERGEOMETRIC FUNCTION 2Fi(a, 6; ¢;z) 
which arises as a solution the the CONFLUENT HYPER- 
GEOMETRIC DIFFERENTIAL EQUATION. It is commonly 
denoted iF, (a; 6;z), M(a,b, z), or ®(a; 5; z), and is also 
known as KUMMER’S FUNCTION of the first kind. An 
alternate form of the solution to the Confluent Hyper- 
geometric Differential Equation is known as the WHIT- 
TAKER FUNCTION. 


The confluent hypergeometric function has a HYPERGE- 
OMETRIC SERIES given by 


bez) 14224 Ct H yr @a2t 
1 Fi (a;6;z) =1+ “+a ato le j 


b 

(1) 
where (a), and (b), are POCHHAMMER SYMBOLS. If a 
and b are INTEGERS, a < 0, and either 6 > Oorb <a, 
then the series yields a POLYNOMIAL with a finite num- 
ber of terms. If 6 is an INTEGER < 0, then 1 Fi (a; b; z) is 
undefined. The confluent hypergeometric function also 
has an integral representation 


=: = T(5) F zt,a—1 b~a-1 
F(ab) = pqs or f et (1-2) dt 
(2) 
(Abramowitz and Stegun 1972, p. 505). 


BESSEL FUNCTIONS, the ERROR FUNCTION, the incom- 
plete GAMMA FUNCTION, HERMITE POLYNOMIAL, La- 
GUERRE POLYNOMIAL, as well as other are al! special 
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cases of this function (Abramowitz and Stegun 1972, 
p. 509). 


KUMMER’S SECOND FORMULA gives 
1Fi (3 +m; 2m + 1; 2) = Mom(z) =z 


27? 


2 1+) Spiga Film +3) FP) ee) 


where 1 F is the CONFLUENT HYPERGEOMETRIC FUNC- 
TION and m # —1/2, —1, —3/2,.... 


see also CONFLUENT HYPERGEOMETRIC DIFFERENTIAL 
EQUATION, CONFLUENT HYPERGEOMETRIC FUNCTION 
OF THE SECOND KIND, CONFLUENT HYPERGEOMET- 
RIC LIMIT FUNCTION, GENERALIZED HyPERGEOMET- 
RIG FUNCTION, HEINE HYPERGEOMETRIC SERIES, 
HYPERGEOMETRIC FUNCTION, HYPERGEOMETRIC SE- 
RIES, KUMMER’S FORMULAS, WEBER-SONINE FOR- 
MULA, WHITTAKER FUNCTION 
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Confluent Hypergeometric Function of the 
Second Kind 

Gives the second linearly independent solution to the 
CONFLUENT HYPERGEOMETRIC DIFFERENTIAL EQUA- 
TION. It is also known as the KUMMER’S FUNCTION of 
the second kind, the TRICOMI FUNCTION, or the GOR- 
DON FUNCTION. It is denoted U(a,b,z) and has an in- 
tegral representation 


U(a,b,z) = x | "a ages Ce oar 8 aaa 
0 


T(a 


(Abramowitz and Stegun 1972, p. 505). The WHuiT- 
TAKER FUNCTIONS give an alternative form of the solu- 


tion. For small z, the function behaves as z!~°. 


see also BATEMAN FUNCTION, CONFLUENT HYPERGE- 
OMETRIC FUNCTION OF THE FIRST KIND, CONFLU- 
ENT HYPERGEOMETRIC LIMIT FUNCTION, COULOMB 
WAVE FUNCTION, CUNNINGHAM FUNCTION, GORDON 


Confocal Conics 


FUNCTION, HYPERGEOMETRIC FUNCTION, POISSON- 
CHARLIER POLYNOMIAL, TORONTO FUNCTION, WE- 
BER FUNCTIONS, WHITTAKER FUNCTION 
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Confluent Hypergeometric Limit Function 
ofi(;a;z) = lim iF; (aa 2) ; (1) 
q-+ 00 q 


It has a series expansion 


oO 2 
Fy(;4; 2) = 2 
0 1( ) Xu (a)nn! ( ) 
and satisfies ? 
OU WY 
tT tae : (3) 


A BESSEL FUNCTION OF THE FIRST KIND can be ex- 
pressed in terms of this function by 


(32)" 


ni 


In(x) = oFi(;n4+ 1; —}2”) (4) 


(Petkovsek et al. 1996). 


see also CONFLUENT HYPERGEOMETRIC FUNCTION, 
GENERALIZED HYPERGEOMETRIC FUNCTION, HYPER- 
GEOMETRIC FUNCTION 
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Confocal Conics 

Confocal conics are CONIC SECTIONS sharing a common 
Focus. Any two confocal CENTRAL CONICS are orthog- 
onal (Ogilvy 1990, p. 77). 


see also CONIC SECTION, Focus 
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Confocal Ellipsoidal Coordinates 


Confocal Ellipsoidal Coordinates 

The confocal ellipsoidal coordinates (called simply el- 
lipsoidal coordinates by Morse and Feshbach 1953) are 
given by the equations 


2 2 2 
£ y z 
=1 1 
are ret are ? 
2 2 2 
x y z 
=I 
Pay Pe ean (2) 
2 2 2 
£ y z 
— 8 | 
eee tRaetaqen (3) 


2 2 


where —c*? < € < oo, —b? < 4 < —c*, and —a? < 
¢ < —0*. Surfaces of constant € are confocal ELLIP- 
SOIDS, surfaces of constant 7 are one-sheeted HYPER- 
BOLOIDS, and surfaces of constant ¢ are two-sheeted 
HYPERBOLOIDS. For every (x,y,z), there is a unique 
set of ellipsoidal coordinates. However, (€,7,¢) specifies 
eight points symmetrically located in octants. Solving 


for z, y, and z gives 


ge @ +O (a? + ny(a? +0) 


(B= ab)(e = a) o 

_@+ Oe +me+o 
Yee oy (5) 
pa FEC? + n/c? +0) (6) 


(a? — c?)(b? — ¢?) 


The LAPLACIAN is 


Ve = (n- OR [rer 


+(¢- OF 5 [se 4 +(E- mt Ose [oF | ; 


(7) 


where 


f(x) = J (e+ a?) (x + 8) (a + 2). (8) 


Another definition is 


2 2 2 
x y z 
aH E 
eo Baa eae (9) 
7 2 2 
= y 7 (10) 
a—p BP-p ct-p 
ge y 2 
=} 11 
Cap Pa oe , (11) 
where 
A<O<p<P<v<ad (12) 


(Arfken 1970, pp. 117-118). Byerly (1959, p. 251) uses a 
slightly different definition in which the Greek variables 
are replaced by their squares, and a = 0. Equation (9) 
represents an ELLIPSOID, (10) represents a one-sheeted 
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HyYPERBOLOID, and (11) represents a two-sheeted Hy- 
PERBOLOID. In terms of CARTESIAN COORDINATES, 


ge? = (a? ~ A)(a? it yt) (a” ai v) (13) 


(a? — B)(a? — c2) 


2 _ (67 —A)(6? - n) (6? ~v) 
(a2)? — 2) 


(14) 
a_ (CP? —A)(C? — p)(c? — v) 

a (e- a(t —B) . (15) 
The SCALE FACTORS are 


= (4 — A}{v — a) 
oe = —)(6? — d)(c? — A) (16) 


2 (v — p)(A — BL) 
ee Jw Seams. 


ns (A-v)(H- v) 
iS Va — v)(b? — v)(c? — v)’ (18) 


The LAPLACIAN is 


oe tart +h 2 _ Qu(a? + b? te?) +37 Oo 


2 
~ (wu —v)(v—A) Ov 
4 4(a? — v)(b? ~ v)(c? — v) a 
(u — v)(v — A) av? 
92 +.ac? + bc? — 2u(a? + b* +07) + 3p? 0 
7 (v — p)(u— >) op 
Pee i (aa 2 cine cae 


(u — A)(v — p) Op? 
ate"? + a*c? + b?c?) + 2A(a? + b? + c?) — 32? oO 
. (@— wd) BA 
4(a? — d)(b? — A)(c? — A) 8? 
(—-NU-») O (19) 


Using the NOTATION of Byerly (1959, pp. 252-253), this 
can be reduced to 


v8 = Gt) F091) Fr wn, (20) 
6a? Of? Oy?’ 
where 
‘ dr 
a=C 


=(82)-r(%ow"(9) as 


= F (2,sin (7). (23) 


300 Confocal Parabolic Coordinates 


Herc, F is an ELLIPTIC INTEGRAL OF TIE First KIND. 
In terms of a, 8, and ¥, 


A= cde (a, -) (24) 
p= ona (2 1-8] (25) 
yv=bsn (v2) ? (26) 


where dc, nd and sn are JACUBI ELLIPTIC FUNCTIONS. 
The HELMHOLTZ DIFFERENTIAL EQUATION is separable 
in confocal ellipsoidal coordinates. 


see also HELMHOLTZ DIFFERENTIAL EQUATION— 
CONFOCAL ELLIPSOIDAL COORDINATES 
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Confocal Parabolic Coordinates 
see CONFOCAL PARABOLOIDAL COORDINATES 


Confocal Paraboloidal Coordinates 


7 y’ 

as Vee ee (1) 
x y’ 

Mad on (2) 
a? y? 

Pa Pag oe (3) 


where » € (—o0, 6”),  € (b?, a”), and v € (a”, 00). 


Pa LINO = we? -v) 


a_ (bh — A) - pw) —v) 
ee akenpy = (5) 
z=Atptv—a’—od’. (6) 


The SCALE FACTORS are 


_ | Aw) 

a= Vi Ga? — d(H — A) (7) 
_— | &’-WA =p) 

m= fa (8) 


_ [ene 
hy = 16(a? —v)( — v)" (9) 


Conformal Latitude 


The LAPLACIAN is 
_ 2a? +b? -2v) 8 | 4(a? —v)(v — 0?) a 
— (w—v)(v—) dv (u—v)\(v—A) 
2a? +6? =2n) 9. A(a? — p)(u—b*) & 
(e-A)\(u—H) On (H-A)(Y—H) OpA 
4(A—a?)(A- 0?) & 


2(2\ —a* — b*) a 
(@—NU—A) AT (H=AV—A)_ OF” 


The HELMHOLTZ DIFFERENTIAL EQUATION is SEPARA- 
BLE. 


v? 


(10) 


see also HELMHOLTZ DIFFERENTIAL EQUATION— 
CONFOCAL PARABOLOIDAL COORDINATES 
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Conformal Latitude 
An AUXILIARY LATITUDE defined by 


: /2 
= 1-—esing - 
X = 2tan7' {isnt +¢) Feed —in 


l+esing 
: : 1/2 
= ttan7? 1+sing {/1—esing i Stile 
1—singd \l+esing 2 


=9- (fe? + Set + Seo + BeeP +...) sin(29) 
+ (ett Bet + lget +...) sin) 
a (Ad e° ate ottte +...)sin(6¢) 


+ (7B eF +...) sin(8¢) +... 


The inverse is obtained by iterating the equation 


A e/2 
_ -1 1 l+esing 
o=2tan snc + $x) (jes — jn 


using ¢ = x as the first trial. A series form is 
b=xt+ (fe? + Het + Heo + Ade? +...) sin(2y) 
4 6 9 : 
+ (fe + rata + jie +...)sin(4x)} 
+ (soe® + She’ +...) sin(6x) 
+ (;4272,€° +...)sin(8x) +... 


The conformal latitude was called the ISOMETRIC LaT- 
ITUDE by Adams (1921), but this term is now used to 
refer to a different quantity. 


see also AUXILIARY LATITUDE, LATITUDE 
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Conformal Map 


Conformal Map 

A TRANSFORMATION which preserves ANGLES is known 
as conformal. For a transformation to be conformal, it 
must be an ANALYTIC FUNCTION and have a NONZERO 
DERIVATIVE. Let 6 and ¢ be the tangents to the curves 
yy and f(y) at zo and wo, 


f(2) = f(20) 


z— 20 


w~ wo = f(z) — f(zo) = z-z0) (1) 


f(z) — f(z) 


z— 20 


arg(w — wo) = arg | + arg(z— 20). (2) 


Then as w — wo and z -+ 20, 
ob = arg f'(z0) +6 (3) 


|w| = |f'(z0)] lal. (4) 


see also ANALYTIC FUNCTION, HARMONIC FUNCTION, 
MOsius TRANSFORMATION, QUASICONFORMAL Map, 
SIMILAR 
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Conformal Solution 

By letting w = f(z), the REAL and IMAGINARY Parts of 
w must satisfy the CAUCHY-RIEMANN EQUATIONS and 
LAPLACE’S EQUATION, so they automatically provide a 
scalar POTENTIAL and a so-called stream function. If a 
physical problem can be found for which the solution is 
valid, we obtain a solution—which may have been very 
difficult to obtain directly—by working backwards. Let 


Az” = Ar*e'®, (1) 


the REAL and IMAGINARY PARTs then give 


@ = Ar” cos(n8) (2) 
wy = Ar” sin(n@). (3) 
For n = —2, 
o= = cos(28) (4) 
A, 
y= —A sin(20), (5) 
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which is a double system of LEMNISCATES (Lamb 1945, 
p. 69). For n = —-1, 


o= A cos (6) 


y= A sina. (7) 


This solution consists of two systems of CIRCLES, and 
@ is the POTENTIAL FUNCTION for two PARALLEL op- 
posite charged line charges (Feynman eé al. 1989, §7-5; 
Lamb 1945, p. 69). For n = 1/2, 


Jot+yte (8) 


2 


VitF—-2 


2 


o= Ar’? cos (5) =A 
wb = Ar’? sin (5) =A 


@ gives the field near the edge of a thin plate (Feynman 
et al. 1989, §7-5). For n= 1, 


@= Arcos§ = Az (10) 
wy = Arsinéd = Ay. (11) 


This is two straight lines (Lamb 1945, p. 68). For n = 
3/2, 

w = Ar®!? 39/2. (12) 
@ gives the field near the outside of a rectangular corner 
(Feynman et al. 1989, §7-5). For n = 2, 


w = A(x + iy)? = Af(x? — y?) + 2izy] (13) 


¢ = A(z? — y?) = Ar’? cos(26) (14) 
wb = 2Ary = Ar’ sin(26). (15) 


These are two PERPENDICULAR HYPERBOLAS, and ¢ is 
the POTENTIAL FUNCTION near the middle of two point 
charges or the field on the opening side of a charged 
RIGHT ANGLE conductor (Feynman 1989, §7-3). 

see also CAUCHY-RIEMANN EQUATIONS, CONFORMAL 
Map, LAPLACE’S EQUATION 
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Conformal Tensor 
see WEYL TENSOR 


Conformal Transformation 
see CONFORMAL MAP 
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Congruence 

If b—c is integrally divisible by a, then 6 and c are said 
to be congruent with MODULUS a. This is written math- 
ematically as b = c (mod a). If b—c is not divisible by a, 
then we say 6 # c (mod a). The (mod a) is sometimes 
omitted when the MODULUS a is understood for a given 
computation, so care must be taken not to confuse the 
symbol = with that for an EQUIVALENCE. The quantity 
b is called the RESIDUE or REMAINDER. The COMMON 
RESIDUE is taken to be NONNEGATIVE and smaller than 
m, and the MINIMAL RESIDUE is b or b — m, whichever 
is smaller in ABSOLUTE VALUE. In many computer lan- 
guages (such as FORTRAN or Mathematic®), the COMMON 
RESIDUE of c (mod a) is written mod(c,a). 


Congruence arithmetic is perhaps most familiar as a 
generalization of the arithmetic of the clock: 40 min- 
utes past the hour plus 35 minutes gives 40 + 35 = 
15 (mod 60), or 15 minutes past the hour, and 10 o’clock 
a.m. plus five hours gives 10 +5 = 3 (mod 12), or 3 
o’clock p.m. Congruences satisfy a number of impor- 
tant properties, and are extremely useful in many areas 
of NUMBER THEORY. Using congruences, simple DI- 
VISIBILITY TESTS to check whether a given number is 
divisible by another number can sometimes be derived. 
For example, if the sum of a number’s digits is divisible 
by 3 (9), then the original number is divisible by 3 (9). 


Congruences also have their limitations. For example, if 
a = band c=d (mod n), then it follows that a” = 6”, 
but usually not that 2° = x or a° = b*. In addition, 
by “rolling over,” congruences discard absolute informa- 
tion. For example, knowing the number of minutes past 
the hour is useful, but knowing the hour the minutes arc 
past is often more useful still. 


Let a = a’ (mod m) and 6 = 6’ (mod m), then im- 
portant properties of congruences include the following, 
where = means “IMPLIES”: 


1. Equivalence: a = 6 (mod 0) > a= b. 
2. Determination: either a = b (mod m) or a # 
b (mom m). 

3. Reflexivity: a =a (mod m). 

4. Symmetry: a = b (mod m) > b=a (mod m). 

. Transitivity: @a@ = b (modm) and b = 
c (mod m) > a=c (mod m). 

.at+b=a'+b' (mod m). 

a—b=a'—b' (mod m). 

. ab =a’'b! (mod m). 

. @=b (mod m) > ka = kb (mod m). 

10. a= 6 (mod m) > a” = 6" (mod m). 

11. a = b (mod m) and a = b (mod m2) > a = 


b {mod [m,ma2]), where [mi,m2] is the LEAST 
COMMON MULTIPLE. 


12. ak = bk (mod m) > a= b (mod ws): where 


™m 
(k,m) 
(k,m) is the GREATEST COMMON Divisor. 


ol 


oon 


Congruence 


13. Ifa =b (mod m), then P(a) = P(b) (mod m), for 
P(x) a POLYNOMIAL. 


Properties (6-8) can be proved simply by defining 


a=a+rd (1) 
b=b' +sd, (2) 


where r and s are INTEGERS. Then 


a+b=a'+b'+(r+s)d (3) 
a—b=a —b'+(r—s)d (4) 
ab = a'b' + (a's + 0'r+rsd)d, (5) 


so the properties are true. 


Congruences also apply to FRACTIONS. For example, 
note that (mod 7) 


2x4=1 3x3=2 6x6=1(mod7), (6) 
so 
¢ =6(mod 7). (7) 


To find p/qg mod m, use an ALGORITHM similar to the 
GREEDY ALGORITHM. Let go = q and find 


Po = H ) (8) 


where [2] is the CEILING FUNCTION, then compute 
@ = gopo (mod m). (9) 


Iterate until gn = 1, then 


- =p Il pi (mod m). (10) 


This method always works for m PRIME, and sometimes 
even for m COMPOSITE. However, for a COMPOSITE m, 
the method can fail by reaching 0 (Conway and Guy 
1996). 


A LINEAR CONGRUENCE 
az = b (mod m) (11) 
is solvable IFF the congruence 
b =0 (mod (a,m)) (12) 
is solvable, where d = (a,m) is the GREATEST COMMON 
Divisor, in which case the solutions are x9, 29 + m/d, 


Zo + 2m/d, ..., x9 + (d —1)m/d, where ro < m/d. If 
d = 1, then there is only one solution. 


Congruence Axioms 
A general QUADRATIC CONGRUENCE 
agx” + a,x + a9 = 0 (mod n) (13) 
can be reduced to the congruence 
zg’ =q (mod p) (14) 


and can be solved using EXCLUDENTS. Solution of the 
general polynomial congruence 


Ama” +...+a92*+a1r+a9 =0 (modn) (15) 


is intractable. Any polynomial congruence will give con- 
gruent results when congruent values are substituted. 


Two simultaneous congruences 
x =a (mod m) (16) 


x2 =b (mod n) (17) 


are solvable only when z = 6b (mod (m,n)), and the 
single solution is 


x= 2 (mod [m,n)), (18) 


where zo < m/d. 


see also CANCELLATION LAW, CHINESE REMAINDER 
THEOREM, COMMON RESIDUE, CONGRUENCE AXIOMS, 
DIVISIBILITY TESTS, GREATEST COMMON DIVISOR, 
LEAST COMMON MULTIPLE, MINIMAL RESIDUE, Mop- 
ULUS (CONGRUENCE), QUADRATIC RECIPROCITY LAw, 
RESIDUE (CONGRUENCE) 
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Congruence Axioms 
The five of HILBERT’S AXIOMS which concern geometric 
equivalence. 


see also CONGRUENCE AXIOMS, CONTINUITY AXIOMS, 
HILBERT’S AXIOMS, INCIDENCE AXIOMS, ORDERING 
AXIOMS, PARALLEL POSTULATE 
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Congruence (Geometric) 

Two geometric figures are said to be congruent if they 
are equivalent to within a ROTATION. This relationship 
is written A = B. (Unfortunately, this symbol is also 
used to denote ISOMORPHIC GROUPS.) 


see also SIMILAR 


Congruence Transformation 
A transformation of the form g = D™nD, where det(D) 
# 0 and det(D) is the DETERMINANT. 


see also SYLVESTER’S INERTIA LAW 


Congruent 
A number a is said to be congruent to b modulo m if 


mla — 6 (m DIvIDES a — 8). 


Congruent Incircles Point 

The point Y for which TRIANGLES BYC, CYA, and 
AY B have congruent INCIRCLES. It is a special case of 
an ELKIES POINT. 


References 
Kimberling, C. “Central Points and Central Lines in the 
Plane of a Triangle.” Math. Mag. 67, 163-187, 1994. 


Congruent Isoscelizers Point 
Cc 


A B 


In 1989, P. Yff proved there is a unique configuration of 
ISOSCELIZERS for a given TRIANGLE such that all three 
have the same length. Furthermore, these ISOSCELIZERS 
meet in a point called the congruent isoscelizers point, 
which has TRIANGLE CENTER FUNCTION 


a = cos(4B) + cos(+C) — cos($ A). 
see also CONGRUENT ISOSCELIZERS POINT, ISOSCE- 
LIZER 
References 


Kimberling, C. “Congruent Isoscelizers Point.” http://www. 
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Congruent Numbers 
A set of numbers (a, x, y,¢) such that 
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They are a generalization of the CONGRUUM PROBLEM, 
which is the case y = 1. For a = 101, the smallest 
solution is 


x = 2015242462949760001961 
y = 118171431852779451900 

z = 2339148435306225006961 
t = 1628124370727269996961. 


see also CONGRUUM 
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Congruum 
A number h which satisfies the conditions of the CON- 
GRUUM PROBLEM: 


et+h=a 


and 
xe? —h=b?. 


see also CONCORDANT FORM, CONGRUUM PROBLEM 


Congruum Problem 

Find a SQUARE NUMBER 2” such that, when a given 
number h is added or subtracted, new SQUARE NUM- 
BERS are obtained so that 


e+h=a (1) 


and 
2’ —h=0*. (2) 


This problem was posed by the mathematicians 
Théodore and Jean de Palerma in a mathematical tour- 
nament organized by Frederick II in Pisa in 1225. The 
solution (Ore 1988, pp. 188-191) is 


z=m +n? (3) 
h = 4mn(m? — n’), (4) 


where m and n are INTEGERS. Fibonacci proved that 
all numbers h (the CONGRUA) are divisible by 24. FER- 
MAT’S RIGHT TRIANGLE THEOREM is equivalent to the 
result that a congruum cannot be a SQUARE NUMBER. 
A table for small m and n is given in Ore (1988, p. 191), 
and a larger one (for h < 1000) by Lagrange (1977). 


mn h 


24° «5 
96 10 
120 138 
240 17 
336 25 


SB Pw WN 
We Nr 


Conic Equidistant Projection 


see also CONCORDANT FORM, CONGRUENT NUMBERS, 
SQUARE NUMBER 
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Conic 
see CONIC SECTION 


Conic Constant 


K = -e’, 
where e is the ECCENTRICITY of a CONIC SECTION. 
see also CONIC SECTION, ECCENTRICITY 


Conic Double Point 
see ISOLATED SINGULARITY 


Conic Equidistant Projection 


A MaP PROJECTION with transformation equations 


xz = psin®@ (1) 
y = po — pcos8, (2) 
where 

p=(G-9) (3) 
6 = n(A— Ao) (4) 
po = (G — 9) (5) 
G= sone + di (6) 

__ cos d1 — cos d2 
n= aa aor Ses my : (7) 


Conic Projection 


The inverse FORMULAS are given by 


p=G=p (8) 
ra rot 8, (9) 


where 
p = sen(n)/x? + (po — y)? (10) 
-1 Hi 
@ = tan (25) (11) 


Conic Projection 


see ALBERS EQUAL-AREA CONIC PROJECTION, CONIC 
EQUIDISTANT PROJECTION, LAMBERT AZIMUTHAL 
EQUAL-AREA PROJECTION, POLYCONIC PROJECTION 


Conic Section 


Hyperbola 


The conic sections are the nondegenerate curves gener- 
ated by the intersections of a PLANE with one or two 
NAPPES of a CONE. For a PLANE parallel to a CROSS- 
SECTION, a CIRCLE is produced. The closed curve pro- 
duced by the intersection of a single NAPPE with an 
inclined PLANE is an ELLIPSE or PARABOLA. The curve 
produced by a PLANE intersecting both NAPPES is a 
HYPERBOLA. The ELLIPSE and HYPERBOLA are known 
as CENTRAL CONICS. 


Because of this simple geometric interpretation, the 
conic sections were studied by the Greeks long before 
their application to inverse square law orbits was known. 
Apollonius wrote the classic ancient work on the subject 
entitled On Conics. Kepler was the first to notice that 
planetary orbits were ELLIPSES, and Newton was then 
able to derive the shape of orbits mathematically us- 
ing CALCULUS, under the assumption that gravitational 
force goes as the inverse square of distance. Depending 
on the energy of the orbiting body, orbit shapes which 
are any of the four types of conic sections are possible. 


A conic section may more formally be defined as the 
locus of a point P that moves in the PLANE of a fixed 
point F called the Focus and a fixed line d called the 
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DIRECTRIX (with F not on d) such that the ratio of the 
distance of P from F to its distance from d is a constant 
e called the ECCENTRICITY. For a Focus (0,0) and 
DIRECTRIX xz = —a, the equation is 


r+y= e*(a + a)’. 


If e = 1, the conic is a PARABOLA, if e < 1, the conic is 
an ELLIPSE, and if e > 1, it is a HYPERBOLA. 


In standard form, a conic section is written 
y’ = 2Rr - (1-e”)z’, 


where R is the RADIUS OF CURVATURE and e is the 
ECCENTRICITY. Five points in a plane determine a conic 
(Le Lionnais 1983, p. 56). 


see also BRIANCHON’S THEOREM, CENTRAL CONIC, 
CIRCLE, CONE, ECCENTRICITY, ELLIPSE, FERMAT 
CONIC, HYPERBOLA, NAPPE, PARABOLA, PASCAL’S 
THEOREM, QUADRATIC CURVE, SEYDEWITZ’S THEO- 
REM, SKEW CONIC, STEINER’S THEOREM 
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Conic Section Tangent 
Given a CONIC SECTION 


a+ y? +292 4+2fyteo=0, 
the tangent at (x1,y1) is given by the equation 


zzityyto(xtar)+flytyj)tc=0. 
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Conical Coordinates 

Arfken (1970) and Morse and Feshbach (1953) use 
slightly different definitions of these coordinates. The 
system used in Mathematica® (Wolfram Research, Inc., 
Champaign, Illinois) is 


-¥ 5 
d 2 _ g2)(p2 — a 

- A (eae) a (2) 

a 


where 6? > yu? > c? > v?. The NoTATION of Byerly 
replaces A with r, and a and b with b and c. The above 
equations give 


ety t227=) (4) 
gz y? 2? 
ae aaa? GE (5) 
2 2 2 
Be ic ae ay (6) 


pi <phaae pF be 


Ay =1 (7) 
_ fe) 

he GP a) = a) 

i: 2 (p? = v2) (9) 


The LAPLACIAN is 

_ v(2v? ~a? - 8’) A 

~ (w= v)(u + v)d? Ov 

(a-v)(at+v)(v—b)\(vt+b) & 
(v- p)(u + w)rH? dv? 

w(2p" — a? — b*) 8 

= )(u 1 b)(u ~ a)(u +a) O 
(v ~ p)(v + pw) Ar? Op? 

20 a 

NOA | OA? 

The HELMHOLTZ DIFFERENTIAL EQUATION is separable 

in conical coordinates. 

see also HELMHOLTZ DIFFERENTIAL EQUATION-— 

CONICAL COORDINATES 


wv? 


ah (10) 
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Conical Frustum 


A conical frustum is a FRUSTUM created by slicing the 
top off a CONE (with the cut made parallel to the base). 
For a right circular CONE, let s be the slant height and 
R, and R2 the top and bottom RADU. Then 


s— (Ri ~ Re)? + h?. (1) 


‘The SURFACE AREA, not including the top and bottom 
CIRCLES, is 
A=7(Ri + Rz)s = 7(Ri+R2z)V (Ri ~ Re)? + h?. (2) 


The VoLUME of the frustum is given by 


h 
ven | (alae (3) 
0 

But Zz 

r(z) = Ri + (Re - Ri); (4) 
so 
ver[ [R +(R2-R 2)" as 

0 : wh 

= wh(Ri? + Ri Ro + Re”). (5) 


This formula can be generalized to any PYRAMID by 
letting A; be the base AREAS of the top and bottom of 
the frustum. Then the VOLUME can be written as 


V = th(Ai + Ao + VAiAD). (6) 


The weighted mean of z over the frustum is 


A 
(z) = a 2[r(z))? dz = 3 h?( Ri? + 2Ri Ro + 3Ro”). 
; (7) 


The CENTROID is then given by 


__ (2) A(R? + Ri Re + Ro”) 
= = eo ee (8) 
Vv 4(Ri* + 2Ri Ro + 3R2*) 


(Beyer 1987, p. 133). The special case of the CONE is 
given by taking R2 = 0, yielding z = h/4. 

sec also CONB, FRUSTUM, PYRAMIDAL FRUSTUM, 
SPHERICAL SEGMENT 
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Conical Function 


Conical Function 

Functions which can be expressed in terms of LEGENDRE 

FUNCTIONS OF THE FIRST and SECOND KINDS. See 

Abramowitz and Stegun (1972, p. 337). 

4p? +1? | 2 

sain ($9) 

(4p* + 1?) (4p? + 3”) 
2742 

ae ig cosh(pt) dt 


= 0 +/2(cost — cos 6) 


es, cos(pt) dt 
Qs exip(COS 0) = tisinh(pr "Yop Ge 
1/25%p ) (pr) 0 2(cosht + cos 8) 


cosh(pt) dt 


0 1 2{cost — cos 0) 


see also TOROIDAL FUNCTION 


p 


—1/2+ip 


(cos) =1+ 


+ sin*(36) +... 
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Conical Spiral 


A surface modeled after the shape of a SEASHELL. One 
parameterization (left figure) is given by 


a = 2[1 — e*/°")} cos ucos?(4u) (1) 
y = 2[-1 + e%/ 6") cos*(4v) sin u (2) 
z=1—e%/®" _ sing + e*/©” sin y, (3) 


where v € [0,27), and u € [0,67) (Wolfram). Nord- 
_ strand gives the parameterization 


r= IG - =| (1+ cos u) + c| cos(nv) (4) 
c= [(: = =) (1 + cos u) + ¢ sin(nv) (5) 
= +asinu (1-2) (6) 


for u,v € [0,27] (right figure with a = 0.2,b=1,c= 
0.1, and n = 2). 
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Conical Wedge 
The SURFACE also called the CONOCUNEUS OF WALLIS 
and given by the parametric equation 


t= ucosv 
y = usinv 


z = c(1—2cos’ v). 


see also CYLINDRICAL WEDGE, WEDGE 
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Conjecture 

A proposition which is consistent with known data, but 
has neither been verified nor shown to be false. It is 
synonymous with HYPOTHESIS. 


see also ABC CONJECTURE, ABHYANKAR’S CONJEC- 
TURE, ABLOWITZ-RAMANI-SEGUR CONJECTURE, AN- 
DRICA’S CONJECTURE, ANNULUS CONJECTURE, AR- 
GOH’S CONJECTURE, ARTIN’S CONJECTURE, AX- 
10M, BACHET’S CONJECTURE, BENNEQUIN’S CONJEC- 
TURE, BIEBERBACH CONJECTURE, BIRCH CONJEC- 
TURE, BLASCHKE CONJECTURE, BORSUK’S CONJEC- 
TURE, BORWEIN CONJECTURES, BRAUN’S CONJEC- 
TURE, BROCARD’S CONJECTURE, BURNSIDE’S CON- 
JECTURE, CARMICHAEL’S CONJECTURE, CATALAN’S 
CONJECTURE, CRAMER CONJECTURE, DE POLic- 
NAC’S CONJECTURE, DIESIS, DODECAHEDRAL COoNn- 
JECTURE, DOUBLE BUBBLE CONJECTURE, EBER- 
HART’S CONJECTURE, EULER’S CONJECTURE, EULER 
POWER CONJECTURE, EULER QUARTIC CONJECTURE, 
FEIT-THOMPSON CONJECTURE, FERMAT’S CONJEC- 
TURE, FLYPING CONJECTURE, GILBREATH’S CONJEC- 
TURE, GIUGA’S CONJECTURE, GOLDBACH CONJEC- 
TURE, GRIMM’S CONJECTURE, GUY’S CONJECTURE, 
HARDY-LITTLEWOOD CONJECTURES, HASSE’S CON- 
JECTURE, HEAWOOD CONJECTURE, HYPOTHESIS, JA- 
COBIAN CONJECTURE, KAPLAN-YORKE CONJECTURE, 
KELLER’S CONJECTURE, KELVIN’S CONJECTURE, KE- 
PLER CONJECTURE, KREISEL CONJECTURE, KUM- 
MER’S CONJECTURE, LEMMA, LOCAL DENSITY CON- 
JECTURE, MERTENS CONJECTURE, MILIN CONJEC- 
TURE, MILNOR’S CONJECTURE, MORDELL CONJEC- 
TURE, NETTO’S CONJECTURE, NIRENBERG’S CON- 
JECTURE, ORE’S CONJECTURE, PADE CONJECTURE, 
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PALINDROMIC NUMBER CONJECTURE, PILLAI’S CON- 
JECTURE, POINCARE CONJECTURE, POLYA Con- 
JECTURE, PORISM, PRIME k-TUPLES CONJECTURE, 
PRIME PATTERNS CONJECTURE, PRIME POWER CON- 
JECTURE, PROOF, QUILLEN-LICHTENBAUM CONJEC- 
TURE, RAMANUJAN-PETERSSON CONJECTURE, Ro- 
BERTSON CONJECTURE, SAFAREVICH CONJECTURE, 
SAUSAGE CONJECTURE, SCHANUEL’S CONJECTURE, 
SCHISMA, SCHOLZ CONJECTURE, SEIFERT CONJEC- 
TURE, SELFRIDGE’S CONJECTURE, SHANKS’ CON- 
JECTURE, SMITH CONJECTURE, SWINNERTON-DYER 
CONJECTURE, SZPIRO’S CONJECTURE, TAIT’S HAM- 
ILTONIAN GRAPH CONJECTURE, TAIT’S KNOT CON- 
JECTURES, TANIYAMA-SHIMURA CONJECTURE, TAU 
CONJECTURE, THEOREM, THURSTON’S GEOMETRIZA- 
TION CONJECTURE, THWAITES CONJECTURE, VO- 
JTA’S CONJECTURE, WANG’S CONJECTURE, WARING’S 
PRIME CONJECTURE, WARING’S SUM CONJECTURE, 
ZARANKIEWIC2Z’S CONJECTURE 
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Conjugacy Class 

A complete set of mutually conjugate GROUP elements. 
Each element in a GROUP belongs to exactly one class, 
and the identity (J = 1) element is always in its own 
class. The ORDERS of all classes must be integral FAC- 
Tors of the ORDER of the Group. From the last two 
statements, a GROUP of PRIME order has one class for 
each eiement. More generally, in an ABELIAN GROUP, 
each element is in a conjugacy class by itself. Two opera- 
tions belong to the same class when one may be replaced 
by the other in a new COORDINATE SYSTEM which is ac- 
cessible by a symmetry operation (Cotton 1990, p. 52). 
These sets correspond directly to the sets of equivalent 
operation. 


Let G be a FINITE GROUP of ORDER /G]. If |G| is ODD, 
then 
|G| = s (mod 16) 


(Burnside 1955, p. 295). Furthermore, if every PRIME 
pi DIVIDING |G] satisfies p; = 1 (mod 4), then 


|G| = s (mod 32) 


(Burnside 1955, p. 320). Poonen (1995) showed that if 
every PRIME p; DIVIDING |G| satisfies p; = 1 (mod m) 
for m > 2, then 


|IGl=s (mod 2m?) ; 
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Conjunction 


Conjugate Element 

Given a GROUP with elements A and X, there must 

be an element B which is a SIMILARITY TRANSFORMA- 

TION of A,B = X~'AX so A and B are conjugate with 

respect to X. Conjugate elements have the following 

properties: 

1. Every element is conjugate with itself. 

2. If A is conjugate with B with respect to X, then B 
is conjugate to A with respect to X. 

3. If A is conjugate with B and C, then B and C are 
conjugate with each other. 


see also CONJUGACY CLASS, CONJUGATE SUBGROUP 


Conjugate Gradient Method 

An ALGORITHM for calculating the GRADIENT Vf(P) 
of a function at an n-D point P. It is more robust than 
the simpler STEEPEST DESCENT METHOD. 
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Conjugate Points 


see HARMONIC CONJUGATE Points, ISOGONAL Con- 
JUGATE, ISOTOMIC CONJUGATE POINT 


Conjugate Subgroup 

A SUBGROUP H of an original GROUP G has elements hi. 
Let z be a fixed element of the original GROUP G which 
is not a member of H. Then the transformation xh;z7", 
(i= 1, 2,...) generates a conjugate SUBGROUP zHax™!. 
If, for all x, cHx~! = H, then H is a SELF-CONJUGATE 
(also called INVARIANT or NORMAL) SUBGROUP. All 
SUBGROUPS of an ABELIAN GROUP are invariant. 


Conjugation 
1 2 n-l 1 2 nl 


ae eee eet ce) 


A type I MarKov MOVE. 
see also MARKOV MOVES, STABILIZATION 


Conjunction 
A product of ANDs, denoted 


n 
A Ayes 
k+1 


see also AND, DISJUNCTION 


Connected Graph 


Connected Graph 
}] @ 


DIY 


A GRAPH which is connected (as a TOPOLOGICAT, 
SPACE), i.e., there is a path from any point to any other 
point in the GRAPH. The number of n-VERTEX (uula- 
beled) connected graphs for n = 1, 2,... are 1, 1, 2, 6, 
21, 112, 853, 11117, ... (Sloane’s A001349). 
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Connected Set 

A connected set is a SET which cannot be partitioned 
into two nonempty SUBSETS which are open in the rel- 
ative topology induced on the SET. Equivalently, it is 
a SET which cannot be partitioned into two nonempty 
SUBSETS such that each SUBSET has no points in com- 
mon with the closure of the other. 


The REAL NUMBERS are a connected set. 


see also CLOSED SET, Empty SET, OPEN SET, SET, 
SUBSET 


Connected Space 

A Space D is connected if any two points in D can be 
connected by a curve lying wholly within D. A SPACE 
is 0-connected (a.k.a. PATHWISE-CONNECTED) if every 
MAP from a 0-SPHERE to the SPACE extends contin- 
uously to the 1-Disk. Since the 0-SPHERE is the two 
endpoints of an interval (1-D1sk), every two points have 
a path between them. A space is l-connected (a.k.a. 
SIMPLY CONNECTED) if it is 0-connected and if every 
MapP from the 1-SPHERE to it extends continuously to 
a Map from the 2-DiskK. In other words, every loop 
in the SPACE is contractible. A SPACE is n-MULTIPLY 
CONNECTED if it is (n — 1)-connected and if every Map 
from the n-SPHERE into it extends continuously over the 
(n + 1)-Disk. 


A theorem of Whitehead says that a SPACE is infinitely 
connected IFF it is contractible. 

see also CONNECTIVITY, LOCALLY PATHWISE-CON- 
NECTED SPACE, MULTIPLY CONNECTED, PATHWISE- 
CONNECTED, SIMPLY CONNECTED 
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Connected Sum 

The connected sum M,#M2 of n-manifolds My and M2 
is formed by deleting the interiors of n-BALLS BF in 
M? and attaching the resulting punctured MANIFOLDS 
M, — B; to each other by a HOMEOMORPHISM hh : Bz > 
OB), so 


My Mz = (Mi — Bi) (_J(Ma — Ba). 


h 


B, is required to be interior to M; and @B; bicollared in 
M; to ensure that the connected sum is a MANIFOLD. 


The connected sum of two KNOTS is called a KNoT Sum. 


see also KNOT SUM 
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Connected Sum Decomposition 
Every COMPACT 3-MANIFOLD is the CONNECTED SUM 
of a unique collection of PRIME 3-MANIFOLDS. 


see also JACO-SHALEN-JOHANNSON TORUS DECOMPO- 
SITION 


Connection 


see CONNECTION COEFFICIENT, GAUSS-MANIN CON- 
NECTION 


Connection Coefficient 

A quantity also known as a CHRISTOFFEL SYMBOL OF 
THE SECOND KIND. Connection COEFFICIENTS are de- 
fined by 


Vesey = é” - (Ve,€,) (1) 
(long form) or 
TZ, = é* - (Ve), (2) 


(abbreviated form), and satisfy 


Ve, = Te a (3) 
(long form) and 
Vyés = Teyea (4) 


(abbreviated form). 


Connection COEFFICIENTS are not TENSORS, but have 
TENSOR-like CONTRAVARIANT and COVARIANT indices. 
A fully COVARIANT connection COEFFICIENT is given 
by 


Posy = £(9a8,7 + Gay,8 + Cay + Cav8 — CBya), (5) 


where the gs are the METRIC TENSORS, the cs are COM- 
MUTATION COEFFICIENTS, and the commas indicate the 
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COMMA DERIVATIVE. In an ORTHONORMAL BASIS, 
Jap,y = 0 and guy = dp, 80 


Pagy = Paaguy =Tas” = 3 (Coby + CayB — CBya) (6) 


and 
Tij, =O fort #AjZH#k (7) 

ee -5 G9 reek (8) 

Piss = Va = 3 28 (9) 

Th=0 forif#j¢k (10) 

Ph = - 9 foriék (11) 

ri, =r! 1 Ogi: _ 10 ln git (12) 


= 29:1 Oxd ~ 2 Oxi 


For TENSORS of RANK 3, the connection COEFFICIENTS 
may be concisely summarized in MATRIX form: 


‘ FS. Er, ry, 
_ | re @ @ 
T = 6, To 64 . (13) 
8 @ 8 

Tor Ugo Toe 
Connection COEFFICIENTS arise in the computation of 


GEODESICS. The GEODESIC EQUATION of free motion 
is 


dr* — —nug de® dé", (14) 
or 7 
d?e* 
= 0. 15 
in (15) 
Expanding, 


AEX dat de” _ 


d (= a) _ 0&% dat 


dr \@z" dr] da dr? OxOxY dr dr (16) 
1 
OE" d?xt Ox aE dx" dz” Ox* _ ‘i a7) 
Oxt dr? O€* OxtGx" dr dr OFX 
But seta d 
£* Ox gd 
arr Fayae ca On (18) 
so 
5 d? xt aE* Aa) da dx” 
* dr? Ox¥Ox” OE* | dr dr 
d?z* , dx” dz” 
dt tl a ae? “9 
where ads ‘ 
pees (20) 


~~ Ort Ox Oe 


see also CARTAN TORSION COEFFICIENT, CHRISTOF- 
FEL SYMBOL OF THE FIRST KIND, CHRISTOFFEL SYM- 
BOL OF THE SECOND KIND, COMMA DERIVATIVE, COM- 
MUTATION COEFFICIENT, CURVILINEAR COORDINATES, 
SEMICOLON DERIVATIVE, TENSOR 


Consecutive Number Sequences 
Connectivity 
see CONNECTED SPACE, EDGE CONNECTIVITY, VER- 


TEX CONNECTIVITY 


Connes Function 


1 6.5 0.5 1 


4-—2/2a, 


Its FULL WIDTH AT HALF MAXIMUM is 
and its INSTRUMENT FUNCTION is 


Js /2(2aka) 

I(x) -—} 8av Qa (2rka)5/2 ’ 

where J,(z) is a BESSEL FUNCTION OF THE FIRST 
KIND. 

see also APODIZATION FUNCTION 


Conocuneus of Wallis 
see CONICAL WEDGE 


Conoid 
see PLUCKER’S CONOID, RIGHT CONOID 


Consecutive Number Sequences 

Consecutive number sequences are sequences con- 
structed by concatenating numbers of a given type. 
Many of these sequences were considered by Smaran- 
dache, so they are sometimes known as SMARANDACHE 
SEQUENCES. 


The nth term of the consecutive integer sequence con- 
sists of the concatenation of the first n POSITIVE inte- 
gers: 1, 12, 123, 1234, ... (Sloane’s A007908; Smaran- 
dache 1993, Dumitrescu and Seleacu 1994, sequence 1; 
Mudge 1995; Stephen 1998). This sequence gives the 
digits of the CHAMPERNOWNE CONSTANT and contains 
no PRIMES in the first 4,470 terms (Weisstein). This 
is roughly consistent with simple arguments based on 
the distribution of prime which suggest that only a sin- 
gle prime is expected in the first 15,000 or so terms. 
The number of digits of the n term can be computed 
by noticing the pattern in the following table, where 
d = |log,) | +1 is the number of digits in n. 


d nRange Digits 

1 1-9 n 

2 10-99 9+ 2(n—9) 

3 100-999 9+90-2+ 3(n — 99) 

4 1000-9999 9+90-2+900-3+ 4(n — 999) 


Consecutive Number Sequences 


Therefore, the number of digits D(n) in the nth term 
can be written 


d—1 
D(n) = d(n+1— 107") + S$” 9k - 108°? 
k=1 
d 
Diricagc i 1 


where the second term is the REPUNIT Ra. 


The mth term of the reverse integer sequence consists 
of the concatenation of the first n POSITIVE integers 
written backwards: 1, 21, 321, 4321, ... (Sloane’s 
A000422; Smarandache 1993, Dumitrescu and Seleacu 
1994, Stephen 1998). The only PRIME in the first 
3,576 terms (Weisstein) of this sequence is the 82nd 
term 828180...321 (Stephen 1998), which has 155 dig- 
its. This is roughly consistent with simple arguments 
based on the distribution of prime which suggest that a 
single prime is expected in the first 15,000 or so terms. 
The terms of the reverse integer sequence have the same 
number of digits as do the consecutive integer sequence. 


The concatenation of the first n PRIMES gives 2, 23, 
235, 2357, 235711, ... (Sloane’s A019518; Smith 1996, 
Mudge 1997). This sequence converges to the digits 
of the COPELAND-ERDOS CONSTANT and is PRIME for 
terms 1, 2, 4, 128, 174, 342, 435, 1429, ... (Sloane’s 
A046035; Ibstedt 1998, pp. 78-79), with no others less 
than 2,305 (Weisstein). 


The concatenation of the first n ODD NUMBERS gives 
1, 13, 135, 1357, 13579, ... (Sloane’s A019519; Smith 
1996, Marimutha 1997, Mudge 1997). This sequence is 
PRIME for terms 2, 10, 16, 34, 49, 2570, ... (Sloane’s 
A046036; Weisstein, Ibstedt 1998, pp. 75-76), with no 
others less than 2,650 (Weisstein). The 2570th term, 
given by 1 3 5 7...5137 5139, has 9725 digits and was 
discovered by Weisstein in Aug. 1998. 


The concatenation of the first n EVEN NUMBERS gives 
2, 24, 246, 2468, 246810, ... (Sloane’s A019520; Smith 
1996; Marimutha 1997; Mudge 1997; Ibstedt 1998, 
pp. 77-78). 


The concatenation of the first n SQUARE NUMBERS gives 
1, 14, 149, 14916, ... (Sloane’s A019521; Marimutha 
1997). The only PRIME in the first 2,090 terms is the 
third term, 149, (Weisstein). 


The concatenation of the first n CUBIC NUMBERS gives 
1, 18, 1827, 182764, ... (Sloane’s A019522; Marimutha 
1997). There are no PRIMES in the first 1,830 terms 
(Weisstein). 

see also CHAMPERNOWNE CONSTANT, CONCATENA- 
TION, COPELAND-ERDOS CONSTANT, CuBIC NuM- 
BER, DEMLO NUMBER, EVEN NUMBER, ODD NUMBER, 
SMARANDACHE SEQUENCES, SQUARE NUMBER 
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Conservation of Number Principle 

A generalization of Poncelet’s PERMANENCE OF MATH- 
EMATICAL RELATIONS PRINCIPLE made by H. Schubert 
in 1874-79. The conservation of number principle as- 
serts that the number of solutions of any determinate 
algebraic problem in any number of parameters under 
variation of the parameters is invariant in such a man- 
ner that no solutions become INFINITE. Schubert called 
the application of this technique the CALCULUS of ENU- 
MERATIVE GEOMETRY. 


see also DUALITY PRINCIPLE, HILBERT’S PROBLEMS, 


PERMANENCE OF MATHEMATICAL RELATIONS PRINCI- 
PLE 
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Conservative Field 

The following conditions are equivalent for a conserva- 

tive VECTOR FIELD: 

1. For any oriented simple closed curve C’, the LINE 
INTEGRAL $, F-ds = 0. 

2. For any two oriented simple curves C; and C2 with 
the same endpoints, de, F.ds= je F «ds. 

3. There exists a SCALAR POTENTIAL FUNCTION f[ 
such that F = Vf, where V is the GRADIENT. 

4. The CurL V x F=0. 


see also CURL, GRADIENT, LINE INTEGRAL, POTENTIAL 
FUNCTION, VECTOR FIELD 


Consistency 

The absence of contradiction (i.e., the ability to prove 
that a statement and its NEGALIVE are both true) in an 
AXIOMATIC THEORY is known as consistency. 


see also COMPLETE AXIOMATIC THEORY, CONSIS- 
TENCY STRENGTH 
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Consistency Strength 

If the CONSISTENCY of one of two propositions implies 
the CONSISTENCY of the other, the first is said to have 
greater consistency strength. 


Constant 

Any REAL NuMBER which is “significant” (or interest- 
ing) in some way. In this work, the term “constant” is 
generally reserved for REAL nonintegral numbers of in- 
terest, while “NUMBER” is reserved for interesting INTE- 
GERS (e.g., BRUN’S CONSTANT, but BEAST NUMBER). 


Certain constants are known to many DECIMAL DIGITS 
and recur throughout many diverse areas of mathemat- 
ics, often in unexpected and surprising places (e.g., PI, 
e, and to some extent, the EULER-MASCHERONI CON- 
STANT ). Other constants are more specialized and 
may be known to only a few DiciTs. S. Plouffe main- 
tains a site about the computation and identification of 
numerical constants. Plouffe’s site also contains a page 
giving the largest number of DIGITS computed for the 
most common constants. S. Finch maintains a delight- 
ful, more expository site containing detailed essays and 
references on constants both common and obscurc. 


see also ABUNDANT NUMBER, ALLADI-GRINSTEAD 
ConsTANT, APERY’S CONSTANT, ARCHIMEDES’ Con- 
STANT, ARTIN’S CONSTANT, BACKHOUSE’S CONSTANT, 
BERAHA CONSTANTS, BERNSTEIN’S CONSTANT, BLOCH 
CONSTANT, BRUN’S CONSTANT, CAMERON’S SUM- 
FREE SET CONSTANT, CARLSON-LEVIN CONSTANT, 
CATALAN’S CONSTANT, CHAITIN’S CONSTANT, CHAM- 
PERNOWNE CONSTANT, CHEBYSHEV CONSTANTS, 
CHEBYSHEV-SYLVESTER CONSTANT, COMMA OF DIDY- 
MUS, COMMA OF PYTHAGORAS, CONIC CONSTANT, 
CONSTANT FUNCTION, CONSTANT PROBLEM, CON- 
TINUED FRACTION CONSTANT, CONWAY’S CONSTANT, 
COPELAND-ERDOS CONSTANT, COPSON-DE BRUIJN 
CONSTANT, DE BRUIJN-NEWMAN CONSTANT, DELIAN 
CONSTANT, Diksis, DU BOIs RAYMOND CONSTANTS, e, 
ELLISON-MENDES-FRANCE CONSTANT, Erp6s RECIP- 
ROCAL SUM CONSTANTS, EULER-MASCHERONI CON- 
STANT, EXTREME VALUE DISTRIBUTION, FAVARD 
CONSTANTS, FELLER’S COIN-TOSSING CONSTANTS, 
FRANSEN-ROBINSON CONSTANT, FREIMAN’S CON- 
STANT, GAuUSS’S CIRCLE PROBLEM, GaAUSS’S CON- 
STANT, GAUSS-KUZMIN-WIRSING CONSTANT, GEL- 
FOND-SCHNEIDER CONSTANT, GEOMETRIC PROBA- 
BILITY CONSTANTS, GIBBS CONSTANT, GLAISHER- 
KINKELIN CONS'TANT, GOLDEN MEAN, GOLOMB 
CONSTANT, GOLOMB-DICKMAN CONSTANT, GOM- 
PERTZ CONSTANT, GROSSMAN’S CONSTANT, GRO- 
THENDIECK’S MAJORANT, HADAMARD-VALLEE Pous- 
SIN CONSTANTS, HAFNER-SARNAK-MCCURLEY CON- 
STANT, HALPHEN CONSTANT, HARD SQUARE EN- 
TROPY CONSTANT, HARDY-LITTLEWOOD CONSTANTS, 
HERMITE CONSTANTS, HILBERT’S CONSTANTS, INFI- 
NITE PRODUCT, ITERATED EXPONENTIAL CONSTANTS, 


Constant 


KHINTCHINE’S CONSTANT, KHINTCHINE-LEVY CON- 
STANT, KOEBE’S CONSTANT, KOLMOGOROV CON- 
STANT, LAL’S CONSTANT, LANDAU CONSTANT, LAN- 
DAU-KOLMOGOROV CONSTANTS, LANNDAU-RAMANUJAN 
CONSTANT, LEBESGUE CONSTANTS (FOURIER SE- 
RIES), LEBESGUE CONSTANTS (LAGRANGE INTERPO- 
LATION), LEGENDRE’S CONSTANT, LEHMER’S CON- 
STANT, LENGYEL’S CONSTANT, LEVY CONSTANT, LIN- 
NIK’S CONSTANT, LIOUVILLE’S CONSTANT, LIOUVILLE- 
ROTH CONSTANT, LUDOLPH’S CONSTANT, MADELUNG 
CONSTANTS, MaGic ConsTanT, MAGic GEOMETRIC 
CONSTANTS, MASSER-GRAMAIN CONSTANT, MERTENS 
CONSTANT, MILLS’ CONSTANT, MOVING SOFA Con- 
STANT, NAPIER’S CONSTANT, NIELSEN-RAMANUJAN 
CONSTANTS, NIVEN’S CONSTANT, OMEGA CONSTANT, 
ONE-NINTH CONSTANT, OTTER’S TREE ENUMERA- 
TION CONSTANTS, PARITY CONSTANT, PI, PisotT- 
VIJAYARAGHAVAN CONSTANTS, PLASTIC CONSTANT, 
PLOUFFE’S CONSTANT, POLYGON CIRCUMSCRIBING 
CONSTANT, POLYGON INSCRIBING CONSTANT, PorR- 
TER’S CONSTANT, PYTHAGORAS’S CONSTANT, QUAD- 
RATIC RECURRENCE, QUADTREE, RABBIT CONSTANT, 
RAMANUJAN CONSTANT, RANDOM WALK, RENYI’s 
PARKING CONSTANTS, ROBBIN CONSTANT, SALEM 
CONSTANTS, SELF-AVOIDING WALK, SHAH-WILSON 
CONSTANT, SHALLIT CONSTANT, SHAPIRO’S CYCLIC 
SuM CONSTANT, SIERPINSKI CONSTANT, SILVER CON- 
STANT, SILVERMAN CONSTANT, SMARANDAGHE CON- 
STANTS, SOLDNER’S CONSTANT, SPHERE PACKING, 
STIELTJES CONSTANTS, STOLARSKY-HARBORTH CON- 
STANT, SYLVESTER’S SEQUENCE, THUE CONSTANT, 
THUE-MORSE CONSTANT, TOTIENT FUNCTION CON- 
STANTS, ‘TRAVELING SALESMAN CONSTANTS, ‘TREE 
SEARCHING, TWIN PRIMES CONSTANT, VARGA’S 
CONSTANT, W2-CONSTANT, WEIERSTRAB CONSTANT, 
WHITNEY-MIKHLIN EXTENSION CONSTANTS, WIL- 
BRAHAM-GIBBS CONSTANT, WIRTINGER-SOBOLEV I[so- 
PERIMETRIC CONSTANTS 
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Constant Function 


-1 -0.5 0.5 1 
A FUNCTION f(z) = c which does not change as its 
parameters vary. The GRAPH of a 1-D constant FUNC- 
TION is a straight LINE. The DERIVATIVE of a constant 
FUNCTION c is 


d 
dee = 0, (1) 


[eas = cx. (2) 


The FOURIER TRANSFORM of the constant function 
f(x) = 1 is given by 


and the INTEGRAL is 


Fil] = / 7 e 27k de = 5(k), (3) 


Co 


where 6(k) is the DELTA FUNCTION. 
see also FOURIER TRANSFORM—1 
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Constant Precession Curve 
see CURVE OF CONSTANT PRECESSION 


Constant Problem 

Given an expression involving known constants, integra- 
tion in finite terms, computation of limits, etc., deter- 
mine if the expression is equal to ZERO. The constant 
problem is a very difficult unsolved problem in TRANS- 
CENDENTAL NUMBER theory. However, it is known 
that the problem is UNDECIDABLE if the expression in- 
volves oscillatory functions such as SINE. However, the 
FERGUSON-FORCADE ALGORITHM is a practical algo- 
rithm for determining if there exist integers a; for given 
real numbers z; such that 


@1%1 + aete+...+ Ant, = 0, 


or else establish bounds within which no relation can 
exist (Bailey 1988). 

see also FERGUSON-FORCADE ALGORITHM, INTEGER 
RELATION, SCHANUEL’S CONJECTURE 
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Constant Width Curve 
see CURVE OF CONSTANT WIDTH 


Constructible Number 

A number which can be represented by a FINITE num- 
ber of ADDITIONS, SUBTRACTIONS, MULTIPLICATIONS, 
DIVISIONS, and FINITE SQUARE ROOT extractions of in- 
tegers. Such numbers correspond to LINE SEGMENTS 
which can be constructed using only STRAIGHTEDGE 
and COMPASS. 


All RATIONAL NUMBERS are constructible, and all con- 
structible numbers are ALGEBRAIC NUMBERS (Courant 
and Robbins 1996, p. 133). If a CUBIC EQUATION with 
rational coefficients has no rational root, then none of 
its roots is constructible (Courant and Robbins, p. 136). 


In particular, let Fo be the FIELD of RATIONAL Num- 
BERS. Now construct an extension field Fi of con- 
structible numbers by the adjunction of /ko, where ko 
is in Fy, but Vko is not, consisting of all numbers of the 
form ao + boVko, where ao, bo € Fo. Next, construct an 
extension field F2 of F, by the adjunction of ki, de- 
fined as the numbers a1 + 61 ki, where a1,61 € Fi, and 
k, is a number in Fy for which Vk; does not lie in F,. 
Continue the process n times. Then constructible num- 
bers are precisely those which can be reached by such 
a sequence of extension fields F,,, where n is a measure 
of the “complexity” of the construction (Courant and 
Robbins 1996). 


see also ALGEBRAIC NUMBER, COMPASS, CON- 
STRUCTIBLE POLYGON, EUCLIDEAN NUMBER, RATIO- 
NAL NUMBER, STRAIGHTEDGE 
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Constructible Polygon 
B 


o Po 
Fquilateral Triangle Square 


Pi 


Py 


N, Po NFOE Ns, Po 

Pentagon 17-gon 
ComPAss and STRAIGHTEDGE constructions dating 
back to Euclid were capable of inscribing regular poly- 
gons of 3, 4, 5, 6, 8, 10, 12, 16, 20, 24, 32, 40, 48, 
64, ..., sides. However, this listing is not a complete 
enumeration of “constructible” polygons. A regular n- 
gon (n > 3) can be constructed by STRAIGHTEDGE and 
Compass IFF 


n= 2" pipe +++ Ds; 


where k is in INTEGER > 0 and the p; are distinct FER- 
MAT PRIMES. FERMAT NUMBERS are of the form 


Fa" 44, 


where m is an INTEGER > 0. The only known PRIMES of 
this form are 3, 5, 17, 257, and 65537. The fact that this 
condition was SUFFICIENT was first proved by Gauss in 
1796 when he was 19 years old. That this condition was 
also NECESSARY was not explicitly proven by Gauss, and 
the first proof of this fact is credited to Wantzel (1836). 


see also COMPASS, CONSTRUCTIBLE NUMBER, GE- 
OMETRIC CONSTRUCTION, GEOMETROGRAPHY, HEP- 
TADECAGON, HEXAGON, OCTAGON, PENTAGON, POLy- 
GON, SQUARE, STRAIGHTEDGE, TRIANGLE 
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Contact Triangle 


Wantzel, P. L. “Recherches sur les moyens de reconnaitre si 
un Probléme de Géométrie peut se résoudre avec la régle 
et le compas.” J. Math. pures applig. 1, 366-372, 1836. 


Construction 
see GEOMETRIC CONSTRUCTION 


Constructive Dilemma 

A formal argument in LOGIC in which it is stated that 
(1) P > Q and R => S (where > means “IMPLIES”), 
and (2) either P or # is true, from which two statements 
it follows that either Q or S is true. 


see also DESTRUCTIVE DILEMMA, DILEMMA 


Contact Angle 


contact 
angle 


The ANGLE @ between the normal vector of a SPHERE 
(or other geometric object) at a point where a PLANE is 
tangent to it and the normal vector of the plane. In the 
above figure, 


see also SPHERICAL CAP 


Contact Number 
see KISSING NUMBER 


Contact Triangle 


qT, 


The TRIANGLE formed by the points of intersection of 
a TRIANGLE T’s INCIRCLE with 7. This is the PEDAL 
TRIANGLE of T with the INCENTER as the PEDAL POINT 
(c.f, TANGENTIAL TRIANGLE). The contact triangle 


Content 


and TANGENTIAL TRIANGLE are perspective from the 
GERGONNE POINT. 


see also GERGONNE POINT, PEDAL TRIANGLE, TAN- 
GENTIAL TRIANGLE 
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Content 
The generalized VOLUME for an n-D object (the “Hy- 
PERVOLUME”). 


see also VOLUME 


Contiguous Function 

A HYPERGEOMETRIC FUNCTION in which one parame- 
ter changes by +1 or —1 is said to be contiguous. There 
are 26 functions contiguous to 2F\(a,b,c;z) taking one 
pair at a time. There are 325 taking two or more pairs 
at a time. See Abramowitz and Stegun (1972, pp. 557- 
558). 

sée also HYPERGEOMETRIC FUNCTION 
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Continued Fraction 
A “general” continued fraction representation of a REAL 
NUMBER « is of the form 


a 
a = by + ——_—_____, (1) 
a2 
bi + 
a3 
be + 
b3 +... 
which can be written 
ay a2 
- bit be+ 2) 


The SIMPLE CONTINUED FRACTION representation of x 
(which is usually what is meant when the term “contin- 
ued fraction” is used without qualification) of a number 
is given by 


Z=aot ; (3) 


ag+... 


which can be written in a compact abbreviated NOTA- 
TION as 
x = [do, a1, a2, 43,-..]. (4) 


Here, 


ao = |x] (5) 
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is the integral part of o (where |a| is the FLOOR FUNC- 


TION), 
o=[5] : 


xL— ag 


is the integral part of the RECIPROCAL of x—ap, a2 is the 
integral part of the reciprocal of the remainder, etc. The 
quantities a; are called PARTIAL QUOTIENTS. An ar- 
chaic word for a continued fraction is ANTHYPHAIRETIC 
RATIO. 


Continued fractions provide, in some sense, a series of 
“best” estimates for an IRRATIONAL NUMBER. Func- 
tions can also be written as continued fractions, pro- 
viding a series of better and better rational approxima- 
tions. Continued fractions have also proved useful in 
the proof of certain properties of numbers such as e and 
mw (P1). Because irrationals which are square roots of 
RATIONAL NUMBERS have periodic continued fractions, 
an exact representation for a tabulated numerical value 
(ie., 1.414... for PYTHAGORAS’S CONSTANT, V2) can 
sometimes be found. 


Continued fractions are also useful for finding near com- 
mensurabilities between events with different periods. 
For example, the Metonic cycle used for calendrical pur- 
poses by the Greeks consists of 235 lunar months which 
very nearly equal 19 solar years, and 235/19 is the sixth 
CONVERGENT of the ratio of the lunar phase (synodic) 
period and solar period (365.2425/29.53059). Continued 
fractions can also be used to calculate gear ratios, and 
were used for this purpose by the ancient Greeks (Guy 
1990). 


If only the first few terms of a continued fraction are 
kept, the result is called a CONVERGENT. Let Ph/Qn 
be convergents of a nonsimple continued fraction. Then 


P_y,»=1 Q-1=0 (7) 


Qo=1 (8) 


and subsequent terms are calculated from the RECUR- 
RENCE RELATIONS 


Po = bo 


P; = b;P;-1 + ajPj-2 (9) 


Qj = b3Qj-1 + ajQj-2 (10) 


for 7 = 1, 2,..., n. It is also true that 


PrQn-1 — Pa-iQn =(-1)""* Jax. (41) 
k=1 


The error in approximating a number by a given Con- 
VERGENT is roughly the MULTIPLICATIVE INVERSE of 
the square of the DENOMINATOR of the first neglected 
term. 


A finite simple continued fraction representation termi- 
nates after a finite number of terms. To “round” a con- 
tinued fraction, truncate the last term unless it is +1, 
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in which case it should be added to the previous term 
(Beeler et al. 1972, Item 101A). To take one over a con- 
tinued fraction, add (or possibly delete) an initial 0 term. 
To negate, take the NEGATIVE of all terms, optionally 
using the identity 


[-a, —b, ~c, -d,...} = [-a—1,1,6—1,c,d,...]. (12) 


A particularly beautiful identity involving the terms of 
the continued fraction is 


= [ny @n—15++ +5425 A0) (13) 


[Qn An-ly-> -, a1] 


[ao, a1,-- : 1 Qn] 


[ao, a1, a a ,an—1] 


Finite simple fractions represent rational numbers and 
all rational numbers are represented by finite continued 
fractions. There are two possible representations for a 
finite simple fraction: 


l als [a1,-..,@n—1,@n —1,1] fora, >1 
Abyss eS [a1,..-,@n—2,@n-1 +1] foran =1. 
(14) 


On the other hand, an infinite simple fraction represents 
a unique IRRATIONAL NUMBER, and each IRRATIONAL 
NUMBER has a unique infinite continued fraction. 


Consider the CONVERGENTS pn/Qn of a simple continued 
fraction, and define 


p-1 =0 g-1=1 (15) 
pi = ay, n= io (17) 


Then subsequent terms can be calculated from the RE- 
CURRENCE RELATIONS 


Pi = Gipi-1 + Pi-2 (18) 


Gi = Gigi-1 + Gi-2- (19) 


The CONTINUED FRACTION FUNDAMENTAL RECUR- 
RENCE RELATION for simple continued fractions is 


PnQn-1 — Pn-19n = (-1)". (20) 
It is also true that if a, 4 0, 


Pa 


= [An,@n-1,---, 41] (21) 
Pn-1 
Qn 
—— =|a,,..., a2]. (22) 
Qn-1 


Furthermore, 
Pn _ Pntil — Pn-i 


Qn Qn+1 ~— Qn-1 


(23) 


Pa = (n— VU pn-1 + (n— 1)pn-2 + (rn — 2)pn—s 
+...+3p2 + 2p1+pi +1. (24) 


Continued Fraction 
Also, if p/g > 1 and 
fm [ats aas ssa, (25) 


then q 
=~ = [0,a1,...,an)- 26 
[0, a; ] (26) 


Similarly, if p/q < 1 so 


i [0,a1,...,@n], (27) 


then q 
= SA. sp On |< 28 
Dp [a1 ] ( ) 


The convergents also satisfy 


—1 n 
Cn — Cn-1 = ( ) (29) 
Gn Qn-1 
_4yyn-l 
Cn — Cn-2 = @n(=1)" (30) 
QnQn~2 


The ODD convergents con+1 of an infinite simple contin- 
ued fraction form an INCREASING SEQUENCE, and the 
EVEN convergents con form a DECREASING SEQUENCE 
(so any ODD convergent is less than any EVEN conver- 
gent). Summarizing, 


C1 < C3 < C5 << Cangi <°s: 
< Can S11 << cg < Ca << eg. (31) 


Furthermore, each convergent for n > 3 lies between 
the two preceding ones. Each convergent is nearer to the 
value of the infinite continued fraction than the previous 
one. Let pr/gn be the nth continued fraction represen- 
tation. Then 


1 Pn 
~~ < Jo - —_———. 32 
(GQn41 + 2)an? Qn Qn4+19n? ( ) 


The SQUARE ROOT of a SQUAREFREE INTEGER has a 
periodic continued fraction of the form 


Vn = [a1,@2,...,@n, 201 | (33) 


(Rose 1994, p. 130). Furthermore, if D is not a SQUARE 
NUMBER, then the terms of the continued fraction of 
VD satisfy 


0<an <2VD. (34) 
In particular, 
—  atvar+4 
[aj = oa (35) 
« —-l+v1+4a 4 
fia} = tit“ (36) 
fa,2aj= Va? +1 (37) 


b+ Vb? + 4c 
2 


[az,a] = 
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[ai,---5 Gn] 
—(Q@n-1 — Pn) + n—-1 — Pn)? + 4qnPn— 
_, ~(Qn-1 ~ Pn) (Qn—1 ~ Pn) GnPn-1 (39) 
2gn 
[a1,6 bn] =a eee eee (40) 
Ly Ulysse On 1 (br,-..,bal 
(byes Bp] = Pizzzbndpm + Pmt (qq) 
[b1, of -ybnlgn + Qn-1 
The first follows from 
a=nt+ : 
7 n+ S 
1 
n+ 
WA 
1 
=n+ (42) 
1 
n+ I 
n+ 
m+... 
Therefore, 
a-n=——___, (43) 
n+ 
1 
n+ 
TSE 6 
so plugging (43) into (42) gives 
1 1 
= — = =. 44 
a ne ea se (44) 
Expanding 
a —na-1=0, (45) 


and solving using the QUADRATIC FORMULA gives 


n+vV¥n?4+4 


5 (46) 


g 
il 


The analog of this treatment in the general case gives 


= aDn + Pn-t (47) 

QQn + Gn-1 
The following table gives the repeating simple continued 
fractions for the square roots of the first few integers 
(excluding the trivial SQUARE NUMBERS). 
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N am |N UN 
2 (1,2] | 22 (4, 1, 2,4, 2,1,8 
3 (1,1,2] | 23 (4,1, 3,1,8] 
5 [2,4] |24 [4,1,8] 
6 [2,2,4] | 26 [5,10] 
7 (2,1,1,1,4] |27 (5,5, 10] 
8 2,1,4] | 28 [5, 3, 2,3, 10 
10 [3,6] | 29 [5, 2, 1, 1,2, 10 
11 3,3,6] | 30 [5, 2, 10 
12 3,2,6] |31 [5,1,1,3,5,3, 1,1, 10] 
13 [3,1,1,1,1,6] | 32 {5, 1,1, 1, 10] 
14 (3, 1,2,1,6] | 33 [5, 1, 2, 1, 10 
15 (3,1,6] | 34 (5,1, 4,1, 10] 
17 [4,8] | 35 (5,1, 10] 
18 4,4,8] |37 (6, 12 
19 [4,2,1,3,1,2,8] | 38 (6,6, 12 
20 [4,2,8] | 39 (6,4, 12 
21 [4,7,1,2,1,1,8] | 40 (6, 3, 13] 


The periods of the continued fractions of the square 
roots of the first few nonsquare integers 2, 3, 5, 6, 7, 
8, 10, 11, 12, 13, ... (Sloane’s A000037) are 1, 2, 1, 2, 
4, 2,1, 2, 2, 5, ... (Sloane’s A013943; Williams 1981, 
Jacobson et al. 1995). An upper bound for the length is 
roughly O(In DVD). 


An even stronger result is that a continued fraction is 
periodic IFF it is a ROOT of a quadratic POLYNOMIAL. 
Calling the portion of a number zx remaining after a 
given convergent the “tail,” it must be true that the 
relationship between the number z and terms in its tail 


is of the form 
_ axt+b 


ae Ear | 
which can only lead to a QUADRATIC EQUATION. 


(48) 


LOGARITHMS log,, 6: can be computed by defining be, 
...and the POSITIVE INTEGER ni, ...such that 


bi"? < bp < bi" *? bo = = (49) 
b,"! 
nz n2+1 bi 
be < by < be b3 = aS (50) 
bg”? 
and so on. Then 
log,, 61 = [ni, n2,na,-..]. (51) 


Ww 


N 


= 
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A geometric interpretation for a reduced FRACTION y/z 
consists of a string through a LATTICE of points with 
ends at (1,0) and (z,y) (Klein 1907, 1932; Steinhaus 
1983; Ball and Coxeter 1987, pp. 86-87; Davenport 
1992). This interpretation is closely related to a simi- 
lar one for the GREATEST COMMON DIvisor. The pegs 
it presses against (2., yi) give alternate CONVERGENTS 
yi/vi, while the other CONVERGENTS are obtained from 
the pegs it presses against with the initial end at (0,1). 
The above plot is for e — 2, which has convergents 0, 1, 
2/3, 3/4, 5/7, .... 


Let the continued fraction for z be written [ai, a2,..., 
an]. Then the limiting value is almost always KHINT- 
CHINE’S CONSTANT 


K = lim (aya2---an)/" = 2.68545... (52) 


Continued fractions can be used to express the Posi- 
TIVE RooTs of any POLYNOMIAL equation. Continued 
fractions can also be used to solve linear DIOPHANTINE 
EQUATIONS and the PELL EQUATION. Euler showed 
that if a CONVERGENT SERIES can be written in the 
form 

C1 + ecg + €1¢2¢3 +..., (53) 


then it is equal to the continued fraction 


Ci (54) 
ts a 


c 
1l+c2- : 


1 es 


Gosper has invented an ALGORITHM for performing ana- 
lytic ADDITION, SUBTRACTION, MULTIPLICATION, and 
DIVISION using continued fractions. It requires keep- 
ing track of eight INTEGERS which are conceptually ar- 
ranged at the VERTICES of a CUBE. The ALGORITHM 
has not, however, appeared in print (Gosper 1996). 


An algorithm for computing the continued fraction for 
(ax + b)/(ca + d) from the continued fraction for « is 
given by Beeler et al. (1972, Item 101), Knuth (1981, 
Exercise 4.5.3.15, pp. 360 and 601), and Fowler (1991). 
(In line 9 of Knuth’s solution, X, «~ |A/C'] should be 
replaced by X, « min(|A/C|,|(A+B)/(C+D)]).) 
Beeler et al. (1972) and Knuth (1981) also mention the 
bivariate case (ary+br+cy+d)/(Ary+Br+Cy+D). 


see also GAUSSIAN BRACKETS, HURWITZ’S IRRA- 
TIONAL NUMBER THEOREM, KHINTCHINE’S CON- 
STANT, LAGRANGE’S CONTINUED FRACTION ‘THEO- 
REM, LAME’S THEOREM, LEVY CONSTANT, PADE AP- 
PROXIMANT, PARTIAL QUOTIENT, PI, QUADRATIC IR- 
RATIONAL NUMBER, QUOTIENT-DIFFERENCE ALGO- 
RITHM, SEGRE’S THEOREM 
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Continued Fraction Constant 
A continued fraction with partial quotients which in- 
crease in ARITHMETIC PROGRESSION is 


[A+ D,A+2D,A4+3D,..J= 


where I,(x) is a MODIFIED BESSEL FUNCTION OF THE 
First KIND (Beeler et al. 1972, Item 99). A special case 
is 


C=0+ : I , 
1+ 
1 
2+ rT 
3+ T 
44 
5+.. 
which has the value 
Ii (2) 
C= —— = 0.697774658... 
In(2) 


(Lehmer 1973, Rabinowitz 1990). 


see also e, GOLDEN MEAN, MODIFIED BESSEL FUNC- 
TION OF THE First KIND, PI, RABBIT CONSTANT, 
THUE-MORSE CONSTANT 
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Continued Fraction Factorization Algorithm 
A PRIME FACTORIZATION ALGORITHM which uses 
RESIDUES produced in the CONTINUED FRACTION of 
vVmWN for some suitably chosen m to obtain a SQUARE 
NuMBER. The ALGORITHM solves 


a? =y’ (mod n) 


by finding an m for which m? (mod n) has the small- 


est upper bound. The method requires (by conjecture) 


about exp(/2 log nloglogn ) steps, and was the fastest 
PRIME FACTORIZATION ALGORITHM in use before the 
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QUADRATIC SIEVE FACTORIZATION METHOD, which 
eliminates the 2 under the SQUARE Root (Pomerance 
1996), was developed. 


see also EXPONENT VECTOR, PRIME FACTORIZATION 
ALGORITHMS 
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Continued Fraction Fundamental 
Recurrence Relation 

For a SIMPLE CONTINUED FRACTION o = [ao,a1,...] 
with CONVERGENTS p,/qn, the fundamental RECUR- 
RENCE RELATION is given by 


PnQn-1 — Pn-19n = (-1)”. 
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Continued Fraction Map 


0.5 1 LS 2 2.5 
r= 2 [3 


for x € [0,1], where |x| is the FLOOR FUNCTION. The 
INVARIANT DENSITY of the map is 


1 
ay) = Tyne 
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Continued Fraction Unit Fraction Algorithm 
An algorithm for computing a UNIT FRACTION, called 
the FAREY SEQUENCE method by Bleicher (1972). 
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Continued Square Root 
Expressions of the form 


lim zo + \Vrit Bo Vann Poke 
k->0o 


Herschfeld (1935) proved that a continued square root 
of REAL NONNEGATIVE terms converges IFF (a. ° is 
bounded. He extended this result to arbitrary POWERS 
(which include continued square roots aud CONTINUED 
FRACTIONS as well), which is known as HERSCIFELD’S 
CONVERGENCE THEOREM. 


see also CONTINUED FRACTION, HERSCHFELD’S CON- 
VERGENCE THEOREM, SQUARE ROOT 
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Continued Vector Product 
see VECTOR TRIPLE PRODUCT 


Continuity 
The property of being CONTINUOUS. 


see also CONTINUITY AXIOMS, CONTINUITY CORREC- 
TION, CONTINUITY PRINCIPLE, CONTINUOUS DISTRI- 
BUTION, CONTINUOUS FUNCTION, CONTINUOUS SPACE, 
FUNDAMENTAL CONTINUITY THEOREM 


Continuity Axioms 

“The” continuity axiom is an additional AXIOM which 
must be added to those of Euclid’s Elements in order to 
guarantee that two equal CIRCLES of RADIUS r intersect 
each other if the separation of their centers is less than 
2r (Dunham 1990). The continuity azioms are the three 
of HILBERT’S AXIOMS which concern geometric equiva- 
lence. 


ARCHIMEDES’ LEMMA is sometimes also known as “the 
continuity axiom.” 


see also CONGRUENCE AXIOMS, HILBERT’sS AXIOMS, IN- 
CIDENCE AXIOMS, ORDERING AXIOMS, PARALLEL POS- 
TULATE 
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Continuous Distribution 


Continuity Correction 
A correction to a discrete BINOMIAL DISTRIBUTION to 
approximate a continuous distribution. 


P(a< X <b) 
7 a-i-—np see b-i-np 
JVnp(l—p) —y/np(1 —p) 
where 
,= eo) 
oa 


is a continuous variate with a NORMAL DISTRIBUTION 
and X is a variate of a BINOMIAL DISTRIBUTION. 


see also BINOMIAL DISTRIBUTION, NORMAL DISTRIBU- 
TION 


Continuity Principle 


see PERMANENCE OF MATHEMATICAL RELATIONS 
PRINCIPLE 


Continuous 

A general mathematical property obeyed by mathemat- 
ical objects in which all elements are within a NEIGH- 
BORHOOD of nearby points. 


see also ABSOLUTELY CONTINUOUS, CONTINUOUS DIS- 
TRIRUTION, GONTINUOUS FUNCTION, CONTINUOUS 
SPACE, JUMP 


Continuous Distribution 
A DISTRIBUTION for which the variables may take on 
a continuous range of values. Abramowitz and Stegun 
(1972, p. 930) give a table of the parameters of most 
common discrete distributions. 


see also BETA DISTRIBUTION, BIVARIATE DISTRIBU- 
TION, CAUCHY DISTRIBUTION, CHI DISTRIBUTION, 
CHI-SQUARED DISTRIBUTION, CORRELATION COEF- 
FICIENT, DISCRETE DISTRIBUTION, DOUBLE Ex- 
PONENTIAL DISTRIBUTION, EQUALLY LIKELY OUT- 
COMES DISTRIBUTION, EXPONENTIAL DISTRIBUTION, 
EXTREME VALUE DISTRIBUTION, F'-DISTRIBUTION, 
FERMI-DIRAC DISTRIBUTION, FISHER’S 2-DISTRIBU- 
TION, FISHER-TIPPETT DISTRIBUTION, GAMMA DISs- 
TRIBUTION, GAUSSIAN DISTRIBUTION, HALF-NORMAL 
DISTRIBUTION, LAPLACE DISTRIBUTION, LATTICE DIS- 
TRIBUTION, LEVY DISTRIBUTION, LOGARITHMIC DIs- 
TRIBUTION, LOG-SERIES DiSTRIBUTION, Logistic Dis- 
TRIBUTION, LORENTZIAN DISTRIBUTION, MAXWELL 
DISTRIBUTION, NORMAL DISTRIBUTION, PARETO DIs- 
TRIBUTION, PASCAL DISTRIBUTION, PEARSON TYPE 
III DISTRIBUTION, POISSON DISTRIBUTION, POLYA 
DISTRIBUTION, RATIO DISTRIBUTION, RAYLEIGH DIs- 
TRIBUTION, RICE DISTRIBUTION, SNEDECOR’S F’- 
DISTRIBUTION, STUDENT’S t-DISTRIBUTION, STUu- 
DENT’S z-DISTRIBUTION, UNIFORM DISTRIBUTION, 
WEIBULL DISTRIBUTION 


Continuous Fimection 
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Continuous Function 

A continuous function is a FUNCTION f : X — Y where 

the pre-image of every OPEN SET in Y is OPEN in X. 

A function f(z) in a single variable z is said to be con- 

tinuous at point zy if 

1. f(xo) is defined, so 79 is the DOMAIN of f. 

2. limz—a, f(z) exists. 

3. limzs29 f(x) = f(xo), 

where lim denotes a LIMIT. If f is DIFFERENTIABLE at 

point xo, then it is also continuous at xo. If f and g are 

continuous at xo, then 

1. f +9 is continuous at xo. 

2. f —g is continuous at zo. 

3. f x g is continuous at Zo. 

4, f +g is continuous at zo if g(zo) 4 0 and is discon- 
tinuous at zy if g(x) = 0. 

5. f og is continuous, where o denotes using g as the 
argument to f. 


sce also CRITICAL POINT, DIFFERENTIABLE, LIMIT, 
NEIGHBORHOOD, STATIONARY POINT 


Continuous Space 
A TOPOLOGICAL SPACE. 


see also NET 


Continuum 
The nondenumerable set of REAL NUMBERS, deaoved 
C. It satisfies 


NM+C=C (1) 
and 
c’=0, (2) 
where No is Xo (ALEPH-O). It is also true that 
No =C. (3) 
However, 
CaF (4) 


is a SET larger than the continuum. Paradoxically, there 
are exactly as many points C' on a LINE (or LINE SEG- 
MENT) as in a PLANE, a 3-D SPACE, or finite HYPER- 
SPACE, since all these SETS can be put into a ONE-TO- 
ONE correspondence with each other. 


The CONTINUUM HYPOTHESIS, first proposed by Georg 
Cantor, holds that the CARDINAL NUMBER of the con- 
tinuum is the same as that of Xi. The surprising truth 
is that this proposition is UNDECIDABLK, since neither it 
nor its converse contradicts the tenets of SET THEORY. 


see also ALEPH-0 (No), ALEPH-1 (81), CONTINUUM Hy- 
POTHESIS, DENUMERABLE SET 
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Continuum Hypothesis 

The proposal originally made by Georg Cantor that 
there is no infinite SET with a CARDINAL NUMBER be- 
tween that of the “small” infinite SET of INTECERS No 
and the “large” infinite set of REAL NUMRERS C (the 
“CONTINUUM”). Symbolically, the continuum hypoth- 
esis is that 8; = C. Gé6del showed that no contra- 
diction would arise if the continuum hypothesis were 
added to conventional ZERMELO-FRAENKEL SET THE- 
ORY. However, using a technique called FORCING, Paul 
Cohen (1963, 1964) proved that no contradiction would 
arise if the negation of the continuum hypothesis was 
added to Ser THEORY. Together, Gédel’s and Cohen’s 
results established that the validity of the continuum 
hypothesis depends on the version of SET THEORY be- 
ing used, and is therefore UNDECIDABLE (assuming the 
ZERMELO-FRAENKEL AXIOMS together with the AXIOM 
OF CHOICE). 


Conway and Guy (1996) give a generalized version of 
the Continuum Hypothesis which is also UNDECIDABLE: 
is 2° = Na+i for every a? 


see also ALEPH-0 (No), ALEPH-1 (Xi), AXIOM OF 
CHOICE, CARDINAL NUMBER, CONTINUUM, DENUMER- 
ABLE SET, FORCING, HILBERT’S PROBLEMS, LEBESGUE 
MEASURABILITY PROBLEM, UNDECIDABLE, ZERMELO- 
FRAENKEL AXIOMS, ZERMELO-FRAENKEL SET THE- 
ORY 
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Contour 
A path in the COMPLEX PLANE over which CONTOUR 
INTEGRATION is performed. 


see also CONTOUR INTEGRATION 


Contour Integral 
see CONTOUR INTEGRATION 


Contour Integration 

Let P(x) and Q(x) be POLYNOMIALS of DEGREES n and 
m with COEFFICIENTS b,,,..., bo and em, ..., Co. Take 
the contour in the upper half-plane, replace x by z, and 
write z = Re’®. Then 


[. 0 wm [4 a Ye) 
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Define a path yr which is straight along the REAL axis 
from —R to R and makes a circular arc to connect the 
two ends in the upper half of the COMPLEX PLANE. The 
RESIDUE THEOREM then gives 


: : P(Re’*) 18 


= Qn SS Res Ea » (2) 


S[z] >0 
where Res denotes the RESIDUES. Solving, 


At: 4 P(z) dz 
ue i 2 Ot) 


R 
. P(z) dz 
1 
reo fp Q(z) 
; P(@) " P(e) | 8 
Qri S- Ree Oi) Jim A O(Re®) Bay dé. (3) 
S[z]>0 
Define 
ae " P(Re*®) 
r= iw ff (Re?) iRe® do 


bn (Re?®)” + b,-1(Re*?)*-1 +... + bo 


= li ———_ iR db 
jm [ Cn Re?) + pn i(Re*)"-2 4... ey. 


= im, f on (Rel®)"—™ ER do 
o om 


R- 00 
: 7 bn 1- i@ 
= lim = RMt1—mi(ei@yn—™ Gg (4) 
Ai 0o | 0 Cm 
and set 
€=-(n+1-m), (5) 


then equation (4) becomes 


‘ nT 
Te = Him 2 bn | gin )0 ag (6) 
R-00 RE Cm 0 
Now, 
lim Ro*=0 (7) 
Roo 


for « > 0. That means that for -n —-1+m > 1, or 


m>n-+2, Ip = 0, s0 


mi \ > Res Ee (8) 


S{z]>0 


form >n+2. Apply JoRDAN’s LEMMA with f(x) = 
P(«)/Q(«x). We must have 


io f(z) = 0, (9) 


Contraction (Tensor) 


so we require m >n+1. Then 


ba 5G) edz =2ni > Res| He | (10) 


S[z]>0 


form >n+1. 


Since this must hold separately for REAL and IMAGI- 
NARY PARTS, this result can be extended to 


ic P(z) ei* 
cos(az) dz = 27 Res Es 
co U2) 2B Lae)" 
(11) 
P(2) jiaz 
a, 3 sin(a2) dz = 203 J Eas ) | 
(12) 
It is also true that 
[3 a Sn n(az) dz = (13) 


see also CAUCHY INTEGRAL FORMULA, CAUCHY IN- 
TEGRAL THEOREM, INSIDE-OUTSIDE THEOREM, JOR- 
DAN’s LEMMA, RESIDUE (COMPLEX ANALYSIS), SINE 
INTEGRAL 
References 
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Contracted Cycloid 
see CURTATE CYCLOID 


Contraction 
see DILATION 


Contraction (Graph) 
The merging of nodes in a GRAPH by eliminating seg- 
ments between two nodes. 


Contraction (Tensor) 

The contraction of a TENSOR is obtained by setting un- 
like indices equal and summing according to the EIN- 
STEIN SUMMATION convention. Contraction reduces the 
RANK of a TENSOR by 2. For a second RANK TENSOR, 


contr( Bi’) = BY 


Be Oz’, Oxi BE Oz 

*  Orp Oxi ' ~~ Orn 
Therefore, the contraction is invariant, and must be a 
SCALAR. In fact, this SCALAR is known as the TRACE 


of a MATRIX in MATRIX theory. 


BF = 6,.BF = Bj. 
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Contradiction Law 


Contradiction Law 
No A is not-A. 


see also NOT 


Contravariant Tensor 

A contravariant tensor is a TENSOR having specific 
transformation properties (c.f., a COVARIANT TENSOR). 
To examine the transformation properties of a contra- 
variant tensor, first consider a TENSOR of RANK 1 (a 
VECTOR) 


dr = dx1X + dr2X2 + dr3x3, (1) 
for which ae 
' zy 
dz’ = + am 
ae On, dz; (2) 


Now let A; = dai, then any set of quantities A; which 
transform according to 


Ox’, 
A= 1 4. 
t Ox; 3? (3) 
or, defining 
ae Ox; > 
according to 
Aj = aij A; (5) 


is a contravariant tensor. Contravariant tensors are in- 
dicated with raised indices, i.e., a”. 


COVARIANT TENSORS are a type of TENSOR with differ- 
ing transformation properties, denoted a,. However, in 
3-D CARTESIAN COORDINATES, 


Ox; Ox; 
a Bo = Aj 
Or, Oa; 


(6) 


for 1,7 = 1, 2, 3, meaning that contravariant and co- 
variant tensors are equivalent. The two types of tensors 
do differ in higher dimensions, however. Contravariant 
FOuUR-VECTORS satisfy 


a’ = Ava’, (7) 
where A is a LORENTZ TENSOR. 


To turn a COVARIANT TENSOR into a contravariant ten- 
sor, use the METRIC TENSOR g*” to write 


a" = gh" a. (8) 


Covariant and contravariant indices can be used simul- 
taneously in a MIXED TENSOR. 


see also COVARIANT TENSOR, FOUR-VECTOR, LOR- 
ENTZ TENSOR, METRIC TENSOR, MIXED TENSOR, 
TENSOR 
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Contravariant Vector 
A CONTRAVARIANT TENSOR of RANK 1. 


see also CONTRAVARIANT TENSOR, VECTOR 


Control Theory 

The mathematical study of how to manipulate the pa- 
rameters affecting the behavior of a system to produce 
the desired or optimal outcome. 


see also KALMAN FILTER, LINEAR ALGEBRA, PON- 
TRYAGIN MAXIMUM PRINCIPLE 
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Convective Acceleration 
The acceleration of an element of fluid, given by the 
CONVECTIVE DERIVATIVE of the VELOCITY v, 


Dv av 
Dero 


where V is the GRADIENT operator. 


see also ACCELERATION, CONVECTIVE DERIVATIVE, 
CONVECTIVE OPERATOR 
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Convective Derivative 
A DERIVATIVE taken with respect to a moving coordi- 
nate system, also called a LAGRANGIAN DERIVATIVE. It 
is given by 
D_ <9 
Dt at 
where V is the GRADIENT operator and v is the VE- 
LOCITY of the fluid. This type of derivative is especially 
useful in the study of fluid mechanics. When applied to 
Vv; 


+v-V, 


D 
Dy = a +(Vxv)xv+V(4v’). 
see also CONVECTIVE OPERATOR, DERIVATIVE, VE- 


LOCITY 
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Convective Operator 
Defined for a VECTOR FIELD A by (AV), where V is 
the GRADIENT operator. 


Applied in arbitrary orthogonal 3-D coordinates to a 
VECTOR FIELD B, the convective operator becomes 


3 
AvaBy 2 Bi Oh; , dhe 

= A , al 

DB E Ok i hgh; ( ” Oak "0a; ©) 
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where the Ais are related to the METRIC TENSORS by 
hi = JG. In CARTESIAN COORDINATES, 


OB, OB, OB, 
A. = - 7 
(A-V)B (4 Ge tava tA =) 
dB, OBy OBy \ . 
By (4. Ox ay Oy Az Oz 
OB, OB, OB.\. 
+ (4. Fan t Av Ge + As =) (2) 


In CYLINDRICAL COORDINATES, 


OB, . Ag OB, OB, AgBe \. 
(A vp = (4, Ag ag t Az rae bs 
dB, Ag OBg 8B, . AgB, \ 4 
+ (4 Or f r O¢ +A, Oz v r ? 

OB, Ay OB, dB. \ . 
+ (4 ee Oe a) “) 


In SPHERICAL COORDINATES, 


(A. V)B 
_ (4. 0B: , 40 OB, | Ae OB. AcBe + AgBe) 
na ” Or r 00 rsin@ A¢ r 
@Bo Ag OB, Ag OBo  AgB, AgBy cot O\ 7 
A pl dapat se eee 
+( ” Or - r 06 rsin@ d¢ ¥ r 8 
@Bs Ao 0B, Ag OB, A,B, | AgBycotO\ 4 
A, + -— >= + : 
+( arr 80 rsin@ d¢ a r r ¢ 
(4) 


see also CONVECTIVE ACCELERATION, CONVECTIVE 
DERIVATIVE, CURVILINEAR COORDINATES, GRADIENT 


Convergence Acceleration 
see CONVERGENCE IMPROVEMENT 


Convergence Improvement 

The improvement of the convergence properties of a SE- 
RIES, also called CONVERGENCE ACCELERATION, such 
that a SERIES reaches its limit to within some accuracy 
with fewer terms than required before. Convergence im- 
provement can be effected by forming a linear combina- 
tion with a SERIES whose sum is known. Useful sums 
include 


— 1 
2, n(n+1)_ : (1) 
= 1 1 
2 es re) aa (2) 
= 1 1 
Se case 4+2)(n+3) 18 (3) 


n=l 
oo 


1 1 
Lael me pe 


n=1 


Convergence Improvement 


Kummer’s transformation takes a convergent series 


s= Soar (5) 


c= sa (6) 


with known c such that 


lim “= =r.40. (7) 


k-+00 CE 


Then a series with more rapid convergence to the same 
value is given by 


s=Ac+ >> (1-A*) a (8) 
k 
k=0 


(Abramowitz and Stegun 1972). 


EULER’S TRANSFORM takes a convergent alternating se- 
Ties 


So (-1)Fax = a0 — a +az2—... (9) 


k=0 


into a series with more rapid convergence to the same 
value to 


ea Ue, (10) 


where 
k 
; m{k 
A* ao = ys = (-1) @ke (11) 
(Abramowitz and Stegun 1972; Beeler et al. 1972, Item 
120). 
Given a series of the form 
ge s f ( -) (12) 
— 1 Ie 


where f(z) is an ANALYTIC at 0 and on the closed unit 
DIsk, and 
f(z)|z50 = O(z*), (13) 


then the series can be rearranged to 


Convergence Tests 


where 
oO 


f(z) = So fme™ (15) 


m=? 


is the MACLAURIN SERIES of f and ¢(z) is the RIEMANN 
ZETA FUNCTION (Flajolet and Vardi 1996). The trans- 
formed series exhibits geometric convergence. Similarly, 
if f(z) is ANALYTIC in |z| < 1/no for some POSITIVE 
INTEGER 10, then 


no-l 


= 3 1(2) 


+0 fm stm) = ge = , (16) 


m2 


which converges geometrically (Flajolet and Vardi 
1996). (16) can also be used to further accelerate the 
convergence of series (14). 


see also EULER’S TRANSFORM, WILF-ZEILBERGER PAIR 
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Convergence Tests 
A test to determine if a given SERIES CONVERGES or 
DIVERGES. 


see also ABEL’S UNIFORM CONVERGENCE TEST, 
BERTRAND’S ‘TEST, D’ALEMBERT RATIO ‘TEST, DIVER- 
GENCE TESTS, ERMAKOFF’S TEST, GAUSS’s TEST, IN- 
TEGRAL TEST, KUMMER’S TEST, RAABE’S TEST, RA- 
TIO TEST, RIEMANN SERIES THEOREM, ROOT TEST 
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Convergent 

The RATIONAL NUMBER obtained by keeping only a 
limited number of terms in a CONTINUED FRACTION is 
called a convergent. For example, in the SIMPLE CON- 
TINUED FRACTION for the GOLDEN RATIO, 


Convergent Series 325 


the convergents are 


13 
it = eae 
po geen gare a) 


The word convergent is also used to describe a CONVER- 
GENT SEQUENCE or CONVERGENT SERIES. 


see also CONTINUED FRACTION, CONVERGENT SE- 
QUENCE, CONVERGENT SERIES, PARTIAL QUOTIENT, 
SIMPLE CONTINUED FRACTION 


Convergent Sequence 
A SEQUENCE S,, converges to the limit S 


lim S,=S 


RCO 


if, for any € > 0, there exists an N such that |S, — 
S| < « forn > N. If S, does not converge, it is said 
to DIVERGE. Every bounded MONOTONIC SEQUENCE 
converges. Every unbounded SEQUENCE diverges. This 
condition can also be written as 


lim S, = lim S, = S. 


see also CONDITIONAL CONVERGENCE, STRONG CON- 
VERGENCE, WEAK CONVERGENCE 


Convergent Series 
The infinite SERIES 5°*°_, an is convergent if the SE- 
QUENCE of partial sums 


nm 


S.= > ai 


k=1 


is convergent. Conversely, a SERIES is divergent if the 
SEQUENCE of partial sums is divergent. If }*u, and 
So ve~ are convergent SERIES, then }>(ue + ve) and 
So(ux — ve) are convergent. If c # 0, then }>u, and 
c)\ux both converge or both diverge. Convergence 
and divergence are unaffected by deleting a finite num- 
ber of terms from the beginning of a series. Constant 
terms in the denominator of a sequence can usually 
be deleted without affecting convergence. All but the 
highest POWER terms in POLYNOMIALS can usually be 
deleted in both NUMERATOR and DENOMINATOR of a 
SERIES without affccting convergence. If a SERIES con- 
verges absolutely, then it converges. 


see also CONVERGENCE TESTS, RADIUS OF CONVER- 
CENCE 
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Conversion Period 
The period of time between INTEREST payments. 


see also COMPOUND INTEREST, INTEREST, SIMPLE IN- 
TEREST 


Convex 


CONVEX 


concave 


A SET in EUCLIDEAN SPACE R?% is convex if it contains 
allthe LINE SEGMENTS connecting any pair of its points. 
If the SET does not contain all the LINE SEGMENTS, it 
is called CONCAVE. 


see also CONNECTED SET, CONVEX FUNCTION, CON- 
vEX HULL, CONVEX OPTIMIZATION THEORY, CONVEX 
POLYGON, DELAUNAY TRIANGULATION, MINKOWSKI 
CONVEX BoDY THEOREM, SIMPLY CONNECTED 
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Convex Function 


concavedown 

A function whose value at the MIDPOINT of every IN- 
TERVAL in its DOMAIN does not exceed the AVERAGE of 
its values at the ends of the INTERVAL. In other words, 
a function f(x) is convex on an INTERVAL [a, 5] if for any 
two points 2, and 22 in [a,)], 


concave up 


f[$ (a1 + 22)) < 3 [Ff (ei) + f(x2)). 


If f(z) has a second Drnivarive in [a,b], then a NEC- 
ESSARY and SUFFICIENT condition for it to be convex on 
that INTERVAL is that the second DERIVATIVE f"(x) > 0 
for all x in [a, }]. 


see also CONCAVE FUNCTION, LOGARITHMICALLY CON- 
VEX FUNCTION 


References 

Eggleton, R. B. and Guy, R. K. “Catalan Strikes Again! How 
Likely is a Function to be Convex?” Math. Mag. 61, 211- 
219, 1988. 

Gradshteyn, I. 5. and Ryzhik, 1. M. Tables of Integrals, Se- 
ries, and Products, 5th cd. San Dicgo, CA: Academic 
Press, p. 1100, 1980. 


Convex Polyhedron 


Convex Hull 

The convex hull of a set of points S is the INTERSECTION 
of all convex sets containing S. For N points pi, ..., 
pn, the convex hull C is then given by the expression 


N N 
C= 4 SY djpj +d; > 0 for all jand Yo; =1 


j=1 j=l 


see also CARATHEODORY’S FUNDAMENTAL THEO- 
REM, CROSS POLYTOPE, GROEMER PACKING, GROE- 
MER THEOREM, SAUSAGE CONJECTURE, SYLVESTER’S 
FOUR-POINT PROBLEM 
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Reading, MA: Addison-Wesley, 1976. 


Convex Optimization Theory 

The problem of maximizing a linear function over a con- 
vex polyhedron, also known as OPERATIONS RESEARCH 
or OPTIMIZATION THEORY. The general problem of con- 
vex optimization is to find the minimum of a convex (or 
quasiconvex) function f on a FINITE-dimensional con- 
vex body A. Methods of solution include Levin’s al- 
gorithm and the method of circumscribed ELLIPSOIDS, 
also called the Nemirovsky- Yudin-Shor method. 


References 
Tokhomirov, V. M. “The Evolution of Methods of Convex 
Optimization.” Amer. Math. Monthly 108, 65-71, 1996. 


Convex Polygon 

A POLYGON is CONVEX if it contains all the LINE SEG- 
MENTS connecting any pair of its points. Let f(n) be 
the smallest number such that when W is a set of more 
than f(n) points in GENERAL POSITION (with no three 
points COLLINEAR) in the plane, all of the VERTICES of 
some convex n-gon are contained in W. The answers for 
n == 2, 3, and 4 are 2, 4, and 8. It is conjectured that 
f(n) = 2"? but. only proven that 


n-2 an—-4 
an? < f(n) < Ga 


where (7) is a BINOMIAL COEFFICIENT. 


Convex Polyhedron 

A POLYHEDRON for which a line connecting any two 
(noncoplanar) points on the surface always lies in the 
interior of the polyhedron. The 92 convex polyhedra 
having only REGULAR POLYGONS as faces are called the 
JOHNSON SOLIDS, which include the PLATONIC SOLIDS 
and ARCHIMEDEAN SOLIDS. No method is known for 
computing the VOLUME of a general convex polyhedron 
(Ogilvy 1990, p. 173). 

see also ARCHIMEDEAN SOLID, DELTAHEDRON, JOHN- 
SON SOLID, KEPLER-POINSOT SOLID, PLATONIC SOLID, 
REGULAR POLYGON 


References 
Ogilvy, C. S. Excursions in Geometry. New York: Dover, 
1990. 


Convolution 


Convolution 

A convolution is an integral which expresses the amount 
of overlap of one function g(t) as it is shifted over an- 
other function f(t). It therefore “blends” one function 
with another. For example, in synthesis imaging, the 
measured Dirty Map is a convolution of the “true” 
CLEAN Map with the Dirrty BEAM (the FOURIER 
TRANSFORM of the sampling distribution). The con- 
volution is sometimes also known by its German name, 
FALTUNG (“folding”). A convolution over a finite range 
[0, ¢] is given by 


f(t) *9(t) = i H(r)g(t - 7) dr, (1) 


where the symbol f *g (occasionally also written as f®g) 
denotes convolution of f and g. Convolution is more 
often taken over an infinite range, 


fo] 


g(r) f(t—7) dr. 
(2) 


Let f, g, and h be arbitrary functions and a a constant. 
Convolution has the following properties: 


f()*9(t) = if - Soe are | 


—oO 


feg=grf (3) 
fe(geh)=(feg)eh (4) 
f*e(gth) =(f*g)+(f *h) (5) 
a(f *g) = (af)*g = f * (ag). (6) 


The INTEGRAL identity 


[ [ soade- [ e-9soa (7) 


also gives a convolution. Taking the DERIVATIVE of a 
convolution gives 


d _F  _., 49 
S(feg)=Zga ped. (8) 


The AREA under a convolution is the product of areas 
under the factors, 


= | | flu) dy | o(a) de]. (9) 


The horizontal CENTROIDS add 


(o(fag)) t= GA 4teys (00) 


oo 
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as do the VARIANCES 
/ (x2(f*9)) de = (27f) + (2g), (11) 


where 


Lhe zg” f(x) dx 


fia rea (12) 


(z"f)= 


see also AUTOCORRELATION, CONVOLUTION THEOREM, 
CROSS-CORRELATION, WIENER-KHINTCHINE THEO- 
REM 
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Bracewell, R. “Convolution.” Ch. 3 in The Fourier Trans- 
form and Its Applications. New York: McGraw-Hill, 
pp. 25-50, 1965. 
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Convolution Theorem 
Let f(t) and f(t) be arbitrary functions of time ¢ with 
FOURIER TRANSFORMS. Take 


[ova 


f(t) = FOF) = v Fvje™*dv (1) 
a(t) = F-'[G)] = / " euyettay, (2) 


where F~* denotes the inverse FOURIER TRANSFORM 
(where the transform pair is defined to have constants 
A=1and B= -—2z). Then the CONVOLUTION is 


fj 7 * g(t!) F(t — t')ae! 


co 


= 7. - g(t’) / Fee" ay) dt’. (3) 


Interchange the order of integration, 


co oo 
f*9 =f F(v) / g(t')e 27" a| emt dv 


= / F(v)G(v)e?** dv 
= FU F(v)G(v)]. (4) 
So, applying a FOURIER TRANSFORM to each side, we 


have 
F(f * 9) = FIF|Flgl- (5) 
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The convolution theorem also takes the alternate forms 


Flfg) = FIf] * F[g] (6) 
F(F(F\Figl) = f *9 (7) 
F(F[F] * Fig) = Fo. (8) 


see also AUTOCORRELATION, CONVOLUTION, FOURIER 

TRANSFORM, WIENER-KHINTCHINE THEOREM 

References 

Arfken, G. “Convolution Theorem.” §15.5 in Mathematical 
Methods for Physicists, 38rd ed. Orlando, FL: Academic 
Press, pp. 810-814, 1985. 

Bracewell, R. “Convolution Theorem.” The Fourier Trans- 
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Conway-Alexander Polynomial 
see ALEXANDER POLYNOMIAL 


Conway’s Constant 
The constant 


A = 1.303577269034296... 


(Sloane’s A014715) giving the asymptotic rate of growth 
C¥ of the number of Digits in the kth term of the 
LOOK AND SAY SEQUENCE. A is given by the largest 
Root of the POLYNOMIAL 


7i 
QO=2 
— 7° _ 2968 _ 787 4. 9796 4 9998 4 p84 _ 783 _ 782 _ 7 61 


oe? | a8 | Bee? | 82°F 2n®® 1024 
— 3253 — 275? + 625! + 625° +. 249 +. 9x48 — 30747 
—Tx*® — 8r*° — 80** + 102 + 62 + 8a" — 42°° 
—120°° + 7278 — 7237 + 70*° + 2 — 32°4 + 102°* 


ty Ge") a 00 S105" = 3a 4 Oe” Os 
—3x7> + 1497" — 827? — 7x”? + 92° — 327° — 428 
—102"” — 72"8 + 12215 + 72" 4+ 2238 — 122)” 


— 4g" — 27) — 52° + 27 — 72° 


+72 — 424 + 1223 — 62? + 32-6. 


The POLYNOMIAL given in Conway (1987, p. 188) con- 
tains a misprint. The CONTINUED FRACTION for A is 1, 
3, 3, 2, 2, 54, 5, 2, 1, 16, 1, 30, 1, 1, 1, 2, 2,1, 14,1,... 
(Sloane’s A014967). 


see also CONWAY SEQUENCE, COSMOLOGICAL THEO- 
REM, LOOK AND SAY SEQUENCE 


References 

Conway, J. H. “The Weird and Wonderful Chemistry of 
Audioactive Decay.” 85.11 in Open Problems in Com 
munications and Computation (Ed. T. M. Cover and 
B. Gopinath). New York: Springer-Verlag, pp. 173-188, 
1987. 

Conway, J. H. and Guy, R. K. “The Look and Say Sequence.” 
In The Book of Numbers. New York: Springer-Verlag, 
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Conway Notation 


Finch, $. “Favorite Mathematical Constants.” http://www. 
mathsoft.com/asolve/constant/cnwy/cnwy.html. 

Sloane, N. J. A. Sequence A014967 in “An On-Line Version 
of the Encyclopedia of Integer Sequences.” 

Vardi, I. Computational Recreations in Mathematica. Read- 
ing, MA: Addison-Wesley, pp. 13-14, 1991. 


Conway’s Game of Life 
see LIFE 


Conway Groups 

The AUTOMORPHISM GROUP Co, of the LEECH LaT- 
TICE modulo a center of order two is called “the” 
Conway group. There are 15 exceptional CONJUGACY 
CLASSES of the Conway group. This group, combined 
with the GRoups Coz and Co3 obtained similarly from 
the LEECH LATTICE by stabilization of the 1-D and 2-D 
sublattices, are collectively called Conway groups. The 
Conway groups are SPORADIC GROUPS. 


see also LEECH LATTICE, SPORADIC GROUP 


References 

Wilson, R. A. “ATLAS of Finite Group Representation.” 
http://for.mat.bham.ac.uk/atlas/Col.html, Co2.html, 
Co3. html. 


Conway’s Knot 
The KNOT with BRAID WoRD 


3 ~1_ == ~2 ~1 ~1 
02 0103 02 0102 0103 . 


The JONES POLYNOMIAL of Conway’s knot is 
t-4(-1 + 2¢ — 207 + 28° + 25 — 287 + 22° — 28° + 2°), 
the same as for the KINOSHITA-TERASAKA KNOT. 


Conway’s Knot Notation 

A concise NOTATION based on the concept of the TAN- 
GLE used by Conway (1967) to enumerate KNOTS up 
to 11 crossings. An ALGEBRAIC KNOT containing no 
NEGATIVE signs in its Conway knot NOTATION is an 
ALTERNATING KNOT. 


References 

Conway, J. H. “An Enumeration of Knots and Links, and 
Some of Their Algebraic Properties.” In Computation 
Problems in Abstract Algebra (Ed. J. Leech). Oxford, Eng- 
land: Pergamon Press, pp. 329-358, 1967. 


Conway’s Life 
see LIFE 


Conway Notation 


see CONWAY’S KNOT NOTATION, CONWAY POLYHE- 
DRON NOTATION 


Conway Polyhedron Notation’ 


Conway Polyhedron Notation 

A NofraTIONn for POLYHEDRA which begins by speci- 
fying a “seed” polyhedron using a capital letter. The 
PLATONIC SOLIDS are denoled, T (TETRAHEDRON), O 
(OCTAHEDRON), C (CuBE), I (ICOSAHEDRON), and D 
(DODECAHEDRON), according to their first letter. Other 
polyhedra include the PRISMS, Pn, ANTIPRISMS, An, 
and PYRAMIDS, Yn, where n > 3 specifies the number 
of sides of the polyhedron’s base. 


Operations to be performed on the polyhedron are then 
specified with lower-case letters preceding the capital 
letter. 


see also POLYHEDRON, SCHLAFLI SYMBOL, WYTHOFF 
SYMBOL 


References 
Hart, G. “Conway Notation for Polyhedra.” http://www.1i. 
net/~george/virtual-polyhedra/conway notation. html. 


Conway Polynomial 
see ALEXANDER POLYNOMIAL 


Conway Puzzle 
Construct a 5 x 5 x 5 cube from 13 1 x 2 x 4 blocks, 1 
2x 2x 2 block, 1 1 x 2x 2 and 31x 1 x 3 blocks. 


see also BOX-PACKING THEOREM, CUBE DISSECTION, 
DE BRUIJN’S THEOREM, KLARNER’S THEOREM, POLy- 
CUBE, SLOTHOUBER-GRAATSMA PUZZLE 


References 
Honsberger, R. Mathematical Gems IJ. Washington, DC: 
Math. Assoc. Amer., pp. 77-80, 1976. 


Conway Sequence 
The Look AND SAY SEQUENCE generated from a start- 
ing DIGIT of 3, as given by Vardi (1991). 


see also CONWAY’S CONSTANT, LOOK AND Say Se- 
QUENCE 


References 
Vardi, I. Computational Recreations in Mathematica. Read- 
ing, MA: Addison-Wesley, pp. 13-14, 1991. 


Conway Sphere 


C 


A sphere with four punctures occurring where a KNOT 
passes through the surface. 


References 

Adams, C. C. The Knot Book: An Elementary Introduction 
to the Mathematical Theory of Knots. New York: W. H. 
Freeman, p. 94, 1994. 
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Coordinate Geometry 


see ANALYTIC GEOMETRY 


Coordinate System 
A system of COORDINATES. 


Coordinates 

A set of n variables which fix a geometric object. If the 
coordinates are distances measured along PERPENDICU- 
LAR axes, they are known as CARTESIAN COORDINATES. 
The study of GEOMETRY using one or more coordinate 
systems is known as ANALYTIC GEOMETRY. 


see also AREAL COORDINATES, BARYCENTRIC COOR- 
DINATES, BIPOLAR COORDINATES, BIPOLAR CYLIN- 
DRICAL COORDINATES, BISPHERICAL COORDINATES, 
CARTESIAN COORDINATES, CHOW COORDINATES, CIR- 
CULAR CYLINDRICAL COORDINATES, CONFOCAL EL- 
LIPSOIDAL COORDINATES, CONFOCAL PARABOLOIDAL 
COORDINATES, CONICAL COORDINATES, CURVILINEAR 
COORDINATES, CYCLIDIC COORDINATES, CYLINDRICAL 
COORDINATES, ELLIPSOIDAL COORDINATES, ELLIPTIC 
CYLINDRICAL COORDINATES, GAUSSIAN COORDINATE 
SYSTEM, GRASSMANN COORDINATES, HARMONIC Co- 
ORDINATES, HOMOGENEOUS COORDINATES, OBLATE 
SPHEROIDAL COORDINATES, ORTHOCENTRIC COORDI- 
NATES, PARABOLIG COORDINATES, PARABOLIC CYLIN- 
DRICAL COORDINATES, PARABOLOIDAL COORDINATES, 
PEDAL COORDINATES, POLAR COORDINATES, PRO- 
LATE SPHEROIDAL COORDINATES, (JUADRIPLANAR Co- 
ORDINATES, RECTANGULAR COORDINATES, SPHERICAL 
COORDINATES, TOROIDAL COORDINATES, TRILINEAR 
COORDINATES 


References 

Arfken, G. “Coordinate Systems.” Ch. 2 in Mathematical 
Methods for Physicists, 3rd ed. Orlando, FL: Academic 
Press, pp. 85-117, 1985. 

Woods, F.S. Higher Geometry: An. Introduction to Advanced 
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Coordination Number 
see KISSING NUMBER 


Copeland-Erdés Constant 

The decimal 0.23571113171923... (Sloane’s A033308) 
obtained by concatenating the PRIMES: 2, 23, 235, 2357, 
235711, ... (Sloane’s A033308; one of the SMARAN- 
DACHE SEQUENCES). In 1945, Copeland and Erdés 
showed that it is a NORMAL NUMBER. The first few 
digits of the CONTINUED FRACTION of the Copeland- 
Erdés are 0, 4, 4, 8, 16, 18, 5, 1, ... (Sloane’s A030168). 
The positions of the first occurrence of nm in the CON- 
TINUED FRACTION are 8, 16, 20, 2, 7, 15, 12, 4, 17, 
254, ... (Sloane’s A033309). The incrementally largest 
terms are 1, 27, 154, 1601, 2135, ... (Sloane’s A033310), 
which occur at positions 2, 5, 11, 19, 1801, ... (Sloane’s 
A033311). 
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see also CHAMPERNOWNE CONSTANT, PRIME NUMBER 


References 

Sloane, N. J. A. Sequences A030168, A033308, A033309, 
A033310, and A033311 in “An On-Line Version of the En- 
cyclopedia of Integer Sequences.” 


Coplanar 

Three noncollinear points determine a plane and so are 
trivially coplanar. Four points are coplanar IFF the vol- 
ume of the TETRAHEDRON defined by them is 0, 


Zi Yi zy 0 
2 Yo 22 0 
x3 ys 23 «OOf” 
Lh Ya 24 0 


Coprime 
see RELATIVELY PRIME 


Copson-de Bruijn Constant 
see DE BRUIJN CONSTANT 


Copson’s Inequality 
Let {an} be a NONNEGATIVE SEQUENCE and f(x) a 
NONNEGATIVE integrable function. Define 


n 


An = Soa (1) 


= 
eos (2) 

and a 
F(a) = i, * f(t) at (3) 
Cle) = / * f(t)ae, (4) 


and take 0 < p < 1. For integrals, 


* [G(a)]’ Se ae 
i E ae > (=25) [vera © 


(unless f is identically 0). For sums, 


eens prey (2) ie So" 
p~-l Z = n p-l ae = 


(6) 


(unless all a, = 0). 
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Cornish-Fisher Asymptotic Expansion 


Copula 

A function that joins univariate distribution functions to 
form multivariate distribution functions. A 2-D copula 
is a function C : I? > I such that 


C(0,t) = C(t,0) =0 


and 
C(1,t) = C(t,1) =t 


for allt ¢ J, and 
C(u2, v2) — C(u1, v2) — C(u2,v1) + C(ur, v1) > 0 


for all uz, u2,v1,v — 2 € I such that ui < uz and vw, < 
v— 2. 
see also SKLAR’S THEOREM 


Cork Plug 

A 3-D SOLID which can stopper a SQUARE, TRIANGU- 
LAR, or CIRCULAR HOLE. There is an infinite family of 
such shapes. The one with smallest VOLUME has TRI- 
ANGULAR CROSS-SECTIONS and V = ar°; that with the 
largest VOLUME is made using two cuts from the top 
diameter to the EDGE and has VOLUME V = 4nr*/3. 


see also STEREOLOGY, TRIP-LET 


Corkscrew Surface 


A surface also called the TWISTED SPHERE. 
References 


Gray, A. Modern Differential Geometry of Curves and Sur- 
faces.Boca Raton, FL: CRC Press, pp. 493-494, 1993. 


Cornish-Fisher Asymptotic Expansion 


yrum+ou, 


where 


w= 2+ [yhi(z)] + [yahe(z) + 17h (2)] 
+ [y3h3(x) + y1ye2hi2(x) + 41° has (z)] 
+ fysha(z) + v2" hao (2) + y173hi3(x) 
+7 y2hisa(z) +1 %Aiii(2)] +--., 


Cornu Spiral 
where 


h(x) = ¢ Heo (x) 
ho(x) = + Hes(z) 


hii(2) = -#(2 He3(x) + Hei(z)| 
h3(zx) > sh5 Hea(z) 
Aie(x) = — 3[Hea(x) + Hee(zr)] 


Ain(z) = 35712 Hes(x) + 19 He2(z)] 
ha(x) = 95 Hes(z) 
hoo(x) = sl Hes (x) + 6 Hes(z) + 2 Hei (2)] 
his() = — 75 (2 Hes +3 Hes (x) 
hiiz(x) = se 4 Iles (x) + 37 Heg(x) + 8 Hei (xx)| 
hau (z) = 


see also EDGEWORTH SERIES, GRAM-CHARLIER SERIES 
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Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
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Cornu Spiral 


© 


ee | 


A plot in the COMPLEX PLANE of the points 


B(z) = C(t) + iS(t) = 7 elt /2 day, (1) 
0 


where C'(z) and S(z) are the FRESNEL INTEGRALS. The 
Cornu spiral is also known as the CLOTHOID or FULER’S 
SPIRAL. A Cornu spiral describes diffraction from the 
edge of a half-plane. 


1.75 


wa r 


£ 2 3 4 


The SLOPE of the Cornu spiral 


m(t) = ah (2) 


— apy [252 Hes (x) + 832 Hea(x) + 227 Hei(z)]. 
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is plotted above. 


The SLOPE of the curve’s TANGENT VECTOR (above 
right figure) is 


mr(t) = 2) = tan(tne?), (3) 
plotted below. 


19 


Ta 


~105 


The CESARO EQUATION for a Cornu spiral is p = c?/s, 
where p is the RADIUS OF a eas and s the ARC 
LENGTH. The TORSION is 7 = 


f 


Gray (1993) defines a generalization of the Cornu spiral 
given by parametric equations 


t yt 
c(t) =a f rn (2) du (4) 
0 
y(t) = a | cos (5) du. (5) 


phite) 
J 
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The ARC LENGTH, CURVATURE, and TANGENTIAL AN- 
GLE of this curve are 


s(t) = at (3) 

n(t) = -— (4) 
ai 

a(t) =~. (5) 


The CESARO EQUATION is 


alae (6) 


Dillen (1990) describes a class of “polynomial spirals” 
for which the CURVATURE is a polynomial function of the 
Arc LENGTH. These spirals are a further generalization 
of the Cornu spiral. 


see also FRESNEL INTEGRALS, NIELSEN’S SPIRAL 
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Cornucopia 


The SURFACE given by the parametric equations 


bv av 
z=e cosu+e cosucosv 


bu: ‘ 
y=e”sinu+e cosusinu 


au : 
z=e sintu. 


References 
von Seggern, D. CRC Standard Curves and Surfaces. Boca 
Raton, FL: CRC Press, p. 304, 1993. 


Corollary 

An immediate consequence of a result already proved. 
Corollaries usually state more complicated THEOREMS 
in a language simpler to use and apply. 


see also LEMMA, PORISM, THEOREM 


Correlation Coefficient 


Corona (Polyhedron) 


see AUGMENTED SPHENOCORONA, HEBESPHENOMEGA- 
CORONA, SPHENOCORONA, SPHENOMEGACORONA 


Corona (Tiling) 

The first. corona of a TILE is the set of all tiles that have 
a common boundary point with that tile (including the 
original tile itself). The second corona is the set of tiles 
that share a point with something in the first corona, 
and so on. 


References 
Eppstein, D. “Heesch’s Problem.” http://www.ics.uci.edu 
/-eppstein/junkyard/heesch. 


Correlation 


see AUTOCORRELATION, CORRELATION COEFFICIENT, 
CORRELATION (GEOMETRIC), CORRELATION (STATIS- 
TICAL), CROSS-CORRELATION 


Correlation Coefficient 

The correlation coefficient is a quantity which gives the 
quality of a LEAST SQUARES FITTING to the original 
data. To define the correlation coefficient, first consider 
the sum of squared values sszz, SSzy, and ssyy of a set 
of n data points (x;, y;) about their respective means, 


Sr = U(x — @)? = Dz? — 2202 4+ Ez 


= Da? — Ine? + nz? = Da? — nz? (1) 
SSyy = (yi — 9)” = Ly” — WBy + Vy 
= Ly? — Ing? + ng? = Ly? — ng (2) 


SSey = U(zi — B)(yi — ¥) = U(wiyi — Ty: — iF + TY) 
= Dry — nzy — nzy + nty = Uy — nz. (3) 
For linear LEAST SQUARES FITTING, the COEFFICIENT 
bin 


y=atober (4) 


is given by 


p= Rv Dedy sey gy 
n>) 2? - om x) SSzx 


and the COEFFICIENT 6’ in 
g=a't+by (6) 


is given by 
p= D2sPY Py (7) 
ny? (Xy) 


Correlation Coefficient 


veel. x? 0.991452 x2_0.903922 


x7=0.49336 


x°=0.820841 


- xt20.0526417 


The correlation coefficient r? (sometimes also denoted 


R?) is then defined by 


nory- Levy 


r=vbb' = 


which can be written more simply as 


2 Se (9) 
SSraSSyy 


The correlation coefficient is also known as the 
PRODUCT-MOMENT COEFFICIENT OF CORRELATION or 
PEARSON’S CORRELATION. The correlation coefficients 
for linear fits to increasingly noise data are shown above. 


The correlation coefficient has an important physical in- 
terpretation. To see this, define 


A= (Za? — nz")! (10) 


and denote the “expected” value for y; as %;. Sums of 
% are then 


i =a tbe; = % — bE 4+ bz; =F + d(x; — Z) 
= A(gux? — fozy + eilxy — nzgzxi) 
= AfgUa? + (a; — B) Lay — nzga;] (11) 
DG = A(ngDa? — n?z79) (12) 
Eg? = A?{ng?(Ea?)? — n2a?g?(Ez”) 
— 2n#G(Dry)(Ux?) + 2n?F*G(Uay) 
+ (Ee?)(Sey)? — ne*(Sey)] (13) 
Dyigi — AD[ygDa? + yi(wi — B) Ezy — nz gziyi) 
= A(ny’ Sa? + (Sry)? — neyEay — nzy(Eey)) 
= A[ng’? D2? + (Sry)? — 2nzgDzy). (14) 


‘The sum of squared residuals is then 


SSR = D(gi — 9)? = D(G? — 29H + 9”) 


a e Lay — nzg)* 
= A? (Dey — néy)? (Dax? nz?) = £ - 
( y Y) ( Dax? — nz 
2 
= bsSezy = oid pe SSyyr = b’sszz, (15) 
SSzz 
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aud the sum of squared errors is 
SSE = X(yi — %)? = U(yi — 7 + bE — bz)? 
=Zy g ofa #)) 
= X(yi — 9)? + VW EX(ai — £)” — 26E(ai — Z)(yi — 9) 
= sSyy + b’sSex — 2bsSey. (16) 
But 
ss 
b= —* 17 
bes (17) 
2 
f= (18) 
SSr2SSyy 
so 
SSe 
SSE = ssyy + 2 SSez — aa SSay 
SSx 
= SSyy — a (19) 
2 
SSz 
= SSyy (: ~- sz) = ssyy(1—r*) 
= sy" — 89°, (20) 
and 


SSE + SSR = ssyy(1— 17) + ssyyr? = ssyy. (21) 


‘The square of the correlation coefficient r? is therefore 
given by 


(Sry — ney)? 
(Se? — na) (Dy? — ng) 
(22) 
In other words, r? is the proportion of ssyy which is 
accounted for by the regression. 


r= = —- = 


If there is complete correlation, then the lines obtained 
by solving for best-fit (a,b) and (a’,b’) coincide (since 
all data points lie on them), so solving (6) for y and 
equating to (4) gives 


y= +2 Hate. (23) 
Therefore, a = —a'/b’ and b = 1/0’, giving 


r? = bb! = 1. (24) 


The correlation coefficient is independent of both origin 
and scale, so 


r(u, v) = r(a, y), (25) 

where 
uz — (26) 
pee (27) 
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see also CORRELATION INDEX, CORRELATION COEFFI- 
CIENT—GAUSSIAN BIVARIATE DISTRIBUTION, CORRE- 
LATION RATIO, LEAST SQUARES FITTING, REGRESSION 
COEFFICIENT 
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Correlation Coefficient—Gaussian Bivariate 
Distribution 

For a GAUSSIAN BIVARIATE DISTRIBUTION, the distri- 
bution of correlation COEFFICIENTS is given by 


1 i : 
P(r) = = (N ~ 2) ~ 7) O(a ~ py 9A 


x aaa. ae 
B (cosh B — pr)N~! 


1 a s mw T(N —1) 
atte wm 2)(1 me 2-420 py ne /E 
= (N ~ 2)(1 ~ r?)\%-7(1 ~ p?) aN) 


RS pry eas ee) 
a (N - 2)T(N — 1)(1- pryN-v2y = r2)(N-4)/2 
Van D(N — 1)(1 — pr)¥-3/2 
1 pr4i 9 (pr +1)? 
<J1 + —-———— + — tt 1 
«| 42N-1' 1@QN-NQN+1 1 |’ (1) 


where p is the population correlation COEFFICIENT, 
2F,(a,b;c;x) is a HYPERGEOMETRIC FUNCTION, and 
T(z) is the GAMMA FUNCTION (Kenney and Keeping 
1951, pp. 217-221). The MOMENTS are 


(r) =p =P) (2) 
var(r) = fee) a (: + Uy oa ) (3) 

n= 2 (14 TER...) 

m2 = (129-1) +... (4) 


where n = N — 1. If the variates are uncorrelated, then 
p=Oand 


oF (3,3, 22; ) =o Fi (5, 3, A 3) 


_ TN = 3)28?-8 ar 
ra? 


» (5) 
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Correlation Coefficient—Gaussian. . . 


so 


P(r) ue (N _ 2)T(N = 1) (1 ce pyN-ai2 


VanT(N — 3) 
T(N pes 3)29/2-N a 
MeP 
_ 27N(N - 2)T(N - 1) 2(N—4/2) 
= Tar (l-r’) . (6) 


But from the LEGENDRE DUPLICATION FORMULA, 


VET(N — 1) = 2" T(F)r(34), (7) 
(2*-%)(2"-?)(N — 2)r(2)r(4 >) 2\(N~4)/2 
P(r) = l-r 
= wae ay ete 
(N — 2)r(4}) _ 2)\(N=4)/2 
ayer(E) O-"? 
ee (+f) (v—2)/2 
= ares" ") 
r yv+l1 ayia 
=z rey oon) ue: (8) 


The uncorrelated case can be derived more simply by 
letting @ be the true slope, so that 7 = a+ Gx. Then 


_ 2 [N—-2 (b-B)r [N-2 
t= (b- Bey PS =! en er (9) 


is distributed as STUDENT’s t with vy = N —2 DEGREES 
OF FREEDOM. Let the population regression COEFFI- 
CIENT p be 0, then G = 0, so 


Vv 
t=r4/7—a (10) 


and the distribution is 


1 wees 


P(t)dt= 
OO TRH (vt 


Plugging in for ¢ and using 


a= yo MER UEC — m 
y l-r? +r? a 
1—r? 1-r? . 
e (i > a (12) 
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gives 
1 r( 4) Vv 
(t) dt = 2 7 dr 
VYT Tu) [1+ ry ati (ban? 
2 G—r? yp 
(sey We, 
ve TG) Gan) 
u+] 
= eel p2)-8/2(1 2) OTD? dy 
w 2 
T( “tt 
= s ray — 1097? dp, (13) 
2 
so 41) 
10 2\(v—2)/2 
P(r)=-= l-r 14 
= apy tn") (14) 


as before. See Bevington (1969, pp. 122-123) or Pugh 
and Winslow (1966, §12-8). If we are interested instead 
in the probability that a correlation COEFFICIENT would 
be obtained > |r|, where r is the observed COEFFICIENT, 
then 


1 Ir| 

P.(r, N) ay, P(r’, N) dr’ = 1-2 f P(r', N) dr 
In| 0) 

_ 2 14) 


vt TS) Jo 


(1- pry 2)/2 dr. 
(15) 


Let J = $(v — 2). For EVEN v, the exponent J is an 
INTEGER so, by the BINOMIAL THEOREM, 


a—r) re (ory (16) 


k=0 


I 


2 T(4t) i 12k ap! 
Je Tey ee 2 


—. 2Teey< It [effet 
7 ATE) >| Sears Enerae 


(17) 


For ODD vp, the integral is 
Ir| 
P(r) =1- 2 f P(r’) dr’ 
0 


eed 5 Ce) jus 
=1 ii TE) fr (/1 — 7? )"~* dr. (18) 


Let r = sinz so dr = cosxdz, then 


r(4#) 
=1-— % ae en 19 
vary * i a 
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But v is ODD, so v — 1 = 2n is EVEN. Therefore 


2). Sesh 2 
vr T(§) — Va0 (nth) Va Gaaive 
2 2"n! 2 (2n)! 
= nr (2n =I = w (Qn — 1)! (20) 


Combining with the result from the COSINE INTEGRAL 
gives 


2 (2Qn)!(2n — 1)! 


Pe(r) =1— Fn — 1)l(an)il 
nom L ( k)! sin7! |r| 
: 2 
x |sing OY (Qk+ 1! cos?*t! z+ez . (21) 
k= 0 
Use 


cos?* 7) r= (1 oe rr (gee = (1 per). (22) 


and define J =n —1= (v ~ 3)/2, then 


P.(r) 


7 12s Saunt rie amea, 
(23) 


(In Bevington 1969, this is given incorrectly.) Combin- 
ing the correct solutions 


I 

+ Di(vt1)/2} kT |r PR tT 

1- vn B(v/2) “Ter [- 1) (Tm kytk! ES] 
apne 
(24) 


If p 4 0, askew distribution is obtained, but the variable 
z defined by 


for v.even 
Sin 2k)tt 
ae Ir] + fr] 3 een (1 


for »v odd 


P(r) = 


z=tanh 'r (25) 
is approximately normal with 


fiz = tanh‘ p (26) 
oz; = (27) 


(Kenney and Keeping 1962, p. 266). 


Let b; be the slope of a best-fit line, then the multiple 
correlation COEFFICIENT is 


nm ba07 n re 
=> (6 25)= (5 2rm). eo 


j=l j=l 


where sj, is the sample VARIANCE. 
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On the surface of a SPHERE, 


_ _f fgao 


T= ffanfgan’ (29) 


where dQ is a differential SOLID ANGLE. This definition 
guarantees that —1 <r <1. If f and g are expanded in 
REAL SPHERICAL HARMONICS, 


f(0,0) = ¥> SY ler yi" @, 4) sin(m) 


1=0 m=0 


+ SY"*(6,4)] (30) 


fos) q 
9(9,¢) = ¥> S_[AH"*(8, ¢) sin(m¢) 


1=0 m=0 
+ BI'yi*(6,4)]. (31) 
Then 
te Limao(CAM + SBI") 
JS no(Cr? + 8?) 4/Sh_ (AP? + BP) 


(32) 
The confidence levels are then given by 


Ga(r) = r(1+ 4s?) = 3r(3 - 17) 


= £r(35 — 35r? + 21r* — 5r®), 


where 


s=vVl-r (33) 


(Eckhardt 1984). 


see also FISHER’S z’-TRANSFORMATION, SPEARMAN 
RANK CORRELATION, SPHERICAL HARMONIC 
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Correlation Dimension 
Define the correlation integral as 


Cl) = lim = So Hle-llei— asl), (Y) 


Correlation Exponent 


where H is the HEAVISIDE STEP FUNCTION. When the 
below limit exists, the correlation dimension is then de- 


fined as 
Cle) 
D2 = d li a [a] (2) 
Edor= lim ——. 
ee’—0+ In (s) 


If » is the CORRELATION EXPONENT, then 


lim v—> Do. (3) 
It satisfies 2 
deor < dint < deap = diya. (4) 


To estimate the correlation dimension of an M- 
dimensional system with accuracy (1~Q) requires Nmin 
data points, where 


M 

R(2— Q) 

Nyin > ’ 5 

E =Q) 2 

where R > 1 is the length of the “plateau region.” If 

an ATTRACTOR exists, then an estimate of D2 saturates 
above some M given by 


M>2D+1, (6) 


which is sometimes known as the fractal Whitney em- 
bedding prevalence theorem. 


see also CORRELATION EXPONENT, g-DIMENSION 
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Correlation Exponent 

A measure v of a STRANGE ATTRACTOR which allows 
the presence of CHAOS to be distinguished from random 
noise. It is related to the CAPACITY DIMENSION D and 
INFORMATION DIMENSION g, satisfying 


vsoa<D. (1) 
It satisfies 
v < Dxy, (2) 


where Dxy is the KAPLAN-YORKE DIMENSION. As the 
cell size goes to zero, 


lim v + D2, (3) 


e-+0 


where D2 is the CORRELATION DIMENSION. 


References 
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Correlation (Geometric) 


Correlation (Geometric) 

A point-to-line and line-to-point TRANSFORMATION 
which transforms points A into lines a’ and lines 6 into 
points B’ such that a’ passes through B’ IrF A’ lies on 
b. 


see also POLARITY 


Correlation Index 


ae 
re = 
SyS% 
2 
r2 = 38 —1—5eE 
eT gy? By?” 
y y 


see also CORRELATION COEFFICIENT 


Correlation Integral 
Consider a set of points X; on an ATTRACTOR, then the 


correlation integral is 


where f is the number of pairs (2, 7) whose distance |K;— 
X;| <l. For small J, 


CM ~", 


where v is the CORRELATION EXPONENT. 
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Correlation Ratio 
Let there be N; observations of the ith phenomenon, 


where i= 1,..., p and 
N= SON (1) 
k= 5 Die (2) 
9= 2 LV tin (3) 


Then ; 
E Ya , Ni(% -— 9) 
ye = 2° 
ye va lvia = y)? 
Let ny2 be the population correlation ratio. If Ni; = N; 
for i ~ j, then 


(4) 


e”*(E)*"*(1 — E?)’"1, Fi (a,b; AB’) 
B(a,b) ; 


f{(B)= (5) 
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where 
_ Ni 
*= 20 -WF) ” 
_% 
_m 
b= 5? (8) 


and 1F\(a,b;z) is the CONFLUENT HYPERGEOMETRIC 
Limit Function. If \ = 0, then 


f(E’) = B(a,b) (9) 


(Kenney and Keeping 1951, pp. 323-324). 


see also CORRELATION COEFFICIENT, REGRESSION CO- 
EFFICIENT 
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Correlation (Statistical) 
For two variables z and y, 


cov(z, y) 


(1) 


cor(2, y) = ae 
coy 


where o, denotes STANDARD DEVIATION and cov(2, y) 
is the COVARIANCE of these two variables. For the gen- 
eral case of variables z; and z;, where 7,7 = 1, 2,..., 
nr, 


es cov(xi,@;) (2) 


3 
V ViVi; 
where Vj; are elements of the COVARIANCE MATRIX. In 
general, a correlation gives the strength of the relation- 
ship between variables. The variance of any quantity is 
alway NONNEGATIVE by definition, so 


var (2+ x) > 0. (3) 


From a property of VARIANCES, the sum can be ex- 
panded 


var (=) + var (+) + 2cov (. +) >0 (4) 
Or Oy Oz Cy 


cov(z,y)>0 (5) 


x y roy 
14+1+ 2 cov(z,y) =2+ é cov(z,y) > 0. (6) 
Oxn0y ee O20y ee 
Therefore, 
cov(z, y) 
cor(2,y) = SEY) > 1. (7) 
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var (=) - (+) >0 (8) 
var (=) + var (-+) + 2cov (2-4) >0 (9) 


1 2 
aa var(y) 5 cov(z,y) >0 (10) 


Similarly, 


1 
aE var(r) + 


1+1- 


cov(z, y) =2— 


TrTy Tr0y 


cov(z,y) >0. (11) 


Therefore, 
cov(az, y) 
O20 y 


cor(x,y) = $1, (12) 


so —1 < cor(z,y) < 1. For a lincar combination of two 
variables, 


var(y) ze var(—bx) + 2cov(y, —bz) 
var(y) + 6? var(x) — 2bcov(z, y) 
oy +02" — 2bcov(z, y). (13) 


var(y — ba) 


Examine the cases where cor(z, y) = +1, 
cor(z,y) = ———"—- = 41 (14) 


var(y— bx) — B02? +04? $2boz0y — (bor Foy)’. (15) 


The VARIANCE will be zero if b = +0y/oz, which re- 
quires that the argument of the VARIANCE is a constant. 
Therefore, y — br = a, so y= a+ be. If cor(a,y) = +1, 
y is either perfectly correlated (b > 0) or perfectly anti- 
correlated (b < 0) with a. 

see also COVARIANCE, COVARIANCE MATRIX, VARI- 
ANCE 


Cosecaunl 


Cosine 


The function defined by cscr = 1/sinz, where sinz 
is the SINE. The MACLAURIN SERIES of the cosecant 
function is 


am 5 


ce ene ae a+ tg 
x 6 360 15120 


f=1)9 2(22"-4 a 1) Ban an-1 2 ce 
(2n)! 


oF se 


+ 


where 82, is a BERNOULLI NUMBER. 
see also INVERSE COSECANT, SECANT, SINE 
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Coset 
Consider a countable SUBGROUP H with ELEMENTS hy 
and an element z not in H, then 


wh; (1) 


hie (2) 


for i = 1, 2, ... are left and right cosets of the SuB- 
GROUP H with respect to z. The coset of a SUBGROUP 
has the same number of ELEMENTS as the SUBGROUP. 
The ORDER of any SUBGROUP is a divisor of the ORDER 
of the Group. The original GROUP can be represented 
by 

G=H+mH+mH+.... (3) 


For G a not necessarily FINITE GROUP with H a Sus- 
GROuP of G, define an EQUIVALENCE RELATION z ~ y 
if « — hy for some h in H. Then the EQUIVALENCE 
CLASSES are the left (or right, depending on conven- 
tion) cosets of H in G, namely the sets 


{x € G: x =ha for some h in H}, (4) 


where a is an element of G. 


see also EQUIVALENCE CLASS, GROUP, SUBGROUP 


Cosh 


see HYPERBOLIC COSINE 


Cosine 


Cosine 


Let 6 be an ANGLE measured counterclockwise from the 
z-axis along the arc of the unit CIRCLE. Then cos@ 


is the horizontal coordinate of the arc endpoint. As a 
result of this definition, the cosine function is periodic 
with period 27. 


The cosine function can be defined algebraically using 
the infinite sum 


(- a 2n 2 a4 7 
cose = =] wo a a » (1) 
n=O 
or the INFINITE PRODUCT 
nae Aa? 
cosrt = Ud f = aie . (2) 


A close approximation to cos(x) for x € [0, 7/2] is 
a? 


cg 
cos (Fe) #1 - >. 
2 z+(1~2),/23% 


(Hardy 1959). The difference between cos x and Hardy’s 
approximation is plotted below. 


(3) 


-0.00005} 
-0,0001f 
-0.00015 
~0,0002 


-0.00025 


-0.0003 
The FOURIER TRANSFORM of cos(2rko2x) is given by 


F |cos(2rkox)] 


i e ?™**® cos(Qrkox) dx 


fon] 


7[5(k — ko) + 5(k+ko)], (4) 
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where 6(k) is the DELTA FUNCTION. 


The cosine sum rule gives an expansion of the COSINE 
function of a multiple ANGLE in terms of a sum of POW- 
ERS of sines and cosines, 


cos(n§) = 2cos @cos{(n — 1)6] — cos[(n — 2)0] 


= cos” 6 — ) cos”? @sin? 6 


+ (") cos”~* @sin* @—.... (5) 


Summing the COSINE of a multiple angle from n = 0 to 
N — 1 can be done in closed form using 


N-1 N-1 


> cos(nz) = S- ee |i (6) 


n=0 n=0 
The EXPONENTIAL SUM FORMULAS give 
N-1 Pas 

sNa) ; 
pe cos(nz) = R [SEED aver 
a=0 sin(>2) 
sin(} Na) : 

errors eae sa(N — 1)}. 7 
aay ee 


Similarly, 


> 5p” cos(nz) = R ye Pa (8) 


where |p| < 1. The EXPONENTIAL SUM FORMULA gives 


_K 1— pe-* 

1 — 2pcoszx + p? 
_  1l-pcose 
~ 1—2pcosz +p?” 


iM 

3 

3 
Qa 

° 

17) 
= 
a 
| 


(9) 


Cvijovié and Klinowski (1995) note that the following 
series 


a = cos(2k + 1)a 
Ci(a) = > Qk +1)" (10) 


has closed form for v = 2n, 


where E,(x) is an EULER POLYNOMIAL. 


see also EULER POLYNOMIAL, EXPONENTIAL SUM ForR- 
MULAS, FOURIER TRANSFORM—COSINE, HYPERBOLIC 
COSINE, SINE, TANGENT, TRIGONOMETRIC FUNCTIONS 
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Cosine Apodization Function 


A(x) = cos (=) , 


Its FULL WipTH AT HALF MAXIMUM is 4a/3. Its IN- 
STRUMENT FUNCTION is 


4a cos(27ak) 


pic a(1 — 16a?k?)" 


see also APODIZATION FUNCTION 


Cosine Circle 


Ay Q3 Py A2 
Also called the second LEMOINE CIRCLE. Draw lines 
through the LEMOINE POINT K and PARALLEL to the 
sides of the TRIANGLES. The points where the antiparal- 
lel lines intersect the sides then lie on a CIRCLE known as 
the cosine circle with center at K. The CHORDS P2Q3, 
P3Q1, and P,Q2 are proportional to the COSINES of the 
ANGLES of AA; A2Asz, giving the circle its name. 


TRIANGLES P; P2P3 and AA; A2A3 are directly similar, 
and TRIANGLES AQiQ2Q3 and A1A2A3 are similar. 
The MIQUEL POINT of AP, P2P3 is at the BROCARD 
PoInT Q of AP; Po P3. 


Cosine Integral 


see also BROCARD POINTS, LEMOINE CIRCLE, MIQUEL 
POINT, TUCKER CIRCLES 
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Cosine Integral 


0.5 


[CosIntegral 2{ 


Re({Cosintegral z) Im(CosIntegral z] 


There are (at least) three types of “cosine integrals,” 
denoted ci(x), Ci(x), and Cin(z): 


Sass ic cost dt (1) 
= Lei(iz) + ei(-iz)] (2) 

= —}(Ei (iz) + Ei(—iz)], (3) 

Gite) sytinet [OE a (4) 
Cin(z) = if eee 7 a (5) 
= ~ Ci(n) +Inaz +7. (6) 


Here, ei(z) is the EXPONENTIAL INTEGRAL, E,({z) is 
the E,-FUNCTION, and y is the EULER-MASCHERONI 
CONSTANT.  ci(x) is the function returned by the 
Mathematica® (Wolfram Research, Champaign, IL) 
command CosIntegral[x] and displayed above. 


To compute the integral of an EVEN power times a co- 
sine, 


I= [= cos(mx) dz, (7) 
use INTEGRATION BY PARTS. Let 
u=2"" du = cos(mz) dx (8) 


du = 2nx*""" dz v= “ sin(mz), (9) 
m 


Cosine Integral 


so 


1 oon. 2n Qn-1 
l= =: —--—- [«&£ s dz. 10 
es sin(mz) = / in(mz) (10) 


Using INTEGRATION BY PARTS again, 


uaa" t dv = sin(mz) dx (11) 
du = (2n — 1)a°"~* dx v= = cos(mz), (12) 
and 
j= cos(ma) dx 
= =a sin(mz) — si [-=2" cos(ma) 
+i : fe * cos(mz) a] 
= 44 sin(mz) + at pe cos(mzx) 
acu ® =a) ie cos(mz) dr 
= 2" sin(ma) + =a cos(mz) 
! 
+...+ tent [2° cos(me) ae 
men 
= <2 sin(mz) + a cos(mz) 
(2n)! 
+...+ 3-5 sin(mz) 
n 
2n)! 2 
er 1)k+2 ( pan—2k 
ain(me) 2! y (21 — 2k) tin2e+t . 


(2n)! 2n—2k41 
(2k — 2n — 1)!m?* ; 


+ cos(mz) yy 
k=1 : 
(13) 


Letting k' = n-k, 
| 2” cos(mz) dx 


= sin(mz) yi 
(2n)! 2k+1 


nt 
+ eos) (1 aye 
k=0 


on k41 (2n)! 2k 
(2k) !m2n-2k 12 


hat ; ” -1)* 2k 
= (-1)"**(2n)! nnn So apa? 


ec a 2-1 
3)lrn2n—2kT2 ” » (14) 


+ cos(mz) >> (ak — 
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To find a closed form for an integral power of a cosine 
function, 


I= [comm ds, (15) 
perform an ieReRniON BY PARTS so that 
u=cos™ +2 du = cosa dz (16) 
du=—(m-—1)cos™*asinede v=sing. (17) 
‘Lherefore 


—2 Pee 
xsin” «dz 


I =sinzcos” }2£+(m-— 1) [ cos 


F =4 
=sinzcos™ 2 


+(m—1) / cos” x dz — [cos 24s] 


= sinzcos”™~'z+(m-1) / cos”? dx — H » (18) 
so 


I{1+(m-—-1)) = sinzcos™ ! 2+ (m—1) igi gale 


(19) 
I= [cost xe 
sinzcos™ 'z m-1 pig 
= OE ed cos? ede G0) 
m m 


Now, if m is EVEN so m = 2n, then 


/ cos?” dx 


; Qn—1 

sin z cos x 2n-1 a 

= hr Ht cos?” 2 xdzx 
2n 2n 


sin x cos?”~! es 2n-1 ae x 


2n n 2n —2 


2gn-1 an —1 coe 
(2n)(2n — 2) 
(2n — 1)(2n — 3) 
+ (n)(2n— 2) [cos 


. 1 a 
= sing ls cos?*—! x 
2n 


oe 
(2n)(2n — 2) ae 


(2n — 1)(2n — 3)---1 aa was 
(n\n) 52 / A 


(2n—2k)!! (2n —1)!! 2n—-2k+1 
> (Qn)! (Qn—-2k+ 1° - 
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Now let k’ =n—k+1,son—k=k'-1, 


2 
[oo "odz 


ow (2k — 2) (2n-1)! aga (Qn 1)! 
= sine ) | (Qn)! Gea) © os nll 


k=1 
nm-1 
(2n — 1)! (2k)! 2k+1 
~ any sine ) | GEE DES e+zi. 
k=0 
(22) 
Now if m is ODD so m = 2n +1, then 
[cost oda 
sin x cos?” & 2n Pater 
P. -aet a | os nas 
- sin z cos?" z 2n sin zcos?"~? x 
2n+1 2n+1 2n-—1 
2n— 2 an-8 
Bot [00s rae 
es 1 an an 2n-2 
= sing] 5h om + Ga+ (Qn) cos x 
(2n)(2n — 2) 2n-3 
Gnenent lo = 
= sing ! cos?” 
= 2n+1 
an, 2n-2 
"One Qn 1) cos D+... | 
(2n)(2n — 2)---2 
‘Grye Sn iy 3 cos x dz 
_ (2n — 2k—- 1)u! (2n)!! Qn—-2k 
=sne yo! Qn+i)!  (Qn—2kn °° i 
(23) 


Now let k' = n—k, 


The general result is then 


2n—-1)!! 2k)!! 
oe [anes x 3 En cos?*¥t! g 4 ~~ 


cos” zdz = for m = an 
(Qn)! sine) (k=)! 5 


(2ntn)! (2k)! 


for m= = bn +1. 
(25) 


Cosmological Theorem 


The infinite integral of a cosine times a Gaussian can 
also be done in closed form, 


‘ e*” cos(ke) dr = fre* [ae (26) 


oO 


see also CHI, DAMPED EXPONENTIAL COSINE INTE- 
GRAL, NIELSEN’S SPIRAL, SHI, SICI SPIRAL, SINE IN- 
TEGRAL 
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Cosines Law 
see LAW OF COSINES 


Cosmic Figure 
see PLATONIC SOLID 


Cosmological Theorem 

There exists an INTEGER N such that every string in 
the LOOK AND SAY SEQUENCE “decays” in at most N 
days to a compound of “common” and “transuranic el- 
ements.” 


The table below gives the periodic table of atoms asso- 
ciated with the LOOK AND SAY SEQUENCE as named 
by Conway (1987). The “abundance” is the average 
number of occurrences for long strings out of every mil- 
lion atoms. The asymptotic abundances are zero for 
transuranic elements, and 27.246... for arsenic (As), the 
next rarest element. The most common element is hy- 
drogen (H), having an abundance of 91,970.383.... The 
starting element is U, represented by the string “3,” and 
subsequent terms are those giving a description of the 
current term: one three (13); one one, one three (1113); 
three ones, one three (3113), etc. 


Cosmological Theorem 


Costa-Hoffman-Meeks Minimal Surface 
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Abundance n E,  E,, is the derivate of Fras Abundance 71 E,  &, is the derivate of Ey41 

102.56285249 92 U 3 35.517547944 34 Se 13211321222113222112 
9883.5986392 91 Pa 12 27.246216076 33 As 11131221131211322113322112 
7581.9047125 90 Th 1113 1887.4372276 32 Ge  31131122211311122113222.Na 
6926.9352045 89 Ac 3113 1447.8905642 31 Ga  Ho.13221133122211332 
5313.7894999 88 Ra 132113 23571.391336 30 Zn Eu.Ca.Ac.H.Ca.312 
4076.3134078 87 Fr 1113122113 18082.082203 29 Cu 131112 
3127.0209328 86 Rn 311311222113 13871.123200 28 Ni 11133112 
2398.7998311 85 At Ho.1322113 45645.877256 27 Co Zn.32112 
1840.1669683 84 Pu 1113222113 35015.858546 26 Fe 13122112 
1411.6286100 83 Bi 3113322113 26861.360180 25 Mn = 111311222112 
1082.8883285 82 Pb Pm.123222113 206U5.88261] 24 Cr  31132.5i 
830.70513293 81 TI 111213322113 15807.181592 23 V 13211312 
637.25039755 80 Hg 31121123222113 12126.002783 22 Ti 11131221131112 
488.84742982 79 Au  132112211213322113 9302.0974443 21 Sc 3113112221133112 
375.00456738 78 Pt  111312212221121123222113 56072.543129 20 Ca  Ho.Pa.H.12.Co 
287.67344775 77 Ir 3113112211322112211213322113 43014.360913 19 K 1112 
220.68001229 76 Os 1321132122211322212221121123222113 32997.170122 18 Ar 3112 
169.28801808 75 Re 1131221131211322113321132211221121 25312.784218 17 Cl 132112 

3322113 19417,.939250 16 S$ 1113122112 
315,56655252 74 W Ge.Ca.312211322212221121123222113 14895.886658 15 P 311311222112 
242.07736666 73 Ta 13112221133211322112211213322113 32032.812960 14 Si Ho.1322112 
2669.0970363 72 Hf 11132.Pa.H.Ca.W 24573.006696 13 Al 1113222112 
2047.5173200 71 Lu 311312 18850.441228 12 Mg 3113322112 
1570.6911808 70 Yb 1321131112 14481.448773 11 Na Pm.123222112 
1204.9083841 69 Tm 11131221133112 11109.006696 10 Ne 111213322112 
1098.5955997 68 Er 311311222.Ca.Co 8521.9396539 9 F 31121123222112 
47987.529438 67 Ho 1321132.Pm 6537.3490750 8 O  132112211213322112 
36812.186418 66 Dy 111312211312 5014.9302464 7 ON 111312212221121123222112 
28239.358949 65 Th 3113112221131112 3847.0525419 6 C 3113112211322112211213322112 
21662.972821 64 Gd Ho.13221133112 2951.1503716 5 B 1321132122211322212221121123222112 
20085.668709 63 Eu 1113222.Ca.Co 2263.8860325 4 Be 11131221131211322113321132211221121 
15408.115182 62 Sm 311332 3322112 
29820.456167 61 Pm  132.Ca.Zn 4220.0665982 3 Li Ge.Ca.312211322212221121123222122 
22875.863883 60 Nd 111312 3237.2968588 2 He = 13112221133211322112211213322112 
17548.529287 59 Pr 31131112 91790.383216 1H Hf. Pa.22,Ca.Li 
13461.825106 58 Ce 1321133112 
10326.833312 57 La 11131.H.Ca.Co see also CONWAY’S CONSTANT, LOOK AND Say SE- 
7921.9188284 56 Ba 311311 QUENCE 
6077.0611889 55 Cs 13211321 References 
hesicseamieon pas Ree eee Conway, J. H. “The Weird and Wonderful Chemistry of Au- 
3576.1856107 53 I Sits E2221 Sot be2d dioactive Decay.” §5.11 in Open Problems in Communica- 
2743,3629718 52 Te Ho.1322113312211 tion and Computation (Ed. T. M. Cover and B. Gopinath). 
2104.4881933 51 Sb  EBu.Ca.3112221 New York: Springer-Verlag, pp. 173-188, 1987. 
1614.3946687 50 Sn Pm.13211 Conway, J. H. “The Weird and Wonderful Chemistry of Au- 
1238.4341972 49 In 11131221 dioactive Decay.” Eureka, 5-18, 1985. 
950.02745646 48 Cd 3113112211 Ekhad, S. B. and Zeilberger, D. “Proof of Conway’s 
728.78492056 47 Ag 132113212221 Lost Cosmological Theorem.” Electronic Research An- 
559.06537946 46 Pd 111312211312113211 mouacemety. OF We Athen: Mare Boe: Biv 18038) 
428.87015041 45 Rh  311311222113111221131221 meds . HESD 1) Sey meURC ENP Le in Cay rea there /maner say 

mamarimhtml/horton.html. 

328.99480576 44 Ru  Ho.132211331222113112211 
386.07704943 43 Tec Eu.Ca.311322113212221 
296.16736852 42 Mo  13211322211312113211 Costa-Hoffman-Meeks Minimal Surface 
227.19586752 41 Nb  1113122113322113111221131221 see Costa MINIMAL SURFACE 
174.28645997 40 Zr Er.12322211331222113112211 
133.69860315 39 Y 1112133.H.Ca.Tc 
102.56285249 38 Sr 3112112.U 
78.678000089 37 Rb [1321122112 
60.355455682 36 Kr 41131221222112 
46.299868152 35 Br 3113112211322112 
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Costa Minimal Surface 


A complete embedded MINIMAL SURFACE of finite to- 
pology. It has no BOUNDARY and does not intersect 
itself. It can be represented parametrically by 


a, 
L= ge {cut i) + mut 
+5e-[C(u+ iv ~ 3) ~ Clu + iv - say} 
nw? 
yu pe {ctu +i) + ru + res 
— 5 [ig(u + iv — 3) —ig(u tiv - 4ay)} 


4 fezy,, | elu t tv) ~ er 
ae e(u + iv) + e1 


? 


where ¢(z) is the WEIERSTRA® ZETA FUNCTION, 
0(g2,93;z) 18 the WEIERSTRA& ELLIPTIC FUNCTION, 
e = 189.07272, e: = 6.87519, and the invariants are 
given by go = c and g3 = 0. 
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Cosymmedian Triangles 

Extend the SYMMEDIAN LINES of a TRIANGLE 
AA; A2A3 to meet the CIRCUMCIRCLE at P,, P2, Ps. 
Then the LEMOINE Point K of AA;A2A3 is also 
the LEMOINE PoINT of AP,P.P3. The TRIANGLES 
AA, A2A3 and AP, P2P3 are cosymmedian triangles, 
and have the same BROCARD CIRCLE, second BROCARD 
TRIANGLE, BROCARD ANGLE, BROCARD POINTS, and 
CIRCUMCIRCLE. 


Cotangent Bundle 


see also BROCARD ANGLE, BROCARD CIRCLE, BRo- 
CARD POINTS, BROCARD TRIANGLES, CIRCUMCIRCLE, 
LEMOINE POINT, SYMMEDIAN LINE 


Cotangent 


Re[Cot 2) 


The function defined by cot z = 1/ tan, where tan z is 
the TANGENT. The MACLAURIN SERIES for cot z is 


1 1 
es 1,3 2 5 
cota =~ —- Fu - FT — ot 


(-1)"+"2?" Bon ,: 
(2n)! ee 


1 7 
Tape 


where By, is a BERNOULLI NUMBER. 
1 ae 
cot(7z) = —+ 22 ———-. 
reot(ra) = 5422) oa 


It is known that, for n > 3, cot(/n) is rational only for 
n=4, 

see also HYPERBOLIC COTANGENT, INVERSE COTAN- 
GENT, LEHMER’S CONSTANT, TANGENT 
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Cotangent Bundle 

The cotangent bundle of a MANIFOLD is similar to the 
TANGENT BUNDLE, except that it is the set (x, f) where 
xz € M and f is a dual vector in the TANGENT SPACE 
to z € M. The cotangent bundle is denoted by T*M. 


see also TANGENT BUNDLE 


Cotes Circle Property 


Cotes Circle Property 


Pa a [2 20 cos ( . ) + 1| 
2n 


x [2? - 220s (57) +1] Xe X 
2n 


x G — 22 cos (a) Ee | 7 
2n 
Cotes Number 


The numbers Ayn in the GAUSSIAN QUADRATURE for- 


mula 
Qn(f) = So dun f (ten): 


vol 
see also GAUSSIAN QUADRATURE 
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Cajori, F. A History of Mathematical Notations, Vols. 1-2. 
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Cotes’ Spiral 
The planar orbit of a particle under a r~* force field. It 
is an EPISPIRAL. 


Coth 
see HYPERBOLIC COTANGENT, 


Coulomb Wave Function 

A special case of the CONFLUENT HYPERGEOMETRIC 
FUNCTION OF THE F1RS1 KIND. It gives the solution to 
the radial Schrédinger equation in the Coulomb poten- 
tial (1/r) of a point nucleus 


aw 2n = L(L+1) 
= W =0. ur 
legos (1) 
The complete solution is 
W = CiF1(n,p) + C2Gx(n, p)- (2) 


The Coulomb function of the first kind is 


Fr(n,p) = Cr (np * te" Fi(L + 1 — in; 2L + 2; 2ip), 
(3) 
where \ is 
Me MAIL + 1+ in 
Culm) = ra ul (4) 


V(2L + 2) ; 


iFi(a;b;z) is the CONFLUENT HYPERGEOMETRIC 
FuNCTION, I'(z) is the GAMMA FUNCTION, and the 
Coulomb function of the second kind is 


G1, p) = ae cdi n(ap) + 00) 
+ GEEDaG p >: ax (n)e"*", (5) 


K=—-L 
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where gz, pr, and af are defined in Abramowitz and 
Steguu (1972, p. 538). 
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Count 

The largest n such that |z,| < 4 in a MANDELBROT SET. 
Points of different count are often assigned different col- 
ors. 


Countable Additivity Probability Axiom 
For a COUNTABLE SET of n disjoint events 11, Z2,..., 


En 
i (Ue J) y Pee. 
w=1 
see also COUNTABLE SET 


Countable Set 
A SET which is either FINITE or COUNTABLY INFINITE. 


see also ALEPH-0, ALEPH-1, COUNTABLY INFINITE SET, 
FINITE, INFINITE, UNCOUNTABLY INFINITE SET 


Countable Space 
see FIRST-COUNTABLE SPACE 


Countably Infinite Set 

Any Sev which can be put in a ONE-TO-ONE correspon- 
dence with the NATURAL NUMBERS (or INTEGERS), and 
so has CARDINAL NUMBER No. Examples of countable 
sets include the INTEGERS and ALGEBRAIC NUMBERS. 
Georg Cantor showed that the number of REAL NuUM- 
BERS is rigorously larger than a countably infinite set, 
and the postulate that this aumber, the “CONTINUUM,” 
is equal to 1 is called the CONTINUUM HYPOTHESIS. 


see also ALEPH-0, ALEPH-1, CANTOR DIAGONAL 
SLASH, CARDINAL NUMBER, CONTINUUM HYPOTHESIS, 
COUNTABLE SET, 


Counting Generalized Principle 

If r experiments are performed with n; possible out- 
comes for each experiment 7 = 1,2,...,r, then there are 
a total of []/_, ni possible outcomes. 


Counting Number 

A PosiTivé INTEGER: 1, 2, 3, 4,... (Sloane’s A000027), 
also called a NATURAL NUMBER. Ilowever, 0 is some- 
times also included in the list of counting numbers. Duc 
to lack of standard terminology, the following terms 
are recommended in preference to “counting number,” 
“NATURAL NUMBER,” and “WHOLE NUMBER.” 
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Set Name Symbol 
.., —2, -1, 0,1, 2,... integers Z 

1, 2,3, 4,... positive integers Zt 

0,1, 2,3,4... nonnegative integers Z* 

—1, -2, -3, -4,... negative integers Zz” 


see also NATURAL NUMBER, WHOLE NUMBER, Z, Z , 
Ve fa 
References 


Sloane, N. J. A. Sequence A000027/M0472 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Coupon Collector’s Problem 
Let n objects be picked repeatedly with prohability p; 
that object 7 is picked on a given try, with 


So pi =1. 


Find the earliest time at which all n objects have been 
picked at least once. 


References 
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Covariance 
Given n sets of variates denoted {xi}, ..., {xn} , a 
quantity called the COVARIANCE MATRIX is defined by 


Vi; == cov(x;,2;) (1) 
= ((@i — wi)(2j — B3)) (2) 
= (wiv) — (ai) (a3), (3) 


where pi = (z;) and yw; = (x;) are the MEANS of 2; 
and 2;, respectively. An individual element Vi; of the 
COVARIANCE MATRIX is called the covariance of the 
two variates x; and xj, and provides a measure of how 
strongly correlated these variables are. In fact, the de- 
rived quantity 


cov(2x;, 25) 
O7,0; 


(4) 


cor(a;, £3) 


where oi, 0; are the STANDARD DEVIATIONS, is called 
the CORRELATION of «#; and «;. Note that if x; and z; 
are taken from the same set of variates (say, x), then 


cov(z, 2) = (xt) — (x)? = var(z), (5) 


giving the usual VARIANCE var(z). The covariance is 


also symmetric since 
cov(z, y) = cov(y, z). (6) 


For two variables, the covariance is related to the VARI- 
ANCE by 


var(x + y) = var(x) + var(y) + 2cov(z,y). (7) 


Covariance Matrix 


For two independent variates x = x; and y = 2), 


cov(a, y) = (2y) — Hablty = (2) (y) — Heby =9, (8) 


so the covariance is zero. However, if the variables are 
correlated in some way, then their covariance will be 
NONZERO. In fact, if cov(z,y) > 0, then y tends to 
increase as x increases. If cov(z,y) < 0, then y tends to 
decrease as & increases. 


The covariance obeys the identity 


cov(x + z,y) = ((@ + z)y — (@ + 2) (y)) 
= (xy) + (zy) — ((z) + (2) (y) 
= (xy) — (@) (y) + (zy) — (2) (y) 
= cov(z,y) + cov(z,y). (9) 


By induction, it therefore follows that 


cov (3: soa] = S> cov(ai, y) (10) 


t=1 ix] 


cov (o> 5) = S— cov (54) (11) 


i=l 


= 


n 


= So cov Sie (12) 
j=l 


i=] 


= So So cov(y;, 2) (13) 


i=1 j=1 


= > s cov(xi,y;). (14) 


i=1 j=1 


see also CORRELATION (STATISTICAL), COVARIANCE 
MATRIX, VARIANCE 


Covariance Matrix 
Given n sets of variates denoted {x1}, .. 
first-order covariance matrix is defined by 


., {tn} , the 


Viz = cov(zi, zz) = ((ai — wi) (Bs — Bs)), 


where p; is the MEAN. Higher order matrices are given 
by 

Vip” = ((xi — wi) (ay — ws)")- 
An individual matrix element V;; = cov(z:,2;) is called 
the COVARIANCE of x; and z;. 


see also CORRELATION (STATISTICAL), COVARIANCE, 
VARIANCE 


Covariant Derivative 


Covariant Derivative 
The covariant derivative of a TENSOR A® (also called the 
SEMICOLON DERIVATIVE since its symbol is a semicolon) 


AX =V A=A +754, (1) 
and of A; is 
1 GA; i 


where [' is a CONNECTION COEFFICIENT. 


see also CONNECTION COEFFICIENT, COVARIANT TEN- 
SOR, DIVERGENCE 
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Covariant Tensor 

A covariant tensor is a TENSOR having specific transfor- 
mation properties (c.f., a CONTRAVARIANT TENSOR). 
To examine the transformation properties of a covariant 
tensor, first consider the GRADIENT 


_ O¢., od . Od . 
VeSae 1+ ot X3, (1) 
for which 
ag’ _ Oh Oa; (2) 
Or, Ox; Ox,’ 
where $(21,22, 23) = $'(@1, 22,23). Now let 
- 
Aa Oe (3) 


then any set of quantities A; which transform according 
to 


Ox; 

Ay = 2A; 4 
4 dz’, 3 ( ) 

or, defining 

Ox; 

a bz" (5) 

according lo 
Ai = aij Aj (6) 


is a covariant tensor. Covariant tensors are indicated 
with lowered indices, i.e., a,. 


CONTRAVARIANT TENSORS are a type of TENSOR with 
differing transformation properties, denoted a”. How- 
ever, in 3-D CARTESIAN COORDINATES, 


= li = aij (7) 


for i,j = 1, 2, 3, meaning that contravariant and covari- 
ant tensors are equivalent. The two types of tensors do 
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differ in higher dimensions, however. Covariant FOUR- 
VECTORS satisfy 
ay, = Ajay, (8) 


where A is a LORENTZ TENSOR. 


To turn a CONTRAVARIANT TENSOR into a covariant 
tensor, use the METRIC TENSOR gy, to write 


Qn = Guva”. (9) 


Covariant and contravariant indices can be used simul- 
taneously in a MIXED TENSOR. 


see also CONTRAVARIANT TENSOR, FOUR-VECTOR, 
LORENTZ TENSOR, METRIC TENSOR, MIXED TENSOR, 
TENSOR 
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Covariant Vector 
A COVARIANT TENSOR of RANK 1. 


Cover 

A group C of SUBSETS of X whose UNION contains the 
given set X (U{S : S € C} = X) is called a cover (or 
a COVERING). A MINIMAL COVER is a cover for which 
removal of one member destroys the covering property. 
There are various types of specialized covers, includ- 
ing proper covers, antichain covers, minimal covers, k- 
covers, and k*-covers. The number of possible covers for 
a set. of N elements is 


N 
lc(Myi= 5 (0 @ ) ae 
k=0 


the first few of which are 1, 5, 109, 32297, 2147321017, 
9223372023970362989, ... (Sloane’s A003465). The 
number of proper covers for a set of N elements is 


|C"(N)} = |e(N)| — 32 


ll 
NO] ee 
{ 
a 
a 
a 
~ 2 
Ww" 
iw) 
N 
4 
fs 
| 
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the first few of which are 0, 1, 45, 15913, 1073579193, 
... (Sloane’s A007537). 


see also MINIMAL COVER 
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Cover Relation 

The transitive reflexive reduction of a PARTIAL ORDER. 
An element z of a POSET (X, <) covers another element 
x provided that. there exists no third element. y in the 
poset for which x < y < z. In this case, z is called an 
“upper cover” of « aud x a “lower cover” of z. 


Covering 
see COVER 


Covering Dimension 
see LEBESGUE COVERING DIMENSION 


Covering System 

A system of congruences a; mod n; with 1 <i<k 
is called a covering system if every INTEGER y satisfies 
y =a; (mod n) for at least one value of 7. 


see ulso EXACT COVERING SYSTEM 
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Coversiue 


covers A =1-sinA, 


where sin A is the SINE. 
see also EXSECANT, HAVERSINE, SINE, VERSINE 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 78, 1972. 


Cox’s Theorem 

Let o1, ..., o4 be four PLANES in GENERAL POSITION 
through a point P and let P;; be a point on the LINE 
oi:o;. Let oij, denote the PLANE P,;P;,.Pj,. Then the 
four PLANES 0234, 0134, 0124, 7123 all pass through one 
point Pi234. Similarly, let o1, ..., os be five PLANES 
in GENERAL POSITION through P. Then the five points 
P2345, P1345, Pi2as, P1235, and P1234 all lie in one PLANE. 
And so on. 


see also CLIFFORD’S CIRCLE THEOREM 


Coxeter Diagram 


see COXETER-DYNKIN DIAGRAM 


Coxeter’s Loxodromic Sequence of Tangent Circles 


Coxeter-Dynkin Diagram 

A labeled graph whose nodes are indexed by the gen- 
erators of a COXETER GROUP having (P;,P;) as an 
EDGE labeled by M;; whenever M;; > 2, where M,; is 
an element of the COXETER MArrix. Coxeter-Dynkin 
diagrams are used to visualize COXETER GROUPS. A 
Coxeter-Dynkin diagram is associated with each RATIO- 
NAL DOUBLE POINT (Fischer 1986). 


see also COXETER GROUP, DYNKIN DIAGRAM, RATIO- 
NAL DOUBLE POINT 
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Coxeter Graph 
see COXETER-DYNKIN DIAGRAM 


Coxeter Group 
A group generated by the elements P; fori =1,...,n 
subject to 

(P:P;)“4 =1, 


where M;; are the elements of a COXETER MATRIX. 
Coxeter used the NOTATION [3?'77] for the Coxeter 
group generated by the nodes of a Y-shaped COXETER- 
DYNKIN DIAGRAM whose three arms have p, gq, and r 
EDGES. A Coxeter group of this form is finite IFF 


1 1 1 


p+tq aqt1l r+li 


see also BIMONSTER 
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Coxeter’s Loxodromic Sequence of Tangent 
Circles 

An infinite sequence of CIRCLES such that every four 
consecutive CIRCLES are mutually tangent, and the CIR- 


CLES’ RADII ..., Ren, ..., R-1, Ro, Ri, Ra, Rs, Ra, 
..-» Rn, Ra +1, ..., are in GEOMETRIC PROGRESSION 
with ratio 


_— Rati _ 
a =¢+V/¢, 


where ¢ is the GOLDEN RATIO (Gardner 1979ab). Cox- 
eter (1968) generalized the sequence to SPHERES. 


sce also ARBELOS, COLDEN RATIO, HEXLET, PAPPus 
CHAIN, STEINER CHAIN 


References 

Coxeter, D. Coxeter on ‘Firmament.”” http: //www.bangor. 
ac.uk/SculMath/image/donald.htm. 

Coxeter, H. S. M. “Loxodromic Scquenees of Tangent 
Spheres.” Aequationes Math. 1, 112-117, 1968. 


Coxeter Matrix 


Gardner, M. “Mathematical Games: The Diverse Pleasures 
of Circles that Are Tangent to One Another.” Sci. Amer. 
240, 18-28, Jan. 1979a. 

Gardner, M. “Mathematical Games: How to be a Psychic, 
Even if You are a Horse or Some Other Animal.” Sci. 


Amer. 240, 18-25, May 1979b. 


Coxeter Matrix 
An n x n SQUARE MATRIX M with 


Mii = 1 
Mi; = M;; >1 


for all i,j =1,...,n. 
see also COXETER GROUP 


Coxctcr-Todd Lattice 

The complex LATTICE Ag corresponding to real lattice 
Ky2 having the densest HYPERSPHERE PACKING (KISS- 
ING NUMBER) in 12-D. The associated AUTOMORPHISM 
Group Gp was discovered by Mitchell (1914). The order 
of Go is given by 


| Aut(Ag)| = 2°. 37-5-7 = 39,191, 040. 


The order of the AUTOMORPHISM GroupP of Kz is given 
by 
| Aut(Kiz)| — 27°.37.5-7 


(Conway and Sloane 1983). 
see also BARNES- WALL LATTICE, LEECH LATTICE 
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Cramér Conjecture 

An unproven CONJECTURE that 
Fa Pati — Pn 
lim ———— =1 
noo (In Pn)? . 


where p, is the nth PRIME. 
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Cramér-Euler Paradox 

A curve of order n is generally determined by n(n + 
3)/2 points. So a CONIC SECTION is determined by five 
points and a CUBIC CURVE should require nine. But the 
MACLAURIN-BEZOUT THEOREM says that two curves of 
degree n intersect in n? points, so two CUBICS intersect 
in nine points. This means that n(n + 3)/2 points do 
not always uniquely determine a single curve of order n. 
The paradox was publicized by Stirling, and explained 
by Pliicker. 

see also CUBIC CURVE, MACLAURIN-BEZOUT THEOREM 


Cramer’s Rule 
Given a set of linear equations 


azct+hyteaz=d 
a2x + bey + c2z = dz (1) 
azz + b3y + c3z = dg, 


consider the DETERMINANT 


aj by C1 
D= a2 be C2}. (2) 
a3 bs cg 


Now multiply D by z, and use the property of DETERMI- 
NANTS that MULTIPLICATION by a constant is equivalent 
to MULTIPLICATION of each entry in a given row by that 
constant 


a bh a ae b) cy 
Zlaz be ce}=|aer be cel. (3) 
a3 63 c3 azz b3 cx 


Another property of DETERMINANTS enables us to add 
a constant times any column to any column and obtain 
the same DETERMINANT, so add y times column 2 and 
z times column 3 to column 1, 


art+hyteaz bo Cc dh «a 
a2t+beytc2z be co2|=/d2 be co}. (4) 
a3z+bsy+c3z 63 cs dz 63 cz 


2D 


If d = O, then (4) reduces to xD = 0, so the system 
has nondegenerate solutions (i.e., solutions other than 
(0, 0, 0)) only if D = 0 (in which case there is a family 
of solutions). If d 4 0 and D = 0, the system has no 
unique solution. If instead d # 0 and D # 0, then 
solutions are given by 


dy bi Ci 

d2 b2 c2 

= dg bg c3 
= — Bee (5) 
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and similarly for 


ai dy C1 
a2 da c2 
_ |a3 d3 cg (6) 
— D 
ay by dy 
a2 be dz 
ag bs d3 


This procedure can be generalized to a set of n equations 
so, given a system of n linear equations 


Q@i1 @i2 +++ Gin Xi di 
= ? (8) 
Q@nl G@n2 ‘'' Gann Zn dn 
let 
a1. ai2 ota Qin 
D=| : : (9) 
Gini @n2 ‘** Ann 


If d = 0, then nondegenerate solutions exist only if D = 
0. If d # 0 and D = 0, the system has no unique 
solution. Otherwise, compute 


@i1 o*'* @1(k-1) dy Qi(k+1) *'* Gin 


Qn1 *** G@n(k-1) dn Gn(k+1) °*° Gnn 
(10) 
Then «, = Dx/D for 1 < k <n. In the 3-D case, the 
VECTOR analog of Cramer’s rule is 


(Ax B) x (Cx D) = (A-BxD)C-(A-BxO)D. (11) 


see also DETERMINANT, LINEAR ALGEBRA, MATRIX, 
SYSTEM OF EQUATIONS, VECTOR 


Cramér’s Theorem 

If X and Y are INDEPENDENT variates and X + Y is 
a GAUSSIAN DISI'RIBU'TION, then both X and Y must 
have GAUSSIAN DISTRIBUTIONS. This was proved by 
Crameér in 1936. 


Craps 

A game played with two Dicer. If the total is 7 or 11 
{a “natural”), the thrower wins and retains the DIcE 
for another throw. If the total is 2, 3, or 12 (“craps”), 
the thrower loses but retains the Dice. If the total is 
any other number (called the thrower’s “point”), the 
thrower must continue throwing and roll the “point” 
value again before throwing a 7. If he succeeds, he wins 
and retains the DicE, but if a 7 appears first, the player 
loses and passes the dice. The probability of winning is 
244/495 = 0.493 (Kraitchik 1942). 
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Criss-Cross Method 


CRC 
see CYCLIC REDUNDANCY CHECK 


Creative Telescoping 
see TELESCOPING SUM, ZEILBERGER’S ALCORITHM 


Cremona Transformation 
An entire Cremona transformation is a BIRATIONAL 
TRANSFORMATION of the PLANE. Cremona transfor- 
mations are MAPS of the form 


vit = f (zi, yi) 
yitt = 9(xi, ys), 


in which f and g are POLYNOMIALS. A quadratic Cre- 
mona transformation is always factorable. 


see also NOETHER’S TRANSFORMATION THEOREM 
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Cribbage 

Cribbage is a game in which each of two players is dealt a 
hand of six CARDS. Each player then discards two of his 
six cards to a four-card “crib” which alternates between 
players. After the discard, the top card in the remaining 
deck is turned up. Cards are then alternating played out 
by the two players, with points being scored for pairs, 
runs, cumulative total of 15 and 31, and playing the 
last possible card (“go”) not giving a total over 31. All 
face cards are counted as 10 for the purpose of playing 
out, but the normal values of Jack = 11, Queen = 12, 
King = 13 are used to determine runs. Aces are always 
low (ace = 1). After all cards have been played, each 
player counts the four cards in his hand taken in con- 
junction with the single top card. Points are awarded 
for pairs, flushes, runs, and combinations of cards giv- 
ing 15. A Jack having the same suit as a top card is 
awarded an additional point for “nobbs.” The crib is 
then also counted and scored. ‘The winner is the first 
person to “peg” a certain score, as recorded on a “crib- 
bage board.” 


The best possible score in a hand is 29, corresponding 
to three 5s and a Jack with a top 5 the same suit as 
the Jack. Hands with scores of 25, 26, and 27 are not 
possible. 


see also BRIDGE CARD GAME, CARDS, POKER 


Criss-Cross Method 

A standard form of the LINEAR PROGRAMMING problem 
of maximizing a linear function over a CONVEX POLY- 
HEDRON is to maximize c- x subject to mx < b and 
x > 0, where m is a given s x d matrix, c and b are 
given d-vector and s-vectors, respectively. The Criss- 
cross method always finds a VERTEX solution if an op- 
timal solution exists. 

see also CONVEX POLYHEDRON, LINEAR PROGRAM- 
MING, VERTEX (POLYHEDRON) 


Criterion 


Criterion 
A requirement NECESSARY for a given statement or the- 
orem to hold. Also called a CONDITION. 


see also BROWN’S CRITERION, CAUCHY CRITERION, 
EULER’S CRITERION, GAUSS’S CRITERION, KORSELT’S 
CRITERION, LEIBNIZ CRITERION, POCKLINGTON’S CRI- 
TERION, VANDIVER’S CRITERIA, WEYL’S CRITERION 


Critical Line 

The LINE R(s) = 1/2 in the COMPLEX PLANE on which 
the RIEMANN HYPOTHESIS asserts that all nontrivial 
(COMPLEX) Roots of the RIEMANN ZETA FUNCTION 
¢(s) lie. Although it is known that an INFINITE number 
of zeros lie on the critical line and that these comprise 
at least 40% of all zeros, the RIEMANN HYPOTHESIS is 
still unproven. 


see also RIEMANN HYPOTHESIS, RIEMANN ZETA FUNC- 
TION 


References 
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Critical Point 

A FUNCTION y = f(x) has critical points at all points 
zo where f’(zo) = 0 or f(x) is not DIFFERENTIABLE. 
A FUNCTION z = f(z,y) has critical points where the 
GRADIENT Vf = 0 or Of /Ozx or the PARTIAL DERIVA- 
TIVE Of /Oy is not defined. 


see also FIXED POINT, INFLECTION POINT, ONLY CRIT- 
ICAL POINT IN TOWN TEST, STATIONARY POINT 


Critical Strip 
see CRITICAL LINE 


Crook 


A 6-POLYIAMOND. 
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Crookedness 

Let a KNotT K be parameterized by a VECTOR FUNC- 
TION v(t) with £ € S', and let w be a fixed Unrr VEc- 
TOR in R*. Count the number of RELATIVE MINIMA of 
the projection function w-v(t). Then the MINIMUM such 
number over all directions w and all K of the given type 
is called the crookedness u(K). Milnor (1950) showed 
that 2xp(K) is the INFIMUM of the total curvature of 
K. For any TAME Knot K in R®, p(K) = 6(K) where 
b(K) is the BRIDGE INDEX. 


see also BRIDGE INDEX 
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Cross 

In general, a cross is a figure formed by two intersect- 
ing LINE SEGMENTS. In LINEAR ALGEBRA, a cross is 
defined as a set of n mutnally PERPENDICULAR pairs 
of VECTORS of equal magnitude from a fixed origin in 
EUCLIDEAN n-SPACE. 


The word “cross” is also used to denote the operation 
of the Cross PRODUCT, so a x b would be pronounced 
”a cross b.” 


see also CROSS PRODUCT, DOT, EUTACTIC STAR, 
GAULLIST CROSS, GREEK CROSS, LATIN CROSS, MAL- 
TESE CROSS, PAPAL CROSS, SAINT ANDREW’S CROSS, 
SAINT ANTHONY’S CROSS, STAR 


Cross-Cap 


y 


8, 


a 


Ke 


The self-intersection of a one-sided SURFACE. It can be 
described as a circular HOLE which, when entered, exits 
from its opposite point (from a topological viewpoint, 
both singular points on the cross-cap are equivalent). 
The cross-cap has a segment of double points which ter- 
minates at two “PINCH POINTS” known as WHITNEY 
SINGULARITIES. 


The cross-cap can be generated using the general 
method for NONORIENTABLE SURFACES using the poly- 
nomial function 


f(z, y,z) = (xz, yz, 4(2? = «”)) (1) 


(Pinkall 1986). Transforming to SPHERICAL COORDI- 
NATES gives 


z(u,v) = £ cosusin(2v) (2) 
y(u,v) = 5 sin usin(2v) (3) 
z(u,v) = 1 (cos? v — cos” usin’ v) (4) 


for u € (0,27) and v € [0,7/2]. To make the equa- 
tions slightly simpler, all three equations are normally 
multiplied by a factor of 2 to clear the arbitrary scaling 
constant. Three views of the cross-cap generated using 
this equation are shown above. Note that the middle one 
looks suspiciously like MAEDER’S OWL MINIMAL SUR- 
FACE. 
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ae 


f 
| 


Another representation is 


f(x,y, 2) = (yz, 2ey, a” — y”), (5) 
(Gray 1993), giving parametric equations 
x = }sinusin(2v) (6) 
y = sin(2u) sin® v (7) 
z — cos(2u) sin? v, (8) 


(Geometry Center) where, for aesthetic reasons, the y- 
and z-coordinates have been multiplied by 2 to produce 
a squashed, but topologically equivalent, surface. Nord- 
strand gives the implicit equation 


4an7(er ty te tzyty(yt+2-1=0 (9) 
which can be solved for z to yield 


—Qan? + \/(y? + 2n2)(1 — de? — y?) 


. (10) 


4x2 | y? 


Taking the inversion of a cross-cap such that (0, 0, -1/2) 
is sent to oo gives a CYLINDROID, shown above (Pinkall 
1986). 


The cross-cap is one of the three possible SURFACES ob- 
tained by sewing a MOBIUS STRIP to the edge of a Disk. 
The other two are the BOY SURFACE and ROMAN SurR- 
FACE, 

see also BOY SURFACE, MOBIUS STRIP, NONORI- 
ENTABLE SURFACE, PROJECTIVE PLANE, ROMAN SUR- 
FACE 
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Cross-Correlation Theorem 


Cross-Correlation 

Let x denote cross-correlation. Then the cross- 
correlation of two functions f(t) and g(t) of a real vari- 
able t is defined by 


fxg = f"(-t) * 9(2), (1) 


where * denotes CONVOLUTION and f*(t) is the Com- 
PLEX CONJUGATE of f(t). The CONVOLUTION is defined 
by 


(t) « (t) = / f(r)g(t—r)dr, (2) 
therefore 
roe / tae =nae (3) 


Let r’ = —1, so dr’ = —dr and 


ere i: pt (r\o(t + 2!\(—dr') 


= / f*(r)g(t +7) dr. (4) 
—00 
The cross-correlation satisfies the identity 
(g xh) x (g*h) = (g xg) * (heh). (5) 
If f or g is EVEN, then 
fxg=fro, (6) 


where * denotes CONVOLUTION. 


see also AUTOCORRELATION, CONVOLUTION, CROSS- 
CORRELATION THEOREM 


Cross-Correlation Coefficient 

The COEFFICIENT p in a GAUSSIAN BIVARIATE DISTRI- 
BUTION. 

Cross-Correlation Theorem 


Let f x g denote the CROSS-CORRELATION of functions 
f(t) and g(t). Then 


fram | f*(r)olt +7) ar 


- | fl F*(v)e?™*¥7 ww f Gury sree atl 
={ / / F*(v)G(v’)e 27 Oe Breet ae ay dy’ 
-| | rawr f ete ada 


=) / Et (v)G(v')e7?""'6(v" — v) dv’ dv 
=) F*(v)G(v)e727# dv 


= FLF*(V)Gtv)), (1) 


Cross Curve 


where F denotes the FOURIER TRANSFORM and 


se) FIRw| =f Ree Pa (2) 
g(t) = F[G()] = i] G(v)e2"""* dt. (3) 


Applying a FOURIER ‘TRANSFORM on each side gives the 
cross-correlation theorem, : 


fxg =F([F"(v)G(v)}. (4) 


If F = G, then the cross-correlation theorem reduces to 
the WIENER-KHINTCHINE THEOREM. 


see also FOURIER TRANSFORM, WIENER-KHINTCHINE 
THEOREM 


Cross Curve 
see CRUCIFORM 


Cross Fractal 
see CANTOR SQUARE FRACTAL 


Cross of Lorraine 
see GAULLIST CROSS 


Cross Polytope 

A regular POLYTOPE in n-D (generally assumed to sat- 
isfy n > 5) corresponding to the CONVEX HULL of the 
points formed by permuting the coordinates (+ 1, 0, 0, 
..., 0). It is denoted @, and has SCHLAFLI SYMBOL 
{3"-?,4}. In 3-D, the cross polytope is the OCTAHE- 
DRON. 


see also MEASURE POLYTOPE, SIMPLEX 


Cross Product 
For VECTORS u and v, 


UXV = X(UyVz—UzVy) —¥(UsUz —UzVe) t4(UzVy —UyUz)- 

(1) 
This can be written in a shorthand NOTATION which 
takes the form of a DETERMINANT 


x y @ 
uxXv=|Ue. Uy Uz (2) 
Un Uy Uz 
It is also true that 
ju xX v| = |ul |v] sin@, (3) 
= lal |viV1— (4. ¥)?, (4) 


where @ is the angle between u and v, given by the DoT 
PRODUCT 
cosdé=u-v. (5) 
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Identities involving the cross product include 


Slra(t x ra(t)] = ri(2) x = + a xra(t) (6) 
AxB=-BxA (7) 
Ax(B+C)=AxB+AxC (8) 

(tA) x B=t(A x B). (9) 


For a proof that A x B is a PSEUDOVECTOR, see Arfken 
(1985, pp. 22-23). In TENSOR notation, 


AxB= €:j;x A’ BY, (10) 
where €i;, is the LEVI-CIVITA TENSOR. 
see also DOT PRODUCT, SCALAR TRIPLE PRODUCT 
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Cross-Ratio 


(a — )(e— 4) 
(a—d)(e~ 5) 0) 


For a MOBIUS TRANSFORMATION f, 


[a, b,c, d] = [f(a), f(b), f(c), f(d)). (2) 


[a,b, c,d] = 


There are six different values which the cross-ratio may 
take, depending on the order in which the points are 
chosen. Let » = [a,b,c,d]. Possible values of the cross- 
ratio are then A, 1 — A, 1/A, (A— 1)/A, 1/(1 — A), and 
A/(A — 1). 


Given lines a, b, c, and d which intersect in a point O, 
let the lines be cut by a line J, and denote the points of 
intersection of | with each line by A, B, C, and D. Let 
the distance between points A and B be denoted AB, 
etc. Then the cross-ratio 


_ (AB)(CD) 
is the same for any position of the ! (Coxeter 
and Greitzer 1967). Note that the definitions 
(AB/AD)/(BC/CD) and (CA/CB)/(DA/DB) are 
used instead by Kline (1990) and Courant and Robbins 
(1966), respectively. ‘The identity 


[AD, BC] + [AB, DC]=1 (4) 


holds IrrF AC//BD, where // denotes SEPARATION. 


The cross-ratio of four points on a radial line of an IN- 
VERSION CIRCLE is preserved under INVERSION (Ogilvy 
1990, p. 40). 

see also MOBIUS TRANSFORMATION, SEPARATION 
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Cross-Section 

The cross-section of a SOLID is a LAMINA obtained by 
its intersection with a PLANE. The cross-section of an 
object therefore represents an infinitesimal “slice” of a 
solid, and may be different depending on the orientation 
of the slicing plane. While the cross-section of a SPHERE 
is always a DISK, the cross-section of a CUBE may be a 
SQUARE, HEXAGON, or other shape. 

see also AXONOMETRY, CAVALIERI’S PRINCIPLE, LAM- 
INA, PLANE, PROJECTION, RADON TRANSFORM, 
STEREOLOGY 


Crossed Ladders Problem 

Given two crossed LADDERS resting against two build- 
ings, what is the distance between the buildings? Let 
the height at which they cross be c and the lengths of 
the LADDERS a and b. The height at which b touches 
the building k is then obtained by solving 


k* — ck +k? (a? — 6?) — 2ck(a? — 6”) + c?(a? — 6?) = 0. 


Call the horizontal distance from the top of a to the 
crossing u, and the distance from the top of b, v. Call 
the height at which a touches the building h. There are 
solutions in which a, b, h, k, u, and v are all INTEGERS. 
One is a = 119, 6 = 70, c= 30, andu+v=56. 


see also LADDER 
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Crossed Trough 


The SURFACE 


2,2 
z=cry. 


see also MONKEY SADDLE 
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Crossing Number (Graph) 

Given a “good” GRAPH (i.e., one for which all intersect 
ing EDGES intersect in a single point and arise from 
four distinct VERTICES), the crossing number is the 
minimum possible number of crossings with which the 
GRAPH can be drawn. A GRAPH with crossing num- 
ber 0 is a PLANAR GRAPH. Garey and Johnson (1983) 
showed that determining the crossing number is an NP- 
COMPLETE PROBLEM. GuUyY’S CONJECTURE suggests 
that the crossing number for the COMPLETE GRAPH Kn 


lj[nijtn-1 n-2 n—3 
rele Uaar ae Olea eercale (1) 
which can be rewritten 


an(n — 2)?(n—4) for n even (2) 
a(n —1)?(n-3)? for n odd. 


The first few predicted and known values are given in 
the following table (Sloane’s A000241). 


Predicted 
0 0 
2 0 0 
3 0 0 
4 0 0 
5 1 1 
6 3 3 
7 9 9 
8 18 18 
9 36 36 
10 60 60 
11 100 
12 150 
13 225 
14 315 
15 441 
16 588 


ZARANKIEWICZ’S CONJECTURE asserts that the crossing 
number for a COMPLETE BIGRAPH is 


EIS JER] 


It has been checked up to m,n = 7, and Zarankiewicz 
has shown that, in general, the FORMULA provides an 
upper bound to the actual number. The table below 
gives known results. When the number is not known ex- 
actly, the prediction of ZARANKIEWICZ’S CONJECTURE 
is given in parentheses. 


a eee 7 
1/0 0 0 0 0 0 0 
2 0 0 0 0 0 0 
3 1 2 4 6 9 
4 4 8 12 18 
5 16 24 36 
6 36 54 
a 77, 79, or (81) 


Crossing Number (Graph) 


Consider the crossing number for a rectilinear GRAPH 
G which may have only straight EDGES, denoted 0(G). 
For a COMPLETE GRAPH of order n > 10, the rectilinear 
crossing number is always larger than the general graph 
crossing number. The first few values for COMPLETE 
GRAPHS are 0, 0, 0, 0, 1, 3, 9, 19, 36, 61 or 62, ... 
(Sloane’s A014540). The nm = 10 lower limit is from 
Singer (1986), who proved that 


D(Kn) < gty(5n* — 39n° + 91n?—57n). (4) 
Jensen (1971) has shown that 


D(Kn) < xn" + O(n’). (5) 


Consider the crossing number for a toroidal GRAPH. For 
a COMPLETE GRAPH, the first few are 0, 0, 0, 0, 0, 0, 
0, 4, 9, 23, 42, 70, 105, 154, 226, 326, ... (Sloane’s 
A014543). The toroidal crossing numbers for a COM- 
PLETE BIGRAPH are given in the following table. 


1 2 3 4 = 5 6 7 

1 };0 0 0 0 0 0 

2 0 Oo a 0 0 

3 0 a 90 0 

4 2 

5 5 8 

6 12 

7 


see also GUY’S CONJECTURE, ZARANKIEWICZ’S CON- 
JECTURE 
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Crossing Number (Link) 

The least number of crossings that occur in any pro- 
jection of a LINK. In general, it is difficult to find the 
crossing number of a given LINK. 
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Crout’s Method 
A Root finding technique used in LU DECOMPOSITION. 
It solves the N? equations 


i<j 01 B15 + aie Bay +... + ai Biz = aig 
i=J a1 815 + ai2 Be; +... + auBy; 
i>j 041 B13 + i223 +... + ig B55 = Qi; 


It 


Qi; 


for the N*? + N unknowns aij and (i;. 
see also LU DECOMPOSITION 
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Crowd 
A group of SOCIABLE NUMBERS of order 3. 


Crown 


A 6-POLYIAMOND. 
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Crucial Point 

The HOMOTHETIC CENTER of the ORTHIC TRIANGLE 
and the triangular hull of the three EXcIRCLES. It has 
TRIANGLE CENTER FUNCTION 


a = tan A = sin(2B) + sin(2C) — sin(2A). 
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Cruciform 


oe 
a. ae 


A plane curve also called the CRoss CURVE and Po- 


LICEMAN ON Point Duty CuRVE (Cundy and Rollett 
1989). It is given by the equation 


a?y? — a2? — a?y? = 0, (1) 


which is equivalent to 


2 2 
a a 
2 2 
a b 
r? ye = 1, (3) 
or, rewriting, 
2,2 
2 = (4) 
~ 2 — g? 
In parametric form, 
zr =asect (5) 
y = besct. (6) 


The CURVATURE is 


3ab csc” t sec? t 
K= . 
(b? cos? t csc? t + a? sec? t tan? t)3/? 


(7) 
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Crunode 


< 


A point where a curve intersects itself so that two 
branches of the curve have distinct tangent lines. The 
MACLAURIN TRISECTRIX, shown above, has a crunode 
at the origin. 


see also ACNODE, SPINODE, TACNODE 


Crystallography Restriction 


Cryptarithm 
see CRYPTARITHMETIC 


Cryptarithmetic 

A number PUZZLE in which a group of arithmetical oper- 
ations has some or all of its DIGITS replaced by letters or 
symbols, and where the original DIGITS must be found. 
In such a puzzle, each letter represents a unique digit. 


see also ALPHAMETIC, DIGIMETIC, SKELETON DIVISION 
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Cryptography 
The science and mathematics of encoding and decoding 
information. 


see also CRYPTARITHM, KNAPSACK PRORLEM, PUBLIC- 
KEY CRYPTOGRAPHY 
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Crystallography Restriction 

If a discrete GROUP of displacements in the plane has 
more than one center of rotation, then the only rotations 
that can occur are by 2, 3, 4, and 6. This can be shown 
as follows. It must be true that the sum of the interior 
angles divided by the number of sides is a divisor of 360°. 


180°(n — 2) _ 360° 
n oota i 
where m is an INTEGER. Therefore, symmetry will be 
possible only for 


an 
poo 
where m is an INTEGER. This will hold for 1-, 2-, 3-, 4-, 
and 6-fold symmetry. That it does not hold for n > 6 is 
seen by noting that n = 6 corresponds to m = 3. The 
m = 2 case requires that n = n — 2 (impossible), and 
the m = 1 case requires that. n = —2 (also impossible). 


see also POINT GROUPS, SYMMETRY 


Csdszar Polyhedron 


Csaszar Polyhedron 

A POLYHEDRON topologically equivalent to a TORUS 
discovered in the late 1940s. It has 7 VERTICES, 14 
faces, and 21 EDGES, and is the DUAL POLYHEDRON of 
the SZILASSI POLYHEDRON. Its SKELETON is ISOMOR- 
PHIC to Lhe COMPLETE GRAPH K7. 


see also SZILASSI POLYHEDRON, TOROIDAL POLYHE- 
DRON 
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Csch 
see HYPERBOLIC COSECANT 


Cube 


The three-dimensional PLATONIC SOLID (P3) which is 
also called the HEXAHEDRON. The cube is composed of 
six SQUARE faces 6{4} which meet each other at RIGHT 
ANGLES, and has 8 VERTICES and 12 EDGES. It is de- 
scribed by the SCHLAFLI SYMBOL {4, 3}. It is a ZONO- 
HEDRON. It is also the UNIFORM POLYHEDRON Ug with 
WyTHOFF SYMBOL 3/24. It has the O, OCTAHEDRAL 
GRoupP of symmetries. The DUAL POLYHEDRON of the 
cuhe is the OCTAHEDRON. 


Because the VOLUME of a cube of side length n is given 
by n°, a number of the form n° is called a CuBIC NuM- 
BER (or sometimes simply “a cube”). Similarly, the op- 
eration of taking a number to the third POWER is called 


OUBING. 
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The cube cannot be STELLATED. A PLANE passing 
through the MIDPOINTS of opposite sides (perpendic- 
ular to a C3 axis) cuts the cube in a regular HEXAG- 
ONAL CROSS-SECTION (Gardner 1960; Steinhaus 1983, 
p. 170; Cundy and Rollett 1989, p. 157; Holden 1991, 
pp. 22~23). Since there are four such axes, there are four 
possibly hexagonal cross-sections. If the vertices of the 
cube are (+1,+1-+1), then the vertices of the inscribed 
HEXAGON are (0,—1,—1), (1,0,—1), (1,1,0), (0,1,1), 
(-1,0,1), and (—1,-1,0). The largest SQquaRE which 
will fit inside a cube of side a has each corner a distance 
1/4 from a corner of a cube. The resulting SQUARE has 
side length 3\/2a/4, and the cube containing that side 
is called PRINCE RUPERT’S CUBE. 


The solid formed by the faces having the sides of the 
STELLA OCTANGULA (left figure) as DIAGONALS is a 
cube (right figure; Ball and Coxeter 1987). 


The VERTICES of a cube of side length 2 with face- 
centered axes are given by (+1,+1,+1). If the cube is 
oriented with a space diagonal along the z-axis, the coor- 
dinates are (0, 0, V3), (0, 2\/2/3, 1/V3), (v2, /2/3, 
-1/¥3), (v2, —~V¥ 2/3, 1/V3), (0, —2 2/3, -1/¥3), 
(-v2, -4/2/3, 1/3), (-V2, »/2/3, -1/V3), and the 
negatives of these vectors. A FACETED version is the 
GREAT CUBICUBOCTAHEDRON. 


A cube of side length 1 has INRADIUS, MIDRADIUS, and 
CIRCUMRADIUS of 


r=4=0.5 (1) 

p = 4/2 = 0.70710 (2) 

R= 1¥V3 = 0.86602. (3) 
2 


The cube has a DIHEDRAL ANGLE of 
a = $57. (4) 
The SURFACE AREA and VOLUME of the cube are 


S = 6a" (5) 
V =a’. (6) 


see also AUGMENTED TRUNCATED CUBE, BIAUG- 
MENTED TRUNCATED CUBE, BIDIAKIS CUBE, BIs- 
LIT CUBE, BROWKIN’S THEOREM, CUBE DISSECTION, 
CuBE DOVETAILING PROBLEM, CUBE DUPLICATION, 
CuBIC NUMBER, CUBICAL GRAPH, HADWIGER PROB- 
LEM, HYPERCUBE, KELLER’S CONJECTURE, PRINCE 


358 Cube 2-Compound 


RUPERT’S CuBE, RUBIK’S CuBE, SOMA CUBE, STELLA 
OCTANGULA, TESSERACT 
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Cube 2-Compound 


A POLYHEDRON COMPOUND obtained by allowing two 
CUBES to share opposite VERTICES, then rotating one a 
sixth of a turn (Holden 1971, p. 34). 


see also CUBE, CUBE 3-COMPOUND, CUBE 4- 
COMPOUND, CUBE 5-COMPOUND, POLYHEDRON COM- 
POUND 
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Cube 3-Compound 


A compound with the symmetry of the CUBE which 
arises by joining three CUBES such that each shares two 
C2 axes (Holden 1971, p. 35). 


see also CUBE, CUBE 2-COMPOUND, CUBE 4- 
COMPOUND, CUBE 5-COMPOUND, POLYHEDRON COM- 
POUND 
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Cube 5-Compound 


Cube 4-Compound 


A compound with the symmetry of the CUBE which 
arises by joining four CUBES such that each C’3 axis falls 
along the C3 axis of one of the other CuBEs (Holden 
1971, p. 35). 


see also CUBE, CUBE 2-COMPOUND, CUBE 3- 
COMPOUND, CUBE 5-COMPOUND, POLYHEDRON Com- 
POUND 
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Cube 5-Compound 


A POLYHEDRON COMPOUND consisting of the arrange- 
ment of five CUBES in the VERTICES of a DODECAHE- 
DRON. In the above figure, let a be the length of a CUBE 
EDGE. Then 


x — 4a(3 — V5) 
4 = tan * (E = 2) = 20°54’ 


2 
o= tan~! (a5 *) = 31°43! 


ow — 90° — d= 58°17 
a — 90° —8 = 69°6’. 


The compound is most easily constructed using pieces 
like the ones in the above line diagram. The cube 5- 
compound has the 30 facial planes of the RHOMBiC TRI- 
ACONTAHEDRON (Ball and Coxeter 1987). 


see also CUBE, CUBE 2-COMPOUND, CUBE 3- 
COMPOUND, CUBE 4-COMPOUND, DODECAHEDRON, 


Cube Dissection 


POLYHEDRON COMPOUND, RHOMBIC TRIACONTAHE- 
DRON 


References 

Ball, W. W. R. and Coxeter, H. $8. M. Mathematical Recre- 
ations and Essays, 13th ed. New York: Dover, pp. 135 and 
137, 1987. 

Cundy, H. and Rollett, A. Mathematical Models, 8rd ed. 
Stradbroke, England: Tarquin Pub., pp. 135-136, 1989. 


Cube Dissection 

A CUBE can be divided into n subcubes for only n = 1, 
8, 15, 20, 22, 27, 29, 34, 36, 38, 39, 41, 43, 45, 46, and 
n > 48 (Sloane’s A014544). 


The seven pieces used to construct the 3 x 3 x 3 cube dis- 


section known as the SOMA CUBE are one 3-POLYCUBE 
and six 4-POLYCUBES (1-3+6-4 = 27), illustrated 


re aes 
vad 


Another 3 x 3 x 3 cube dissection due to Steinhaus uses 
three 5-POLYCUBES and three 4-POLYCUBES (3-5+3-4 = 
27), illustrated above. 


It is possible to cut a 1x3 RECTANGLE into two identical 
pieces which will form a CUBE (without overlapping) 
when folded and joined. In fact, an INFINITE number of 
solutions to this problem were discovered by C. L. Baker 
(Hunter and Madachy 1975). 


see also CONWAY PUZZLE, DISSECTION, HADWIGER 
PROBLEM, POLYCUBE, SLOTHOUBER-GRAATSMA Puz- 
ZLE, SOMA CUBE 
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Cube Dovetailing Problem 


Given the figure on the left (without looking at the so- 
lution on the right), determine how to disengage the 
two slotted CUBE halves without cutting, breaking, or 
distorting. 
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Cube Duplication 

Also called the DELIAN PROBLEM or DUPLICATION OF 
THE CuBE. A classical problem of antiquity which, given 
the EDGE of a CUBE, requires a second CUBE to be 
constructed having double the VOLUME of the first using 
only a STRAIGHTEDGE and COMPASS. 


Under these restrictions, the problem cannot be solved 
because the DELIAN ConsTANT 2/8 (the required Ra- 
TIO of sides of the original CUBE and that to be con- 
structed) is not a EUCLIDEAN NUMBER. The problem 
can be solved, however, using a NEUSIS CONSTRUCTION. 


see also ALHAZEN’S BILLIARD PROBLEM, COMPASS, 
CuBE, DELIAN CONSTANT, GEOMETRIC PROBLEMS OF 
ANTIQUITY, NEUSIS CONSTRUCTION, STRAIGHTEDGE 
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Cube-Octahedron Compound 


A POLYHEDRON COMPOUND composed of a CUBE and 
its DUAL POLYHEDRON, the OCTAHEDRON. The 14 ver- 
tices are given by (--1, +1, +1), (42, 0, 0), (0, +2, 0), 
(0, 0, £2). 


The solid common to both the CUBE and OCTAHEDRON 
(left figure) in a cube-octahedron compound is a CUB- 
OCTAHEDRON (middle figure). The edges intersecting 
in the points plotted above are the diagonals of Ruom- 
BUSES, and the 12 RHOMBUSES form a RHOMBIC Do- 
DECAHEDRON (right figure; Ball and Coxeter 1987). 


see also CUBE, CUBOCTAHEDRON, 
POLYHEDRON COMPOUND 


OCTAHEDRON, 
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Cube Point Picking 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let two points be picked randomly from a unit n-D Hy- 
PERCUBEF. The expected distance between the points 
ACN) is then 


A(2) = £[V24+2+4 5In(1 + V2)] = 0.521405433... 
A(3) = 3e[4 + 17V2 - 6V3 + 21In(1+ V2) 

+ 42In(2 + V3) — 7x] = 0.661707182... 
A(4) = 0.77766... 
A(5) = 0.87852... 
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A(6) = 0.96895... 
A(7) = 1.05159... 
A(8) = 1.12817... 


The function A(n) satisfies 


(Anderssen et al. 1976). 


Pick N points pi, ..., pw randomly in a unit n-cube. 
Let C be the CONVEX HULL, so 


N N 
C= { Dams A = 0 ra aaah 


j=l j=l 


Let V(n, N) be the expected n-D VOLUME (the Con- 

TENT) of C, S(n, N) be the expected (n—1)-D SURFACE 

AREA of C, and P{n, N) the expected number of VER- 

TICES on the POLYGONAL boundary of C’. Then 
N{1-—V(2,N 

lim pave] a 


N-+co InN 3 
lim VN[4 — S(2,.N)] 
N-00 


= Vin [2 - [ware- 1)t-9/? dt 


= 4.2472965 ..., 


and 
jlim_ P(2,N) — §InN = §(y—-In2) 
= —0.309150708... 


(Rényi and Sulanke 1963, 1964). The average DISTANCE 
between two points chosen at random inside a unit cube 
is 


sig (4417V2-6V3+21 Ih(1+ V2) +42 In(2+-V3) 77) 


(Robbins 1978, Le Lionnais 1983). 


Pick n points on a CUBE, and space them as far apart 
as possible. The best value known for the minimum 
straight LINE distance between any two points is given 
in the following table. 

n  d(n) 
5 1.1180339887498 
6  1.0606601482100 
7 1 
8 1 
9 0.86602540378463 
10 0.74999998333331 
11 0.70961617562351 
12 0.70710678118660 
13 0.70710678118660 
14 0.70710678118660 
15 0.625 
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see also CUBE TRIANGLE PICKING, DISCREPANCY THE- 
OREM, POINT PICKING 
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Cube Power 
A number raised to the third POWER. z° is read as “z 
cubed.” 


see also CUBIC NUMBER 


Cube Root 


Re([Cubert z] {Cubert 2j 


Given a number z, the cube root of z, denoted #/z or 
z'/* (z to the 1/3 POWER), is a number a such that 
a? = z, There are three (not necessarily distinct) cube 


roots for any number. 
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=2 =1 1 2 
For real arguments, the cube root is an INCREASING 
FUNCTION, although the usual derivative test cannot 
be used to establish this fact at the ORIGIN since the 
the derivative approaches infinity there (as illustrated 
above). 


see also CUBE DUPLICATION, CUBED, DELIAN CON- 
STANT, GEOMETRIC PROBLEMS OF ANTIQUITY, k- 
MATRIX, SQUARE ROOT 


Cube Triangle Picking 

Pick 3 points at random in the unit n-HYPERCUBE. De- 
note the probability that the three points form an OB- 
TUSE TRIANGLE II(n). Langford (1969) proved 


T1(2) = 8% + Aw = 0.725206483.... 


see also BALL TRIANGLE PICKING, CUBE POINT PICK- 
ING 
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Cubed 


A number to the POWER 3 is said to be cubed, so that 


zx is called “x cubed.” 


see also CUBE ROOT, SQUARED 


Cubefree 


80 


20 


20 40 60 80 100 
A number is said to be cubefree if its PRIME decom- 
position contains no tripled factors. All PRIMES are 
therefore trivially cubefree. The cubefree numbers are 
1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15, 17, ... 
(Sloane’s A004709). The cubeful numbers (i.e., those 
that contain at least one cube) are 8, 16, 24, 27, 32, 40, 
48, 54, ... (Sloane’s A046099). The number of cube- 
free numbers less than 10, 100, 1000, ... are 9, 85, 833, 
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8319, 83190, 831910, ..., and their asymptotic density 
is 1/¢€(3) = 0.831907, where ¢(n) is the RIEMANN ZETA 
FUNCTION. 


see also BIQUADRATEFREE, PRIME NUMBER, RIEMANN 
ZETA FUNCTION, SQUAREFREE 
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Cubic Curve 

A cubic curve is an ALGEBRAIC CURVE of degree 3. 
An algebraic curve over a FIELD K is an equation 
f(X,Y) = 0, where f(X,Y) is a POLYNOMIAL in X and 
Y with CoEFFICIENTS in K, and the degree of f is the 
MAXIMUM degree of each of its terms (MONOMIALS). 


Newton showed that all cubics can be generated by the 
projection of the five divergent cubic parabolas. New- 
ton’s classification of cubic curves appeared in the chap- 
ter “Curves” in Lexicon Technicum by John Harris pub- 
lished in London in 1710. Newton also classified all cu- 
bics into 72 types, missing six of them. In addition, he 
showed that any cubic can be obtained by a suitable 
projection of the ELLIPTIC CURVE 


y? =azx* + be? +cx4d, (1) 


where the projection is a BIRATIONAL TRANSFORMA- 
TION, and the general cubic can also be written as 


y =x t+art+b. (2) 
Newton’s first class is equations of the form 
zy’ +ey =anr* + br? +cr +d. (3) 


This is the hardest case and includes the SERPENTINE 
CURVE as one of the subcases. The third class was 


ay” = x(a” — 2br +c), (4) 


which is called NEWTON’S DIVERGING PARABOLAS. 
Newton’s 66th curve was the TRIDENT OF NEWTON. 
Newton's classification of cubics was criticized by Euler 
because it lacked generality. Pliicker later gave a more 
detailed classification with 219 types. 
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Pick a point P, and draw the tangent to the curve at P. 
Call the point where this tangent intersects the curve Q. 
Draw another tangent and call the point of intersection 
with the curve R. Every curve of third degree has the 
property that, with the areas in the above labeled figure, 


B=16A (5) 


(Honsberger 1991). 
see also CAYLEY-BACHARACH THEOREM, CUBIC EQUA- 
TION 
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Cubic Equation 
A cubic equation is a POLYNOMIAL equation of degree 
three. Given a general cubic equation 


z° + 92" +a1z+a9 = 0 (1) 


(the COEFFICIENT a3 of z* may be taken as 1 without 
loss of generality by dividing the entire equation through 
by az), first attempt to eliminate the az term by making 
a substitution of the form 


z=Ba-.., (2) 
Then 


(a — )° + a2(x — A)? +. a1(a — A) +. ao = 0 (3) 
(a* — 3x” + 372 — A*) + a2(x? — 2Aa + 2’) 
+ai(e—A}+ao=0 (4) 
z+ z?(a2 — 3A) + x(a1 — 2a2\ 4+ 3d”) 
+(ao ~ a1 +a2\7 — 4°) =0. (5) 


The 2x? is eliminated by letting \ = a2/3, so 


ae ee (6) 


Then 


2 =(r- xa2)° = o* — apn? + $a2"x - Han® (7) 


a22” = a2(x — $2)” =a2n" — 2a2"2+fa2° (8) 


aiz = a(x — $a2) = aiz ~ fain, (9) 
so equation (1) becomes 


a® + (—az2 + a2)2” + (Laz? — 2027 +. a1) a 


—(#a2° = ta2® as 5102 = ao) =0 (10) 
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aw + (a, — da2*)a — (farag — Zay® —a9)=0 (11) 


3 3az = a2? 9aia2 = 27a0 = 2a2? 
: 2: =. (12 
a2 +3 9 x 54 0. (12) 
Defining 
3a, coe az? 
a 13 
Pp 7 (13) 
_ _eé 3 
= 9a1a2 27Q0 2a2 (14) 


27 


then allows (12) to be written in the standard form 
e+ pe = 4. (15) 


The simplest way to proceed is to make VIETA’S SUB- 
STITUTION 


p 
cw a (16) 


which reduces the cubic to the equation 


xP -9=0, (17) 


which is easily turned into a QUADRATIC EQUATION in 
w® by multiplying through by w® to obtain 


(w°)” — q(w®) — xp =0 (18) 


(Birkhoff and Mac Lane 1965, p. 106). The result from 
the QUADRATIC EQUATION is 


: 1 (a+ 8+ de) = 294/49 + ay? 
=Rt/R?2+Q3, (19) 


where Q and R are are sometimes more useful to deal 
with than are p and q. There are therefore six solutions 
for w (two corresponding to each sign for each ROOT 
of w*). Plugging w back in to (17) gives three pairs 
of solutions, but each pair is equal, so there are three 
solutions lo the cubic equation. 


& 
II 


Equation (12) may also be explicitly factored by at- 
tempting to pull out a term of the form (« — B) from 
the cubic equation, leaving behind a quadratic equa- 
tion which can then be factored using the QUADRATIC 
FoRMULA. This process is equivalent to making Victa’s 
substitution, but does a slightly better job of motivat- 
ing Vieta’s “magic” substitution, and also at producing 
the explicit formulas for the solutions. First, define the 
intermediate variables 


2 
Q = 3a1 5 az (20) 
_, Yaoar — 27a — 2a2° 
R= a (21) 
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(which are identical to p and g up to a constant factor). 
The general cubic equation (12) then becomes 


zg? +3Qx2—-2R=0. (22) 


Let B and C be, for the moment, arbitrary constants. 
An identity satisfied by PERFECT CUBIC equations is 
that 
3 3 2 2 
g — BY =(4—B)(2°+ Br+ B*). (23) 


The general cubic would therefore be directly factorable 
if it did not have an w term (ie., if Q — 0). However, 
since in general Q # 0, add a multiple of (x — B)—say 
C(a—B)—to both sides of (23) to give the slightly messy 
identity 


(c® — B°) + C(x — B) = (x — B)(x” + Bx + B? +C) = 0, 
(24) 
which, after regrouping terms, is 


2° + Or —(B°+BC) = («~B)[a? + Bze+(B?+C)] =0. 

(25) 

We would now like to match the COEFFICIENTS C and 

~(B® + BC) with those of equation (22), so we must 
have 

C = 3Q (26) 


B’ + BC = 2R. (27) 
Plugging the former into the latter then gives 
B® + 3QB = 2R. (28) 


Therefore, if we can find a value of B satisfying the above 
identity, we have factored a linear term from the cubic, 
thus reducing it to a QUADRATIC EQUATION. The trial 
solution accomplishing this miracle turns out to be the 
symmetrical expression 


B=(R+/Q?+ R74 


Taking the second and third POWERS of B gives 


B= [IR + /Q3 +4 R2?/8 + 2[R? = (Q? 3 Ry}? 
+ [R- +/Q? + RI? 
=(R+ /Q?+ RI? +(R- 4/Q3+ RI) -2Q (30) 
Be = -2QB+ {UR + 4/Q3 + R27 + [R- ./Q24 ray} 
x {in + Q?+ RY? +[R- 4/Q? +m 
= [R+ 4/Q? + BR] + [R- 4/Q? + R?] 
+[R- 4/Q? + ROR — 4/Q? + RI? 
1[R 4/Q3+4 R2)°4[R — ,/Q3 + R2]\* -20B 
= -2Q9B4+2R+4+(R? —(Q? + R*)]'% 


x (G Jerr) + (2 - ve-m)"] 


= -20B42R-—QB=-3QB+42R. (31) 


[R — \/Q? + R?]'/*, (29) 
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Plugging B® and B into the left side of (28) gives 
(-3QB + 2R) + 3QB = 2R, (32) 


so we have indeed found the factor (x — B) of (22), and 
we need now only factor the quadratic part. Plugging 
C = 3Q into the quadratic part of (25) and solving the 
resulting 

z+ Br+(B? +3Q) =0 (33) 


then gives the solutions 


x= i[-B+ \/B? — 4(B? + 3Q)] 
=—1B+1,/-3B? — 129 
= -£B+ivV3is/B?+4Q. (34) 


These can be simplified by defining 


A=[R+ /Q? + R?]'3 —(R—/Q?+ R27]? (35) 
A? =[R+ JQ? +R]? — 2[R? — (Q° + RP 
+(R-/Q3+ RP" 


=([R+ /Q3 + FR?) + [R- /Q3 + RF]? +29 
= B’+4Q, (36) 


so that the solutions to the quadratic part can be written 


a= —-$B+ $Vv3ia. (37) 
Defining 
D=Q°+R? (38) 
S=VR4vVD (39) 
PE RVD, (40) 


where D is the DISCRIMINANT (which is defined slightly 
differently, including the opposite SIGN, by Birkhoff and 
Mac Lane 1965) then gives very simple expressions for 
A and B, namely 


B=S+T (41) 

A=S-T. (42) 

Therefore, at last, the Roots of the original equation 
in z are then given by 

Z = —ja2+(S+T) (43) 

zw =—tan—-1(S+T)+1hiv3(S-T) (44) 

23 = —}02 —3(S+T)-4iv3(S-T), (45) 


with az the COEFFICIENT of z? in the original equation, 
and S$ and T as defined above. These three equations 
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giving the three ROOTS of the cubic equation are some- 
times known as CARDANO’S FORMULA. Note that if the 
equation is in the standard form of Vieta 


zo +pr=4q, (46) 
in the variable z, then a2 = 0, a1 = p, and ap = —q, 


and the intermediate variables have the simple form (c.f. 


Beyer 1987) 


= 5P (47) 
R= $4 (48) 
Dagi+R=(2)'4(2).. (49) 


The equation for z; in CARDANO’S FORMULA does not 
have an 7 appearing in it explicitly while z2 and z3 do, 
but this does not say anything about the number of 
REAL and COMPLEX Roots (since S$ and T are them- 
selves, in general, COMPLEX). However, determining 
which Roots are REAL and which are COMPLEX can 
be accomplished by noting that if the DISCRIMINANT 
D > 0, one RooT is REAL and two are COMPLEX CON- 
JUGATES; if D = 0, all ROOTS are REAL and at least 
two are equal; and if D < 0, all RooTs are REAL and 
unequal. If D < 0, define 


6 = cos * (55 . (50) 


Then the REAL solutions are of the form 


21 = 2,/-Q cos (5) — a2 (51) 
Zz = 2,/-Qcos (F ") = $a2 (52) 
23 = 2,/—Qcos (: 3) — far. (53) 


This procedure can be generalized to find the REAL 
Roots for any equation in the standard form (46) by 
using the identity 


sin’ @ — 3 sind + } sin(3@) = 0 (54) 


(Dickson 1914) and setting 


A|p| 
= 55 
3 Y (55) 


cS) 
il 


(Birkhoff and Mac Lane 1965, pp. 90-91), then 


3/2 
(2) vty Ply =a (56) 


3 3 \3/ 

3 3 

+3L y= q 57 
yt apy ( ) (57) 
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3 \3/2 
dy? + 3sgn(p)y = 34 (a) =C. (58) 
If p > 0, then use 
sinh(3@) = 4sinh® @ + 3sinhé@ (59) 
to obtain 
y = sinh(+ sinh~’ C). (60) 
If p < VU and |C| > 1, use 
cosh(30) = 4cosh* @ — 3cosh6, (61) 
and if p < 0 and |C| < 1, use 
cos(36) = 4cos® 6 — 3cos 8, (62) 
to obtain 
cosh(3 cosh~* C) for C >1 
y = 4 —cosh(4 cosh~’ |C/) forC <-1 
cos(4cos~’ C) [three solutions] for |C| < 1. 
(63) 


The solutions to the original equation are then 


w= 24) Bly, - $2. (64) 


An alternate approach to solving the cubic eqnation is 
to use LAGRANGE RESOLVENTS. Let w = e?**/*, define 


(1,¢1) = 71 +424 23 (65) 
(w,21) = 21 + wa. + was (66) 
(w?,a1) = 21 +w' 22 + wes, (67) 


where x; are the ROOTS of 
2° +pe+q=0, (68) 
and consider the equation 


[a — (wi + ue) ][a — (wun +w7ue)] [a — (w?ur + wue)] = 0, 

(69) 

where u, and uz are COMPLEX NUMBERS. The Roots 
are then 

2; = wu + w ug (70) 


for j = 0, 1, 2. Multiplying through gives 


x® ~ 3uju2r — (w1° + u2*) = 0, (71) 
or 
a +pr+q=0, (72) 
where 
ur? + ug? =-@g (73) 


ui °u2> = — Gy: (74) 
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The solutions satisfy NEWTON’S IDENTITIES 


21 +22+23 = —a2 (75) 

ZL ZZ + By 23 + £123 = ai (76) 

212223 = ~—ao (77) 

In standard form, az = 0, a1 = p, and ag = —q, so we 
have the identities 

p = 2129 — 23" (78) 

(z1 — z2)? = —(4p — 323”) (79) 

2? + z9° + z3° = —2p. (80) 


Some curious identities involving the roots of a cubic 
equation due to Ramanujan are given by Berndt (1994). 


see also QUADRATIC EQUATION, QUARTIC EQUATION, 
QUINTIC EQUATION, SEXTIC EQUATION 
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Cubic Number 


oe 
aa 


A FicuraTE NuMBER of the form n*, for n a POSITIVE 
INTEGER. The first few are 1, 8, 27, 64, ... (Sloane’s 
A000578). The GENERATING FUNCTION giving the cu- 
bic numbers is 


wat 


x(a? + 4x + 1) 2 3 
~ Gane ee +277 +.... (1) 
The HEX PYRAMIDAL NUMBERS are equivalent to the 
cubic numbers (Conway and Guy 1996). 


The number of positive cubes needed to represent the 
numbers 1, 2, 3,... are 1, 2, 3, 4, 5, 6, 7, 1, 2, 3, 4, 
5, 6, 7, 8, 2, ...(Sloane’s A02376), and the number of 
distinct ways to represent the numbers 1, 2, 3, ... in 
terms of positive cubes are 1, 1, 1, 1, 1, 1, 1, 2, 2, 2, 
2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 3, 4, 4, 4, 5, 5, 5, 5, 
... (Sloane’s A003108). In the early twentieth century, 
Dickson, Pillai, and Niven proved that every POSITIVE 
INTEGER is the sum of not more than nine CUBES (so 
g(3) = 9 in WARING’S PROBLEM). 


In 1939, Dickson proved that the ouly INTEGERS requir- 
ing nine CUBES are 23 and 239. Wieferich proved that 
only 15 INTEGERS require eight CUBES: 15, 22, 50, 114, 
167, 175, 186, 212, 213, 238, 303, 364, 420, 428, and 454 
(Sloane’s A018889). The quantity G(3) in WARING’S 
PROBLEM therefore satisfies G(3) < 7, and the largest 
number known requiring seven cubes is 8042. The fol- 
lowing table gives the first few numbers which require 
at least N = 1, 2, 3,..., 9 (positive) cubes to represent 
them as a sum. 


N_ Sloane 
1 000578 1, 8, 27, 64, 125, 216, 348, 512,... 
2 003325 2, 9, 16, 28, 35, 54, 65, 72, 91,... 

3 003072 3, 10, 17, 24, 29, 36, 43, 55, 62,... 
4 003327 4, 11, 18, 25, 30, 32, 37, 44, 51,... 
5 003328 5, 12, 19, 26, 31, 33, 38, 40, 45,... 
6 6, 13, 20, 34, 39, 41, 46, 48, 53,... 
7 018890 7, 14, 21, 42, 47, 49, 61, 77,... 
8 
9 


Numbers 


018889 15, 22, 50, 114, 167, 175, 186, ..., 
— 23, 239 


There is a finite set. of numbers which cannot be ex- 
pressed as the sum of distinct cubes: 2, 3, 4, 5, 6, 7, 10, 
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11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 
26, ... (Sloane’s A001476). The following table gives the 
numbers which can be represented in W different ways 
as a sum of N positive cubes. For example, 


157 = 47447439417 41° = 5° 427427427 +42° (2) 


can be represented in W = 2 ways by N = 5 cubes. The 
smallest number representable in W = 2 ways as a sum 
of N = 2 cubes, 


1729 = 1° + 123 = 9° + 10°, (3) 


is called the HARDY-RAMANUJAN NUMBER and has spe- 
cial significance in the history of mathematics as a result 
of a story told by Hardy about Ramanujan. Sloane’s 
A001235 is defined as the sequence of numbers which 
are the sum of cubes in two or more ways, and so ap- 
pears identical in the first few terms. 


= 


Sloane Numbers 


000578 1, 8, 27, 64, 125, 216, 343, 512,... 
025403 2,9, 16, 28, 35, 54, 65, 72, 91,... 
1729, 4104, 13832, 20683, 32832, ... 
003825 87539319, 119824488, 143604279, ... 
003826 6963472309248, 12625136269928, ... 
48988659276962496, ... 
8230545258248091551205888, ... 
025395 3, 10, 17, 24, 29, 36, 43, 55, 62, ... 
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It is believed to be possible to express any number as a 
Sum of four (positive or negative) cubes, although this 
has not. been proved for numbers of the form 9n +4. In 
fact, all numbers not of the form 9n + 4 are known to 
be expressible as the Sum of three (positive or negative) 
cubes except 30, 33, 42, 52, 74, 110, 114, 156, 165, 195, 
290, 318, 366, 390, 420, 435, 444, 452, 462, 478, 501, 
530, 534, 564, 579, 588, 600, 606, 609, 618, 627, 633, 
732, 735, 758, 767, 786, 789, 795, 830, 834, 861, 894, 
903, 906, 912, 921, 933, 948, 964, 969, and 975 (Guy 
1994, p. 151). 


The following table gives the possible residues (mod n) 
for cubic numbers for n = 1 to 20, as well as the number 
of distinct residues s(n). 


Cubic Number 

n s(n) «* (mod n) 

2 2 0,1 

3 3 0,1, 2 

4 3 0,1,3 

5 5 0,1, 2,3, 4 

6 6 0,1,2,3,4,5 

7 3 0,1,6 

8 5 0,1, 3, 5,7 

9 3 01,8 

10 10 0,1, 2,3, 4,5, 6, 7, 8,9 

1l 11 0,1, 2, 3, 4, 5, 6, 7, 8, 9, 10 

12 9 0,1, 3, 4,5, 7, 8, 9, 11 

13 5 0,1, 5, 8, 12 

14-6 _‘(0,1,6, 7,8, 13 

15 15 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 
16 10 (0,1, 3, 5, 7, 8, 9, 11, 13, 15 

17 —«-:17':«<O, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16 
18 6 0,1, 8, 9, 10, 17 

19 7 0,1, 7, 8,11, 12, 18 
20 =15 0,1, 3, 4,5, 7, 8, 9, 11, 12, 18, 15, 16, 17, 19 


Dudeney found two RATIONAL NUMBERS other than 1 
and 2 whose cubes sum to 9, 


415280564497 676702467503 


348671682660 — 348671682660 (4) 


The problem of finding two RATIONAL NUMBERS whose 
cubes sum to six was “proved” impossible by Legendre. 
However, Dudeney found the simple solutions 17/21 and 
37/21. 


The only three consecutive INTEGERS whose cubes sum 
to a cube are given by the DIOPHANTINE EQUATION 


3° +45 +5° = 6°. (5) 


CATALAN’S CONJECTURE states that 8 and 9 (2° and 
3”) are the only consecutive POWERS (excluding 0 and 
1), ie., the only solution to CATALAN’S DIOPHAN'TINE 
PROBLEM. This CONJECTURE has not yet been proved 
or refuted, although R. Tijdeman has proved that there 
can be only a finite number of exceptions should the 
CONJECTURE not hold. It is also known that 8 and 9 
are the only consecutive cubic and SQUARE NUMBERS 
(in either order). 


There are six POSITIVE INTEGERS equal to the sum of 
the Dicirs of their cubes: 1, 8, 17, 18, 26, and 27 (Moret 
Blanc 1879). There are four POSITIVE INTEGERS equal 
to the sums of the cubes of their digits: 


153 = 1° +5° 43° (6) 
370 = 3° + 7° +0° (7) 
s71 = 3° + 7° 41° (8) 
407 = 4° 40° 4+7° (9) 


(Ball and Coxeter 1987). There are two SQUARE NuM- 
BERS of the form n? — 4: 4 — 2° —4 and 121 = 5°—4 (Le 
Lionnais 1983). A cube cannot be the concatenation of 
two cubes, since if c® is the concatenation of a® and b°, 
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then c® = 10*a® + 6°, where k is the number of digits 
in 6°. After shifting any powers of 1000 in 10* into a’, 
the original problem is equivalent to finding a solution 
to one of the DIOPHANTINE EQUATIONS 


&-b=a° (10) 
c — 6° = 10a° (11) 
8 —b® = 100a*. (12) 


None of these have solutions in integers, as proved in- 
dependently by Sylvester, Lucas, and Pepin (Dickson 
1966, pp. 572-578). 


see also BIQUADRATIC NUMBER, CENTERED CUBE 
NUMBER, CLARK’S TRIANGLE, DIOPHANTINE EQUA- 
TION—CuBIC, HARDY-RAMANUJAN NUMBER, PARTI- 
TION, SQUARE NUMBER 
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Cubic Reciprocity Theorem 

A REcIPROCITY THEOREM for the case n = 3 solved by 
Gauss using “INTEGERS” of the form a+ bp, when p is 
a root if2?+2+1=0 and a, b are INTEGERS. 


see also RECIPROCITY THEOREM 
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Cubic Spline 

A cubic spline is a SPLINE constructed of piecewise third- 
order POLYNOMIALS which pass through a set of control 
points. The second DERIVATIVE of each POLYNOMIAL 
is zero at the endpoints. 
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Cubic Surface 

An ALGEBRAIC SURFACE of ORDER 3. Schlafli and 
Cayley classified the singular cubic surfaces. On the 
general cubic, there exists a curious geometrical struc- 
ture called DOUBLE SIXxEs, and also a particular ar- 
rangement of 27 (possibly complex) lines, as discovered 
by Schlafli (Salmon 1965, Fischer 1986) and sometimes 
called SOLOMON’S SEAL LINES. A nonregular cubic sur- 
face can contain 3, 7, 15, or 27 real lines (Segre 1942, 
Le Lionnais 1983). The CLEBSCH DIAGONAL CUBIC 
contains all possible 27. The maximum number of OR- 
DINARY DOUBLE POINTS on a cubic surface is four, and 
the unique cubic surface having four ORDINARY DOou- 
BLE POINTS is the CAYLEY CUBIC. 


Schoutte (1910) showed that the 27 lines can be put 
into a ONE-TO-ONE correspondence with the vertices of 
a particular POLYTOPE in 6-D space in such a manner 
that all incidence relations between the lines are mir- 
rored in the connectivity of the POLYTOPE and con- 
versely (Du Val 1931). A similar correspondence can 
be made between the 28 bitangents of the general plane 
QUARTIC CURVE and a 7-D POLYTOPE (Coxeter 1928) 
and between the tritangent planes of the canonical curve 
of genus 4 and an 8-D POLYTOPE (Du Val 1933). 


A smooth cubic surface contains 45 TRITANGENTS 
(Hunt). The Hessian of smooth cubic surface contains 
at least 10 ORDINARY DOUBLE POINTS, although the 
Hessian of the CAYLEY CuBIC contains 14 (Hunt). 


see also CAYLEY CUBIC, CLEBSCH DIAGONAL CUBIC, 
DOUBLE SIXES, ECKARDT POINT, ISOLATED SINGU- 
LARITY, NORDSTRAND’S WEIRD SURFACE, SOLOMON’S 
SEAL LINES, TRITANGENT 
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Cubical Hyperbola 
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Cubical Conic Section 


see CUBICAL ELLIPSE, CUBICAL HYPERBOLA, CUBICAL 
PARABOLA, SKEW CONIC 


Cubical Ellipse 


An equation of the form 
3 2 
y=azr+be°+cx+d 


where only one ROOT is real. 


see also CUBICAL CONIC SECTION, CUBICAL HYPER- 
BOLA, CUBICAL PARABOLA, CUBICAL PARABOLIC Hy- 
PERBOLA, ELLIPSE, SKEW CONIC 


Cubical Graph 


An 8-vertex POLYHEDRAL GRAPH. 


see also BIDIAKIS CUBE, BISLIT CUBE, DODECAHEDRAL 
GRAPH, ICOSAHEDRAL GRAPH, OCTAHEDRAL GRAPH, 
TETRAHEDRAL GRAPH 


Cubical Hyperbola 


Cubical Parabola 


An equation of the form 
3 2 
y=ar’+br°+cxr+d, 


where the three Roots are REAL and distinct, ie., 


y = a(x — r1)(@ — r2)(x — rg) 
= afz* — (ri +172 +73)? + (rire + rirs + rar3)z 


= riroral. 


see also CUBICAL CONIC SECTION, CUBICAL ELLIPSE, 
CUBICAL HYPERBOLA, CUBICAL PARABOLA, HYPER- 
BOLA 


Cubical Parabola 


An equation of the form 
y =ar? + be? +cx4+d, 


where the three Roots of the cquation coincide (and 
are therefore real), i.e., 


y = a(x —r)* = a(a* — 3ra? — 3r?2 — 1°), 
see also CUBICAL CONIC SECTION, CUBICAL ELLIPSE, 
CUBICAL HYPERBOLA, CUBICAL PARABOLIC HYPER- 


BOLA, PARABOLA, SEMICUBICAL PARABOLA 


Cubical Parabolic Hyperbola 


An equation of the form 


y =ar + br? +cr4d, 
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where two of the RooTs of the equation coincide (and 
all three are therefore real), i.e., 


y= a(t —11)*(x— 12) 
= alx® — (271 + r2)2” + 71(r1 + 2re)e — 11772). 


see also CUBICAL CONIC SECTION, CUBICAL ELLIPSE, 
CUBICAL HYPERBOLA, CUBICAL PARABOLA, HYPER- 
BOLA 


Cubicuboctahedron 


see GREAT CUBICUBOCTAHEDRON, SMALL CUBICUBOC- 
TAHEDRON 


Cubique d’Agnesi 
see WITCH OF AGNESI 


Cubitruncated Cuboctahedron 


The UNIFORM POLYHEDRON Ujg whose DUAL is the 
TETRADYAKIS HEXAHEDRON. It has WYTHOFF SyM- 
BOL 344]. Its faces are 8{6} + 6{8} + 6{§}. It is a 
FACETED OCTAHEDRON. The CIRCUMRADIUS for a cu- 
bitruncated cuboctahedron of unit edge length is 


R= ivi. 
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Cuboctahedron 


An ARCHIMEDEAN SOLID (also called the DYMAXION or 
HEPTAPARALLELOHEDRON) whose DUAL is the RHOM- 
BIC DODECAHEDRON. It is one of the two convex 
QUASIREGULAR POLYHEDRA and has SCHLAFLI SYM- 
Bou {3}. It is also UNIFORM POLYHEDRON U; and has 
WYTHOFF SYMBOL 2|34. Its faces are {3} + 6{4}. It 
has the O;, OCTAHEDRAL GROUP of symmetries. 


370 Cuboctatruncated Cuboctahedron 


The VERTICES of a cuboctahedron with EDGE length 
of V2 are (0, +1, +1), (+1,0,+1), and (+1,+1,0). The 
INRADIUS, MIDRADIUS, and CIRCUMRADIUS for a = 1 
are 


FACETED versions include the CUBOHEMIOCTAHEDRON 
and OCTAHEMIOCTAHEDRON. 


The solid common to both the CUBE and OCTAHEDRON 
(left figure) in a CUBE-OCTAHEDRON COMPOUND is a 
CUBOCTAHEDRON (right figure; Ball and Coxeter 1987). 
see also ARCHIMEDEAN SOLID, CUBE, CUBE-OCTAHE- 
DRON COMPOUND, CUBOHEMIOCTAHEDRON, OCTAHE- 
DRON, OCTAHEMIOCTAHEDRON, QUASIREGULAR POLY- 
HEDRON, RHOMBIC DODEGAHEDRON, RHOMBUS 
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Cuboctatruncated Cuboctahedron 
see CUBITRUNCATED CUBOCTAHEDRON 


Cubocycloid 
see ASTROID 


Cubohemioctahedron 


The UNIFORM POLYHEDRON Ujs whose DUAL is the 
HEXAHEMIOCTAHEDRON. It has WYTHOFF SYMBOL 
44/3. Its faces are 4{6} + 6{4}. It is a FACETED ver- 
sion of the CUBOCTAHEDRON. Its CIRCUMRADIUS for 
unit edge length is 

R=1. 
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Cumulant 


Cuboid 
A rectangular PARALLELEPIPED. 


see also EULER BRICK, PARALLELEPIPED, SPIDER AND 
FLY PROBLEM 


Cullen Number 


A number of the form 
Cy = 2°n4+1. 


The first few are 3, 9, 25, 65, 161, 385, ... (Sloane’s 
A002064). The only Cullen numbers C,, for n < 300, 000 
which are PRIME are for n = 1, 141, 4713, 5795, 6611, 
18496, 32292, 32469, 59656, 90825, 262419, ... (Sloane’s 
A005849; Ballinger). Cullen numbers are DIVISIBLE by 
p = 2n—1 if pis a PRIME of the form 8k +3. 


see also CUNNINGHAM NUMBER, FERMAT NUMBER, 
SIERPINSKI NUMBER OF THE FIRST KIND, WOODALL 
NUMBER 
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Cumulant 

Let #(t) be the CHARACTERISTIC FUNCTION, defined as 
the FOURIER TRANSFORM of the PROBABILITY DEN- 
SITY FUNCTION, 


oo 


a(t) = FIP) = | e'* P(x) dz. (1) 


- oO 


Then the cumulants ky are defined by 


In f(t) = > kin (i)" 


n: 


(2) 


n=0 
Taking the MACLAURIN SERIES gives 


42 


In f(t) = (ct)wi + 5 (4t)? (uo — Hi”) 
+4 (it)? (Qui? — 8yius + us) 
+4,(it)*(—6 yh * + 121" we — 3y2” — duis + 14) 

+4 (it) [-24p1? + 60p4° uo + 204745 + 10u2M5 
+5p1(6p2° — 4) tus] +... (3) 


Cumulant-Generating Function 


where yu}, are MOMENTS about 0, so 


Ki = ph (4) 
2 

Ka = plz — fy (5) 

3 = 261° — B3yiyh + 15 (6) 


ea = ~ 6p” + 12u4 "yh — 3y2” — Aung +4 (7) 
— 24? + 60u, > + 204745 + 10pp 5 
+ Sui (6u" — 44) + us. (8) 


1] 


K5 


In terms of the MOMENTS p,, about the MEAN, 


Ki = ft (9) 
Ko = 2 =o" (10) 
Ka = [3 (11) 
Ka = pa — 3y2” (12) 
Ks = fs — 10paps, (13) 


where p is the MEAN and o? = juz is the VARIANCE. 


The k-STATISTICS are UNBIASED ESTIMATORS of the 
cumulants. 


see also CHARACTERISTIC FUNCTION, CUMULANT- 
GENERATING FUNCTION, k-STATISTIC, KURTOSIS, 
MEAN, MOMENT, SHEPPARD’S CORRECTION, SKEW- 
NESS, VARIANCE 
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Cumulant-Generating Function 
Let M(h) be the MOMENT-GENERATING FUNCTION. 
Then 


K(h) = InM(h) = wiht gh?’wa t+ Hhowg +... 


If 
M 
L= ye CjLj 
j=l 


is a function of N independent variables, the cumulant 
generating function for D is then 


K(h) = >» Kilcih). 


see also CUMULANT, MOMENT-GENERATING FUNCTION 
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Cumulative Distribution Function 
see DISTRIBUTION FUNCTION 


Cundy and Rollett’s Egg 


An OVAL dissected into pieces which are to used to cre- 
ate pictures. The resulting figures resemble those con- 
structed out of TANGRAMS. 


see also DISSECTION, EGG, OVAL, TANGRAM 
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Cunningham Chain 

A SEQUENCE of PRIMES qi < g2 <... < ge is a Cun- 
ningham chain of the first kind (second kind) of length 
kif q41 = 2q¢: +1 (qi41 = 2q; ~ 1) fori = 1,..., 
k—1. Cunningham PRIMES of the first kind are SOPHIE 
GERMAIN PRIMES. 


The two largest known Cunningham chains (of the 
first kind) of length three are (384205437 - 27009 — 
1, 384205437 - 24°92 — 1, 384205437 - 24°? — 1) and 
(651358155 - 23791 _ 1, 651358155 - 2579? — 1, 651358155 > 
23793 _1), both discovered by W. Roonguthai in 1998. 


see also PRIME ARITHMETIC PROGRESSION, PRIME 
CLUSTER 
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Cunningham Function 

Sometimes also called the PEARSON-CUNNINGHAM 
FUNCTION. It can be expressed using WHITTAKER 
FUNCTIONS (Whittaker and Watson 1990, p. 353). 


etilm/2-n) +2 


Taeacia) ee eee) 


Wn,m(zt) = 


where U is a CONFLUENT HYPERGEOMETRIC FUNCTION 
OF THE SECOND KIND (Abramowitz and Stegun 1972, 
p. 510). 


see also CONFLUENT HYPERGEOMETRIC FUNCTION OF 
THE SECOND KIND, WHITTAKER FUNCTION 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
1972. 

Whittaker, E. T. and Watson, G. N. A Course in Modern 
Analysis, 4th ed. Cambridge, England: Cambridge Uni- 
versity Press, 1990. 


Cunningham Number 

A BINOMIAL NuMBER of the form C*(b,n) = 6” +1. 
Bases b* which are themselves powers need not be con- 
sidered since they correspond to (b*)” +1 = b*" +1. 
PRIME NUMBERS of the form C*(b,n) are very rare. 


A NECESSARY (but not SUFFICIENT) condition for 
Ct(2,n) = 2" +1 to be PRIME is that n be of the 
form n = 2™. Numbers of the form Fy, = C*(2,2™) = 
2?" +1 are called FERMAT NUMBERS, and the only 
known PRIMES occur for C*(2,1) = 3, C*(2,2) = 5, 
C* (2,4) = 17, Ct (2,8) = 257, and C*(2,16) = 65537 
(ie, mn = 0, 1, 2, 3, 4). The only other PRIMES 
Ct(b,n) for nontrivial b < 11 and 2 < n < 1000 are 
Ct (6,2) = 37, C+ (6,4) = 1297, and C'*(10, 2) = 101. 


PRIMES of the form C (b,n) are also very rare. The 
MERSENNE NUMBERS M, = C™(2,n) = 2” — 1 are 
known to be prime only for 37 values, the first few 
of which are n = 2, 3, 5, 7, 13, 17, 19, ... (Sloane’s 
A000043). There are no other PRIMES C’ (6, n) for non- 
trivial b < 20 and 2 <n < 1000. 


In 1925, Cunningham and Woodall (1925) gathered to- 
gether all that was known about the PRIMALITY and 
factorization of the numbers C+(b,n) and published a 
small book of tables. These tables collected from scat- 
tered sources the known prime factors for the bases 2 and 
10 and also presented the authors’ results of 30 years’ 
work with these and other bases. 


Since 1925, many people have worked on filling in these 
tables. D. H. Lehmer, a well-known mathematician who 
died in 1991, was for many years a leader of these efforts. 
Lehmer was a mathematician who was at the forefront 
of computing as modern electronic computers became 
a reality. He was also known as the inventor of some 


Cupola 


ingenious pre-electronic computing devices specifically 
designed for factoring numbers. 


Updated factorizations were published in Brillhart et al. 
(1988). The current archive of Cunningham number fac- 
torizations for b= 1, ..., £12 is kept on ftp://sable. 
ox.ac.uk/pub/math/cunningham. The tables have been 
extended by Brent and te Riele (1992) to b = 13, ..., 
100 with m < 255 for b < 30 and m < 100 for b > 30. 
All numbers with exponent 58 and smaller, and all com- 
posites with < 90 digits have now been factored. 


see also BINOMIAL NUMBER, CULLEN NUMBER, FER- 
MAT NUMBER, MERSENNE NUMBER, REPUNIT, RIESEL 
NUMBER, SIERPINSKI NUMBER OF THE FIRST KIND, 
WOODALL NUMBER 
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Cunningham Project 
see CUNNINGHAM NUMBER 


Cupola 


An n-gonal cupola Q, (possible for only n = 3, 4, 5) is 
a POLYHEDRON having n TRIANGULAR and n SQUARE 
faces separating an {n} and a {2n} REGULAR POLYGON. 
The coordinates of the base VERTICES are 


(Roos eet , sin sere | ) , (1) 


and the coordinates of the top VERTICES are 


(r cos [=] ,rsin =] ,2) ; (2) 


Cupolarotunda 


where R and r are the CIRCUMRADII of the base and top 


R= $acsc (=) (3) 
r= dacsc (=), (4) 


and z is the height, obtained by letting k = 0 in the 
equations (1) and (2) to obtain the coordinates of neigh- 
boring bottom and top VERTICES, 


ae] 


b= | Rsin (2) (5) 


0 


‘« [| | © 


Since all side lengths are a, 


lb —t|? =a’. (7) 


Solving for z then gives 


[Res (=) es ] +R? sin? (=) +z2=a? (8) 


2n 
2? +B? +1? — 2rReos (=) =a (9) 
2n 
z= 2 _ 2rRcos (=) —r? — R? 
Ber: e (10) 


see also BICUPOLA, ELONGATED CUPOLA, GYRO- 
ELONGATED CUPOLA, PENTAGONAL CUPOLA, SQUARE 
CUPOLA, TRIANGULAR CUPOLA 
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Cupolarotunda 

A CuPOLA adjoined to a ROTUNDA. 

see also GYROCUPOLAROTUNDA, ORTHOCUPOLARO- 
TUNDA 


Curl 
The curl of a TENSOR field is given by 


(V x A)* = 6" AL V3iLy (1) 
where e:jx is the LEvi-Civira TENSOR and “;” is the 
COVARIANT DERIVATIVE. For a VECTOR FIELD, the 
curl is denoted 


curl(F) = V x F, (2) 


Curl Theorem 373 


and V x F is normal to the PLANE in which the “circula- 
tion” is MAXIMUM. Its magnitude is the limiting value 
of circulation per unit AREA, 


VxF ia tee 3 
(V x F)- 4 = lim ‘ (3) 
Let 
F = Fut, + Foty + Fats (4) 
and 3 
_ | Or 
hy = Ou; ’ (5) 
then 
1 hy dy hata h3ts 
VxF= 5~ Fup Dus 
Ou 8 ra) 
hy he hs hy ‘38 hoFb seh 
1 
hehs x oF) 7 ; | a 
1 fe 
—— |~—(hi Fi) — —(h3F3)] i 
3 hihs Ex iF) eh , »| ia 
1 fe] 6] 
oe | eae — ——(h,F,)} a3. 
a hihe l San (haFa) Que (ma | Be) 


Special cases of the curl formulas above can be given for 
CURVILINEAR COORDINATES. 


see also CURL THEOREM, DIVERGENCE, GRADIENT, 
VECTOR DERIVATIVE 
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Curl Theorem 

A special case of STOKES’ THEOREM in which F is a 
VECTOR FIELD and M is an oriented, compact embed- 
ded 2-MANIFOLD with boundary in R?, given by 


[ovxn az | F - ds. (1) 
s as 


There are also alternate forms. If 


FecFf, (2) 
then 
[asx VF= i Fds. (3) 
s Cc 
and if 
F=cxP, (4) 
then 
[taxvxes [ asxe. (5) 
s Cc 


see also CHANGE OF VARIABLES THEOREM, CURL, 
STOKES’ THEOREM 
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Curlicue Fractal 


The curlicue fractal is a figure obtained by the following 
procedure. Let s be an IRRATIONAL NUMBER. Begin 
with a line segment of unit length, which makes an AN- 
GLE ¢o = 0 to the horizontal. Then define 6, iteratively 
by 

6,41 = (On + 278) (mod 27), 


with @ = 0. To the end of the previous line segment, 
draw a line segment of unit length which makes an angle 


on+1 = On + bn (mod 27), 


to the horizontal (Pickover 1995). The result is a FRAC- 
TAL, and the above figures correspond to the curlicue 
fractals with 10,000 points for the GOLDEN RATIO 4, 
In2, e, /2, the BULER-MASCHERONI CONSTANT 4, 7, 
and FEIGENBAUM CONSTANT 6. 


The TEMPERATURE of these curves is given in the fol- 
lowing table. 


Constant Temperature 
golden ratio ¢ 46 
In2 51 
e 58 
v2 58 
Euler-Mascheroni constant 7 63 
w 90 
Feigenbaum constant 6 92 
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Current 
A linear FUNCTIONAL on a smooth differential form. 


see also FLAT NORM, INTEGRAL CURRENT, RECTIFI- 
ABLE CURRENT 


Curtate Cycloid Evolute 


Curtate Cycloid 


The path traced out by a fixed point at a RADIUS b < a, 
where a is the RAptus of a rolling CIRCLE, sometimes 
also called a CONTRACTED CYCLOID. 


x =ad-bsing (1) 
y=a-— beos¢. (2) 

The Arc LENGTH from ¢ = 0 is 
s = 2(a + b) E(u), (3) 

where 

sin($¢) =snu (4) 

2 4ab 
i= (a +c)?’ (5) 


and E(u) is a complete ELLIPTIC INTEGRAL OF THE 
SECOND KIND and snu is a JACOBI ELLIPTIC FUNC- 
TION. 


see also CYCLOID, PROLATE CYCLOID 
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Curtate Cycloid Evolute 
The EVOLUTE of the CURTATE CYCLOID 


x =ad—bsing (1) 
y =a-— beos¢@. (2) 
is given by 
_ al—2b¢ + 2adcos ¢ — 2asin ¢ + bsin(2¢)| ig 
ree 2(acos ¢ — b) x) 


__ a(a— bcos ¢)? 
¥= Gacosd By” @) 


Curvature 


Curvature 

In general, there are two important types of curva- 
ture: EXTRINSIC CURVATURE and INTRINSIC CURVA- 
TURE. The EXTRINSIC CURVATURE of curves in 2- and 
3-space was the first type of curvature to be studied his- 
torically, culminating in the FRENET FORMULAS, which 
describe a SPACE CURVE entirely in terms of its “cur- 
vature,” TORSION, and the initial starting point and 
direction. 


After the curvature of 2- and 3-D curves was studied, 
attention turned to the curvature of surfaces in 3-space. 
The main curvatures which emerged from this scrutiny 
are the MEAN CURVATURE, GAUSSIAN CURVATURE, and 
the WEINGARTEN MAP. MEAN CURVATURE was the 
most important for applications at the time and was 
the most studied, but Gauss was the first to recognize 
the importance of the GAUSSIAN CURVATURE. 


Because GAUSSIAN CURVATURE is “intrinsic,” it is de- 
tectable to 2-dimensional “inhabitants” of the surface, 
whereas MEAN CURVATURE and the WEINGARTEN Map 
are not detectable to someone who can’t study the 3- 
dimensional space surrounding the surface on which he 
resides. The importance of GAUSSIAN CURVATURE to 
an inhabitant is that it controls the surface AREA of 
SPHERES around the inhabitant. 


Riemann and many others generalized the concept of 
curvature to SECTIONAL CURVATURE, SCALAR CURVA- 
TURE, the RIEMANN TENSOR, RICCI CURVATURE, and 
a host of other INTRINSIC and EXTRINSIC CURVATURES. 
General curvatures no longer need to be numbers, and 
can take the form of a MAP, GROUP, GROUPOID, tensor 
field, etc. 


The simplest form of curvature and that usually first 
encountered in CALCULUS is an EXTRINSIC CURVATURE. 
In 2-D, let a PLANE CURVE be given by CARTESIAN 
parametric equations « = a(t) and y = y(t). Then the 
curvature « is defined by 


dg % a ag 
t= [Fis a = dt = dt a) 
Se (ays (ey vette" 


where @ is the POLAR ANGLE and s is the ARC LENGTH. 
As can readily be seen from the definition, curvature 
therefore has units of inverse distance. The ddé/dt de- 
rivative in the above equation can be eliminated by using 
the identity 


_ dy dy/dt_ y' 
a de dz dz/dt— x'’ (2) 


so 


d g! a ' x 
od _ ry -y (3) 


d aie 
a tan ob) = sec’ b dt ze 
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and 
do 7 1 zy" — ya" 
dt 1+tan?¢ gl? 
1 gy” at yn xy” = ya” 
=e 4 
ia giz gi? + y"? ( ) 
Combining (2) and (4) gives 
a gy" Di ya" (5) 


~ (a!? ra y'?)3/2 . 


For a 2-D curve written in the form y = f(z), the equa- 
tion of curvature becomes 


k= bey (6) 


If the 2-D curve is instead parameterized in POLAR Co- 
ORDINATES, then 


= r? + 2rg? — rree 7 
= otter (7) 


where rg = Or/00 (Gray 1993). In PEDAL CoorRDI- 
NATES, the curvature is given by 


K=->. (8) 


The curvature for a 2-D curve given implicitly by 
g(x,y) = 0 is given by 


= Gee Gy" = 292y9xGy + Iuy9z” (9) 


K 
(92? + gy?)8/? 


(Gray 1993). 


Now consider a parameterized SPACE CURVE r(t) in 3-D 
for which the TANGENT VECTOR T is defined as 


2 ar S 
=—_dt _ dt 
T= Es ig: (10) 
é dt 
Therefore, 
dr ds,» 
dr d’s.. dsdT ds? , 


sail kaka, y 
de de di dt ~ dé 
where N is the NORMAL VECTOR. But 


dr ss dr 
dt dt? 


Lieed: (txt) +n(S) aexm 
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de d’r 


dE x ae ; (14) 


so 


(15) 


The curvature of a 2-D curve is related to the RADIUS OF 
CURVATURE of the curve’s OSCULATING CIRCLE. Con- 
sider a CIRCLE specified parametrically by 


x =acost (16) 


y = asint (17) 
which is tangent to the curve at a given point. The 


curvature is then 


toot tot 2 
_ @y -yr ail 
k= Gap ype oa’ (18) 


or one over the RADIUS OF CURVATURE. The curvature 
of a CIRCLE can also be repeated in vector notation. For 
the CIRCLE with 0 < ¢ < 27, the ARC LENGTH is 


t 2 
dz dy 
s(t) = i: (FS) +(4 
> V \ae dt 
t 
— | a? cos?t+a*sin?tdt=at, (19) 
0 


so t = s/a and the equations of the CIRCLE can be 
rewritten as 


x = acos (=) (20) 
y = asin (=) : (21) 


The POSITION VECTOR is then given by 
s\. wf SN x 
r(s) = acos (=) x+asin (=) y; (22) 
a a 
and the TANGENT VECTOR is 
T= fe cein (=) #+ cs (=) y; (23) 
a a 


so the curvature is related to the RADIUS OF CURVA- 
TURE a by 


cos? (2) + sin? (2) Re 
= , a? a’ oF) 


as expected. 


Curvature 


Four very important derivative relations in differential 
geometry related to the FRENET FORMULAS are 


2=T (25) 
r=A«N (26) 
r= &N + «(7B —- kT) (27) 
[t,#, 7] = 677, (28) 


where T is the TANGENT VECTOR, N is the NORMAL 
VECTOR, B is the BINORMAL VECTOR, and 7 is the 
TORSION (Coxeter 1969, p. 322). 


The curvature at a point on a surface takes on a variety 
of values as the PLANE through the normal varies. As 
« varies, it achieves a minimum and a maximum (which 
are in perpendicular directions) known as the PRINCIPAL 
CURVATURES. As shown in Coxeter (1969, pp. 352-353), 


x? — "bin + det(b!) = 0 (29) 


«? — 2Hn + K =0, (30) 


where K is the GAUSSIAN CURVATURE, H is the MEAN 
CURVATURE, and det denotes the DETERMINANT. 


The curvature « is sometimes called the First CuRVA- 
TURE and the TORSION 7 the SECOND CURVATURE. In 
addition, a THIRD CURVATURE (sometimes called To- 


TAL CURVATURE) 
V dsr? +dsp? (31) 


is also defined. A signed version of the curvature of a 
CIRCLE appearing in the DESCARTES CIRCLE THEOREM 
for the radius of the fourth of four mutually tangent 
circles is called the BEND. 


sce also BEND (CURVATURE), CURVATURE CENTER, 
CURVATURE SCALAR, EXTRINSIC CURVATURE, FIRST 
CURVATURE, FOUR-VERTEX ‘THEOREM, GAUSSIAN 
CURVATURE, INTRINSIC CURVATURE, LANCRET EQUA- 
TION, LINE OF CURVATURE, MEAN CURVATURE, NOR- 
MAL CURVATURE, PRINCIPAL CURVATURES, RADIUS OF 
CURVATURE, RICCI CURVATURE, RIEMANN TENSOR, 
SECOND CURVATURE, SECTIONAL CURVATURE, SODDY 
CIRCLES, THIRD CURVATURE, TORSION (DIFFEREN- 
TIAL GEOMETRY), WEINGARTEN Map 
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Curvature Center 


Curvature Center 
The point on the POSITIVE RAY of the NORMAL VEc- 
TOR at a distance p(s), where p is the RADIUS OF CUR- 
VATURE. It is given by 


a 
z=x+pN=x+p'—, (1) 
ds 
where N is the NORMAL VECTOR and T is the TANGENT 
VecToR. It can be written in terms of x explicitly as 
x" (x! 7 x’)? _ x! (x! . x')(x’ 7 x” 
(x’ e x!) (x" 2 x’) — (x’ F x!')? 


Z=x+ 


(2) 


For a CURVE represented parametrically by (f(t), 9(t)), 


(Ff? -9")o' 
os if fig" ae fig! (3) 
i a 
B=gt+ fig’ — fg (4) 
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Curvature Scalar 
The curvature scalar is given by 


R=Q"Rur 


where g’* is the METRIC TENSOR and R,,, is the RICCI 
TENSOR. 

see also CURVATURE, GAUSSIAN CURVATURE, MEAN 
CURVATURE, METRIC TENSOR, RADIUS OF CURVaA- 
TURE, Ricci TENSOR, RIEMANN-CHRISTOFFEL TEN- 
SOR 


Curvature Vector 
dT 
K = — 
ds’ 


where T is the TANGENT VECTOR defined by 


Curve 

A Continuous Map from a 1-D SPACE to an n-D 
SPACE. Loosely speaking, the word “curve” is often used 
to mean the GRAPH of a 2- or 3-D curve. The simplest 
curves can be represented parametrically in n-D SPACE 
as 


t1 = fit) 
x2 = fa(t) 


In = fn{t). 
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Other simple curves can be simply defined only implic- 
itly, i-e., in the form 


f(t1,22,...)=0. 


see also ARCHIMEDEAN SPIRAL, ASTROID, ASYMP- 
TOTIC CURVE, BASEBALL COVER, BATRACHION, BI- 
CORN, BIFOLIUM, Bow, BULLET NOSE, BUTTERFLY 
CURVE, CARDIOID, CASSINI OVALS, CATALAN’S TRI- 
SECTRIX, CATENARY, CAUSTIC, CAYLEY’S SEXTIC, 
CESARO EQUATION, CIRCLE, CIRCLE INVOLUTE, CIS- 
SOID, CISSOID OF DIOCLES, COCHLEOID, CONCHOID, 
CONCHOID OF NICOMEDES, CROSS CURVE, CRUCI- 
FORM, CUBICAL PARABOLA, CURVE OF CONSTANT 
PRECESSION, CURVE OF CONSTANT WIDTH, CUR- 
TATE CYCLOID, CYCLoID, DELTA CURVE, DELTOID, 
DEvIL’s CuRVE, DEVIL ON Two STICKS, DUMBBELL 
CuRVE, DURER’S CONCHOID, EIGHT CURVE, ELECTRIC 
MoToR CuRVE, ELLIPSE, ELLIPSE INVOLUTE, ELLIP- 
TIC CURVE, ENVELOPE, EPICYCLOID, EQUIPOTENTIAL 
CURVE, EUDOXUS’S KAMPYLE, EVOLUTE, EXPONEN- 
TIAL RAMP, FERMAT CONIC, FOLIUM OF DESCARTES, 
FREETH’S NEPHROID, FREY CURVE, GAUSSIAN FUNC- 
TION, GERONO LEMNISCATE, GLISSETTE, GUDER- 
MANNIAN FUNCTION, GUTSCHOVEN’S CURVE, HIP- 
POPEDE, HORSE FETTER, HYPERBOLA, HYPEREL- 
LIPSE, HYPOCYCLOID, HYPOELLIPSE, INVOLUTE, IsopP- 
TIC CURVE, KAPPA CURVE, KERATOID Cusp, KNOT 
CuRVE, LAME CURVE, LEMNISCATE, L’HOSPITAL’S 
CusBic, LIMAGON, LINKS CURVE, LISSAJOUS CURVE, 
LiTUUS, LOGARITHMIC SPIRAL, MACLAURIN TRISEC- 
TRIX, MALTESE Cross, MILL, NATURAL EQUATION, 
NEGATIVE PEDAL CURVE, NEPHROID, NIELSEN’S SPI- 
RAL, ORTHOPTIC CURVE, PARABOLA, PEAR CURVE, 
PEAR-SHAPED CURVE, PEARLS OF SLUZE, PEDAL 
CuRVE, PEG Top, PIRIFORM, PLATEAU CURVES, Po- 
LICEMAN ON POINT DUTY CURVE, PROLATE CYCLOID, 
PURSUIT CURVE, QUADRATRIX OF HIPPIAS, RADIAL 
CURVE, RHODONEA, ROSE, ROULETTE, SEMICUBICAL 
PARABOLA, SERPENTINE CURVE, SICI SPIRAL, SIG- 
MOID CURVE, SINUSOIDAL SPIRAL, SPACE CURVE, 
STROPHOID, SUPERELLIPSE, SWASTIKA, SWEEP SIG- 
NAL, TALBOT’S CURVE, TEARDROP CURVE, TRACTRIX, 
TRIDENT, TRIDENT OF DESCARTES, TRIDENT OF NEW- 
TON, TROCHOID, TSCHIRNHAUSEN CUBIC, VERSIERA, 
WartTT’s CURVE, WHEWELL EQUATION, WITCH OF AG- 
NESI 
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Curve of Constant Breadth 
see CURVE OF CONSTANT WIDTH 


Curve of Constant Precession 

A curve whose CENTRODE revolves about a fixed axis 
with constant ANGLE and SPEED when the curve is tra- 
versed with unit SPEED. ‘he ‘TANGENT INDICATRIX of a 
curve of constant precession is a SPHERICAL HELIX. An 
ARC LENGTH parameterization of a curve of constant 
precession with NATURAL EQUATIONS 


«(s) = —w sin(ps) (1) 
T(s) = wcos(ps) (2) 
is 


qjece sin[(a~p)s] _ a—ypsin[(a +4)s] (3) 


2a a-p 2a at p 
a+ pcosi(a — p)s a— pcosi{a + ps 
2 te ((a-n)s] , a—peosl(a + 4)s] 
a a ft 2a at pe 
(4) 
z(s) = — sin(us) (5) 
po LS), 
where 
a= fw? +? (6) 


and w, and yp are constant. This curve lies on a circular 
one-sheeted HYPERBOLOID 
2 2 
won Ape (7) 


2442 
r+yo — 27 = . 
w? w4 


The curve is closed IFF p/a is RATIONAL. 
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Curve of Constant Slope 
see GENERALIZED HELIX 


_ Curve of Constant Width 


Curves which, when rotated in a square, make contact 
with all four sides. The “width” of a closed convex 
curve is defined as the distance between parallel lines 
bounding it (“supporting lines”). Every curve of con- 
stant width is convex. Curves of constant width have 
the same “width” regardless of their orientation between 
the parallel lines. In fact, they also share the same PER- 
IMETER (BARBIER’S THEOREM). Examples include the 
CIRCLE (with largest AREA), and REULEAUX TRIANGLE 
(with smallest AREA) but there are an infinite number. 
A curve of constant width can be used in a special drill 
chuck to cut square “HOLES.” 


A generalization gives solids of constant width. These 
do not have the same surface AREA for a given width, 
but their shadows are curves of constant width with the 
same width! 


see also DELTA CURVE, KAKEYA NEEDLE PROBLEM, 
REULEAUX TRIANGLE 
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Curvilinear Coordinates 
A general METRIC g,, has a LINE ELEMENT 


ds* = g,,du"du", (1) 


where EINSTEIN SUMMATION is being used. Curvilincar 
coordinates are defined as those with a diagonal METRIC 
so that 

Juv = et ree (2) 


where 6% is the KRONECKER DELYA. Curvilinear coor- 
dinates therefore have a simple LINE ELEMENT 


ds? = 6¢h,*du"du” = hy?du"”, (3) 


Curvilinear Coordinates 


which is just the PYTHAGOREAN THEOREM, so the dif- 
ferential VECTOR is 


dr = hydu, ty, (4) 
7 dr = Ls dui + oe d a 
Fa Bay ou 
where the SCALE FACTORS are 
ale 0 
and oe _ 
a; = TE] Dae (7) 


Equation (5) may therefore be re-expressed as 
dr = hiduity + heduztg: + hgduzty. (8) 


The GRADIENT is 


1 0¢., 


1 O¢., 
hy Ou, bea 


es (ath ae hz Ou” hg dus 


the DIVERGENCE is 


a ee 
hyhghg 


a 0 
Buy (rsh Fe) + Fea (hahaFa)| ’ (10) 


8 
div(F) =V-F= | Bag (aha) 
+ 


and the CURL is 


TxFe— fit fata halls 
= hihehs ap Pa ae 
< mr [Foz (ho) = Fay (toP>)] ai 
* Fats [Bog (FY ~ gaz (oF)] de 
. rae Es (ha Fa) aa (Aa Fs) fag.(11) 


Orthogonal curvilinear coordinates satisfy the addi- 
tional constraint that 


ai - U; = di;. (12) 
Therefore, the LINE ELEMENT is 


ds? = dr. dr = hy" du,” | hg?duz? | h3*dus” (18) 
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and the VOLUME ELEMENT is 


dV = |(hatiy duy) . (ho the duz) x (hgts dus)| 


= hi h2h3 duyz duz du3 
Or Or Or 
— - —— X ——| dary dito du. 
Bins Daa x Bus Wy Ag Ang 


oy oy a du, duz dug 


Au, ue, us) du dug dus, (14) 


7 | A(z, y, Z) 


where the latter is the JACOBIAN. 


Orthogonal curvilinear coordinate systems include 
BIPOLAR CYLINDRICAL COORDINATES, BISPHERICAL 
COORDINATES, CARTESIAN COORDINATES, CONFO- 
CAL ELLIPSOIDAL COORDINATES, CONFOCAL PARABO- 
LOIDAL COORDINATES, CONICAL COORDINATES, Cy- 
CLIDIG COORDINATES, CYLINDRICAL COORDINATES, 
ELLIPSOIDAL COORDINATES, ELLIPTIC CYLINDRICAL 
COORDINATES, OBLATE SPHEROIDAL COORDINATES, 
PARABOLIC COORDINATES, PARABOLIC CYLINDRICAL 
COORDINATES, PARABOLOIDAL COORDINATES, POLAR 
COORDINATES, PROLATE SPHEROIDAL COORDINATES, 
SPHERICAL COORDINATES, and TOROIDAL COORDI- 
NATES. These are degenerate cases of the CONFOCAL 
ELLIPSOIDAL COORDINATES. 


see alsy CHANGE OF VARIABLES THEOREM, CURL, DI- 
VERGENCE, GRADIENT, JACOBIAN, LAPLACIAN 
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Cushion 


The QUARTIC SURFACE resembling a squashed round 
cushion on a barroom stool and given by the equation 


202 


y 2 
Zz 


— 24 —Qen? 4223 427 — 2 


—(2? — z)? — yt — 227y? — 22? 4 2y2z ty? =0. 


380 Cusp 


see also QUARTIC SURFACE 
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Cusp 


\ 


A function f(r) has a cusp (also called a SPINODE) at a 
point xo if f(x) is CONTINUOUS at zo and 


lim f' (2) = 00 


reg 
from one side while 


lim f'(x) = —o0 

ror 
from the other side, so the curve is CONTINUOUS but the 
DERIVATIVE is not. A cusp is a type of DOUBLE POINT. 
The above plot shows the curve 2° - y? = 0, which has 
a cusp at the ORIGIN. 


see also DOUBLE CUSP, DOUBLE POINT, ORDINARY 
DOUBLE POINT, RAMPHOID CusP, SALIENT POINT 
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Cusp Catastrophe 

A CATASTROPHE which can occur for two control factors 
and one behavior axis. The equation y = x?/® has a cusp 
catastrophe. 


see also CATASTROPHE 
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Cusp Form 

A cusp form on [o(NV), the group of INTEGER matri- 
ces with determinant 1 which are upper triangular mod 
N, is an ANALYTIC FUNCTION on the upper half-plane 
consisting of the COMPLEX NUMBERS with POSITIVE 
IMAGINARY PART. Weight n cusp forms satisfy 


(24) = e+ a7) 


cz+d 


for all matrices 


see also MODULAR FORM 


CW-Complex 


The function 


fle) =1-2le|'/? 


for z € [—1,1]. The INVARIANT DENSITY is 


p(y) = 5(1 ~ y)- 
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Cusp Point 
see CUSP 


Cut- Vertex 
see ARTICULATION VERTEX 


Cutting 


see ARRANGEMENT, CAKE CUTTING, CIRCLE CUT- 
TING, CYLINDER CUTTING, PANCAKE CUTTING, PIE 
CUTTING, SQUARE CUTTING, TORUS CUTTING 


CW-Approximation Theorem 

If X is any SPACE, then there is a CW-COMPLEX Y 
and a Map f : Y -> X inducing ISOMORPHISMS on all 
Homotopy, HOMOLOGY, and COHOMOLOGY groups. 


CW-Complex 

A CW-complex is a homotopy-theoretic generalization 
of the notion of a SIMPLICIAL COMPLEX. A CW- 
complex is any SPACE X which can be built by starting 
off with a discrete collection of points called X°, then 
attaching 1-D Disks D} to X° along their boundaries 
S°, writing X! for the object obtained by attaching the 
D's to X°, then attaching 2-D Disks D? to X' along 
their boundaries S’, writing X? for the new SPACE, and 
so on, giving spaces X” for every n. A CW-complex 
is any SPACE that has this sort of decomposition into 
SUBSPACES X” built up in such a hierarchical fashion 
(so the X"s must exhaust all of X). In particular, X” 
may be built from X"~* by attaching infinitely many 
n-DISKS, and the attaching Maps S"~' + X"~' may 
be any continuous MAPs. 


Cycle (Circle) 


The main importance of CW-complexes is that, for 
the sake of HOMOTOPY, HOMOLOGY, and COHOMOL- 
OGY groups, every SPACE is a CW-complex. This is 
called the CW-APPROXIMATION THEOREM. Another 
is WHITEHEAD’S THEOREM, which says that MAPS be- 
tween CW-complexes that induce ISOMORPHISMS on all 
HOMOTOPY GROUPS are actually HOMOTOPY equiva- 
lences. 

see also COHOMOLOGY, CW-APPROXIMATION THEO- 
REM, HOMOLOGY GROUP, HOMOTOPY GROUP, SIM- 
PLICIAL COMPLEX, SPACE, SUBSPACE, WHITEHEAD’S 
THEOREM 


Cycle (Circle) 
A CIRCLE with an arrow indicating a direction. 


Cycle (Graph) 
A subset of the EDGE-set of a graph that forms a CHAIN 
(GRAPH), the first node of which is also the last (also 
called a CIRCUIT). 


see also CYCLIC GRAPH, HAMILTONIAN CYCLE, WALK 


Cycle Graph 


A cycle graph is a GRAPH which shows cycles of a 
GROUP as well as the connectivity between the cycles. 
Several examples are shown above. For Za, the group 
elements A; satisfy A;* = 1, where 1 is the IDENTITY 
ELEMENT, and two elements satisfy A,? = A3? = 1. 


For a CycLic Group of COMPOSITE ORDER n (e.g., 
Zs, Ze, Zs), the degenerate subcycles corresponding to 
factors dividing n are often not shown explicitly since 
their presence is implied. 


see also CHARACTERISTIC FACTOR, CYCLIC GROUP 
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Cycle (Map) 
An n-cycle is a finite sequence of points Yo, ... 
such that, under a MAP G, 


, Yn-1 


Yi = G(¥o) 
Y2 = G(Yi) 

» ee G(Yn-2) 
Yo = G(Yn-1). 


In other words, it is a periodic trajectory which comes 
back to the same point after n iterations of the cycle. 
Every point Y; of the cycle satisfies Y; = G"(Y;) and is 
therefore a FIXED POINT of the mapping G”. A fixed 
point of G is simply a CYCLE of period 1. 


Cycle (Permutation) 

A SUBSET of a PERMUTATION whose elements trade 
places with one another. A cycle decomposition of a 
PERMUTATION can therefore be viewed as a CLASS of 
a PERMUTATION GROUP. For example, in the PER- 
MUTATION GrouP {4, 2, 1, 3}, {1, 3, 4} is a 3-cycle 
(1 > 3, 3 + 4, and 4 > 1) and {2} is a 1-cycle 
(2 + 2). Every PERMUTATION GROUP on n symbols 
can be uniquely expressed as a product of disjoint cycles. 
The cyclic decomposition of a PERMUTATION can be 
computed in Mathematica® (Wolfram Research, Cham- 
paign, IL) with the function ToCycles and the PERMU- 
TATION corresponding to a cyclic decomposition can be 
computed with FromCycles. According to Vardi (1991), 
the Mathematica code for ToCycles is one of the most 
obscure ever written. 


To find the number N(m,n) of m cycles in a PERMU- 
TATION GROUP of order n, take 


N(n,m) = (-1)"~™"Si(n,m), 
where S; is the STIRLING NUMBER OF THE FIRST KIND. 


see also GOLOMB-DICKMAN CONSTANT, PERMUTA- 

TION, PERMUTATION GROUP, SUBSET 
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Cyclic Graph 


Cc; Cc, Cc, 
A GRAPH of n nodes and n edges such that node 7 is 
connected to the two adjacent nodes i+1 and i—1 (mod 
n), where the nodes are numbered 0, 1, ...,n —1. 


see also CYCLE (GRAPH), CYCLE GRAPH, STAR 
GRAPH, WHEEL GRAPH 
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Cyclic Group 
A cyclic group Z, of ORDER n is a GROUP defined by 
the element X (the GENERATOR) and its n POWERS up 
to 

XT, 
where I is the IDENTITY ELEMENT. Cyclic groups are 
both ABELIAN and SIMPLE. There exists a unique cyclic 
group of every order n > 2, so cyclic groups of the same 
order are always isomorphic (Shanks 1993, p. 74), and 
all Groups of PRIME ORDER are cyclic. 


Examples of cyclic groups include Z2, Z3, Za, and 
the MODULO MULTIPLICATION GROUPS M,, such that 
m = 2, 4, p", or 2p", for p an ODD PRIME and n > 1 
(Shanks 1993, p. 92). By computing the CHARACTERIS- 
TIC FACTORS, any ABELIAN GROUP can be expressed as 
a DIRECT PRODUCT of cyclic SUBGROUPS, for example, 
Zz 8 Z4 or Z2 @ Z2 @ Zp. 
see also ABELIAN GROUP, CHARACTERISTIC FAC- 
TOR, FINITE GRoUP—Z2, FINITE GROUP—2Z3, FINITE 
GROUP—Z2, FINITE GROUP—Z;, FINITE GROUP—Ze, 
MODULO MULTIPLICATION GROUP, SIMPLE GROUP 
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Cyclic Hexagon 
A hexagon (not necessarily regular) on whose VERTICES 
a CIRCLE may be CIRCUMSCRIBED. Let 


o= pa a;7a;" --- an”, (1) 


jpn 


where the sum runs over all distinct permutations of the 
SQUARES of the six side lengths, so 


o1 = a1" + a2" +43” +44” +45" +46" (2) 
02 = ay7a” + ay7a3" + a1" a4" + a1*as” + a1*a6" 

+ a27a37 + 42747 + 27057 + a27a¢6" 

+a3°a4” +437a5° + a3°a6" 

+ a4? as? + a4? 06" + 05706" (3) 
03 = a1" a2"a3" + 7097047 + a;"a27a5" + @1702°a6" 

+ a27a37 a4" + a27a37 05" + a2703° 06" 

+a3"a4°as” + @3°a4°a6 + a4°a5 "06° (4) 
By = hath a Gata? ate asta? 

~-- a1°a37047a5" + 4703" 04746" 

+ a17037a57a6° + a1°a47a5" a6" 

+.a97 a3? as7as? + an? a3" 04706" + ag? 03°56" 

+ a27a47a5°a6" + a3°a47a57 a6" (5) 
05 = a1742"a37a47 a5" + G17 42743" 04746" 

+ 01727375706? + 17027047 G5 OR 

+ 1703704705706" + a2" 037047 G57 06" (6) 


iy aay i ey Peay ee 7 
o§ = 1° 2° a3°A4°a5° ag”. (7) 


Cyclic Number 


Then define 
tp =u—4o2+01" (8) 
ts = 803 + o1te — 16,/og (9) 
ta = tz” — 6404 | 6401 /o5 (10) 
ts = 12805 + 32t2/o6 (11) 
u = 16K”. (12) 


The AREA of the hexagon then satisfies 
uta? + t3°t4” — 16tg*ts — 18utgtats — 27u7ts? = 0, (13) 


or this equation with ,/og replaced by —,/o6, a seventh 
order POLYNOMIAL in u. This is 1/(4u*) times the Dis- 
CRIMINANT of the CUBIC EQUATION 


z° + 2taz” — utsz + 2y"ts. (14) 


see also CONCYCLIC, CYCLIC PENTAGON, CYCLIC 
POLYGON, FUHRMANN’S THEOREM 
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Cyclic-Inscriptable Quadrilateral 
see BICENTRIC QUADRILATERAL 


Cyclic Number 

A number having n—1 DIGITS which, when MULTIPLIED 
by 1, 2, 3,..., » — 1, produces the same digits in a dif- 
ferent order. Cyclic numbers are generated by the UNIT 
FRACTIONS 1/n which have maximal period DECIMAL 
EXPANSIONS (which means n must be PRIME). The first 
few numbers which generate cyclic numbers are 7, 17, 
19, 23, 29, 47, 59, 61, 97, ... (Sloane’s A0Q01913). A 
much larger generator is 17389. 


It has been conjectured, but not yet proven, that an 
INFINITE number of cyclic numbers exist. In fact, the 
FRACTION of PRIMES which generate cyclic numbers 
seems to be approximately 3/8. See Yates (1973) for a 
table of PRIME period lengths for PRIMES < 1,370,471. 
When a cyclic number is multiplied by its generator, the 
result is a string of 9s. This is a special case of MIDY’s 
THEOREM. 


07 = 0.142857 

17 = 0.0588235294117647 

19 = 0.052631578947368421 

23 = 0.0434782608695652173913 

29 = 0.0344827586206896551724137931 

47 = 0.02127659574468085 1063829787234042553191.--- 
-+- 4893617 

59 = 0.016949 15254237288 1355932203389830503474:- - - 
--+5762711864406779661 

61 = 0.016393442622950819672131147540983606557 : - - 


Cyclic Pentagon 


- + 377049180327868852459 

97 = 0.010309278350515463917525773195876288659- - . 
+++ 79381443298969072164948453608247422680412.--- 
+++ 3711340206185567 


see also DECIMAL EXPANSION, MIDy’s THEOREM 
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Cyclic Pentagon 
A cyclic pentagon is a not necessarily regular PENTAGON 
on whose VERTICES a CIRCLE may be CIRCUMSCRIBED. 


Let 
i= ys Qi70;7 +++ An’, (1) 


UJyee n=l 


where the SUM runs over all distinct PERMUTATIONS of 
the SQUARES of the 5 side lengths, so 


2 2 2 2 2 

ao, =a," +a2° +a3° + aa” + a5 (2) 
2. 2 2.2 2.2 2. 2 2.2 

02 =a, a2 +41 a3° +1 a4 +41 a5 + a2 ag 


2,2 Boo 2.2 2.2 
+ a7 a4" + G2°a5° + a3° a4" + a3° a5 


2, 2 
+ a4° a5 (3) 
2.2 2 ye ee 2.2 2 
O3 = A, a2 a3" + 1° A2° a4" + G1 2° A5 
ae Pes: Per ier: 2.2 2 
+ ag°a3°a4~ + a2°a3°45° + a3°Q4° a5 (4) 


2 2 2 2 2 2 2 2 2 2 2 2 
O4 = Q1°Q2°Q3°A4" + 1° 2° 3° a5 + @1°a3° 4 As 


+ a27a3"a47a5” (5) 
On, = 017027037047 a5". (6) 
Then define 

te =u—4o2 +01" (7) 

t3 = 803 + oite (8) 

ta = —6404 + t2” (9) 

ts = 12805 (10) 

u = 16K’. (11) 


The AREA of the pentagon then satisfies 
uta? 4t37t4? - 16t3*ts — 18uts3tgts — 27u* ts? = 0, (12) 


a seventh order POLYNOMIAL in u. This is 1/(4u?) times 
the DISCRIMINANT of the CUBIC EQUATION 


2° + 2Qtgz” — utaz + 2y"ts. (13) 
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see also CONCYCLIC, CYCLIC HEXAGON, CYCLic POLy- 
GON 
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Cyclic Permutation 

A PERMUTATION which shifts all elements of a SET by a 

fixed offset, with the elements shifted off the end inserted 

back at the beginning. For a SET with elements ao, a1, 
.+) @n-1, this can be written aj — Gitk (mod n) for a 


shift of k. 
see also PERMUTATION 


Cyclic Polygon 

A cyclic polygon is a POLYGON with VERTICES upon 
which a CIRCLE can be CIRCUMSCRIBED. Since every 
TRIANGLE has a CIRCUMCIRCLE, every TRIANGLE is 
cyclic. It is conjectured that for a cyclic polygon of 
2m +1 sides, 16K? (where K is the AREA) satisfies a 
Monic POLYNOMIAL of degree A,,, where 


dn = Sim— 127) (y) 


Il 
Nl eRe x» 
vn Il 
to 
a 
+ 
ra 
— 
a 
bho 
33 
nN 
I 
iw) 
i~) 
3 
[a | 
—~ 
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(Robbins 1995). It is also conjectured that a cyclic poly- 
gon with 2m+ 2 sides satisfies one of two POLYNOMIALS 
of degree A. The first few values of Am are 1, 7, 38, 
187, 874, ... (Sloane’s A000531). 


For TRIANGLES (n = 3 = 2.141), the POLYNOMIAL is 
HERON’S FORMULA, which may be written 


16K? = 2a7b? + 2a7c” + 2b’? —a* —b*~c*, (3) 


and which is of order A; = 1 in 16K?. For a Cycuic 
QUADRILATERAL, the POLYNOMIAL is BRAHMAGUPTA’S 
FORMULA, which may be written 


16K? = —a* + 2a7b? — b* + 2a7c? + 267? — c* 
+ 8abed + 2a7d? + 267d? + 2c*d? — d*, (4) 


which is of order Ai = 1 in 16K’. Robbins (1995) 
gives the corresponding FORMULAS for the CYCLIC PEN- 
TAGON and CYCLIC HEXAGON. 


see also CONCYCLIC, CYCLIC HEXAGON, CYcLic PEN- 
TAGON, CYCLIC QUADRANGLE, CYCLIC QUADRILAT- 
ERAL 
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384 Cyclic Quadrangle 


Cyclic Quadrangle 

Let A,, Az, A3, and Ag be four POINTS on a CIRCLE, 
and H,, H2, H3, Ha the ORTHOCENTERS of TRIANGLES 
AA2A3A4, etc. If, from the eight POINTS, four with 
ditferent subscripts are chosen such that three are from 
one set and the fourth from the other, these POINTS 
form an ORTHOCENTRIC SYSTEM. There are eight: such 
systems, which are analogous to the six sets of ORTHO- 
CENTRIC SYSTEMS obtained using the feet. of the ANGLE 
BISECTORS, ORTHOCENTER, and VERTICES of a generic 
TRIANGLE. 


On the other hand, if all the POINTS are chosen from one 
set, or two from each set, with all different subscripts, 
the four POINTS lie on a CIRCLE. There are four pairs 
of such CIRCLES, and eight POINTs lie by fours on eight 
equal CIRCLES. 


The Simson LINE of Ag with regard to TRIANGLE 
AA; A2 Az is the same as that of H, with regard to the 
TRIANGLE AH Ao Aa. 

see also ANGLE BISECTOR, CONCYCLIC, CYCLIC POLY- 
GON, CYCLIC QUADRILATERAL, ORTHOCENTRIC SYS- 
TEM 
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Cyclic Quadrilateral 


A QUADRILATERAL for which a CIRCLE can be circum- 
scribed so that it touches each VERTEX. The AREA is 
then given by a special case of BRETSCHNEIDER’S FOR- 
MULA, Let the sides have lengths a, b, c, and d, let s be 
the SEMIPERIMETER 


$= 5(a+b+ctd), (1) 


and let R be the CIRCUMRADIUS. Then 


A= V(e—ajle—H(s—os— 4) (2) 


/(ac + bd)(ad + bc) (ab + cd) 
= 4R : (3) 


Cyclic Quadrilateral 


Solving for the CIRCUMRADIUS gives 


_ 1 | (ac + bd)(ad + bc)(ab + cd) 
its ee (4) 


The DIAGONALS of a cyclic quadrilateral have lengths 


_ | (ab + ed)(ac + bd) 

aoe / ad + be (5) 
a (ac + bd)(ad + be) 

a / Taba (6) 


so that pq = ac + bd. In general, there are three essen- 
tially distinct cyclic quadrilaterals (modulo ROTATION 
and REFLECTION) whose edges are permutations of the 
lengths a, 6, c, and d. Of the six corresponding D1ac- 
ONAL lengths, three are distinct. In addition to p and 
q, there is therefore a “third” DIAGONAL which can be 
denoted r. It is given by the equation 


(ad + bc) (ab + cd) 
7 / ac + bd ; (7) 


This allows the AREA formula to be written in the par- 
ticularly beautiful and simple form 


pqr 
A=. 8 
4R (8) 
The DIAGONALS are sometimes also denoted p, q, and 
r. 


The AREA of a cyclic quadrilateral is the MAXIMUM 
possible for any QUADRILATERAL with the given side 
lengths. Also, the opposite ANGLES of a cyclic quadri- 
lateral sum to 7 RADIANS (Dunham 1990). 


A cyclic quadrilateral with RATIONAL sides a, b, c, and 
d, DIAGONALS p and gq, CIRCUMRADIUS R, and AREA 
A is given by a = 25, 6 = 33, c = 39, d = 65, p = 60, 
q= 52, R= 65/2, and A = 1344. 


oO 
@, 


ES 
(J 
ie.) 


H 
Let AH BO be a QUADRILATERAL such that the angles 
ZHAB and ZHOB are RIGHT ANGLES, then AH BO is 
a cyclic quadrilateral (Dunham 1990). This is a COROL- 
LARY of the theorem that, in a RIGHT TRIANGLE, the 
Miproint of the HYPOTENUSE is equidistant from the 


Cyclic Redundancy Check 


three VERTICES. Since M is the MIDPOINT of both 
RIGHT TRIANGLES AAHB and ABOH, it is equidis- 
tant from all four VERTICES, so a CIRCLE centered at 
M may be drawn through them. This theorem is one 
of the building blocks of Heron’s derivation of HERON’S 
FORMULA. 


A 


Place four equal CIRCLES so that they interscct in a 
point. The quadrilateral ABCD is then a cyclic quadri- 
lateral (Honsberger 1991). For a CONVEX cyclic quad- 
rilateral Q, consider the set of CONVEX cyclic quadri- 
laterals @|; whose sides are PARALLEL to Q. Then the 
Q) of maximal AREA is the one whose DIAGONALS are 
PERPENDICULAR (Giirel 1996). 


see also BRETSCHNEIDER’S FORMULA, CONCYCLIC, 
CYCLIG POLYGON, CYCLIC QUADRANGLE, EULER 
BRIcK, HERON’S FORMULA, PTOLEMY’S THEOREM, 
QUADRILATERAL 
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Cyclic Redundancy Check 

A sophisticated CHECKSUM (often abbreviated CRC), 
which is based on the algebra of polynomials over the 
integers (mod 2). It is substantially more reliable in 
detecting transmission errors, and is one common error- 
checking protocol used in modems. 


see also CHECKSUM, ERROR-CORRECTING CODE 
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Cyclid 
see CYCLIDE 
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Cyclide 


A pair of focal conics which are the envelopes of two 
one-parameter families of spheres, sometimes also called 
a CYCLID. The cyclide is a QUARTIC SURFACE, and the 
lines of curvature on a cyclide are all straight lines or 
circular arcs (Pinkall 1986). The STANDARD TORI and 
their inversions in a SPHERE S centered at a point xo 
and of RADIUS r, given by 

x — xor? 


I(x0,r) = Xo + jx —xo|?’ 


are both cyclides (Pinkall 1986). Illustrated above are 
RING CYCLIDES, HORN CYCLIDES, and SPINDLE Cy- 
CLIDES. The figures on the right correspond to xo lying 
on the torus itself, and are called the PARABOLIC RING 
CYCLIDE, PARABOLIC HORN CYCLIDE, and PARABOLIC 
SPINDLE CYCLIDE, respectively. 


see also CYCLIDIC COORDINATES, HORN CYCLIDE, 
PARABOLIC HORN CYCLIDE, PARABOLIC RING Cy- 
CLIDE, RING CYCLIDE, SPINDLE CYCLIDE, STANDARD 
TORI 
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Cyclidic Coordinates 

A general system of CURVILINEAR COORDINATES based 
on the CYCLIDE in which LAPLACE’S EQUATION is SEP- 
ARABLE. 
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Cycloid 


The cycloid is the locus of a point on the rim of a CIRCLE 
of RADIUS a rolling along a straight LINE. It was studied 
and named by Galileo in 1599. Galileo attempted to 
find the AREA by weighing pieces of metal cut into the 
shape of the cycloid. Torricelli, Fermat, and Descartes 
all found the AREA. The cycloid was also studied by 
Roberval in 1634, Wren in 1658, Huygens in 1673, and 
Johann Bernoulli in 1696. Roberval and Wren found the 
Arc LENGTH (MacTutor Archive). Gear teeth were also 
made out of cycloids, as first proposed by Desargues in 
the 1630s (Cundy and Rollett 1989). 


In 1696, Johann Bernoulli challenged other mathemati- 
cians to find the curve which solves the BRACHIS'TO- 
CHRONE PROBLEM, knowing the solution to be a cy- 
cloid. Leibniz, Newton, Jakob Bernoulli and L’Hospital 
all solved Bernoulli’s challenge. The cycloid also solves 
the 'LAUTOCHRONE PROBLEM. Because of the frequency 
with which it provoked quarrels among mathematicians 


Cycloid 


in the 17th century, the cycloid became known as the 
“Helen of Geometers” (Boyer 1968, p. 389). 


The cycloid is the CATACAUSTIC of a CIRCLE for a Ra- 
DIANT POINT on the circumference, as shown by Jakob 
and Johann Bernoulli in 1692. The CAUSTIC of the cy- 
cloid when the rays are parallel to the y-axis is a cycloid 
with twice as many arches. The RADIAL CURVE of a 
CYCLOID is a CIRCLE. The EVOLUTE and INVOLUTE of 
a cycloid are identical cycloids. 


If the cycloid has a CusP at the ORIGIN, its equation in 
CARTESIAN COORDINATES is 


= a-— 
x = acos (4-4) 5 2ay — y?. (1) 
In parametric form, this becomes 


gz = a(t — sint) (2) 
y = a(1 — cost). (3) 


If the cycloid is upside-down with a cusp at (U,a), (2) 
and (3) become 


a = 2asin} (4) +f 2ay — y? (4) 

or 
x = a(t+sint) (5) 
y = a(1 — cost) (6) 


(sign of sint flipped for 2). 


The DERIVATIVES of the parametric representation (2) 
and (3) are 


zg’ = a(1— cost) (7) 
y =asint (8) 
dy _y' _—asint’ —___sint 
dr z' a(1~cost) 1 -cost 
2sin(5t) cos(5t) i 
ae Se = cot (3). 9 
2 sin” ($t) a (2 ) (9) 


The squares of the derivatives are 


? = a?(1 — 2cost + cos’ t) (10) 


a 


y” =a’ sin’ t, (11) 


so the ARC LENGTH of a single cycle is 


20 
-fu-f xl? + y’? dt 


=a” 4/ (1 — 2cost + cos? t) + sin? tdt 


= ava [” V1—cost iat = 20 [ —— 


= 20 f |sin( zt )| dt. (12) 
0 


Cycloid 


Now let u = t/2 so du = dt/2. ‘Vhen 


L= aa [ sin udu = 4a[— cos u]p 
i 


= —4a|(—1) — 1] = 8a. (13) 


| < 
[ | Jo 


9) a 
r x 


phi(~) 


oe 


t 
The Arc LENGTH, CURVATURE, and TANGENTIAL AN- 
GLE are 


8 = 8asin’(3t) (14) 
kK = —tacsc(3t) (15) 
= —jat. (16) 


The AREA under a single cycle is 
Pris Qn 
a- | yde— a [ (1 — cos ¢)(1 — cos ¢) dd 
a i 0 
=o f (1 — cos)" dd 
ae 
=o f (1 — 2cus ¢ + cos? d) dd 
, ea 
-< | {1 — 2cos ¢ + $[1 + cos(2¢)]} dé 
0 


Qa 
=a | 2 — 2cos¢ + } cos(2¢)] dd 
0 


= a" [3% —2sing + } sin(2d)]5” 


a 220 = 37a’. (17) 


The NORMAL is 


= I 1 — cost 
t= zg |e] a8 


see also CURTATE CYCLOID, CYCLIDE, CYCLOID Evo- 
LUTE, CYCLOID INVOLUTE, EPICYCLOID, Hypocy- 
CLOID, PROLATE CYCLOID, TROCHOID 
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Cycloid Evolute 


The EVOLUTE of the CYCLOID 


z(t) = a(t — sint) 
y(t) = a{1 — cost) 


is given by 


z(t) = a(t + sint) 

y(t) = a(cost — 1). 
As can be seen in the above figure, the EVOLUTE is 
simply a shifted copy of the original CYCLOID, so the 


CYCLOID is its own EVOLUTE. 


Cycloid Involute 


The INVOLUTE of the CYCLOID 


x(t) = a(t — sint) 
y(t) = a(1 — cost) 


is given by 


z(t) = a(t + sint) 
y(t) = a(3 | cost). 
As can be seen in the above figure, the INVOLUTE is 


simply a shifted copy of the original CYCLOID, so the 
CYCLOID is its own INVOLUTE! 
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Cycloid Radial Curve 


~ 
je \ 


The RADIAL CURVE of the CYCLOID is the CIRCLE 


x= 2% + 2asing 


y = ~2a+ yo + 2acos ¢. 


Cyclomatic Number 
see CIRCUIT RANK 


Cyclotomic Equation 
The equation 


=, 


where solutions ¢, = e?"**/? are the ROOTS OF UNITY 
sometimes called DE MOIVRE NUMBERS. Gauss showed 
that the cyclotomic equation can be reduced to solving a 
series of QUADRATIC EQUATIONS whenever p is a FER- 
MAT PRIME. Wantzel (1836) subsequently showed that 
this condition is not only SUFFICIENT, but also NECES- 
sary. An “irreducible” cyclotomic equation is an ex- 
pression of the form 


a? —1 


a-l 


-1 -2 
= g? 14 9? 


+...41=0, 


where p is PRIME. Its Roots z; satisfy |z;| = 1. 


see also CYCLOTOMIC POLYNOMIAL, DE MOIVRE Num- 
BER, POLYGON, PRIMITIVE ROOT OF UNITY 
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Cyclotomic Factorization 


zP —yP = (z—-y)(z-Cy)--- (2 - CP" y), 


where ¢ = e?"*/P (a DE MoIvRE NUMBER) and 7 is a 
PRIME. 


Cyclotomic Polynomial 


Cyclotomic Field 
The smallest field containing m € Z > 1 with ¢ a PRIME 
Root oF Unity is denoted R,,(¢). 


Pp 
x+y? = [[ (e+ 6"). 
k=1 


Specific cases are 


Rs = Q(v-3) 
Ra = Q(v-1) 
Rs = Q(vV-3), 


where Q denotes a QUADRATIC FIELD. 


Cyclotomic Integer 
A number of the form 


ao tart... 4+ ap—iC??, 


where 
¢ = e2™t/P 


is a DE MOIVRE NUMBER and p is a PRIME number. 
Unique factorizations of cyclotomic INTEGERS fail for 
p> 23. 


Cyclotomic Invariant 

Let p be an ODD PRIME and F,, the CYCLOTOMIC FIELD 
of p?**th RooTs of unity over the rational FIELD. Now 
let p*™ be the PowER of p which divides the CLAss 
NUMBER hy of F,. Then there exist INTEGERS pp, Ap 2 
0 and »» such that 


e(n) = ppp" + Apn + vp 


for all sufficiently large n. For REGULAR PRIMES, [tp = 
Ap = Up = 9. 
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Cyclotomic Number 


see DE MOIVRE NUMBER, SYLVESTER CYCLOTOMIC 
NUMBER 


Cyclotomic Polynomial 
A polynomial given by 


a(x) = [](e@- &), (1) 


where ¢; are the primitive dth Roots oF UNITy in C 
given by ¢, = e?"**/¢, The numbers ¢, are sometimes 
called DE MOIVRE NUMBERS. @a(x) is an irreducible 


Cyclotomic Polynomial 


POLYNOMIAL in Z[z] with degree ¢(d), where ¢ is the 
TOTIENT FUNCTION. For d PRIME, 


Pp-i 
o,= a”, (2) 
_k=0 


i.e., the coefficients are all 1. 05 has coefficients of —2 
for 2” and x*', making it the first cyclotomic polynomial 
to have a coefficient other than +1 and 0. This is true 
because 105 is the first number to have three distinct 
ODD PRIME factors, i.e., 105 = 3-5-7 (McClellan and 
Rader 1979, Schroeder 1997). Migotti (1883) showed 
that COEFFICIENTS of ®pq for p and g distinct PRIMES 
can be only 0, +1. Lam and Leung (1996) considered 


pq-1 


®pq = S > aye® (3) 


k=0 


for p,q PRIME. Write the TOTIENT FUNCTION as 


(pq) = (p—1)(q-1) = rp+ sq (4) 
0<k<(p-I1)(q-1), (5) 


1. ag = 1 FF k = ip+ jg for some i € [0,r] and j € 
(0, s], 

2. a, = —1 FF k + pq = ip+ jq fori € [r+1,¢— 1] 
and 7 € [s+1,p— 1], 

3. otherwise a; = 0. 

The number of terms having a, = 1 is (r+1)(s+1), and 


the number of terms having ag = —1 is (p—s —1)(q 
r —1). Furthermore, assume g > p, then the middle 


COEFFICIENT of ®pq is (—1)”. 


The LOGARITHM of the cyclotomic polynomial 
&n(z) = []Q-2"/4)“ (6) 
d|n 


is the MOsIUS INVERSION FORMULA (Vardi 1991, 
p. 225). 


The first few cyclotomic POLYNOMIALS are 


@\(2)=a2-1 
$.(c) =a+1 
$3 (x) =a? +241 
,(2) =27 +1 


$,(2) =a ta°t+atte® te? 4+a41 
)=at+1 

$o(z) = 2° +a°41 
) 


=g'—2?4+2?-—2+1. 
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The smallest values of n for which @, has one or more 
coefficients +1, +2, +3,... are 0, 105, 385, 1365, 1785, 
2805, 3135, 6545, 6545, 10465, 10465, 10465, 10465, 
10465, 11305, ... (Sloane’s A013594). 


The POLYNOMIAL z” — 1 can be factored as 


g-l= ]] 2<(2): (7) 


d|n 


where ®g(x) is a CYCLOTOMIC POLYNOMIAL. Further- 
more, 


pean Taran Pal) = [] e2a(). (8) 
dim 


2+1l= = 
Dist: es $4(z) 


The COEFFICIENTS of the inverse of the cyclotomic 
POLYNOMIAL 


1 
re el Oe a ie ie 
co 
= Sens” (9) 
n=0 


can also be computed from 
Cp =1-2[3(n+2)| + [$(n+1)]+[3n], (10) 


where |x| is the FLOOR FUNCTION. 


see also AURIFEUILLEAN FACTORIZATION, MOsius IN- 
VERSION FORMULA 
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Cylinder 


A cylinder is a solid of circular CROSS-SECTION in which 
the centers of the CIRCLES all lie on a single LINE. The 
cylinder was extensively studied by Archimedes in his 
2-volume work On the Sphere and Cylinder in ca. 225 
BC. 


A cylinder is called a right cylinder if it is “straight” 
in the sense that its cross-sections lie directly on top 
of each other; otherwise, the cylinder is called oblique. 
The surface of a cylinder of height h and RADIUS r can 
be described parametrically by 


x =rcosé (1) 
y=rsind (2) 
z=2, (3) 


for z € [0,h] and 6 € [0,2). These are the basis for 
CYLINDRICAL COORDINATES. The SURFACE AREA (of 
the sides) and VOLUME of the cylinder of height h and 
RADIUS r are 


S = 2arh (4) 
V=arh. (5) 


Therefore, if top and bottom caps are added, the 
volume-to-surface area ratio for a cylindrical container 
is 


which is related to the HARMONIC MEAN of the radius 
r and height A. 


see also CONE, CYLINDER-SPHERE INTERSECTION, 
CYLINDRICAL SEGMENT, ELLIPTIC CYLINDER, GEN- 
ERALIZED CYLINDER, SPHERE, STEINMETZ SOLID, VI- 
VIANI’S CURVE 


Vi ear*h =i(2+2)\” 
S ~ Inrh+2nr2 ~~ 2 , 
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Cylinder Cutting 
The maximum number of pieces into which a cylinder 
can be divided by n oblique cuts is given by 


f(n) = os +n+1=i(n+2)(n+3), 


Cylinder Function 
where (§) is a BINOMIAL COEFFICIENT. This problem is 
sometimes also called CAKE CUTTING or PIE CUTTING. 
For n = 1, 2, ... cuts, the maximum number of pieces 
is 2, 4, 8, 15, 26, 42,... (Sloane’s A000125). 
see also CIRCLE CUTTING, HAM SANDWICH THEOREM, 
PANCAKE THEOREM, TORUS CUTTING 
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Cylinder-Cylinder Intersection 
see STEINMETZ SOLID 


Cylinder Function 
The cylinder function is defined as 


_ fl for fz? +y?<a 
C(z,y) = rae (1) 
0 for fz?+y? >a. 
The BESSEL FUNCTIONS are sometimes also called cyl- 


inder functions. To find the FOURIER TRANSFORM of 
the cylinder function, let 


kz = kcosa (2) 
ky = ksina (3) 
x =rcosé (4) 
y=rsiné. (5) 


F(k,a) = F(C(z,y)) 


20 a 
att i eilkcosarcos@+ksinarsin®),, 4, 19 
0 0 


Qn a 
=i / eikrcos(O—a),, a gg. (6) 
0 0 


Let b= 6 — a, so db = d@. Then 


2n-a@ a 
F(k, a) = i | otk 08 On dn dO 
—a ie) 


an a 
=) [ etkroosb,. ay dg 
i) QO 
a 


=o f Jo(kr)r dr, (7) 


where Jp is a zeroth order BESSEL FUNCTION OF THE 
First KIND. Let u = kr, so du = kdr, then 


2a 


ka 
2 a 
i il Jo(ujudu = gz lush (alo 
n) 


Qra - 2 Ji (ka) 
a Ii(ka) = 2na i 


F(k,a) = 


(8) 


Cylinder-Sphere Intersection 


As defined by Watson (1966), a “cylinder function” is 
any function which satisfies the RECURRENCE RELA- 
TIONS 


C,-1(2) +Cr4a(2) = SC,(2) (9) 
Cy s(2) Cid = ee). (10) 


This class of functions can be expressed in terms of BES- 
SEL FUNCTIONS. 


see also BESSEL FUNCTION OF THE FIRST KIND, CYLIN- 
DER FUNCTION, CYLINDRICAL FUNCTION, HEMISPHER- 
ICAL FUNCTION 
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Cylinder-Sphere Intersection 
see VIVIANI’S CURVE 


Cylindrical Coordinates 


Cylindrical coordinates are a generalization of 2-D Po- 
LAR COORDINATES to 3-D by superposing a height (z) 
axis. Unfortunately, there are a number of different no- 
tations used for the other two coordinates. Either r or 
p is used to refer to the radial coordinate and either @ 
or 6 to the azimuthal coordinates. Arfken (1985), for 
instance, uses (p,@, z), while Beyer (1987) uses (r, 6, z). 
In this work, the NOTATION (r, 0, z) is used. 


raVJfarty? (1) 
@=tan7? (4) (2) 
z=2, (3) 


where r € (0,00), 8 € [0,27), and z € (—o0,00). In 
terms of x, y, and z 


x=rcos@ (4) 
y = rsing (5) 
Ba: (6) 


Morse and Feshbach. (1953) define the cylindrical coor- 
dinates by 


z= 162. (7) 
y=Vl-&? (8) 
z=, (9) 
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where £1 = r and 2 = cos@. The METRIC elements of 
the cylindrical coordinates are 


Grr = 1 (10) 
goo =r" (11) 
Gzz = 1, (12) 
so the SCALE FACTORS are 
gr =1 (13) 
go =? (14) 
gz = 1. (15) 
The LINE ELEMENT is 
ds = drt +rd00+dz2, (16) 
and the VOLUME ELEMENT is 
dV = rdr dé@ dz. (17) 
The JACOBIAN is 
O(z, y, Z) 
Sa lap, 1 
(r,8,z) |" of) 
A CARTESIAN VECTOR is given in CYLINDRICAL COOR- 
DINATES by 
rcos@ 
r= |rsin@]. (19) 
z 
To find the UNIT VECTORS, 
dr cos 6 
f= -3> = | sin (20) 
= 0 
: dr —sin8 
6= -% =| cosd (21) 
| do 0 
dr 0 
z= 4 =|0 (22) 


Derivatives of unit VECTORS with respect to the coor- 
dinates are 


OF 
a, = 0 (23) 
« —sin@ 
i | ome | =8 (24) 
0 
or 
ay = 9 (25) 
308 
aor 0 (26) 
P —cosé 
a = [-sne] =-f (27) 
0 
a) 
= 0 (28) 
0% 
ap 78 (29) 
04 
ag 70 (30) 
O8 ay (31) 


392 Cylindrical Coordinates 
The GRADIENT of a VECTOR FIELD in cylindrical coor- 
dinates is given by 


32 Beh AO it tac 


so the GRADIENT iene become 
V,#=0 (33) 
ee (34) 
T 
V.t—0 (35) 
V-0 =0 (36) 
fee (37) 
3 
vV.0=0 (38) 
V,z=0 (39) 
Vea =0 (40) 
V.2z=0. (41) 


Now, since the CONNECTION COEFFICIENTS are defined 
by 


jh = K+ (Vay), (42) 
0 0 0 
rv=j0 -21 0 (43) 
0 0 0 
020 
r=|0 0 0 (44) 
0 0 0 
0 0 0 
ré=/0 0 Of. (45) 
00 0 
The COVARIANT DERIVATIVES, given by 
1 BAs. 
Ajyk = o* Dan — Tn A:, (46) 
are 
OA. oP 4 DA, 
Ane = 3" — Tred = (47) 
10A, 10A 
Ant tpg, Pree ope ee 
10A, Ao 
ror ages (48) 
OA, ni aA, 
iz r;. = 4 
Anis = A= > (49) 
_ Abi 4 _ OAe 
Abie = Pon Ai = (50) 
1 BAg@ i fae 1 OAo r 
cee aaa a a 
oa! OAg A, 
ae tae 61) 
OAyg i OAge 
Py Zz ee 2 
Ap; Oz Ty A Oz (5 ) 
aA aA 
ro = t3, A; _ = 
As Or Or (53) 
LOAs 4), LOA; 
Bee a Ag eee 86 (54) 
_9Azr yi 4. _ OAz P 
Azz = Oz TL.Ai Bz ‘ (55) 


Cylindrical Coordinates 


Cross Propucts of the coordinate axes are 


Fxz=-@ 
Oxz=f 
rXxO=% 


The COMMUTATION COEFFICIENTS are given by 


Capen = [€., &] = Vaép — Vaea; 

But Ao a he 

[F, F| i, (8, 6 —- [p, @| = 0, 

SO Crp = Cog = CGg = 0, where a = 7,6,¢. Also 
ra; ae A 3 1s ls 
(ft, 0] = —(0,#] = V-8 — Vet =0- 79 = eerie 

so 8, = —c§, = —1, ely = c®, = 0. Finally, 

[t, 4] = [4,9] =0 

Summarizing, 

00 0 
c = 0 0 0 

0 0 0 

0 -2 0 
cf = + 0 0 

0 oO O 

0 0 0 
c®?={0 0 0 

0 0 0 


Time DERIVATIVES of the VECTOR are 


cos Or — rsind@ a 
f= |sind*?+rcosob}| =*#+7d00+ 2% 


z 


rcos60 


(56) 
(57) 
(58) 


(59) 


(60) 


(61) 


(62) 


(63) 


(64) 


(66) 


—sinO76 + cos@7 — sind 76 — rcos6 6? von | 


r= | cos 97r@ + sinO7 + cos676 — rsin# @? | 
4 


Qcos Ar + sinfx — rsin@ 6? + rcos06 
Zz 


= | Bec a — rouse 6? —r ot | 


=(# -r6?)e + (276 + rb) 4 za. 


SPEED is given by 
Ne aey ey 


Time derivatives of the unit VECTORS are 


v= |rl= 


Cylindrical Coordinates 


Cross Propucts of the axes are 


Fxz=-6 (72) 
@xa=F (73) 
tx O=4. (74) 


The CONVECTIVE DERIVATIVE is 


Bi? 


att: v)t=F te. Vr. (75) 


ot 
To rewrite this, use the identity 


V(A-B) = Ax(VxB)+Bx(VxA)+(A-V)B+(B.V)A 


(76) 
and set A = B, to obtain 


V(A-A)=2Ax(VxA)+2(A-V)A, (77) 


so 
(A. V)A = V(3A")— Ax (Vx A). (78) 
Then 
Di fe <2 se Be iad 
b= £+V(5r°)—-rx(V xt) =F+(Vxr)xr+V(5r ). 
(79) 
The CuRL in the above expression gives 
fem cle pene ee 
Vxr= mae O)z = 262, (80) 
so 
tx (V x #) = —26(## x + 780 x 2) 


= —26(—r0 + r6#) = 2760 — 2r6?%. (81) 


We expect the gradient term to vanish since SPEED does 
not depend on position. Check this using the identity 


V(f?) = 2fVF, 


V (hE?) = EVR? +776? + 2) = PVE + OV (16) + 202. 


2 


(82) 
Examining this term by term, 
Mest pera Hie (83) 
mae ae 


olray (74) + 


58+ ~6) + 6¢| 


r6V(r6) = r6 bee + 6Vr] =r 


= ri |r (-3 


= —6*0 + r6(—6) + r6?% = —670 (84) 
Qo. s 
iVix= tn, Vz= ina 22-0, (85) 
so, as expected 
V(48") = (86) 
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We have already computed r, so combining all three 
pieces gives 
Dr 


Di = (# — r6? — 2r6?)F + (276 + 276 + 76)0 + 2% 


= (# — 3r6”)z + (476 + r6)O + 38. (87) 
The DIVERGENCE is 
V-A= At = At (Pt, At +15,4 +10,4*) +.4% 
+ (T¥oA" +A? +1254") 
+A® + (T2,A" +15,4° + Ti”) 
= AT, 4A% + AZ + (04040) +(— +040) 


+(0+0+0) 
= 2s, WO Oe 
= 254 + = 594 are re +A 
=f. 4 10 Oe OU: 
Siglo e cgee Bat o 
or, in VECTOR notation 
= 10 1 OFe OF. 
V P= —ai(rFr) + ; Ob + De (89) 
The Cross PRODUCT is 
_(10F,  OFe\. (= ot) a 
vxF= (5 ra - 52) ae eee 
1/0 OF,) . 
+o [gerd - Sele my 
and the LAPLACIAN is 
spud ® (88) 4 1OF , OF 
¥ Or \ Or Bore 062 + 92 
Of 10f 18f df 
-gatro two ter 
The vector LAPLACIAN is 
ot ts aur ie am a 
2 wv, 
Viva | + aSet Stihl aoe 8 
Se + a oy + vue + oo 
(92) 


The HELMHOLTZ DIFFERENTIAL EQUATION is separable 
in cylindrical coordinates and has STACKEL DETERMI- 
NANT S = 1 (for r, 6, z) or S =1/(1 — &27) (for Morse 
and Feshbach’s £1, 2, £3). 


see also ELLIPTIC CYLINDRICAL COORDINATES, HELM- 
HOLTZ DIFFERENTIAL EQUATION—CIRCULAR CYLIN- 
DRICAL COORDINATES, POLAR COORDINATES, SPHER- 
ICAL COORDINATES 
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Cylindrical Equal-Area Projection 


Si penee tee Mes eeteeee tenets Seer Sai 


The MAP PROJECTION having transformation equa- 
tions, 


z= (A— Ao) cos¢s (1) 
_ sing 
~ cos gs (2) 


for the normal aspect, and inverse transformation equa- 
tions 


¢ = sin™*(ycos ¢.) (3) 
d= = gy te (4) 


An oblique form of the cylindrical equal-area projection 
is given by the equations 


\. =tan7 (= #1 sin dg cos Az — sin 1 cos d2 cos ss) 
>= ee ee eee A Nee a ee AR 


sin $1 cos ¢@2 sin Ag — cos gi sin @2 sin Ay 


(5) 

ows ° 
and the inverse FORMULAS are 

¢=sin‘(ysind, + /1— y? cos op sin x) (7) 


cheat /1-— y? sin dp sin z — ycos dp 
V1-y? cosz 
(8) 


Cylindrical Function 


A transverse form of the cylindrical equal-area projec- 
tion is given by the equations 


x =cos¢sin(A — Ao) (9) 


tan d |=, (10) 


y = tan’? | ——"~__ 
cos(A — Ao) 


and the inverse FORMULAS are 
@ =sin™*[,/1 — 2? sin(y + ¢0)| (11) 
: Fes cos(y + e)| (12) 


A= Ao + tan™ 


References 
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Cylindrical Equidistant Projection 


x& = (A — Ao) cos 1 (1) 
y=, (2) 


and the inverse FORMULAS are 


g=y (3) 


zx 
nl Bae Te (4) 
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Cylindrical Function 


Jin(t)¥m(y) — Jm(y)¥m (2) 
Jm(z)¥m(y) — Jm(y)¥m(z) 
— Jin(2)¥m(y) — Jm(y)¥m(2) 
© Im{2)¥m(y) — Jm(y)¥m (x) 


Rm(z,y) 


Sm(x,y) 


see also CYLINDER FUNCTION, HEMISPHERICAL FUNC- 
TION 


Cylindrical Harmonics 


Cylindrical Harmonics 
see BESSEL FUNCTION OF THE FIRST KIND 


Cylindrical Hoof 
see CYLINDRICAL WEDGE 


Cylindrical Projection 

see BEHRMANN CYLINDRICAL EQUAL-AREA PROJEC- 
TION, CYLINDRICAL EQUAL-AREA PROJECTION, CYL- 
INDRICAL EQUIDISTANT PROJECTION, GALL’S STEREO- 
GRAPHIC PROJECTION, MERCATOR PROJECTION, MIL- 
LER CYLINDRICAL PROJECTION, PETERS PROJECTION, 
PSEUDOCYLINDRICAL PROJECTION 


Cylindrical Segment 


The solid portion of a CYLINDER below a cutting PLANE 
which is oriented PARALLEL to the CYLINDER’s axis of 
symmetry. For a CYLINDER of RADIUS r and length 
L, the VOLUME of the cylindrical segment is given by 
multiplying the AREA of a circular SEGMENT of height 


h by L, 
V = Lr? cos”? (—) = (r= h)LV/2rh = he. 


see also CYLINDRICAL WEDGE, SECTOR, SEGMENT, 
SPHERICAL SEGMENT 


Cylindrical Wedge 
(r, 0, h) 


(0, r, 0) 

(0, 0, 0) 

(0, -r, 0) 
The solid cut from a CYLINDER by a tilted PLANE pass- 
ing through a DIAMETER of the base. It is also called a 
CYLINDRICAL Hoor. Let the height of the wedge be h 
and the radius of the CYLINDER from which it is cut r. 
Then plugging the points (0, —r, 0), (0,7, 0), and (r, 0, h) 
into the 3-point equation for a PLANE gives the equation 


for the plane as 
hz-—rz=0. (1) 


Combining with the equation of the CIRCLE which de- 
scribes the curved part remaining of the cylinder (and 
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writing t = x) then gives the parametric equations of 
the “tongue” of the wedge as 


c=t (2) 
y= tr? -0? (3) 
pol (4) 


for t € [0,r]. To examine the form of the tongue, it 
needs to be rotated into a convenient plane. This can 
be accomplished by first rotating the plane of the curve 
by 90° about the z-AXIS using the ROTATION MATRIX 
R,(90°) and then by the ANGLE 


@ =tan7} (*) (5) 


r 


above the z-AXIs. The transformed plane now rests in 
the xz-plane and has parametric equations 


tVh? + 7? 
r= (6) 
r 
z=tyVr? -t? (7) 


and is shown below. 


The length of the tongue (measured down its middle) is 
obtained by plugging t = r into the above equation for 
xz, which becomes 


L=vVh?+r? (8) 

(and which follows immediatcly from the PyTHAGO- 

REAN THEOREM). The VOLUME of the wedge is given 
by 

V = 3rh. (9) 


see also CONICAL WEDGE, CYLINDRICAL SEGMENT 


Cylindroid 
see PLUCKER’S CONOID 


d’Alembert’s Equation 


d’Alembert’s Equation 
The ORDINARY DIFFERENTIAL EQUATION 


y = xf(y’) + 9(y’), 
where 7’ = dy/dx and f and g are given functions. 


d’Alembert Ratio Test 
see RATIO TEST 


d’Alembert’s Solution 
A method of solving the 1-D WAVE EQUATION. 


see also WAVE EQUATION 


d’Alembert’s Theorem 

If three CIRCLES A, B, and C are taken in pairs, the ex- 
ternal similarity points of the three pairs lie on a straight 
line. Similarly, the external similarity point of one pair 
and the two internal similarity points of the other two 
pairs lie upon a straight line, forming a similarity axis 
of the three CIRCLES. 


References 
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d’Alembertian Operator 
Written in the NOTATION of PARTIAL DERIVATIVES, 


18 
c2 Ot?’ 


CP=v? 


where c is the speed of light. Writing in TENSOR nota- 
tion 


a d¢ 
2 An = AK _ TA 
Oo = (9 $5) in g 6x2°0x* r Ox" 


see also HARMONIC COORDINATES 


d-Analog 
The d-analog of INFINITY FACTORIAL is given by 


This INFINITE PRODUCT can be evaluated in closed form 
for small POSITIVE integral d > 2. 


see also q- ANALOG 
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D-Number 
A NATURAL NUMBER n > 3 such that 


n|(a"~? — a) 


whenever (a,n) = 1 (a@ and n are RELATIVELY PRIME) 
and a < n. There are an infinite number of such 
numbers, the first few being 9, 15, 21, 33, 39, 51, ... 
(Sloane’s A033553). 


see also KNODEL NUMBERS 
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D-Statistic 
see KOLMOGOROV-SMIRNOV TEST 


D-Triangle 

Let the circles c2 and c3 used in the construction of the 
BROCARD POINTS which are tangent to A2A3 at Az and 
Az, respectively, meet again at D,. The points D, D2 D3 
then define the D-triangle. The VERTICES of the D- 
triangle lie on the respective APOLLONIUS CIRCLES. 


see also APOLLONIUS CIRCLES, BROCARD POINTS 
References 
Johnson, R. A. Modern Geometry: An Elementary Treatise 
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Daisy 


A figure resembling a daisy or sunflower in which copies 
of a geometric figure of increasing size are placed at regu- 
lar intervals along a spiral. The resulting figure appears 
to have multiple spirals spreading out from the center. 


see also PHYLLOTAXIS, SPIRAL, SWIRL, WHIRL 
References 
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Damped Exponential Cosine Integral 


[ e*7 cos(wt) dw. (4) 
+0 
Integrate by parts with 

uze 


ete dv = cos(wt) dw (2) 


du = —Te~°7 dw v= : sin(wt), (3) 


so 
i e ”" cos(wt) dw 
Te cs T = 
= 76 #¢ sin(wt) + Fs fe #? sin(wt) dw. (4) 


Now integrate 


/ e“ sin(wt) dw (5) 
by parts. Let 
v=e 7? du = sin(wt) dw (6) 
du = —-Te*? dw = -; cos(we), (7) 
so 
—wet + = eed = T . -—wT 
e”*" sin(wt) dw = ; cos(wt) rie cos(wt) dw 
(8) 
and 


1 ut: 
les cos(wt) dw = ze * sin(wt) 
2 


a fe cos(wt) dw (9) 


t2 


2 
(: + 7) ae cos(wt) dw 


=e et E sin(wt) — 7 cost) (10) 


T —wt 
— Re cos(wt) — 


2 ype 
CED [ee costut dw 


t? 
e wt 
ioe [tsin(wT) — Tcos(wt)] (11) 
e “tT 
fae cos(wt) dw = pap sin(wt) — T cos(wT)). 
(12) 
Thereforc, 
wo 
ee T T 
wt 
€) dat = = » OF 
/ e€ cos(wt) 0+ ap Par? (13) 


see also COSINE INTEGRAL, FOURIER TRANSFORM— 
LORENTZIAN FUNCTION, LORENTZIAN FUNCTION 


Dandelin Spheres 


Dandelin Spheres 


The inner and outer SPHERES TANGENT internally to a 
ConE and also to a PLANE intersecting the CONE are 
called Dandelin spheres. 


The SPHERES can be used to show that the intersection 
of the PLANE with the CONE is an ELLIPSE. Let a be 
a PLANE intersecting a right circular CONE with vertex 
O in the curve EB. Call the SPHERES TANGENT to the 
CONE and the PLANE S; and S52, and the CIRCLES on 
which the CIRCLES are TANGENT to the CONE R,; and 
R2. Pick a line along the CONE which intersects R, at 
Q, E at P, and Rz at T. Call the points on the PLANE 
where the CIRCLES are TANGENT F and Fz. Because 
intersecting tangents have the same length, 


F\P=QP 


F,P=TP. 


Therefore, 
PF, + PF, = QP + PT = QT, 


which is a constant independent of P, so F is an ELLIPSE 
with a = QT/2. 
see also CONE, SPHERE 
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Danielson-Lanczos Lemma 

The DISCRETE FOURIER TRANSFORM of length N 
(where NV is EVEN) can be rewritten as the sum of two 
DISCRETE FOURIER TRANSFORMS, each of length N/2. 
One is formed from the EVEN numbered points; the 
other from the ODD numbered points. Denote the kth 
point of the DISCRETE FOURIER TRANSFORM by F,. 
Then 


N-1 
F,= oy fess 
k=0 
N/2-1 N/2-1 
= > gr TRON ATS | Lye SS gr PERRIN 9) Bes 
k=0 k=0 


= F5+W,F, 
where W = e~?"/N andn=0,...,N. This procedure 
can be applied recursively to break up the N/2 even 
and ODD points to their N/4 EVEN and ODD points. 
If N is a POWER of 2, this procedure breaks up the 
original transform into lg N transforms of length 1. Each 
transform of an individual point has Ff°°” = fy, for 
some k. By reversing the patterns of evens and odds, 
then letting e = 0 and o = 1, the value of k in BINARY 
is produced. This is the basis for the FAST FOURIER 
TRANSFORM. 


see also DISCRETE FOURIER TRANSFORM, FAST FouR- 
IER TRANSFORM, FOURIER TRANSFORM 
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Darboux Integral 

A variant of the RIEMANN INTEGRAL defined when the 
UPPER and LOWER INTEGRALS, taken as limits of the 
LOWER SUM 


n 


L(f:)N) = D0 mf; 5x) — o(@r—1) 


r=l 


and UPPER SUM 


n 


U(fiGiN) = S° M(f;6r) - O(a--1), 


ral 


are equal. Here, f(x) is a REAL FUNCTION, ¢(z) is 
a monotonic increasing function with respect to which 
the sum is taken, m(f;S) denotes the lower bound of 
f(x) over the interval S, and M(f; S) denotes the upper 
bound. 


see also LOWER INTEGRAL, LOWER SUM, RIEMANN IN- 
TEGRAL, UPPER INTEGRAL, UPPER SUM 
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Darboux-Stieltjes Integral 
see DARBOUX INTEGRAL 


Darboux Vector 

The rotation VECTOR of the TRIHEDRON of a curve with 
CURVATURE « # 0 when a point moves along a curve 
with unit SPEED. It is given by 


D=7rT +x«B, (1) 


where 7 is the TORSION, T the TANGENT VECTOR, and 
B the BINORMAL VECTOR. The Darboux vector field 
satisfies 


T=DxT (2) 
N=DxN (3) 
B=DxB. (4) 


see also BINORMAL VECTOR, CURVATURE, TANGENT 
VECTOR, TORSION (DIFFERENTIAL GEOMETRY) 
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Darling’s Products 

A generalization of the HYPERGEOMETRIC FUNCTION 

identity 

2F;(a, B; 7; 2) 2Fi(1 — a, 1 — B32 — ¥;2) 

= 2Fi(at+1—7,84+1-7;2-732)2Fi(y—a, 7-8; 2) 
(1) 

to the GENERALIZED HYPERGEOMETRIC FUNCTION 

3F2(a,b,c;d,e;x). Darling’s products are 


3F2 oa 3 Fo eer ra 


b,€ 2—6,2—€e 
eee Fr. a+1-6,84+1-6,y+1-—6;z 
re at 2-6,e+1-6 
6—a,d—B,d6-¥;2z 
«Fs | 5541 -e | 
6-1 a+1-¢6,8@+1-e7+1l—e6z 
+m 2-—6€6+1-€ 
e-—a,e—B,e-—Y3z 
«Fs | eee (2) 
and 
(1 e gicte tne". 3 Fp | 
_e-l F 6—a,d6—-—B,bd— 732 
a Te 6,6+1—e 
€—a,e— B,e—- yz 
«P| e—l,e+1-6 | 
6-1 €—a,e—B,e-—y2z 
+r | 6ge+1—6 | 
6-a,6-6,6-—y32z 
«Fs | §-4.9-44—¢ | (3) 
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which reduce to (1) when y = € -+ oo. 
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Dart 
see PENROSE TILES 


Darwin-de Sitter Spheroid 
A SURFACE OF REVOLUTION of the form 


r(¢) = a[1 — esin? ¢ — (2e? + k) sin? (2¢)], 


where k is a second-order correction to the figure of a 
rotating fluid. 


see also OBLATE SPHEROID, PROLATE SPHEROID, 
SPHEROID 


References 
Zharkov, V. N. and Trubitsyn, V. P. Physics of Planetary 
Interiors. Tucson, AZ: Pachart Publ. House, 1978. 


Darwin’s Expansions 

Series expansions of the PARABOLIC CYLINDER FUNC- 
TION U(a,x) and W(a,z). The formulas can be found 
in Abramowitz and Stegun (1972). 
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Data Structure 
A formal structure for the organization of information. 
Examples of data structures include the LIST, QUEUE, 
STACK, and TREE. 


Database 

A database can be roughly defined as a structure con- 
sisting of 

1. A collection of information (the data), 

2. A collection of queries that can be submitted, and 
3. A collection of algorithms by which the structure 


responds to queries, searches the data, and returns 
the results. 
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Dawson’s Integral 


Daubechies Wavelet Filter 

A WAVELET used for filtering signals. Daubechies (1988, 
p. 980) has tabulated the numerical values up to order 
p= 10. 
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Davenport-Schinzel Sequence 

Form a sequence from an ALPHABET of letters [1,n] such 
that there are no consecutive letters and no alternating 
subsequences of length greater than d. Then the se- 
quence is a Davenport-Schinzel sequence if it has max- 
imal length Na(n). The value of Ni(n) is the trivial 
sequence of 1s: 1, 1, 1, ... (Sloane’s A000012). The val- 
ues of N2(n) are the PosITIVE INTEGERS 1, 2, 3, 4, ... 
(Sloane’s A000027). The values of Ng(n) are the ODD 
INTEGERS 1, 3, 5, 7, ... (Sloane’s A005408). The first 
nontrivial Davenport-Schinzel sequence N4(n) is given 
by 1, 4, 8, 12, 17, 22, 27, 32, ... (Sloane’s A002004). 
Additional sequences are given by Guy (1994, p. 221) 
and Sloane. 
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Dawson’s Integral 


An INTEGRAL which arises in computation of the Voigt 
lineshape: 


D(z) = a” ig ev dy. (1) 
0 


Day of Week 
It is sometimes generalized such that 
2? ‘ ty? f 
Ds(x) = eF e” dy, (2) 
0 

giving 
D(z) = lige erfi(x) (3) 
D_(z) = }/re* erf(z), (4) 


where erf(z) is the ERF function and erfi(z) is the imag- 
inary error function ERFI. D(z) is illustrated in the 
left figure above, and D_(z) in the right figure. D; has 
a maximum at D!, (x) = 0, or 


l-Vre? 2” erfi(r) = 0, (5) 

giving 

D4.(0.9241388730) = 0.5410442246, (6) 
and an inflection at D’ (c) = 0, or 

22 + Jme-* (227 — 1) erfi(z) = 0, (7) 
giving 

D..(1.5019752683) = 0.4276866160. (8) 
References 


Abramowitz, M. and Stegun, C. A. (Fds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 298, 1972. 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vet- 
terling, W. T. “Dawson’s Integrals.” §6.10 in Numerical 
Recipes in FORTRAN: The Art of Scientific Computing, 
2nd ed. Cambridge, England: Cambridge University Press, 
pp. 252-254, 1992. 

Spanier, J. and Oldham, K. B. “Dawson’s Integral.” Ch. 42 
in An Atlas of Functions. Washington, DC: Hemisphere, 
pp. 405-410, 1987. 


Day of Week 
see FRIDAY THE THIRTEENTH, WEEKDAY 


de Bruijn Constant 


Also called the COPSON-DE BRUIJN CONSTANT. It is 
defined by 


2 Se 2 2 2 

Soa sed + Qn+1* + Qn+2 eke 
nr 

n=l n=l 


where 


c= 1.0164957714.... 
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de Bruijn Diagram 
see DE BRUIJN GRAPH 


de Bruijn Graph 
A graph whose nodes are sequences of symbols from 
some ALPHABET and whose edges indicate the sequences 
which might overlap. 
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de Bruijn-Newman Constant. 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let = be the X1 FUNCTION defined by 


Eliz) = 2(2? — Yer? 4P(22 4 (242). 0) 


=(z/2)/8 can be viewed as the FOURIER TRANSFORM of 
the signal 


co 
&(t) = S_(2n? née ~ 3nnzee)e* (2) 


n-1 


forte R Pa 0. Then denote the FOURIER TRANSFORM 
of &(t)e** as H(),z), 


F([B(t)e**"] = H(A, 2). (3) 


de Bruijn (1950) proved that H has only REAL zeros 
for X > 1/2. C. M. Newman (1976) proved that there 
exists a constant A such that H has only REAL zeros 
IrF X > A. The best current lower bound (Csordas et 
al. 1993, 1994) is A > —5.895 x 10-°. The RIBMANN 
HYPOTHESIS is equivalent to the conjecture that A < 0. 
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de Bruijn Sequence 

The shortest sequence such that every string of length 
n on the ALPHABET a occurs as a contiguous subrange 
of the sequence described by a. Every de Bruijn se- 
quence corresponds to an EULERIAN CYCLE on a “DE 
BRUIJN GRAPH.” Surprisingly, it turns out that the 
lexicographic sequence of LYNDON WorbDs of lengths 
DIVISIBLE by n gives the lexicographically smallest de 
Bruijn sequence (Ruskey). 
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de Bruijn’s Theorem 

A box can be packed with a HARMONIC BRICK a x ab x 
abc IFF the box has dimensions ap x abg x abcr for some 
natural numbers 9, g, r (i-e., the box is a multiple of the 
brick). 

see also BOX-PACKING THEOREM, CONWAY PUZZLE, 
DE BRUIJN’S THEOREM, KLARNER’S THEOREM 
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de Jonquiéres Theorem 

The total number of groups of a gy consisting in a point 
of multiplicity ki, one of multiplicity k2,..., one of mul- 
tiplicity kp, where 


Sok =N (1) 
Yok - DY =r, (2) 


and where ai points have one multiplicity, a2 another, 
etc., and ; 
TI = kiko ---kp (3) 
is 
Tp(p — 1)--:(p — p) 
ay!ag!+-- 
8 o?n 
iu pay oh par, Ok, Ok; 


p—p p-pt+l p-p+2 


(4) 
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de Jonquiéres Transformation 
A transformation which is of the same type as its inverse. 
A de Jonquiéres transformation is always factorable. 
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de Moivre’s Identity 


de la Loubere’s Method 
A method for constructing MAGIC SQUARES of ODD or- 
der, also called the SIAMESE METHOD. 


see also MAGIC SQUARE 


de Longchamps Point 

The reflection of the ORTHOCENTER about the CIRCUM- 
CENTER. This point is also the ORTHOCENTER of the 
ANTICOMPLEMENTARY TRIANGLE. It has TRIANGLE 
CENTER FUNCTION 


a=cosA—cosBcosC. 


It lies on the EULER LINE. 
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de Mere’s Problem 


The probability of gctting at least one “6” in four rolls 
of a single 6-sided DIE is 


1— (2)* =0.518..., (1) 


which is slightly higher than the probability of at least 
one double 6 in 24 throws, 


1 — (38)"* = 0.491... (2) 


de Mere suspected that (1) was higher than (2). He 
posed the question to Pascal, who solved the problem 
and proved de Mere correct. 


see also DICE 
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de Moivre’s Identity 
ei(n9) = (ery: (1) 
From the EULER FORMULA it follows that 
cos(n@) + isin(n@) = (cos @ + isin @)”. (2) 


A similar identity holds for the HYPERBOLIC FUNC- 
TIONS, 


(cosh z + sinhz)” =cosh(nz)+sinh(nz). (3) 
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de Moivre Number 


de Moivre Number 


A solution ¢, = e2"**/4 to the CYCLOTOMIC EQUATION 


et =. 


The de Moivre numbers give the coordinates in the 
COMPLEX PLANE of the VERTICES of a regular POLy- 
GON with d sides and unit RaADIvs. 


n de Moivre Numbers 


2 +1 
3 1, 4(-1+iv3) 
4 +1,+4: 
5 13 (a+ vee0+ ve) /=BSi), 
_liv5 4 V5-v5 ; 
4 2/2 


2 
6 +1,+4(41+iv3) 


see also CYCLOTOMIC EQUATION, CYCLOTOMIC POLY- 
NOMIAL, EUCLIDEAN NUMBER 
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de Moivre-Laplace Theorem 

The sum of those terms of the BINOMIAL SERIES of (p+ 
q)* for which the number of successes 2 falls between d; 
and d2 is approximately 


1 8 —t?/2 
Qe al e dt, (1) 
where 
1 
he ies ee (2) 
te Las (3) 
o = /spq. (4) 


Uspensky (1937) has shown that 


1 " —t?/2 q—p 2, 1 42/2 2 
=-= € dt+—— 1-—t)—e 
Q Wey i 6c ( lee th 


a0; (5) 
_— 0.12 + 0.18 
[| < : ~ lp q| fe 37? (6) 
o 
for g > 5. 


A COROLLARY states that the probability that x suc- 
cesses in s trials will differ from the expected value sp 
by more than d is 


6 
Ps x 1- 2 | b(t) dt, (7) 
0 
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where 


i" 
+ 
bole 


é= (8) 
Uspensky (1937) showed that 


Qs, = P(|jz — sp| < d) 


61 
1-6, -—6 
=2] ¢(t)dt+ a 7 (61) +, (9) 
0 
where 
é=$ (10) 
6; = (sq+d) — |sq+d| (11) 
62 = (sp +d) — [sp +d (12) 
bad 0.20 + 0.25 
JQa] < 270+ 0a + F Weed tal (13) 
for g > 5. 
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de Moivre’s Quintic 


2 +ax* + 1getb=0. 
see also QUINTIG EQUATION 


de Morgan’s and Bertrand’s Test 
see BERTRAND’S TEST 


de Morgan’s Duality Law 

For every proposition involving logical addition and mul- 
tiplication (“or” and “and”), there is a corresponding 
proposition in which the words “addition” and “multi- 
plication” are interchanged. 


de Morgan’s Laws 
Let U represent “or”, M represent “and”, and ’ represent 
“not.” Then, for two logical units & and F, 


(EUF) =E'NF' 
(ENF) =E'UF'. 


de Polignac’s Conjecture 

Every EVEN NUMBER is the difference of two consec- 
utive PRIMES in infinitely many ways. If true, taking 
the difference 2, this conjecture implies that there are 
infinitely many TWIN PRIMES (Ball and Coxeter 1987). 
The CONJECTURE has never been proven true or refuted. 


see also EVEN NUMBER, TWIN PRIMES 
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de Rham Cohomology 

de Rham cohomology is a formal set-up for the analytic 
problem: If you have a DIFFERENTIAL k-FORM w on a 
MANIFOLD M, is it the EXTERIOR DERIVATIVE of an- 
other DIFFERENTIAL k-FORM w’? Formally, if w = dw’ 
then dw = 0. This is more commonly stated as dod = 0, 
meaning that if w is to be the EXTERIOR DERIVATIVE of 
a DIFFERENTIAL k-FORM, a NECESSARY condition that 
w must satisfy is that its EXTERIOR DERIVATIVE is zero. 


de Rham cohomology gives a formalism that aims to 
answer the question, “Are all differential k-forms on a 
MANIFOLD with zero EXTERIOR DERIVATIVE the Ex- 
TERIOR DERIVATIVES of (k + 1)-forms?” In particular, 
the kth de Rham cohomology vector space is defined to 
be the space of all k-forms with EXTERIOK DERIVATIVE 
0, modulo the space of all boundaries of (k + 1)-forms. 
This is the trivial VECTOR SPACE IFF the answer to our 
question is yes. 


The fundamental result about de Rham cohomology 
is that it is a topological invariant of the MANIFOLD, 
namely: the kth de Rham cohomology VECTOR SPACE 
of a MANIFOLD M is canonically isomorphic to the 
ALEXANDER-SPANIER COHOMOLOGY VECTOR SPACE 
H*(M;R) (also called cohomology with compact sup- 
port). In the case that M is compact, ALEXANDER- 
SPANIER COHOMOLOGY is exactly singular cohomology. 


see also ALEXANDER-SPANIER COHOMOLOGY, CHANGE 
OF VARIABLES THEOREM, DIFFERENTIAL k-ForM, Ex- 
TERIOR DERIVATIVE, VECTOR SPACE 


de Sluze Conchoid 


see CONCHOID OF DE SLUZE 


de Sluze Pearls 
see PEARLS OF SLUZE 


Debye’s Asymptotic Representation 
An asymptotic expansion for a HANKEL FUNCTION OF 
THE First KIND 


HO? (2) ~ x exp{iz[cos a + (a — 7/2) sin a]} 


in /4 3Bri/4 
«(5 + (4+ 3 tan? meee a 


xX 8 24 2x3 
be 3. ebti/4 
77 5 
ot (sag ot gop tan” +; jazg tan” o) Say5— 92X5 ie be 
where 
— =sina, 
v3 
1- > Sy? 
x 
and 
X = \/-2cos(5a) 


Decagon 


see also HANKEL FUNCTION OF THE FIRST KIND 
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Debye Functions 


= t” dt n 1 7 fay 
t ee ’ 
oe —1 n Cea 


where |x| < 27 and B, arc BERNOULLI NUMBERS. 


gg eer gare ’ (2) 
where x > 0. The sum of these two integrals is 


ie t” a = nie(n + 1), (3) 
0 


et — 


where ¢€(z) is the RIEMANN ZETA FUNCTION. 
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Decagon 


The constructible regular 10-sided POLYGON with 
SCHLAFLI SYMBOL {10}. The INRADIUS r, CIRCUM- 
RADIUS R, and AREA can be computed directly from 
the formulas for a general regular POLYGON with side 
length s and n = 10 sides, 


r= dscot (7) = 3V25 -10v8s (1) 
R= }scsc (=) = 1(1+ V5)s = ¢s (2) 
A = ins’ cot (=) = 8V5+2v55". (3) 


Here, ¢ is the GOLDEN MEAN. 
see also DECAGRAM, DODECAGON, TRIGONOMETRY 
VALUES—7/10, UNDECAGON 
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Decagonal Number 


Decagonal Number 


A FicuRATE NUMBER of the form 4n? — 3n. The first 
few are 1, 10, 27, 52, 85, ... (Sloane’s A001107). The 
GENERATING FUNCTION giving the decagonal numbers 


1s 
wet) _ 4 ioe? +270 + 5204+... 
(1-28 
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Decagram 


The STAR POLYGON { Pe ¥. 
see also DECAGON, STAR POLYGON 


Decic Surface 

A SURFACE which can be represented implicitly by a 
POLYNOMIAL of degree 10 in z, y, and z. An example 
is the BARTH DECIc. 


see also BARTH DECIC, CUBIC SURFACE, QUADRATIC 
SURFACE, QUARTIC SURFACE 


Decidable 

A “theory” in Locic is decidable if there is an ALGO- 
RITHM that will decide on input ¢ whether or not disa 
SENTENCE true of the FIELD of REAL NUMBERS R. 


see also CHURCH’s THESIS, GODEL’S COMPLETE- 
NESS THEOREM, GODEL’S INCOMPLETENESS THEOREM, 
KREISEL CONJECTURE, TARSKI’S THEOREM, UNDECID- 
ABLE, UNIVERSAL STATEMENT 
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Decillion 
In the American system, 10°°. 


see also LARGE NUMBER 


Decimal 
The base 10 notational system for representing REAL 
NUMBERS. 


see also 10, BASE (NUMBER), BINARY, HEXADECIMAL, 
OCTAL 
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Decimal] Expansion 

The decimal expansion of a number is its representation 
in base 10. For example, the decimal expansion of 25? 
is 625, of m is 3.14159..., and of 1/9 is 0.1111.... 


If r = p/q has a finite decimal expansion, then 


a, a2 an 
r= i0 + 02 +...4 To" 
_ a,10"7* +4210"? +... tan 
~ 10” 
a,10"~* + a210°~? +... + Gn 
ae (1) 


FACTORING possible common multiples gives 
oP. 
ToS a5 > (2) 


where p # 0 (mod 2, 5). Therefore, the numbers with 
finite decimal expansions are fractions of this form. The 
number of decimals is given by max(a,(). Numbers 
which have a finite decimal expansion are called REGu- 
LAR NUMBERS. 


Any NONREGULAR fraction m/n is periodic, and has a 
period A(n) independent of m, which is at most n —1 
DiciTs long. If n is RELATIVELY PRIME to 10, then the 
period of m/n is a divisor of d(n) and has at most $(n) 
DIGITS, where ¢ is the TOTIENT FUNCTION. When a 
rational number m/n with (m,n) = 1 is expanded, the 
period begins after s terms and has length t, where s 
and ¢ are the smallest numbers satisfying 


10? = 10°t* (mod n). (3) 


When n # 0 (mod 2, 5), s = 0, and this becomes a 
purely periodic decimal with 


10° =1 (mod n). (4) 
As an example, consider n = 84. 


10'=10 10?=16 10°=-8 
10°=40 10°=-—20 10’ = —32, 


10° =1 
107 =4 
10° = 16 
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so s = 2,t = 6. The decimal representation is 1/84 = 
0.01190476. When the DENOMINATOR of a fraction m/n 
has the form n = no2%5® with (no, 10) = 1, then the 
period begins after max(a,@) terms and the length of 
the period is the exponent to which 10 belongs (mod no), 
i.e., the number zx such that 107 = 1 (mod no). If g is 
PRIME and X(g) is EVEN, then breaking the repeating 
DIGITS into two equal halves and adding gives all 9s. 
For example, 1/7 = 0.142857, and 142 + 857 = 999. 
For 1/q with a PRIME DENOMINATOR other than 2 or 5, 
all cycles n/q have the same length (Conway and Guy 
1996). 


If n is a PRIME and 10 is a PRIMITIVE ROOT of n, then 
the period A(n) of the repeating decimal 1/n is given by 


A(n) = O(n), (5) 


where ¢(n) is the TOTIENT FUNCTION. Furthermore, 
the decimal expansions for p/n, with p = 1, 2,...,n—-1 
have periods of length n — 1 and differ only by a cyclic 
permutation. Such numbers are called LONG PRIMES 
by Conway and Guy (1996). An equivalent definition is 
that 

10° =1 (mod n) (6) 


for i = n—1 and noi less than this. In other words, a 
NECESSARY (but not SUFFICIENT) condition is that the 
number 9Rn-1 (where Ry is a REPUNIT) is DIVISIBLE 
by n, which means that R, is DIVISIBLE by n. 


The first few numbers with maximal decimal expansions, 
called FULL REPTEND PRIMES, are 7, 17, 19, 23, 29, 
47, 59, 61, 97, 109, 113, 131, 149, 167, ... (Sloane’s 
A001913). The decimals corresponding to these are 
called CycLic NUMBERS. No general method is known 
for finding FULL REPTEND PRIMES. Artin conjectured 
that ARTIN’S CONSTANT C = 0.3739558136... is the 
fraction of PRIMES p for with 1/p has decimal maximal 
period (Conway and Guy 1996). D. Lehmer has gen- 
eralized this conjecture to other bases, obtaining values 
which are small rational multiples of C. 


To find DENOMINATORS with short periods, note that 
10° -1=3? 


10? ~-1= 37-11 
10° —1= 3°. 37 


10* ~1=3?-11-101 

10° —1 = 3? 41-271 

10° —1 = 3°-7-11-13-37 
10’ — 1 = 37. 239. 4649 

10° —1 =37-11-73-101-137 
10° — 1 = 3% - 37 - 333667 

10°° —1 = 37 -11-41- 271-9091 


101! — 1 = 3? - 21649 - 513239 
10'? — 1 = 3°-7-11-13-37-101- 9901. 


Decimal Expansion 


The period of a fraction with DENOMINATOR equal to a 
PRIME FACTOR above is therefore the POWER of 10 in 
which the factor first appears. For example, 37 appears 
in the factorization of 10 — 1 and 10° — 1, so its period 
is 3. Multiplication of any FACTOR by a 2°54 still gives 
the same period as the FAcTOR alone. A DENOMINA- 
TOR obtained by a multiplication of two FACTORS has 
a period equal to the first POWER of 10 in which both 
FACTORS appear. The following table gives the PRIMES 
having small periods (Sloane’s A046106, A046107, and 
A046108; Ogilvy and Anderson 1988). 


[period | —siprimes—Ss 
1 3 
2 11 
3 37 
4 101 
5 Al, 271 
6 7.43 
7 239, 4649 
8 73, 137 
) 333667 

10 9091 
11 21649, 513239 
12 9901 
13 53, 79, 265371653 
14 909091 
15 31, 2906161 
16 17, 5882353 
17 | 2071723, 5363222357 
18 19, 52579 
19 |1111111111111111111 
20 3541, 27961 | 


A table of the periods e of small PRIMES other than the 
special p = 5, for which the decimal expansion is not 
periodic, follows (Sloane’s A002371). 


Shanks (1873ab) computed the periods for all PRIMES 


(2) up to 120,000 and published those up to 29,989. 


see also FRACTION, MIDY’S THEOREM, REPEATING 
DECIMAL 
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Decimal Period 
see DECIMAL EXPANSION 


Decision Problem 

Does there exist an ALGORITHM for deciding whether 
or not a specific mathematical assertion does or does 
not have a proof? The decision problem is also known 
as the ENTSCHEIDUNGSPROBLEM (which, not so coinci- 
dentally, is German for “decision problem”). Using the 
concept of the TURING MACHINE, Turing showed the an- 
swer to be NEGATIVE for elementary NUMBER THEORY. 
J. Robinson and Tarski showed the decision problem is 
undecidable for arbitrary FIELDS. 


Decision Theory 
A branch of GAME THEORY dealing with strategies to 
maximize the outcome of a given process in the face of 
uncertain conditions, 


see also NEWCOMR’S PARADOX, OPERATIONS RE- 
SEARCH, PRISONER’S DILEMMA 


Decomposition 

A rewriting of a given quantity (e.g., a MATRIX) in terms 
of a combination of “simpler” quantities. 

see also CHOLESKY DECOMPOSITION, CONNECTED SUM 
DECOMPOSITION, JACO-SHALEN-JOHANNSON TORUS 
DECOMPOSITION, LU DECOMPOSITION, QR DEcoOMm- 
POSITION, SINGULAR VALUE DECOMPOSITION 


Deconvolution 
The inversion of a CONVOLUTION equation, i.e., the so- 
lution for f of an equation of the form 


feg=ht+e, 


Dedekind’s Axiom 407 


given g and h, where ¢ is the NOISE and * denotes the 
CONVOLUTION. Deconvolution is ill-posed and will usu- 
ally not have a unique solution even in the absence of 
NOISE. 


Linear deconvolution ALGORITHMS include INVERSE 
FILTERING and WIENER FILTERING. Nonlinear ALGO- 
RITHMS include the CLEAN ALGORITHM, MAXIMUM 
ENTROPY METHOD, and LUCY. 


see also CLEAN ALGORITHM, CONVOLUTION, LUCY, 
MAXIMUM ENTROPY METHOD, WIENER FILTER 
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Decreasing Function 

A function f(x) decreases on an INTERVAL I if f(b) < 
f(a) for all b > a, where a,b € IT. Conversely, a function 
f(z) increases on an INTERVAL I if f(b) > f(a) for all 
b>awitha,be I. 


If the Derivative f'(z) of a CONTINUOUS FUNCTION 
f(x) satisfies f(z) < 0 on an OPEN INTERVAL (a,b), 
then f(x) is decreasing on (a,b). However, a furction 
may decrease on an interval without having a derivative 
defined at all points. For example, the function —2'/* 
is decreasing everywhcre, including the origin « = 0, 
despite the fact that the DERIVATIVE is not defined at 
that point. 


see also DERIVATIVE, INCREASING FUNCTION, NONDE- 
CREASING FUNCTION, NONINGREASING FUNCTION 


Decreasing Sequence 
A SEQUENCE {a1,4@2,...} for which a1 > a2 >.... 


see also INCREASING SEQUENCE 


Decreasing Series 
A SERIES $1, $2,... for which s1 > s2>.... 


Dedekind’s Axiom 
For every partition of all the points on a line into two 
nonempty SETS such that no point of either lies between 
two points of the other, there is a point of one SET which 
lies between every other point of that SET and every 
point of the other SET. 
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Dedekind Cut 

A set partition of the RATIONAL NUMBERS into two 
nonempty subsets S; and S2 such that all members of 
S, are less than those of Sz and such that S; has no 
greatest member. REAL NUMBERS can be defined using 
either Dedekind cuts or CAUCHY SEQUENCES. 


see also CANTOR-DEDEKIND AXIOM, CAUCHY SE- 
QUENCE 
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Dedekind Eta Function 


Re(DedekindEta 2} Im[{DedekindEta z] 


|DedekindEta 2| 


then the Dedekind eta function is defined by 


co 


n(z) =a" T] (1-9"), (2) 


n=l 


which can be written as 


[eo @) 
n(z) = gi/*4 1 ae Senger? ¢ assed 


n=1 
(3) 
(Weber 1902, pp. 85 and 112; Atkin and Morain 1993). 
n is a MODULAR FoRM. Letting G4 = 27°74 be a 
Root OF UNITY, 7(z) satisfies 


nz +1) = ¢2an(z) (4) 
n(-5) =-vzin(2) (5) 


(Weber 1902, p. 113; Atkin and Morain 1993). 


see also DIRICHLET ETA FUNCTION, THETA FUNCTION, 
WEBER FUNCTIONS 
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Dedekind Sum 


Dedekind Function 


v(nj=n J] 


distinct prime 
factors p of n 


(1+p7’), 


where the PRODUCT is over the distinct PRIME FACTORS 
of n. The first few values are 1, 3, 4, 6, 6, 12, 8, 12, 12, 
18, ... (Sloane’s A001615). 


see also DEDEKIND ETA FUNCTION, EULER PRODUCT, 
TOTIENT FUNCTION 
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Dedekind’s Problem 

The determination of the number of monotone 
BOOLEAN FUNCTIONS of n variables is called Dedekind’s 
problem. 


Dedekind Ring 
A abstract commutative RING in which every NONZERO 
IDEAL is a unique product of PRIME IDEALS. 


Dedekind Sum 
Given RELATIVELY PRIME INTEGERS p and q, the 
Dedekind sum is defined by 


wo X()(B). 0 


i=l 


where 
—~jz-|z]-} zezZ 
((2)) = {3 a7 (2) 
Dedekind sums obey 2-term 
mae EY gre rts 
s(p,q) + s(4,P) = -7 + 55 (2 re +) » (3) 


and 3-term 
1 ilifa b c 
b i ‘ pb eno = (< oO =) 
S(bey a) shee yb) alah e 44 ao Get eg %. ) 
4 


reciprocity laws, where a, 6, c are pairwise COPRIME and 


aa’ =1 (mod 6) (5) 
bb’ = 1 (mod c) (6) 
cc =1 (mod a). (7) 


Deducible 


Let p, g, u, vu € N with (p,q) = (u,v) = 1 (ie. are 
pairwise RELATIVELY PRIME), then the Dedekind sums 
also satisfy 


s(p,q) + s(u,v) = s(pu' — qu’, pu + qu) — 3 
1/qeosest 
+79 (2 - tq + «) > (8) 


where t = pv + qu, and wu’, v’ are any INTEGERS such 
that wu! + vv’ = 1 (Pommersheim 1993). 
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Deducible 
If g is logically deducible from p, this is written p g. 


Deep Theorem 

Qualitatively, a deep theorem is a theorem whose proof 
is long, complicated, difficult, or appears to involve 
branches of mathematics which are not obviously related 
to the theorem itself (Shanks 1993). Shanks (1993) cites 
the QUADRATIC RECIPROCITY THEOREM as an example 
of a deep theorem. 


see also THEOREM 
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Defective Matrix 
A MATRIX whose EIGENVECTORS are not COMPLETE. 


Defective Number 
see DEFICIENT NUMBER 


Deficiency 
The deficiency of a BINOMIAL COEFFICIENT ("7") with 
k <n as the number of 7 for which b; = 1, where 


n+i=aib, 
1<i<k, the PRIME factors of 6; are > k, and TI a — 


k!, where k1 is the FACTORIAL. 
see also ABUNDANCE 
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Definite Integral 409 


Deficient Number 
Numbers which are not PERFECT and for which 


s(N) =o(N)-N<N, 


or equivalently 
a(n) < 2n, 


where o(NV) is the Divison FUNCTION. Deficient num- 
bers are sometimes called DEFECTIVE NUMBERS (Singh 
1997). PRIMES, POWERS of PRIMES, and any divisors 
of a PERFECT or deficient number are all deficient. The 
first few deficient numbers are 1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 
13, 14, 15, 16, 17, 19, 21, 22, 23,... (Sloane’s A002855). 
see also ABUNDANT NUMBER, LEAST DEFICIENT NUM- 
BER, PERFECT NUMBER 
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Definable Set 
An ANALYTIC, BOREL, or COANALYTIC SET. 


Defined 

If A and B are equal by definition (ie., A is defined 
as B), then this is written symbolically as A = B or 
A:— B. 


Definite Integral 
An INTEGRAL 


i "(e) de 


with upper and lower limits. The first FUNDAMENTAL 
THEOREM OF CALCULUS allows definite integrals to be 
computed in terms of INDEFINITE INTEGRALS, since if 
F is the INDEFINITE INTEGRAL for f(z), then 


i. f(x) dz = F(b) — F(a). 


see also CALCULUS, FUNDAMENTAL THEOREMS OF 
CALCULUS, INDEFINITE INTEGRAL, INTEGRAL 
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Degenerate 

A limiting case in which a class of object changes its na- 
ture so as to belong to another, usually simpler, class. 
For example, the POINT is a degenerate case of the Cir- 
CLE as the RADIUS approaches 0, and the CIRCLE is 
a degenerate form of an ELLIPSE as the ECCENTRIC- 
ITY approaches 0. Another example is the two identical 
Roots of the second-order POLYNOMIAL (a —1)*. Since 
the n Roots of an nth degree POLYNOMIAL are usually 
distinct, Roots which coincide are said to be degener- 
ate. Degenerate cases often require special treatment in 
numerical and analytical solutions. For example, a sim- 
ple search for both Roots of the above equation would 
find only a single one: 1 


The word degenerate also has several very specific and 
technical meanings in different branches of mathematics. 
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Degree 

The word “degree” has many meanings in mathematics. 
The most common meaning is the unit of ANGLE mea- 
sure defined such that an entire rotation is 360°. This 
unit harks back to the Babylonians, who used a base 60 
number system. 360° likely arises from the Babylonian 
year, which was composed of 360 days (12 months of 30 
days each). The degree is subdivided into 60 MINUTES 
per degree, and 60 SECONDS per MINUTE. 


see also ARC MINUTE, ARC SECOND, DEGREE OF 
FREEDOM, DEGREE (MAP), DEGREE (POLYNOMIAL), 
DEGREE (VERTEX), INDEGREE, LOCAL DEGREE, OUT- 
DEGREE 


Degree (Algebraic Surface) 
see ORDER (ALGEBRAIC SURFACE) 


Degree of Freedom 

The number of degrees of freedom in a problem, distri- 
bution, etc., is the number of parameters which may be 
independently varied. 


see also LIKELIHOOD RATIO 


Degree (Map) 

Let f : M ++ N be a Map between two compact, 
connected, oriented n-D MANIFOLDS without boundary. 
Then f induces a HOMEOMORPHISM f, from the Ho- 
MOLOGY GROUPS Hn(M) to Hn»(N), both canonically 
isomorphic to the INTEGERS, and so f, can be thought 
of as a HOMEOMORPHISM of the INTEGERS. The INTE- 
GER d(f) to which the number 1 gets sent is called the 
degree of the Map f. 


There is an easy way to compute d(f) if the MANIFOLDS 
involved are smooth. Let x € N, and approximate f 
by a smooth map HoOMoTopPIc to f such that z is a 
“regular value” of f (which exist and are everywhere by 


Dehn Invariant 


SARD’S THEOREM). By the IMPLICIT FUNCTION THE- 
OREM, each point in f~*(z) has a NEIGHBORHOOD such 
that f restricted to it is a DIFFEOMORPHISM. If the 
DIFFEOMORPHISM is orientation preserving, assign it the 
number +1, and if it is orientation reversing, assign it 
the number —1. Add up all the numbers for all the 
points in f—}(x), and that is the d(f), the degree of 
f. One reason why the degree of a map is important is 
because it is a HOMOTOPY invariant. A sharper result 
states that two self-maps of the n-sphere are homotopic 
Irr they have the same degree. This is equivalent to the 
result that the nth HOMOTOPY GROUP of the n-SPHERE 
is the set Z of INTEGERS. The ISOMORPHISM is given 
by taking the degree of any representation. 


One important application of the degree concept is that 
homotopy classes of maps from n-spheres to n-spheres 
are classified by their degree (there is exactly one homo- 
topy class of maps for every INTEGER n, and n is the 
degree of those maps). 


Degree (Polynomial) 
see ORDER (POLYNOMIAL) 


Degree Sequence 

Given an (undirected) GRAPH, a degree sequence is a 
monotonic nonincreasing sequence of the degrees of its 
VERTICES. A degree sequence is said to be k-connected 
if there exists some k-CONNECTED GRAPH correspond- 
ing to the degree sequence. For example, while the de- 
gree sequence {1, 2, 1} is 1- but not 2-connected, {2, 2, 
2} is 2-connected. The number of degree sequences for 
n=1,2,... is given by 1, 2, 4, 11, 31, 102,... (Sloane’s 
004251). 

see also GRAPHICAL PARTITION 
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Degree (Vertex) 
see VERTEX DEGREE 


Dehn Invariant 

An invariant defined using the angles of a 3-D POLYHE- 
DRON. It remains constant under solid DISSECTION and 
reassembly. However, solids with the same volume can 
have different Dehn invariants. Two POLYHEDRA can 
be dissected into each other only if they have the same 
volume and the same Dehn invariant. 


see also DISSECTION, EHRHART POLYNOMIAL 


Dehn’s Lemma 


Dehn’s Lemma 

If you have an embedding of a 1-SPHERE in a 3- 
MANIFOLD which exists continuously over the 2-DIsk, 
then it also extends over the DISK as an embedding. 
It was proposed by Dehn in 1910, but a correct proof 
was not obtained until the work of Papakyriakopoulos 
(1957ab). 
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Dehn Surgery 

The operation of drilling a tubular NEIGHBORHOOD of a 
Knot K in S* and then gluing in a solid TORUS so that 
its meridian curve goes to a (p,q)-curve on the TORUS 
boundary of the KNOT exterior. Every compact con- 
nected 3- MANIFOLD comes from Dehn surgery on a LINK 
in S*. 

see also KIRBY CALCULUS 
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Del 
see GRADIENT 


Del Pezzo Surface 
A SURFACE which is related to CAYLEY NUMBERS. 
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Delannoy Number 
The Delannoy numbers are defined by 


D(a,b) = D(a - 1,6) + D(a,b- 1) + D(a- 1,b- 1), 


where D(0,0) = 1. They are the number of lattice paths 
from (0,0) to (b,a) in which only east (1, 0), north (0, 
1), and northeast (1, 1) steps are allowed (i.e, >, t, and 


/): 
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For n = a = b, the Delannoy numbers are the number 
of “king walks” 


D(n,n) = Ppr(3), 


where P,,(x) is a LEGENDRE POLYNOMIAL (Moser 1955, 
Vardi 1991). Another expression is 


D(n,n) = 3 @ & : ‘) = 2F,(—n,n+1;1,-1), 


k=0 


where (¢) is a BINOMIAL COEFFICIENT and 
2F(a,b;c;z) is a HYPERGEOMETRIC FUNCTION. The 
values of D(n,n) for n = 1, 2, ... are 3, 13, 63, 321, 
1683, 8989, 48639, ... (Sloane’s A001850). 


The SCHRODER NUMBERS bear the same relation to the 
Delannoy numbers as the CATALAN NUMBERS do to the 
BINOMIAL COEFFICIENTS. 


see also BINOMIAL COEFFICIENT, CATALAN NUMBER, 
MoTzKIN NUMBER, SCHRODER NUMBER 
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Delaunay Triangulation 

The NERVE of the cells in a VORONOI DIAGRAM, which 
is the triangular of the CONVEX HULL of the points in 
the diagram. The Delaunay triangulation of a VORONOI 
D1AcRaM in R? is the diagram’s planar dual. 


see also TRIANGULATION 


Delian Constant 

The number 21/% (the CuBE Root of 2) which is to be 
constructed in the CUBE DUPLICATION problem. This 
number is not a EUCLIDEAN NUMBER although it is an 
ALGEBRAIC of third degree. 
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Delian Problem 
see CUBE DUPLICATION 


Delta Amplitude 
Given an AMPLITUDE #@ and a MODULUS m in an EL- 
LIPTIC INTEGRAL, 


A(¢) = V1—msin’ ¢. 


see also AMPLITUDE, Etliptic INTEGRAL, MODULUS 
(ELLIPTIC INTEGRAL) 


Delta Curve 

A curve which can be turned continuously inside an 
EQUILATERAL TRIANGLE. There are an infinite num- 
ber of delta curves, but the simplest are the CIRCLE and 
lens-shaped A-biangle. All the A curves of height h have 
the same PERIMETER 27h/3. Also, at each position of 
a A curve turning in an EQUILATERAL TRIANGLE, the 
perpendiculars to the sides at the points of contact are 
CONCURRENT at the instantaneous center of rotation. 
see also REULEAUX TRIANGLE 
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Delta Function 

Defined as the limit of a class of DELTA SEQUENCES. 
Sometimes called the IMPULSE SYMBOL. The most com- 
monly used (equivalent) definitions are 


1 sin{(n + $)z] 


6(z) = ii 1 
2) hee OK sin(}2) (1) 
(the so-called DIRICHLET KERNEL) and 
_ 3... Sin(nz) 
eS a 2 
ee 1 = ~tke 
af cede (3) 
1 es ikea 
==— 4 
i | eta (4) 
= Fi], (5) 


where ¥ is the FOURIER TRANSFORM. Some identities 


include 
é(z —ua) =0 (6) 


for z # a, ” 
/ 6(a — a) dz = 1, (7) 


_e 


where ¢ is any POSITIVE number, and 


i fla)6(n — a) de = f(a) (8) 


Delta Function 
/ f(2)8"(w - a)dx = -f"(a) (9) 
tf H(2\6le~ 20) de = x9 [£2)8(e - 0) da (10) 


saps / ia 2)flc)de= F's) Gi) 


if |6'(x)| dx = co (12) 
z’6'(x) =0 (13) 
&(-2) = -6'(2) (14) 
x6 (c)= (zx). (15) 


(15) can be established using INTEGRATION BY PARTS 
as follows: 


J sey26 eae = — f (0) Zte(0)\ do 

=~ [ sif(e) +27'@))ae 

=-f ses(a)ae. 00) 
Additional identities are 

S(az) = “§() (17) 
S(2? —a%) = 5 [i(e+0)+5(e—0)] (18) 
sty(a)] = So) (19) 
where the z;s are the Daan of g. For example, examine 


5(a? + @ — 2) = 6{(x —1)(e + 2)]. (20) 


Then g'(xz) = 2x+1, so g’(x1) = g'(1) = 3 and g' (a2) = 
Ul 
g (—2) = -3, and we have 


A(z? +2 —2) = 24(m—1)+38(n+2). (21) 
A FOURIER SERIES expansion of 6(z — a) gives 


an = +f. 6(x — a) cos(na) dz = ~ cos(na) (22) 


bn = ‘i / d(@ a)sin(nz) dz = * sin(na), (23) 


so , 
6(z2—a)= = +  "[cos(na) cos(nz) + sin(na) sin(naz))] 
= = + Be cos[n(z — a)]. (24) 


Delta Sequence 


The FOURIER TRANSFORM of the delta function is 


foo} 
—2ri —27ik 
2nike 5( 0) 1 2ri tO. 


(25) 
Delta functions can also be defined in 2-D, so that in 
2-D CARTESIAN COORDINATES 


Flate - 20)|= f 


co 


5° (« — 20,y— yo) =5(x—20)5(y—yo), (26) 
and in 3-D, so that in 3-D CARTESIAN COORDINATES 


6° (a — 20, y — yo, z — 20) = 5(x — 20)d(y — yo)5(z — 20), 


(27) 
in CYLINDRICAL COORDINATES 
3 _ 4(r)d(z) 
6°(r,0,z) = ace (28) 
and in SPHERICAL COORDINATES, 
3 5(r) 
— “ 2 
5(r,0,4) = 5 (29) 


A series expansion in CYLINDRICAL COORDINATES gives 
3 1 
6°(r1 —r2) = et — 72)6(b1 — $2)d(21 — z2) 


= Shape ‘ eim(d1—e2) 1 7 eik (21-22) gh 
Ti Qn ae ee 
m=— 00 


(30) 


The delta function also obeys the so-called SIFTING 
PROPERTY 


i iit vay = 70): (31) 


see also DELTA SEQUENCE, DOUBLET FUNCTION, 
FOURIER TRANSFORM—DELTA FUNCTION 
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Delta Sequence 
A SEQUENCE of strongly peaked functions for which 


lim i ba(2) f(a) de = f(n) (1) 


n+00 
oo 
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so that in the limit as n — oo, the sequences become 
DELTA FUNCTIONS. Examples include 


0 xw< —i1 
se= fa ~-p<a<gd (2) 
0 ¢>¢ 
= nd (3) 
= “sine(ac) = sin(n) (4) 
ing _ ,-inz 
= = : oF (5) 
ee @ 
= = C e** dt (7) 
: 1 
_asn[in+)2] 


2n sin (32) 
where (8) is known as the DIRICHLET KERNEL. 


Delta Variation 
see VARIATION 


Deltahedron 

A semiregular POLYHEDRON whose faces are all EQUI- 
LATERAL TRIANGLES. There are an infinite number of 
deltahedra, but only eight convex ones (Freudenthal and 
van der Waerden 1947). They have 4, 6, 8, 10, 12, 14, 
16, and 20 faces. These are summarized in the table 
below, and illustrated in the following figures. 


Name 

tetrahedron 

triangular dipyramid 
octahedron 

pentagonal dipyramid 

snub disphenoid 

triaugmented triangular prism 
gyroelongated square dipyramid 
icosahedron 


The STELLA OCTANGULA is a concave deltahedron with 
24 sides: 
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Another with 60 faces is a “caved in” DODECAHEDRON 
which is ICOSAHEDRON STELLATION I. 


Cundy (1952) identifies 17 concave deltahedra with two 
kinds of VERTICES. 


see also GYROELONGATED SQUARE DIPYRAMID, ICOS- 
AHEDRON, OCTAHEDRON, PENTAGONAL DIPYRAMID, 
SNUB DISPHENOID TETRAHEDRON, TRIANGULAR DI- 
PYRAMID, TRIAUGMENTED TRIANGULAR PRISM 


References 

Cundy, H. M. “Deltahedra.” Math. Gaz. 36, 263-266, 1952. 

Freudenthal, H. and van der Waerden, B. L. “On an Assertion 
of Euclid.” Simon Stevin 25, 115-121, 1947. 

Gardner, M. Fractal Music, Hypercards, and More: Math- 
ematical Recreations from Scientific American Magazine. 
New York: W. H. Freeman, pp. 40, 53, and 58-60, 1992. 

Pugh, A. Polyhedra: A Visual Approach. Berkeley, CA: Uni- 
versity of California Press, pp. 35-36, 1976. 


Deltoid 


A 3-cusped HYPOCYCLOID, also called a TRICUSPOID, 
which has n = a/b = 3 or 3/2, where a is the RADIUS 
of the large fixed CIRCLE and b is the RADIUS of the 
small rolling CIRCLE. The deltoid was first considered 
by Euler in 1745 in connection with an optical prob- 
lem. It was also investigated by Steiner in 1856 and 
is sometimes called STEINER’S HYPOCYCLOID (MacTu- 
tor Archive). The equation of the deltoid is obtained 


Deltoid 


by setting n = 3 in the equation of the HYPOCYCLOID, 
yielding the parametric equations 


x = [2 cos ¢ — 3 cos(2)|a = 2bcos ¢ + bcos(2) (1) 
y = [Zsing + § sin(2¢)]a = 2bsin gd — bsin(2¢). (2) 


S(t) 
k(t) 
phi (t) 


t fe t 


The Arc LENGTH, CURVATURE, and TANGENTIAL AN- 
GLE are 


s(t) = | | sin(3t')| dt’ = 48 sin?(3t) (3) 
0 


K(t) = —} cse(3t) (4) 


o(t) = — Gt. (5) 


As usual, care must be taken in the evaluation of s(t) 
for t > 27/3. Since the form given above comes from an 
integral involving the ABSOLUTE VALUE of a function, 
it must be monotonic increasing. Each branch can be 
treated correctly by defining 


n= [=| +1, (6) 
where |z| is the FLOOR FUNCTION, giving the formula 


s(t) = (—1)'*! (mod 2128 sin?(3t) + 2 [En]. (7) 


The total ARC LENGTH is computed from the general 
HYPOCYCLOID equation 


8a(n — 1) 


n = 8 
: ~ (8) 
With n = 3, this gives 
$3= ‘Sa. (9) 
The AREA is given by 
(n—1)(n—2)_ 9 
An = ase (10) 
with n = 3, 
A3 = 27a”. (11) 


The length of the tangent to the tricuspoid, measured 
between the two points P, Q in which it cuts the curve 
again, is constant and equal to 4a. If you draw TAn- 
GENTS at P and Q, they are at RIGHT ANGLES. 
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Deltoid Caustic 
The caustic of the DELTOID when the rays are PARALLEL 
in any direction is an ASTROID. 


Deltoid Evolute 


A HypocycLoip EVOLUTE for n = 3 is another DEL- 
TOID scaled by a factor n/(n — 2) = 3/1 = 3 and rotated 
1/(2-3) = 1/6 of a turn. 


Deltoid Involute 


A HYPOCYCLOID INVOLUTE for n = 3 is another DEL- 
TOID scaled by a factor (n — 2)/n = 1/3 and rotated 
1/(2-3) = 1/6 of a turn. 


The PEDAL CURVE for a DELTOID with the PEDAL 
Point at the Cusp is a FOLIUM. For the PEDAL POINT 
at the Cusp (NEGATIVE z-intercept), it is a BIFOLIUM. 
At the center, or anywhere on the inscribed EQUILAT- 
ERAL TRIANGLE, it is a TRIFOLIUM. 
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Deltoid Radial Curve 


The TRIFOLIUM 


x = to + 4acos¢ — 4acos(2¢) 
y = yo + 4asin gd + 4asin(2¢). 


Deltoidal Hexecontahedron 


The DUAL POLYHEDRON of the RHOMBICOSIDODECA- 
HEDRON. 


Deltoidal Icositetrahedron 


A16 Demlo Number 


The DUAL POLYHEDRON of the SMALL RHOMBICUB- 
OCTAHEDRON. It is also called the TRAPEZOIDAL Icos- 
ITETRAHEDRON. 


Demlo Number 

The initially PALINDROMIC NUMBERS 1, 121, 12321, 
1234321, 123454321, ... (Sloane’s A002477). For the 
first through ninth terms, the sequence is given by the 
GENERATING FUNCTION 


107 +1 
(x — 1)(10z — 1)(100z — 1) 
= 1+ 121e + 123212” + 12343212" +... 


(Plouffe 1992, Sloane and Plouffe 1995). The definition 
of this sequence is slightly ambiguous from the tenth 
term on. 


see also CONSECUTIVE NUMBER SEQUENCES, PALIN- 
DROMIC NUMBER 
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Dendrite Fractal 


A JULIA SET with c = 7. 


Denjoy Integral 

A type of INTEGRAL which is an extension of both 
the RIEMANN INTEGRAL and the LEBESGUE INTEGRAL. 
The original Denjoy integral is now called a Denjoy inte- 
gral “in the restricted sense,” and a more general type is 
now called a Denjoy integral “in the wider sense.” The 
independently discovered PERON INTEGRAL turns out to 
be equivalent to the Denjoy integral “in the restricted 
sense.” 


see also INTEGRAL, LEBESGUE INTEGRAL, PERON IN- 
TEGRAL, RIEMANN INTEGRAL 
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Denumerably Infinite 


Denominator 
The number g in a FRACTION p/gq. 


see also FRACTION, NUMERATOR, RATIO, RATIONAL 
NUMBER 


Dense 

A set A in a FIRST-COUNTABLE SPACE is dense in B if 
B= AUL, where L is the limit of sequences of elements 
of A. For example, the rational numbers are dense in 
the reals. In general, a SURSET A of X is dense if its 
CLOSURE cl(A) = X. 


see also CLOSURE, DENSITY, DERIVED SET, PERFECT 
SET 


Density 


see DENSITY (POLYGON), DENSITY (SEQUENCE), NAT- 
URAL DENSITY 


Density (Polygon) 
The number g in a STAR POLYGON {®}. 


see also STAR POLYGON 


Density (Sequence) 

Let a SEQUENCE {ai }?2 be strictly increasing and com- 
posed of NONNEGATIVE INTEGERS. Call A(x) the num- 
ber of terms not exceeding x. Then the density is given 
by limz+.. A(x)/zx if the LIMIT exists. 
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Denumerable Set 

A SET is denumerable if a prescription can be given 
for identifying its members one at a time. Such a set is 
said to have CARDINAL NUMBER No. Examples of denu- 
merable sets include ALGEBRAIC NUMBERS, INTEGERS, 
and RATIONAL NUMBERS. Once one denumerable set S 
is given, any other set which can be put into a ONE-TO- 
ONE correspondence with S is also denumerable. Ex- 
amples of nondenumerable sets include the REAL, COM- 
PLEX, IRRATIONAL, and TRANSCENDENTAL NUMBERS. 


see also ALEPH-0, ALEPH-1, CANTOR DIAGONAL 
SLASH, CONTINUUM, HILBERT HOTEL 
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Denumerably Infinite 
see DENUMERABLE SET 


Depth (Graph) 


Depth (Graph) 

The depth E(G) of a GRAPH G is the minimum num- 
ber of PLANAR GRAPHS F; needed such that the union 
U;P; = G. 

see also PLANAR GRAPH 


Depth (Size) 

The depth of a box is the horizontal DISTANCE from 
front to back (usually not necessarily defined to be 
smaller than the WIDTH, the horizontal DISTANCE from 
side to side). 


see also HEIGHT, WIDTH (S1zE) 


Depth (Statistics) 
The smallest RANK (either up or down) of a set of data. 


References 
Tukey, J. W. Explanatory Data Analysis. Reading, MA: 
Addison-Wesley, p. 30, 1977. 


Depth (Tree) 

The depth of a RESOLVING TREE is the number of lev- 
els of links, not including the top. The depth of the link 
is the minimal depth for any RESOLVING TREE of that 
link. The only links of length 0 are the trivial links. A 
KNorT of length 1 is always a trivial KNOT and links 
of depth one are always Hopr LINKS, possibly with a 
few additional trivial components (Bleiler and Scharle- 
mann). The LINKS of depth two have also been classified 
(Thompson and Scharlemann). 
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Derangement 

A PERMUTATION of n ordered objects in which none of 
the objects appears in its natural place. The function 
giving this quantity is the SUBFACTORIAL !n, defined by 


In=n! +S cy (1) 


or 


n= [=| ; (2) 


where k! is the usual FACTORIAL and [2] is the NINT 
function. These are also called RENCONTRES NUMBERS 
(named after rencontres solitaire), or COMPLETE PER- 
MUTATIONS, or derangements. The number of derange- 
ments !n = d(n) of length n satisfy the RECURRENCE 
RELATIONS 


d(n) = (n — 1)[d(n — 1) + d(n — 2)] (3) 


and 
d(n) = nd(n ~ 1) + (-1)", (4) 
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with d(1) = 0 and d(2) = 1. The first few are 0, 1, 2, 
9, 44, 265, 1854, ... (Sloane’s A000166). This sequence 
cannot be expressed as a fixed number of hypergeometric 
terms (PetkovSek et al. 1996, pp. 157-160). 


see also MARRIED COUPLES PROBLEM, PERMUTATION, 
Root, SUBFACTORIAL 
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Derivative 

The derivative of a FUNCTION represents an infinites- 
imal change in the function with respect to whatever 
parameters it may have. The “simple” derivative of a 
function f with respect to x is denoted either f(x) or $£ 
(and often written in-line as df/dr). When derivatives 
are taken with respect to time, they are often denoted 
using Newton’s FLUXION notation, de = gz. The deriva- 
tive of a function f(x) with respect to the variable z is 


defined as 


Vm) = ten Se +h) — F(z) 
f(z) = lim ~—|{———. (1) 
Note that in order for the limit to exist, both lim, _,9+ 
and lim,_,)9- must exist and be equal, so the FUNCTION 
must be continuous. However, continuity is a NECEs- 
SARY but not SUFFICIENT condition for differentiabil- 
ity. Since some DISCONTINUOUS functions can be inte- 
grated, in a sense there are “more” functions which can 
be integrated than differentiated. In a letter to Stielt- 
jes, Hermite wrote, “I recoil with dismay and horror at 
this lamentable plague of functions which do not have 
derivatives.” 


A 3-D generalization of the derivative to an arbitrary 
direction is known as the DIRECTIONAL DERIVATIVE. 
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In general, derivatives are mathematical objects which 
exist between smooth functions on manifolds. In this 
formalism, derivatives are usually assembled into “TAN- 
GENT Maps.” 


Simple derivatives of some simple functions follow. 


d n nol 
or (2) 
d 1 
pata ea 
+ tn|e| => (3) 
ne sing = cos zx (4) 
dz i 
a cosz = —sing (5) 
dx 7 
d d (22) cos x cos © — sin z(— sin z) 
— tanz = = 
d dx \cosax cos? x 
1 2 
a i (6) 
sa cscaz = —(sinz)~! = -(sinz)~? cosz = — toad 
dx d sin? x 
= —cscacotz (7) 
us sec x = tear = —(cosz)~*(—sinz) = ane 
dz dz cos? 
=secrtanz (8) 
d d (=*) sin z(— sinxw) — cosxcosz 
— cotz = — | — = eee 
dz dx \sinz cos? x 
1 2 
= -—s = — CSC 9 
cos? £ a‘ (9) 
ae =e (10) 
d o_ d Ina™ d zine 
dz® ~ dx dw 
= (Ina)e*'"* = (Ina)a® (11) 
rns eee 1 
ae sin c= Vice (12) 
~1 1 
= COS 2 = ~~ === 13 
7 eee (13) 
Si on Ol 
an tan “x ite (14) 
d eft om. 1 
cm cot  z2= 142? (15) 
(ee: eee 1 
as sec i Feng) (16) 
es eee 1 
aa CSC c= ae ree (17) 
£ sinh x = coshz (18) 
dz ~ 
- cosh xz = sinhz (19) 
¢ tanh = sech’ x (20) . 
dz 7 
= coth z = — csch? x (21) 
xo sech x = — sech x tanh x (22) 


dx 


Derivative 


d 

— cschz = —csch th 23 
dp Che esch x cothz (23) 
SB tee ee aae (24) 
dz - 

Ge ht = —sntdne (25) 
o dna = —k? snzcngz. (26) 


Derivatives of sums are equal to the sum of derivatives 
so that 


[f(z) +... + h(a)! = f'(e) +... +h'(e). (27) 


In addition, if c is a constant, 


+ [f(2)| = cf'(2). (28) 


Furthermore, 


+ [F(e)a(@)] = F(a)o'(e) + F'(a)ole), (29) 


where f’ denotes the DERIVATIVE of f with respect to x. 
This derivative rule can be applied iteratively to yield 
derivate rules for products of three or more functions, 
for example, 


[fgh]’ =(fg)h’ + (fg)'h= foh' + (fg' + f'g)h 
= f'gh+ fg'h+ foh’. (30) 


Other rules involving derivatives include the CHAIN 
RULE, POWER RULE, PRODUCT RULE, and QUOTIENT 
RULE. Miscellaneous other derivative identities include 


dy # 
dz oa 
dy 1 
ig" (32) 
dy 
If F(z, y) = C, where C is a constant, then 
OF OF 
dF = —d —dz=0 33 
Oy y+ iz zc ’ ( ) 
so ae 
dy On 
dz = OF’ (34) 
Oy 
A vector derivative of a vector function 
z(t) 
2(t) 
X(t) = ; (35) 


re(t) 


Derivative Test 


can be defined by 


dX dt 
ae (36) 


see also BLANCMANGE FUNCTION, CARATHEODORY 
DERIVATIVE, COMMA DERIVATIVE, CONVECTIVE DE- 
RIVATIVE, COVARIANT DERIVATIVE, DIRECTIONAL DE- 
RIVATIVE, EULER-LAGRANGE DERIVATIVE, FLUXION, 
FRACTIONAL CALCULUS, FRECHET DERIVATIVE, La- 
GRANGIAN DERIVATIVE, LIE DERIVATIVE, POWER 
RULE, SCHWARZIAN DERIVATIVE, SEMICOLON DERIVA- 
TIVE, WEIERSTRAB FUNCTION 
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Derivative Test 


see FIRST DERIVATIVE TEST, SECOND DERIVATIVE 
TEST 


Derived Set 
The LIMIT POINTS of a SET P, denoted P’. 


see also DENSE, LIMIT POINT, PERFECT SET 


Dervish 


A QUINTIC SURFACE having the maximum possible 
number of ORDINARY DOUBLE POINTS (31), which was 
constructed by W. Barth in 1994 (Endra8). The implicit 
equation of the surface is 


64(a — w)[x* — 4a3w — 1027 y? — 4a? w? 


+162w* — 202y’w + 5y* + 16w* ~ 20y?w? 


—5V5 ~ V5 (22 — V5 — V5) 


x [4(a? + y? + 27) + (14 3V5)w?)?, 
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where w is a parameter (Endra8). The surface can also 
be described by the equation 


aF+q=0, (1) 
where 
F = hihghshahs, (2) 
hy=a-—z (3) 
ha = cos (+) e-sin (F)u-+ (4) 
hg = cos ($) e-sin (F)y-: (5) 
ha = cos (F)e-sin (F)y-z (6) 
hs = cos (5) sin ()y-2 (7) 
qg= (1—cz)(az* + y? —14+7r2z?)?, (8) 
and 
r= 4(1+ v5) (9) 
o=-§ (145) 5-— v5 (10) 
c=iVv5—Vv5 (11) 
(Nordstrand). 


The dervish is invariant under the GROUP Ds and con- 
tains exactly 15 lines. Five of these are the intersection 
of the surface with a Ds-invariant cone containing 16 
nodes, five are the intersection of the surface with a Ds- 
invariant plane containing 10 nodes, and the last five 
are the intersection of the surface with a second Ds- 
invariant plane containing no nodes (Endraf&). 
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Desargues’ Theorem 


420 Descartes Circle Theorem 


If the three straight LINES joining the corresponding 
VERTICES of two TRIANGLES ABC and A’B’C’ all meet 
in a point (the PERSPECTIVE CENTER), then the three 
intersections of pairs of corresponding sides lie on a 
straight LINE (the PERSPECTIVE AXIS). Equivalently, if 
two TRIANGLES are PERSPECTIVE from a POINT, they 
are PERSPECTIVE from a LINE. 


Desargues’ theorem is essentially its own dual according 
to the DUALITY PRINCIPLE of PROJECTIVE GEOMETRY. 


see also DUALITY PRINCIPLE, PAPPUS’S HEXAGON 
THEOREM, PASCAL LINE, PASCAL’S THEOREM, PER- 
SPECTIVE AXIS, PERSPECTIVE CENTER, PERSPECTIVE 
TRIANGLES 
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Descartes Circle Theorem 

A special case of APOLLONIUS’ PROBLEM requiring the 
determination of a CIRCLE touching three mutually tan- 
gent CIRCLES (also called the KISSING CIRCLES PROB- 
LEM). There are two solutions: a small circle surrounded 
by the three original CIRCLES, and a large circle sur- 
rounding the original three. Frederick Soddy gave the 
FORMULA for finding the RADIUS of the so-called inner 
and outer SODDY CIRCLES given the RADII of the other 
three. The relationship is 


(1? + ka? + 3? + a”) = (K1 + K2 + K3 + Ka)’, 


where «; are the CURVATURES of the CIRCLES. Here, 
the NEGATIVE solution corresponds to the outer SODDY 
CIRCLE and the POSITIVE solution to the inner SODDY 
CIRCLE. This formula was known to Descartes and Viéte 
(Boyer and Merzbach 1991, p. 159), but Soddy extended 
it to SPHERES. In n-D space, n + 2 mutually touching 
n-SPHERES can always be found, and the relationship of 
their CURVATURES is 


nt+2 n+2 2 


: 2 
n Ri = 


t=) t=1 


see also APOLLONIUS’ PROBLEM, FOUR COINS PROB- 
LEM, SODDY CIRCLES, SPHERE PACKING 
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Descartes-Euler Polyhedral Formula 
see POLYHEDRAL FORMULA 


Descartes’ Sign Rule 


Descartes Folium 


see FOLIUM OF DESCARTES 


Descartes’ Formula 
see DESCARTES TOTAL ANGULAR DEFECT 


Descartes Ovals 
see CARTESIAN OVALS 


Descartes’ Sign Rule 
A method of determining the maximum number of Pos- 
ITIVE and NEGATIVE REAL ROOTS of a POLYNOMIAL. 


For POSITIVE Roots, start with the SIGN of COEFFI- 
CIENT of the lowest (or highest) PowER. Count the 
number of SIGN changes n as you proceed from the low- 
est to the highest POWER (ignoring POWERS which do 
not appear). Then n is the mazimum number of Pos- 
ITIVE Roots. Furthermore, the number of allowable 
Roots is n, n—2,n—4,.... For example, consider the 
POLYNOMIAL 


3_p?tge—-l, 


f(z) =a +a°—-2*-2 
Since there are three SIGN changes, there are a maxi- 
mum of three possible POSITIVE ROOTS. 


For NEGATIVE ROOTS, starting with a POLYNOMIAL 
f(x), write a new POLYNOMIAL g(a) with the SIcNs 
of all ODD POWERS reversed, while leaving the SIGNS of 
the EVEN POWERS unchanged. Then proceed as before 
to count the number of SIGN changes n. Then n is the 
maximum number of NEGATIVE Roots. For example, 
consider the POLYNOMIAL 


f(x) =2" +-¢° —2* — 23 - 2? +2-1, 


and compute the new POLYNOMIAL 


6 2 


g(x) = —a’ +2% — at 40% — 2? —2-1. 


There are four SIGN changes, so there are a maximum 
of four NEGATIVE ROOTS. 


see also BOUND, STURM FUNCTION 
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Descartes Total Angular Defect 


Descartes Total Angular Defect 

The total angular defect is the sum of the ANGULAR 
DEFECTS over all VERTICES of a POLYHEDRON, where 
the ANGULAR DEFECT 6 at a given VERTEX is the dif- 
ference between the sum of face angles and 27. For any 
convex POLYHEDRON, the Descartes total angular defect 


1S 
A=}; = 4n. (1) 


This is equivalent to the POLYHEDRAL FORMULA for a 
closed rectilinear surface, which satisfies 


A =2n(V -E+F). (2) 


A POLYHEDRON with No equivalent VERTICES is called a 
PLATONIC SOLID and can be assigned a SCHLAFLI SYM- 
BOL {p,q}. It then satisfies 


No = = (3) 
and F 
p= 2r-a(1-2) x, (4) 
° i eee Saeed (5) 
2p + 2q — pq 


see also ANGULAR DEFECT, PLATONIC SOLID, POLy- 
HEDRAL FORMULA, POLYHEDRON 


Descriptive Set Theory 
The study of DEFINABLE SETS and functions in POLISH 
SPACES. 
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Design 

A formal description of the constraints on the possi- 
ble configurations of an experiment which is subject to 
given conditions. A design is sometimes called an Ex- 
PERIMENTAL DESIGN. 

see also BLOCK DESIGN, COMBINATORICS, DESIGN 
THEORY, HADAMARD DESIGN, HOWELL DESIGN, 
SPHERICAL DESIGN, SYMMETRIC BLOCK DESIGN, 
TRANSVERSAL DESIGN 


Design Theory 

The study of DESIGNS and, in particular, NECESSARY 
and SUFFICIENT conditions for the existence of a BLOCK 
DESIGN. 


see also BRUCK-RYSER-CHOWLA THEOREM, FISHER’S 
BLOCK DESIGN INEQUALITY 
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References 

Assmus, E. F. Jr. and Key, J. D. Designs and Their Codes. 
New York: Cambridge University Press, 1993. 

Colbourn, C. J. and Dinitz, J. H. CRC Handbook of Combi- 
natoriai Designs. Boca Raton, FL: CRC Press, 1996. 

Dinitz, J. H. and Stinson, D. R. (Eds.). “A Brief Introduction 
to Design Theory.” Ch. Lin Contemporary Design Theory: 
A Collection of Surveys. New York: Wiley, pp. 1-12, 1992. 


Desmic Surface 

Let Ai, Ao, and Az be tetrahedra in projective 3-space 
P*. Then the tetrahedra are said to be desmically re- 
lated if there exist constants a, 3, and yy such that 


aly + BA2 + yAs = 0. 


A desmic surface is then defined as a QUARTIC SURFACE 
which can be written as 


aA, + bA2 +cA3 =0 


for desmically related tetrahedra A, A2, and A3. 
Desmic surfaces have 12 ORDINARY DOUBLE POINTS, 
which are the vertices of three tetrahedra in 3-space 
(Hunt). 


see also QUARTIC SURFACE 
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Destructive Dilemma 
A formal argument in LoGic in which it is stated that 


1. P > Q and R => S (where => means “IMPLIES”), 
and 


2. Either not-Q or not-S is true, from which two state- 
ments it follows that either not-P or not-R is true. 


see also CONSTRUCTIVE DILEMMA, DILEMMA 


Determinant 
Determinants are mathematical objects which are very 
useful in the analysis and solution of systems of linear 
equations. As shown in CRAMER’S RULE, a nonhomo- 
geneous system of linear equations has a nontrivial so- 
lution IrrF the determinant of the system’s MATRIX is 
NONZERO (so that the MATRIX is nonsingular). A 2 x 2 
determinant is defined to be 
a b a b 
des F ‘| c d 


| = ad — be. (1) 
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A kx k determinant can be expanded by MINORS tu 
obtain 


Git @i2 @13 *"*: Aik 
G21 @22 G23 *** G2arR] 
Qk1 Gk2 Ges *'* kk 
G22 Gag +++ Ark G21 423 ‘': Qa2k 
sau} i of o,f [au 
Qk2  G@k3 *** Akk GQk1 Greg +** Gkk 
Q@21 &22 Q2(k—-1) 
+..-taiun} : 3 Pe ; = (2) 
Qk1 Gk2 Qk(k-1) 


A general determinant for a MATRIX A has a value 


IA| = So aa", (3) 


t 


with no implied summation over i and where a” is the 
COFACTOR of ai; defined by 


al = (-1)°*7 04. (4) 
Here, C is the (n — 1) x (n — 1) MatTRIx formed by 


eliminating row 7 and column j from A, i.e., by DETER- 
MINANT EXPANSION BY MINORS. 


Given an n x n determinant, the additive inverse is 
| - A] = (-1)"/A|. (5) 
Determinants are also DISTRIBUTIVE, so 
|AB| = |A| |B}. (6) 


This means that the determinant of a MATRIX INVERSE 
can be found as follows: 


|I| = |AA™?| = |AJ|A7*| = 1, (7) 
where | is the IDENTITY MATRIX, so 


|A| = (8) 


Determinants are MULTILINEAR in rows and columns, 
since 


a1 0 0 
=/G4 a5 a6 


ar ag ag 
0 a. 9 
a4 a5 a6 
a7 ag ag 


0 0 ag 
a4 45 a6 
ar ag ag 


+ + 


(9) 


Determinant 


and 
a1 @2 a3 a1 a2 a3 
a4 @5 ag|=|0 as dade 
a7 Gg ag 0 ag ag 
0 a2 a3 0 a2 «a3 
+{a4 ads aei+/O as ag (10) 
0 ag ag a7 ag a9 


The determinant of the SIMILARITY TRANSFORMATION 
of a matrix is equal to the determinant of the original 
MATRIX 


|BAB~?| = |B) |A||B~2| = |BI Alar =A). (11) 


The determinant of a similarity transformation minus a 
multiple of the unit MATRIX is given by 


|B~'AB — Al] = |B~*AB — B7? IB] = |B-*(A — Al)B} 
= |B~*||A—Al| |B] = |A-All. (12) 


The determinant of a MATRIX TRANSPOSE cquals the 
determinant of the original MATRIX, 


JAI =IAT|, (13) 


and the determinant of a COMPLEX CONJUGATE is equal 
to the COMPLEX CONJUGATE of the determinant 


|A*| = |Al". (14) 


Let e¢ be a small number. Then 
jl + eA] = 1+ € Tr(A) + O(e’), (15) 


where Tr(A) is the trace of A. The determinant takes on 
a particularly simple form for a TRIANGULAR MATRIX 


Q@i1 G21 *** Gri 


0 a22 Qk2 : 
. |= [ann (16) 


Important properties of the determinant include the fol- 
lowing. 

1. Switching two rows or columns changes the sign. 

2. Scalars can be factored out from rows and columns. 


3. Multiples of rows and columns can be added together 
without changing the determinant’s value. 


4. Scalar multiplication of a row by a constant c multi- 
plies the determinant by c. 

5. A determinant with a row or column of zeros has 
value 0. 


6. Any determinant with two rows or columns equal has 
value 0. 


Determinant 


Property 1 can be established by induction. For a 2 x 2 
MATRIX, the determinant is 


b 
ze ba = ayb2 — brag = —(bia2 — arb2) 
— by a 
| 2 (17) 


For a 3 x 3 MATRIX, the determinant is 


a1 bi C1 
az be c2 
a3 63 C3 
be ce a2 Cc az be 
=a — by + ¢1 
b3 ¢3 a3 a3 bs 
Bei frae |G bo} 4, [ce @ -~o¢|@ be 
C3 bs c3 a3 b3 
a1 C1 bi 
=-—|a2 C2 bg 
a3 C3 b3 
be 2 a2 C2 be ae 
=—{-a + bi +c 
b3 C3 a3 Cc bg ag 
by ay Cl 
=-—ibg ag C2 
bs ag C3 
C2 bg a2 C2 be a2 
=~—([—a —b +e 
( cz (Ob : a3 ¢ "lbs as ) 
C1 bi ai 
=-—1|co be ag]. (18) 
c3 b3 as 


Property 2 follows likewise. For 2x 2 and 3x3 matrices, 


kat by - - = a1 by 
ds. be = k(a1b2) — k(bia2) =k as | (19) 
and 
ee : co} = kay | | — 5, [Rae 
sae id ca te I hay. es 
ka3 bs C3 
Qi by Cy 
+e1 kaz bs =kja. be ce (20) 
ka3 bs 
a3 b3 c3 
Property 3 follows from the identity 
aitkh by cy ——— 
@2+kbe bo co} = (a1 + kb1) bs. a 
a3+kb3 63 cg ‘ 
+kbz ce Q2+kb2 be 
=p, ih? : 
"las thbs co)?“ las+kbs by|° 2) 


If ajj is an n x n MATRIX with aij REAL NUMBERS, 
then det(ai;] has the interpretation as the oriented n- 
dimensional CONTENT of the PARALLELEPIPED spanned 
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by the column vectors {a:,1], ..., [ain] in R”. Here, “ori- 
ented” means that, up to a change of + or — SIGN, the 
number is the n-dimensional CONTENT, but the SIGN 
depends on the “orientation” of the column vectors in- 
volved. If they agree with the standard orientation, 
there is a + SIGN; if not, there is a — SIGN. The PAR- 
ALLELEPIPED spanned by the n-D vectors vi through v; 
is the collection of points 


tivit...+tivi, (22) 
where t; is a REAL NUMBER in the CLOSED INTERVAL 


{0,1}. 


There are an infinite number of 3 x 3 determinants with 
no 0 or £1 entries having unity determinant. One para- 
metric family is 


—8n? — 8n 2n+1 4n 
—4n? —4n n+1 2n+1}. (23) 
—4n? —4n-1 n 2n-1 


Specific examples having small entries include 


23 2 2 3 5 2 3 6 
4 2 3|,/3 2 3),)/3 2 3),... (24) 
9 6 7| |9 5 7 17 11 16 

(Guy 1989, 1994). 

see also CIRCULANT DETERMINANT, COFACTOR, 


HESSIAN DETERMINANT, HYPERDETERMINANT, IM- 
MANANT, JACOBIAN, KNOT DETERMINANT, MATRIX, 
MINOR, PERMANENT, VANDERMONDE DETERMINANT, 
WRONSKIAN 
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Determinant (Binary Quadratic Form) 
The determinant of a BINARY QUADRATIC FORM 


Au? + 2Buv + Cv? 


is 
D=B’— AC. 


It is equal to 1/4 of the corresponding DISCRIMINANT. 
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Determinant Expansion by Minors 

Also known as LAPLACIAN DETERMINANT EXPANSION 
BY Minors. Let |M| denote the DETERMINANT of a 
MATRIX M, then 


k 


IM| = S°(-1)*aimi;, 


il 
where M,,; is called a MINOR, 


k 


|M| = 5 aiCi;, 
i=l 
where Cj; is called a COFACTOR. 


see also COFACTOR, DETERMINANT 
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Determinant (Knot) 
see KNOT DETERMINANT 


Determinant Theorem 
Given a MATRIX m, the following are equivalent: 


Im] £0. 
The columns of m are linearly independent. 
The rows of m are linearly independent. 

. Range(m) = R”. 

Nuli(m) = {0}. 

m has a MATRIX INVERSE. 


a a 


see also DETERMINANT, MATRIX INVERSE, NULLSPACE, 
RANGE (IMAGE) 


Developable Surface 
A surface on which the GAUSSIAN CURVATURE K is ev- 
erywhere 0. 


see also BINORMAL DEVELOPABLE, NORMAL DEVEL- 
OPABLE, SYNCLASTIC, TANGENT DEVELOPABLE 


Deviation 
The DIFFERENCE of a quantity from some fixed value, 
usually the “correct” or “expected” one. 


see ABSOLUTE DEVIATION, AVERACE ABSOLUTE DEVI- 
ATION, DIFFERENCE, DISPERSION (STATISTICS), MEAN 
DEVIATION, SIGNED DEVIATION, STANDARD DEVIA- 
TION 


Devil’s Curve 


Devil’s Curve 


Q 
) 


The devil’s curve was studied by G. Cramer in 1750 and 
Lacroix in 1810 (MacTutor Archive). It appeared in 
Nouvelles Annales in 1858. The Cartesian equation is 


Psp parte ee: (1) 
equivalent to 
y°(y’ — a”) = a" (2" — 8’), (2) 
the polar equation is 
r? (sin? @ — cos’ @) = a” sin? @ — b” cos” 6, (3) 
and the parametric equations are 
L= oy ec wie et (4) 
sin’ t — cos? t 


b2 cos? t 
er pee ean (5) 
sin°t cos*t 


; a2 sin? ¢ 
y= sint 


A special case of the Devil’s curve is the so-called ELEC- 
TRIC MOTOR CURVE: 


ie 


Sd ee 


y (y? — 96) = x*(x* — 100) (6) 
(Cundy and Rollett 1989). 
see also ELECTRIC MOTOR CURVE 
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Devil’s Staircase 


Devil’s Staircase 

A plot of the WINDING NuMBER W resulting from 
MopeE LOCKING as a function of Q for the CIRCLE MAP 
with K = 1. At each value of 0, the WINDING Num- 
BER is some RATIONAL NUMBER. The result is a mono- 
tonic increasing “staircase” for which the simplest Ra- 
TIONAL NUMBERS have the largest steps. For K = 1, the 
MEASURE of quasiperiodic states (Q IRRATIONAL) on 
the Q-axis has become zero, and the measure of MODE- 
LOCKED state has become 1. The DIMENSION of the 
Devil’s staircase ~ 0.8700 + 3.7 x 10°*. 


see also CANTOR FUNCTION 
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Devil on Two Sticks 
see DEVIL’S CURVE 


Diabolical Cube 
A 6-piece POLYCUBE DISSECTION of the 3 x 3 CUBE. 


see also CUBE DISSECTION, SOMA CUBE 
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Diabolical Square 
see PANMAGIC SQUARE 


Diabolo 
A 2-POLYABOLO. 


Diacaustic 
The ENVELOPE of refracted rays for a given curve. 


see also CATACAUSTIC, CAUSTIC 
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Diagonal Matrix 
A diagonal matrix is a MATRIX A of the form 


ais = Cidi3, (1) 


where 6 is the KRONECKER DELTA, c; are constants, 
and there is no summation over indices. The general 
diagonal matrix is therefore SQUARE and of the form 


Ci 0 Pes, 0 
0 C2 emape 0 
a (2) 
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Given a MATRIX equation of the form 


aiy 225 Bin Nn wee 6 
Ge 3 aa O «+ An 
Ai 0 ai Gin 
= : ’ (3) 
0 An ant Gan 
multiply through to obtain 
anA1 @inAn aA GinAL 
ant M1 wey QnnAn Qn1An + OnnAn 
(4) 


Since in general, Ai # A; for i # 7, this can be true only 
if off-diagonal components vanish. Therefore, A must 
be diagonal. 


Given a diagonal matrix T, 


t, 0 07" ii” 0 0 
0 ft 0 0 t,” 0 
T= 2 = 2 
0 0 $05 tk 0 0 niet ti,” 
(5) 


see also MATRIX, TRIANGULAR MATRIX, TRIDIAGONAL 
MATRIX 
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Diagonal Metric 
A METRIC g:; which is zero for i # 7. 


see also METRIC 


Diagonal (Polygon) 

A LINE SEGMENT connecting two nonadjacent VER- 
TICES of a POLYGON. The number of ways a fixed con- 
vex n-gon can be divided into TRIANGLES by noninter- 
secting diagonals is C,-2 (with C,-3 diagonals), where 
C,, is a CATALAN NUMBER. This is EULER’S POLYGON 
DIVISION PROBLEM. Counting the number of regions 
determined by drawing the diagonals of a regular n-gon 
is a more difficult problem, as is determining the num- 
ber of n-tuples of CONCURRENT diagonals (Beller et al. 
1972, Item 2). 


The number of regions which the diagonals of a CONVEX 
POLYGON divide its center if no three are concurrent in 
its interior is 


ve 4 : ee = 3 (m~1)(n—2)(n? —3n-+12). 
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The first few values are 0, 0, 1, 4, 11, 25, 50, 91, 154, 
246, ... (Sloane’s A006522). 


see also CATALAN NUMBER, DIAGONAL (POLYHE- 
DRON), EULER’S POLYGON DIVISION PROBLEM, POLy- 
GON, VERTEX (POLYGON) 


References 

Beeler, M.; Gosper, R. W.; and Schroeppel, R. HAKMEM. 
Cambridge, MA: MIT Artificial Intelligence Laboratory, 
Memo AIM-239, Feb. 1972. 

Sloane, N. J. A. Sequence A006522/M3413 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Diagonal (Polyhedron) 

A LINE SEGMENT connecting two nonadjacent sides 
of a@ POLYHEDRON. The only simple POLYHEDRON 
with no diagonals is the TETRAHEDRON. The only 
known TOROIDAL POLYHEDRON with no diagonals is the 
CsASZAR POLYHEDRON. 

see also DIAGONAL (POLYGON), EULER Brick, PoLy- 
HEDRON, SPACE DIAGONAL 


Diagonal Ramsey Number 
A Ramsey NuMBER of the form R(k, k; 2). 


see also RAMSEY NUMBER 


Diagonal Slash 
see CANTOR DIAGONAL SLASH 


Diagonal (Solidus) 
see SOLIDUS 


Diagonalization 
see MATRIX DIAGONALIZATION 


Diagonals Problem 
see BULER BRICK 


Diagram 
A schematic mathematical illustration showing the rela- 
tionships between or properties of mathematical objects. 


see also ALTERNATING KNOT DIAGRAM, ARGAND DI- 
AGRAM, COXETER-DYNKIN DIAGRAM, DE BRUIJN DIA- 
GRAM, DYNKIN DIAGRAM, FERRERS DIAGRAM, HASSE 
DIAGRAM, HEEGAARD DIAGRAM, KNOT DIAGRAM, 
Link DIAGRAM, STEM-AND-LEAF DIAGRAM, VENN DI- 
AGRAM, VORONOI DIAGRAM, YOUNG DIAGRAM 


Diameter 

The diameter of a CIRCLE is the DISTANCE from a point 
on the CIRCLE to point 7 RADIANS away. If r is the 
RADIUvs, d = 2r. 

see also BROCARD DIAMETER, CIRCUMFERENCE, DI- 


AMETER (GENERAL), DIAMETER (GRAPH), PI, RA- 
pius, TRANSFINITE DIAMETER 


Dice 


Diameter (General) 
The farthest DISTANCE between two points on the 
boundary of a closed figure. 


see also BORSUK’S CONJECTURE 
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Diameter (Graph) 

The length of the “longest shortest path” between two 
VERTICES of a GRAPH. In other words, a graph’s di- 
ameter is the largest number of vertices which must be 
traversed in order to travel from one vertex to another 
when paths which backtrack, detour, or loop are ex- 
cluded from consideration. 


Diamond 


a ats 


A convex QUADRILATERAL having sides of equal length 
and PERPENDICULAR PLANES of symmetry passing 
through opposite pairs of VERTICES. The LOZENGE is a 
special case of a diamond. 


see also KITE, LOZENGE, PARALLELOGRAM, QUADRI- 
LATERAL, RHOMBUS 


Dice 

A die (plural “dice”) is a SOLID with markings on each of 
its faces. The faces are usually all the same shape, mak- 
ing PLATONIC SOLIDS and ARCHIMEDEAN SOLID DUALS 
the obvious choices. The die can be “rolled” by throw- 
ing it in the air and allowing it to come to rest on one 
of its faces. Dice are used in many games of chance as a 
way of picking RANDOM NUMBERS on which to bet, and 
are used in board or roll-playing games to determine the 
number of spaces to move, results of a conflict, etc. A 
COIN can be viewed as a degenerate 2-sided case of a 
die. 


The most common type of die is a six-sided CUBE with 
the numbers 1-6 placed on the faces. The value of the 
roll is indicated by the number of “spots” showing on the 
top. For the six-sided die, opposite faces are arranged to 
always sum to seven. This gives two possible MIRROR 
IMAGE arrangements in which the numbers 1, 2, and 3 
may be arranged in a clockwise or counterclockwise or- 
der about a corner. Commercial dice may, in fact, have 
either orientation. The illustrations below show 6-sided 
dice with counterclockwise and clockwise arrangements, 
respectively. 


Dice 


The CUBE has the nice property that there is an upward- 
pointing face opposite the bottom face from which the 
value of the “roll” can easily be read. This would not 
be true, for instance, for a TETRAHEDRAL die, which 
would have to be picked up and turned over to reveal the 
number underneath (although it could be determined 
by noting which number 1-4 was not visible on one of 
the upper three faces). The arrangement of spots $+ 
corresponding to a roll of 5 on a six-sided die is called 
the QUINCUNX. ‘here are also special names for certain 
rolls of two six-sided dice: two 1s are called SNAKE EYeEs 
and two 6s are called BOXCARS. 


Shapes of dice other than the usual 6-sided CUBE are 
commercially available from companies such as Dice & 


Games, Ltd.® 


Diaconis and Keller (1989) show that there exist “fair” 
dice other than the usual PLATONIC SOLIDS and duals 
of the ARCHIMEDEAN SOLIDS, where a fair die is one for 
which its symmetry group acts transitively on its faces. 
However, they did not explicitly provide any examples. 


The probability of obtaining p points (a roll of p) on n 
s-sided dice can be computed as follows. The number of 
ways in which p can be obtained is the COEFFICIENT of 
z? in 

f(a) =(e@t+2?+...4+2°)", (1) 
since each possible arrangement contributes one term. 
f(z) can be written as a MULTINOMIAL SERIES 


so the desired number c is the COEFFICIENT of x” in 


g’(l-2*)"(1-2)™". (3) 


Expanding, 


eyew (ees 


so in order to get the COEFFICIENT of x”, include all 
terms with 
p=nt+sk+l. (5) 


- n{n\f{p-—sk—-1 
xe Ue) @ 


But p—sk—n > 0 only when k < (p—n)/s, so the other 
terms do not contribute. Furthermore, 


p-sk-1\ _ {p-sk-1 
Gait n-1 ), (7) 


c is therefore 


Sy 
ll 


Dice 


[(p—n)/s] 
c= eins] eee ‘| (8) 
k=0 


where |z| is the FLOOR FUNCTION, and 


l(p—n)/s] 
Po,nsl== > -*() Cae >): (9) 


k=0 


A27 


Consider now s = 6. For n = 2 six-sided dice, 


_|p-2|_f0 for2<p<7 
kinne = [PE exe! for 12 <p < 8, (10) 


and 


naam 3 Seon) (-9) 


= & Vv gg apie 9-0) 


k=0 
kmax 


= = S_ (1 — 2k)(k + 1)(p — 6k ~ 1) 
k=0 


=e Lis for2<p<7 
~ 36 (13-p for8<p<12 
6-|p-7| 
= ———_  for2<p< 12. 
36 or 2<p<12 (11) 


The most common roll is therefore seen to be a 7, with 
probability 6/36 = 1/6, and the least common rolls are 
2 and 12, both with probability 1/36. 


For n = 3 six-sided dice, 


3 0 for3<p<8 
Kkmax = Pe | = 1 for 9 <p< 14 (12) 
2 for 15<p< 18, 
and 
P(p, 3, 6) 
1S 3\ /p — 6k -1 
aoe IC a) 
k=-0 
1S, a 8t (p—6k—1)(p — 6k — 2) 
= pa ki(3 — k)! 2 


for 3<p<8 
for9<p<14 
for 15 <p < 18 


(p-1)(p-2) 
1 2 
= (p-1)(p-2) 3 (pa7)lp~a) 
216 | (p-si(p-2) _ 9 (p-Tlp-8) 4 9 (P~23)(p-14) 
2 = 2 + 2 


1 {2(@-VD(eP-2) for3epc8 
2 % 
= pi+2lp-83 fory<p<14 (13) 
216 | 2(19- p)(20-p) for 15 <p <18.- 


For three six-sided dice, the most common rolls are 10 
and 11, both with probability 1/8; and the least common 
rolls are 3 and 18, both with probability 1/216. 
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For four six-sided dice, the most common roll is 14, with 
probability 73/648; and the least common rolls are 4 and 
24, both with probability 1/1296. 


In general, the likeliest roll pr for n s-sided dice is given 
by 
pi(n,s) = |$n(s+1)], (14) 


which can be written explicitly as 
in(s+1) for n even 
pi(n,s) = ¢ 5[n(s+1)—1] for n odd, seven (15) 
$n(s +1) for n odd, s odd. 


For 6-sided dice, the likeliest rolls are given by 


yn for n even 
pi(n,6) = |Zn| = glin ~—1) for n odd, s even 
gn for n odd, s odd, 


(16) 
or 7, 10, 14, 17, 21, 24, 28, 31, 35,... forn =2,3,... 
(Sloane’s A030123) dice. The probabilities correspond- 
ing to the most likely rolls can be computed by plugging 
p = py into the general formula together with 


n for n even 


eects | for n odd, seven (17) 
( 


™s=| for n odd, s odd. 


kx(n,s) = [ 
l 


Unfortunately, P(px,n, s) does not have a simple closed- 
form expression in terms of s and n. However, the proba- 
bilities of obtaining the likeliest roll totals can be found 
explicitly for a particular s. For n 6-sided dice, the 
probabilities are 1/6, 1/8, 73/648, 65/648, 361/3888, 
24017/279936, 7553/93312, ... for n = 2, 3,.... 
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The probabilities for obtaining a given total using n 6- 
sided dice are shown above for n = 1, 2, 3, and 4 dice. 
They can be seen to approach a GAUSSIAN DISTRIBU- 


TION as the number of dice is increased. 
see also BOXCARS, COIN TOSSING, CRAPS, DE MERE’S 


PROBLEM, EFRON’S DICE, POKER, QUINCUNX, SICHER- 
MAN DICE, SNAKE EYES 


Diesis 
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Dichroic Polynomial 

A POLYNOMIAL Zc(q,v) in two variables for abstract 
GraPHs. A GRAPH with one VERTEX has Z = q. 
Adding a VERTEX not attached by any EDGES multiplies 
the Z by q. Picking a particular EDGE of a GRAPH G, 
the POLYNOMIAL for G is defined by adding the POLy- 
NOMIAL of the GRAPH with that EDGE deleted to v times 
the POLYNOMIAL of the graph with that EDGE collapsed 
to a point. Setting v = —1 gives the number of distinct 
VERTEX colorings of the GRAPH. The dichroic POLY- 
NOMIAL of a PLANAR GRAPH can be expressed as the 
SQUARE BRACKET POLYNOMIAL of the corresponding 
ALTERNATING LINK by 


Ze(4,v) = 9" Bie), 


where N is the number of VERTICES in G. Dichroic 
POLYNOMIALS for some simple GRAPHS are 


ZK, =4 
Ze, =7 +vq 

=3.3 2 2 3 
Zk3 = + 3uq° + 3uqg+u' gq. 
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Dido’s Problem 

Find the figure bounded by a line which has the maxi- 
mum AREA for a given PERIMETER. The solution is a 
SEMICIRCLE. 


see also ISOPERIMETRIC PROBLEM, ISOVOLUME PROB- 
LEM, PERIMETER, SEMICIRCLE 


Diesis 
The musical interval by which an octave exceeds three 
major thirds, 


2 27-128 


Taking CONTINUED FRACTION CONVERGENTS of 
log(5/4)/log(2) gives the increasing accurate approxi- 
mations m/n of m octaves and n major thirds: 1/3, 


Diffeomorphism 


9/28, 19/59, 47/146, 207/643, 1289/4004, ... (Sloane's 
A046103 and A046104). Other near equalities of m oc- 
taves and n major thirds having 


with |R — 1| < 0.02 are given in the following table. 


m n Ratio m n Ratio 
9 28 0.9903520314 |104 323 1.012011267 
10 31 1.01412048 113 351 = 1.002247414 
18 56 0.9807971462 |122 379 0.9925777621 
19 59 1.004336278 123 382 1.016399628 
28 87 0.9946464728 |131 407 0.983001403 
29 90 1.018517988 132 410 1.006593437 
37 115 0.9850501549 | 141 438 0.9968818549 
38 118 1.008691359 |150 466 0.9872639701 
47 146 0.9989595361 |151 469 1.010958305 
56 174 0.9893216059 |160 497 1.001204611 
57 177 1.013065324 |169 525 0.9915450208 
66 205 1.003291302 170 528 1.015342101 
75 233 0.9936115791 |178 553 0.9819786256 
76 236 1.017458257 |179 556 1.005546113 
84 261 0.9840252458 |188 584 0.9958446353 
85 264 =1.007641852 189 587 1.0197449U7 
94 292 0.9979201548 |197 612 0.9862367575 
103 320 0.9882922525 |198 615 


see also COMMA OF DIDYMUS, COMMA OF PYTHACO- 
RAS, SCHISMA 
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Diffeomorphism 

A diffeomorphism is a MAP between MANIFOLDS which 
is DIFFERENTIABLE and has a DIFFERENTIABLE inverse. 
see also ANOSOV DIFFEOMORPHISM, AXIOM A DIFFEO- 
MORPHISM, SYMPLECTIC DIFFEOMORPHISM, TANGENT 
Map 


Difference 

The difference of two numbers n; and nz is ni — nz, 
where the MINUS sign denotes SUBTRACTION. 

see also BACKWARD DIFFERENCE, FINITE DIFFERENCE, 
FORWARD DIFFERENCE 


Difference Equation 

A difference equation is the discrete analogue of a DIF- 
FERENTIAL EQUATION. A difference equation involves 
a FUNCTION with INTEGER-valued arguments f(n) in a 
form like 


f(n) — f(n- 1) = g(n), (1) 
where g is some FUNCTION. The above equation is the 
discrete analog of the first-order ORDINARY DIFFEREN- 
TIAL EQUATION 

f'(x) — g(z). (2) 
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Examples of difference equations often arise in DYNAM- 
ICAL SYSTEMS. Examples include the iteration involved 
in the MANDELBROT and JULIA SET definitions, 


f(n+1) = f(n) +6, (3) 
with c a constant, as well as the LOGISTIC EQUATION 
f(n+1)=rf(n)[l — f(n)], (4) 


with r a constant. 
see also FINITE DIFFERENCE, RECURRENCE RELATION 
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Difference Operator 
sce BACKWARD DIFFERENCE, FORWARD DIFFERENCE 


Difference Quotient 


f(n+h)— f(x) _ Af 

h ho 
It gives the slope of the SECANT LINE passing through 
f(x) and f(z +h). In the limit n — 0, the difference 
quotient becomes the PARTIAL DERIVATIVE 
of 
an: 


jim Aan f(x,y) = 


Difference Set 

Let G be a Group of ORDER kh and D be a set of k 
elements of G. If the set of differences d; — dj contains 
every NONZERO element of G exactly A times, then D 
is a (h, k, A)-difference set in G of ORDER n =k — 4. If 
A = 1, the difference set is called planar. The quadratic 
residues in the GALOIS FIELD GF(11) form a difference 
set. If there is a difference set of size k in a group G, 
then 2(%) must be a multiple of |G| — 1, where (*) is a 
BINOMIAL COEFFICIENT. 


see also BRUCK-RYSER-CHOWLA THEOREM, FIRST 
MULTIPLIER THEOREM, PRIME POWER CONJECTURE 
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430 Difference of Successes 


Difference of Successes 

If 21/n1 and x2/nz2 are the observed proportions from 
standard NORMALLY DISTRIBUTED samples with pro- 
portion of success 6, then the probability that 


je (1) 


Ps=1-2]  o(t)dt, (2) 
where 
b= (3) 
ow ea 6) (= + =) (4) 
é= sees. (5) 


Here, 6 is the UNBIASED ESTIMATOR. The SKEWNESS 
and KuRTOSIS of this distribution are 
ni—n2)? 1-46(11-6 
42 tata) - 40(1 — 8) (6) 
mna(mi+n2) 6(1 — 8) 
ni? — ning + no? 1 — 66(1 — 8) 


nin2(n1 + nz) 4 A (7) 


ae 6 — 6) 


Difference Table 

A table made by subtracting adjacent entries in a se- 
quence, then repeating the process with those numbers. 
see also FINITE DIFFERENCE, QUOTIENT-DIFFERENCE 
TABLE 


Different 
Two quantities are said to be different (or “unequal”) if 
they are not EQUAL. 


The term “different” also has a technical usage related to 
MODULES. Let a MODULE M in an INTEGRAL DOMAIN 
Dy for R(/D) be expressed using a two-element basis 
as 


M= (€1, 2], 


where & and & are in D;. Then the different of the 
MODULE is defined as 


fi &2 


A= A(M) = gel = £185 — E162. 


The different A 4 0 IFF &; and £2 are linearly indepen- 
dent. The DISCRIMINANT is defined as the square of the 
different. 


see also DISCRIMINANT (MODULE), EQUAL, MODULE 
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Differential Equation 


Different Prime Factors 
see DISTINCT PRIME FACTORS 


Differentiable 

A FUNCTION is said to be differentiable at a point if its 
DERIVATIVE exists at that point. Let z = x + ty and 
f(z) = u(2, y)+iv(z, y) on some region G containing the 
point zo. If f(z) satisfies the CAUCHY-RIEMANN Equa- 
TIONS and has continuous first PARTIAL DERIVATIVES 
at zp, then f'(zo) exists and is given by 


f' (20) =: lim f(z) a F(z0) 


zZ-~>ZQ Z— zo 


and the function is said to be COMPLEX DIFFEREN- 
TIABLE. Amazingly, there exist CONTINUOUS FUNC- 
TIONS which are nowhere differentiable. Two exam- 
ples are the BLANCMANGE FUNCTION and WEIERSTRAB 
FUNCTION. 


see also BLANCMANGE FUNCTION, CAUCHY-RIEMANN 
EQUATIONS, COMPLEX DIFFERENTIABLE, CONTINUOUS 
FUNCTION, DERIVATIVE, PARTIAL DERIVATIVE, WEI- 
ERSTRAB FUNCTION 


Differentiable Manifold 


see SMOOTH MANIFOLD 


Differential 
A DIFFERENTIAL 1-FORM. 


see also EXACT DIFFERENTIAL, INEXACT DIFFEREN- 
TIAL 


Differential Calculus 
That portion of “the” CALCULUS dealing with DERIvA- 
TIVES. 


see also INTEGRAL CALCULUS 


Differential Equation 

An equation which involves the DERIVATIVES of a func- 
tion as well as the function itself. If PARTIAL DERIVA- 
TIVES are involved, the equation is called a PARTIAL 
DIFFERENTIAL EQUATION; if only ordinary DERIVA- 
TIVES are present, the equation is called an ORDINARY 
DIFFERENTIAL EQUATION. Differential equations play 
an extremely important and useful role in applied math, 
engineering, and physics, and much mathematical and 
numerical machinery has been developed for the solution 
of differential equations. 


see also INTEGRAL EQUATION, ORDINARY DIFFEREN- 
TIAL EQUATION, PARTIAL DIFFERENTIAL EQUATION 
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Differential Form 


Differential Form 
see DIFFERENTIAL k-FORM 


Differential Geometry 

Differential geometry is the study of RIEMANNIAN MAN- 
IFOLDS. Differential geometry deals with metrical no- 
tions on MANIFOLDS, while DIFFERENTIAL TOPOLOGY 
deals with those nonmetrical notions of MANIFOLDS. 


see also DIFFERENTIAL TOPOLOGY 
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Differential k-Form 

A differential k-form is a TENSOR of RANK k which is 
antisymmetric under exchange of any pair of indices. 
The number of algebraically independent components in 
n-D is (”), where this is a BINOMIAL COEFFICIENT. In 
particular, a 1-form (often simply called a “differential” ) 
is a quantity 


w* = b; dri + be dxa, (1) 


where b; = b1(z1,22) and be = be(x%1,2%2) are the com- 
ponents of a COVARIANT TENSOR. Changing variables 
from x to y gives 


2 2 2 
w = Sb: dai = se 
1=1 


i=1 j=) 


2 

Ou; > 

on y bj; dyj, (2) 
j=l 


where 
2 


Ox; 
b; ; 3 
dhe (3) 


t=1 


ot 
Re. 
Ill 


which is the covariant transformation law. 2-forms can 
be constructed from the WEDGE PRODUCT of 1-forms. 
Let 

6, = b; dz; + bo dze (4) 


92 = cr dai + co daa, (5) 


then @, A 62 is a 2-form denoted w”?. Changing variables 
ri(yi,y2) to re(y1, y2) gives 


Ox, 0x1 
day = dy, + a 6 
ti = Bd + Br dyn (6) 
_ Ox2 0x2 
dzx2 _ ayn Yu Oye dy2, (7) 
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so 
Ox; O22 = Oa1 Ox 
dz, Adxz2 = {| ——-—— —- —— = |] dy Ad 
tae, & Oy. Oya 5 | ios 
O(21, 22) 
= ~~ dy A dy2. 8 
A(yi,y2) 2° 8) 


Similarly, a 4-form can be constructed from WEDGE 
PRODUCTS of two 2-forms or four 1-forms 


w* = wy? Awe” = (41> Awe’) A(w3' Awa’). (9) 


see also ANGLE BRACKET, BRA, EXTERIOR DERIVA- 
TIVE, KET, ONE-FORM, SYMPLECTIC FORM, WEDGE 
PRODUCT 
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Differential Operator 
The OPERATOR representing the computation of a DE- 


RIVATIVE, 
~ d 
D=—. 
dx 
The second derivative is then denoted D?, the third D?, 
etc. The INTEGRAL is denoted D7. 


see also CONVECTIVE DERIVATIVE, DERIVATIVE, FRAC- 
TIONAL DERIVATIVE, GRADIENT 


Differential Structure 
see EXOTIC R4, EXOTIC SPHERE 


Differential Topology 

The motivating force of TOPOLOGY, consisting of the 
study of smooth (differentiable) MANIFOLDS. Differen- 
tial topology deals with nonmetrical notions of MAN- 
IFOLDS, while DIFFERENTIAL GEOMETRY deals with 
metrical notions of MANIFOLDS. 


see also DIFFERENTIAL GEOMETRY 
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Differentiation 

The computation of a DERIVATIVE. 

see also CALCULUS, DERIVATIVE, INTEGRAL, INTEGRA- 
TION 
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Digamma Function 


|Digamma z| 


Two notations are used for the digamma function. The 
W(z) digamma function is defined by 


Ley eO 


= Fe (1) 


where [ is the GAMMA FUNCTION, and is the 
function returned by the function PolyGamma[z] in 


Mathematica® (Wolfram Research, Champaign, IL). 
The F digamma function is defined by 


F(e) = Sima! (2) 
and is equal tu 
F(z) — U(z +1). (3) 


From a series expansion of the FACTORIAL function, 


F(z)= a lim [Inn!+ zInn 


dz n>00 

—In(z + 1) -In(z+2)—-...-In(z4+n)] (49 

2p ( 1 1 1 

Tae SE. eee. Ph rag 

(5) 

. 1 1 

=a ba Ge: 7) (6) 
oo 

on Zz 

% 1+) aaa) (7) 

_ 1 wo Ban 

neti = Onze? (8) 


where 7 is the EULER-MASCHERONI CONSTANT and Ban 
are BERNOULLI NUMBERS. 


The nth DERIVATIVE of Y(z) is called the POLYGAMMA 
FUNCTION and is denoted ~n(z). Since the digamma 


Digamma Function 


function is the zeroth derivative of U(z) (i-e., the func- 
tion itself), it is also denoted wo(z). 


The digamma function satisfies 


mo fot eo 


For integral z =n, 
1 
W(n)=-74+ Dog =-7t Hn, (10) 


where + is the EULER-MASCHERONI CONSTANT and Hy 
is a HARMONIC NUMBER. Other identities include 


wool 
dz = » (2+ np ” 
W(1 — z) — U(z) = reot(rz) (12) 
04:1) S90) + : (13) 


W(2z) = 5 ¥(z) + F¥(z + §) + m2. (14) 


Special values are 


At integral values, 
“1 
voin+Namar+ DG (17) 


and at half-integral values, 
“1 
i = — 
¥o(4 +n) = —In(47) ear | le 
sl 


At rational arguments, yo(p/q) is given by the explicit 
equation 


who (2) = —¥ — In(2¢) ~ 37 cot (?*] 


piles 2Qarpk wk 
+2 > cos (727 ) in (=) (19) 
k=1 q q 


for 0 < p < g (Knuth 1973). These give the special 
values 


vo(5) = -y— 2In2 (20) 
wo(+) = 2(-6y — rV3 — 913) (21) 
Wo(2) = 1(-6y + rV3 — 9In3) (22) 
$o(4) = -y — 37 — 3in2 (23) 
o($) = 2(-27 +t — 6In2) (24) 
#o(1) = —7, (25) 
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where y is the EULER-MASCHERONI CONSTANT. Sums 
and differences of #1(r/s) for small integral r and s can 
be expressed in terms of CATALAN’S CONSTANT and 7. 


see also GAMMA FUNCTION, HARMONIC NUMBER, 
HURWITZ ZETA FUNCTION, POLYGAMMA FUNCTION 
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Digimetic 
A CRYPTARITHM in which DIGITS are used to represent 
other DIGITS. 


Digit 

The number of digits D in an INTEGER n is the number 
of numbers in some base (usually 10) required to repre- 
sent it. The numbers 1 to 9 are therefore single digits, 
while the numbers 10 to 99 are double digits. Terms such 
as “double-digit inflation” are occasionally encountered, 
although this particular usage has thankfully not been 
needed in the U.S. for some time. The number of (base 
10) digits in a number n can be calculated as 


D= [logy n + 1] ’ 


where |x| is the FLOOR FUNCTION. 


see also 196-ALGORITHM, ADDITIVE PERSISTENCE, 
DIGITADITION, DIGITAL ROOT, FACTORION, FIGURES, 
LENGTH (NUMBER), MULTIPLICATIVE PERSISTENCE, 
NARCISSISTIC NUMBER, SCIENTIFIC NOTATION, SIG- 
NIFICANT DIGITS, SMITH NUMBER 


Digitadition 

Start with an INTEGER n, known as the GENERATOR. 
Add the Sum of the GENERATOR’s digits to the GEN- 
ERATOR to obtain the digitadition n'. A number can 
have more than one GENERATOR. If a number has no 
GENERATOR, it is called a SELF NUMBER. The sum of 
all numbers in a digitadition series is given by the last 
term minus the first plus the sum of the DIGITS of the 
last. 


If the digitadition process is performed on n’ to yield its 
digitadition n”, on n” to yield n’”’, etc., a single-digit 
number, known as the DIGITAL ROOT of n, is eventually 
obtained. The digital roots of the first few integers are 
19.3, AOR 67 Be 9p 18 BA REBT 8. 1, 
(Sloane’s A010888). 
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If the process is generalized so that the kth (instead of 
first) powers of the digits of a number are repeatedly 
added, a periodic sequence of numbers is eventually ob- 
tained for any given starting number n. If the original 
number n is equal to the sum of the kth powers of its dig- 
its, it is called a NARCISSISTIC NUMBER. If the original 
number is the smallest number in the eventually periodic 
sequence of numbers in the repeated k-digitaditions, it 
is called a RECURRING DIGITAL INVARIANT. Both Nar- 
CISSISTIC NUMBERS and RECURRING DIGITAL INVARI- 
ANTS are relatively rare. 


The only possible periods for repeated 2-digitaditions 
are 1 and 8, and the periods of the first few positive 
integers are 1, 8, 8, 8, 8, 8, 1, 8, 8, 1, ..... The possi- 
ble periods p for n-digitaditions are summarized in the 
following table, together with digitaditions for the first 
few integers and the corresponding sequence numbers. 


n Sloane ps n-Digitaditions 
2 031176 1,8 1, 8, 8, 8, 8, 8, 1, 8, 8,. 
3 031178 1, 2,3 $2 40.9,4; 4, 1 le. 
4 031182 1, 2,7 1,7, 7,7, 7, 7, 7, 7, 7, . 
5 031186 1, 2, 4, 6, 1, 12, 22, 4, 10, 22, 28, 
10, 12, 22,28 10, 22,1,... 
6 031195 1, 2, 3, 4, 1, 10, 30, 30, 30, 10, 10, 
10, 30 10, 3, 1, 10, ... 
7 031200 1, 2, 3, 6, 1, 92, 14, 30, 92, 56, 6, 
12,14, 21,27, 92, 56, 1, 92, 27,... 
30, 56, 92 
8 031211 1, 25, 154 1, 25, 154, 154, 154, 154, 
25, 154, 154, 1, 25, ... 
9 031212 1, 2, 3, 4, 8, 1, 30, 93, 1, 19, 80, 4, 30, 
10, 19, 24, 28, 80, 1, 30, 93, 4, 10, ... 
30, 80, 93 
10 031212 1, 6, 7, 17, 1, 30, 93, 1, 19, 80, 4, 30, 
81, 123 80, 1, 30, 93, 4, 10, ... 


The numbers having period-1 2-digitaded sequences are 
also called Happy NUMBERS. The first few numbers 
having period p n-digitaditions are summarized in the 
following table, together with their sequence numbers. 
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Sloane Mernbers 


007770 1, 7, 10, 13, 19, 23, 28, 31, 32,... 
031177 2, 3, 4, 5, 6, 8, 9, 11, 12, 14, 15, ... 
031179 1, 2, 3, 5, 6, 7, 8, 9, 10, 11, 12,... 
031180 49, 94, 136, 163, 199, 244, 316, ... 
031181 4, 13, 16, 22, 25, 28, 31, 40, 46, ... 
031183 1, 10, 12, 17, 21, 46, 64, 71, 100, ... 
031184 66, 127, 172, 217, 228, 271, 282, ... 
031185 2, 3, 4, 5, 6, 7, 8, 9, 11, 13, 14,... 
031187 1, 10, 100, 145, 154, 247, 274, ... 
031188 133, 139, 193, 199, 226, 262, ... 
031189 4, 37, 40, 55, 73, 124, 142, ... 
031190 16, 61, 106, 160, 601, 610, 778, ... 
10 031191 5, 8, 17, 26, 35, 44, 47, 50, 53,... 
12 031192 2,11, 14, 20, 23, 29, 32, 38, 41,... 
22 031193 3,6, 9, 12, 15, 18, 21, 24, 27, ... 

28 031194 7, 13, 19, 22, 25, 28, 31, 34, 43,... 
1 011557 1, 10, 100, 1000, 10000, 100000, ... 
2 031357 3468, 3486, 3648, 3684, 3846, ... 

3 031196 9, 13, 31, 37, 39, 49, 57, 73, 75, ... 
4 031197 255, 466, 525, 552, 646, 664, ... 

10 031198 2, 6, 7, 8, 11, 12, 14, 15, 17, 19,... 
30 031199 3, 4, 5, 16, 18, 22, 29, 30, 33,... 

1 031201 1, 10, 100, 1000, 1259, 1295, ... 

2 031202 22, 202, 220, 256, 265, 526, 562, ... 
3 031203 124, 142, 148, 184, 214, 241, 259, ... 
6 7, 70, 700, 7000, 70000, 700000, ... 
12 031204 17, 26, 47, 59, 62, 71, 74, 77, 89, ... 
14 031205 3, 30, 111, 156, 165, 249, 204,... 
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21 031206 19, 34, 43, 91, 109, 127, 172, 190, ... 


031207 12, 18, 21, 24, 39, 42, 45, 54, 78, ... 
30 031208 4, 13, 16, 25, 28, 31, 37, 40, 46, ... 
56 031209 6,9, 15, 27, 33, 36, 48, 51, 57, ... 
92 031210 2, 5, 8, 11, 14, 20, 23, 29, 32, 35, ... 


OOOOOOCOCO OHO OO WWBDNNNNNNNNNNNODAGASMWA aoa a ow 
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25 2, 7, 11, 15, 16, 20, 23, 27, 32,... 
154 3, 4, 5, 6, 8, 9, 12, 13, 18, 19, ... 

1 1, 4, 10, 40, 100, 400, 1000, 1111, ... 

2 127, 172, 217, 235, 253, 271, 325, ... 

3 444, 4044, 4404, 4440, 4558, ... 

4 7, 13, 31, 67, 70, 76, 103, 130,... 

8 22, 28, 34, 37, 43, 55, 58, 73, 79, ... 
10 14, 38, 41, 44, 83, 104, 128, 140, ... 
19 5, 26, 50, 62, 89, 98, 155, 206, ... 

24 16, 61, 106, 160, 337, 373, 445, ... 
28 19, 25, 46, 49, 52, 64, 91, 94,... 

30 2, 8, 11, 17, 20, 23, 29, 32, 35,... 
80 6, 9, 15, 18, 24, 33, 42, 48, 51,... 
93 3, 12, 21, 27, 30, 36, 39, 45, 54, ... 


10 1 011557 1, 10, 100, 1000, 10000, 100000, ... 


10 «6 266, 626, 662, 1159, 1195, 1519, ... 
10 #7 46, 58, 64, 85, 122, 123, 132, ... 
10 17 9, 4, 5, 11, 13, 20, 31, 38, 40, ... 
10 81 17, 18, 37, 71, 73, 81, 107, 108, ... 
10 123 3, 6, 7, 8, 9, 12, 14, 15, 16, 19, ... 


see also 196-ALGORITHM, ADDITIVE PERSISTENCE, 
Digit, DictraL ROOT, MULTIPLICATIVE PERSISTENCE, 


Dihedral Angle 


NARCISSISTIC NUMBER, RECURRING DIGITAL INVARI- 
ANT 


Digital Root 

Consider the process of taking a number, adding its DIc- 
ITS, then adding the DIGITS of numbers derived from it, 
etc., until the remaining number has only one DIGIT. 
The number of additions required to obtain a single 
DieiT from a number n is called the ADDITIVE PER- 
SISTENCE of n, and the DIGIT obtained is called the 
digital root of n. 


For example, the sequence obtained from the starting 
number 9876 is (9876, 30, 3), so 9876 has an ADDITIVE 
PERSISTENCE of 2 and a digital root of 3. The digital 
roots of the first few integers are 1, 2, 3, 4, 5, 6, 7, 8, 9, 1, 
2, 3, 4, 5, 6, 7, 9, 1,... (Sloane’s A010888). The digital 
root of an INTEGER n can therefore be computed with- 
out actually performing the iteration using the simple 
congruence formula 


i (mod 9) n #0 (mod 9) 
9 n= 0 (mod 9). 


see also ADDITIVE PERSISTENCE, DIGITADITION, 
KAPREKAR NUMBER, MULTIPLICATIVE DIGITAL ROOT, 
MULTIPLICATIVE PERSISTENCE, NARCISSISTIC NuUM- 
BER, RECURRING DIGITAL INVARIANT, SELF NUMBER 


References 

Sloane, N. J. A. Sequences A010888 and A007612/M1114 in 
“An On-Line Version of the Encyclopedia of Integer Se- 
quences.” 


Digon 


The DEGENERATE POLYGON (corresponding to a LINE 
SEGMENT) with SCHLAFLI SYMBOL {2}. 


see also LINE SEGMENT, POLYGON, TRIGONOMETRY 
VALUES—z /2 


Digraph 
sce DIRECTED GRAPH 


Dihedral Angle 
The ANGLE between two PLANES. The dihedral angle 
between the planes 


Aiz+ Biyt+OMiz+Di =0 (1) 
Agz+ Boay+ C2z4+ De =0 (2) 


is 
Ai A2 + BiB. + CiC2 
V Ai? + Br? + C1? Aa? + Bo? + C2? 


cos @ = 


(3) 


see also ANGLE, PLANE, VERTEX ANGLE 


Dihedral Group 


Dihedral Group 
A Group of symmetries for an n-sided REGULAR POLy- 
GON, denoted D,. The ORDER of Dy, is 2n. 


see also FINITE GROUP—D3, FINITE GROUP—D4 


References 

Arfken, G. “Dihedral Groups, D,.” Mathematical Meth- 
ods for Physicists, 3rd ed. Orlando, FL: Academic Press, 
p. 248, 1985. 

Lomont, J. S. “Dihedral Groups.” §3.10.B in Applications of 
Finite Groups. New York: Dover, pp. 78-80, 1987. 


Dijkstra’s Algorithm 
An ALGORITHM for finding the shortest path between 
two VERTICES. 


see also FLOYD’s ALGORITHM 


Dijkstra Tree 
The shortest path-spanning TREE from a VERTEX of a 
GRAPH. 


Dilation 

An AFFINE TRANSFORMATION in which the scale is re- 
duced. A dilation is also known as a CONTRACTION or 
HOMOTHECY. Any dilation which is not a simple trans- 
lation has a unique FIXED POINT. The opposite of a 
dilation is an EXPANSION. 


see also AFFINE TRANSFORMATION, EXPANSION, Ho- 
MOTIIECY 


References 
‘Coxeter, H. S. M. and Greitzer, S. L. Geometry Revisited. 
Washington, DC: Math. Assoc. Amer., pp. 94-95, 1967. 


Dilemma 

Informally, a situation in which a decision must be made 
from several alternatives, none of which is obviously the 
optimal one. In formal Locic, a dilemma is a spe- 
cific type of argument using two conditional statements 
which may take the form of a CONSTRUCTIVE DILEMMA 
or a DESTRUCTIVE DILEMMA. 


see also CONSTRUCTIVE DILEMMA, DESTRUCTIVE 
DILEMMA, Monty HALL PROBLEM, PARADOX, PRIS- 
ONER’S DILEMMA 


Dilogarithm 
A special case of the POLYLOGARITHM Li, (z) for n = 2. 
It is denoted Lie(z), or sometimes Lo(z), and is defined 


by the sum 
: 2k 
Lig(z) = S> Bp 
k=1 


or the integral 


0 
tee) =/ el atid Ly 


t 


There are several remarkable identities involving the 
POLYLOGARITHM function. 
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see also ABEL’S FUNCTIONAL EQUATION, POLYLOGA- 
RITHM, SPENCE’S INTEGRAL 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Dilogarithm.” 
§27.7 in Handbook of Mathematical Functions with Formu- 
las, Graphs, and Mathematical Tables, 9th printing. New 


York: Dover, pp. 1004-1005, 1972. 


Dilworth’s Lemma 

The WIDTH of a set P is equal to the minimum num- 
ber of CHAINS needed to COVER P. Equivalently, if a 
set P of ab +1 elements is PARTIALLY ORDERED, then 
P contains a CHAIN of size a+ 1 or an ANTICHAIN of 
size b +1. Letting N be the CARDINALITY of P, W 
the WIDTH, and L the LENGTH, this last statement 
says N < LW. Dilworth’s lemma is a generalization 
of the ERDOS-SZEKERES THEOREM. RAMSEY’S T'HEO- 
REM generalizes Dilworth’s Lemma. 


see also COMBINATORICS, ERDOS-SZEKERES THEOREM, 
RAMSEY’S THEOREM 


Dilworth’s Theorem 
see DILWORTH’S LEMMA 


Dimension 

The notion of dimension is important in mathematics 
because it gives a precise parameterization of the con- 
ceptual or visual complexity of any geometric object. In 
fact, the concept can even be applied to abstract ob- 
jects which cannot be directly visualized. For example, 
the notion of time can be considered as one-dimensional, 
since it can be thought of as consisting of only “now,” 
“before” and “after.” Since “before” and “after,” re- 
gardless of how far back or how far into the future they 
are, are extensions, time is like a line, a 1-dimensional 
object. 


To see how lower and higher dimensions relate to each 
other, take any geometric object (like a Poin, LINE, 
CIRCLE, PLANE, etc.), and “drag” it in an opposing di- 
rection (drag a POINT to trace out a LINE, a LINE to 
trace out a box, a CIRCLE to trace out a CYLINDER, a 
DIsK to a solid CYLINDER, etc.). The result is an object 
which is qualitatively “larger” than the previous object, 
“qualitative” in the sense that, regardless of how you 
drag the original object, you always trace out an ob- 
ject of the same “qualitative size.” The POINT could be 
made into a straight LINE, a CIRCLE, a HELIX, or some 
other CURVE, but all of these objects are qualitatively 
of the same dimension. The notion of dimension was 
invented for the purpose of measuring this “qualitative” 
topological property. 


Making things a bit more formal, finite collections of ob- 
jects (e.g., points in space) are considered 0-dimensional. 
Objects that are “dragged” versions of 0-dimensional 
objects are then called 1-dimensional. Similarly, ob- 
jects which are dragged 1-dimensional objects are 2- 
dimensional, and so on. Dimension is formalized in 
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mathematics as the intrinsic dimension of a ToOPpo- 
LOGICAL SPACE. This dimension is called the LEBES- 
GUE COVERING DIMENSION (also known simply as the 
TOPOLOGICAL DIMENSION). The archetypal example 
is EUCLIDEAN n-space IR", which has topological di- 
mension n. The basic ideas leading up to this result 
(including the DIMENSION INVARIANCE THEOREM, Do- 
MAIN INVARIANCE THEOREM, and LEBESGUE COVER- 
ING DIMENSION) were developed by Poincaré, Brouwer, 
Lebesgue, Urysohn, and Menger. 


There are several branchings and extensions of the no- 
tion of topological dimension. Implicit in the notion 
of the LEBESGUE COVERING DIMENSION is that dimen- 
sion, in a sense, is a measure of how an object fills space. 
If it takes up a lot of room, it is higher dimensional, and 
if it takes up less room, it is lower dimensional. HAus- 
DORFF DIMENSION (also called FRACTAL DIMENSION) is 
a fine tuning of this definition that allows notions of ob- 
jects with dimensions other than INTEGERS. FRACTALS 
are objects whose HAUSDORFF DIMENSION is different 
from their TOPOLOGICAL DIMENSION. 


The concept of dimension is also used in ALGEBRA, pri- 
marily as the dimension of a VECTOR SPACE over a 
FIELD. This usage stems from the fact that VECTOR 
SPACES over the reals were the first VECTOR SPACES 
to be studied, and for them, their topological dimension 
can be calculated by purely algebraic means as the CAR- 
DINALITY of a maximal linearly independent subset. In 
particular, the dimension of a SUBSPACE of R” is equal 
to the number of LINEARLY INDEPENDENT VECTORS 
needed to generate it (i-e., the number of VECTORS in 
its Basis). Given a transformation A of R”, 


dim[Range(A)] + dim[Null(A)] = dim(R”). 


see also CAPACITY DIMENSION, CODIMENSION, CORRE- 
LATION DIMENSION, EXTERIOR DIMENSION, FRACTAL 
DIMENSION, HAUSDORFF DIMENSION, HAUSDORFF- 
BESICOVITCH DIMENSION, KAPLAN-YORKE DIMEN- 
SION, KRULL DIMENSION, LEBESGUE COVERING DI- 
MENSION, LEBESGUE DIMENSION, LYAPUNOV DIMEN- 
SION, POSET DIMENSION, g-DIMENSION, SIMILARITY 
DIMENSION, TOPOLOGICAL DIMENSION 
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Dini’s Surface 


Dimension Axiom 

One of the EILENBERG-STEENROD AXIOMS. Let X be 
a single point space. H,(X) = 0 unless n = 0, in which 
case Ho(X) = G where G are some Groups. The Ho are 
called the COEFFICIENTS of the HOMOLOGY THEORY 
H(). 

see also EILENBERG-STEENROD AXIOMS, HOMOLOGY 
(TOPOLOGY) 


Dimension Invariance Theorem 
R” is HOMEOMORPHIC to R™ IrFFn =m. This theorem 
was first proved by Brouwer. 


see also DOMAIN INVARIANCE THEOREM 


Dimensionality Theorem 
For a finite GROUP of h elements with an n;th dimen- 
sional ith irreducible representation, 


Son? =h 


Diminished Polyhedron 
A UNIFORM POLYHEDRON with pieces removed. 


Diminished Rhombicosidodecahedron 
see JOHNSON SOLID 


Dini Expansion 
An expansion based on the ROOTS of 


gz "(2J, (xz) + HJn(x)| = 9, 


where Jn(z) is a BESSEL FUNCTION OF THE FIRST 
KIND, is called a Dini expansion. 


see also BESSEL FUNCTION FOURIER EXPANSION 
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Bowman, F. Introduction to Bessel Functions. New York: 
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Dini’s Surface 


A surface of constant NEGATIVE CURVATURE obtained 
by twisting a PSEUDOSPHERE and given by the paramet- 
ric equations 


x =acosusinv Q) 
y =asinusinv (2) 
z = a{cosv + In[tan(4v)]} + bu. (3) 


Dini’s Test 


The above figure corresponds to a = 1, 6 = 0.2, ue 

[0,47], and v € (0, 2]. 

see also PSEUDOSPHERE 
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Dini’s Test 
A test for the convergence of FOURIER SERIES. Let 


bz(t) = f(w@+t) + f(x —t) — 2f(z), 


2 |px(t)| dt 
0 t 


is FINITE, the FOURIER SERIES converges to f(a) at 2. 


then if 


see also FOURIER SERIES 
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Dinitz Problem 

Given any assignment of n-element sets to the n? loca- 
tions of a square n x n array, is it always possible to 
find a PARTIAL LATIN SQUARE? The fact that such a 
PARTIAL LATIN SQUARE can always be found for a 2 x 2 
array can be proven analytically, and techniques were 
developed which also proved the existence for 4 x 4 and 
6 x 6 arrays. However, the general problem eluded solu- 
tion until it was answered in the affirmative by Galvin in 
1993 using results of Janssen (1993ab) and F. Maffray. 


see also PARTIAL LATIN SQUARE 
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Diocles’s Cissoid 
see CISSOID OF DIOCLES 


Diophantine Equation A37 


Diophantine Equation 

An equation in which only INTEGER solutions are al- 
lowed. HILBERT’S 10TH PROBLEM asked if a technique 
for solving a general Diophantine existed. A general 
method exists for the solution of first degree Diophan- 
tine equations. However, the impossibility of obtaining a 
general solution was proven by Julia Robinson and Mar- 
tin Davis in 1970, following proof of the result that the 
equation n = F2,, (where Fy, is a FIBONACCI NUM- 
BER) is Diophantine by Yuri Matijasevié (Matijasevié 
1970, Davis 1973, Davis and Hersh 1973, Matijasevic 
1993). 


No general method is known for quadratic or higher 
Diophantine equations. Jones and Matijasevié (1982) 
proved that no ALGORITHMS can exist to determine if 
an arbitrary Diophantine equation in nine variables has 
solutions. Ogilvy and Anderson (1988) give a number 
of Diophantine cquations with known and unknown so- 
lutions. 


D. Wilson has compiled a list of the smallest nth Pow- 
ERS which are the sums of n distinct smaller nth Pow- 
ERS. The first few are 3, 5, 6, 15, 12, 25, 40, ... (Sloane’s 
030052): 


3} =1'+2) 
5? = 37 4 4? 
6° = 3° + 4% +5° 
154 = 4446748494 +144 
ima pe aes +9 +11" 
25° = 1° + 2° + 3° +. 5° + 6° + 7° + 8° + 9° + 10° 
+ 12° + 13° + 15° + 16° + 17° + 18° + 23° 
407 = 17+. 37457497 +127 414" +167 +17" 
+ 18" + 207 + 217 + 227 + 257 + 287 + 39” 
g4® = 1° + 2° +. 3° 45% 4 7° + 9% +10° +11° 
+12° +13* + 14° -+18° 4+ 16° 417° + 18° 
10° 01" 4 09" 4 94® 4 95° 4.96" 4-97" 
+ 29° + 32° + 33° + 35 + 378 + 38° + 398 
+ 41° + 42° + 43° + 45° + 46° + 47° + 48° 
+ 49° + 51% +.52° +538 +578 + 58° + 59° 
+615 + 63° + 69° + 73° 
47° = 19 4+ 29 4-49 4.79 4.119 +.14° + 15° + 18° 
sf 26° 4-27" 80° 631" 38" 4:33" 
+ 36° + 38° + 39° + 43° 
632° = 719 : 10 4 410 ae 510 4 61° of gi? 4 4210 
fs 151° 4 161° ae 171° je 20? ‘a 91% + 951° 
+96" 4977? 4 98" 430° 4.3679 43779 
+ 387° + 407° + 517° +. 627°. 


see also ABC CONJECTURE, ARCHIMEDES’ CAT- 
TLE PROBLEM, BACHET EQUATION, BRAHMAGUPTA’S 
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PROBLEM, CANNONBALL PROBLEM, CATALAN’S PROB- 
LEM, DIOPHANTINE EQUATION—LINEAR, DIOPHAN- 
TINE EQUATION—QUADRATIC, DIOPHANTINE EQua- 
TION—CuBIC, DIOPHANTINE EQUATION—QUARTIC, 
DIOPHANTINE EQUATION—5TH POWERS, DIOPHAN- 
TINE EQUATION—6TH POWERS, DIOPHANTINE EQUA- 
TION-—-7TH POWERS, DIOPHANTINE EQUATION—8TH 
POWERS, DIOPHANTINE EQUATION—9TH POWERS, 
DIOPHANTINE EQUATION—10TH POWERS, DIOPHAN- 
TINE EQUATION—-nTH POWERS, DIOPHANTUS PROP- 
ERTY, EULER BRICK, EULER QUARLIC CONJECTURE, 
FERMAT’S LAST THEOREM, FERMAT SUM THEO- 
REM, GENUS THEOREM, HURWITZ EQUATION, MARKOV 
NuMBER, MONKEY AND COCONUT PROBLEM, MULTI- 
GRADE EQUATION, p-ADIC NUMBER, PELL EQUATION, 
PYTHAGOREAN QUADRUPLE, PYTHAGOREAN TRIPLE 
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Diophantine Equation—5th Powers 
The 2-1 fifth-order Diophantine equation 


A’ +B =C° (1) 


is a special case of FERMAT’S LAST THEOREM with 
n = 5, and so has no solution. No solutions to the 
2-2 equation 

A® +B =C*°+D* (2) 


are known, despite the fact that sums up to 1.02 x 107° 
have been checked (Guy 1994, p. 140), improving on 
the results on Lander et al. (1967), who checked up to 
2.8 x 101+. (In fact, no solutions are known for POWERS 
of 6 or 7 either.) 


No solutions to the 3-1 equation 
AP+B°+c?=pD* (3) 


are known (Lander et al. 1967), nor are any 3-2 solutions 
up to 8 x 10)? (Lander et al. 1967). 


Parametric solutions are known for the 3-3 (Guy 1994, 
pp. 140 and 142). Swinnerton-Dyer (1952) gave two 
parametric solutions to the 3-3 equation but, forty years 
later, W. Gosper discovered that the second scheme has 
an unfixable bug. The smallest primitive 3-3 solutions 
are 


24° + 28° +67° = 3° 454° + 62° (4) 

18° + 44° + 66° = 13° + 51° + 64° (5) 

21° + 43° + 76° = 8° + 62° + 68° (6) 

56° + 67° + 83° = 53° + 72° +81° (7) 

49° + 75° + 107° = 39° + 92° + 100° (8) 
(Moessner 1939, Moessner 1948, Lander et al. 1967). 

For 4 fifth POWERS, we have the 4-1 equation 
27° + 84° + 110° + 133° = 144° (9) 


(Lander and Parkin 1967, Lander e¢ al. 1967), but it is 
not known if there is a parametric solution (Guy 1994, 
p- 140). Sastry’s (1934) 5-1 solution gives some 4-2 so- 
lutions. The smallest primitive 4-2 solutions are 


4°; 10° ; 20° 4.295 = 3° ; 298 (10) 
BP +.13° + 25° + 37° = 12° + 38° (11) 
26° + 29° + 35° + 50° = 28° +52” (12) 
5° + 25° + 62° + 63° = 61° + 64° (13) 
6° +.50° + 53° + 82° — 16° + 85° (14) 
56° + 63° + 72° + 86° = 31° + 96° (15) 
44° + 58° + 67° +. 94° = 14° + 99° (16) 
11° + 13° + 37° + 99° = 63° + 97° (17) 


48° + 57° + 76° + 100° = 25° + 106° (18) 
58° + 76° + 79° + 102° = 54° 4+:111° (19) 
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(Rao 1934, Moessner 1948, Lander et al. 1967). 


A two-parameter solution to the 4-3 equation was given 
by Xeroudakes and Moessner (1958). Gloden (1949) also 
gave a parametric solution. The smallest solution is 


1° + 8° + 14° + 27° = 3° 4 22° | 25° (20) 


(Rao 1934, Lander et al. 1967). Several parametric so- 
lutions to the 4-4 equation were found by Xeroudakes 
and Moessner (1958). The smallest 4-4 solution is 


S446 4S ae Ps P47 (21) 


(Rao 1934, Lander et al. 1967). The first 4-4-4 equation 


1s 


3° + 49° + 52° +615 = 13° + 36° +515 + 64° 
= 18° + 36° + 44° + 66° (22) 


(Lander et al. 1967). 


Sastry (1934) found a 2-parameter solution for 5-1 equa- 
tions 


(75v® — u®)® + (u® + 25v°)° + (u® — 25v°)® 

+(10u%v7)> + (50uv*)® = (u® + 75u°)® (23) 
(quoted in Lander and Parkin 1967), and Lander and 
Parkin (1967) found the smallest numerical solutions. 


Lander et al. (1967) give a list of the smallest solutions, 
the first few being 


19° + 43° + 46° +.47°+67° =72° = (24) 

21° +235 +375 +795 +845 =945 (25) 

7° +.413° +.57° + 80° +100° = 107° (26) 

8° + 120° + 191° + 259° + 347° = 365° = (27) 
79° + 202° + 258° + 261° +. 395° = 415° = (28) 
4° 426° +139° + 296° + 412° = 427° (29) 
31° + 105° + 139° + 314° + 416° = 435° (30) 
54° +91° + 101° + 404° + 430° = 480° = (31) 
19° + 201° + 347° + 388° + 448° = 503° = (32) 
159° + 172° + 200° + 356° + 513° = 530° = (33) 
218° + 276° + 385° + 409° + 495° = 553° (34) 
2° + 298° + 351° + 474° + 500° = 575° (35) 


(Lander and Parkin 1967, Lander e¢ al. 1967). 


The smallest primitive 5-2 solutions are 


44+5°4+7°+16°>4+21°=1°422° = (36) 
9 411° +14" 4.18" 4 30° = 23" 429° (37) 
10° + 14° + 26° + 31° + 33° = 16° 4+. 38° (38) 
4° 4 22° + 29° + 35° + 36° = 24° 442° (39) 
8° +15° +177 +19° + 45° — 30°+44° (40) 
5° +6 + 26° +27° +44 = 36°4+42° = (41) 
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(Rao 1934, Lander et al. 1967). 


The 6-1 equation has solutions 


ferPse4 Pig sir =i ¢ 

5° +10° +11° + 16° +19°+29° = 30° = ( 
15° + 16° +. 17° + 22° + 24° + 28° = 32° (44) 
13° + 18° + 23° + 31° + 36° + 66° = 67° = (45) 
7° 420° + 29° + 31° + 34° + 66° = 67° — (46) 
22° + 35° + 48° + 58° +61° + 64° = 78° (47) 
4° +13°+419° + 20°+67°+96° =99° (48) 
6° + 17° + 60° + 64° + 73° + 89° = 99° (49) 


(Martin 1887, 1888, Lander and Parkin 1967, Lander et 
al. 1967). 


The smallest 7-1 solution is 
1° 4754 8° 414° 4 155 418° 420° = 23° = (50) 


(Lander et al. 1967). 
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Diophantine Equation—6th Powers 
The 2-1 equation 


A®°+B°=C® (1) 
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is a special case of FERMAT’S LAST THEOREM with n = 
6, and so has no solution. Ekl (1996) has searched and 
found no solutions to the 2-2 


A® + B® =c* + D*® (2) 


with sums less than 7.25 x 1076. 


No solutions are known to the 3-1 or 3-2 equations. How- 
ever, parametric solutions are known for the 3-3 equa- 
tion 


Aa Bp’+c®’=p° in +r (3) 
(Guy 1994, pp. 140 and 142). Known solutions are 


3° + 19° + 22° = 10° + 15° + 23° (4) 
36° + 37° + 678 — 15° + 52° + 65° (5) 
33° + 47° + 74° — 23° + 54° + 73° (6) 
32° + 43° + 81° = 3° + 55° + 80° (7) 
37° + 50° + 81° = 11° + 65° + 78° (8) 

25° + 62° + 138° = 82° + 92° + 135% (9) 


51° + 113° + 136° = 40° + 125°+129° —( 

71° + 92° + 147° = 1° + 1325+ 133° = (11) 
111° + 121° + 230° = 26° + 169° + 225° ( 
75° + 142° + 245° = 14° + 163° + 243° —_( 


(Rao 1934, Lander et al. 1967). 


No solutions are known to the 4-1 or 4-2 equations. The 
smallest primitive 4-3 solutions are 


41° + 58° + 73° = 15° + 32° + 65° + 70° (14) 
61° + 62° + 85° = 52° + 56° + 69° + 83° (15) 
61° + 74° + 85° = 26° + 56° + 71°+87° — (16) 
11° + 88° + 90° = 21° + 74° + 78° +92° (17) 
26° + 83° + 95° = 23° + 24° + 28° + 101° (18) 


(Lander et al. 1967). Moessner (1947) gave three para- 
metric solutions to the 4-4 equation. The smallest 4-4 
solution is 

2° + 2° 49° +9 = 39455469410 (19) 
(Rao 1934, Lander et al. 1967). The smallest 4-4-4 so- 
lution is 
1° +. 34° + 49° + 111° = 7° + 43° + 69° + 110° 

= 18° + 25°+ 778+ 109° (20) 

(Lander et al. 1967). 


No n-1 solutions are known for n < 6 (Lander et al. 
1967). No solution to the 5-1 equation is known (Guy 
1994, p. 140) or the 5-2 equation. 


No solutions are known to the 6-1 or 6-2 equations. 
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The smallest 7-1 solution is 


74° + 234° +. 402° + 474° + 702° + 894° + 10778 = 1141° 
(21) 
(Lander et al. 1967). The smallest 7-2 solution is 


18° + 22° + 36° + 58° + 69° + 78° + 78° = 56°+91° (22) 


(Lander et al. 1967). 


The smallest primitive 8-1 solutions are 


8° + 12° + 30° + 78° + 102° 

4138° + 165° + 246° = 251° (23) 
48° + 111° + 156° + 186° + 188° 

+228° + 240° + 426° = 431° (24) 
93° + 93° + 195° + 197° + 303° 

+303° + 303° + 411° = 440° (25) 
219° + 255° + 261° + 267° + 289° 

+351° + 351° + 351° = 440° = (26) 
12° + 66° + 138° + 174° + 212° 

+288° + 306° + 441° = 455° (27) 
12° + 48° + 222° + 236° + 333° 

+384° + 390° + 426° = 493° (28) 
66° + 78° + 144° + 228° + 256° 

+288° + 435° + 444° = 499° (29) 
16° + 24° + 60° + 156° + 204° 

+276° + 330° + 492° = 502° (30) 
61° + 96° + 156° + 228° + 276° 

+318° + 354° + 534° = 547° (31) 
70" 4177" 4078" 4-319" 4.319" 

+408° + 450° + 498° = 559° = (32) 
60° + 102° + 126° + 261° + 270° 

+338° + 354° + 570° = 581° (33) 
57° + 146° + 150° + 360° + 390° 

+402° + 444° + 528° = 583° (34) 
33° + 72° + 122° + 192° + 204° 

+390° + 534° + 534° = 607° (35) 
12° +. 90° + 114° + 114° + 273° 

+306° + 492° + 592° = 623° (36) 


(Lander et al. 1967). The smallest 8-2 solution is 


8° + 10° + 12° + 15° + 24° + 30° + 33° + 36° = 35° + 37° 
(37) 
(Lander et al. 1967). 


The smallest 9-1 solution is 


1°17" 19" 499" 31° 37? Lay 4a to 5” 
(38) 
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Pp qd 
(Lander ef al. 1967). The smallest 9-2 solution is 


16 45% 45°47% 4 13° +13° + 13° +178 +19° = 6° + 21° 
(39) 
(Lander et al. 1967). 


The smallest 10-1 solution is 


2° 4.49 47% 4.145 + 16° +26° + 26° + 30° +32° +32° = 39° 
(40) 
(Lander et al. 1967). The smallest 10-2 solution is 


18415 418445 44% 47% 4.99 4 11941194118 = 12°+12° 
(41) 
(Lander et al. 1967). 


The smallest 11-1 solution is 


6 4 O46 8 781781 96 4 98 1 198 148 497% = 188 
(42) 
(Lander et al. 1967). 


There is also at least one 16-1 identity, 


Pee eae ee eT ei de +18 a: 
+ 16° + 18° + 20° + 21° + 22° + 23° = 28° (43) 


(Martin 1893). Moessner (1959) gave solutions for 16-1, 
18-1, 20-1, and 23-1. 
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Diophantine Equation—7th Powers 
The 2-1 equation 


A+B" =C’ (1) 


is a special case of FERMAT’S LAST ‘THEOREM with 
nm = 7, and so has no solution. No solutions to the 
2-2 equation 

A'+B'=C7+D" (2) 


are known 
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No solutions to the 3-1 or 3-2 equations are known, nei- 
ther are solutions to the 3-3 equation 


A+ B74+C7 =D +h" +H" (3) 


(Ek 1996). 


No 4-1, 4-2, or 4-3 solutions are known. Guy (1994, 
p. 140) asked if a 4-4 equation exists for 7th POWERS. 
An affirmative answer was provided by (Ekl 1996), 


149” + 123” + 147 +10” = 146” + 1297 + 90 +15” (4) 


194” +1507 +1057 +23" = 1927 +1527 +1327 +38". (5) 
A 4-5 solution is known. 
No 5-1, 5-2, or 5-3 solutions are known. Numerical so- 


lutions to the 5-4 equation are given by Gloden (1948). 
The smallest 5-4 solution is 


37 4117 + 267 + 297 +52” = 12” + 16” + 43" +50" (6) 


(Lander et al. 1967). Gloden (1949) gives parametric 
solutions to the 5-5 equation. The first few 5-5 solutions 
are 


8” +8’ +137 +16’ +197 
= 2" +127 +15" +177 +18" (7) 
4° 487414" +167 4 237 
= 77 +77 +9" 420° +227 (8) 
117 +127 + 18" + 217 + 26” 
= 97410" +227 4 237 4 24” (9) 
6 do 0029 7" 
= 10’ +137 +137 +25" +26" (10) 
37 +137 +17" +24’ +387 
= 14" + 26" + 327 + 327433" (11) 


(Lander et al. 1967). 


No 6-1, 6-2, or 6-3 solutions are known. A parametric 
solution to the 6-6 equation was given by Sastry and Rai 
(1948). The smallest is 


Pas sh 46 S10 Is Sr a eae 419) 12" 
(12) 
(Lander et al. 1967). 


There are no known solutions to the 7-1 equation (Guy 
1994, p. 140). A 7?-2 solution is 


Y 4-26" 

= 47 4.974137 4147 4147 4.167 +187 4 227 4 237 + 237 

= 77477497 4137 +147 + 187 4+ 20" + 227 + 227 + 23" 
(13) 


442 Diophantine Equation—8th Powers 
(Lander et al. 1967). The smallest 7-3 solution is 
774-77 412" +167 +27" +.287+31" = 26°+307+30" (14) 


(Lander et al. 1967). 


The smallest 8-1 solution is 
127 +357 +53" +58" +647 +837 4+857+90" = 102” (15) 
(Lander et al. 1967). The smallest 8-2 solution is 
5°46" +77 +157 +15" +20" +287 +31" = 10’+33" (16) 


(Lander et al. 1967). 


The smallest 9-1 solution is 


67 +147 +207 +227 +277 +337 +417 +507 +59" = 62” 
(17) 
(Lander et al. 1967). 
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Diophantine Equation—8th Powers 
The 2-1 equation 


A+Be=-0 (1) 
is a special case of FERMAT’S LAST THEOREM with n = 
8, and so has no solution. No 2-2 solutions are known. 
No 3-1, 3-2, or 3-3 solutions are known. 

No 4-1, 4-2, 4-3, or 4-4 solutions are known. 


No 5-1, 5-2, 5-3, or 5-4 solutions are known, but Letac 
(1942) found a solution to the 5-5 equation. The small- 
est 5-5 solution is 


18+10° +115 +20° 443% = 5° 428° +32°+35%+441° (2) 


(Lander et al. 1967). 


No 6-1, 6-2, 6-3, or 6-4 solutions are known. Moessner 
and Gloden (1944) found solutions to the 6-6 equation. 
The smallest 6-6 solution is 


38468498 +108 +15 +23 = 5°+99+9% 412° +208 422° 


(3) 
(Lander et al. 1967). 
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No 7-1, 7-2, or 7-3 solutions are known. The smallest 
7-4 solution is 


7° 498 + 16% +228 + 22° 4.28% +34* = 6° +11° +208 +35 

(4) 
(Lander et al. 1967). Moessner and Gloden (1944) found 
solutions to the 7-6 equation. Parametric solutions to 
the 7-7 equation were given by Moessner (1947) and 
Gloden (1948). The smallest 7-7 solution is 


18 + 3% +58 + 68 + 6% + 8° + 138 

= 45 + 7° +98 +98 + 10% + 115 +12 (5) 
(Lander et al. 1967). 
No 8-1 or 8-2 solutions are known. The smallest 8-3 


solution is 


6° +12°+16° + 16° +.38° +38°+40° +47° = 8° +17°+50° 
(6) 

(Lander et al. 1967). Sastry (1934) used the smallest 
17-1 solution to give a parametric 8-8 solution. The 
smallest 8-8 solution is 
1 43°+7° 47° +7° + 10° + 10° + 12° 

= 4° 45% 45° + 6° + 65 +119 +119 +11° (7) 
(Lander et al. 1967). 
No solutions to the 9-1 equation is known. The smallest 


9-2 solution is 


2° +7%+.8° 416° 417% +20° +.20° +248 424° = 11° +278 

(8) 
(Lander et al. 1967). Letac (1942) found solutions to 
the 9-9 equation. 


No solutions to the 10-1 equation are known. 


The smallest 11-1 solution is 


14® + 18° + 2. 44° + 66° + 70% + 92° 
+93° + 96° + 106° + 112° = 125° (9) 


(Lander et al. 1967). 


The smallest 12-1 solution is 


2-884 108+ 3.24% + 26° + 308 
434° + 44° + 52° + 63° = 65° = (10) 


(Lander et al. 1967). 


The general identity 


(Qeha* + 1)8 ths alia = iy" + gx 
Erne +4 rile mad + ‘Pama al (11) 


gives a solution to the 17-1 equation (Lander et al. 1967). 


Diophantine Equation—-9th Powers 


References 

Gloden, A. “Parametric Solutions of Two Multi-Degreed 
Equalities.” Amer. Math. Monthly 55, 86-88, 1948. 

Lander, L. J.; Parkin, T. R.; and Selfridge, J. L. “A Survey of 
Equal Sums of Like Powers.” Math. Comput. 21, 446-459, 
1967. 

Letac, A. Gazetta Mathematica 48, 68-69, 1942. 

Moessner, A. “On Equal Sums of Like Powers.” Math. Stu- 
dent 15, 83-88, 1947. 

Moessner, A. and Gloden, A. “Einige Zahlentheoretische Un- 
tersuchungen und Resultante.” Bull. Sci. Ecole Polytech. 
de Timisoara 11, 196-219, 1944. 

Sastry, S. “On Sums of Powers.” J. London Math. Soc. 9, 
242-246, 1934. 


Diophantine Equation—9th Powers 
The 2-1 equation 


A°+B°=C* (1) 


is a special case of FERMAT’s LAST THEOREM with 
mn = 9, and so has no solution. There is no known 2- 


2 solution. 
There are no known 3-1, 3-2, or 3-3 solutions. 
There are no known 4-1, 4-2, 4-3, or 4-4 solutions. 
There are no known 5-1, 5-2, 5-3, 5-4, or 5-5 solutions. 
There are no known 6-1, 6-2, 6-3, 6-4, or 6-5 solutions. 
The smallest 6-6 solution is 
1° 4 13° + 13° + 14° + 18° + 23° 

= 5° +99 + 10° + 15° +219 + 22° (2) 
(Lander et al. 1967). 
There are no known 7-1, 7-2, 7-3, 7-4, or 7-5 solutions. 
There are no known 8-1, 8-2, 8-3, 8-4, or 8-5 solutions. 
There are no known 9-1, 9-2, 9-3, 9-4, or 9-5 solutions. 
There are no known 10-1, 10-2, or 10-3 solutions. ‘The 
smallest 10-4 solution is 
a6 +6" 49° 1-10" | 11" 4-14 8 4 9? 

= 5°+12°+16°+4+21° (3) 

(Lander et al. 1967). No 10-5 solution is known. Moess- 


ner (1947) gives a parametric solution to the 10-10 equa- 
tion. 


There are no known 11-1 or 11-2 solutions. The smallest 
11-3 solution is 


2° 43° 46° +79 +9° +9° + 19° + 19° +.21° +. 25° + 29° 
= 13° + 16° + 30° (4) 


(Lander et al. 1967). The smallest 11-5 solution is 


3° 1 5° 15° +99 +99 412° +159 + 15% 4+ 169 4 21° 421° 
= 7° +8° + 14° + 20° + 22° (5) 
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(Lander et al. 1967). Palamé (1953) gave a solution to 
the 11-11 equation. 


There is no known 12-1 solution. The smallest 12-2 so- 
lution is 


4.29 42.394.49 479 + 16° +179 +2-19° 
= 15° +21" (6) 


(Lander et al. 1967). 


There are no known 13-1 or 14-1 solutions. The smallest 
15-1 solution is 


2° 429449 +6°+6° +79 +99 +9° + 10° + 15° 
$1874.21": 4-91" 4-93" 4-93" = 96? (7) 


(Lander et al. 1967). 
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Diophantine Equation—10th Powers 
The 2-1 equation 


Ae + B® i Cc? (1) 


is a special case of FERMAT’S LAST THEOREM with n = 
10, and so has no solution. The smallest values for which 
n-1, n-2, etc., have solutions are 23, 19, 24, 23, 16, 27, 
and 7, corresponding to 


5. PO 4 920 4 929 4 gl g. 70 4 4. gi? 
+10°° + 2-12*° + 137° + 14*° = 15*° (2) 


5.20 4 51 4 gO 4 1920 4g. 142° 
42-1277 43.1570 — g!0 4 4719 (3) 


120 4.929 4920 1 49. 419 4 710 4-7. gi? 
+107° + 127° + 167° = 117° + 2-15'° (4) 


5.120 49.920 4 3.329 4 40 4. gi? 
+3-719 4.829 4.9.1070 4-2-1410 4151° = 3.1110 416° (5) 


4.179 4.919 4.9.42 4 61° 4 9.1919 
+5 - 137° + 157° = 2-319 + 9 4 14° + 16 (6) 
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179 44-399 42.4 49-59 47.69 
49-779 4.107 +137 = 2-279 4.979 411 49.1299 (7) 


17° 4°98"" 431"? 4-99"? 55 4 Br 68 
= 17° + 20'° + 23° + 447° + 49" + 64°° +6779 (8) 


(Lander et al. 1967). 
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Diophantine Equation—Cubic 
The 2-1 equation 


A+B=C (1) 


is a case of FERMAT’S LAST THEOREM with n = 3. In 
fact, this particular case was known not to have any 
solutions long before the general validity of FERMAT’S 
LAST THEOREM was established. The 2-2 equation 


A’ + Be =c* + p* (2) 
has a known parametric solution (Dickson 1966, 


pp. 550-554; Guy 1994, p. 140), and 10 solutions with 
sum < 10°, 


1729 = 1° + 128 = 9° + 10° (3) 

4104 = 2° + 16° = 9° + 15° (4) 
13832 = 2° + 24° = 18° + 20° (5) 
20683 = 10° + 27° = 19° + 24° (6) 
32832 = 4° + 32° = 18° + 30° (7) 
39312 = 2° + 34° = 15° + 33° (8) 
40033 = 9° + 34° = 16° + 33° (9) 
46683 = 3° + 36° = 16° + 33° (10) 
64232 = 17° + 39° = 26° + 36° (11) 
65728 = 12° + 40° = 31° + 33° (12) 


(Sloane’s A0Q01235; Moreau 1898). The first number 
(Madachy 1979, pp. 124 and 141) in this sequence, the 
so-called HARDY-RAMANUJAN NUMBER, is associated 
with a story told about Ramanujan by G. H. Hardy, 
but was known as early as 1657 (Berndt and Bhargava 
1993). The smallest number representable in n ways as 
a sum of cubes is called the nth TAXICAB NUMBER. 


Ramanujan gave a general solution to the 2-2 equaticn 
as 


(a+ A? 7)> + (AB +7)? = (Aa +7)? + (8 + A?4)* (13) 


where 


a + a8 + B? =3d\7 (14) 
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(Berndt 1994, p. 107). Another form due to Ramanujan 
is 


(A? + 7AB — 9B”)* + (2A” — 4AB + 12B7)* 
= (2A? + 10B?)* + (A? - 9AB — B?)*. (15) 


Hardy and Wright (1979, Theorem 412) prove that there 
are numbers that are expressible as the sum of two cubes 
in n ways for any n (Guy 1994, pp. 140-141). The proof 
is constructive, providing a method for computing such 
numbers: given RATIONALS NUMBERS r and s, compute 


r(r? + 28°) 
t= ar ea ae (16) 

s(2r3 + 5°) 
aaa” ET al (17) 

t(t® — 2u3) 
OS B+ (18) 

u(2t? — u3) 
v= Saw 8) 

Then : 

P48 =v =v +0 (20) 


The DENOMINATORS can now be cleared to produce an 
integer solution. If r/s is picked to be large enough, 
the v and w will be PosITIVE. If r/s is still larger, the 
v/w will be large enough for v and w to be used as 
the inputs to produce a third pair, etc. However, the 
resulting integers may be quite large, even for n = 2. 
E.g., starting with 3° + 1° — 28, the algorithm finds 


— { 28340511 )3 63284705 \3 
28 = ( Siae828 ) + (siaaeeze 2 (21) 


giving 


28 - 21446828° = (3 - 21446828)* + 21446828" (22) 
= 28340511° + 63284705°. (23) 


The numbers representable in three ways as a sum of 
two cubes (a 2-2-2 equation) are 


87539319 = 167° + 436° = 228° + 423° = 255° + 414° 
(24) 
119824488 = 11° + 493° = 90° + 492% = 346° + 428° 
(25) 
143604279 = 111° + 522° = 359° + 460% = 408° + 423° 
(26) 
175959000 = 70° + 560° = 198° + 552° = 315° + 525° 
(27) 
327763000 = 300° + 670° = 339° + 661° = 510° + 580° 
(28) 
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(Guy 1994, Sloane’s A003825). Wilson (1997) found 32 
numbers representable in four ways as the sum of two 
cubes (a 2-2-2-2 equation). The first is 


6963472309248 = 24217 + 190837 = 54367 + 189487 
= 102020° + 18072? = 133227 + 15530. (29) 


The smallest known numbers so_ representable 
are 6963472309248, 12625136269928, 21131226514944, 
26059452841000, ... (Sloane’s A003826). Wilson also 
found six five-way sums, 


48988659276962496 = 38787° + 365757° 

= 107839° + 362753° 

= 205292* + 342952° 

= 221424° + 336588° 

= 231518" + 331954° (30) 
490593422681271000 = 48369° + 788631° 

= 233775° + 781785° 

= 285120° + 776070° 

= 543145 + 691295° 

= 579240* + 666630° (31) 
6355491080314102272 = 103113° + 1852215° 

= 580488* + 1833120° 

= 788724° + 1803372° 

= 1150792" + 1690544° 

= 1462050° + 1478238° (32) 
27365551142421413376 = 167751° + 3013305° 

= 265392° + 3012792° 

= 944376° + 2982240° 

= 1283148 + 2933844" 

= 1872184° + 2750288" (33) 
1199962860219870469632 = 591543° + 10625865° 

= 935856" + 10624056" 

= 3330168° + 10516320° 

= 6601912° + 9698384° 

= 8387550° + 8480418" (34) 
111549833098123426841016 = 1074073° + 48137999° 

= 8787870" + 48040356° 

= 13950972° + 47744382° 

= 24450192" + 45936462° 

= 33784478" + 41791204°, (35) 
and a single six-way sum 
8230545258248091551205888 

= 11239317 + 201891435° 

= 17781264 + 201857064° 

= 63273192 + 199810080" 

= 85970916" + 196567548" 

= 125436328° + 184269296" 

= 159363450 + 161127942°. (36) 
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The first rational solution to the 3-1 equation 

A’ +B°+cC* = D® (37) 
was found by Euler and Vieta (Dickson 1966, pp. 550- 
554). Hardy and Wright (1979, pp. 199-201) give a so- 


lution which can be based on the identities 


a*(a* 4 b°)* = b(a* + by ds a*(a? = 267)? 


+ b?(2a° — b*)° (38) 
a(a® de 26°) = a*(a® _ b3)3 < b? (a3 2: 6°) 
+ b°(2a7 + b7)%. (39) 


This is equivalent to the general 2-2 solution found by 
Ramanujan (Berndt 1994, pp. 54 and 107). The smallest 
integral solutions are 


3+4+5°=6° (40) 
P+6e+8° =9° (41) 

7 +149 417% = 20° (42) 
11° + 15° + 27° = 29% (43) 
28° + 53° + 75° = 84° (44) 
26° + 55° + 78° = 87° (45) 
33° + 70° + 923 = 105° (46) 


(Beeler et al. 1972; Madachy 1979, pp. 124 and 141). 
Other general solutions have been found by Binet (1841) 
and Schwering (1902), although Ramanujan’s formula- 
tion is the simplest. No general solution giving all Post- 
TIVE integral solutions is known (Dickson 1966, pp. 550- 
561). 


4-1 equations include 


11° + 12° + 13° + 14% = 20° (47) 
5° + 7° +9° + 10° = 13°. (48) 


A solution to the 4-4 equation is 

2° +3° + 10° +115 = 1° +57 + 8° +12 (49) 
(Madachy 1979, pp. 118 and 133). 
5-1 equations 


1° + 3° 4 4° 4.5% + 8% = 9 (50) 
3° + 4° +53 +89 + 10% = 123, (51) 
and a 6-1 equation is given by 
15 + 5° +67 +79 + 8° + 10° = 13°. (52) 
A 6-6 equation also exists: 
1° +294 4% +85 +97 +125 = 39 +5°+6°94+72+10°+11° 


(53) 
(Madachy 1979, p. 142). 
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Euler gave the general solution to 


Peer (54) 
as 
A= 3n*4+6n?—n (55) 
B= -3n?+6n? +n (56) 
C = 6n?(3n? +1). (57) 


see also CANNONBALL PROBLEM, HARDY-RAMANUJAN 
NUMBER, SUPER-3 NUMBER, TAXICAB NUMBER, TRI- 
MORPHIG NUMBER 
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Diophantine Equation—Linear 
A linear Diophantine equation (in two variables) is an 
equation of the general form 


az + by =, (1) 
where solutions are sought with a, b, and c INTEGERS. 
Such equations can be solved completely, and the first 


known solution was constructed by Brahmagupta. Con- 
sider the equation 


ax + by = 1. (2) 
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Now use a variation of the EUCLIDEAN ALGORITHM, 
letting a =r; andb=rT2 


Tr, = qir2 + 73 (3) 
T2 = qar3 +74 (4) 
Tn—3 = Qn—3Tn-2 + Tn-1 (5) 
Tr—2 = Qn-2Tn-1 + 1. (6) 

Starting from the bottom gives 
1l=rp-2- Qn-2Tn-1 (7) 
Tr—1 = Tn—3 — Qn—3Tn—2,; (8) 

so 
1 =Pp-2 — Qn-2(Ta-3 — Gn-3Tn—2) 

= —Gn-2Tn-3 + (1 — gn—2Gn~3)Tn—2 (9) 


Continue this procedure all the way back to the top. 


Take as an example the equation 
10274 + 712y =1. (10) 


Proceed as follows. 


1027 = 712-14 315 | 
712 — 315-2+ 82 | 1= 


1 = —165- 1027+ 238-712 + 
73. 712—165-315 | 


315= 82-34 69 | 1= -19- 315+ 73- 82 | 
82= 69-1+ 13 | 1= 16. 82- 19- 69 | 
69= 13-5+ 4| = -3 69+ 16 13 | 
= 43; 1, 1= 1 18- 3 4| 

1 0 4+ 1 1] 


The solution is therefore z = —165, y = 238. The above 
procedure can be simplified by noting that the two left- 
most columns are offset by one entry and alternate signs, 
as they must since 


1 = —Ajgiri + Airigi (11) 
Tit. = Ti-1 — TiQi-1 (12) 
1 = Airi-1 — (Aiqi-1 + Ai4t), (13) 


so the COEFFICIENTS of ri-1 and ri41 are the same and 
Ai-1 = —(Aigi-1 + Ai41). (14) 


Repeating the above example using this information 
therefore gives 


1027 = 712-1+ 315 | 165-1473 = 238 t 


(=) 
712 = 315-2+ 82 | (+) 73-2419 = 165 
315= 82-34 69| (-) 19-3+16 = 73 
82= 69-14 13 | (4) Aé44+-3: = d9 
69= 13-5+ 4] (-) 35+ 1 = 16 
i3= 43+ 1) (+) 1:3+0 = 3 
Ca eee a 
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and we recover the above solution. 
Call the solutions to 
axz+by=1 (15) 


@o and yo. If the signs in front of ax or by are NEGATIVE, 
then solve the above equation and take the signs of the 
solutions from the following table: 


equation | £ 
ax+by=1 
az —by=1 
—az + by=1 
-ax—by=1 


In fact, the solution to the equation 
ax —by=1 (16) 


is equivalent to finding the CONTINUED FRACTION for 
a/b, with a and 6 RELATIVELY PRIME (Olds 1963). If 
there are n terms in the fraction, take the (n — 1)th 
convergent Pn_—1/gn—1. But 


PnQn—1 ~ Pn—19n = (—1)", (17) 
so one solution is 9 — (—1)"qn-1, yo = (—1)"Pn-1, 
with a general solution 

x=a2o+kb (18) 
y=yotka (19) 


with & an arbitrary INTEGER. The solution in terms 
of smallest POSITIVE INTEGERS is given by choosing an 
appropriate k. 


Now consider the general first-order equation of the form 

ax + by —e. (20) 

The GREATEST COMMON DIVISOR d = GCD(a, b) can 
be divided through yielding 

adetby=e, (21) 


where a’ = a/d, b' = b/d, and c' = c/d. If djc, then c’ is 
not an INTEGER and the equation cannot have a solu- 
tion in INTEGERS. A necessary and sufficient condition 
for the general first-order equation to have solutions in 
INTEGERS is therefore that dic. If this is the case, then 
solve 


vatb'y=1 (22) 
and multiply the solutions by c’, since 
a(ez)+d(cy)=c. (23) 
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Diophantine Equation—nth Powers 
The 2-1 equation 

A®™ ; B™ =C" (1) 


is a special case of FERMAT’S LAST THEOREM and so 
has no solutions for n > 3. Lander et al. (1967) give a 
table showing the smallest n for which a solution to 


k 


ay* taq* 4+... 4+2¢m* = yr +yo* 4... +90", 


with 1 <m < nis known. 


k 


Nm NIN 
NO Wil w& 
NO OO] > 
Qf i] on 
wr] oD 


Noaunwnreild 


Take the results from the RAMANUJAN 6-10-8 IDENTITY 
that for ad = be, with 


Fom(a,b, c,d) = (a+b+c)?™ + (b+c+d)™ 
—(e+d+a)’*™ —(d+a+b)?” 4+ (a—d)’™ — (b—c)*™ 


(2) 
and 


fom(a,y) = (14 @ 1 y)?" | (@ | y tay) 
~(ytary+1)?" —(xey+14+2)?" +(1-ay)?” —(2—y)”, 


(3) 
then 
Pan (a, b, Cc, d) = a fai (2, y)- (4) 
Using 
fa(z,y) =0 (6) 
now gives 


(a+b+c)" +(b+e+d)” + (a-d)” 
=(cid}a)"+(dt+a+b)" + (b-c)” (7) 


for n = 2 or 4. 
see also RAMANUJAN 6-10-8 IDENTITY 
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Diophantine Equation—Quadratic 
An equation of the form 


x? Dy? =i, (1) 


where D is an INTEGER is called a PELL EQUATION. 
Pell equations, as well as the analogous equation with 
a minus sign on the right, can be solved by finding the 
CONTINUED FRACTION for VD. (The trivial solution 
x = 1, y = 0 is ignored in all subsequent discussion.) 
Let pn/Qn denote the nth CONVERGENT [a1, a2,..-,@n|, 
then we are looking for a convergent which obeys the 
identity 

Bie cad Dan” = (=1)"; (2) 


which turns out to always be possible since the CONTIN- 
UED FRACTION of a QUADRATIC SURD always becomes 
periodic at some term a,+1, where a,+1 = 2a}, i.e., 


VD = [a1,42,...,@r, 201 J. (3) 
Writing n = rk gives 
Prk” ~ Dark? = (-1)", (4) 


for k a POSITIVE INTEGER. If r is ODD, solutions to 
2” — Dy? =+1 (5) 


can be obtained if k is chosen to be EVEN or OpD, but 
if r is EVEN, there are no values of k which can make 
the exponent ODD. 


If r is EVEN, then (—1)” is POSITIVE and the solution 
in terms of smallest INTEGERS is = p, and y = qr, 
where p,/q, is the rth CONVERGENT. If r is ODD, then 
(—1)" is NEGATIVE, but we can take k = 2 in this case, 
to obtain 

Por? _ Dagar? = 1, (6) 


so the solution in smallest INTEGERS is x = par, y = Qar- 
Summarizing, 


Gare { (Dr, Gr) for r even 


(per, Par) for r odd. (7) 


The more complicated equation 


x”? — Dy? =+c (8) 
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can also be solved for certain values of c and D, but the 
procedure is more complicated (Chrystal 1961). How- 
ever, if a single solution to the above equation is known, 
other solutions can be found. Let p and g be solutions 
to (8), and r and s solutions to the “unit” form”. Then 


(p? — Dq’)(r? ~ Ds*) = te (9) 
(pr + Dqs)* — D(ps + qr)? = +c. (10) 


Call a Diophantine equation consisting of finding m 
POWERS equal to a sum of n equal POWERS an “m—n 
equation.” The 2-1 equation 


A? = B’+C’, (11) 


which corresponds to finding a PYTHAGOREAN TRIPLE 
(A, B, C) has a well-known general solution (Dickson 
1966, pp. 165-170). To solve the equation, note that 
every PRIME of the form 4z + 1 can be expressed as the 
sum of two RELATIVELY PRIME squares in exactly one 
way. To find in how many ways a general number m 
can be expressed as a sum of two squares, factor it as 
follows 


m= 27 p70 a pn” qt is or (12) 


where the ps are primes of the form 4x — 1 and the gs 
are primes of the form 2+ 1. If the as are integral, then 
define 


B = (2b; + 1)(2b2 +1) +++ (2b, +1) - 1. (13) 


Then m is a sum of two unequal squares in 


0 
for any a; half-integral 

(by + 1)(b2 +1)-+-(b- +1) 
for all a; integral, B odd 

3(b1 + 1)(b2 +1)-+- (br +1) - 5 
for all a; integral, B even. 


(14) 


If zero is counted as a square, both POSITIVE and NEG- 
ATIVE numbers are included, and the order of the two 
squares is distinguished, Jacobi showed that the num- 
ber of ways a number can be written as the sum of two 
squares is four times the excess of the number of DIVI- 
SORS of the form 4z + 1 over the number of Divisors of 
the form 4z — 1. 


A set of INTEGERS satisfying the 3-1 equation 
A’ + B?+C? =D? (15) 


is called a PYTHAGOREAN QUADRUPLE. Parametric so- 
lutions to the 2-2 equation 


A? +B? =C?+D? (16) 
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are known (Dickson 1966; Guy 1994, p. 140). 


Sohitions to an equation of the form 
(A? + B*)(C? + D?) = BE? + F? (17) 
are given by the FIBONACCI IDENTITY 
(a? +b?) (c? +d”) = (actbd)? +(beFad)* = e?+f?. (18) 


Another similar identity is the EULER FOUR-SQUARE 
IDENTITY 


(ax7 + a2”)(b17 + b2”)(e1? + €2”)(dy? + da”) 
=e, +e. +e37+e4” (19) 


(a1? + a2” + ag? + a4”)(b1? + bo? + bg? + b4?) 
= (a,b, — agby — agbs — agb4)? 
+ (a1bz + azbi + a3b4 — agbs)? 
+ (aibs — aab4 + agb1 + a4b2)? 
+ (aib4 + azbg — agbe + agbi)”. (20) 


Degen’s eight-square identity holds for eight squares, but 
no other number, as proved by Cayley. The two-square 
identity underlies much of TRIGONOMETRY, the four- 
square identity some of QUATERNIONS, and the eight- 
square identity, the CAYLEY ALGEBRA (a noncommuta- 
tive nonassociative algebra; Bell 1945). 

RAMANUJAN’S SQUARE EQUATION 


= 7= 2" (21) 


has been proved to have only solutions n = 3, 4, 5, 7, 
and 15 (Beeler et al. 1972, Item 31), 


see also ALGEBRA, CANNONBALL PROBLEM, CONTIN- 
UED FRACTION, FERMAT DIFFERENCE EQUATION, LA- 
GRANGE NUMBER (DIOPHANTINE EQUATION), PELL 
EQUATION, PYTHAGOREAN QUADRUPLE, PYTHAGO- 
REAN TRIPLE, QUADRATIC RESIDUE 
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Berlin: 


Diophantine Equation—Quartic 
Call an equation involving quartics m-n if a sum of m 
quartics is equal to a sum of n fourth POWERS. The 2-1 


equation 
A‘ + B*=c* (1) 


is a case of FERMAT’S LAST THEOREM with n = 4 and 
therefore has no solutions. In fact, the equations 


A‘+Bt=C? (2) 
also have no solutions in INTEGERS. 


Parametric solutions to the 2-2 equation 
A‘ + Bt =c*+p* (3) 


are known (Euler 1802; Gérardin 1917; Guy 1994, 
pp. 140-141). A few specific solutions are 


59* + 158* = 133* + 134* = 635,318,657 (4) 
7* 4.239% = 1574 + 2277 = 3,262,811,042 (5) 
1934 + 2924 = 256* + 2574 = 8,657,437,697 (6) 
298* + 4974 = 2714 + 502* = 68,899,596,497 (7) 
514* + 359% = 103* + 542* = 86,409,838,577 (8) 
2224 + 631* = 503* + 558% = 160,961,094,577 (9) 
214+ 7174 = 4714 + 6814 = 264,287,694,402 (10) 
76* + 12034 = 653* + 11764 = 2,094,447,251,857 


11) 
9974 + 1342* = 8784 + 13817 = 4,231,525 ,221,377 
12) 
274 4.23794 = 5774 + 7284 = 32,031,536,780,322 
13) 


(Sloane’s A001235; Richmond 1920, Leech 1957), the 
smallest of which is due to Euler. Lander et al. (1967) 
give a list of 25 primitive 2-2 solutions. General (but 
incomplete) solutions are given by 


r=a+b (14) 
yoe~-d (15) 
u=a-—b (16) 
v=c+d, (17) 
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where 
a= n(m? + n?)(—m* + 18m?n? — n‘) (18) 
b = 2m(m® + 10m*n? + m?n* + 4n°) (19) 
c = 2n(4m® + min? + 10m?n* + n°) (20) 
d= m(m? +n’?)(—m* + 18m?n? —n*) (21) 
(Hardy and Wright 1979). 


In 1772, Euler proposed that the 3-1 equation 
A‘ + B*+C* = D* (22) 


had no solutions in INTEGERS (Lander et al. 1967). This 
assertion is known as the EULER QUARTIC CONJEC- 
TuRE. Ward (1948) showed there were no solutions 
for D < 10,000, which was subsequently improved to 
D < 220,000 by Lander et al. (1967). However, the Eu- 
LER QUARTIC CONJECTURE was disproved in 1987 by 
Noam D. Elkies, who, using a geometric construction, 


found 


2,682,440* + 15,365,639 + 18,796,760* = 20,615,673° 
(23) 
and showed that infinitely many solutions existed (Guy 
1994, p. 140). In 1988, Roger Frye found 


95,8004 + 217,519 + 414,560 = 422,481* = (24) 


and proved that. there are no solutions in smaller INTE- 
GERS (Guy 1994, p. 140). Another solution was found 
by Allan MacLeod in 1997, 


638,523,249" 
= 630,662,624* -+- 275,156,240* + 219,076,465*. (25) 


It is not known if there is a parametric solution. 
In contrast, there are many solutions to the 3-1 equation 
A‘ + Bt 4+C* =2p* (26) 
(see below). 
Parametric solutions to the 3-2 equation 
A‘+ Bt =0C1+Dt+E" (27) 


are known (Gérardin 1910, Ferrari 1913). The smallest 
3-2 solution is 


3445448°=7°477 (28) 
(Lander et al. 1967). 


Ramanujan gave the 3-3 equations 


2*44*47*=3* +67 +6" (29) 
STS 1 2h OF (30) 
6' +94 4+ 127 = 2* + 24 + 134 (31) 
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(Berndt 1994, p. 101). Similar examples can be found 
in Martin (1896). Parametric solutions were given by 
Gérardin (1911). 


Ramanujan also gave the general expression 


34 + (22% — 1)4 + (42° + 2)* 
= (4x* + 1)* + (624 — 3)4 + (42° —52)* (32) 


(Berndt 1994, p. 106). Dickson (1966, pp. 653-655) cites 
several FORMULAS giving solutions to the 3-3 equation, 
and Haldeman (1904) gives a general FORMULA. 


The 4-1 equation 
At + B*+C*+D* = E* (33) 
has solutions 


30* + 1204 + 272 + 315* = 3534 (34) 
240* + 340% + 430% + 599% — 651° (35) 
435* + 710* + 1384* + 2420* = 2487* = (36) 
1130* + 1190* + 1432* + 2365 = 2501* = (37) 
850% + 10107 + 1546* + 2745* = 2829 = (38) 
22704 + 2345 + 2460* | 3152* = 3723 = (39) 
3504 + 16527 + 3230* + 3395* = 3973* — (40) 
205* + 1060* + 2650* + 4094* = 4267* = (41) 
1394* + 1750* + 35454 + 3670* — 4333* (42) 
6994 + 7004 + 28404 + 42504 = 44494 (43) 
3804 + 1660* + 1880* + 4907* = 4949* (44) 
1000* + 1120* + 3233* + 5080* = 52814 (45) 
410* | 1412* 4 3910* + 5055* = 54637 (46 
9554 + 17704 + 26344 + 5400* = 5491* = (47 
30* + 1680* + 3043* + 54004 = 5543" —( 
1354* + 1810* + 4355* + 5150* = 57297 = ( 
542‘ + 27704 + 4280 + 56954 = 6167" —_( 
50* + 885* + 5000* + 5984* = 6609* —_( 
1490* + 3468* + 4790* + 6185* = 6801* (52 
13907 + 28507 + 53657 + 6368" = 71017 —_( 
1604 + 1345* + 27904 + 7166* = 72094 —_( 
800% + 3052* + 5440* + 6635* = 73394 ( 
2230* + 3196* + 5620* + 6995* = 7703* —_( 


(Norrie 1911, Patterson 1942, Leech 1958, Brudno 1964, 
Lander et al. 1967), but it is not known if there is a 
parametric solution (Guy 1994, p. 139). 


Ramanujan gave the 4-2 equation 


gf 0" = 5.4 5° 4 6" 4 6", (57) 


Diophantine Equation—Quartic 


and the 4-3 identities 


a*4a%4 74 =444 44457467 (58) 
344944144 = 74 + 8* + 107 + 137 (59) 
7* + 10° + 13* = 5* + 5* + 67 + 14% (60) 


(Berndt 1994, p. 101). Haldeman (1904) gives general 
FORMULAS for 4-2 and 4-3 equations. 


There are an infinite number of solutions to the 5-1 equa- 
tion 
A‘ + Bt4044 D*+E*= F*. (61) 


Some of the smallest are 


2442443444? 447 = 54 (62) 

4* +64 +84 +97 4 14% = 15% (63) 

4* + 214 + 22% + 26% + 28% = 354 (64) 
1* | 24 | 19% | 24% 4 444 = 457 (65) 
1* + 84 + 12* + 324 + 64* = 654 (66) 
24 + 39% + 44* + 46 + 524 = 654 (67) 
224 + 5244574 + 747 + 764 = 954 (68) 
22* + 284 + 634 + 724 + 944 = 1054 (69) 


(Berndt 1994). Berndt and Bhargava (1993) and Berndt 
(1994, pp. 94-96) give Ramanujan’s solutions for arbi- 
trary s,t, m, and n, 


(8s + 40st — 24t”)* + (68* — 44st — 187)? 


+(14s? — 4st — 42t7)* + (957 + 274?)* + (4s? + 1227)? 
= (158? + 45t”)*, (70) 


and 


(4m? — 12n?)* + (3m? + 9n7)* + (2m? — 12mn — 6n*)* 
+(4m?+12n?)* | (2m? | 12mn—6n7)* = (5m? + 15n’)*. 


(71) 


These are also given by Dickson (1966, p. 649), and two 
general FORMULAS are given by Beiler (1966, p. 290). 
Other solutions are given by Fauquembergue (1898), 
Haldeman (1904), aud Martin (1910). 


Ramanujan gave 
2(ab + ac + bc)? = at +64 +4 (72) 
2(ab+ac+be)* = a4(b—c)*+b4(c—a)*+c4(a—b)* (73) 


2(ab + ac + be)® = (a7b + be 4 c7a)* 
+(ab? + be? + ca’)* + (3abc)* (74) 


2(ab+ ac + be)® = (a® + 2abe)*(b — c)* 
1 (b® + 2abe)*(c — a)* + (c* + Qabe)*(a — b)*, (75) 
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where 


a+b+c=0 (76) 


(Berndt 1994, pp. 96-97). FORMULA (73) is equivalent 
to FERRARI’S IDENTITY 


(a? + 2ac — 2be — b?)* + (b? ~ 2ab — 2ac — c*)* 
+(c? +. 2ab+ 2be—a?)* = 2(a? +b? 4+-c? —ab+act+be)*. 
(77) 


BHARGAVA’S THEOREM is a general identity which gives 
the above equations as a special case, and may have 
been the route by which Ramanujan proceeded. An- 
other identity due to Ramanujan is 


(a+b+c)'+(b+e+d)*+(a—d)* 
=(ct+d+a)*+(dt+a+b)*+(b-c)*, (78) 


where a/b = c/d, and 4 may also be replaced by 2 (Ra- 
manujan 1957, Hirschhorn 1998). 


V. Kyrtatas noticed that a = 3, b= 7, c = 20, d = 25, 
e — 38, and f — 39 satisfy 


a*+bét+ct a+b+ec (79) 
d*+et+f4  d+et+f 


and asks if there are any other distinct integer solutions. 


The first few numbers n which are a sum of two or more 
fourth POWERS (m — 1 equations) are 353, 651, 2487, 
2501, 2829, ... (Sloane’s A003294). The only number 
of the form 

4r* + y4 (80) 


which is PRIME is 5 (Baudran 1885, Le Lionnais 1983). 
see also BHARGAVA’S THEOREM, FORD’S THEOREM 
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Diophantine Quadruple 
see DIOPHANTINE SET 


Diophantine Set 

A set S of POSITIVE integers is said to be Diophantine 
IFF there exists a POLYNOMIAL Q with integral coeffi- 
cients in m > 1 indeterminates such that 


S= {Q(a1,...,2m) >1:21 21,...,¢m > I}. 


It has been proved that the set of PRIME numbers is a 
Diophantine set. 
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Diophantus Property 

A set of POSITIVE INTEGERS S = {a1,...,@m} satisfies 
the Diophantus property D(n) of order n if, for all i,7 = 
1,..., mwithi# j, 


aja; +n =bi;”, (1) 


where n and b;; are INTEGERS. The set S is called a 
Diophantine n-tuple. Fermat found the first D(1) quad- 
ruple: {1,3,8,120}. General D(1) quadruples are 


{ Fon, Fons2, Fony4,4Fon41Fon42Fons3,} (2) 
where F, are FIBONACCI NUMBERS, and 
{n,n+2,4n+4,4(n4+ 1)(2n+4+ 1)(2n+4 3)}. (3) 


Dipyramid 


The quadruplet 


{2Fn-1, 2Fn41,2Fa°Fa+iF ata, 
2Fn41Fn42Fn43(2Fnti’ — Fn7)} (4) 


is D(Fn?) (Dujella 1996). Dujella (1993) showed there 
exist no Diophantine quadruples D(4k + 2). 
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Diophantus’ Riddle 

“Diophantus’ youth lasts 1/6 of his life. He grew a beard 
after 1/12 more of his life. After 1/7 more of his life, 
Diophantus married. Five years later, he had a son. 
The son lived exactly half as long as his father, and 
Diophantus died just four years after his son’s death. 
All of this totals the years Diophantus lived.” 


Let D be the number of years Diophantus lived, and let 
S be the number of years his son lived. Then the above 
word problem gives the two equations 


D=(§ti+7)Dt+5+5+4 


Solving this simultaneously gives S = 42 as the age of 
the son and D = 84 as the age of Diophantus. 
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Dipyramid 


Two PYRAMIDS symmetrically placed base-to-base, also 
called a BIPYRAMID. They are the DUALS of the Archi- 
medcan PRISMS. 


Dirac Delta Function 


see also ELONGATED DIPYRAMID, PENTAGONAL DI- 
PYRAMID, PRISM, PYRAMID, TRAPEZOHEDRON, TRIAN- 
GULAR DIPYRAMID, TRIGONAL DIPYRAMID 
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Dirac Delta Function 
see DELTA FUNCTION 


Dirac Matrices 
Define the 4 x 4 matrices 


a; =1@ 0%, Pau (1) 
Pi = 0%, Pauli @|, (2) 
where oi, pauii are the PAULI MATRICES, | is the IDEN- 


TITY MATRIX, i = 1, 2, 3, and A @B is the matrix 
Direct Propuct. Explicitly, 


1000 
010 0 
l=l5o 010 (3) 
0001 
010 0 
r O90 0 

oS ey TO> Os A (4) 
0010 
O-=8. 0 0 
i 0 0 0 

cccoaeae os ee ae) ae (5) 
0 0 i O 
£6: OG 
Os 8 

P31 0) Ay 96 (8) 
6 6) O24 
0010 
0001 

Be ae 0, 02 8 (7) 
0100 
00 -i 0 
6-10" 06> 4% 

Pe bg 0 0 (8) 
0 i 0 0 
ib oO 0 
oO ao 0 

P=) 1 oF OSK, 10 (9) 
O00) SG. 1 


These matrices satisfy the anticommutation identities 
0:05 + Ojo: = 26:54 (10) 


PiPy + p75 pi = 25,5), (11) 


where 6,;; is the KRONECKER DELTA, the commutation 
identity 


[71,3] = vip; — pjoi = O,~ (12) 
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and are cyclic uuder permutations of indices 
10; = 10% (13) 
Pips = ipe- (14) 
A total of 16 Dirac matrices can be defined via 
Ei; = pio; (15) 
for i,7 = 0, 1, 2, 3 and where op = pp =|. These matrix 
satisfy 
1. |E.;| = 1, where |A| is the DETERMINANT, 
2. EF = l, 
3 Ey = Eh 
unitary, 
4, tr(Ei;) = 0, except tr(Eoo) = 4, 


5. Any two E,, multiplied together yield a Dirac matrix 
to within a multiplicative factor of —i or +1, 


making them Hermitian, and therefore 


6. The Ei; are linearly independent, 


7. The E;,; form a complete set, i.e., any 4 x 4 constant 
matrix may be written as 


3 
A= », Cig Ei;, (16) 
i,j9=0 
where the c,; are real or complex and are given by 


Ci 5 tr(AEmn) (17) 


(Arfken 1985). 


Dirac’s original matrices were written a; and were de- 
fined by 


a; = E,; = pigi (18) 
aq = Exo = ps, (19) 


for i = 1, 2, 3, giving 


0001 
0 01 0 

a, =Ey= 0100 (20) 
1 0 0 0 
0 0 O -i 
0 0 t QO 

az Ea: = 0 = 0 0 (21) 
z O 0 O 
0 oO 1 0 
0 O O -1 

ae Ee] 5 Gg. (22) 
0 -1 0 O 
1 0 0 0 
0 1 0 0 

a4 = Esq = 00-1 O (23) 
00 Q -1 
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The additional matrix 


0 0-7 O 
00 0 i 

ag = Ego = pa = i 0 0 = (24) 
0 zt 0 0 


is sometimes defined. Other sets of Dirac matrices are 
sometimes defined as 


yi = Ea: (25) 
ya = Eso (26) 
ys = —E1o (27) 
and 
6; = Es; (28) 
for i = 1, 2, 3 (Arfken 1985) and 
= 0 Ci 
> i ql (29) 
| 0 
n= [4 5] (30) 


for i = 1, 2, 3 (Goldstein 1980). 


Any of the 15 Dirac matrices (excluding the identity 
matrix) commute with eight Dirac matrices and anti- 
commute with the other eight. Let M = $(1 + Ei;), 
then 

M? = M. (31) 


Tn addition 


a1 Q1 
a2 xX | a2 | = io. (32) 
[ox] a3 
The products of a; and y; satisfy 
0102030405 = 1 (33) 
yiy2ysyays = I. (34) 


The 16 Dirac matrices form six anticommuting sets of 
five matrices each: 


- 1, 2, 3, Wa, 5, 
+ Ys U2, Y3, Ya, YS, 
. 61, 42, 63, P1, P2; 


- M1, Y1, 61, 02, 73, 


me WwW Ne 


5. a2, y2, 62, 01, 3, 


6. a3, y3, 63, 01, G2. 
see also PAULI MATRICES 
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Dirac’s Theorem 
A GRAPH with n > 3 VERTICES in which each VERTEX 
has VALENCY > n/2 has a HAMILTONIAN CIRCUIT. 


see also HAMILTONIAN CIRCUIT 


Direct Product (Group) 

The expression of a GROUP as a product of SUBGROUPS. 
The CHARACTERS of the representations of a direct 
product are equal to the products of the CHARACTERS 
of the representations based on the individual sets of 
functions. For R; and Ro, 


x(Ri ® Re) = x(Ri)x( Re). 


The representation of a direct product [4g will con- 
tain the totally symmetric representation only if the ir- 
reducible '4 equals the irreducible Ig. 


Direct Product (Matrix) 
Given two n x m MATRICES, their direct product C = 
A@B is an (mn) x (nm) MaTRIX with elements defined 


by 


Cap = Ai;Bui, (1) 
where 
a=nii-1)+k (2) 
BanG-)+l (3) 
For a 2 x 2 MATRIX, 
= a11B ai2B 
HOS Be a (4) 
Qi1bi,  aiibi2  i2b11  aiabi2 
_ | 411621 @11622 @i2be1 aiabe2 (5) 
aa1bi1 a21012 22611 a22b12 : 
@21621 d2ibe2 a22be1 a22be22 


Direct Product (Set) 

The direct product of two sets A and B is defined to 
be the set of all points (a,b) where a € A and b € B. 
The direct product is denoted A x B or A®@B and 
is also called the CARTESIAN PRODUCT, since it orig- 
inated in Descartes’ formulation of analytic geometry. 
In the Cartesian view, points in the plane are speci- 
fied by their vertical and horizontal coordinates, with 
points on a line being specified by just one coordinate. 
The main examples of direct products are EUCLIDEAN 
3-space (R@ R@R, where R are the REAL NUMBERS), 
and the plane (R x R). 


Direct Product (Tensor) 


Direct Product (Tensor) 
For a first- RANK TENSOR (i.e., a VECTOR), 


; dx, Ox' 
ig Uk a pt ko I 
a,b7 = 9a! Dax b Oa! Bx, (arb), (1) 


which is a second-RANK TENSOR. The CONTRACTION of 
a direct product of first-RANK TENSORS is the SCALAR 


contr(aib”) = ab” = a,b". (2) 
For a second-RANK TENSOR, 
Aj Bu = OF"! (3) 
Ox; Grn Ox), Ox; 


ikl! = Usdin Uk Ut -ympg 
G OLm Ox', Alp OXq Ces (4) 


For a general TENSOR, the direct product of two TEN- 
8ORS is a TENSOR of RANK equal to the sum of the two 
initial RANKS. The direct product is ASSOCIATIVE, but 
not COMMUTATIVE. 


References 

Arfken, G. “Contraction, Direct Product.” §3.2 in Mathe- 
matical Methods for Physicists, 3rd ed. Orlando, FL: Aca- 
demic Press, pp. 124-126, 1985. 


Direct Search Factorization 

Direct search factorization is the simplest PRIME Fac- 
TORIZATION ALGORITHM. It consists of searching for 
factors of a number by systematically performing TRIAL 
DIVISIONS, usually using a sequence of increasing num- 
bers. Multiples of small PRIMES are commonly excluded 
to reduce the number of trial Divisors, but just includ- 
ing them is sometimes faster than the time required to 
exclude them. This approach is very inefficient, and can 
be used only with fairly small numbers. 


When using this method on a number n, only Divisors 
up to |/n| (where |x| is the FLOOR FUNCTION) need 
to be tested. This is true since if all INTEGERS less than 
this had been tried, then 


n 
Wwayea <™ 
In other words, all possible FACTORS have had their Co- 
FACTORS already tested. It is also true that, when the 
smallest PRIME FACTOR p of nis > %/n, then its COFAC- 
TOR m (such that n = pm) must be PRIME. To prove 
this, suppose that the smallest p is > 3¥/n. If m = ab, 
then the smallest value a and b could assume is p. But 
then 

n= pm = pab=p* > n, (2) 


which cannot be true. Therefore, m must be PRIME, so 
n= pipr. (3) 


see also PRIME FACTORIZATION ALGORITHMS, TRIAL 
DIVISION 
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Direct Sum (Module) 

The direct sum of two MODULES V and W over the same 
RinG R is given by V @ W with MODULE operations 
defined by 


r-(v,w) = (rv, rw) 
(uv, w) ® (y, z) 7 (vt+ty,w+z). 


The direct sum of an arbitrary family of MODULES over 
the same RING is also defined. lf J is the indexing set 
for the family of MODULES, then the direct sum is repre- 
sented by the collection of functions with finite support 
from J to the union of all these MODULES such that 
the function sends 7 € J to an element in the MODULE 
indexed by 7. 


The dimension of a direct sum is the product of the 
dimensions of the quantities summed. The significant 
property of the direct sum is that it is the coproduct 
in the category of MODULES. This general definition 
gives as a consequence the definition of the direct sum 
of ABELIAN GROUPS (since they are MODULES over the 
INTEGERS) and the direct sum of VECTOR SPACES (since 
they are MODULES over a FIELD). 


Directed Angle 

The symbol 4 ABC denotes the directed angle from AB 
to BC, which is the signed angle through which AB 
must be rotated about B to coincide with BC. Four 
points ABCD lie on a CIRCLE (i.e., are CONCYCLIC) 
IrF ABC = £ADC. It is also true that 


Alile + Lleol, = 0° or 180°. 


Three points A, B, and C are COLLINEAR IFF £ABC = 
0. For any four points, A, B, C, and D, 


£ABC 4+ L£CDA = LBAD+ LDCB. 


see also ANGLE, COLLINEAR, CONCYCLIC, MIQUEL 
EQUATION 


References 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 11-15, 1929. 


Directed Graph 


source 


sink 
A GRAPH in which each EDGE is replaced by a directed 
EDGE, also called a DIGRAPH or REFLEXIVE GRAPH. 
A CoMPLE'E directed graph is called a TOURNAMENT. 
If G is an undirected connected GRAPH, then one can 
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always direct the circuit EDGES of G and leave the SEP- 
ARATING EDGES undirected so that there is a directed 
path from any node to another. Such a GRAPH is said 
to be transitive if the adjacency relation is transitive. 
The number of directed graphs of n nodes for n = 1, 2, 
. are 1, 1, 3, 16, 218, 9608, ... (Sloane’s A000273). 
see also ARBORESCENCE, CAYLEY GRAPH, INDEGREE, 
NETWORK, OUTDEGREE, SINK (DIRECTED GRAPH), 
SOURCE, TOURNAMENT 


References 
Sloane, N. J. A. Sequence A000273/M3032 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Direction Cosine 

Let a be the ANGLE between v and x, b the ANGLE 
between v and y, and c the ANGLE between v and z. 
Then the direction cosines are equivalent to the (z, y, z) 
coordinates of a UNIT VECTOR V, 


a= cosa = (1) 
vey 

B= cosb= (2) 
vz 

Tae? (3) 


From these definitions, it follows that 
a? +472 =1. (4) 


To find the JACOBIAN when performing integrals over 
direction cosines, use 


6 = sin™* (Va? +8?) (5) 


o=tan™' (5) (6) 

y= V1-a? - p?. (7) 
The JACOBIAN is 

Fe) =| 83 | (8) 

G(a,8)| | 38 38 
Using 

d ks 1 

ee eet " 

d = 1 

7, (tan 2) = eres (10) 


(6,4) rr Vine a 
—2 -1 
O(a, 8) =f er 
BY GE 1 at 


Direction Cosine 


sO 
= = a(8, >) 
dQ = sin6 dédé = ./a? + 6? (a, 8) | da df 
% da dg = da dB (12) 


Ji-@-f 7 


Direction cosines can also be defined between two sets 
of CARTESIAN COORDINATES, 


a =k -% (13) 
ag =x -¥ (14) 
a3 =x’ -% (15) 
pisy'-% (16) 
Besy'-y (17) 
Ps=y'-t (18) 
v1 =a -X (19) 
2 S28 -¥ (20) 
43 =! +h. (21) 


Projections of the unprimed coordinates onto the primed 
coordinates yield 


R= (RK - RK (KR! -P)¥ + (KBB = kK + aay + a8 


(22) 
¥ =(H RAY HI +(H' BB = AK t Hay + st 
(23) 
a! = (a! K+ WF + (@-DA= K+ VI +08, 
(24) 

and 
v=r-x' =a,r4+ acy +032 (25) 
yl =r-y' = fic + Boy + Baz (26) 
gZ=r-e =y0+ yy t 732: (27) 


Projections of the primed coordinates onto the unprimed 
coordinates yield 


=a%' + Ay +2 (28) 

FH= (FRR H(Y- V/V 4H -2/)2 
= a2k' + Boy’! +723’ (29) 

a= (2. %')x' + (&-%')y' 4 (2-2')2! 
= a3x' + Bs" + 32", (30) 

and 

B=r-x=aretfhyt nz (31) 
y=r-y = art Bay + yoz (32) 


Directional Derivative 


z£=P-B= age t Bay + yz. (33) 


Using the orthogonality of the coordinate system, it 
must be true that 


x-y=y-2=-2-%=0 (34) 
K-R=9- Pas B=], (35) 
giving the identities 
10m + GiBm + Wm = 0 (36) 
for l,m = 1,2,3 and! #4 m, and 
a + Br +7 = 1 (37) 


for 1 = 1,2,3. These two identities may be combined 
into the single identity 


am + BiBm + V1%m = Sim; (38) 
where dim is the KRONECKER DELTA. 


Directional Derivative 


- uy. f(x + hu) — f(x) 
Vuf = Vf fal « jim h , (1) 
Vuf (zo, yo, 20) is the rate at which the function w = 
f(x,y,z) changes at (xo, yo, 20) in the direction u. Let 
u be a UNIT VECTOR in CARTESIAN COORDINATES, so 


ful = us? + uy? +u.? = 1, (2) 


OF Od, 28 OF 
Vuf = ant + By + Paes (3) 


then 


The directional derivative is often written in the nota- 
tion 
fe) 


_ _. Oo e] 
ei Pag) Oy | Oe: (4) 


Directly Similar 


LD 


directly similar 
Two figures are said to be SIMILAR when all correspond- 
ing ANGLES are equal, and are directly similar when all 
corresponding ANGLES are equal and described in the 
same rotational sense. 


see also FUNDAMENTAL THEOREM OF DIRECTLY SIMI- 
LAR FIGURES, INVERSELY SIMILAR, SIMILAR 
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Director Curve 
The curve d(u) in the RULED SURFACE parameteriza- 
tion 

x(u, v) = b(u) + vd(u). 


see also DIRECTRIX (RULED SURFACE), RULED SuR- 
FACE, RULING 
References 


Gray, A. Modern Differential Geometry of Curves and Sur- 
faces. Boca Raton, FL: CRC Press, p. 333, 1993. 


Directrix (Conic Section) 


LY 


focus 


directrix 
ellipse parabola 


The LINE which, together with the point known as the 
Focus, serves to define a CONIC SECTION. 

see also CONIC SECTION, ELLIPSE, Focus, HYPER- 
BOLA, PARABOLA 


directrix 


References 

Coxeter, H. $8. M. Introduction to Geometry, 2nd ed. New 
York: Wiley, pp. 115-116, 1969. 

Coxeter, H. S. M. and Greitzer, S. L. Geometry Revisited. 
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Directrix (Graph) 
A CYCLE. 


Directrix (Ruled Surface) 
The curve b(u) in the RULED SURFACE parameteriza- 
tion 

x(u,v) = b(u) + vd(u) 
is called the directrix (or BASE CURVE). 
see also DIRECTOR CURVE, RULED SURFACE 
References 
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Ref{DirichletHeta 7] 


|BirichletReta z| 


Im[Diri chletBeta Zl 


A(z) = 0 (-1)"(2n4+1)* (1) 
B(x) = 2°* ( 1,2, 3), (2) 


where ® is the LERCH TRANSCENDENT. The beta func- 
tion can be written in terms of the HURWITZ ZETA 
Function C(x, a) by 


A(x) = Z16(2, 3) - C2, 9) (3) 


The beta function can be evaluated directly for Posi- 
TIVE ODD z as 


where E, is an EULER NUMBER. The beta function 
can be defined over the whole COMPLEX PLANE using 
ANALYTIC CONTINUATION, 


paz) =(=) singrare se), (5) 


where ['(z) is the GAMMA FUNCTION. 


Particular values for 3 are 


B() = 10 (6) 
BQ) =K (7) 
B(3) = dr’, (8) 


where K is CATALAN’S CONSTANT. 


see also CATALAN’S CONSTANT, DIRICHLET ETA FUNC- 
TION, DIRICHLET LAMBDA FUNCTION, HURWITZ ZETA 
FUNCTION, LERCH TRANSCENDENT, RIEMANN ZETA 
FUNCTION, ZETA FUNCTION 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
pp. 807-808, 1972. 

Spanier, J. and Oldham, K. B. “The Zeta Numbers and Re- 
lated Functions.” Ch. 3 in An Atlas of Functions. Wash- 
ington, DC: Hemisphere, pp. 25-33, 1987. 


Dirichlet Boundary Conditions 

PARTIAL DIFFERENTIAL EQUATION BOUNDARY CONDI- 
TIONS which give the value of the function on a surface, 
eg., Y= f(r, t). 

see also BOUNDARY CONDITIONS, CAUCHY BOUNDARY 
CONDITIONS 

References 


Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-lIlill, p. 679, 1953. 
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Dirichlet’s Box Principle 

A.k.a. the PIGEONHOLE PRINCIPLE. Given n boxes and 
m > n objects, at least one box must contain more than 
one object. This statement has important applications 
in number theory and was first stated by Dirichlet in 
1834. 


see also FUBINI PRINCIPLE 


References 

Chartrand, G. Introductory Graph Theory. 
Dover, p. 38, 1985. 

Shanks, D. Solved and Unsolved Problems in Number Theory, 
4th ed. New York: Chelsea, pp. 161, 1993. 


New York: 


Dirichlet’s Boxing-In Principle 
see DIRICHLET’S BOX PRINCIPLE 


Dirichlet Conditions 
see DIRICHLET BOUNDARY CONDITIONS, DIRICHLET 
FOURIER SERIES CONDITIONS 


Dirichlet Divisor Problem 

Let d(n) = v(n) = oo(n) be the number of DIVISORS 
of n (inchiding n itself). For a PRIME p, v(p) = 2. In 
general, 


S>v(k) =nInn+ (27—-1)n+ O(n’), 
k=1 
where ¥ is the EULER-MASCHERONI CONSTANT. Dirich- 


let originally gave @ ~ 1/2. As of 1988, this had been 
reduced to 6 = 7/22. 


see also DIVISOR FUNCTION 


Dirichlet Energy 

Let h be a real-valued HARMONIC FUNCTION on a 
bounded DOMAIN 2, then the Dirichlet energy is de- 
fined as f.|VA|* dz, where V is the GRADIENT. 


see also ENERGY 

Dirichlet Eta Function 
i 
t 
f 
t 
} 
| 


0 
7.5 
5 


i 10 


im[DirichletEta z) 


Dirichlet’s Formula 


il 


oO 
n(z) = So(-1)"*n-* = (1-27-*)C@), (1) 
n=l 
where n = 1, 2, ..., and ¢(x) is the RIEMANN ZETA 
FUNCTION. Particular values are given in Abramowitz 
and Stegun (1972, p. 811). The eta function is related to 
the RIEMANN ZETA FUNCTION and DIRICHLET LAMBDA 
FUNCTION by 


Cv) __ Aw) _ a) 
Qu 24-1 Qe 2 (2) 
and 
C(v) + n(v) = 2r(v) (3) 


(Spanier and Oldham 1987). The value 7({1) may be 
computed by noting that the MACLAURIN SERIES for 
In(1 +2) for -1<a2< lis 

In(l +2) =a —- 4274 42°—1a*+.... (4) 
Therefore, 


In2Q=In(1+1)=1-244-2+4... 


= 57 OF =n. (5) 
n=l 


Values for EVEN INTEGERS are rclated to the analytical 
values of the RIEMANN ZETA FUNCTION. 7(0) is defined 
to be #. 

2 


n(0) = 3 
n(1) = In2 
2 
ne 
(2) = rr 
n(3) = 0.90154... 
Tr? 
n(4) = 720° 


see also DEDEKIND ETA FUNCTION, DIRICHLET BETA 
FUNCTION, DIRICHLET LAMBDA FUNCTION, RIEMANN 
ZETA FUNCTION, ZETA FUNCTION 
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Dirichlet’s Formula 
If g is continuous and p,v > 0, then 


t . £é 
i, (bey dé / (€—2)""9(é, 2) de 


i oe / “(t— O"G— 2)" Mal, 2) dé. 
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Dirichlet Fourier Series Conditions 
A piecewise regular function which 


1. Has a finite number of finite discontinuities and 
2. Has a finite number of extrema 


can be expanded in a FOURIER SERIES which converges 
to the function at continuous points and the mean of 
the PosITIVE and NEGATIVE limits at points of discon- 
tinuity. 

see also FOURIER SERIES 


Dirichlet Function 
Let c and d 4 c be REAL NUMBERS (usually taken as 
¢=1 and d=0). The Dirichlet function is defined by 


for x rational 
D(z) = 1 
(2) d for z irrational. 


The function is CONTINUOUS at IRRATIONAL z and dis- 
continuous at RATIONAL points. The function can be 
written analytically as 


D(x) = lim cos{(m!rz)"). 


m,n—oo 


ANI 


Because the Dirichlet function cannot be plotted with- 
out producing a solid blend of lines, a modified version 
can be defined as 


Dyie= ‘7 for x rational 
MW) Vb for « = a/b with a/b a reduced fraction 


(Dixon 1991), illustrated above. 


see also CONTINUOUS FUNCTION, IRRATIONAL NUM- 
BER, RATIONAL NUMBER 
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184-186, 1991. 

Tall, D. “The Gradient of a Graph.” Math. Teaching 111, 
48-52, 1985. 


Dirichlet Integrals 
There are several types of integrals which go under the 
name of a “Dirichlet integral.” The integral 


Diu] = / |Vul? dv (1) 
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appears in DIRICHLET’S PRINCIPLE. 


The integral 


ysinl( sin{(n + 5)a] 
£ feo a, () 


where the kernel is the DIRICHLET KERNEL, gives the 
nth partial sum of the FOURIER SERIES. 


Another integral is denoted 


= 1 [@ sinokpr eiPk7 doy = 0 for |yn| > ox 
Pa Ee e 1 for lye] < ax 


(3) 


fork=1,...,n 


There are two types of Dirichlet integrals which are de- 
noted using the letters C, D, I, and J. The type 1 
Dirichlet integrals are denoted I, J, and IJ, and the 
type 2 Dirichlet integrals are denoted C, D, and CD. 


The type 1 integrals are given by 


oe fetes. -+tn) 
a bee Rae 


n°”! dty dte . 


a Toa)Plea)-7 Ga in A a) 
= r to an) df f( yr ( 


where [°(z) is the GAMMA FUNCTION. In the case n = 2, 
? 


tat 
I= Py de dy = —P? __ = 
[fe eu tat) 
(5) 


where the integration is over the TRIANGLE T bounded 
by the z-axis, y-axis, and line x + y = 1 and B(z,y) is 
the BETA FUNCTION. 


hdr (4) 


Bip +1,¢+1) 
pt+qt+2 


The type 2 integrals are given for b-D vectors a and r, 
and0<c<b, 


Cr, m) = ant te 
= Fon) TT 
2,"i—! dx; 
ne fo mn @) 
(2 + ey 2) 
D®(r,m) = “ting 
(r,m) Pon) TET 
gi td ‘ 
xf fa aa 
(1+ Th zi) 
T(m+ ( 


CNE4-(e,m) = P+ R) 
I(m) Tes T(ri) 


ae foo oo EM xii} da; 
LLL iat, 
. Beth 2b @ F Der n) 


Dirichlet Integrals 


where 


R= Son (9) 
Pi 
a, = — > (10) 
1- Suit di 

and p; are the cell probabilities. For equal probabilities, 
a; = 1. The Dirichlet D integral can be expanded as a 
MULTINOMIAL SERIES as 
1 


Gry 
«EE (mes Dia) 


m—1,%1,...,2% 
ep<ory Zy<rH 


Ce ee (11) 
II (==) 


For small 6, C and D can be expressed analytically either 
partially or fully for general arguments and a; = 1. 


_ Pri +72) oFi(ra, ti + 7231+ 72; —1) 


De? (r, m) = 


ral(ri)T(r2) 
(12) 
(2) qe See 
Cy" (r2,73571) = roT(ri)T'(r2)P (rs) 
1 
x [ oF ys (1+ y) te 8) dy, 
ny 
(13) 


where 
oF, = 2Fi(ra,yri tre+r3jl+rz,—(1 +y)") (14) 


is a HYPERGEOMETRIC FUNCTION. 


D2 (rgs11) = (ri + r2) oFi(ra,ri + r231 +71; -1) 


rT(ri)T(r2) 
(15) 
(2) = pa 22 a) 
Dy" (ra,73371) = (ri + r3)0(ri)P(r2)T (rs) 
x / 2F, yo? dy, (16) 


where 


oF, = 2Fi(ritrs,ritre+r3;l+ritr3;—1—-y). (17) 
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Dirichlet Kernel 


Dirichlet Kernel 
The Dirichlet kernel D™ is obtained by integrating the 
CHARACTER e*©:”) over the BALL |é| < M, 


1 d 
DMS =. = pe. 
i QInr dr”? 


The Dirichlet kernel of a DELTA SEQUENCE is given by 


hee Bs saltis: 3)e) 

2m sin(52) 
The integral of this kernal is called the DIRICHLET IN- 
TEGCRAL D[ul. 
sce also DELTA SEQUENCE, DIRICHLET INTEGRALS, 
DIRICHLET’S LEMMA 


Dirichlet L-Series 
Series of the form 


Lx(s,x) = D> xe(n)n™, (1) 


where the CHARACTER (NUMBER THEORY) xx(7) is an 
INTEGER function with period m. These series appear 
in number theory (they were used, for instance, to prove 
DIRICHLET’S THEOREM) and can be written as sums of 
LERCH TRANSCENDENTS with z a POWER of e?7/™, 
The DIRICHLET ETA FUNCTION 


(for s #1) and DIRICHLET BETA FUNCTION 
bala) = ot) # (3) 
> = Pacts (2n+1)° 


and RIEMANN ZETA FUNCTION 
Ly1(8) = ¢(s) (4) 


are Dirichlet series (Borwein'and Borwein 1987, p. 289). 
Xx is called primitive if the CONDUCTOR f(x) = k. Oth- 
erwise, x% is imprimitive. A primitive L-series modulo 
k is then defined as one for which y(n) is primitive. 
All imprimitive [-series can be expressed in terms of 
primitive L-series. 


Let P=lor P= [ies Pis where p; are distinct ODD 

Primes. Then there are three possible types of prim- 

itive L-series with REAL COEFFICIENTS. The require- 

ment of REAL COEFFICIENTS restricts the CHARACTER 

to yx(n) = +1 for all k and n. The three type are then 

1k = P (eg. k = 1, 3, 5,...) or k = 4P (eg., 
k = 4, 12, 20, dots), there is exactly one primitive 
L-series. 
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2. Ifk = 8P (e.g., k = 8, 24,...), there are two primi- 
tive L-series. 

3. If k = 2P, Pp;, or 2*P where a > 3 (e.g., k = 2, 6, 
9, ...), there are no primitive L-series 

(Zucker and Robertson 1976). All primitive L-series are 

algebraically independent and divide into two types ac- 

cording to 


xe (k - 1) = +1. (5) 


Primitive L-series of these types are denoted Li. For 
a primitive L-series with REAL CHARACTER’ (NUMBER 
THEORY), if k = P, then 


_JfL-« if P=3 (mod 4) 
Le ee if P =1 (mod 4). (6) 


If k = 4P, then 
DL, if P=1 (mod 4) (7) 
Ly if P =3 (mod 4), 


and if k = 8P, then there is a primitive function of each 
type (Zucker and Robertson 1976). 


The first few primitive NEGATIVE L-series are L_3, La, 
L_7, D-g, L-11, L-1s, L-19, L-20, L-23, L+24, L—si, 
L_35, L—39, Lao, L—a3, L—a7, L-s1, L-s2, L-ss, L-se, 
L_59, L—67, L-6s, L-71, L-79, L-s3, L-e4, L—87, L—ss, 
L_91, L-9s, ... (Sloane’s A003657), corresponding to 
the negated discriminants of imaginary quadratic fields. 
The first few primitive POSITIVE L-series are D41, L+5, 
Lys, L4i2, L4i3, L+i7, L421, L+ea, Los, L+o29, L+ss, 
L437, Lao, Lai, Las, Liss, L+se, Lis7, L+oo, L+61, 
Les, Liss, L73, Live, Lizz, Lies, L+se, Liss, L+o2, 
Lio3, Lio7,.-. (Sloane’s A046113). 


The KRONECKER SYMBOL is a REAL CHARACTER mod- 
ulo k, and is in fact essentially the only type of REAL 
primitive CHARACTER (Ayoub 1963). Therefore, 


L+a(s) = So (d|n)n™* (8) 
L_a(s) = S>(-d|n)n“*, (9) 


1] 
fa 


nm 


where (d|n) is the KRONECKER SYMBOL. The functional 
equations for L+ are 


L_«(s) = 2°x* 1k-8*4T(1 — 8) cos(}s7)L-x(1— s) 
(10) 
Li (s) = 2°r? tk *t*/77T(1 — s) sin( 5 s7)L44(1—). 


(11) 
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For m a POSITIVE INTEGER 


L44(—2m) =0 (12) 
L_4(1— 2m) =0 (13) 
Lyn(2m) = Rko*/? 7? (14) 
L_x(2m—1) = BRONVI AMI (15) 
m—1)!R 
Ly4(1 2m) = as cea (16) 
_ (-1)"R'(2m)! 
L_4(-2k) = Gem (17) 


where R and R' are RATIONAL NUMBERS. L4,(1) can 
be expressed in terms of transcendentals by 


La(1) = h(d)x(d), (18) 


where h(d) is the CLAsS NUMBER and «(d) is the 
DIRICULET STRUCTURE CONSTANT. Some specific val- 
ues of primitive L-series are 


L-11(1) = a 

L.7(1) — 7 

L_4(1) = in 

L_3(1) = mE 

L45(1) = ain (- J 
Ly8(1) = 

pay ines) 

D413(1) = va (es) 
Lair(1) = a In(4 + V17) 
L+21(1) = al (E42) 
Ly2a(1) = nea 


No general forms are known for L_,(2m) and L44(2m— 
1) in terms of known transcendentals. For example, 


L_a(2) = B(2) = K, (19) 


where K is defined as CATALAN’S CONSTANT. 


see also DIRICHLET BETA FUNCTION, DIRICHLET ETA 
FUNCTION 


Dirichlet Lambda Function 
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Dirichlet Lambda Function 


Sf 


Re [pizich set Lankde z] 


Im[DirichletLambda z} 


|DirichletLambda z| 


Ma) = SO(Qntiy* =(1-27*)¢(2z) (1) 


for « = 2, 3, ..., where ¢(x) is the RIEMANN ZETA 
FUNCTION. The function is undefined at r = 1. It can 
be computed in closed form where ¢(x) can, that is for 
EVEN POSITIVE n. It is related to the RIEMANN ZETA 
FUNCTION and DIRICHLET ETA FUNCTION by 


Cv) _ Atv) _ nl) 


= = 2 
2 2¥—-1 2-2 (?) 
and 
C(v) + n(v) = 2A(v) (3) 
(Spanier and Oldham 1987). Special values of A(n) in- 
clude 
2 
uy 
Aa) = (4) 
4 
3 
A(4) = 5a: (5) 


Dirichlet’s Lemma 


see also DIRICHLET BETA FUNCTION, DIRICHLET ETA 
FUNCTION, RIEMANN ZETA FUNCTION, ZETA FUNC- 
TION 
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Dirichlet’s Lemma 


‘i sinf(n+4)z] a 


= or 
2sin(42) ox 


where the KERNEL is the DIRICHLET KERNEL. 
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Dirichlet’s Principle 
Also known as THOMSON’S PRINCIPLE. There exists a 
function u that minimizes the functional 


D[u] = [ |Vul? dV 


(called the DIRICHLET INTEGRAL) for Q C R? or R® 
among all the functions u € C (Q)NC™ (Q) which take 
on given values f on the boundary 02 of Q, and that 
function u satisfies V? = 0 in Q, ulan = f, ue C(Q)N 
C)(Q). Weierstra8 showed that Dirichlet’s argument 
contained a subtle fallacy. As a result, it can be claimed 
only that there exists a lower bound to which D[u] comes 
arbitrarily close without being forced to actually reach 
it. Kneser, however, obtained a valid proof of Dirichlet’s 
principle. 

see also DIRICHLET’S BOX PRINCIPLE, DIRICHLET IN- 
TEGRALS 


Dirichlet Region 
see VORONOI POLYGON 


Dirichlet Series 
A sum Yoane*”’, where ay, and z are COMPLEX and Ay 
is REAL and MONOTONIC increasing. 


see also DIRICHLET L-SERIES 
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Dirichlet Structure Constant 


2Inn(d 
wine ME eee 
w(d)4/lal : 


where 7)(d) is the FUNDAMENTAL UNIT and w(d) is the 
number of substitutions which leave the binary quadra- 
tic form unchanged 


6 ford=—3 
4 ford=—4 
2 otherwise. 


w(d) = 


see also CLASS NUMBER, DinicuLeT L-SERIES 
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Dirichlet Tessellation 
see VORONOI DIAGRAM 


Dirichlet’s Test 
Let. 


Pp 
> an < K, 
n=1 


where K is independent of p. Then if fn > fn41 > 0 
and 
lim fn = 0, 


noo 


it follows that 


oo 


Yeah 


n=l 
CONVERGES. 
see also CONVERGENCE TESTS 


Dirichlet’s Theorein 

Given an ARITHMETIC SERIES of terms an+b, for n = 1, 
2,..., the series contains an infinite number of PRIMES if 
a and b are RELATIVELY PRIME, i.e., (a,b) = 1. Dirich- 
let proved this theorem using DIRICHLET L-SERIES. 


see also PRIME ARITHMETIC PROGRESSION, PRIME 
PATTERNS CONJECTURE, RELATIVELY PRIME, SIER- 
PINSKI’S PRIME SEQUENCE THEOREM 
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464 Dirty Beam 


Dirty Beam 
The FOURIER TRANSFORM of the (u, v) sampling distri- 
bution in synthesis imaging 


b' =F "(S), (1) 


also called the SYNTHESIZED BEAM. It is called a 
“beam” by way of analogy with the DIRTY MAP 


=F (VS) =F [V] + F-[S] 
=I+F(S)=I+b, (2) 


where * denotes CONVOLUTION. Here, I’ is the intensity 
which would be observed for an extended source by an 
antenna with response pattern bi, 


I’ = by(6") « 1(8"). (3) 


The dirty beam is often a complicated function. In order 
to avoid introducing any high spatial frequency features 
when CLEANing, an elliptical Gaussian is usually fit 
to the dirty beam, producing a CLEAN BEAM which is 
CONVOLVED with the final iteration. 

see also CLEAN ALGORITHM, CLEAN Map, DIRTY 
MAP 


Dirty Map 

From the van Cittert-Zernicke theorem, the relationship 
between observed visibility function V(u,v) and source 
brightness [(£,7) in synthesis imaging is given by 


T(é,7) = i fv (u, ve2™{EU+"”) du dy 


=F [V(u,v)]. (1) 
But the visibility function is sampled only at discrete 
points S(u,v) (finite sampling), so only an approxima- 


tion to I, called the “dirty map” and denoted I’, is mea- 
sured. It is given by 


fo] oo 
ren) = [ f S(u, v)V(u, v)e?™""*™ du du 
(2) 
where S(u,v) is the sampling function and V(u,v) is 


the observed visibility function. Let * denote CONVO- 
LUTION and rearrange the CONVOLUTION THEOREM, 


F(f * 9} = F(f)Flo] (3) 
into the form 
F[F [Ff] * Fall = Fo. (4) 


from which it follows that 


F™ fl * F-"[9| = Fifa). (5) 


Discordant Permutation 


Now note that 


r=F"'[V} (6) 


is the CLEAN Map, and define the “DIRTY BEAM” 
as the inverse FOURIER TRANSFORM of the sampling 
function, 


b =F" [S]. (7) 


The dirty map is then given by 


I! =F [VS] =F [V]«F‘[S]=1+b'. (8) 
In order to deconvolve the desired CLEAN Map I from 
the measured dirty map J’ and the known DIRTY BEAM 
b', the CLEAN ALGORITHM is often used. 

see also CLEAN ALGORITHM, CLEAN MAP, DIRTY 
BEAM 


Disc 
see DISK 


Disconnected Form 
A Form which is the sum of two FORMS involving sep- 
arate sets of variables. 


Disconnectivity 

Disconnectivities are mathematical entities which stand 
in the way of a SPACE being contractible (i.e., shrunk to 
a point, where the shrinking takes place inside the SPACE 
itself). When dealing with TOPOLOGICAL SPACES, a 
disconnectivity is interpreted as a “HOLE” in the space. 
Disconnectivities in SPACE are studied through the Ex- 
TENSION PROBLEM or the LIFTING PROBLEM. 

see also EXTENSION PROBLEM, HOLE, LIFTING PROB- 
LEM 


Discontinuity 


te discontinuity 


A point at which a mathematical object is DISCONTIN- 
UOUS. 


Discontinuous 

Not Continuous. A point at which a function is dis- 
continuous is called a DISCONTINUITY, or sometimes a 
JUMP. 
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Discordant Permutation 
see MARRIED COUPLES PROBLEM 


Discrepancy Theorem 


Discrepancy Theorem 

Let $1, 52,... be an infinite series of real numbers lying 
between 0 and 1. Then corresponding to any arbitrar- 
ily large K, there exists a positive integer n and two 
subintervals of equal length such that the number of s, 
with v = 1, 2, ..., n which lie in one of the subintervals 
differs from the number of such s, that lie in the other 
subinterval by more than K (van der Corput 1935ab, 
van Aardenne-Ehrenfest 1945, 1949, Roth 1954). 


This statement can be refined as follows. Let N be a 
large integer and s1, $2, ..., sw be a sequence of N real 
numbers lying between 0 and 1. Then for any integer 
1<n< WN and any real number a satisfying 0 <a <1, 
let D,,(c) denote the number of s, with vy = 1, 2,...,n 
that satisfy 0 < s, <a. Then there exist n and a@ such 


that 
InIn N 


|Dn(a) - na| > llaininN 


where ¢c; is a positive constant. 


This result can be further strengthened, which is most 
easily done by reformulating the problem. Let N > 1 


be an integer and Pi, P2,..., Pn be N (not necessarily 
distinct) points in the squareO < ea <10<y<l. 
Then 


1 pl 
i [ (S(x,y) — Nay]* dxdy > co nN, 
0 Jo 


where co is a positive constant and S(u, v) is the number 
of points in the rectangle 0 < z < u, 0 < y < v (Roth 
1954). Therefore, 


|S(a,y) — Nzy| > esvinN, 


and the original result can be stated as the fact that 
there exist n and a such that 


|Dn{a) —nal >cavinN. 


The randomly distributed points shown in the above 
squares have |S(x,y) — Nxy|? = 6.40 and 9.11, respec- 
tively. 


Similarly, the discrepancy of a set of N points in a unit 
d-HYPERCUBE satisfies 


|S(z,y) — Nay| > c(InN)-0?? 
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(Roth 1954, 1976, 1979, 1980). 
see also 18-POINT PROBLEM, CUBE POINT PICKING 
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Discrete Distribution 

A DISTRIBUTION whose variables can take on only dis- 
crete values. Abramowitz and Stegun (1972, p. 929) 
give a table of the parameters of most common discrete 
distributions. 

see also BERNOULLI DISTRIBUTION, BINOMIAL DISTRI- 
BUTION, CONTINUOUS DISTRIBUTION, DISTRIBUTION, 
GEOMETRIC DISTRIBUTION, HYPERGEOMETRIC DIs- 
TRIBUTION, NEGATIVE BINOMIAL DISTRIBUTION, POIS- 
SON DISTRIBUTION, PROBABILITY, STATISTICS, UNI- 
FORM DISTRIBUTION 
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Discrete Fourier Transform 
The FOURIER TRANSFORM is defined as 


fv) = FIF()] = ') (Qe ae. (1) 


Now consider generalization to the case of a discrete 
function, f(t) > f(tx) by letting f, = f(t.), where 
t, = kA, with k = 0,..., N — 1. Choose the frequency 


step such that 
n 


with n = —N/2,...,0,..., N/2. There are N+1 values 
of n, so there is one relationship between the frequency 
components. Writing this out as per Press et al. (1989) 


Vn 


N-1 N-1 
Fif(t)] = > fee 27H M/NARA DA — A s- fee Btmk/N 
k=0 ko 


(3) 
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aud 
N-1 
a a a a (4) 
k=0 
‘The inverse transform is 
1 N-i 
fr = y ys Fye2tirk/n (5) 
bs | 
Note that F_, = Fn n,n = 1, 2, ..., so an alternate 
formulation is m 
Vy, = WA’ (6) 


where the NEGATIVE frequencies —v. < v < 0 have 
N/2+1<n< N—1, Positive frequencies 0 < v < u% 
have 1 < n < N/2— 1, with zero frequency n = 0. 
n = N/2 corresponds to both vy = yw, and v = —K%. 
The discrete Fourier transform can be computed using 
a FAST FOURIER ‘TRANSFORM. 


The discrete Fourier transform is a special case of the 
z-TRANSFORM. 


see also FAST FOURIER TRANSFORM, FOURIER TRANS- 
FORM, HARTLEY TRANSFORM, WINOGRAD TRANS- 
FORM, z- TRANSFORM 
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Discrete Mathematics 

The branch of mathematics dealing with objects which 
can assume only certain “discrete” values. Discrete ob- 
jects can be characterized by INTEGERS (or RATIONAL 
NUMBERS), whereas continuous objects require REAL 
NuMBERS. The study of how discrete objects combine 
with one another and the probabilities of various out- 
comes is known as COMBINATORICS. 


see also COMBINATORICS 
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Discrete Set 
A finite SET or an infinitely COUNTABLE Serr of ele- 
ments. 


Discriminant (Metric) 


Discrete Uniform Distribution 
see EQUALLY LIKELY OUTCOMES DISTRIBUTION 


Discriminant 

A discriminant is a quantity (usually invariant under 
certain classes of transformations) which characterizes 
certain properties of a quantity’s RooTs. The con- 
cept of the discriminant is used for BINARY QUADRATIC 
FORMS, ELLIPTIC CURVES, METRICS, MODULES, POLY- 
NOMIALS, QUADRATIC CURVES, QUADRATIC FIELDS, 
QUADRATIC FORMS, and in the SECOND DERIVATIVE 
TEST. 


Discriminant (Binary Quadratic Form) 
The discriminant of a BINARY QUADRATIC FORM 


au? + buv + cv" 


is defined by 
d= 6" — 4ac. 


It is equal to four times the corresponding DETERMI- 
NANT. 


see also CL.ASS NUMBER 


Discriminant (Elliptic Curve) 
An ELLIPTIC CURVE is of the form 


2 3 2 
y =x@ +a2qz" + a,x + ao. 


Let the Roots of y? be ri, r2, and r3. The discriminant 
is then defined as 


A = k(n — r2)°(r1 — 73)"(r2 = 73)”. 
see also FREY CURVE, MINIMAL DISCRIMINANT 


Discriminant (Metric) 
Given a METRIC gag, the discriminant is defined by 


Jil 912 


2 
= =, . 1 
921 922 911922 (912) ( ) 


g = det(gaa) = 


Let g be the discriminant and g the transformed dis- 
criminant, then 


g=D"g (2) 
g= Da, (3) 
where 
_ Aut,u?) _ | $5r Sas 
D= aan ~ | ou? du? (4) 
Bara) ~ | ou; Set 
i aa, a? eat = aa 
peta [e el 
(wu) Ser San 


Discriminant (Module) 


Discriminant (Module) 
Let a MODULE M in an INTEGRAL DOMAIN D, for 
R(VD) be expressed using a two-element basis as 


M= [€1,é2], 


where £ and £2 are in D,. Then the DIFFERENT of the 
MODULE is defined as 


Er of 
& & 


and the discriminant is defined as the square of the DIF- 
FERENT (Cohn 1980). 


For IMAGINARY QUADRATIC FIELDS Q(,/n) (with n < 
0), the discriminants are given in the following table. 


A=A(M) = = £6 — && 


=A aig? 33 —2?.3-11 |-67 67 

-2 —23 —34 —23.17 ~69 —2?-3-23 
-3 -3 —-35 —5-7 ~70 —23.5-7 
-5 —27.5 —37 —2?.37 ~71 —71 

—6 -2°.3 -39 —3-13 —73 —27-73 
-7 -7 —41 —2?.41 ~74 —23.37 
-10 —2°.5 —42 ~—23.3.7 |~77 -2?-7-11 
-11 -11 —43 —43 ~78 —2°.3-13 
-13 -27-13 |-46 —2°.23 ~79 —79 

-14 —2°.7 -—47 —A47 ~82 —2°.41 
-15 -3-5 —51 -—3-17 ~83 -—83 

-17 —2?.17 |-53 —2?.53 ~85 —27.5-17 
-19 -19 -—55 —5-11 —86 —2°.43 
—21 —2?.3-7 /-57 -—2?.3-19 |~87 -3-29 
—22 -2%-11 |-58 -2?.29 ~89 —27-89 
—23 23 —59 —59 ~91 -7-13 
~26 —23-13 |-61 —2?-61 ~93 —27.3-31 
-29 -27.99 |-62 -25.31 ~94 —2°.47 
—30 -2°.3-5 |-65 -2?-5-13 |~95 -5-19 
—31 -31 —66 —27-3-11 |~97 -2?-97 


The discriminants of REAL QUADRATIC FIELDS Q(,/n) 
(n > 0) are given in the following table. 


2. 2? 


34 2°-17 67 67-2? 
35 7-27-5 169 3-23 
5 5 37 37 70 7-23-5 


3 3-2? 


6 3.23 38 19.25 71 71.2? 
7 7.2 39 3-27-13 |73 73 

10 2°.5 41 41 74 23.37 
11 11-2? [42 3-23-7 |77 7-11 
13 13 43 43-2? 78 3-23.13 


14 7.25 46 23-2° 79 79.2? 
15 3-2?.5 |47 47-2? 82 2°-41 


17 17 51 3:2?-17 183 83-2? 
19 19-2? {53 53 85 5-17 
21 3-7 55 11-27-5 |86 43-.2° 
22 11-23 57 3-19 87 3-27.13 


23 23-27 +158 2°-.29 89 89 
26 23.13 |59 59-2? 91 7-27-13 


29 29 61 61 93 3-31 
30 3-2%-5 |62 31.2% 94 47.23 
31 31-2% 165 5-13 95 19-27.5 


33° 3-11 66 3-27-11 |97 97 
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see also DIFFERENT, FUNDAMENTAL DISCRIMINANT, 
MODULE : 
References 
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Discriminant (Polynomial) 

The Propuct of the SQUARES of the differences of the 
POLYNOMIAL Roots 2x;. For a POLYNOMIAL of degree 
n, 


Dn = [| (# - 25)? (1) 
ig 
t<7 
The discriminant of the QUADRATIC EQUATION 
az” +b2+c=0 (2) 
is usually taken as 
D=b — 4ae. (3) 


However, using the general definition of the POLYNOM- 
IAL DISCRIMINANT gives 


b? — dac 
D=J[(«- 4) = ae ae (4) 
i<j 
where z; are the ROOTs. 
The discriminant of the CUBIC EQUATION 


2 +u227 +412 +09 =0 (5) 


is commonly defined as 


D=Q°+R’, (6) 
where 
_ 3a, = a2” 
qs (7) 
9a2a, = 27a0 = 2a, 
R= ‘ 
EA (8) 


However, using the general definition of the polynomial 
discriminant for the standard form CuBIC EQUATION 


z+pz=q (9) 
gives 


D=|[(% 2)? =P? = —4p® — 274’, (10) 


where z; are the ROOTS and 


P = (z1 = 22)(z2 = 23) (21 = 23). (11) 


468 Discriminant (Quadratic Curve) 
The discriminant of a QUARTIC EQUATION 
4 3 2 
gw +a3x° +agz* +a,xz+ag=—0 (12) 
is 
—27a,* + 18a3a201° — 4a3°a1* — 4a2%a17 + a37a27a1? 
+a0(144a2a1” —~6a3204 2 —80a3027a1 + 18a3°a2a1 + 16a,4 


—4a37a2%) +ay*(—192a3a1 —128a,? + 144a37a2— 27a3*) 
—256a9* (13) 


(Beeler et al. 1972, Item 4). 

see also RESULTANT 
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Discriminant (Quadratic Curve) 
Given a general QUADRATIC CURVE 


Az’ + Bay + Cy’ + Dx + Ey + F =0, (1) 

the quantity X is known as the discriminant, where 
X = B’ -4AC, (2) 
and is invariant under ROTATION. Using the COEFFI- 
CIENTS from QUADRATIC EQUATIONS for a rotation by 


an angle 6, 


A’ = 2 A[1 + cos(20}] + 3.8 sin(20) + $C[1 — cos(26)] 


ae + g B sin(26) + - c cos(20) (3) 

B! = Geos rn 2) eae (4) 

C' = $A(1 - cos(26)] — 5B sin(20) + })C[1 + cos(26)] 

= cit 9 ae 2 sin(26) + = cos(28). (5) 
Now let 

G = /B?+(A_—cy (6) 

6=tan! (=) (7) 


62 = tan™* (“5°) =-cot7* (s4) , (8) 


and use 


cot” *(a) = dm — tan™*(z) (9) 
bg =5— 30 (10) 


Discriminant (Quadratic Curve) 


to rewrite the primed variables 


A= Axe + $Gcos(26 + 6) (11) 
B’ = Bcos(26) + (C — A) sin(20) = Gcos(20 + dz) 
(12) 
C= af ~ 16 cos(28 + 6). (13) 
Irom (11) and (13), it follows that 
4A'C’ = (A+C)? — G? cos(26 + 5). (14) 


Combining with (12) yields, for an arbitrary 6 


X=B"?~-4A'C' 


= G? sin? (26 + 5) + G? cos?(20 + 6) - (A+C)? 
= G?-(A+C)? = B’ +(A-C)?-(A+C/)? 
= B? .. 4AC, (15) 


which is therefore invariant under rotation. This invari- 
ant therefore provides a useful shortcut to determining 
the shape represented by a QUADRATIC CURVE. Choos- 
ing 8 to make B’ = 0 (see QUADRATIC EQUATION), the 
curve takes on the form 


A’? + Cly? + D't+ E'y+F =0. (16) 


COMPLETING THE SQUARE and defining new variables 
gives 
A'e"? + C'y? = H. (17) 


Without loss of generality, take the sign of H to be pos- 
itive. The discriminant is 
X = B? -4A'C' = -4A'C". (18) 

Now, if —4A’C’ < 0, then A’ and C’ both have the 

same sign, and the equation has the general form of an 

ELLIPSE (if A’ and B’ are positive). If —4A’C’ > 0, 

then A’ and C’ have opposite signs, and the equation 

has the general form of a HYPERBOLA. If —4A’C’ = 0, 

then either A’ or C’ is zero, and the equation has the 

general form of a PARABOLA (if the NONZERO A’ or C” 

is positive). Since the discriminant is invariant, these 

conclusions will also hold for an arbitrary choice of 6, so 
they also hold when —4A'C" is replaced by the original 

B* — 4AC. The general result is 

1. If B?—4AC < 0, the equation represents an ELLIPSE, 
a CIRCLE (degenerate ELLIPSE), a POINT (degener- 
ate CIRCLE), or has no graph. 

2. If B? — 4AC > 0, the equation represents a HYPER- 
BOLA or pair of intersecting lines (degenerate Hy- 
PERBOLA). 

3. If B? ~ 4AC = 0, the equation represents a 
PARABOLA, a LINE (degenerate PARABOLA), a pair 
of PARALLEL lines (degenerate PARABOLA), or has 
no graph. 


Discriminant (Quadratic Form) 


Discriminant (Quadratic Form) 
see DISCRIMINANT (BINARY QUADRATIC FORM) 


Discriminant (Second Derivative Test) 


D= fezfyy — feyfye = faz fyy - fi 


where fi; are PARTIAL DERIVATIVES. 
see also SECOND DERIVATIVE TEST 


Disdyakis Dodecahedron 


The DUAL POLYHEDRON of the ARCHIMEDEAN GREAT 
RHOMBICUBOCTAHEDRON, also called the HEXAKIS 
OCTAHEDRON. 


see also GREAT DISDYAKIS DODECAHEDRON 


Disdyakis Triacontahedron 


The DUAL POLYHEDRON of the ARCHIMEDEAN GREAT 
RHOMBICOSIDODECAHEDRON. It is also called the HEX- 
AKIS ICOSAHEDRON. 
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Disjoint 
see MUTUALLY EXCLUSIVE 


Disjunction 
A product of Ors, denoted 


V Ag. 


k+l 
see also CONJUNCTION, OR 


Disjunctive Game 
see NIM-HEAP 


Disk 

An n-D disk (or Disc) of RADIUS r is the collection of 
points of distance < r (CLOSED Disk) or < r (OPEN 
DIsk) from a fixed point in EUCLIDEAN n-space. A disk 
is the SHADOW of a BALL on a PLANE PERPENDICULAR 
to the BALL-RADIANT POINT line. 


The n-disk for n > 3 is called a BALL, and the boundary 
of the n-disk is a (n — 1)-HYPERSPHERE. The standard 
n-disk, denoted ID” (or B”), has its center at the ORIGIN 
and has RADIUS r = 1. 


see also BALL, CLOSED Disk, DIskK COVERING 
PROBLEM, FIVE DISKS PROBLEM, HYPERSPHERE, 
MERGELYAN-WESLER THEOREM, OPEN DISK, POLY- 
DISK, SPHERE, UNIT DISK 


Disk Covering Problem 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Given a UNIT DISK, find the smallest RADIUS r(n) re- 
quired for n equal disks to completely cover the UNIT 
Disk. For a symmetrical arrangement with n = 5 
(the Five Disks PROBLEM), r(5) = 6-1 = 1/6 = 
0.6180340..., where ¢ is the GOLDEN Ratio. However, 
the radius can be reduced in the general disk covering 
problem where symmetry is not required. The first few 
such values are 


r(1)=1 
r(2)=1 
r(3) = 1/3 
r(4)= 3V2 
r(5) = 0.609382864... 
r(6) = 0.555 
r(7)=s 
r(8) = 0.437 
r(9) = 0.422 
r(10) = 0.398. 
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Here, values for n = 6, 8, 9, 10 were obtained using 
computer experimentation by Zahn (1962). The value 
r(5) is equal to cos(@+ 6/2), where @ and ¢ are solutions 
to 


2sind - sin(O + 3¢ +p) — sin(d 0-44) =0 (1) 
2sin ¢ — sin(@ + 4¢+ x) —sin(y — 6 - 4¢) =0 (2) 
2sin @ + sin(x + 6) — sin(y — @) — sin(w + @) 
—sin(y — ¢) — 2sin(y — 26)—0 (3) 
cos(2y — x + ¢) — cos(2y + x — ¢) ~ 2cosx 
+ cos(2 + x — 20) + cos(2v —-x— 20@)=0 (4) 


(Neville 1915). It is also given by 1/z, where x is the 


largest real root of 


a(y)x° — b(y)x° + e(y)a* — d(y)x* 
+e(y)x” — f(y)e+g(y)=0 (5) 


maximized over all y, subject to the constraints 


V2<a<2yt] (6) 
aLey<, (7) 

and with 
a(y) = 80y" + 64y (8) 
b(y) = 416y* + 384y” + 64y (9) 
c(y) = 848y* + 928y° + 352y? + 32y (10) 


d(y) = 768y° + 992y* + 736y* + 288y? + 96y 
e(y) = 256y° + 384y° + 592y* + 480y* + 336y? 


+ 96y + 16 (11) 

f(y) = 128y° + 192y° + 256y° + 160y* + 96y + 32 
(12) 
g(y) = 64y’ + 64y + 16 (13) 


(Bezdek 1983, 1984). 


Letting N(e) be the smallest number of Disks of RADIUS 
€ needed to cover a disk D, the limit of the ratio of the 
AREA of D to the AREA of the disks is given by 


lim == (14) 


(Kershner 1939, Verblunsky 1949). 
see also FIVE DISKS PROBLEM 
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Disk Lattice Points 
see GAUSS’S CIRCLE PROBLEM 


Dispersion Numbers 
see MAGIC GEOMETRIC CONSTANTS 


Dispersion Relation 

Any pair of equations giving the REAL PART of a func- 
tion as an integral of its IMAGINARY PART and the IMAG- 
INARY PART as an integral of its REAL PART. Dispersion 
relationships imply causality in physics. Let 


f(t0) = u(xo) + iv{zo), (1) 
then 
7 * u(x) dx 
u(xo) = wey ahs (2) 
v(ao) = - PV ie u(a) de (3) 
1 La? = 0" 


where PV denotes the CAUCHY PRINCIPAL VALUE and 
u(zo) and v(2o) are HILBERT TRANSFORMS of each 
other. If the COMPLEX function is symmetric such that 


f(-a) = f*(z), then 


ueo)= FP fae (4) 
0 0 
vies) = Zev | oS. (5) 


Dispersion (Sequence) 

An array B = bj, it, > 1 of PosiTIVE INTEGERS is 

called a dispersion if 

1. The first column of B is a strictly increasing se- 
quence, and there exists a strictly increasing se- 
quence {s;} such that 

2. biz = 81 > 2; 

3. The complement of the SET {bj : 1 > 1} is the SET 
{sx}, , 

4. bi; = S;,;_, for all j > 3 for i =1 and for all g > 2 
for all i > 2. 


Dispersion (Statistics) 


lf an array B = 6,; is a dispersion, then it is an INTER- 
SPERSION. 


see also INTERSPERSION 
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Dispersion (Statistics) 
(Au)?, = (us — a). 


see also ABSOLUTE DEVIATION, SIGNED DEVIATION, 
VARIANCE 


Disphenocingulum 
see JOHNSON SOLID 


Disphenoid 
‘A TETRAHEDRON with identical ISOSCELES or SCALENE 
faces. 


Dissection 

Any two rectilinear figures with equal ARFA can be dis- 
sected into a finite number of pieces to form each other. 
This is the WALLACE-BOLYAI-GERWEIN THEOREM. For 
minimal dissections of a TRIANGLE, PENTAGON, and 
OCTAGON into a SQUARE, see Stewart (1987, pp. 169- 
170) and Ball and Coxeter (1987, pp. 89-91). The TRI- 
ANGLE to SQUARE dissection (HABERDASHER’S PROB- 
LEM) is particularly interesting because it can be built 
from hinged pieces which can be folded and unfolded 
to yield the two shapes (Gardner 1961; Stewart 1987, 
p. 169; Pappas 1989). 


ASh do D OS 


Laczkovich (1988) proved that the CIRCLE can be 
squared in a finite number of dissections (~ 10°°). Fur- 
thermore, any shape whose boundary is composed of 
smoothly curving pieces can be dissected into a SQUARE. 


The situation becomes considerably more difficult mov- 
ing from 2-D to 3-D. In general, a POLYHEDRON can- 
not be dissected into other POLYHEDRA of a specified 
type. A CUBE can be dissected into n*? CUBES, where 
n is any INTEGER. In 1900, Dehn proved that not ev- 
ery PRISM cannot be dissected into a TETRAHEDRON 
(Lenhard 1962, Ball and Coxeter 1987) The third of 
HILBERT’S PROBLEMS asks for the determination of two 
TETRAHEDRA which cannot be decomposed into con- 
grucnt TETRAHEDRA dircctly or by adjoining congru- 
ent TETRAHEDRA. Max Dehn showed this could not be 
done in 1902, and W. F. Kagon obtained the same re- 
sult independently in 1903. A quantity growing out of 
Dehn’s work which can be used to analyze the possibil- 
ity of pcrforming a given solid dissection is the DEIN 
INVARIANT. 
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The table below is an updated version of the one given 
in Gardner (1991, p. 50). Many of the improvements 
are due to G. Theobald (Frederickson 1997). The mini- 
mum number of picces known to dissect a regular n-gon 
(where n is a number in the first column) into a k-gon 
(where k is a number is the bottom row) is read off by 
the intersection of the corresponding row and column. 
In the table, {n} denotes a regular n-gon, GR a GOLDEN 
RECTANGLE, GC a GREEK Cross, LC a LATIN Cross, 
MC a MALTESE Cross, SW a SwasTIKA, {5/2} a five- 
point star (solid PENTAGRAM), {6/2} a six-point star 
(i.e, HEXAGRAM or solid STAR OF DavID), and {8/3} 
the solid OCTAGRAM. 


6 
oy 


The hest-known dissections of one regular convex n-gon 
into another are shown for n = 3, 4, 5, 6, 7, 8, 9, 10, 
aud 12 in the following illustrations due to Theobald. 
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Dissection 


The best-known dissections of various crosses are illus- 


trated below (Theobald). 


LC-4 LC-6 LC-7 
| At] 
& A) 
Lc-9 LC-12 
apy Ged ae 
LC-5/, LC-6F, LC-4 
qa Si ae 
GC-3 GC-4 GC-5 
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The best-known dissections of the GOLDEN RECTANGLE 
are illustrated below a 


DO SS FO 


see also BANACH-TARSKI PARADOX, CUNDY AND ROL- 
LETT’S EGG, DECAGON, DEHN INVARIANT, DIABOLI- 
CAL CuBE, DISSECTION PUZZLES, DODECAGON, EHR- 
HART POLYNOMIAL, EQUIDECOMPOSABLE, EQUILAT- 
ERAL TRIANGLE, GOLDEN RECTANGLE, HEPTAGON 
HEXAGON, HEXAGRAM, HILBERT’S PROBLEMS, LATIN 
Cross, MALTESE CROSS, NONAGON, OCTAGON, Oc- 
TAGRAM, PENTAGON, PENTAGRAM, POLYHEDRON Dis- 
SECTION, PYTHAGOREAN SQUARE PUZZLE, PYTHAG- 
OREAN THEOREM, REP-TILE, SOMA CUBE, SQUARE, 
STAR OF LAKSHMI, SWASTIKA, T-PUZZLE, TANGRAM, 
WALLACE-BOLYAI-GERWEIN THEOREM 
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Dissection Puzzles 

A puzzle in which one object is to be converted to an- 
other by making a finite number of cuts and reassem- 
bling it. The cuts are often, but not always, restricted to 
straight lines. Sometimes, a given puzzle is precut and 
is to be re-assembled into two or more given shapes. 


see also CUNDY AND ROLLETT’S EGG, PYTHAGOREAN 
SQUARE PUZZLE, T-PUZZLE, TANGRAM 


Dissipative System 

A system in which the phase space volume contracts 
along a trajectory. This means that the generalized D1- 
VERGENCE is less than zero, 


Ofi 
Oxi 


<0, 
where EINSTEIN SUMMATION has been used. 


Distance 
Let y(t) be a smooth curve in a MANIFOLD M from z to 
y with 7(0) = # and y(1) = y. Then y’(t) € T,@), where 
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Tz is the TANGENT SPACE of M at x. The LENGTH of 
¥ with respect to the Riemannian structure is given by 


i lly’ (Dll at () 


and the distance d(x, y) between zx and y is the shortest 
distance between xz and y given by 


ae.) = int) [ly Olle at (2) 


In order to specify the relative distances of n > 1 points 
in the plane, 1+2(n—2) = 2n—3 coordinates are needed, 
since the first can always be taken as (0, 0) and the sec- 
ond as (z,0), which defines the z-AXIS. The remaining 
n — 2 points need two coordinates each. However, the 
total number of distances is 


a) > I = in(n-1), (3) 


where (7) is a BINOMIAL COEFFICIENT. The distances 


between n > 1 points are therefore subject to m rela- 
tionships, where 


m = 3n(n— 1) — (Qn— 3) = 3 (n—2)(n—3). (4) 


For n = 1, 2,..., this gives 0, 0, 0, 1, 3, 6, 10, 15, 21, 28, 

. (Sloane’s A000217) relationships, and the number 
of relationships between n points is the TRIANGULAR 
NUMBER Tp-3. 


Although there are no relationships for n = 2 and n = 
3 points, for m = 4 (a QUADRILATERAL), there is one 
(Weinberg 1972): 


O = din*dga” + dig*daa” + dia*da3” + doz*dig” 
+ dzadj3 + d34di 
+ dizdz3d3i + dizdg4da1 + di3d3ada1 
+ d33d34d42 — di2d23d3q — disd32d24 
— dizdaxdis — digd4ad23 — disd3adaa 
— diadigd2 — dogdgidi4 — dir dizd3q 
— dyqadardis — daidi4d4g — d31di2d34 


— jada dia. (5) 


This equation can be derived by writing 


diz = f(x — 23)? + (Yi — ys)? (6) 
and eliminating 2; and y; from the equations for dia, 
diz, dia, d23, doa, and d3q. 

see also ARC LENGTH, CUBE POINT PICKING, EX- 


PANSIVE, LENGTH (CURVE), METRIC, PLANAR Dis- 
TANCE, POoOINT-LINE DISTANCE—2-D, POINT-LINE 


Distinct Prime Factors 


DISTANCE—3-D, POINT-PLANE DISTANCE, POINT- 
POINT DISTANCE—1-D, POINT-POINT DISTANCE—2- 
D, Pornt-Point DISTANCE—3-D, SPACE DISTANCE, 
SPHERE 
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Distinct Prime Factors 
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20 40 60 80 100 200 400 600 9800 1000 
The number of distinct prime factors of a number n is 
denoted w(n). The first few values for n = 1, 2, ... 
are 0, 1, 1, 1, 1, 2, 1, 1, 1, 2, 1, 2, 1, 2, 2, 1, 1, 2, 1, 
2, ... (Sloane’s A001221). The first few values of the 
SUMMATORY FUNCTION 


nm 


) 


k=2 


are 1, 2, 3, 4, 6, 7, 8, 9, 11, 12, 14, 15, 17, 19, 20, 21, 
... (Sloane’s A013939), and the asymptotic value is 


nr 


So w(k) = nInInn+ Bin + o(n), 
k=2 


where B, is MERTENS CONSTANT. In addition, 


nr 


S fw(k)? = n(InInn)? + O(nInInn). 


k=2 


see also DIVISOR FUNCTION, GREATEST PRIME FAC- 
TOR, HARDY-RAMANUJAN THEOREM, HETEROGE- 
NEOUS NUMBERS, LEAST PRIME FACTOR, MERTENS 
CONSTANT, PRIME FACTORS 
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Distribution 


Distribution 

The distribution of a variable is a description of the rel- 
ative numbers of times each possible outcome will occur 
in a number of trials. The function describing the distri- 
bution is called the PROBABILITY FUNCTION, and the 
function describing the probability that a given value or 
any value smaller than it will occur is called the Dis- 
TRIBUTION FUNCTION. 


Formally, a distribution can be defined as a normalized 
MEASURE, and the distribution of a RANDOM VARIABLE 
x is the MEASURE P, on S’ defined by setting 


P,(A') = P{s € S: x(s) € A’}, 


where (5,8, P) is a PROBABILITY SPACE, (5,8) is a 
MEASURABLE SPACE, and P a MEASURE on S with 
P(S) =1. 

see also CONTINUOUS DISTRIBUTION, DISCRETE DIS- 
TRIBUTION, DISTRIBUTION FUNCTION, MEASURABLE 
SPACE, MEASURE, PROBABILITY, PROBABILITY DEN- 
SITY FUNCTION, RANDOM VARIABLE, STATISTICS 
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Distribution Function 

The distribution function D(x), sometimes also called 
the PROBABILITY DISTRIBUTION FUNCTION, describes 
the probability that a trial X takes on a value less than 
or equal to a number z. The distribution function is 
therefore related to a continuous PROBABILITY DENSITY 
FUNCTION P(x) by 


az 


D(iz)=P(X<az)= / P(z') dz’, (1) 


—oco 


so P(x) (when it exists), is simply the derivative of the 
distribution function 


P(x) = D'(z) = [P(2’)]" 00 = P(x) — P(—-00). (2) 


Similarly, the distribution function is related to a dis- 
crete probability P(x) by 


D(a) = P(X <2) = $~ P(x). (3) 


Xe 


In general, there exist distributions which are neither 
continuous nor discrete. 


A Joint DISTRIBUTION FUNCTION can be defined if 
outcomes are dependent on two parameters: 


D(a,y) = P(X <2,Y <y) (4) 


D, (x) = D(x, 0) (5) 
Dy(y) = D(oo,y). (6) 
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Similarly, a multiple distribution function can be defined 
if outcomes depend on n parameters: 


D(ai,...,@n) = P(t1 <a1,...,2n < an). (7) 


Given a continuous P(), assume you wish to generate 
numbers distributed as P(x) using a random number 
generator. If the random number generator yields a uni- 
formly distributed value y; in [0,1] for each trial 7, then 
compute 


D(x) = fe P(z') dz’. (8) 


The FORMULA connecting y; with a variable distributed 
as P(x) is then 
a = D7'(y), (9) 


where D~}(z) is the inverse function of D(x). For ex- 
ample, if P(x) were a GAUSSIAN DISTRIBUTION so that 


D(x) = ; + erf (4)| : (10) 


gy =ovV2erf (24; -1)+yu. (11) 


then 


If P(x) = Cx” for x € (tmin, max), then normalization 
gives 


fe P(z) de =o @ leat 1, (a9) 
ae n+1 ; 
so ee 1 

c= ft. (13) 


Let y be a uniformly distributed variate on [0,1]. Then 


pia) - fo Pia)de =e f x” de 


Tmin min 
C 
= oe" ani) =y (14) 


and the variate given by 


n+1 1/{n+1) 
z= (Ay + min" ) 


n+1 : nit) a ean (15) 


y + @min 


is distributed as P(z). 


A distribution with constant VARIANCE of y for all val- 
ues of z is known as a HOMOSCEDASTIC distribution. 
The method of finding the value at which the distribu- 
tion is a maximum is known as the MAXIMUM LIKELI- 
HOOD mcthod. 


see also BERNOULLI DISTRIBUTION, BETA DISTRI- 
BUTION, BINOMIAL DISTRIBUTION, BIVARIATE DIS- 
TRIBUTION, CAUCHY DISTRIBUTION, CHi DISTRIBU- 
TION, CHI-SQUARED DISTRIBUTION, CORNISH-FISHER 


A476 Distribution (Functional) 


ASYMPTOTIC EXPANSION, CORRELATION COEFFI- 
CIENT, DISTRIBUTION, DOUBLE EXPONENTIAL DISTRI- 
BUTION, EQUALLY LIKELY OUTCOMES DISTRIBUTION, 
EXPONENTIAL DISTRIBUTION, EXTREME VALUE DIS- 
TRIBUTION, F-DISTRIBUTION, FERMI-DiRAC DISTRI- 
BUTION, FISHER’S z-DISTRIBUTION, FISHER-TIPPETT 
DISTRIBUTION, GAMMA DISTRIBUTION, GAUSSIAN 
DISTRIBUTION, GEOMETRIC DISTRIBUTION, HALF- 
NORMAL DISTRIBUTION, HYPERGEOMETRIC DISTRI- 
BUTION, JOINT DISTRIBUTION FUNCTION, LAPLACE 
DISTRIBUTION, LATTICE DISTRIBUTION, LEvy DIs- 
TRIBUTION, LOGARITHMIC DISTRIBUTION, LOG-SERIES 
DISTRIBUTION, LOGISTIC DISTRIBUTION, LORENTZIAN 
DISTRIBUTION, MAXWELL DISTRIBUTION, NEGATIVE 
BINOMIAL DISTRIBUTION, NORMAL DISTRIBUTION, 
PARETO DISTRIBUTION, PASCAL DISTRIBUTION, PEAR- 
SON TYPE III DISTRIBUTION, POISSON DISTRI- 
BUTION, POLYA DISTRIBUTION, RATIO DISTRIBU- 
TION, RAYLEIGH DISTRIBUTION, RICE DISTRIBU- 
TION, SNEDECOR’S F-DISTRIBUTION, STUDENT’S f- 
DISTRIBUTION, STUDENT’S z-DISTRIBUTION, UNIFORM 
DISTRIBUTION, WEIBULL DISTRIBUTION 
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Distribution (Functional) 

A functional distribution, also called a GENERALIZED 
FUNCTION, is a generalization of the concept of a func- 
tion. Functional distributions are defined as continuous 
linear FUNCTIONALS over a SPACE of infinitely differen- 
tiable functions such that all continuous functions have 
SCHWARZIAN DERIVATIVES which are themselves distri- 
butions. The most commonly encountered functional 
distribution is the DELTA FUNCTION. 


see also DELTA FUNCTION, GENERALIZED FUNCTION, 
SCHWARZIAN DERIVATIVE 


References 

Friedlander, F. G. Introduction to the Theory of Distribu- 
tions. Cambridge, England: Cambridge University Press, 
1982. 

Gelfand, I. M. and Shilov, G. E. Generalized Functions, 
Vol. 1: Properties and Operations. New York: Harcourt 
Brace, 1977. 

Gel’fand, I. M. and Shilov, G. E. Generalized Functions, 
Vol. 2: Spaces of Fundamental and Generalized Functions. 
New York: Harcourt Brace, 1977. 

Gel’fand, I. M. and Shilov, G. E. Generalized Functions, 
Vol. 3: Theory of Differential Equations. New York: Har- 
court Brace, 1977. 

Gelfand, I. M. and Vilenkin, N. Ya. Generalized Functions, 
Vol. 4: Applications of Harmonic Analysis. New York: 
Harcourt Brace, 1977. 

Gel’fand, I. M.; Graev, M. I.; and Vilenkin, N. Ya. General- 
ized Functions, Vol. 5: Integral Geometry and Represen- 
tation Theory. New York: Harcourt Brace, 1977. 


Distributive 


Griffel, D. H. Applied Functional Analysis. Englewood Cliffs, 
NJ: Prentice-Hall, 1984. 

Halperin, I. and Schwartz, L. Introduction to the Theory 
of Distributions, Based on the Lectures Given by Laurent 
Schwarz. Toronto, Canada: University of Toronto Press, 
1952. 

Lighthill, M. J. Introduction to Fourier Analysis and Gen- 
eralised Functions. Cambridge, England: Cambridge Uni- 
versity Press, 1958. 

Richards, I. and Young, H. The Theory of Distributions: A 
Nontechnical Introduction. New York: Cambridge Univer- 
sity Press, 1995. 

Rudin, W. Functional Analysis, 2nd ed. 
McGraw-Hill, 1991. 

Strichartz, R. Fourier Transforms and Distribution Theory. 
Boca Raton, FL: CRC Press, 1993. 

Zemanian, A. H. Distribution Theory and Transform Anal- 
ysis: An Introduction to Generalized Functions, with Ap- 
plications. New York: Dover, 1987. 


New York: 


Distribution Parameter 
The distribution parameter of a NONCYLINDRICAL 
RULED SURFACE parameterized by 


x(u,v) = o(u) + vd(u), (1) 


where o is the STRICTION CuRVE and 6 the DIRECTOR 
CURVE, is the function p defined by 


es det(a’56') 

6.5 

The GAUSSIAN CURVATURE of a RULED SURFACE is 
given in terms of its distribution parameter by 


(2) 


pw? 
Saat (101) ere ®) 


see also NONCYLINDRICAL RULED SURFACE, STRICTION 
CURVE 
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Distribution (Statistical) 


The set of probabilities for each possible event. 
see DISTRIBUTION FUNCTION 


Distributive 
Elements of an ALGEBRA which obey the identity 


A(B + C) = AB+ AC 


are said to be distributive over the operation +. 
see also ASSOCIATIVE, COMMUTATIVE, TRANSITIVE 


Distributive Lattice 


Distributive Lattice 
A LATTICE which satisfies the identities 


(zxAy)V(z@Az)=aA(yVz) 


(eVy)A(e@Vz)=a2V(yAz) 


is said to be distributive. 
see also LATTICE, MODULAR LATTICE 
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Disymmetric 

An object which is not superimposable on its MIRROR 
IMAGE is said to be disymmetric. All asymmetric ob- 
jects are disymmetric, and an object with no IMPROPER 
ROTATION (rotoinversion) axis must also be disymmet- 
ric. 


Ditrigonal Dodecadodecahedron 


The UNIFORM POLYHEDRON U4, also called the 
DITRIGONAL DODECAHEDRON, whose DUAL POLYHE- 
DRON is the MEDIAL TRIAMBIC ICOSAHEDRON. It has 
WYTHOFF SYMBOL 3| 35. Its faces are 12{$} + 12{5}. 
It is a FACETED version of the SMALL DITRIGONAL 
ICOSIDODECAHEDRON. ‘The CIRCUMRADIUS for unit 


edge length is 
R= }V3. 


References 
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Ditrigonal Dodecahedron 
see DITRIGONAL DODECADODECAHEDRON 


Divergence 
The divergence of a VECTOR FIELD F is given by 


div(F) = V-F = jim S27" 1 
iv(F)=V- sa ia Ya (1) 
Define 

F = Fa, + Fote + Fats. (2) 
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Then in arbitrary orthogonal CURVILINEAR COORDI- 
NATES, 


div(F)=V-F= 


: oak) 


hihe2hs Oui 
é é 

+30—(haha Fa) + Fa (tha Fa)| (3) 

If V-F = 0, then the field is said to be a DIVERGENCE- 


LESS FIELD. For divergence in individual coordinate sys- 
tems, see CURVILINEAR COORDINATES. 


Ax _ Tr(A) _ xT (Ax) 


ax = (4) 
xj |x| [x|$ 
The divergence of a TENSOR A is 
V-A= A%, = AX +08, A, (5) 


where ; is the COVARIANT DERIVATIVE. Expanding the 
terms gives 


Ag = AG + (Pag A* + P$a4° +1547) 
B B B 4B J 
+ Al, + (TopA® + Tog" +15, 47) 
+A, + ((2,A%+03,4° +17,A7). (6) 
see also CURL, CURL THEOREM, GRADIENT, GREEN’S 


THEOREM, DIVERGENCE THEOREM, VECTOR DERIVA- 
TIVE 
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Divergence Tests 

If 
lim uz # 0, 
k— 00 

then the series {un} diverges. 


see also CONVERGENCE TESTS, CONVERGENT SERIES, 
Dini’s TEST, SERIES 


Divergence Theorem 
A.k.a. GAUSS’s THEOREM. Let V be a region in space 
with boundary OV. Then 


[ov-mav= [Pas (1) 


Let S be a region in the plane with boundary 0S. 


[v-vaa= f F - nds. (2) 
s as 


If the VECTOR FIELD F satisfies certain constraints, 
simplified forms can be used. If F(z, y,z) = v(z,y,z)e 
where c is a constant vector # 0, then 


[#-tase- [vaa (3) 
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But 

V- (fv) =(Vf) -vtf(V-v), (4) 
so 
V -(evj)dV=c- Vut+uV-c)dV =c- VudV 
[vw [ivetev-8) [ i 


c: (f ria f v0i) =f. (6) 


But c # 0, and c-f(v) must vary with v so that ¢-f(v) 
cannot always equal zero. Therefore, 


[vee [ voav. (7) 


If F(z, y, z) = ex P(z,y,z), where c is a constant vector 


# O, then 
[axes [vx pav. (8) 
s v 


see also CURL THEOREM, GRADIENT, GREEN’S T'HEO- 
REM 
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Divergenceless Field 
A divergenceless field, also called a SOLENOIDAL FIELD, 
is a FIELD for which V-F = 0. Therefore, there exists a 
G such that F = V x G. Furthermore, F can be written 
as 

F=V x (Tr) + V*(Sr) =T+S, 


where 
T=V-x (Tr) =-rx (VT) 
$=V2(Sr) =V [a (rs)| _ V5. 


Following Lamb, T and S are called TOROIDAL FIELD 
and POLOIDAL FIELD. 

see also BELTRAMI FIELD, IRROTATIONAL FIELD, 
POLOIDAL FIELD, SOLENOIDAL FIELD, TOROIDAL 
FIELD 


Divergent Sequence 
A divergent sequence is a SEQUENCE for which the LIMIT 
exists but is not CONVERGENT. 


see also CONVERGENT SEQUENCE, DIVERGENT SERIES 


Divergent Series 
A SERIES which is not CONVERGENT. Series may di- 
verge by marching off to infinity or by oscillating. 


see also CONVERGENT SERIES, DIVERGENT SEQUENCE 
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Divided Difference 


Diversity Condition 
For any group of k men out of N, there must be at least 
k jobs for which they are collectively qualified. 


Divide 

To divide is to perform the operation of DIVISION, i.c., 
to see how many time a DIVISOR d goes into another 
number n. n divided by d is written n/d or n+d. The 
result need not be an INTEGER, but if it is, some addi- 
tional terminology is used. d|n is read “d divides n” and 
means that dis a PROPER DIVISOR of n. In this case, n 
is said to be DIVISIBLE by d. Clearly, 1/n and n|n. By 
convention, n|0 for every n except 0 (Hardy and Wright 
1979). The “divided” operation satisfies 


bla and clb > cla 
bla = belac 
cla and clb > c|(ma+ nb). 


d'{n is read “d' does not divide n” and means that d’ is 
not a PROPER Divisor of n. a*||b means a* divides b 
exactly. 


see also CONGRUENCE, DIVISIBLE, DIVISION, DIVISOR 
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Divided Difference 

The divided difference f{r1,22,...,%n] on n points 21, 
Z2,..-, €n of a function f(x) is defined by f [#1] = f(a1) 
and 


j = flere stn] = fleas ta] (1) 


flzi,22,... »I0n 
L1—2n 


for n > 2. The first few differences are 


= fo-fi 
[zo, v1] = rare Eee (2) 
[Zo, %1, Za] = [eo, a1} — (a, #2] (3) 
IQ — ©2 
[@0,%1,++-) tn] _ eects Paste, (4) 
Defining 
T(x) = (x — @o)(@ — @1)--- (2 — 2) (5) 


and taking the DERIVATIVE 


Tn (Xk) = (e—-zp) Sig's (ke -—2e—-1)(@e-—Te41) sae (te—n) 
(6) 


gives the identity 


ae o 


m7 : 
fay a) 


(0, 21,...,2n] = 


Divine Proportion 
Consider the following question: does the property 
f(z1,22,---,2%n] = A(ai +a2+...4+ rn) (8) 


for n > 2 and A(x) a given function guarantee that 
f(z) is a POLYNOMIAL of degree < n? Aczél (1985) 
showed that the answer is “yes” for n = 2, and Bailey 
(1992) showed it to be true for n = 3 with differen- 
tiable f(z). Schwaiger (1994) and Andersen (1996) sub- 
sequently showed the answer to be “yes” for all n > 3 
with restrictions on f(z) or h(x). 


see also NEWTON’S DIVIDED DIFFERENCE INTERPOLA- 
TION FORMULA, RECIPROCAL DIFFERENCE 
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Divine Proportion 
see GOLDEN RATIO 


Divisibility Tests 

Write a decimal number a out digit by digit in the form 
Gy ...03020149. It is always true that 10° = 1 = 1 for 
any base. 

2 10' = 0, so 10” = 0 fur n > 1. Therefore, if the last 
digit ay is divisible by 2 (i.e., is EVEN), then so is 
a. 

3.10! = 1, 10? = 1,..., 10% = 1. 
Ber a; is divisible by 3, so is a. 

4 10' = 2, 10? = 0,...10" = 0. So if the last two 
digits are divisible by 4, more specifically if r = 
ao + 2a, is, then so is a. 

5 101 =0, so 10” = 0 for n > 1. Therefore, if the last 
digit ao is divisible by 5 (i.e., is 5 or 0), then so is 
ag. 

6 10' = —2, 10? = —2, so 10” = —2. Therefore, if 
r= ag —2 eee a; is divisible by 6, so is a. If a is 
divisible by 3 and is EVEN, it is also divisible by 6. 

7 10' = 3, 10* = 2, 10° = —1, 10* = —3, 10° = ~2, 
10° = 1, and the sequence then repeats. Therefore, 
if r = (ao + 3a, + 2a2 — a3 — 3a4 — 2a5) + (a6 +307 + 

..) +... is divisible by 7, so is a. 


Therefore, if 
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8 10' = 2, 10? = 4, 10° = 0, ..., 10" = 0. There- 
fore, if the last three digits are divisible by 8, more 
specifically if r = ao + 2a1 + 4az is, then so is a. 

910° = 1, 10? = 1,..., 10° = 1. 
27, a4 is divisible by 9, so is a. 

10 10? = 0, so if the last digit is 0, then a is divisible 


‘Therefore, if 


by 10. : 

11 10! = -1, 10? = 1, 10°? = -1, 10 =1, .... There- 
fore, if r = ao — ai + a2 —a3 +... is divisible by 11, 
then so is a. 


12 10! = —2, 10? = 4, 10° = 4,.... Therefore, if 
r = an — 201 + 4(a2 + a3 +...) is divisible by 12, 
then so is a. Divisibility by 12 can also be checked 
by seeing if a is divisible by 3 and 4. 

13 10! = —3, 10? = —4, 10° = -1, 104 =3, 10° = 4, 
10° = 1, and the pattern repeats. Therefore, if r = 
(ao — 3a; —4az —a3+3a4+4as5)+(as—3ar+. ; +. a 
is divisible by 13, so is a. 


For additional tests for 13, see Gardner (1991). 
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Divisible 

A number n is said to be divisible by d if d is a PROPER 
DIvISOR of n. The sum of any n consecutive INTEGERS 
is divisible by n!, where n! is the FACTORIAL. 


see also DIVIDE, DIVISOR, DIVISOR FUNCTION 
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Division 

Taking the RATIO z/y of two numbers z and y, also writ- 
ten z+y. Here, y is called the DIVISOR. The symbol “/” 
is called a SOLIDUS (or DIAGONAL), and the symbol “+” 
is called the OBELUS. Division in which the fractional 
(remainder) is discarded is called INTEGER DIVISION, 
and is sometimes denoted using a backslash, \. 


see also ADDITION, DIVIDE, INTEGER DIVISION, LONG 
DIVISION, MULTIPLICATION, OBELUS, ODDS, RATIO, 
SKELETON DIVISION, SOLIDUS, SUBTRACTION, TRIAL 
DIVISION 


Division Algebra 

A division algebra, also called a DIVISION RING or SKEW 
FIELD, is a RING in which every NONZERO element has a 
multiplicative inverse, but multiplication is not COMMU- 
TATIVE. Explicitly, a division algebra is a set together 
with two BINARY OPERATORS S(+, *) satisfying the fol- 
lowing conditions: 
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1. Additive associativity: For all a,b,c € S, (a+b)+c= 
a+(b+c), 

2. Additive commutativity: For all a,b € S,;a+b= 
b+a, 

3. Additive identity: There exists an element 0 € S 
such that for alla € S,0+a=a+0=a, 

4. Additive inverse: For every a € S there exists a —a € 
S such that a + (—a) = (-a) +a=0, 

5. Multiplicative associativity: For all a,b,c € S, (ax 
b)*¥c=a*(b¥c), 

6. Multiplicative identity: There exists an element 1 € 
S not equal to 0 such that for alla € S, l*¥a= 
a*xl=a, 

7. Multiplicative inverse: For every a € S not equal to 
0, there exists a7! € S,axa? lea=l, 

8. Left and right distributivity: For all a,b,c € S, a* 
(b+c) = (a*b)+(a*c) and (b+c)*a = (bxa)+(cxa). 


=a. 


Thus a division algebra (S,+,*) is a UNIT RING for 
which (S — {0}, *) isa GRoup. A division algebra must 
contain at least two elements. A COMMUTATIVE division 
algebra is called a FIELD. 


In 1878 and 1880, Frobenius and Peirce proved that the 
only associative REAL division algebras are real num- 
bers, COMPLEX NUMBERS, and QUATERNIONS. The 
CAYLEY ALGEBRA is the only NONASSOCIATIVE D1- 
VISION ALGEBRA. Hurwitz (1898) proved that the 
ALGEBRAS of REAL NUMBERS, COMPLEX NUMBERS, 
QUATERNIONS, and CAYLEY NUMBERS are the only 
ones where multiplication by unit “vectors” is distance- 
preserving. Adams (1956) proved that n-D vectors form 
an ALGEBRA in which division (except by 0) is always 
possible only for n = 1, 2, 4, and 8. 


see also CAYLEY NUMBER, FIELD, GROUP, NONASSOC- 
IATIVE ALGEBRA, QUATERNION, UNIT RING 
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Division Lemma 
When ac is DIVISIBLE by a number b that is RELATIVELY 
PRIME to a, then c must be DIVISIBLE by b. 


Division Ring 
see DIVISION ALGEBRA 


Divisor 


Divisor 

A divisor of a number N is a number d which DIviDEs 
N, also called a FACTOR. The total number of divisors 
for a given number N can be found as follows. Write a 
number in terms of its PRIME FACTORIZATION 


N = pi ' pe”? se Dp, (1) 


For any divisor d of N, N = dd’ where 


d = pi po? ---p,°", (2) 

so 
7 ee es acne aaa (3) 
Now, 6; = 0,1,...,a1, so there are a; +1 possible val- 


ues. Similarly, for 6,, there are a, + 1 possible values, 
so the total number of divisors v(V) of N is given by 


V(N) = |] (an +1). (4) 


The function v(N) is also sometimes denoted d(N) or 
oo(N). The product of divisors can be found by writing 
the number JN in terms of all possible products 


dq 
N=. (5) 
qa) 
so 
NYO) [a elt dA fa’ Va) 
v Vv 2 
=TJ«][#’=(I]4). © 
i=1 i=l 
and 


[[¢= NAD? (7) 


The GEOMETRIC MEAN of divisors is 
v{N)/2 
Gz (I d) [NOOO = 4/N (8) 


The sum of the divisors can be found as follows. Let 
N = ab with a # 6 and (a,b) = 1. For any divisor d 
of N, d = a;b;, where a; is a divisor of a and 6; is a 
divisor of b. The divisors of a are 1, a1, a2,..., and a. 
The divisors of b are 1, bi, b2,..., 6. The sums of the 
divisors are then 


o(a)=1l+ai+aet+...+4 (9) 


o(b) =1+bi +bo+...4+6. (10) 


For a given a:, 


ai(1tbi tbo +... +6) =ajo(b). (11) 


Divisor 
Summing over all ai, 
(14a: +a2+...+a)o(b) = o(a)o(b), (12) 


so o(N) = a(ab) = a(a)o(b). 


prime factors, 


Splitting @ and 6 into 


o(N) = o(pi**)o(p2°?) ---o(p,*"). (13) 


For a prime Power p;%', the divisors are 1, p:, pi?,..., 
pi, so 


7 pit a4 
o(p™)=1lt pt pe +... ta = 7 4) 
For N, therefore, 
bt prt =) 
N)= ——_—__.. 15 
oN) = [T= (15) 


i= 1 
For the special case of N a PRIME, (15) simplifies to 


p?-1 
p-l1 


o(p) = =ptl. (16) 


For N a POWER of two, (15) simplifies to 


is got aa | rae 
CoS poy —1. (17) 
The ARITHMETIC MEAN is 
_ o(N) 
AWN) = Fn: (18) 


The HARMONIC MEAN is 


1 


a= aoa? (39) 


But N = dd’, so hy = % and 


Ei sD FEE, 


and we have 


tf 


1 1 o(N)_ ACN) 
H(N) Now) N ~~ N” (21) 
N = A(N)H(N). (22) 


Given three INTEGERS chosen at random, the probabil- 
ity that no common factor will divide them all is 


[¢(3)]~* = 1.20277 = 0.832..., (23) 


where €(3) is APERY’S CONSTANT. 


Divisor Function 481 


Let f(n) be the number of elements in the greatest sub- 
set of [1,n] such that none of its elements are divisible 
by two others. For n sufficiently large, 


0.6725... < ln) < 0.673... (24) 


~— 


(Le Lionnais 1983, Lebensold 1976/1977). 


see also ALIQUANT DIVISOR, ALIQUOT DIVISOR, 
ALIQUOT SEQUENCE, DIRICHLET DIVISOR PROBLEM, 
DIvisOR FUNCTION, e-DIVISOR, EXPONENTIAL DIVI- 
SOR, GREATEST COMMON DIVISOR, INFINARY DIVISOR, 
k-ARY DIvISOR, PERFECT NUMBER, PROPER DIVISOR, 
UNITARY DIVISOR 
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ox(n) is defined as the sum of the kth Powers of the 
Divisors of n. The function ¢o(n) gives the total num- 
ber of Divisors of n and is often denoted d(n), v(n), 
t(n), or Q(n) (Hardy and Wright 1979, pp. 354-355). 
The first few values of a(n) are 1, 2, 2, 3, 2, 4, 2, 4, 3, 
4, 2, 6, ... (Sloane’s A000005). The function o1(n) is 
equal to the sum of Divisors of n and is often denoted 
o(n). The first few values of o(n) are 1, 3, 4, 7, 6, 12, 8, 
15, 13, 18, ... (Sloane’s A000203). The first few values 
of o2(n) are 1, 5, 10, 21, 26, 50, 50, 85, 91, 130, ... 
(Sloane’s A001157). The first few values of a3(n) are 1, 
9, 28, 73, 126, 252, 344, 585, 757, 1134, ... (Sloane’s 
A001158). 


The sum of the DIVISORS of n excluding n itself (i.-e., 
the PROPER DIVISORS of n) is called the RESTRICTED 
DIvisOR FUNCTION and is denoted s(n). The first few 
values are 0, 1, 1, 3, 1, 6, 1, 7, 4, 8, 1, 16, ... (Sloane’s 
A001065). 
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As an illustrative example, consider the number 140, 
which has Divisors d; = 1, 2, 4, 5, 7, 10, 14, 20, 28, 35, 
70, and 140 (for a total of N = 12 of them). Therefore, 


d(140) = N=12 (1) 
o(140) Sa. = 336 (2) 

N 
(140) = Ds = 27,300 (3) 
3(140) - doa = 3,164, 112. (4) 


The o(n) function has the series expansion 


xj" <2 
a(n) = n’n p+ or, ee 
pe Ae ei | (5) 


(Hardy 1959). It also satisfies the INEQUALITY 


a(n) gr, 2 — V8) +7~In(4n) 
nininn — Vinn InInn 


1 
- (zat) ¢ 18) 


where ¥ is the EULER-MASCHERONI CONSTANT (Robin 
1984, Erdés 1989). 


Let a number n have PRIME factorization 


then 


(Berndt 1985). GRONWALL’sS THEOREM states that 


=—_ a(n) 
lim =e’, 9 
n-soonlnInn (9) 
where ¥y is the EULER-MASCHERONI CONSTANT. 


— 
if eae 
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Divisor Function 


=Soa. (10) 


d|n 


In general, 


In 1838, Dirichlet showed that the average numbcr of 
Divisors of all numbers from 1 to n is asymptotic to 


~Inn+2y-1 (11) 


(Conway and Guy 1996), as illustrated above, where the 
thin solid curve plots the actual values and the thick 
dashed curve plots the asymptotic function. 


A curious identity derived using MODULAR ForM the- 
ory is given by 


n-1 


o7(n) = 03(n) + 120 > o3(k)o3(n — k). (12) 
k=l 


The asymptotic SUMMATORY FUNCTION of ao(n) = 
Q(n) is given by 


Ss Q(k) = ninInn + Be + o(n), (13) 
k=2 
where 
1 
Be In(1 — p7?) + ——| = 1.034653 
r= 4t DD [nae 4 
p prime 
(14) 


(Ilardy and Wright 1979, p. 355). This is related to 
the DiRICHLET DIVISOR PROBLEM. The SUMMATORY 
FUNCTIONS for a, with a > 1 are 


G(a+1) 0 
Yat a+1 


For a= 1, 


*+O(n°). (15) 


S- oi (k) = on + O(nInn). (16) 


k=1 


The divisor function is ODD IFF n is a SQUARE NUM- 
BER or twice a SQUARE NUMBER. The divisor function 
satisfies the CONGRUENCE 


no(n) = 2 (mod ¢(n)), (17) 


for all PRIMES and no COMPOSITE NUMBERS with the 
exception of 4, 6, and 22 (Subbarao 1974). r(n) is 
PRIME whenever o(n) is (Honsberger 1991). Factoriza- 
tions of ¢(p*) for PRIME p are given by Sorli. 

see also DIRICHLET DIVISOR PROBLEM, DIVISOR, FAc- 
TOR, GREATEST PRIME FACTOR, GRONWALL’S ‘lHE- 
OREM, LEAST PRIME FACTOR, MULTIPLY PERFECT 


Divisor Theory 


NUMBER, ORE’S CONJECTURE, PERFECT NUMBER, 
r(n), RESTRICTED DIVISOR FUNCTION, SILVERMAN 
CONSTANT, TAU FUNCTION, TOTIENT FUNCTION, To- 
TIENT VALENCE FUNCTION, TWIN PEAKS 
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Divisor Theory 

A generalization by Kronecker of Kummer’s theory of 
PRIME IDEAL factors. A divisor on a full subcategory C 
of mod(A) is an additive mapping y on C with values 
in a SEMIGROUP of IDEALS on A. 


see also IDEAL, IDEAL NUMBER, PRIME IDEAL, SEMI- 
GROUP 
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Dixon’s Factorization Method 
In order to find INTEGERS z and y such that 


x? =y* (mod n) (1) 


Dixon’s Factorization Method 483 


(a modified form of FERMAT’s FACTORIZATION 
METHOD), in which case there is a 50% chance that 
GCD(n,z — y) is a FAcToR of n, choose a RANDOM 
INTEGER 7, compute 


g(ri) =r,” (mod n), (2) 


and try to factor g(ri). If g{r:) is not easily factorable 
(up to some small trial divisor d), try another r;. In 
practice, the trial rs are usually taken to be [Vn +k, 
with k = 1, 2,..., which allows the QUADRATIC SIEVE 
FACTORIZATION METHOD to be used. Continue finding 
and factoring g(ri)s until N = 7d are found, where 7 is 
the PRIME COUNTING FUNCTION. Now for each g(ri), 
write 

g(Ti) = pis? poi®** .. .pnio®', (3) 


and form the EXPONENT VECTOR 


ani 


Now, if agi are even for any k, then g(ri) is a SQUARE 
NUMBER and we have found a solution to (1). If not, 
look for a linear combination 5°, c;v(ri) such that the 
elements are all even, i.e., 


@i1 a12 Qin 
a21 Q22 Q2N 
C1 + c2 . +...+¢N 
ani an2 ann 
0 
0 
=1!.| (mod2) (5) 
0 
ait Q1i2 °°: Gin C1 0 
G21 G22 *** Gan c2 
: = (mod 2). 
Qn1 @N2 ***' G@NN CN 0 
(6) 


Since this must be solved only mod 2, the problem can 
be simplified by replacing the a;;s with 


_ f90 for ai; even 
a ti for aij odd. (7) 


GAUSSIAN ELIMINATION can then be used to solve 
be=z (8) 


for c, where z is a VECTOR equal to 0 (mod 2). Once c 
is known, then we have 


[] 9) = [[ {mod n), (9) 
k k 
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where the products are taken over all k for which c, = 1. 
Both sides are PERFECT SQUARES, so we have a 50% 
chance that this yields a nontrivial factor of n. If it 
does not, then we proceed to a different z and repeat the 
procedure. There is no guarantee that this method will 
yield a factor, but in practice it produces factors faster 
than any method using trial divisors. It is especially 
amenable to parallel processing, since each processor can 
work on a different value of r. 
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Dixon-Ferrar Formula 

Let J,(z) be a BESSEL FUNCTION OF THE FirsT KIND, 
Y,(z) a BESSEL FUNCTION OF THE SECOND KIND, and 
K,.(z) a MODIFIED BESSEL FUNCTION OF THE FIRST 
KIND. Also let R[z] > 0 and |R[z]| < 1/2. Then 


2 2 8cos(ur) [~ ; 
Je(z) + Yo(z) = ae K2,(2z sinh t) dt. 
0 


see also NICHOLSON’S FORMULA, WATSON’S FORMULA 
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Dixon’s Random Squares Factorization 
Method 


see DIXON’S FACTORIZATION METHOD 


Dixon’s Theorem 


n,—2,—Y 
e+n+lytn4+l 
=P(e@+n+1P(ytnt ir(gn+ DP(et+y+in+)) 
xP(nt DE(etytnt I(x + in IP (yt $n4 I), 
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where 3 F(a, b,c;d,e€;z) is a GENERALIZED HYPERGEO- 
METRIC FUNCTION and ['(z) is the GAMMA FUNCTION. 
It can be derived from the DOUGALL-RAMANUJAN 
IDENTITY. It can be written more symmetrically as 


(a)!(a — b)'(a — c)!(Za—b—c)! 


al(Za — b)'(4a—c)'(a—b—c)!’ 


3F2(a, b, c} d,e; 1) ae 


Dobitiski’s Formula 


where 1 + a/2 — b—c has a positive REAL ParRT, d = 
a-—6+1,ande=a-—c+1. The identity can also be 
written as the beautiful symmetric sum 


at+tb\fate\fb+ec\  (a+b+e)! 
Ser Ge Ga) ~  alble! 


(PetkovSek 1996). 


see also DOUGALL-RAMANUJAN IDENTITY, GENERAL- 
IZED HYPERGEOMETRIC FUNCTION 
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Dobinski’s Formula 
Gives the nth BELL NUMBER, 


Bn 


ae 
Me 
| 75 


(1) 


k=0 


It can be derived by dividing the formula for a STIRLING 
NUMBER OF THE SECOND KIND by mI, yielding 


w= tS oa @) 


k=1 
Then 
= m” a - n k I 
weer=(S eb} (LF). @ 
m=1 k=1 k=0 
and 
n ko oA m” m 
{ite =e ia (4) 
k=1 m=1 


Now setting \ = 1 gives the identity (Dobinski 1877; 
Rota 1964; Berge 1971, p. 44; Comtet 1974, p. 211; Ro- 
man 1984, p. 66; Lupas 1988; Wilf 1990, p. 106; Chen 
and Yeh 1994; Pitman 1997). 
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Dodecadodecahedron 


The UNIFORM POLYHEDRON U3¢ whose DUAL POLY- 
HEDRON is the MEDIAL RHOMBIC TRIACONTAHEDRON. 
The solid is also called the GREAT DODECADODEC- 
AHEDRON, and its DUAL POLYHEDRON is also called 
the SMALL STELLATED TRIACONTAHEDRON. It can be 
obtained by TRUNCATING a GREAT DODECAHEDRON 
or FACETING a ICOSIDODECAHEDRON with PENTAGONS 
and covering remaining open spaces with PENTAGRAMS 
(Holden 1991, p. 103). A FACETED version is the 
GREAT DODECAHEMICOSAHEDRON. The dodecadodec- 
ahedron is an ARCHIMEDEAN SOLID STELLATION. The 
dodecadodecahedron has SCHLAFLI SYMBOL {3,5} and 
WyTHOFF SYMBOL 2| $5. Its faces are 12{$} + 12{5}, 
and its CIRCUMRADIUS for unit edge length is 


R=1. 
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Dodecagon 


The constructible regular 12-sided POLYGON with 
SCHLAFLI SYMBOL {12}. The INRADIUS r, CIRCUM- 
RADIUS R, and AREA A can be computed directly from 
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the formulas for a general regular POLYGON with side 
length s and n = 12 sides, 


r = iscot (3) = 3(2+ V3)s (1) 
R= 3scot (4) = 1(/2+ V6)s (2) 
A = ins’ cot (3) = 3(2 + V3)s". (3) 


A PLANE PERPENDICULAR to a Cs axis of a DODEC- 
AHEDRON or ICOSAHEDRON cuts the solid in a regular 
DECAGONAL CROSS-SECTION (Holden 1991, pp. 24-25). 


The GREEK, LATIN, and MALTESE CROSSES are all ir- 
regular dodecagons. 


oP Up Ge 


see also DECAGON, DODECAGRAM, DODECAHEDRON, 
GREEK CROSS, LATIN CROSS, MALTESE CROSS, 
TRIGONOMETRY VALUES—7/12, UNDECAGON 


References 


Holden, A. Shapes, Space, and Symmetry. New York: Dover, 
1991. 


Dodecagram 


The Star Potycon {  }. 


see also STAR POLYGON, TRIGONOMETRY VALUES— 
w/12 
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Dodecahedral Conjecture 

In any unit SPHERE PACKING, the volume of any 
VORONOI CELL around any sphere is at least as large as 
a regular DODECAHEDRON of INRapIus 1. If true, this 
would provide a bound on the densest possible sphere 
packing greater than any currently known. It would not, 
however, be sufficient to establish the KEPLER CONJEC- 
TURE. 


Dodecahedral Graph 


A POLYHEDRAL GRAPH. 


see also CUBICAL GRAPH, ICOSAHEDRAL GRAPH, OCT- 
AHEDRAL GRAPH, TETRAHEDRAL GRAPH 


Dodecahedral Space 
see POINCARE MANIFOLD 


Dodecahedro1 


The regular dodecahedron is the PLATONIC SOLID (P4) 
composed of 20 VERTICES, 30 EDGES, and 12 PENTAG- 
ONAL Faces. It is given by the symbol 12{5}, the 
SCHLAFLISYMBOL {5,3}. It is also UNIFORM POLy- 
HEDRON U23 and has WYTHOFF SYMBOL 3/25. The 
dodecahedron has the ICOSAHEDRAL GROUP J; of sym- 
metries. 


Dodecahedron 


A PLANE PERPENDICULAR to a C3 axis of a dodeca- 
hedron cuts the solid in a regular HEXAGONAL CROSS- 
SECTION (Holden 1991, p. 27). A PLANE PERPENDIC- 
ULAR to a Cs axis of a dodecahedron cuts the solid in 
a regular DECAGONAL CROss-SECTION (Holden 1991, 
p. 24). 


The DUAL POLYHEDRON of the dodecahedron is the 
ICOSAHEDRON. 


When the dodecahedron with edge length 1/10 — 25 
is oriented with two opposite faces parallel to the ry- 
PLANE, the vertices of the top and bottom faces lie at 
z = +(6+1) and the other VERTICES lie at z = +(¢—1), 
where ¢ is the GOLDEN Ratio. The explicit coordinates 
are 


+ (2cos(27i), 2sin(27é), + 1) (1) 
+ (2¢ cos(?i), 2¢ sin(2 mi), $ — 1) (2) 
with i = 0, 1, ..., 4, where ¢ is the GOLDEN RATIO. 


Explicitly, these coordinates are 
xjo = £(2,0, 3(3 + v5) (3) 
x4 = +(3(V5 — 1),3.V10 + 2V5, 3(3+ V5) (4) 
xi, = +(-3(1 + V5), 3.10 — 2V5, 4(3 + V5)) (5) 
1 
2 


(8) 

xi, = +(3(v5 - 1), -2 10 + 2V5, 4(3 + V5)) (7) 

X39 = £(1 + V5,0, 3(V5 — 1) (8) 

xf, = £(1, V5 + 2V5, 3(V5 - 1)) (9) 

xd, = +(-1(3 + V5), 310 + 2V5, 3(v5 — 1) (10) 
x33 = +(—}(3 + V5), —§ V10 + 2V5, 3(V5 — 1)) 

(11) 

xi, = +(1,- V5 + 2V5, 3 (V5 — 1)), (12) 


where xj; are the top vertices, xj, are the vertices above 


the mid-plane, x}, are the vertices below the mid-plane, 
and x,,; are the bottom vertices. The VERTICES of a 
dodecahedron can be given in a simple form for a do- 
decahedron of side length a = //5—1 by (0, +¢7, +¢), 
(+¢, 0, +471), (+671, 4¢, 0), and (41, £1, +1). 


Dodecahedron 
Fur a dodecahedron of unit edge length a — 1, the Cir- 


CUMRADIUS R’ and INRADIUS r’ of a PENTAGONAL FACE 
are 


3,V504 10V5 (13) 
r= 2254+ 10V5. (14) 
The SAGITTA z is then given by 
125 — 10V5. (15) 


r=R-r=t 


Now consider the following figure. 


Using the PYTHAGOREAN THEOREM on the figure then 
gives 


a? +m? =(R' +r) (16) 

za +(m—z)=1 (17) 
zr +20\? 2 21 — 22\? 12 

2 ) +R = (47) +(m+ry). (18) 


Equation (18) can be written 
aztr?=(m+r)’. (19) 


Solving (16), (17), and (19) simultaneously gives 


m=r = iV25410V5 (20) 


zy = 2r' = 225+ 10V5 (21) 
z = R= 450+ 10V5. (22) 


The INRaADIUS of the dodecahedron is then given by 
r= $(zi + 22), (23) 
so 
= 3 (3,v/50+10v5 + 325 + 10v5 vB)" 
= 3 (25+ 11v5), (24) 


and 


ave = AV 250 + 110V5 = 1.11351.. 


40 
(25 
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Now, 


R? = R? +r? = [4,(50 + 10V5) + 745 (250 + 110V5)} 
_ (3 + V5), (26) 


and the CIRCUMRADIUS. is 


= ay/3(3+ V5) = 3(V15 + V3) = 1.40125... 


(27) 
The INTERRADIUS is given by 


par? +r? = [4 (25 + 10V5) + A; (250 + 110V5)} 


= 3(7+3Vv5), (28) 


sO 


= 1(34+ V5) = 1.30901.. (29) 
The AREA of a single FACE is the AREA of a PENTAGON, 


A= 14/25 +10v5. (30) 
The VOLUME of the dodecahedron can be computed by 
summing the volume of the 12 constituent PENTAGONAL 
PYRAMIDS, 


V= 12(3 Ar) 


= 12(1)(1- 725 + 10V5)(4 V 250 + 110V5) 


= 3(75 + 35V5) = 3(15 + 7V5). (31) 


Apollonius showed that the VOLUME V and SURFACE 
AREA A of the dodecahedron and its DUAL the Icosa- 
HEDRON are related by 


Vicosahedron 


Aicosahedron 
=i, eoeeneuree (32) 
Vaodecahedron Agodecahearon 
The HEXAGONAL SCALENOHEDRON is an irregular do- 
decahedron. 


see also AUGMENTED DODECAHEDRON, AUGMENTED 
TRUNCATED DODECAHEDRON, DODECAGON, DODECA- 
HEDRON-ICOSAHEDRON COMPOUND, ELONGATED Do- 
DECAHEDRON, GREAT DODECAHEDRON, GREAT STEL- 
LATED DODECAHEDRON, HYPERBOLIG DODECAHE- 
DRON, ICOSAHEDRON, METABIAUGMENTED DODECA- 
HEDRON, METABIAUGMENTED TRUNCATED DODECA- 
HEDRON, PARABIAUGMENTED DODECAHEDRON, PARA- 
BIAUGMENTED TRUNCATED DODECAHEDRDN, PYRITO- 
HEDRON, RHOMRBIG DODECAHEDRON, SMALL STEL- 
LATED DODECAHEDRON, TRIAUGMENTED DODECa- 
HEDRON, TRIAUGMENTED TRUNCATED DODECAHE- 
DRON, TRIGONAL DODECAHEDRON, TRIGONOMETRY 
VALUES—2/5 TRUNCATED DODECAHEDRON 
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Dodecahedron-Icosahedron Compound 


yy 


A POLYHEDRON COMPOUND of a DODECAHEDRON and 
ICOSAHEDRON which is most easily constructed by 
adding 20 triangular PYRAMIDS, constructed as above, 
to an ICOSAHEDRON. In the compound, the DODECAHE- 
DRON and ICOSAHEDRON are rotated 7/5 radians with 
respect to each other, and the ratio of the ICOSAHEDRON 
to DODECAHEDRON edges lengths are the GOLDEN Ra- 
TIO ©. 


FT EER DN TX XQ 
© © 


The above figure shows compounds composed of a Do- 
DECAHEDRON of unit edge length and ICOSAHEDRA hav- 
ing edge lengths varying from W/5/2 (inscribed in the 
dodecahedron) to 2 (circumscribed about the dodecahe- 
dron). 


The intersecting edges of the compound form the DIAG- 
ONALS of 30 RHOMBUSES comprising the TRIACONTA- 
HEDRON, which is the the DUAL POLYHEDRON of the 
ICOSIDODECAHEDRON (Ball and Coxeter 1987). The 
dodecahedron-icosahedron is the first STELLATION of 
the ICOSIDODECAHEDRON. 


see also DODECAHEDRON, ICOSAHEDRON, ICOSIDODEC- 
AHEDRON, POLYHEDRON COMPOUND 
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Dodecahedron Stellations 

The dodecahedron has three STELLATIONS: — the 
GREAT DODECAHEDRON, GREAT STELLATED DODEC- 
AHEDRON, and SMALL STELLATED DODECAHEDRON. 
The only STELLATIONS of PLATONIC SOLIDS which are 
UNIFORM POLYHEDRA are these three and one Icosa- 
HEDRON STELLATION. Bulatov has produced 270 stel- 
lations of a deformed dodecahedron. 


see also ICOSAHEDRON STELLATIONS, STELLATED 


POLYHEDRON, STELLATION 


Domino 


References 

Bulatov, V.v “270 Stellations of Deformed Dodecahedron.” 
http://www. physics . orst . edu/~bulatov/ polyhedra / 
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Dodecahedron 2-Compound 

A compound of two dodecahedra with the symmetry 
of the CUBE arises by combining the two dodecahedra 
rotated 90° with respect to each other about a common 
C2 axis (Holden 1991, p. 37). 


see also POLYHEDRON COMPOUND 


References 
Holden, A. Shapes, Space, and Symmetry. New York: Dover, 
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Domain 

A connected OPEN SET. The term domain is also used 
to describe the set of values D for which a FUNCTION 
is defined. The set of values to which D is sent by the 
function (MAP) is then called the RANGE. 


see also MAP, ONE-TO-ONE, ONTO, RANGE (IMAGE), 
REINHARDT DOMAIN 


Domain Invariance Theorem 

The Invariance of Domain Theorem is that if f : A + 
R” is a ONE-TO-ONE continuous MAP from A, a com- 
pact subset of R”, then the interior of A is mapped to 
the interior of f(A). 


see also DIMENSION INVARIANCE THEOREM 


Dome 


see BOHEMIAN DOME, GEODESIC DOME, HEMISPHERE, 
SPHERICAL CAP, TORISPHERICAL DOME, VAULT 


Dominance 

The dominance RELATION on a SET of points in EUCLID- 
EAN n-space is the INTERSECTION of the n coordinate- 
wise orderings. A point p dominates a point g provided 
that every coordinate of p is at least as large as the 
corresponding coordinate of q. 


The dominance orders in R” are precisely the POSETS 
of DIMENSION at most n. 


see also PARTIALLY ORDERED SET, REALIZER 


Domino 


Ee 


The unique 2-POLYOMINO consisting of two equal 
squares connected along a complete EDGE. 


The FIBONACCI NUMBER F;,+1 gives the number of ways 
for 2 x 1 dominoes to cover a 2 xX n CHECKERBOARD, as 
illustrated in the following diagrams (Dickau). 


wu us cu 


Domino Problem 


ust uss cou 
cus eeu 


see also FIBONACCI NUMBER, GOMORY’S THEOREM, 
HEXOMINO, PENTOMINO, POLYOMINO, TETROMINO, 
TRIOMINO 
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Domino Problem 
see WANG’S CONJECTURE 


Donaldson Invariants 
Distinguish between smooth MANIFOLDS in 4-D. 


Donkin’s Theorem 

The product of three translations along the directed 
sides of a TRIANGLE through twice the lengths of these 
sides is the identity. 


Donut 
see TORUS 


Doob’s Theorem 

A theorem proved by Doob (1942) which states that any 
random process which is both GAUSSIAN and MARKOV 
has the following forms for its correlation function, spec- 
tral density, and probability densities: 


Cy(r) = aye 7 


4r, toy? 
CMD) = Ga pP + et 
1] 5)2 2 
we —(y-9)*/2ey 
nY) = SSF 
a) af 2m0y? 
1 
p2(yily2,7) = 


f/2n(1 — eH 2t/Tr\ gy? 
x exp { [ye -a)-—e "(mM — AP \ , 


2(1 — e-?7/ Jay? 
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where #7 is the MEAN, co, the STANDARD DEVIATION, 
and 7, the relaxation time. 
References 


Doob, J. L. “Topics in the Theory of Markov Chains.” Trans. 
Amer. Math. Soc. 52, 37-64, 1942. 


Dot 

The “dot” - has several meanings in mathematics, in- 
cluding MULTIPLICATION (a- 6 is pronounced “a times 
6”), computation of a DOT PRODUCT (a:b is pronounced 
“a dot b”), or computation of a time DERIVATIVE (4 is 
pronounced “a dot”). 


see also DERIVATIVE, DOT PRODUCT, TIMES 


Dot Product 
The dot product can be defined by 


X-Y = [X|[¥]cos@, (1) 


where 6 is the angle between the vectors. It follows 
immediately that X -¥ = 0 if X is PERPENDICULAR to 
Y. The dot product is also called the INNER PRODUCT 
and written (a,6). By writing 


A, = Acos64 
Ay = Asin®0, 


Bz = Beos6p (2) 
B, = Bsin 6s, (3) 


it follows that (1) yields 


A-B= ABcos(64 — @B) 
= AB(cos 6, cos @z + sin 84 sin Oz) 
= AcosO0,4Bcos@g + AsindgzBsinég 
= A,B, + AyBy. (4) 


So, in general, 
X-Y=e21yi+...+2nyn- (5) 


The dot product is COMMUTATIVE 


x-Y=Y-X, (6) 
ASSOCIATIVE 
(rX)-Y =r(X-Y), (7) 
and DISTRIBUTIVE 
X-(¥+Z)=X-Y¥+X-Z. (8) 


The DERIVATIVE of a dot product of VECTORS is 


<lev(t)-ra(t)] = i(t)- 52 + Semel). (9) 


490 Douady’s Rabbit Fractal 
The dot product is invariant under rotations 


A’. B= A;B; = aij AjainBre = (aijaiz )Aj Br 
=$,Aj Be = AjB) = AB, (10) 


where EINSTEIN SUMMATION has been used. 


The dot product is also defined for TENSORS A and B 
by 
A-B=A°Ba. (11) 


see also CROSS PRODUCT, INNER PRODUCT, OUTER 
PRODUCT, WEDGE PRODUCT 

References 
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Press, pp. 13-18, 1985. 


Douady’s Rabbit Fractal 


A JULIA SET with c = —0.123 + 0.7457, also known as 
the DRAGON FRACTAL. 


see also SAN MARCO FRACTAL, SIEGEL DISK FRACTAL 


References 
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Double Bubble 

The planar double bubble (three circular arcs meeting 
in two points at equal 120° ANGLES) has the minimum 
PERIMETER for enclosing two equal areas (Foisy 1993, 
Morgan 1995). 


see also APPLE, BUBBLE, DOUBLE BUBBLE CONJEC- 
TURE, SPHERE-SPHERE INTERSECTION 
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Double Exponential Integration 


Double Bubble Conjecture 

Two partial SPHERES with a separating boundary 
(which is planar for equal volumes) separate two vol- 
umes of air with less AREA than any other boundary. 
The planar case was proved true for equal volumes by 
J. Hass and R. Schlafy in 1995 by reducing the problem 
to a set of 200,260 integrals which they carried out on 
an ordinary PC. 


see also DOUBLE BUBBLE 


References 
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Double Contraction Relation 
A TENSOR ¢ is said to satisfy the double contraction 
relation when 


meen 
tj ti = Omn- 


This equation is satisfied by 


where the hat denotes zero trace, symmetric unit TEN- 
sors. These TENSORS are used to define the SPHERICAL 
HARMONIC TENSOR. 


see also SPHERICAL HARMONIC TENSOR, TENSOR 
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Double Cusp 
see DOUBLE POINT 


Double Exponential Distribution 


see FISHER-TIPPETT DISTRIBUTION, LAPLACE DISTRI- 
BUTION 


Double Exponential Integration 

An excellent NUMERICAL INTEGRATION technique used 
by Maple V R4® (Waterloo Maple Inc.) for numerical 
computation of integrals. 


see also INTEGRAL, INTEGRATION, NUMERICAL INTE- 
GRATION 
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Double Factorial 
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Double Factorial 
The double factorial is a generalization of the usual Fac- 
TORIAL n! defined by 


n-(n—2)...5-3-1 nodd 
nil=qn-(n—2)...6-4-2 neven (1) 
1 n= -~1,0 
For n = 0, 1, 2,..., the first few values are 1, 1, 2, 3, 8, 


15, 48, 105, 384, ... (Sloane’s A006882). 


There are many identities relating double factorials to 
FACTORIALS. Since 


(Qn + 1)!2"n! 

= [(2n + 1)(2n — 1)- + - 1][2n][2(m — 1)][2(m — 2)]---2(1) 
= [(2n + 1)(2n — 1)---1][2n(2n — 2)(2n — 4)--- 2] 

= (2n + 1)(2n)(2n — 1)(2n — 2)(2n — 3)(2n — 4)---2(1) 
= (2n+1)}, (2) 


it follows that (2n + 1)! = G2+' | Since 


(2n)!! = (2n)(2n — 2)(2n — 4)---2 
= [2(n)][2(r — 1)][2(m — 2)]---2 = 2"nt, (3) 


it follows that (2n)!! = 2°n!. Since 


(2n — 1)!2"n! 
= [(2n = 1)(2n = 3)--- 1 f2n][a(n — Ifa — 2)]-+-2(2) 
= (2n — 1)(2n — 3)--- 1][2n(2n — 2)(2n — 4)--- 2] 


== 2n(2n — 1)(2n — 2)(2n — 3)(2n — 4)---2(1) 
= (2n)!, (4) 
it follows that 
(2n — 1)! = nae (5) 
Similarly, forn =0,1,..., 
(Ske ee 


~ (2n — 1)! (2n)! 


Double Gamma Function 491 
For n Opp, 


nt n(n — 1){n — 2)---(1) 
nl = n(n — 2)(n — 4)---(1) 
(n —1)(n -3)---(1) = (nm - 1)! (7) 


For n EVEN, 


mt n(n — 1)(n — 2)---(2) 
nil n(n — 2)(n — 4)--- (2) 
= (n—1)(n— 3)---(2) = (n— 1)! (8) 


Therefore, for any n, 


n =(n—1)!! (9) 


n! = nl!(n — 11. (10) 


The FACTORIAL may be further generalized to the MUL- 
TIFACTORIAL 


see also FACTORIAL, MULTIFACTORIAL 
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Double Folium 


see BIFOLIUM 


Double-Free Set 

A SET of POSITIVE integers is double-free if, for any 
integer x, the SET {z, 2x} ¢ S (or equivalently, if € S 
IMPLIES 2a ¢ S). Define 


r(n) = max{S: SC {1,2,...,n} is double-free}. 


Then an asymptotic formula is 
r(n) ~ 3n+ O(Inn) 


(Wang 1989). 


see also TRIPLE-FREE SET 
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Double Gamma Function 
see DIGAMMA FUNCTION 
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Double Point 

A point traced out twice as a closed curve is traversed. 
The maximum number of double points for a nondegen- 
erate QUARTIC CURVE is three. An ORDINARY DOUBLE 
POINT is called a NODE. 


Arnold (1994) gives pictures of spherical and PLANE 
CURVES with up to five double points, as well as other 
curves. 


see also BIPLANAR DOUBLE POINT, CONIC DOUBLE 
POINT, CRUNODE, Cusp, ELLIPTIC CONE POINT, 
Gauss’s DOUBLE POINT THEOREM, NODE (ALGE- 
BRAIC CURVE), ORDINARY DOUBLE POINT, QUADRU- 
PLE PoINT RATIONAL DOUBLE POINT, SPINODE, TAC- 
NODE, TRIPLE POINT, UNIPLANAR DOUBLE POINT 
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Double Sixes 

Two sextuples of SKEW LINES on the general CUBIC 
SURFACE such that each line of one is SKEW to one LINE 
in the other set. Discovered by Schlafii. 


see also BOXCARS, CUBIC SURFACE, SOLOMON’S SEAL 
LINES 
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Double Sum 
A nested sum over two variables. Identities involving 
double sums include the following: 


co op co 00 oo [7/2] 
> sen-0 = So dam = » :S Gs,r—2s, (1) 
r=0 s=0 


p=0 g=0 m=0 n=0 


where 
rT even 
(2) 


Ufa { i, —1) rodd 


is the FLOOR FUNCTION, and 


y So aie; =n (x*\ : (3) 


i=1 j=l 


Consider the sum 


S(a, b,c; 8) = Ss 


(m,n)#(0,0) 


(am? +bmn+cn?)~* (4) 


Doubly Magic Square 


over binary QUADRATIC Forms. If S can be decom- 
posed into a linear sum of products of DIRICHLET L- 
SERIES, it is said to be solvable. The related sums 


Si(a,b,c;s) = Ss. 


(—1)"(am? + bmn + cn?)~* 


(m,n)#(0,0) 
(5) 
S2(a,b,c;s) = s- (—1)"(am? + bmn + cn?)~* 
(m,n) A (0,0) 
(6) 
S1,2(a, b,c; s) = > (-1)"*" (am? + bmn + cn?)~* 


(m,n) #(0,0) 


(7) 


can also be defined, which gives rise to such impressive 
FORMULAS as 


Sy(1, 0,58; 1) = ered (8) 


A complete table of the principal solutions of all solvable 
S(a, b,c; s) is given in Glasser and Zucker (1980, pp. 126- 
131). 


see also EULER SUM 
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Doublet Function 


y= é'(x a), 
where 6(x) is the DELTA FUNCTION. 


see also DELTA FUNCTION 


References 
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Doubly Even Number 
An even number N for which N = 0 (mod 4). The first 


few POSITIVE doubly even numbers are 4, 8, 12, 16,... 
(Sloane’s A008586). 


see also EVEN FUNCTION, ODD NUMBER, SINGLY EVEN 
NUMBER 


References 
Sloane, N. J. A. Sequence A008586 in “An On-Line Version 
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Doubly Magic Square 
see BIMAGIC SQUARE 


Dougall-Ramanujan Identity 


Dougall-Ramanujan Identity 
Discovered by Ramanujan around 1910. From Hardy 
(1959, pp. 102-103), 


- @) (ety+tzt+ut2s+4+1)™ 
2G 1)" (s+2n ny (et+ty+zt+u-—s)n) 


id 
s Il (@ +s +1) 


See 
= s 
~M(st¢il(e+ytzt+utst)) 
Il T@+s+i1(y+z+u+s+1) 
T(z+u+s4+1) 


» () 


where 


a™ = a(a+1)---(a+n—1) (2) 


Qn) = a(a—1)---(a—n +1) (3) 


(here, the POCHHAMMER SYMBOL has been written 
a‘). This can be rewritten as 


8 1+ 48,~-2—y,—-2z,—u, e@2-ytz+ut+28+1 
7 Ysntstilytstl, z+s+lu+s+1, 31 
—-“Z£-y-z-wu-s 
as 1 
“T(s+)DM(e@+yt2+ut+st+1) 
Ul Ti@+s+1P(y+z2+u+s41) 


T(z+ut+es6+4+1) 


(4) 


wt, zu 


In a more symmetric form, if nm = 2a1 +1 = a2 +a3 + 
a4 +45, @6 = 1+ 1/2, a7 = —n, and bs =1+a1—aiz1 
for i= 1, 2,..., 6, then 


F 41, 42,43, 04,45, 06,47 | 
7T#6 ’ 
bi, b2, bs, ba, bs, be 


(a1 + 1)n(a1 — @2 —a3+1)n 

(a1 — @2 +1)n(a1 — a3 +1)n 
(a1 = 42 —@4+1)n(ai — a3 —aa+1)n (5) 
(a1 — a4 +1)n(a1 — @2-— a3 —a4+ 1)? 


where (a)n is the POCHHAMMER SYMBOL (Petkoviek et 
al. 1996). 


The identity is a special case of JACKSON’S IDENTITY. 


see also DIXON’S THEOREM, DOUGALL’S THEO- 
REM, GENERALIZED HYPERGEOMETRIC FUNCTION, 
HYPERGEOMETRIC FUNCTION, JACKSON’S IDENTITY, 
SAALSCHUTZ’s THEOREM 
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Dougall’s Theorem 


EF in+1, n,—-@,—-Y, —-z zy 
aes inztntlytntiztndtl ~ 


Tie@t+ntil(ytntD(z+n4+)D(e+y+z4+n4+1) 
Tint l1M(e+ytnt I P(ytzt+n+ir(e4+z+24+1)’ 


where 5 F4(a, 6, c,d, e; f,9,h, i; z) is a GENERALIZED Hy- 
PERGEOMETRIC FUNCTION and [(z) is the GAMMA 
FUNCTION. 


see also DOUGALL-RAMANUJAN IDENTITY, GENERAL- 
IZED HYPERGEOMETRIC FUNCTION 


Doughnut 
see TORUS 


Douglas-Neumann Theorem 

If the lines joining corresponding points of two directly 
similar figures are divided proportionally, then the Lo- 
cus of the points of the division will be a figure directly 
similar to the given figures. 


References 

Eves, H. ”Solution to Problem E521.” Amer. Math. Monthly 
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Dovetailing Problem 
see CUBE DOVETAILING PROBLEM 


Dowker Notation 

A simple way to describe a knot projection. The advan- 
tage of this notation is that it enables a KNOT DIAGRAM 
to be drawn quickly. 


For an oriented ALTERNATING KNOT with n crossings, 
begin at an arbitrary crossing and label it 1. Now fol- 
low the undergoing strand to the next crossing, and de- 
note it 2. Continue around the knot following the same 
strand until each crossing has been numbered twice. 
Each crossing will have one even number and one odd 
number, with the numbers running from 1 to 2n. 


Now write out the ODD NUMBERS 1, 3, ..., 27 — 1 in 
a row, and underneath write the even crossing number 
corresponding to each number. The Dowker NOTATION 
is this bottom row of numbers. When the sequence of 
even numbers can be broken into two permutations of 
consecutive sequences (such as {4,6, 2} {10, 12, 8}), the 
knot is composite and is not uniquely determined by the 
Dowker notation. Otherwise, the knot is prime and the 
NOTATION uniquely defines a single knot (for amphichi- 
ral knots) or corresponds to a single knot or its MIRROR 
IMAGE (for chiral knots). 


For general nonalternating knots, the procedure is mod- 
ified slightly by making the sign of the even numbers 
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POSITIVE if the crossing is on the top strand, and NEG- 
ATIVE if it is on the bottom strand. 


These data are available only for knots, but not for links, 
from Berkeley’s gopher site. 


References 
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Down Arrow Notation 
An inverse of the up ARROW NOTATION defined by 


eln=Inn 
eljn=ln'n 
ellijn=lIn**n, 


where In* n is the number of times the NATURAL LOG- 
ARITHM must be iterated to obtain a value < e. 


see also ARROW NOTATION 


References 
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Dozen 
12. 


see also BAKER’S DOZEN, GROSS 


Dragon Curve 

Nonintersecting curves which can be iterated to yield 
more and more sinuosity. They can be constructed 
by taking a path around a set of dots, representing 
a left turn by 1 and a right turn by 0. The first- 
order curve is then denoted 1. For higher order curves, 
add a 1 to the end, then copy the string of digits 
preceding it to the end but switching its center digit. 
For example, the second-order curve is generated as 
follows: (1)1 — (1)1(0) > 110, and the third as: 
(110}1 -> (110)1(100) — 1101100. Continuing gives 
110110011100100... (Sloane’s A014577). The OCTAL 
representation sequence is 1, 6, 154, 66344, ... (Sloane’s 
A003460). The dragon curves of orders 1 to 9 are illus- 


trated below. 
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Droz-Farny Circles 


This procedure is equivalent to drawing a RIGHT ANGLE 
and subsequently replacing each RIGHT ANGLE with an- 
other smaller RIGHT ANGLE (Gardner 1978). In fact, 
the dragon curve can be written as a LINDENMAYER 
SYSTEM with initial string "FX", STRING REWRITING 
rules "K" -> "X+YF+", "Y" -> "-FX-Y", and angle 90°. 


see also LINDENMAYER SYSTEM, PEANO CURVE 
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Dragon Fractal 
see DOUADY’S RABBIT FRACTAL 


Draughts 
see CHECKERS 


Drinfeld’s Symmetric Space 
A set of points which do not lie on any of a certain class 
of HYPERPLANES. 


References 


Teitelbaum, J. “The Geometry of p-adic Symmetric Spaces.” 
Not. Amer. Math. Soc. 42, 1120-1126, 1995. 


Droz-Farny Circles 


Droz-Farny Circles 


Draw a CIRCLE with center H which cuts the lines 0203, 
O301, and O1O2 (where O; are the MIDPOINTS) at Pi, 
Q1; Po, Qo; and P3, Q3 respectively, then 


AiP, A2P» A3P3 AiQi A2Q2 = A3Q3. 


Conversely, if equal CIRCLES are drawn about the VER- 
TICES of a TRIANGLE, they cut the lines joining the MID- 
POINTS of the corresponding sides in six points. These 
points lie on a CIRCLE whose center is the ORTHOCEN- 
TER. If r is the Rapius of the equal CIRCLES centered 
on the vertices A;, Az, and A3, and Ro is the RADIUS 
of the CIRCLE about H, then 


Ry” =4R? +r? — 3(ay” +.a2” +a”). 


If the circles equal to the CIRCUMCIRCLE are drawn 
about the VERTICES of a triangle, they cut the lines 
joining midpoints of the adjacent sides in points of a 
CIRCLE Rz with center H and RADIUS 


It is equivalent to the circle obtained by drawing cir- 
cles with centers at the feet of the altitudes and passing 
through the CIRCUMCENTER. These circles cut the cor- 
responding sides in six points on a circle R whose center 
is H. 
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Furthermore, the circles about the midpoints of the sides 
and passing though H cut the sides in six points lying 
on another equivalent circle RZ whose center is O. In 
summary, the second Droz-Farny circle passes through 
12 notable points, two on each of the sides and two on 
each of the lines joining midpoints of the sides. 


References 

Goormaghtigh, R. “Droz-Farny’s Theorem.” Scripta Math. 
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Johnson, R. A. Modern Geometry: An Elementary Treatise 
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Drum 

see ISOSPECTRAL MANIFOLDS 

Du Bois Raymond Constants 
0.6 


0.5 


n 


2 4 6 8 10 
The constants C, defined by 


of lalTy 


which are difficult to compute numerically. The first few 
are 


dt —1 


Cy = 455 

Cz = 0.1945 

C3 = 0.028254 
C4 = 0.00524054. 


Rather surprisingly, the second Du Bois Raymond con- 
stant is given analytically by 


Cz = 3(e? — 7) = 0.1945280494... 
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(Le Lionnais 1983). 
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Dual Basis 
Given a CONTRAVARIANT BASIS {€1,...,€n}, its dual 
COVARIANT basis is given by 


E“ . és = 9(E*, &s) = 58, 


where g is the METRIC and 63 is the mixed KRONECKER 
DELTA. In EUCLIDEAN SPACE with an ORTHONORMAL 
BASIS, 
aI 


é’ = 6), 


so the BASIS and its dual are the same. 


Dual Bivector 
A dual BIVECTOR is defined by 


eae | cd 
Xab = 5 €abcaX ’ 


and a self-dual BIVECTOR by 


Xd, = Xap + iXav- 


Dual Graph 

The dual graph G* of a POLYHEDRAL GRAPH G has 
VERTICES each of which corresponds to a face of G and 
each of whose faces corresponds to a VERTEX of G. Two 
nodes in G” are connected by an EDGE if the correspond- 
ing faces in G have a boundary EDGE in common. 


Dual Map 
see PULLBACK MAP 


Dual Polyhedron 

By the DUALITY PRINCIPLE, for every POLYHEDRON, 
there exists another POLYHEDRON in which faces and 
VERTICES occupy complementary locations. This POLy- 
HEDRON is known as the dual, or RECIPROCAL. The 
dual polyhedron of a PLATONIC SOLID or ARCHIMED- 
EAN SOLID can be drawn by constructing EDGEs tangent 
to the RECIPROCATING SPHERE (a.k.a. MIDSPHERE and 
INTERSPHERE) which are PERPENDICULAR to the origi- 
nal EDGES. 


The dual of a general solid can be computed by connect- 
ing the midpoints of the sides surrounding each VER- 
TEX, and constructing the corresponding tangent POLy- 
GON. (The tangent polygon is the polygon which is tan- 
gent to the CIRCUMCIRCLE of the POLYGON produced 
by connecting the MIDPOINT on the sides surrounding 
the given VERTEX.) The process is illustrated below for 
the PLATONIC SOLIDS. The POLYHEDRON COMPOUNDS 


Dual Polyhedron 


consisting of a POLYHEDRON and its dual are generally 
very attractive, and are also illustrated below for the 
PLATONIC SOLIDS. 


p»wWd 
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The ARCHIMEDEAN SOLIDS and their duals are illus- 
trated below. 


&» @ © @ 


The following table gives a list of the duals of the PLa- 

TONIC SOLIDS and KEPLER-POINSOT SOLIDS together 

with the names of the POLYHEDRON-dual COMPOUNDS. 
Polyhedron Dual 


Csaszér polyhedron Szilassi polyhedron 
cube octahedron 
cuboctahedron rhombic dodecahedron 
dodecahedron icosahedron 

great dodecahedron small stellated dodec. 
great icosahedron great stellated dodec. 
great stellated dodec. great icosahedron 
icosahedron dodecahedron 
octahedron cube 

small stellated dodec. great dodecahedron 
Szilassi polyhedron Csdszdr polyhedron 


tetrahedron tetrahedron 
polyhedron compound 
cube cube-octahedron compound 


dodec.-icosahedron compound 
great dodecahedron-small 
stellated dodec. compound 
great icosahedron-great 
stellated dodec. compound 
great icosahedron-great 
stellated dodec. compound 
icosahedron dodec.-icosahedron compound 
octahedron cube-octahedron compound 
small stellated dodec. great dodec.-small 
stellated dodec. compound 
stella octangula 


dodecahedron 
great dodecahedron 


great icosahedron 


great stellated dodec. 


tetrahedron 


Dual Scalar 


see also DUALITY PRINCIPLE, POLYHEDRON COM- 
POUND, RECIPROCATING SPIIERE 


References 
¥& Weisstein, E. W. “Polyhedron Duals.” http: //www.astro. 
virginia. edu/-eww6n/math/notebooks/Duals.m. 
Wenninger, M. Dual Models. Cambridge, England: Cam- 
bridge University Press, 1983. 


Dual Scalar 
Given a third RANK TENSOR, 


Vizk =det[A B Cl, 
where det is the DETERMINANT, the dual scalar is de- 


fined as 


where €;;, is the LEVI-CIVITA TENSOR. 
see also DUAL TENSOR, LEVI-CIVITA TENSOR 


Dual Solid 
see DUAL POLYHEDRON 


Dual Tensor 
Given an antisymmetric second RANK TENSOR C4;, a 
dual pseudotensor C; is defined by 


Ci = 5 ¢ijn Cin, (1) 
where 
C23 
Ci. = | Car (2) 
Ci2 
0 Ci2 —Cs1 
Cyk = | —Cie 0 C23 |. (3) 


C31 —C23 0 


see also DUAL SCALAR 


References 

Arfken, G. “Pseudotensors, Dual Tensors.” §3.4 in Mathe- 
matical Methods for Physicists, 3rd ed. Orlando, FL: Aca- 
demic Press, pp. 128-137, 1985. 


Dual Voting 
A term in SOCIAL CHOICE THEORY meaning each alter- 
native receives equal weight for a single vote. 


see also ANONYMOUS, MONOTONIC VOTING 


Duffing Differential Equation 497 


Duality Principle 

All the propositions in PROJECTIVE GEOMETRY occur 
in dual pairs which have the property that, starting from 
either proposition of a pair, the other can be immedi- 
ately inferred by interchanging the parts played by the 
words “point” and “line.” A similar duality exists for 
RECIPROCATION (Casey 1893). 


see also BRIANCHON’S THEOREM, CONSERVATION OF 
NUMBER PRINCIPLE, DESARGUES’ THEOREM, DUAL 
POLYHEDRON, PApPuUS’s HEXAGON THEOREM, PAs- 
CAL’S THEOREM, PERMANENCE OF MATHEMATICAL 
RELATIONS PRINCIPLE, PROJECTIVE GEOMETRY, RE- 
CIPROCATION 
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Casey, J. “Theory of Duality and Reciprocal Polars.” Ch. 13 
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pp. 107-110, 1990. 


Duality Theorem 

Dual pairs of LINEAR PROGRAMS are in “strong duality” 
if both are possible. The theorem was first conceived by 
John von Neumann. The first written proof was an Air 
Force report by George Dantzig, but credit is usually 
given to Tucker, Kuhn, and Gale. 


see also LINEAR PROGRAMMING 


Duffing Differential Equation 
The most general forced form of the Duffing equation is 


#+ dé + (Bx* + woz) = Asin(wt + ¢). (1) 
If there is no forcing, the right side vanishes, leaving 
+ 6¢ + (Bx*® two) = 0. (2) 
If 6 = 0 and we take the plus sign, 
x 2 3 
Z+wo e+ Ba” = 0. (3) 
This equation can display chaotic behavior. For G > 0, 
the equation represents a “hard spring,” and for 8 < 0, 
it represents a “soft spring.” If G@ < 0, the phase portrait 


curves are closed. Returning to (1), take 8 = 1, w = 1, 
A = 0, and use the minus sign. Then the equation is 


#+ 62+ (c*—2x)=0 (4) 


(Ott 1993, p. 3). This can be written as a system of 
first-order ordinary differential equations by writing 


r=y; (5) 
y=ur—x* — dy. (6) 
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The fixed points of these differential equations 
é=y=0, (7) 
so y = 0, and 
y=e-—2* —dy=2(1— 2”) -0 (8) 
giving z = 0,+1. Differentiating, 


#=y=r-—a* -by (9) 
yj = (1 — 3a*)e - by (10) 


z 0 1 a 
E]- [se 4] [s]  @ 
Examine the stability of the point (0,0): 


0-2 1 
1 -6 - 


NO) — 1-6 + V/0? +4). (13) 


But 6? > 0, so v0) is real. Since V6? +4 > |6|, there 
will always be one POSITIVE ROOT, so this fixed point 
is unstable. Now look at (+1, 0). 


[= 2Q48)-1= 7426-1 =0 (1) 


ae gh y]=204842= Masta =o (14) 
AEE = L(g + 62 — 8). (15) 


For 6 > 0, RFE} < 0, so the point is asymptoti- 
cally stable. If 6 = 0, \4*""°) = +1,/2, so the point is 
linearly stable. If 6 € (—2V2,0), the radical gives an 
IMAGINARY PART and the REAL PART is > 0, so the 
point is unstable. If 6 = -2vV2, xe = V2, which 
has a POSITIVE REAL ROOT, so the point is unstable. 
If § < —2./2, then |6| < 6? — 8, so both Roots are 
PosITIVE and the point is unstable. Summarizing, 


linearly stable (superstable) 6 = 0 (16) 


asymptotically stable 5>0 
6<0. 


unstable 


Now specialize to the case 6 = 0, which can be integrated 
by quadratures. In this case, the equations become 


g=y (17) 
yon—-2’. (18) 


Differentiating (17) and plugging in (18) gives 
#=yra-2’. (19) 
Multiplying both sides by z gives 


ée —¢e+e2°=0 (20) 


Duodecillion 
d 4.2 1,2 ,1,4 
so we have an invariant of motion A, 
h= 3a? — ja? 442%. (22) 
Solving for <? gives 
2 
re (2) = 2h +27 - 124 (23) 
t = 2h + 2? + 527, (24) 
so j 
t= fde= | pees ‘ (25) 
Jah + 2? + da? 
Note that the invariant of motion h satisfies 
Oh Oh 
c= = 26 
= Oe dy i) 
Oh ‘ 
a +a* = —y, (27) 


so the equations of the Duffing oscillator are given by 
the HAMILTONIAN SYSTEM 


- oh 
7 = by 
28 
een rc 


References 
Ott, E. Chaos in Dynamical Systems. New York: Cambridge 
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Duhamel’s Convolution Principle 
Can be used to invert a LAPLACE TRANSFORM. 


Dumbbell Curve 


y’ =a"(x* — 2°). 
see also BUTTERFLY CURVE, EIGHT CURVE, PIRIFORM 


References 
Cundy, H. and Rollett, A. Mathematical Models, 8rd ed. 
Stradbroke, England: Tarquin Pub., p. 72, 1989. 


Duodecillion 
In the American system, 10°°. 


see also LARGE NUMBER 


Dupin’s Cyclide 


Dupin’s Cyclide 
see CYCLIDE 


Dupin’s Indicatrix 
A pair of conics obtained by expanding an equation in 
MONGE’S ForRM z = F(z, y) in a MACLAURIN SERIES 


z= 2(0,0)+ z+ zoey 
+ k(zu2? + 2z1ery + zany’) See 
= (bua? + 2biery + booy”). 


This gives the equation 
bii2? + Wiery + boy”? = +1. 


Amazingly, the radius of the indicatrix in any direction 
is equal to the SQUARE ROOT of the RADIUS OF CUR- 
VATURE in that direction (Coxeter 1969). 


References 
Coxeter, H. S. M. “Dupin’s Indicatrix” §19.8 in Introduction 
to Geometry, 2nd ed. New York: Wiley, pp. 363-365, 1969. 


Dupin’s Theorem 

In three mutually orthogonal systems of the surfaces, the 
LINES OF CURVATURE on any surface in one of the sys- 
tems are its intersections with the surfaces of the other 
two systems. 


Duplication of the Cube 
see CUBE DUPLICATION 


Duplication Formula 
see LEGENDRE DUPLICATION FORMULA 


Durand’s Rule 
The NEWTON-COTES FORMULA 


ih : f(0) dx 


=h(2fit ifet fat...+ fa-2t fn-1t 2fn)- 


see also BODE’S RULE, HARDY’S RULE, NEWTON- 
COTES FORMULAS, SIMPSON’S 3/8 RULE, SIMPSON’S 
RULE, TRAPEZOIDAL RULE, WEDDLE’S RULE 


References 
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Diirer’s Conchoid 


These curves appear in Diirer’s work Instruction in Mea- 
surement with Compasses and Straight Edge (1525) and 
arose in investigations of perspective. Diirer constructed 
the curve by drawing lines QRP and P’QR of length 16 
units through Q(q,0) and R(r,0), where g+r = 13. The 
locus of P and P’ is the curve, although Diirer found 
only one of the two branches of the curve. 


The ENVELOPE of the lines QRP and P'QR is a 
PARABOLA, and the curve is therefore a GLISSETTE of 
a point on a line segment sliding between a PARABOLA 
and one of its TANGENTS. 


Diirer called the curve “Muschellini,” which means CON- 
CHOID. However, it is not a true CONCHOID and so is 
sometimes called DURER’S SHELL CURVE. The Carte- 
sian equation is 

2y7(2? + y”) — 2by*(x + y) + (b? — 3a”)y? — a?” 

+ 2a7b(2 + y) + a? (a? — b?) =0. 


The above curves are for (a,6) = (3,1), (3,3), (3,5). 
There are a number of interesting special cases. If b = 0, 
the curve becomes two coincident straight lines x = 0. 
For a = 0, the curve becomes the line pair x = 6/2, 
xz = —b/2, together with the CIRCLE x+y = b. If 
a = 6/2, the curve has a CusP at (—2a, a). 


References 
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Diirer’s Magic Square 


Diirer’s magic square is a MAGIC SQUARE with MaGIc 
CONSTANT 34 used in an engraving entitled Melencolia 
I by Albrecht Diirer (The British Museum). The en- 
graving shows a disorganized jumble of scientific equip- 
ment lying unused while an intellectual sits absorbed in 


500 Diurer’s Shell Curve 


thought. Diirer’s magic square is located in the upper 
left-hand corner of the engraving. The numbers 15 and 
14 appear in the middle of the bottom row, indicating 
the date of the engraving, 1514. 
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Diirer’s Shell Curve 
see DURER’S CONCHOID 


Durfee Polynomial 

Let F(n) be a family of PARTITIONS of n and let F(n, d) 
denote the set of PARTITIONS in F(n) with DURFEE 
SQUARE of size d. The Durfee polynomial of F(n) is 
then defined as the polynomial 


Pron = S_|F(n,d)ly*, 


where 0<d< V/n. 
see also DURFEE SQUARE, PARTITION 


References 

Canfield, E. R.; Corteel, S.; and Savage, C. D. “Durfee Poly- 
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Durfee Square 

The length of the largest-sized SQUARE contained within 
the FERRERS DIAGRAM of a PARTITION. 

see also DURFEE POLYNOMIAL, FERRERS DIAGRAM, 
PARTITION 


Dvoretzky’s Theorem 

Each centered convex body of sufficiently high dimen- 
sion has an “almost spherical” k-dimensional central sec- 
tion. 


Dyad 

Dyads extend VECTORS to provide an alternative de- 
scription to second RANK TENSORS. A dyad D(A,B) 
of a pair of VECTORS A and B is defined by D(A, B) = 
AB. The DoT PRODUCT is defined by 


A-BC=(A-B)C 
AB.C=A(B-C), 
and the COLON PRODUCT by 


AB:CD=C-AB-D=(A-C)(B-D). 


References 
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Dymaxion 


Dyadic 
A linear POLYNOMIAL of DYADS AB + CD +... con- 
sisting of nine components A;; which transform as 


hmhn 02m Oxn 


(Ai;)' = Bh! ax! Dai Amn (1) 
myn wd 2 3 
hjh; Oa), Oz; 
= ss Ain 2 
Amhn O&m Ofn 2) 
hth, Ox Ozn 
= Amn: 3 
Dy Amhi OIm Oz’ (3) 


Dyadics are often represented by Gothic capital letters. 
The use of dyadics is nearly archaic since TENSORS per- 
form the same function but are notationally simpler. 


A unit dyadic is also called the IDEMFACTOR and is de- 
fined such that 
I-A=A. (4) 


In CARTESIAN COORDINATES, 
l=xx+yy + 22, (5) 
and in SPHERICAL COORDINATES 


I= Vr. (6) 


see also DYAD, TETRADIC 
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Dyck’s Theorem 
see VON DyCK’s THEOREM 


Dye’s Theorem 

For any two ergodic measure-preserving transformations 
on nonatomic PROBABILITY SPACES, there is an Iso- 
MORPHISM between the two PROBABILITY SPACES car- 
rying orbits onto orbits. 


Dymaxion 
Buckminster Fuller’s term for the CUBOCTAHEDRON. 


see also CUBOCTAHEDRON, MECON 


Dynamical System 


Dynamical System 

A means of describing how one state develops into an- 
other state over the course of time. Technically, a dy- 
namical system is a smooth action of the reals or the IN- 
TEGERS on another object (usually a MANIFOLD). When 
the reals are acting, the system is called a continuous 
dynamical system, and when the INTEGERS are acting, 
the system is called a discrete dynamical system. If f 
is any CONTINUOUS FUNCTION, then the evolution of a 
variable x can be given by the formula 


En+1 = f (an). (1) 


This equation can also be viewed as a difference equation 


En4+1 7 ln = f (an) —Tfn, (2) 
so defining 
g(x) = f(x)—-2 (3) 
gives 
Tn+1—Ln = g(tn) * 1, (4) 


which can be read “as n changes by 1 unit, x changes by 
g(z).” This is the discrete analog of the DIFFERENTIAL 
EQUATION 


x'(n) = g(x(n)). (5) 


see also ANOSOV DIFFEOMORPHISM, ANOSOV FLOw, 
AXIOM A DIFFEOMORPHISM, AXIOM A FLOW, BIFUR- 
CATION THEORY, CHAOS, ERGODIC THEORY, GEO- 
DESIC FLOW 
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Dynkin Diagram 
A diagram used to describe CHEVALLEY GROUPS. 


see also COXETER-DYNKIN DIAGRAM 
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E 


e€ 
The base of the NATURAL LOGARITHM, named in honor 
of Euler. It appears in many mathematical contexts 
involving LIMITS and DERIVATIVES, and can be defined 
by 
1 x 
¢= lin (1+) (1) 


=Z—-0C0 


or by the infinite sum 


(2) 


“ele 


Co 
The numerical value of e is 


e = 2.718281828459045235360287471352662497757... 
(3) 
(Sloane’s A001113). 


Euler proved that e is IRRATIONAL, and Liouville proved 
in 1844 that e doés not satisfy any QUADRATIC EQUA- 
TION with integral COEFFICIENTS. Hermite proved e to 
be TRANSCENDENTAL in 1873. It is not known if 7 +e 
or m/e is IRRATIONAL. However, it is known that 7 +e 
and z/e do not satisfy any POLYNOMIAL equation of de- 
gree < 8 with INTEGER COEFFICIENTS of average size 
10° (Bailey 1988, Borwein et al. 1989). 


The special case of the EULER FORMULA 
e’* =cosx+ising (4) 
with x = m gives the beautiful identity 
7 +1=0, (5) 


an equation connecting the fundamental numbers i, P1, 
e, 1, and 0 (ZERO). 


Some CONTINUED FRACTION representations of e in- 
clude 


a aac ee (6) 
1+ 
2 
2+ 
3 
34+ — 
= (2,1,2,1,1,4,1,1,6,...] (7) 
(Sloane’s A003417) and 
edie 4 (8) 
e+1 
eo be [11,234.14 4) 1 Ay, 00) (9) 
3(e~ 1) = [0,1,6,10,14,...] (10) 
Ve = [1,1,1,1,5,1,1,1,9,1,...]. (11) 
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The first few convergents of the CONTINUED FRAC- 
TION are 3, 8/3, 11/4, 19/7, 87/32, 106/39, 193/71, ... 
(Sloane’s A007676 and A007677). 


Using the RECURRENCE RELATION 


Gn = N(an-1 + 1) (12) 

with a; = a‘, compute 
[[G@+e). (13) 

n=l 


The result is e®. Gosper gives the unusual equation 


connecting 7 and e, 


— 1 9 
— cos eee 
Li Ge i ae) 
1? 
= ~s5og = ~0.040948222.... (14) 


Rabinowitz and Wagon (1995) give an ALGORITHM for 
computing digits of e based on earlier DIGITS, but a 
much simpler SPIGOT ALGORITHM was found by Sales 
(1968). Around 1966, MIT hacker Eric Jensen wrote 
a very concise program (requiring less than a page of 
assembly language) that computed e by converting from 
factorial base to decimal. 


Let p(n) be the probability that a random ONE-TO-ONE 
function on the INTEGERS 1, ..., nm has at least one 
FIXED POINT. Then 


(-p*? iy = 1 
Jin — — = 0.63212 ou 
im n p(n) = iy 7 6321205588 
(15) 
STIRLING’S FORMULA gives 
eee 
ee (1) 


Castellanos (1988) gives several curious approximations 
to e, 


ee a4 a (17) 
ae (x4 + 9)1/8 (18) 
a] siete (19) 
x (10 2 aw)" (20) 
sg BONE = 100" 1291? + 9? (21) 


’ (22) 


5 3 443\0/7 
~ {1097 55° + 311 11 
685 
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which are good to 6, 7, 9, 10, 12, and 15 digits respec- 
tively. 


Examples of e MNEMONICS (Gardner 1959, 1991) in- 
clude: 


“By omnibus I traveled to Brooklyn” (6 digits). 


“To disrupt a playroom is commonly a practice of 
children” (10 digits). 


“It enables a numskull to memorize a quantity of 
numerals” (10 digits). 


“I’m forming a mnemonic to remember a function in 
analysis” (10 digits). 

“He repeats: J] shouldn’t be tippling, I shouldn’t be 
toppling here!” (11 digits). 


“In showing a painting to probably a critical or ven- 
omous lady, anger dominates. O take guard, or she 
raves and shouts” (21 digits). Here, the word “O” 
stands for the number 0. 


A much more extensive mnemonic giving 40 digits is 


“We present a mnemonic to memorize a constant 
so exciting that Euler exclaimed: ‘!’ when first it 
was found, yes, loudly ‘!’. My students perhaps will 
compute e, use power or Taylor series, an easy sum- 
mation formula, obvious, clear, elegant!” 


(Barel 1995). In the latter, Os are represented with “!”. 


A list of e mnemonics in several languages is maintained 
by A. P. Hatzipolakis. 


Scanning the decimal expansion of e until all n-digit 
numbers have occurred, the last appearing is 6, 12, 548, 
1769, 92994, 513311, ... (Sloane’s A032511). These end 
at positions 21, 372, 8092, 102128, 1061613, 12108841, 


see also CARLEMAN’S INEQUALITY, COMPOUND INTER- 
EST, DE MOIVRE’S IDENTITY, EULER FORMULA, EXPO- 
NENTIAL FUNCTION, HERMITE-LINDEMANN THEOREM, 
NATURAL LOGARITHM 
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e-Divisor 
d is called an e-divisor (or EXPONENTIAL DIVISOR) of 


ag a, 


nm = pi" p2*? --+ pp 


if djn and 
br 


‘Dr 


d= pi’ pa”? oo. 
where 6;|a; with 1 <j <r. 
see also e-PERFECT NUMBER 


References 

Guy, R. K. “Exponential-Perfect Numbers.” §B17 in Un- 
solved Problems in Number Theory, 2nd ed. New York: 
Springer-Verlag, pp. 73, 1994. 

Straus, E. G. and Subbarao, M. V. “On Exponential Divi- 
sors.” Duke Math. J. 41, 465-471, 1974. 


E,,-Function 
The E,,(z) function is defined by the integral 


_ [~ e * dt 


and is given by the Mathematica® (Wolfram Research, 
Champaign, IL) function ExpIntegralE[n,x]. Defining 
t=77' so that dt = —n~*dn, 


1 
En(2) = i) etn? dy (2) 
0 


1 
n—1 


The function satisfies the RECURRENCE RELATIONS 
E, (2) = — En-a(2) (4) 


nEn+i(z) =e * — 2 En(z). (5) 


E,-Function 


Equation (4) can be derived from 


Bay= : ca (6) 


oO (tz 
e 
i. i tr-1 dt = En-1(Z), (7) 
1 
and (5) using integrating by parts, letting 
1 ~tz 
ers dvu=e “dt - (8) 
—tz 
n e€ 
du = ~ ett v= z ’ (9) 


Ba(e) = fudv=w— fvdu 


-| 1 |r -n ° et dz 
etzytn 1 ‘ {rt 
= LE, (x) =e" — nN En+1(2). (10) 


Solving (10) for nEn(x) gives (5). An asymptotic ex- 
pansion gives 


(n — 1)! En(2) 
= (-a)""" Ex(z) +e7* 5) -2(n — s — 2)(-z)*, (11) 
so 
_ Ser n  n(n+1) 
Exn(x) = . a - +o). (12) 


The special case n = 1 gives 


Ei(x) = —ei(—2x) = i” eae & i — (13) 


t 


where ei(z) is the EXPONENTIAL INTEGRAL, which is 
also equal to 


Ba(t)=—y-Ine- CV" ayy 
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where + is the EULER-MASCHERONI CONSTANT. 


E1(0) = 00 (15) 
Ei (tz) = —ci(x) + isi(z), (16) 


where ci(x) and si(z) are the COSINE INTEGRAL and 
SINE INTEGRAL. 


see also COSINE INTEGRAL, Ei-FUNCTION, EXPONEN- 
TIAL INTEGRAL, GOMPERTZ CONSTANT, SINE INTE- 
GRAL 
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F,.-Function 
A function which arises in FRACTIONAL CALCULUS. 


_ 1 at : v-1l —~ax a gat 
E.(v,a) = Tw)° i we ** dx = t’e*y(v, at), 
(1) 


where ¥ is the incomplete GAMMA FUNCTION and I the 
complete GAMMA FUNCTION. The £; function satisfies 
the RECURRENCE RELATION 
E,(v,a) = aE, (v+1 fen (2) 
; , T(v + 1) 


A special value is 


E,{0,a) = e**. (3) 


see also En-FUNCTION 
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e-Multiperfect Number 
A number n is called a k e-perfect number if o.(n) = kn, 
where o-(n) is the SUM of the e-DIvISoRS of n. 


see also e-DIVISOR, e-PERFECT NUMBER 


References 

Guy, R. K. “Exponential-Perfect Numbers.” §B17 in Un- 
solved Problems in Number Theory, 2nd ed. New York: 
Springer-Verlag, pp. 73, 1994. 


506 e-Perfect Number 


e-Perfect Number 

A number n is called an e-perfect number if ¢-(n) = 2n, 
where oe(n) is the SUM of the e-DIvisoRs of n. If m 
is SQUAREFREE, then ge(m) = m. As a result, if n is 
e-perfect and m is SQUAREFREE with m L 6, then mn 
is e-perfect. There are no ODD e-perfect numbers. 


see also e-DIVISOR 
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Ear 
A PRINCIPAL VERTEX 2; of a SIMPLE POLYGON P is 
called an ear if the diagonal [x;-1, 2:41] that bridges 2; 
lies entirely in P. Two ears x; and x; are said to overlap 
if 

int[z<-1, vi, Li+1] N int[xj-1, 23, Lj+1] =, 


The Two-EARS THEOREM states that, except for TRI- 
ANGLES, every SIMPLE POLYGON has at least two 
nonoverlapping ears. 


see also ANTHROPOMORPHIC POLYGON, MOUTH, Two- 
EARS THEOREM 
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Early Election Results 

Let Jones and Smith be the only two contestants in an 
election that will end in a deadlock when all votes for 
Jones (J) and Smith (S) are counted. What is the Ex- 
PECTATION VALUE of X;, = |S — J| after k votes are 
counted? The solution is 


2N (faa) (\e/2)~1) 
(*e°) 
nO (ere) Pr) 


: Sa Goon. (c-1) _ 


(Xx) 


for k even 


for k odd. 
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Eccentric Anomaly 


Eban Number 

The sequence of numbers whose names (in English) do 
not contain the letter “e” {i.e., “e” is “banned”). The 
first few eban numbers are 2, 4, 6, 30, 32, 34, 36, 40, 42, 
44, 46, 50, 52, 54, 56, 60, 62, 64, 66, 2000, 2002, 2004, 
... (Sloane’s A006933); ie., two, four, six, thirty, etc. 
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Eberhart’s Conjecture 
If gn is the nth prime such that M,,, is a MERSENNE 
PRIME, then 


Qn ~ (3/2)". 
It was modified by Wagstaff (1983) to yield 


Qn ~ ae SF. 


where ¥ is the EULER- MASCHERONI CONSTANT. 
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Math. 


Eccentric 
Not CONCENTRIC. 


see also CONCENTRIC, CONCYCLIC 


Eccentric Angle 
The angle @ measured from the CENTER of an ELLIPSE 
to a point on the ELLIPSE. 


see also ECCENTRICITY, ELLIPSE 


Eccentric Anomaly 


The ANGLE obtained by drawing the AUXILIARY CIR- 
CLE of an ELLIPSE with center O and Focus F, and 
drawing a LINE PERPENDICULAR to the SEMIMAJOR 
AXIS and intersecting it at A. The ANGLE £& is then 
defined as illustrated above. Then for an ELLIPSE with 
ECCENTRICITY e, 


AF = OF — AO = ae — acos. (1) 
But the distance AF is also given in terms of the dis- 
tance from the Focus r = FP and the SUPPLEMENT of 


the ANGLE from the SEMIMAJOR AXIS v by 


AF =rcos(x — v) = —rcosv. (2) 


Eccentricity 


Equating these two expressions gives 


— micas =e). (3) 


cos vu 
which can be solved for cos v to obtain 


a(cos E — e) 
os 


cosu = (4) 
To get EF in terms of r, plug (4) into the equation of the 


ELLIPSE 


a(1—e? 
= wn (5) 
0S V 
r(1 + ecosv) = a(1 — e”) (6) 
2 
(14 eee - =) =r-+aecos E — e? = a(1—e?) 


(7) 


r=a(1—e?) —eacosE+e*a =a(1—ecosE). (8) 


Differentiating gives 
* = aeEsin E. (9) 


The eccentric anomaly is a very useful concept in or- 
bital mechanics, where it is related to the so-called mean 
anomaly M by KEPLER’S EQUATION 


M=E-esin£. (10) 


M can also be interpreted as the AREA of the shaded 
region in the above figure (Finch). 


see also ECCENTRICITY, ELLIPSE, KEPLER’S EQUATION 
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Eccentricity 

A quantity defined for a CONIC SECTION which can be 
given in terms of SEMIMAJOR and SEMIMINOR AXES for 
an ELLIPSE. For an ELLIPSE with SEMIMAJOR AXIS a 
and SEMIMINOR AXIS }, 


The eccentricity can be interpreted as the fraction of the 
distance to the semimajor axis at which the Focus lies, 


c 
a 


where c is the distance from the center of the CONIC 
SECTION to the Focus. The table below gives the type 
of CONIC SECTION corresponding to various ranges of 
eccentricity e. 


Eckert IV Projection 507 


e Curve 
e=0 circle 
0<e< 1 |ellipse 
e=1 parabola 
e>1 hyperbola 


see also CIRCLE, CONIC SECTION, ECCEN- 
TRIC ANOMALY, ELLIPSE, FLATTENING, HYPERBOLA, 
OBLATENESS, PARABOLA, SEMIMAJOR AXIS, SEMIMI- 
NOR AXIS 


Eccentricity (Graph) 
The length of the longest shortest path from a VERTEX 
in a GRAPH. 


see also DIAMETER (GRAPH) 


Echidnahedron 


~~ 


7S 


ICOSAHEDRON STELLATION #4. 
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Eckardt Point 

On the CLEBSCH DIAGONAL CUBIC, all 27 of the com- 
plex lines present on a general smooth CUBIC SURFACE 
are real. In addition, there are 10 points on the surface 
where three of the 27 lines meet. These points are called 
Eckardt points (Fischer 1986). 


see also CLEBSCH DIAGONAL CUBIC, CUBIC SURFACE 
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The equations are 


2 
gm ———— (A — Xo) (14 cos 8 1 
Gaia: ) ) (1) 
y= 2 ey sind, (2) 
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where 9 is the solution to 
6 + sin 8 cos 6 + 2sin@ = (2+ $7) sing. (3) 


This can be solved iteratively using NEWTON’S METHOD 
with 69 = ¢/2 to obtain 


6 + sin@cos@ + 2sin@ — (2— im)sing 


as 2cos (1 + cos @) (4) 
The inverse FORMULAS are 
e=aant oo Sindicor teen’ (5) 
2 + gn 
rJ/44+ne 
A=A 
aed 1+cosé ’ (8) 
where 
oa -1 fy 4+n 
6 = sin (3 = : (7) 
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The equations are 
2 (A — Ao) (1 + cos 0) 


1 
V2+70 (1) 
20 
=> y 2 
YU TeR ) 
where 6@ is the solution to 
6 +sin@ = (1+ $7)sing. (3) 


This can be solved iteratively using NEWTON’S METHOD 
with 9) = ¢ to obtain 


6+sin0~— (1+ 57)sing 


= 4 
Oe 1+cosé (4) 
The inverse FORMULAS are 
. 1 f/f O+sind 
= ee 5 
@ = sin ( ca I a ) (5) 
V2tne 
=x —_——_——_—_— 
“ ome 1+ cos@’ (6) 
where 
9=1/34Ry. (7) 
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Edge (Polygon) 


Economized Rational Approximation 

A PADE APPROXIMATION perturbed with a CHEBYSHEV 
POLYNOMIAL OF THE FIRST KIND to reduce the leading 
COEFFICIENT in the ERROR. 


Eddington Number 


136 - 275° ~ 1.575 x 107. 


According to Eddington, the exact number of protons 
in the universe, where 136 was the RECIPROCAL of the 
fine structure constant as best as it could be measured 
in his time. 

see also LARGE NUMBER 


Edge-Coloring 

An edge-coloring of a GRAPH G is a coloring of the 
edges of G such that adjacent edges (or the edges bound- 
ing different regions) receive different colors. BRELA2’S 
HEURISTIC ALGORITHM can be used to find a good, but 
not necessarily minimal, edge-coloring. 

see also BRELAZ’S HEURISTIC ALGORITHM, CHRO- 
MATIC NUMBER, k-COLORING 
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Edge Connectivity 
The minimum number of EDGES whose deletion from a 
GRAPH disconnects it. 


see also VERTEX CONNECTIVITY 


Edge (Graph) 

For an undirected GRAPH, an unordered pair of nodes 
which specify the line connecting them. For a DIRECTED 
GRAPH, the edge is an ordered pair of nodes. 


see also EDGE NUMBER, NULL GRAPH, TAIT COLOR- 
ING, TAIT CYCLE, VERTEX (GRAPH) 


Edge Number 
The number of EDGES in a GRAPH, denoted |Z. 


see also EDGE (GRAPH) 
Edge (Polygon) 
vertex 


edge 


A LINE SEGMENT on the boundary of a FACE, also called 
a SIDE. 


see also EDGE (POLYHEDRON), VERTEX (POLYGON) 


Edge (Polyhedron) 


Edge (Polyhedron) 


face 


A LINE SEGMENT where two FACES of a POLYHEDRON 
meet, also called a SIDE. 


see also EDGE (POLYGON), VERTEX (POLYHEDRON) 


Edge (Polytope) 
A 1-D LINE SEGMENT where two 2-D FacEs of an n-D 
POLYTOPE meet, also called a SIDE. 


see also EDGE (POLYGON), EDGE (POLYHEDRON) 


Edgeworth Series 
Approximate a distribution in terms of a NORMAL DIS- 
TRIBUTION. Let 


g(t) = pee A, 
then 

F(t) = ot) + Ang (t) 

+ Fake ie 1071? 


3] ti... 


see also CORNISH-FISHER ASYMPTOTIC EXPANSION, 
GRAM-CHARLIER SERIES 
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Edmonds’ Map 
A nonreflexible regular map of GENUS 7 with eight VER- 
TICES, 28 EDGES, and eight HEPTAGONAL faces. 


Efron’s Dice 
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A set of four nontransitive DICE such that the proba- 
bilities of A winning against B, B against C, C against 
D, and D against A are all 2:1. A set in which ties may 
occur, in which case the DicE are rolled again, which 
gives ODDS of 11:6 is 


see also DICE, SICHERMAN DICE 
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Egg 
An OVAL with one end more pointed than the other. 


see also ELLIPSE, Moss’s EGG, OVAL, OVOID, THOM’S 
EccGs 


Egyptian Fraction 
see UNIT FRACTION 


Ehrhart Polynomial 
Let A denote an integral convex POLYTOPE of DIMEN- 
SION n in a lattice M, and let la(k) denote the number 
of LATTICE POINTS in A dilated by a factor of the inte- 
ger k, 

la(k) = #(KA NM) (1) 


for k € Z*. Then I, is a polynomial function in k of 
degree n with rational coefficients 


la(k) = ank™ + @n—1k" + +...+ 40 (2) 


called the Ehrhart polynomial (Ehrhart 1967, Pommer- 
sheim 1993). Specific coefficients have important geo- 
metric interpretations. 


1. an is the CONTENT of A. 


2. adn—1 is half the sum of the CONTENTS of the (n —1)- 
D faces of A. 


3. ago = 1. 


Let S2(A) denote the sum of the lattice lengths of the 
edges of A, then the case n = 2 corresponds to PICK’S 
THEOREM, 


la(k) = Vol(A)k? + 452(A) +1. (3) 


Let S3(A) denote the sum of the lattice volumes of the 
2-D faces of A, then the case n = 3 gives 


la(k) = Vol(A)k? + 453(A)k? +ark+1, (4) 
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where a rather complicated expression is given by Pom- 
mersheim (1993), since a1 can unfortunately not be in- 
terpreted in terms of the edges of A. The Ehrhart poly- 
nomial of the tetrahedron with vertices at (0, 0, 0), (a, 
0, 0), (0, 6, 0), (0, 0, c) is 


la(k) = tabck® + 4(ab + ac + be + d)k? 


[h(a de ob ae 

12 \ 6 a c abe 
1 be aA 
+(a+b+e+A+B+C)~As(~,“) 


(8.8) -oo(82)]ee1, 6 


where s(z,y) is a DEDEKIND Sum, A = gced(b,c), B = 
gcd(a,c), C = gcd(a,b) (here, gcd is the GREATEST 
COMMON DENOMINATOR), and d = ABC (Pommer- 
sheim 1993). 


see also DEHN INVARIANT, PICK’S THEOREM 
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Ei 
see EXPONENTIAL INTEGRAL, E,-FUNCTION 


Eigenfunction 

If L is a linear OPERATOR on a FUNCTION SPACE, then f 
is an eigenfunction for EL and } is the associated EIGEN- 
VALUE whenever Lf = Af. 


see also EIGENVALUE, EIGENVECTOR 

Eigenvalue 

Let A be a linear transformation represented by a Ma- 

TRIX A. If there is a VECTOR X € R” £0 such that 
AX = AX (1) 

for some SCALAR 4, then A is the eigenvalue of A with 


corresponding (right) EIGENVECTOR X. Letting A be a 
kx k MATRIX, 


(2) 


Qk1 Gro *'' kk 


Eigenvalue 


with eigenvalue A, then the corresponding EIGENVEC- 
TORS satisfy 


Q@i1 G12 ‘*: ik Ti Z1 
G21 @22.°** Gk L2 2 

=A > (3) 
Qki GA@k2 ‘++ Gkk Lk Lk 


which is equivalent to the homogeneous system 


ai1—A a12 oe G1k a1 0 
@21 a22—-A ++ G2k x2 0 
Ak1 Qk2 Qkk —A Lk 0 


Equation (4) can be written compactly as 
(A — AIX = 0, (5) 


where | is the IDENTITY MATRIX. 


As shown in CRAMER’S RULE, a system of linear equa~- 
tions has nontrivial solutions only if the DETERMINANT 
vanishes, so we obtain the CHARACTERISTIC EQUATION 


|A — All =0. (6) 


If all k As are different, then plugging these back in 
gives k — 1 independent equations for the k components 
of each corresponding EIGENVECTOR. The EIGENVEC- 
TORS will then be orthogonal and the system is said to 
be nondegenerate. If the eigenvalues are n-fold DEGEN- 
ERATE, then the system is said to be degenerate and the 
EIGENVECTORS are not linearly independent. In such 
cases, the additional constraint that the EIGENVECTORS 
be orthogonal, 


Ki Xj = Xi X;4i;, (7) 


where 6,; is the KRONECKER DELTA, can be applied to 
yield n additional constraints, thus allowing solution for 
the EIGENVECTORS. 


Assume A has nondegenerate eigenvalues A1,2,...,An 
and corresponding linearly independent EIGENVECTORS 


XX 1,X2,...,X which can be denoted 
211 T21 Lk 
12 £22 Lk2 
ieee (8) 
Lik L2k Lkk 


Ti1 0 «21 Tk1 

T1220 £22 Lk2 
P=[Xi X2 Xe] = 

Lik T2k Dkk 


Eigenvalue 


and eigenvalues 


Ar O 0 
0 Xe 0 
i ; (10) 
eo) Ak 
where D is a DIAGONAL Matrix. Then 
AP=A[Xi X2 --- Xz] 
=[AX, AX. AX | 
={ALX, A2X2 ApXe | 
Ai@11 A2k21 ARTE 
A1@12. A222 NeLk2 
ArZik A2Ler Ak&kk 
Hi Ta, +++ Le Ar O :-: O 
Z12 «X22 Le2 0 rA2 0 
Dik Lae ‘*: Lr 0 O --: AR 
= PD, (11) 
So 
A= PDP". (12) 
Furthermore, 
A? = (PDP~*)(PDP~*) = PD(P7?P)DP7* 
= PD?P7?, (13) 
By induction, it follows that for n > 0, 
A” =PD"P7?. (14) 
The inverse of A is 
ATl= (PDP~*)~* =PD7'P"?," (15) 


where the inverse of the DIAGONAL MaTRIX D is triv- 
ially given by 


Mt 0 0 
-1 
oy ne 0) A2 
DV =; a2 (16) 
0 0 Soa An 


Equation (14) therefore holds for both PosITIVE and 
NEGATIVE n. 


A further remarkable result involving the matrices P and 
D follows from the definition 


=P (Zane?) P-1=PePP-?. (17) 


Eigenvalue 511 


Since D is a DIAGONAL MATRIX, 


Aim Oss OO 
5 n cil ae oe, OO 
e — —_— = —— 7 : 
n! n!} : 
a oe 0 oO Ae” 
pean 0 i) 
+=0 as F 
> 0 a Ag 0 
0 0 es 
e* 0 0 
0 0 
a : ’ (18) 
it) 0 e** 
e? can be found using 
A” 0 0 
: O A” + 0 
D” = ; 4 : . ; (19) 
0 0 Ar” 
Assume we know the eigenvalue for 
AX = AX. (20) 


Adding a constant times the IDENTITY MaTRIX to A, 
(A+ cl)X = (A+c)X =)’X, (21) 


so the new eigenvalues equal the old plus c. Multiplying 
A by a constant c 


(cA)X = c(AX) =X, (22) 


so the new eigenvalues are the old multiplied by c. 


Now consider a SIMILARITY TRANSFORMATION of A. 
Let |A] be the DETERMINANT of A, then 


|IZ~*AZ - Al] = |Z (A- AZ| 
= |Z||A—Al[{Z7*| = |A— All, (23) 


so the eigenvalues are the same as for A. 


see also BRAUER’S THEOREM, CONDITION NUMBER, 
EIGENFUNCTION, EIGENVECTOR, FROBENIUS THEO- 
REM, GERSGORIN CIRCLE THEOREM, LYAPUNOV’S 
FIRST THEOREM, LYAPUNOV’S SECOND THEOREM, OS- 
TROWSKI’S THEOREM, PERRON’S THEOREM, PERRON- 
FROBENIUS THEOREM, POINCARE SEPARATION THEO- 
REM, RANDOM MATRIX, SCHUR’S INEQUALITIES, STUR- 
MIAN SEPARATION THEOREM, SYLVESTER’S INERTIA 
LAW, WIELANDT’S THEOREM 
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Eigenvector 
A right eigenvector satisfies 


AX = AX, (1) 


where X is acolumn VECTOR. The right EIGENVALUES 


therefore satisfy 
|A — All| = 0. (2) 


A left eigenvector satisfies 
XA = AX, (3) 
where X is a row VECTOR, so 
(XA)™ = A, X7 (4) 


ATX™ = dX", (5) 


where X7 js the transpose of X. The left EIGENVALUES 
satisfy 


JA® — Azl| = |A™ — AzI™| = (A — Azl)™| = [(A-AcI)I, 

(6) 
(since |A| = |A™|) where |A[ is the DETERMINANT of 
A. But this is the same equation satisfied by the right 
EIGENVALUES, so the left and right EIGENVALUES are 
the same. Let Xz be a MATRIX formed by the columns 
of the right eigenvectors and X; be a MATRIX formed 
by the rows of the left eigenvectors. Let 


Moe (0 
D=|: . (7) 
0 56 NXe 
Then 
AXr = XrD XK,A=DxX, (8) 


XrAXr=X:Xx2D Xz:AXrz=DXiXr, (9) 


so 
X,X-RD = OX.Xr. (10) 


But this equation is of the form CD = DC where D isa 
DIAGONAL MATRIX, so it must be true that C= X,XR 
is also diagonal. In particular, if A isa SYMMETRIC MA- 
TRIX, then the left and right eigenvectors are transposes 
of each other. If A is a SELF-ADJOINT MATRIX, then 
the left and right eigenvectors are conjugate HERMITIAN 
MATRICES. 


Eight Curve 


Given a 3x 3 MATRIX A with eigenvectors x1, x2, and x3 
and corresponding EIGENVALUES Ai, A2, and A3, then 
an arbitrary VECTOR y can be written 


y= by x, + boxe + b3x3. (11) 
Applying the MATRIX A, 


Ay = b, Ax, + bo Axe + b3Ax3 


Xr A 
=X, (bx: + 22 boxe ae 


xu x boxe ) : (12) 


so 


A”y = A” [bx + (37) boxe + (=) boxs| . (13) 
Ai Ai 


If A1 > Az, A3, it therefore follows that 


lim A”y = Abi X41, (14) 


noo 


so repeated application of the matrix to an arbitrary vec- 
tor results in a vector proportional to the EIGENVECTOR 
having the largest EIGENVALUE. 


see also EIGENFUNCTION, EIGENVALUE 


References 

Arfken, G. “Eigenvectors, Eigenvalues.” §4.7 in Mathemati- 
cal Methods for Physicists, 3rd ed. Orlando, FL: Academic 
Press, pp. 229-237, 1985. 

Press, W. H.; Flannery, B. P.; Teukolsky, 5S. A.; and Vet- 
terling, W. T. “Eigensystems.” Ch. 11 in Numerical 
Recipes in FORTRAN: The Art of Scientific Computing, 
2nd ed. Cambridge, England: Cambridge University Press, 
pp. 449-489, 1992. 


Eight Curve 


A curve also known as the GERONO LEMNISCATE. It is 
given by CARTESIAN COORDINATES 


z* =a?(xz? — y’), (1) 
POLAR COORDINATES, 
r? = a’ sec’ 6cos(26), (2) 
and parametric equations 


x =asint (3) 


y = asint cost. (4) 


Eight-Point Circle Theorem 


s(t) 


kit) 
phi(t) 


t ta. 


The CURVATURE and TANGENTIAL ANGLE are 


Ke 3sint + sin(3t) 
~ feos? t + cos? (2¢)]8/2 
#(t) = — tan” *[cos¢t sec(2t)]. (6) 


see also BUTTERFLY CURVE, DUMBBELL CURVE, BIGHT 
SURFACE, PIRIFORM 
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Eight-Point Circle Theorem 


Let ABCD be a QUADRILATERAL with PERPENDICU- 
LAR DIAGONALS. The MIDPOINTS of the sides (a, }, c, 
and d) determine a PARALLELOGRAM (the VARIGNON 
PARALLELOGRAM) with sides PARALLEL to the D1Ac- 
ONALS. The eight-point circle passes through the four 
MIDPOINTS and the four feet of the PERPENDICULARS 
from the opposite sides a’, b’, c’, and d’. 


see also FEUERBACH’S THEOREM 
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The SURFACE OF REVOLUTION given by the parametric 
equations 


z(u,v) = cos usin(2v) (1) 
y(u,v) = sinusin(2v) (2) 
z(u,v) = sinu (3) 


for u € [0, 27) and v € [~w/2, 7/2]. 
see also EIGHT CURVE 
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Eikonal Equation 


» (az) = 


i=l 


Bilenberg-Mac Lane Space 

For any ABELIAN GROUP G and any NATURAL NUMBER 
n, there is a unique SPACE (up to HOMOTOPY type) 
such that all HOMOTOPY GROUPS except for the nth are 
trivial (including the Oth HoMoTOPY GROUPS, meaning 
the SPACE is path-connected), and the nth HoMoToPY 
GROUP is ISOMORPHIC to the Group G. In the case 
where n = 1, the GROUP G can be non-ABELIAN as 
well. 


Bilenberg-Mac Lane spaces have many important appli- 
cations. One of them is that every TOPOLOGICAL SPACE 
has the HOMOTOPY type of an iterated FIBRATION of 
Eilenberg-Mac Lane spaces (called a POSTNIKOV Sys- 
TEM). In addition, there is a spectral sequence relating 
the COHOMOLOGY of Ejilenberg-Mac Lane spaces to the 
HOMOTOPY GROUPS of SPHERES. 


Eilenberg-Mac Lane-Steenrod-Milnor 
Axioms 


see EILENBERG-STEENROD AXIOMS 
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Eilenberg-Steenrod Axioms 

A family of FUNCTORS H,(-) from the CATEGORY of 
pairs of TOPOLOGICAL SPACES and continuous maps, 
to the CATEGORY of ABELIAN GROUPS and group ho- 
momorphisms satisfies the Hilenberg-Steenrod axioms if 
the following conditions hold. 


1. LonG EXACT SEQUENCE OF A PAIR AXIOM. For 
every pair (X,A), there is a natural long exact se- 
quence 


... 7 H(A) > An(X) > An(X, A) 
aS : ey. ee 


where the Map H,(A) > Hn(X) is induced by the 
INCLUSION Map A - X and H,(X) > H,(X, A) is 
induced by the INCLUSION Map (X,¢) — (X, A). 
The Map H,(X,A) — Hn-i(A) is called the 
BOUNDARY Map. 


2. Homotopy Axiom. If f : (X,A) > (Y,B) is ho- 
motopic to g : (X,A) — (Y,B), then their IN- 
DUCED Maps f, : Hn(X,A) > Hnr(Y,B) and g, : 
H,,(X, A) — H,,(Y, B) are the same. 

3. Excision Axiom. If X is a SPACE with SuB- 
SPACES A and U such that the CLOSURE of A is 
contained in the interior of U, then the INCLUSION 
Map (X U, AU) —- (X, A) induces an isomorphism 
H,(X U,AU) — Hn(X, A). 

4. DIMENSION AXIOM. Let X be a single point space. 
H,(X) = 0 unless n = 0, in which case Ho(X) = G 
where G are some GROUPS. The Ho are called the 
COEFFICIENTS of the HOMOLOGY theory H(-:). 


These are the axioms for a generalized homology the- 
ory. For a cohomology theory, instead of requiring that 
H(-) be a FUNCTOR, it is required to be a co-functor 
(meaning the INDUCED Map points in the opposite di- 
rection). With that modification, the axioms are essen- 
tially the same (except that all the induced maps point 
backwards). 


see also ALEKSANDROV-CECH COHOMOLOGY 


Ein Function 


2 = pat 
Ein(z) = | (aed = Ei(z)+Inz+¥y, 
0 ; 


where + is the EULER-MASCHERONI CONSTANT and Ey 
is the E,-FUNCTION with n = 1. 


see also En-FUNCTION 


Eisenstein Integer 


Einstein Functions 


won we OH 


1 2 3 4 5 


The functions 2?e”/(e* — 1)", x/(e* — 1), In(1 — e7*), 
and z/({e” — 1) —In(1 — e7”). 
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Einstein Summation 
The implicit convention that repeated indices are 
summed over so that, for example, 


aja; = ) aja;. 
i 


Eisenstein Integer 
The numbers a + bw, where 


is one of the ROOTS of z° = 1, the others being 1 and 
w” = 3(-1-iv3). 


Bisenstein integers are members of the QUADRATIC 
FIELD Q(./—3 ), and the COMPLEX NUMBERS Z[w]. Ev- 
ery Eisenstein integer has a unique factorization. Specif- 
ically, any NONZERO Eisenstein integer is uniquely the 
product of POWERS of —1, w, and the “positive” EISEN- 
STEIN PRIMES (Conway and Guy 1996). Every Eisen- 
stein integer is within a distance |n|//3 of some multiple 
of a given Eisenstein integer n. 


Dorrie (1965) uses the alternative notation 


Ill 


3(1+iv3) (1) 


J 
O= i(1—iv3). (2) 


Il 


Ejisenstein-Jacobi Integer 


for —w? and —w, and calls numbers of the form aJ +bO 
G-NUMBERS. O and J satisfy 


J+O=1 (3) 
JO=1 (4) 
J74+0=0 (5) 
OF +7=0 (6) 
Je =-1 (7) 
oO? = -1. (8) 


The sum, difference, and products of G numbers are also 
G numbers. The norm of a G number is 


N(aJ + 6O) = a? +b? — ab. (9) 


The analog of FERMAT’S THEOREM for Eisenstein inte- 
gers is that a PRIME NUMBER p can be written in the 
form 


(0+ bu)(a+ bo*) 
IFF 3{(p+1. These are precisely the PRIMES of the form 
3m? + n? (Conway and Guy 1996). 


see also EISENSTEIN PRIME, EISENSTEIN UNIT, GAUS- 
SIAN INTEGER, INTEGER 


a —ab+0 = 
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Hisenstein-Jacobi Integer 
see EISENSTEIN INTEGER 


Eisenstein Prime 


ry 3 ¢ 
wees ie: 
oteey of, ott abe ge” 


atte 
va #3 
e 


e ini ane: be) 
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Let w be the CUBE ROOT of unity (~1+iV73)/2. Then 
the Eisenstein primes are 


1. Ordinary PRIMES CONGRUENT to 2 (mod 3), 

2. 1 —w is prime in Z[w], 

3. Any ordinary PRIME CONGRUENT to 1 (mod 3) fac- 
tors as aa*, where each of a and a”* are primes in 
Z{w}] and a and a” are not “associates” of each other 


(where associates are equivalent modulo multiplica- 
tion by an EISENSTEIN UNIT). 
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Eisenstein Series 


sf 1 
t)= ——_— 
) ey (mt +n)?r’ 


where the sum ©’ excludes m = n = 0, S[t] > 0, and r 
is an INTEGER > 2. The Eisenstein series satisfies the 
remarkable property 


at+b _ ar 
E, (5) = (ct +d)""E,(t). 


see also RAMANUJAN-EISENSTEIN SERIES 


Eisenstein Unit 
The Hisenstein units are the EISENSTEIN INTEGERS +1, 
tw, +w”, where 


w = 3(-1+iv3) 
w = £(-1-iv3). 


see also EISENSTEIN INTEGER, EISENSTEIN PRIME 
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Elastica 

The elastica formed by bent rods and considered in phys- 
ics can be generalized to curves in a RIEMANNIAN MAN- 
IFOLD which are a CRITICAL PoinT for 


P= [te +», 


where & is the GEODESIC CURVATURE of 7, 4 is a REAL 
NUMBER, and y is closed or satisfies some specified 
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boundary condition. The curvature of an elastica must 
satisfy 


0 = 2n""(s) + «°(s) + 2n(s)G(s) — AK(s), 


where « is the signed curvature of 7, G(s) is the GAUS- 
SIAN CURVATURE of the oriented Riemannian surface M 
along 7, «” is the second derivative of « with respect to 
s, and A is a constant. 
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Elation 
A perspective COLLINEATION in which the center and 
axis are incident. 


see also HOMOLOGY (GEOMETRY) 


Elder’s Theorem 

A generalization of STANLEY’S THEOREM. It states that 
the total number of occurrences of an INTEGER k among 
all unordered PARTITIONS of n is equal to the numbcr 
of occasions that a part occurs k or more times in a 
PARTITION, where a PARTITION which contains r parts 
that each occur k or more times contributes r to the 
sum in question. 


see also STANLEY’S THEOREM 
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Election 
see EARLY ELECTION RESULTS, VOTING 


Electric Motor Curve 
see DEVIL’S CURVE 


Element 

If x is a member of a set A, then z is said to be an 
element of A, written « € A. If z is not an clement of 
A, this is written z ¢ A. The term element also refers to 
a particular member of a GROUP, or entry in a MATRIX. 


Elementary Symmetric Function 


Elementary Function 

A function built up of compositions of the EXPONENTIAL 
FUNCTION and the TRIGONOMETRIC FUNCTIONS and 
their inverses by ADDITION, MULTIPLICATION, DIvI- 
SION, root extractions (the ELEMENTARY OPERATIONS) 
under repeated compositions. Not all functions are el- 
ementary. For example, the NORMAL DISTRIBUTION 
FUNCTION 


@(r) = er t"l? ae 


1 
V27 Jo 
is a notorious example of a nonelementary function. 


Nonelementary functions are called TRANSCENDENTAL 
FUNCTIONS. 

see also ALGEBRAIC FUNCTION, ELEMENTARY OPER- 
ATION, ELEMENTARY SYMMETRIC FUNCTION, TRANS- 
CENDENTAL FUNCTION 
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Elementary Matrix 
The elementary MATRICES are the PERMUTATION Ma- 
TRIX p,; and the SHEAR MATRIX ej;. 


Elementary Operation 
One of the operations of ADDITION, SUBTRACTION, 
MULTIPLICATION, DIVISION, and root extraction. 


see also ALGEBRAIC FUNCTION, ELEMENTARY FUNC- 
TION 


Elementary Symmetric Function 
The elementary symmetric functions II, on n variables 
{xi,...,2n} are defined by 


Tl = >» Li (1) 
TI, = S- Lil; (2) 


UiLjL (3) 
1<i<j<ksn 


m= > 


1<icjck<lin 


LjLjLKX (4) 


Il, 


i ee (5) 


i<i<n 


Alternatively, II; can be defined as the coefficient of 
x”? in the GENERATING FUNCTION 


II (x + 2:). (6) 


1<i<n 


Elements 


The elementary symmetric functions satisfy the relation- 
ships 


n 


Soa? =Tl;? + 2ie (7) 
i=l 
So 2° =i — 3M M2 + 31s (8) 
t=1 


Sai" = TI4 — 411,712 + 21y? + 41, Tg — 414 (9) 


tz 


(Beeler et al. 1972, Item 6). 


see also FUNDAMENTAL THEOREM OF SYMMET- 
RIC FUNCTIONS, NEWTON’S RELATIONS, SYMMETRIC 
FUNCTION 
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Elements 

The classic treatise in geometry written by Euclid and 
used as a textbook for more than 1,000 years in western 
Europe. The Elements, which went through more than 
2,000 editions and consisted of 465 propositions, are di- 
vided into 13 “books” (an archaic word for “chapters” ). 


Contents 
triangles 
2 | rectangles 
3 | Circles 
4 | polygons 
5 
6 


proportion 
similarity 
7-10 | number theory 
11 | solid geometry 
12 | pyramids 
13 | platonic solids 


The elements started with 23 definitions, five PosTu- 
LATES, and five “common notions,” and systematically 
built the rest of plane and solid geometry upon this foun- 
dation. The five EUCLID’S POSTULATES are 


1. It is possible to draw a straight LINE from any POINT 
to another POINT. 


2. It is possible to produce a finite straight LINE con- 
tinuously in a straight LINE. 


3. It is possible to describe a CIRCLE with any CENTER 
and RADIUS. 


4. All RIGHT ANGLES are equal to one another. 


5. Ifa straight LINE falling on two straight LINES makes 
the interior ANGLES on the same side less than two 
RIGHT ANGLES, the straight LINES (if extended in- 
definitely) meet on the side on which the ANGLES 
which are less than two RIGHT ANGLES lie. 
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(Dunham 1990). Euclid’s fifth postulate is known as the 
PARALLEL POSTULATE. After more than two millennia 
of study, this POSTULATE was found to be independent 
of the others. In fact, equally valid NON-EUCLIDEAN 
GEOMETRIES were found to be possible by changing the 


‘assumption of this POSTULATE. Unfortunately, Euclid’s 


postulates were not rigorously complete and left a large 
number of gaps. Hilbert needed a total of 20 postulates 
to construct a logically complete geometry. 


see also PARALLEL POSTULATE 
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Elevator Paradox 

A fact noticed by physicist G. Gamow when he had an 
office on the second floor and physicist M. Stern had 
an office on the sixth floor of a seven-story building 
(Gamow and Stern 1958, Gardner 1986). Gamow no- 
ticed that about 5/6 of the time, the first elevator to 
stop on his floor was going down, whereas about the 
same fraction of time, the first elevator to stop on the 
sixth floor was going up. This actually makes perfect 
sense, since 5 of the 6 floors 1, 3, 4, 5, 6, 7 are above the 
second, and 5 of the 6 floors 1, 2, 3, 4, 5, 7 are below the 
sixth. However, the situation takes some unexpected 
turns if more than one elevator is involved, as discussed 
by Gardner (1986). 
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Elkies Point 

Given POSITIVE numbers Sq, $5, and Sc, the Elkies point 
is the unique point Y in the interior of a TRIANGLE 
AABC such that the respective INRADII ra, rs, Te Of 
the TRIANGLES ABYC, ACY A, and AAYB satisfy ra : 
Tyo > Te = 8a: Sh: Se- 


see also CONGRUENT INCIRCLES POINT, INRADIUS 
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Ellipse 


sixe JOUIW 


directrix 


major axis 


A curve which is the Locus of all points in the PLANE 
the SuM of whose distances r1 and r2 from two fixed 
points F, and F, (the Foci) separated by a distance of 
2c is a given POSITIVE constant 2a (left figure). This re- 
sults in the two-center BIPOLAR COORDINATE equation 


T1 +72 = 2a, (1) 


where a is the SEMIMAJOR AXIS and the ORIGIN of the 
coordinate system is at one of the Foci. The ellipse 
can also be defined as the Locus of points whose dis- 
tance from the FOCUS is proportional to the horizontal 
distance from a vertical line known as the DIRECTRIX 
(right figure). 


The ellipse was first studied by Menaechmus, investi- 
gated by Euclid, and named by Apollonius. The Focus 
and DIRECTRIX of an ellipse were considered by Pap- 
pus. In 1602, Kepler believed that the orbit of Mars 
was OVAL; he later discovered that it was an ellipse with 
the Sun at one Focus. In fact, Kepler introduced the 
word “Focus” and published his discovery in 1609. In 
1705 Halley showed that the comet which is now named 
after him moved in an elliptical orbit around the Sun 
(MacTutor Archive). 


A ray passing through a Focus will pass through the 
other focus after a single bounce. Reflections not passing 
through a Focus will be tangent to a confocal HYPER- 
BOLA or ELLIPSE, depending on whether the ray passes 
between the Foc! or not. Let an ellipse lie along the 
x-AXIS and find the equation of the figure (1) where ri 
and rz are at (—c,0) and (c,0). In CARTESIAN COoR- 
DINATES, 


V (z+)? +4? + (a —c)? + y? = 2a. (2) 


Bring the second term to the right side and square both 
sides, 


(a@+e)?+y? = 4a7—4a4/(a — c)? + y2+(a—c)*+y’. (3) 

Now solve for the SQUARE ROOT term and simplify 
(c©—c)?+y? 

= -Z(@ +2¢c+¢ +y" — 4a” — 2? + 2ac—c? — y’) 


ea pen ee oS 
= qq (47° da’) =a a (4) 
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Square one final time to clear the remaining SQUARE 
Root, 


2 
c 
ge? —Qect+e? +y? =a? — 2cxn + =x". (5) 
a 
Grouping the z terms then gives 
x a? = ce 
a2 


ty=ad—e?, (6) 


which can be written in the simple form 


2 2 


y = 
ae ar (7) 


Defining a new constant 
Baa? (8) 


puts the equation in the particularly simple form 


a? 2 

we + a 5] (9) 
The parameter b is called the SEMIMINOR AXIS by anal- 
ogy with the parameter a, which is called the SEMIMA- 
JoR Axis. The fact that b as defined above is actu- 
ally the SEMIMINOR AXIS is easily shown by letting ri 
and r2 be equal. Then two RIGHT TRIANGLES are pro- 
duced, each with HYPOTENUSE a, base c, and height 
b = Va? — c?. Since the largest distance along the MI- 
NOR AXIS will be achieved at this point, 6 is indeed the 
SEMIMINOR AXIS. 


If, instead of being centered at (0, 0), the CENTER of 
the ellipse is at (x0, yo), equation (9) becomes 


+ W= wy" Ly, (10) 


As can be seen from the CARTESIAN EQUATION for the 
ellipse, the curve can also be given by a simple paramet- 
ric form analogous to that of a CIRCLE, but with the x 
and y coordinates having different scalings, 


x =acost (11) 
y = bsint. (12) 


The unit TANGENT VECTOR of the ellipse so parame- 
terized is 


asint 
zr(t) = (13) 
Je? cos? t + a? sin? t 
bcost 
yr(t) = (14) 


1/0? cos? t + a? sin? t 


A sequence of NORMAL and TANGENT VECTORS are 
plotted below for the ellipse. 


Ellipse 


a 
<—" 


an aa 
i 


curve rotated by angle ® 
For an ellipse centered at the ORIGIN but inclined at 
an arbitrary ANGLE @ to the x-AxIS, the parametric 
equations are 


x| | cos@~ sin@} | acost 

y|  |—~sin@ cos@| | bsint 
_ | acos@cost + bsin@ sint (15) 
~ | —a@sin@ cost + bcos@sint | * 


5 


In POLAR COORDINATES, the ANGLE 6’ measured from 
the center of the ellipse is called the ECCENTRIC AN- 
GLE. Writing r’ for the distance of a point from the 
ellipse center, the equation in POLAR COORDINATES is 
just given by the usual 


z=r' cos’ (16) 
y=r'sind’, (17) 


Here, the coordinates 6’ and r' are written with primes 
to distinguish them from the more common polar co- 
ordinates for an ellipse which are centered on a focus. 
Plugging the polar equations into the Cartesian equa- 
tion (9) and solving for r’? gives 


2 
oe b a? 
6? cos? 8! + a? sin? 0!” 


(18) 


Define a new constant 0 < e < 1 called the ECCENTRIC- 
ITY (where e = 0 is the case of a CIRCLE) to replace 
b 


e=4/1- s, (19) 
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from which ‘it ‘also. follows from (8) that 


ae? =a? P=? (20) 
c= ae (21) 
b? = a*(1 — e?). (22) 


Therefore (18) can be written as 


2 a?(1 ~ e?) 
1 — e? cos? 6’ 


' 1 — e? 
PO TT ete” (24) 


r’ = a{1— ie’ sin? 6’ — Le*[5 4+ 3cos(26')| sin? 6’ +...}, 
(25) 


(23) 


Ife <1, then 


so 


w Le? sin’ @’. (26) 


=a(l-e) 


If r and @ are measured from a FOCUS instead of from 
the center, as they commonly are in orbital mechanics, 
then the equations of the ellipse are 


g=c+rcosé (27) 
y=rsin8, (28) 


and (9) becomes 


(c+rcos0)* sin? 
a? * b? 7 


I, (29) 
Clearing the DENOMINATORS gives 
b?(c? + 2er cos @ + r* cos* 6) + a?r? sin? @ = a7b? (30) 
? cos” 6 = ab. 
(31) 
Plugging in (21) and (22) to re-express b and c in terms 
of a and e, 


b?c? +2rcb? cos O+b7r? cos” +a7r? —a?r 


a?(1—e7)a7e? + 2aea?(1 — e”)r cos @+.a7(1—e?)r? cos? 6 


+a?r? — a?r? cos? @ = a*[a?(1 — e*)]. (32) 
Simplifying, 
—r” + [ercos@ — a(i — e?)]? =0 (33) 


r = +lercos@ — a(i— e”)]. (34) 


The sign can be determined by requiring that r must be 
POSITIVE. When e = 0, (34) becomes r = +(-a), but 
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since a is always POSITIVE, we must take the NEGATIVE 
sign, so (34) becomes 


r = a(1—e*) — ercos8 (35) 

r(1+ecos8) = a(1 — e”) (36) 
_ a(1-e’) 4 

"= Ttecosé (37) 


The distance from a FOCUS to a point with horizontal 
coordinate x is found from 


c+az 


cos 6 = (38) 

Plugging this into (37) yields 
r+e(c+zxz) =a(1—e’) (39) 
r=a(1—e?)—e(c+2). (40) 


Summarizing relationships among the parameters char- 
acterizing an ellipsé, 


b=aV1—e? = Va? — 0? (41) 
c= Va? — b? = ae (42) 
bc 


The ECCENTRICITY can therefore be interpreted as the 
position of the Focus as a fraction of the SEMIMAJOR 
AXIS. 


In PEDAL COORDINATES with the PEDAL POINT at the 
Focus, the equation of the ellipse is 


Be ere eae (44) 


To find the RADIUS OF CURVATURE, return to the para- 
metric coordinates centered at the center of the ellipse 
and compute the first and second derivatives, 


x’ = —asint (45) 
y' = beost (46) 
"= —acost (47) 
y = —bsint. (48) 
Therefore, 
ao (2” oe i 


zy!" 7 ay! 
(a? sin? ¢ + B? cos? t)°/? 
~asint(—bsint) — (acost)(bcost) 
(a? sin? t + b? cos? t)3/? 
ab(sin? t + cos? t) 
_ (a? sin? t + 8? cos? t)?/? 
7 ab : 


(49) 


Ellipse 


Similarly, the unit TANGENT VECTOR is given by 


~ —asint 1 
T= : (50) 
bcost ! Ja? sin? t + b? cos? t 


The Arc LENGTH of the ellipse can be computed using 


a=] vay ya at= | a? cos? t + 6? sin? t dt 
b2 
=a (1 — sin? t) + =5 sin? t de 
b2 
=a 1-—(1--— } sin’ edt 
a 


= af 1 — e? sin? tdt = aE(t,e), (51) 


where F is an incomplete ELLIPTIC INTEGRAL OF THE 
SECOND KIND. Again, note that ¢ is a parameter which 
does not have a direct interpretation in terms of an AN- 
GLE. However, the relationship between the polar angle 
from the ellipse center @ and the parameter t follows 
from 


@=tan! (2) = tan! (2 tant) : (52) 


2 2 3 4 5 6 
This function is illustrated above with @ shown as the 
solid curve and ¢ as the dashed, with b/a = 0.6. Care 
must be taken to make sure that the correct branch 
of the INVERSE TANGENT function is used. As can be 
seen, 9 weaves back and forth around ¢, with crossings 
occurring at multiples of 1/2. 


¢ 
k(2) 
phi(t) 


tC t 
The CURVATURE and TANGENTIAL ANGLE of the ellipse 
are given by 


ab 
= 53 
(b? cos? t + a? sin? t)3/2 ee) 
¢=-—tan* (- cos t) : (54) 
a 
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The entire PERIMETER p of the ellipse is given by setting 
t = 2x (corresponding to 9 = 27), which is equivalent to 
four times the length of one of the ellipse’s QUADRANTS, 


p = aE (2z,e) = 4aE ($7, e) = 4aE(e), (55) 


where E(e) is a complete ELLIPTIC INTEGRAL OF THE 
SECOND KIND with MopuLus k. The PERIMETER 
can be computed numerically by the rapidly converg- 
ing GAUSS-KUMMER SERIES 


p=n(a+b) >> (;) nr 


n=0 


=n(atb)(1+ th? + Ah* + sere t+...), (56) 


where 
_a—b 


=i (57) 


and (2) is a BINOMIAL COEFFICIENT. Approximations 
to the PERIMETER include 


p & my/2(a? +b?) (58) 
a m[3(a + b) — \/(a + 3b)(3a + b)] (59) 


3t 
ss w(a +b) (: + PUN esac — , (60) 


where the last two are due to Ramanujan (1913-14), 


t= ., (61) 


and (60) is accurate to within ~ 3.27*7t°. 


The maximum and minimum distances from the Focus 
are called the APOAPSIS and PERIAPSIS, and are given 
by 


re = Tapoapsis — a(1 + e) (62) 
r_ = periapsis = a(1 — e). (63) 


The AREA of an ellipse may be found by direct INTE- 
GRATION 


a by a2-—2?2/a a 2b 
A= . | dy dz = 1 _ 
-—a —by/a2—2?/a —a a 
= cad ie ava? — 22 +a’ sin! aa 
a |2 jal as, 


= ab[sin™* 1 — sin~'(—1)] = ab [5 - (5) = mab. 
(64) 


a — 2? dx 


The AREA can also be computed more simply by making 
the change of coordinates x’ = (b/a)z and y’ = y from 
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the elliptical region R to the new region R’. Then the 
equation becomes 


1 2 12 
2 (F2') ra aes (65) 


or 2’? +7’ =”, so R’ is a CIRCLE of Rapius 8. Since 


Oz dx’ \~* b\71 a 
Ox! ( Oz ) (z) ~ 5? (66) 


the JACOBIAN is 


3 i 
Sev), | = get get ac |e 8) (67) 
a(2",y’) dz oe 0 1 b° 
yf y 


The AREA is therefore 
Jf aeau= ff | BSR | a0! ay 
R RI 
= ff dz'dy' = 5 (nb?) = rab, (68) 


as before. The AREA of an arbitrary ellipse given by the 
QUADRATIC EQUATION 


ax* + bey +cy? =1 (69) 
is 9 
T 
A= ————. 70 
Vv 4ac — 6? ce 


The AREA of an ELLIPSE with semiaxes a and 6 with 
respect to a PEDAL POINT P is 


A= in(a? +b? + |OP|’). (71) 


The ellipse INSCRIBED in a given TRIANGLE and tangent 
at its MIDPOINTS is called the MIDPOINT ELLIPSE. The 
Locus of the centers of the ellipses INSCRIBED in a TRI- 
ANGLE is the interior of the MEDIAL TRIANGLE. New- 
ton gave the solution to inscribing an ellipse in a convex 
QUADRILATERAL (Dérrie 1965, p. 217). The centers of 
the ellipses INSCRIBED in a QUADRILATERAL all lie on 
the straight line segment joining the MIDPOINTS of the 
DIAGONALS (Chakerian 1979, pp. 136-139). 


The AREA of an ellipse with BARYCENTRIC COORDI- 
NATES (a, 3,y) INSCRIBED in a TRIANGLE of unit AREA 


is 
A = w/(1 — 2a)(1 — 28)(1 — 24). (72) 
(Chakerian 1979, pp. 142-145). 


The Locus of the apex of a variable CONE containing 
an ellipse fixed in 3-space is a HYPERBOLA through the 
Foci of the ellipse. In addition, the Locus of the apex 
of a CONE containing that HyPERBOLA is the original 
ellipse. Furthermore, the ECCENTRICITIES of the ellipse 
and HYPERBOLA are reciprocals. The Locus of centers 
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of a PAPPUS CHAIN of CIRCLES is an ellipse. Surpris- 
ingly, the locus of the end of a garage door mounted 
on rollers along a vertical track but extending beyond 
the track is a quadrant of an ellipse (the envelopes of 
positions is an ASTROID). 


see also CIRCLE, CONIC SECTION, ECCENTRIC 
ANOMALY, ECCENTRICITY, ELLIPTIC CONE, ELLIP- 
TIC CURVE, ELLIPTIC CYLINDER, HYPERBOLA, MIpD- 
POINT ELLIPSE, PARABOLA, PARABOLOID, QUADRATIC 
CURVE, REFLECTION PROPERTY, SALMON’S THEOREM, 
STEINER’S ELLIPSE 
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Ellipse Caustic Curve 
For an ELLIPSE given by 
x=rcost (1) 
y = sint (2) 
with light source at (7,0), the CAUSTIC is 
Na 


c= 5, (3) 
Ny 
ye (4) 


where 


Nz = 2ra(3 — 5r?) + (—6r? + 6r* — 3x? + Or? x?) cost 
+ 6ra(1—r”) cos(2t) 


+ (—2r? + ar4* — 2? — r?2”) cos(3t) (5) 
Dz = 2r(1 + 2r7 4+ 4x”) + 3x(1 — 5r?) cost 

+ (6r + 6r°) cos(2¢) + (1 — r”) cos(3t) (6) 
Ny = 8r(-1+1r° —27)sin*t (7) 


Dy = 2r(—1— 1? — 4x”) + 3(—2 + 5r”) cost 
+ 6r(1 — r”) cos(2t) + x(—1+ 7”) cos(3t). (8) 


Ellipse Envelope 


At (co, 0), 
ea 28 t[-1 + 5r? — cos(2t)(1 + r?)] (9) 
4r 
y= sin’ ¢. (10) 


+ 


c (1 ~c)? ap i) 


for c € [0,1]. The PARTIAL DERIVATIVE with respect to 
c is 


22? 2y? 
me he eet ete) 2 
3 - (1 ~ c)§ (2) 
x? y? 
—--—~ — = 0. 3 
ce (1-c)8 (3) 
Combining (1) and (3) gives the set of equations 
a a-gt | [2 1 
1 er | 240 0 (4) 
ms Ga-ast LY 


1 | @eat 
x| 3"): (5) 


where the DISCRIMINANT is 


1 1 1 
e(l—c® Ad—c?  (—c)’ (6) 


Ellipse Evolute 


x? 3 
= : 7 
F]= [a Zor] 
Eliminating c then gives 


2/3 4y7/% & 1, (8) 


which is the equation of the ASTROID. If the curve is 
instead represented parametrically, then 


so (5) becomes 


z= ccost (9) 
y = (1—c)sin¢. (10) 
Solving 
bx dy _ ax dy 
Ot Oc Oe Ot 
= (—csint)(— sin t) — (cost)[(1 — c) cos¢] 
= ¢(sin? t + cos” t) — cos?t =c—cos’t=0 (11) 
for c gives 
c = cos’ t, (12) 
so substituting this back into (9) and (10) gives 
x == (cos t) cost = cos*t (13) 
y=(l- cos” t)sint = sin*t, (14) 


the parametric equations of the ASTROID. 
see also ASTROID, ELLIPSE, ENVELOPE 


Ellipse Evolute 


The EVOLUTE of an ELLIPSE is given by the parametric 
equations 
2_ 72 
b 
cos* t (1) 


b? — a? 


y= sin’ t, (2) 


which can be combined and written 
(az)/* + (by)?! 

= [(a? — 8?) cos® t}?/* + [(6? — a?) sin’ 4]?/° 
= (a? —b?)?/3(sin? t+ cos? t) = (a? —b?)?/9 = c*/3, (3) 
which is a stretched ASTROID called the LAME CURVE. 
From a point inside the EVOLUTE, four NORMALS can 
be drawn to the ellipse, but from a point outside, only 
two NORMALS can be drawn. 
see also ASTROID, ELLIPSE, EVOLUTE, LAME CURVE 
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Ellipse Involute 


From ELLIPSE, the TANGENT VECTOR is 


T= he , (1) 


bcost 


and the ARC LENGTH is 
sma / 1 — e? sin? tdt = aE(t,e), (2) 


where E(t,e) is an incomplete ELLIPTIC INTEGRAL OF 
THE SECOND KIND. Therefore, 


“ acost —asint 
eee pas, = BENE €) bcost (3) 
_ | a{cost + aeE(t, e) sint} (4) 
~ | b{sint — aeE(t, e) cost}. 


Ellipse Pedal Curve 
The pedal curve of an ellipse with a FOCUS as the PEDAL 
POINT is a CIRCLE. 


Ellipsoid 


A QUADRATIC SURFACE which is given in CARTESIAN 
COORDINATES by 


z 
wtp eos (1) 


where the semi-axes are of lengths a, b, and c. In SPHER- 
ICAL COORDINATES, this becomes 


r? cos? 6 sin? " r? sin? @ sin? & = r? cos? _ 


a Bi a 1. (2) 
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The parametric equations are 


x =acos@sing (3) 
y = bsin@sin (4) 
z=ccos¢. (5) 


The SURFACE AREA (Bowman 1961, pp. 31-32) is 


2b 
Va? — c? 


where E(@) isa COMPLETE ELLIPTIC INTEGRAL OF THE 
SECOND KIND, 


S =n + [((a? — c?)E(@) +76], (6) 


ea’ = o- a (7) 
eo? = = (8) 
k= oa (9) 
and @ is given by inverting the expression 
e; = sn(6,k), (10) 


where sn(@,k) is a JACOBI ELLIPTIC FUNCTION. The 
VOLUME of an ellipsoid is 


V = $nabe. (11) 


If two axes are the same, the figure is called a SPHEROID 
(depending on whether c < a or c > a, an OBLATE 
SPHEROID or PROLATE SPHEROID, respectively), and if 
all three are the same, it is a SPHERE. 


A different parameterization of the ellipsoid is the so- 
called stereographic ellipsoid, given by the parametric 
equations 


_ a(l—u? — v?) 


ae) Taper ny 
(we) = oS (13) 
(a4) 


A third parameterization is the Mercator parameteriza~- 
tion 
z(u,v) = asechvcosu (15) 
y(u,v) = bsechusinu (16) 
z(u,v) = ctanhv (17) 


Ellipsoid Geodesic 


(Gray 1993). 


The SUPPORT FUNCTION of the ellipsoid is 


x? y 2 —1/2 
h= (% + Be + a " (18) 


and the GAUSSIAN CURVATURE is 


hi 
~ 42b2c2 (19) 


(Gray 1993, p. 296). 


see also CONVEX OPTIMIZATION THEORY, OBLATE 
SPHEROID, PROLATE SPHEROID, SPHERE, SPHEROID 
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Ellipsoid Geodesic 
An ELLIPSOID can be specified parametrically by 


xZ = acosusiny (1) 
y = bsinusinv (2) 
Zz = ccosv. (3) 


The GEODESIC parameters are then 


P = sin’ v(b? cos’ u + a’ sin” u) (4) 
Q = 4 (b” — a”) sin(2u) sin(2v) (5) 


R = cos? v(a" cos? u+b’sin* u)+c'sin?v. (6) 


When the coordinates of a point are on the QUADRIC 


e |, 


2 2 
y z . 
oe ea (7) 


and expressed in terms of the parameters p and q of the 
confocal quadrics passing through that point (in other 
words, having a+p, b+ p,c+p, anda+q,b+q,c+q for 
the squares of their semimajor axes), then the equation 
of a GEODESIC can be expressed in the form 


qdq 
Vaart a)(b+q)(c+9)(8+49) 

ee = ee , (8) 
p(a + p)(b+ p)(c + p)(6 +p) 


Ellipsoidal Calculus 


with @ an arbitrary constant, and the ARC LENGTH el- 
ement ds is given by 


_248 - dq 
Pq q{a + q)(b+ q)(c+4)(0 +4) 


dp 


* oer perpermeED 


where upper and lower signs are taken together. 


see also OBLATE SPHEROID GEODESIC, SPHERE GEO- 
DESIC 


(9) 
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Ellipsoidal Calculus 

Ellipsoidal calculus is a method for solving problems 
in control and estimation theory having unknown but 
bounded errors in terms of sets of approximating 
ellipsoidal-value functions. Ellipsoidal calculus has been 
especially useful in the study of LINEAR PROGRAMMING. 
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Ellipsoidal Coordinates 
see CONFOCAL ELLIPSOIDAL COORDINATES 


Ellipsoidal Harmonic 


see ELLIPSOIDAL HARMONIC OF THE FIRST KIND, EL- 
LIPSOIDAL HARMONIC OF THE SECOND KIND 


Ellipsoidal Harmonic of the First Kind 

The first solution to LAME’S DIFFERENTIAL EQUATION, 
denoted E7’(x) for m = 1, ..., 27+ 1. They are also 
called LAME FUNCTIONS. The product of two ellipsoidal 
harmonics of the first kind is a SPHERICAL HARMONIC. 
Whittaker and Watson (1990, pp. 536-537) write 


2 2 2 
0,=—— y ite 1 
a a? + Op Babs OHO; (1) 
TI(Q) = Q102--- Om, (2) 


and give various types of ellipsoidal harmonics and their 
highest degree terms as 


1. T1(Q) : 2m 

. zIi(O), yll(O), z11(@) : 2m+1 

. yzil(Q), zxII(O), ryli(O) : 2m+ 2 
. eyzil(O) : 2m + 3. 


me © WN 
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A Lamé function of degree n may be expressed as 
(9+a7)3(44+07)7(0+7) [[(@-4), (3) 
p=1 


where «; = 0 or 1/2, 6; are REAL and unequal to each 
other and to —a?, ~b?, and —c?, and 


in=m+nh1t+ Ket ks. (4) 


Byerly (1959) uses the RECURRENCE RELATIONS to ex- 
plicitly compute some ellipsoidal harmonics, which he 
denotes by K(x), L(x), M(x), and N(z), 


Ko(x) =1 
Lo(x) = 0 
Mo(x) = 0 
No(x) = 0 
Ki(z)=2 


Li(2) = Vx? — 8? 
My (a) = V2? — 2 
Ni(z) = 0 
KP (2) = a? — 2[b? +c? — J (8? + 02)? — 3b7c? | 
KP? (x) = 2? — 2B? 40? + \/(6? +c)? — 3870? | 
L2(z) = ax? — b2 
M2(x) = xx? — c? 
No(x) = »/ (a? — b?)(x? — c?) 
K?* (2) = 2* — 12[2(b? + c”) 
— 1/4(b? + c?)? — 15b2c? | 
K3? (2) = 2° — 32[2(b’ +c’) 
+ 4/4(b? + c?)? — 15b2c? ] 
L? (x) = o/x? — b? (a? — 2 (0? + 2c? 
— 4/(b? + 2c?)? — 5b?c? )] 
L? (x) = /x? — b?[x? — 2(b? + 2c? 
+ \/(b? + 2c2)? — 5b2c? J} 
M# (2) = V2? — lw? — 2(207 + 2? 
— 1/(2b? + c?)? — 5b?c? )} 
M2 (a) = \/2? — 2[2? - 2 (20? +. 
(26? + c?)? — 5b2c? )] 
(2? — B)(a? — ce) 


M3*(2) = 2 


see also ELLIPSOIDAL HARMONIC OF THE SECOND 
KIND, STIELTJES’ THEOREM 
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Ellipsoidal Harmonic of the Second Kind 
Given by 


FP, (x) = (2m + 1) BP, (2) 


= dx 
. | (a? — 8)(a? — 2)[BR (a)? 


Elliptic Alpha Function 

Elliptic alpha functions relate the complete ELLIPTIC 
INTEGRALS OF THE First K(k,) and SECOND KINDS 
E(k,) at ELLIPTIC INTEGRAL SINGULAR VALUES k, ac- 
cording to 


_ E'(ky) _ 7 
0) = KE) ~ AKGP 
_ os E(ky) Vr 
= aikteye t Y~ KC) (2) 
nt — 4/7 qe Ta) 
7 93*(q) ; ©) 


where ¥3(q) is a THETA FUNCTION and 


ky = r*(r) (4) 
oer (5) 
and A*(r) is the ELLIPTIC LAMBDA FUNCTION. The 


elliptic alpha function is related to the ELLIPTIC DELTA 
FUNCTION by 


a(r) = 3[vVr — 6(r)]. (6) 
It satisfies 
a(4r) = (1+ kp)’a(r) — 2Vr ke, (7) 


and has the limit 


lim [a(r) - =] x8 (vr- =) enews (8) 


TOO 


(Borwein et al. 1989). A few specific values (Borwein 
and Borwein 1987, p. 172) are 


Ellipsoidal Harmonic of the Second Kind 


Elliptic Alpha Function 


a(3) = $(v3 — 1) 

a(4) = 2(v2 ~ 1)? 

a(5) = 3(V5 — V/2v5 — 2) 

a(6) = 5V6 + 6V3 — 8V2—-11 

a(7) = 3(V7 — 2) 

a(8) = 2(10 + 7V2)(1 — J/ Va - 2)? 

a(9) = 3[3 — 3°/4 V2 (V3 ~ 1)] 
a(10) = —103 + 72V2 — 46V/5 + 33/10 
a(12) = 264 + 154V3 — 1882 — 108V6 
a(13) = 1(V13 — 1/ 74V/13 — 258) 
a(15) = 3(V15 — V5 — 1) 


4(/8 — 1) 


a(18) = —3057 + 2163/2 + 176473 — 1248V6 
a(22) = —12479 — 8824/2 + 3762V11 + 266122 
a(25) = §[1 — 25'/4(7 — 3V5)] 
a(27) = 3[3(V3 +1) — 27/7] 
a(30) = 2{V30 - (24+ V5)?(3 + V10)? 
x (-6 — 5V2 — 3V5 — 2V10 + V6V/57 + 40V2) 
x [56 + 38V2 + V30(2 + V5 )(3 + V/10)}} 


a(37) = 3[V37 — (171 — 2537) V37 — 6) 
a(49)= 


a(16) = 


— 4/7[V2 73/4(33011 + 12477V7 ) — 21(9567 + 3616V7 )] 


a(46) = 1[V46 + (18 + 13V2 + +/ 661 + 468V2)? 

x (18 + 13V2 — 324/147 + 104/23 + +/661 + 4682) 

x (200 + 14V2 + 26723 + 1846 + V46+/ 661 + 4682 )] 
a(58) = [2(/29 + 5)]°(99-/29 — 444)(99\/2 — 70 — 13/29) 

= 3(—40768961 + 288280082 — 757060629 
+ 535322758) 
8[2(/8 — 1) — (24/4 — 1)*] 
(V/ v2 +1 + 25/8)4 


a(64) = 


J. Borwein has written an ALGORITHM which uses lat- 
tice basis reduction to provide algebraic values for a(n). 


see also ELLIPTIC INTEGRAL OF THE FIRST KIND, EL- 
LIPTIC INTEGRAL OF THE SECOND KIND, ELLIPTIC IN- 
TEGRAL SINGULAR VALUE, ELLIPTIC LAMBDA FUNC- 
TION 
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Elliptic Cone 
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Elliptic Cone 


— 


A CONE with ELLIPTICAL CROSS-SECTION. The para- 
metric equations for an elliptic cone of height h, SEMI- 
MAJOR AXIS a, and SEMIMINOR AXIS b are 


x = (h— z)acos@ 
y = (h— z)bsin@ 
z=2, 


where @ € (0, 27) and z € (0, A]. 


see also CONE, ELLIPTIC CYLINDER, 
PARABOLOID, HYPERBOLIC PARABOLOID 


ELLIPTIC 


References 

Fischer, G. (Ed.). Plate 68 in Mathematische Mod- 
elle/Mathematical Models, Bildband/Photograph Volume. 
Braunschweig, Germany: Vieweg, p. 63, 1986. 


Elliptic Cone Point 
see ISOLATED SINGULARITY 


Elliptic Curve 

Informally, an elliptic curve is a type of CUBIC CURVE 
whose solutions are confined to a region of space which 
is topologically equivalent to a Torus. Formally, an 
elliptic curve over a FIELD K is a nonsingular CUBIC 
CURVE in two variables, f(X,¥Y) = 0, with a K-rational 
point (which may be a point at infinity). The FIELD 
K is usually taken to be the COMPLEX NUMBERS C, 
REALS R, RATIONALS Q, algebraic extensions of Q, p- 
ADIC NuMBERS Q,, or a FINITE FIELD. 


By an appropriate change of variables, a general elliptic 
curve over a FIELD of CHARACTERISTIC # 2,3 


Az? + Ba?y + Cay’? + Dy? + Ex’ 
+Faey+Gy?+Hr+Iy+J=0, (1) 


where A, B,... 
the form 


, are elements of K, can be written in 


y =x? +ar+b, (2) 


where the right side of (2) has no repeated factors. If K 
has CHARACTERISTIC three, then the best that can be 
done is to transform the curve into 


yourt+azr?+br+e (3) 
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(the x? term cannot be eliminated). If K has CHaAR- 
ACTERISTIC two, then the situation is even worse. A 
general form into which an elliptic curve over any K 
can be transformed is called the WEIERSTRAB FORM, 
and is given by 


y t+ay=2°+br? +cry+dzrte, (4) 


where a, 6, c, d, and e are elements of K. Luckily, Q, 
R, and C all have CHARACTERISTIC zero. 


Whereas CONIC SECTIONS can be parameterized by the 
rational functions, elliptic curves cannot. The simplest 
parameterization functions are ELLIPTIC FUNCTIONS. 
ABELIAN VARIETIES can be viewed as generalizations 
of elliptic curves. 


If the underlying FIELD of an elliptic curve is algebraic- 
ally closed, then a straight line cuts an elliptic curve at 
three points (counting multiple roots at points of tan- 
gency). If two are known, it is possible to compute the 
third. If two of the intersection points are K-RATIONAL, 
then so is the third. Let (z1,y1) and (r2,y2) be two 
points on an elliptic curve EB with DISCRIMINANT 


Ag = —16(4a° + 276”) (5) 


satisfying 
Az £0. (6) 


A related quantity known as the j-INVARIANT of E is 
defined as 


283343 
(E) = >. 
HE) = Tsp aTe (7) 
Now define 
= for 21 # z2 
Ne sete ai, (8) 
TT for x1 = x2. 
Then the coordinates of the third point are 
23 =? —21—22 (9) 
ys = A(tvs — 21) + 1. (10) 


For elliptic curves over Q, Mordell proved that there are 
a finite number of integral solutions. The MORDELL- 
WEIL THEOREM says that the GROUP of RATIONAL 


528 Elliptic Curve 


POINTS of an elliptic curve over Q is finitely generated. 
Let the Roots of y? be ri, r2, and r3. The discriminant 
is then 


A =k(ri — r2)?(ri — r3)?(r2 — 3)". (11) 


The amazing TANIYAMA-SHIMURA CONJECTURE states 
that all rational elliptic curves are also modular. This 
fact is far from obvious, and despite the fact that the 
conjecture was proposed in 1955, it was not proved until 
1995. Even so, Wiles’ proof surprised most mathemati- 
cians, who had believed the conjecture unassailable. As 
a side benefit, Wiles’ proof of the TANIYAMA-SHIMURA 
CONJECTURE also laid to rest the famous and thorny 
problem which had baffled mathematicians for hundreds 
of years, FERMAT’S LAST THEOREM. 


Curves with small CONDUCTORS are listed in Swinner- 
ton-Dyer (1975) and Cremona (1997). Methods for com- 
puting integral points (points with integral coordinates) 
are given in Gebel ef al. and Stroeker and Tzanakis 
(1994). 


see also ELLIPTIC CURVE GROUP LAW, FER- 
MAT’S LAST THEOREM, FREY CURVE, j-INVARIANT, 
MINIMAL DISCRIMINANT, MORDELL-WEIL THEOREM, 
OCHOA CURVE, RIBET’S THEOREM, SIEGEL’S THE- 
OREM, SWINNERTON-DYER CONJECTURE, TANIYAMA- 
SHIMURA CONJECTURE, WEIERSTRA8 FORM 
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Elliptic Curve Group Law 
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Elliptic Curve Factorization Method 

A factorization method, abbreviated ECM, which com- 
putes a large multiple of a point on a random ELLIPTIC 
CURVE modulo the number to be factored N. It tends 
to be faster than the POLLARD p FACTORIZATION and 
POLLARD p— 1 FACTORIZATION METHOD. 


see also ATKIN-GOLDWASSER-KILIAN-MORAIN CER- 
TIFICATE, ELLIPTIC CURVE PRIMALITY PROVING, EL- 
LIPTIC PSEUDOPRIME 
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Elliptic Curve Group Law 
The Group of an ELLIPTIC CURVE which has been 
transformed to the form 


y=attart+b 


is the set of K-RATIONAL POINTS, including the single 
POINT AT INFINITY. The group law (addition) is de- 
fined as follows: Take 2 K-RATIONAL POINTS P and Q. 
Now ‘draw’ a straight line through them and compute 
the third point of intersection R (also a K-RATIONAL 
PoINT). Then 

P+Q+R=0 


gives the identity point at infinity. Now find the inverse 
of R, which can be done by setting R = (a,b) giving 
—R = (a, —8). 


This remarkable result is only a special case of a more 
general procedure. Essentially, the reason is that this 


Elliptic Curve Primality Proving 


type of ELLIPTIC CURVE has a single point at infinity 
which is an inflection point (the line at infinity meets 
the curve at a single point at infinity, so it must be an 
intersection of multiplicity three). 


Elliptic Curve Primality Proving 

A class of algorithm, abbreviated ECPP, which provides 
certificates of primality using sophisticated results from 
the theory of ELLIPTIC CURVES. A detailed description 
and list of references are given by Atkin and Morain 


(1990, 1993). 


Adleman and Huang (1987) designed an independent 
algorithm using elliptic curves of genus two. 


see also ATKIN-GOLDWASSER-KILIAN-MORAIN CER- 
TIFICATE, ELLIPTIC CURVE FACTORIZATION METHOD, 
ELLIPTIC PSEUDOPRIME 


References 

Adleman, L. M. and Huang, M. A. “Recognizing Primes in 
Random Polynomial Time.” In Proc. 19th STOC, New 
York City, May 25-27, 1986. New York: ACM Press, 
pp. 462-469, 1987. 

Atkin, A. O. L. Lecture notes of a conference, Boulder, CO, 
Aug. 1986. 

Atkin, A. O. L. and Morain, F. “Elliptic Curves and Primal- 
ity Proving.” Res. Rep. 1256, INRIA, June 1990. 

Atkin, A. O. L. and Morain, F. “Elliptic Curves and Primal- 
ity Proving.” Math. Comput. 61, 29-68, 1993. 

Bosma, W. “Primality Testing Using Elliptic Curves.” 
Techn. Rep. 85-12, Math. Inst., Univ. Amsterdam, 1985. 
Chudnovsky, D. V. and Chudnovsky, G. V. “Sequences of 
Numbers Generated by Addition in Formal Groups and 
New Primality and Factorization Tests.” Res. Rep. RC 

11262, IBM, Yorktown Heights, NY, 1985. 

Cohen, H. Cryptographie, factorisation et primalité: 
Vutilisation des courbes elliptiques. Paris: C. R. J. Soc. 
Math. France, Jan. 1987. 

Kaltofen, E.; Valente, R.; and Yui, N. “An Improved Las 
Vegas Primality Test.” Res. Rep. 89-12, Rensselaer Poly- 
technic Inst., Troy, NY, May 1989. 


Elliptic Cylinder 


i 


AU 


at 
EY 
ty 


AX 


N 


A CYLINDER with ELLIPTICAL CROSS-SECTION. The 
parametric equations for an elliptic cylinder of height h, 
SEMIMAJOR AXIS a, and SEMIMINOR AXIS b are 


a2 =acos@ 
y = bsin®@ 
ZZ; 
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where 6 € [0, 27) and z € [0, A]. 
see also CONE, CYLINDER, ELLIPTIC CONE, ELLIPTIC 


PARABOLOID 


Elliptic Cylindrical Coordinates 


4 v=372 


The v coordinates are the asymptotic angle of confocal 
PARABOLA segments symmetrical about the x axis. The 
u coordinates are confocal ELLIPSES centered on the ori- 


gin. 


x = acoshu cosy (1) 
y = asinh usin v (2) 
z2=2, (3) 


where u € [0, 00), v € (0,27), and z € (—00, 00). They 
are related to CARTESIAN COORDINATES by 


2 2 


c ¥ 
a2cosh?u a? sinh? u (4) 
2 2 
 — ED = 1. (5) 
a*cos?v = a? sin* v 


The SCALE FACTORS are 


hy = av cosh? usin? v + sinh? ucos? v (6) 


= af es — cos(2v) (7) 
2 
= aV sinh? u + sin? v (8) 
hg = av sinh? usin? vy + sinh? wcos? v (9) 
= a one — cos(2v) (10) 
2 
= av sinh? u + sin? v (11) 
h3 = 1. (12) 


The LAPLACIAN is 


2 2 2 
i (ss + Se) + ge 0) 


a?(sinh? u+sin?v) \ Ou? — Gv? 
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Let 
qi = coshu (14) 
q2 = cosv (15) 
q3 = z. (16) 


Then the new SCALE FACTORS are 


hg =a pr ac (17) 
qi? — q2? 

hao =a er on (18) 

hg 1: (19) 


The HELMHOLTZ DIFFERENTIAL EQUATION is SEPARA- 
BLE. 


see also CYLINDRICAL COORDINATES, HELMHOLTZ DIF- 
FERENTIAL EQUATION-—-ELLIPTIC CYLINDRICAL Co- 
ORDINATES 
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Elliptic Delta Function 


6(r) = Vr — 2a(r), 
where a is the ELLIPTIC ALPHA FUNCTION. 


see also ELLIPTIC ALPHA FUNCTION, ELLIPTIC INTE- 
GRAL SINGULAR VALUE 


References 
Borwein, J. M. and Borwein, P. B. Pi & the AGM: A Study in 
Analytic Number Theory and Computational Complezity. 
New York: Wiley, 1987. 
@ Weisstein, E. W. “Elliptic Singular Values.” http://www. 
astro.virginia. edu/~eww6n/math/notebooks/Elliptic 
Singular.m. 


Elliptic Exponential Function 
The inverse of the ELLIPTIC LOGARITHM 


eln (x 


ye fe dt 
Jd, VE + at? + bt 


It is doubly periodic in the COMPLEX PLANE. 


Elliptic Fixed Point (Differential Equations) 
A FIXED POINT for which the STABILITY MATRIX is 
purely IMAGINARY, A+ = +iw (for w > 0). 

see also DIFFERENTIAL EQUATION, FIXED POINT, Hy- 
PERBOLIC FIXED POINT (DIFFERENTIAL EQUATIONS), 
PARABOLIC FIXED POINT, STABLE IMPROPER NODE, 
STABLE NODE, STABLE SPIRAL POINT, STABLE STAR, 
UNSTABLE IMPROPER NODE, UNSTABLE NODE, UNSTA- 
BLE SPIRAL POINT, UNSTABLE STAR 
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Elliptic Function 


Elliptic Fixed Point (Map) 
A FIXED POINT of a LINEAR TRANSFORMATION (MAP) 
for which the rescaled variables satisfy 


(5 — a)? + 487 < 0. 


see also HYPERBOLIC FIXED Point (MAP), LINEAR 
TRANSFORMATION, PARABOLIC FIXED POINT 


Elliptic Function 
A doubly periodic function with periods 2w; and 2we 
such that 


f(z + 2un) = f(z + 2wa) = f(z), (1) 


which is ANALYTIC and has no singularities except for 
POLES in the finite part of the COMPLEX PLANE. The 
ratio w;/w2 must not be purely real. If this ratio is real, 
the function reduces to a singly periodic function if it is 
rational and a constant if the ratio is irrational (Jacobi, 
1835). wi and we are labeled such that S(w2/wi) > 0. A 
“cell” of an elliptic function is defined as a parallelogram 
region in the COMPLEX PLANE in which the function is 
not multi-valued. Properties obeyed by elliptic functions 
include 


1. The number of POLEs in a cell is finite. 
2. The number of ROOTS in a cell is finite. 
3. The sum of RESIDUES in any cell is 0. 
4 


. LIOUVILLE’S ELLIPTIC FUNCTION THEOREM: An el- 
liptic function with no POLES in a cell is a constant. 


5. The number of zeros of f(z) —c (the “order”) equals 
the number of POLES of f(z). 


6. The simplest elliptic function has order two, since a 
function of order one would have a simple irreducible 
POLE, which would need to have a NONZERO residue. 
By property (3), this is impossible. 

7. Elliptic functions with a single POLE of order 2 with 
RESIDUE 0 are called WEIERSTRAB ELLIPTIC FUNC- 
TIONS. Elliptic functions with two simple POLES 
having residues @) and —ap are called JACOBI EL- 
LIPTIC FUNCTIONS. 


8. Any elliptic function is expressible in terms of ei- 
ther WEIERSTRAS ELLIPTIC FUNCTION or JACOBI 
ELLIPTIC FUNCTIONS. 


9. The sum of the AFFIXES of ROOTS equals the sum 
of the AFFIXES of the POLES. 


10. An algebraic relationship exists between any two el- 
liptic functions with the same periods. 


The elliptic functions are inversions of the ELLIPTIC IN- 
TEGRALS. The two standard forms of these functions 
are known as JACOBI ELLIPTIC FUNCTIONS and WEIER- 
STRAB ELLIPTIC FUNCTIONS. JACOBI ELLIPTIC FUNC- 
TIONS arise as solutions to differential equations of the 
form 

Oe _ At Bet Ce? + De! 

ae + Bz+ Cr+ Dz, (2) 


Elliptic Functional 


and WEIERSTRAS ELLIPTIC FUNCTIONS arise as solu- 
tions to differential equations of the form 


2 
Cf A+ Bete", (3) 


see also ELLIPTIC CURVE, ELLIPTIC INTEGRAL, JACOBI 
ELLIPTIC FUNCTIONS, LIOUVILLE’S ELLIPTIC FUNC- 


TION THEOREM, MODULAR FORM, MODULAR FUNC- 
TION, NEVILLE THETA FUNCTION, THETA FUNCTION, 
WEIERSTRAB ELLIPTIC FUNCTIONS 
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Elliptic Functional 
see COERCIVE FUNCTIONAL 
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Elliptic Geometry 

A constant curvature NON-EUCLIDEAN GEOMETRY 
which replaces the PARALLEL POSTULATE with the 
statement “through any point in the plane, there exist 
no lines PARALLEL to a given line.” Elliptic geometry is 
sometimes also called RIEMANNIAN GEOMETRY. It can 
be visualized as the surface of a SPHERE on which “lines” 
are taken as GREAT CIRCLES. In elliptic geometry, the 
sum of angles of a TRIANGLE is > 180°. 

see also EUCLIDEAN GEOMETRY, HYPERBOLIC GEOM- 
ETRY, NON-EUCLIDEAN GEOMETRY 


Elliptic Group Modulo p 

E(a, b)/p denotes the elliptic GROUP modulo p whose el- 
ements are 1 and co together with the pairs of INTEGERS 
(x,y) with 0 < 2z,y < p satisfying 


y =2*+ar+b (mod p) (1) 
with a and 6 INTEGERS such that 
4a® + 27b” # 0 (mod p). (2) 
Given (71, y1), define 
(wi, yi) = (a1, y1)° (mod p). (3) 
The ORDER A of E(a,b)/p is given by 


bait y[(S42**) a3), (4) 


where (x* + az + b/p) is the LEGENDRE SYMBOL, 
although this FORMULA quickly becomes impractical. 
However, it has been proven that 


pt1l—2/p < h{E(a,b)/p) <p+1+2 jp. (5) 


Furthermore, for p a PRIME > 3 and and INTEGER n in 
the above interval, there exists a and 6b such that 


h(E(a, b)/p) Hn, (6) 


and the orders of elliptic GROUPS mod p are nearly uni- 
formly distributed in the interval. 


Elliptic Helicoid 


532 Elliptic Hyperboloid 


A generalization of the HELICOID to the parametric 
equations 


z(u,v) = avcosu 


y(u,v) = buvsinu 


z(u,v) = cu. 


see also HELICOID 
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Elliptic Hyperboloid 

The elliptic hyperboloid is the generalization of the Hy- 
PERBOLOID to three distinct semimajor axes. The ellip- 
tic hyperboloid of one sheet is a RULED SURFACE and 
has Cartesian equation 


te ee ee (1) 


and parametric equations 


z(u,v) =avV/1+u? cosy (2) 


y(u,v) = bv 1+? sinv (3) 
z(u,v) = cu (4) 

for v € [0, 27), or 
z(u,v) = a(cosu ¥F vsin u) (5) 
y(u, v) = b(sin u + vcosu) (6) 
z(u,v) = tev, (7) 

or 

z(u,v) = acoshvcos u (8) 
y(u,v) = bcoshvsinu (9) 
z(u,v) = csinhv. (10) 


The two-sheeted elliptic hyperboloid oriented along the 
z-AXIS has Cartesian equation 


i eee (11) 


and parametric equations 


xz = asinh ucosv (12) 
y = bsinhusinv (13) 
z=c+coshu. (14) 


The two-sheeted elliptic hyperboloid oriented along the 
az-AxXIS has Cartesian equation 


aay Deena, | (15) 
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and parametric equations 


x = acoshucoshv (16) 
y = bsinhucoshv (17) 
z=csinhv. (18) 


see also HYPERBOLOID, RULED SURFACE 
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Elliptic Integral 
An elliptic integral is an INTEGRAL of the form 


/ A(x) + B(z),/S(z) one (1) 
C(a) + D(2),/S(a) ’ 


‘| A(x) dx (2) 
B(z)./S(z) 


where A, B, C, and D are POLYNOMIALS in z and S is 
a POLYNOMIAL of degree 3 or 4. Another form is 


or 


/ R(w, z) dz, (3) 


where R is a RATIONAL FUNCTION of z and y, w” is a 
function of z CUBIC or QUADRATIC in x, R(w,x) con- 
tains at least one ODD POWER of w, and w” has no 
repeated factors. 


Elliptic integrals can be viewed as generalizations of the 
TRIGONOMETRIC FUNCTIONS and provide solutions to 
a wider class of problems. For instance, while the ARC 
LENGTH of a CIRCLE is given as a simple function of the 
parameter, computing the ARC LENGTH of an ELLIPSE 
requires an elliptic integral. Similarly, the position of a 
pendulum is given by a TRIGONOMETRIC FUNCTION as 
a function of time for small angle oscillations, but the 
full solution for arbitrarily large displacements requires 
the use of elliptic integrals. Many other problems in 
electromagnetism and gravitation are solved by elliptic 
integrals. 


A very useful class of functions known as ELLIPTIC 
FUNCTIONS is obtained by inverting elliptic integrals (by 
analogy with the inverse trigonometric functions). EL- 
LIPTIC FUNCTIONS (among which the JACOBI ELLIPTIC 
FUNCTIONS and WEIERSTRASS ELLIPTIC FUNCTION are 
the two most common forms) provide a powerful tool for 
analyzing many deep problems in NUMBER THEORY, as 
well as other areas of mathematics. 


All elliptic integrals can be written in terms of three 
“standard” types. To see this, write 


P(w,z)  wP(w,x)Q(-w,z) 


Rw 2) = O00,2) ~ w(w,2)Q(—w, 2)" 


(4) 


Elliptic Integral 


But since w* = f(z), 


Q(w,2)Q(—w, x) = Qi(w,z) = Qi(w,z), (5) 


then 


wP(w,2)Q(-w,2) = A+ Be+Cw+ Dz’ + Ewx 
+Fw? + Guw’2+ Hw*a 
= (A+ Be+ Dz? + Fw” + Gu’) 
+w(c+ Ex+Hw'r+...) 


= Pi(x)+wPo(z), (6) 
Pyi(2) + wP2(x) _ 
wQi(w) 


But any function f R2(x) dx can be evaluated in terms 
of elementary functions, so the only portion that need 
be considered is 


R(w,zr) = Ra Me) 


+ Ro(x). (7) 


f Ri (x) 
a (8) 
Now, any quartic can be expressed as S,S2 where 
S, =air? +2be2ta (9) 
So = agx” + 2box + ca. (10) 


The COEFFICIENTS here are real, since pairs of CoM- 
PLEX ROOTS are COMPLEX CONJUGATES 


[x — (R+ It)|[z — (R - It)] 
=a2’?+a(-—R+li-—R-Ti)+(R?-I’i) 
= 2? —2Re+(R?4/"). (11) 


If all four ROOTS are real, they must be arranged so as 
not to interleave (Whittaker and Watson 1990, p. 514). 
Now define a quantity \ such that Si + AS2 


(a1 — Aaz)x” — (2b1 — 2b2A)z + (cr — Acz) (12) 

is a SQUARE NUMBER and 

24/(a1 — Aa2)(c1 — Az) = 2(b1 — b2A) (13) 

(a; — Aa2)(c1 — Acz) — (bi — ABz2)? = 0. = (14) 
Call the Roots of this equation A; and X2, then 


2 
—A1$2 = (a1 — Ara2)x + cr — dea | 
= (a1 — A142) (++ /=32) 
= (a1 — A1@2)(x — a)” (15) 


2 
— 282 = | (a1 — A1@2)z + - Aes | 


€1 — A2C2 
= aoe ——_-—— 
(a1 142) (: +4/ ees Oe 


= (a1 — A2a2)(x — B)?. (16) 
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Taking (15)-(16) and A2(1) ~ A1(2) gives 


S2(A2 — A1) = (a1 — Ara2)(z — a)? 
— (a, ~ A2a@2)(2 — 8)? (17) 
S102 — Ai) _ A2(a1 =, A142)(x = a)? 


= Ai (a1 = A2a2)(x = 6"). (18) 
Solving gives 
_ @1 ~ A1a2 a —A2G2, ga 
Si = de ar M (x a)? = \y (a 3) 
= A(x — a)? ee (19) 
A2{ar = A1@2) Mi (a1 a A2@2) 
ae Cro pe ae yeu 
= Ay(z — a)? + Ba(x — 8)’, (20) 


so we have 


w? = $iS2 
= [Ai(z — a)? + B(x — B)*|[A2(a — a)? + B?(e — B)?]. 
(21) 
Now let 
=i (22) 
dy = [(x — 8B) — («—a)(z— B) "| de 
— (@—8)-(e-a), 
(a — B)? 
ex eB 
“ea a 
rz—-a : 
= (x — B) [1 (==) By 
x [as (2-3) +B] 
= (x — B)*(Ait® + Bi)(Aot? + Be), (24) 
and 
w = (a — B)*\/(Ait? + Bi)(A2t? + Bo) (25) 
dz - (= 6)’ 5 | 1 
WwW a— B (x = B)? (Ait? + By)(Aat? + Ba) 
- si (26) 
(a _ B) (Ait? + B)(Aat? + Bz) 
Now let # 
Ra(t) = BS). (27) 


so 


Ri(z) dz Ra(t) dt 
‘oa -/ J (Art? + B;,)(Aot? + Bo) A) 
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Rewriting the EVEN and ODD parts 


R3(t) + Re(—t) = 2R,(t’) (29) 
R3(t) — R3(—t) = 2tRs(t’), (30) 

gives 
Ra(t) = }(Reven — Roaa) = Ra(t?)+tRs(t?), (31) 


so we have 


pre dz =f Ra(t?) dt 
w (Ait? + By)(A2t? + Bo) 
2 
ai Rs(t )t dt ; (32) 
(Ait?. + By)(Aot? + Bo) 
Letting 
u=t? (33) 
du = 2tdt (34) 


reduces the second integral to 


1 Rs(u) du 


J(Aiu + Bi)(Aou + Ba)’ 


which can be evaluated using elementary functions. 
The first integral can then be reduced by INTEGRA- 
TION BY PARTS to one of the three Legendre elliptic 
integrals (also called Legendre-Jacobi ELLIPTIC INTE- 
GRALS), known as incomplete elliptic integrals of the 
first, second, and third kind, denoted F(¢,k), E(¢,k), 
and II(n; ¢, k), respectively (von Karman and Biot 1940, 
Whittaker and Watson 1990, p. 515). If d = 7/2, then 
the integrals are called complete elliptic integrals and 
are denoted K(k), E(k), II(n;k). 


(35) 


Incomplete elliptic integrals are denoted using a MopD- 
uLUS k, PARAMETER m = k?, or MODULAR ANGLE 
a =sin™’k. An elliptic integral is written I(¢|m) when 
the PARAMETER is used, I(¢,k) when the MODULUS is 
used, and I(¢\a) when the MODULAR ANGLE is used. 
Complete elliptic integrals are defined when ¢ = 7/2 
and can be expressed using the expansion 


oo 


= 2 Soe 8 2” sin?” @. (36) 


(1 — k? sin? @) —1/2 


An elliptic integral in standard form 


“dz 
: 37 
Li an 


where 


f(z) = aax* + a3x° =f an” + air + ao, (38) 


Elliptic Integral 


can be computed analytically (Whittaker and Watson 
1990, p. 453) in terms of the WEIERSTRA8& ELLIPTIC 
FUNCTION with invariants 


g2 = aga4 — 4a14a3 + 3a2? (39) 


93 = 4982084 — 2a1,a2a3 = a4a4" = a3" a0. (40) 
If a = zo is a root of f(z) = 0, then the solution is 
x = xo + ¢f (xo)[e(zi 92,93) — Hf" (wo)|~*. (41) 


For an arbitrary lower bound, 


zZ=at 
V f(a)e'(z) + ZF (@)[e(z) — 


2[@(z) — ag f"(a))? — 


f(a) + AF@F"(@) 
F(a) F(a) 
(42) 


where o(z) = p(z;92,93) is a WEIERSTRABS ELLIPTIC 


FUNCTION. 


A generalized elliptic integral can be defined by the func- 
tion 


T(a,b) == (43) 


i «Ja? cod + bain? 8 cos? § + b? sin? 
w/2 
2." lexotren 
T Jo cos 6a? + b? tan? 6 


(Borwein and Borwein 1987). Now let 


t = btan@ (45) 
dt = bsec” 6 dé. (46) 
But 
sec6 = 1+ tan’6@, (47) 
so 
dt = -— eegue = acy fi + tan? 6 d0 
cos 6 cos 6 
b t\? 
= 1 —} dé 
cos @ 3 ( b ) 
dé 
= b2 + t2 48 
cos 6 2 (48) 
ae d0 dt 
(49) 


cos6 Jb? +t?” 


and the equation becomes 


nae 


i dt 
Ww o /(a2 + t2)(b? + t?) 


“ tf dt (50) 
TI _ oo s/(a? + t?)(b? + t?) 
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Now we make the further substitution u = 3(t — ab/t). 
The differential becomes 


du = 4(1 + ab/t*) dt, (51) 


but 2u = t — ab/t, so 


2u/t = 1—ab/t? (52) 
ab/t? =1—-2u/t (53) 

and 
1+ab/t? = 2- 2u/t = 2(1 — u/t). (54) 


However, the left side is always positive, so 
1+ ab/t? =2-2u/t = 2|1— u/t| (55) 
and the differential is 


dt = (56) 


We need to take some care with the limits of integration. 
Write (50) as 


J. f(t) a= f rede [ f(t)dt. (57) 


Now change the limits to those appropriate for the u 
integration 


is g(u) du + i: g(u) du = 2 i. g(u)du, (58) 


so we have picked up a factor of 2 which must be in- 
cluded. Using this fact and plugging (56) in (50) there- 
fore gives 


Tans / au 
™ Joo [1 — ¥| /a?b? + (a? +b)? + 24 
(59) 
Now note that 
4 2 222 
2 _ t* — 2abt? + 076 
= 60 
u i (60) 
4u’t? = t* — 2abt? + 2abt? (61) 
ab? + t* = 4u7t* + 2abt?. (62) 


Plug (62) into (59) to obtain 


T (a,b) = 


2 ie du 
T Joo [L— ¥| 4/4utt? + abe? + (a? +b)? 


=f du (63) 
T So jt — ul,/4u? + (a+b)? 
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But 
2Qut = t? — ab (64) 
t? — 2ut —ab=0 (65) 


u? + ab, (66) 


t= $(2ut+ v/4u? + 4ab) = ut 
sO 
t-u=+7/u? + ab, (67) 


and (63) becomes 


du 


9 [oe] 
T(a,b) = — 
(2,0) m [ / (4u? + (a+ b)?]{u? + ab) 


= / du _ (68) 
a [2 + (2$2)"| (a? + ab) 
We have therefore demonstrated that 
T(a,b) = T(3(a +6), Vab). (69) 


We can thus iterate 
ai+1 = 3 (a: + bi) (70) 
bi41 = V a;bi, (71) 


as many times as we wish, without changing the value of 
the integral. But this iteration is the same as and there- 
fore converges to the ARITHMETIC-GEOMETRIC MEAN, 
so the iteration terminates at a; = b; = M(ao, bo), and 
we have 


T (a0, bo) = T(M (ao, bo}, M(a0, bo)) 
ee oe a t 
7 f° M?(ao, bo) + # 
- 1 inant t Fe 
~ 2M (ao, bo) ea M (ao, bo) = 
1 wT nw 
Gale a) 


1 
— M (ao, bo) : 


ll 


(72) 


Complete elliptic integrals arise in finding the arc length 
of an ELLIPSE and the period of a pendulum. They also 
arise in a natural way from the theory of THETA FuNC- 
TIONS. Complete elliptic integrals can be computed us- 
ing a procedure involving the ARITHMETIC-GEOMETRIC 
MEAN. Note that 


a /2 
T(a,b) = | cet et 
o a? cos? @ + b? sin? 8 

n/2 


_2 d0 
ae 


2 
wT 
2 
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So we have 


T(a,b) = aK (2 - =) = Web" (74) 


where K(k) is the complete ELLIPTIC INTEGRAL OF THE 
FIRST KIND. We are free to let a = a9 =landb=bo = 
k', so 


=K(v1 —k?)y= 2 K(k) = WOE Pon (75) 
since k = /1—k!?, so 
K(k) = AGES (76) 


But the ARITHMETIC-GEOMETRIC MEAN is defined by 


a; = $(ai-1 + b:-1) (77) 


bi = Vai-1bi-1 (78) 
ok { 3(ai1 = bj-1) t >9 


79 
4/ ao? — bo? t= 0, ( ) 


where 
2 2 
1 Cn Cn 
-~l1> 5 _ = CK 
Cn-1 = 374n — bn 4an+1 — 4M(ao,bo)’ (20) 
so we have * 


where ay is the value to which an converges. Similarly, 
taking instead ag = 1 and bj = k gives 


(82) 


Borwein and Borwein (1987) also show that defining 


i nf/2 
0 


leads to 


a? cos? +b? sin? @d@ = ab’ (=) 
a 
(83) 


2U (Qn41; bn41) = U(an, bn) = GnbnT (an, bn), (84) 


sO 


K(k) — E(k) 


1 2 2 2,2 nn 2 
=< 2 ois a 
Kb) 5 (co +2c1° +2% co" +...4+2"¢n") (85) 


for a9 = 1 and bo = k’, and 


K'(k) - E'(k ' ! ! or 
ae = 1L(eh” + 2c” + oc” +. en) 


(86) 
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The elliptic integrals satisfy a large number of identities. 
The complementary functions and moduli are defined by 


K(k) = K(V/1—k?) = K(k’). (87) 
Use the identity of generalized elliptic integrals 
T(a,b) = T(3(a +), Vab) (88) 


to write 


x 
aN 
i 
| 
8.1% 

NS N 
— 
lI 

ran 
+] 
aie 
x 
Ls 
ae end 
+44 
R1e19 [or 
Ss 
ic 
i=) 
z= 


Define , 
and use 
k= V1—k?, (92) 
so 
2 1—k’ 
a acer reid (F4): 2) 


Now letting J = (1 — k’)/(1+ k’) gives 


tk )=1-k Sk (l4+1)=1-1 (94) 


ki = —— (95) 


141 
— fat)? -(-)? _ avi 
y' (1+)? +l (ge) 


=) sad eeesaee 


1 

1(y PY eS ( 

atk 2 a 1+ 2 1+1 

1 

eos en) 
Writing k instead of I, 
1 27k 

K(k) = reer (74). (98) 
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Similarly, from Borwein and Borwein (1987), 


p(k) =+*4e (7) - ss K(k) (99) 


1—k’ 


E(k)=(1+k)B (i 


) — k' K(k). (100) 


Expressions in terms of the complementary function can 
be derived from interchanging the moduli and their com- 


plements in (93), (98), (99), and (100). 
waa = Spe (854) 


- 4 x ey 
= 23 ( : 1+k 


2 of OVE 
Sas (24) aon) 
ee, ied ave \ 1 f1-k 
Kw) = peek (FYE) = tee (se): 
(102) 
and 
eee if RN tes 
E'(k) =(1+k)E (7) kK'(k) (103) 
U ae 1+k' t 1—k’ k? ! 
E'(k) = (i Je ($54) + 5 K'(k). (104) 
Taking the ratios 
' Vk ’ —k’ 
Kia) _*' (3) _ 1’ (G58) aS 
KH) "x (3)? KBE) 


gives the MODULAR EQUATION of degree 2. It is also 
true that 


2.4 1- Yi—«*]* 
Kee) = oes ( [FES] ) (106) 


see also ABELIAN INTEGRAL, AMPLITUDE, ARGUMENT 
(ELLIPTIC INTEGRAL), CHARACTERISTIC (ELLIPTIC 
INTEGRAL), DELTA AMPLITUDE, ELLIPTIC FUNCTION, 
ELLIPTIC INTEGRAL OF THE FIRST KIND, ELLIPTIC IN- 
TEGRAL OF THE SECOND KIND, ELLIPTIC INTEGRAL 
OF THE THIRD KIND, ELLIPTIC INTEGRAL SINGULAR 
VALUE, HEUMAN LAMBDA FUNCTION, JACOBI ZETA 
FUNCTION, MODULAR ANGLE, MopuLus (ELLIPTIC 
INTEGRAL), NOME, PARAMETER 
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Moscow and 


Elliptic Integral of the First Kind 

Let the MoDuLus k satisfy 0 < k? < 1. (This may 
also be written in terms of the PARAMETER m = k? or 
MODULAR ANGLE a = sin™'k.) The incomplete elliptic 
integral of the first kind is then defined as 


¢ 
dé 
ran) = | —— (1) 
0 1 — k? sin? 6 
Let 
t=siné (2) 
dt = cos0d@ = 1/1 — t? dé (3) 
sind 
1 dt 
F(¢,k) = 
o | UV Re V1 
sing 
dt 
= . (4) 
0 (1 — k?#?)(1 — t?) 
Let 
v = tané (5) 
du = sec? 9d6 = (1+?) dé, (6) 


so the integral can also be written as 


ae 1 du 
= SE oS 
Py Meee 


= tand dv : 
-[ Vi + 0? /(1 + v?) — kv? 7) 


a yr du 
0) of (1 +02) + kv?) 


F(g,k 


(8) 
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where k'? = 1 — k? is the complementary MODULUS. 


The integral 


8 
fies 1 | dé (9) 
V2 Jo  vVcos@ — cos 


which arises in computing the period of a pendulum, is 
also an elliptic integral of the first kind. Use 


cosé = 1— 2sin?(46) (10) 


[1 — cos@ 
sin(}0) = = (11) 
to write 


+/ cos 8 — cos) = 3 - 2sin?(36) — cos A 


Tocosg, it a 50) 


= V1 or ee 


2 sin($60)4/1 — csc?( 540) aaa 
(12) 
so 
8a 
i :/ (4 i “2/1 (18) 
2 Jo sin($00)4/1 — esc?($40) sin? (6) 

Now let 

sin($@) = sin(}o) sin ¢, (14) 


so the angle 0 is transformed to 


1 a 
1 
(i (15) 
which ranges from 0 to 7/2 as 6 varies from 0 to @. 
Taking the differential gives 


@=sin- 


3 cos($6) dO = sin($60) cos ¢ dd, (16) 
or 


1 — sin?(500) sin? $d = sin($0o) cos¢d¢. (17) 


Plugging this in gives 
a sin( $40) a 
ae — sin? iG sin? @ sin(3@0) 1/1 — sin? 
dg acd 
= K(sin(490)), (18 
Se Cea Ma) 418) 


so 


ae a do 
+= = K(sin(300)). (19 
V2 [ Tata, ee 
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Making the slightly different substitution ¢ = 6/2, so 
d6 = 2d¢ leads to an equivalent, but more complicated 
expression involving an incomplete elliptic function of 
the first kind, 


89 ai 
I= 27 Fe cse(3 160) | Vi a et(l0e) ain? 
= esc( 460) F(4 90, csc $9o)). (20) 
Therefore, we have proven the identity 
esc zF(z,cscx) = K(sinz). (21) 


-10 -8 -6 -4 ~2 


Re{Elliptick z]} 


The complete elliptic integral of the first kind, illus- 
trated above as a function of m = k?, is defined by 


K(k) = FGn, k) (22) 
an 
-> oak aa sin?"@d9 (23) 
= ae (9) (24) 
£ e (2n = 1)! on m (2n ~ 1)! 

(Qn)! 2° (2n)!! 
es 
as ) (26) 
_ 1+k? 
res ia va (8) uP 

where ; 
q= et (k)/ K(k) (28) 


is the NOME (for |g| < 1), 2Fi(a, 6; c; z) is the HYPERGE- 
OMETRIC FUNCTION, and P,,(x) is a LEGENDRE POLY- 
NOMIAL. K(k) satisfies the LEGENDRE RELATION 


E(k)K"(k) + E'(k)K(k) — K(k)K'(k) =42, (29) 


Elliptic Integral of the Second Kind 


where E(k) and K(k) are complete elliptic integrals of 
the first and SECOND KINDS, and E’(k) and K'(k) are 
the complementary integrals. The modulus k is often 
suppressed for conciseness, so that E(k) and K(k) are 
often simply written & and K, respectively. 


The DERIVATIVE of K(k) is 


dK =e dt E(k) K(k) 
dk Jo /G-@)G— kA) RH) 
(30) 
ak me (RR =) =n (31) 
so 
Eee) (F - =) = (1—k’) (n= +k) (32) 


(Whittaker and Watson 1990, pp. 499 and 521). 


see also AMPLITUDE, CHARACTERISTIC (ELLIPTIC 
INTEGRAL), ELLIPTIC INTEGRAL SINGULAR VALUE, 
GAUSS’S TRANSFORMATION, LANDEN’S TRANSFORMA- 
TION, LEGENDRE RELATION, MODULAR ANGLE, Mop- 
ULUS (ELLIPTIC INTEGRAL), PARAMETER 
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Elliptic Integral of the Second Kind 

Let the MODULUS k satisfy 0 < k? < 1. (This may 
also be written in terms of the PARAMETER m = k? or 
MODULAR ANGLE @ = sin™!k.) The incomplete elliptic 
integral of the second kind is then defined as 


¢ 
E(¢,k) = 7 1 — k? sin? 6 dé. (1) 
Q 
A generalization replacing sin @ with sinh @ gives 
¢ 
~iE(i¢, —k) = i 1—k? sinh? 6 dé. (2) 
0 


To place the elliptic integral of the second kind in a 
slightly different form, let 


t= sin 0 (3) 
dt = cos0d0 = V/1-?#? dé, (4) 
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so the elliptic integral can also be written as 
E(¢,k) = V1-P?? —— Wier 


sing 
j1— k?t? 


sing 


-10 -8 ~6 4 = 


Im(EllipticE z} 


|EllipticE z] 


The complete elliptic integral of the second kind, illus- 
trated above as a function of the PARAMETER ™, is de- 
fined by 


E(k) = E(37,k) (6) 
a Sf (2n— 1]? 429 
-3-> (an)! — Se 
= $n2Fi(—},4,1;k7) (8) 
a dn? udu, (9) 


where 2F,{a,b;c;x) is the HYPERGEOMETRIC FUNC- 
TION and dnu is a JACOBI ELLIPTIC FUNCTION. The 
complete elliptic integral of the second kind satisfies the 
LEGENDRE RELATION 
E(k)K'(k) + E'(k)K(k) — K(k)K'(k) = 42, (10) 
where & and K are complete ELLIPTIC INTEGRALS OF 
THE FIRST and second kinds, and E’ and K’ are the 
complementary integrals. The DERIVATIVE is 
dE E(k) — K(k) 
7 or a ay) 
(Whittaker and Watson 1990, p. 521). If k, is a singular 
value (i.e., 


k, = d*(r), (12) 
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where A* is the ELLIPTIC LAMBDA FUNCTION), and 
K(k,) and the ELLipric ALPHA FUNCTION a(r) are 
also known, then 


K(k) 


20) =F lamep 9 


| + K(k). (13) 


see also ELLIPTIC INTEGRAL OF THE FIRST KIND, EL- 
LIPTIC INTEGRAL OF THE THIRD KIND, ELLIPTIC IN- 
TEGRAL SINGULAR VALUE 
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Elliptic Integral of the Third Kind 
Let 0 < k? <1. The incomplete elliptic integral of the 
third kind is then defined as 


dé 


¢ 
II(n; 4, k) ={ re ee 
0 (1—nsin? 6)4/1— k? sin? @ 


sing 
=) Tete A nose 09) 
o © (1—nt?),/(1 — t2)(1 — k?#?) 


(1) 


where rn is a constant known as the CHARACTERISTIC. 


The complete elliptic integral of the second kind 
T(n|m) = I(n; 3a |m) (3) 


is illustrated above. 

see also ELLIPTIC INTEGRAL OF THE FIRST KIND, EL- 
LIPTIC INTEGRAL OF THE SECOND KIND, ELLIPTIC IN- 
TEGRAL SINGULAR VALUE 


Elliptic Integral Singular Value 
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Elliptic Integral Singular Value 

When the MODULUS k has a singular value, the complete 
elliptic integrals may be computed in analytic form in 
terms of GAMMA FuNcTIoNS. Abel (quoted in Whit- 
taker and Watson 1990, p. 525) proved that whenever 


Ki(k) _atbya 
K(k) e+dJn’ 


(1) 


where a, }, c, d, and n are INTEGERS, K(k) is a com- 
plete ELLIPTIC INTEGRAL OF THE FIRST KIND, and 
K'(k) = K(V/1-—k?) is the complementary complete 
ELLIPTIC INTEGRAL OF THE FIRST KIND, then the 
Mobutus k is the Root of an algebraic equation with 
INTEGER COEFFICIENTS. 


A MoDuULUS k, such that 


K' (kr) 


K(k.) > vr, (2) 


is called a singular value of the elliptic integral. The 
ELLIPTIC LAMBDA FUNCTION A*(r) gives the value of 
k,. Selberg and Chowla (1967) showed that K(A*(r)) 
and E(A*(r)) are expressible in terms of a finite number 
of GAMMA FUNCTIONS. The complete ELLIPTIC INTE- 
GRALS OF THE SECOND KIND E(k,) and E'(k,) can be 
expressed in terms of K(k,) and K’(k,) with the aid of 
the ELLIPTIC ALPHA FUNCTION a(r). 


The following table gives the values of K(k,) for small 
integral r in terms of GAMMA FUNCTIONS. 


r?(3) 


A 


K(ki) = 


Ava 
ren = MED 
reas) = SAEED 


ue, /TAECAE (SIGS) 
K(ks) = (V5 + 2)"/ Te 


K (ke) = V/(v2 — 1)(V3 + V2)(2 + V3) 
TG Pr yrG) 


3847 
L 2 4 
Ki) = SE 
HAAS 22 + 4/14 5V2 (V2 4 :1)/4T(2 (3) 
(ke) = i We 
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BAV/24+ V3 


K(by) = SS 
K(kyo) = V/ (243724 V5) 


eg | EGE GE Cas EG PGS IE Gao (a5 Fas) 
256073 


K (ki) = [2 + (17 + 3V33)' — (3V33 — 17)7]? 
MAA AAs 
112/4144%? 


3°/4(V2 + 1)(V3 + V2) 1/2 — VEEP) 


2135/3 x 


K(k2) 


(18 + 5V/13)"/4 
V6656r5 


gE (8) T(E 
(22) P8022) PF (2) (#) 


er Fess P(A IPGRIECE) 


K (kis) = 


2407 

K(kis) = eee 

MAA SPE i 
K(kiz) = Ci Terran) 

vey T(S)PG)r rz) 
Ih )r@ar(yr( yrs)" 
ye 27 

K (kas) = - oe, 


where I'(z) is the GAMMA FUNCTION and C; is an alge- 
braic number (Borwein and Borwein 1987, p. 298). 


Borwein and Zucker (1992) give amazing expressions for 
singular values of complete elliptic integrals in terms of 
CENTRAL BETA FUNCTIONS 


B(p) = B(p,p). (3) 


Furthermore, they show that K (kn) is always expressible 
in terms of these functions for n = 1,2 (mod 4). In such 
cases, the I functions appearing in the expression are of 
the form ['(t/4n) where 1 < ¢ < (2n—1) and (t, 4n) = 1. 
The terms in the numerator depend on the sign of the 
KRONECKER SYMBOL {t/4n}. Values for the first few n 
are 


K (ki) = 277@(3) 
K (ka) = 2 *°/48(3) 
K (ks) = 2-8/3" "/48(3) = 2783" */8(6) 
K (ks) -_ 7 ial a og GW ae 55 )t/4 sin(47)B(4) 

gray ot v¥5)3/4 sin( 3,2) 3(3) 
K (kee) = 2747773974 (V2 — 1)(V3 + 1)8(%) 

= 283M (V3 — 1)8(75) 
K(k7) =2- pees sin(}7) sin(27)B(3, 2) 
~2/77~1/4 FBG) 
sage Bete Be 
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A(z) 
aa 40) 


= 97 18/45-3/4(./5 ies oy1/2 Blas (340) 
B(z) 
K(ku) = R-277 sin( +7) sin( 27) B(4,, S 
K(kis) = 273137°/8 (5/13 + 18)1/4 


K (hao) = 2-°8/2°5-1/4( YB — 2)¥/7( V0 + 3) 08 Pas) 


12 (55 )B(s 3) 
(33) 


K(ki4) = yf (ea 2t V2 + V2V2—-1 7 13/47-3/8 


x [tan( 5 7) tan( & 7) tan( a 7)] 


. tentdex n) tan ($5) ) [808 )8(38)8(3) 
tan(z57) aC) 
K(kis) = 27-137 9/45-7/? p(t, 4) 
_ 27737-9/45-3/4(/5 — 1)8( 75) B(4) 
BG) 
(HB (4S )O( H(A he 
kiz = C2 y 
Khe) = 04? Bea 
where FR is the REAL RooT of 
a —42 =4=0 (4) 


and C2 is an algebraic number (Borwein and Zucker 
1992). Note that K(k11) is the only value in the above 
list which cannot be expressed in terms of CENTRAL 
BETA FUNCTIONS. 


Using the ELLIPTIC ALPHA FUNCTION, the ELLIPTIC 
INTEGRALS OF THE SECOND KIND can also be found 


from 
T a(r) 
= 1- K 5 
weg + ft - 2] (5 
preci 
E ik + a(r)K, (6) 
and by definition, 
K'=KyJn. (7) 


see also CENTRAL BETA FUNCTION, ELLIPTIC ALPHA 
FUNCTION, ELLIPTIC DELTA FUNCTION, ELLIPTIC IN- 
TEGRAL OF THE FIRST KIND, ELLIPTIC INTEGRAL 
OF THE SECOND KIND, ELLIPTIC LAMBDA FUNCTION, 
GAMMA FuNCTION, MODULUS (ELLIPTIC INTEGRAL) 
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Elliptic Integral Singular Value—k, 
The first SINGULAR VALUE ky, corresponding to 


K' (kx) = K(ki), (1) 
is given by 
1 
k= Va (2) 
il te 
ky = a (3) 


As shown in LEMNISCATE FUNCTION, 


1 : dt 
ala), 
(35) 0 Ja-#) (0-44) 


1 
t 
=| yer ) 
Let 
u=t* (5) 
du = a dt = 4u°/* at (6) 
dt = 1u7*/* du, (7) 
then 
K (=) = 2 as Gl - rr i be du 
ao Weer ay = IPG) V2 
—_ 4 Bigg (3) “A (8) 


where B(a,6) is the BETA FUNCTION and I(z) is the 
GAMMA FUNCTION. Now use 


T() = ve (9) 
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and 2 
rang = Bre, (10) 
Bice SN SST) pe ns 
TQ) ra-) "= QQ) = Val a): (11) 
Therefore, 
1\ )vrv2 _ (3) 
«(4 -2DEA 2D oy 


Now consider 


1\_ ff’. /i- de 
#(=)=[ say tt. (13) 


Let 
Pat? (14) 
2tdt = —2udu (15) 
dt = -fu du = u(1 — u?)7?/? du, (16) 
so 


1 ate 2\~1/2 
(8) LEST 
-[ vailteu) nce itary gn 


-3[ pow du (17) 


Now note that 


1 Pa u? - (1417)? 
Jl-ut VYi-ut/ = 1-u! 
(1+ 7)? 1+u° 


-WeuG—u) Toa? 8) 


1 tf" jitu2 
*(a)eal Vite" 


ashe ees a 
ee Via (raat 


so 


= 1 be 1 wdu 
Now let 


t=u* (20) 
dt = 4u° du, (21) 
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so 


2 u? du 1 2 / / / 
ae 23 #3/7473/4(4 — 4)? at 
i ao a (-2) 
1 
=i / eas Oe) dae | 
G 


T(2yr(i 
= 1B(3, 1) = rere 
But 
re) =ErQy* 
P(3) =ev2 (FQ) 
T(2) = vm, 
so 


1 


u? du a laVJ/2-4/r = V2n3/? 


Vi-w 4 T2(%) 


~ 72(4) 

r?(3) 
Syx 

_1 ft Ma), hG@) 
4V2\(r¢) (3) 


Summarizing (12) and (27) gives 


i T?() 
x (4) avr 
vp we Ee 
(5) = Va 
(4 ee qe/2 
#(s5 5)= BJn * P35) 


E' (+) _ Ma ae 
V2) 8a 


Elliptic Integral Singular Value—k, 
The second SINGULAR VALUE koa, corresponding to 


/2 


Pg): 


K' (ke) = V2 K (ka), 


is given by 


kp = tan (7) = v2~-1, 


= V2(v2- 1). 


For this modulus, 


E(V2-1) = iva Re 


olen oie 


(22) 


(23) 
(24) 
(25) 


(26) 


(27) 


(1) 


(2) 
(3) 


(4) 
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Elliptic Integral Singular Value—kgz 
The third SINGULAR VALUE kz, corresponding to 


K' (ks) = V3 K(ks), (1) 
is given by 
ky = sin (5) = (v6 - v3), (2) 
As shown by Legendre, 


kth) = VEG) 


(3) 


1 T i 1 r() ar(2) 
“4 a a) r() * FC) 


mv3 1 vad 
4 K'(ks) 23 


J. « 


K'(ks). (5) 


and 
E'(k3) = 


Summarizing, 


K'[}(v8- v2)| = VaK = ¥™_Ma) (7) 
E[3(V6 - V2)] 


E'[}(V6 - V2)] 
fu Vr jens 4 V3 -1T( 


1 
6 
2 T(z) -2-38/4 72 


ee fe 


(Whittaker and Watson 1990). 
see also THETA FUNCTION 
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Elliptic Lambda Function 
The \ Group is the SUBGROUP of the GAMMA GROUP 
with a and d ODD; b and c EVEN. The function 


4 
AE) = Aq) = K(Q) = Ea 2 @) 


where 

qze™ (2) 
is a A-MODULAR FUNCTION and ¥; are THETA FUNC- 
TIONS. 
A*(r) gives the value of the MODULUS k, for which the 
complementary and normal complete ELLIPTIC INTE- 
GRALS OF THE First KIND are related by 


K' (kr) 
K(k) = vr. (3) 
It can be computed from 
Sf 2% _ 827(q) 
X (7) = k(@) = Fae (4) 
where 
qze*’,” (5) 


and J; is a THETA FUNCTION. 
From the definition of the lambda function, 


Ney=r" (<) est), (6) 


For all rational r, K(A*(r)) and E(A*(r)) are expressi- 
ble in terms of a finite number of GAMMA FUNCTIONS 
(Selberg and Chowla 1967). A*(r) is related to the Ra- 
MANUJAN g- AND G-FUNCTIONS by 


n)=8(/1+G5"-V1-Ga") (7) 
A" (n) = gh (Vg? + gn? — gh). (8) 


Special values are 


A* (3) = (13V58 — 99)(v2 + 1)° 


d*(Z) = (V0 — 3)(v2 + 1)’ 
\*(3) = (2— V3)(V2 + v3) 
*(2) = (V3 - ¥2)?(v2 +1)? 
1 
M1) = 
(2) = V2—1 
d*(3) = 4V2(v3 - 1) 
d*(4) = 3 —2V2 


MG) = 2 (Vv5- 1-V3- v5 ) 
d*(6) = (2— V3)(v3 - v2) 
(7) = 4V2(3 — V7) 

d*(8) = (v2+1 = V2v2+2). 
d*(9) = 3(v2 - 3/4) (V3 = 1) 
A*(10) = (10 — 3)(V2 — 1)? 


Elliptic Lambda Function 


X* (11) = i v6 (vi + 2941 — 471,71! 


=4/11 +2211 - az." ) 


A*(12) = (V3 — V2)?(v2 — 1)? 
= 15 —10V2+ 8V3 — 6V6 


N13) = 2(./5V13 — 17 — V'19 — 5V73) 
A*(14) = -11 — 8V2 — 2(/2 + 2) 54 4V2 


+V 114 8V2(2 + 2V2 + V2V5 + 4v2) 
d* (15) = 3-V2(3 — V5)(V5 — V3)(2- V3) 
(a? = 1)? 


d*(17) = 4 V2(V/42 + 1ovI7 
13/34. JVe40i 
-3VI7V—3 + VITV5 + Vit 
ae 1ovi7 + 13-3 + VITV'5 + VIT 
4+3V17V -3 + V17V5 + V17) 


A*(16) = 


A*(18) = (V2 — 1)8(2 — V3)? 

d* (22) = (3V11 — 7V2)(10 — 3V11) 

A* (30) = (V3 — V2)?(2 — V3)(V6 — V5) (4 ~— V5) 
A" (34) = (V2 - 1)°(3V2 - V'17) 


x(V 297 + 72V17 — V 296 + 72V17) 


d* (42) = (V2 — 1)7(2 — V3)?(V7 — V6)(8 — 3V7) 
d* (58) = (1358 — 99)( V2 — 1)° 
d* (210) = (V2 — 1)?(2 — V3)(V7 — V6)?(8 — 3V’7) 


x(V10 — 3)?(4 — V15)?(V15 — V14)(6 — V35), 


where 


wir = (17+ 3V33)*/*. 


In addition, 


eit 1 
M(1') = Fi 
r*(2') = V2V2-2 
\*(3') = 5 V2(V3 + 1) 
d*(4') = 2"/4(2,/2 — 2) 
a*(5') = 2 (Vv5-14 v3— vs) 
M(7') = 1V2(34 V7) 
d*(9') = £(V2 +. 3*/4) (V3 — 1) 


d*(12') = 2V —208 + 1472 — 120V3 + 85v6. 


see also ELLIPTIC ALPHA FUNCTION, ELLIPTIC INTE- 
GRAL OF THE FIRST KIND, MODULUS (ELLIPTIC IN- 
TEGRAL), RAMANUJAN g- AND G-FUNCTIONS, THETA 
FUNCTION 


Elliptic Logarithm 
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Elliptic Logarithm 


A generalization of integrals of the form 


/ © at 

7 rare, 

oo Vi? +at 

which can be expressed in terms of logarithmic and in- 
verse trigonometric functions to 


eln (x 


jefe dt 
~ J, VE + at? + bt 


The inverse of the elliptic logarithm is the ELLIPTIC Ex- 
PONENTIAL FUNCTION. 


Elliptic Modular Function 


824(0, 2 es 


y(z) = [rate z) 


where ? is a THETA FUNCTION. A special case is 
p(—e*¥9) = (4V3 — 78. 
see also MODULAR FUNCTION 


Elliptic Paraboloid 


A QUADRATIC SURFACE which has ELLIPTICAL CROsS- 
SECTION. The elliptic paraboloid of height A, SEMIMaA- 
JOR AXis a, and SEMIMINOR AXIs b can be specified 
parametrically by 


xz = au cosu 
y = b/u sinu 


z2>=t. 
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for »v € [0, 27) and wu € (0, A]. 


see also ELLIPTIC CONE, 
PARABOLOID 


ELLIPTIC CYLINDER, 
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Elliptic Partial Differential] Equation 
A second-order PARTIAL DIFFERENTIAL EQUATION, i.e., 
one of the form 


Ater + 2Buzy + Cuyy + Duz + Euy t+ F=0, (1) 


is called elliptic if the MATRIX 


A B 
z=|3 q| (2) 


is POSITIVE DEFINITE. LAPLACE’S EQUATION and 
POISSON’S EQUATION are examples of elliptic partial 
differential equations. For an elliptic partial differen- 
tial equation, BOUNDARY CONDITIONS are used to give 
the constraint u(z, y) = g(x, y) on ON, where 


Ure + Uyy = f (Us, Uy, U,z,y) (3) 


holds in 2. 


see also HYPERBOLIC PARTIAL DIFFERENTIAL EQuA- 
TION, PARABOLIC PARTIAL DIFFERENTIAL EQUATION, 
PARTIAL DIFFERENTIAL EQUATION 


Elliptic Plane 


The REAL PROJECTIVE PLANE with elliptic METRIC 
where the distance between two points P and @ is de- 
fined as the RADIAN ANGLE between the projection of 
the points on the surface of a SPHERE (which is tangent. 
to the plane at a point S) from the ANTIPODE N of the 
tangent point. 
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Elliptic Point 

A point p on a REGULAR SURFACE M € R? is said 
to be elliptic if the GAUSSIAN CURVATURE K(p)} > 0 
or equivalently, the PRINCIPAL CURVATURES 4&1 and K2 
have the same sign. 


see also ANTICLASTIC, ELLIPTIC FIXED POINT (DIF- 
FERENTIAL EQUATIONS), ELLIPTIC FIXED POINT 
(Map), GAUSSIAN CURVATURE, HYPERBOLIC POINT, 
PARABOLIC POINT, PLANAR POINT, SYNCLASTIC 


References 
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Elliptical Projection 
see MOLLWEIDE PROJECTION 


Elliptic Pseudoprime 
Let E be an ELLIPTIC CURVE defined over the FIELD of 
RATIONAL NUMBERS Q(/—d) having equation 


yo=urtarth 


with a and bINTEGERS. Let P bea point on E with inte- 
ger coordinates and having infinite order in the additive 
group of rational points of #, and let n be a COMPOS- 
ITE NATURAL NUMBER such that (—d/n) = —1, where 
(—d/n) is the JACOBI SYMBOL. Then if 


(n+1)P =0 (mod n), 


n is called an elliptic pseudoprime for (E, P). 


see also ATKIN-GOLDWASSER-KILIAN-MORAIN CER- 
TIFICATE, ELLIPTIC CURVE PRIMALITY PROVING, 
STRONG ELLIPTIC PSEUDOPRIME 
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Elliptic Rotation 
Leaves the CIRCLE 


invariant. 


x =zxcosé — ysin#@ 


y =xsind+ ysing. 


see also EQUIAFFINITY 


Elison—Mendés-France Constant 


Elliptic Theta Function 
see NEVILLE THETA FUNCTION, THETA FUNCTION 


Elliptic Torus 


A generalization of the ring TORUS produced by stretch- 
ing or compressing in the z direction. It is given by the 
parametric equations 

z(u,v) = (a+ bcosv) cosu 

y(u,v) = (a+ bcosv)sinu 


z(u,v) = csinv. 
see also TORUS 
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Elliptic Umbilic Catastrophe 
A CATASTROPHE which can occur for three control fac- 
tors and two behavior axes. 


see also HYPERBOLIC UMBILIC CATASTROPHE 


Ellipticity 
Given a SPHEROID with equatorial radius a and polar 


radius ¢, 
atae2 
az 


c2-—a? 
sre tae 


a>c (oblate spheroid) 
e= 
a<c (prolate spheroid) 


see also FLATTENING, OBLATE SPHEROID, PROLATE 
SPHEROID, SPHEROID 


Ellison—Mendés-France Constant 


Yosh (=) = }(Inz)? +ynec+D+O(z"'), 
nse 


where y is the EULER-MASCHERONI CONSTANT, and 
D = 2.723... 


is the Ellision-Mendés-France constant. 
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Elongated Cupola 


Elongated Cupola 
A n-gonal CUPOLA adjoined to a 2n-gonal PRISM. 


see also ELONGATED PENTAGONAL CUPOLA, ELON- 
GATED SQUARE CUPOLA, ELONGATED TRIANGULAR 
CUPOLA 


Elongated Dipyramid 


see also ELONGATED PENTAGONAL DIPYRAMID, ELON- 
GATED SQUARE DIPYRAMID, ELONGATED TRIANGULAR 
DIPYRAMID 


Elongated Dodecahedron 


A SPACE-FILLING POLYHEDRON and PARALLELOHE- 
DRON. 


References 
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Elongated Gyrobicupola 


see ELONGATED PENTAGONAL GYROBICUPOLA, ELON- 
GATED SQUARE GYROBICUPOLA, ELONGATED TRIAN- 
GULAR GYROBICUPOLA 


Elongated Gyrocupolarotunda 
see ELONGATED PENTAGONAL GYROCUPOLAROTUNDA 


Elongated Orthobicupola 


see ELONGATED PENTAGONAL ORTHOBICUPOLA, 
ELONGATED TRIANGULAR ORTHOBICUPOLA 


Elongated Orthobirotunda 
see ELONGATED PENTAGONAL ORTHOBIROTUNDA 


Elongated Orthocupolarotunda 


see ELONGATED PENTAGONAL ORTHOCUPOLAROTUN- 
DA 


Elongated Pentagonal Cupola 
see JOHNSON SOLID 


Elongated Pentagonal Dipyramid 
see JOHNSON SOLID 


Elongated Pentagonal Gyrobicupola 
see JOHNSON SOLID 
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Elongated Pentagonal Gyrobirotunda 
see JOHNSON SOLID 


Elongated Pentagonal Gyrocupolarotunda 
see JOHNSON SOLID 


Elongated Pentagonal Orthobicupola 
see JOHNSON SOLID 


Elongated Pentagonal Orthobirotunda 
see JOHNSON SOLID 


Elongated Pentagonal Orthocupolarotunda 
see JOHNSON SOLID 


Elongated Pentagonal Pyramid 
see JOHNSON SOLID 


Elongated Pentagonal Rotunda 


A PENTAGONAL ROTUNDA adjoined to a decagonal 
PRISM which is JOHNSON SOLID Ja. 


Elongated Pyramid 
An n-gonal PYRAMID adjoined to an n-gonal PRISM. 


see also ELONGATED PENTAGONAL PYRAMID, ELON- 
GATED SQUARE PYRAMID, ELONGATED TRIANGULAR 
PYRAMID, GYROELONGATED PYRAMID 


Elongated Rotunda 
see ELONGATED PENTAGONAL ROTUNDA 


Elongated Square Cupola 
see JOHNSON SOLID 


Elongated Square Dipyramid 
see JOHNSON SOLID 
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Elongated Square Gyrobicupola 


A nonuniform POLYHEDRON obtained by rotating the 
bottom third of a SMALL RHOMBICUBOCTAHEDRON 
(Ball and Coxeter 1987, p. 137). It is also called 
MILLER’S SOLID, the MILLER-ASKINUZE SOLID, or 
the PSEUDORHOMBICUBOCTAHEDRON, and is JOHNSON 
SOLID J37. 


see also SMALL RHOMBICUBOCTAHEDRON 
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Elongated Square Pyramid 
see JOHNSON SOLID 


Elongated Triangular Cupola 
see JOHNSON SOLID 


Elongated Triangular Dipyramid 
see JOHNSON SOLID 


Elongated Triangular Gyrobicupola 
see JOHNSON SOLID 


Elongated Triangular Orthobicupola 
see JOHNSON SOLID 


Elongated Triangular Pyramid 
see JOHNSON SOLID 


Elsasser Function 


2ryu sinh(27y) co 


1/2 
E = 
(yu) is oe | cosh(27y) — cos(27z) 


Encoding 


Embeddable Knot 

A KNOT K is an n-embeddable knot if it can be placed 
on a GENUS n standard embedded surface without 
crossings, but AK cannot be placed on any standardly 
embedded surface of lower GENUS without crossings. 
Any KNOT is an n-embeddable knot for some n. The 
FIGURE-OF-EIGHT KNOT is a 2-EMBEDDABLE KNoT. A 
knot with BRIDGE NUMBER 6 is an n-embeddable knot 
where n < b. 


see also TUNNEL NUMBER 


Embedding 


see EXTRINSIC CURVATURE, HYPERBOLOID EMBED- 
DING, INJECTION, SPHERE EMBEDDING 


Empty Set 

The SET containing no elements, denoted @. Strangely, 
the empty set is both OPEN and CLOSED for any SET X 
and TopoLtocy. A GROUPOID, SEMIGROUP, QUASI- 
GROUP, RINGOID, and SEMIRING can be empty. A 
MONOID, GROUP, and RINGS must have at least one 
element, while DIVISION RINGS and FIELDS must have 
at least two elements. 

References 
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Enantiomer 

Two objects which are MIRROR IMAGES of each other 
are called enantiomers. The term enantiomer is synony- 
mous with ENANTIOMORPH. 

see also AMPHICHIRAL KNOT, CHIRAL, DISYMMETRIC, 
HANDEDNESS, MIRROR IMAGE, REFLEXIBLE 
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Enantiomorph 
see ENANTIOMER 


Encoding 

An encoding is a way of representing a number or expres- 
sion in terms of another (usually simpler) one. However, 
multiple expressions can also be encoded as a single ex- 
pression, as in, for example, 


(a,b) = 4[(a +b)? + 3a4 9} 


which encodes a and 6 uniquely as a single number. 


[a |b | (a,6) | 
0 [0 


see also CODE, CODING THEORY 


Endogenous Variable 


Endogenous Variable 

An economic variable which is independent of the 
relationships determining the ‘equilibrium levels, but 
nonetheless affects the equilibrium. 


see also EXOGENOUS VARIABLE 
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Endomorphism 

A SURJECTIVE MORPHISM from an object to itself. In 
ERGODIC THEORY, let X be a SET, F a SIGMA ALGE- 
BRA on X and m a PROBABILITY MEASURE. A Map 
T : X — X is called an endomorphism or MEASURE- 
PRESERVING TRANSFORMATION if 

1. T is SURJECTIVE, 

2. T is MEASURABLE, 

3. m(T7!A) = m(A) for all A € F. 

An endomorphism is called ERGODIC if it is true that 
T-\A = A IMPLIES m(A) = 0 or 1, where T-1A = {2 € 
X :T(x) € A}. 

see also MEASURABLE FUNCTION, MEASURE-PRESERV- 
ING TRANSFORMATION, MORPHISM, SIGMA ALGEBRA, 
SURJECTIVE 


EndraB&_ Octic 


Endraf surfaces are a pair of OCTIC SURFACES which 
have 168 ORDINARY DOUBLE POINTS. This is the max- 
imum number known to exist for an OCTIC SURFACE, 
although the rigorous upper bound is 174. The equa- 
tions of the surfaces xe are 


64(2? — w?)(y? — w?)[(z + y)? — 2u?| 
[(w ~ y)? - 2w?] - {-4(1 + V2)(0? +92)? 
+(8(2 + V2 )2? + 2(2 + 7V2)w?| (2? + y’) 
—16z* + 8(1 F 2V2)z?w* — (14+ 12V2)w*}? = 0, 


where w is a parameter taken as w = 1 in the above 
plots. All ORDINARY DouBLE Points of Xj are real, 
while 24 of those in X, are complex. The surfaces were 
discovered in a 5-D family of octics with 112 nodes, and 
are invariant under the GROUP Dg ® Ze. 


see also OCTIC SURFACE 
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Energy 

The term energy has an important physical meaning in 
physics and is an extremely useful concept. A much 
more abstract mathematical generalization is defined as 
follows. Let 2 be a SPACE with MEASURE yp > 0 and 
let (P,Q) be a real function on the PRODUCT SPACE 
2 «x Q. When 


(a= j | ®(P,Q) du(Q) dv(P) 
= fl &(P, 1) dv(P) 


exists for measures p41, > 0, (41,1) is called the MUTUAL 
ENERGY and (j1, 11) is called the ENERGY. 


see also DIRICHLET ENERGY, MUTUAL ENERGY 
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Engel’s Theorem 
A finite-dimensional LIE ALGEBRA all of whose elements 
are ad-NILPOTENT is itself a NILPOTENT LIE ALGEBRA. 


Enneacontagon 
A 90-sided POLYGON. 


Enneacontahedron 

A ZONOHEDRON constructed from the 10 diameters of 
the DODECAHEDRON which has 90 faces, 30 of which 
are RHOMBS of one type and the other 60 of which are 
RHOMBS of another. The enneacontahedron somewhat 
resembles a figure of Sharp. 


see also DODECAHEDRON, RHOMB, ZONOHEDRON 
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Enneadecagon 


A 19-sided POLYGON, sometimes also called the EN- 
NEAKAIDECAGON. 
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Enneagon 
see NONAGON 


Enneagonal Number 
see NONAGONAL NUMBER 


Enneakaidecagon 
see ENNEADECAGON 


Enneper’s Surfaces 


The Enneper surfaces are a three-parameter family of 
surfaces with constant curvature. In general, they are 
described by elliptic functions. However, special cases 
which can be specified parametrically using ELEMEN- 
TARY FUNCTION include the KUEN SURFACE, REMBS’ 
SURFACES, and SIEVERT’S SURFACE. The surfaces 
shown above can be generated using the ENNEPER-WEI- 
ERSTRAB PARAMETERIZATION with 


f(¢)=1 (1) 
gO) = ¢. (2) 
Letting z = re’® and taking the REAL PART give 
w= Rfre’* — tp e%?] (3) 
y= Rlire’? + Lire?) (4) 
gis R[r?e**], (5) 


where r € [0,1] and ¢ € [—7,7). Letting z = w+ iv 
instead gives the figure on the right, 


g=u-tu+u’ (6) 
y= —v—wot ty? (7) 
z=uw—v" (8) 


(do Carmo 1986, Gray 1993, Nordstrand). This surface 
has a HOLE in its middle. Nordstrand gives the implicit 
form 


2 
~ b(e7 44" + 827) + ] =0. (9) 
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Enneper-Weierstraf Parameterization 
Gives a parameterization of a MINIMAL SURFACE. 


f(l—g’) 
n | if(1+g’) | dé. 
2f9 


see also MINIMAL SURFACE 
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Enormous Theorem 
see CLASSIFICATION THEOREM 


Enriques Surfaces 

An Enriques surface X is a smooth compact complex 
surface having irregularity g(X) = 0 and nontrivial 
canonical sheaf Kx such that Ki} = Ox (Endraf). 
Such surfaces cannot be embedded in projective 3-space, 
but there nonetheless exist transformations onto singu- 
lar surfaces in projective 3-space. There exists a family 
of such transformed surfaces of degree six which passes 
through each edge of a TETRAHEDRON twice. A sub- 
family with tetrahedral symmetry is given by the two- 
parameter (r,c) family of surfaces 


2.2, 2 2.2, 2 
frvotir2x3 + c(x0° 21° Lo" + 29° 21° x3 


+207 227237 + 21722723" =0 
and the polynomial f, is a sphere with radius r, 


fr = (3—1)(x0? + 417 +: 227 + 23”) 


—201 fe r)(xor1 + @o@2 + ©ot3 + %14%2 +4123 + £283) 


Entire Function 


(Endra&). 
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Bologna, Italy: 


Entire Function 
If a function is ANALYTIC on C*, where C* denotes the 
extended COMPLEX PLANE, then it is said to be entire. 


see also ANALYTIC FUNCTION, HOLOMORPHIC FUNC- 
TION, MEROMORPHIC 


Entringer Number 

The Entringer numbers E(n,k) are the number of PER- 
MUTATIONS of {1,2,...,n + 1}, starting with k + 1, 
which, after initially falling, alternately fall then rise. 
The Entringer numbers are given by 


E(0,0) =1 
E(n,0) =0 


together with the RECURRENCE RELATION 


E(n,k) = E(n,k +1) + E(n—-1,n—k). 
The numbers E(n) = E(n, 7) are the SECANT and TAN- 
GENT NUMBERS given by the MACLAURIN SERIES 


secr + tanz 
2 


= Ag + Ait + Aa - + 4s5, + Age ~ + As pteee 


see also ALTERNATING PERMUTATION, BOUSTROPHE- 
DON TRANSFORM, EULER ZIGZAG NUMBER, PERMUTA- 
TION, SECANT NUMBER, SEIDEL-ENTRINGER-ARNOLD 
TRIANGLE, TANGENT NUMBER, ZAG NUMBER, ZIG 
NUMBER 
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Entropy 

In physics, the word entropy has important physical im- 
plications as the amount of “disorder” of a system. In 
mathematics, a more abstract definition is used. The 
(Shannon) entropy of a variable X is defined as 


i ea 


where p(z) is the probability that X is in the state z, 
and plnp is defined as 0 if p = 0. The joint entropy of 
variables Xj, ..., Xn is then defined by 


)In[p()], 


H(X1,...,Xn) 


=-S>.-- Sofas... 


»Zn) In{p(ri,...,¢n)]- 


see also KOLMOGOROV ENTROPY, KOLMOGOROV-SINAI 
ENTROPY, MAXIMUM ENTROPY METHOD, METRIC EN- 
TROPY, ORNSTEIN’S THEOREM, REDUNDANCY, SHAN- 
NON ENTROPY, TOPOLOGICAL ENTROPY 
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Entscheidungsproblem 
see DECISION PROBLEM 


Enumerative Geometry 
Schubert’s application of the CONSERVATION OF NuUM- 
BER PRINCIPLE. 


see also CONSERVATION OF NUMBER PRINCIPLE, DUAL- 
ITY PRINCIPLE, HILBERT’S PROBLEMS, PERMANENCE 
OF MATHEMATICAL RELATIONS: PRINCIPLE 
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Envelope 
The envelope of a one-parameter family of curves given 
implicitly by 

U(z,y,c) = 0, (1) 


or in parametric form by (f(t,c),g(t,c)), is a curve 
which touches every member of the family. For a curve 
represented by (f(t, c), g(t, c)), the envelope is found by 
solving 

_ OF Og _ Of Og 
as Oc Ot (2) 


For a curve represented implicitly, the envelope is given 
by simultaneously solving 


aU 
ae (3) 


U(z,y,c) = 0. (4) 


552 Envelope Theorem 


see also ASTROID, CARDIOID, CATACAUSTIC, CAUSTIC, 
CAYLEYIAN CURVE, DURER’S CONCHOID, ELLIPSE EN- 
VELOPE, ENVELOPE THEOREM, EVOLUTE, GLISSETTE, 
HEDGEHOG, KIEPERT’S PARABOLA, LINDELOP’S THE- 
OREM, NEGATIVE PEDAL CURVE 
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Envelope Theorem 

Relates EVOLUTES to single paths in the CALCULUS OF 
VARIATIONS. Proved in the general case by Darboux and 
Zermelo (1894) and Kneser (1898). It states: “When a 
single parameter family of external paths from a fixed 
point O has an ENVELOPE, the integral from the fixed 
point to any point A on the ENVELOPE equals the inte- 
gral from the fixed point to any second point B on the 
ENVELOPE plus the integral along the envelope to the 
first point on the ENVELOPE, Joa = Jos + JBa.” 
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Kimball, W. 5. Calculus of Variations by Parallel Displace- 
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Envyfree 
An agreement in which all parties feel as if they have 


received the best deal. 
1 


Epicycloid 


The path traced out by a point P on the EDGE of a 
CIRCLE of RApIvs 6 rolling on the outside of a CIRCLE 


Se oe 
YOO 


Epicycloid 


It is given by the equations 


z= (a +6) cos — boos (**"4) (1) 
y= (a +6)sing ~ bsin (246) (2) 


= (a + b)? cos” ¢ — 2b(a + b) cos pcos (+5) 


+ b* cos” (* = 0) (3) 
= (a pb) an? d— 06a Lisi oan € t °¢) 
+ b? sin? (< z 4) (4) 


Pag +y =(a+b)?4+0? 


— 2b(a + b) {cos IG + 1) a] cos ¢ 


+ sin (F + 1) a| sing}. (5) 
But 
cos a cos 3 + sinasin 3 = cos(a — 8), (6) 
so 
= (a+b)? +b? -2 (a+b) cos |($ + 1) 6- @] 


= (a+b)? +b? — 26(a + b) cos (F9)- (7) 


Note that ¢ is the parameter here, not the polar angle. 
The polar angle from the center is 


tan@ = 


y  (a+6)sing — bsin (*4¢%¢) 
= ao (8) 


Zz (a + b) cos ¢ — bcos (* 2b) 


To get n CuspPsS in the epicycloid, b = a/n, because then 
n rotations of b bring the point on the edge back to its 
starting position. 


ve [(4 5)" + (EY -2(G) (44 Set) 


nafisde 43-2) (CH) ct] 


n? n 


3 
I 


zap = tant? a con(nd)| 
= 2. [(n? +2n+2)—-2(n+1) cos(ng)] , (9) 


care cos ¢ — % cos[(n + 1)¢] 
_ (n+1)sing — sin[(n + 1)¢] 
™ (n+ 1) cos @ — cos[(n + 1)¢]' 


tan? = 


(10) 


Epicycloid—1-Cusped 


An epicycloid with one cusp is called a CARDIOID, one 
with two cusps is called a NEPHROID, and one with five 
cusps is called a RANUNCULOID. 


=. 
SSK 


SN 
SS 


SLT} 
PASS SSH 
8 SST 


DOOM Tess 


n-epicycloids can also be constructed by beginning with 
the DIAMETER of a CIRCLE, offsetting one end by a se- 
ries of steps while at the same time offsetting the other 
end by steps n times as large. After traveling around 
the CIRCLE once, an n-cusped epicycloid is produced, 
as illustrated above (Madachy 1979). 


Epicycloids have TORSION 
rT=0 (11) 
and satisfy 


atpmah (12) 


where p is the RADIUS OF CURVATURE (1/x). 


see also CARDIOID, CYCLIDE, CYCLOID, EPICYCLOID— 
1-CUSPED, HYPOCYCLOID, NEPHROID, RANUNCULOID 
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Epicycloid—1-Cusped 


Epicycloid Involute 553 


A 1-cusped epicycloid has 6 = a, son = 1. The radius 
measured from the center of the large circle for a 1- 
cusped epicycloid is given by EPICYCLOID equation (9) 
with n = 1 so 


r’ « [(n? +2n+ 2) -— 2(n+1) cos(n¢)] 
a?((17 + 2-14 2) — 2(1 + 1) cos(1- 4)] 
= a"(5 — 4cos¢) (1) 


= a/5 — 4cos¢, (2) 


g-2 sin d — sin(2¢) 
2cos @ — cos(2¢) 


and 


(3) 


tan 


The 1-cusped epicycloid is just an offset CARDIOID. 


Epicycloid—2-Cusped 
see NEPHROID 


Epicycloid Evolute 


: ae 


The EVOLUTE of the EPICYCLOID 


gz = (a+b) cost — bcos (=) t 


y = (a+ b)sint — bsin (=) | 


is another EPICYCLOID given by 


c= tig {ler bce ne 254) d]} 
v= ie {ler ise bl (24) } 


Epicycloid Involute 
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The INVOLUTE of the EPICYCLOID 


z = (a+b) cost — bcos (=) | 


b 
y = (a + 6)sin¢ — bsin (Ce) 4 


b 


is another EPICYCLOID given by 


r= a { (a+) cost + beos [(*¢*) il} 


a b 
_ a+ 26 ‘ a+b 
Yea. { (a+ 8) sint + bcos [( 5 jel}. 


Epicycloid Pedal Curve 


The PEDAL CURVE of an EPICYCLOID with PEDAL 
POINT at the center, shown for an epicycloid with four 
cusps, is not a ROSE as claimed by Lawrence (1972). 
References 
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Epicycloid Radial Curve 
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The RADIAL CURVE of an EPICYCLOID is shown above 
for an epicycloid with four cusps. It is not a ROSE, as 
claimed by Lawrence (1972). 
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Epimenides Paradox 

A PARADOX, also called the LIAR’S PARADOX, at- 
tributed to the philosopher Epimenides in the sixth cen- 
tury BC. “All Cretans are liers...One of their own po- 
ets has said so.” A sharper version of the paradox is the 
EUBULIDES PARADOX, “This statement is false.” 


see also EUBULIDES PARADOX, SOCRATES’ PARADOX 
References 
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Epitrochoid 


Epimorphism 
A SURJECTIVE MORPHISM. 


Epispiral 


A plane curve with polar equation 


a 


~ cos(né)’ 
There are n sections if n is ODD and 2n if n is EVEN. 


References 
Lawrence, J. D. A Catalog of Special Plane Curves. New 
York: Dover, pp. 192-193, 1972. 


Epispiral Inverse Curve 
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The INVERSE CURVE of the EPISPIRAL 
r = asec(nt) 


with INVERSION CENTER at the origin and inversion ra- 
dius k is the ROSE 


das kcos(nt) 


a 


Epitrochoid 


The ROULETTE traced by a point P attached to a CIR- 
CLE of radius 6 rolling around the outside of a fixed 


Epitrochoid Evolute 


CIRCLE of radius a. These curves were studied by 
Diirer (1525), Desargues (1640), Huygens (1679), Leib- 
niz, Newton (1686), L’Hospital (1690), Jakob Bernoulli 
(1690), la Hire (1694), Johann Bernoulli (1695), Daniel 
Bernoulli (1725), Euler (1745, 1781). An epitrochoid ap- 
pears in Direr’s work Instruction in Measurement with 
Compasses and Straight Edge (1525). He called epitro- 
choids SPIDER LINES because the lines he used to con- 
struct the curves looked like a spider. 


The parametric equations for an epitrochoid are 


z = mcost — hcos (Fe) 
y= msint — Asin (Fe) ; 


where m = a+b and h is the distance from P to the 
center of the rolling CIRCLE. Special cases include the 
LIMAGON with a = b, the CIRCLE with a = 0, and the 
EPICYCLOID with h = b. 


see also EPICYCLOID, HYPOTROCHOID, SPIROGRAPH 


References 
Lawrence, J. D. A Catalog of Special Plane Curves. New 
York: Dover, pp. 168-170, 1972. 

Lee, X. “Epitrochoid.” http: //www.best.com/-xah/Special 
PlaneCurves-_dir/Epitrochoid dir/epitrochoid.html. 
Lee, X. “Epitrochoid and Hypotrochoid Movie Gallery.” 
http://www. best .com/~xah/SpecialPlaneCurves.dir/ 
EpiHypoTMovieGallery.dir/epiHypoTMovieGallery.html. 


Epitrochoid Evolute 


~ 
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Epsilon 

In mathematics, a small POSITIVE INFINITESIMAL quan- 
tity whose LIMIT is usually taken to be 0. The late 
mathematician P. Erdés also used the term “epsilons” 
to refer to children. 


Epsilon-Neighborhood 
see NEIGHBORHOOD 


Epstein Zeta Function 


ea 27th- 1 


I (a. 
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where g and h are arbitrary VECTORS, the SUM runs 
over a d-dimensional LATTICE, and 1 = ~g is omitted if 
g is a lattice VECTOR. 


see also ZETA FUNCTION 
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Equal 

Two quantities are said to be equal if they are, in some 
well-defined sense, equivalent. Equality of quantities a 
and b is written a = b. 


A symbol with three horizontal line segments (=) re- 
sembling the equals sign is used to denote both equality 
by definition (e.g., A = B means A is DEFINED to be 
equal to B) and CONGRUENCE (e.g., 18 = 12 (mod 1) 
means 13 divided by 12 leaves a REMAINDER of 1—a 
fact known to all readers of analog clocks). 


see also CONGRUENCE, DEFINED, DIFFERENT, EQUAL 
BY DEFINITION, EQUALITY, EQUIVALENT, ISOMOR- 
PHISM 


Equa! by Definition 
see DEFINED 


Equal Detour Point 
The center of an outer SODDY CIRCLE. It has TRIANGLE 
CENTER FUNCTION 


2A 


=1 sap 
: Talbtema) 


= sec(3A)cos(4.B)cos($C) +1 


Given a point Y not between A and B, a detour of length 
|AY|+|YB| — |AB| 


is made walking from A to B via Y, the point is of equal 
detour if the three detours from one side to another via 
Y are equal. If ABC has no ANGLE > 2sin71(4/5), 
then the point given by the above TRILINEAR COORDI- 
NATES is the unique equal detour point. Otherwise, the 
ISOPERIMETRIC POINT is also equal detour. 
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906 Equal Parallelians Point 


Equal Parallelians Point 

The point of intersection of the three LINE SEGMENTS, 
each parallel to one side of a TRIANGLE and touching 
the other two, such that all three segments are of the 
same length. The TRILINEAR COORDINATES are 


be(ca + ab — bc) : ca(ab + be — ca) : ab(be + ca — ab). 


References 
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Equality 

A mathematical statement of the equivalence of two 
quantities. The equality “A is equal to B” is written 
A=B. 


see also EQUAL, INEQUALITY 


Equally Likely Outcomes Distribution 
Let there be a set S with N elements, each of them 
having the same probability. Then 


N 


P(S) =P (U s =S>P(B) 


i=l 


N 
= P(Ei) > 1 = NP(E}). 


i=l 
Using P(S) = 1 gives 


P(E;) = x 


see also UNIFORM DISTRIBUTION 


Equi-Brocard Center 
The point Y for which the TRIANGLES BYC, CY A, and 
AY B have equal BROCARD ANGLES. 
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Equiaffinity 

An AREA-preserving AFFINITY. Equiaffinities include 
the ELLIPTIC ROTATION, HYPERBOLIC ROTATION, Hy- 
PERBOLIC ROTATION (CROSSED), and PARABOLIC Ro- 
TATION. 


Equiangular Spiral 
see LOGARITHMIC SPIRAL 


Equidistant Cylindrical Projection 


Equianharmonic Case 
The case of the WEIERSTRAB ELLIPTIC FUNCTION with 
invariants g2 = 0 and gz = 1. 


see also LEMNISCATE CASE, PSEUDOLEMNISCATE CASE 
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Equichordal Point 
A point P for which all the CHORDS passing through P 
are of the same length. It satisfies 


px + py = [const], 


where p is the CHORD length. It is an open question 
whether a plane convex region can have two equichordal 
points. 


see also EQUICHORDAL PROBLEM, EQUIPRODUCT 
POINT, EQUIRECIPROCAL POINT 


Equichordal Problem 

Is there a planar body bounded by a simple closed curve 
and star-shaped with respect to two interior points p 
and gq whose point X-rays at p and gq are both constant? 
Rychlik (1997) has answered the question in the nega- 
tive. 


see also EQUICHORDAL POINT 
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Equidecomposable 
The ability of two plane or space regions to be DISs- 
SECTED into each other. 


Equidistance Postulate 
PARALLEL lines are everywhere equidistant. This Pos- 
TULATE is equivalent to the PARALLEL AXIOM. 
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Equidistant Cylindrical Projection 
see CYLINDRICAL EQUIDISTANT PROJECTION 


Equidistributed Sequence 


Equidistributed Sequence 

A sequence of REAL NUMBERS {zn} is equidistributed 
if the probability of finding z, in any subinterval is pro- 
portional to the subinterval length. 


see also WEYL’S CRITERION 
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Equilateral Hyperbola 
see RECTANGULAR HYPERBOLA 


Equilateral Triangle 


a 
An equilateral triangle is a TRIANGLE with all three 


sides of equal length s. An equilateral triangle also has 
three equal 60° ANGLES. 


An equilateral triangle can be constructed by TRISECT- 
ING all three ANGLES of any TRIANGLE (MORLEY’S 
THEOREM). NAPOLEON’S THEOREM States that if three 
equilateral triangles are drawn on the LEGS of any TRI- 
ANGLE (either all drawn inwards or outwards) and the 
centers of these triangles are connected, the result is an- 
other equilateral triangle. 


Given the distances of a point from the three corners of 
an equilateral triangle, a, b, and c, the length of a side 
s is given by 


3(a7 +b8+c84+s*)= (a7 +8? +c? +s")? (1) 
(Gardner 1977, pp. 56-57 and 63). There are infinitely 
many solutions for which a, b, and c are INTEGERS. In 


these cases, one of a, 6, c, and s is DIVISIBLE by 3, one 
by 5, one by 7, and one by 8 (Guy 1994, p. 183). 


The ALTITUDE A of an equilateral triangle is 
h=jVv3s, (2) 
where s is the side length, so the AREA is 
Az ish = iv3s". (3) 


bp) +N 
oer 
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The INRADIUS r, CIRCUMRADIUS R, and AREA A can 
be computed directly from the formulas for a general 
regular POLYGON with side length s and n = 3 sides, 


r = iscot (5) = istan (=) =iv3s (4) 
R= bsese (7) = dssec (=) = 3v38 (5) 
A= ins? cot (=) = 1/3 s?. (6) 


The AREAS of the INCIRCLE and CIRCUMCIRCLE are 


A, = ar? = dns? (7) 
Ap =7R? = ims’. (8) 
3 A 
Q 
B c 
P 


Let any RECTANGLE be circumscribed about an EQUI- 
LATERAL TRIANGLE. Then 


X4+Y=Z, (9) 


where X, Y, and Z are the AREAS of the triangles in 
the figure (Honsberger 1985). 


Begin with an arbitrary TRIANGLE and find the EXCEN- 
TRAL TRIANGLE. Then find the EXCENTRAL TRIANGLE 
of that triangle, and so on. Then the resulting triangle 
approaches an equilateral triangle. The only RATIONAL 
TRIANGLE is the equilateral triangle (Conway and Guy 
1996). A POLYHEDRON composed of only equilateral 
triangles is known as a DELTAHEDRON. 


i _ 


The largest equilateral triangle which can be inscribed 

in a UNIT SQUARE (left) has side length and area 
s=1 (10) 
A= i¥3. (11) 

The smallest equilateral triangle which can be inscribed 


(right) is oriented at an angle of 15° and has side length 
and area 


s = sec(15°) = V6 — V2 (12) 
A=2vV3-3 (13) 


558 Equilibrium Point 


(Madachy 1979). 


see also ACUTE TRIANGLE, DELTAHEDRON, EQUILIC 
QUADRILATERAL, FERMAT POINT, GYROELONGATED 
SQUARE DIPYRAMID, ICOSAHEDRON, ISOGONIC CEN- 
TERS, ISOSCELES TRIANGLE, MORLEY’S THEOREM, 
OCTAHEDRON, PENTAGONAL DIPYRAMID, RIGHT TRI- 
ANGLE, SCALENE TRIANGLE, SNUB DISPHENOID, TET- 
RAHEDRON, TRIANGLE, TRIANGULAR DIPYRAMID, TRI- 
AUGMENTED TRIANGULAR PRISM, VIVIANI’S THEOREM 
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Equilibrium Point 

An equilibrium point in GAME THEORY is a set of strate- 
gies {@1,...,%n} such that the ith payoff function K;(x) 
is larger or equal for any other 7th strategy, i.e., 


Ki (41, wie) En) > Ki(#1, +++) Bi-1, Vi, Bi41,--- )En). 
see NASH EQUILIBRIUM 


Equilic Quadrilateral 

A QUADRILATERAL in which a pair of opposite sides 

have the same length and are inclined at 60° to each 

other (or equivalently, satisfy (A) + (B) = 120°). Some 

interesting theorems hold for such quadrilaterals. Let 

ABCD be an equilic quadrilateral with AD = BC and 

(A) + (B) = 120°. Then 

1. The MIpPoINts P, Q, and R of the diagonals and 
the side CD always determine an EQUILATERAL 
TRIANGLE. 


2. If EQUILATERAL TRIANGLE PCD is drawn out- 
wardly on CD, then APAB is also an EQUILATERAL 
TRIANGLE. 


3. If EQUILATERAL TRIANGLES are drawn on AC, DC, 
and DB away from AB, then the three new VER- 
Ticks P, Q, and R are COLLINEAR. 


See Honsberger (1985) for additional theorems. . 
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Equireciprocal Point 


Equinumerous 

Let A and B be two classes of POSITIVE integers. Let 
A(n) be the number of integers in A which are less than 
or equal to n, and let B(n) be the number of integers in 
B which are less than or equal to n. Then if 


A(n) ~ B(n), 


A and B are said to be equinumerous. 


The four classes of PRIMES 8k +1, 8k +3, 8k +5, 8k+7 
are equinumerous. Similarly, since 8k+1 and 8k+5 are 
both of the form 4k+1, and 8k+3 and 8k+7 are both of 
the form 4k +3, 4k+1 and 4k+3 are also equinumerous. 
see also BERTRAND’S POSTULATE, CHOQUET THEORY, 
PRIME COUNTING FUNCTION 
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Equipollent 
Two statements in LOGIC are said to be equipollent if 
they are deducible from each other. Two SETS with the 
same CARDINAL NUMBER are also said to be equipol- 
lent. The term EQUIPOTENT is sometimes used instead 
of equipollent. 


Equipotent 
see EQUIPOLLENT 


Equipotential Curve 

A curve in 2-D on which the value of a function f(x, y) 
is a constant. Other synonymous terms are [ISARITHM 
and ISOPLETH. 


see also LEMNISCATE 


Equiproduct Point 
A point, such as interior points of a disk, such that 


(px)(py) = [const], 


where p is the CHORD length. 


see also EQUICHORDAL POINT, 
POINT 


EQUIRECIPROCAL 


Equireciprocal Point 
A point, such as the Foc! of an ELLIPSE, which satisfies 


1 1 
— + — = [const], 
pr py 

where p is the CHORD length. 


see also EQUICHORDAL POINT, EQUIPRODUCT POINT 


Equirectangular Projection 


Equirectangular Projection 


eat ee ee eee: Za 


A MAP PROJECTION, also called a RECTANGULAR PRO- 
JECTION, in which the horizontal coordinate is the lon- 
gitude and the vertical coordinate is the latitude. 


Equiripple 
A distribution of ERROR such that the ERROR remaining 
is always given approximately by the last term dropped. 


Equitangential Curve 
see TRACTRIX 


Equivalence Class 

An equivalence class is defined as a SUBSET of the form 
{x € X : xRa}, where a is an element of X and the No- 
TATION “xRy” is used to mean that there is an EQUIV- 
ALENCE RELATION between z and y. It can be shown 
that any two equivalence classes are either equal or dis- 
joint, hence the collection of equivalence classes forms a 
partition of X. For all a,b € X, we have afb IFF a and 
b belong to the same equivalence class. 


A set of CLASS REPRESENTATIVES is a SUBSET of X 
which contains EXACTLY ONE element from each equiv- 
alence class. 


For n a POSITIVE INTEGER, and a, b INTEGERS, consider 
the CONGRUENCE a = b (mod n), then the equivalence 
classes are the sets {..., —2n, —n, 0, n, 2n, ..-}, {..., 
1-2n,1—n,1,1+n,1+2n,...} etc. The standard 
CLASS REPRESENTATIVES are taken to be 0, 1, 2, 
n—1. 

see also CONGRUENCE, COSET 
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Equivalence Problem 
see METRIC EQUIVALENCE PROBLEM 


Equivalence Relation 

An equivalence relation on a set X is a SUBSET of X x 
X, i.e., a collection R of ordered pairs of elements of 
X, satisfying certain properties. Write “«Ry” to mean 
(z, y) is an element of R, and we say “a is related to y,” 
then the properties are 


1. Reflexive: aRa for alla € X, 
2. Symmetric: afb IMPLIES bRa for all a,b € X 
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3. Transitive: aRb and bRc imply afc for alla,b,c € X, 


where these three properties are completely indepen- 
dent. Other notations are often used to indicate a rela- 
tion, e.g.,a=bora~n~ b. 


see also EQUIVALENCE CLASS, TEICHMULLER SPACE 
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Equivalent 

IfA=> Band B= A (ie, A> BAB => A, where > de- 
notes IMPLIES), then A and B are said to be equivalent, 
a relationship which is written symbolically as A & B 
or A = B. However, if A and B are “equivalent by 
definition” (i.e., A is DEFINED to be B), this is writ- 
ten A = B, a notation which conflicts with that for a 
CONGRUENCE. 


see also DEFINED, IFF, IMPLIES 


Equivalent Matrix 
An m xn MATRIX A is said to be equivalent to another 
m x n MATRIX B IFF 


B= PAQ 


for P and Q any mxn and nxn MATRICES, respectively. 
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Eratosthenes Sieve 

} ‘ ae ae ae ae ee 
11 1p 13 af 15 i617 1p 19 2 SEETELE Ss. 
21 ae 23 a 25 46 27 ae 29 3p ap B 2 2 4 25 ae a ap 29 4p 
31 3p 33 34 35 3s 37 ie 39 4p 31 3p 3B 4 35 af s7 ale 3p 4fo 
42 4p 43 4a 45 46 47 dp a9 5 42 4p 43 qa 45 dle a7 46 49 50 


accede: ae cee ae ee eee as ee Be He 
See ae ae (ee Maa gd GM eae Me eta ae 
ft 2 23 42 ap aie » ae 29 Bid i ap 23 rt js je ap 4p 29 Bd 
31 p 3p 3 3 4f 37 32 3p 4p 31 3p 3p af ts df 37 3p ap 4p 
aoe oogoe ahod eer dey 
An ALGORITHM for making tables of PRIMES. Sequen- 
tially write down the INTEGERS from 2 to the highest 
number n you wish to include in the table. Cross out 
all numbers > 2 which are divisible by 2 (every second 
number). Find the smallest remaining number > 2. It 
is 3. So cross out all numbers > 3 which are divisible 
by 3 (every third number). Find the smallest remaining 
number > 3. It is 5. So cross out all numbers > 5 which 
are divisible by 5 (every fifth number). 


Continue until you have crossed out all numbers divisi- 
ble by [vn], where |z| is the FLOOR FUNCTION. The 
numbers remaining are PRIME. This procedure is illus- 
trated in the above diagram which sieves up to 50, and 
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therefore crosses out PRIMES up to | /50| =: 7. If the 
procedure is then continued up to n, then the number 
of cross-outs gives the number of distinct PRIME factors 
of each number. 
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Erdés-Anning Theorem 

If an infinite number of points in the PLANE are all sep- 
arated by INTEGER distances, then all the points lie on 
a straight LINE. 


Erd6és-Kac Theorem 

A deeper result than the HARDY-RAMANUJAN THEO- 
REM. Let N(x, a,b) be the number of INTEGERS in (3, ] 
such that inequality 


w(n} —InInn 
< —-————_ <b 
pia Vininn ~ 


holds, where w(n) is the number of different PRIME fac- 
tors of n. Then 


(x + o(a)) i 2/2 
lim N(x,a,b) = “= | e dt. 
2 OO V 270 zw 


The theorem is discussed in Kac (1959). 
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Erdés-Mordell Theorem 

If O is any point inside a TRIANGLE AABC, and P, Q, 
and R are the feet of the perpendiculars from O upon 
the respective sides BC, CA, and AB, then 


OA+0B+0OC > 2(0P + OQ + OR). 
Oppenheim (1961) and Mordell (1962) also showed that 


OA x OB x OC > (OQ + OR)(OR + OP)(OP + OQ). 
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Erdés Number 

An author’s Erdés number is 1 if he has co-authored a 
paper with Erdés, 2 if he has co-authored a paper with 
someone who has co-authored a paper with Erdés, etc. 
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Erdés Reciprocal Sum Constants 


see A-SEQUENCE, B2-SEQUENCE, NONAVERAGING SE- 
QUENCE 


Erdés-Selfridge Function 

The Erdés-Selfridge function g(k) is defined as the least 
integer bigger than k + 1 such that all prime factors of 
(2%) exceed k (Ecklund et al. 1974). The best lower 
bound known is 


In? k 1? 
> 
a({k) 2 exp C= 


(Granville and Ramare 1996). Scheidler and Williams 
(1992) tabulated g(k) up to k = 140, and Lukes et al. 
(1997) tabulated g(k) for 135 < k < 200. The values for 
n = 2, 3,... are 4, 7, 7, 23, 62, 143, 44, 159, 46, 47, 
174, 2239, ... (Sloane’s A046105). 

see also BINOMIAL COEFFICIENT, LEAST PRIME FAc- 
TOR 
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Erdés Squarefree Conjecture 


Erdés Squarefree Conjecture 

The CENTRAL BINOMIAL COEFFICIENT (?") is never 
SQUAREFREE for n > 4. This was proved true for all suf- 
ficiently large n by SARKOZY’S THEOREM. Goetgheluck 
(1988) proved the CONJECTURE true for 4 < n < 
942205184 and Vardi (1991) for 4 < n < 2774840978 The 
conjecture was proved true in its entirely by Granville 
and Ramare (1996). 


see also CENTRAL BINOMIAL COEFFICIENT 
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Erd6és-Szekeres Theorem 

Suppose a, b € N, n = ab+1, and x1, ..., 2n is a 
sequence of n REAL NUMBERS. Then this sequence con- 
tains a MONOTONIC increasing (decreasing) subsequence 
of a+ 1 terms or a MONOTONIC decreasing (increasing) 
subsequence of 6b + 1 terms. DILWORTH’S LEMMA is a 
generalization of this theorem. 


see also COMBINATORICS 
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The “error function” encountered in integrating the 
GAUSSIAN DISTRIBUTION. 


atey= = [ ew dt (1) 
= 1 - erfc(z) (2) 
= Vm y(¥,2"), (3) 


where ERFC is the complementary error function and 
y(x,a) is the incomplete GAMMA FUNCTION. It can 
also be defined as a MACLAURIN SERIES 


5.2 ba (ay 
erf(z) = Fees ACES (4) 
Erf has the values 
erf(0) = 0 (5) 
erf(oo) = 1. (6) 


It is an ODD FUNCTION 
erf(—z) = —erf(z), (7) 


and satisfies 
erf(z) + erfc(z) = 1. (8) 


Erf may be expressed in terms of a CONFLUENT HYPER- 
GEOMETRIC FUNCTION OF THE FIRST KIND M as 


2z 2z _,2 
erf(z) = Jam a $72") = Vr’ M(1, 3,27). (9) 
Erf is bounded by 
1 2 f* a] 1 
—————- < e” e at < ——_———.. (10 
a+ fx? +2 i ~ o+/z? +4 a 
Its DERIVATIVE is 
d” = n—-l 2 —2? 
qn e(z) = (-1) ir n(zje* , (11) 


where H, is a HERMITE POLYNOMIAL. The first DE- 

RIVATIVE is 4 
2 

— erf(z) = =e"* /?, (12) 


dz Vr 
and the integral is 


en 


[ete dz = zerf(z) + Tee (13) 
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For x < 1, erf may be computed from 


erf(z) = —= ye e* dt (14) 
0) 


Using INTEGRATION BY PARTS gives 


[= <} 248 1 
: e dt 5 
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2 a 
en e°* 
Tee ae ee (19) 
s0 3 
Con 1 
erf(a) = 1- (Q-s5---) (20) 


and continuing the procedure gives the ASYMPTOTIC 
SERIES 


erf(z) = 1— ae ae -iz* 


Vr 


+327° gO" + 105 2° +...). (21) 


A COMPLEX generalization of erf is defined as 


w(z)= ee erfc(—iz) (22) 
Ae eee 
é (+5+4/ at) (23) 


Zi et dt Diz = et dt (24) 
nj z-t nm J, 2-# 


oo 


il 


Erfc 


see also DAWSON’S INTEGRAL, ERFC, ERFI, GAUSSIAN 
INTEGRAL, NORMAL DISTRIBUTION FUNCTION, PROB- 
ABILITY INTEGRAL 
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Erfc 
The “complementary error function” 
2 [? _2 
erfc(x) = —= e dt (1) 
Vr = 
= 1-erf(z) (2) 
= vn (32°), (3) 


where 7 is the incomplete GAMMA FUNCTION. It has 
the values 


erfc(0) = 1 (4) 
erfc(co) = 0 (5) 
erfc(—z) = 2 — erfc(zx) (6) 
ie erfe(x) dx = ate (7) 
0 Vr 
oo : 7 2— J/2 
[ erfc*(x) dx = a (8) 


A generalization is obtained from the differential equa- 


tion e 
y dy - 
ae 22 2ny = 0. (9) 


The general solution is then 
y = Aerfcin(z) + Berfcin(—z), (10) 


where erfci,(z) is the erfc integral. For integral n > 1, 


erfci, (z) = [> fest dz (11) 


= z I Coes dt. (12). 
f 


| 


Erfi 
The definition can be extended to n = —1 and 0 using 
erfci_1(z) = ae (13) 
erfcig(z) = erfc(z). (14) 


see also ERF, ERFI 
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Erfi 
erfi(z) = —ierf(iz). 
see also ERF, ERFC 


Ergodic Measure 

An ENDOMORPHISM is called ergodic if it is true that 
T~1A = A IMPLIES m(A) = 0 or 1, where T7"'A = {x € 
X : T(x) € A}. Examples of ergodic endomorphisms 
include the MAP X — 2x mod 1 on the unit interval 
with LEBESGUE MEASURE, certain AUTOMORPHISMS of 
the Torus, and “Bernoulli shifts” (and more generally 
“Markov shifts”). 


Given a MAP T and a SIGMA ALGEBRA, there may be 
many ergodic measures. If there is only one ergodic 
measure, then T is called uniquely ergodic. An example 
of a uniquely ergodic transformation is the MAP z +> x+ 
a mod 1 on the unit interval when a is irrational. Here, 
the unique ergodic measure is LEBESGUE MEASURE. 


Ergodic Theory 

Ergodic theory can be described as the statistical and 
qualitative behavior of measurable group and semigroup 
actions on MEASURE SPACES. The GROUP is most com- 
monly N, R, R*, and Z. 


Ergodic theory had its origins in the work of Boltzmann 
in statistical mechanics. Its mathematical origins are 
due to von Neumann, Birkhoff, and Koopman in the 
1930s. It has since grown to be a huge subject and 
has applications not only to statistical mechanics, but 
also to number theory, differential geometry, functional 
analysis, etc. There are also many internal problems 
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(e.g., ergodic theory being applied to ergodic theory) 
which are interesting. 


see also AMBROSE-KAKUTANI THEOREM, BIRKHOFF’S 
ERGODIC THEOREM, DYE’S THEOREM, DYNAMICAL 
SYSTEM, Hopr’s THEOREM, ORNSTEIN’S THEOREM 
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Ergodic Transformation 
A transformation which has only trivial invariant SuB- 
SETS is said to be invariant. 


Erlanger Program 

A program initiated by F. Klein in an 1872 lecture to 
describe geometric structures in terms of their group 
AUTOMORPHISMS. 


References 

Klein, F. “Vergleichende Betrachtungen tiber neuere ge- 
ometrische Forschungen.” 1872. 

Yaglom, I. M. Feliz Klein and Sophus Lie: Evolution of the 
Idea of Symmetry in the Nineteenth Century. Boston, MA: 
Birkhauser, 1988. 


Ermakoff’s Test 
The series )) f(n) for a monotonic nonincreasing f(x) 
is convergent if 


and divergent if 
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Error 

The difference between a quantity and its estimated or 
measured quantity. 

see also ABSOLUTE ERROR, PERCENTAGE ERROR, REL- 
ATIVE ERROR 
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Error-Correcting Code 

An error-correcting code is an algorithm for expressing 
a sequence of numbers such that any errors which are 
introduced can be detected and corrected (within cer- 
tain limitations) based on the remaining numbers. The 
study of error-correcting codes and the associated math- 
ematics is known as CODING THEORY. 


Error detection is much simpler than error correction, 
and one or more “check” digits are commonly embedded 
in credit card numbers in order to detect mistakes. Early 
space probes like Mariner used a type of error-correcting 
code called a block code, and more recent space probes 
use convolution codes. Error-correcting codes are also 
used in CD players, high speed modems, and cellular 
phones. Modems use error detection when they compute 
CHECKSUMS, which are sums of the digits in a given 
transmission modulo some number. The ISBN used to 
identify books also incorporates a check DIGIT. 


A powerful check for 13 DIGIT numbers consists of the 
following. Write the number as a string of DIGITS 
@10243°:'@13. Take a; +a3+...+a13 and double. Now 
add the number of DIGITS in ODD positions which are 
> 4 to this number. Now add az + a4+...+ 12. The 
check number is then the number required to bring the 
last DIGIT to 0. This scheme detects all single DIGIT 
errors and all TRANSPOSITIONS of adject DIGITS except 
0 and 9. 


see also CHECKSUM, CODING THEORY, GALOIS FIELD, 
HADAMARD Matrix, ISBN 
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Error Curve 
see GAUSSIAN FUNCTION 


Error Function 
see ERF, ERFC 


Error Function Distribution 
A NORMAL DISTRIBUTION with MEAN 0. 


P@)= oe (1) 


The CHARACTERISTIC FUNCTION is 


Gt) = en MH), (2) 


Error Propagation 


The MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 


p=O0 (3) 

1 
dete (4) 
y = 0 (5) 
y2 = 0. (6) 

The CUMULANTS are 

Ki = 0 (7) 

_ 1 
"= ofp - 
Kn =0 (9) 


for n > 3. 


Error Propagation 

Given a FORMULA y = f(z) with an ABSOLUTE ERROR 
in x of dx, the ABSOLUTE ERROR is dy. The RELATIVE 
ERROR is dy/y. If e = f(u,v), then 


a B= (ui - OS + (vi - +... (1) 


so 


£9 =e) (32) (=) +... (2) 


The definitions of VARIANCE and COVARIANCE then give 


ns a lua) (3) 
: N 
ot gt Dio «) 
1 N 
Cus = Noi > — &)(v; — 3), (5) 
so 
see, 
4+ 3eay (#2) (3) eats 16) 


If w and v are uncorrelated, then oy, = 0 so 


2 
on? =0u" (#2) +o". (7) 


Error Propagation 


Now consider addition of quantities with errors. For 
2 = au+ bu, Ox/Ou = a and Gz/dv = +6, so 


On? = Aon + bay? + 2abour’. (8) 


For division of quantities with « = tau/v, O2/Ou = 
+a/v and d2/dv = Fau/v’, so 


2 2,,2 
2 a 2 au aau 2 


On = -sOu + 2-—s Ow. (9 
" v2 Ovt vy v2 ) 


(2) a? vy a au? v? ey (2) (*)« 7 
x ™~ y2 g2y2™ vt ary? v ye J % 
2 2 
= (2) +(2) ~2 (2) (“). (10) 
v u v 


For exponentiation of quantities with 


ae qt? = (em ejeh = eee (11) 
oe = +b(Ina)e*?'™** = +b(Ina)z, (12) 
Ou 
so 
Ox = Oyb(Ina)z (13) 
Oz 
—=b one 4 
- Inao (14) 
If a = e, then 
Ox 
—=beu. 1 
"2 = bo (15) 


For LOGARITHMS of quantities with « = aln(+b6u), 
Ox/Ou = a(+b)/{+bu) = a/u, so 


On = Oy" (=) (16) 
or = a—. (17) 


For multiplication with « = tauv, O2/Ou = tav and 
Ox /Ov = tau, so 


2 22 2 22, 2 2 2 
Oz =AVU0u +a Uo, +2a°uUvdu (18) 
2,2 2 
(2)" a*u ae au? aa Qa*uv sg 
= a a o 
x a2u2y2 “ azuzy2 ” a2uty2 “” 


2 2 
~(22) +) #2(C2) 2). 00 
u v u v 
For Powers, with « = au*’, dz/Ou = tabut?-! = 
tbr/u, so 


b? 2 
on = Ox 2 (20) 
“2 = a (21) 


see also ABSOLUTE ERROR, PERCENTAGE ERROR, REL- 
ATIVE ERROR 
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Escher’s Map 


f(z) ae zl teos B+isinB)/2- 


Escribed Circle 
see EXCIRCLE 


Essential Singularity 
A SINGULARITY a for which f(z)(z—a)” is not DIFFER- 
ENTIABLE for any INTEGER n > 0. 


see also PICARD’S THEOREM, WEIERSTRAB-CASORATI 
THEOREM 


Estimate 

An estimate is an educated guess for an unknown quan- 
tity or outcome based on known information. The mak- 
ing of estimates is an important part of statistics, since 
care is needed to provide as accurate an estimate as 
possible using as little input data as possible. Often, an 
estimate for the uncertainty AF of an estimate FE can 
also be determined statistically. A rule that tells how to 
calculate an estimate based on the measurements con- 
tained in a sample is called an ESTIMATOR. 


see also BIAS (ESTIMATOR), ERROR, ESTIMATOR 
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Estimator 

An estimator is a rule that tells how to calculate an 
ESTIMATE based on the measurements contained in a 
sample. For example, the “sample MEAN” AVERAGE & 
is an estimator for the population MEAN uy. 


The mean square error of an estimator 6 is defined by 
MSE = ((6- 8)”). 
Let B be the BIAS, then 
MSE = (((6 — (8)) + B(8)]) 
= ((6- (4))) + BG) = V(6) + BG), 


where V is the estimator VARIANCE. 


see also BIAS (ESTIMATOR), ERROR, ESTIMATE, k- 
STATISTIC 


Eta Function 


see DEDEKIND ETA FUNCTION, DIRICHLET ETA FuNC- 
TION, THETA FUNCTION 


Ethiopian Multiplication 
see RUSSIAN MULTIPLICATION 
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Etruscan Venus Surface 
A 3-D shadow of a 4-D KLEIN BOTTLE. 


see also IDA SURFACE 
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Eubulides Paradox 

The PARADOX “This statement is false,” stated in the 
fourth century BC. It is a sharper version of the EPI- 
MENIDES PARADOX, “All Cretans are liers...OQne of 
their own poets has said so.” 


see also EPIMENIDES PARADOX, SOCRATES’ PARADOX 
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Euclid’s Axioms 
see EUCLID’S POSTULATES 


Euclid’s Elements 
see ELEMENTS . 


Euclid’s Fifth Postulate 


see EUCLID’S POSTULATES 


Euclid Number 
The nth Euclid number is defined by 


En =1+ Tle 
t=1 


where p; is the ith PRIME. The first few FE, are 3, 
7, 31, 211, 2311, 30031, 510511, 9699691, 223092871, 
6469693231, ... (Sloane’s A006862). The largest fac- 
tor of B, are 3, 7, 31, 211, 2311, 509, 277, 27953, ... 
(Sloane’s A002585). The n of the first few PRIME Euclid 
numbers Ey, are 1, 2, 3, 4, 5, 11, 75, 171, 172, 384, 457, 
616, 643, ... (Sloane’s A014545) up to a search limit of 
700. It is not known if there are an INFINITE number of 
PRIME Euclid numbers (Guy 1994, Ribenboim 1996). 


see also SMARANDACHE SEQUENCES 


References 

Guy, R. K. Unsolved Problems in Number Theory, 2nd ed. 
New York: Springer-Verlag, 1994. 

Ribenboim, P. The New Book of Prime Number Records. 
New York: Springer-Verlag, 1996. 

Sloane, N. J. A. Sequences A0Q14544, A006862/M2698, and 
A002585/M2697 in “An On-Line Version of the Encyclo- 
pedia of Integer Sequences.” 

Wagon, S. Mathematica in Action. New York: W. H. Free- 
man, pp. 35-37, 1991. 


Euclid’s Theorems 


Euclid’s Postulates 


1. A straight LINE SEGMENT can be drawn joining any 
two points. 


2. Any straight LINE SEGMENT can be extended indef- 
initely in a straight LINE. 


3. Given any straight LINE SEGMENT, a CIRCLE can 
be drawn having the segment as RADIUS and one 
endpoint as center. 


4. All RiguT ANGLES are congruent. 


5. If two lines are drawn which intersect a third in such 
a way that the sum of the inner angles on one side 
is less than two RIGHT ANGLES, then the two lines 
inevitably must intersect each other on that side if 
extended far enough. This postulate is equivalent to 
what is known as the PARALLEL POSTULATE. 


Euclid’s fifth postulate cannot be proven as a theorem, 
although this was attempted by many people. Euclid 
himself used only the first four postulates (“ABSOLUTE 
GEOMETRY”) for the first 28 propositions of the Ele- 
ments, but was forced to invoke the PARALLEL POSTU- 
LATE on the 29th. In 1823, Janos Bolyai and Nicolai 
Lobachevsky independently realized that entirely self- 
consistent “NON-EUCLIDEAN GEOMETRIES” could be 
created in which the parallel postulate did not hold. 
(Gauss had also discovered but suppressed the existence 
of non-Euclidean geometries.) 


see also ABSOLUTE GEOMETRY, CIRCLE, Elements, 
LINE SEGMENT, NON-EUCLIDEAN GEOMETRY, PARAL- 
LEL POSTULATE, PASCH’S THEOREM, RIGHT ANGLE 
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Euclid’s Principle 
see EUCLID’S THEOREMS 


Euclid’s Theorems 

A theorem sometimes called “Euclid’s First Theorem” 
or EUCLID’S PRINCIPLE states that if p is a PRIME 
and plab, then pla or p|b (where | means DIvIDEs). A 
COROLLARY is that pla” > pla (Conway and Guy 1996). 
The FUNDAMENTAL THEOREM OF ARITHMETIC is an- 
other COROLLARY (Hardy and Wright 1979). 


Euclid’s Second Theorem states that the number of 
PRIMES is INFINITE. This theorem, also called the IN- 
FINITUDE OF PRIMES theorem, was proved by Euclid in 
Proposition IX.20 of the Elements. Ribenboim (1989) 
gives nine (and a half} proofs of this theorem. Eu- 
clid’s elegant proof proceeds as follows. Given a finite 
sequence of consecutive PRIMES 2, 3, 5, ..., p, the num- 
ber 

N=2-3-5---p+1, (1) 


known as the ith EUCLID NUMBER when p = p; is the ith 
PRIME, is either a new PRIME or the product of PRIMES. 


Euclid’s Theorems 


If N is a PRIME, then it must be greater than the pre- 
vious PRIMES, since one plus the product of PRIMES 
must be greater than each PRIME composing the prod- 
uct. Now, if N is a product of PRIMES, then at least 
one of the PRIMES must be greater than p. This can be 
shown as follows. If N is COMPOSITE and not greater 
than p, then one of its factors (say F)) must be one of 
the PRIMES in the sequence, 2, 3, 5,..., p. It therefore 
DIVIDES the product 2-3-5---p. However, since it is 
a factor of N, it also DIVIDES N. But a number which 
DIVIDES two numbers a and 6 < a also DIVIDES their 
difference a — b, so F' must also divide 


N—(2-3-5++-p) = (2-3-5---p+1)—(2-3-5---p) = 1. (2) 


However, in order to divide 1, F must be 1, which is 
contrary to the assumption that it is a PRIME in the 
sequence 2, 3, 5, .... It therefore follows that if N 
is composite, it has at least one factor greater than p. 
Since N is either a PRIME greater than p or contains a 
factor greater than p, a PRIME larger than the largest 
in the finite sequence can always be found, so there are 
an infinite number of PRIMES. Hardy (1967) remarks 
that this proof is “as fresh and significant as when it 
was discovered” so that “two thousand years have not 
written a wrinkle” on it. 


A similar argument shows that p! + 1 is PRIME, and 
1-3-5-7---p+l (3) 


must be either PRIME or be divisible by a PRIME > p. 
Kummer used a variation of this proof, which is also a 
proof by contradiction. It assumes that there exist only 
a finite number of PRIMES N = pi, po, ..., pr. Now 
consider N — 1. It must be a product of PRIMES, so it 
has a PRIME divisor p; in common with N. Therefore, 
pi|N — (N—1) = 1 which is nonsense, so we have proved 
the initial assumption is wrong by contradiction. 


It is also true that there are runs of COMPOSITE NUM- 
BERS which are arbitrarily long. This can be seen by 
defining 


n=jl= [i (4) 


where 7! is a FACTORIAL. Then the j — 1 consecutive 
numbers n+ 2,n+3,...,2+ J are COMPOSITE, since 


n4+3=(1:2---7)+3=3(1-2-4-5---n+1) (6) 
nt+j=(1-2---j) +5 =5[1-2---G—-1)41]. (7) 


Guy (1981, 1988) points out that while pip2---p,p+1 is 
not necessarily PRIME, letting g be the next PRIME after 
PiPp2-++ Pn +1, the number g — pip2--- pn +1 is almost 
always a PRIME, although it has not been proven that 
this must always be the case. 
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see also DIVIDE, EUCLID NUMBER, PRIME NUMBER 
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Euclidean Algorithm 

An ALGORITHM for finding the GREATEST COMMON DI- 
VISOR of two numbers a and 8, also called Euclid’s al- 
gorithm. It is an example of a P-PROBLEM whose time 
complexity is bounded by a quadratic function of the 
length of the input values (Banach and Shallit). Let 
a =bq+r, then find a number uw which DIVIDES both a 
and 6 (so that a = su and b = tu), then u also DIVIDES 
r since 


r=a— bq = su— qtu = (s — qt)u. (1) 


Similarly, find a number v which DIVvIDEs b and r (so 
that b= s’v and r = t'v), then v DIVIDES a since 


a=bat+r=s'uqg+t'v=(s'qtt')u. (2) 
Therefore, every common DIvisor of a and b is a com- 


mon Divisor of b and r, so the procedure can be iterated 
as follows 


a=ba+nri (3) 
b= qrit+re (4) 

ry = qsT2 +73 (5) 
Tn—2 = Gnfn-1 + Tr (6) 
Tn—-1 = Qnt+1Tn, (7) 


where r, is GCD(a,b) = (a,b). Lamé showed that the 
number of steps needed to arrive at the GREATEST COM- 
MON DIvIsoR for two numbers less than N is 


logioN | logio v5 
steps << ————_ +-_ >" _ 8 
ee login d logig ¢ (8) 
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where ¢ is the GOLDEN MEAN, or < 5 times the number 
of digits in the smaller number. Numerically, Lamé’s 
expression evaluates to 


steps < 4.785 log,, N + 1.6723. (9) 


As shown by LAME’s THEOREM, the worst case occurs 
when the ALGORITHM is applied to two consecutive FI- 
BONACCI NUMBERS. Heilbronn showed that the aver- 
age number of steps is 121n 2/7? log.) n = 0.843 log,gn 
for all pairs (n,b) with b < n. Kronecker showed that 
the shortest application of the ALGORITHM uses least 
absolute remainders. The QUOTIENTS obtained are dis- 
tributed as shown in the following table (Wagon 1991). 


Quotient % 


1 41.5 
2 17.0 
3 9.3 


For details, see Uspensky and Heaslet (1939) or Knuth 
(1973). Let T(m,n) be the number of divisions required 
to compute GCD(m, n) using the Euclidean algorithm, 
and define T(m,0) = 0 if m > 0. Then 


_J14+T(,mmodn) form>n 
ST { 14 T(n,m) form <n. (10) 
Define the functions 
1 
T(n) = — S> T(m,n) (11) 
O<m<n 
1 
rim= sy DP Tmm) (12) 
Oo<mcn 
GCD(m,n)x1 
1 
A(N) = 55 T(m,n), (13) 
1<m<Nn 
i<n<Nn 


where ¢ is the TOTIENT FUNCTION, T(n) is the average 
number of divisions when n is fixed and m chosen at 
random, r(n) is the average number of divisions when 
n is fixed and m is a random number coprime to n, and 
A(N) is the average number of divisions when m and 
n are both chosen at random in [1,.N]. Norton (1990) 
showed that 


121n2 A(d 
T(n) = 72 inn~ 5 AD 
d|n 


+0+=S > g(dota-/**9), (14) 


dln 


where A is the VON MANGOLDT FUNCTION and C is 
PORTER’S CONSTANT. Porter (1975) showed that 


Inn+C+O(n7*/° +6), (15) 
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and Norton (1990) proved that 
12In2 6 
= [inv $456 (2)| 


+0 —1+40(N7*/8t*), (16) 


A(N) = 


There exist 22 QUADRATIC FIELDS in which there is a 
Euclidean algorithm (Inkeri 1947). 


see also FERGUSON-FORCADE ALGORITHM 
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Euclidean Construction 
see GEOMETRIC CONSTRUCTION 


Euclidean Geometry 

A GEOMETRY in which EUCLID’s FIFTH POSTULATE 
holds, sometimes also called PARABOLIC GEOMETRY. 
2-D Euclidean geometry is called PLANE GEOMETRY, 
and 3-D Euclidean geometry is called SOLID GEOME- 
TRY. Hilbert proved the CONSISTENCY of Euclidean ge- 
ometry. 


see also ELLIPTIC GEOMETRY, GEOMETRIC CONSTRUC- 
TION, GEOMETRY, HYPERBOLIC GEOMETRY, NON- 
EUCLIDEAN GEOMETRY, PLANE GEOMETRY 
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Euclidean Group 
The Group of ROTATIONS and TRANSLATIONS. 


see also ROTATION, TRANSLATION 
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Euclidean Metric 
The Function f : R” x R” — R that assigns to any 
two VECTORS (21, ..., 2n) and (y1,.-., yn) the number 


J (x1 —yi)? +...+ (an — yn)?, 


and so gives the “standard” distance between any two 
VECTORS in R”. 


Euclidean Motion 

A Euclidean motion of IR” is an AFFINE TRANSFORMA- 
TION whose linear part is an ORTHOGONAL TRANSFOR- 
MATION. 


see also RIGID MOTION 
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Euclidean Norm 
see L2-NORM 
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Euclidean Number 

A Euclidean number is a number which can be obtained 
by repeatedly solving the QUADRATIC EQUATION. Eu- 
clidean numbers, together with the RATIONAL NuMm- 
BERS, can be constructed using classical GEOMETRIC 
CONSTRUCTIONS. However, the cases for which the val- 
ues of the TRIGONOMETRIC FUNCTIONS SINE, COSINE, 
TANGENT, etc., can be written in closed form involv- 
ing square roots of REAL NUMBERS are much more re- 
stricted. 


see also ALGEBRAIC INTEGER, ALGEBRAIC NUMBER, 
CONSTRUCTIBLE NUMBER, RADICAL INTEGER 
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Euclidean Plane 
The 2-D EUCLIDEAN SPACE denoted R?. 


see also COMPLEX PLANE, EUCLIDEAN SPACE 


Euclidean Space 

Euclidean n-space is the SPACE of all n-tuples of REAL 
NUMBERS, (21, 2, .--, Zn) and is denoted R”. R” is a 
VECTOR SPACE and has LEBESGUE COVERING DIMEN- 
SION n. Elements of R” are called n-VEcToRS. R' = R 
is the set of REAL NUMBERS (i.e., the REAL LINE), and 
IR? is called the EUCLIDEAN PLANE. In Euclidean space, 
COVARIANT and CONTRAVARIANT quantities are equiv- 
alent so &? = é;. 

see also EUCLIDEAN PLANE, REAL LINE, VECTOR 
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Eudoxus’s Kampyle 
see KAMPYLE OF EUDOXUS 


Euler’s 6n + 1 Theorem 
Every PRIME of the form 6n + 1 can be written in the 
form a? + 3y?. 


Euler’s Addition Theorem 
Let g(x) = (1 — x”)(1 — k?x?). Then 


where 


by/g(a) + ar/g(b) 
J1i— ka2h? 


c= 
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Euler Angles 


According to EULER’S ROTATION THEOREM, any Ro- 
TATION may be described using three ANGLES. If the 
ROTATIONS are written in terms of ROTATION MATRI- 
ces B, C, and D, then a general ROTATION A can be 
written as 


A=BCD. (1) 


The three angles giving the three rotation matrices are 
called Euler angles. There are several conventions for 
Euler angles, depending on the axes about which the 
rotations are carried out. Write the MATRIX A as 


Az E a22 | : (2) 


G11 =Gi2 13 


” 


In the so-called “z-convention,” illustrated above, 


cos@ sing 0 
D= [se cos ¢ | (3) 
0 0 1 
1 0 0 
C= E cos 8 sna (4) 
0 -sin@ cosé 
cosy sinw 0 
B= [sew cos w o). (5) 
0 0 1 


so 


ai11 = cosy cos¢ — cos@ sin gsin yp 


ai2 = coswsing + cos @ cos ¢siny 


ai3 = sinwsin# 
a21 = —sinycos¢— cos@singcosw 
a22 = —sinwsing + cos@cos cos p 


a23 = cosy sin 6 
a31 = sin@ sing 
azo = —sin@cos@ 


a33 = cos 


To obtain the components of the ANGULAR VELOCITY 
w in the body axes, note that for a MATRIX 


A = [Ai A2 A3 } ’ (6) 
it is true that 
@11 G12 413 We Q11Wz + Ai2zWy + A13Wz 
Q21 422 423 Wy | = | A21Ws + Ag2Wy + A23W,z 
a31 G32 33 We A31We + A32Wy + As3Wz 
(7) 


= AiWy + A2wy + A3w,. (8) 


Euler Angles 


Now, w, corresponds to rotation about the ¢@ axis, so 
look at the w, component of Aw, 
sinysiné] — 
we = Aiw, = | coswsin# | bd (9) 
cos 6 


The line of nodes corresponds to a rotation by @ about 
the £-axis, so look at the we component of Bw, 
; cosy ] _ 
We = Biwg = B10 = | —siny | 6. (10) 
0 


Similarly, to find rotation by ~ about the remaining axis, 
look at the wy component of Bw, 


0 
wy = Buwy = Baw = [| wp. (11) 
1 


Combining the pieces gives 


cos y sin 0p — sin y 
cos 6¢ + w. 


sin w sin 0b + cos we 
w= | (12) 


For more details, see Goldstein (1980, p. 176) and Lan- 
dau and Lifschitz (1976, p. 111). 


The z-convention Euler angles are given in terms of the 
CAYLEY-KLEIN PARAMETERS by 


1/2,1/4 
= _% ae 
¢ = —2iln (tant a) ’ 


a}/2yt/4 
-21tn (ear ra m) (13) 
at/? gi/4 
ay = —2iln (+: 74 aime) 
; iat /? gi/4 
— 2tln | +—_____——_| 7I74(1 + By) (14) 


6=+2cos! 


(1/1 + By). (15) 


In the “y-convention,” 
> 


bz = by + 5m (16) 
2 = py — ET. (17) 
Therefore, 
sin gz = cos dy (18) 
cos d; = — sin by (19) 
sin yz = ~ cos py (20) 
cos pz = sin py (21) 


Euler Angles 
—sing@ cosd 0 
D= [=ess —singd 0 (22) 
0 0 1 
1 0 0 
C= {0 cosé siné (23) 
0 -sin@ cosé 
sinw —cosy 0 
B= E yy siny 0 (24) 
0 0 1 
and A is given by 
ai. = —sinwsind + cos @ cos dcos wp 


a12 = sinwcos¢@ + cos O sin dcos wp 
ai3 = —cosysin#@ 

aa1 = —cosysin d — cos 6 cos sin wp 
a22 = cosy cos ¢ — cos @sin dsiny 
23 = sinw sin é 

a31 = sin@cos¢@ 

a32 = sin@sing 


a33 = cosé. 


In the “xyz” (pitch-roll-yaw) convention, @ is pitch, w 
is roll, and ¢ is yaw. 


cos@ sing 0 
D= |e cos d | (25) 
0 0 1 
cos@ Q —sin# 
C= 0 1 O | (26) 
sin? 0 cosé 
1 0 1) 
B= 2 cos an (27) 
Q -siny cosy 


and A is given by 


a1, = cos@cosd 

ai2 = cos@sing 

a3 = — sind 

a2, = sinw sin @cos ¢ — coswsing 

ao2 = sinwsin@sing + cosycos¢ 

a23 = cos@sin w 

a3) = coswsin@cos¢@ + sinwsind 

a32 = coswsin @sin @ — sinwcos ¢ 

a33 = cos@ cosy. 
A set of parameters sometimes used instead of angles 
are the EULER PARAMETERS €0, €1, €2 and e3, defined 
by 


€o = cos 3) (28) 


e= A = fisin (£). (29) 
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Using EULER PARAMETERS (which are QUATERNIONS), 
an arbitrary ROTATION MATRIX can be described by 


air = €07 +617 — €2? — es” 
a12 = 2(e1e2 + e0e3) 
@13 = 2(e1e3 — €0€2) 
@21 = 2(e1€2 — ees) 
@22 = €9° — e17 + €2” — €3” 
23 = 2(e2€3 + ee1) 
agi = 2(e1€3 + e0€2) 
ag2 = 2(e2e3 — e0e1) 


2 2 2 2 
a33 =€9 —€1 —e2 +63 


(Goldstein 1960, p. 153). 


If the coordinates of two pairs of n points x; and x} are 
known, one rotated with respect to the other, then the 
Euler rotation matrix can be obtained in a straightfor- 
ward manner using LEAST SQUARES FITTING. Write 
the points as arrays of vectors, so 


[xi -- xhJ=Alxr xn]. (80) 
Writing the arrays of vectors as matrices gives 
X' = AX (31) 
X'XT = AXX7, (32) 
and solving for A gives 
A =X’X7T(XXT)7. (33) 
However, we want the angles 6, ¢, and w, not their com- 
binations contained in the MaTRIx A. Therefore, write 
the 3 x 3 MATRIX 
fil6, dg, v) f2(6, dg, ~) f3(6, dg, ~v) 
A= fa (6, d, ~) fs(9, g, p) fe(9, dg, w) (34) 
fr (0, dg, w) fr (6, dg, v) fo(O, dg; wv) 


as al x 9 VECTOR 


fi (6, d, w) 
f= (35) 
fo (6, d, v) 
Now set up the matrices 
of of | $4. | 
88 165,d:.0: 8¢ lo.,di.v: OY 10:.b:.d: dé 
* * : a | = df 
fo} 2a | ts | aah 
98 le. bivi 8¢ le divi Oe lo,divi 
(36) 


Using NONLINEAR LEAST SQUARES FITTING then gives 
solutions which converge to (9, ¢, #). 
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see also CAYLEY-KLEIN PARAMETERS, EULER PARAM- 
ETERS, EULER’S ROTATION THEOREM, INFINITESIMAL 
ROTATION, QUATERNION, ROTATION, ROTATION Ma- 
TRIX 
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Euler-Bernoulli Triangle 
see SEIDEL-ENTRINGER-ARNOLD TRIANGLE 


Euler Brick 
= 
"Ne 


a 


A RECTANGULAR PARALLELEPIPED (“BRICK”) with in- 
tegral edges a > b > c and face diagonals d;; given by 


tee oe (1) 
dac = a? +c? (2) 
dpc = Vb? + c?2, (3) 


The problem is also called the BRICK, DIAGONALS 
PROBLEM, PERFECT Box, PERFECT CUBOID, or RA- 
TIONAL CUBOID problem. 


Euler found the smallest solution, which has sides a = 
240, b = 117, and c = 44 and face DIAGONALS dap = 
267, dac = 244, and dy; = 125. Kraitchik gave 257 
cuboids with the ODD edge less than 1 million (Guy 
1994, p. 174). F. Helenius has compiled a list of the 5003 
smallest (measured by the longest edge) Euler bricks. 
The first few are (240, 117, 44), (275, 252, 240), (693, 
480, 140), (720, 132, 85), (792, 231, 160), ... (Sloane’s 
A031173, A031174, and A031175). Parametric solutions 
for Euler bricks are also known. 


No solution is known in which the oblique SPACE DIAG- 


ONAL 
dare = Va? +62 +? (4) 


is also an INTEGER. If such a brick exists, the smallest 
side must be at least 1,281,000,000 (R. Rathbun 1996). 
Such a solution is equivalent to solving the DIOPHAN- 
TINE EQUATIONS 


A4B7=C? (5) 
A+Dp' =F (6) 
B+ Dp? =F (7) 


B? + EB? =G?, (8) 


Euler’s Circle 


A solution with integral SPACE DIAGONAL and two out 
of three face diagonals is a = 672, b = 153, and c = 104, 
giving day = 3V52777, dac = 680, ds. = 185, and date = 
697. A solution giving integral space and face diagonals 
with only a single nonintegral EDGE is a = 18720, b = 
¥ 211773121, and c = 7800, giving day = 23711, dac = 
20280, doc = 16511, and dap, = 24961. 


see also CUBOID, CYCLIC QUADRILATERAL, DIAG- 
ONAL (POLYHEDRON), PARALLELEPIPED, PYTHAGO- 
REAN QUADRUPLE 
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Euler Chain 
A CHAIN (GRAPH) whose EDGES consist of all graph 
EDGES. 


Euler Characteristic 

Let a closed surface have GENUS g. Then the POLYHE- 

DRAL FORMULA becomes the POINCARE FORMULA 
X=V-EB+PF=2- 2g, (1) 

where y is the Euler characteristic, sometimes also 


known as the EULER-POINCARE CHARACTERISTIC. In 
terms of the INTEGRAL CURVATURE of the surface K, 


1 K da = 2rx. (2) 


The Euler characteristic is sometimes also called the Eu- 
LER NUMBER. It can also be expressed as 


X = Po — pi + P2, (3) 


where p; is the ith BETTI NUMBER of the space. 
see also CHROMATIC NUMBER, MAP COLORING 


Euler’s Circle 
see NINE-POINT CIRCLE 


Euler’s Conjecture 


Euler’s Conjecture 


g(k) = 2" + 1G) | - 2, 


where g(k) is the quantity appearing in WARING’S 
PROBLEM, and |2| is the FLOOR FUNCTION. 


see also WARING’S PROBLEM 


Euler Constant 


see e, EULER-MASCHERONI CONSTANT, MACLAURIN- 
CAUCHY THEOREM 


Euler’s Criterion 
Let p = 2m+1 be an ODD PRIME and a a POSITIVE 
INTEGER with pta. Then 


a™ =1 (mod p) (1) 
IFF there exists an INTEGER t such that 

p=t* (mod p). (2) 
In other words, 


QgP-/2 = 


a 

— (mod p), (3) 

Pp 

where (a/p) is the LEGENDRE SYMBOL. 

see also QUADRATIC RESIDUE 
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Euler Curvature Formula 


K = K1 CoS? 9+ K2 sin? 6, 
where « is the normal CURVATURE in a direction making 


an ANGLE @ with the first principle direction. 


Euler Differential Equation 
The general nonhomogeneous equation is 


2 d’y 


oe 
dx? 


dy 
c—— — § . 1 
+ an” + By = S(x) (1) 
The homogeneous equation is 
200 , 
vy tary + By =0 (2) 


B 


" as 
_ y= 0. 
a tot (3) 
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Now attempt to convert the equation from 


y” + p(x)y’ + a(z)y = 0 (4) 
to one with constant COEFFICIENTS 
dy | ,dy - 

dee + Ax + By= (5) 


by using the standard transformation for linear SECOND- 
ORDER ORDINARY DIFFERENTIAL EQUATIONS. Com- 
paring (3) and (5), the functions p(x) and q(x) are 


p(2) = = =n" (6) 


q(z) = & =a *, (7) 
Let B = @ and define 


eB? f Jaahae= 0%” Bar-? dz 
=f dz = Inz. (8) 


Then A is given by 
d (0) + 2p(0)a(2) 51/2 
2[q(x)]3/? 
_ —26273 + 2(aw*)(Be~*) g1/2 
fi 2(Be-*)97 
=a-~l, (9) 
which is a constant. Therefore, the equation becomes a 
second-order ODE with constant COEFFICIENTS 


A= 


dy dy 
—t -1)— = 0. 10 
qi + (@- 14 + By =0 (10) 
Define 
msi (-A+ A - 4B) 
=}[1-a+ (a— 1)? = 46] (11) 
r= (-4- VA? — 4B ) 
=} [1-0- (a—1)7—48| (12) 
and 
a= 3(1~a) (13) 
b= 3,/46 - (a —-1)?. (14) 
The solutions are 
c1e"!* + cpe"?” (a —1)? > 48 
y= 4 (e1 + coz)e* (a —1)? = 48 
e**[c1 cos(bz) + co sin(bz)] (a —1)* < 48. 
(15) 
In terms of the original variable z, 
e1|2|" + c2|2|72 (a—1)? > 48 
y= te + ¢2 In |z])|a|* (a —1)? = 48 
|jz|*[e1 cos(b1n [a|) + cp sin(bin|z|)]} (a@—1)? < 46. 


(16) 
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Euler’s Displacement Theorem 

The general displacement of a rigid body (or coordinate 
frame) with one point fixed is a ROTATION about some 
axis. Furthermore, a ROTATION may be described in 
any basis using three ANGLES. 

see also EUCLIDEAN MOTION, EULER ANGLES, RIGID 
MOTION, ROTATION 


Euler’s Distribution Theorem 
For signed distances, 


AB-CD+AC-.DB+AD-BC =0, 
since 
(b-— a)(d—c) + (c— a)(b—d) + (d—a){c— 6) = 0. 
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Euler Equation 
see also EULER DIFFERENTIAL EQUATION, BULER FOR- 
MULA, EULER-LAGRANGE DIFFERENTIAL EQUATION 


Euler’s Factorization Method 
Works by expressing N as a QUADRATIC FORM in two 
different ways. Then 


N=0?4+? =e? +d’, (1) 

so 
7?-2?=2-8 (2) 
(a—c)(a+c) = (d—b)(d +b). (3) 


Let k be the GREATEST COMMON DIVISOR of a —c and 
d—-bso 


a-—c=kl (4) 
d—~b=km (5) 
(l,m) = 1, (6) 


(where (J, m) denotes the GREATEST COMMON DIVISOR 
of | and m), and 


I(a+c) =m(d+ 6). (7) 
But since (l,m) = 1, mja +c and 
a+c=mn, (8) 
which gives 
b+d=ln, (9) 


so we have 
(a)? + Gn)? +m’) = F(R +0?)(P +m’) 
= 4[(kn)” + (kl)? + (nm)? + (nl)”] 
= }[(d-b)? + (a—c)? + (a+e)" + (d+ 6)) 
= 1(2a + 2b” + 2c” + 2d”) 
= 1(QN+2N)=N. (10) 


see also PRIME FACTORIZATION ALGORITHMS 


Euler Formula 


Euler’s Finite Difference Transformation 
A transformation for the acceleration of the convergence 
of slowly converging ALTERNATING SERIES, 
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Euler Formula 

The Euler formula states 

e** = cosz +isina, (1) 
where 7 is the IMAGINARY NUMBER. Note that the Eu- 
LER POLYHEDRAL FORMULA is sometimes also called 


the Euler formula, as is the EULER CURVATURE FOR- 
MULA. The equivalent expression 


iz = In(cosx +isinz) (2) 


had previously been published by Cotes (1714). The 
special case of the formula with « = 7 gives the beautiful 
identity 

e” +1=0, (3) 


an equation connecting the fundamental numbers i, P1, 
e, 1, and 0 (ZERO). 


The Euler formula can be demonstrated using a series 
expansion 


i Sy" 
. = Dy n! 
n=0 
7 x (=1)"2?" ye gen e 1) n—-1,2n-1 
“Ler oe ae 
cosx+isinz. (4) 


It can also be proven using a COMPLEX integral. Let 


z=cos@+ ising (5) 
dz = (—sin§ + icos6) d@ = i(cos 6 + isin @) dé = izd0 
: (6) 
z 

[e-f 
Inz = 76, (8) 

so 
z =e? =cos6 + isin#. (9) 


see also DE MOIVRE’S IDENTITY, EULER POLYHEDRAL 
FORMULA 


Euler Four-Square Identity 
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Euler Four-Square Identity 
The amazing polynomial identity 


(a1? + a2” + ag” + a4?) (br? + be” + bg? + ba”) 
= (a1b; — agbz — a3b3 — a4b4)? 
+(a1b2 + a2b1 + a3b4 — aabs)* 
+(a1b3 — azb4 + agb: + abo)” 
+(a1b4 + aabs — agbe + aabi)’, 


communicated by Euler in a letter to Goldbach on April 
15, 1705. The identity also follows from the fact that the 
norm of the product of two QUATERNIONS is the product 
of the norms (Conway and Guy 1996). 


see also FIBONACCI IDENTITY, LAGRANGE’S FOUR- 
SQUARE THEOREM 
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Euler’s Graeco-Roman Squares Conjecture 
Euler conjectured that there do not exist GRAECO- 
ROMAN SQUARES (now known as EULER SQUARES) of 
order n = 4k + 2 for k = 1, 2, . Such squares were 
found to exist in 1959, refuting the CONJECTURE. 


see also EULER SQUARE, LATIN SQUARE 


Euler Graph 

A GRAPH containing an EULERIAN CIRCUIT. An undi- 
rected GRAPH is Eulerian Irr every VERTEX has EVEN 
DeGREE. A DIRECTED GRAPH is Eulerian IFF ev- 
ery VERTEX has equal INDEGREE and OUTDEGREE. A 
planar BIPARTITE GRAPH is DUAL to a planar Euler 
graph and vice versa. The number of Euler graphs with 
n nodes are 1, 1, 2, 3, 7, 16, 54, 243, (Sloane’s 
A002854). 
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Euler’s Homogeneous Function Theorem 
Let f(x,y) be a HOMOGENEOUS FUNCTION of order n 
so that 


f (tx, ty) = t"(x,y). (1) 
Then define 2’ = xt and y' = yt. Then 


Of ax! af dy’ 
dz’ Ot by! “Ot 
i of of 
"Sa! * Yay — * (et T 


nt” f(x,y) = 55 


2 
Yagi ®) 
Let ¢ = 1, then 


re) 
o5e + ut = nf (2,9). (3) 


This can be generalized to an arbitrary number of vari- 
ables 
of 


Ox; 


where EINSTEIN SUMMATION has been used. 


= nf (x), (4) 


zy 


Euler’s Hypergeometric Transformations 
t)°- b-1 


1 4b-1 
era 
2Fi(adiciz) = [ a 
7 (1 — tz) 


where 2Fi(a,b;c;z) is a HYPERGEOMETRIC FUNCTION. 
The solution can be written using the Euler’s transfor- 
mations 


dt, (1) 


tt (2) 

t-+1-t (3) 

t+ (1—z-—tz)™ (4) 
1-—¢t 

Coe ope (5) 


in the equivalent forms 


2Fi(a,b;c;z) = (1— z)7* 


=(1-z)° 
= (1—2z)** °2Fi(c—a,e— 


2Fi(a,c—b;c;z/(z—1)) (6) 
2Fi(c —a,b;¢;2/(z-1)) (7) 
bc; z). (8) 


see also HYPERGEOMETRIC FUNCTION 
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Euler Identity 
For |z{ < 1, 


Ie +2?) = Ile - 


p=1 


Peas a 


see also JACOB! TRIPLE PRODUCT, q-SERIES 
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Euler’s Idoneal Number 
see IDONEAL NUMBER 


Euler Integral 

Euler integration was defined by Schanuel and subse- 
quently explored by Rota, Chen, and Klain. The Euler 
integral of a FUNCTION f : R — R (assumed to be 
piecewise-constant with finitely many discontinuities) is 
the sum of 


f(x) — g{f (w+) + f(a_)] 


over the finitely many discontinuities of f. The n-D 
Euler integral can be defined for classes of functions 
R” - R. Euler integration is additive, so the Euler 
integral of f +g equals the sum of the Euler integrals of 
f and g. 


see also EULER MEASURE 


Euler-Jacobi Pseudoprime 
An Euler-Jacobi pseudoprime is a number n such that 


= 2 
2(r-/? = = (mod n). 
™ 


The first few are 561, 1105, 1729, 1905, 2047, 2465, ... 
(Sloane’s A006971). 


see also PSEUDOPRIME 
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Euler Z-Function 
A special case of the ARTIN L-FUNCTION for the POLYy- 
NOMIAL 2? + 1. It is given by 


1 
Mo=" Teo 
p odd prime 
where 
-~,,—J1 for p=1 (mod 4) 
x" (p) = 1 for p = 3 (mod 4) 


where (—1/p) is a LEGENDRE SYMBOL. 
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Euler-Lagrange Differential Equation 

A fundamental equation of CALCULUS OF VARIATIONS 
which states that if J is defined by an INTEGRAL of the 
form 


p2 / Hau.) dr, (1) 
where d 
y= oe (2) 


then J has a STATIONARY VALUE if the Euler-Lagrange 
differential equation 


Of a (af\_ 
2-5 (5) = o 


is satisfied. If time DERIVATIVE NOTATION is replaced 
instead by space variable notation, the equation be- 


com 
- of d of _ 


In many physical problems, fz (the PARTIAL DERIVA- 
TIVE of f with respect to z) turns out to be 0, in which 
case a manipulation of the Euler-Lagrange differential 
equation reduces to the greatly simplified and partially 
integrated form known as the BELTRAMI IDENTITY, 


fuse = 6. (5) 


For three independent variables (Arfken 1985, pp. 924— 
944), the equation generalizes to 


of Oo Of 
Ou Ox Ouz 


a of a af _ 


pu, ef0ue 


Problems in the CALCULUS OF VARIATIONS often can 
be solved by solution of the appropriate Euler-Lagrange 
equation. 


To derive the Euler-Lagrange differential equation, ex- 
amine 


_ fof (Obs. Bhi. 
6J = 5 [oa qg,t)dt= i, (zi 6g + 0G sa) dt 
= OL OL d(éq) 
= | E q+ SE M60) a, (7) 


since 6g = d(éq)/dt. Now, integrate the second term by 
PARTS using 


dv = d(5q) (8) 


nis (2) di #28, (9) 


Euler-Lagrange Differential Equation 


so 


aL a(6a) 4, _ [ aL 
BG ae | ag OOP 


aL. |” i ( d aL ) 
E ‘| (Sagat) 8% (0) 
Combining (7) and (10) then gives 
eb |" ° (F d x) 
6J = |—-6 +f — ——-—— | dqdt. 11 
E a 1, \0q at aq) “4 (11) 


But we are varying the path only, not the endpoints, so 
dq(ti) = 6q(t2) = 0 and (11) becomes 


to 
OL d@L 
is | & . oz) dq dt. (12) 


et 


We are finding the STATIONARY VALUES such that dJ = 
0. These must vanish for any small change 6g, which 
gives from (12), 


aL d (éL 
OE (Fi) =0. (13) 


This is the Euler-Lagrange differential equation. 


The variation in J can also be written in terms of the 
parameter # as 


ee / fereugs tea ane 


=K«6h + be Ie + bn? I3 + akila+..., (14) 

where 
uv = dy (15) 
b= by (16) 


and the first, second, etc., variations are 
qh = [ty +0%) dt (17) 
h= [rte + 2vdfyy + 0” fav) dt (18) 


Is = [ten + 307d fyyy + 30” fuga + O° foay) at 
(19) 
Ig = [fae + 40° fuyyy + 60°O" fyyn 
+ 40" fyiag + O° fagoy) at. (20) 
The second variation can be re-expressed using 


Ze) =v*\+4+ 20d, (21) 
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so 


In + [v? AB = i [u?(fyy + A) + 20d(fyy +A) + 07 fay] dt. 


(22) 
But 
[v7 A]2 = 0. (23) 
Now choose X such that 
foo (fay + A) = (fas + A)? (24) 
and z such that 
aya fin & 
fyg t= -HS (25) 
so that z satisfies 
fast + fwd — (fav — fus)2 = 0- (26) 


It then follows that 


> eG _ vdz\? 
n= [ tw (s+ 2%) ae= f ts (v- 2%) ; 


see also BELTRAMI IDENTITY, BRACHISTOCHRONE 
PROBLEM, CALCULUS OF VARIATIONS, EULER-LaA- 
GRANGE DERIVATIVE 
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Euler-Lagrange Derivative 
The derivative 


appearing in the EULER-LAGRANGE DIFFERENTIAL 
EQUATION. 


Euler Line 


578 Euler Line 


The line on which the ORTHOCENTER H, CENTROID M, 
CIRCUMCENTER O, DE LONGCHAMPS POINT L, NINE- 
POINT CENTER F', and the TANGENTIAL TRIANGLE 
CIRCUMCIRCLE Ov of a TRIANGLE lie. The INCENTER 
lies on the Euler line only if the TRIANGLE is an ISOs- 
CELES TRIANGLE. The Euler line consists of all points 
with TRILINEAR COORDINATES a: @: y which satisfy 


a B ¥ 
cos A cos B cosC 
|cosBeosC cosC’cosA cosAcosB 


=0, (1) 


which simplifies to 


acos A(cos* B — cos’ C) + 8 cos B(cos” C — cos” A) 
+ycos C(cos* A ~— cos? B)=0. (2) 


This can also be written 


asin(2A) sin(B — C) + @sin(2B) sin(C — A) 
+7sin(2C) sin(A— B)=0. (3) 


The Euler line may also be given parametrically by 
P(A) =O+AH (4) 


(Oldknow 1996). 
Xr Center 
—2 point at infinity 
-—1 de Longchamps point L 
0 circumcenter O 
1 centroid G 
2 nine-point center F’ 
co orthocenter H 


The ORTHOCENTER is twice as far from the CENTROID 
as is the CIRCUMCENTER. The CIRCUMCENTER O, 
NINE-POINT CENTER F’, CENTROID G, and ORTHOCEN- 
TER H form a HARMONIC RANGE. 


The Euler line intersects the Soppy LINE in the DE 
LONGCHAMPS POINT, and the GERGONNE LINE in the 
EVANS POINT. The ISOTOMIC CONJUGATE of the Eu- 
ler line is called JERABEK’S HYPERBOLA (Casey 1893, 
Vandeghen 1965). 


see also CENTROID (TRIANGLE), CIRCUMCENTER, 
EVANS POINT, GERGONNE LINE, JERABEK’S HYPER- 
BOLA, DE LONGCHAMPS POINT, NINE-POINT CENTER, 
ORTHOCENTER, SODDY LINE, TANGENTIAL TRIANGLE 


References 

Casey, J. A Treatise on the Analytical Geometry of the Point, 
Line, Circle, and Conic Sections, Containing an Account 
of Its Most Recent Extensions with Numerous Examples, 
2nd rev. enl. ed. Dublin: Hodges, Figgis, & Co., 1893. 

Coxeter, H. S. M. and Greitzer, $. L. Geometry Revisited. 
Washington, DC: Math. Assoc. Amer., pp. 18-20, 1967. 

Dorrie, H. “Euler’s Straight Line.” §27 in 100 Great Problems 
of Elementary Mathematics: Their History and Solutions. 
New York: Dover, pp. 141-142, 1965. 


Euler-Maclaurin Integration Formulas 


Ogilvy, C. S. Excursions in Geometry. New York: Dover, 
pp. 117-119, 1990. 

Oldknow, A. “The Euler-Gergonne-Soddy Triangle of a Tri- 
angle.” Amer. Math. Monthly 103, 319-329, 1996. 

Vandeghen, A. “Some Remarks on the Isogonal and Cevian 
Transforms. Alignments of Remarkable Points of a Trian- 
gle.” Amer. Math. Monthly 72, 1091-1094, 1965. 


Euler-Lucas Pseudoprime 
Let U(P,Q) and V(P,Q) be LucAS SEQUENCES gener- 
ated by P and Q, and define 


D=P? —4q. 
Then 


Utn—(D/n))/2 = 9 (mod n) when (Q/n)=1 
Vin-(D/n))/2 = D (mod n) when (Q/n) = -1, 


where (Q/n) is the LEGENDRE SYMBOL. An ODD Com- 
POSITE NUMBER n such that (n,QD) = 1 (ie., n and 
QD are RELATIVELY PRIME) is called an Euler-Lucas 
pseudoprime with parameters (P,Q). 


see also PSEUDOPRIME, STRONG LUCAS PSEUDOPRIME 
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Euler’s Machin-Like Formula 
The MACHIN-LIKE FORMULA 


1 = tan”'(1) +tan7*(2). 
The other 2-term MACHIN-LIKE FORMULAS are 


HERMANN’S FORMULA, HUTTON’S FORMULA, and 
MACHIN’S FORMULA. 


see also INVERSE TANGENT 


Euler-Maclaurin Integration Formulas 
The first Euler-Maclaurin integration formula is 


1 
Fle) de = 4[F(A) + #(0)] 
0 


— DO gy Belo Pa) - £00) 


ae (2a) (4 x) dz 
+g f 1° @)Bale) ax, (0) 


where By, are BERNOULLI NUMBERS. SUMS may be con- 
verted to INTEGRALS by inverting the FORMULA to ob- 
tain 


fen) = fo Ha) ae $160) + £00) 


+S21F'(n)— FF. 2) 


Euler-Mascheroni Constant 


For a more general case when f(z) is tabulated at n 
values fi, fa, .--, Fn; 


/ ple) de = WBA + fat fot... faa + Bal 


=e Baxh?* fg 2A 
(any | a 


SA. 3) 


The Euler-Maclaurin formula is implemented in 
Mathematica® (Wolfram Research, Champaign, IL) as 
the function NSum with option Method->Integrate. 


The second Euler-Maclaurin integration formula is used 
when f(x) is tabulated at n values fg/2, fs/2, ---> 


fr—1/2: 
i f(x) dx = hl fsya + fsy2 + frj2++--+ fr-3/2 


~. Bogh?* _ 
->- Qk (1-2 B+ yi g (2k-1) — fy 2k 1), 


+fr—1/2l (2k)! 
k=1 
(4) 
see also SUM, WYNN’S EPSILON METHOD 
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§8.3 in Com- 
Reading, MA: 


Euler-Mascheroni Constant 
The Euler-Mascheroni constant is denoted y (or some- 
times C’) and has the numerical value 


¥ = 0.5772156649015328606065 12090082402431042... 

(1) 
(Sloane’s A001620). The CONTINUED FRACTION of 
the Euler-Mascheroni constant is [0, 1, 1, 2, 1, 2, 1, 
4, 3, 13, 5, 1, 1, 8, 1, 2, 4, 1, 1, 40, ...] (Sloane’s 
A002852). The first few CONVERGENTS are 1, 1/2, 3/5, 
4/7, 11/19, 15/26, 71/123, 228/395, 3035/5258, 15403/ 
26685, ... (Sloane’s A046114 and A046115). The po- 
sitions at which the digits 1, 2, ... first occur in the 
CONTINUED FRACTION are 2, 4, 9, 8, 11, 69, 24, 14, 
139, 52, 22, ... (Sloane’s A033149). The sequence of 
largest terms in the CONTINUED FRACTION is 1, 2, 4, 
13, 40, 49, 65, 399, 2076, ... (Sloane’s A033091), which 
occur at positions 2, 4, 8, 10, 20, 31, 34, 40, 529, ... 
(Sloane’s A033092). 
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It is not known if this constant is IRRATIONAL, let alone 
TRANSCENDENTAL. However, Conway and Guy (1996) 
are “prepared to bet that it is transcendental,” although 
they do not expect a proof to be achieved within their 
lifetimes. 


The Euler-Mascheroni constant arises in many integrals 


oO 
-[ e "Inadz (2) 
0 


y= 
-[- (<= ~ 3) eee (3) 
-[ s(rpe-e*) @ (4) 
and sums 
ree Soom EZ) ° 
— lim (x: —In n) (6) 
= yy (7) 
4 =. (—1)"¢(n +1) 
=m (2) 2 se (8) 
= Jim bs k-+-Inn = +> ale , 
kel k=1 


where ¢(z) is the RIEMANN ZETA FUNCTION and B, 
are the BERNOULLI NUMBERS. It is also given by the 
EULER PRODUCT 


e?= lim aa ll= (10) 


where the product is over PRIMES p. Another connection 
with the PRIMES was provided by Dirichlet’s 1838 proof 
that the average number of Divisors of all numbers 
from 1 to n is asymptotic to 


beat a) (i) 


n 


~Inn+2y-1 (11) 


(Conway and Guy 1996). de la Vallée Poussin (1898) 
proved that, if a large number n is divided by all PRIMES 
<n, then the average amount by which the QUOTIENT 
is less than the next whole number is 7+. 
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INFINITE PRODUCTS involving ¥ also arise from the G- 
FUNCTION with POSITIVE INTEGER n. The cases G(2) 
and G(3) give 


ad a 1\” eit7/2 
g en (2 “pe ) = 12 
I - aC) 
3+27 
-242/n =) _é 
i . (2 ue 9 hea a (13) 


The Euler-Mascheroni constant is also given by the lim- 
its 


= —T"(1) (15) 
-tale-r(Q] ao 


(Le Lionnais 1983). 
The difference between the nth convergent in (6) and + 


is given by 
2 Inn = 
k i n 


k=1 


2-24) dz, (17) 


where |a| is the FLOOR FUNCTION, and satisfies the 
INEQUALITY 


SHLD <>t- Inn < 5 (18) 


(Young 1991). A series with accelerated convergence is 


oO 


y= $-mn2— 0-1)" [C¢m)- 1] (19) 


m2 


(Flajolet and Vardi 1996). Another series is 


CO 


=> eel (20) 


n=l 


(Vacca 1910, Gerst 1969), where Lc is the LOGARITHM 
to base 2. The convergence of this series can be greatly 
improved using Euler’s CONVERGENCE IMPROVEMENT 
transformation to 


co k-1 
= yo » a (21) 
k=1 j7=0 ( J ) 


where (¢) is a BINOMIAL COEFFICIENT (Beeler e¢ al. 


1972, Item 120, with k — 7 replacing the undefined 7). 
Bailey (1988) gives 


1 
= ee Dae fae piven ~nin2+0 (<=), 


(22) 


Euler-Mascheroni Constant 


which is an improvement over Sweeney (1963). 


The symbol + is sometimes also used for 
Oa =e’ = 1.781072 (23) 


(Gradshteyn and Ryzhik 1979, p. xxvii). 


Odena (1982-1983) gave the strange approximation 
(0.11111111)'/* = 0.577350..., (24) 


and Castellanos (1988) gave 


(4)? = 0.57721521... (25) 
6 1/6 
(a) = 0.5772156634... (26) 
3 
(a) — 0.57721566457... (27) 
3... 3 2 42 
990 se 79" —* — 0.5772156649015295.... 


(28) 


No quadratically converging algorithm for computing + 
is known (Bailey 1988). 7,000,000 digits of ~ have been 
computed as of Feb. 1998 (Plouffe). 


see also EULER PRODUCT, MERTENS THEOREM, 
STIELTJES CONSTANTS 
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Euler-Mascheroni Integrals 


Define oo 
In= an f (In z)"e~* dz, (1) 
0 
then 
oO 
Ip = | e *dz={[-e “Jo =(0+1)=1 (2) 
0 
= ae (Inz)e"* dz = 7 (3) 
0 
In=y+hn? (4) 
In = 7° + dyn? + 2¢(3) (5) 
Ig= yt +n? — dr* + 89¢(3), (6) 


where ¥ is the EULER- MASCHERONI CONSTANT and ¢(3) 
is APERY’S CONSTANT. 


Euler Measure 

Define the Euler measure of a polyhedral set as the Eu- 
LER INTEGRAL of its indicator function. It is easy to 
show by induction that the Euler measure of a closed 
bounded convex POLYHEDRON is always 1 (independent 
of dimension), while the Euler measure of a d-D relative- 
open bounded convex POLYHEDRON is (—1)?. 


Euler Number 
The Euler numbers, also called the SECANT NUMBERS 
or ZIG NUMBERS, are defined for |x| < 7/2 by 


Ejz?  Eja* = Ejz® 


2! 4! 6! 


secha —1= 432% (1) 


Exx? fs Eiri ie Er’ 

2! 4! 6! 
where sech is the HYPERBOLIC SECANT and sec is the 
SECANT. Euler numbers give the number of ODD AL- 
TERNATING PERMUTATIONS and are related to GENOC- 
CHI NUMBERS. The base e of the NATURAL LOGARITHM 
is sometimes known as Euler’s number. 


secx-—1= ea (2) 
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Some values of the Euler numbers are 


Ef=1 

Ej = 

Ej =61 

Ej = 1,385 
Ei = 50,521 


Ej = 2,702,765 
E7 = 199,360,981 
Es = 19,391,512,145 
Ej = 2,404,879,675,441 
Ej, = 370,371,188,237,525 
Et, = 69,348,874,393,137,901 
Ef, = 15,514,534,163,557,086,905 
(Sloane’s A000364). The first few PRIME Euler num- 


bers E, occur for n = 2, 3, 19, 227, 255, ... (Sloane’s 
A014547) up to a search limit of n = 1415. 


The slightly different convention defined by 
Eon = (-1)"En (3) 
Fent+1 = 0 (4) 
is frequently used. These are, for example, the Euler 
numbers computed by the Mathematica® (Wolfram Re- 


search, Champaign, IL) function EulerE[n]. This defi- 
nition has the particularly simple series definition 


a E,x* 
i (5) 


secha —1= 
k=0 
and is equivalent to 
E, = 2"E,(2), (6) 
where F(z) is an EULER POLYNOMIAL. 


To confuse matters further, the EULER CHARACTERIS- 
TIC is sometimes also called the “Euler number.” 


see also BERNOULLI NUMBER, EULERIAN NUMBER, Eu- 
LER POLYNOMIAL, EULER ZIGZAG NUMBER, GENOCCHI 
NUMBER 
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582 Euler Paramcters 


Euler Parameters 

The four parameters eo, €1, €2, and e3 describing a finite 
rotation about an arbitrary axis. The Euler parameters 
are defined by 


€0 = cos ($) (1) 
e= A =asin($), (2) 


and are a QUATERNION in scalar-vector representation 


(€0,e) = €09 + e142 + €2j + 3k. (3) 


Because EULER’S ROTATION THEOREM states that an 
arbitrary rotation may be described by only three pa- 
rameters, a relationship must exist between these four 
quantities 


eo +e-e=e9 +17 +e27 +637 =1 (4) 


(Goldstein 1980, p. 153). The rotation angle is then 
related to the Euler parameters by 


cos p = 2e9” — 1 = e9” —e-e = en” — 17 — en — 3" (5) 
nsin @ = 2eeo. (6) 


The Euler parameters may be given in terms of the Eu- 
LER ANGLES by 


eo = cos[}(¢ + w)] cos( 34) (7) 
e1 = sin[}(¢ — #)] sin( 36) (8) 
e2 = cos[}(¢ — w)] sin($6) (9) 
e3 = sin[$(¢ + 7)] cos($@) (10) 


(Goldstein 1980, p. 155). 


Using the Euler parameters, the ROTATION FORMULA 
becomes 


r’ = r(eo’ —e17 —e2” —e3”) +2e(e-r)+(r xf) sind, (11) 


and the ROTATION MATRIX becomes 


eG 


where the elements of the matrix are 
az = 6:3 (e€07 — epee) + 2eie3 + 2€:j;k€0€k- (13) 


Here, EINSTEIN SUMMATION has been used, 6;; is the 
KRONECKER DELTA, and €:j% is the PERMUTATION 


Euler’s Polygon Division Problem 


SYMBOL. Written out explicitly, the matrix elements 
are 


Qi = €o° +17 — €2” — es” (14) 
aiz = 2(e1e2 + ees) (15) 
ai3 = 2(e1€3 ~ €n€2) (16) 
Q21 = 2(e1e2 — e0e3) (17) 
a22 = eo" - e1” fe," = es” (18) 
a23 = 2(e2€3 + €0€1) (19) 
a31 = 2(e1€3 + e0€2) (20) 
G32 = 2(e2e3 — e0€1) (21) 
a33 = eo" ae)? = 69? 4 47. (22) 


see also EULER ANGLES, QUATERNION, ROTATION Ma- 
TRIX 
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Euler’s Pentagonal Number Theorem 


Ile _ 2”) = 3 (1g, (1) 


where n(3n + 1)/2 are generalized PENTAGONAL NUM- 
BERS. Related equalities are 


)tanin+1)/24n 


IIe -z*t)= > > Tass (2) 


n=O 


= ky\-1 = tt 
He-*o"- tw 


see also PARTITION FUNCTION P, PENTAGONAL NUM- 
BER 


Euler’s Phi Function 
see TOTIENT FUNCTION 


Euler-Poincaré Characteristic 
see EULER CHARACTERISTIC 


Euler’s Polygon Division Problem 

The problem of finding in how many ways FE, a PLANE 
convex POLYGON of n sides can be divided into TRI- 
ANGLES by diagonals. Euler first proposed it to Chris- 
tian Goldbach in 1751, and the solution is the CATALAN 
NUMBER EF, = Ch-2. 


see also CATALAN NUMBER, CATALAN’S PROBLEM 
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Euler Polyhedral Formula 


Euler Polyhedral Formula 
see POLYHEDRAL FORMULA 


Euler Polynomial 


A POLYNOMIAL E,(x) given by the sum 


2e* - posed t” 
ae Soe a (1) 
Euler polynomials are related to the BERNOULLI NUM- 
BERS by 
2” z+1 x 
By-s(2) = > [Ba (=~) - Be (5) @) 
2 “ x 
== [Ba (2) _2"B, ($)] (3) 
i -1ln-2 ‘i 
En—2(z) = 2 (5 (2) [(2"-* — 1) Bn—»Br(zx)], 
k=0 
(4) 


where (7) is a BINOMIAL COEFFICIENT. Setting x = 1/2 


and normalizing by 2” gives the EULER NUMBER 
En = 2" En(4). (5) 


Call FE}, = E,(0), then the first few terms are —1/2, 0, 
1/4, —1/2, 0, 17/8, 0, 31/2, 0, .... The terms are the 
same but with the SIGNS reversed if x = 1. These values 
can be computed using the double sum 


n n-j 
E,(0) = 2-" S| (-1y747j" po) - (6) 


j=l k=0 


The BERNOULLI NUMBERS 8, for n >-.1 can be ex- 
pressed in terms of the E;, by 


nEn-1 


oe =ay 


(7) 


see also BERNOULLI POLYNOMIAL, EULER NUMBER, 
GENOCCHI NUMBER 
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Euler Polynomial Identity 
see EULER FOUR-SQUARE IDENTITY 


Euler Power Conjecture 
see EULER’S SUM OF POWERS CONJECTURE 


Euler Product 
For o > 1, 


(0) = >> = =I 


where ¢(z) is the RIEMANN ZETA FUNCTION. 


n 


1 1 
YS Yee SR at 
@ = jim gall 


izl Pi 


where the product is over PRIMES p, where ¥ is the 
EULER-MASCHERONI CONSTANT. 


see also DEDEKIND FUNCTION 


Euler Pseudoprime 
Euler pseudoprimes to a base a are ODD COMPOSITE 
numbers such that (a,n) = 1 and the JACOBI SYMBOL 


satisfies 
(£) =a'"-”? (mod n). 
n 
No ODD COMPOSITE number is an Euler pseudoprime 
for all bases a RELATIVELY PRIME to it. This class in- 
cludes some CARMICHAEL NUMBERS and all STRONG 
PSEUDOPRIMES to base a. An Euler pseudoprime is 
pseudoprime to at most 1/2 of all possible bases less 
than itself. The first few Euler pseudoprimes are. 341, 
561, 1105, 1729, 1905, 2047, ... (Sloane’s A006970). 


see also PSEUDOPRIME, STRONG PSEUDOPRIME 
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Euler’s Quadratic Residue Theorem 

A number D that possesses no common divisor with a 
prime number p is either a QUADRATIC RESIDUE or non- 
residue of p, depending whether D®-Y/? is congruent 
mod pto +1. 
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Euler Quartic Conjecture 
Euler conjectured that there are no POSITIVE INTEGER 
solutions to the quartic DIOPHANTINE EQUATION 


A*+ Bt=c*4+ D*. 


This conjecture was disproved by N. D. Elkies in 1988, 
who found an infinite class of solutions. 


see also DIOPHANTINE EQUATION—QUARTIC 
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Euler’s Rotation Theorem 

An arbitrary ROTATION may be described by only three 
parameters. 

see also EULER ANGLES, EULER PARAMETERS, ROTA- 
TION MATRIX 


Euler’s Rule 
The numbers 2"pq and 2°r are AMICABLE NUMBERS if 
the three INTEGERS 


D = Qe (Qn + 1) = 1 
g=27 2" 41 
ae Nail 0 ama 9 ste | 


are all PRIME numbers for some POSITIVE INTEGER m 
satisfying 1 < m < n —1 (Dickson 1952, p. 42). How- 
ever, there are exotic AMICABLE NUMBERS which do 
not satisfy Euler’s rule, so it is a SUFFICIENT but not 
NECESSARY condition for amicability. 


see also AMICABLE NUMBERS 
References 


Dickson, L. E. History of the Theory of Numbers, Vol. 1: 
Divisibility and Primality. New York: Chelsea, 1952. 


Euler’s Series Transformation 
Accelerates the rate of CONVERGENCE for an ALTER- 
NATING SERIES 


S=)\(-1)'u 
sO 
= (1) 8 
=u — 1 + U2 - Ltn + > ayEe [Afun}] (1) 
s=0 


for n EVEN and A the FORWARD DIFFERENCE operator 


k 
A®un = So(-)™ (*) Untk—my (2) 
m=0 


Euler Sum 


where (*) are BINOMIAL COEFFICIENTS. The POSITIVE 


terms in the series can be converted to an ALTERNATING 
SERIES using 


Soe = (1, (3) 
r=1 r=1 


where 


Wr = Ur + Qvar + 4var + Buse +.... (4) 


see also ALTERNATING SERIES 
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Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
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Euler’s Spiral 
see CORNU SPIRAL 


Euler Square 

A square ARRAY made by combining n objects of two 
types such that the first and second elements form LATIN 
SQUARES. Euler squares are also known as GRAECO- 
LATIN SQUARES, GRAECO-ROMAN SQUARES, or LATIN- 
GRAECO SQUARES. For many years, Euler squares were 
known to exist for n = 3, 4, and for every ODD n except 
n = 3k. EULER’S GRAECO-ROMAN SQUARES CONJEC- 
TURE maintained that there do not exist Euler squares 
of order n = 4k + 2 for k = 1, 2,.... However, such 
squares were found to exist in 1959, refuting the Con- 
JECTURE. 


see also LATIN RECTANGLE, LATIN SQUARE, ROOM 
SQUARE 


References 

Beezer, R. “Graeco-Latin Squares.” http://buzzard.ups. 
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Kraitchik, M. “Euler (Graeco-Latin) Squares.” §7.12 in 
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Euler Sum 
In response to a letter from Goldbach, Euler considered 
DOUBLE SuMs of the form 


stmny=S>(14b4..4 2)" ee (1) 


= Solyt do(k+1)"(k +1) (2) 


with m > 1 and n > 2 and where 7 is the EULER- 
MASCHERONI CONSTANT and U(r) = wo(z) is the 
DIGAMMA FUNCTION. Euler found explicit formulas in 


Euler Sum 


terms of the RIEMANN ZETA FUNCTION for s(1,n) with 
n > 2, and E. Au-Yeung numerically discovered 


Elepeaile zo, 6 


k=1 


where ¢(z) is the RIEMANN ZETA FUNCTION, which was 
subsequently rigorously proven true (Borwein and Bor- 
wein 1995). Sums involving k~” can be re-expressed in 
terms of sums the form (k + 1)~” via 


=o pt e++ gp (k +1)” 


1 —n ‘a —(m+n) 
+ ga) (e+1) +Sok 


Il 
Me 
on~ 
— 
+ 
[+ 
+ 


k=1 k=1 
=o,(m,n)+¢(m+n) (4) 
and 
oe 1 i ee 
V(t gt +5) k 
k=1 


= 5n(2,n) + 2s,(1,nt+1)+¢(n+2), (5) 
where o;, is defined below. 


Bailey et al. (1994) subsequently considered sums of the 
forms 


esimin) = (4 grt EY” errs (6) 

satrnsn) = St Be SO gay (7) 
k=1 

anim) = So (1484... 4 2)" eee tay (8) 

aa(m,n) = 3 (2 ; Lecnd ay L*t1(k + 1)7" 


(9) 
ex(miny= J (1+ bt L) ee (10) 
x 


G-f+.4+o° 


yn ran ) e+ (11) 


seb =) (-1)***(k +1)” 


(12) 


aalmn) = D> (r= op OY ayer ey, 


(13) 
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where s, and sq have the special forms 
su = >ofy + do(n + 1)J"&+1™ (14) 
k=1 
Go = ) {In2+ }(-1)” 


x[Wo( 5 + §) — Po(3n+1)]}"™(RK+1)-". (15) 


Analytic single or double sums over ¢(z) can be con- 
structed for 


n-2 
sa(1,n) = 3n¢(n+1)— 2 Sion ~kC(k+1) (16) 
k=1 
Sn(2,n) = Zn(n + 1)¢(n + 2) + €(2)¢(n) 
~ zn Der — k)¢(k + 2) 


+3 eee Sie K+ 1 3400 n) 


(17) 
8n(2,2n — 1) = 3(2n? — Tn — 3)¢(2n + 1) + ¢(2)¢(2n — 1) 
~4 Sek ~1)¢(2n — 1 — 2k)¢(2k + 2) 
te n-2—k 
2 Sacre 1) ae (23 + 1)¢(2n — 1 — 2k — 24) 
(18) 
on(1, 7) = sa(1,7) (19) 
on(2,2n — 1) = —3(2n? + n+ 1)¢(2n +1) + ¢(2)¢(2n — 1) 
+ ES 2kC(k + 1)¢(2n — 2k) (20) 


on(m even, n odd) = 


1 ee yee i] C(m +n) + (m)¢(n) 


oe) mS (ge 
eG: a) 
Fem eee, (21) 
on(m odd,n even) = —} c ") + 1| C(m+n) 
(225) (ee 
D3) (e +77) 
x €(2j —1)¢(m +n — 27 +1), (22) 


where (") is a BINOMIAL COEFFICIENT. Explicit for- 
mulas inferred using the PSLQ ALGORITHM include 


Sn (2,2) = 36(4) + 31¢(2)]” (23) 
=i (24) 
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sn(2,4) = 2¢(6) — $¢(2)¢(4) + $[¢(2)]° - [¢(3)]? (25) 
= e509" — [¢(3)]? (26) 
$n (3, 2) = 268) + 62)C(8) (27) 
s,(3,3) = —23¢(6) + 2[¢(3)]? (28) 
sn(3,4) = M8 ¢(7) — $8 ¢(3)¢(4) + 2¢(2)¢(5) (29) 
sn(3,6) = 187¢(9) — $3.¢(4)¢(5) — 42¢(3)¢(6) 
+ (c(3) + 3¢(2)¢(7) (30) 
sn(4,2) = 882¢(6) + 3[¢(3)]? (31) 
sn(4,3) = —*82¢(7) + 32¢(3)¢(4) — 5¢(2)¢(5) (32) 
sn(4,5) = —22¢(9) + $2.¢(4)¢(5) + 98¢(3)¢(6) 
— §[¢(3)]° — 7¢(2)¢(7) (33) 
sn(5, 2) = 4885¢(7) + 33¢(3)¢(4) + $£¢(2)¢(5) (34) 
sn(5,4) = ee (5) — 4382¢(3)¢(6) — 5[¢(3)]° 
25 ¢(2)¢(7) (35) 
sn(6,3) = * daaco) — 243¢(4)¢(5) + 297¢(3)¢(6) 
+ 87(¢(3)]° — $84¢(2)¢(7) (36) 
sp (7, 2)= ugn c(9) + 48897 ¢(4)¢ (5) + 29885 ¢(3)¢(6) 
+50(¢(3 yP + RC (2)¢(7), (37) 


8a(2,2) = 6 Lia(}) + 3 (In 2)* — 2¢(4) + $¢(2)(In2)? 
(38) 
a2, seen (In 2)° — 42¢(5) — 44¢(4) In2 
¥¢(3)(In 2)” + 3¢(2)(In2)* — $¢(2)¢(3), 
(39) 


8a(3, 2) = —24Lis(1) + 6In 2Lig(4) + 3 (1n2)° + 959¢(5) 
— 383¢(4) In2 + $¢(2)(In2)* + 3¢(2)¢(3), (40) 
ay, (2,2) = —2Lia(3) — gp(In2)* + $3¢(4) — $¢(3) m2 
+ £¢(2)(In 2)? (41) 
an(2,3) = —4Lis($) — 4(In 2) Lig($) — 2 (In2)° + 487 ¢(5) 
— $¢(3)(In 2)? + 3¢(2)(In2)° + $¢(2)¢(3) 
(42) 
an(3, 2) = 6 Lis(4) + 6(In 2) Lig(4) + 2 (In 2)° — 38¢(5) 
+ $¢(3)(In 2)” — ¢(2)(In2)° — 73¢(2)¢(3), 
(43) 
and 
@a(2,2) = —4Lig(4) — (in 2)* + $2¢(4) + 2¢(3)(In 2) 


— 2¢(2)(In 2)’ (44) 
aa(2,3) = 4(In 2) Lig(2) + 4 (In 2)* — (5) 
+ 2¢(4)(in 2) — ¢(2)(In 2)° + 3¢(2)¢(3) 
(45) 
aq(3,2) = 30Lis($) — 3 (In 2)° ~ 488¢(5) 
+ 285¢(4)(In 2) + 24¢(3)(In 2)? 
= 7¢(2)(In2)° + 3¢(2)¢(3), (46) 


Euler Totient Function 


where Li, is a POLYLOGARITHM, and ¢(z) is the RIE- 
MANN ZETA FUNCTION (Bailey and Plouffe). Of these, 
only sn(3,2), s,(3,3) and the identities for sa(m,n), 
an(m,n) and aa(m,n) have been rigorously established. 
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Euler’s Sum of Powers Conjecture 

Euler conjectured that at least n nth POWERS are re- 
quired for n > 2 to provide a sum that is itself an nth 
Power. The conjecture was disproved by Lander and 
Parkin (1967) with the counterexample 


27° + 84° + 110° + 133° = 144°. 


see also DIOPHANTINE EQUATION 
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Euler’s Theorem 

A generalization of FERMAT’S LITTLE THEOREM. Euler 
published a proof of the following more general theorem 
in 1736. Let ¢(n) denote the TOTIENT FUNCTION. Then 


a®™) =1 (mod n) 


for all a RELATIVELY PRIME to n. 

see also CHINESE HYPOTHESIS, EULER’S DISPLACE- 
MENT THEOREM, EULER’S DISTRIBUTION THEOREM, 
FERMAT’S LITTLE THEOREM, TOTIENT FUNCTION 
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Euler Totient Function 
see TOTIENT FUNCTION 


Euler’s Totient Rule 


Euler’s Totient Rule 

The number of bases mod p in which 1/p has cycle length 
l is the same as the number of FRACTIONS 0/(p — 1), 
1/(p—1), ..., (p—2)/(p — 1) which have least DENOM- 
INATOR 1. 


see also TOTIENT FUNCTION 
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Euler’s Transform 
A technique for SERIES CONVERGENCE IMPROVEMENT 
which takes a convergent alternating series 


So (-1)*ax =ag—a,+a2-... (1) 


k=0 


into a series with more rapid convergence to the same 


value to aes 
_ (—1)" A* ao 
= > ; Qett (2) 


(Abramowitz and Stegun 1972; Beeler et al. 1972, Item 
120). 


see also FORWARD DIFFERENCE 
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Euler Transformation 


see EULER’S FINITE DIFFERENCE TRANSFORMATION, 
EULER’S HYPERGEOMETRIC TRANSFORMATIONS, Eu- 
LER’S TRANSFORM 


Euler’s Triangle 
The triangle of numbers A,,, given by 


Ani = Anan =] 
and the RECURRENCE RELATION 


An+ije = KAnje + (n+ 2—k) Ani 
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for k € [2,n], where An,, are EULERIAN NUMBERS. 


1 
1 1 
1 4 1 
1 11 11 1 
1 26 66 26 1 
1 57 302 302 57 1 
1 120 1191 2416 1191 120 1. 


The numbers 1, 1, 1, 1, 4, 1, 1, 11, 11, 1,... are Sloane’s 
A008292. Amazingly, the Z-TRANSFORMS of t” 


(z-1)" (..n,  (1-2z)”,. =~ ( z ) 
Tz Ale Tz ais Ox” \z—e7?T 


are generators for Euler’s triangle. 


see also CLARK’S TRIANGLE, EULERIAN NUMBER, 
LEIBNIZ HARMONIC TRIANGLE, NUMBER TRIAN- 
GLE, PASCAL’S TRIANGLE, SEIDEL-ENTRINGER-AR- 
NOLD TRIANGLE, Z-TRANSFORM 
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Euler Triangle Formula 

Let O and I be the CIRCUMCENTER and INCENTER of a 
TRIANGLE with CIRCUMRADIUS RA and INRADIUS r. Let 
d be the distance between O and J. Then 


d? = R? — 2rR. 


Euler Walk 


see EULERIAN TRAIL 


Euler Zigzag Number 

The number of ALTERNATING PERMUTATIONS for n ele- 
ments is sometimes called an Euler zigzag number. De- 
note the number of ALTERNATING PERMUTATIONS on 
n elements for which the first element is k by E(n,k). 
Then E(1,1) and 


0 fork >nork <1 
E(n,k +1) otherwise. 
+E(n ~1,n ~k) 


E(n,k) = 


see also ALTERNATING PERMUTATION, ENTRINGER 
NUMBER, SECANT NUMBER, TANGENT NUMBER 


References 

Ruskey, F. 
http:// sue . csc . uvie . 
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Eulerian Circuit 

An EULERIAN TRAIL which starts and ends at the same 
VERTEX. In other words, it is a CYCLE which uses each 
EDGE exactly once. The term EULERIAN CYCLE is also 
used synonymously with Eulerian circuit. For technical 
reasons, Eulerian circuits are easier to study mathemat- 
ically than are HAMILTONIAN CIRCUITS. As a gener- 
alization of the KONIGSBERG BRIDGE PROBLEM, Euler 
showed (without proof) that a CONNECTED GRAPH has 
an Eulerian circuit IFF it has no VERTICES of ODD DE- 
GREE. 


see also EULER GRAPH, HAMILTONIAN CIRCUIT 


Eulerian Cycle 
see EULERIAN CIRCUIT 


Eulerian Integral of the First Kind 
Legendre and Whittaker and Watson’s (1990) term for 
the BETA FUNCTION. 
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Eulerian Integral of the Second Kind 


nr t\” 1 
II(z,n) = 1——) tldt=n* | (1—7)"7771 dr 
n 
0 0 


Eulerian Number 

The number of PERMUTATIONS of length n with k <n 
Runs, denoted Cok An,k, or A(n,k). The Eulerian 
numbers are given explicitly by the sum 


k 
n ;{n+1 AK 
(7)= dew ( ; Ja-a. (1) 
3=0 
Making the definition 


bry = 1 (2) 
bin =1 (3) 


together with the RECURRENCE RELATION 
br k ie nbyk—1 oa kbn~1,% (4) 


for n > k then gives 


(0) = Demat: (5) 


The arrangement of the numbers into a triangle gives 
EULER’S TRIANGLE, whose entries are 1, 1, 1, 1, 4, 1, 


Evans Point 


1, 11, 11, 1, ... (Sloane’s A008292). Therefore, they 
represent a sort of generalization of the BINOMIAL Co- 
EFFICIENTS where the defining RECURRENCE RELATION 
weights the sum of neighbors by their row and column 
numbers, respectively. 


The Eulerian numbers satisfy 


3 (2) an, (6) 


k=1 


Eulerian numbers also arise in the surprising context of 
integrating the SINC FUNCTION, and also in sums of the 
form 


co 


»S k'r® = Li_,»(r) = eres a Coen (7) 


where Li,(z) is the POLYLOGARITHM function. 


see also COMBINATION LOCK, EULER NUMBER, Ev- 
LER’S TRIANGLE, EULER ZIGZAG NUMBER, POLYLOG- 
ARITHM, SINC FUNCTION, WORPITZKY’S IDENTITY, Z- 
TRANSFORM 
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Eulerian Trail 

A WALK on the EDGES of a GRAPH which uses each 
EDGE exactly once. A CONNECTED GRAPH has an Eu- 
lerian trail IFF it has at most two VERTICES of ODD 
DEGREE. 


see also EULERIAN CIRCUIT 


Eutactic Star 

An orthogonal projection of a CROSS onto a 3-D SuB- 
SPACE. It is said to be normalized if the CROSS vectors 
are all of unit length. 


see also HADWIGER’S PRINCIPAL THEOREM 


Evans Point 
The intersection of the GERGONNE LINE and the EULER 
LINE. It does not appear to have a simple parametric 
representation. 


References 
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Eve 


Eve 


see APPLE, ROOT, SNAKE, SNAKE EYES, SNAKE OIL 
METHOD, SNAKE POLYIAMOND 


Even Function 
A function f(x) such that f(z) = f(—z). An even func- 
tion times an ODD FUNCTION is odd. 


Even Number 

An INTEGER of the form N = 2n, where n is an INTE- 
GER. The even numbers are therefore ..., —4, —2, 0, 2, 
4, 6, 8, 10,... (Sloane’s A005843). Since the even num- 
bers are integrally divisible by two, N = 0 (mod 2) for 
even N. An even number N for which N = 2 (mod 4) 
is called a SINGLY EVEN NUMBER, and an even num- 
ber N for which N = 0 (mod 4) is called a DouBLy 
EvEeEN NUMBER. An integer which is not even is called 
an ODD NUMBER. The GENERATING FUNCTION of the 
even numbers is 


22: 


Tena = 2 t 4a’ + G2* + xh +... 


see also DOUBLY EVEN NUMBER, EVEN FUNCTION, 
ODD NUMBER, SINGLY EVEN NUMBER 
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Eventually Periodic 

A PERIODIC SEQUENCE such as {1, 1, 1, 2, 1, 2, 1, 2, 
1, 2,1, 1, 2, 1, ...} which is periodic from some point 
onwards. 

see also PERIODIC SEQUENCE 


Everett’s Formula 


fo= (1 — p)fo + pfit E256 + Fd; + E466 
+F46} + £668 + Fedft+..., (1) 


for p € [0,1], where 6 is the CENTRAL DIFFERENCE and 


Ban = Gan — Ganti = Bon — Bonti (2) 
Fon = Gonsi = Ban + Bons, (3) 


where G, are the COEFFICIENTS from GAUSS’S BACK- 
WARD FORMULA and GAUSS’S FORWARD FORMULA and 
By, are the COEFFICIENTS from BESSEL’S FINITE DIF- 
FERENCE FORMULA. The Exs and Fxs also satisfy 


Eon(p) = Fan(q) (4) 
Fon(p) = E2n(q), (5) 


for 
GSb——p (6) 
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see also BESSEL’S FINITE DIFFERENCE FORMULA 
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Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
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Mathematical Tables, 9th printing. New York: Dover, 
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Everett Interpolation 
see EVERETT’S FORMULA 


Eversion 

A curve on the unit sphere S? is an eversion if it has no 
corners or cusps (but it may be self-intersecting). These 
properties are guaranteed by requiring that the curve’s 
velocity never vanishes. A mapping oa : S' —+ S* forms 
an immersion of the CIRCLE into the SPHERE IFF, for 
all@ eR, 


Fcc > 0. 


Smale (1958) showed it is possible to turn a SPHERE 
inside out (SPHERE EVERSION) using eversion. 


see also SPHERE EVERSION 


References 
Smale, S. “A Classification of Immersions of the Two- 
Sphere.” Trans. Amer. Math. Soc. 90, 281-290, 1958. 


Evolute 

An evolute is the locus of centers of curvature (the en- 
velope) of a plane curve’s normals. The original curve 
is then said to be the INVOLUTE of its evolute. Given 
a plane curve represented parametrically by (f(t), 9(t)), 
the equation of the evolute is given by 


x= f—Rsint (1) 
y=g+Reosr, (2) 


where (x,y) are the coordinates of the running point, R 
is the RADIUS OF CURVATURE 


12, 12)3/2 
and 7 is the angle between the unit TANGENT VECTOR 
‘-B-yeraly] 
and the z-AXIs, 
= Tx (5) 


(6) 


ie 

io) 

74 

lI 

= 
Sd> 
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Combining gives 


Cf? + 9')q' (7) 
f'g" a) f"g' 
(f? + g’?)g' 
y= g+ fig! ie fl'g' ; 


The definition of the evolute of a curve is independent 
of parameterization for any differentiable function (Gray 
1993). If EB is the evolute of a curve J, then I is said to 
be the INVOLUTE of E. The centers of the OSCULATING 
CIRCLES to a curve form the evolute to that curve (Gray 
1993, p. 90). 


c=f- 
(8) 


The following table lists the evolutes of some common 
curves. 


Curve Evolute 

astroid astroid 2 times as large 
cardioid cardioid 1/3 as large 
cayley’s sextic nephroid 

circle point (0, 0) 

cycloid equal cycloid 

deltoid deltoid 3 times as large 
ellipse Lamé curve 

epicycloid enlarged epicycloid 
hypocycloid similar hypocycloid 
limagon circle catacaustic 


for a point source 
logarithmic spiral equal logarithmic spiral 


nephroid nephroid 1/2 as large 
parabola Neile’s parabola 
tractrix catenary 


see also INVOLUTE, OSCULATING CIRCLE 
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Exact Covering System 

A system of congruences a; mod n; with 1 <i < k is 
called a COVERING SYSTEM if every INTEGER y satisfies 
y = a; (mod n) for at least one value of 7. A cover- 
ing system in which each integer is covered by just one 
congruence is called an exact covering system. 


Exact Trilinear Coordinates 


see also COVERING SYSTEM 
References 
Guy, R. K. “Exact Covering Systems.” §F14 in Unsolved 


Problems in Number Theory, 2nd ed. New York: Springer- 
Verlag, pp. 253-256, 1994. 


Exact Differential 
A differential of the form 


df = P(x,y) dx + Q(a, y) dy (1) 


is exact (also called a TOTAL DIFFERENTIAL) if f df is 
path-independent. This will be true if 


_ of of 
df = 5° de + By dy, (2) 


so P and Q must be of the form 


(6) (3) 
Payn=52 Aay=F 0) 
But ro oF 
Oy = dydz (4) 
dQ _ Of 
Ox Azxdy’ (5) 
so 8P _ 9Q 
dy Ox 


see also PFAFFIAN FORM, INEXACT DIFFERENTIAL 


Exact Period 
see LEAST PERIOD 


Exact Trilinear Coordinates 

The TRILINEAR COORDINATES a: @: y of a point P 
relative to a TRIANGLE are PROPORTIONAL to the di- 
rected distances a’: b': c’ from P to the side lines (i.e, 
a’:b':c =ka:b' =k: ky). Letting & be the 
constant of proportionality, 


2A 


k = ————?—_— 
aa+bB+cy’ 


where A is the AREA of AABC and a, b, and c are the 
lengths of its sides. When the trilinears are chosen so 
that k = 1, the coordinates are known as exact trilinear 
coordinates. 


see also TRILINEAR COORDINATES 


Exactly One 


Exactly One 

“Exactly one” means “one and only one,’ sometimes 
also referred to as “JUST ONE.” J. H. Conway has 
also humorously suggested “onee” (one and only one) 
by analogy with Irr (if and only if), “twoo” (two and 
only two), and “threee” (three and only three). This 
refinement is sometimes needed in formal mathematical 
discourse because, for example, if you have two apples, 
you also have one apple, but you do not have ezactly 
one apple. 


In 2-valued LOGIC, exactly one is equivalent to the ex- 
clusive or operator XOR, 


P(E) XOR P(F) = P(E)+ P(F) -2P(ENF). 
see also IFF, PRECISELY UNLESS, XOR 


Exactly When 
see IFF 


Excenter 

The center J; of an EXCIRCLE. There are three excen- 
ters for a given TRIANGLE, denoted Ji, J2, J3. The 
INCENTER I and excenters J; of a TRIANGLE are an 
ORTHOCENTRIC SYSTEM. 


O01? +047 +0327 + O33" = 12R’, 


where O is the CIRCUMCENTER, J; are the excenters, 
and R is the CIRCUMRADIUS (Johnson 1929, p. 190). 
Denote the MIDPOINTS of the original TRIANGLE Mj, 
M2, and M3. Then the lines J1M1, JoMo2, and J3M3 
intersect in a point known as the MITTENPUNKT. 


see also CENTROID (ORTHOCENTRIC SYSTEM), EXCEN- 
TER-EXCENTER CIRCLE, EXCENTRAL TRIANGLE, EX- 
CIRCLE, INCENTER, MITTENPUNKT 
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Dixon, R. Mathographics. New York: Dover, pp. 58-59, 1991. 
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on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, 1929. 


Excenter-Excenter Circle 
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Given a TRIANGLE AA, A2 Az, the points A,, J, and J; 
lie on a line, where I is the INCENTER and Ji is the Ex- 
CENTER corresponding to Ai. Furthermore, the circle 
with J2J3 as the diameter has Q as its center, where 
P is the intersection of AiJi with the CIRCUMCIRCLE 
of Ai A2A3 and Q is the point opposite P on the CIR- 
CUMCIRCLE. The circle with diameter J2oJ3 also passes 
through A, and A3 and has radius 


r = da; csc($a1) = 2Rcos(4a). 
It arises because the points IJ, Ji, Jo, and J3 form an 


ORTHOCENTRIC SYSTEM. 


see also EXCENTER, INCENTER-EXCENTER CIRCLE, 
ORTHOCENTRIC SYSTEM 


References 
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Excentral Triangle 


The TRIANGLE J = AJ\J2J3 with VERTICES corre- 
sponding to the EXCENTERS of a given TRIANGLE A, 
also called the TRITANGENT TRIANGLE. 


Beginning with an arbitrary TRIANGLE A, find the ex- 
central triangle J. Then find the excentral triangle J’of 
that TRIANGLE, and so on. Then the resulting TRIAN- 
GLE J‘) approaches an EQUILATERAL TRIANGLE. 


T 
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Call T the TRIANGLE tangent externally to the EXCIR- 
CLES of A. Then the INCENTER Ir of K coincides with 
the CIRCUMCENTER C; of TRIANGLE AJiJ2J3, where 
J, are the EXCENTERS of A. The INRADIUS rr of the 
INCIRCLE of T is 


rp = 2R+r = 3(r+mt+retrs), 


where & is the CIRCUMRADIUS of A, r is the INRADIUS, 
and r; are the EXRADH (Johnson 1929, p. 192). 


see also EXCENTER, EXCENTER-EXCENTER CIRCLE, 
EXCIRCLE, MITTENPUNKT 


References 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
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MA: Houghton Mifflin, 1929. 


Excess 
see KURTOSIS 


Excess Coefficient 
see KURTOSIS 


Excessive Number 
see ABUNDANT NUMBER 


Excircle 


Given a TRIANGLE, extend two nonadjacent sides. The 
CIRCLE tangent to these two lines and to the other side 
of the TRIANGLE is called an ESCRIBED CIRCLE, or ex- 
circle. The CENTER J; of the excircle is called the Ex- 
CENTER and lies on the external ANGLE BISECTOR of 
the opposite ANGLE. Every TRIANGLE has three excir- 
cles, and the TRILINEAR COORDINATES of the EXCEN- 
TERS are -1:1: 1,1: -—1:1, and1:1:-—-1. The 
RADIUS r; of the excircle 7 is called its EXRADIUS. 


Given a TRIANGLE with INRADIUS r, Iet Ai be the 
ALTITUDES of the excircles, and r; their RADII (the 
EXRADII). Then 


(Johnson 1929, p. 189). 

see also EXCENTER, EXCENTER-EXCENTER CIRCLE, 
EXCENTRAL TRIANGLE, FEUERBACH’S THEOREM, 
NAGEL POINT, TRIANGLE TRANSFORMATION PRINCI- 
PLE 


Exclusive Or 
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Excision Axiom 

One of the EILENBERG-STEENROD AXIOMS which states 
that, if X is a SPACE with SUBSPACES A and U such that 
the CLOSURE of A is contained in the interior of U, then 
the INCLUSION Map (X U,A U) — (X, A) induces an 
isomorphism H,(X U, A U) + Hn(X, A). 


Excluded Middle Law 

A law in (2-valued) LOGIc which states there is no third 
alternative to TRUTH or FALSEHOOD. In other words, 
every statement must be either A or not-A. This fact no 
longer holds in THREE- VALUED LOGIC or Fuzzy Loic. 


Excludent 
A method which can be used to solve any QUADRATIC 
CONGRUENCE. This technique relies on the fact that 
solving 

a” = b (mod p) 


is equivalent to finding a value y such that 
b+ py = 2. 


Pick a few small moduli m. If y mod m does not make 
b+ py a quadratic residue of m, then this value of y may 
be excluded. Furthermore, values of y > p/4 are never 
necessary. 


Excludent Factorization Method 

Also known as the difference of squares. It was first 
used by Fermat and improved by Gauss. Gauss looked 
for INTEGERS z and y Satisfying 


y’ =az* —N (mod E) 


for various moduli F. This allowed the exclusion of 
many potential factors. This method works best when 
factors are of approximately the same size, so it is some- 
times better to attempt mN for some suitably chosen 
value of m. 


see also PRIME FACTORIZATION ALGORITHMS 


Exclusive Or 
see XOR 


Exeter Point 


Exeter Point 

Define A’ to be the point (other than the VERTEX A) 
where the MEDIAN through A meets the CIRCUMCIR- 
CLE of ABC, and define B' and C’ similarly. Then the 
Exeter point is the PERSPECTIVE CENTER of the TRI- 
ANGLE A'B’C’ and the TANGENTIAL TRIANGLE. It has 
TRIANGLE CENTER FUNCTION 


a =a(b' +c4— a’). 
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Exhaustion Method 

The method of exhaustion was a INTEGRAL-like limiting 
process used by Archimedes to compute the AREA and 
VOLUME of 2-D LAMINA and 3-D SOLIDs. 


see also INTEGRAL, LIMIT 


Existence 

If at least one solution can be determined for a given 
problem, a solution to that problem is said to exist. Fre- 
quently, mathematicians seek to prove the existence of 
solutions and then investigate their UNIQUENESS. 


see also EXISTS, UNIQUE 


Existential Closure 

A class of processes which attempt to round off a domain 
and simplify its theory by adjoining elements. 

see also MODEL COMPLETION 


References 
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Exists 
If there exists an A, this is written 3A. Similarly, A 
does not exit is written AA. 


see also EXISTENCE, For ALL, QUANTIFIER 


Exmedian 
The line through the VERTEX of a TRIANGLE which is 
PARALLEL to the opposite side. 


References 
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Exmedian Point 
The point of intersection of two EXMEDIANS. 
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Exogenous Variable 
An economic variable that is related to other economic 
variables and determines their equilibrium levels. 


see also ENDOGENOUS VARIABLE 


References 
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Exotic R* 

Donaldson (1983) showed there exists an exotic smooth 
DIFFERENTIAL STRUCTURE on R*. Donaldson’s result 
has been extended to there being precisely a CONTIN- 
UUM of nondiffeomorphic DIFFERENTIAL STRUCTURES 
on R*. 

see also EXOTIC SPHERE 
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Exotic Sphere 

Milnor (1963) found more than one smooth struc- 
ture on the 7-D HYPERSPHERE. Generalizations have 
subsequently been found in other dimensions. Using 
SURGERY theory, it is possible to relate the number of 
DIFFEOMORPHISM classes of exotic spheres to higher ho- 
motopy groups of spheres (Kosinski 1992). Kervaire and 
Milnor (1963) computed a list of the number N(d) of dis- 
tinct (up to DIFFEOMORPHISM) DIFFERENTIAL STRUC- 
TURES on spheres indexed by the DIMENSION d of the 
sphere. For d = 1, 2,..., assuming the POINCARE Con- 
JECTURE, they are 1, 1, 1, > 1, 1, 1, 28, 2, 8, 6, 992, 
1, 3, 2, 16256, 2, 16, 16, ... (Sloane’s A001676). The 
status of d = 4 is still unresolved: at least one exotic 
structure exists, but it is not known if others do as well. 


The only exotic Euclidean spaces are a CONTINUUM of 
Exotic R* structures. 


see also Exotic IR*, HyYPERSPHERE 
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Exp 
see EXPONENTIAL FUNCTION 
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Expansion 

An AFFINE TRANSFORMATION in which the scale is in- 
creased. It is the opposite of a DILATION (CONTRAC- 
TION). 


see also DILATION 


Expansive 

Let @ be a Map. Then ¢ is expansive if the DISTANCE 
d(¢" xz, o"y) < 6 for alln € Z, then x = y. Equivalently, 
¢ is expansive if the orbits of two points x and y are 
always very close. 


Expectation Value 
For one discrete variable, 


(f(x)) = $> P(z). (1) 
For one continuous variable, 
(F(@)) = / (2) P(e) de. (2) 
The expectation value satisfies 
(an + by) = ale) +d) (3) 
(a) =a (4) 


(doz) = So (2). (5) 


For multiple discrete variables 


G@ista)h= S5 -Peys.yea) 6) 


By En 


. 


For multiple continuous variables 


(f(@1,---,2n)) 
= f Fete Pry en) den don (7) 


The (multiple) expectation value satisfies 


((@ — be)(y — fy)) = (ey — Bey — byt + Hebty) 
= (xy) — Ueby — Pyle + baby 


= (xy) — (x) (y) , (8) 


where yt; is the MEAN for the variable 7. 
see also MEAN 


Experimental Design 
see DESIGN 


Exploration Problem 
see JEEP PROBLEM 


Exponential Distribution 


Exponent 
The POWER p in an expression a?. 


Exponent Laws 
The laws governing the combination of EXPONENTS 


(POWERS) are 


2 Fe x —_ yrtn (1) 
= a Pa (2) 
(2™)” os 2m (3) 
(zy) = 2™y™ (4) 


8 
I 


as 

ce 18 
NS 
a 

ll 

Bf S/% 
a 


where quantities in the DENOMINATOR are taken to be 
nonzero. Special cases include 


r= (8) 
and 
2 =1 (9) 


for « # 0. The definition 0° = 1 is sometimes used 
to simplify formulas, but it should be kept in mind that 
this equality is a definition and not a fundamental math- 
ematical truth. 


see also EXPONENT, POWER 


Exponent Vector 
Let p; denote the ith PRIME, and write 


m= [[»: 


Then the exponent vector is v(m) = (v1, V2,...). 
see also DIXON’S FACTORIZATION METHOD 
References 


Pomerance, C. “A Tale of Two Sieves.” Not. Amer. Math. 
Soc. 43, 1473-1485, 1996. 


Exponential Digital Invariant 
see NARCISSISTIC NUMBER 


Exponential Distribution 


P(x} 


Exponential Distribution 


Given a POISSON DISTRIBUTION with rate of change 
A, the distribution of waiting times between successive 
changes (with k = 0) is 


D(z) = P(X <2) =1- P(X > 2) 


O.-Az 
=1- ele" _y__™ (1) 
P(#) = D'(x) = Ae **, (2) 


which is normalized since 


| P(x) dz = af e ** dr 
0 0 


=-[e J" =-@-1)=1. (3) 


This is the only MEMORYLESS RANDOM DISTRIBU- 
TION. Define the MEAN waiting time between successive 
changes as @ = A~*. Then 


1e-2/@ 2 >Q 
P =a Cae 4 
(2) 0 a<0. (4) 


The MOMENT-GENERATING FUNCTION is 


M(t) = Ie e’* (5) ee dz = z i. e F~882/8 ap 
0 8 8 Jo 


e7(1-8t)x/8 ~ 1 
7 | ae ©) 
1 6 
M'O) = aap (6) 
" 29? 
M"(t) = G—gp (7) 
R(t) = ln M(t) = — In(1 — 6) (8) 
’ 0 
R= TH (9) 
at 6? 
R"(®) = G—gpi (10) 
w= R(0) =8 (11) 
o”? = R"(0) = 8. (12) 
The SKEWNESS and KURTOSIS are given by 
y= 2 (13) 
Y2 = 6. (14) 


The MEAN and VARIANCE can also be computed directly 


= fo P(z)de = 7f- ze~*/*dz. (15) 
0 S$ Jo 


Use the integral 


[oe dz = = (az ~1) (16) 
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to obtain 
1 ‘er 1 = 
GHD 
(—+) 0 
=-s|e"" (145) 
S/Io 
=-—s(0-1)=s. (17) 
Now, to find 
oO 
(y= | ze */* dr, (18) 
5 Jo 


use the integral 


2 —z/s = e* 2,2 
xe da = ~, (2—2ar +a'z’) (19) 


fo} 


()=2 |S ede 32) 


0 


= —s*(0 — 2) = 2s”, (20) 
giving 
P= a) — (x)? 
= 2s” — 5? = 3? (21) 


og = \/var(z) = s. (22) 


If a generalized exponential probability function is de- 
fined by 
i rey ee 
Pras) () = Be (z 0/8 (23) 


then the CHARACTERISTIC FUNCTION is 
tot 


o(t) = 1 — ipt’ (24) 


and the MEAN, VARIANCE, SKEWNESS, and KURTOSIS 
are 


w=atf (25) 
a” = 8” (26) 
1 = 2 (27) 
yo = 6. (28) 


see also DOUBLE EXPONENTIAL DISTRIBUTION 
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Exponential Divisor 
see e-DIVISOR 


Exponential Function 


RelExp z) 


Im[Exp z] 


The exponential function is defined by 
exp(a) = e%, (1) 


where e is the constant 2.718.... It satisfies the identity 


exp(x + y) = exp(z) exp(y). (2) 
Ifz=a+ iy, 
e* = et = e7e'Y = e* (cosy + isiny). (3) 
If i 
a+ bi = e*t*¥, (4) 
then 
shee 
y = tan (:) si 


ala {bese [tan (=)| } 
=infosee [im (2)]}. @) 


Re[IExp 2] Im(IExp 2] |IExp z| 


The above plot shows the function e?/*. 


see also EULER FORMULA, EXPONENTIAL RAMP, FOUR- 
IER TRANSFORM—EXPONENTIAL FUNCTION, SIGMOID 
FUNCTION 
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Exponential Function (Truncated) 
see EXPONENTIAL SUM FUNCTION 


Exponential Inequality 
For ec < 1, 
x <1l+c(x~1). 


For c> 1, 
2° >14+ce(x— 1). 


Exponential Integral 


|ExpIntegralEi 2| 


Re(ExpIntegralEi 2] Im(ExpIntegralEi z] 


Let Ei(x) be the F,-FUNCTION with n = 1, 


 e* dt ~ e “du 
Ex(x) = / = / (1) 
1 t x u 


Then define the exponential integral ei(x) by 


Ei(z) = —ei(—z), (2) 


where the retention of the — ei(—z) NOTATION is a his- 
torical artifact. Then ei(x) is given by the integral 


aiey== / as (3) 


xe 


This function is given by the Mathematica® (Wolfram 
Research, Champaign, IL) function ExpIntegralEi [x]. 
The exponential integral can also be written 


ei(tx) = ci(x) + isi(z), (4) 


where ci(x) and si(x) are COSINE and SINE INTEGRAL. 


Exponential Map 


The real RooT of the exponential integral occurs at 
0.37250741078..., which is not known to be expressi- 
ble in terms of other standard constants. The quantity 
—eei(—1) = 0.596347362... is known as the GOMPERTZ 
CONSTANT. 


see also COSINE INTEGRAL, E£,,-FUNCTION, GOMPERTZ 
CONSTANT, SINE INTEGRAL 
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Exponential Map 

On a LIE GROUP, exp is a MAP from the LIE ALGEBRA 
to its LIE Group. If you think of the LIE ALGEBRA as 
the TANGENT SPACE to the identity of the LIE GROUP, 
exp(v) is defined to be h(1), where h is the unique LIE 
GROUP HOMEOMORPHISM from the REAL NUMBERS to 
the LIE Group such that its velocity at time 0 is v. 


On a RIEMANNIAN MANIFOLD, exp is a MAP from the 
TANGENT BUNDLE of the MANIFOLD to the MANIFOLD, 
and exp(v) is defined to be h(1), where h is the unique 
GEODESIC traveling through the base-point of v such 
that its velocity at time 0 is v. 


The three notions of exp (exp from COMPLEX ANALY- 
sis, exp from LIE GROUPS, and exp from Riemannian 
geometry) are all linked together, the strongest link be- 
ing between the LIE GROUPS and Riemannian geometry 
definition. If G is a compact LIE GROUP, it admits a left 
and right invariant RIEMANNIAN METRIC. With respect 
to that metric, the two exp maps agree on their common 
domain. In other words, one-parameter subgroups are 
geodesics. In the case of the MANIFOLD S', the Cir- 
CLE, if we think of the tangent space to 1 as being the 
IMAGINARY axis (y-AXIS) in the COMPLEX PLANE, then 


€XPRiemannian geometry (v) = €XPrie Groups (v) 


= €XP complex analysis (v), 


and so the three concepts of the exponential all agree in 
this case. 


see also EXPONENTIAL FUNCTION 


Exponential Matrix 
see MATRIX EXPONENTIAL 
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Exponential Ramp 


]ExpRamp 2] 


Re[ExpRamp 2] 


Im(ExpRamp z] 


The curve 


see also EXPONENTIAL FUNCTION, SIGMOID FUNCTION 
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Exponential Sum Formulas 


N-1 sages 1 1— eine 7 —_eiNz/2 (ee _ ertei?) 
> ce Toei ~~ xeie/2 (e-i#/2 — eiz/2) 
n=0 
= sin(5 Nz) iz(N-1)/2 1 
=—3e : (1) 
sin({ 52) 
where 
N-1 ee 
= (2) 
n= 


has been used. Similarly, 


J pte bape. (bap er 0S re) 

— epee (1 — pe**)(1 — pe~**) 

1 — pYetN® — pe*® 4 pN+1eit(N-1) 

= 1 — ple + e-) + p? 

- pt eie(N—-1) es pNetN= +1 — pe” ** (3) 
1 — 2pcosz + p? . 


This gives 


N71 ix 

Sipe — re Sore = 1 — pe ; 
N-+00 H+ 1 — 2pcos az + p? 
n= 
(4) 

By looking at the REAL and IMAGINARY PARTS of these 
FORMULAS, sums involving sines and cosines can be ob- 
tained. 
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Exponential Sum Function 


gm 


es,(z) = exp, (z) = pa 


m=0 


ml! 
see also GAMMA FUNCTION 


Exradius 


The RADIUS of an EXCIRCLE. Let a TRIANGLE have 
exradius ra (sometimes denoted pa), opposite side of 
length a, AREA A, and SEMIPERIMETER s. Then 


2 Ay 
ct ry 0) 
__ 8(s — c)(s — b) 
eae (2) 
= 4R sin($ 01) cos($a2) cos( Fas) (3) 


(Johnson 1929, p. 189) where R is the CIRCUMRADIUS. 
Let r be the INRADIUS, then 


4R=retrnt+re—r (4) 
1 1 1 1 

ee ae (5) 
Ta Tb Te T 

TTalbTe = A?. (6) 


Some fascinating FORMULAS due to Feuerbach are 


rors +rari +rir3 = 8° (7) 
r(rer3 +73ri + rire) = sA = rirears (8) 
r(ri tre +73) = a2a3 + a3a1 + a1a2 — s” (9) 


rra bt rrea +773 +7ire +rarg +7371 = a2a3 + a3a1 + a1a2 
(10) 
£(ax” +a” +3”) 


(11) 


rarg t+7r3ri1 + Tire TTY TT2 TT3 


(Johnson 1929, pp. 190-191). 


see also CIRCLE, CIRCUMRADIUS, EXCIRCLE, INRADIUS, 
RADIUS 


References 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, 1929. 

Mackay, J. S. “Formulas Connected with the Radii of the In- 
circle and Excircles of a Triangle.” Proc. Edinburgh Math. 
Soc. 12, 86-105. 

Mackay, J. S. “Formulas Connected with the Radii of the In- 
circle and Excircles of a Triangle.” Proc. Edinburgh Math. 
Soc. 18, 103-104. 


Extension Problem 


Exsecant 


exsec £ = secz — 1, 


where sec z is the SECANT. 
see also COVERSINE, HAVERSINE, SECANT, VERSINE 
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Extended Cycloid 
see PROLATE CYCLOID 


Extended Goldbach Conjecture 
see GOLDBACH CONJECTURE 


Extended Greatest Common Divisor 
see GREATEST COMMON DIVISOR 


Extended Mean-Value Theorem 

Let the functions f and g be DIFFERENTIABLE on the 
OPEN INTERVAL (a, b) and CONTINUOUS on the CLOSED 
INTERVAL [a,b]. If g(x) # 0 for any x € (a,b), then 
there is at least one point c € (a,b) such that 


file) _ f(b) — f(@) 
g'(c) — g(b) — gfa) 


see also MEAN- VALUE THEOREM 


Extended Riemann Hypothesis 
The first quadratic nonresidue mod p of a number is 
always less than 2(Inp)?. 


see also RIEMANN HYPOTHESIS 
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Extension 

The definition of a SET by enumerating its members. 
An extensional definition can always be reduced to an 
INTENTIONAL one. 


see also INTENSION 
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Extension Problem 

Given a SUBSPACE A of a SPACE X and a Map from A 
to a SPACE Y, is it possible to extend that MAP to a 
Map from X to Y? 


see also LIFTING PROBLEM 


Extensions Calculus 


Extensions Calculus 
see EXTERIOR ALGEBRA 


Extent 

The Rapius of the smallest CIRCLE centered at one 
of the points of an N-CLUSTER, which contains all the 
points in the N-CLUSTER. 


see also N-CLUSTER 


Exterior 
That portion of a region lying “outside” a specified 
boundary. 


see also INTERIOR 


Exterior Algebra 

The ALGEBRA of the EXTERIOR PRODUCT, also called 
an ALTERNATING ALGEBRA or GRASSMANN ALGEBRA. 
The study of exterior algebra is also called AUSDEHN- 
UNGSLEHRE and EXTENSIONS CALCULUS. Exterior al- 
gebras are GRADED ALGEBRAS. 


In particular, the exterior algebra of a VECTOR SPACE 
is the DIRECT SUM over k in the natural numbers of the 
VECTOR SPACES of alternating k-forms on that VECTOR 
Space. The product on this algebra is then the wedge 
product of forms. The exterior algebra for a VECTOR 
SPACE V is constructed by forming monomials u, vA w, 
zAyAz, etc, where u, v, w, 2, y, and z are vectors 
in V and A is asymmetric multiplication. The sums 
formed from linear combinations of the MONOMIALS are 
the elements of an exterior algebra. 
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Exterior Angle Bisector 


interior angle 
bisector 


exterior angle 
~w~_ bisection 


~ 
~ 
~ 


The exterior bisector of an ANGLE is the LINE or LINE 
SEGMENT which cuts it into two equal ANGLES on the 
opposite “side” as the ANGLE. 
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For a TRIANGLE, the exterior angle bisector bisects the 
SUPPLEMENTARY ANGLE at a given VERTEX. It also di- 
vides the opposite side externally in the ratio of adjacent 
sides. 


_ see also ANGLE BISECTOR, ISODYNAMIC POINTS 


Exterior Angle Theorem 

In any TRIANGLE, if one of the sides is extended, the 
exterior angle is greater than both the interior and op- 
posite angles. 
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Exterior Derivative 
Consider a DIFFERENTIAL k-FORM 


w? = bi day + bo daz. (1) 
Then its exterior derivative is 
duy* = dby A day + dbz A dra, (2) 
where A is the WEDGE PRODUCT. Similarly, consider 
w! = bi (x1, x2) dx; + be(x1, 22) dr2. (3) 
Then 
dw” = db; A da; + dbz A daz 
0b1 Ob; 


= (jeran + Fant?) A dx, 


Obs db: 
+ (jean + pe) A dita. (4) 


Denote the exterior derivative by 


e) 


Then for a 0-form t, 
_ oat 
(Dt)u = ao (6) 


for a 1-form t, 


_1/dt, dt, 
(Db w = 5 (san Bee) () 
and for a 2-form t, 
= Otes Ota1 Ot12 
(Di)in = bon (Gat get a) 


where €;jx is the PERMUTATION TENSOR. 
The second exterior derivative is 
6) 3) a co) 
bree Enlai) =(Zng)aime 
ve Ba NOx pe) Oe 


which is known as POINCARE’S LEMMA. 


see also DIFFERENTIAL k-FORM, POINCARE’S LEMMA, 
WEDGE PRODUCT 
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Exterior Dimension 
A type of DIMENSION which can be used to characterize 
FaT FRACTALS. 


see also FAT FRACTAL 
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Exterior Product 
see WEDGE PRODUCT 


Exterior Snowflake 


a? 


€ 


J/\ : art 
A FRACTAL. 


see also FLOWSNAKE FRACTAL, KOCH ANTISNOW- 
FLAKE, KOCH SNOWFLAKE, PENTAFLAKE 
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Extra Strong Lucas Pseudoprime 

Given the LUCAS SEQUENCE U,(b,—1) and V,(b, —1), 
define A = b? — 4. Then an extra strong Lucas pseu- 
doprime to the base b is a COMPOSITE NUMBER n = 
27s + (A/n), where s is ODD and (n,2A) = 1 such 
that either U; = 0 (mod n) and V, = +2 (mod n), or 
Voit, = 0 (mod n) for some t with O <¢<r—1. An 
extra strong Lucas pseudoprime is a STRONG LUCAS 
PSEUDOPRIME with parameters (b,—1). COMPOSITE n 
are extra strong pseudoprimes for at most 1/8 of possi- 
ble bases (Grantham 1997). 


see also LUCAS PSEUDOPRIME, STRONG LUCAS PSEU- 
DOPRIME 
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Extrapolation 
see RICHARDSON EXTRAPOLATION 


Extremal Coloring 
see EXTREMAL GRAPH 


Extreme Value Distribution 


Extremal Graph 

A two-coloring of a COMPLETE GRAPH K,, of n nodes 
which contains exactly the number N = (R + B)min 
of MONOCHROMATIC FORCED TRIANGLES and no more 
(i.e., a minimum of R+ B where R and B are the num- 
bers of red and blue TRIANGLES). Goodman (1959) 
showed that for an extremal graph, 


im(m—1)(m-2) forn=2m 
N(n) = load m4) forn = 4m+1 

Lom(m +1)(4m-1) forn=4m+3. 
This is sometimes known as GOODMAN’S FORMULA. 
Schwenk (1972) rewrote it in the form 


vin) = (3) — Ln [bm], 


sometimes known as SCHWENK’S FORMULA, where |2| 
is the FLOOR FUNCTION. The first few values of N(n) 
forn = 1, 2,... are 0, 0, 0, 0, 0, 2, 4, 8, 12, 20, 28, 40, 
52, 70, 88, ... (Sloane’s A014557). 

see also BICHROMATIC GRAPH, BLUE-EMPTY GRAPH, 
GOODMAN’S FORMULA, MONOCHROMATIC FORCED 
TRIANGLE, SCHWENK’S FORMULA 
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Extremals 

A field of extremals is a plane region which is SIMPLY 
CONNECTED by a one-parameter family of extremals. 
The concept was invented by Weierstraf. 


Extreme and Mean Ratio 
see GOLDEN MEAN 


Extreme Value Distribution 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let Mn denote the “extreme” (i.e., largest) ORDER 
Statistic X‘™ for a distribution of n elements X; taken 
from a continuous UNIFORM DISTRIBUTION. Then the 
distribution of the M,, is 


0 ifz<0 
P(M, <z)=4 2" if0<2<1 (1) 
1 ifz>41, 


and the MEAN and VARIANCE are 


i re @) 
(3) 


oo nr 
~ (n+ 1)?(n +2)" 


Extreme Value Distribution 


If X; are taken from a STANDARD NORMAL DISTRIBU- 
TION, then its cumulative distribution is 


F(«) = 4 f cP d=L4+ (2), (4) 


where ®(x) is the NORMAL DISTRIBUTION FUNCTION. 
The probability distribution of M, is then 


n ° n-1 —t?/2 
= — e dt. 
V 20 joa 
(5) 
The MEAN p(n) and VARIANCE o?(n) are expressible in 
closed form for small n, 


P(Mn <2) = [F(2)]” 


u(1) =0 (6) 
HQ) = Ze (7) 
1(3) = 5 (8) 
w(a) = >= [1+ = sin *(2)| (9) 
(5) = z= [1+ 2 sin *(3)| (10) 
and 
o(1)=1 (11) 
o°(2)=1-= (12) 
o7(3) = in 9 + 2V5 (13) 
2°(4) =14 8 — yayp (14) 
2?(5) =1-4 V3 4 SVB sin (2) — (ayy? (25) 


No exact expression is known for y:(6) or o?(6), but there 
is an equation connecting them 


(w(6)]? + 07(6) =1 + YS 4 BY 5 


“'(4). (16) 


An analog to the CENTRAL LimIT THEOREM states that 
the asymptotic normalized distribution of M, satisfies 
one of the three distributions 


P(y) = exp(—e™”) (a7) 
Ply) = ene ify <0 (18) 
eet aa ee a 


also known as GUMBEL, Fréchet, and WEIBULL DISTRI- 


BUTIONS, respectively. 
see also FISHER-TIPPETT DISTRIBUTION, ORDER 


STATISTIC 
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Extreme Value Theorem 

If a function f is continuous on a closed interval [a, b], 
then f has both a MAXIMUM and a MINIMUM on [a, }]. 
If f has an extreme value on an open interval (a,b), 
then the extreme value occurs at a CRITICAL POINT. 
This theorem is sometimes also called the WEIERSTRAB 
EXTREME VALUE THEOREM. 


Extremum 

A MAXIMUM or MINIMUM. An extremum may be Lo- 
CAL (a.k.a. a RELATIVE EXTREMUM; an extremum in a 
given region which is not the overall MAXIMUM or MIN- 
IMUM) or GLOBAL. Functions with many extrema can 
be very difficult to GRAPH. Notorious examples include 
the functions cos(1/z) and sin({1/z) near x = 0 


near 0 and 1. 


2249) 


and sin(e 


1 


1) 
ANY I 


-1 


The latter has 
li 9 
& a | = E = ;| +1 = 19058 — 2579 +1 = 16480 


extrema in the CLOSED INTERVAL [0,1] (Mulcahy 1996). 


see also GLOBAL EXTREMUM, GLOBAL MAXIMUM, 
GLOBAL MINIMUM, KUHN-TUCKER THEOREM, LA- 
GRANGE MULTIPLIER, LOCAL EXTREMUM, LOCAL 
MAXIMUM, LOCAL MINIMUM, MAXIMUM, MINIMUM 
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Extremum Test 

Consider a function f(x) in 1-D. If f(x) has a relative 
extremum at 29, then either f'(zo) = 0 or f is not 
DIFFERENTIABLE at zo. Either the first or second DE- 
RIVATIVE tests may be used to locate relative extrema 
of the first kind. 


A NECESSARY condition for f(z) to have a MINIMUM 
(MAXIMUM) at Zo is 


f'(zo) =0, 


and 
f"(zo)>0  (f"(wo) < 9). 


A SUFFICIENT condition is f'(z9) = 0 and f” (xo) > 0 
(f"(wo) < 0). Let f'(to) = 0, f"(to) = 0, ..., 
f™ (xo) = 0, but f("*) (zo) # 0. Then f(x) has a REL- 
ATIVE MAXIMUM at @o if n is ODD and f+) (zo) < 0, 
and f(z) has a RELATIVE MINIMUM at Zo if n is ODD 
and f'"+) (zo) > 0. There is a SADDLE POINT at zo if 
nis EVEN. 


see also EXTREMUM, FIRST DERIVATIVE TEST, RELA- 
TIVE MAXIMUM, RELATIVE MINIMUM, SADDLE POINT 
(FUNCTION), SECOND DERIVATIVE TEST 


Extrinsic Curvature 

A curvature of a SUBMANIFOLD of a MANIFOLD which 
depends on its particular EMBEDDING. Examples of ex- 
trinsic curvature include the CURVATURE and TORSION 
of curves in 3-space, or the mean curvature of surfaces 
in 3-space. 

see also CURVATURE, INTRINSIC CURVATURE, MEAN 
CURVATURE 


Extrinsic Curvature 


F-Distribution 


F 


F-Distribution 

Arises in the testing of whether two observed samples 
have the same VARIANCE. Let ym? and yn” be inde- 
pendent variates distributed as CHI-SQUARED with m 
and n DEGREES OF FREEDOM. Define a statistic Frm 
as the ratio of the dispersions of the two distributions 


2 
Xn°/n 
F, =>. 1 
num = Si lmn (1) 
This statistic then has an F’-distribution with probabil- 
ity function and cumulative distribution 
T(2t™)n"/?2mm/? gr/2-h 
r($)r(¥) (m+ nx)(rtm)/2 
mm 2pn/2n/2—-1 


5 (m+ nz)("+™)/2B(En, 3m) 


= I(1; 3m; 57) -1( 59m tn), (4) 


(2) 


Faym(£) = 


(3) 


m 
MeHnZ 


where ['(z) is the GAMMA FUNCTION, B(a,b) is the 
BETA FUNCTION, and I[(a,b;xz) is the REGULARIZED 
BETA FUNCTION. The MEAN, VARIANCE, SKEWNESS 
and KURTOSIS are 
m 
B= 2 (5) 
2m?(m +n — 2) 


= alm — 3 (m= 4) _ 


_ 2(m + an — 2) 2(m — 4) 
co m—6 V n(m+n-— 2) (7) 


12(—16 + 20m — 8m? + m° + 44n) 
~~ nlm — 6)(m — 8)(n +m — 2) 
12(—32mn + 5m?n — 22n? + 5mn?”) 
n(m —~ 6)(m — 8)(n+m-— 2) 


(8) 


The probability that F' would be as large as it is if the 
first distribution has a smaller variance than the second 
is denoted Q(Fn,m). 


The noncentral F-distribution is given by 
P(x) = e 7 d/24 (Ani 2)/[2(n2+012)] 
x nyt rngr2/2grt/2-l in, £ nix) (mitra) /2 
ny/2—-1 nye 
P(}m)P(1 + dna)Le- (— a Aue) 
B(3mi, 3n2)0[} (m1 + n2)] 


x 


(9) 


where ['(z) is the GAMMA FUNCTION, B(a,@) is the 
BETA FUNCTION, and L7,(z) is an associated La- 
GUERRE POLYNOMIAL. 
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see also BETA FUNCTION, GAMMA FUNCTION, REGU- 
LARIZED BETA FUNCTION, SNEDECOR’S F-DISTRIBU- 
TION 
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F-Polynomial 
see KAUFFMAN POLYNOMIAL F 


F-Ratio 
The RATIO of two independent estimates of the VARI- 
ANCE of a NORMAL DISTRIBUTION. 


see also F-DISTRIBUTION, NORMAL DISTRIBUTION, 
VARIANCE 


F-Ratio Distribution 

see F-DISTRIBUTION 

Fabry Imbedding 

A representation of a PLANAR GRAPH as a planar 
straight line graph such that no two EDGES cross. 


Face 


The intersection of an n-D POLYTOPE with a tan- 
gent HYPERPLANE. 0-D faces are known as VERTICES 
(nodes), 1-D faces as EDGES, (n —2)-D faces as RIDGES, 
and (n — 1)-D faces as FACETS. 


see also EDGE (POLYHEDRON), FACET, POLYTOPE, 
RIDGE, VERTEX (POLYHEDRON) 


Facet 
An (n—1)-D FAcE of an n-D POLYTOPE. A procedure 
for generating facets is known as FACETING. 
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Faceting 

Using a set of corners of a SOLID that lie in a plane to 
form the VERTICES of a new POLYGON is called faceting. 
Such POLYGONS may outline new FACES that join to 
enclose a new SOLID, even if the sides of the POLYGONS 
do not fall along EDGES of the original SOLID. 


References 
Holden, A. Shapes, Space, and Symmetry. 
Columbia University Press, p. 94, 1971. 
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Factor 

A factor is a portion of a quantity, usually an INTE- 
GER or POLYNOMIAL. The determination of factors is 
called FACTORIZATION (or sometimes “FACTORING”). It 
is usually desired to break factors down into the smallest 
possible pieces so that no factor is itself factorable. For 
INTEGERS, the determination of factors is called PRIME 
FACTORIZATION. For large quantities, the determina- 
tion of all factors is usually very difficult except in ex- 
ceptional circumstances. 


see also DIVISOR, FACTORIZATION, GREATEST PRIME 
Factor, LEAST PRIME FACTOR, PRIME FACTORIZA- 
TION ALGORITHMS 


Factor Base ; 

The primes with LEGENDRE SYMBOL (n/p) = 1 (less 
than N = 7m(d) for trial divisor d) which need be consid- 
ered when using the QUADRATIC SIEVE FACTORIZATION 
METHOD. 


see also DIXON’S FACTORIZATION METHOD 


References 

Morrison, M. A. and Brillhart, J. “A Method of Factoring 
and the Factorization of F7.” Math. Comput. 29, 183- 
205, 1975. 


Factor (Graph) 

A 1-factor of a GRAPH with n VERTICES is a set of n/2 
separate EDGES which collectively contain all n of the 
VERTICES of G among their endpoints. 


Factor Group 
see QUOTIENT GROUP 


Factor Level 
A grouping of statistics. 


Factor Ring 
see QUOTIENT RING 


Factor Space 
see QUOTIENT SPACE 


Factorial 


Factorial 
The factorial n! is defined for a POSITIVE INTEGER n as 
a n=1,2,... (1) 
a | n=0. 


The first few factorials for n = 0, 1, 2,... are 1, 1; 2, 
6, 24, 120, ... (Sloane’s A000142). An older NOTATION 
for the factorial is |» (Dudeney 1970, Gardner 1978, 
Conway and Guy 1996). 


As n grows large, factorials begin acquiring tails of trail- 
ing ZEROS. To calculate the number of trailing ZEROS 
for n!, use 


Kmax 
aa > lz | , (2) 
k=1 
where 1 
nn 
kmax = a (3) 


and |x| is the FLOOR FUNCTION (Gardner 1978, p. 63; 
Ogilvy and Anderson 1988, pp. 112~114). For n = 1, 2, 
..., the number of trailing zeros are 0, 0, 0, 0, 1, 1, 1, 
1, 1, 2, 2, 2, 2, 2, 3, 3, ... (Sloane’s A027868). This is a 
special application of the general result that the POWER 
of a PRIME p dividing n! is 


ep(n) = > Fa (4) 


(Graham et al. 1994, Vardi 1991). Stated another way, 
the exact POWER of a PRIME p which divides n! is 


n — sum of digits of the base-p representation of n 


p-—1 
(5) 


By noting that 
ni=T(n+4+1), (6) 


where I'(n) is the GAMMA FUNCTION for INTEGERS n, 
the definition can be generalized to COMPLEX values 


2=T(z+1= os e ‘t? dt. (7) 
0 


This defines z! for all COMPLEX values of z, except when 
z is a NEGATIVE INTEGER, in which case z! = oo. Us- 
ing the identities for GAMMA FUNCTIONS, the values of 
($n)! (half integral values) can be written explicitly 


(p= ve (8) 
(B)! = ve o 
(n—4)!= VF (on — 1)! (10) 
(n+ 3)!= we (2n + 1)!, (11) 


where 7!! is a DOUBLE FACTORIAL. 


Factorial 


For INTEGERS s and n with s <n, 


(s—n)!° (-1)" "(Qn — 2s)! 


(Qeaonj! Gs)! () 


The LOGARITEM of z! is frequently encountered 


tat) zm a aa Se 


sin( = 2n4+1 
(13) 
1 TZ 1 1l+z 
me) fn sctess| 3 hs G - a) 
+(1-)z- ) [¢(2n +1) - 1] — 5 (14) 
: n! z 
=o i, G@+iet2)--@+n)” 05) 
= iim [In(n!) + zInn — In(z + 1) 

—In(z + 2) —...-—In(z+n)] (16) 
=>> = F,-1(0) (17) 
= 92+ S(-1"Zc(n) (18) 

n=2 
= —In(1+ z)+2(1-7) 

+ eye - =, (19) 

n=2 


where ¥ is the EULER-MASCHERONI CONSTANT, ¢ is the 
RIEMANN ZETA FUNCTION, and F;, is the POLYGAMMA 
FUNCTION. The factorial can be expanded in a series 


gla Von 26-21 4 327 


1-2 139-3 
+3852 ~ — Eigaoz +...). (20) 
STIRLING’S SERIES gives the series expansion for In(z!), 


In(z!) = § In(27) + (z + 3) Inz-—z+ 2 


z 
eee ( 1)z? T sae 


= 3 In(27r) + (z+ 5) Inz—z+ ae 


-3 —5 
— 365% + aes? boy (21) 


1 


where B, is a BERNOULLI NUMBER. 
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Identities satisfied by sums of factorials include 


a = e = 2.718281828... (22) 
k=0 
—~ (=1)* _ ona 
S- Wy =e * = 0.3678794412... (23) 
k=0 
S- oe = Io(2) = 2.279585302... (24) 
k=0° 
<> (=1)* 
Ss EBT = Jo(2) = 0.2238907791... (25) 
k=0 . 
oy CR = cosh 1 = 1.543080635... (26) 
k=0 : 
> (=1)* 
> SET = COS 1 = 0.5403023059... (27) 
<~ (2k)! 
co 1 
S° = sinh 1 = 1.175201194... (28) 
= (2k +1)! 
3 =)" _ gin 1 = 0.8414709848 (29) 
bas 
<~ (2k+1)! 


(Spanier and Oldham 1987), where Jo is a MODIFIED 
BESSEL FUNCTION OF THE FIRsT KIND, Jo is a BESSEL 
FUNCTION OF THE FIRST KIND, cosh is the HYPER- 
BOLIC COSINE, cos is the COSINE, sinh is the HyPER- 
BOLIC SINE, and sin is the SINE. 


Let h be the exponent of the greatest POWER of a PRIME 
p dividing n!. Then 


n= [3]. (30) 


t=1 
pisn 
Let g be the number of Is in the BINARY representation 
of n. Then 
gth=n (31) 


(Honsberger 1976). In general, as discovered by Legen- 
dre in 1808, the POWER m of the PRIME p dividing n! 
is given by 


_< n|_ n—(no+tm+...+ny) 
m= ole mt tnw) (92) 


where the INTEGERS ni, ..., mn are the digits of n in 


base p (Ribenboim 1989). 


The sum-of-factorials function is defined by 


Z(n) = y ki! 
k=1 


Wes 18 ei(1) + 7i4+ Sane(i IT + 2) , (33) 
_ —e+ei(1) + R[Ean4i1(—1)]T (n+ 2) 


€ 


» (34) 
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where ei(1) + 1.89512 is the EXPONENTIAL INTEGRAL, 
E, is the E,,-FUNCTION, and 2 is the IMAGINARY NUM- 
BER. The first few values are 1, 3, 9, 33, 153, 873, 
5913, 46233, 409113, ... (Sloane’s A007489). X(n) can- 
not be written as a hypergeometric term plus a constant 
(Petkovsek et al. 1996). However the sum 


B'(n) = kk! = (n+1)!-1 (35) 


has a simple form, with the first few values being 1, 5, 
23, 119, 719, 5039, ... (Sloane’s A033312). 


The numbers n! + 1 are prime for n = 1, 2, 3, 11, 27, 
37, 41, 73, 77, 116, 154, ... (Sloane’s A002981), and the 
numbers n! — 1 are prime for n = 3, 4, 6, 7, 12, 14, 30, 
32, 33, 38, 94, 166, ... (Sloane’s A002982). In general, 
the power-product sequences (Mudge 1997) are given by 
S#(n) = (n!)* +1. The first few terms of S{(n) are 2, 
5, 37, 577, 14401, 518401, ... (Sloane’s A020549), and 
S}(n) is PRIME for n = 1, 2, 3, 4, 5, 9, 10, 11, 13, 24, 
65, 76, ... (Sloane’s A046029). The first few terms of 
Sz (n) are 0, 3, 35, 575, 14399, 518399, ... (Sloane’s 
A046030), but Sy(n) is PRIME for only n = 2 since 
Sz (n) = (n!)? —1 = (n!4+1)(n!-1) for n > 2. The first 
few terms of S;(n) are 0, 7, 215, 13823, 1727999, ..., 
and the first few terms of S}(n) are 2, 9, 217, 13825, 
1728001, ... (Sloane’s A19514). 


There are only four INTEGERS equal to the sum of the 
factorials of their digits. Such numbers are called FAc- 
TORIONS. While no factorial is a SQUARE NUMBER, 
D. Hoey listed sums < 10?” of distinct factorials which 
give SQUARE NUMBERS, and J. McCranie gave the one 
additional sum less than 21! = 5.1 x 102°: 


O!+ 1!+2!= 2? 
4 2!4+3!= 3? 


i+4!= 5? 
W4+5!= 11? 
4145! = 12? 


1!4 2!4 3146! = 27? 
1! + 5! + 6! = 29? 
W+7!=71? 
Al + 5!4 7! = 72” 
1! 4 2!4 3!4 7148! = 213? 
W+4!+5!4+6!4+ 7148! = 215? 
1!+ 2!+3!+4 6! +9! = 603? 
1! + 4! 4 8! + 9! = 6357 
1! + 2!+3!4 6! 4 7! 4 8!4 10! = 1917’ 


1! 4 2!4 314 714 8f4+ 914+ 101+ 11! + 12! 
+13! + 14! + 15! = 11838937 


Factorial 


(Sloane’s A014597). The first few values for which the 
alternating SUM 


Sen al (36) 


is PRIME are 3, 4, 5, 6, 7, 8, 41, 59, 61, 105, 160, ... 
(Sloane’s A014615, Guy 1994, p. 100). The only known 
factorials which are products of factorial in an ARITH- 
METIC SEQUENCE are 


ol!= 1! 
112! = 2! 
O!1!2! = 2! 
6!7! = 10! 
1!3!5! = 6! 
1!3!5!7! = 10! 


(Madachy 1979). 


There are no identities of the form 
n! = ay!ag!---a,! (37) 


for r > 2 with a; > a; > 2 fori < 97 for n < 18160 
except 


g! = 7131312! (38) 
10! = 7!6! = 71513! (39) 
16! = 14!5!2! (40) 


(Guy 1994, p. 80). 


There are three numbers less than 200,000 for which 
(n—1)!+1=0 (mod n’), (41) 


namely 5, 13, and 563 (Le Lionnais 1983). BROWN 
NUMBERS are pairs (m,n) of INTEGERS satisfying the 
condition of BROCARD’S PROBLEM, i.e., such that 


ni+1l=m’. (42) 


Only three such numbers are known: (5, 4), (11, 5), (71, 
7). Erdés conjectured that these are the only three such 
pairs (Guy 1994, p. 193). 

see also ALLADI-GRINSTEAD CONSTANT, BROCARD’S 
PROBLEM, BROWN NUMBERS, DOUBLE FACTORIAL, 
FACTORIAL PRIME, FACTORION, GAMMA FUNCTION, 
HYPERFACTORIAL, MULTIFACTORIAL, POCHHAMMER 
SYMBOL, PRIMORIAL, ROMAN FACTORIAL, STIRLING’S 
SERIES, SUBFACTORIAL, SUPERFACTORIAL 
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Factorial Moment 
Ur) = S52 Fe), 


where 
ze” =¢(2—1)---(2@—r+1). 


Factorial Number 
see FACTORIAL 


Factorial Prime 

A PRIME of the form n! +1. n!+ 1 is PRIME for 1, 2, 
3, 11, 27, 37, 41, 73, 77, 116, 154, 320, 340, 399, 427, 
872, 1477, ... (Sloane’s A002981) up to a search limit 
4850. n! — 1 is PRIME for 3, 4, 6, 7, 12, 14, 30, 32, 33, 
38, 94, 116, 324, 379, 469, 546, 974, 1963, 3507, 3610, 
... (Sloane’s A002982) up to a search limit of 4850. 
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Factorial Sum 

Sums with unity NUMERATOR and FACTORIALS in the 
DENOMINATOR which can be expressed analytically in- 
clude 


. 1 
» (n+i—k)\(n—2)! 
= 2F\(1,-—n;1 +n—k;-1) -1 


T(i+n)r+n-—k) (1) 
} a re co 
Lwrin ani FEearaem © 
= 1 
a mim 8) 


~ a(+nratn) (+n) 


x 1 
fw (n+i+1)!(n —i)! 


© ele : (4) 
~ ar(s+n)P¢n) 21+ n)P(2+n)’ 


where 2Fi(a,b;c;z) is a HYPERGEOMETRIC FUNCTION 
and [(z) is a GAMMA FUNCTION. 


Sums with i in the NUMERATOR having analytic solu- 
tions include 


», (n+i—k)\(n—i)! 


Je) n2F\(2,1—n;2—k+n;-1) 
~ (1l-k4n\TO+n)l(l-—k4+n) 


(5) 


x i 
= (n+i-—1)!(n—i)! 
1 VF n 
ae +n) Ta 5 (6) 


2 Gta a oy!” GTA) (7) 
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> (n+i+1)!'(n —7)! 


an  @) 


* 1 1 
a(it+n) |T@+n)  — ar(2 +n) 


A sum with 7? in the NUMERATOR is 


2 (n+i—k)!(n —7)! 
n 
~ Gd —k+n)(2—-ktnr+n)Pd —k+n) 
x[(2-—k+n)2Fi(2,1—n;2—-k+n;-—1) 
+2(n ~ 1)2F1(3,2-nj3-k+n;-1)], (9) 


where 2F,(a,b;c;z) is the HYPERGEOMETRIC FUNC- 
TION. 


Sums of factorial POWERS include 


(al) 4, 2 
ds Gall = 3 * a8 oe 

foo] ! 3 i _ 
2 ao, = [ [P(t) + Q(t) cos7! R(t)|dt, (11) 

where 
2(8 + 74? — 723 
_ 4t(1 — ¢)(5 + #? — 2) 

Sey (4-1 +423)2,/1-1(4-2 +83) es 
R(t) =1— 3(¢? —#°) (14) 


(Beeler e¢ al. 1972, Item 116). 
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Factoring 
see FACTORIZATION 


Factorion 

A factorion is an INTEGER which is equal to the sum of 
FACTORIALS of its digits. There are exactly four such 
numbers: 


l=1! (1) 
2=2! (2) 

145 = 1!44!+5! (3) 
40,585 = 4!4+ 0451+ 8!+5! (4) 


(Gardner 1978, Madachy 1979, Pickover 1995). The fac- 
torion of an n-digit number cannot exceed n- 9! digits. 


Fair Game 


see also FACTORIAL 
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Factorization 

The finding of FACTORS (DIVISORS) of a given INTEGER, 
POLYNOMIAL, etc. Factorization is also called FACTOR- 
ING. 


see also FACTOR, PRIME FACTORIZATION ALGORITHMS 


Fagnano’s Point 
The point of coincidence of P and P’ in FAGNANO’S 
PROBLEM. 


Fagnano’s Problem 

In a given ACUTE-angled TRIANGLE AABC, INSCRIBE 
another TRIANGLE whose PERIMETER is as small as pos- 
sible. The answer is the PEDAL TRIANGLE of AABC. 
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Fagnano’s Theorem 
If P(x,y) and P(z’,y’) are two points on an ELLIPSE 


x yo 
a + @) 
with ECCENTRIC ANGLES ¢ and ¢’ such that 
, 6b 
tan¢tang = — (2) 
a 
and A= P(a,0) and B = P(0,6). Then 
, e aa! 
arcBP +arcBP’ = ‘ (3) 
a 


This follows from the identity 
E(u,k) + E(v,k) — E(k) = k? sn(u,k)sn(v,k), (4) 


where E(u, &) is an incomplete ELLIPTIC INTEGRAL OF 
THE SECOND KIND, E(k) is a complete ELLIPTIC INTE- 
GRAL OF THE SECOND KIND, and sn(v,k) is a JACOBI 
ELLIPTIC FUNCTION. If P and P’ coincide, the point 
where they coincide is called FAGNANO’S POINT. 


Fair Game 
A GAME which is not biased toward any player. 


see also GAME, MARTINGALE 


Fairy Chess 


Fairy Chess 

A variation of CHESS involving a change in the form of 
the board, the rules of play, or the pieces used. For 
example, the normal rules of chess can be used but with 
a cylindrical or MOBIUS STRIP connection of the edges. 


see also CHESS 
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Fallacy 

A fallacy is an incorrect result arrived at by appar- 
ently correct, though actually specious reasoning. The 
most common example of a mathematical fallacy is the 
“proof” that 1 = 2 as follows. Let a = b, then 


ab =a? 
ab—b® =a? — 8? 


b(a — b) = (a + b)(a— b) 


b=a+b 
b= 26 
1= 2, 


The incorrect step is division by a—b (equal to 0), which 
is invalid. Ball and Coxeter (1987) give other such ex- 
amples in the areas of both arithmetic and geometry. 
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False 

A statement which is rigorously not TRUE. Regular 
two-valued LOGIC allows statements to be only TRUE 
or false, but Fuzzy LOGIC treats “truth” as a contin- 
uum which can have a value between 0 and 1. 

see also ALETHIC, FUZZY Locic, LOGic, TRUE, TRUTH 
TABLE, UNDECIDABLE 


False Position Method 


An ALGORITHM for finding ROOTS which uses the point 
where the linear approximation crosses the axis as the 
next iteration and keeps the same initial point for each 
iteration. Using the two-point form of the line 


ais Teas FON 
fn~1 — LL 
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with y = 0, using yi = f(r1), and solving for 2, there- 
fore gives the iteration 


Ln-1 ~ 21 
Gee srien 


Bn — V1 


see also BRENT’S METHOD, RIDDERS’ METHOD, SE- 
CANT METHOD 
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Faltung (Form) 
Let A and B be bilinear forms 


A= A(z,y) = SoS aijzins 
B= B(2z,y)= Do Do bisa 


and suppose that A and B are bounded in [p,p’] with 
bounds M and N. Then 


F = F(A, B) = SoS fain, 


where the series 


fiz = > Din bes 


k 


is absolutely convergent, is called the faltung of A and 
B. F is bounded in [p, p'], and its bound does not exceed 
MN. 
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Faltung (Function) 
see CONVOLUTION 


Fan 
A SPREAD in which each node has a FINITE number of 
children. 


see also SPREAD (TREE) 


Fano’s Axiom 
The three diagonal points of a COMPLETE QUADRILAT- 
ERAL are never COLLINEAR. 
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Fano Plane 


The 2-D PROJECTIVE PLANE over GF(2) (“of order 
two”), illustrated above. It is a BLOCK DESIGN with 
v=%7,k=3,\=1, r = 3, and b = 7, and is also the 
STEINER TRIPLE SYSTEM S(7). 


The Fano plane also solves the TRANSYLVANIA LOT- 
TERY, which picks three numbers from the INTEGERS 
1-14. Using two Fano planes we can guarantee match- 
ing two by playing just 14 times as follows. Label the 
VERTICES of one Fano plane by the INTEGERS 1-7, the 
other plane by the INTEGERS 8-14. The 14 tickets to 
play are the 14 lines of the two planes. Then if (a, b,c) 
is the winning ticket, at least two of a,b,c are either in 
the interval [1, 7] or (8, 14]. These two numbers are on 
exactly one line of the corresponding plane, so one of 
our tickets matches them. 


The Lehmers (1974) found an application of the Fano 
plane for factoring INTEGERS via QUADRATIC FORMS. 
Here, the triples of forms used form the lines of 
the PROJECTIVE GEOMETRY on seven points, whose 
planes are Fano configurations corresponding to pairs of 
residue classes mod 24 (Lehmer and Lehmer 1974, Guy 
1975, Shanks 1985). The group of AUTOMORPHISMS 
(incidence-preserving BIJECTIONS) of the Fano plane is 
the SIMPLE GROUP of ORDER 168 (Klein 1870). 


see also DESIGN, PROJECTIVE PLANE, STEINER TRIPLE 
SYSTEM, TRANSYLVANIA LOTTERY 
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Far Out 
A word used by Tukey to describe data points which are 
outside the outer FENCES. 
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Far-Out Point 
For a TRIANGLE with side lengths a, b, and c, the far-out 
point has TRIANGLE CENTER FUNCTION 


a =a(b* +c — a4 — 870’). 


Farey Sequence 


As a:6:c¢ approaches 1:1: 1, this point moves out 
along the EULER LINE to infinity. 
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Farey Sequence 

The Farey sequence F,, for any POSITIVE INTEGER n 
is the set of irreducible RATIONAL NUMBERS a/b with 
0 <a<b <n and (a,b) = 1 arranged in increasing 
order. 


FL={%,7 (1) 
Pe = 4 Tvae 5 (2) 
Fa= {i590 54 (3) 
Fe= {9.5.99 90 G07 (4) 
Fs={tibs agg agg agate (5) 


There is always an ODD number of terms, and the mid- 
dle term is always 1/2. Let p/q, p’/q’, and p”/q" be 
three successive terms in a Farey series. Then 


qp' — pq =1 (6) 
p p +p" 

Pye aw (7) 
qa+q 


These two statements are actually equivalent. 


The number of terms N(n) in the Farey sequence for 
the INTEGER n is 


N(n) =1+ >> o(k) = 1+ Gn), (8) 


k=1 


where ${k) is the TOTIENT FUNCTION and ®(n) is the 
SUMMATORY FUNCTION of $(k), giving 2, 3, 5, 7, 11, 
13, 19, ... (Sloane’s A005728). The asymptotic limit 
for the function N(n) is 


3n? 
mre 


N(n) ~ 0.3039635509n” (9) 


(Vardi 1991, p. 155). For a method of computing a suc- 
cessive sequence from an existing one of n terms, insert 
the MEDIANT fraction (a + b)/(c + d) between terms 
a/e and b/d when c+ d < n (Hardy and Wright 1979, 
pp- 25-26; Conway and Guy 1996). 


FORD CIRCLES provide a method of visualizing the 
Farey sequence. The Farey sequence F,, defines a sub- 
tree of the STERN-BROCOT TREE obtained by pruning 
unwanted branches (Graham et al. 1994). 


see also FORD CIRCLE, MEDIANT, RANK (SEQUENCE), 
STERN-BROCOT TREE 


Farey Series 
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Farey Series 
see FAREY SEQUENCE 


Farkas’s Lemma 
The INEQUALITY (fo, xz) < 0 follows from 


(fi, 2) <0,..., (fn, 2) <0 


IFF there exist NONNEGATIVE numbers Aj, ... 


Sore fe = fo. 
k=1 


This LEMMA is used in the proof of the KUHN-TUCKER 
THEOREM. 


see also KUHN-TUCKER THEOREM, LAGRANGE MULTI- 
PLIER 


> An with 


Faro Shuffle 
see RIFFLE SHUFFLE 


Fast Fibonacci Transform 
For a general second-order recurrence equation 


fati =tfn+yfn-1, (1) 
define a multiplication rule on ordered pairs by 


(A, B)(C, D) = (AD+ BC +2AC,BD+yAC). (2) 
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The inverse is then given by 


(—A,zA+ B) 


1 
ab) B24 2AB — yA?’ (3) 
and we have the identity 
(fi, yfo)(1, 0)” = (fntisyfn) (4) 


(Beeler et al. 1972, Item 12). 
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Fast Fourier Transform 

The fast Fourier transform (FFT) is a DISCRETE Four- 
IER TRANSFORM ALGORITHM which reduces the num- 
ber of computations needed for N points from 2N? to 
2N lg.N, where LG is the base-2 LOGARITHM. If the 
function to be transformed is not harmonically related 
to the sampling frequency, the response of an FFT looks 
like a SINC FUNCTION (although the integrated POWER 
is still correct). ALIASING (LEAKAGE) can be reduced by 
APODIZATION using a TAPERING FUNCTION. However, 
ALIASING reduction is at the expense of broadening the 
spectral response. 


FFTs were first discussed by Cooley and Tukey (1965), 
although Gauss had actually described the critical fac- 
torization step as early as 1805 (Gergkand 1969, Strang 
1993). A DISCRETE FOURIER TRANSFORM can be 
computed using an FFT by means of the DANIELSON- 
LANCZOS LEMMA if the number of points N is a POWER 
of two. If the number of points N is not a POWER of 
two, a transform can be performed on sets of points cor- 
responding to the prime factors of N which is slightly 
degraded in speed. An efficient real Fourier transform 
algorithm or a fast HARTLEY TRANSFORM (Bracewell 
1965) gives a further increase in speed by approximately 
a factor of two. Base-4 and base-8 fast Fourier trans- 
forms use optimized code, and can be 20-30% faster 
than base-2 fast Fourier transforms. PRIME factoriza- 
tion is slow when the factors are large, but discrete Four- 
ier transforms can be made fast for N = 2, 3, 4, 5, 7, 
8, 11, 13, and 16 using the WINOGRAD TRANSFORM 
ALGORITHM (Press et al. 1992, pp. 412-413, Arndt). 


Fast Fourier transform algorithms generally fall into 
two classes: decimation in time, and decimation in fre- 
quency. The Cooley-Tukey FFT ALGORITHM first re- 
arranges the input elements in bit-reversed order, then 
builds the output transform (decimation in time). The 
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basic idea is to break up a transform of length N into 
two transforms of length N/2 using the identity 


N-~1 N/2-1 
. ane 2Trk/N _ ; Gane 2A RIN 
n=0 n=0 
N/2-1 
~2ri(2 1)k/N 
ot y Qan+1€ Pee 
n=0 
N/2-1 
= > Gite Ferien) 
n=0 
N/2-1 
gr etiks(N ) aetde tren ks N/A): 
n=0 


sometimes called the DANIELSON-LANCzZOS LEMMA. 
The easiest way to visualize this procedure is perhaps 
via the FOURIER MATRIX. 


The Sande-Tukey ALGORITHM (Stoer and Burlisch 
1980) first transforms, then rearranges the output values 
(decimation in frequency). 


see also DANIELSON-LANCZOS LEMMA, DISCRETE 
FOURIER TRANSFORM, FOURIER MATRIX, FOURIER 
TRANSFORM, HARTLEY TRANSFORM, NUMBER THEO- 
RETIC TRANSFORM, WINOGRAD TRANSFORM 
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Fatou’s Theorems 


Fat Fractal 
A CANTOR SET with LEBESGUE MEASURE greater than 
0. 


see also CANTOR SET, EXTERIOR DERIVATIVE, FRAC- 
TAL, LEBESGUE MEASURE 
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Fatou Dust 
see FATOU SET 


Fatou’s Lemma 
If a SEQUENCE { f,} of NONNEGATIVE measurable func- 
tions is defined on a measurable set EF, then 


noo n-co 


[vo inf f, du < lim it | f du. 
E 


E 
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Fatou Set 
A set consisting of the complementary set of complex 
numbers to a JULIA SET. 


see also JULIA SET 
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Fatou’s Theorems 
Let f(@) be LEBESGUE INTEGRABLE and let 


1—r? 


1 [7 
f(r, 8) = Qn [. F() 1 — 2rcos(t — 6) +r? ae sy) 


be the corresponding POISSON INTEGRAL. Then AL- 
MOST EVERYWHERE in —7 <@< 7, 


oes f(r, 6) = f(8). (2) 
Let 
F(z) =coterz+ coz? +... tenz" +... (3) 


be regular for [z| < 1, and let the integral 
1 frre)? a0 (4) 
an J_y 


be bounded for r < 1. This condition is equivalent to 
the convergence of 


lcol? + Jeil? +... + fen|? +.... (5) 


Faulhaber’s Formula 


Then almost everywhere in —7 <4 <7, 


lim F(re™’) = F(e*’). (6) 


r—+O07 


Furthermore, F(e‘®) is measurable, |F(e’’)|? is LEBES- 
GUE INTEGRABLE, and the FOURIER SERIES of F(e’°) 
is given by writing z = e’®. 
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Faulhaber’s Formula 

In a 1631 edition of Academiae Algebrae, J. Faulhaber 
published the general formula for the SUM of pth Pow- 
ERS of the first n POSITIVE INTEGERS, 


n ptt 


1 +1 
oer = = pt p+1 d -1)* @ ) Boe in! : (1) 


k=1 


where dip is the KRONECKER DELTA, (") is a BINOMIAL 
COEFFICIENT, and B; is the ith BERNOULLI NUMBER. 


Computing the sums for p= 1, ..., 10 gives 
n 
Dok = Bn? +n) (2) 
n 
yy k? = 2(2n* + 3n? +n) (3) 
n 
Sow = 3b (nt + 2n? +n?) (4) 
So kt = Gu(6n® + 15n* + 10n? — n) (5) 
SS ke = 75 (2n° + 6n° + 5n4 — n?) (6) 


-(6n’ + 21n®+21n®—7n? +n) (7) 


n 
Sivas 
e=3 
k=1 


[ey kT = £(3n® + 12n7 + 14n® — 7n* +2n?) (8) 


n 

S- 84 
k” = 90 

k=1 


+ 20n° — 3n) (9) 


(10n° + 45n® + 60n” — 42n° 


3 (2n*° + 10n* + 15n® — 14n® 


y= 


+10n* ~ 3n”) (10) 


n 


Soe = 


k=1 


ad (6n"? + 33n"° + 55n° — 66n" 


+ 66n° — 33n? + 5n). (11) 
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see also POWER, SUM 
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Favard Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let T,{z) be an arbitrary trigonometric POLYNOMIAL 


Tn(x) = da0 + {Soto cos(kz) + bx cotke} ; 


k=1 


where the COEFFICIENTS are real. Let the rth deriva- 
tive of T(x) be bounded in [~1, 1], then there exists a 
POLYNOMIAL T,(z) for which 


K, 


fle) — Tl) < Ge 


for all z, where K, is the rth Favard constant, which is 
the smallest constant possible. 


4 co r+l1 
x= ty (EU). 


k=0 


These can be expressed by 


K= 4\(r+1) for r odd 
— B(r+1) for r even, 


where \ is the DIRICHLET LAMBDA FUNCTION and @ is 
the DIRICHLET BETA FUNCTION. Explicitly, 


Ko =1 

Ky = in 
K2 = Lg? 
Ks = an. 
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Feigenbaum Constant 

A universal constant for functions approaching CHAOS 
via period doubling. It was discovered by Feigenbaum 
in 1975 and demonstrated rigorously by Lanford (1982) 
and Collet and Eckmann (1979, 1980). The Feigenbaum 
constant 6 characterizes the geometric approach of the 
bifurcation parameter to its limiting value. Let ux, be 
the point at which a period 2* cycle becomes unstable. 
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Denote the converged value by jz... Assuming geometric 
convergence, the difference between this value and p, is 
denoted 

a6 


Jim Hoo ~ Mk = Fe (1) 


where I is a constant and 6 is a constant > 1. Solving 
for 6 gives 


é= lim ti (2) 
n-+0o fin4+2 — Un+1 


(Rasband 1990, p. 23). For the LOGISTIC EQUATION, 


§ = 4.669216091... (3) 
T = 2.637... (4) 
[ico = 3.5699456.... (5) 


Amazingly, the Feigenbaum constant 6 ~ 4.669 is “uni- 
versal” (i-e., the same) for all 1-D Maps f(a) if f(x) has 
a single locally quadratic MAXIMUM. More specifically, 
the Feigenbaum constant is universal for 1-D MAPs if 
the SCHWARZIAN DERIVATIVE 


af" @) 3 [F'@) 
Dschwarzian — f'(a) D oe (6) 


is NEGATIVE in the bounded interval (Tabor 1989, 
p. 220). Examples of maps which are universal in- 
clude the HENON Map, LocisTic MaP, LORENZ Sys- 
TEM, Navier-Stokes truncations, and sine map tn41 = 
asin(rz,). The value of the Feigenbaum constant can 
be computed explicitly using functional group renormal- 
ization theory. The universal constant also occurs in 
phase transitions in physics and, curiously, is very nearly 
equal to 


mn + tan7'(e”) = 4.669201932.... (7) 


The CIRCLE MAP is not universal, and has a Feigenbaum 
constant of 6 = 2.833. For an AREA-PRESERVING 2-D 
Map with 


Ln41 = f(an, Yn) (8) 
YUn4e1 = g(tn,; Yn), (9) 


the Feigenbaum constant is 6 = 0.7210978... (Tabor 
1989, p. 225). For a function of the form 


f(x) = 1-az|" (10) 


with a and n constant and n an INTEGER, the Feigen- 
baum constant for various n is given in the following 
table (Briggs 1991, Briggs et al. 1991), which updates 
the values in Tabor (1989, p. 225). 


n 6 

2 5.9679 
4 7.2846 
6 8.3494 
8 9.2962 


Feigenbaum Constant 


An additional constant a, defined as the separation of 
adjacent elements of PERIOD DOUBLED ATTRACTORS 
from one double to the next, has a value 


: dn 
lim 
Roo dn+41 


= —a = —2.502907875... (11) 


for “universal” maps (Rasband 1990, p. 37). This value 
may be approximated from functional group renormal- 
ization theory to the zeroth order by 


= l—a~? 
toe ~ [L-a-2(1—a-)]}?’ (12) 


which, when the QUINTIC EQUATION is numerically 
solved, gives a = —2.48634..., only 0.7% off from the 
actual value (Feigenbaum 1988). 


see also ATTRACTOR, BIFURCATION, FEIGENBAUM 
FUNCTION, LINEAR STABILITY, LocisTic MAP, PE- 
RIOD DOUBLING 
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Feigenbaum Function 


Feigenbaum Function 
Consider an arbitrary 1-D Map 


In+1 = F(rn) (1) 


at the onset of CHAos. After a suitable rescaling, the 
Feigenbaum function 


g(x) = lim FEM @RO"(0)) (2) 


1 
n-t0o F(2") (0) 


is obtained. This function satisfies 
1 
9(9(2)) = —- (az), (3) 


with a = 2.50290..., a quantity related to the FEIGEN- 
BAUM CONSTANT. 


see also BIFURCATION, CHAOS, FEIGENBAUM CON- 
STANT 
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Feit-Thompson Conjecture 

Concerns PRIMES p and gq for which p? — 1 and gq? — 1 
have a common factor. The only (p,q) pair with both 
values less than 400,000 is (17, 3313), with a common 
factor 112,643. 
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Feit-Thompson Theorem 

Every FINITE SIMPLE GROUP (which is not CYCLIC) has 
EVEN ORDER, and the ORDER of every FINITE SIMPLE 
noncommutative group is DOUBLY EVEN, i.e., divisible 
by 4 (Feit and Thompson 1963). 


see also BURNSIDE PROBLEM, FINITE GROUP, ORDER 
(GROUP), SIMPLE GROUP 
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Fejes Toth’s Integral 


1 ” sin[d(n + 1)z] : 
2n(n+1) J_, sin(52) 
gives the nth CESARO MEAN of the FOURIER SERIES of 
f(z). 
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Fejes Téth’s Problem 

How can n points be distributed on a UNIT SPHERE such 
that they maximize the minimum distance between any 
pair of points? In 1943, Fejes Téth proved that for N 
points, there always exist two points whose distance d 


is 
— ese2 | — AN __ 
a<\fa csc ac |: 


and that the limit is exact for N = 3, 4, 6, and 12. 


For two points, the points should be at opposite ends of 
a DIAMETER. For four points, they should be placed at 
the VERTICES of an inscribed TETRAHEDRON. There is 
no best solution for five points since the distance can- 
not be reduced below that for six points. For six points, 
they should be placed at the VERTICES of an inscribed 
OCTAHEDRON. For seven points, the best solution is 
four equilateral spherical triangles with angles of 80°. 
For eight points, the best dispersal is not the VERTICES 
of the inscribed CUBE, but of a square ANTIPRISM with 
equal EDGES. The solution for nine points is eight equi- 
lateral spherical triangles with angles of cos~*(1/4). For 
12 points, the solution is an inscribed ICOSAHEDRON. 


The general problem has not been solved. 
see also THOMSON PROBLEM 
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Feller’s Coin-Tossing Constants 
see COIN TOSSING 


Feller-Lévy Condition 
Given a sequence of independent random variates X1, 
Xo,..., if on? = var(X;,) and 


2 
pn? = max Ck 
; nm R<n \ Sn? J’ 
then 
lim pn? = 0. 
NOOO 


This means that if the LINDEBERG CONDITION holds 
for the sequence of variates X), ..., then the VARIANCE 
of an individual term in the sum S, of X_, is asymp- 
totically negligible. For such sequences, the LINDEBERG 
CONDITION is NECESSARY as well as SUFFICIENT for 
the LINDEBERG-FELLER CENTRAL LIMIT THEOREM to 
hold. 
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Fence 

Values one STEP outside the HINGES are called inner 
fences, and values two steps outside the HINGES are 
called outer fences. Tukey calls values outside the outer 
fences FAR OUT. 


see also ADJACENT VALUE 
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Fence Poset 
A PARTIAL ORDER defined by (2 — 1, j), (+1, j) for 
ODD i. 


see also PARTIAL ORDER 


References 

Ruskey, F. “Information on Ideals of Partially Ordered 
Sets.” http://sue .csc.uvic .ca/-~cos/ inf / pose / 
Ideals. html. 


Ferguson-Forcade Algorithm 
A practical algorithm for determining if there exist in- 
tegers a; for given real numbers 2; such that 


Q121 + ag%g+...+antn = 0, 


or else establish bounds within which no such INTEGER 
RELATION can exist (Ferguson and Forcade 1979). A 
nonrecursive variant of the original algorithm was sub- 
sequently devised by Ferguson (1987). The Ferguson- 
Forcade algorithm has shown that there are no algebraic 
equations of degree < 8 with integer coefficients having 
Euclidean norms below certain bounds for e/7, e + 7, 
Inn, 7, €’, y/e, y/m, and Iny, where e is the base for 
the NATURAL LOGARITHM, 7 is PI, and ¥ is the EULER- 
MASCHERONI CONSTANT (Bailey 1988). 


Constant Bound 


e/n 6.1030 x 10% 
e+ 2.2753 x 1078 
Ino 8.7697 x 10° 
y 3.5739 x 10° 
e” 1.6176 x 10°” 
x/e 1.8440 x 101+ 
y/r 6.5403 x 10° 
Iny 2.6881 x 107° 


see also CONSTANT PROBLEM, EUCLIDEAN ALGO- 
RITHM, INTEGER RELATION, PSLQ ALGORITHM 
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Fermat-Euler Theorem 


Fermat 4n +1 Theorem 

Every PRIME of the form 4n+1 is a sum of two SQUARE 
NUMBERS in one unique way (up to the order of SuM- 
MANDS). The theorem was stated by Fermat, but the 
first published proof was by Euler. 


see also SIERPINSKI’S PRIME SEQUENCE THEOREM, 
SQUARE NUMBER 
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Fermat’s Algorithm 
see FERMAT’S FACTORIZATION METHOD 


Fermat Compositeness Test 
Uses FERMAT’S LITTLE THEOREM 


Fermat’s Congruence 


see FERMAT’S LITTLE THEOREM 


Fermat Conic 

A PLANE CURVE of the form y = 2”. For n > 0, the 
curve is a generalized PARABOLA; for n < 0 it is a gen- 
eralized HYPERBOLA. 


see also CONIC SECTION, HYPERBOLA, PARABOLA 


Fermat’s Conjecture 
see FERMAT’S LAST THEOREM 


Fermat Difference Equation 
see PELL EQUATION 


Fermat Diophantine Equation 
see FERMAT DIFFERENCE EQUATION 


Fermat Equation 
The DIOPHANTINE EQUATION 


The assertion that this equation has no nontrivial solu- 
tions for n > 2 is called FERMAT’S LAST THEOREM. 


see also FERMAT’S LAST THEOREM 


Fermat-Euler Theorem 
see FERMAT’S LITTLE THEOREM 
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Fermat’s Factorization Method 
Given a number n, look for INTEGERS z and y such that 
n=2? —y’. Then 


n=(x—-y)(z+y) (1) 


and n is factored. Any ODD NUMBER can be represented 
in this form since then n = ab, a and b are ODD, and 


a=a+y (2) 
b=2r-y. (3) 


Adding and subtracting, 


a+b= 2x (4) 
a-b=2y, (5) 


so solving for x and y gives 


z= ¢(a+b) (6) 
= (a —b). (7) 

Therefore, 
wy? = H(atb)?—(a-b)J=0b, (8) 


As the first trial for z, try 1 [Vn |: where [zx] is the 
CEILING FUNCTION. Then check if 


Aa =a,’—n (9) 
is a SQUARE NUMBER. There are only 22 combinations 
of the last two digits which a SQUARE NUMBER can 


assume, so most combinations can be eliminated. If Ari 
is not a SQUARE NUMBER, then try 


g2=21 +1, (10) 
so 


Age = 22" —n= (2141)? —n=217 4+2214+1-n 
= Agi + 2a, +1. (11) 


Continue with 


Ags = 23" —n = (a2 +1)? —n=a2?+2¢42+1—n 
= Avo + 242 +1 = Azo + 22, + 3, (12) 
so subsequent differences are obtained simply by adding 
two. 
Maurice Kraitchik sped up the ALGORITHM by looking 
for x and y satisfying 


x? =y? (mod n), (13) 


ie., n|(z? — y?). This congruence has uninteresting 
solutions « = +ty (mod nm) and interesting solutions 
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a #+y (mod n). It turns out that if n is ODD and DI- 
VISIBLE by at least two different PRIMES, then at least 
half of the solutions to x? = y? (mod n) with zy Co- 
PRIME to n are interesting. For such solutions, (n,x— y) 
is neither n nor 1 and is therefore a nontrivial factor of 
n (Pomerance 1996). This ALGORITHM can be used to 
prove primality, but is not practical. In 1931, Lehmer 
and Powers discovered how to search for such pairs using 
CONTINUED FRACTIONS. This method was improved 
by Morrison and Brillhart (1975) into the CONTINUED 
FRACTION FACTORIZATION ALGORITHM, which was the 
fastest ALGORITHM in use before the QUADRATIC SIEVE 
FACTORIZATION METHOD was developed. 


see also PRIME FACTORIZATION ALGORITHMS, SMOOTH 
NUMBER 
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Fermat’s Last Theorem 

A theorem first proposed by Fermat in the form of a 
note scribbled in the margin of his copy of the ancient 
Greek text Arithmetica by Diophantus. The scribbled 
note was discovered posthumously, and the original is 
now lost. However, a copy was preserved in a book pub- 
lished by Fermat’s son. In the note, Fermat claimed to 
have discovered a proof that the DIOPHANTINE EQUA- 
TION x” 4+ y” = z” has no INTEGER solutions for n > 2. 


The full text of Fermat’s statement, written in Latin, 
reads “Cubum autem in duos cubos, aut quadrato- 
quadratum in duos quadratoquadratos & generaliter 
nullam in infinitum ultra quadratum potestatem in duos 
eiusdem nominis fas est diuidere cuius rei demonstra- 
tionem mirabilem sane detexi. Hanc marginis exiguitas 
non caperet.” In translation, “It is impossible for a cube 
to be the sum of two cubes, a fourth power to be the 
sum of two fourth powers, or in general for any number 
that is a power greater than the second to be the sum 
of two like powers. I have discovered a truly marvelous 
demonstration of this proposition that this margin is too 
narrow to contain.” 


As a result of Fermat’s marginal note, the proposition 
that the DIOPHANTINE EQUATION 


n 


zc py” = 2", (1) 


where 2, y, z, and n are INTEGERS, has no NONZERO so- 
lutions for n > 2 has come to be known as Fermat’s Last 
Theorem. It was called a “THEOREM” on the strength of 
Fermat’s statement, despite the fact that no other math- 
ematician was able to prove it for hundreds of years. 
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Note that the restriction n > 2 is obviously necessary 
since there are a number of elementary formulas for gen- 
erating an infinite number of PYTHAGOREAN TRIPLES 
(x,y,z) satisfying the equation for n = 2, 


apy? = 2. (2) 


A first attempt to solve the equation can be made by 
attempting to factor the equation, giving 


(2"/? fe y!?)\(2"/? = yr?) =". (3) 
Since the product is an exact POWER, 


yn/ ot yn? = Qr-tyr yl 4 yr? ae 2p” 
n/2 nf2 n or n/2 n/2 n-1lin 
z —yY = 2q z -y S32 gs 


(4) 
Solving for y and z gives 
zn/2 = 27-2” be q” gril? =p” fy Qr-2gr 
yr? os Qr~2” oa q’ or yr? = p” wr Qrntgh. 
(5) 


which give 


z= (2"-?p* 4 q”yren z= (p” oh gn mtge Are 
or 

es (eon? ay aryi y= (p” _ yaaa ae 
(6) 
However, since solutions to these equations in RATIONAL 
NUMBERS are no easier to find than solutions to the 
original equation, this approach unfortunately does not 

provide any additional insight. 


It is sufficient to prove Fermat’s Last Theorem by con- 
sidering PRIME POWERS only, since the arguments can 
otherwise be written 


(a)? + (y™)? = (z™)?, (7) 
so redefining the arguments gives 


a? $y? = 2? (8) 


The so-called “first case” of the theorem is for expo- 
nents which are RELATIVELY PRIME to za, y, and z 
(ptx, y, z) and was considered by Wieferich. Sophie Ger- 
main proved the first case of Fermat’s Last Theorem for 
any ODD PRIME p when 2p + 1 is also a PRIME. Legen- 
dre subsequently proved that if p is a PRIME such that 
4p +1, 8p +1, 10p +1, 14p+ 1, or 16p 4+ 1 is also a 
PRIME, then the first case of Fermat’s Last Theorem 
holds for p. This established Fermat’s Last Theorem for 
p< 100. In 1849, Kummer proved it for all REGULAR 
PRIMES and COMPOSITE NUMBERS of which they are 
factors (Vandiver 1929, Ball and Coxeter 1987). 


Kummer’s attack led to the theory of IDEALS, and Van- 
diver develaped VANDIVER’S CRITERIA for deciding if 
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a given IRREGULAR PRIME satisfies the theorem. Gen- 
occhi (1852) proved that the first case is true for p if 
(p,p — 3) is not an IRREGULAR Pair. In 1858, Kum- 
mer showed that the first case is true if either (p, p — 3) 
or (p,p — 5) is an IRREGULAR Pair, which was subse- 
quently extended to include (p, p — 7) and (p,p — 9) by 
Mirimanoff (1905). Wieferich (1909) proved that if the 
equation is solved in integers RELATIVELY PRIME to an 
ODD PRIME p, then 


2?-? =1 (mod p’) . (9) 


(Ball and Coxeter 1987). Such numbers are called 
WIEFERICH PRIMES. Mirimanoff (1909) subsequently 
showed that 

3?" =1 (mod p’) (10) 
must also hold for solutions RELATIVELY PRIME to an 


ODD PRIME p, which excludes the first two WIEFERICH 
PRIMES 1093 and 3511. Vandiver (1914) showed 


5P-2 = 1 (mod p’) ; (11) 
and Frobenius extended this to 
11?-*,17?-* =1 (mod p’). (12) 


It has also been shown that if p were a PRIME of the 
form 6z — 1, then 


7”-*,13?-1,19?"" =1 (mod p’), (13) 


which raised the smallest possible p in the “first case” to 
253,747,889 by 1941 (Rosser 1941). Granville and Mon- 
agan (1988) showed if there exists a PRIME p satisfying 
Fermat’s Last Theorem, then 


gi=1 (mod p’) (14) 


for gq = 5, 7, 11, ..., 71. This establishes that 
the first case is true for all PRIME exponents up to 
714,591,416,091,398 (Vardi 1991). 


The “second case” of Fermat’s Last Theorem (for 
p|x,y,z) proved harder than the first case. 


Euler proved the general case of the theorem for n = 3, 
Fermat n = 4, Dirichlet and Lagrange n = 5. In 1832, 
Dirichlet established the case n = 14. The n = 7 case 
was proved by Lamé (1839), using the identity 


(X4+Y 42) —(X"+Y74 2’) 
=7(X4+Y)(X4+Z)(V¥ +72) 
x[(X?4+¥74 274 XV4XZ4+YZ) 
+XYZ4(X4+Y42Z)]. (15) 
Although some errors were present in this proof, these 


were subsequently fixed by Lebesgue (1840). Much ad- 
ditional progress was made over the next 150 years, but 
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no completely general result had been obtained. Buoyed 
by false confidence after his proof that PI is TRANSCEN- 
DENTAL, the mathematician Lindemann proceeded to 
publish several proofs of Fermat’s Last Theorem, all of 
them invalid (Bell 1937, pp. 464-465). A prize of 100,000 
German marks (known as the Wolfskel Prize) was also 
offered for the first valid proof (Ball and Coxeter 1987, 


p. 72). 


A recent false alarm for a general proof was raised by 
Y. Miyaoka (Cipra 1988) whose proof, however, turned 
out to be flawed. Other attempted proofs among both 
professional and amateur mathematicians are discussed 
by vos Savant (1993), although vos Savant erroneously 
claims that work on the problem by Wiles (discussed 
below) is invalid. By the time 1993 rolled around, the 
general case of Fermat’s Last Theorem had been shown 
to be true for all exponents up to 4 x 10° (Cipra 1993). 
However, given that a proof of Fermat’s Last Theo- 
rem requires truth for all exponents, proof for any fi- 
nite number of exponents does not constitute any sig- 
nificant progress towards a proof of the general theorem 
(although the fact that no counterexamples were found 
for this many cases is highly suggestive). 


In 1993, a bombshell was dropped. In that year, 
the general theorem was partially proven by Andrew 
Wiles (Cipra 1993, Stewart 1993) by proving the 
SEMISTABLE case of the TANIYAMA-SHIMURA CONJEC- 
TURE. Unfortunately, several holes were discovered in 
the proof shortly thereafter when Wiles’ approach via 
the TANIYAMA-SHIMURA CONJECTURE became hung up 
on properties of the SELMER GROUP using a tool called 
an “Euler system.” However, the difficulty was circum- 
vented by Wiles and R. Taylor in late 1994 (Cipra 1994, 
1995ab) and published in Taylor and Wiles (1995) and 
Wiles (1995). Wiles’ proof succeeds by (1) replacing 
ELLIPTIC CURVES with Galois representations, (2) re- 
ducing the problem to a CLASS NUMBER FORMULA, (3) 
proving that FORMULA, and (4) tying up loose ends that 
arise because the formalisms fail in the simplest degen- 
erate cases (Cipra 1995a). 


The proof of Fermat’s Last Theorem marks the end of a 
mathematical era. Since virtually all of the tools which 
were eventually brought to bear on the problem had yet 
to be invented in the time of Fermat, it is interesting to 
speculate about whether he actually was in possession 
of an elementary proof of the theorem. Judging by the 
temerity with which the problem resisted attack for so 
long, Fermat’s alleged proof seems likely to have been 
illusionary. 


see also ABC CONJECTURE, BOGOMOLOV-MIYAOKA- 
YAU INEQUALITY, MORDELL CONJECTURE, PYTHAG- 
OREAN TRIPLE, RIBET’S THEOREM, SELMER GROUP, 
SOPH!E GERMAIN PRIME, SZPIRO’S CONJECTURE, 
TANIYAMA-SHIMURA CONJECTURE, VOJTA’S CONJEC- 
TURE, WARING FORMULA 
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Fermat’s Lesser Theorem 
see FERMAT’S LITTLE THEOREM 


Fermat’s Little Theorem 
If p is a PRIME number and a a NATURAL NUMBER, 
then 

a’ =a (mod p). (1) 


Furthermore, if pla (p does not divide a), then there 
exists some smallest exponent d such that 


a’ —1=0 (mod p) (2) 
and d divides p — 1. Hence, 
a’-* —1=0 (mod p). (3) 


This is a generalization of the CHINESE HYPOTHESIS 
and a special case of EULER’S THEOREM. It is sometimes 
called FERMAT’S PRIMALITY TEST and is a NECESSARY 
but not SUFFICIENT test for primality. Although it was 
presumably proved (but suppressed) by Fermat, the first 
proof was published by Euler in 1749. 
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The theorem is easily proved using mathematical IN- 
DUCTION. Suppose pia? — a. Then examine 


(a+1)? —-(a+1). (4) 


From the BINOMIAL THEOREM, 


(a+1)? =aP+ (") o+(2) oP F 4 ee :) a+l. 


(5) 
Rewriting, 
p_op_,_{P)\,p-1 P\ p-2 P 
(a+1)?—a?-1 (2) +(2)q +o(,? Ja 
(6) 


But p divides the right side, so it also divides the left 
side. Combining with the induction hypothesis gives 
that p divides the sum 


[(a + 1)? — a? — 1] + (a? — a) = (a +1)? — (a +1), (7) 


as assumed, so the hypothesis is true for any a. The 
theorem is sometimes called FERMAT’S SIMPLE THEO- 
REM. WILSON’S THEOREM follows as a COROLLARY of 
Fermat’s Little Theorem. 


Fermat’s little theorem shows that, if p is PRIME, there 
does not exists a base a < p with (a,p) = 1 such that 
a?—? — 1 possesses a nonzero residue modulo p. If such 
base a@ exists, p is therefore guaranteed to be compos- 
ite. However, the lack of a nonzero residue in Fermat’s 
little theorem does not guarantee that p is PRIME. The 
property of unambiguously certifying composite num- 
bers while passing some PRIMES make Fermat’s little 
theorem a COMPOSITENESS TEST which is sometimes 
called the FERMAT COMPOSITENESS TEST. COMPOSITE 
NUMBERS known as FERMAT PSEUDOPRIMES (or some- 
times simply “PSEUDOPRIMES”) have zero residue for 
some as and so are not identified as composite. Worse 
still, there exist numbers known as CARMICHAEL NUM- 
BERS (the smallest of which is 561) which give zero 
residue for any choice of the base a RELATIVELY PRIME 
to p. However, FERMAT’S LITTLE THEOREM CONVERSE 
provides a criterion for certifying the primality of a num- 
ber. 


A number satisfying Fermat’s little theorem for some 
nontrivial base and which is not known to be composite 
is called a PROBABLE PRIME. A table of the small- 
est PSEUDOPRIMES P for the first 100 bases a follows 
(Sloane’s A007535). 


Fermat’s Little Theorem Converse 


a Pl|la P|a P|\a P a P 


2 341/22 69 [42 205 |62 63 | 82 91 
3 91/23 33 |43 77 |63 341 | 83 105 
4 15/24 25 |44 45 |64 65 | 84 85 
5 124 |25 28 |45 76 |65 133 | 85 129 
6 35 |26 27 |46 133 |66 91 | 86 87 
7 25 |27 65 |47 65 |67 85 | 87 91 
8 9)|28 87 |48 49/68 69] 88 91 
9 28/29 35 1/49 66169 85 | 89 99 
10 33/30 49 |50 511470 169 | 90 91 
11 15/31 49 |51 65/71 105 | 91 115 
12 65 }32) 33 |52 85 |72 85} 92 93 
13° 21 }33 85 |53 65 |73 111 | 93 301 
14 15 |34 35 |54 55 |74 75 | 94 95 
15 341 |35 51/55 63/75 91) 95 141 
16 51/36 91 )56 57 |76 77 | 96 133 
17 45 |37) 45 157 65177 95 | 97 105 
18 25 |38 39 158 95 |78 341 | 98 99 
19 45 |39 95 |59 87 )79 91 | 99 145 
20) 21/40 91 |60 341 |80 81 |100 259 
21 55 {41 105 |61 91/81 85 


see also BINOMIAL THEOREM, CARMICHAEL NUMBER, 
CHINESE HYPOTHESIS, COMPOSITE NUMBER, COMPOS- 
ITENESS TEST, EULER’S THEOREM, FERMAT’S LITTLE 
THEOREM CONVERSE, FERMAT PSEUDOPRIME, MOD- 
ULO MULTIPLICATION GROUP, PRATT CERTIFICATE, 
PRIMALITY TEST, PRIME NUMBER, PSEUDOPRIME, 
RELATIVELY PRIME, TOTIENT FUNCTION, WIEFERICH 
PRIME, WILSON’S THEOREM, WITNESS 
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Fermat’s Little Theorem Converse 

The converse of FERMAT’S LITTLE THEOREM is also 
known as LEHMER’S THEOREM. It states that, if an 
INTEGER z is PRIME to m and z”~' = 1 (mod m) 
and there is no INTEGER e < m — 1 for which 2° = 
1 (mod m), then m is PRIME. Here, z is called a WIT- 
NESS to the primality of m. This theorem is the basis 


for the PRATT PRIMALITY CERTIFICATE. 


see also FERMAT’S LITTLE THEOREM, PRATT CERTIFI- 
CATE, PRIMALITY CERTIFICATE, WITNESS 
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Fermat-Lucas Number 

A number of the form 2” + 1 obtained by setting 2 = 1 
in a FERMAT-LUCAS POLYNOMIAL. The first few are 3, 
5, 9, 17, 33, ... (Sloane’s A000051). 


see also FERMAT NUMBER (LUCAS) 
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Fermat Number 

A BINOMIAL NUMBER of the form F, = 2?" +1. The 
first few for n = 0, 1, 2, ... are 3, 5, 17, 257, 65537, 
4294967297, ... (Sloane’s A000215). The number of 
Dieits for a Fermat number is 


D(n) = | [log(2?” + 1)] +1] © [og(2?”) +1] 
= |2"log2 +1]. (1) 


Being a Fermat number is the NECESSARY (but not SUF- 
FICIENT) form a number 


Nn = 2" +1 (2) 


must have in order to be PRIME. This can be seen by 
noting that if N, = 2”+1 is to be PRIME, then n cannot 
have any ODD factors 6 or else N,, would be a factorable 
number of the form 


Pea O° a 
(9? pL at att 8 2. 8) 


Therefore, for a PRIME N,, n must be a POWER of 2. 


Fermat conjectured in 1650 that every Fermat number 
is PRIME, but only COMPOSITE Fermat numbers Fy, 
are known for n > 5. Eisenstein (1844) proposed as 
a problem the proof that there are an infinite number 
of Fermat primes (Ribenboim 1996, p. 88), but this has 
not yet been achieved. An anonymous writer proposed 


that numbers of the form 2? + 1, 2?" +1, 2?” +1 were 


PRIME. However, this conjecture was refuted when Sel- 
fridge (1953) showed that 


22 


Peso? 490" 4 (4) 


is COMPOSITE (Ribenboim 1996, p. 88). Numbers of the 
form a? +6? are called generalized Fermat numbers 
(Ribenboim 1996, pp. 359-360). 


Fermat numbers satisfy the RECURRENCE RELATION 


Fyn, = FoFi - +: Fm-1 + 2. (5) 


F, can be shown to be PRIME iff it satisfies PEPIN’S 


TEST 


gitnc lls => i Gad Fs), (6) 
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PEPIN’S THEOREM 


n 
g27 1 


= —1 (mod Fy) (7) 


is also NECESSARY and SUFFICIENT. 


In 1770, Euler showed that any FACTOR of F,, must have 
the form 
ae a (8) 


where K is a POSITIVE INTEGER. In 1878, Lucas in- 
creased the exponent of 2 by one, showing that FACTORS 
of Fermat numbers must be of the form 


arte n + dt. (9) 


If 
F = pipe --+ pr (10) 


is the factored part of F,, = FC (where C is the cofactor 
to be tested for primality), compute 


A=3""" (mod Fh) (11) 
B=3"~' (mod Fh) (12) 
R=A-—B (mod C). (13) 


Then if R = 0, the cofactor is a PROBABLE PRIME to 
the base 3; otherwise C is COMPOSITE. 


In order for a POLYGON to be circumscribed about a 
CIRCLE (i.e., a CONSTRUCTIBLE POLYGON), it must 
have a number of sides N given by 


N =2*Fo-++ Fn, (14) 


where the F,, are distinct Fermat primes. This is equiv- 
alent to the statement that the trigonometric func- 
tions sin(ka/N), cos(kx/N), etc., can be computed in 
terms of finite numbers of additions, multiplications, 
and square root extractions iff N is of the above form. 
The only known Fermat PRIMES are 


Fo = 3 

Fy, =5 

Ff, =17 

F3 = 257 
Fi = 65537 


and it seems unlikely that any more exist. 


Factoring Fermat numbers is extremely difficult as a re- 
sult of their large size. In fact, only Fs to Fi, have been 
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complete factored, as summarized in the following table. 
Written out explicitly, the complete factorizations are 


Fs = 641 - 6700417 
Fe = 274177 - 67280421310721 
Fy = 59649589127497217 - 5704689200685129054721 
Fg = 1238926361552897 - 93461639715357977769163 - - - 
--- 558199606896584051237541638188580280321 
Fo = 2424833 - 74556028256478842083373957362004- - - 
-+- §4918783366342657 - P99 
Fo = 45592577 - 6487031809 - 46597757852200185 - -- 
- ++ 43264560743076778192897 - P252 
Fi, = 319489 - 974849 - 167988556341760475137 
- 3560841906445833920513 - P564. 


Here, the final large PRIME is not explicitly given since 
it can be computed by dividing F, by the other given 
factors. 


F, Digits Facts. Digits Reference 
5 10 2 3,7 Euler 1732 
6 20 2 6,14 Landry 1880 
7 39 2 7, 22 Morrison and 
Brillhart 1975 
8 78 2 16,62 Brent and Pollard 1981 
9 155 3 7, 49,99 Manasse and Lenstra 


(In Cipra 1993) 
10 309 4 8, 10, 40, 252 Brent 1995 
11 617 5 6, 6, 21, 22,564 Brent 1988 


Tables of known factors of Fermat numbers are given by 
Keller (1983), Brillhart et al. (1988), Young and Buell 
(1988), Riesel (1994), and Pomerance (1996). Young 
and Buell (1988) discovered that Foo is COMPOSITE, 
and Crandall et al. (1995) that Fo2 is COMPOSITE. A 
current list of the known factors of Fermat numbers is 
maintained by Keller, and reproduced in the form of a 
Mathematica® notebook by Weisstein. In these tables, 
since all factors are of the form k2"+1, the known factors 
are expressed in the concise form (k,n). The number of 
factors for Fermat numbers F, for n = 0, 1, 2, ... are 
|e ay Be a eek pees 


see also CULLEN NUMBER, PEPIN’s TEST, PEPIN’S 
THEOREM, POCKLINGTON’S THEOREM, POLYGON, 
PROTH’S THEOREM, SELFRIDGE-HURWITZ RESIDUE, 
WOODALL NUMBER 
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Fermat Number (Lucas) 

A number of the form 2” — 1 obtained by setting z = 1 
in a FERMAT POLYNOMIAL is called a MERSENNE NuUM- 
BER. 


see also FERMAT-LUCAS NUMBER, MERSENNE NUMBER 


Fermat Point 


Also known as the first ISOGONIC CENTER and the TorR- 
RICELLI POINT. In a given ACUTE TRIANGLE AABC, 
the Fermat point is the point X which minimizes the 
sum of distances from A, B, and C, 


|AX|+|BX|+4+ [CX]. (1) 


This problem is called FERMAT’S PROBLEM or 
STEINER’S PROBLEM (Courant and Robbins 1941) and 
was proposed by Fermat to Torricelli. Torricelli’s solu- 
tion was published by his pupil Viviani in 1659 (Johnson 
1929). 


If all ANGLES of the TRIANGLE are less than 120° 
(27/3), then the Fermat point is the interior point X 
from which each side subtends an ANGLE of 120°, i.e., 


L£BXC = ZCXA= LAXB=120°. (2) 
The Fermat point can also be constructed by drawing 


EQUILATERAL TRIANGLES on the outside of the given 
TRIANGLE and connecting opposite VERTICES. The 
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three diagonals in the figure then intersect in the Fer- 
mat point. The TRIANGLE CENTER FUNCTION of the 
Fermat point is 


a = csc(A + $7) (3) 
= be[c2a? + (ce? + a? — b)*][a2b? — (a? +? — c?)?| 
x [4A — V3(b? + c? ~ a?)). (4) 


The ANTIPEDAL TRIANGLE is EQUILATERAL and has 
AREA 


A’ = 2A [1 + cotw cot (=)] : (5) 


where w is the BROCARD ANGLE. 


Given three POSITIVE REAL NUMBERS I, m,n, the “gen- 
eralized” Fermat point is the point P of a given ACUTE 
TRIANGLE AABC such that 


1-PA+m-PB+n:PC (6) 


is a minimum (Greenberg and Robertello 1965, van de 


Lindt 1966, Tong and Chua 1995) 
see also ISOGONIC CENTERS 
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Fermat’s Polygonal Number Theorem 

In 1638, Fermat proposed that every POSITIVE INTEGER 
is a sum of at most three TRIANGULAR NUMBERS, four 
SQUARE NUMBERS, five PENTAGONAL NUMBERS, and 
n n-POLYGONAL NUMBERS. Fermat claimed to have a 
proof of this result, although Fermat’s proof has never 
been found. Gauss proved the triangular case, and noted 
the event in his diary on July 10, 1796, with the notation 


+x ETRHKA num=A+A+A. 


Fermat Polynomial 


This case is equivalent to the statement that every num- 
ber of the form 8m + 3 is a sum of three ODD SQUARES 
(Duke 1997). More specifically, a number is a sum of 
three SQUARES IFF it is not of the form 4°(8m + 7) for 
b > 0, as first proved by Legendre in 1798. 


Euler was unable to prove the square case of Fermat’s 
theorem, but he left partial results which were subse- 
quently used by Lagrange. The square case was finally 
proved by Jacobi and independently by Lagrange in 
1772. It is therefore sometimes known as LAGRANGE’S 
FOUR-SQUARE THEOREM. In 1813, Cauchy proved the 
proposition in its entirety. 

see also FIFTEEN THEOREM, VINOGRADOV’S THEO- 
REM, LAGRANGE’S FOUR-SQUARE THEOREM, WAR- 
ING’S PROBLEM 
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Fermat Polynomial 

The POLYNOMIALS obtained by setting p(x) = 3a and 
q(x) = —2 in the LUCAS POLYNOMIAL SEQUENCES. The 
first few Fermat polynomials are 


Fi (x) = 1 
F2(x) = 3x 
F3(x) = 9x” — 2 
Fa(x) = 272° — 122 
Fs(z) = 812" — 542? + 4, 
and the first few Fermat-Lucas polynomials are 
filz) = 32 
fo(x) = 9x? — 4 
fa(x) = 272° — 182 


fa(x) = 814 — 7227 +8 
fs(x) = 243° — 2702° + 602. 


Fermat and Fermat-Lucas POLYNOMIALS satisfy 
Fr(l) = Fn 


fr(l) = fa 


where F, are FERMAT NUMBERS and f,, are FERMAT- 
Lucas NUMBERS. 


Fermat’s Primality Test 


Fermat’s Primality Test 
see FERMAT’S LITTLE THEOREM 


Fermat Prime 7 
A FERMAT NuMBER F;, = 22) +1 which is PRIME. 


see also CONSTRUCTIBLE POLYGON, FERMAT NUMBER 


Fermat’s Problem 

In a given ACUTE TRIANGLE AABC, locate a point 
whose distances from A, B, and C have the smallest 
possible sum. The solution is the point from which each 
side subtends an angle of 120°, known as the FERMAT 
POINT. 


see also ACUTE TRIANGLE, FERMAT POINT 


Fermat Pseudoprime 

A Fermat pseudoprime to a base a, written psp(a), is a 
COMPOSITE NUMBER n such that a”~1 = 1 (mod n) 
{i.e., it satisfies FERMAT’s LITTLE THEOREM, some- 
times with the requirement that n must be ODD; Pomer- 
ance et al. 1980). psp(2)s are called POULET NUMBERS 
or, less commonly, SARRUS NUMBERS or FERMATIANS 
(Shanks 1993). The first few EVEN psp(2)s (including 
the PRIME 2 as a pseudoprime) are 2, 161038, 215326, 
..» (Sloane’s A006935). 


If base 3 is used in addition to base 2 to weed out po- 
tential COMPOSITE NUMBERS, only 4709 COMPOSITE 
NUMBERS remain < 25x 10°. Adding base 5 leaves 2552, 
and base 7 leaves only 1770 COMPOSITE NUMBERS. 


see also FERMAT’S LITTLE THEOREM, POULET NuM- 
BER, PSEUDOPRIME 
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Fermat Quotient 
The Fermat quotient for a number @ and a PRIME base 
p is defined as 


_ apt _ yj 
%(a) = as (1) 
If ptab, then 
qp(ab) = gp(a) + gp(b) (2) 
Q(p+1)= +1 (3) 
1 1 1 1 1 
w(t) =2 (1-54 5-F40- 54), (4) 
all (mod p). The quantity gp(2) = (2?7' — 1)/p is 


known to be SQUARE for only two PRIMES: the so-called 
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WIEFERICH PRIMES 1093 and 3511 (Lehmer 1981, Cran- 
dall 1986). 


see also WIEFERICH PRIME 
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Fermat’s Right Triangle Theorem 

The AREA of a RATIONAL RIGHT TRIANGLE cannot be 
a SQUARE NUMBER. This statement is equivalent to “a 
CONGRUUM cannot be a SQUARE NUMBER.” 


see also CONGRUUM, RATIONAL TRIANGLE, RIGHT 
TRIANGLE, SQUARE NUMBER 


Fermat’s Sigma Problem 
Solve 

o(s*)=y" 
and 

2 

o(z")=y"; 
where o is the DIVISOR FUNCTION. 
see also WALLIS’S PROBLEM 


Fermat’s Simple Theorem 
see FERMAT’S LITTLE THEOREM 


Fermat’s Spiral 


An ARCHIMEDEAN SPIRAL with m = 2 having polar 


equation 
r= ag! a 


discussed by Fermat in 1636 (MacTutor Archive). It is 
also known as the PARABOLIC SPIRAL. For any given 
POSITIVE value of @, there are two corresponding values 
of r of opposite signs. The resulting spiral is therefore 
symmetrical about the line y = —x. The CURVATURE is 


a2 
(0) 7 ag +076 
my a2 2 3/2 
(go + 076) 


References 
Dixon, R. Mathographics. New York: Dover, p. 121, 1991. 


626 Fermat Spiral Inverse Curve 


Gray, A. Modern Differential Geometry of Curves and Sur- 
faces. Boca Raton, FL: CRC Press, pp. 69-70, 1993. 

Lee, X. “Equiangular Spiral.” http://www.best.com/-xah/ 
SpecialPlaneCurves_dir/EquiangularSpiral_dir/ 
equiangularSpiral.html. 

Lockwood, E. H. A Book of Curves. Cambridge, England: 
Cambridge University Press, p. 175, 1967. 

MacTutor History of Mathematics Archive. “Fermat’s Spi- 
ral.” http: //www-groups.dcs.st-and.ac.uk/~history/ 
Curves/Fermats .html. 

Wells, D. The Penguin Dictionary of Curious and Interesting 
Geometry. Middlesex, England: Penguin Books, 1991. 


Fermat Spiral Inverse Curve 

The INVERSE CURVE of FERMAT’S SPIRAL with the ori- 
gin taken as the INVERSION CENTER is the LITUUS. 
References 
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Fermat Sum Theorem 
The only whole number solution to the DIOPHANTINE 
EQUATION 

y =2°+2 


is y = 3, g = +5. This theorem was offered as a problem 
by Fermat, who suppressed his own proof. 


Fermat’s Theorem 

A PRIME p:p can be represented in an essentially unique 
manner in the form x? + y” for integral x and y IFF 
p=1 (mod 4) or p= 2. It can be restated by letting 


Q(2,y) =a’ +y’, 


then all RELATIVELY PRIME solutions (x, y) to the prob- 
lem of representing Q(x,y) = m for m any INTEGER 
are achieved by means of successive applications of the 
GENUS THEOREM and COMPOSITION THEOREM. There 
is an analog of this theorem for EISENSTEIN INTEGERS. 


see also EISENSTEIN INTEGER, SQUARE NUMBER 


References 
Shanks, D. Solved and Unsolved Problems in Number Theory, 
4th ed. New York: Chelsea, pp. 142-143, 1993. 


Fermat’s Two-Square Theorem 
see FERMAT’S THEOREM 


Fermatian 
see POULET NUMBER 


Fermi-Dirac Distribution 
A distribution which arises in the study of half-integral 
spin particles in physics, 


ke 


Its integral is 
~ ke dk 
; Rag ee PR ree Ll) 


where ® is the LERCH TRANSCENDENT. 


Feuerbach’s Conic Theorem 


Fern 
see BARNSLEY’S FERN 


Ferrari’s Identity 


(a? + 2ac — 2be — b”)* + (b? — 2ab — 2ac — c”)* 
+(c” + 2ab+ 2bc— a*)* = 2(a? +P 427 - ab+ac+bc)*. 


see also DIOPHANTINE EQUATION—QUARTIC 


References 
Berndt, B. C. Ramanujan’s Notebooks, Part IV. New York: 
Springer-Verlag, pp. 96-97, 1994. 


Ferrers Diagram 
see YOUNG DIAGRAM 


Ferrers’ Function 
An alternative name for an associated LEGENDRE POLY- 


NOMIAL. 
see also LEGENDRE POLYNOMIAL 


References 
Sansone, G. Orthogonal Functions, rev. English ed. New 


York: Dover, p. 246, 1991. 


Ferrier’s Prime 

According to Hardy and Wright (1979), the largest 
PRIME found before the days of electronic computers 
is the 44-digit number 


P= (241) 
= 20988936657440586486151264256610222593863921, 


which was found using only a mechanical calculator. 


References 

Hardy, G. H. and Wright, E. M. An Introduction to the The- 
ory of Numbers, 5th ed. Oxford, England: Clarendon 
Press, pp. 16—22, 1979. 


Feuerbach Circle 
see NINE-POINT CIRCLE 


Feuerbach’s Conic Theorem 

The Locus of the centers of all CONICS through the 
VERTICES and ORTHOCENTER of a TRIANGLE (which 
are RECTANGULAR HYPERBOLAS when not degenerate), 
is a CIRCLE through the MIDPOINTS of the sides, the 
points half way from the ORTHOCENTER to the VER- 
TICES, and the feet of the ALTITUDE. 


see also ALTITUDE, CONIC SECTION, FEUERBACH’S 
THEOREM, KIEPERT’S HYPERBOLA, MIDPOINT, OR- 
THOCENTER, RECTANGULAR HYPERBOLA 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York: Dover, p. 198, 1959. 


Feuerbach Point 


Feuerbach Point 


The point F at which the INCIRCLE and NINE-POINT 
CIRCLE are tangent. It has TRIANGLE CENTER FUNC- 
TION 

a=1-cos(B—C). 


see also FEUERBACH’S THEOREM 


References 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, p. 200, 1929. 

Kimberling, C. “Central Points and Central Lines in the 
Plane of a Triangle.” Math. Mag. 67, 163-187, 1994. 

Salmon, G. Conic Sections, 6th ed. New York: Chelsea, 
p. 127, 1954. 


Feuerbach’s Theorem 


1. The CIRCLE which passes through the feet of the 
PERPENDICULARS dropped from the VERTICES of 
any TRIANGLE on the sides opposite them passes 
also through the MIDPOINTs of these sides as well 
as through the MIDPOINT of the segments which join 
the VERTICES to the point of intersection of the PER- 
PENDICULAR (a NINE-POINT CIRCLE). 


2. The NINE-POINT CIRCLE of any TRIANGLE is TAN- 
GENT internally to the INCIRCLE and TANGENT ex- 
ternally to the three EXCIRCLES. 


see also EXCIRCLE, FEUERBACH POINT, INCIRCLE, 
MIDPOINT, NINE-POINT CIRCLE, PERPENDICULAR, 
TANGENT 


References 

Coxeter, H. S. M. and Greitzer, 8S. L. Geometry Revisited. 
Washington, DC: Math. Assoc. Amer., pp. 117-119, 1967. 

Dixon, R. Mathographics. New York: Dover, p. 59, 1991. 
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Feynman Point 
The sequence of six 9s which begins at the 762th decimal 
place of PI, 


mw = 3.14159...134999999 837.... 
aS 


see also PI 


FFT 
see FAST FOURIER TRANSFORM 


Fiber 

A quantity F' corresponding to a FIBER BUNDLE, where 
the FIBER BUNDLE is a MAP f : E - B, with E the 
TOTAL SPACE of the FIBER BUNDLE and B the BASE 
SPACE of the FIBER BUNDLE. 


see also FIBER BUNDLE, WHITNEY SUM 


Fiber Bundle 

A fiber bundle (also called simply a BUNDLE) with 
FIBER F is a Map f : & > B where L is called the To- 
TAL SPACE of the fiber bundle and B the BASE SPACE 
of the fiber bundle. The main condition for the MAP to 
be a fiber bundle is that every point in the BASE SPACE 
b € B has a NEIGHBORHOOD U such that f~*(U) is 
HOMEOMORPHIC to U x F in a special way. Namely, if 


h:f-'\(U) +UxF 
is the HOMEOMORPHISM, then 


Projy Oh = fiz-2(uy> 


where the MAP proj,, means projection onto the U com- 
ponent. The homeomorphisms h which “commute with 
projection” are called local TRIVIALIZATIONS for the 
fiber bundle f. In other words, FE looks like the product 
B x F (at least locally), except that the fibers f~1(z) 
for x € B may bea bit “twisted.” 


Examples of fiber bundles include any product Bx F + 
B (which is a bundle over B with FIBER F'), the M6BIUS 
STRIP (which is a fiber bundle over the CIRCLE with 
FIBER given by the unit interval [0,1]; i.e, the BASE 
SPACE is the CIRCLE), and S* (which is a bundle over S? 
with fiber S*). A special class of fiber bundle is the VEC- 
TOR BUNDLE, in which the FIBER is a VECTOR SPACE. 


see also BUNDLE, FIBER SPACE, FIBRATION 


Fiber Space 
A fiber space, depending on context, means either a 
FIBER BUNDLE or a FIBRATION. 


see also FIBER BUNDLE, FIBRATION 
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Fibonacci Dual Theorem 

Let Fy, be the nth FIBONACCI NUMBER. Then the se- 
quence {F,}%, = {1, 2, 3, 5, 8, ...} is COMPLETE, 
even if one is restricted to subsequences in which no two 
consecutive terms are both passed over (until the desired 
total is reached; Brown 1965, Honsberger 1985). 


see also COMPLETE SEQUENCE, FIBONACCI NUMBER. 


References 

Brown, J. L. Jr. “A New Characterization of the Fibonacci 
Numbers.” Fib. Quart. 3, 1-8, 1965. 

Honsberger, R. Mathematical Gems III. Washington, DC: 
Math. Assoc. Amer., p. 130, 1985. 


Fibonacci Hyperbolic Cosine 
Let 
p=1+¢= k(3+ V5) © 2.618034 (1) 


where ¢ is the GOLDEN RATIO, and 


a = Ing = 0.4812118. (2) 
Then define 
cFh(z) = —eee (3) 
_ perth) aaa (4) 
= a cosh[(2z + 1)a). (5) 
This function satisfies 
cFh(—2z) = cFh(z — 1). (6) 


For n € Z, cFh(n) = Fon41 where F, is a FIBONACCI 
NUMBER. 


References 

Trzaska, Z. W. “On Fibonacci Hyperbolic Trigonometry and 
Modified Numerical Triangles.” Fib. Quart. 34, 129-138, 
1996. 


Fibonacci Hyperbolic Cotangent 
_ cFh(z) 
ctFh(r) = sFh(z)’ 
where cFh(z) is the FIBONACCI HYPERBOLIC COSINE 
and sFh() is the FIBONACCI HYPERBOLIC SINE. 


References 

Trzaska, Z. W. “On Fibonacci Hyperbolic Trigonometry and 
Modified Numerical Triangles.” Fib. Quart. 34, 129-138, 
1996. 
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Fibonacci Hyperbolic Sine 
Let 
py =14+¢=1(3+ V5) © 2.618034 (1) 


where ¢ is the GOLDEN Ratio, and 


a = Ing ~ 0.4812118. (2) 
Then define 
sFh(z) = — (3) 
=e (4) 
= z sinh[2ea]. (5) 


For n € Z, sFh(n) = Fen where F, is a FIBONACCI 
NUMBER. The function satisfies 


sFh(—2z) = — sFh(z). (6) 


References 

Trzaska, Z. W. “On Fibonacci Hyperbolic Trigonometry and 
Modified Numerical Triangles.” Fib. Quart. 34, 129-138, 
1996. 


Fibonacci Hyperbolic Tangent 


sFh(z) 
cFh(z)’ 


where sFh(z) is the FIBONACCI HYPERBOLIC SINE and 
cFh(z) is the FIBONACCI HYPERBOLIC COSINE. 


tFh(z) = 


References 

Trzaska, Z. W. “On Fibonacci Hyperbolic Trigonometry and 
Modified Numerical Triangles.” Fib. Quart. 34, 129-138, 
1996. 


Fibonacci Identity 
Since 
\(a + ib)(c + id)| = |a + id] |c + dal (1) 


|(ac — bd) + i(be + ad)| = Va? + b?\/c? + d?, = (2) 


it follows that 
(a? +b?) (c? +d?) = (ac—bd)? +(be+ad)? = e? + f?. (3) 


This identity implies the 2-D CAUCHY-SCHWARZ SUM 
INEQUALITY. 


see also CAUCHY-SCHWARZ SUM INEQUALITY, EULER 
FouR-SQUARE IDENTITY 


References 
Petkovsek, M.; Wilf, H. S.; and Zeilberger, D. A=B. Welles- 
ley, MA: A. K. Peters, p. 9, 1996. 


Fibonacci Matrix 
A SQUARE MaTRIX related to the FIBONACCI NuM- 
BERS. The simplest is the FIBONACCI Q-MATRIX. 


Fibonacci n-Step Number 


Fibonacci n-Step Number 
An n-step Fibonacci sequence is given by defining F,, = 
0 fork <0, Fi = Fy = 1, Fy = 2, and 


k 
ee ie (1) 
i=1 


for k > 3. The case n = 1 corresponds to the degener- 
ate 1, 1, 2, 2, 2, 2...,n = 2 to the usual FIBONACCI 
NUMBERS 1, 1, 2, 3, 5, 8,... (Sloane’s A000045), n = 3 
to the TRIBONACCI NUMBERS 1, 1, 2, 4, 7, 13, 24, 44, 
81, ... (Sloane’s A000073), n = 4 to the TETRANACCI 
NumMBERS 1, 1, 2, 4, 8, 15, 29, 56, 108, ... (Sloane’s 
A000078), etc. 


The limit limzoo Fk /Fe-1 is given by solving 
e"(2-a2)=1 (2) 


for x and taking the REAL ROOT z > 1. If n = 2, the 
equation reduces to 


2(2—2)=1 (3) 


x? — Qn? 4+ 1 = (2 —1)(z? — 2-1) =0, (4) 


giving solutions 
2=1,3(1+ V5). (5) 

The ratio is therefore 
2=}(14+V5)=¢=1618..., (6) 


which is the GOLDEN RATIO, as expected. Solutions 
for n = 1, 2, ... are given numerically by 1, 1.61803, 
1.83929, 1.92756, 1.96595, ..., approaching 2 as n — oo. 


see also FIBONACCI NUMBER, TRIBONACCI NUMBER 


References 

Sloane, N. J. A. Sequences A0Q00045/M0692, A000073/ 
M1074, and A000078/M1108 in “An On-Line Version of 
the Encyclopedia of Integer Sequences.” 


Fibonacci Number 

The sequence of numbers defined by the U,, in the LUCAS 
SEQUENCE. They are companions to the LucAS NuM- 
BERS and satisfy the same RECURRENCE RELATION, 


Fy = Fa-24+ Fr-1 (1) 


for n = 3, 4, ..., with Fy = Fh, = 1. The first few 
Fibonacci numbers are 1, 1, 2, 3, 5, 8, 13, 21, ... 
(Sloane’s A000045). The Fibonacci numbers give the 
number of pairs of rabbits n months after a single pair 
begins breeding (and newly born bunnies are assumed 
to begin breeding when they are two months old). 


The ratios of alternate Fibonacci numbers are given by 
the convergents to @~?, where ¢ is the GOLDEN RATIO, 
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and are said to measure the fraction of a turn between 
successive leaves on the stalk of a plant (PHYLLOTAXIS): 
1/2 for elm and linden, 1/3 for beech and hazel, 2/5 
for oak and apple, 3/8 for poplar and rose, 5/13 for 
willow and almond, etc. (Coxeter 1969, Ball and Cox- 
eter 1987). The Fibonacci numbers are sometimes called 
PINE CONE NUMBERS (Pappas 1989, p. 224) 


Another RECURRENCE RELATION for the Fibonacci 
numbers is 


where |a| is the FLOOR FUNCTION and ¢ is the GOLDEN 
RATIO. This expression follows from the more general 
RECURRENCE RELATION that 


F, Fas ae Fatk 


Fr+k+1 Fr4k+2 


Fazk(e-1)41  Pntk(k—-1)+2 Fer? 


The GENERATING FUNCTION for the Fibonacci numbers 
is 


g(x) = So Fax” a aed (4) 


Yuri Matijasevi¢ (1970) proved that the equation n = 
Fom is a DIOPHANTINE EQuaTION. This led to the proof 
of the impossibility of the tenth of HILBERT’S PROBLEMS 
(does there exist a general method for solving DIOPHAN- 
TINE EQUATIONS?) by Julia Robinson and Martin Davis 
in 1970. 


The Fibonacci number F,,+41 gives the number of ways 
for 2 x 1 DOMINOES to cover a 2 X n CHECKERBOARD, 
as illustrated in the following diagrams (Dickau). 


uu us cou 
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The number of ways of picking a SET (including the 
Empty SET) from the numbers 1, 2, ..., n without 
picking two consecutive numbers is F,+2. The num- 
ber of ways of picking a set (including the EMpTy SET) 
from the numbers 1, 2, ..., m without picking two con- 
secutive numbers (where 1 and n are now consecutive) 
is Ln = Fn4i1+ Fn-1, where L, is a LUCAS NUMBER. 
The probability of not getting two heads in a row in n 
tosses of a COIN is Fy42/2” (Honsberger 1985, pp. 120- 
122). Fibonacci numbers are also related to the number 
of ways in which n COIN TOSSES can be made such 
that there are not three consecutive heads or tails. The 
number of ideals of an n-element FENCE POSET is. the 
Fibonacci number Fy. 


Sum identities are 


So Fe = Fui2- 1. (5) 
k=1 
Po+F3+Ps+...+ Forti = Forse (6) 
1+ Fo+Fa+Fo+...4+ For = Farsi (7) 
n 
So Fi? = FaFnsi (8) 
k=1 
Fan = Fri? bas Wee (9) 
Fn = Fi41° + F,,° + F,-1°. (10) 


Additional RECURRENCE RELATIONS are CASSINI’S 
IDENTITY 

Fy-1 Fadi — Fr? = (-1)” (11) 
and the relations 


Fong =14+ Fett... + Fan (12) 


Foti? = 4FnFp-1 + Fa-2” (13) 
(Brousseau 1972), 


Fnim = Fn-iFim + FrFm+1 (14) 


Fextiyn = Fa-1Fen + Fa Fens (15) 
(Honsberger 1985, p. 107), 


Fa = FiFy-141 + Fi-1Fa-1, (16) 
so iff =n—1+1, then 21 =n+1 and! =(n+1)/2 
Fa = Fingiyj2? + Fon-1)/2°- (17) 
Letting k = (n — 1)/2, 
Forg1 = Frai? + Fe” (18) 


Fata” — Fata” = FaFa+s (19) 
F,? = F,-17+3Fn-2" + 2Fn—2Fn-3. (20) 
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Sum FORMULAS for F;, include 


P= ges [(T)+5(2)+e(R) +] en 
ras (+("4") (Py te (22) 


Cesaro derived the FORMULAS 


3 @) Fy = Fan (23) 
> (2) 2" Fi, = Fan (24) 


k=0 
(Honsberger 1985, pp. 109-110). Additional identities 
can be found throughout the Fibonacci Quarterly jour- 
nal. A list of 47 generalized identities are given by Hal- 
ton (1965). 


In terms of the LUCAS NUMBER Ln, 


Fon = Frln (25) 
Fon(Lan? — 1) = Fon (26) 
Fritp + (—1)?t Fin-p = FoLm (27) 
a+4n 
Ss; Fy = Fatant2 — Fate = FanLa+en+2 (28) 
k=a+1 


(Honsberger 1985, pp. 111-113). A remarkable identity 
is 


exp(Liz+ 4 Lox” + LI3a° Se -) = Fy + Fort Fax? ass 
(29) 
(Honsberger 1985, pp. 118-119). It is also true that 
5F,? = Ln? — 4(—-1)” (30) 
and . ‘ 
In* — (—1)° Lanta 
ple tae =5 (31) 
F,* — (-1)* Faia 
for a ODD, and 


Ln? + Ln4a? — 8(—-1)” 


Fa? + Fate? =5 (32) 


for a EVEN (Freitag 1996). 


The equation (1) is a LINEAR RECURRENCE SEQUENCE 


Ln = A®z-1 + Brn-2 n > 3, (33) 
so the closed form for F, is given by 
ni @Qn 
Fo- a” — p" (34) 


n— a-gs’ 
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where a and @ are the roots of 2? = Ax + B. Here, 
A-— B=—1, so the equation becomes 


zo —z-1=0, (35) 
which has Roots 

z= i(1+V5). (36) 
The closed form is therefore given by 


(1+v/5)"-(1-¥v5)" 
anJ/5 


This is known as BINET’S FORMULA. Another closed 


form is 
_f 1a f1+v5\")_ fe 
r= (5 ( 2 )]-[&)- = 


where [z] is the NINT function. 


Fy = (37) 


From (1), the RATIO of consecutive terms is 


Fy, = Fn-2 = 1 
Fa-1 ler =e Fr-1 
Fy, -2 
=14—— = [1,1,...,2] 
1 PF, 
1+ F-3 
Pas 
= [1,1,...,1], (39) 
Nn one 
n-1 


which is just the first few terms of the CONTINUED 
FRACTION for the GOLDEN RATIO @¢. Therefore, 


lm —" =. (40) 


6 6 1 
The “SHALLOW DIAGONALS” of PASCAL’S TRIANGLE 
sum to Fibonacci numbers (Pappas 1989), 


CS Led 
~ 


37 ( k Ve oe n; $(3—n),2— in; 
(2 — 3n4+ n?) 


= Frei, (41) 


where 3 F(a, b,c; d, e; z) is a GENERALIZED HYPERGEO- 
METRIC FUNCTION. 
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The sequence of final digits in Fibonacci numbers re- 
peats in cycles of 60. The last two digits repeat in 300, 
the last three in 1500, the last four in 15,000, etc. 


(=I) 
1 FFaas =2-V5 (42) 


n= 


(Clark 1995). A very curious addition of the Fibonacci 
numbers is the following addition tree, 


13 
21 
34 
55 
89 


0112359550561... 
which is equal to the fractional digits of 1/89, 


—_ = —. (43) 


For n > 3, FalFm IFF nlm. LIn|Lm IFF n divides 
into m an EVEN number of times. (Fm, Fn) = Fimjn) 
(Michael 1964; Honsberger 1985, pp. 131-132). No Opp 
Fibonacci number is divisible by 17 (Honsberger 1985, 
pp. 132 and 242). No Fibonacci number > 8 is ever 
of the form p — 1 or p+ 1 where p is a PRIME number 
(Honsberger 1985, p. 133). 


Consider the sum 


k k 
1 1 1 
SRE 2 Fn-1Fni1 x Gar - ni) : 


n=2 n= 

(44) 

This is a TELESCOPING SUM, so 

1 
s. = 1- ——=—_ 45 
Fria FP e+2 coo 

thus 
S= lim s,=1 (46) 
k-+00 


(Honsberger 1985, pp. 134-135). Using BINET’s For- 
MULA, it also follows that 
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so Fr 
n+r r 
=a’. 0 
Fu 7 ae) 
co 
F, 
= Z a 51 
Dre (1) 


(Honsberger 1985, pp. 138 and 242-243). The MILLIN 
SERIES has sum 


Ss” 


2 Fp = 1(7- V5) (52) 


(Honsberger 1985, pp. 135-137). 


The Fibonacci numbers are COMPLETE. In fact, drop- 
ping one number still leaves a COMPLETE SEQUENCE, 
although dropping two numbers does not (Honsberger 
1985, pp. 123 and 126). Dropping two terms from the 
Fibonacci numbers produces a sequence which is not 
even WEAKLY COMPLETE (Honsberger 1985, p. 128). 
However, the sequence 


F. =F, -(-1)" (53) 


is WEAKLY COMPLETE, even with any finite subse- 
quence deleted (Graham 1964). {Fn?} is not Com- 
PLETE, but {Fn7} + {Fn7} are. 2%—? copies of {F,%} 
are COMPLETE. 


For a discussion of SQUARE Fibonacci numbers, see 
Cohn (1964), who proved that the only SQUARE NUM- 
BER Fibonacci numbers are 1 and Fi2 = 144 (Cohn 1964, 
Guy 1994). Ming (1989) proved that the only TRIAN- 
GULAR Fibonacci numbers are 1, 3, 21, and 55. The 
Fibonacci and LUCAS NUMBERS have no common terms 
except 1 and 3. The only CUBIC Fibonacci numbers are 
1 and 8. 


(Fa Fn+3,2Fn41Ff 42; Fonts = Fao? + Fata”) (54) 
is a PYTHAGOREAN TRIPLE. 
Fan? + 8Fon(Fon + Fon) = (3F an)? (55) 


is always a SQUARE NUMBER (Honsberger 1985, p. 243). 


In 1975, James P. Jones showed that the Fibonacci num- 
bers are the POSITIVE INTEGER values of the POLYNOM- 
IAL 


P(x,y) = —y” + 2y*ax + y’x” — 2y’x* — y(x* — 2) (56) 


for GAUSSIAN INTEGERS « and y (Le Lionnais 1983). If 
n and k are two POSITIVE INTEGERS, then between n* 
and n*+!, there can never occur more than n Fibonacci 
numbers (Honsberger 1985, pp. 104-105). 


Every F,, that is PRIME has a PRIME n, but the converse 
is not necessarily true. The first few PRIME Fibonacci 
numbers are for n = 3, 4, 5, 7, 11, 13, 17, 23, 29, 43, 
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47, 83, 131, 137, 359, 431, 433, 449, 509, 569, 571, ... 
(Sloane’s A001605; Dubner and Keller 1998). Gardner’s 
statement that F531 is prime is incorrect, especially since 
531 is not even PRIME (Gardner 1979, p. 161). It is not 
known if there are an INFINITE number of Fibonacci 
primes. 


The Fibonacci numbers F;,, are SQUAREFUL for n = 6, 
12, 18, 24, 25, 30, 36, 42, 48, 50, 54, 56, 60, 66, ..., 300, 
306, 312, 324, 325, 330, 336, ... (Sloane’s A037917) and 
SQUAREFREE for n = 1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 13, 
... (Sloane’s A037918). The largest known SQUAREFUL 
Fibonacci number is F336, and no SQUAREFUL Fibonacci 
numbers F, are known with p PRIME. 


see also CASSINI’S IDENTITY, FAST FIBONACCI TRANS- 
FORM, FIBONACCI DUAL THEOREM, FIBONACCI n- 
STEP NUMBER, FIBONACCI Q-MATRIX, GENERALIZED 
FIBONACCI NUMBER, INVERSE TANGENT, LINEAR RE- 
CURRENCE SEQUENCE, LUCAS SEQUENCE, NEAR No- 
BLE NUMBER, PELL SEQUENCE, RABBIT CONSTANT, 
STOLARSKY ARRAY, TETRANACCI NUMBER, TRI- 
BONACCI NUMBER, WYTHOFF ARRAY, ZECKENDORF 
REPRESENTATION, ZECKENDORF’S THEOREM 
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0.5 1 1.5 2 
The W POLYNOMIALS obtained by setting p(x) = z and 
g(z) = 1 in the Lucas POLYNOMIAL SEQUENCE. (The 
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corresponding w POLYNOMIALS are called LUCAS POLy- 
NOMIALS.) The Fibonacci polynomials are defined by 
the RECURRENCE RELATION 


Fr4i(&) = @Fn(x) + Fr-i(z), (1) 


with F,(z) = 1 and F)(z) = x. They are also given by 
the explicit sum formula 


Um=w/t pg . 
F(z) = » ( ; jem (2) 


j=0 


where |x| is the FLOOR FUNCTION and (") is a BINO- 
MIAL COEFFICIENT. The first few Fibonacci polynomi- 
als are 


F,(z) =] 
F(z) =z 
F3(z) = 2? +1 


Fi(x) = 2° + 22 
F(x) = 2* + 327 +1. 
The Fibonacci polynomials are normalized so that 
F,(1) = Fa, (3) 
where the Fys are FIBONACCI NUMBERS. 


The Fibonacci polynomials are related to the MORGAN- 
VOYCE POLYNOMIALS by 


Fon41(2) = bn(a”) ; (4) 
Fon4n2(z) = «Bp (z") (5) 


(Swamy 1968). 


see also BRAHMAGUPTA POLYNOMIAL, FIBONACCI 
NUMBER, MORGAN-VOYCE POLYNOMIAL 


References 
Swamy, M.N. S. “Further Properties of Morgan-Voyce Poly- 
nomials.” Fib. Quart. 6, 167-175, 1968. 


Fibonacci Pseudoprime 
Consider a LUCAS SEQUENCE with P > 0 and Q= +1. 
A Fibonacci pseudoprime is a COMPOSITE NUMBER n 
such that 

V, =P (mod n). 


There exist no EVEN Fibonacci pseudoprimes with pa- 
rameters P = 1 and Q = —1 (Di Porto 1993) or P = 
Q = 1 (André-Jeannin 1996). André-Jeannin (1996) 
also proved that if (P,Q) # (1,—-1) and (P,Q) ¥ (1,1), 
then there exists at least one EVEN Fibonacci pseudo- 
prime with parameters P and Q. 


see also PSEUDOPRIME 
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Fibonacci Q-Matrix 
A FIBONACCI MATRIX of the form 


1 
m=|" i. (1) 


If U and V are defined as BINET FORMS 


U, = mU,,-1 + Un-2 
Va = mVn 1+ Vn-2 


(Uo=0,U,=1) (2) 
(Vo=2,Vi=m), (3) 


then 
Un Un 
m= | uy a (4) 
Mt =M—mi= | =i (5) 
Defining 
_|Fo Fi} 41 1 
a=[F | E AL (6) 
then 
n Frti F, 
gee | 7) 


(Honsberger 1985, pp. 106-107). 
see also BINET FORMS, FIBONACCI NUMBER 
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Fibonacci Sequence 
see FIBONACCI NUMBER 


Fibration 

If f: BE > B is a FIBER BUNDLE with B a PARACOM- 
PACT TOPOLOGICAL SPACE, then f satisfies the HOMO- 
TOPY LIFTING PROPERTY with respect to all TOPOLOG- 
ICAL SPACES. In other words, if g : [0,1] x X > B is 
a Homoropy from go to gi, and if go is a LirT of the 
MAP go with respect to f, then g has a LirT to a MAP 
g’ with respect to f. Therefore, if you have a HoMo- 
TOPY of a MapP into B, and if the beginning of it has a 
Lirt, then that LIFT can be extended to a LIFT of the 
Homotopy itself. 


A fibration is a MAP between TOPOLOGICAL SPACES 
f:#- Bsuch that it satisfies the HOMOTOPY LIFTING 
PROPERTY. 


see also FIBER BUNDLE, FIBER SPACE 


Fields Medal. 


Field 

A field is any set of elements which sat: the FIELD 
Axioms for both addition and multiplica-.n and is a 
commutative DIVISION ALGEBRA. An archaic word for 
a field is RATIONAL DOMAIN. A field with a finite num- 
ber of members is known as a FINITE FIEI” r GALOIS 
FIELD. 


Because the identity condition must be different for ad- 
dition and multiplication, every field must have at least 
two elements. Examples include the COMPLEX NUM- 
BERS (C), RATIONAL NUMBERS (Q), and REAL Num- 
BERS (R), but not the INTEGERS (Z), which form a 
RING. It has been proven by Hilbert and Weierstra8 
that all generalizations of the field concept to triplets of 
elements are equivalent to the field of COMPLEX NUM- 
BERS. 


see also ADJUNCTION, ALGEBRAIC NUMBER FIELD, 
COEFFICIENT FIELD, CYCLOTOMIC FIELD, FIELD AX- 
IOMS, FIELD EXTENSION, FUNCTION FIELD, GALOIS 
FIELD, Mac LANE’S THEOREM, MODULE, NUMBER 
FIELD, QUADRATIC FIELD, RING, SKEW FIELD, VEC- 
TOR FIELD 


Field Axioms 
The field axioms are generally written in additive and 
multiplicative pairs. 


Name Addition 
a+tb=b+a 
(a+ b)+c=a+(b+c) 
a(b+c) =ab+ac 
a+0=a=0+a 
a+(-a)=0= (-a)+a 


Multiplication 
ab = ba 
(ab)c = a(bc) 
(a + b)e = ac + be 
a-‘l=a=l-a 


Commutivity 


Associativity 


Distributivity 
Identity 
Inverses aat=1=a ta 


ifa #0 


see also ALGEBRA, FIELD 


Field Extension 

A FIELD L is said to be a field extension of field K 
if K is a SUBFIELD of L. This is denoted L/K (note 
that this NOTATION conflicts with that of a QUOTIENT 
Group). The COMPLEX NUMBERS are a field extension 
of the REAL NUMBERS, and the REAL NUMBERS are a 
field extension of the RATIONAL NUMBERS. 


see also FIELD 


Fields Medal 

The mathematical equivalent of the Nobel Prize (there 
is no Nobel Prize in mathematics) which is awarded by 
the International Mathematical Union every four years 
to one or more outstanding researchers, usually under 
40 years of age. The first Fields Medal was awarded in 
1936. 


see also BURNSIDE PROBLEM, MATHEMATICS PRIZES, 
POINCARE CONJECTURE, ROTH’S THEOREM, TAU 
CONJECTURE 


Fifteen Theorem 
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Fifteen Theorem 

A theorem due to Conway et al. (1997) which states 
that, if a POSITIVE definite QUADRATIC FORM with in- 
tegral matrix entries represents all natural numbers up 
to 15, then it represents all natural numbers. This the- 
orem contains LAGRANGE’S FOUR-SQUARE THEOREM, 
since every number up to 15 is the sum of at most four 
SQUARES. 


see also INTEGER-MATRIX FORM, LAGRANGE’S FOUR- 
SQUARE THEOREM, QUADRATIC FORM 
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Figurate Number 


>So @ 


A number which can be represented by a regular geo- 
metrical arrangement of equally spaced points. If the 
arrangement forms a REGULAR POLYGON, the number 
is called a POLYGONAL NUMBER. The polygonal num- 
bers illustrated above are called triangular, square, pen- 
tagonal, and hexagon numbers, respectively. Figurate 
numbers can also form other shapes such as centered 
polygons, L-shapes, 3-dimensional solids, etc. The fol- 
lowing table lists the most common types of figurate 
numbers. 
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Name Formula 
biquadratic nt 


centered cube 
centered pentagonal 
centered square 
centered triangular 
cubic 

decagonal 

gnomic 

heptagonal 
heptagonal pyramidal 
hex 

hexagonal 

hexagonal pyramidal 
octagonal 

octahedral 
pentagonal 
pentagonal pyramidal 
pentatope 

pronic number 
rhombic dodecahedral 
square 

stella octangula 
tetrahedral 

triangular 

truncated octahedral 
truncated tetrahedral 


(2n — 1)(n? —n+1) 
3 (5n? — 5n + 2) 

n? + (n—1)? 

$(3n? — 3n + 2) 


4n? — 3n 

2n—1 

+n(5n — 3) 

én(n + 1)(5n — 2) 

3n? —3n+1 

n(2n — 1) 

én(n + 1)(4n — 1) 
n(3n — 2) 

in(2n? + 1) 

$n(3n — 1) 

$n*(n+1) 

an(n+ 1)(n + 2)(n+ 3) 
n(n +1) 

(2n — 1)(2n? — 2n+1) 
n? 

n(2n? — 1) 

an(n + 1)(n + 2) 

5n(n + 1) 

16n° — 33n? + 24n — 6 
g7(23n” — 27n + 10) 


An n-D FIGURATE NUMBER can be defined by 


‘ (rs +m-—s)(r+m-— 2) 
frase a t ¥ 
mi(r — 1)! 

see also BIQUADRATIC NUMBER, CENTERED CUBE 
NUMBER, CENTERED PENTAGONAL NUMBER, CEN- 
TERED POLYGONAL NUMBER, CENTERED SQUARE 
NUMBER, CENTERED TRIANGULAR NUMBER, CUBIC 
NUMBER, DECAGONAL NUMBER, FIGURATE NUMBER 
TRIANGLE, GNOMIC NUMBER, HEPTAGONAL NUMBER, 
HEPTAGONAL PYRAMIDAL NUMBER, HEX NUMBER, 
HEX PYRAMIDAL NUMBER, HEXAGONAL NUMBER, 
HEXAGONAL PYRAMIDAL NUMBER, NEXUS NUMBER, 
OCTAGONAL NUMBER, OCTAHEDRAL NUMBER, PEN- 
TAGONAL NUMBER, PENTAGONAL PYRAMIDAL NUM- 
BER, PENTATOPE NUMBER, POLYGONAL NUMBER, 
PRONIC NUMBER, PYRAMIDAL NUMBER, RHOMBIC 
DODECAHEDRAL NUMBER, SQUARE NUMBER, STELLA 
OCTANGULA NUMBER, TETRAHEDRAL NUMBER, TRI- 
ANGULAR NUMBER, TRUNCATED OCTAHEDRAL NUM- 
BER, TRUNCATED TETRAHEDRAL NUMBER 
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Figurate Number Triangle 

A PASCAL’S TRIANGLE written in a square grid and 
padded with zeroes, as written by Jakob Bernoulli 
(Smith 1984). The figurate number triangle therefore 


has entries 
aij = : 
43 j , 


where 7 is the row number, j the column number, and 
(5) a BINOMIAL COEFFICIENT. Written out explicitly 
(beginning each row with j = 0), 


10 O 0 0 0 O 

11 0 0 0 0 0 

d,. 2> <3 0 0 0 O 

1 3 8 1 0 0 0 

1 4 6 4 1 0 0 

1 5 10 10 5 1 0O 

1 6 15 20 15 6 1 

17 21 35 35 21 7 
Then we have the sum identities 

j=o0 

i 

So ais = 25-1 

j=l 

— £7) (n+1),(9+1) j+1 nye 


see also BINOMIAL COEFFICIENT, FIGURATE NUMBER, 
PASCAL’S TRIANGLE 
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New York: 
Figure Eight Knot 
see FIGURE-OF-EIGHT KNOT 


Figure Eight Surface 
see EIGHT SURFACE 


Filon’s Integration Formula 


Figure-of-Eight Knot 


The knot 04901, which is the unique PRIME KNCT of 
four crossings, and which is a 2-EMBMDDABLE KNOT. 
It is AMPHICHIRAL. It is also knowr as the “EM- 
IsH KNOT and SAVOY KNOT, and it has BRAID .VORD 


2 Si 
o102'o102 
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Figures 

A number z is said to have “n figures” if it takes n 
DIGITS to express it. The number of figures is therefore 
equal to one more than the POWER of 10 in the Sci- 
ENTIFIC NOTATION representation of the number. The 
word is most frequently used in reference to monetary 
amounts, e.g., a “six-figure salary” would fall in the 
range of $100,000 to $999,999. 

see also DIGIT, SCIENTIFIC NOTATION, SIGNIFICANT 
FIGURES 


Filon’s Integration Formula 
A formula for NUMERICAL INTEGRATION, 


i. f(x) cos(tx) dx 


= h{a(th) [fen sin(tzan) — fo saupiey, 
+8(th)Con + y(th)Can-1 + Zth* Sn-1}—-Rn, (1) 


where 


Con = yy foi cos(taai) — 3 [fon cos(tton) + fo cos(txo)] 


- (2) 

Con-1 = 2 foi_1 cos(t#2i-1) (3) 

SoS = id , sin(ta:—1) (4) 
+ 2 

a(@) = ; 4 sat) . oe 0 (5) 

a) =2|* + cos" 6 aad (6) 

soya (eae 228), a 


and the remainder term is 


Ra = Anh? f (€) + O(th’). (8) 


Filter 
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Filter 
Formally, a filter is defined in terms of a SET X and a 
Set @ of SUBSETS of X. Then & is called a filter if 


1X € 4, 

2. the EMPTY SET © ¢ ®, 

3. AC BCX and Ac © IMPLIES Be ®, 
4. and A,B € ® IMpLigs AUBe ®. 


Informally, a filter is a function or procedure which re- 
moves unwanted parts of a signal. The concept of fil- 
tering and filter functions is particularly useful in en- 
gineering. One particularly elegant method of filtering 
FOURIER TRANSFORMS a signal into frequency space, 
performs the filtering operation there, then transforms 
back into the original space (Press et al. 1992). 


see also SAVITZKY-GOLAY FILTER, WIENER FILTER 
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Fine’s Equation 


g”)(l—@°")(1— g")(1-g"?") 
(eG) 


= 14 $5 Fis,7a3(N524)0%, 


N=1 


IIS 


n=1 


where £& is the sum of the Divisors of N CONGRUENT 
to 1, 5, 7, and 11 (mod 24) minus the sum of DIvIsoRs 
of N CONGRUENT to —1, —5, —7, and —11 (mod 24). 


see also q-SERIES 


Finite 

A SET which contains a NONNEGATIVE integral number 
of elements is said to be finite. A SET which is not finite 
is said to be INFINITE. A finite or COUNTABLY INFI- 
NITE SET is said to be COUNTABLE. While the meaning 
of the term “finite” is fairly clear in common usage, pre- 
cise definitions of FINITE and INFINITE are needed in 
technical mathematics and especially in SeT THEORY. 


see also COUNTABLE SET, COUNTABLY INFINITE SET, 
INFINITE, SET THEORY, UNCOUNTABLY INFINITE SET 


Finite Difference 637 


Finite Difference 

The finite difference is the discrete analog of the DERIV- 
ATIVE. The finite FORWARD DIFFERENCE of a function 
fp is defined as 


Afp = fo+i — fps (1) 


and the finite BACKWARD DIFFERENCE as 
Vip = fo — fp-a- (2) 


If the values are tabulated at spacings h, then the nota- 
tion 


fp = f(wo0 + ph) = f(a) (3) 


is used. The kth FORWARD DIFFERENCE would then 
be written as A*f,, and similarly, the kth BACKWARD 
DIFFERENCE as V* fp. 


However, when f, is viewed as a discretization of the 
continuous function f(x), then the finite difference is 
sometimes written 


Af (x) = f(x + 3) — f(a — 5) = 2ly(a) * f(z), (4) 


where * denotes CONVOLUTION and I](z) is the odd Im- 
PULSE PaIR. The finite difference operator can therefore 
be written 


A = 2I;*. (5) 


An nth POWER has a constant nth finite difference. For 
example, take n = 3 and make a DIFFERENCE TABLE, 


rr 
11 4.2? 3 
7 ra ae 
28 j412°5 A (6) 
3.27 4 18 4 0 
4 64 |, 24 
5 125 


The A? column is the constant 6. 


Finite difference formulas can be very useful for extrap- 
olating a finite amount of data in an attempt to find the 
general term. Specifically, if a function f(n) is known at 
only a few discrete values n = 0, 1, 2, ... and it is de- 
sired to determine the analytical form of f, the following 
procedure can be used if f is assumed to be a POLYNOM- 
IAL function. Denote the nth value in the SEQUENCE of 
interest by a,. Then define b, as the FORWARD DIF- 
FERENCE An = an+1 — Gn, Cn as the second FORWARD 
DIFFERENCE Az = bnii — bn, etc., constructing a table 
as follows 


ap = f(p) 


bp_1 = Gp — Ap-1 


ao=f(0) a =f(1) a2= f{2) 
bo = a1 — ao by =ae—- a1 


co = bo — by 


(7) 
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Continue computing do, €o, etc., until a 0 value is ob- 
tained. Then the POLYNOMIAL function giving the val- 
ues Gp is given by 


f(r) = Sox a (8) 


k=0 
con{n—1)  don(n—1)(n — 2) ss 


2 2-3 (9) 


=agt+bon+ 


When the notation Ao = ao, A2Z = bo, etc., is used, 
this beautiful equation is called NEWTON’S FORWARD 
DIFFERENCE FORMULA. To see a particular example, 
consider a SEQUENCE with first few values of 1, 19, 143, 
607, 1789, 4211, and 8539. The difference table is then 
given by 


1 19 143 607 1789 4211 8539 
18 124 464 1182 2422 4328 
106 340 718 1240 1906 
234 378 522 666 
144 144 144 
0 0 


Reading off the first number in each row gives ap = 1, 
bo = 18, co = 106, do = 234, eg = 144. Plugging these 
in gives the equation 


f(n) = 1+ 18n + 53n(n — 1) + 39n(n — 1)(n — 2) 
+6n(n —1)(n — 2)(n — 3), (10) 

which simplifies to f(n) = 6n4 + 3n?+2n?+7n+1, and 

indeed fits the original data exactly! 

Beyer (1987) gives formulas for the derivatives 


a” f(zo + ph) _ pra fe — ofp (11) 


n 
a dz” dz” ~ dp” 


(Beyer 1987, pp. 449-451) and integrals 


i . f(a) de =h | “fois (12) 


(Beyer 1987, pp. 455-456) of finite differences. 


Finite differences lead to DIFFERENCE EQUATIONS, fi- 
nite analogs of DIFFERENTIAL EQUATIONS. In fact, 
UMBRAL CALCULUS displays many elegant analogs of 
well-known identities for continuous functions. Com- 
mon finite difference schemes for PARTIAL DIFFEREN- 
TIAL EQUATIONS include the so-called Crank-Nicholson, 
Du Fort-Frankel, and Laasonen methods. 


see also BACKWARD DIFFERENCE, BESSEL’S FINITE 
DIFFERENCE FORMULA, DIFFERENCE EQUATION, DIF- 
FERENCE TABLE, EVERETT’S FORMULA, FORWARD 
DIFFERENCE, GAUSS’S BACKWARD FORMULA, GAUSS’S 
FORWARD FORMULA, INTERPOLATION, JACKSON’S 


Finite Field 


DIFFERENCE FAN, NEWTON’S BACKWARD DIFFER- 
ENCE FORMULA, NEWTON-COTES FORMULAS, NEW- 
TON’S DIVIDED DIFFERENCE INTERPOLATION FOR- 
MULA, NEWTON’S FORWARD DIFFERENCE FORMULA, 
QUOTIENT-DIFFERENCE TABLE, STEFFENSON’S FOR- 
MULA, STIRLING’S FINITE DIFFERENCE FORMULA, UM- 
BRAL CALCULUS 
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Finite Field 

A finite field is a FIELD with a finite ORDER (number 
of elements), also called a GALOIS FIELD. The order of 
a finite field is always a PRIME or a POWER of a PRIME 
(Birkhoff and Mac Lane 1965). For each PRIME POWER, 
there exists exactly one (up to an ISOMORPHISM) fi- 
nite field GF(p”), often written as Fp. in current us- 
age. GF(p) is called the PRIME FIELD of order p, and 
is the FIELD of RESIDUE CLASSES modulo p, where the 
p elements are denoted 0, 1,..., p—1. a= 6 in GF(p) 
means the same as a = b (mod p). Note, however, that 
2x 2 = 0 (mod 4) in the RING of residues modulo 4, 
so 2 has no reciprocal, and the RING of residues mod- 
ulo 4 is distinct from the finite field with four elements. 
Finite fields are therefore denoted GF(p"), instead of 
GF(p1 --- pn) for clarity. 


The finite field GF(2) consists of elements 0 and 1 which 
satisfy the following addition and multiplications tables. 


+ |0 1 
0/0 1 
131 0 
x 10 1 
0 |0 O 
1/30 1 


If a subset S of the elements of a finite field F satisfies 
the above AXIOMS with the same operators of F', then S 


Finite Field 


is called a SUBFIELD. Finite fields are used extensively 
in the study of ERROR-CORRECTING CODES. 


When n > 1, GF(p”) can be represented as the FIELD 
of EQUIVALENCE CLASSES of POLYNOMIALS whose Co- 
EFFICIENTS belong to GF(p). Any IRREDUCIBLE POLY- 
NOMIAL of degree n yields the same FIELD up to an Iso- 
MORPHISM. For example, for GF(2?), the modulus can 
be taken as 2?+27+1 = 0, 2?+2+1, or any other IRRE- 
DUCIBLE POLYNOMIAL of degree 3. Using the modulus 
z* +a +1, the elements of GF(2*)—written 0, x°, 2’, 
...~~can be represented as POLYNOMIALS with degree 
less than 3. For instance, 


=-a-l=ce+l 
a(x?) =a(x@+1)=2? +2 


xz 
x 
ge sa(e?+2) Se° +e Se? —-2-1L=2* +241 
x 
Zz 


Itt 


lll 


o 
| 


Hele? tet ler+rt¢ee2?-1le2r’?+1 
=a(2?4+1)=¢3+2=-1=1= 20. 


| 


Now consider the following table which contains several 
different representations of the elements of a finite field. 
The columns are the power, polynomial representation, 
triples of polynomial representation COEFFICIENTS (the 
vector representation), and the binary INTEGER corre- 
sponding to the vector representation (the regular rep- 
resentation). 


Representation 
Power Polynomial Vector Regular 
0 0 (000) 0 
2° 1 (001) 1 
gt x (010) 2 
x? x" (100) 4 
x3 g+1 (011) 3 
x4 ete (110) 6 
a e+et+l (111) 7 
«® eet (101) 5 


The set of POLYNOMIALS in the second column is closed 
under ADDITION and MULTIPLICATION modulo x? + 2+ 
1, and these operations on the set satisfy the AXIOMS 
of finite field. This particular finite field is said to be 
an extension field of degree 3 of GF(2), written GF(2°), 
and the field GF(2) is called the base field of GF(2°). If 
an IRREDUCIBLE POLYNOMIAL generates all elements in 
this way, it is called a PRIMITIVE IRREDUCIBLE POLY- 
NOMIAL. For any PRIME or PRIME POWER gq and any 
POSITIVE INTEGER n, there exists a PRIMITIVE IRRE- 
DUCIBLE POLYNOMIAL of degree n over GF(q). 


For any element c of GF(q), c? = c, and for any NON- 
ZERO element d of GF(g), d’~! = 1. There is a small- 
est POSITIVE INTEGER n satisfying the sum condition 
n-1 = 0 in GF(q), which is called the characteristic 
of the finite field GF(q). The characteristic is a PRIME 
NuMBER for every finite field, and it is true that 


(ety)? =a" $y" 
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over a finite field with characteristic p. 


see also FIELD, HADAMARD MATRIX, RING, SUBFIELD 
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Finite Game 
A GAME in which each player has a finite number of 
moves and a finite number of of choices at each move. 


see also GAME, ZERO-SUM GAME 
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Finite Group 

A Group of finite ORDER. Examples of finite groups are 
the MODULO MULTIPLICATION GROUPS and the POINT 
Groups. The CLASSIFICATION THEOREM of finite S1M- 
PLE GROUPS states that the finite SIMPLE GROUPS can 
be classified completely into one of five types. 


There is no known FORMULA to give the number of pos- 
sible finite groups as a function of the ORDER h. It is 
possible, however, to determine the number of ABELIAN 
GROUPS using the KRONECKER DECOMPOSITION THE- 
OREM, and there is at least one ABELIAN GROUP for 
every finite order h. 


The following table gives the numbers and names of the 
first few groups of ORDER h. In the table, Nya denotes 
the number of non-Abelian groups, Na denotes the num- 
ber of ABELIAN GROUPS, and N the total number of 
groups. In addition, Z, denotes an CYCLIC GROUP of 
ORDER n, An, an ALTERNATING GROUP, Dy a DIHE- 
DRAL GROUP, Qs the group of the QUATERNIONS, T 
the cubic group, and ® a DIRECT PRODUCT. 


2 
2 
> 
Rg 


Name 
te) 
Z2 

23 

Zr ® Zo, Za 

Zs 

26, Ds 

Zr 

22 @ Z2 @ Z2, Z2 @ 24, 23, Qs, Da 
23 @ 23,25 

Z10; Ds 

Zi 

Zz ® Ze, Z12, Aa, Ds, T 

Zis 

214,D; 

Z15 


OWN AA WN 


H 
o 


im 


H 
w 


bend 
xs 


bet eC mt De | 


Sl el el "el coe SR © ce oe oe 
Or OW OF ON Or OO Of Oo 


fet 
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Miller (1930) gave the number of groups for orders 1- 
100, including an erroneous 297 as the number of groups 
of ORDER 64. Senior and Lunn (1934, 1935) subse- 
quently completed the list up to 215, but omitted 128 
and 192. The number of groups of ORDER 64 was cor- 
rected in Hall and Senior (1964). James et al. (1990) 
found 2328 groups in 115 ISOCLINISM families of OR- 
DER. 128, correcting previous work, and O’Brien (1991) 
found the number of groups of ORDER 256. The number 
of groups is known for orders up to 1000, with the pos- 
sible exception of 512 and 768. Besche and Eick (1998) 
have determined the number of finite groups of orders 
less than 1000 which are not powers of 2 or 3. These 
numbers appear in the Magma® database. The num- 
bers of nonisomorphic finite groups N of each ORDER h 
for the first few hundred orders are given in the following 
table (Sloane’s A000001—the very first sequence). 


The number of ABELIAN GROUPS of ORDER h is denoted 
Na (Sloane’s A000688). The smallest order for which 
there exist n = 1, 2, ...nonisomorphic groups are 1, 4, 
75, 28, 8, 42,... (Sloane’s A046057). The incrementally 
largest number of nonisomorphic finite groups are 1, 2, 
5, 14, 15, 51, 52, 267, 2328, ... (Sloane’s A046058), 
which occur for orders 1, 4, 8, 16, 24, 32, 48, 64, 128, 
.++ (Sloane’s A046059). 
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h N Nal kh N Nal h N Nal RN Ng 
1 1 iif) 51 #2 1 Ji01 1 1 [151 1 1 
2 1 1 52 § 2 |}102 4 1 {152 12 3 
3 1 1/53 1 1 |103 1 1 [153 2 2 
4 2 2] 54 15 3/104 14 3/154 4 1 
5 1 1] 55 2 17105 2 1/155 21 
6 2 1| 56 13 3 106 2 1/156 18 2 
7 1 1/57 2 1 |107 1 1 4157 1 1 
8 5 3] 58 2 1/108 45 6/158 2 1 
9 2 2 59 1 1 | 109 1 1 |159 1 1 
10 2 1 60 13 2 |110 6 1 (160 238 7 
11 1 1] 62 #2 1411 2 4/161 1 1 
12 5 2| 62 2 1112 483 5/162 55 5 
131 1/63 4 2/113 1 1 |163 1 ou 
14 2 1] 64 267 11 |114 6 1 | 164 5 2 
15 1 1/65 31 1/115 1 1/165 241 
le 14 5| 66 4 1/4116 5 2 | 166 2 1 
17 #1 1 67 1 1/117 4 2 | 167 il: 1 
18 5 2] 68 5 2/118 2 1/168 57 3 
i191 1/69 #2 1 {119 1 1 |169 2 2 
20 5 2] 70 4 14/120 47 31/170 4 1 
21 2 1 cl 1 1 |121 2 2/171 5 2 
22 2 1/72 #50 6 {122 2 1 (1172 4 2 
231 14/73 #4 1 {123 1 1/173 1 1 
2415 3174. 2 1/124 4 2174 4 1 
2 2 2/175 3 2 |125 5 3/175 2 2 
26 2 1/ 7 #4 «2/126 16 2/176 42 5 
27 5 3} 77 1 1/127 1 1 (177 11 
28 4 2/ 78 6 41/128 2328 15 |178 2 1 
29 1 1/79 «+1 1 {129 2 11/179 11 
30 4 1] 80 52 5/130 4 1/180 37 4 
31 1 2] 8 #15 5 {131 1 1/181 1 1 
32 51 7] 82 %2 1/132 10 2 |182 4 1 
33 1 1/{ 88 1 1 /133 1 1 |183 2 1 
34 2 1] 84 15 2 |134 2 1/184 12 3 
35 1 1/ 8 1 1 |135 5 3 |185 1 1. 
3614 4] 86 2 1/136 15 3 /186 6 1 
37 ~#61 ab 87 1 1 |137 1 1 | 187 1 1 
38 2 1] 88 12 3 |138 4 1 | 188 4 2 
39 2 1] 89 1 1 {139 1 1/189 13 3 
40 14 3] 90 lo 2/140 121 2 |190 4 1 
Al 1 1 91 1 1 | 141 1 1 |191 1 1 
42 6 1] 92 4 2 {142 2 1/192 1543 11 
43 1 1/]93 2 1/143 1 1 |193 1 1 
44 4 2] 94 2 114144 197 10 |194 2 1 
45 2 2/95 1 1 |145 1 1 {195 2 41 
46 2 11] 96 230 7 | 146 2 1/196 17 4 
47 1 i 97 1 1 | 147 6 2 {197 1 1 
48 52 5 | 98 5 2 |148 5 2/198 10 2 
49 2 2/99 2 2 |149 1 1 4199 11 
50 2 2/100 16 4/150 13 2/200 52 6 
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h N Nal h 


1 i 3 
202 2 1 302 i us 
203 2 1 303 1 1 1 
204. #12 2 304 42 5 1 
205 oe 305 2-4 1 
206 2 1 306 10 2 2 
207 2 2 1 | 307 1 1 
208 #51 5 1 | 308 9 2 1 
209 1 o1 1 | 309 2 #41 1 
210 #12 #21 2 | 310 6 1 6 
211 1 1 2 | 311 1 1 2 
212 5 2 1 | 312 61 3 1 
213 1 1 1 | 313 11 2 
214 21 3/314 2 1 2 
215 ie, <7, 1 | 315 4 2 1 
216 177 9 1 | 316 4 2 1 
217 11 1 | 317 1 #1 1 
218 2 1 2 | 318 4 1 5 
219 2 1 1 | 319 11 2 
220 15 2 3 |320 1640 11 1 
221 1, a 1 | 321 1 1 1 
222 1 5 | 322 A il 2 
223 1 1 1 | 323 1 1 1 
224 197 7 | 274 1 (324 176 10 | 374 1 
225 6 4 | 275 4 2 1325 2 2 |375 7 3 
226 2 1 | 276 10 2 | 326 2 1 {376 12 3 
227 1 1 | 277 1 | 327 2 1 [377 T- 4 
228 #15 2 | 278 2 1 | 328 15 3 | 378 60 3 
229 1 1 |279 4 2 | 329 1 1 (379 ZL 1 
230 1 | 280 40 3 | 330 12. 1 | 380 11 2 
231 2 1 | 281 1 1 | 331 1 1 | 381 2 1 
232 14 3 | 282 4 1 | 332 4 2 | 382 2 J 
233, 1 1 | 283 1 1 | 333 5 2 | 383 1 1 
234 16 2 | 284 4 2 | 334 2 1 |384 20169 15 
235 1 1 | 285 2 1 | 335 1 1 | 385 2 1 
236 4 2 | 286 4 1/336 228 5 | 386 2 1 
237 2 1 {287 1 1 | 337 1 1 | 387 4 2 
238 4 1/288 1045 14 | 338 5 2 | 388 5 2 
239 1 1 | 289 2 2 | 339 1 | 389 1 1 
240 208 5 | 290 4 1 | 340 15 2 | 390 12 1 
241 1 | 291 2 1 | 341 1 1/391 1 1 
242 5 2 | 292 5 2 | 342 18 2 | 392 44 6 
243 67 7 | 293 1 1 | 343 5 3 | 393 1 1 
244 5 2 | 294 23° 2 | 344 12 3 | 394 2 1 
245 2 2 | 295 1 1 | 345 1 1 | 395 1 x 
246 1 | 296 14 3 | 346 2 1 | 396 30 4 
247 1 1 | 297 5 3 | 347 1 1 |397 1 1 
248 12 3 | 298 1 | 348 12 2 | 398 2 sf 
249 1 1 | 299 1 1 | 349 1 1 4399 5 1 
250 15 3 | 300 49 4 | 350 10 2 | 400 221 10 


see also ABELIAN GROUP, ABEL’S THEOREM, AB- 
HYANKAR’S CONJECTURE, ALTERNATING GROUP, 
BURNSIDE’S LEMMA, BURNSIDE PROBLEM, CHEVALLEY 
GROUPS, CLASSIFICATION THEOREM, COMPOSITION 
Series, DIHEDRAL Group, Group, JORDAN-HOLDER 
THEOREM, KRONECKER DECOMPOSITION THEOREM, 
LIE GRouP, Lik-TYPE GRouP, LINEAR GROUP, MOD- 
ULO MULTIPLICATION GROUP, ORDER (GROUP), OR- 
THOGONAL GROUP, p-GROUP, POINT GROUPS, SIMPLE 


Finite Group—D3 641 


GROUP, SPORADIC GROUP, SYMMETRIC GROuP, SYM- 
PLECTIC GROUP, TWISTED CHEVALLEY GROUPS, UNI- 
TARY GROUP 
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The DIHEDRAL GROUP Dz is one of the two groups of 
ORDER 6. It the non-Abelian group of smallest ORDER. 
Examples of D3 include the POINT GROUPS known as 
Csn, Cav, S3, D3, the symmetry group of the EQUILAT- 
ERAL TRIANGLE, and the group of permutation of three 
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objects. Its elements A; satisfy A;> = 1, and four of 
its elements satisfy A;? = 1, where 1 is the IDENTITY 
ELEMENT. The CYCLE GRAPH is shown above, and the 
MULTIPLICATION TABLE is given below. 


De | s Av sR. a oD oe 
ko [tA Be DE 
A |A 2 .D E B Cc 
B|\|B E 1DCo#8A 
Coe PB ig RB. AB 
DDC 2A) 3B £3 
Be isk: BSG: A a he oD 
The ConJUGACY CLASSES are {1}, {A, B,C} 
AAA=A (1) 
BU AB=C (2) 
Cc UAC=B (3) 
D7?AD=C (4) 
E\AE=B, (5) 
and {D, E}, 
DA'D=E (6) 
BU DB=D. (7) 


A reducible 2-D representation using REAL MATRICES 
can be found by performing the spatial rotations corre- 
sponding to the symmetry elements of C3,. Take the 
z-AXIS along the C3 axis. 


I = R,(0) = E | (8) 
A=Ralin)= [SEE Sond 
=e HY" 2 
C= Reh= i | (11) 
D=Rp(r) =CB= tvs Ey (12) 
B= Re(n)=CA=| , 45 orale (13) 


To find the irreducible representation, note that there 
are three CONJUGACY CLASSES. Rule 5 requires that 
there be three irreducible representations satisfying 


h=l,? +1? + 1s? = 6, (14) 
so it must be true that 


h = lk = 1,15 = 2. (15) 
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By rule 6, we can let the first representation have all 1s. 


D3 |1 A B C D E 
Pi j1 12 1 1 =#1 «21 


To find representation orthogonal to the totally symmet- 
ric representation, we must have three +1 and three —1 
CHARACTERS. We can also add the constraint that the 
components of the IDENTITY ELEMENT 1 be positive. 
The three CONJUGACY CLASSES have 1, 2, and 3 ele- 
ments. Since we need a total of three +1s and we have 
required that a +1 occur for the CONJUGACY CLASS of 
ORDER 1, the remaining +1s must be used for the el- 
ements of the CONJUGACY CLASS of ORDER 2, ie., A 
and B. 


D3 |1 A B CC D EB 

Ti 1 rf 1 1 1 1 

T2 1 1 1 -1 +1 <+1 
Using the rule 1, we see that 


1? +1? + x27(1) = 6, (16) 


so the final representation for 1 has CHARACTER 2. Or- 
thogonality with the first two representations (rule 3) 
then yields the following constraints: 


1-1-241-2-y24+1-3-yx3 = 2+ 2x2 + 3x3 = 0 
(17) 
1-1-241-2-x2+(-1)-3-x3 = 2+ 2x2 — 3x3 = 0. 
(18) 


Solving these simultaneous equations by adding and 
subtracting (18) from (17), we obtain x2 = —1, x3 = 0. 
The full CHARACTER TABLE is then 

D3 |1 A B C D_ €E 

Ty 1 1 1 1 1 1 

[2 1 1 1 -1 -1 -1 
T3 2 -1 -1 0 0 0 
Since there are only three CONJUGACY CLASSES, this 
table is conventionally written simply as 


D3 |1 A=B C=D=E 
Ti 1 1 1 
T2 1 1 -1 
T3 | 2 -1 0 


Writing the irreducible representations in matrix form 
then yields 


1 0 0 0 
0 10 0 
cies ce ae a a?) 
0001 
-i -iV3 0 0 
1/3 -i 00 
= | 2 2 
. 0 0 10 (29) 
) OQ. 4 
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-} v3 0 0 
S23 =e) 0:0 
= 2 2 
2 0 ee ae (21) 
0 0 O01 
=i 0° OF 20 
0 10 O 
C=l0 0 1 0 (2) 
0 00 -1 
} _ -}v5 0 0 
-iV¥3 -i 0 0 
p=. )-s 2 23 
0 0 1 0 8) 
0 es | ees | 
; 3v¥3 0 0 
1 IZ 
pa | ave a. O20 (24) 
0 0 1 0 
0 co 1 


see also DIHEDRAL GROUP, FINITE GRouP—Da, FI- 
NITE GROUP— Ze 
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The DIHEDRAL GROUP Dj is one of the two non-Abelian 
groups of the five groups total of ORDER 8. It is some- 
times called the octic group. Examples of Da include the 
symmetry group of the SQUARE. The CYCLE GRAPH is 
shown above. 

see also DIHEDRAL GROUP, FINITE GROUP—Ds3, FI- 
NITE GROUP—Zg, FINITE GROUP—Z2 ® Z2 ® Zo, FI- 
NITE GROUP—Z?2 ® Z4, FINITE GROUP—Zg, 


Finite Group—(e) 

The unique (and trivial) group of ORDER 1 is denoted 
(e). It is (trivially) ABELIAN and CycLic. Examples 
include the POINT GROUP C) and the integers modulo 
1 under addition. 


{e) | 1 
1 1 


The only class is {1}. 


Finite Group—Qz: 
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One of the three Abelian groups of the five groups to- 
tal of ORDER 8. The group Qg has the MULTIPLICA- 
TION TABLE of +1,7,j,k, where 1, i, 7, and & are the 
QUATERNIONS. The CYCLE GRAPH is shown above. 


see also FINITE GRoUP—D4, FINITE GROUP—Z2 ® 
Zz ® Z2, FINITE GROUP—Z?2 ® Z4, FINITE GROUP— 
Zs, QUATERNION 


Finite Group—Z,2 
Z, 


The unique group of ORDER 2. Z2 is both ABELIAN and 
Cyciic. Examples include the POINT GROUPS C,, Ci, 
and C2, the integers modulo 2 under addition, and the 
MoDULO MULTIPLICATION GROUPS Ms, Ma, and Mg. 
The elements A; satisfy A;? = 1, where 1 is the IDEN- 
TITY ELEMENT. The CYCLE GRAPH is shown above, 
and the MULTIPLICATION TABLE is given below. 


Z2 |1 A 
1 1 A 
A |A 1 


The CONJUGACY CLASSES are {1} and {A}. The irre- 
ducible representation for the C2 group is {1, —1}. 
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Z,8Z, 


@ 
Cm 
Gr 

One of the two groups of ORDER 4. The name of this 
group derives from the fact that it is a DIRECT PROD- 
uCT of two Z2 SUBGROUPS. Like the group Z4, Z2 @ Ze 
is an ABELIAN GROUP. Unlike Za, however, it is not 
Cycuic. In addition to satisfying Ai* = 1 for each 
element Aj, it also satisfies Aj? = 1, where 1 is the 
IDENTITY ELEMENT. Examples of the Z2 ® Z2 group 
include the VIERGRUPPE, POINT GROUPS Do, Con, and 
Co,, and the MODULO MULTIPLICATION GROUPS Mg 
and Mi2. That Mg, the RESIDUE CLASSES prime to 8 
given by {1, 3, 5, 7}, are a group of type Z2 @ Z2 can 
be shown by verifying that 


Pal 3?=9=1 57 =25=1 7 
=49=1(mod 8) (1) 


and 


3-5=15=7 3-7=21=5 5-7=35 =3 (mod 8). 
(2) 


644 Finite Group-—Z2 ® Z2 
Zz @® Zz is therefore a MONULO MULTIPLICATION 
GROUP. 


The CYCLE GRAPH is shown above, and the multiplica- 
tion table for the Z, @ Z2 group is given below. 


22@2Z. |1 A B C 
1 1 ABC 
A A 1 CB 
B BC 1A 
C C2 CA. 4 
The CONJUGACY CLASSES are {1}, {A}, 
AtAA=A (3) 
BUAB=A (4) 
CAC =A, (5) 
{B}, 
A'BA=B (6) 
CBC = B, (7) 
and {C}. 


Now explicitly consider the elements of the C2, POINT 
GROUP. 
Coy E C2 oy Ov 
E E 
Ce C2 B ol, Ov» 
Ov oO of E C2 
a, jo, of Co E 
In terms of the VIERGRUPPE elements 


V3 | Vs Va 
A reducible representation using 2-D REAL MATRICES 
is 


ps ° 
a=|9 3, (3) 
a=} ‘| (10) 
o=| 5 ol (11) 


Another reducible representation using 3-D REAL MA- 
TRICES can be obtained from the symmetry elements of 
the D2 group (1, C2(z), C2(y), and C2(x)) or Co, group 
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(1, Co, o», and o7,). Place the C2 axis along the z-axis, 
dy in the z-y plane, and o%, in the y-z plane. 


100 
1=e=e=[0 1 | (12) 
001 
1 0 0 
s=ninan=|0 =a | (13) 
001 
Sa ee 1G 
c= Ria) ==] 0 ai | (14) 
0! “G01 
-1 00 
B= nye)=e= | 0 1 0). (15) 
0 01 


In order to find the irreducible representations, note 
that the traces are given by x(1) = 3,x(C2) = -1, 
and x(ov) = x(o,) = 1. Therefore, there are at least 
three distinct CONJUGACY CLASSES. However, we see 
from the MULTIPLICATION TABLE that there are actu- 
ally four CONJUGACY CLASSES, so group rule 5 requires 
that there must be four irreducible representations. By 
rule 1, we are looking for POSITIVE INTEGERS which 
satisfy 

i? Has i ae (16) 


The only combination which will work is 
=k =lj=l=1, (17) 


so there are four one-dimensional representations. Rule 
2 requires that the sum of the squares equal the ORDER 
h = 4, so each 1-D representation must have CHAR- 
ACTER +1. Rule 6 requires that a totally symmetric 
representation always exists, so we are free to start off 
with the first representation having all Is. We then use 
orthogonality (rule 3) to build up the other representa- 
tions. The simplest solution is then given by 


Cov 1 C2 Ov oy 


Ty 1 1 1 1 
T2 1 -l1 -1 1 
T3 1 -l 1. = 
T4 1 1 -1 -l 


These can be put into a more familiar form by switching 
T, and Ps, giving the CHARACTER TABLE 


Ca |1 Co Gv oF 
T3 1 -1 1 -1 
T2 t -=1> 1 1 
Ty 1 1 1 1 
T4 1 1 -1 -1 


Finite Group—Z_ ® Zz @ Zo 


The matrices corresponding to this representation are 
now 


100 0 
0100 

ES Io (18) 
0001 
-1 0 00 
0 -1 0 0 

C2 = 0 0 10 (19) 
0 oo1 
1 0 0 0 
0 -1 0 O 

si Aes ae | ey Cs (20) 
0 0 0-1 
-1 00 O 

ee i ae ee 

eee ae te Gaye ES (21) 
0 00 -1 


which consist of the previous representation with an ad- 
ditional component. These matrices are now orthogonal, 
and the order equals the matrix dimension. As before, 
x(a») = x(ov)- 

see also FINITE GROUP-—Z4 


Finite Group—Z,2 ® Z2 ® Ze 
Z,@Z,8Z, 


One of the three Abelian groups of the five groups total 
of ORDER 8. Examples include the MODULO MULTI- 
PLICATION GROUP Moq4. The elements A; of this group 
satisfy A;? = 1, where 1 is the IDENTITY ELEMENT. 
The CYCLE GRAPH is shown above. 

see also FINITE GROUP—D4, FINITE GROUP—Qsz, FI- 
NITE GROUP—Z2 ® Z4, FINITE GROUP—Zs 


Finite Group—Z2 ® 24 
Z,@Z, 


OW A® 
Oo 
C1) 
TIO B 

@) 
One of the three Abelian groups of the five groups to- 
tal of ORDER 8. Examples include the MODULO MUL- 
TIPLICATION GROUPS Mis, Mie, M20, and M39. The 
elements A; of this group satisfy A;4 = 1, where 1 is the 
IDENTITY ELEMENT, and four of the elements satisfy 
A;? =1. The CYCLE GraPH is shown above. 


see also FINITE GROUP—Da, FINITE GROUP—Qs, FI- 
NITE GROUP—Z2 ® Z2 © Z2, FINITE GROUP—Zs 
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Finite Group—Z3 


The unique group of ORDER 3. It is both ABELIAN 
and Cyc Lic. Examples include the PoINT Groups C3 
and Ds and the integer modulo 3. The elements A; 
of the group satisfy A;? = 1 where 1 is the IDENTITY 
ELEMENT. The CYCLE GRAPH is shown above, and the 
MULTIPLICATION TABLE is given below. 


Z,|1 A B 
ij;i A B 
A |A B 1 


B |B 1 A 
The CONJUGACY CLASSES are {1}, {A}, 


ATAA=A 

B'AB=A, 
and {B}, 

A 'BA=B 

BBB =B. 


The irreducible representation (CHARACTER TABLE) is 
therefore 


Finite Group—2Z4 


@ 
file 
C) 
One of the two groups of ORDER 4. Like Z2 @ Za, it is 
ABELIAN, but unlike Z2 ® Zo, it is a CYCLIC. Examples 
include the POINT GROUPS C44 and S4 and the MODULO 
MULTIPLICATION GROUPS Ms and Mio. Elements A; 


of the group satisfy A;4 = 1, where 1 is the IDENTITY 
ELEMENT, and two of the elements satisfy A;? = 1. 


The CYCLE GRAPH is shown above. The MULTIPLI- 
CATION TABLE for this group may be written in three 
equivalent ways—denoted here by Z, co Z eas and Z ey 
by permuting the symbols used for the group elements. 
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The MULTIPLICATION TABLE for Z{” is obtained from 
Zo by interchanging A and B. 


Bo Vis A> RG 
1 1 A B C 
AO Ai OB 
B B CG A ol 
Cc C B 1 iA 


The MULTIPLICATION TABLE for Z{*) is obtained from 
Zo by interchanging A and C. 


Z |1 A B C 
1 [1 A B C 
A |A C 1 B 
B B 1 C A 
c lc B Ail 


The CONJUGACY CLASSES of Z4 are {1}, {A}, 


ATAA=A (1) 

BUAB=A (2) 

C7 1AC =A, (3) 
{B}, 

A'BA=B (4) 

BBB=B (5) 

C'BC =B, (6) 
and {C}. 


The group may be given a reducible representation using 
COMPLEX NUMBERS 


1=1 (7) 
Az=i (8) 
B=-1 (9) 
C= -i, (10) 
or REAL MATRICES 
1 0 
LS E i (11) 
0 -1 
A= I! 0 | (12) 
-1 0 
B= | a (13) 
0 1 
o=[9 4) ow 


see also FINITE GROUP—Z2 ® Z2 


Finite Group—Ze 


Finite Group—Z; 


Zs 


The unique GROUP of ORDER 5, which is ABELIAN. Ex- 
amples include the POINT GRouP Cs, and the integers 
mod 5 under addition. The elements A; satisfy A;° = 1, 
where 1 is the IDENTITY ELEMENT. The CYCLE GRAPH 
is shown above, and the MULTIPLICATION TABLE is il- 
lustrated below. 


Z5 


SQWae 

SQW ele 
FUQY a> 
mer OQ ih 
Bee Yaa 
Quer dit 


The CONJUGACY CLASSES are {1}, {A}, {B}, {C}, and 
{D}. 


Finite Group—2Z, 


One of the two groups of ORDER 6 which, unlike D3, 
is ABELIAN. It is also a CYCLIC. It is isomorphic to 
Z2 ® Z3. Examples include the POINT Groups Cg and 
Se, the integers modulo 6 under addition, and the MopD- 
ULO MULTIPLICATION GROUPS M7, Mg, and Mis. The 
elements A; of the group satisfy A;®° = 1, where 1 is 
the IDENTITY ELEMENT, three elements satisfy A;? = 1, 
and two elements satisfy A;? = 1. The CYCLE GRAPH is 
shown above, and the MULTIPLICATION TABLE is given 
below. 


The Consucacy CLASsEs are {1}, {A}, {B}, {C}, 
{D}, and {F}. 
see also FINITE GROUP—D3 


Finite Group—Z7 


Finite Group—Z;7 


The unique GROUP of ORDER 7. It is ABELIAN and 
CyYcLic. Examples include the POINT GROUP C7 and 
the integers modulo 7 under addition. The elements A; 
of the group satisfy A,” = 1, where 1 is the IDENTITY 
ELEMENT. The CYCLE GRAPH is shown above. 


Zr A B C D E F 
E F 
F ol 
1 A 
A B 
BC 
C D 
D &£E 
The CONJUGACY CLASSES are {1}, {A}, {B}, {C}, 


{D}, {E}, and {F}. 


Finite Group— Zz, 


One of the three Abelian groups of the five groups total 
of ORDER 8. An example is the residue classes modulo 
17 which QUADRATIC RESIDUES, i.e., {1, 2, 4, 8, 9, 13, 
15, 16} under multiplication modulo 17. The elements 
A; satisfy A;® = 1, four of them satisfy A:* = 1, and two 
satisfy A;? = 1. The CYCLE GRAPH is shown above. 


see also FINITE GROUP—D,, FINITE GROUP—Qsz, FI- 
NITE GROUP—Z2 ® Za, FINITE GROUP—Z2 ® Z2 ® Za 


Finite Mathematics 
The branch of mathematics which does not involve infi- 
nite sets, limits, or continuity. 


see also COMBINATORICS, DISCRETE MATHEMATICS 
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Finite Simple Group 
see SIMPLE GROUP 


Finite Simple Group Classification Theorem 
see CLASSIFICATION THEOREM 


Finite-to-One Factor 

A Map w: M — M, where M is a MANIFOLD, is a 
finite-to-one factor of a Map ©: X + X if there exists 
a continuous ONTO Map 7: X -+ M such that por = 
noW and x '(z) C X is finite for each « € M. 


Finsler Geometry 
The geometry of FINSLER SPACE. 


Finsler Manifold 
see FINSLER SPACE 


Finsler Metric 

A continuous real function L(x, y) defined on the TAN- 
GENT BUNDLE T(M) of ann-D DIFFERENTIABLE MAN- 
IFOLD M is said to be a Finsler metric if 


1. L(x, y) is DIFFERENTIABLE at x fy, 

2. L(x, Ay) = |A|L(z,y) for any element (z,y) € T(M) 
and any REAL NUMBER 4, 

3. Denoting the METRIC 


1 6?[L(z, y)]? 
gi3(@,y) = erie 


then gi; is a POSITIVE DEFINITE MATRIX. 


A DIFFERENTIABLE MANIFOLD M with a Finsler metric 
is called a FINSLER SPACE. 


see also DIFFERENTIABLE MANIFOLD, FINSLER SPACE, 
TANGENT BUNDLE 
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MA: MIT Press, p. 540-542, 1980. 


Finsler Space 
A general space based on the LINE ELEMENT 


ds = F(z’,...,0";da’,...,dx”), 


with F(z,y) > 0 for y # 0 a function on the TAN- 
GENT BUNDLE T(M), and homogeneous of degree 1 in 
y. Formally, a Finsler space is a DIFFERENTIABLE MAN- 
IFOLD possessing a FINSLER METRIC. Finsler geometry 
is RIEMANNIAN GEOMETRY without the restriction that 
the LINE ELEMENT be quadratic of the form 


F? = g;;(x) dx’ dz’. 


A compact boundaryless Finsler space is locally 
Minkowskian IFF it has 0 “flag curvature.” 


648 Finsler-Hadwiger Theorem 


see also FINSLER METRIC, HODGE’S THEOREM, RIE- 
MANNIAN GEOMETRY, TANGENT BUNDLE 
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Finsler-Hadwiger Theorem 


Let the Squares ABCD and OAB'C' D’ share a com- 
mon VERTEX A. The midpoints Q and S of the segments 
B'D and BD’ together with the centers of the original 
squares R and T then form another square IQRST. 
This theorem is a special case of the FUNDAMENTAL 
THEOREM OF DIRECTLY SIMILAR FIGURES (Detemple 
and Harold 1996). 


see also FUNDAMENTAL THEOREM OF DIRECTLY SIMI- 
LAR FIGURES, SQUARE 
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First-Countable Space 
A TOPOLOGICAL SPACE in which every point has a 
countable BASE for its neighborhood system. 


First Curvature 
see CURVATURE 


First Derivative Test 
FW<0, Fa)=0 


Fx) >0 
f@>o (\ve <0 


fa <@ fQ@)>0 
LOO=0.MN px) <0, 
maximum 


LMse £72) <0 fay=o 


Stationary point minimum 


Fischer Groups 


Suppose f(z) is CONTINUOUS at a STATIONARY POINT 

Zo- 

1. If f’(z) > 0 on an OPEN INTERVAL extending left 
from xp and f’(z) < 0 on an OPEN INTERVAL ex- 
tending right from zo, then f has a RELATIVE MAx- 
IMUM (possibly a GLOBAL MAXIMUM) at ao. 

2. If f’(z) < 0 on an OPEN INTERVAL extending left 
from zo and f’(z) > 0 on an OPEN INTERVAL ex- 
tending right from zo, then f has a RELATIVE MIN- 
IMUM (possibly a GLOBAL MINIMUM) at Zo. 


3. If f'(2) has the same sign on an OPEN INTERVAL 
extending left from ro and on an OPEN INTERVAL 
extending right from zo, then f does not have a REL- 
ATIVE EXTREMUM at Zo. 


see also EXTREMUM, GLOBAL MAXIMUM, GLOBAL 
MINIMUM, INFLECTION POINT, MAXIMUM, MINIMUM, 
RELATIVE EXTREMUM, RELATIVE MAXIMUM, RELA- 
TIVE MINIMUM, SECOND DERIVATIVE TEST, STATION- 
ARY POINT 
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First Digit Law 
see BENFORD’S LAW 


First Digit Phenomenon 
see BENFORD’S LAW 


First Multiplier Theorem 

Let D be a planar Abelian DIFFERENCE SET and ¢ be 

any DivisoR of n. Then ¢ is a numerical multiplier of 

D, where a multiplier is defined as an automorphism a 

of G which takes D to a translation g + D of itself for 

some g € G. If a is of the form a: > tr fort € Z 

relatively prime to the order of G, then a is called a 

numerical multiplier. 

References 

Gordon, D. M. “The Prime Power Conjecture is True 
for n < 2,000,000.” Electronic J. Combinatorics 1, 
R6, 1-7, 1994. http://www. combinatorics .org/Volume.t/ 
volumei .html#R6. 


Fischer’s Baby Monster Group 
see BABY MONSTER GROUP 


Fischer Groups 

The SPORADIC GROUPS Fiz2, Fie3, and Fij4. These 
groups were discovered during the investigation of 3- 
TRANSPOSITION GROUPS. 


see also SPORADIC GROUP 
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Fish Bladder 


Fish Bladder 
see LENS 


Fisher-Behrens Problem 

The determination of a test for the equality of MEANS 
for two NORMAL DISTRIBUTIONS with different VARI- 
ANCES given samples from each. There exists an ex- 
act test which, however, does not give a unique answer 
because it does not use all the data. There also exist 
approximate tests which do not use all the data. 


see also NORMAL DISTRIBUTION 
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Fisher’s Block Design Inequality 
A balanced incomplete BLOCK DESIGN (v, k, A, r, b) 
exists only or b > v (or, equivalently, r > k). 


see also BRUCK-RYSER-CHOWLA THEOREM 
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Fisher’s Estimator Inequality 
Given T an UNBIASED ESTIMATOR of 6 so that (T’) = 0. 


Then 
1 


NS", (PGP) fae 


where var is the VARIANCE. 


var(T) > 


Fisher’s Exact Test 

A STATISTICAL TEST used to determine if there are non- 
random associations between two CATEGORICAL VARI- 
ABLES. Let there exist two such variables X and Y, 
with m and n observed states, respectively. Now form 
an n X m MATRIX in which the entries a;; represent the 
number of observations in which z = 7 and y = j. Cal- 
culate the row and column sums R; and C;, respectively, 
and the total sum 


N=) R=); 
z j 


of the MATRIX. Then calculate the conditional LIKELI- 
HOOD (P-VALUE) of getting the actual matrix given the 
particular row and column sums, given by 


(RilRe!--- Bm!)(Cy!Ca! «++ Cr!) 
N! IL; ai;! 


Prorit —= 
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(which is a HYPERGEOMETRIC DISTRIBUTION). Now 
find all possible MATRICES of NONNEGATIVE INTEGERS 
consistent with the row and column sums R; and C;. 
For each one, calculate the associated P-VALUE using 
(0) (where the sum of these probabilities must be 1). 
Then the P-VALUE of the test is given by the sum of all 
P-VALUES which are < Perit. 


The test is most commonly applied to a 2x 2 MATRICES, 
and is computationally unwieldy for large m or n. 


As an example application of the test, let X be a journal, 
say either Mathematics Magazine or Science, and let Y 
be the number of articles on the topics of mathematics 
and biology appearing in a given issue of one of these 
journals. If Mathematics Magazine has five articles on 
math and one on biology, and Science has none on math 
and four on biology, then the relevant matrix would be 


Math. Mag. Science 
math 5 0 Ry, =5 
biology 1 4 R2=5 
C, =6 C2=4 N=10. 


Computing P.rit gives 


517614! 


Perit = Toi(pIO!LIa}) 


= 0.0238, 


and the other possible matrices and their Ps are 


E | P = 0.2381 


2 3 

E | P = 0.4762 
Zi] p= ose 
E P = 0.0238, 


which indeed sum to 1, as required. The sum of P-values 
less than or equal to Porit = 0.0238 is then 0.0476 which, 
because it is less than 0.05, is SIGNIFICANT. Therefore, 
in this case, there would be a statistically significant 
association between the journal and type of article ap- 
pearing. 


Fisher Index 
The statistical INDEX 


Pz = VP.iPp, 


where Pr is LASPEYRES’ INDEX and Pp is PAASCHE’S 
INDEX. 


see also INDEX 


References 


Kenney, J. F. and Keeping, E. S. Mathematics of Statistics, 
Pt. 1, 3rd ed. Princeton, NJ: Van Nostrand, p. 66, 1962. 
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Fisher Kurtosis 


where pi; is the th MOMENT about the MEAN and o = 
/f2 is the STANDARD DEVIATION. 

see also FISHER SKEWNESS, KURTOSIS, PEARSON KUR- 
TOSIS 


Fisher Sign Test 

A robust nonparametric test which is an alternative to 
the PAIRED t-TEST. This test makes the basic assump- 
tion that there is information only in the signs of the dif- 
ferences between paired observations, not in their sizes. 
Take the paired observations, calculate the differences, 
and count the number of +s n+ and —s n_, where 


NE=nyitn_ 


is the sample size. Calculate the BINOMIAL COEFFI- 


CIENT 
B= oa 
r+ 


Then B/2™ gives the probability of getting exactly this 
many +s and —s if POSITIVE and NEGATIVE values are 
equally likely. Finally, to obtain the P-VALUE for the 
test, sum all the COEFFICIENTS that are < B and divide 
by 2. 

see also HYPOTHESIS TESTING 


Fisher Skewness 
Ws ps 
[23/2 o3 
where 44; is the i MOMENT about the MEAN, and g = 
/p2 is the STANDARD DEVIATION. 


see also FISHER KURTOSIS, MOMENT, SKEWNESS, 
STANDARD DEVIATION 


Y= 


Fisher’s Theorem 

Let A be a sum of squares of n independent: normal 
standardized variates z;, and suppose A = B+C where 
B is a quadratic form in the x;, distributed as CHI- 
SQUARED with h DEGREES OF FREEDOM. Then C is 
distributed as y? with n — h DEGREES OF FREEDOM 
and is independent of B. The converse of this. theorem 
is known aS COCHRAN’S THEOREM. 


see also CHI-SQUARED DISTRIBUTION, COCHRAN’S 
THEOREM 


Fisher-Tippett Distribution 


Fisher-Tippett Distribution 


POO) 
Dix) 


Also called the EXTREME VALUE DISTRIBUTION and 
LOG-WEIBULL DISTRIBUTION. It is the limiting distri- 
bution for the smallest or largest values in a large sample 
drawn from a variety of distributions. 


ela—z)/b—el 4-2/0 
ae @) 


—e(a—=)/b 


P(x) = 
D(z) =e 


These can be computed directly be defining 


:=exp (“*) (3) 
x=a-blInz (4) 
dz = -; exp (=) dz. (5) 


Then the MOMENTS are 


une f xz” P(x) dx 


fo =] 
1 oe a b 
= al x” exp ( = =) exp[—e'*~*)/ ] da 
—oo 
0 
= -{ (a — bInz)"e * dz 
co 


a / (a — bInz)"e* dz 
0 


= (j)(cotersot f (In z)*e~* dz 
at (j,)arsetre), (6) 


where I(k) are EULER-MASCHERONI INTEGRALS. Plug- 
ging in the EULER-MASCHERONI INTEGRALS I(k) gives 


fo=1 (7) 
fi = a+ by (8) 
ba =a" + 2aby + 8"(y? + 37”) (9) 
p3 = a® + 3a7by + 3ab7 (7? + in’) 

+O [y? + dyn? + 2¢(3)] (10) 


pig = a4 + 4a°by + 6078? (7? + in?) 
+ 4ab*[y? + dyn? + 2¢(3)] 
+ O8fy4 + 770? + Sr* + 8y¢(3)], (11) 


Fisher’s z-Distribution 


where +y is the EULER- MASCHERONI CONSTANT and ¢(3) 
is APERY’S CONSTANT. The MEAN, VARIANCE, SKEW- 
NESS, and KuURTOSIS are therefore 


pear (12) 
oO? = fie — ja’ = Anh? (13) 


_ 6V6 3 2 2/;.2, 1,2 
= 73,3 14 + 3a°by + 3ab"(y* + gn") 


+ b*[y° + dyn? + 2¢(3)]} (14) 


36 
b4n4 

+ 4ab*[y° + dyn? + 2¢(3)] 

+ Bi[y4 + 7a? + Sat + 8y¢(3)]}. (15) 


{a* + 4a*by + a7b?(6y7 + 77) 


The CHARACTERISTIC FUNCTION is 
g(t) =T(1 — iBt)e, (16) 


where ['(z) is the GAMMA FUNCTION. The special case 
of the Fisher-Tippett distribution with a = 0, b = 1 is 
called GUMBEL’S DISTRIBUTION. 

see also EULER-MASCHERONI INTEGRALS, GUMBEL’S 
DISTRIBUTION 


Fisher’s z-Distribution 


Qn 7 /2ngr2/? en? 


B (3, 22) (nie?# + nz)(m1+n1)/2 


g(z) = (1) 


(Kenney and Keeping 1951). This general distribution 
includes the CHI-SQUARED DISTRIBUTION and STU- 
DENT’s t-DISTRIBUTION as special cases. Let u? and v? 
be INDEPENDENT UNBIASED ESTIMATORS of the VARI- 
ANCE of a NORMALLY DISTRIBUTED variate. Define 


z=in(2) =4in(4), (2) 


Then let 
we Ns? 
FS ve = nee (3) 
n2 


so that n1F'/nz is a ratio of CHI-SQUARED variates 


mF _ x?{n1) 
no — x2 (n2)’ (4) 


which makes it a ratio of GAMMA DISTRIBUTION vari- 
ates, which is itself a BETA PRIME DISTRIBUTION vari- 
ate, 


WY) _ (4,9), (5) 
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giving 
rs ee (1 ee ree ec ma 
f(F)=-= (3,2) m2 (6) 
272 
The MEAN is i 
oe vena y (7) 


and the MODE is 


n2 ™m —2 (8) 
Nnea+2 ny 

see also BETA DISTRIBUTION, BETA PRIME DISTRI- 
BUTION, CHI-SQUARED DISTRIBUTION, GAMMA DISs- 
TRIBUTION, NORMAL DISTRIBUTION, STUDENT’S t- 
DISTRIBUTION 
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Fisher’s z'-Transformation 
Let r be the CORRELATION COEFFICIENT. Then defin- 
ing 


z' =tanh 'r (1) 
¢ =tanh™'p, (2) 
gives 
oy =(N-3) 17 (3) 
" 1 4— pe" 

var(z) = a + On? + (4) 

2_ 9 

Pin a5 
"1 = | al (5) 

_ 32—3p% 
2 16N ° (6) 


where n= WN -1. 
see also CORRELATION COEFFICIENT 


Fitting Subgroup 

The unique smallest NORMAL NILPOTENT SUBGROUP 
of H, denoted F(H). The generalized fitting subgroup 
is defined by F*(H) = F(H)E(H), where E(H) is the 
commuting product of all components of H, and F is 
the fitting subgroup of H. 


Five Cubes 


see CUBE 5-COMPOUND 
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Five Disks Problem 


Given five equal DIskKS placed symmetrically about a 
given center, what is the smallest RAbIus r for which the 
Rapius of the circular AREA covered by the five disks 
is 1? The answer is r = ¢~ 1 = 1/¢ = 0.6180340..., 
where ¢ is the GOLDEN RATIO, and the centers c; of the 


disks i= 1, ..., 5 are located at 
1 2xi 
nee Es a 
1 Qni 
3 sin (25°) 


The GOLDEN RATIO enters here through its connection 
with the regular PENTAGON. If the requirement that the 
disks be symmetrically placed is dropped (the general 
DISK COVERING PROBLEM), then the Rapius for n = 
5 disks can be reduced slightly to 0.609383... (Neville 
1915). 


see also ARC, DISK COVERING PROBLEM, FLOWER OF 
LIFE, SEED OF LIFE 
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Five Tetrahedra Compound 
see TETRAHEDRON 5-COMPOUND 


Fixed 

When referring to a planar object, “fixed” means that 
the object is regarded as fixed in the plane so that it 
may not be picked up and flipped. As a result, MIRROR 
IMAGES are not necessarily equivalent for fixed objects. 


see also FREE, MIRROR IMAGE 


Fixed Element 
see FIXED Point (MAP) 


Fixed Point (Map) 


Fixed Point 
A point which does not change upon application of a 
MAP, system of DIFFERENTIAL EQUATIONS, etc. 


see also FIXED POINT (DIFFERENTIAL EQUATIONS), 
FIXED Point (MAP), FIXED POINT THEOREM 


References 
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Fixed Point (Differential Equations) 
Points of an AUTONOMOUS system of ordinary differen- 
tial equations at which 


ae. = fi(x1,...,2n) =0 
den = f,,(x1,..-,%n) = 0. 


If a variable is slightly displaced from a FIXED POINT, it 
may (1) move back to the fixed point (“asymptotically 
stable” or “superstable”), (2) move away (“unstable”), 
or (3) move in a neighborhood of the fixed point but 
not approach it (“stable” but not “asymptotically sta- 
ble”). Fixed points are also called CRITICAL POINTS 
or EQUILIBRIUM Ponts. If a variable starts at a point 
that is not a CRITICAL POINT, it cannot reach a critical 
point in a finite amount of time. Also, a trajectory pass- 
ing through at least one point that is not a CRITICAL 
POINT cannot cross itself unless it is a CLOSED CURVE, 
in which case it corresponds to a periodic solution. 


A fixed point can be classified into one of several classes 
using LINEAR STABILITY analysis and the resulting STA- 
BILITY MATRIX. 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL EQua- 
TIONS), HYPERBOLIC FIXED POINT (DIFFERENTIAL 
EQUATIONS), STABLE IMPROPER NODE, STABLE NODE, 
STABLE SPIRAL POINT, STABLE STAR, UNSTABLE IM- 
PROPER NODE, UNSTABLE NODE, UNSTABLE SPIRAL 
POINT, UNSTABLE STAR 


Fixed Point (Map) 

A point z* which is mapped to itself under a MAP G, so 
that 2* = G(2*). Such points are sometimes also called 
INVARIANT POINTS, or FIXED ELEMENTS (Woods 1961). 
Stable fixed points are called elliptical. Unstable fixed 
points, corresponding to an intersection of a stable and 
unstable invariant MANIFOLD, are called HYPERBOLIC 
(or SADDLE). Points may also be called asymptotically 
stable (a.k.a. superstable). 


see also CRITICAL POINT, INVOLUNTARY 
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Fixed Point Theorem 


Fixed Point Theorem 

If g is a continuous function g(x) € [a,b] For ALL x € 
[a, b], then g has a FIXED POINT in [a,}]. This can be 
proven by noting that 


ga) 2a = gfb) Sb 


g(a) -a>0 g{b) -b <0. 


Since g is continuous, the INTERMEDIATE VALUE THE- 
OREM guarantees that there exists a c € [a, b] such that 


so there must exist a c such that 


g(c) =¢, 


so there must exist a FIXED Point € [a, 8]. 


see also BANACH FIXED POINT THEOREM, BROUWER 
FIXED POINT THEOREM, KAKUTANI’S FIXED POINT 
THEOREM, LEFSHETZ FIXED POINT FORMULA, LEF- 
SHETZ TRACE FORMULA, POINCARE-BIRKHOFF FIXED 
PoInT THEOREM, SCHAUDER FIXED POINT THEOREM 


Fixed Point (Transformation) 
see FIXED POINT (MAP) 


Flag 
A collection of FacEs of an n-D POLYTOPE or simplicial 
COMPLEX, one of each DIMENSION 0, 1, ..., n—1, which 


all have a common nonempty INTERSECTION. In normal 
3-D, the flag consists of a half-plane, its bounding Ray, 
and the RAy’s endpoint. 


Flag Manifold 

For any SEQUENCE of INTEGERS 0 < mi < ... < Mk, 
there is a flag manifold of type (mi, ..., mx) which is 
the collection of ordered pairs of vector SUBSPACES of 
R”* (Vi, ..., Ve) with dim(V;) = ni and V; a SUBSPACE 
of Vi41. There are also COMPLEX flag manifolds with 
COMPLEX subspaces of C”* instead of REAL SUBSPACES 
of a REAL nx-space. These flag manifolds admit the 
structure of MANIFOLDS in a natural way and are used 
in the theory of LIE GROUPS. 


see also GRASSMANN MANIFOLD 
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Flat 
A set in R? formed by translating an affine subspace or 
by the intersection of a set of HYPERPLANES. 
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Flat Norm 
The flat norm on a CURRENT is defined by 


F(S) = f {Area T +vol R: $—T = OR}, 


where OR is the boundary of R. 
see also COMPACTNESS THEOREM, CURRENT 
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Flat Space Theorem 

If it is possible to transform a coordinate system to a 
form where the metric elements g,, are constants inde- 
pendent of x“, then the space is flat. 


Flat Surface 

A REGULAR SURFACE and special class of MINIMAL 
SURFACE for the GAUSSIAN CURVATURE vanishes ev- 
erywhere. A TANGENT DEVELOPABLE, GENERALIZED 
CONE, and GENERALIZED CYLINDER are all flat sur- 
faces. 


see also MINIMAL SURFACE 
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Flattening 
The flattening of a SPHEROID (also called OBLATENESS) 
is denoted e or f. It is defined as 


_ J S£=1-—£ oblate 
sat a: a 
= <—1 prolate, 


where c is the polar RADIUS and a is the equatorial 
RADIUS. 


see also ECCENTRICITY, ELLIPSOID, OBLATE SPHER- 
OID, PROLATE SPHEROID, SPHEROID 


Flemish Knot 
see FIGURE-OF-EIGHT KNOT 
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The intersection of the GERGONNE LINE and the SODDY 
LINE. It has TRILINEAR COORDINATES given by 


1/fl 1 1 
ain1-3 (54245) Ge, 


where I is the INCENTER, Ge the GERGONNE POINT, 
and d, e, and f are the lengths of the sides of the CoN- 
TACT TRIANGLE ADEF. 


see also CONTACT TRIANGLE, GERGONNE LINE, GER- 
GONNE POINT, SODDY LINE 
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Flexible Polyhedron 


b —— mountain fold 
---valley fold 


The RIGIDITY THEOREM states that if the faces of a 
convet POLYHEDRON are made of metal plates and the 
EDGES are replaced by hinges, the POLYHEDRON would 
be RiGIp. The theorem was stated by Cauchy (1813), 
although a mistake in this paper went unnoticed for 
more than 50 years. Concave polyhedra need not be 
RIGID, and such nonrigid polyhedra are called flexible 
polyhedra. Connelly (1978) found the first example of a 
reflexible polyhedron, consisting of 18 triangular faces. 
A flexible polyhedron with only 14 triangular faces and 
9 vertices (shown above), believed to be the simplest 
possible composed of only triangles, was subsequently 
found by Steffen (Mackenzie 1998). There also exists 
a six-vertex eight-face flexible polyhedron (Wunderlich 
and Schwabe 1986, Cromwell 1997). 


Connelly et al. (1997) proved that a flexible polyhedron 
must keep its VOLUME constant (Mackenzie 1998). 


see also POLYHEDRON, QUADRICORN, RIGID, RIGIDITY 
THEOREM 
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Flip Bifurcation 


Flexagon 

An object created by FOLDING a piece of paper along 
certain lines to form loops. The number of states pos- 
sible in an n-FLEXAGON is a CATALAN NUMBER. By 
manipulating the folds, it is possible to hide and reveal 
different faces. 


see also FLEXATUBE, FOLDING, HEXAFLEXAGON, TET- 
RAFLEXAGON 
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Flexatube 


ow 
) 


A FLEXAGON-like structure created by connecting the 
ends of a strip of four squares after folding along 45° 
diagonals. Using a number of folding movements, it is 
possible to flip the flexatube inside out so that the faces 
originally facing inward face outward. Gardner (1961) 
illustrated one possible solution, and Steinhaus (1983) 
gives a second. 


see also FLEXAGON, HEXAFLEXAGON, TETRAFLEXA- 
GON 
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Flip Bifurcation 
Let f : R x R > R be a one-parameter family of C? 
maps satisfying 


f(0,0) =0 
Bh avet 


Ox p=0,2=0 


Floor Function 


of 
Fe] xo 
pe=0,2==0 
oe 
ae 
w=0,2=0 


Then there are intervals (41,0), (0, #2), and e > 0 such 
that 
1. If u € (0,2), then f,,(a) has one unstable fixed point 
and one stable orbit of period two for x € (—e, €), and 
2. If wu € (y1,0), then f,(x) has a single stable fixed 
point for « € (—e,€). 
This type of BIFURCATION is known as a flip bifurcation. 
An example of an equation displaying a flip bifurcation 
is 
f(z) =p—-2-2?. 


see also BIFURCATION 
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Floor Function 


[x] Ceiling 

[x] Nint (Round) 
——— —- |x| Floor 

een Oa 2 


The function |x| is the largest INTEGER < z, shown as 
the dashed curve in the above plot, and also called the 
GREATEST INTEGER FUNCTION. In many computer lan- 
guages, the floor function is called the INTEGER PART 
function and is denoted int(x). The name and sym- 
bol for the floor function were coined by K. E. Iverson 
(Graham et al. 1990). 


Unfortunately, in many older and current works (e.g., 
Shanks 1993, Ribenboim 1996), the symbol [2] is used 
instead of [a]. Because of the elegant symmetry of the 
floor function and CEILING FUNCTION symbols |x| and 
[x], and because [z] is such a useful symbol when inter- 
preted as an IVERSON BRACKET, the use of [z] to denote 
the floor function should be deprecated. In this work, 
the symbol [z] is used to denote the nearest integer NINT 
function since it naturally falls between the |x| and [z] 
symbols. 


see also CEILING FUNCTION, FRACTIONAL PART, INT, 
IVERSON BRACKET, NINT 
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Floquet Analysis 
Given a system of periodic ORDINARY DIFFERENTIAL 
EQUATIONS of the form 


xz 0 0 -1 0 x 
ad yp. 0 0 0 -1 y (1) 
dt |ve| Pre Pyy 0 0 Ve |’ 

Vy Pry Py, 0 0 Vy 


the solution can be written as a linear combination of 
functions of the form 


z(t) xo 
“|-[B]eae — @ 
vy(t) Yy0 


where P,,(t) is a function periodic with the same period 
T as the equations themselves. Given an ORDINARY 
DIFFERENTIAL EQUATION of the form 


#+g(t)z =0, (3) 


where g(t) is periodic with period T, the ODE has a 
pair of independent solutions given by the REAL and 
IMAGINARY Parts of 


a(t) = w(t)? (4) 
& = (w+ iwy)e™ (5) 
E= [Ww + iw + (wd + wd + iwy’)Je™ 

= [(w — wh”) + i(2dy + wy)e”. (6) 


Plugging these into (3) gives 
i + 2iip + w(g + id - YW’) =0, (7) 
so the REAL and IMAGINARY PARTS are 
wo+w(g—y?) =0 (8) 


Qiry) + wy = 0. (9) 


656 Floquet’s Theorem 
Integrating gives A 
v=o (11) 


where C' is a constant which must equal 1, so y is given 
by 


dt 
y= —— (12) 
to w? 
The REAL solution is then 
a(t) = w(t) cos[?(t)], (13) 
so 
z= wceosy — wy sin = wp sin w 
w 
=w- —w . siny = w— u sin w (14) 
w w wow 
and 


2 
1=cos’ p+ sin? p = 2?w ? + [w (w= — #)| 
=a? w? + (wa — we)? = I (2,2, t), (15) 


which is an integral of motion. Therefore, although 
w(t) is not explicitly known, an integral I always ex- 
ists. Plugging (10) into (8) gives 


1 
+ g(tw - — =0, (16) 


which, however, is not any easier to solve than (3). 
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Floquet’s Theorem 
see FLOQUET ANALYSIS 


Flow 

An ACTION with G = R. Flows are generated by VEC- 
TOR FIELDS and vice versa. 

see also ACTION, AMBROSE-KAKUTANI THEOREM, 
ANOoSOV FLow, AXIOM A FLOW, CASCADE, GEODESIC 
FLow, SEMIFLOW 


Flow Line 
A flow line for a map on a VECTOR FIELD F is a path 
a(t) such that o’(£) = F(e(t)). 


Flype 


Flower 
see DAISY, FLOWER OF LIFE, ROSE 


Flower of Life 


A N 
ZNININININ 
NANINANANY, 
NANANANINY, 
VAAL 


One of the beautiful arrangements of CIRCLES found at 
the Temple of Osiris at Abydos, Egypt (Rawles 1997). 
The CIRCLES are placed with six-fold symmetry, forming 


a mesmerizing pattern of CIRCLES and LENSES. 


see also FIVE DISKS PROBLEM, REULEAUX TRIANGLE, 
SEED OF LIFE, VENN DIAGRAM 
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Flowsnake 
see PEANO-GOSPER CURVE 


Flowsnake Fractal 
see GOSPER ISLAND 


Floyd’s Algorithm 
An algorithm for finding the shortest path between two 
VERTICES. 


see also DIJKSTRA’S ALGORITHM 


Fluent 
Newton’s term for a variable in his method of FLUXIONS 
(differential calculus). 


Fluxion 
The term for DERIVATIVE in Newton’s CALCULUS. 


Flype 
A 180° rotation of a TANGLE. 


see also FLYPING CONJECTURE, TANGLE 


Flyping Conjecture 


Flyping Conjecture 

Also called the TAIT FLYPING CONJECTURE. Given two 
reduced alternating projections of the same knot, they 
are equivalent on the SPHERE IFF they are related by a 
series of FLYPES. It was proved by Menasco and This- 
tlethwaite (1991). It allows all possible REDUCED alter- 
nating projections of a given ALTERNATING KNOT to be 
drawn. 


References 

Adams, C. C. The Knot Book: An Elementary Introduction 
to the Mathematical Theory of Knots. New York: W. H. 
Freeman, pp. 164-165, 1994. 

Menasco, W. and Thistlethwaite, M. “The Tait Flyping Con- 
jecture.” Bull. Amer. Math. Soc. 25, 403-412, 1991. 

Stewart, I. The Problems of Mathematics, 2nd ed. Oxford, 
England: Oxford University Press, pp. 284~285, 1987. 


Focus 
A point related to the construction and properties of 
CONIC SECTIONS. 


see also ELLIPSE, ELLIPSOID, HYPERBOLA, HYPER- 
BOLOID, PARABOLA, PARABOLOID, REFLECTION PROP- 
ERTY 
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Fold Bifurcation 
Let f : Rx R - R be a one-parameter family of C? 
Map satisfying 


(0,0) =0 

ae 
Td y=0,0=0 
a? p=0,2=0 


qo 
Ou p=0,2=0 


then there exist intervals (1,0), (0, w2) and € > 0 such 

that 

1. If w € (41,0), then f,(x) has two fixed points in 
(—e,€) with the positive one being unstable and the 
negative one stable, and 

2. If w © (0,2), then f,(z) has no fixed points in 
(-e, €). 

This type of BIFURCATION is known as a fold bifurca- 

tion, sometimes also called a SADDLE-NODE BIFURCA- 


TION or TANGENT BIFURCATION. An example of an 
equation displaying a fold bifurcation is 


‘ 2 
L=p-—e 


(Guckenheimer and Holmes 1997, p. 145). 
see also BIFURCATION 
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Fold Catastrophe 
A CATASTROPHE which can occur for one contro] factor 
and one behavior axis. 


Folding 

The points accessible from c by a single fold which leaves 
Q1,..-, Qn fixed are exactly those points interior to or on 
the boundary of the intersection of the CIRCLES through 
c with centers at a:, fori =1,..., n. Given any three 
points in the plane a, b, and c, there is an EQUILATERAL 
TRIANGLE with VERTICES z, y, and z for which a, 6, and 
c are the images of zx, y, and z under a single fold. Given 
any four points in the plane a, b, c, and d, there is some 
SQUARE with VERTICES «, y, z, and w for which a, }, c, 
and d are the images of z, y, z, and w under a sequence 
of at most three folds. Also, any four collinear points 
are the images of the VERTICES of a suitable SQUARE 
under at most two folds. Every five (six) points are the 
images of the VERTICES of suitable regular PENTAGON 
(HEXAGON) under at most five (six) folds. The least 
number of folds required for n > 4 is not known, but 
some bounds are. In particular, every set of n points is 
the image of a suitable REGULAR n-gon under at most 
F(n) folds, where 


1(3n—2) for n even 
F(n) < { 13n — 3) for n odd. 


The first few values are 0, 2, 3, 5, 6, 8, 9, 11, 12, 14, 15, 
17, 18, 20, 21, ... (Sloane’s A007494). 


see also FLEXAGON, MAP FOLDING, ORIGAMI 
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Foliation 

Let M” be an n-MANIFOLD and let F = {Fa} denote 
a PARTITION of M into DISJOINT path-connected SUB- 
sETS. Then F is called a foliation of M of codimension 
c (with 0 < c < n) if there Exists a COVER of M by 
OPEN SETS U, each equipped with a HOMEOMORPHISM 
h:U > R” orh: U + R{ which throws each nonempty 
component of Fz 1 U onto a parallel translation of the 
standard HYPERPLANE R” ° in R”. Each F, is then 
called a LEAF and is not necessarily closed or compact. 


see also LEAF (FOLIATION), REEB FOLIATION 
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Folium 


The word “folium” means leaf-shaped. The polar equa- 
tion is 

r = cos 0(4asin? 6 — b). 
If b > 4a, it is a single folium. If b = 0, it is a BIFOLIUM. 
If 0 < b < 4a, it is a TRIFOLIUM. The simple folium is 
the PEDAL CURVE of the DELTOID where the PEDAL 
POINT is one of the CUSPS. 


see also BIFOLIUM, FOLIUM OF DESCARTES, KEPLER’S 
FOLIUM, QUADRIFOLIUM, ROSE, TRIFOLIUM 
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Folium of Descartes 


A plane curve proposed by Descartes to challenge Fer- 
mat’s extremum-finding techniques. In parametric form, 


3at 
=~; 1 
e148 (1) 
3at? 
= : 2 
Y1+8 (2) 
The curve has a discontinuity at t = —1. The left wing 


is generated as ¢ runs from —1 to 0, the loop as ¢ runs 
from 0 to oo, and the right wing as t runs from —oo to 


eo 


The CURVATURE and TANGENTIAL ANGLE of the folium 
of Descartes, illustrated above, are 
x(t) = 2(1+¢°)* 

~~ 3(1 + 482 — 4¢3 — 4¢5 + 448 + £8)3/2 


_ 943 
g(t) = ; [rt tan € =) — tan 


Fontené Theorems 


Converting the parametric equations to POLAR CoorR- 
DINATES gives 


no — Gat)P(1+t) 


(1+ #8)? (5) 
6 =tan~? (4%) =tan-! t, (6) 
x 
so 6 
The AREA enclosed by the curve is 
sui faa [ BatYG+t') at 
2 ay (14+ #3)? 1428 
= 3,4? ie _3t? dt (8) 
2 9 (+t) 


Now let u=1+4¢#° so du = 3t? dt 


In CARTESIAN COORDINATES, 


3 


ays (3at)?(1+#*)  (3at)? 


(+e) ~ Geese ~ Sar = (10) 
(MacTutor Archive). The equation of the ASYMPTOTE 
is 

y= -a-—z. (11) 
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Follows 
see SUCCEEDS 


Fontené Theorems 


1. If the sides of the PEDAL TRIANGLE of a point 
P meet the corresponding sides of a TRIANGLE 
AO,0203 at X1, X2, and X3, respectively, then 
P\X1, P2X2, P3X3 meet at a point L common to 
the CIRCLES 010203 and P,P2P3. In other words, 
L is one of the intersections of the NINE-POINT CIR- 
CLE of A; A2A3 and the PEDAL CIRCLE of P. 


2. If a point moves on a fixed line through the CIRCUM- 
CENTER, then its PEDAL CIRCLE passes through a 
fixed point on the NINE-POINT CIRCLE. 


Foot 


3. The PEDAL CIRCLE of a point is tangent to the 
NINE-POINT CIRCLE IFF the point and its Isoco- 
NAL CONJUGATE lie on a LINE through the ORTHO- 
CENTER. FEUERBACH’S THEOREM is a special case 
of this theorem. 


see also CIRCUMCENTER, FEUERBACH’S THEOREM, 
ISOGONAL CONJUGATE, NINE-POINT CIRCLE, ORTHO- 
CENTER, PEDAL CIRCLE 
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Foot 
see PERPENDICULAR FOOT 


For All 
If a proposition P is true for all B, this is written PVB. 


see also ALMOST ALL, EXISTS, QUANTIFIER 


Forcing 

A technique in SET THEORY invented by P. Cohen 
(1963, 1964, 1966) and used to prove that the AXIOM OF 
CHOICE and CONTINUUM HYPOTHESIS are independent 
of one another in ZERMELO-FRAENKEL SET THEORY. 


see also AXIOM OF CHOICE, CONTINUUM HYPOTHESIS, 
SET THEORY, ZERMELO-FRAENKEL SET THEORY 
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Ford Circle 


Pick any two INTEGERS A and k, then the CIRCLE of 
RaDIus 1/(2k?) centered at (h/k,1/(2k”)) is known as 
a Ford circle. No matter what and how many hs and ks 
are picked, none of the Ford circles intersect (and all are 
tangent to the z-AXIS). This can be seen by examining 
the squared distance between the centers of the circles 
with (h, k) and (h',k’), 


ae) ae 
#-(5 i) +(ya- ya) 


Let s be the sum of the radii 


1 1 
s=rit+t2= 955 + apa? (2) 


then (h'k — hk’? 
2 2 = —1 

d—-s = = ag (3) 
But (h'k — k'h)? > 1, so d? — s? > 0 and the dis- 
tance between circle centers is > the sum of the CiR- 
CLE RADHN, with equality (and therefore tangency) IFF 
|h'k — k'h| = 1. Ford circles are related to the FAREY 
SEQUENCE (Conway and Guy 1996). 


see also ADJACENT FRACTION, FAREY SEQUENCE, 
STERN-BROCOT TREE 
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Ford’s Theorem 
Let a, b, and k be INTEGERS with k > 1. For 7 = 0, 1, 


2, let 
PRN oie 
= oa 3 apt 
s= DY CY @ bi. 
7=0 
i=j (mod 3) 
Then 


2(a? +ab+b?)™* = (So — S1)* + (S1 — S2)* + (S2 — So)*. 


see also BHARGAVA’S DIOPHANTINE 


EQUATION—QUARTIC 


THEOREM, 
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Forest 

A GRAPH without any CIRCUITS (CYCLES), which 
therefore consists only of TREES. A forest with k com- 
ponents and n nodes has n — k EDGES. 


Fork 
see TREE 


Form 


see CANONICAL FORM, CUSP FORM, DIFFERENTIAL 
k-FoRM, FORM (GEOMETRIC), FORM (POLYNOMIAL), 
MODULAR FORM, NORMAL FORM, PFAFFIAN FORM, 
QUADRATIC FORM 
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Form (Geometric) 
A 1-D geometric object such as a PENCIL or RANGE. 


Form (Polynomial) 
A HOMOGENEOUS POLYNOMIAL in two or more vari- 


ables. 
see also DISCONNECTED FORM, k-FORM 


Formal Logic 
see SYMBOLIC LOGIC 


Formosa Theorem 
see CHINESE REMAINDER THEOREM 


Formula 

A mathematical equation or a formal logical expression. 
The correct Latin plural form of formula is “formu- 
lae,” although the less pretentious-sounding “formulas” 
is used more commonly. 


see also ARCHIMEDES’ RECURRENCE FORMULA, BAYES’ 
FORMULA, BENSON’S FORMULA, BESSEL’S FINITE DIF- 
FERENCE FORMULA, BESSEL’S INTERPOLATION FOR- 
MULA, BESSEL’S STATISTICAL FORMULA, BINET’S FOR- 
MULA, BINOMIAL FORMULA, BRAHMAGUPTA’S FOR- 
MULA, BRENT-SALAMIN FORMULA, BRETSCHNEIDER’S 
FORMULA, BRIOSCHI FORMULA, CALDERON’S FOR- 
MULA, CARDANO’S FORMULA, CAUCHY’S FORMULA, 
CAUCHY’S COSINE INTEGRAL FORMULA, CAUCHY 
INTEGRAL FORMULA, CHASLES-CAYLEY-BRILL ForR- 
MULA, CHEBYSHEV APPROXIMATION FORMULA, CHRIS- 
TOFFEL-DARBOUX FORMULA, CHRISTOFFEL FOR- 
MULA, CLAUSEN FORMULA, CLENSHAW RECURRENCE 
FORMULA, DESCARTES-EULER POLYHEDRAL FOR- 
MULA, DESCARTES’ FORMULA, DIRICHLET’S FORMULA, 
DIXON-FERRAR FORMULA, DOBINSKI’S FORMULA, Du- 
PLICATION FORMULA, ENNEPER-WEIERSTRA8 PARAM- 
ETERIZATION, EULER CURVATURE FORMULA, EULER 
FORMULA, EULER-MACLAURIN INTEGRATION FORMU- 
LAS, EULER POLYHEDRAL FORMULA, EULER TRIANGLE 
FORMULA, EVERETT’S FORMULA, EXPONENTIAL SUM 
FORMULAS, FAULHABER’S FORMULA, FRENET FORMU- 
LAS, GAUSS’S BACKWARD FORMULA, GAUSS-BONNET 
FORMULA, GAUSS’S FORMULA, GAUSS’S FORWARD 
FORMULA, GAUSS MULTIPLICATION FORMULA, GAUSS- 
SALAMIN FORMULA, GIRARD’S SPHERICAL EXCESS 
FORMULA, GOODMAN’S FORMULA, GREGORY’S FOR- 
MULA, GRENZ-FORMEL, GRINBERG FORMULA, HAL- 
LEY’S IRRATIONAL FORMULA, HALLEY’S RATIONAL 
FORMULA, HANSEN-BESSEL FORMULA, HERON’S FoR- 
MULA, HOOK LENGTH FORMULA, JACOBI ELLIP- 
TIC FUNCTIONS, JENSEN’S FORMULA, JONAH For- 
MULA, KAcC FORMULA, KNESER-SOMMERFELD FOR- 
MULA, KUMMER’S FORMULAS, LAISANT’S RECUR- 
RENCE FORMULA, LANDEN’S FORMULA, LEFSHETZ 
FIXED POINT FORMULA, LEFSHETZ TRACE ForR- 
MULA, LEGENDRE DUPLICATION FORMULA, LEGEN- 
DRE’S FORMULA, LEHMER’S FORMULA, LICHNEROWICZ 


Fortunate Prime 


FORMULA, LICHNEROWICZ-WEITZENBOCK FORMULA, 
LOBACHEVSKY’S FORMULA, LOGARITHMIC BINOMIAL 
FORMULA, LUDWIG’S INVERSION FORMULA, MACHIN’S 
FORMULA, MACHIN-LIKE FORMULAS, MEHLER’S BEs- 
SEL FUNCTION FORMULA, MEHLER’S HERMITE POLy- 
NOMIAL FORMULA, MEISSEL’S FORMULA, MENSURA- 
TION FORMULA, MOBIUS INVERSION FORMULA, Mor- 
LEY’S FORMULA, NEWTON’S BACKWARD DIFFER- 
ENCE FORMULA, NEWTON-COTES FORMULAS, NEw- 
TON’S FORWARD DIFFERENCE FORMULA, NICHOL- 
SON’S FORMULA, PASCAL’S FORMULA, PICK’S For- 
MULA, POINCARE FORMULA, POISSON’S BESSEL FUNC- 
TION FORMULA, POISSON’S HARMONIC FUNCTION 
FORMULA, POISSON SUM FORMULA, POLYHEDRAL 
FORMULA, PROSTHAPHAERESIS FORMULAS, QUADRA- 
TIC FORMULA, QUADRATURE FORMULAS, RAYLEIGH’S 
FORMULAS, RIEMANN’S FORMULA, RODRIGUES FOrR- 
MULA, ROTATION FORMULA, SCHLAFLI’S FORMULA, 
SCHROTER’S FORMULA, SCHWENK’S FORMULA, SEG- 
NER’S RECURRENCE FORMULA, SERRET-FRENET FOR- 
MULAS, SHERMAN-MORRISON FORMULA, SOMMER- 
FELD’S FORMULA, SONINE-SCHAFHEITLIN FORMULA, 
STEFFENSON’S FORMULA, STIRLING’S FINITE DIF- 
FERENCE FORMULA, STIRLING’S FORMULA, STRASSEN 
FORMULAS, THIELE’S INTERPOLATION FORMULA, 
WALLIS FORMULA, WATSON’S FORMULA, WATSON- 
NICHOLSON FORMULA, WEBER’S FORMULA, WEBER- 
SONINE FORMULA, WEYRICH’S FORMULA, WOODBURY 
FORMULA 
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Fortunate Prime 
2000 | 


1500} 4 


4 
fe 1000 


500 


Let 
Xk =1 + De#, 


where pz, is the kth PRIME and p# is the PRIMORIAL, 
and let q, be the NEXT PRIME (i.e., the smallest PRIME 
greater than X;), 


Qk = Pita(X,) = Pl4r(itp, ¥)s 


Forward Difference 


where 7(n) is the PRIME COUNTING FUNCTION. Then 
R. F. Fortune conjectured that Fi, = gq, — Xz +1 is 
PRIME for all k. The first values of Fy are 3, 5, 7, 13, 
23, 17, 19, 23, ... (Sloane’s A005235), and all known 
values of Fj, are indeed PRIME (Guy 1994). The indices 
of these primes are 2, 3, 4, 6, 9, 7, 8, 9, 12, 18,.... In 
numerical order with duplicates removed, the Fortunate 
primes are 3, 5, 7, 13, 17, 19, 23, 37, 47, 59, 61, 67, 71, 
79, 89, ... (Sloane’s A046066). 

see also ANDRICA’S CONJECTURE, PRIMORIAL 
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Forward Difference 
The forward difference is a FINITE DIFFERENCE defined 


by 
Afp = fr+i — fo. (1) 


Higher order differences are obtained by repeated oper- 
ations of the forward difference operator, so 


Wipe By = Ay) = AG =F) 
= Ap+1 = Ap = fp+2 = 2fp+1 + fp: (2) 


In general, 


k 


Ak=A‘f,= So(-1)” (*) fpte—m; (3) 


m=0 


where (*) is a BINOMIAL COEFFICIENT. 


NEWTON’S FORWARD DIFFERENCE FORMULA expresses 
fp as the sum of the nth forward differences 


fp = fot pot Hp(p+1)45+ Hp(p+1)(pt+2)Ao+... 

(4) 
where AG is the first nth difference computed from the 
difference table. 


see also BACKWARD DIFFERENCE, CENTRAL DIFFER- 
ENCE, DIFFERENCE EQUATION, DIVIDED DIFFERENCE, 
RECIPROCAL DIFFERENCE 
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Fountain 

An (n,k) fountain is an arrangement of n coins in rows 
such that exactly k coins are in the bottom row and each 
coin in the (i + 1)st row touches exactly two in the ith 
row. 


References 
Berndt, B. C. Ramanujan’s Notebooks, Part III. New York: 
Springer-Verlag, p. 79, 1985. 


Four-Color Theorem 661 


Four Coins Preblem 
/ / 


B b' c 
+___——_1 —————_— 
Given three coins of possibly different sizes which are 
arranged so that each is tangent to the other two, find 
the coin which is tangent to the other three coins. The 
solution is the inner SODDY CIRCLE. 


b 


Cc 


see also APOLLONIUS CIRCLES, APOLLONIUS’ PROB- 
LEM, ARBELOS, BEND (CURVATURE), CIRCUMCIRCLE, 
COIN, DESCARTES CIRCLE THEOREM, HART’S THEO- 
REM, PAPPUS CHAIN, SODDY CIRCLES, SPHERE PACK- 
ING, STEINER CHAIN 
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Four-Color Theorem 

The four-color theorem states that any map in a PLANE 
can be colored using four-colors in such a way that re- 
gions sharing a common boundary (other than a sin- 
gle point) do not share the same color. This prob- 
lem is sometimes also called GUTHRIE’S PROBLEM after 
F. Guthrie, who first conjectured the theorem in 1853. 
The CONJECTURE was then communicated to de Mor- 
gan and thence into the general community. In 1878, 
Cayley wrote the first paper on the conjecture. 


Fallacious proofs were given independently by Kempe 
(1879) and Tait (1880). Kempe’s proof was accepted for 
a decade until Heawood showed an error using a map 
with 18 faces (although a map with nine faces suffices 
to show the fallacy). The HEAWOOD CONJECTURE pro- 
vided a very general result for map coloring, showing 
that in a GENUS 0 SPACE (i.e., either the SPHERE or 
PLANE), six colors suffice. This number can easily be 
reduced to five, but reducing the number of colors all 
the way to four proved very difficult. 


Finally, Appel and Haken (1977) announced a computer- 
assisted proof that four colors were SUFFICIENT. How- 
ever, because part of the proof consisted of an exhaus- 
tive analysis of many discrete cases by a computer, some 
mathematicians do not accept it. However, no flaws 
have yet been found, so the proof appears valid. A 
potentially independent proof has recently been con- 
structed by N. Robertson, D. P. Sanders, P. D. Seymour, 
and R. Thomas. 
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Martin Gardner (1975) played an April Fool’s joke by 
(incorrectly) claiming that the map of 110 regions illus- 
trated below requires five colors and constitutes a coun- 
terexample to the four-color theorem. 


see also CHROMATIC NUMBER, HEAWOOD CONJEC- 
TURE, MAP COLORING, SIX-COLOR THEOREM 
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Four- Vertex Theorem 


Four Travelers Problem 

Let four LINES in a PLANE represent four roads in GEN- 
ERAL POSITION, and let one traveler T,; be walking along 
each road at a constant (but not necessarily equal to any 
other traveler’s) speed. Say that two travelers T; and T; 
have “met” if they were simultaneously at the intersec- 
tion of their two roads. Then if T, has met all other 
three travelers (T2, T3, and Ty) and T2, in addition to 
meeting Ti, has met T3 and 74, then T3 and T4 have 
also met! 
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Four- Vector 
A four-element vector 


, (1) 


which transforms under a LORENTZ TRANSFORMATION 
like the POSITION FOUR-VECTOR. This means it obeys 


= Aba” (2) 
ay + by = a,b" (3) 
a,b = abu, (4) 


where Af, is the LORENTZ TENSOR. Multiplication of 
two four-vectors with the METRIC g,. gives products of 
the form 


Succ” = (a°)’ — (w")? — (a?)? —(@*)?. (5) 


In the case of the POSITION FOUR-VECTOR, 2° = ct 
(where c¢ is the speed of light) and this product is an 
invariant known as the spacetime interval. 


see also GRADIENT FOUR-VECTOR, LORENTZ TRANS- 
FORMATION, POSITION FOUR-VECTOR, QUATERNION 
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Four-Vertex Theorem 

A closed embedded smooth PLANE CURVE has at least 
four vertices, where a vertex is defined as an extremum 
of CURVATURE. 


see also CURVATURE 
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Fourier-Bessel Series 


Fourier-Bessel Series 


see BESSEL FUNCTION FOURIER EXPANSION, SCHLO- 
MILCH’S SERIES 


Fourier-Bessel Transform 


see HANKEL TRANSFORM 


Fourier Cosine Series 
If f(x) is an EVEN FUNCTION, then b, = 0 and the 
FOURIER SERIES collapses to 


f(x) = }a0+ SS an cos(nax), (1) 


n=1 


where 


II 


ao 


2 sajae=2 [payee ) 
1 ms 


. f(z) cos(nz) dx 


TT 


= 2f f(x) cos(nz) dz, (3) 


an 


where the last equality is true because 
f(z) cos(nx) = f(—2) cos(—nz). (4) 


Letting the range go to L, 
1 fe 
ao = if f(x) dx (5) 
0 


an = 2 f(x) cos (=) dz. (6) 


see also EVEN FUNCTION, FOURIER COSINE TRANS- 
FORM, FOURIER SERIES, FOURIER SINE SERIES 


Fourier Cosine Transform 
The Fourier cosine transform is the REAL PART of the 
full complex FOURIER TRANSFORM, 


Feos[f(x)] = R[F [F(x)]]. 


see also FOURIER SINE TRANSFORM, FOURIER TRANS- 
FORM 
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Fourier Integral 
see FOURIER TRANSFORM 
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Fourier Matrix 
The n x n SQUARE MatTRIX F,, with entries given by 


Fi, act ermtak/n (1) 


for j,k =1, 2,...,, and normalized by 1/,/n to make 
it a UNITARY. The Fourier matrix F2 is given by 


1 1 1 
Fo. = — : 2 
= sit al: (2) 
and the F, matrix by 
kad it 
Gea cb | l.  ee 
ia- .2 54 36 
VYa},l i i 2¢ 
1 i @ 7 
1 1 L. t 1 
att 1 z 1 ?? 1 
~g 11 —-1 11 1 
1 —i 1 ? 1 
(3) 
In general, 


In/2 Dry2 
Fr = lns2 —Day2 
F,, 7 La2 D2 
lase —Dna/e 
Fase even-odd 
Fis2 0,2 (mod 4) 
i ’ Fiy2 even-odd » (5) 


Faye 1,3 (mod 4) 


where I, is the n X n IDENTITY MATRIX. Note that the 
factorization (which is the basis of the FAST FOURIER 
TRANSFORM) has two copies of F2 in the center factor 
MATRIX. 


see also FAST FOURIER TRANSFORM, FOURIER TRANS- 
FORM 
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Fourier-Mellin Integral 
The inverse of the LAPLACE TRANSFORM 


¥t+t00 
FO) = LOU = 5 fet Fla) 


y—too 


f(sk=L[F@] = oe F(t)e~** dt. 


see also BROMWICH INTEGRAL, LAPLACE TRANSFORM 
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Fourier Series 
Fourier series are expansions of PERIODIC FUNCTIONS 
f(x) in terms of an infinite sum of SINES and COSINES 


f(x) = ay cos(nz) + S> by sin(nax). (1) 


n=0 nm=0 


Fourier series make use of the ORTHOGONALITY rela- 
tionships of the SINE and COSINE functions, which can 
be used to calculate the coefficients an and 6, in the 
sum. The computation and study of Fourier series is 
known as HARMONIC ANALYSIS. 


To compute a Fourier series, use the integral identities 


i sin(mz) sin{nx) dz = Tbmn forn,m#0 (2) 


i 


/ cos(mz) cos(nx) dz = T5mn forn,m #0 (3) 


ug 


i sin(mz) cos(nz) dx = 0 (4) 


as 


i. : sin(ma) dx = 0 (5) 


ie cos(mz) dz = 0, (6) 


where édmn is the KRONECKER DELTA. Now, expand 
your function f(x) as an infinite series of the form 


co 


DS a, cos(nz) + 3 bn sin(nz) 


n=0 n=0 


= fao+ yes Qn cos(naz) + S> bn sin(nz), (7) 


n=1 n=1 


ll 


f(x) 


where we have relabeled the ao = 2a term for future 
convenience but left a, = a},. Assume the function is 
periodic in the interval [—z,7]. Now use the orthogo- 
nality conditions to obtain 


a : f(e) dz 


= / » Gn Cos(na) + > bn sin(nz) + 14 dz 


n=l n=l 
= /, [an cos(nx) + by sin(nz)| dz + say f dx 
n=l" 7 ae 


= SF +0) + tao = mao (8) 
n=1 


Fourier Series 


and 


/ : f(z) sin(ma) de 


= / p» ay, cos(nx) + S3 bp sin(na) + iy 
a5. n=1 n=1 


ca 


x sin(ma) dr 
= o> ‘a [an cos(nz) sin(mz) + bp sin(nx) sin(maz)] dx 


+ 3a i, sin(ma) dz 


—3 


= J \(0+ bntdmn) +0 = bn, (9) 
n=1 


so 


[ f(x) cos(mz) dz = ‘ie | an cos(nz) 


+ oS b, sin(nz) + 0 cos(mz) dz 


n=1 
I s [ [an cos(nx) cos(mx) 


+bn sin(nz) cos(mz)| dx + 300 f cos(mz) dx 


—W 


= S“(ant6mn +0) +0= man. (10) 


n=l 


Plugging back into the original series then gives 


ee if fis\ae (11) 
Qn = if f(x) cos(nx) dx (12) 
bn = zf- f(x) sin(nax) dx (13) 


for n = 1, 2, 3, .... The series expansion converges to 
the function f (equal to the original function at points 
of continuity or to the average of the two limits at points 
of discontinuity) 


3 [lim, .29- f(z) + lim, 2+ f(2)] 

for —m<ag<7 (14) 
1 flim, ,.+ f(z) + lime+n_ f(x)| 

for 29 = —7,7 


bea] 
Ilt 


if the function satisfies the DIRICHLET CONDITIONS. 


Fourier Series 


Near points of discontinuity, a “ringing” known as the 
GIBBS PHENOMENON, illustrated below, occurs. For 
a function f(z) periodic on an interval [—Z,L], use a 
change of variables to transform the interval of integra- 


tion to [-1, 1]. Let 
mo’ 
mdz’ 
= z 1 
dz 7 (16) 


Solving for x’, 2’ = La/x. Plugging this in gives 


ao = Ff, f(a’) da 


an = 4 f%, f(a')oos ("2*) de’ (18) 
b, = Af f(z (2!) sin (25 =") da!’ 
If a function is EVEN so that f(z) = f(—zx), then 


f(x) sin(nz) is ODD. (This follows since sin(nz) is ODD 
and an EVEN FUNCTION times an ODD FUNCTION is an 
ODD FUNCTION.) Therefore, 6, = 0 for all n. Simi- 
larly, if a function is ODD so that f(z) = f(—«), then 
f(x) cos(nz) is ODD. (This follows since cos(nz) is EVEN 
and an EVEN FUNCTION times an ODD FUNCTION is an 
ODD FUNCTION.) Therefore, a, = 0 for all n. 


Because the SINES and COSINES form a COMPLETE 
ORTHOGONAL BASIS, the SUPERPOSITION PRINCIPLE 
holds, and the Fourier series of a linear combination of 
two functions is the same as the linear combination of 
the corresponding two series. The COEFFICIENTS for 
Fourier series expansions for a few common functions 
are given in Beyer (1987, pp. 411-412) and Byerly (1959, 


p. 51). 


The notion of a Fourier series can also be extended to 
COMPLEX COEFFICIENTS. Consider a real-valued func- 
tion f(z). Write 


f(x) = ss Ae. (19) 


n=—cO 
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oO 


Now examine 
2 Aner eim= dz 


/ f(xje*"* az = | 


= Saf cma 


R= —- OO 


por ~f {cos[(n — m)z] + isin|(n — m)x]} dx 


> An275mn = 2tAm, (20) 


so 


1 ig ing 
An = on [se dz. (21) 


The COEFFICIENTS can be expressed in terms of those 
in the FOURIER SERIES 


wT 


An = a f(x)[cos(nz) — isin(nz)] dx 
a [7 f(w)[cos(nx) + isin(nz)|de n<0 
= in J. f(x) de n=0 


x J", f(x)[cos(nz) —isin(nz)| dx n>0 
L(a,+ibn) n<0 
n=0 (22) 
n> 0. 


= 5 ao 
2 (an — ibn) 


For a function periodic in [—L, L], these become 


co 
o Anet2™r2/2) (23) 
1 L/2 
An == ‘, f(w)e*7"7/) do, (24) 
L —L/2 


These equations are the basis for the extremely impor- 
tant FOURIER TRANSFORM, which is obtained by trans- 
forming A, from a discrete variable to a continuous one 
as the length LE — oo. 


see also DIRICHLET FOURIER SERIES CONDITIONS, 
FOURIER COSINE SERIES, FOURIER SINE SERIES, 
FOURIER TRANSFORM, GIBBS PHENOMENON, LEBES- 
GUE CONSTANTS (FOURIER SERIES), LEGENDRE SE- 
RIES, RIESZ-FISCHER THEOREM, SCHLOMILCH’S SERIES 
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Fourier Series—Power Series 


For f(z) = z* on the INTERVAL [—L,L) and periodic 
with period 2L, the FOURIER SERIES is given by 


1 = k NTL 
maz f sin ("7") dx 


where 1 F(a; 6,c;x) is a generalized HYPERGEOMETRIC 
FUNCTION. 


Fourier Series—Right Triangle 


0.8 


0.6 


O.5 1 1.5 2 


Consider a string of length 2D plucked at the right end, 
then 


gps if” Boas Ue aie ea 
Efe Bie QL2'2™ 19 ~ 472 


2L 
— 2 — cos (7) dx 
Seas BD Z 


_ [2nx cos(nz) — sin(n7)] sin(n7) 


=0 
n2 72 


Fourier Series—Triangle 


b. aed * = sin ("5") dx 
OO Ded 2b L 


_ ~2nmcos(2nm) +sin(2nm) 1 
~ 2n?2 72 ~ ar’ 


The Fourier series is therefore 


see also FOURIER SERIES 


Fourier Series—-Square Wave 


Consider a square wave of length 2L. Since the function 
is ODD, ao = a, = 0, and 


L 
_ (nre 
=z f sin (" ) de 
_ 4A ard =) ee 
= ae ata 1 nodd. 


The Fourier series is therefore 


see also FOURIER SERIES, SQUARE WAVE 


Fourier Series—Triangle 


1 


o.s 1 123 2 0.5 1 cary 2 
Let a string of length 2D have a y-displacement of unity 
when it is pinned an g-distance which is (1/m)th of the 
way along the string. The displacement as a function of 
z is then 


we O<a2< # 
im(e) = 4 wees 
- im Gr -1) BS es 20. 


Fourier Series—Triangle Wave 
The COEFFICIENTS are therefore 


1 PEL. A 2L ¥ ~ 
=. ~_d a7 —~1) 4 
ps All 2L e+ [ reals ) z 


L/{m 


m (1 — m — cos(2mn) + mcos (222) ] 


re 2(m — 1)n? x? 
m? [cos (222) = 1 
~  2(m — 1)n?2n? 
: m [m sin (222) - sin(27n)| 
os 2(m — 1)n?7? 
m? sin (222) 


~ 2(m — 1)n?x2° 


The Fourier series is therefore 


2 
f(z) =}+—-—™ 


2(m — 1)x? 


«D(a ke GE) CE) 


If m = 2, then ap and b, simplify to 


= ——A . sin?(4nm) ___ 4 f0 n=0,2,... 
an = nn? 2 ~~ n2q? L1 n=1,3,... 
bn = 0, 

giving 
4 _ 1 
ee i NTT 
hlz)=3- 4G > 73 cos (F* ). 
n=1,3,5,... 


see also FOURIER SERIES 


Fourier Series—Triangle Wave 


Consider a triangle wave of length 2L. Since the function 
is ODD, ao = an = 0, and 


2 we xz NTL 
=F { / pan (™) dz 
L 
2 1 P NtxL 
+f [1 _ FAG - 41)| sin (=) ac} dz 


/2 


32 3 
an? cos(inz) sin* (nz) 


0 n=0,4,... 
— B2 ene 1 bye 
 e2n2 0 n= 2,6,... 

-i n= 3,7,. 


__8 { (-1)@-)/? for n odd 
wn? Lg for n even. 
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The Fourier series is therefore 


a _1)\(e-1)/2 
f@=5 — ( a : sin (7). 


n=1,3,5,... 


see also FOURIER SERIES 


Fourier Sine Series 
If f(z) is an ODD FUNCTION, then a, = 0 and the 
FOURIER SERIES collapses to ; 


f(x) = } J bn sin(ne), (1) 
n=1 
where 
bn = Z [ f(z) sin(nz) dz = 2/ f(x) sin(nz) dz 
w -7 at 0 
(2) 
for n = 1, 2, 3, .... The last EQUALITY is true because 
f(z) sin(nx) = [-f(—2)][—sin(—nz)] 
= f(—x) sin(—nz). (3) 
Letting the range go to L, 
L 
a= ay f(z) sin (“=) de. (4) 


see also FOURIER COSINE SERIES, FOURIER SERIES, 
FOURIER SINE TRANSFORM 


Fourier Sine Transform 
The Fourier sine transform is the IMAGINARY PART of 
the full complex FOURIER TRANSFORM, 


Fsin[f (x)| = S[F[f(2)]]. 


see also FOURIER COSINE TRANSFORM, FOURIER 
TRANSFORM 
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Fourier-Stieltjes Transform 

Let f(x) be a positive definite, measurable function on 
the INTERVAL (—co,0o). Then there exists a monotone 
increasing, real-valued bounded function a(t) such that 


sa) = f ; e* dat) 


for “ALMOST ALL” x. If a(t) is nondecreasing and 
bounded and f(z) is defined as above, then f(z) is called 
the Fourier-Stieltjes transform of a(t), and is both con- 
tinuous and positive definite. 

see also FOURIER TRANSFORM, LAPLACE TRANSFORM 
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Fourier Transform 

The Fourier transform is a generalization of the Com- 
PLEX FOURIER SERIES in the limit as L —> oo. Replace 
the discrete A, with the continuous F(k) dk while let- 
ting n/L - k. Then change the sum to an INTEGRAL, 
and the equations become 


iy i. ” BUR * dk (1) 


= dee f(x)e?"**? dz. (2) 


Here, 
F(k) = FIf(2)] = / flee"? de (3) 
is called the forward (—i) Fourier transform, and 


f(a) =F [F(k)] = i F(k)e?""** dk (4) 


Co 


is called the inverse (+7) Fourier transform. Some au- 
thors (especially physicists) prefer to write the trans- 
form in terms of angular frequency w = 2mv instead of 
the oscillation frequency v. However, this destroys the 
symmetry, resulting in the transform pair 


H(v) = F[r(t)] = a h(t)e~*”* dt (5) 


1 si iwt 
= mf. H(vje dw. (6) 


In general, the Fourier transform pair may be defined 
using two arbitrary constants A and B as 


So flea (7) 


_ Flee te a: (8) 


h(t) = F-*[H 


f= <a 


The Mathematica® program (Wolfram Research, Cham- 
paign, IL) calls A the $FourierOverallConstant and B 
the $FourierFrequencyConstant, and defines A = B = 
1 by default. Morse and Feshbach (1953) use B = 1 and 
A=1/ V2zn. In this work, following Bracewell (1965, 
pp. 6-7), A= 1 and B = —2z unless otherwise stated. 


Since any function can be split up into EVEN and ODD 

portions E(x) and O(z), 

)]+3[f(2)—F(—2)] = ea chee 
9) 


f(x) = 3[f(x)+f(-« 


Fourier Transform 


a Fourier transform can always be expressed in terms of 
the FOURIER COSINE TRANSFORM and FOURIER SINE 
TRANSFORM as 


Fif(x)| = / E(x) cos(2rkz) dx 


—i O(x)sin(27kx) dx. (10) 


—-o 


A function f(z) has a forward and inverse Fourier trans- 
form such that 


dew ez tke fps f(x)e~?7*** dz| dk 
f(x) = for f(x) continuous at x (11) 
z1f (z+) + f(z-)] 


for f(x) discontinuous at z, 


provided that 
1. qe |f(x)| dx exists. 
2. Any discontinuities are finite. 


3. The function has bounded variation. A SUFFI- 
CIENT weaker condition is fulfillment of the Lip- 
SCHITZ CONDITION. 


The smoother a function (i.e., the larger the number of 
continuous DERIVATIVES), the more compact its Fourier 
transform. 


The Fourier transform is linear, since if f(x) and g(z) 
have FOURIER TRANSFORMS Fk) and G(k), then 


fore + bg(x)|e~?7*** dz 


= af f(aje?"** dx + » | g(z)e ?7*** dx 


= F(k) +G(k). (12) 


Therefore, 


F(f(x)|+bF [g(x)] = aF (k)+b6G(k). 
(13) 


Flaf(z)+bg(z)] = 


The Fourier transform is also symmetric since F(k) = 


F[f(x)] implies F(—k) = F[f(x)]. 


Let f *g denote the CONVOLUTION, then the transforms 
of convolutions of functions have particularly nice trans- 
forms, 


Ff * 9) = F[f\F [9] (14) 

Ff oe (15) 

FlF(f) + F(g)l=f* (16) 
FF (f) * F(g)] = as (17) 


Fourier Transform 


The first of these is derived as follows: 


Fif*gl= [- qe: e 2 ™**= F(a’) g(a — 2’) da’ dx 


fi faerie 


fe ree £ g(x -¢ ’) dz] 


= / gen tnthe’ F(z") a' 
% if gr ne ate") ia" 
—00 


= Flf|F (gl, (18) 


mone ? 
where x" =a — 2’. 


There is also a somewhat surprising and extremely im- 
portant relationship between the AUTOCORRELATION 
and the Fourier transform known as the WIENER- 
KHINTCHINE THEOREM. Let F[f(x)] = F(k), and F* 
denote the COMPLEX CONJUGATE of F, then the Four- 
IER TRANSFORM of the ABSOLUTE SQUARE of F(k) is 
given by 


FUIF(&)P] = / Pif(r+e)dr (19) 


The Fourier transform of a DERIVATIVE f(a) of a func- 
tion f(x) is simply related to the transform of the func- 
tion f(z) itself. Consider 


= in f'(x)e7?2™*** dz. (20) 


Now use INTEGRATION BY PARTS 


[eau [uv] — [ud (21) 


with 
du = f'(x) dx vse Imke (22) 
u= f(z) du = —2rike~?™*** de, (23) 
then 
Flf'(z)| 


= (f(w)e"?"**7 |, -f f(z)(- Qrike?7*** da). 


(24) 


The first term consists of an oscillating function times 
f(z). But if the function is bounded so that 


lim f(x) =0 (25) 


2—rtoo 


Fourier Transform 669 


{as any physically significant signal must be), then the 
term vanishes, leaving 


F[f' (x)] = Qwik a . f(a)e~?"*** dar = ImikF[f(x)]. 


(26) 

This process can be iterated for the nth DERIVATIVE to 
yield 

F(f!™ (x)| = (2nik)"F[f(2)]- (27) 


The important MODULATION THEOREM of Fourier 
transforms allows F[cos(27kox)f(zx)] to be expressed in 
terms of F[f(x)] = F'(k) as follows, 


F[cos(2rkoz) f (x)] =/ f(x) cos(2rkox)e~?*"** dx 
ee Qnrikoz —2rike 
= sf f(xjer"**o" e dz 
rf flee Aree etree dz 
00 
= 7 Faye rh hols dz 
—oo 


Hf f(zyer Ft)? dz 
= 3[F(k—ko) + F(k+ko)]. (28) 


Since the DERIVATIVE of the FOURIER TRANSFORM is 
given by 


F'(k)= SFI f(a) i= [ 7 (—2nix) f(x)e~?""** da, 


co 
(29) 
it follows that 
F'(0)= ani f xf (x) dx. (30) 
Iterating gives the genera] FORMULA 
= ae F™(0) 
—o 
The VARIANCE of a FOURIER TRANSFORM is 
os” = (xf — (xf))’), (32) 
and it is true that 
Oftg = Of t+ Og. (33) 


If f(z) has the FOURIER TRANSFORM F(k), then the 
Fourier transform has the shift property 


/ f(a = zo)e °7*** dx 


= / f(z _ eget TRO Arriheo) d(a = xo) 
—oo 


=e *0 F(R), (34) 
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so f(z — zo) has the FOURIER TRANSFORM 


Flf (a — 20)| = e-?"***° F(k). (35) 


If f(a) has a FOURIER TRANSFORM Fk), then the Four- 
ier transform obeys a similarity theorem. 


flaxje~?""** dx 


= if flax)eW2722)(/2) daz) 


=he(8). 00 


|a| 


so f(az) has the FouRIER TRANSFORM |a|~'F (£). 


The “equivalent width” of a Fouricr transform is 


_ Sf f@)de (0) 
We = F(0) = = : (37) 


The “autocorrelation width” is 


jee 2 ad dz . Je fae fe f* dz 


(f x f*o a ae ff dz ’ (38) 


We = 


where f *g denotes the CROSS-CORRELATION of f and 
g- 

Any operation on f(z) which leaves its AREA unchanged 
leaves F'(0) unchanged, since 


[sear = FF) = FO (39) 


In 2-D, the Fourier transform becomes 


Fay) = | / f (Ke, ky)e 772+) ak, dky 
eee (40) 
lo @) 00 . 
Flkeky) = / F(x, ye? ™*=***u) da dy. (41) 


Similarly, the n-D Fourier transform can be defined for 
k, x € R” by 


Fe) = fo af f(kje?"™** d"k (42) 


—_—_— 
fuy= fo frome arn (43) 
—oo —oo 


see also AUTOCORRELATION, CONVOLUTION, DISCRETE 
FOURIER TRANSFORM, FasT FOURIER TRANSFORM, 
FOURIER SERIES, FOURIER-STIELTJES TRANSFORM, 
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HANKEL TRANSFORM, HARTLEY TRANSFORM, INTE- 
GRAL TRANSFORM, LAPLACE TRANSFORM, STRUC- 
TURE FACTOR, WINOGRAD TRANSFORM 
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Fourier Transform—1 
The FOURIER TRANSFORM of the CONSTANT FUNCTION 
f(z) = 1 is given by 


Fll] = ie e 77*® de — §(k), 


according to the definition of the DELTA FUNCTION. 
see also DELTA FUNCTION 


Fourier Transform—1/z 


Fourier Transform—1/z 
The FouRIER TRANSFORM of the function 1/z is given 
by 


eo py [ cos(2akax) — isin(27ka) ie 
OO z 
= -{3 2 ne sinQrke) dx fork <0 
are sin(2nkz) 
snr) de for k > 0 
—i fork <0 
~ e for k > 0, (1) 
which can also be written as the single equation 
F (-==) = i - 201-8) (2) 
na) ; 


where H(z) is the HEAVISIDE STEP FUNCTION. The 
integrals follow from the identity 


| sin(2rka) ax = [ BAER?) aon ka) 
: oar F Qrkx 


co 
=i sinc zdz = $m. (3) 
0 


Fourier Transform-——Cosine 


oo ; 2rikgr —2rikor 
F [cos(2mkox)] -| er (me) dz 


co 


oo 
= af fe= 2eete kale ey iene aa dz 
—oo 


3[6(k — ko) + 5(k + ko)], 


where 6(z) is the DELTA FUNCTION. 
see also COSINE, FOURIER TRANSFORM—SINE 


Fourier Transform—Delta Function 
The FOURIER TRANSFORM of the DELTA FUNCTION is 
given by 


Flé(z = Xo)] = / 6(x = mae dz = e@2mtkeo | 


oC 


see also DELTA FUNCTION 
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Fourier Transform—Exponential Function 
The FOURIER TRANSFORM of e~*°!*! is given by 


poo 


Fle *olzhy =| e Fol! -2aike dz 
ed 


G co 
~2aikz 2nack —2Q7ri - 
=| é wi To mE de + [ e arike 2rkor dz 
co 0 


0 
= | [cos(2rkx) — isin(2rkax)|e?"*°* dz 
oo 
+f [cos(2rkax) ~ isin(Qrkx)]e~?"*°* dx. (1) 
) 
Now let u = —zx so du = —dz, then 
Fle *ol=l) — | [cos(2rku) + isin(2rku)]e?**°™ du] 
+f [cos(2rku) — isin(2rku)]e~?"*°™ du] 
=f" cos(2rku)e?7*°" du, (2) 


which, from the DAMPED EXPONENTIAL COSINE INTE- 
GRAL, gives 


1 ko 


Fle~?7rolel) — = 1 k2 + ko 2? 


(3) 


which is a LORENTZIAN FUNCTION. 


see also DAMPED EXPONENTIAL COSINE INTEGRAL, 
EXPONENTIAL FUNCTION, LORENTZIAN FUNCTION 


Fourier Transform—Gaussian 
The FOURIER TRANSFORM of a GAUSSIAN FUNCTION 
f(z) =e °°” is given by 


F(k) = / 2?” tk? dp 


co 


= / e~** [cos(kzx) + isin(kz)] dz 


= / aa cos(kax) dx + if Paes sin(kx) dz. 


CO om OD 


The second integrand is EVEN, so integration over a 
symmetrical range gives 0. The value of the first inte- 
gral is given by Abramowitz and Stegun (1972, p. 302, 


equation 7.4.6) 
7 —k? /4a 
F = = ; 
(k) = [Ze 


so a GAUSSIAN transforms to a GAUSSIAN. 
see also GAUSSIAN FUNCTION 
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Fourier Transform—Heaviside Step Function 


F[H(z)| = / * = 28tk2 (a) de = ; [scx 7 =] 


co 


where H(z) is the HEAVISIDE STEP FUNCTION and 6(k) 
is the DELTA FUNCTION. 


see also HEAVISIDE STEP FUNCTION 


Fourier Transform—Lorentzian Function 


1 iT 


oa = —2rikzg-Ca|k| 
m (x — xo)? + (4T)? . 


see also LORENTZIAN FUNCTION 


Fourier Transform—Ramp Function 
Let R(x) be the RAMP FUNCTION, then the FOURIER 
TRANSFORM of R(x) is given by 


F[R(z)| = a e 22 R(x) dx = mid’ (2ak) — E 


- 4n2k2’ 


where 6'(z) is the DERIVATIVE of the DELTA FUNCTION. 
see also RAMP FUNCTION 


Fourier Transform—Rectangle Function 
Let I(x) be the RECTANGLE FUNCTION, then the 
FOURIER TRANSFORM is 


F(l(x)] = sinc(zk), 


where sinc(z) is the SINC FUNCTION. 
see also RECTANGLE FUNCTION, SINC FUNCTION 


Fourier Transform—Sine 


fo) . 2rivot _ ,—2rikox 
Flsin(2rkox)| =| EATS (-) dr 


= Hf I 


= 1i[5(k + ko) — 5(k ~ ko)], 


oe 27k koe Seg SANT RO)e) dt 


where 6(x) is the DELTA FUNCTION. 
see also FOURIER TRANSFORM—COSINE, SINE 


Fractal 


Fox’s H-Function 
A very general function defined by 


(a1,Q1),-.. 


(Gp, Qp) 
(b1,B1),--- 5 (bps Bp) 


/ jar P (Os; — 8:8) [Ef.,Pa-a + a;s) 
cll 


r(1 — b; + Bs) T[” 


j=am+. 


H(z) = Hy" E 


ee 


~~ Qwt 


Jontt 


where 0< m<q,0<n< p,a;,8; > 0, and a;,b; are 
COMPLEX NUMBERS such that the pole of ['(b; —G;s) for 
j = 1, 2,..., m coincides with any POLE of (1 — a; + 
ajs) for 7 = 1, 2,..., n. In addition C, is a CONTOUR 
in the complex s-plane from w — ico to w+ ioo such that 
(6; + k)/@; and (a; —1—k)/a; lie to the right and left 
of C, respectively. 

see also MACROBERT’S E-FUNCTION, MEIJER’S G- 
FUNCTION 
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Frac 
see FRACTIONAL PART 


Fractal 

An object or quantity which displays SELF-SIMILARITY, 
in a somewhat technical sense, on all scales. The object 
need not exhibit exactly the same structure at all scales, 
but the same “type” of structures must appear on all 
scales. A plot of the quantity on a log-log graph versus 
scale then gives a straight line, whose slope is said to be 
the FRACTAL DIMENSION. The prototypical example 
for a fractal is the length of a coastline measured with 
different length RULERS. The shorter the RULER, the 
longer the length measured, a PARADOX known as the 
COASTLINE PARADOX. 


see also BACKTRACKING, BARNSLEY’S FERN, BOX 
FRACTAL, BUTTERFLY FRACTAL, CACTUS FRACTAL, 
CANTOR SET, CANTOR SQUARE FRACTAL, CAROTID- 
KUNDALINI FRACTAL, CESARO FRACTAL, CHAOS 
GAME, CIRCLES-AND-SQUARES FRACTAL, COASTLINE 
PARADOX, DRAGON CURVE, FaT FRACTAL, Fa- 
TOU SET, FLOWSNAKE FRACTAL, FRACTAL DIMEN- 
SION, H-FRACTAL, HENON Map, ITERATED FUNC- 
TION SYSTEM, JULIA FRACTAL, KAPLAN-YORKE Map, 
KocH ANTISNOWFLAKE, KOCH SNOWFLAKE, LEVY 
FRACTAL, LEVY TAPESTRY, LINDENMAYER SYSTEM, 
MANDELBROT SET, MANDELBROT TREE, MENGER 
SPONGE, MINKOWSKI SAUSAGE, MIRA FRACTAL, NEW- 
TON’S METHOD, PENTAFLAKE, PYTHAGORAS TREE, 
RABINOVICH-FABRIKANT EQUATION, SAN MARCO 
FRACTAL, SIERPINSKI CARPET, SIERPINSKI CURVE, 
SIERPINSKI SIEVE, STAR FRACTAL, ZASLAVSKII MAP 


Fractal 
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Fractal Dimension 

The term “fractal dimension” is sometimes used to refer 
to what is more commonly called the CAPACITY DI- 
MENSION (which is, roughly speaking, the exponent D 
in the expression n(e) = e~”, where n(e) is the min- 
imum number of OPEN SETS of diameter € needed to 
cover the set). However, it can more generally refer 
to any of the dimensions commonly used to character- 
ize fractals (e.g., CAPACITY DIMENSION, CORRELATION 
DIMENSION, INFORMATION DIMENSION, LYAPUNOV DI- 
MENSION, MINKOWSKI-BOULIGAND DIMENSION). 


see also BOX COUNTING DIMENSION, CAPACITY DI- 
MENSION, CORRELATION DIMENSION, FRACTAL DI- 
MENSION, HAUSDORFF DIMENSION, INFORMATION 
DIMENSION, LYAPUNOV DIMENSION, MINKOWSKI- 
BOULIGAND DIMENSION, POINTWISE DIMENSION, 4q- 
DIMENSION 
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Fractal Land 
see CAROTID-KUNDALINI FRACTAL 


Fractal Process 
A 1-D Map whose increments are distributed according 
to a NORMAL DISTRIBUTION. Let y(t—At) and y(t+ At) 
be values, then their correlation is given by the BROWN 
FUNCTION 

i is B 


When H = 1/2, r = O and the fractal process corre- 
sponds to 1-D Brownian motion. If H > 1/2, then 
r > 0 and the process is called a PERSISTENT PRo- 
cess. If H < 1/2, then r < 0 and the process is called 
an ANTIPERSISTENT PROCESS. 

see also ANTIPERSISTENT PROCESS, PERSISTENT PRO- 
CESS 
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Fractal Sequence 
Given an INFINITIVE SEQUENCE {z,} with associated 
array a(i,j), then {xn} is said to be a fractal sequence 


1. If 2 +1 = a,, then there exists m < n such that 
1=Zm, 

2. Ifh <i, then, for every 7, there is exactly one k such 
that a(i,j) < a(h,k) < a{i,j +1). 

(As i and j range through N, the array A = a(i,j), 

called the associative array of x, ranges through all of 

N.) An example of a fractal sequence is 1, 1, 1, 1, 2, 1, 

ys Ws ter as Be es ge 


If {z,,} is a fractal sequence, then the associated array is 
an INTERSPERSION. If a is a fractal sequence, then the 
UPPER-TRIMMED SUBSEQUENCE is given by A(z) = 2, 
and the LOWER-TRIMMED SUBSEQUENCE V(z) is an- 
other fractal sequence. The SIGNATURE of an IRRA- 
TIONAL NUMBER is a fractal sequence. 


see also INFINITIVE SEQUENCE 
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Fractal Valley 
see CAROTID-KUNDALINI FUNCTION 


Fraction 

A RATIONAL NUMBER expressed in the form a/b, where 
a is called the NUMERATOR and 6 is called the DENOM- 
INATOR. A PROPER FRACTION is a fraction such that 
a/b < 1, and a LowWEsT TERMS FRACTION is a fraction 
with common terms canceled out of the NUMERATOR 
and DENOMINATOR. 


The Egyptians expressed their fractions as sums (and 
differences) of UNIT FRACTIONS. Conway and Guy 
(1999) give a table of Roman NOTATION for fractions, in 
which multiples of 1/12 (the UNCIA) were given separate 
names. 


see also ADJACENT FRACTION, ANOMALOUS CAN- 
CELLATION, CONTINUED FRACTION, DENOMINATOR, 
EGYPTIAN FRACTION, FAREY SEQUENCE, GOLDEN 
RULE, HALF, LOWEST TERMS FRACTION, MEDI- 
ANT, NUMERATOR, PROPER FRACTION, PYTHAGO- 
REAN FRACTION, QUARTER, RATIONAL NUMBER, UNIT 
FRACTION 
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Fractional Calculus 
Denote the nth DERIVATIVE D” and the n-fold INTE- 
GRAL D~”. Then 


D-*f(t) = i; #6) dé. (1) 


Now, if 


D"HO= ay f t-o Me) 


is true for n, then 


i i loom [« 3 ae Ac) a dz 


(3) 
Interchanging the order of integration gives 


pon se) = 3 of (-ersQae. (4) 


But (2) is true for n = 1, so it is also true for all n by 
INDUCTION. The fractional integral of f(t) can then be 
defined by 


DSO = Toy mf 


where ['(v) is the GAMMA FUNCTION. 


F(§) dé, (5) 


The fractional integral can only be given in terms of 
elementary functions for a small number of functions. 
For example, 


eS T(A+1)  ja¢ 
Dit Ni ef ~1 0 
Toate iy for A > ~—1,v > 0 (6) 
—vioiat __ 1 


t 
at v—-l ~azr 

= —— dz = E, 

Tw)° f: e Fy 2(v,a), (7) 


where Ei (v,a) is the E,-FUNCTION. The fractional de- 
rivative of f (if it exists) can be defined by 


D* f(t) = D™[D“™ F(t). (8) 
An example is 


TrA+1) 
P(A+m—pt+1) 
— _FOA+) pu 

PA-— pti) 


Dp = 


for A> —-1,p>0 


(9) 


D° E,(v,a) = Ey(v — p,a) forvy >0,9 40. (10) 


Fractional Derivative 


It is always true that, for u,v > 0, 
D-*p-*Fiijep-¢™, (11) 
but not always true that 
D*D*= DP, (12) 


see also DERIVATIVE, INTEGRAL 
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Fractional Derivative 
see FRACTIONAL CALCULUS 


Fractional Differential Equation 
The solution to the differential equation 
[D?” + aD” + bD*}y(t) = 0 
is 
€a(t) — eg(t) 


for a # B : 
ft) = de doen quay O(a — [RDO (40%) 
fora=f8#0 
g2¥—1 
T(2v) 
fora=6=0, 
where 
1 
qa 
v 
q-1 
eg(t) = B°-*-1 Ey (—kv, 8%), 


k=0 


Ei (a,x) is the E,-FUNCTION, and I'(n) is the GAMMA 
FUNCTION. 
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Fractional Fourier Transform 
A z-TRANSFORM with 


z= ernie IN 
for a # +1. This transform can be used to detect fre- 
quencies which are not INTEGER multiples of the lowest 
DISCRETE FOURIER TRANSFORM frequency. 


see also z-TRANSFORM 
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Fractional Integral 
see FRACTIONAL CALCULUS 


Fractional Part 


The function giving the fractional (nonintegral) part of 
a number and defined as 


ef a z>oO 
Oe ae x <0, 


where || is the FLOOR FUNCTION. 


see also CEILING FUNCTION, FLOOR FUNCTION, NINT, 
ROUND, TRUNCATE, WHOLE NUMBER 
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Fractran 

Fractran is an algorithm applied to a given list fi, fe, 
...) fe Of FRACTIONS. Given a starting INTEGER N, the 
Fractran algorithm proceeds by repeatedly multiplying 
the integer at a given stage by the first element fi given 
an integer PRODUCT. The algorithm terminates when 
there is no such fj. 


The list 
17 78 19 23 29 77 95 77 1 11 13 15 1 55 


with starting integer N = 2 generates a sequence 2, 
15, 825, 725, 1925, 2275, 425, 390, 330, 290, 770, .... 
Conway (1987) showed that the only other powers of 2 
which occur are those with PRIME exponent: 27, 2°, 2°, 


Dos cs 
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Framework 

Consider a finite collection of points p = (pi,-.-,pn); 
pi € R? EvciipEan SPACE (known as a CONFIGURA- 
TION) and a graph G whose VERTICES correspond to 
pairs of points that are constrained to stay the same 
distance apart. Then the graph G together with the 
configuration p, denoted G(p), is called a framework. 


see also BAR (EDGE), CONFIGURATION, RIGID 


Franklin Magic Square 


BOGE 
PL bef [ >] 
Tl [alo[= Pe 
pepe l= psf pa [xf 
cD [ele [o ls fa fe 


Benjamin Franklin constructed the above 8 x 8 PAN- 
MAGIC SQUARE having MAGIC CONSTANT 260. Any 
half-row or half-column in this square totals 130, and 
the four corners plus the middle total 260. In addition, 
bent diagonals (such as 52-3-5-54-10-57-63-16) also total 
260 (Madachy 1979, p. 87). 


see also MAGIC SQUARE, PANMAGIC SQUARE 
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Fransén-Robinson Constant 


F= 4% _ 9 8977702420... 
o T(z) 


where ['(z) is the GAMMA FUNCTION. The above plots 
show the functions ['(x) and 1/T(z). 


see also GAMMA FUNCTION 
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Fredholm Integral Equation of the Second Kind 


Fréchet Bounds 
Any bivariate distribution function with marginal dis- 
tribution functions F and G satisfies 


max{F (x) + G(y) — 1,0} < H(z,y) < min{F(z), G(y)}. 


Fréchet Derivative 
A function f is Fréchet differentiable at a if 


f(z) — f(a) 


exists. This is equivalent to the statement that @ has a 
removable DISCONTINUITY at a, where 


f(x) - f(a). 


rw—a 


o(z) = 


Every function which is Fréchet differentiable is also 
Carathéodory differentiable. 


see also CARATHEODORY DERIVATIVE, DERIVATIVE 


Fréchet Space 
A complete metrizable SPACE, sometimes also with the 
restriction that the space be locally convex. 


Fredholm Integral Equation of the First 
Kind 
An INTEGRAL EQUATION of the form 


= / ” K (2, t)a(t) dt 


ES ~ FW), 


= Kw) * dw. 


o(z) = 


see also FREDHOLM INTEGRAL EQUATION OF THE SEC- 
OND KIND, INTEGRAL EQUATION, VOLTERRA INTE- 
GRAL EQUATION OF THE FIRST KIND, VOLTERRA IN- 
TEGRAL EQUATION OF THE SECOND KIND 
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Fredholm Integral Equation of the Second 
Kind 
An INTEGRAL EQUuATION of the form 


(a) = 40) +2 f K(e,t)o(t) dt 
F(t)e~***' dt 


__1 [% _Fltje7** dt_ 
wey = ae f ARS 


see also FREDHOLM INTEGRAL EQUATION OF THE 
FIRST KIND, INTEGRAL EQUATION, NEUMANN SE- 
RIES (INTEGRAL EQUATION), VOLTERRA INTEGRAL 


Free 


EQUATION OF THE FIRST KIND, VOLTERRA INTEGRAL 
EQUATION OF THE SECOND KIND 
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Free 

When referring to a planar object, “free” means that the 
object is regarded as capable of being picked up out of 
the plane and flipped over. As aresult, MIRROR IMAGES 
are equivalent for free objects. 


A free abstract mathematical object is generated by n 
elements in a “free manner,” i.e., such that the n ele- 
ments satisfy no nontrivial relations among themselves. 
To make this more formal, an algebraic GADGET X is 
freely generated by a SUBSET G if, for any function 
f :G-Y where Y is any other algebraic GADGET, 
there exists a unique HOMOMORPHISM (which has dif- 
ferent meanings depending on what kind of GADGETS 
you’re dealing with) g : X — Y such that g restricted 
to G is f. 


If the algebraic GADGETS are VECTOR SPACES, then 
G freely generates X IFF G is a BASIS for X. If the 
algebraic GADGETS are ABELIAN GROUPS, then G freely 
generates X IrF X is a DIRECT SuM of the INTEGERS, 
with G consisting of the standard BASIS. 


see also FIXED, GADGET, MIRROR IMAGE, RANK 


Free Group 

The generators of a group G are defined to be the small- 
est subset of group elements such that all other elements 
of G can be obtained from them and their inverses. A 
GROUP is a free group if no relation exists between its 
generators (other than the relationship between an el- 
ement and its inverse required as one of the defining 
properties of a group). For example, the additive group 
of whole numbers is free with a single generator, 1. 


see also FREE SEMIGROUP 


Free Semigroup 
A SEMIGROUP with a noncommutative product in which 
no PRODUCT can ever be expressed more simply in terms 
of other ELEMENTS. 


see also FREE GROUP, SEMIGROUP 


Free Variable 
An occurrence of a variable in a LOGIC FORMULA which 
is not inside the scope of a QUANTIFIER. 


see also BOUND, SENTENCE 
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Freemish Crate 


L||_// 
i 


J \V 


An IMPOSSIBLE FIGURE box which can be drawn but 
not built. 


References 

Fineman, M. The Nature of Visual Illusion. New York: 
Dover, p. 120-122, 1996. 

Jablan, S. “Are Impossible Figures Possible?” 
members .tripod.com/~-modularity/kulpa.htm. 
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Freeth’s Nephroid 


A STROPHOID of a CIRCLE with the POLE O at the CEN- 
TER of the CIRCLE and the fixed point P on the CIR- 
CUMFERENCE of the CIRCLE. In a paper published by 
the London Mathematical Society in 1879, T. J. Freeth 
described it and various other STROPHOIDS (MacTutor 
Archive). If the line through P PARALLEL ta the y-AXIs 
cuts the NEPHROID at A, then ANGLE AOP is 37/7, so 
this curve can be used to construct a regular HEPTAGON. 
The POLAR equation is 


r = a(1+ 2sin(39)]. 


see also STROPHOID 


References 

Lawrence, J. D. A Catalog of Special Plane Curves. New 
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Freiman’s Constant 
The end of the last gap in the LAGRANGE SPECTRUM, 


given by 


F= 2221564096 + 293748/462 
> 491993569 


= 4.5278295661.... 


REAL NUMBERS greater, than F are members of the 
MARKOV SPECTRUM. 
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see also LAGRANGE SPECTRUM, MARKOV SPECTRUM 


References 
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French Curve 


French curves are plastic (or wooden) templates having 
an edge composed of several different curves. French 
curves are used in drafting (or were before computer- 
aided design) to draw smooth curves of almost any de- 
sired curvature in mechanical drawings. Several typical 
French curves are illustrated above. 


see also CORNU SPIRAL 


Frenet Formulas 
Also known as the SERRET-FRENET FORMULAS 


T 0 « O7/T 
N}=]-* 0 +f N], 
B 0 -r O B 


where T is the unit TANGENT VECTOR, N is the unit 
NORMAL VECTOR, B is the unit BINORMAL VECTOR, 
7 is the TORSION, « is the CURVATURE, and x denotes 
dx/ds. 

see also CENTRODE, FUNDAMENTAL THEOREM OF 
SPACE CURVES, NATURAL EQUATION 
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Frequency Curve 
see GAUSSIAN FUNCTION 


Fresnel’s Elasticity Surface 
A QUARTIC SURFACE given by 


r= \/a2x? + b2y? + c22?, 


where 


2 92 12 42 
rHSxr +y +27, 


also known as FRESNEL’S WAVE SURFACE. It was intro- 
duced by Fresnel in his studies of crystal optics. 


Fresnel Integrals 
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Fresnel Integrals 
In physics, the Fresnel integrals are most often defined 
by 


C(u) +iS(u) = ‘i eit?" /2 dy 


c0) 


= cos( bra) de +i [ sin(ima*) dz, (1) 
0 0 


C(u) = vi cos(da”) dx (2) 
s(u)= [sin haa?) ae (3) 
They satisfy 
C(+00) = -3 (4) 
S(too) = 3. (5) 


Related functions are defined as 


Ci(z) = ft cos t” dt (6) 
1] 
Si(z)= ‘on sin t? dt (7) 


1 cost 
C2(z) = — | ——dt 8 
AO ane ” 

a sint 
S2(z) = —= | — ~ dt. 9 
= re |, ®) 

An asymptotic expansion for z > 1 gives 

C(u) = ' + = sin(3au? (10) 

Uw 3 Wie pias 

1 1 12 

~ = — —cos(iru?). 11 
S(u) er cos(57u") (11) 


Therefore, as u > 00, C(u) = 1/2 and S(u) = 1/2. The 
Fresnel integrals are sometimes alternatively defined as 


a(t) = ve cos(v*) dv (12) 


ue) = f sin(v*) dv. (13) 


Fresnel’s Wave Surface 


Letting x = v? so dr = 2udu = 2/xdv, and dv = 
a }/? dz/2 


vt 
w(t) =¥ i z'/? cosa dx (14) 
0 


vt 
y{t) = a a */? sing dz. (15) 
0 


In this form, they have a particularly simple expan- 
sion in terms of SPHERICAL BESSEL FUNCTIONS OF THE 
First KIND. Using 


sin z 


Jo(x) = (16) 


cos zr 


ni(x) = —j-i(x) = — ome (17) 


where ni(z) is a SPHERICAL BESSEL FUNCTION OF THE 
SECOND KIND 


t 
a(t?) = + ni(a)x"/? de 
0 


ll 


t oo 
f j-1(w)a"? de = 2? S 7 jan(w) (18) 
7 n=0 
t 
sf jo(x)a"/? dx 
0 


=7? So ions (x). (19) 
n=0 


y(t?) 


see also CORNU SPIRAL 
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Fresnel’s Wave Surface 
see FRESNEL’S ELASTICITY SURFACE 


Frey Curve 
Let a? + 6” = c? be a solution to FERMAT’S LAST THE- 
OREM. Then the corresponding Frey curve is 


y? = a(c —a?)(x+0)., (1) 


Frey showed that such curves cannot be MGDULAR, so if 


the TANIYAMA-SHIMURA CONJECTURE were true;:Frey_ 
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curves couldn’t exist and FERMAT’S LAST THEOREM 
would follow with b EVEN and a = —1 (mod 4). Frey 
curves are SEMISTABLE. Invariants include the Dis- 


CRIMINANT 
(a — 0)?(-8" — 0)[a? — (—b)?]? =a7P?b7P?c*P, (2) 
The MINIMAL DISCRIMINANT is 
A = 278 q2P 57? 6? (3) 


the CONDUCTOR is 


nN=|[[s (4) 


llabe 


and the j-INVARIANT is 


__ 28(a?P +b? + a?b?)> — 28 (c? — bPcP)3 5 
ont a?Ph2Pc*p ~ (abc)?P (5) 

see also ELLIPTIC CURVE, FERMAT’S LAST THEOREM, 

TANIYAMA-SHIMURA CONJECTURE 
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Frey Elliptic Curve 
see FREY CURVE 


Friday the Thirteenth 

The Gregorian calendar follows a pattern of leap years 
which repeats every 400 years. There are 4,800 months 
in 400 years, so the 13th of the month occurs 4,800 times 
in this interval. The number of times the 13th occurs 
on each weekday is given in the table below. As shown 
by Brown (1933), the thirteenth of the month is slightly 
more likely to be on a Friday than on any other day. 


Number of 13s 


Fraction 
14.31% 
14.27% 
14.27% 
14.31% 
14.25% 
14.33% 
14.25% 


Sunday 
Monday 
Tuesday 


Wednesday 
Thursday 
Friday 
Saturday 


see also 13, WEEKDAY 
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Friend 
A friend of a number n is another number m such that 
(m, n) is a FRIENDLY PAIR. 


see also FRIENDLY PAIR, SOLITARY NUMBER 


References 
Anderson, C. W. and Hickerson, D. Problem 6020. “Friendly 
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Friendly Giant Group 
see MONSTER GROUP 


Friendly Pair 
Define 


X(n) = us 


where a(n) is the DivisoR FUNCTION. Then a PAIR of 
distinct numbers (k,m) is a friendly pair (and k is said 
to be a FRIEND of m) if 


X(k) = X(m). 


For example, 4320 and 4680 are a friendly pair, since 
o (4320) = 15120, (4680) = 16380, and 


(4320) = 28320 — 
(4680) = 18380 — 


NIN MIN 


Numbers which do not have FRIENDS are called 
SOLITARY NUMBERS. SOLITARY NUMBERS satisfy 
(o(n),n) = 1, where (a,6) is the GREATEST COMMON 
DIVISOR of a and b. 


see also ALIQUOT SEQUENCE, FRIEND, SOLITARY NUM- 
BER 


References 
Anderson, C. W. and Hickerson, D. Problem 6020. “Friendly 
Integers.” Amer. Math. Monthly 84, 65-66, 1977. 


Frieze Pattern 


Cc 


An arrangement of numbers at the intersection of two 
sets of perpendicular diagonals such that a+d = b+c+1 
(for an additive frieze pattern) or ad = be + 1 (for a 
multiplicative frieze pattern) in each diamond. 


References 
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Frobenius-Konig Theorem 

The PERMANENT of an n X n MATRIX with all entries 
either 0 or 1 is 0 IPF the MATRIX contains an r X s 
submatrix of 0s with r+s—=n+1. This result follows 
from the KONIG-EGEVARY THEOREM. 


see also KONIG-EGEVARY THEOREM, PERMANENT 


Frobenius Method 


Frobenius Map 
A map z+> x? where p:p is a PRIME. 


Frobenius Method 
If zo is an ordinary point of the ORDINARY DIFFEREN- 
TIAL EQUATION, expand y in a TAYLOR SERIES about 


Zo, letting 
y= e Anz”. (1) 
n=0 


Plug y back into the ODE and group the COEFFICIENTS 
by POWER. Now, obtain a RECURRENCE RELATION for 
the nth term, and write the TAYLOR SERIES in terms of 
the a,s. Expansions for the first few derivatives are 


y= >) axe” (2) 
n=0 
y = nane™ ) = Si(n + l)eanti2” (3) 
n=1 n=0 
oo co 
y= ss n(n —1)anz"~? = Slam + 2)(n + 1l)an+y22”. 
n=2 n=0 


(4) 


If xo is a regular singular point of the ORDINARY DIF- 
FERENTIAL EQUATION, 


P(x)y" + Q(2)y' + R(x)y = 0, (5) 


solutions may be found by the Frobenius method or 
by expansion in a LAURENT SERIES. In the Frobenius 
method, assume a solution of the form 


y= a" > Qnz”, (6) 
=0 
so that 
co CO 
y=a" So ane” a by aga”? (7) 
n=0 n=0 

y= S- an(n+k)a*t™-? (8) 

n=0 

oO 

y= S> an(n+k)(n+k—1)2*t"-?, (9) 

n=0 


Now, plug y back into the ODE and group the COEFFI- 
CIENTS by POWER to obtain a recursion FORMULA for 
the anth term, and then write the TAYLOR SERIES in 
terms of the ans. Equating the ag term to 0 will pro- 
duce the so-called INDICIAL EQUATION, which will give 
the allowed values of k in the TAYLOR SERIES. 


Fucus’s THEOREM guarantees that at least one POWER 
series solution will be obtained when applying the Fro- 
benius method if the expansion point is an ordinary, 


Frobenius-Peron Equation 


or regular, SINGULAR POINT. For a regular SINGULAR 
PoINnT, a LAURENT SERIES expansion can also be used. 
Expand y in a LAURENT SERIES, letting 


y= Cont *+...¢e-18 }+ep+ae+...+ena"4+.... 

(10) 
Plug y back into the ODE and group the COEFFICIENTS 
by POWER. Now, obtain a recurrence FORMULA for the 
¢Cnth term, and write the TAYLOR EXPANSION in terms 
of the cys. 


see also FUCHS’S THEOREM, ORDINARY DIFFERENTIAL 
EQUATION 
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Frobenius-Peron Equation 


Seite / Ailes Milles 


where 6(x) is a DELTA FUNCTION, M(z) is a map, and 
p is the NATURAL DENSITY. 
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Frobenius Pseudoprime 

Let f(z) be a Monic PoLyNomiAL of degree d with 
discriminant A. Then an ODD INTEGER n with 
(n, f(0)A) = 1 is called a Frobenius pseudoprime with 
respect to f(x) if it passes a certain algorithm given 
by Grantham (1996). A Frobenius pseudoprime with 
respect to a POLYNOMIAL f(x) € Z[z] is then a compos- 
ite Frobenius probably prime with respect to the POLy- 
NOMIAL 2 — a. 


While 323 is the first LUCAS PSEUDOPRIME with respect 
to the Fibonacci polynomial x? — z— 1, the first Froben- 
ius pseudoprime is 5777. If f(x) = 2° -rz?+sx—1, then 
any Frobenius pseudoprime n with respect to f(x) is 
also a PERRIN PSEUDOPRIME. Grantham (1997) gives a 
test based on Frobenius pseudoprimes which is passed by 
COMPOSITE NUMBERS with probability at most 1/7710. 


see also PERRIN PSEUDOPRIME, PSEUDOPRIME, 
STRONG FROBENIUS PSEUDOPRIME 
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Frobenius Theorem 

Let A = ai; be a MATRIX with POSITIVE COEFFICIENTS 
so that a.; > 0 for all i,j = 1, 2,..., , then A has a 
POSITIVE EIGENVALUE Ao, and all its EIGENVALUES lie 
on the CLOSED DISK 


|z| < Ao- 


see also CLOSED DISK, OSTROWSKI’S THEOREM 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Diego, CA: Academic 
Press, p. 1121, 1979. 


Frobenius Triangle Identities 
Let Cr,m be a PADE APPROXIMANT. Then 


CinsryymM S(n-1y/mM ~ Cry(m4i)S4/(mM 41) 
=CrjmSrjm_ (1) 


Cr j(m41)S(i41)/M — Cin41)/mS1/(m41) 
= Cintnys(mty2@Szjm_— (2) 


Cir+1y/m Sim — Crim S(i+41)/M 
= Cnays(mty@Szs(m—1) (3) 


Cry(m41)Stym — CrymS1/(M41) 
= Cirgryys(mg1y@S(n-1)/m, (4) 
where 
Sijm = G(x)Pr(x) + H(x)Qu(z) (5) 
and C is the C-DETERMINANT. 
see also C-DETERMINANT, PADE APPROXIMANT 


References 
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Frontier 
see BOUNDARY 


Frullani’s Integral 
If f'(x) is continuous and the integral converges, 


[7 LP er = (H00)— Hoon (2). 
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Frustum 

The portion of a solid which lies between two PARALLEL 
PLANES cutting the solid. Degenerate cases are obtained 
for finite solids by cutting with a single PLANE only. 
see also CONICAL FRUSTUM, PYRAMIDAL FRUSTUM, 
SPHERICAL SEGMENT 


Fubini Principle 

If the average number of envelopes per pigeonhole is 
a, then some pigeonhole will have at least a envelopes. 
Similarly, there must be a pigeonhole with at most a 
envelopes. 


see also PIGEONHOLE PRINCIPLE 


Fuchsian System 


A system of linear differential equations 


dy 
dz 
with A(z) an ANALYTIC n x n MATRIX, for which the 
Matrix A(z) is ANALYTIC in C\{ai,...,an} and has 
a POLE of order 1 at a; for 7 = 1,..., N. A system 
is Fuchsian IFF there exist n x n matrices Bi, ..., Bn 
with entries in Z such that 


= A(z)y, 


N 


A Ds z a 


g=1 


N 
S B; = vz. 
j=l 


Fuchs’s Theorem 

At least one POWER SERIES solution will be obtained 
when applying the FROBENIUS METHOD if the expan- 
sion point is an ordinary, or regular, SINGULAR POINT. 
The number of ROOTS is given by the Roots of the 
INDICIAL EQUATION. 

References 
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Fuhrmann Circle 


Fubrmann Triangle 


The CIRCUMCIRCLE of the FUHRMANN TRIANGLE. 
see also FUHRMANN TRIANGLE, MID-ARC POINTS 


References 


Fubrmann, W. Synthetische Beweise Planimetrischer Sdtze. 
Berlin, p. 107, 1890. 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 228-229, 1929. 


Fuhrmann’s Theorem 


Let the opposite sides of a convex CYCLIC HEXAGON be 
a, a’, b, b', c, and c’, and let the DIAGONALS e, f, and g 
be so chosen that a, a’, and e have no common VERTEX 
(and likewise for b, b’, and f), then 


efg=aa'e+bb'f +cc'gt+abet+a'b'c’. 


This is an extension of PTOLEMY’S THEOREM to the 
HEXAGON. 


see also CYCLIC HEXAGON, HEXAGON, PTOLEMY’S 
THEOREM 
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Fuhrmann Triangle 


The Fuhrmann triangle of a TRIANGLE AABC is the 
TRIANGLE AFcF Fx, formed by reflecting the Mip- 
Arc Points Mas, Mac, Mac about the lines AB, AC, 


Full Reptend Prime 


and BC. The CIRCUMCIRCLE of the Fuhrmann triangle 
is called the FUHRMANN CIRCLE, and the lines F4Mac, 
FgpMac, and Fo Map CONCUR at the CIRCUMCENTER 


O. 


see also FUHRMANN CIRCLE, MID-ARC POINTS 


References 
Fuhrmann, W. Synthetische Beweise Planimetrischer Sétze. 


Berlin, p. 107, 1890. 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 228-229, 1929. 


Full Reptend Prime 

A PRIME p for which 1/p has a maximal period DECIMAL 
EXPANSION of p—1 DicIts. The first few numbers with 
maximal decimal expansions are 7, 17, 19, 23, 29, 47, 
59, 61, 97, ... (Sloane’s A001913). 


References 
Sloane, N. J. A. Sequence A001913/M4353 in “An On-Line 
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Full Width at Half Maximum 

The full width at half maximum (FWHM) is a param- 
eter commonly used to describe the width of a “bump” 
on a curve or function. It is given by the distance be- 
tween points on the curve at which the function reaches 
half its maximum value. The following table gives the 
analytic and numerical full widths for several common 
curves. 


Function Formula FWHM 
ee 
Bartlett 1-= a 

Blackman 0.810957a 
Connes 1— =) 4-—2/2a 
Cosine cos (#2) 4a 
Gaussian en? /(@e*) 2V2In2oe 
Hamming 1.05543a 
Hanning a 

1 
. =r 
Lorentzian =e 
Welch 1-3 V2a 


fa. 


see also APODIZATION FUNCTION, MAXIMUM 


Fuller Dome 
see GEODESIC DOME 


Function 

A way of associating unique objects to every point in a 
given SET. A function from A to B is an object f such 
that for every a € A, there is a unique object f(a) € B. 
Examples of functions include sin z, x, x”, etc. The term 
Map is synonymous with function. 


Poincaré remarked with regard to the proliferation of 
pathological functions, “Formerly, when one invented a 
new function, it was to further some practical purpose; 
today one invents them in order to make incorrect the 
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reasoning of our fathers, and nothing more will ever be 
accomplished by these inventions.” 


see also ABELIAN FUNCTION, ABSOLUTE VALUE, ACK- 
ERMANN FUNCTION, AIRY FUNCTIONS, ALGEBRAIC 
FUNCTION, ALGEBROIDAL FUNCTION, ALPHA FUNC- 
TION, ANDREW’S SINE, ANGER FUNCTION, APODI- 
ZATION FUNCTION, APPARATUS FUNCTION, ARGU- 
MENT (FUNCTION), ARTIN L-FUNCTION, AUTOMOR- 
PHIC FUNCTION, BACHELIER FUNCTION, BARNES G- 
FUNCTION, BARTLETT FUNCTION, BASSET FUNC- 
TION, BATEMAN FUNCTION, BEI, BER, BERNOULLI 
FUNCTION, BESSEL FUNCTION OF THE First KIND, 
BESSEL FUNCTION OF THE SECOND KIND, BESSEL 
FUNCTION OF THE THIRD KIND, BETA FUNCTION, 
BETA FUNCTION (EXPONENTIAL), BINOMIAL COEFFI- 
CIENT, BLACKMAN FUNCTION, BLANCMANGE FUNC- 
TION, BOOLEAN FUNCTION, BOURGET FUNCTION, 
BOXCAR FUNCTION, BROWN FUNCTION, CAL, CAN- 
TOR FUNCTION, CARMICHAEL FUNCTION, CAROTID- 
KUNDALINI FUNCTION, CEILING FUNCTION, CENTER 
FUNCTION, CENTRAL BETA FUNCTION, CHARACTER- 
ISTIC FUNCTION, CHEBYSHEV FUNCTION, CIRCULAR 
FUNCTIONS, CLAUSEN FUNCTION, COMB FUNCTION, 
COMPLETE FUNCTIONS, COMPLEX CONJUGATE, COM- 
PUTABLE FUNCTION, CONCAVE FUNCTION, CONFLU- 
ENT HYPERGEOMETRIC FUNCTION, CONFLUENT Hy- 
PERGEOMETRIC FUNCTION OF THE FIRST KIND, CON- 
FLUENT HYPERGEOMETRIC FUNCTION OF THE SECOND 
KIND, CONFLUENT HYPERGEOMETRIC LIMIT FUNC- 
TION, CONICAL FUNCTION, CONNES FUNCTION, CON- 
STANT FUNCTION, CONTIGUOUS FUNCTION, CONTINU- 
OUS FUNCTION, CONVEX FUNCTION, COPULA, COSE- 
CANT, COSINE, COSINE APODIZATION FUNCTION, Co- 
TANGENT, COULOMB WAVE FUNCTION, COVERSINE, 
CUBE ROOT, CUBED, CUMULANT-GENERATING FUNC- 
TION, CUMULATIVE DISTRIBUTION FUNCTION, CUN- 
NINGHAM FUNCTION, CYLINDER FUNCTION, CYLIN- 
DRICAL FUNCTION, DEBYE FUNCTIONS, DECREAS- 
ING FUNCTION, DEDEKIND ETA FUNCTION, DEDEKIND 
FUNCTION, DELTA FUNCTION, DIGAMMA FUNCTION, 
DILOGARITHM, DIRAC DELTA FUNCTION, DIRICH- 
LET BETA FUNCTION, DIRICHLET ETA FUNCTION, 
DIRICHLET FUNCTION, DIRICHLET LAMBDA FUNC- 
TION, DISTRIBUTION FUNCTION, DIVISOR FUNCTION, 
DOUBLE GAMMA FUNCTION, DOUBLET FUNCTION, 
E,-FUNCTION, E,-FUNCTION, EIGENFUNCTION, EIN 
FUNCTION, EINSTEIN FUNCTIONS, ELEMENTARY FUNC- 
TION, ELLIPTIC ALPHA FUNCTION, ELLIPTIC DELTA 
FUNCTION, ELLIPTIC EXPONENTIAL FUNCTION, EL- 
LIPTIC FUNCTION, ELLIPTIC FUNCTIONAL, ELLIPTIC 
LAMBDA FUNCTION, ELLIPTIC MODULAR FUNCTION, 
ELLIPTIC THETA FUNCTION, ELSASSER FUNCTION, EN- 
TIRE FUNCTION, EPSTEIN ZETA FUNCTION, ERDGS- 
SELFRIDGE FUNCTION, ERF, ERROR FUNCTION, EX- 
PONENTIAL RAMP, EULER L-FUNCTION, EVEN FUNC- 
TION, EXPONENTIAL FUNCTION, EXPONENTIAL FUNC- 
TION (TRUNCATED), EXPONENTIAL SUM FUNCTION, 
EXSECANT, FLOOR FUNCTION, FOx’s H-FUNCTION, 
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FUNCTION SPACE, G-FUNCTION, GAMMA FUNCTION, 
GATE FUNCTION, GAUSSIAN FUNCTION, GEGEN- 
BAUER FUNCTION, GENERALIZED FUNCTION, GENER- 
ALIZED HYPERBOLIC FUNCTIONS, GENERALIZED Hy- 
PERGEOMETRIC FUNCTION, GENERATING FUNCTION, 
GORDON FUNCTION, GREEN’S FUNCTION, GROWTH 
FUNCTION, GUDERMANNIAN FUNCTION, H-FUNCTION, 
HAAR FUNCTION, HAMMING FUNCTION, HANKEL 
FUNCTION, HANKEL FUNCTION OF THE FIRST KIND, 
HANKEL FUNCTION OF THE SECOND KIND, HANN 
FUNCTION, HANNING FUNCTION, HARMONIC FUNC- 
TION, HAVERSINE, HEAVISIDE STEP FUNCTION, HECKE 
L-FUNCTION, HEMICYLINDRICAL FUNCTION, HEMI- 
SPHERICAL FUNCTION, HEUMAN LAMBDA FUNCTION, 
HH FUNCTION, HILBERT FUNCTION, HOLONOMIC 
FUNCTION, HOMOGENEOUS FUNCTION, HURWITZ ZETA 
FUNCTION, HYPERBOLIC COSECANT, HYPERBOLIC Co- 
SINE, HYPERBOLIC COTANGENT, HYPERBOLIC FUNC- 
TIONS, HYPERBOLIC SECANT, HYPERBOLIC SINE, Hy- 
PERBOLIC TANGENT, HYPERELLIPTIC FUNCTION, Hy- 
PERGEOMETRIC FUNCTION, IDENTITY FUNCTION, IM- 
PLICIT FUNCTION, IMPLICIT FUNCTION THEOREM, IN- 
COMPLETE GAMMA FUNCTION, INCREASING FUNC- 
TION, INFINITE PRODUCT, INSTRUMENT FUNCTION, 
Int, INVERSE COSECANT, INVERSE COSINE, _IN- 
VERSE COTANGENT, INVERSE FUNCTION, INVERSE Hy- 
PERBOLIC FUNCTIONS, INVERSE SECANT, INVERSE 
SINE, INVERSE TANGENT, j-FUNCTION, JACOBI EL- 
LIPTIC FUNCTIONS, JACOBI FUNCTION OF THE FIRST 
KIND, JACOBI FUNCTION OF THE SECOND KIND, Ja- 
cost THETA FUNCTION, JACOBI ZETA FUNCTION, 
JINC FUNCTION, JOINT PROBABILITY DENSITY FUNC- 
TION, JONQUIERE’S FUNCTION, K-FUNCTION, KEI, 
KELVIN FUNCTIONS, KER, KOEBE FUNCTION, L- 
FUNCTION, LAMBDA FUNCTION, LAMBDA HYPERGEO- 
METRIC FUNCTION, LAMBERT’S W-FUNCTION, LAME 
FUNCTION, LEGENDRE FUNCTION OF THE FIRST KIND, 
LEGENDRE FUNCTION OF THE SECOND KIND, LEM- 
NISCATE FUNCTION, LEMNISCATE FUNCTION, LENGTH 
DISTRIBUTION FUNCTION, LERCH TRANSCENDENT, 
LEVY FuNCTION, LINEARLY DEPENDENT FUNC- 
TIONS, LIOUVILLE FUNCTION, LIPSCHITZ FUNCTION, 
LOGARITHM, LOGARITHMICALLY CONVEX FUNCTION, 
LOGIT TRANSFORMATION, LOMMEL FUNCTION, LyYA- 
PUNOV FUNCTION, MACROBERT’S B-FUNCTION, MAN- 
GOLDT FUNCTION, MATHIEU FUNCTION, MEASUR- 
ABLE FUNCTION, MEIJER’S G-FUNCTION, MEROMOR- 
PHIC, MERTENS FUNCTION, MERTZ APODIZATION 
FUNCTION, MITTAG-LEFFLER FUNCTION, MO6sius 
FUNCTION, MOopius PERIODIC FUNCTION, Mock 
THETA FUNCTION, MODIFIED BESSEL FUNCTION OF 
THE FIRST KIND, MODIFIED BESSEL FUNCTION OF 
THE SECOND KIND, MODIFIED SPHERICAL BESSEL 
FUNCTION, MODIFIED STRUVE FUNCTION, MODULAR 
FUNCTION, MODULAR GAMMA FUNCTION, MODULAR 
LAMBDA FUNCTION, MOMENT-GENERATING FUNC- 
TION, MONOGENIC FUNCTION, MONOTONIC FUNC- 
TION, Mu FUNCTION, MULTIPLICATIVE FUNCTION, 
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MULTIVALUED FUNCTION, MULTIVARIATE FUNCTION, 
NEUMANN FUNCTION, NINT, Nu FUNCTION, NULL 
FUNCTION, NUMERIC FUNCTION, OBLATE SPHER- 
OIDAL WAVE FUNCTION, ODD FUNCTION, OMEGA 
FUNCTION, ONE-WAY FUNCTION, PARABOLIC CYL- 
INDER FUNCTION, PARTITION FUNCTION P, 'PAR- 
TITION FUNCTION Q, PARZEN APODIZATION FUNC- 
TION, PEARSON-CUNNINGHAM FUNCTION, PEARSON’S 
FUNCTION, PERIODIC FUNCTION, PLANCK’S RADI- 
ATION FUNCTION, PLURISUBHARMONIC FUNCTION, 
POCHHAMMER SYMBOL, POINCARE-FUCHS-KLEIN AU- 
TOMORPHIC FUNCTION, POISSON-CHARLIER FUNC- 
TION, POLYGAMMA FUNCTION, POLYGENIC FUNC- 
TION, POLYLOGARITHM, POSITIVE DEFINITE FUNC- 
TION, POTENTIAL FUNCTION, POWER, PRIME COUNT- 
ING FUNCTION, PRIME DIFFERENCE FUNCTION, PROB- 
ABILITY DENSITY FUNCTION, PROBABILITY DISTRIBU- 
TION FUNCTION, PROLATE SPHEROIDAL WAVE FUNC- 
TION, PsI FUNCTION, PULSE FUNCTION, q-BETA FUNC- 
TION, Q-FUNCTION, g-GAMMA FUNCTION, QUASIPERI- 
ODIC FUNCTION, RADEMACHER FUNCTION, RAMANU- 
JAN FUNCTION, RAMANUJAN g- AND G- FUNCTIONS, 
RAMANUJAN THETA FUNCTIONS, RAMP FUNCTION, 
RATIONAL FUNCTION, REAL FUNCTION, RECTAN- 
GLE FUNCTION, REGULAR FUNCTION, REGULARIZED 
GAMMA FUNCTION, RESTRICTED DIVISOR FUNCTION, 
RIEMANN FUNCTION, RIEMANN-MANGOLDT FUNC- 
TION, RIEMANN-SIEGEL FUNCTIONS, RIEMANN THETA 
FUNCTION, RIEMANN ZETA FUNCTION, RING FUNC- 
TION, SAL, SAMPLING FUNCTION, SCALAR FUNCTION, 
SCHLOMILCH’S FUNCTION, SECANT, SEQUENCY FUNC- 
TION, SGN, SHAH FUNCTION, SIEGEL MODULAR FUNC- 
TION, SIGMA FUNCTION, SIGMOID FUNCTION, SIGN, 
SINC FUNCTION, SINE, SMARANDACHE FUNCTION, 
SPENCE’S FUNCTION, SPHERICAL BESSEL FUNCTION 
OF THE First KIND, SPHERICAL BESSEL FUNCTION 
OF THE SECOND KIND, SPHERICAL HANKEL FUNCTION 
OF THE FIRST KIND, SPHERICAL HANKEL FUNCTION 
OF THE SECOND KIND, SPHERICAL HARMONIC, SPHER- 
OIDAL WAVEFUNCTION, SPRAGUE-GRUNDY FUNCTION, 
SQUARE ROOT, SQUARED, STEP FUNCTION, STRUVE 
FUNCTION, STURM FUNCTION, SUMMATORY FUuNC- 
TION, SYMMETRIC FUNCTION, TAK FUNCTION, TAN- 
GENT, TAPERING FUNCTION, TAU FUNCTION, TETRA- 
CHORIC FUNCTION, THETA FUNCTION, TOROIDAL 
FUNCTION, TORONTO FUNCTION, TOTAL FUNCTION, 
TOTIENT FUNCTION, TOTIENT VALENCE FUNCTION, 
TRANSCENDENTAL FUNCTION, TRANSFER FUNCTION, 
TRAPDOOR FUNCTION, TRIANGLE CENTER FUNCTION, 
TRIANGLE FUNCTION, TRICOMI FUNCTION, TRIGONO- 
METRIC FUNCTIONS, UNIFORM APODIZATION FUNC- 
TION, UNIVALENT FUNCTION, VECTOR FUNCTION, 
VERSINE, VON MANGOLDT FUNCTION, W-FUNCTION, 
WALSH FUNCTION, WEBER FUNCTIONS, WEIERSTRAB 
ELLIPTIC FUNCTION, WEIERSTRA8’ FUNCTION, WEIER- 
STRAB SIGMA FUNCTION, WEIERSTRAS ZETA FUNC- 
TION, WEIGHTING FUNCTION, WELCH APODIZATION 


Function Field 


FUNCTION, WHITTAKER FUNCTION, WIENER FUNC- 
TION, WINDOW FUNCTION, XI FUNCTION, ZETA FUNC- 
TION 
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Function Field 
see ALGEBRAIC FUNCTION FIELD 


Function Space 

f (JZ) is the collection of all real-valued continuous func- 
tions defined on some interval J. f‘™) (J) is the collection 
of all functions € f(Z) with continuous nth DERIVvaA- 
TIVES. A function space is a TOPOLOGICAL VECTOR 
SPACE whose “points” are functions. 


see also FUNCTIONAL, FUNCTIONAL ANALYSIS, OPER- 
ATOR 


Functional 
A mapping between FUNCTION SPACES if the range is 
on the REAL LINE or in the COMPLEX PLANE. 


see also COERCIVE FUNCTIONAL, CURRENT, ELLIP- 
TIC FUNCTIONAL, GENERALIZED FUNCTION, LAx- 
MILGRAM THEOREM, OPERATOR, RIESZ REPRESENTA- 
TION THEOREM 


Functional Analysis 

A branch of mathematics concerned with infinite dimen- 
sional spaces (mainly FUNCTION SPACES) and mappings 
between them. The SPACES may be of different, and pos- 
sibly INFINITE, DIMENSIONS. These mappings are called 
OPERATORS or, if the range is on the REAL line or in 
the COMPLEX PLANE, FUNCTIONALS. 


see also FUNCTIONAL, OPERATOR 
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Yoshida, K. Functional Analysis and Its Applications. New 
York: Springer-Verlag, 1971. 

Zeidler, E. Nonlinear Functional Analysis and Its Applica- 
tions. New York: Springer-Verlag, 1989. 
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Functional Calculus 
An early name for CALCULUS OF VARIATIONS. 


Functional Derivative 
A generalization of the concept of the DERIVATIVE to 
GENERALIZED FUNCTIONS. 


Functor 

A function between CATEGORIES which maps objects to 
objects and MORPHISMS to MORPHISMS. Functors exist 
in both covariant and contravariant types. 


see also CATEGORY, EILENBERG-STEENROD AXIOMS, 
MORPHISM, SCHUR FUNCTOR 


Fundamental Class 
The canonical generator of the nonvanishing HOMO- 
LOGY GROUP on a TOPOLOGICAL MANIFOLD. 


see also CHERN NUMBER, PONTRYAGIN NUMBER, 
STIEFEL-WHITNEY NUMBER 


Fundamental Continuity Theorem 

Given two POLYNOMIALS of the same order in one vari- 
able where the first p COEFFICIENTS (but not the first 
p — 1) are 0 and the COEFFICIENTS of the second ap- 
proach the corresponding COEFFICIENTS of the first as 
limits, then the second POLYNOMIAL will have exactly p 
roots that increase indefinitely. Furthermore, exactly k 
Roots of the second will approach each Root of mul- 
tiplicity k of the first as a limit. 
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Fundamental Discriminant 

—D is a fundamental discriminant if D is a POSITIVE 
INTEGER which is not DIVISIBLE by any square of an 
OvD PRIME and which satisfies D = 3 (mod 4) or D= 
4,8 (mod 16). 


see also DISCRIMINANT 
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Fundamental Forms 

There are three types of so-called fundamental forms. 
The most important are the first and second (since the 
third can be expressed in terms of these). The fun- 
damental forms are extremely important and useful in 
determining the metric properties of a surface, such 
as LINE ELEMENT, AREA ELEMENT, NORMAL CURVA- 
TURE, GAUSSIAN CURVATURE, and MEAN CURVATURE, 
Let M be a REGULAR SURFACE with vp, Wp points on 
the TANGENT SPACE M, of M. Then the first funda- 
mental form is the INNER PRODUCT of tangent vectors, 


I(Vp, Wp) = Vp: Wp: (1) 


For M € R°, the second fundamental form is the sym- 
metric bilinear form on the TANGENT SPACE M,, 


II(Vp, Wp) = S(Vp): Wp, (2) 


where S is the SHAPE OPERATOR. The third fundamen- 
tal form is given by 


III(vp, Wp) = S(vp) - S(wp). (3) 


The first and second fundamental forms satisfy 


I(ax,, + bx,, ax, + bx,) = Ea” + 2Fab+ Gb? (4) 
II(ax, + bx,, ax. + bx,) = ea? + 2fab+ gb’, (5) 


and so their ratio is simply the NORMAL CURVATURE 


K(vp) = (6) 


for any nonzero TANGENT VECTOR. The third funda- 
mental form is given in terms of the first and second 
forms by 

III — 2H1Il+ KI=0, (7) 


where H is the MEAN CURVATURE and K is the GAUS- 
SIAN CURVATURE. 


The first fundamental form (or LINE ELEMENT) is given 
explicitly by the RIEMANNIAN METRIC 


ds* = Edu’ + 29F dudv + Gdv’. (8) 


It determines the ARC LENGTH of a curve on a surface. 
The coefficients are given by 


dx |? 

EF= Xuu = = (9) 
ox Ox 

FP=rexXyw= Ba oe (10) 
0x |? 

G UU @u (11) 
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The coefficients are also denoted gun = E, guy = F, 
and gyy = G. In CURVILINEAR COORDINATES (where 
F = 0), the quantities 


lig =fGua SVE (12) 
hy = Jon = VG (13) 


are called SCALE FACTORS. 


The second fundamental form is given explicitly by 


edu? + 2f dudv + gdv* (14) 
where 

e= es (15) 

- - * Bu? 

0’ x; 
f=) 5086 (16) 

Oz; 
9= a (17) 


and X; are the DIRECTION COSINES of the surface nor- 
mal. The second fundamental form can also be written 


e=—-Nu-Xu=N- Xu (18) 
f=-Ny xu =N- Xu = Nou: Xou 

= —Ny- Xv (19) 
g=—Ny Xv = N+ Xv, (20) 


where N is the NORMAL VECTOR, or 


__ det(XunXuXy) 
— VEG — F 
_ det(XuvXuXv) 
- VEGF? 
_ det (xyyXuXv) 


— JEG — F?2 © 


(21) 


z (22) 


(23) 


see also ARC LENGTH, AREA ELEMENT, GAUSSIAN 
CURVATURE, GEODESIC, KAHLER MANIFOLD, LINE OF 
CURVATURE, LINE ELEMENT, MEAN CURVATURE, NOR- 
MAL CURVATURE, RIEMANNIAN METRIC, SCALE FAC- 
TOR, WEINGARTEN EQUATIONS 
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Fundamental Group 

The fundamental group of a CONNECTED SET S is the 
QUOTIENT GROUP of the GROUP of all paths with initial 
and final points at a given point P and the SUBGROUP of 
all paths HOMOTOPIC to the degenerate path consisting 
of the point P. 


The fundamental group of the CIRCLE is the INFINITE 
Cyclic Group. Two fundamental groups having dif- 
ferent points P are ISOMORPHIC. If the fundamental 
group consists only of the identity element, then the set 
S is simply connected. 


see also MILNOR’S THEOREM 


Fundamental Homology Class 
see also FUNDAMENTAL CLASS 


Fundamental Lemma of Calculus of 


Variations 
If 


b 
/ M(a)h(x) dx = 0 


V h(z) with CONTINUOUS second PARTIAL DERIVA- 
TIVES, then 
M(z) =0 


on the OPEN INTERVAL (a, 6). 


Fundamental System 

A set of ALGEBRAIC INVARIANTS for a QUANTIC such 
that any invariant of the QUANTIC is expressible as a 
POLYNOMIAL in members of the set. In 1868, Gordan 
proved the existence of finite fundamental systems of al- 
gebraic invariants and covariants for any binary QUAN- 
TIc. In 1890, Hilbert (1890) proved the HILBERT BAsIs 
THEOREM, which is a finiteness theorem for the related 
concept of SYZYGIES. 


see also HILBERT BASIS THEOREM, SYZYGY 
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Fundamental Theorem of Algebra 

Every POLYNOMIAL equation having COMPLEX COEF- 
FICIENTS and degree > 1 has at least one COMPLEX 
Root. This theorem was first proven by Gauss. It is 
equivalent to the statement that a POLYNOMIAL P(z) 
of degree n has n values of z (some of them possi- 
bly degenerate) for which P(z) = 0. An example of 
a POLYNOMIAL with a single ROOT of multiplicity > 1 
is z? — 2z +1 = (z—1)(z—1), which has z = 1 asa 
Root of multiplicity 2. 

see also DEGENERATE, POLYNOMIAL 
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Fundamental Theorem of Arithmetic 

Any PosITIVE INTEGER can be represented in exactly 
one way as a PRODUCT of PRIMES. The theorem is 
also called the UNIQUE FACTORIZATION THEOREM. The 
fundamental theorem of algebra is a COROLLARY of the 
first of EUCLID’S THEOREMS (Hardy and Wright 1979). 


see also EUCLID’S THEOREMS, INTEGER, PRIME NuUM- 
BER 
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Fundamental Theorems of Calculus 

The first fundamental theorem of calculus states that, 
if f is CONTINUOUS on the CLOSED INTERVAL [a, b] and 
F is the ANTIDERIVATIVE (INDEFINITE INTEGRAL) of f 
on [a, 5], then 


b 
[ teovae= FH - Feo). (1) 


The second fundamental theorem of calculus lets f be 
CONTINUOUS on an OPEN INTERVAL I and lets a be any 
point in J. If F is defined by 


re) =f sean (2) 


then 


F'(x) = f(z) (3) 
at each point in J. 


The complex fundamental theorem of calculus states 
that if f(z) has a CONTINUOUS ANTIDERIVATIVE F(z) in 
a region R containing a parameterized curve y : z = z(t) 
fora <t< £, then 


[ #@)4 = FEB) ~ Fe). (4) 


see also CALCULUS, DEFINITE INTEGRAL, INDEFINITE 
INTEGRAL, INTEGRAL 


Fundamental Theorem of Curves 

The CURVATURE and TORSION functions along a SPACE 
CuRVE determine it up to an orientation-preserving 
ISOMETRY. 
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Fundamental Theorem of Directly Similar 
Figures 

Let Fo and F, denote two directly similar figures in the 
plane, where P; € Fi corresponds to Po € Fo under 
the given similarity. Let r € (0,1), and define F, = 
{(l-—r)Po +7rP, : Po € Fo}. Then F, is also directly 
similar to Fo. 


see also FINSLER-HADWIGER THEOREM 
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Fundamental Theorem of Gaussian 
Quadrature 

The ABSCISSAS of the N point GAUSSIAN QUADRATURE 
FORMULA are precisely the ROOTS of the ORTHOGONAL 
POLYNOMIAL for the same INTERVAL and WEIGHTING 
FUNCTION. 


see also GAUSSIAN QUADRATURE 


Fundamental Theorem of Genera 


2" h(—d)|, 


where w(d) is the genus of forms and h(—d) is the CLASS 
NUMBER of an IMAGINARY QUADRATIC FIELD. 
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Fundamental Theorem of Plane Curves 
Two unit-speed plane curves which have the same CuR- 
VATURE differ only by a EUCLIDEAN MOTION. 


see also FUNDAMENTAL THEOREM OF SPACE CURVES 
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Fundamental Theorem of Projective 
Geometry 

A PROJECTIVITY is determined when three points of one 
RANGE and the corresponding three points of the other 
are given. 


see also PROJECTIVE GEOMETRY 
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Fundamental Theorem of Space Curves 

If two single-valued continuous functions x(s) (CURVA- 
TURE) and r(s) (TORSION) are given for s > 0, then 
there exists EXACTLY ONE SPACE CURVE, determined 
except for orientation and position in space (i.e., up to 
a EUCLIDEAN Motion), where s is the ARC LENGTH, 
« is the CURVATURE, and 7 is the TORSION. 


see also ARC LENGTH, CURVATURE, ERUCLIDEAN Mo- 
TION, FUNDAMENTAL THEOREM OF PLANE CURVES, 
TORSION (DIFFERENTIAL GEOMETRY) 
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Fundamental Theorem of Symmetric 
Functions 

Any symmetric polynomial (respectively, symmetric ra- 
tional function) can be expressed as a POLYNOMIAL (re- 
spectively, RATIONAL FUNCTION) in the ELEMENTARY 
SYMMETRIC FUNCTIONS on those variables. 


see also ELEMENTARY SYMMETRIC FUNCTION 
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Fundamental Unit 

In a real QUADRATIC FIELD, there exists a special UNIT 
7 known as the fundamental unit such that all units p 
are given by p = +7, for m = 0, +1, +2,.... The 
following table gives the fundamental units for the first 
few real quadratic fields. 


Funnel 
d 7(d) d_7(d) 
2 14+Vv2 51 5047/51 
3 2473 53 4(7+ V53) 
5 3(1+ V5) 55 89+ 12/55 
6 5+4+2V6 57 151+ 20/57 
7 8+3V7 58 99+ 13/58 
10 34+ </10 59 530 + 69/59 
11 1043711 61 4(39+ 5/61) 
13 4(3+ 13) 62 63+ 8/62 
14 1544/14 65 8+ /65 
15 44 V15 66 65+ 8/66 
17 44/17 67 48842 + 5967/67 
19 170+39V/19 69 $(25+3V69) 
21 4(5+V21) 70 251+30/70 
22 197+ 42/22 71 3480+ 413/771 
23° 2445/23 73 1068 + 125/73 
26 5+ /26 74 4345/74 
29 1(5+ 29) 77 494+ V7) 
30 11+2V/30 78 53+ 6/78 
31 1520+273V31 |79 8049/79 
33 54+ 4/33 82 9+ 82 
34 3546/34 83 82+ 9/83 
35 6+ V35 85 4(9+ V85) 
37 6+ 37 86 10405 + 1122/86 
38 37+ 6V38 87 28+3/87 
39 2544/39 89 501+ 54/89 
41 32+5)/41 91 1574+ 165/91 
42 1842/42 93 4(29 + 3/93) 
43 34824531743 |95 39+ 4/95 
46 24335 + 3588/46 |97 5604 + 569/97 
47 4847/47 


see also QUADRATIC FIELD, UNIT 
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Funnel 


The funnel surface is a REGULAR SURFACE defined by 
the Cartesian equation 


2 2 In(2? +y’) (1) 
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and the parametric equations 


x(r,@) = rcosé (2) 
y(r,@) = rsin8 (3) 
z(r,6) =Inr. (4) 


see also GABRIEL’S HORN, PSEUDOSPHERE, SINCLAIR’S 
SOAP FILM PROBLEM 


References 
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Fuss’s Problem 
see BICENTRIG POLYGON 


Futile Game 
A GAME which permits a draw (“tie”) when played 
properly by both players. 


Fuzzy Logic 

An extension of two-valued LOGIC such that statements 
need not be TRUE or FALSE, but may have a degree of 
truth between 0 and 1. Such a system can be extremely 
useful in designing control logic for real-world systems 
such as elevators. 


see also ALETHIC, FALSE, LOGIC, TRUE 
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FWHM 
see FULL WIDTH AT HALF MAXIMUM 


g-Function 
G 


g-Function 
see RAMANUJAN g- AND G-FUNCTIONS 


G-Function 


Defined in Whittaker and Watson (1990, p. 264) and 
also called the BARNES G-FUNCTION. 


G(z+l= (2m)*/2e—le(et4)+9271/2 
co z\" 4 
142 -ztz fey)| 
= II [( .. =) » () 


where *+y is the EULER-MASCHERONI CONSTANT. This is 
an ANALYTIC CONTINUATION of the G function defined 
in the construction of the GLAISHER-KINKELIN CON- 
STANT 

(n!)” 


G(in+1)= Kin #1)’ 


(2) 


which has the special values 
ifn = 0,-1, -2,... 


0 
G(n) =< 1 ifn=1 (3) 
O!1!2!---(~— 2)! ifn = 2,3,4,... 


for INTEGER n. This function is what Sloane and 
Plouffe (1995) call the SUPERFACTORIAL, and the first 
few values for n = 1, 2, ... are 1, 1, 1, 2, 12, 288, 
34560, 24883200, 125411328000, 5056584744960000, ... 
(Sloane’s A000178). 


The G-function is the reciprocal of the DOUBLE GAMMA 
FUNCTION. It satisfies 


G{z +1) = [(z)G(z) (4) 
2) L 92 93.2 ym 
Gorey = 1'.27.3 (5) 
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Gi(z+1) _ I'(z) 


i —~i_ 
Glz+1) = 5 In(2m) — § e+ 275) (6) 
Ga-—z)|_ f° 
In Ee 7 3) = [ nzcot(mz)dz—zIn(2r) = (7) 
and has the special values 
G(2) — Am3/2_-1/4¢1/891/24 (8) 
G1) =1, (9) 
where 
Zz 62), Wea) oF] 2 
A= exp | on? + 12 + ra 1.28242713.... 
(10) 


The G-function can arise in spectral functions in math- 
ematical physics (Voros 1987). 


An unrelated pair of functions are denoted g, and Gp 
and are known as RAMANUJAN g- AND G-FUNCTIONS. 


see also EULER-MASCHERONI CONSTANT, GLAISHER- 
KINKELIN CONSTANT, K-FUNCTION, MEIJER’S G- 
FUNCTION, RAMANUJAN g- AND G-FUNCTIONS, SUPER- 
FACTORIAL 
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G-Number 
see EISENSTEIN INTEGER 


G-Space 

A G-space is a special type of HAUSDORFF SPACE. Con- 
sider a point z and a HOMEOMORPHISM of an open 
NEIGHBORHOOD V of z onto an OPEN SET of R”. Then 
a space is a G-space if, for any two such NEIGHBOR- 
HoopS V’ and V”, the images of V’ UV” under the 
different HOMEOMORPHISMS are ISOMETRIC. If n = 2, 
the HOMEOMORPHISMS need only be conformal (but not 
necessarily orientation-preserving). 


see also GREEN SPACE 
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Gabriel’s Horn 


The SURFACE OF REVOLUTION of the function y = 1/z 
about the z-axis for z > 1. It has FINITE VOLUME 


but INFINITE SURFACE AREA, since 


co 
S= QryVlty? dz 


1 


>on f yde = 2n f a = olin]? 
1 1 


z 


= 27(In co — 0] = oo. 


This leads to the paradoxical consequence that while 
Gabriel’s horn can be filled up with m cubic units of 
paint, an INFINITE number of square units of paint are 
needed to cover its surface! 


see also FUNNEL, PSEUDOSPHERE 


Gabriel’s Staircase 
The SuM 


valid for O <r <i. 


Gadget 

A term of endearment used by ALGEBRAIC TOPOLO- 
GISTS when talking about their favorite power tools such 
as ABELIAN GROUPS, BUNDLES, HOMOLOGY GROUPS, 
HOMOTOPY GROuPS, k-THEORY, MORSE THEORY, OB- 
STRUCTIONS, stable homotopy theory, VECTOR SPACES, 
etc. 


see also ABELIAN GROUP, ALGEBRAIC TOPOLOGY, 
BUNDLE, FREE, HOMOLOGY GROUP, HOMOTOPY 
Group, k-THEORY, OBSTRUCTION, MorSE THEORY, 
VECTOR SPACE 


Gallows 


Gale-Ryser Theorem 

Let p and q be PARTITIONS of a POSITIVE INTEGER, 
then there exists a (0,1)-matrix A such that c(A) = p, 
r(A) = q IFF q is dominated by p”*. 
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Galilean Transformation 

A transformation from one reference frame to another 
moving with a constant VELOCITY v with respect to 
the first for classical motion. However, special relativ- 
ity shows that the transformation must be modified to 
the LORENTZ TRANSFORMATION for relativistic motion. 
The forward Galilean transformation is 


t’ 1 0 0 0 t 
z |  |-v 1 0 Of Iz 
y {| {| 0 01 0 yt? 
2! 0 001 z 
and the inverse transformation is 

t 100 0 t! 

ze} fv 1 0 Of fea’ 

yi (0 01 0 y! 

Zz 0001 Zt 


see also LORENTZ TRANSFORMATION 


Gall’s Stereographic Projection 

A CYLINDRICAL PROJECTION which projects the equa- 
tor onto a tangent cylinder which intersects the globe at 
+ 45°. The transformation equations are 


x=X 
y = tan(}¢), 


where X is the LONGITUDE and ¢ the LATITUDE. 
see also STEREOGRAPHIC PROJECTION 


References 
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Gallows 

Schroeder (1991) calls the CEILING FUNCTION symbols 
[ and ] the “gallows” because of their similarity in ap- 
pearance to the structure used for hangings. 


see also CEILING FUNCTION 
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Gallucci’s Theorem 


Gallucci’s Theorem 

If three SKEW LINES all meet three other SKEW LINES, 
any TRANSVERSAL to the first set of three meets any 
TRANSVERSAL to the second set of three. 


see also SKEW LINES, TRANSVERSAL LINE 


Galois Extension Field 
The splitting FIELD for a separable POLYNOMIAL over a 
FINITE FIELD K, where L is a FIELD EXTENSION of K. 


Galois Field 
see FINITE FIELD 


Galois Group 

Let L be a FIELD EXTENSION of K, denoted L/K, and 
let G be the set of AUTOMORPHISMS of L/K, that is, 
the set of AUTOMORPHISMS o of L such that o(z) = x 
for every x € K,so that K is fixed. Then G is a GROUP 
of transformations of L, called the Galois group of L/K. 


The Galois group of (C/R) consists of the IDENTITY EL- 
EMENT and COMPLEX CONJUGATION. These functions 
both take a given REAL to the same real. 

see also ABHYANKAR’S CONJECTURE, FINITE GROUP, 
GROUP 
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Galois Imaginary 
A mathematical object invented to solve irreducible 
CONGRUENCES of the form 


F(x) =0 (mod p), 
where p is PRIME. 


Galois’s Theorem 

An algebraic equation is algebraically solvable IFF its 
GROUP is SOLVABLE. In order that an irreducible equa- 
tion of PRIME degree be solvable by radicals, it is NEC- 
ESSARY and SUFFICIENT that all its ROOTS be rational 
functions of two Roots. 

see also ABEL’S IMPOSSIBILITY THEOREM, SOLVABLE 
GROUP 


Galois Theory 
If there exists a ONE-TO-ONE correspondence between 
two SUBGROUPS and SUBFIELDS such that 


G(E(@’)) = @’ 
E(G(E’)) = €', 


then E£ is said to have a Galois theory. 
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Galoisian 

An algebraic extension E of F for which every IRRE- 
DUCIBLE POLYNOMIAL in F' which has a single ROOT in 
E has all its ROOTS in E is said to be Galoisian. Ga- 
loisian extensions are also called algebraically normal. 


Gambler’s Ruin 

Let two players each have a finite number of pennies 
(say, ni for player one and nz for player two). Now, flip 
one of the pennies (from either player), with each player 
having 50% probability of winning, and give the penny 
to the winner. If the process is repeated indefinitely, the 
probability that one or the other player will eventually 
lose all his pennies is unity. However, the chances that 
the individual players will be rendered penniless are 


TY 
Py = ——— 
ny + ne 

ne 
P,; = ——-_. 
n+tne2 


see also COIN TOSSING, MARTINGALE, SAINT PETERS- 
BURG PARADOX 
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Game 

A game is defined as a conflict involving gains and losses 
between two or more opponents who follow formal rules. 
The study of games belongs to a branch of mathematics 
known as GAME THEORY. 


see also GAME THEORY 


Game Expectation 

Let the elements in a PAYOFF MATRIX be denoted aj;, 
where the is are player A’s STRATEGIES and the js are 
player B’s STRATEGIES. Player A can get at least 


in ai; 1 
run eas (1) 


for STRATEGY i. Player B can force player A to get 
no more than max;<m aij for a STRATEGY j. The best 
STRATEGY for player A is therefore 


min min a;; 2 
i<mj<n 7? 2 


and the best STRATEGY for player B is 


min max a;;. 
jen icm (3) 
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In general, 
min mina;; < min maxaj;. (4) 
i<m j<n jen i<m 


Equality holds only if a SADDLE POINT is present, in 
which case the quantity is called the VALUE of the game. 


see also GAME, PAYOFF MATRIX, SADDLE POINT 
(GAME), STRATEGY, VALUE 


Game of Life 
see LIFE 


Game Matrix 
see PAYOFF MATRIX 


Game Theory 

A branch of MATHEMATICS and Locic which deals with 
the analysis of GAMES (i.e., situations in which parties 
are involved in situations where their interests conflict). 
In addition to the mathematical elegance and complete 
“solution” which is possible for simple games, the prin- 
ciples of game theory also find applications to compli- 
cated games such as cards, checkers, and chess, as well 
as real-world problems as diverse as economics, property 
division, politics, and warfare. 


see also BOREL DETERMINACY THEOREM, CATE- 
GORICAL GAME, CHECKERS, CHESS, DECISION THE- 
ORY, EQUILIBRIUM POINT, FINITE GAME, FUTILE 
GAME, GAME EXPECTATION, GO, HI-Q, IMPARTIAL 
GAME, Mex, MINIMAX THEOREM, MIXED STRAT- 
EGY, NASH EQUILIBRIUM, NASH’S THEOREM, NIM, 
NIM-VALUE, PARTISAN GAME, PAYOFF MATRIX, PEG 
SOLITAIRE, PERFECT INFORMATION, SADDLE POINT 
(GAME), SAFE, SPRAGUE-GRUNDY FUNCTION, STRAT- 
EGY, TACTIX, TIT-FOR-TAT, UNSAFE, VALUE, WYTH- 
OFF’S GAME, ZERO-SUM GAME 
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Gamma Distribution 


(a, 8) = (1, 1) 


D(x} 


A general type of statistical DISTRIBUTION which is re- 
lated to the BETA DISTRIBUTION and arises naturally in 
processes for which the waiting times between POISSON 
DISTRIBUTED events are relevant. Gamma distributions 
have two free parameters, labeled a and @, a few of which 
are illustrated above. 


Given a POISSON DISTRIBUTION with a rate of change A, 
the DISTRIBUTION FUNCTION D(z) giving the waiting 
times until the Ath change is 


D(x) = P(X <2) =1-P(X >2) 


h-l 
(Az)*e~** 
a a k! 
k=0 
h-1 
=e \zx)* 
=f X by ( *) (1) 


for x > 0. The probability function P(x) is then ob- 
tained by differentiating D(z), 


P(z) = D'(z) 
h—-1 h-1 
ae S(t) ne SR R(A@)ATIA 
= re El —e » kl 
k=0 k=0 
h-1 h-1 
—rx —rAz (Az) _ pt At k(At)**A 
=x +x » i e€ a 
- waz we [R(An)P? (a) 
nsem ne: [Aaa _ a 
ayerad 3 [Oe _ Get 
(k—1)! k! 
k=1 
RS —Ag _ = (Aa)*7" me A(z) * AE 
= Ae {1 1 (h-i! = GD eS 


(2) 
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Now let a = h and define 6 = 1/A to be the time between 
changes. Then the above equation can be written 


0O<2<c (3) 


The CHARACTERISTIC FUNCTION describing this distri- 
bution is 


b(t) = (1- it)”, (4) 


and the MOMENT-GENERATING FUNCTION is 


OO (tn a-1i—2/é 2 
m= | err e€ dx 
0 


T(a)6e 
oo pa-1,-(1-6t)2/8 ga 
= y, I'(a)ee , (5) 
0 
In order to find the MOMENTs of the distribution, let 
_ (1—-6t)a 
y=—5 (6) 


so 


-_ = Oy \* 1 e4% Ody 
m= f oH) T(a)o* 1 — 6t 


1 7 a-lio—y 
ne arte f yee ae 
1 
= W608" (8) 


and the !sgarithmic Moment-Generating function is 


R(t) = ln M(t) = —aln(1 — 6t) (9) 
j ad 
RO=-i Re (10) 
2 
R" (t) = a ae (11) 


The MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 
then 


pp = R'(0) = a8 (12) 

o* = R"(0) = a? (13) 
2 

Ts (14) 
6 

a (15) 


The gamma distribution is closely related to other statis- 
tical distributions. If X1, Xo, ..., Xn are independent 
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random variates with a gamma distribution having pa- 
rameters (a1,9), (a2,9), ..., (@n,4), then $7", X; is 
distributed as gamma with parameters 


a= Sai (16) 
o=0. 7) 


Also, if X1 and X2 are independent random variates 
with a gamma distribution having parameters (ai, @) 
and (a2, 6), then X1/(X1+X2) isa BETA DISTRIBUTION 
variate with parameters (ai1,a2). Both can be derived 
as follows. 


= 1 z1y+22 a,-1 azg-1 
P(z,y) = Tare) th (18) 
Let 
u=2i+ x2 z= uv (19) 
T1 
t= oe rq = u(1—v), (20) 


so 


g(u,v) dudv = f(x,y) dedy = f(x,y)ududu. (22) 


g(u,v) = TlanFlas)° (uv) u (1 —v) 
a 1 —u, aytag—1,ay—-1 = ag-l 
= T(ai)T(aa)° u v (1—v) , 


(23) 


The sum X, + X2 therefore has the distribution 


1 e7tysite2—1 
u)= + = u,v) dv = = 
fu) = flr+a)= f o(u,»)av = 
(24) 
which is a gamma distribution, and the ratio X1/(Xi + 
X2) has the distribution 


non (Be)= [atone 


_ ytd = p27 


Bian, a2) 


1 


(25) 


where B is the BETA FUNCTION, which is a BETA DIs- 
TRIBUTION. 


If X and Y are gamma variates with parameters a; and 
a2, the X/Y is a variate with a BETA PRIME DISTRI- 
BUTION with parameters a; and az. Let 


u=at+y aes (26) 
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then the JACOBIAN is 


2 
(33) epee a 
x,y a. mage y u 
so oe 


ae) = area ey" 


uw \o2-t u 
(eee) (1+ v)? 


_ 1 —u,aytag-1,ag-1 —ay,—-a2 
= T(ai)I(aa)° v (1+v) : 
(29) 
The ratio X/Y therefore has the distribution 
co heel G1 +y) or 82 
h(v) = u,v) du = , (30 
©) =f o(ms) CGD 


which is a BETA PRIME DISTRIBUTION with parameters 
(a1 + Q2). 


The “standard form” of the gamma distribution is given 
by letting y = «7/6, so dy = dx/@ and 


w% te 2/6 (Oy)*1e¥ 
P(y) dy = “Trajoe = “Tlajoe (Fay) 
7 ye ten¥ 


so the MOMENTS about 0 are 


1 eo —2 a—-I+r (a+r) 
Vr = ZT e 2 dz = ——— =(a r) 
reat J “ 


(a) 
(32) 
where (a), is the POCHHAMMER SYMBOL. The Mo- 
MENTS about p = pi are then 


fi =a (33) 
M2 =a (34) 
Hs = 2a (35) 
Ls = 30” + Ba. (36) 


The MOMENT-GENERATING FUNCTION is 


1 


MO= Gre 


(37) 


and the CUMULANT-GENERATING FUNCTION is 
K(t)=aln(1—t)=a(t+ 307+ 30° +...), (38) 
so the CUMULANTS are 


kr = al (r). (39) 
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If z is a NORMAL variate with MEAN p and STANDARD 
DEVIATION a, then 


(e — p)? (40) 


y 20? 


is a standard gamma variate with parameter a = 1/2. 


see also BETA DISTRIBUTION, CHI-SQUARED DISTRIBU- 
TION 
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Gamma Function 


qe 


~2 


Im[(Gamma 2] 


Re(Gamma z] 


The complete gamma function is defined to be an exten- 
sion of the FACTORIAL to COMPLEX and REAL NUMBER 
arguments. It is ANALYTIC everywhere except at z = 0, 
—1, —2,.... It can be defined as a DEFINITE INTEGRAL 
for R[z] > 0 (Buler’s integral form) 


T(z) = i te‘ dt (1) 


=2 | ee! at, (2) 
0 


re)= f [in(3)] at (3) 


INTEGRATING (1) by parts for a REAL argument, it can 
be seen that 


oc 
T(z) = i t? te‘ at 
a 


= [-t* te *]° +f (x — 1)t?~7e7* dt 
0 


or 


= (x -1) f t?*e"* dt = (x — 1)I(# — 1). 
(4) 
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If x is an INTEGER n = 1, 2, 3, ...then 
T(n) = (n -— 1) (n —- 1) = (n - 1)(n — 2) (n —- 2) 
=(n—-1)(n—2)---1=(n—-1)!, (5) 
so the gamma function reduces to the FACTORIAL for a 
POSITIVE INTEGER argument. 


BINET’S FORMULA is 


: . °° tan (2 
InT'(a) = (a— $) na—a+ } In(2r) +2 i ema 


(6) 
for R[a] > 0 (Whittaker and Watson 1990, p. 251). The 
gamma, function can also be defined by an INFINITE 
PropuctT form (Weierstraf Form) 


I(z)= [= Il (2 + =) a - ; (7) 


r=l1 
where - is the EULER-MASCHERONI CONSTANT. This 
can be written 


=. (-1)¥ ses 
P(2) = <exp yee | (8) 
k=1 
where 
$1 =yY (9) 
Sk = C(k) (10) 


for k > 2, where ¢ is the RIEMANN ZETA FUNCTION 
(Finch). Taking the logarithm of both sides of (7), 


~InfF(2)} = ety [in (1 m =) Z | (a1) 


nol 


Differentiating, 
'(z)_ 1 = 2 1 
~T) ~ sae Ge -:) 
-EenSGe-f) © 
I"(z) = -F(z) E +7+)- (— 7 )| (13) 
= T(z) ¥(z) = T(z) }o(z) (14) 


Poy) tae le Sy 4) 


roa a-De-]} 


a )+(rhe-}) 
n 2+n 2 


+(s---5)+ 
347 3 


i+ 
I} 
=-(n oi(Z49 yt). (16) 
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where W(z) is the DIGAMMA FUNCTION and 7(z) is 
the POLYGAMMA FUNCTION. nth derivatives are given 
in terms of the POLYGAMMA FUNCTIONS Wn, Wn-1, ---3 
bo. 

The minimum value xp of (x) for REAL POSITIVE z = 
xo is achieved when 


I (xo) = T'(x0)po(zo) = 0 (17) 
wo(zo) = 0, (18) 


This can be solved numerically to give xo = 1.46163... 
(Sloane’s A030169), which has CONTINUED FRAC- 
TION [1, 2, 6, 63, 135, 1, 1, 1, 1, 4, 1, 38, ...] 
(Sloane’s A030170). At xo, I'(ao) achieves the value 
0.8856031944... (Sloane’s A030171), which has Con- 
TINUED FRACTION (0, 1, 7, 1, 2, 1, 6, 1, 1, ...] (Sloane’s 
A030172). 


The Euler limit form is 


1 . min z 
=2[ lim e(tt}/2+--+1/m—In m) 


T(z) m-—+oo 
x lim Il {(1+ =) | 
n=l 
oo 
1 1\2 Pe 
ell [(1+2) (1+) lk (19) 
so 

-—} 1-2-3... 

Behe z(z+1)(2+2)---(2@+n)" _ (20) 
The LANCZOS APPROXIMATION for z > 0 is 
T(z+1)=(z+y+ Lyet2/2 24+ 741/2/9 

C1 c2 Cn 
: foot Sot eg tet etatd: (21) 


The complete gamma function I(x) can be generalized 
to the incomplete gamma function [(z,a) such that 
I(x) = [I'(z,0). The gamma function satisfies the re- 
currence relations 


T(14+ 2) = 2I'(z) (22) 
T(1—z) = —2I'(-z). (23) 


Additional identities are 


ne 


P(a2)(—-z) = Saas) (24) 

T(2)P (1-2) = Ga) (25) 
Inf'(x + ty + 1)] = In(2” + y”) + itan™* (4) 

+ In[P(z + ty)| (26) 

Ie)? = Sy (27) 

|(n + ix)!] = See Il V/s? + a?. (28) 


s= 
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For integral arguments, the first few values are 1, 1, 


2, 6, 24, 120, 720, 5040, 40320, 362880, ... (Sloane’s 
A000142). For half integral arguments, 
M3)=v" (29) 
r(3) = 4va (30) 
T(8) = 8. (31) 


In general, for m a POSITIVE INTEGER m = 1, 2,... 


1-3-5-+-(2m—1) 


T(3 +m) = o va 
= (-1)"2™ 
PG -™) = Tas. “(moi 
~1)"2™ 
For R[z] = -3, 
(-3 +4? = Say (34) 


Gamma functions of argument 2z can be expressed using 
the LEGENDRE DUPLICATION FORMULA 

T'(2z) = (2m)~1/?27*-/27(2)T(z +4). (35) 
Gamma functions of argument 3z can be expressed using 
a triplication FORMULA 


T(3z) = (2m)7*3*7/?7P(z)P(z + ZT (z+ 2). (36) 


The general result is the GAUSS MULTIPLICATION FoR- 
MULA 
T(z)P(z+4)---T(z+*)= (2r)'*—- 9/2 /2-"* D(z), 

(37) 
The gamma function is also related to the RIEMANN 
ZETA FUNCTION ¢ by 


r (5) n-?/2¢(g) = (>) n--/2¢(4 _ 5). (38) 


Borwein and Zucker (1992) give a variety of identities 
relating gamma functions to square roots and ELLIPTIC 
INTEGRAL SINGULAR VALUES kp, i-e., MODULI ky such 
that 
K'(kn) 
K(kn) 


= vn, (39) 


Gamma Function 


where K(k) is a complete ELLIPTIC INTEGRAL OF THE 


First KIND and K'(k) = K(k’) = K(vV1-k?) is the 

complementary integral. 
r(3) = 27/93/12 1/317 (y)]t/3 (40) 
T(3) = 20° /4[K (k)} (41) 
P(2) = 27/934 2a M9 D(2)P (42) 
1(3)1 (3) = (v2 - 1)°72°/4n9/9K (ka) (43) 
FG) = 2(VB +1)? 4K (Fa)? (44) 
T(gg) = 2 83°78(V3 +1) we APGIT(G) (45) 
(5) = 2'/43-1/8 (3 - 1)'/?x eh (46) 


Mars 
SECS = ¥3V2+ V3 (47) 


r(a)r(H) 1/4 ~-1/2 
—< 24) A240 4. 31/4/34 V2) a '/? K (ky 48 
I'(a)F(4) _ 925/18 41/3 go l/3 2/3 
rena) OD 

(49) 
eae a ere kere, 
= 384(V2 + 1)(V3 — V2)(2 — V3)a[K(ke)]* (50) 


T(3) = 277/954 (45 4:1) T(E (2) (51) 
r(3) = 279/9(/5 -1 2G) 52 
(33) (v5 - 1) r(2) (52) 
Post = 2.37756 sin( 2 m)[T()])? (53) 
15 
ls (43) 
I(#%) 
= 2? -37/° sin(tx) sin( 4) [C(¢ )? (54) 
NB EGE GS) 
Pe 
2 ais SEEING 1)¥/?(r(2) 7 (55) 
sin( 737) 
CUE = 60(V5 — 1)sin(b7)[K(kis)]’ 
15 
(56) 
(25 0 (s5) / 
TSM) = = 27'5*/4(./5 +1) (57) 
T()0(3) 
I(5)0(H) 
= 24/9(10 — 25 )/?#2? sin( Sx) sin( Sa) [(4)) 
(58) 
(4 )0(5) 


P(a5)P(a5) 


Gamma Function 


29/5 (10 + 2V5)/?x 


—? sin( #1) sin( 2x) (0 (2 yp 


(59) 
U(s5)P (a5 0 (a5 )P (a0) 
= 160(V5 — 2)'/?x[K (ks)]”. (60) 
A few curious identities include 
8 3 
1, 640 ( = 
I]t ae (=) (61) 
(rt 3? 5? -1 = 7 
16n2, =O? 1 «BF 727-1 i62) 
PG) FG) 
- = 21n2 
Ta) re) n (63) 
(Magnus and Oberhettinger 1949, p. 1). Ramanujan 
also gave a number of fascinating identities: 
T?(n +1) “II | 
[(n+ai+ 1) (n -ai+1) ss ee Pate 
(64) 
T3(m + 1)P3(n + 1) 
den WOM) = Te aren +m) 
. cosh[z(m + n)V3] — cos[r(m — n)] (65) 


2n2(m? + mn +n?) 


where — 

= [Ti+ (BE2)'], (66) 
I (2) b+ a) 

T(5n) cosh(rnV3 ) — cos(mn) 


Qn+273/2n, (67) 


Pen +0) 


(Berndt 1994). 


The following ASYMPTOTIC SERIES is occasionally use- 
ful in probability theory (e.g., the 1-D RANDOM WALK): 


T(J + 3) 1 1 
Ty = (2 ~ gy * 1287? 
5 21 


3 1024/73 32768J4 


+...) (68) 


(Graham et al. 1994). This series also gives a nice 
asymptotic generalization of STIRLING NUMBERS OF 
THE FIRST KIND to fractional values. 


It has long been known that ['(4)m~'/* is TRANSCEN- 
DENTAL (Davis 1959), as is T'(;) (Le Lionnais 1983), and 
Chudnovsky has apparently recently proved that r3) 
is itself TRANSCENDENTAL. 
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The upper incomplete gamma function is given by 


P(a,2) = | ie tdt=1-7(a,2), (69) 


where ¥ is the lower incomplete gamma function. For a 
an INTEGER n 


mol. 


(n-!le-* Ss = = 


s=0 


T(n,2) = (n — 1)!e7* esn_1(z), 


(70) 
where es is the EXPONENTIAL SUM FUNCTION. The 
lower incomplete gamma function is given by 


y(a,z) =T(a) —T{a,z) = i e ‘t*-" dt 


=a ‘a%e "1 F,(1;1+4;2) 
= a ‘a",Fi(a;1+ a; —2x), (71) 


where 1 F(a; 6; x) is the CONFLUENT HYPERGEOMETRIC 
FUNCTION OF THE FIRST KIND. For a an INTEGER n, 


y(n, 2) = (n—1)! (: =o 3 =) 


s=0 


= (n — 1)![1 — esp_i(z)]. (72) 


The function [(a,z) is denoted Gamma[a,z] and 
the function y(a,z) is denoted Gamma[a,0,z] in 
Mathematica® (Wolfram Research, Champaign, IL). 


see also DIGAMMA FUNCTION, DOUBLE GAMMA FUNC- 
TION, FRANSEN-ROBINSON CONSTANT G-FUNCTION, 
Gauss MULTIPLICATION FORMULA, LAMBDA FUNC- 
TION, LEGENDRE DUPLICATION FORMULA, Mu FUNC- 
TION, NU FUNCTION, PEARSON’S FUNCTION, POLY- 
GAMMA FUNCTION, REGULARIZED GAMMA FUNCTION, 
STIRLING’S SERIES 
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Gamma Group 
The gamma group [ is the set of all transformations w 
of the form 


at+b 
w(t) = 
a —b 
where a, 6, c, and d are INTEGERS and ad — bc = 1. 
see also KLEIN’S ABSOLUTE INVARIANT, LAMBDA 
GRouP, THETA FUNCTION 
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Gamma-Modular 
see MODULAR GAMMA FUNCTION 


Gamma Statistic 


— Kr 
Yr = ort?’ 


where «, are CUMULANTS and a is the STANDARD DE- 
VIATION. 
see also KURTOSIS, SKEWNESS 


Garage Door 
see ASTROID 


Gauss’s Backward Formula 


Garding’s Inequality 

Gives a lower bound for the inner product (Lu, wu), where 
L is a linear elliptic REAL differential operator of order 
m, and u has compact support. 
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Garman-Kohlhagen Formula 


Vi=e %7S,N(di) — e "’KN(d2), 
where N is the cumulative NORMAL DISTRIBUTION and 
log (3) +(r-yt d07)r 
da, 4d. = — oe —.. 
oft 


If y = 0, this is the standard form of the Black-Scholes 
formula. 


see also BLACK-SCHOLES THEORY 
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Gate Function 
Bracewell’s term for the RECTANGLE FUNCTION. 
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Gauche Conic 
see SKEW CONIC 


Gaullist Cross 


A Or0SS also called the CROSS OF LORRAINE or PATRI- 
ARCHAL CROSS. 


see also CROSS, DISSECTION 


Gauss’s Backward Formula 


fp = fotp5—1/2+G365+G3521;2+G459+Gsb2 12+. iy 


for p € [0,1], where 6 is the CENTRAL DIFFERENCE and 
= Pp + Tr 
Gin = 
ptn 
2n4+1)’ 


Gen+1 ao 


Gauss-Bodenmiller Theorem 


where (7) is a BINOMIAL COEFFICIENT. 


see also CENTRAL DIFFERENCE, GAUSS’S FORWARD 
FORMULA 
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Gauss-Bodenmiller Theorem 
The CIRCLES on the DIAGONALS of a COMPLETE QUAD- 
RILATERAL as DIAMETERS are COAXAL. Furthermore, 
the ORTHOCENTERS of the four TRIANGLES of a COM- 
PLETE QUADRILATERAL are COLLINEAR on the RADI- 
CAL AXIS of the COAXAL CIRCLES. 


see also COAXAL CIRCLES, COLLINEAR, COMPLETE 
QUADRILATERAL, DIAGONAL (POLYGON), ORTHOCEN- 
TER, RADICAL AXIS 
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Gauss-Bolyai-Lobachevsky Space 
A non-Euclidean space with constant NEGATIVE GAUS- 
SIAN CURVATURE. 


see also LOBACHEVSKY-BOLYAI-GAUSS GEOMETRY, 
Non-EUCLIDEAN GEOMETRY 


Gauss-Bonnet Formula 

The Gauss-Bonnet formula has several formulations. 
The simplest one expresses the total GAUSSIAN CUR- 
VATURE of an embedded triangle in terms of the total 
GEODESIC CURVATURE of the boundary and the JUMP 
ANGLES at the corners. 


More specifically, if M is any 2-D RIEMANNIAN MANI- 
FOLD (like a surface in 3-space) and if T is an embedded 
triangle, then the Gauss-Bonnet formula states that the 
integral over the whole triangle of the GAUSSIAN CUR- 
VATURE with respect to AREA is given by 27 minus the 
sum of the JUMP ANGLES minus the integral of the GEO- 
DESIC CURVATURE over the whole of the boundary of the 
triangle (with respect to ARC LENGTH), 


[[ kaaqan- Soo f roas, (1) 


where K is the GAUSSIAN CURVATURE, dA is the AREA 
measure, the ais are the JUMP ANGLES of OT, and Kg 
is the GEODESIC CURVATURE of OT, with ds the ARC 
LENGTH measure. 


The next most common formulation of the Gauss- 
Bonnet formula is that for any compact, boundaryless 
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2-D RIEMANNIAN MANIFOLD, the integral of the GAus- 
SIAN CURVATURE over the entire MANIFOLD with re- 
spect to AREA is 27 times the EULER CHARACTERISTIC 
of the MANIFOLD, 


i ia K dA = 2nx(M). (2) 


This is somewhat surprising because the total GAUSSIAN 
CURVATURE is differential-geometric in character, but 
the EULER CHARACTERISTIC is topological in character 
and does not depend on differential geometry at all. So 
if you distort the surface and change the curvature at 
any location, regardless of how you do it, the same total 
curvature is maintained. 


Another way of looking at the Gauss-Bonnet theorem for 
surfaces in 3-space is that the GAUSS MAP of the surface 
has DEGREE given by half the EULER CHARACTERISTIC 
of the surface 


[fp waa 2m - Dar fl ods (3) 


which works only for ORIENTABLE SURFACES. This 
makes the Gauss-Bonnet theorem a simple consequence 
of the POINCARE-HOPF INDEX THEOREM, which is a 
nice way of looking at things if you’re a topologist, but 
not so nice for a differential geometer. This proof can 
be found in Guillemin and Pollack (1974). Millman 
and Parker (1977) give a standard differential-geometric 
proof of the Gauss-Bonnet theorem, and Singer and 
Thorpe (1996) give a GAUSS’s THEOREMA EGREGIUM- 
inspired proof which is entirely intrinsic, without any 
reference to the ambient EUCLIDEAN SPACE. 


A general Gauss-Bonnet formula that takes into account 
both formulas can also be given. For any compact 2-D 
RIEMANNIAN MANIFOLD with corners, the integral of 
the GAUSSIAN CURVATURE over the 2-MANIFOLD with 
respect to AREA is 27 times the EULER CHARACTERIS- 
TIc of the MANIFOLD minus the sum of the JUMP AN- 
GLES and the total GEODESIC CURVATURE of the bound- 
ary. 
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Gauss-Bonnet Theorem 
see GAUSS-BONNET FORMULA 
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Gauss’s Circle Problem 


Count the number of LATTICE PoINTs N(r) inside the 
boundary of a CIRCLE of RADIUS r with center at the 
origin. The exact solution is given by the SUM 


Lr] 


Nor) =1+4le] +4) |v]. (1) 


The first few values are 1, 5, 13, 29, 49, 81, 113, 149, ... 
(Sloane’s A000328). 


Gauss showed that 
N(r) = xr? + E(r), (2) 


where 


|E(r)| < 2V2 xr. (3) 


Writing |E(r)| < Cr®, the best bounds on @ are 1/2 < 
@ < 46/73 = 0.630137 (Huxley 1990). The problem 
has also been extended to CoONIcs and higher dimen- 
sions. The limit 1/2 was obtained by Hardy and Landau 
(1915), and the limit 46/73 improves previous values of 
24/37 = 0.64864 (Cheng 1963) and 34/53 ~ 0.64150 
(Vinogradov), and 7/11 ~ 0.63636. 


see also CIRCLE LATTICE POINTS 
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Gauss’s Class Number Conjecture 

In his monumental treatise Disquisitiones Arithmeticae, 
Gauss conjectured that the CLAss NUMBER h({—d) of 
an IMAGINARY quadratic field with DISCRIMINANT —d 
tends to infinity with d. A proof was finally given by 
Heilbronn (1934), and Siegel (1936) showed that for any 
€ > 0, there exists a constant c, > 0 such that 


h(—d) > ced'/?-€ 


Gauss’s Class Number Problem 


as d — oo. However, these results were not effective 
in actually determining the values for a given m of a 
complete list of fundamental discriminants —d such that 
h(—d) = m, a problem known as GAUSS’S CLASS NUM- 
BER PROBLEM. 


Goldfeld (1976) showed that if there exists a “Weil 
curve” whose associated DIRICHLET L-SERIES has a zero 
of at least third order at s = 1, then for any e > 0, there 
exists an effectively computable constant c. such that 


h(—d) > e(Ind)~*. 


Gross and Zaiger (1983) showed that certain curves must 
satisfy the condition of Goldfeld, and Goldfeld’s proof 
was simplified by Oesterlé (1985). 


see also CLASS NUMBER, GAUSS’S CLASS NUMBER 
PROBLEM, HEEGNER NUMBER 
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Gauss’s Class Number Problem 

For a given m, determine a complete list of fundamen- 
tal DISCRIMINANTS —d such that the CLASS NUMBER 
is given by h{(—d) = m. Heegner (1952) gave a solution 
for m = 1, but it was not completely accepted due to a 
number of apparent gaps. However, subsequent exam- 
ination of Heegner’s proof show it to be “essentially” 
correct (Conway and Guy 1996). Conway and Guy 
(1996) therefore call the nine values of n(—d) having 
h(—d) = 1 where —d is the DISCRIMINANT correspond- 
ing to a QUADRATIC FIELD a+b /—n (n = —1, —2, —3, 
—7, -11, —19, ~—43, —67, and —163; Sloane’s A003173) 
the HEEGNER NUMBERS. The HEEGNER NUMBERS have 
a number of fascinating properties. 


Stark (1967) and Baker (1966) gave independent proofs 
of the fact that only nine such numbers exist; both 
proofs were accepted. Baker (1971) and Stark (1975) 
subsequently and independently solved the generalized 
class number problem completely for m = 2. Oesterlé 
(1985) solved the case m = 3, and Arno (1992) solved 
the case m = 4. Wagner (1996) solve the cases n = 5, 6, 
and 7. Arno et al. (1993) solved the problem for ODD 
m satisfying 5 < m < 23. 


Gauss’s Constant 


see also CLASS NUMBER, GAUSS’S CLASS NUMBER 
CONJECTURE, HEEGNER NUMBER 
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Gauss’s Constant 
The RECIPROCAL of the ARITHMETIC-GEOMETRIC 
MEAN of 1 and V2, 


1 gefrr 24 
Wann | a dz (1) 
2/7? ae 
2 = V1+sin? 6 @) 
re 
7K (3) 
= aaa (3) 
= 0.83462684167..., (4) 


where K(k) is the complete ELLIPTIC INTEGRAL OF THE 
First KIND and [(z) is the GAMMA FUNCTION. 


see also ARITHMETIC-GEOMETRIC MEAN, GAUSS- 
KUZMIN- WIRSING CONSTANT 
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References 
Finch, S. “Favorite Mathematical Constants.” http://www. 
mathsoft.com/asolve/constant/gauss/gauss .html. 


Gauss’s Criterion 

Let p be an ODD PRIME and b a POSITIVE INTEGER not 
divisible by p. Then for each POSITIVE ODD INTEGER 
2k ~1 <p, let r; be 


Te = (2k —1)b (mod p) 


with 0 < rx < p, and let ¢ be the number of EVEN ris. 
Then 


(b/p) = (-1)', 
where (b/p) is the LEGENDRE SYMBOL. 


References 

Shanks, D. “Gauss’s Criterion.” §1.17 in Solved and Unsolved 
Problems in Number Theory, 4th ed. New York: Chelsea, 
pp. 38-40, 1993. 


Gauss’s Double Point Theorem 

If a sequence of DOUBLE POINTS is passed as a CLOSED 
CURVE is traversed, each DOUBLE POINT appears once 
in an EVEN place and once in an ODD place. 


References 

Rademacher, H. and Toeplitz, O. The Enjoyment of Math- 
ematics: Selections from Mathematics for the Amateur. 
Princeton, NJ: Princeton University Press, pp. 61-66, 
1957. 


Gauss Equations 
If x is a regular patch on a REGULAR SURFACE in R® 
with normal N, then 


Xue = T1Xe +T3,x, +eN (1) 
Xuv = Dig%e + Tix» + fN (2) 
Xyy = T2Xu “F TeX» oF gN, (3) 


where e, f, and g are coefficients of the second FUNDA- 
MENTAL FORM and rs are CHRISTOFFEL SYMBOLS OF 
THE SECOND KIND. 


see also CHRISTOFFEL SYMBOL OF THE SECOND KIND, 
FUNDAMENTAL FORMS, MAINARDI-CODAZZI EQua- 
TIONS 


References 
Gray, A. Modern Differential Geometry of Curves and Sur- 
faces. Boca Raton, FL: CRC Press, pp. 398-400, 1993. 


Gauss’s Equation (Radius Derivatives) 
Expresses the second derivatives of r in terms of the 


CHRISTOFFEL SYMBOL OF THE SECOND KIND. 


rij = Tyre + (ra -m)n. 
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Gauss’s Formula 


xP — yP 2 ~1)/2_ @2 
4——=_ = R?(a,y) — (-1)-"/7ps? (2, y), 
cy 
where R and S are HOMOGENEOUS POLYNOMIALS in & 
and y with integral COEFFICIENTS. 
see also AURIFEUILLEAN FACTORIZATION, GAUSS’S 
BACKWARD FORMULA, GAUSS’S FORWARD FORMULA 


References 
Shanks, D. Solved and Unsolved Problems in Number Theory, 
4th ed. New York: Chelsea, p. 105, 1993. 


Gauss’s Formulas 
Let a SPHERICAL TRIANGLE have sides a, 6, and c with 
A, B, and C the corresponding opposite angles. Then 


sin[}(a—6)| _ sin[}(A— B)] 


sin(ic) 7 cos(3C’) (1) 
sin[$(a+)] _ cos[3(A — B)] 
sin(ic) ——_—sin(3C) (2) 
cos([}(a—6)| _ sin{}(A+ B)] (3) 
cos($c) cos(4C) 
cos[4(a + b)] ie cos[3(A + B)] (4) 
cos( $c) sin($C) 


see also SPHERICAL TRIGONOMETRY 


Gauss’s Forward Formula 


fp = fo + pd1j2 + G55 + G3bi 2 + G1d5 + Gsdtyot..., 


for p € [0,1], where 6 is the CENTRAL DIFFERENCE and 


-1 
eae) 
+n 
Ganti ae G au ae 


where (7) is a BINOMIAL COEFFICIENT. 


see also CENTRAL DIFFERENCE, GAUSS’S BACKWARD 
FORMULA 


References 
Beyer, W. H. CRC Standard Mathematical Tables, 28th ed. 
Boca Raton, FL: CRC Press, p. 433, 1987. 


Gauss’s Harmonic Function Theorem 

If a function ¢ is HARMONIC in a SPHERE, then the value 
of @ at the center of the SPHERE is the ARITHMETIC 
MEAN of its value on the surface. 


Gauss-Jacobi Mechanical Quadrature 


Gauss’s Hypergeometric Theorem 


[T(c)P'(c —a— 6b) 

[(e — a)'(c — 8) 

for R{[c — a — b] > 0, where 2Fi(a, 6; c;x) is a HYPERGE- 
OMETRIC FUNCTION. If a is a NEGATIVE INTEGER —n, 
this becomes 


2Fi(a,b;¢;1) = 


(c — 6) 
2Fi(—n,b;¢,1) = Tan 
which is known as the VANDERMONDE THEOREM. 
see also GENERALIZED HYPERGEOMETRIC FUNCTION, 
HYPERGEOMETRIC FUNCTION 


References 
Petkovsek, M.; Wilf, H. S.; and Zeilberger, D. A=B. Welles- 
ley, MA: A. K. Peters, pp. 42 and 126, 1996. 


Gauss’s Inequality 
If a distribution has a single MODE at po, then 


4 
P(|e — wol > At) < aya 


where 


7? =o? +(e — po)’. 


Gauss’s Interpolation Formula 


2n 


f(x) © ta(x) = 3° fale (2), 


k=0 
where t, (x) is a trigonometric POLYNOMIAL of degree n 
such that t,(2.) = fx fork =0,..., 2n, and 


sin(} (a — xo)]---sin[$ (x — re-1)] 


ea sin[$(r% — £o)|+--sin[} (zx — rx-1)] 
sin[$ (x — te41)]-+-sin[3 (a — zan)] 
sin[4 (ax — re41)] +++ sin[3 (zz — ven)] 
References 


Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 881, 1972. 

Beyer, W. H. (Ed.) CRC Standard Mathematical Tables, 
28th ed. Boca Raton, FL: CRC Press, pp. 442-443, 1987. 


Gauss-Jacobi Mechanical Quadrature 
If x1 < rg <... < a, denote the zeros of p, (x), there 
exist REAL NUMBERS Aj, A2,..-,An such that 


b 
rl FOC OER E Cr Tame ere 


for an arbitrary POLYNOMIAL of order 2n — 1 and the 
X,8 are called CHRISTOFFEL NUMBERS. The distribu- 
tion da(x) and the INTEGER n uniquely determine these 
numbers X,. 


References 
Szegé, G. Orthogonal Polynomials, {th ed. Providence, RI: 
Amer. Math. Soc., p. 47, 1975. 


Gauss-Jordan Elimination 


Gauss-Jordan Elimination 
A method for finding a MATRIX INVERSE. To apply 
Gauss-Jordan elimination, operate on a MATRIX 


air Qin 1 0 --. 0 

a21 **+ QGQan O 1 0 
[A l]= ' , 

GQni *'* GQnn 0 0 ++: 1 


where | is the IDENTITY MATRIX, to obtain a MATRIX 
of the form 


1 O --- O bi +--+ bin 
0 1 O bar +++ ban 
0 0 +--+ 1 bar -:: ban 
The MATRIX 
bii bara bin 
bai 47% bon 
B=|.. , . 
bri re Dan 


is then the MATRIX INVERSE of A. The procedure is 
numerically unstable unless PIVOTING (exchanging rows 
and columns as appropriate) is used. Picking the largest 
available element as the pivot is usually a good choice. 


see also GAUSSIAN ELIMINATION, LU DECOMPOSITION, 
MATRIX EQUATION 


References 

Press, W. H.; Flannery, B. P.; Teukolsky, S$. A.; and Vet- 
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Gauss-Kummer Series 


foe) 1 2 
aFi(—3,-$;)1jh?) = 3 (;) an 


n=0 
=14+ $n? + dn*+ Aho t..., 
where 2Fi (a,b; c;x) is a HYPERGEOMETRIC FUNCTION. 


This can be derived using KUMMER’S QUADRATIC 
TRANSFORMATION. 


Gauss-Kuzmin- Wirsing Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let zo be a random number from [0,1] written as a 
simple CONTINUED FRACTION 


Lo =O+ : (1) 


Gauss’s Lemma 705 


Define 


1 1 
=>—-- | (2) 


Gauss (1800) showed that if F(n,z) is the probability 
that tn < z, then 


. _ In(l+2) 
Sd a eae (3) 


Kuzmin (1928) published the first proof, which was sub- 
sequently improved by Lévy (1929). Wirsing (1974) 
showed, among other results, that 


F _ In(1+2) 
lim (n, x) In 2 
noo (—A)” 


where A = 0.3036630029... and W(x) is an analytic 
function with &(0) = %(1) = 0. This constant is con- 
nected to the efficiency of the EUCLIDEAN ALGORITHM 
(Knuth 1981). 
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= V(x), (4) 


Gauss-Laguerre Quadrature 
see LAGUERRE-GAUSS QUADRATURE 


Gauss’s Lemma 

Let the multiples m, 2m, ..., ((p—1)/2}m of an INTEGER 
such that p{m be taken. If there are an EVEN number 
r of least POSITIVE RESIDUES mod p of these numbers 
> p/2, then m is a QUADRATIC RESIDUE of p. If r is 
ODD, m is a QUADRATIC NONRESIDUE. Gauss’s lemma 
can therefore be stated as (m|p) = (—1)", where (m|p) 
is the LEGENDRE SYMBOL. It was proved by Gauss as 
a step along the way to the QUADRATIC RECIPROCITY 
THEOREM. 


see also QUADRATIC RECIPROCITY THEOREM 
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Gauss’s Machin-Like Formula 
The MACHIN-LIKE FORMULA 
1 


4m = 12cot 


1 57 — Scot” * 239. 


1g + 8cot? 


Gauss-Manin Connection 
A connection defined on a smooth ALGEBRAIC VARIETY 
defined over the COMPLEX NUMBERS. 


References 
Iyanaga, S. and Kawada, Y. (Eds.). Encyclopedic Dictionary 
of Mathematics. Cambridge, MA: MIT Press, p. 81, 1980. 


Gauss Map 

The Gauss map is a function from an ORIENTABLE SUR- 
FACE in EUCLIDEAN SPACE to a SPHERE. It associates 
to every point on the surface its oriented NORMAL VEC- 
TOR. For surfaces in 3-space, the Gauss map of the 
surface has DEGREE given by half the EULER CHARAC- 
TERISTIC of the surface 


[ff Kaa=2man Sra fl eas 


which works only for ORIENTABLE SURFACES. 
see also CURVATURE, NIRENBERG’S CONJECTURE, 
PATCH 


References 

Gray, A. “The Local Gauss Map” and “The Gauss Map via 
Mathematica.” §10.3 and §15.3 in Modern Differential Ge- 
ometry of Curves and Surfaces. Boca Raton, FL: CRC 
Press, pp. 193-194 and 310-316, 1993. 


Gauss’s Mean- Value Theorem 
Let f(z) be an ANALYTIC FUNCTION in |z — al < R. 
Then 


2x 
Kaa / f(z + re”) do 
Qn - 
forO<r<R. 


Gauss Measure 
The standard Gauss measure of a finite dimensional 
ReaL HILBERT Space H with norm || - |[q has the 
BOREL MEASURE 


u (dh) = (V2) 9") exp($|h||iz)An (dh), 
where Ay is the LEBESGUE MEASURE on H. 


Gauss Multiplication Formula 


(Qnr)e—P/9nt/2-2 (nz) 


=[(z)P(z + 2)P (24 2)---P(z+ 2) 


“Fie(t) 


Gauss’s Theorem 


where I'(z) is the GAMMA FUNCTION. 
see also GAMMA FUNCTION, LEGENDRE DUPLICATION 
FORMULA, POLYGAMMA FUNCTION 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 256, 1972. 


Gauss Plane 
see COMPLEX PLANE 


Gauss’s Polynomial Theorem 
If a POLYNOMIAL 


f(x) = aN + Cie} + Con? +...+ Cn 


with integral COEFFICIENTS is divisible into a product 
of two POLYNOMIALS f = Wo 


wv 25 a™ +4 az”) 


d= 2" + Bix” + 


-+ Om 
»+Bns 


then the COEFFICIENTS of this POLYNOMIAL are INTE- 
GERS. 


see also ABEL’S IRREDUCIBILITY THEOREM, ABEL’S 
LEMMA, KRONECKER’S POLYNOMIAL T'HEOREM, POLy- 
NOMIAL, SCHOENEMANN’S THEOREM 


References 

Dorrie, H. 100 Great Problems of Elementary Mathematics: 
Their History and Solutions. New York: Dover, p. 119, 
1965. 


Gauss’s Reciprocity Theorem 
see QUADRATIC RECIPROCITY THEOREM 


Gauss-Salamin Formula 
see BRENT-SALAMIN FORMULA 


Gauss’s Test 
If un > 0 and given B(n) a bounded function of n as 
n —> oo, express the ratio of successive terms as 


Un 2{0), 


‘tng 


The SERIES converges for kh >1 and diverges for h < 1. 
see also CONVERGENCE TESTS 


References 
Arfken, G. Mathematical Methods for Physicists, 3rd ed. Or- 
lando, FL: Academic Press, pp. 287-288, 1985. 


Gauss’s Theorem 
see DIVERGENCE THEOREM 


Gauss’s Theorema Egregium 


Gauss’s Theorema Egregium 

Gauss’s theorema egregium states that the GAUSSIAN 
CURVATURE of a surface embedded in 3-space may 
be understood intrinsically to that surface. “Resi- 
dents” of the surface may observe the GAUSSIAN CUR- 
VATURE of the surface without ever venturing into full 
3-dimensional space; they can observe the curvature of 
the surface they live in without even knowing about the 
3-dimensional space in which they are embedded. 


In particular, GAUSSIAN CURVATURE can be measured 
by checking how closely the ARC LENGTH of small Ra- 
DIUS CIRCLES correspond to what they should be in Ev- 
CLIDEAN SPACE, 2rr. If the ARC LENGTH of CIRCLES 
tends to be smaller than what is expected in EUCLID- 
EAN SPACE, then the space is positively curved; if larger, 
negatively; if the same, 0 GAUSSIAN CURVATURE. 


Gauss (effectively) expressed the theorema egregium by 
saying that the GAUSSIAN CURVATURE at a point is 
given by —R(v,w)v,w, where R is the RIEMANN TEN- 
SOR, and v and w are an orthonormal basis for the TAN- 
GENT SPACE. 


see also CHRISTOFFEL SYMBOL OF THE SECOND KIND, 
GAUSS EQUATIONS, GAUSSIAN CURVATURE 


References 

Gray, A. “Gauss’s Theorema Egregium.” §20.2 in Modern 
Differential Geometry of Curves and Surfaces. Boca Ra- 
ton, FL: CRC Press, pp. 395-397, 1993. 

Reckziegel, H. In Mathematical Models from the Collections 
of Universities and Museums (Ed. G. Fischer). Braun- 
schweig, Germany: Vieweg, pp. 31-32, 1986. 


Gauss’s Transformation 
If 
(1+ asin’ a)sin@ = (1+2)sina, 


then 


- d 2 d 
+a) f “ = =/ ’ 
o VW1—z?sin*¢ 0 1— any? sin? ¢ 


see also ELLIPTIC INTEGRAL OF THE FIRST KIND, LAN- 
DEN’S TRANSFORMATION 


Gaussian Approximation Algorithm 
see ARITHMETIC-GEOMETRIC MEAN 


Gaussian Bivariate Distribution 
The Gaussian bivariate distribution is given by 


1 z 
tap 2(1 | ee 


270102 


P(z1, 22) = 


where 


c= 2 
go ie yD) 


— a2 


2p(e1 — pi)(v2 — wa) , (a — pa)? 
0102 O22 A 
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and 


(v1z2) = (v1) (@2) 


= cov(z1, 22) = ae 
102 


is the COVARIANCE. Let Xi and X2 be normally and 
independently distributed variates with MEAN 0 and 
VARIANCE 1. Then define 


Yy = pa + 011 X1 + 12X2 (4) 
Yo = po + 621X1 + o22X2. (5) 


These new variates are normally distributed with MEAN 
fi and p2, VARIANCE 


a1? =o? +012” (6) 


2 2 2 
02° = 021 +022, (7) 
and COVARIANCE 
Vi2 = 011021 + 012022. (8) 


The COVARIANCE matrix is 


2 
V;; = O1 pr102 
w= | oo, ae: (9 
where V; 4: 
12 011021 + 012022 
p= = : (10) 
7102 0102 


The joint probability density function for x1 and x2 is 
1 -(e1?-+227)/2 
f (x1, 22) da, dr = oR dx; dx2. (11) 


However, from (4) and (5) we have 


i ae = ee | i (12) 
y2 — 2 O21 022 x2 
Now, if 
O11 912 
0, 13 
O21 022 # Gs) 


then this can be inverted to give 


-1 
Z1 = O11 O12 Yi — 1 
Z2 021 022 Y2 — H2 


1 O22, ~—O12 yi — fe 
011022 — 012021 | —C%21 O11 Y2~ pa 


(14) 


Therefore, 


2 _ [o22(y1 — p41) — o12(y2 — w2)]? 

_ (011022 — 612021)” 

[-o21(y1 — pa) + o11 (yo — 2)]? (15) 
(119022 — 012021)? ; 


2 
21 +22 


+ 
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Expanding the NUMERATOR gives 


o22"(y1 — pu)? — 2012022(y1 — 11) (y2 — pH) 
+o127 (yo — w2)? +0217 (yi — pai)* 
—2011021(y1 — 1) (y2 — w2) +9117 (yo — 2)”, 
(16) 
sO 


(a1? + 22”)(o11022 — 012021)” 
=(y%1 - jr)? (021? + 22") 
—2(y1 — fi) (y2 — B2) (011021 + 012022) 
+(y2 — pe)" (e117 + 012”) 


= 027(y1 — fr)” — 2(y1 — px) (y2 — 2) (20102) 
+o17 (yo = po)” 
— 2 2[(yi— a)? — 2e(yr — 1) (y2 — Me) 
=d0\1 02 ee =. ial 
cL 102 
(y2 — p42)? 
|. (17 
+e}. an 
But 
1 1 _ o1702" 
_ o17027 
> (O11? + 0127) (G21? + o222) — (o11021 + 012022)?" 


(18) 
The DENOMINATOR is 


2. 2 2. 2 2. 2 2. 2 2. 2 
O11 021° + 011° 022° + 012° 021° + 012° 922° — O11° 021 


2. 2 2 
—2011012021922 — 912° 022° = (011922 —912021)°, (19) 


so Sct 
1 _ O01 02 5 (20) 
1-—p (011022 — 012021) 
and 
2 2 
To +22 = 
1p? 
(ya = H1)" _ 2e(ys — Ha)(y2 — 2) , (ye — Ha)? 
a1? 0102 a2? ; 
(21) 


Solving for z1 and z2 and defining 


1 01024/1— p? (22) 


711022 — 012921 


gives 


oy = o22(y1 = H1) — 21942 = 2) (23) 
p 
ips ~ou(yi — an o1(y2 — Ha) (24) 
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The JACOBIAN is 


oz az oe oe. 
(ea) BE B13 ¥ 
“| @ez Og | ~ | _ faa Til 
Yrs ¥2 dy. Oy2 A’ e! 
= pia (711022 = 12021) 
1 i 
Pp 0102 1— p? 
Therefore, 
dy, d 
dzi dz2 Ebb 2 (26) 
o1024/1 — p? 
and 
1 


ro ea dx, dx 
vie 


1 -v 
= ————__"—-e /? dy dy2, (27) 


2701024/1 — p? 


where 
eae 
=i 7 
x | @a= Ha)” _ 2en = wi )(ya = wa), (Ya = Ha)? 
oi" 0102 2" : 
(28) 
Now, if 
Oil 12} _ 0, (29) 
O21 022 
then 
711912 = 012021 (30) 
yt = fi + 011%1 + O1222 (31) 
012021, 0119021£1 + 01202142 
y2 = ba + ——— 22 = 2 + 
O11 O11 
OG: 
= pat —* (o1121 + 01222), (32) 
Au. 
sO 
Yi = Hitz (33) 
Co 
y2 = 2 + 12, (34) 
O11 
where = 
£3 = yi — pa = (yo — pa). (35) 
21 


The CHARACTERISTIC FUNCTION is given by 


oo co 
&(ti, te) = a ye el(titittez2) p(y, 29) dri ds 


=n f f efestt9) exp [5 7. sa | dz, dze, 


(36) 


Gaussian Bivariate Distribution 
where 


(w1 — 1)? 2p(ar — p1)(@2 — p22) 4 (x2 — 2)? 


2. 


oi? G102 Oo? 
(37) 
and P| 
N= : (38) 
2701024/1 — p? 
Now let 
Ue2y— ph (39) 
= 2 — po (40) 
Then 


a it 1 w? 
(trea) =" f (¢ 2” exp |-satay 2 ]) 


«| e’e“dudw, (41) 


where 


i 1 1 2 

~  2(1 — p?) o1? 

eiltivittene) 

N= ‘ (42) 
27010924/1 — p? 


COMPLETE THE SQUARE in the inner integral 
eo 
1 1 2 2poiw I} tyu 
eXP 4 [ - ———u| pet” du 
2 { 2(1 — p?) ox? a2 
= ee - : [u— eae)” 
7 mee E 2017(1 — p?) o? 


1 pscaw)" ityu 
pat ee ee du. (43 
- eer ( 02 \e ( ) 


Rearranging to bring the exponential depending on w 
outside the inner integral, letting 


v=u- pce (44) 


a2 


and writing 
et” = cos(tiu) + isin(tiu) (45) 


gives 

od 1 
t..t = N' ft2w a 2 
sme Red coral 


x ex Coen eer awe a 
P | 2023(1— 2)" | JP | 202704 — 9) 


oe lo) 


+iésin E (w + oe) \ dudw. (46) 
a2 
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Expanding the term in braces gives 


[cos(t1e) cos (er) = sin(tiv) — (e) 
o2 o2ti 


ty. 
+i [sin(tav) cos (ea) + cos(tiv) sin (eae )| 
o2ti 02 


= [cos (Pe ) + isin (A )| 
02 o2 
[cos(tiv) + isin(tiv)] 
ey (et) (cos(t1v) + ésin(tav)]. (47) 
2 


But e7?*” sin(bz) is ODD, so the integral over the sine 
term vanishes, and we are left with 


oo 2 
(ti, te) = N' eit2¥ exp | — be 
> 2022 
—oo 
2,2 


pow [Serta | 
x exp softs exp = dw 


oo v? 
x cA exp aeet cos(tiv) dv 


fore) 2 
’ . O1 WwW 
= N ‘= exp [iw (t2 + ty (=))] exp - | dw 
oo v 
xK I. exp - as cos(t1v) dv. (48) 


Now evaluate the GAUSSIAN INTEGRAL 


bee . 2 a 2 
i] ee a= [ e °* cos(kax) dx 


—co 


—0o 

T —k?/4a 
=4/" 49 
iz (49) 


to obtain the explicit form of the CHARACTERISTIC 
FUNCTION, 


eiltinitten2) 


270102./1 — p? 
{ lax 1 1 a 2 
x 02 27 exp => (t2 + p24) 202 
4 02 
x {os of 2x(1 — p?)exp [—$t17201°(1 — p*))} 


= efftivittan2) exp{—}[t27o2" + 2porice2tite 


+p? 01° ty? +(1- pots’ }} 


d(f, tz) i 


= exp[i(tipa + tape) 
—2(0,7t)? + 2poio2gtite + o17t1”)). (50) 


Let z; and zz be two independent Gaussian variables 
with MEANS px; = O and oi = 1 fori= 1, 2. Then 
the variables a, and a2 defined below are Gaussian bi- 
variates with unit VARIANCE and CROSS-CORRELATION 
COEFFICIENT p: 


22 (51) 
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a2 = 4/28 ny ~ 4/52 an. (52) 


The conditional distribution is 


Playin) z eso ie =| (53) 

£2|21) = ———_——T Se 
o24/2n(1 — p?) 20%,” 

where 


o2 
By = pa + pr (a — 11) (54) 


o'2 = 02,/1— po. (55) 


The marginal probability density is 
P(z2) = P(21,22)dx1 


1 (x2 -_ 2)? 
Eyes exp | 332 . (56) 


see also BOX-MULLER TRANSFORMATION, GAUSSIAN 
DISTRIBUTION, MGMOHAN’sS THEOREM, NORMAL Dis- 
TRIBUTION 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
pp. 936-937, 1972. 
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Gaussian Brackets 
Published by Gauss in Disquisitiones Arithmeticae. 
They are defined as follows. 


[]=1 (1) 
[a1] = a1 (2) 
[a1, a2] = [arJa2 + [] (3) 
[@1,@2,.--,@n] = [@1, @2,.+-,@n—1]On 
+[a1, a2,.--,@n—2]. (4) 


Gaussian brackets are useful for treating CONTINUED 
FRACTIONS because 


1 _ [a2, an] 
1 [a1, an] ‘ 


1 


(5) 


ai + 
a@2+ 
: 1 


ag+...-4— 
an 


The NoTaTiIon [z] conflicts with that of GAUSSIAN 
POLYNOMIALS and the NINT function. 


References 
Herzberger, M. Modern Geometrical Optics. New York: In- 
terscience Publishers, pp. 457-462, 1958. 


Gaussian Curvature 


Gaussian Coefficient 
see g-BINOMIAL COEFFICIENT 


Gaussian Coordinate System 
A coordinate system which has a METRIC satisfying 
git = —1 and 0g;;/Oz; = 0. 


Gaussian Curvature 

An intrinsic property of a space independent of the co- 
ordinate system used to describe it. The Gaussian cur- 
vature of a REGULAR SURFACE in R® at a point p is 
formally defined as 


K(p) = 3 det(S(p)), (1) 


where S is the SHAPE OPERATOR and det denotes the 
DETERMINANT. 


Ifx:U > R? is a REGULAR PaTCu, then the Gaussian 
curvature is given by 


eg — f? 
K= FG 2 F’ (2) 


where EL, F’, and G are coefficients of the first FUNDA- 
MENTAL FORM and e, f, and g are coefficients of the 
second FUNDAMENTAL FORM (Gray 1993, p. 282). The 


Gaussian curvature can be given entirely in terms of the 
first FUNDAMENTAL FORM 


ds? = Edu? + 2F dudv+ Gdv" (3) 
and the DISCRIMINANT 
g9=EG-F’ (4) 


by 


r- 5 [8(8)-£(88)}. 0 


where re are the CONNECTION COEFFICIENTS. Equiv- 
alently, 


OF 194G 
ov F C 108 
g? 105 k yada 
2 au 23 33 
E F 32 
1 
See sa 388 , (6) 
Q |}198E 186 0 
2 Ou 2 dv 
where 
_OF 10E 
kos = 5 2 Oy (7) 
_ 18@E  @F 1864 
hss = 2 Ay? * Qudv 2 Gu?’ (8) 
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Writing this out, 


ioe Oudv Ov? Ou? 


G E (22 = = ()"] 
4g? | Ou 8v du Ov 

F [OE OG OE 0G 

492 eas “Ou du 


+050 - Ge) (55 — 3a) 


- ag [Be CS Be) (Ge) | 


The Gaussian curvature is also given by 


“t. OF OE &G 
29 


det (XyuXuXy) det(xyyXuxXe) — [det (xy»Xuxv)]? 


a [luP bv? — Gu -x0)]? 
(10) 
(Gray 1993, p. 285), as well as 
NT. WN tN Tp. 
x NNN] _ INTE; aa) 


aa aie 


where ¢“4 is the LEVI-CiviTA SYMBOL, N is the unit 
NORMAL VECTOR and T is the unit TANGENT VECTOR. 
The Gaussian curvature is also given by 


R 1 
saa a i aes 


(12) 
where R is the CURVATURE SCALAR, ki and ke the 
PRINCIPAL CURVATURES, and R; and R2 the PRINCI- 
PAL RADII OF CURVATURE. For a MONGE PATCH with 
a= h{u, v), 
huuhov = has” 
= Tb 2 ah 2)2° (13) 
(1 + hu® + hy*)? 
The Gaussian curvature K and MEAN CURVATURE H 
satisfy 


H’>K, (14) 
with equality only at UMBILIC POINTS, since 
H? — K? = 3 («1 — 2)’. (15) 
If p is a point on a REGULAR SURFACE M Cc R® and 
Vp and wp are tangent vectors to M at p, then the 
Gaussian curvature of M at p is related to the SHAPE 
OPERATOR S by 


S(vp) X S(wp) = K(p)vp X Wp. (16) 


Let Z be a nonvanishing VECTOR FIELD on M which is 
everywhere PERPENDICULAR to M, and let V and W be 
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VECTOR FIELDS tangent to M such that V x W = Z, 


then 
Z-(DyZ x DwZ) 


aie 2Zi4 


(17) 


(Gray 1993, pp. 291-292). 


For a SPHERE, the Gaussian quadrature is K = 1/a’. 
For EUCLIDEAN SPACE, the Gaussian quadrature is 
K = 0. For GAuss-BOLYAI-LOBACHEVSKY SPACE, the 
Gaussian quadrature is K = —1/a?. A FLAT SURFACE 
is a REGULAR SURFACE and special class of MINIMAL 
SURFACE on which Gaussian curvature vanishes every- 
where. 


A point p on a REGULAR SURFACE M € R? is classified 
based on the sign of K(p) as given in the following table 
(Gray 1993, p. 280), where S is the SHAPE OPERATOR. 


Sign Point 


K(p)>0 elliptic point 
K(p) <0 hyperbolic point 
K(p) =0 but S(p) #0 parabolic point 
_K(p) = 0 and S(p)=0 planar point __ 


A surface on which the Gaussian curvature K is every- 
where POSITIVE is called SYNCLASTIC, while a surface 
on which K is everywhere NEGATIVE is called ANTI- 
CLASTIC. Surfaces with constant Gaussian curvature 
include the CONE, CYLINDER, KUEN SURFACE, PLANE, 
PSEUDOSPHERE, and SPHERE. Of these, the CONE and 
CYLINDER are the only FLAT SURFACES OF REVOLU- 
TION. 


see also ANTICLASTIC, BRIOSCHI FORMULA, DEVEL- 
OPABLE SURFACE, ELLIPTIC POINT, FLAT SURFACE, 
HYPERBOLIC POINT, INTEGRAL CURVATURE, MEAN 
CURVATURE, METRIC TENSOR, MINIMAL SURFACE, 
PARABOLIC POINT, PLANAR POINT, SYNCLASTIC, Um- 
BILIC POINT 
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Geometry Center. “Gaussian Curvature.” http://www.geom 
- umn . edu / zoo / diffgeom / surfspace / concepts / 
curvatures/gauss-curv.html. 
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Gaussian Differential Equation 
see HYPERGEOMETRIC DIFFERENTIAL EQUATION 
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The Gaussian probability distribution with MEAN yp and 
STANDARD DEVIATION o is a GAUSSIAN FUNCTION of 
the form 


Payee ewe (1) 


aV2n 
where P(x) dz gives the probability that a variate with 
a Gaussian distribution takes on a value in the range 
[x,2+dz]. This distribution is also called the NORMAL 
DISTRIBUTION or, because of its curved flaring shape, 
the BELL CuRVE. The distribution P(x) is properly 
normalized for x € (—00, 00) since 


[ P(x) dx = 1. (2) 


=o 


The cumulative DISTRIBUTION FUNCTION, which gives 
the probability that a variate will assume a value < z, 
is then 


D(a)= f Pla)de -Se f on (e—n)?/207 
(3) 


Gaussian distributions have many convenient properties, 
so random variates with unknown distributions are of- 
ten assumed to be Gaussian, especially in physics and 
astronomy. Although this can be a dangerous assump- 
tion, it is often a good approximation due to a surprising 
result known as the CENTRAL LIMIT THEOREM. This 
theorem proves that the MEAN of any set of variates with 
any distribution having a finite MEAN and VARIANCE 
tends to the Gaussian distribution. Many common at- 
tributes such as test scores, height, etc., follow roughly 
Gaussian distributions, with few members at the high 
and low ends and many in the middle. 


Making the transformation 


ze 4 (4) 


so that dz = dz/o gives a variate with unit VARIANCE 
and 0 MEAN 

2 
_-_e7? /2q 


P(x) dz = 23 (5) 


known as a standard NORMAL DISTRIBUTION. So de- 
fined, z is known as a z-SCORE). 


The NORMAL DISTRIBUTION FUNCTION gives the prob- 
ability that a standard normal variate assumes a value 
in the interval (0, z], 


Here, ERF is a function sometimes called the crror func- 
tion. Neither @(z) nor ERF can be expressed in terms of 
finite additions, subtractions, multiplications, and root 


Gaussian Distribution 


extractions, and so both must be either computed nu- 
merically or otherwise approximated. The value of a for 
which P(x) falls within the interval [—a@, a] with a given 
probability P is called the P CONFIDENCE INTERVAL. 


The Gaussian distribution is also a special case of the 
CHI-SQUARED DISTRIBUTION, since substituting 


_ 2 
ea (Hy (7) 


o2 


dz = 3 Ae—H) = H) gy = f2 ae (8) 


(where an extra factor of 1/2 has been added to dz since 
z runs from 0 to oo instead of from —oo to oo), gives 


1 ZN=H2. fz 
P = —(z/0)/2 (=) =) 
(x) dx ae = d (= dz 
2 1 tse (Z)" (2) 
~ 21/27 ( i. a ¢ a atte 


i 
2 


so that 


which is a CHI-SQUARED DISTRIBUTION in z/o with 
r = 1 (ie., a GAMMA DISTRIBUTION with a = 1/2 and 
0 = 2). 


Cramer showed in 1936 that if X and Y are INDEPEN- 
DENT variates and X + Y has a Gaussian distribution, 
then both X and Y must be Gaussian (CRAMER’S THE- 
OREM). 


The ratio X/Y of independent Gaussian-distributed 
variates with zero MEAN is distributed with a CAUCHY 
DISTRIBUTION. This can be seen as follows. Let X and 
Y both have MEAN 0 and standard deviations of oz and 
dy, respectively, then the joint probability density func- 
tion is the GAUSSIAN BIVARIATE DISTRIBUTION with 


p=0, 


~[2?/(202*)+y? /(2ey”)] 
27020 y é : 0) 


f(z,y) = 


From RATIO DISTRIBUTION, the distribution of U = 
Y/X is 


P(u) = i. |x| f(z, ux) dx 


oO 
= ale [2° / (Ben?) +uPe? /(20y7)] 
2ra2ty J_o, 


1 as 2 1 ue 
dz. 
UOxOy ts ear - (ss . 2o,? ‘a 


Gaussian Distribution 


sO 
1 1 1 TxTy 
i a ~ Ug? + Oy? 
1 oy 
gS Minas eae (13) 
Bue t( =) 


which is a CAUCHY DISTRIBUTION with MEAN p = 0 
and full width 


ay 


Ps (14) 


Cn 


The CHARACTERISTIC FUNCTION for the Gaussian dis- 


tribution is ; cor 
o(t) = gimt-o t i (15) 


and the MOMENT-GENERATING FUNCTION is 


M t) ta\ e’* e (tH)? /207 4 
(t) =(e ) ve xo 


1 
on 2x 
(16) 


COMPLETING THE SQUARE in the exponent, 


goglt® — nt o%)e +p) 


= or {le (ut 07)? + — (n+ 07t)"]}. (27) 


Let 
y=u-(pt+o't) (18) 
dy = dx (19) 
1 
a= 32° (20) 


The integral then becomes 


1 oa 2, 2po*t+ at? 
M(é) = _ ial sence AR OP 
( ) oV2r [| oy 202 y 
1 oO 
= Gr 7 exp[—ay” + pt + kot”) dy 
oV27 J _ oo 
oV20 & 
o— i yeeeree 
ovan Va 
_ Vv Io2n ettttert? /2 = elitte?t?/2 (21) 
i oVvanr ~ : 
so 
2,2 
M'(t) = (utort)e**7 * /? (22) 


M" (t) ze gieuttert? /2 Et Pl ed (7 + to”)?, (23) 
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and 
p= M'(0)=4 (24) 
o” = M"(0) —{M'(0)]” 
= (0? +y")— pw? =o". (25) 


These can also be computed using 


R(t) = In[M(2)] = wt + 307°? (26) 
Ri(t)=pto't (27) 
R(t) = 0’, (28) 


yielding, as before, 


w= R(0)=yu (29) 
o” = R" (0) =o”. (30) 


The moments can also be computed directly by comput- 
ing the MOMENTS about the origin yi, = (2”), 


ne 2 2 
/ wre (PHY /20" ay. (31) 


no oVv20n 
Now let 
_t~-h 
= 32 
a (32) 
dee SE (33) 
20 
z=ouv24+p, (34) 
giving 
! V20 nu? 1 f- - 
e” du=— "e™ du 
Bn o om U 1 Le € ? 
(35) 
so 
Ho = 1 (36) 
ae a ate 
Mah Vr fee we <7) 
obs ae (V2c0u+ pe" du 
=[V2eHi(1)+uHo(l))=(0+n)=n (87) 


2 = an ae du 
= a =| (207? u? + 2V2 cpu + wye™ du 


= [267 Ho(1) + 2V20pnHi (1) + vw’ Ho(1)) 
= (2075 +0+p’) =p? +0” (38) 


Ce 7 a®e-™ du 
3 Je oe 
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= - fe ou + 6po?u 


+372 pout ee“ du 
= (2V2 0° Hs3(1) + 607 Ho(1) 
+ 3V2y?o Hi (1) + °Ho(1)| 
= (0+ 62072404 p°) = p(n? + 307) (39) 


py = = | gie"™ du 
W So 
1 oo 
= = | (40*u* + 8V2 po®u® 


+ 12u?o7u? + 4V2 Wout we du 
= [404 H4(1) + 8V2 po* H3(1) + 1220? H2(1) 
+ 472 uoHi (1) + w*Ho(1)) 
= (403 +04 127074 +0+4') 
= p* + 6y?o* + 30%, (40) 


where H,,(a) are GAUSSIAN INTEGRALS. 


Now find the MOMENTS about the MEAN, 


pu =0 (41) 
Mo = M2 — (Hi) = (w +07) - pW =o" (42) 
Hs = fy — 3a + 2(ui)° 

= p(y" + 307) — 3(07 + ww + 2n? =0 (43) 
ba = py — 4uguy + 6yo(m1)” — 3(u1)4 

= (u* + 6y70" + 30%) — 4(u? + 3y07)p 

+ 6(u? + 07)u? — 3" 
= 3%, (44) 


so the VARIANCE, STANDARD DEVIATION, SKEWNESS, 
and KURTOSIS are given by 


var(z) = pz = 0” (45) 
stdv (x) = 4/var(x) =o (46) 
3 
n= a (47) 
ia a 301 2 
lee eat Ge Sse (48) 


The VARIANCE of the SAMPLE VARIANCE s” for a sample 
taken from a population with a Gaussian distribution is 


_ (N= DCN = Dua - WW - 3)” 


N23 
(Vv — 1) + 620? + 304) 
—(N —3)(u? + 07)?) 
_ AN - 1)(u4* + 27? No? + No*) 
NS 2 


var(s?) 


(49) 
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If 4 = 0, this expression simplifies to 


_ AN—-1)No* _ 20*(N —1) 


var(s?) = 3 2 , (50) 


and the STANDARD ERROR is 


ve, (51) 


N 


{standard error] = 


The CUMULANT-GENERATING FUNCTION for a Gaus- 
sian distribution is 


K(h) = In(e"™"e™ *?/2) = yh + bo?h?, (52) 
so 
Ky = VW (53) 
k2 = o (54) 
kr =O forr > 2. (55) 


For Gaussian variates, «, = 0 for r > 2, so the variance 
of k-STATISTIC kg is 


Ki 9K: K4 9n, 6 : 
var(ks) = 5 + 4G weit WWD 
6K2° 
= N= DW 
Also, 
_ thst = 1)? 
var(ka) = (N — 3)(N — 2)(N +3)(N +5) oF) 
____ ona) 
var(gi) = (N — 2)CN + 1)(N +3) ve 
= 24N(N — 1)? 
var(g2) = (N — 3)(N — 2)(N + 3)(N +5)’ (59) 
where 
k3 
n= ka3/? £60) 
g2 = . (61) 


If P(x) is a Gaussian distribution, then 


D(z) = 3 + erf (4) ; (62) 


so variates z; with a Gaussian distribution can be gener- 
ated from variates y; having a UNIFORM DISTRIBUTION 
in (0,1) via 


ay = o V2 erf (24-1) + yu. (63) 
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However, a simpler way to obtain numbers with a Gaus- 
sian distribution is to use the BOX-MULLER TRANSFOR- 
MATION. 


The Gaussian distribution is an approximation to the 
BINOMIAL DISTRIBUTION in the limit of large numbers, 


P(n) = Pp - ae ; (64) 


InNoq 2Npq 
where ni is the number of steps in the POSITIVE direc- 
tion, N is the number of trials (N = ni + 2), and p 
and gq are the probabilities of a step in the POSITIVE 
direction and NEGATIVE direction (q = 1 — p). 


The differential equation having a Gaussian distribution 
as its solution is 


d —2z 
ay = vn ) (65) 
since d 
=f = ‘> da (66) 
y 1 2 
In (z) = — 55a (u - 2) (67) 
y= yoe (2H) /3a7 (68) 


This equation has been generalized to yield more compli- 
cated distributions which are named using the so-called 
PEARSON SYSTEM. 


see also BINOMIAL DISTRIBUTION, CENTRAL LIMIT 
THEOREM, ERF, GAUSSIAN BIVARIATE DISTRIBUTION, 
LOGIT TRANSFORMATION, NORMAL DISTRIBUTION, 
NORMAL DISTRIBUTION FUNCTION, PEARSON SYSTEM, 
RATIO DISTRIBUTION, z-SCORE 
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Gaussian Distribution—Linear Combination 
of Variates 

If « is NORMALLY DISTRIBUTED with MEAN y and 
VARIANCE o°”, then a linear function of z, 


y=art+b, (1) 


is also NORMALLY DISTRIBUTED. The new distribution 
has MEAN ay.+6 and VARIANCE a’o”, as can be derived 
using the MOMENT-GENERATING FUNCTION 


M(t) = (nee) — et (er) = ete Hatto?(at)?/2 


2 2,2 22,2 
= ete tHatte at? /2 = elotanjita at i. (2) 
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which is of the standard form with 
"= b+ ap (3) 


o” =a’. (4) 


For a weighted sum of independent variables 


y= s. aQiZi, (5) 
i=1 


the expectation is given by 


M(t) = (e¥*) = ( exp (‘Soa 


i=l 
— (e21**1 e22tza _ i ernteny 


nm n 
= [[‘e*""*) = ] J explaiut + 1a;70:7t?). (6) 
i=l i=l 
Setting this equal to 
1242 
exp(ut + 50°t") (7) 


gives 


L= > Qi pi (8) 
t=1 


n 
o = So ao. (9) 
t=1 


Therefore, the MEAN and VARIANCE of the weighted 
sums of n RANDOM VARIABLES are their weighted sums. 


If z; are INDEPENDENT and NORMALLY DISTRIBUTED 
with MEAN 0 and VARIANCE o”, define 


y= > cay, (10) 


j 
where c obeys the ORTHOGONALITY CONDITION 
CikCjk = O45, (11) 
with 6 the KRONECKER DELTA. Then y; are also in- 


dependent and normally distributed with MEAN 0 and 
VARIANCE o?, 


Gaussian Elimination 
A method for solving MATRIX EQUATIONS of the form 


Ax =b. (1) 
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Starting with the system of equations 


Q11 412°) «Gik Real by 
@21 @22 ‘++ G@2k x2 be 
= : ’ (2) 
Oki Gk2 *** Gkk Lk by 
compose the augmented MATRIX equation 
Q@ir 412 +++) Aik | br T1 
Q@21 a@22 ‘+ Gear | be 22 
(3) 
Qk1 Geo *** Gkk | Oe Lr 


Then, perform MATRIX operations to put the aug- 
mented MATRIX into the form 


, , 

ay a2 °° Qik by Ly 

0 ado @2, |b | | x2 
(4) 

0 0 Oek bi, Lp 


Solve for aj, then substitute back in to obtain solutions 
forn=1,2,...,k-—-1, 


k 


So aijas | (5) 


gait. 


see also GAUSS-JORDAN ELIMINATION, LU DECOMPO- 
SITION, MATRIX EQUATION, SQUARE ROOT METHOD 
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=4 -2 
In 1-D, the Gaussian function is the function from the 
GAUSSIAN DISTRIBUTION, 


2 4 


— 1 o-(e-#)?/20? 
f(z) ~~ aie: ’ (1) 


sometimes also called the FREQUENCY CURVE. The 
FULL WIDTH AT HALF MAXIMUM (FWHM) for a Gaus- 
sian is found by finding the half-maximum points 2p. 
The constant scaling factor can be ignored, so we must 
solve 

en (t07H)? /20? 


= 2 f(tmex) (2) 


But f(amax) occurs at max = [, SO 


—~(29 —u)? /202 
eo-w)?/20? 2 Fy) = 2. (3) 
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Solving, 
e7 (20-#)?/20? =— Q71 (4) 
(to — yn)” _ 
(zo — »)* = 207 In2 (6) 
Zo = tovV2in2 +p. (7) 


The FULL WIDTH aT HALF MAXIMUM is therefore given 
by 


FWHM = ay — w_ = 2V2in20 & 2.35480. (8) 


RY 


In 2-D, the circular Gaussian function is the distribu- 
tion function for uncorrelated variables x and y having 
a GAUSSIAN BIVARIATE DISTRIBUTION and equal STAN- 
DARD DEVIATION o = oz = Gy, 


(ene)? +(y-Hy)?]/20? | (9) 


f(x,y) 


a e 
2Qro2 
The corresponding elliptical Gaussian function corre- 

sponding to oz # ay is given by 


1 


eo ena)? 20m? +[(y- By)? /2oy7] (10) 
QT roy 


f(x,y) = 


Re{Gaussian z]} Tm(Gaussien2] 


{Gaussian z| 


The above plots show the real and imaginary parts of 
2 

(21)~*‘/2e-* together with the complex absolute value 

|(an)-4/7e7*" |; 


The Gaussian function can also be used as an APODI- 
ZATION FUNCTION, shown above with the corresponding 
INSTRUMENT FUNCTION. 


Gaussian Hypergeometric Series 


The HYPERGEOMETRIC FUNCTION is also sometimes 
known as the Gaussian function. 

see also ERF, ERFC, FOURIER TRANSFORM—GAUSS- 
IAN, GAUSSIAN BIVARIATE DISTRIBUTION, GAUSSIAN 
DISTRIBUTION, NORMAL DISTRIBUTION 
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Gaussian Hypergeometric Series 
see HYPERGEOMETRIC FUNCTION 


Gaussian Integer 

A COMPLEX NUMBER a+bi where a and b are INTEGERS. 
The Gaussian integers are members of the QUADRATIC 
FIELD Q(./—1). The sum, difference, and product of 
two Gaussian integers are Gaussian integers, but a + 
bilc + di only if there is an e + fi such that 


(a+ bi)(e+ ft) = (ae — bf) + (af +be)i = c+ di. 


Gaussian INTEGERS can be uniquely factored in terms 
of other Gaussian INTEGERS up to POWERS of 7 and 
rearrangements. 


The norm of a Gaussian integer is defined by 
n(x + iy) = 27 +y’. 


GAUSSIAN PRIMES are Gaussian integers a+ib for which 
n(a+ib) = a? +b? is PRIME and a a PRIME INTEGER a 
such that a = 3 (mod 4). 

1. If 2|n(x + iy), then 1 +2 and 1—i|x+iy. These 
factors are equivalent since —i(i 1) = i+1. For 
example, 2 = (1+ 7)(1—7) is not a Gaussian prime. 

2. Ifn(x+iy) = 3 (mod 4) |n(x+iy), then n(a+ib)|a+ 
zy. 

3. If n(w + iy) = 1 (mod 4) |n(z + ty), then a+ ib or 
b+ ialx + iy. If both do, then n(a + ib) |x + ty. 

The Gaussian primes with |al,|6| < 5 are given by —5 — 

4i, ~5 — 24, -5 + 2i, -5 + 43, -4—5i, 4-1, 4 +i, 

—4+4 51, —3 — 21, —3, -3+ 27, —2 — 5i, —2 — 3%, —2 -7, 

Mig OS = ISB, 1 de, —) — 24) 14, 0 

A Of ais ae) 85 Bey to Aa, Tia OF eee 

1+ 22, 1+ 47, 2 — 52, 2 — 32, 2-7, 2+7, 2+ 34, 2+ 51, 

3 — 22, 3, 3+ 21,4—51,4—-7,4+7, 4457, 5 — 44, 5 — 21, 

5 + 2%, 5 + 44. 


Every Gaussian integer is within |n|/./2 of a multiple of 
a Gaussian integer n. 


see also COMPLEX NUMBER, EISENSTEIN INTEGER, 
GAUSSIAN PRIME, INTEGER, OCTONION 
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Gaussian Integral 

The Gaussian integral, also called the PROBABILITY 
INTEGRAL, is the integral of the 1-D Gaussian over 
(—oo, co}. It can be computed using the trick of com- 
bining two 1-D Gaussians 


[Letan (fev a) (flere) 
/ [ [lcemae 0 


and switching to POLAR COORDINATES, 


fored 2a 
[. e-* dx = if is e-"’ rdrdé 


= 2a [—te- 3p aa = Vn. (2) 


However, a simple proof can also be given which does 
not require transformation to POLAR COORDINATES 
(Nicholas and Yates 1950). 


The integral from 0 to a finite upper limit a can be given 
by the CONTINUED FRACTION 


[ete- vr 1 2 8 4 (3) 


2 at 2a+ at 2a4+... 
The general class of integrals of the form 


sa 2 
I,(a) = / e °* 2" dx (4) 
0 
can be solved analytically by setting 
zr=a/ zy (5) 
dz =a~*/" dy (6) 
y? =az’. (7) 


Then 
~< 2 
In(a) = a7 ¥/? | e7¥" (a7 1/7)" dy 
0 
sess 2 
ny ey. e¥ y” dy. (8) 
0 

For n = 0, this is just the usual Gaussian integral, so 


V1? =5/2. (9) 


For n = 1, the integrand is integrable by quadrature, 


Io (a) = 


co 
Ii(a) = ay en’ ydy = a~*[-2e7¥ le = ta, 
) 
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To compute J,(a) for n > 1, use the identity 


~ a 


II 
ou“ 
8 
ie) 
| 
e 
8 
8 
a 
8 
\ 
— 
—, 
Q 
— 


For n = 2s EVEN, 


nio)= (2) teat» (“fre 


so 


oo 
2s —a (s a 3)! 
i 2 *e"** dr = sans = 
Ifn = 2s +1 is ODD, then 
re] ro] 
In(a) = (-5-) 1 3te) = (-5 
@ \ (m-1)/2 
cae) 
gir-))/2 
= agin f(a) = 


so 


2 
2s+i 
| gstiena dz = 
0 


The solution is therefore 


i 4 {n- (n=)! 
-ar n gn/2tign/2 n/2 
e€ a" dz= ¢ 2 
(n+1)/3]! 
0 gal(r+1)/2 


In-2(a) = -——— e 


co 2 
= -{ —a*e % "dr 
0 
Bog, 4. 


1 afr-v/2 
2 dalm—n/2% 


The first few values are therefore 


Io{a) = 


Ih (a) = 


I2{a) = = 


I3(a) = 


I4(a) = SS 


Is{a) = 


Ig(a) = 


1 FE 
2Va 


2a 


15 ua 


Jt for n even 


(11) 


(12) 


(13) 


(14) 


(15) 


(16) 


(17) 
(18) 
(19) 
(20) 
(21) 
(22) 


(23) 
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A related, often useful integral is 


A ie 2 
H,(a) = = | e ** 2" dz, (24) 
VF Jew 
which is simply given by 
2In (a) f 
H,= { = or 7m even 25 
for n odd. 8) 


References 
Nicholas, C. B. and Yates, R. C. “The Probability Integral.” 
Amer. Math. Monthly 57, 412-413, 1950. 


Gaussian Integral (Linking Number) 
see LINKING NUMBER 


Gaussian Joint Variable Theorem 

Also called the MULTIVARIATE THEOREM. Given an 
EVEN number of variates from a NORMAL DISTRIBU- 
TION with MEANS all 0, 


(122) = (x1) (x2), (1) 


(@1 220304) 
= (x12) (rgx4) + (123) (t2e4) + (e1za) (2243), (2) 


etc. Given an ODD number of variates, 
(x1) = 0, (3) 
(12223) = 0, (4) 
etc. 


Gaussian Mountain Range 
see CAROTID-KUNDALINI FUNCTION 


Gaussian Multivariate Distribution 


see also GAUSSIAN BIVARIATE DISTRIBUTION, JOINT 
THEOREM, MULTIVARIATE THEOREM 


Gaussian Polynomial 
Defined by 


Q) 


for integral J, and 


[| = {Lt a forO<k<n (2) 


otherwise. 


Unfortunately, the NOTATION conflicts with that of 
GAUSSIAN BRACKETS and the NEAREST INTEGER 


Gaussian Prime 


FUNCTION. Gaussian POLYNOMIALS satisfy the iden- 


tities 
n+1 
k + 1 — gutt 


fa] i-a* : 
Ea 
al 
k+ 1 _ 1— quiet! (4) 


n+1 ~ 1 q+ 
k 


For q = 1, the Gaussian polynomial turns into the BI- 
NOMIAL COEFFICIENT. 


see also BINOMIAL COEFFICIENT, GAUSSIAN COEFFI- 
CIENT, g-SERIES 


Gaussian Prime 


Gaussian primes are GAUSSIAN INTEGERS a + ib for 
which n(a + ib) = a? +b? is PRIME and a a PRIME 
INTEGER a such that a = 3 (mod 4). The above plot 
of the COMPLEX PLANE shows the Gaussian primes as 
filled squares. 


see also EISENSTEIN INTEGER, GAUSSIAN INTEGER 
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Gaussian Quadrature 

Seeks to obtain the best numerical estimate of an inte- 
gral by picking optimal ABSCISSAS 2; at which to eval- 
uate the function f(z). The FUNDAMENTAL THEOREM 
OF GAUSSIAN QUADRATURE States that the optimal AB- 
SCISSAS of the m-point GAUSSIAN QUADRATURE FOR- 
MULAS are precisely the roots of the orthogonal POLY- 
NOMIAL for the same interval and WEIGHTING FUNC- 
TION. Gaussian quadrature is optimal because it fits all 
POLYNOMIALS up to degree 2m exactly. Slightly less op- 
timal fits are obtained from RADAU QUADRATURE and 
LAGUERRE QUADRATURE. 
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W(x) Interval 2x; Are Roots Of 
1 (-1,1) P,, (x) 

oe (0, 00) Ln(z) 

es (-oo,0o) H,(x) 
(a—#)-? (-1,1) T(z) 

(1-#)/? (-1,1)— U,(2) 

ee (0,1) a? Pania(V2) 
oe (0,1) Pr( Vz) 


To determine the weights corresponding to the Gaus- 
sian ABSCISSAS, compute a LAGRANGE INTERPOLATING 
POLYNOMIAL for f(z) by letting 


n(x) = |] (z-2;) (1) 
j=l 
(where Chandrasekhar 1967 uses F instead of 7), so 
re;)=[“]  =T[@-». © 
Oda pte j — i). 


Then fitting a LAGRANGE INTERPOLATING POLYNOM- 
IAL through the m points gives 


= eee) O) 


for arbitrary points «;. We are therefore looking for a set 
of points z; and weights w; such that for a WEIGHTING 
FuNCTION W(z), 


/ $(2)W (2) de = / ey ie 


=>_ w;f(z5), (4) 
j=l 
with WEIGHT 
ae ° (z)W (x) 
W; aaa. aa dz. (5) 


The weights w; are sometimes also called the CHRIS- 
TOFFEL NUMBER (Chandrasekhar 1967). For orthogo- 
nal POLYNOMIALS ¢;(x) with j=1, ..., n, 


$3 (2) = Ajx(z) (6) 


(Hildebrand 1956, p. 322), where An is the COEFFI- 
CIENT of z” in ¢,(x), then 


siete : (x) 
“= ges | Wee 
—— An4+i1 Yn 
Ardila; \@aei@)’ C 
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where 


ne i [bm (2)? W(2) de. (8) 


Using the relationship 


An+yiAn-1 Yn 
Se n— 1 (BE 9 
eet 6 (es) () 


gn+1(Zi) = 
(Hildebrand 1956, p. 323) gives 


An Yn—1 
An-1 bn(&j)bn—1(2;) 


(Note that Press et al. 1992 omit the factor An/An-1.) 
In Gaussian quadrature, the weights are all POSITIVE. 
The error is given by 


B= £4) oe) © fw W(x)[x(a)]? de = 22, LE) 


wy = (10) 


An? (2n)t ’ 
(11) 
where a < € < b (Hildebrand 1956, pp. 320-321). 


Other curious identities are 


3 [bu (x)]? 
ra Vk 
= 74 [dm41(t)bm(x) — bm(2)Gm+4i(x)] (12) 
mara 
and 
> [ee(z))? _ _ AmBin(@e)omtr(@:) _ 1 yg 
yo ae 
k=0 PN ‘ 
(Hildebrand 1956, p. 323). 
In the NOTATION of Szegé (1975), let Lin < ... < Znn be 
an ordered set of points in [a, 6], and let Ain, ..., Ann be 


a set of REAL NUMBERS. If f(x) is an arbitrary function 
on the CLOSED INTERVAL [a, 6], write the MECHANICAL 
QUADRATURE as 


Qn(f) = D7 Aun f (tun). (14) 


v=1 


Here ryn are the ABSCISSAS and A,pn are the COTES 
NUMBERS. 


see also CHEBYSHEV QUADRATURE, CHEBYSHEV- 
GAUSS QUADRATURE, CHEBYSHEV-RADAU QUADRA- 
TURE, FUNDAMENTAL THEOREM OF GAUSSIAN QUAD- 
RATURE, HERMITE-GAUSS QUADRATURE, JACOBI- 
GAUSS QUADRATURE, LAGUERRE-GAUSS QUADRA- 
TURE, LEGENDRE-GAUSS QUADRATURE, LOBATTO 
QUADRATURE, MEHLER QUADRATURE, RADAU QUAD- 
RATURE 
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Gaussian Sum 


q~i 


S(p.q) = Soe Pl, (1) 


r=0 
where p and g are RELATIVELY PRIME INTEGERS. If 
(n,n') = 1, then 
S(m,nn') = S(mn',n)S(mn,n'). (2) 


Gauss showed 


a 2 1-77 
yo Sa (3) 
—i 
r=0 
for ODD gq. A more general result was obtained by 
Schaar. For p and gq of opposite PARITY (i.e., one is 


EVEN and the other is ODD), SCHAAR’S IDENTITY states 


ie e7tr p/@ aie en a/P (4) 
v4 r=0 vP r=0 


Such sums are important in the theory of QUADRATIC 
RESIDUES. 


see also KLOOSTERMAN’S SUM, SCHAAR’S IDENTITY, 
SINGULAR SERIES 
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Gear Graph 


Gear Graph 
A WHEEL GRAPH with a VERTEX added between each 
pair of adjacent VERTICES. 


Gegenbauer Function 
see ULTRASPHERICAL FUNCTION 


Gegenbauer Polynomial 
see ULTRASPHERICAL POLYNOMIAL 


Gelfond-Schneider Constant 
The number 2¥? = 2.66514414... which is known to be 
TRANSCENDENTAL by GELFOND’S THEOREM. 
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Courant, R. and Robbins, H. What is Mathematics?: An El- 
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Gelfond-Schneider Theorem 
see GELFOND’S THEOREM 


Gelfond’s Theorem 
Also called the GELFOND-SCHNEIDER THEOREM. a? is 
TRANSCENDENTAL if 


1. a is ALGEBRAIC # 0, 1 and 
2. bis ALGEBRAIC and IRRATIONAL. 


This provides the solution to the seventh of HILBERT’S 
PROBLEMS, 


see also ALGEBRAIC NUMBER, HILBERT’S PROBLEMS, 
IRRATIONAL NUMBER, TRANSCENDENTAL NUMBER 
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Genaille Rods 

Numbered rods which can be used to perform multipli- 
cation. 

see also NAPIER’S BONES 
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Genera 
see FUNDAMENTAL THEOREM OF GENERA 
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General Linear Group 

The general linear group GL, (q) is the set of n x n MA- 
TRICES with entries in the FIELD F, which have Non- 
ZERO DETERMINANT. 


see also LANGLANDS RECIPROCITY, PROJECTIVE GEN- 
ERAL LINEAR GROUP, PROJECTIVE SPECIAL LINEAR 
GROUP, SPECIAL LINEAR GROUP 
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General Orthogonal Group 

The general orthogonal group GO,(q,F) is the SuB- 
GROUP of all elements of the PROJECTIVE GENERAL 
LINEAR GROUP. that fix the particular nonsingular 
QUADRATIC FORM F. The determinant of such an ele- 
ment is +1. 


see also PROJECTIVE GENERAL LINEAR GROUP 


References 

Conway, J. H.; Curtis, R. T.; Norton, S. P.; Parker, 
R. A.; and Wilson, R. A. “The Groups GO,(q), SOn(q), 
PGO,(q), and PSO,(q), and On(q).” §2.4 in Atlas of 
Finite Groups: Maximal Subgroups and Ordinary Char- 
acters for Simple Groups. Oxford, England: Clarendon 
Press, pp. xi-xii, 1985. 


General Position 
An arrangement of points with no three COLLINEAR, or 
of lines with no three concurrent. 


see also ORDINARY LINE, NEAR-PENCIL 
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General Prismatoid 
A solid such that the AREA Ay, of any section parallel to 
and a distance y from a fixed PLANE can be expressed 
as 

Ay = ay® + by? + cy4+d. 
The volume of such a solid is the same as for a PRISMA- 


TOID, 
V = 1h(Ay + 4M + Ag). 


Examples include the CONE, CYLINDER, PRISMATOID, 
SPHERE, and SPHEROID. 

see also PRISMATOID, PRISMOID 
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General Unitary Group 

The general unitary group GU,n(q) is the SUBGROUP of 
all elements of the GENERAL LINEAR GROUP GL(q’) 
that fix a given nonsingular Hermitian form. This is 
equivalent, in the canonical case, to the definition of 
GU, as the group of UNITARY MATRICES. 
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Generalized Cone 


A RULED SURFACE is called a generalized cone if it can 
be parameterized by x(u,v) = p+ vy(u), where p is 
a fixed point which can be regarded as the vertex of 
the cone. A generalized cone is a REGULAR SURFACE 
wherever vy x y’ 4 0. The above surface is a generalized 
cylinder over a CARDIOID. A generalized cone is a FLAT 
SURFACE. 


see also CONE 
References 
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Generalized Cylinder 


A RULED SURFACE is called a generalized cylinder if it 
can be parameterized by x(u,v) = vp + y(u), where p 
is a fixed point. A generalized cylinder is a REGULAR 
SURFACE wherever y’ xX p # 0. The above surface is 
a generalized cylinder over a CARDIOID. A generalized 
cylinder is a FLAT SURFACE. 


see also CYLINDER 
References 
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Generalized Fibonacci Number 

A generalization of the FIBONACCI NUMBERS defined 
by 1 Gi G2 G._-1 and the RECURRENCE 
RELATION 


Ga = Gn—-1 + Gn—e- (1) 


These are the sums of elements on successive diagonals 
of a left-justified PASCAL’S TRIANGLE beginning in the 
left-most column and moving in steps of c — 1 up and 
1 right. The case c = 2 equals the usual FIBONACCI 
NUMBER. These numbers satisfy the identities 


Gi +G2+G3gt+...+Gn = Gris -1 (2) 


G3+Get+Got+...+ Gar = Gor41—1 (3) 
Gi+Ge+Grt+...+ Ggrii = Gonzo (4) 
G2+Gs5+Get...+ Gsree = Garis (5) 

(Bicknell-Johnson and Spears 1996). For the special 
case c = 3, 

Gniw = Gu-2Gn + Gw-3Gni1 + Gw-1Gn+2. (6) 
Bicknell-Johnson and Spears (1996) give many further 
identities. 


Horadam (1965) defined the generalized Fibonacci num- 
bers {wn} as wn = wn(a,b; p,q), where a, b, p, and q are 
INTEGERS, wo = a, wi = 6, and wp = pwn-1 — QWn-2 
for n > 2. They satisfy the identities 


2 
WnWn+2r 7 eq’ U; = Wnt+r (7) 


AW Wn 417 Wn42 + (wq”)? = (WnWn42 + Wnti")? (8) 


WnWn41Wn4+3Wn+4 
= Wn42" + eq” (p* + q)Wn42" + agit tty? (9) 


AWnWn41Wn4+2Wn4+4Wn+5Wn4+6 
2.2 2 
+e°q°" (wrUaUs — wn41U2U6 — wnUiUs) 


= (Wn41Wn42Wnt+6 + WnWn44Wnis), (10) 
where 


e = pab — qa” — b? (11) 
Un = wn(0, 1; p, q)- (12) 
The final above result is due to Morgado (1987) and is 


called the MORGADO IDENTITY. 


Another generalization of the Fibonacci numbers is de- 
noted z,. Given 2; and z2, define the generalized Fi- 
bonacci number by tn = 2n-2 + Xn-1 for n > 3, 


nr 
ee = Ens2 — 22 (13) 
i=l 


Generalized Function 


So = 11x, (14) 
t=1 
Sn” — tn—-1n4+2 = (—1)"(a2" ~ 21” — 2122), (15) 


where the plus and minus signs alternate. 
see also FIBONACCI NUMBER 
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Generalized Function 

The class of all regular sequences of PARTICULARLY 
WELL-BEHAVED FUNCTIONS equivalent to a given reg- 
ular sequence (sometimes also called a DISTRIBUTION 
or FUNCTIONAL). A generalized function p(x) has the 
properties 


d. : p'(2)f(e) de = — / ‘ pla) f(a) de 


i _ p'”) f(x) dx = (-1)" / 7 p(x) f(a) de. 


eo 


The DELTA FUNCTION is a generalized function. 
see also DELTA FUNCTION 


Generalized Helicoid 

The SURFACE generated by a twisted curve C’ when ro- 
tated about a fixed axis A and, at the same time, dis- 
placed PARALLEL to A so that the velocity of displace- 
ment is always proportional to the ANGULAR VELOCITY 
of ROTATION. 


see also GENERALIZED HELIX, HELICOID, HELIX 
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Generalized Helix 

The GEODESICS on a general cylinder generated by lines 
PARALLEL to a line | with which the TANGENT makes a 
constant ANGLE. 


see also HELIX 


Generalized Hyperbolic Functions 
In 1757, V. Riccati first recorded the generalizations of 
the HYPERBOLIC FUNCTIONS defined by 


ices k 
OL = S a nk+r 
k=0 


for r= 0,..., 7 — 1, where a is COMPLEX, and where 
the normalization is taken so that 


Fy.o(0) = 1. (2) 


This is called the a-hyperbolic function of order n of the 
kth kind. The functions F;*, satisfy 


Fy.,(x) = (Ya)"( Yaz) (3) 
and 
f™ (x) = af(2), (4) 
where 
(k) _f0 k#re0<k<n-1l, 
POO et 2 eo (5) 


In addition, 


(nae oS Fite-1(2) forO<r<n-1 
agit) = { aFe,-1(#) forr=0. (6) 


The functions give a generalized EULER FORMULA 


n-1 


eV = Si Va)’ Far (2). (7) 


r=0 


Since there are n mth roots of a, this gives a system of 
n linear equations. Solving for Fi, gives 


n-1 
Fan(a) = =(%a)-” Yywn-"* explwn® Vax), (8) 
k=0 
where Oni 
Wy = exp (=) (9) 


is a PRIMITIVE ROOT OF UNITY. 
The LAPLACE TRANSFORM is 


oo shot alar 
e' F2 (at) dt = ————-. (10) 
Jo ; 8” + AAn 
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The generalized hyperbolic function is also related to 
the MIrtaG-LEFFLER FUNCTION E.,(x) by 


En(2”). (11) 


The values n = 1 and n = 2 give the exponential and 
circular/hyperbolic functions (depending on the sign of 
a), respectively. 


Fy, (2) = 


Ffo(2) =e (12) 
Fy‘o(x) = cosh(./a x) (13) 
Fiy(2) = SeBWe) (14) 


For a = 1, the first few functions are 


Fi.o(a) =e 

Fi o(x) = coshz 

F).,(x) = sinha 

F3.o(x) = 3[e? +2e°7/”” cos(4 V3 2)] 
F3,(x) = d[e* + 2e—*/? cos(2 V3.2 + in)] 
Fyo(x) = 4[e* + 2e7*/? cos($V3.a — 3n)] 


le 


Fio(z) = 3 (cosh x + cos 2) 
Fi1(z) = }(sinhz + sinz) 
Fj2(a) = 4(cosh x — cos 2) 
Fi.3(z) = i (sinha — sinz). 


see also HYPERBOLIC FUNCTIONS, MITTAG-LEFFLER 
FUNCTION 
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Generalized Hypergeometric Function 

The generalized hypergeometric function is given by a 
HYPERGEOMETRIC SERIES, i.e., a series for which the 
ratio of successive terms can be written 


Ars as P(k) a (k + a1)(k + a2)---(k + ap) 
aK Q(k)  (k+b1)(k + bo) +++ (Kk + bg)(k +1) 
(1) 
(The factor of k+ 1 in the DENOMINATOR is present for 
historical reasons of notation.) The resulting generalized 
hypergeometric function is written 


ko G3,42,°°*,Qp, 
So axe oe (2) 


k=0 


_ (a1)e(aa)a 


(b1)4b(B2)k--+ (bq)e KI’ 


k=0 


- (Ap) z* (3) 


Generalized Hypergeometric Function 


where (a), is the POCHHAMMER SYMBOL or RISING 
FACTORIAL 


T(a+k) 


Fea aoe 


(a). = (a+k-1). (4) 


If the argument x = 1, then the function is abbreviated 


2Fi(a,b;c;z) is “the? HYPERGEOMETRIC FUNCTION, 
and 1 F(a; 6;z) = M(z) is the CONFLUENT HYPERGEO- 
METRIC FUNCTION. A function of the form 9 Fi (; 6; z) is 
called a CONFLUENT HYPERGEOMETRIC LIMIT FUNC- 
TION. 


The generalized hypergeometric function 
G@1,42,...,Ap41 
1 F, 32 6 
pt | by, be, 50s 1 ( ) 
is a solution to the DIFFERENTIAL EQUATION 


[9(9 +b—1)---(98 +b, —1) 
—z(0 + a1)(9 + a2)--- (8 + ap41)]y = 0, (7) 


where a 


The other linearly independent solution is 


1+ a1 — 61,1 — a2 — be, 
-,l+ap4i1—bi, 

ener bacchey a tel Oe 
1— bp — bi 


1-6 
2 p+ Fp 


A generalized hypergeometric equation is termed “well 
posed” if 


1+a@, = 6b) +a2 =... = bp + Gpii. (10) 


Many sums can be written as generalized hypergeomet- 
ric functions by inspection of the ratios of consecutive 
terms in the generating HYPERGEOMETRIC SERIES. For 
example, for 


2 
= nf 2n 
f(n) = iY) ( i ) ; (11) 
the ratio of successive terms is 


Qk+1 _ (- 1)F+t (2a y° = 


DF Cy 


(k — 2n)? 


crs as 
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yielding 


—2n, —2 
f(n) =2Fi i 1 ",-1] = 2F\(—2n, —2n; 1; -1) 


(13) 
(PetkovSek 1996, pp. 44-45). 


Gosper (1978) discovered a slew unusual hypergeo- 
metric function identities, many of which were sub- 
sequently proven by Gessel and Stanton (1982). An 
important generalization of Gosper’s technique, called 
ZEILBERGER’S ALGORITHM, in turn led to the powerful 
machinery of the WILF-ZEILBERGER PAIR (Zeilberger 
1990). 


Special hypergeometric identitics include GAuss’s Hy- 
PERGEOMETRIC THEOREM 


T(c)['(c — a— 6) 


sql) = SM 14 
2F;, (a, b; Cc; 1) T(e— a)T(c = b) ( ) 

for R[c — a — b] > 0, KUMMER’S FORMULA 

T(4b4+ 1)T(b-—a+1) 
F\(a,b;¢e;-1) = 2 ; 15 
2Fi(a,bs¢—1) = Fe pyro a4 1) we) 
where a — 6+ c = 1 and 6b is a positive integer, 
SAALSCHUTZ’S THEOREM 
d—a)j.\(d — b)j< 

3F2(a, b,c; d,e;1) = ( Diet ( Mel (16) 


die\(d — a — b) jc 


ford+e=a+b+c+1 withc a negative integer and 
(a), the POCHHAMMER SYMBOL, DIXON’S THEOREM 


(4a)"(a — b)!(a — c)!(4a—b-c)! 
al(da — b)!(4a—c)(a—b—c)!’ 
(17) 
where 1 + a/2 —6—c has a positive REAL PART, d = 
a—b+1,ande=a—c+1, the CLAUSEN FORMULA 


3Fo(a, b, cy d, e; 1) = 


a bc d__| _ (2a)\a\(a + b)ja\(2) ja) 
ls Be sg sa] = So (18) 


(2a + 26) \a) ja) 1a) 


for a+b+ce—d = 1/2,e = a+b4+1/2,a+f =d+1= b+g, 
d a nonpositive integer, and the DOUGALL-RAMANUJAN 
IDENTITY 


Fe 21, 42,3, 44,05,06,47 4 
7 
bi, bz, b3,ba,bs, be’ 


— (a1 + 1)n(ai — a2 — a3 +1) 

~ (a1 — a2 + 1)n(a1 — a3 + 1)n 
(a1 — a2 —@4+1)n(a1 — a3 —@4+1)n 
(a1 —agt+ Dn(ai —@a2—-—a3—aat+ Dn 


where n = 2a; +1 = a2 + a3 +44 +45, dg = 1+ 1/2, 
a7 = —n, and = 1+ 41 — ai41 fori=1, 2,...,6. For 
all these identities, (a@)n is the POCHHAMMER SYMBOL. 
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Gessel (1994) found a slew of new identities using WILF- 
ZEILBERGER PAIRS, including the following: 


n—-a-~-6b—-—c+l,n-a b+1,2n4+2,n+ f(1-a-8) 
=0 (20) 


-a—bn+i,n+ct1,2n-a—b4+1,n4+1(3—a-—) 
5 iy 31 


—~3n, 2 —¢,3n+2 (c+ 2)n($)n 
F; ee 8) .= eee i 
. >| $,1—3¢ j (1 — c)n($)n (21) 
~3b, —3n,1(1—3n) 4 (4 —b)n 
F. "p49? 33) = ~——- 22 
3 | —3n,2-b-n 3 (4 +)n ( ) 
3 1 2 5 11 
24 in,2,-n,2n+2 4 (3) nl )a 
Pas sak 62) a Azeem. (03 
; | nt eget S 4] (Dae OP 


(PetkovSek et al. 1996, pp. 135-137). 


see also CARLSON’S THEOREM, CLAUSEN FoOR- 
MULA, CONFLUENT HYPERGEOMETRIC FUNCTION, 
CONFLUENT HYPERGEOMETRIC LIMIT FUNCTION, 
DIXON’S THEOREM, DOUGALL-RAMANUJAN IDENTITY, 
DOUGALL’S THEOREM, GOSPER’S ALGORITHM, HEINE 
HYPERGEOMETRIC SERIES, HYPERGEOMETRIC FUNC- 
TION, HYPERGEOMETRIC IDENTITY, HYPERGEOMET- 
RIC SERIES, JACKSON’S IDENTITY, KUMMER’S THE- 
OREM, RAMANUJAN’S HYPERGEOMETRIC IDENTITY, 
SAALSCHUTZ’s THEOREM, SAALSCHUTZIAN, SISTER 
CELINE’S METHOD, THOMAE’S THEOREM, WATSON’S 
THEOREM, WHIPPLE’S TRANSFORMATION, WILF-ZEIL- 
BERGER PAIR, ZEILBERGER’S ALGORITHM 
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Generalized Matrix Inverse 
see MOORE-PENROSE GENERALIZED MATRIX INVERSE 
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Generalized Mean 
A generalized version of the MEAN 


at 1/t 
m(t) = = peo (1) 


with parameter t which gives the GEOMETRIC MEAN, 
ARITHMETIC MEAN, and HARMONIC MEAN as special 
cases: 


lira m(t)=G (2) 
m(1)=A (3) 
m(—1) = H. (4) 


see also MEAN 


Generalized Remainder Method 
An algorithm for computing a UNIT FRACTION. 


Generating Function 
A POWER SERIES 


fo.9] 


f(x) = ry Qn” 


n=0 


whose COEFFICIENTS give the SEQUENCE {ao, a1, 
...}. The Mathematica® (Wolfram Research, Cham- 
paign, IL) function DiscreteMath‘RSolve‘PowerSum 
gives the generating function of a given expression, and 
ExponentialPowerSum gives the exponential generating 
function. 


Generating functions for the first few powers are 


1: 72 =at+a?4+a34... 
ao? =24+2e7 4329+ 4et+... 


=o2+42? +9234 1624+... 
3. a(2?4+4241) 
: (#-1) 
4, z(@+1)(z?+10z41) 
(z—-1)® 


=o+ 8x? 4+ 272774... 
=a#+162?+812>+4.... 


see also MOMENT-GENERATING FUNCTION, RECUR- 
RENCE RELATION 
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Generation 

In population studies, the direct offspring of a refer- 
ence population (roughly) constitutes a single genera- 
tion. For a CELLULAR AUTOMATON, the fundamental 
unit of time during which the rules of reproduction are 
applied once is called a generation. 


Gentle Diagonal 


Generator (Digitadition) 

An INTEGER used to generate a DIGITADITION. A num- 
ber can have more than one generator. If a number has 
no generator, it is called a SELF NUMBER. 


Generator (Group) 
An element of a CYCLIC GROUP, the POWERS of which 
generate the entire GROUP. 
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Genetic Algorithm 

An adaptive ALGORITHM involving search and optimiza- 
tion first used by John Holland. Holland created an elec- 
tronic organism as a binary string (“chromosome”), and 
then used genetic and evolutionary principles of fitness- 
proportionate selection for reproduction (including ran- 
dom crossover and mutation) to search enormous solu- 
tion spaces efficiently. So-called genetic programming 
languages apply the same principles, using an expres- 
sion tree instead of a bit string as the “chromosome.” 


see also CELLULAR AUTOMATON 


Genocchi Number 
A number given by the GENERATING FUNCTION 


It satisfies G] = 1, G3; = Gs = G7 = ..., and even 


coefficients are given by 


Gon = 2(1 — 2°") Bon 
= 2nEon_-1(0), 


where B, is a BERNOULLI NUMBER and E,(z) is an 
EULER POLYNOMIAL. The first few Genocchi numbers 
for n EVEN are —1, 1, —3, 17, —155, 2073, ... (Sloane’s 
A001469). 


see also BERNOULLI NUMBER, EULER POLYNOMIAL 
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Gentle Diagonal 
see PASCAL’S TRIANGLE 


Gentle Giant Group 


Gentle Giant Group 
see MONSTER GROUP 


Genus (Curve) 
One of the PLUCKER CHARACTERISTICS, defined by 


= $(n—1)(n—2) —(6+«) = $(m—1)(m—2)—(7+2), 


where m is the class, n the order, 6 the number of nodes, 
« the number of Cusps, « the number of stationary tan- 
gents (INFLECTION POINTS), and 7 the number of BI- 
TANGENTS. 


see also RIEMANN CURVE THEOREM 
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Genus (Knot) 
The least genus of any SEIFERT SURFACE for a given 
Knot. The UNKNOT is the only KNOT with genus 0. 


Genus (Surface) 

A topologically invariant property of a surface defined 
as the largest number of nonintersecting simple closed 
curves that can be drawn on the surface without sepa- 
rating it. Roughly speaking, it is the number of HOLES 
in a surface. 


see also EULER CHARACTERISTIC 


Genus Theorem 
A DIOPHANTINE EQUATION 


2+y=p 


can bc solved for p a PRIME IFF p = 1 (mod 4) or p= 2. 
The representation is unique except for changes of sign 
or rearrangements of x and y. 


see also COMPOSITION THEOREM, FERMAT’S THEOREM 


Geocentric Latitude 
An AUXILIARY LATITUDE given by 


gy = tan™'{(1 — e”) tan]. 
The series expansion is 
og = & ~ e2 sin(2¢) + be” sin(4¢) + ze2 sin(6¢)+..., 


where 


see also LATITUDE 
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Geodesic 

Given two points on a surface, the geodesic is defined 
as the shortest path on the surface connecting them. 
Geodesics have many interesting properties. The Nor- 
MAL VECTOR to any point of a GEODESIC arc lies along 
the normal to a surface at that point (Weinstock 1974, 
p. 65). 


Furthermore, no matter how badly a SPHERE is dis- 
torted, there exist an infinite number of closed geodes- 
ics on it. This general result, demonstrated in the early 
1990s, extended earlier work by Birkhoff, who proved 
in 1917 that there exists at least one closed geodesic 
on a distorted sphere, and Lyusternik and Schirelmann, 
who proved in 1923 that there exist at least three closed 
geodesics on such a sphere (Cipra 1993). 


For a surface g(x,y, z) = 0, the geodesic can be found 
by minimizing the ARC LENGTH 


b= fas= | Javan re. (1) 


But 
dz = a du + oa (2) 
+= (ey a eaSeSanane (Go 
dx =(— du +28 ppd t Ap dv*, (3) 


and similarly for dy? and dz”. Plugging in, 


v= ft (C5) + (GR) + (53) | 
FE Ox  OyOy Oz az 


Bidu Badu? Gade 


2 2 2 \2 ‘ 1/2 
+ [(&) + (H) + (He) or}. @ 


This can be rewritten as 


| dudv 


L= i P+ 2Qvu' + Ru? du (5) 


= / sf Pul? + 2Qu' + Rdv, (6) 


where 
,_. dv 
,_ du 
u= ay (8) 
and 
_ (Ax \? Oy\? az\? 
P={z,) ¥ (ga) * (os) (9) 
_ OxOx , OyOy . Az Oz 
Q= Ou Ov + du dv du dv (10) 


n= (8) +(3) +(B)- 09 
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Taking derivatives, 


oh a 1(P + 2Qv' + Rv?)-? 

x (P  28Oy 4 SR) (12) 
OL, ' 12\-1/2 ' 
ao = 3(P + 2Qv' + Ru’*)~*/°(2Q + 2Rv'), (13) 


so the EULER-LAGRANGE DIFFERENTIAL EQUATION 
then gives 


8P 4 2y' 224 yk g 
P+2Qv' + Rv ~ du 


Q+ Rv’ )=0 


sf P+2Qv! + Rv!? 


In the special case when P, Q, and R are explicit func- 
tions of u only, 


(14) 


Q+ Ru’ = (15) 
of P + 2Qv! + Rv’? 
2 2 ’ 2,42 

Q° + 2QRv' + Rev =i? (16) 


P+2Qv' + Rv”? 
v” R(R — c17) + 2v'Q(R— c17) + (Q? — Pei?) = 0 (17) 


v= pce R) 


4Q?(R — cy?)? — 4R(R — ¢17)(Q? — Pci?)}. (18) 


Now, if P and R are explicit functions of u only and 


Q = 0, 
_ _ V4R(R - e1?) Pes? = e12) Pe? P (19) 


~ 2R(R—ci2) ci?) R(R — ¢?)’ 
so 


V=C1 (20) 


RR) @ 


In the case Q = 0 where P and RF are explicit functions 
of v only, then 


oP 4 y? oR os d Rv' 
=0, (21 

VP T Ro? du (sper) ay) 
so 
dP . OR = 
a +v a 2/P+Rv?R 

y" 7 v'(2Rv'v") = 
Fes Op Rape =9 0) 
OP | »OR ji, RP ea 
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? _ (P+ Rv”) =a/P + Rv” (25) 


P 2 
(-=) = P+ Ry" (26) 
C1 
Pp? = o7?P 12 
oe 2 
Re? aie ( i) 
and 
“UCL PP core du (28) 


For a surface of revolution in which y = g(z) is rotated 
about the z-axis so that the equation of the surface is 


y+ = 9 (x), (29) 


the surface can be parameterized by 


r=u (30) 
y = g(u) cosv (31) 
z= Q(u)sinv. (32) 


The equation of the geodesics is then 


-« f 1+ [g’(u)]? du (33) 


g(u) J [o(u)]? — cr? 


see also ELLIPSOID GEODESIC, GEODESIC CURVATURE, 
GEODESIC DOME, GEODESIC EQUATION, GEODESIC 
TRIANGLE, GREAT CIRCLE, HARMONIC MAP, OBLATE 
SPHEROID GEODESIC, PARABOLOID GEODESIC 
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Geodesic Curvature 
For a unit speed curve on a surface, the length of the 
surface-tangential component of acceleration is the geo- 
desic curvature k,. Curves with «, = 0 are called 
GEODESICS. For a curve parameterized as a(t) 
x(u(t), v(t)), the geodesic curvature is given by 

— (20 Y2 ~Ty,)u?v' 


g = VEG — F?{-Tj,u? + TjQ0" 


+(2T ig —T3q)u’u"® + uv’ — vu’, 


where E, F, and G are coefficients of the first FUNDA- 
MENTAL FORM and ry are CHRISTOFFEL SYMBOLS OF 
THE SECOND KIND. 


see also GEODESIC 
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Geodesic Dome 


A TRIANGULATION of a PLATONIC SOLID or other 
POLYHEDRON to produce a close approximation to a 
SPHERE. The nth order geodesation operation replaces 
each polygon of the polyhedron by the projection onto 
the CIRCUMSPHERE of the order n regular tessellation 
of that polygon. The above figure shows geodesations 
of orders 1 to 3 (from top to bottom) of the TETRA- 
HEDRON, CUBE, OCTAHEDRON, DODECAHEDRON, and 
ICOSAHEDRON (from left to right). 


R. Buckminster Fuller designed the first geodesic dome 
(i.e., geodesation of a HEMISPHERE). Fuller’s dome was 
constructed from an ICOSAHEDRON by adding ISOSCE- 
LES TRIANGLES about each VERTEX and slightly reposi- 
tioning the VERTICES. In such domes, neither the VER- 
TICES nor the centers of faces necessarily lie at exactly 
the same distances from the center. However, these con- 
ditions are approximately satisfied. 


In the geodesic domes discussed by Kniffen (1994), the 
sum of VERTEX angles is chosen to be a constant. Given 
a PLATONIC SOLID, let e’ = 2e/v be the number of 
EDGES meeting at a VERTEX and n be the number of 
EDGES of the constituent POLYGON. Call the angle of 
the old VERTEX point A and the angle of the new VER- 
TEX point F’. Then 


A=B (1) 
2e'A=nF (2) 
2A + F = 180°. (3) 
Solving for A gives 
GA 4 CoA OA (: oe “| = 180° (4) 
mr Tr 
7m 
A=90° ; 5 
etn (5) 
and ws ; 
F= ~<A =180°——_. (6) 
n etn 
The VERTEX sum is 
UD =nF = 180°—— (7) 


etn 
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Solid (fl vie [rn] A F =| 
tetrahedron 313 45° 90° 270° 
cube 24 |14 | 3 | 4 |513° | 812° | 3084° 
octahedron 4 |3 |38¢° )1084° | 3084° 
dodecahedron | 60 | 32 | 3 | 5 564 " vit i 3375 a 
icosahedron 5 | 3 334 2 1183 2 3375 2 


see also TRIANGULAR SYMMETRY GROUP 
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Geodesic Equation 


dr? = ~—nag dé* dé”, 


or 


see also GEODESIC 


Geodesic Flow 
A type of FLOw technically defined in terms of the TAN- 
GENT BUNDLE of a MANIFOLD. 


see also DYNAMICAL SYSTEM 


Geodesic Triangle 
A TRIANGLE formed by the arcs of three GEODESICS on 
a smooth surface. 


see also INTEGRAL CURVATURE 


Geodetic Latitude 
see LATITUDE 


Geographic Latitude 
see LATITUDE 


Geometric Construction 

In antiquity, geometric constructions of figures and 
lengths were restricted to use of only a STRAIGHTEDGE 
and Compass. Although the term “RULER” is some- 
times used instead of “STRAIGHTEDGE,” no markings 
which could be used to make measurements were al- 
lowed according to the Greek prescription. Furthermore, 
the “COMPASS” could not even be used to mark off dis- 
tances by setting it and then “walking” it along, so the 
COMPASS had to be considered to automatically collapse 
when not in the process of drawing a CIRCLE. 


Because of the prominent place Greek geometric con- 
structions held in Euclid’s Elements, these constructions 
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are sometimes also known as EUCLIDEAN CONSTRUC- 
TIONS. Such constructions lay at the heart of the GEo- 
METRIC PROBLEMS OF ANTIQUITY of CIRCLE SQUAR- 
ING, CUBE DUPLICATION, and TRISECTION of an AN- 
GLE. The Greeks were unable to solve these problems, 
but it was not until hundreds of years later that the 
problems were proved to be actually impossible under 
the limitations imposed. 


Simple algebraic operations such as a@ + 6, a — b, ra 
(for r a RATIONAL NUMBER), a/b, ab, and ./z can be 
performed using geometric constructions (Courant and 
Robbins 1996). Other more complicated constructions, 
such as the solution of APOLLONIUS’ PROBLEM and the 
construction of INVERSE POINTS can also accomplished. 


ain segment bisector 


an 


One of the simplest geometric constructions is the con- 
struction of a BISECTOR of a LINE SEGMENT, illustrated 
above. 


Py 7) Fy 


Equilateral Triangle Square 


Pentagon 17-gon 


The Greeks were very adept at constructing POLYGONS, 
but it took the genius of Gauss to mathematically de- 
termine which constructions were possible and which 
were not. As a result, Gauss determined that a se- 
ries of POLYGONS (the smallest of which has 17 sides; 
the HEPTADECAGON) had constructions unknown to 
the Greeks. Gauss showed that the CONSTRUCTIBLE 
POLYGONS (several of which are illustrated above) were 
closely related to numbers called the FERMAT PRIMES. 


Wernick (1982) gave a list of 139 sets of three located 
points from which a TRIANGLE was to be constructed. 
Of Wernick’s original list of 139 problems, 20 had not 
yet been solved as of 1996 (Meyers 1996). 


Geometric Construction 


It is possible to construct RATIONAL NUMBERS and 
EUCLIDEAN NUMBERS using a STRAIGHTEDGE and 
COMPASS construction. In general, the term for a 
number which can be constructed using a COMPASS 
and STRAIGHTEDGE is a CONSTRUCTIBLE NUMBER. 
Some IRRATIONAL NUMBERS, but no TRANSCENDEN- 
TAL NUMBERS, can be constructed. 


It turns out that all constructions possible with a COM- 
PASS and STRAIGHTEDGE can be done with a COMPASS 
alone, as long as a line is considered constructed when 
its two endpoints are located. The reverse is also true, 
since Jacob Steiner showed that all constructions pos- 
sible with STRAIGHTEDGE and COMPASS can be done 
using only a straightedge, as long as a fixed CIRCLE and 
its center (or two intersecting CIRCLES without their 
centers, or three nonintersecting CIRCLES) have been 
drawn beforehand. Such a construction is known as a 
STEINER CONSTRUCTION. 


GEOMETROGRAPHY is a quantitative measure of the 
simplicity of a geometric construction. It reduces ge- 
ometric constructions to five types of operations, and 
seeks to reduce the total number of operations (called 
the “SIMPLICITY”) needed to effect a geometric con- 
struction. 


Dixon (1991, pp. 34-51) gives approximate construc- 
tions for some figures (the HEPTAGON and NONAGON) 
and lengths (P1) which cannot be rigorously con- 
structed. Ramanujan (1913-14) and Olds (1963) give 
geometric constructions for 355/113 ~ m. Gardner 
(1966, pp. 92-93) gives a geometric construction for 


3+ $8 = 3.1415929... = 7. 


Constructions for 7 are approximate (but inexact) forms 
of CIRCLE SQUARING. 


see also CIRCLE SQUARING, COMPASS, CONSTRUCTIBLE 
NUMBER, CONSTRUCTIBLE POLYGON, CUBE DUPLICA- 
TION, ELEMENTS, FERMAT PRIME, GEOMETRIC PROB- 
LEMS OF ANTIQUITY, GEOMETROGRAPHY, MASCHER- 
ONI CONSTRUCTION, NAPOLEON’S PROBLEM, NEU- 
SIs CONSTRUCTION, PLANE GEOMETRY, POLYGON, 
PONCELET-STEINER THEOREM, RECTIFICATION, SIM- 
PLICITY, STEINER CONSTRUCTION, STRAIGHTEDGE, 
TRISECTION 
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‘Geometric Distribution 


A distribution such that 


P(n) = q""'p=p(1—p)"," (1) 
where gq = 1— p and for n = 1, 2,.... The distribution 
is normalized since 

oO oO oO 
n- n Pp 
P(n)= 1D=p gta a? = 2 =), 
dP) = dig DD ae ere 
n=1 n=1 n=0 
(2) 
The MOMENT-GENERATING FUNCTION is 
o(t) = p{l— (1—p)e"]~’, (3) 
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or 
oo foe] 
M(t) pa (e'") = So e'"pa"* = pea a 
n=1 n=0 
re t 
t t_\n pe 
= pe eg — 4 
P Dea mae (4) 
vay |(L—etgdet — et (eg) 
i, -»| (1 — etg)? 
_ ple’ —ge" +9e%) _ pe’ (5) 
(1 =etg}? (erg) * 
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sae @— egy 
_ (1 = 2e*g + e7*q*)e* + 2ge”*(1 — e*g) 
Re (1 ~ etq)* 
ete erg +. edtq? + 2qe%* — 2q?2e% 
(1 — etg)4 
age a gre’ a pe(1 _ g7e"*) 
(=e A eg 
_ pe'(1+ ge") 
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t t 2t 2 
mw pe*[1 + 4e"(1 — p) +e (1 —p)*] 
M(t) = : 7 
) (1 — e* + e*p)4 (7) 
Therefore, 
1 
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M"(0) = p, = PL t®) 2 as 
( ) Le 1 +q)3 p pe (9) 
a ‘ 6 en 6 Sa 7 
Mm(0) = 5 = Ba SetP) (10) 
— 2)(—p? + 12p — 12 
and 
ey, 12 f 2 1 1 l—p 
H2 = M2 — (41) P Pp Pp = P 
q 
=e (12) 
ps = 3 — 8pguy + 2(p4)° 
6—6p+p? .2-pl ae 
= as ier: 22 4+2(2) 
Pp Pp“ Pp Pp 
_ 6-6p+p* —3(2-—p)+2 
= - 
(p — 1)(p — 2) 
= an a (13) 
Ha = py — Apap, + 62 (mh)? — 3(u1)* 
_ (p—2)(—p?+12p—12)  ,6-6p+p*l 
pt Pp P 
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Pp Pp Pp 
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so the MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 
given by 


pd 
=p, = - 15 
HES fy Pp ( ) 
2 q 
a a= (16) 
3/2 
_ us _ (p= 1p 2) (_v?_)”” 
a8 Pp? 1—p 


(p= Dip=2) = 2=p 2p 
(l1—p)\/I—-p VJVi-p va (17) 


_ wag _ (p—1)(—p? + 9p - 9) 
6 ia to ia ap? oa 
Pp 
ire as ead 
(p—1) 
2 
p —6p+6 
er: (18) 


In fact, the moments of the distribution are given ana- 
lytically in terms of the POLYLOGARITHM function, 


ee - Ligds 
be = S_ P(n)n* = Sort —p)" nk = met P) 
n=1 n=1 
(19) 


For the case p = 1/2 (corresponding to the distribu- 
tion of the number of COIN TOSSES needed to win in 
the SAINT PETERSBURG PARADOX) this formula imme- 
diately gives 


Mi = 2 (20) 
ba = 6 (21) 
3 = 26 (22) 
4 = 150, (23) 


so the MEAN, VARIANCE, SKEWNESS, and KURTOSIS in 
this case are 


w=? (24) 
o=2 (25) 
n= aV/2 (26) 
2 = F (27) 


The first CUMULANT of the geometric distribution is 
1—p 
Ki = —, 28 
. (28) 


and subsequent CUMULANTS are given by the RECUR- 
RENCE RELATION 


(29) 


see also SAINT PETERSBURG PARADOX 
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Geometric Problems of Antiquity 


Geometric Mean 


ms 1/n 
G= (iI-.) . 
i=l 


Hoehn and Niven (1985) show that 
G(a1 + ¢, a2 spn Sas +c) >c+G(ai,az,...,4n) 


for any POSITIVE constant c. 


see also ARITHMETIC MEAN, ARITHMETIC-GEOMETRIC 
MEAN, CARLEMAN’S INEQUALITY, HARMONIC MEAN, 
MEAN, ROOT-MEAN-SQUARE 
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Geometric Mean Index 
The statistical INDEX 


pe G) Ie 


where pn is the price per unit in period n, qn is the 
quantity produced in period n, and un = pngn the value 
of the n units. 


see also INDEX 
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Geometric Probability Constants 
see CUBE POINT PICKING, CUBE TRIANGLE PICKING 


Geometric Problems of Antiquity 

The Greek problems of antiquity were a set of geometric 
problems whose solution was sought using only COM- 
PASS and STRAIGHTEDGE: 


1. CIRCLE SQUARING. 

2. CUBE DUPLICATION. 

3. TRISECTION of an ANGLE. 

Only in modern times, more than 2,000 years after they 


were formulated, were all three ancient problems proved 
insoluble using only COMPASS and STRAIGHTEDGE. 


Another ancient geometric problem not proved impos- 
sible until 1997 is ALHAZEN’S BILLIARD PROBLEM. 
As Ogilvy (1990) points out, constructing the general 
REGULAR POLYHEDRON was really a “fourth” unsolved 
problem of antiquity. 


Geometric Progression 


see also ALHAZEN’S BILLIARD PROBLEM, CIRCLE 
SQUARING, COMPASS, CONSTRUCTIBLE NUMBER, CON- 
STRUCTIBLE POLYGON, CUBE DUPLICATION, GE- 
OMETRIC CONSTRUCTION, REGULAR POLYHEDRON, 
STRAIGHTEDGE, TRISECTION 
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Geometric Progression 
see GEOMETRIC SEQUENCE 


Geometric Sequence 

A geometric sequence is a SEQUENCE {ax}, k = 1, 2, 
.., such that each term is given by a multiple r of the 

previous one. Another equivalent definition is that a 

sequence is geometric IFF it has a zero Bias. If the 
multiplier is r, then the kth term is given by 


k 
Qk = Tay) = r7ap—2 = aor . 


Without loss of generality, take a9 = 1, giving 


k 
a.=7T. 


Geometric Series 

A geometric series }> , ak is a series for which the ratio of 
each two consecutive terms a;41/a% is a constant func- 
tion of the summation index k, say r. Then the terms 
a, are of the form ax = aor®, so ag41/ax =r. If {ax}, 
with k = 1, 2, ..., is a GEOMETRIC SEQUENCE with 
multiplier -—1 < r < 1 and ap = 1, then the geometric 
series 


Sa= > an => r* (1) 
k=0 k=0 
is given by 
nr 
So=) re s=ltrgrr?t+...tr’, (2) 
k=0 
so 
rSna=rtrgr ti... $ rt, (3) 


Geometrography 733 


Subtracting 


(l—r)Sa = (ltrt+r?4+...47r") 
—(rtr egret... rtty 


eS pet (4) 
so “ 
= Pee cao hill 
Snr = T= a (5) 
k=0 
As n > oo, then 
= 1 
S = So = Sor =. (6) 
k=0 


see also ARITHMETIC SERIES, GABRIEL’S STAIRCASE, 
HARMONIC SERIES, HYPERGEOMETRIC SERIES, WHEAT 
AND CHESSBOARD PROBLEM 
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Geometrization Conjecture 
see THURSTON’S GEOMETRIZATION CONJECTURE 


Geometrography 

A quantitative measure of the simplicity of a GEOMET- 
RIC CONSTRUCTION which reduces geometric construc- 
tions to five steps. It was devised by E. Lemoine. 


S, Place a STRAIGHTEDGE’s EDGE through a given 
POINT, 


S2 Draw a straight LINE, 
C, Place a POINT of a COMPASS on a given POINT, 


Cz Place a POINT of a COMPASS on an indeterminate 
POINT on a LINE, 


C3 Draw a CIRCLE. 


Geometrography seeks to reduce the number of opera- 
tions (called the “SIMPLICITY”) needed to effect a con- 
struction. If the number of the above operations are 
denoted mi, m2, m1, n2, and ng, respectively, then the 
SIMPLICITY is m,; +m2+71+n2+73 and the symbol is 
m1S1 +m2S2+71C1 +n2C2+n3C3. It is apparently an 
unsolved problem to determine if a given GEOMETRIC 
CONSTRUCTION is of the smallest possible simplicity. 
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see also SIMPLICITY 
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Geometry 

Geometry is the study of figures in a SPACE of a 
given number of dimensions and of a given type. The 
most common types of geometry are PLANE GEOMETRY 
(dealing with objects like the LINE, CIRCLE, TRIANGLE, 
and POLYGON), SOLID GEOMETRY (dealing with objects 
like the LINE, SPHERE, and POLYHEDRON), and SPHER- 
ICAL GEOMETRY (dealing with objects like the SPHER- 
ICAL TRIANGLE and SPHERICAL POLYGON). 


Historically, the study of geometry proceeds from a 
small number of accepted truths (AXIOMS or POSTU- 
LATES), then builds up true statements using a system- 
atic and rigorous step-by-step PROOF. However, there 
is much more to geometry than this relatively dry text- 
book approach, as evidenced by some of the beautiful 
and unexpected results of PROJECTIVE GEOMETRY (not 
to mention Schubert’s powerful but questionable ENU- 
MERATIVE GEOMETRY). ; 


Formally, a geometry is defined as a complete locally 
homogeneous RIEMANNIAN METRIC. In R’, the possible 
geometries are Euclidean planar, hyperbolic planar, and 
elliptic planar. In R°, the possible geometries include 
Euclidean, hyperbolic, and elliptic, but also include five 
other types. 


see also ABSOLUTE GEOMETRY, AFFINE GEOMETRY, 
COORDINATE GEOMETRY, DIFFERENTIAL GEOMETRY, 
ENUMERATIVE GEOMETRY, FINSLER GEOMETRY, IN- 
VERSIVE GEOMETRY, MINKOWSKI GEOMETRY, NIL GE- 
OMETRY, NON-EUCLIDEAN GEOMETRY, ORDERED GE- 
OMETRY, PLANE GEOMETRY, PROJECTIVE GEOMETRY, 
SoL GEOMETRY, SOLID GEOMETRY, SPHERICAL GE- 
OMETRY, THURSTON’S GEOMETRIZATION CONJECTURE 
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Gergonne Line 


The perspective line for the CONTACT TRIANGLE 
ADEF and its TANGENTIAL TRIANGLE AABC. It is 
determined by the Nospss Points D’, E’, and F’. In 
addition to the NoBBS POINTS, the FLETCHER POINT 
and EVANS POINT also lie on the Gergonne line where 
it intersects the SODDY LINE and EULER LINE, respec- 
tively. The D and D’ coordinates are given by 


p=B++c 
p'=B-fo, 
€ 


so BDCD' form a HARMONIC RANGE. The equation of 
the Gergonne line is 

a, 8.7 

sz+-4+52=0. 

d si e 7 f 
see also CONTACT TRIANGLE, EULER LINE, EVANS 
POINT, FLETCHER POINT, NOBBS POINTS, SODDY 
LINE, TANGENTIAL TRIANGLE 
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Gergonne Point 


Gergonne Point 


The common point of the CONCURRENT lines from the 

TANGENT points of a TRIANGLE’S INCIRCLE to the op- 

posite VERTICES. It has TRIANGLE CENTER FUNCTION 
a =(a(b+e—a)] >= 5 sec” A, 

It is the ISOTOMIC CONJUGATE POINT of the NAGEL 

Point. The CONTACT TRIANGLE and TANGENTIAL 

TRIANGLE are perspective from the Gergonne point. 


see also GERGONNE LINE 
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Germain Primes 
see SOPHIE GERMAIN PRIME 


Gerono Lemniscate 
see EIGHT CURVE 


GerSgorin Circle Theorem 
Gives a region in the COMPLEX PLANE containing all 
the EIGENVALUES of a COMPLEX SQUARE MATRIX. Let 


|c,| = max{|zi|:1<i<n}>0 (1) 


and define c 
Ree 5” lag: (2) 
1=1 
Ht 
Then each EIGENVALUE of the Matrix A of order n is 
in at least one of the disks 


{z :|z- aii| < Rj}. (3) 
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The theorem can be made stronger as follows. Let r be 
an INTEGER with 1 < r < n, then each EIGENVALUE of 
A is either in one of the disks I, 


{z:|z—ajj| < S°~"}, (4) 


or in one of the regions 


z:)|z-aul< SR ’ (5) 
ix] i=l 


where gee”. is the sum of magnitudes of the r—1 largest 
off-diagonal elements in column j. 
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Ghost 


Spectral Power 


ie) 


0 20 40 60 80 
Frequency (Hz) 

If the sampling of an interferogram is modulated at a 
definite frequency instead of being uniformly sampled, 
spurious spectral features called “ghosts” are produced 
(Brault 1985). Periodic ruling or sampling errors intro- 
duce a modulation superposed on top of the expected 
fringe pattern due to uniform stage translation. Be- 
cause modulation is a multiplicative process, spurious 
features are generated in spectral space at the sum and 
difference of the true fringe and ghost fringe frequencies, 
thus throwing power out of its spectral band. 


Ghosts are copies of the actual spectrum, but appear 
at reduced strength. The above shows the power spec- 
trum for a pure sinusoidal signal sampled by translat- 
ing a Fourier transform spectrometer mirror at constant 
speed. The small blips on either side of the main peaks 
are ghosts. 


In order for a ghost to appear, the process producing it 
must exist for most of the interferogram. However, if 
the ruling errors are not truly sinusoidal but vary across 
the length of the screw, a longer travel path can reduce 
their effect. 


see also JITTER 
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Gibbs Constant 
see WILBRAHAM-GIBBS CONSTANT 


Gibbs Effect 
see GIBBS PHENOMENON 


Gibbs Phenomenon 


INO 
LAW 


Wer 


An overshoot of FOURIER SERIES and other EIGEN- 
FUNCTION series occurring at simple DISCONTINUITIES. 
It can be removed with the LANCZOS o FACTOR. 


see also FOURIER SERIES 
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Gigantic Prime 
A PRIME with 10,000 or more decimal digits. As of 
Nov. 15, 1995, 127 were known. 


see also TITANIC PRIME 
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Caldwell, C, “The Ten Largest Known Primes.” http://www. 
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Gill’s Method 
Gilbrat’s Distribution 
A CONTINUOUS DISTRIBUTION in which the LoGa- 


RITHM of a variable x has a NORMAL DISTRIBUTION, 


P(x) = + enfin 2)? /2- 


It is a special case of the LOG NORMAL DISTRIBUTION 


1 = _my2 2 
e (Ina—-M)*/2S ; 


SV2r 


with S=land M=0O. 
see also LOG NORMAL DISTRIBUTION 


P(z)= 


Gilbreath’s Conjecture 
Let the DIFFERENCE of successive PRIMES be defined by 
dn = Pn+i — Pn; and dé by 


dn 
dé = - 
{ iret 


fork =1 


—dk-"| fork > 1. 


N. L. Gilbreath claimed that d¥ = 1 for all k (Guy 1994). 
It has been verified for k < 63419 and all PRIMES up to 
m(10?*), where x is the PRIME COUNTING FUNCTION. 
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Guy, R. K. “Gilbreath’s Conjecture.” §A10in Unsolved Prob- 
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Gill’s Method 
A formula for numerical solution of differential equa- 
tions, 


Ynt1 = Yn t+ 3 [ki + (2- V2 )ke 
+(2+ V2 )ks + ks) + O(R"), 


where 

ky = hf (Zn, Yn) 

ko = hf (rn + gh, Yn lf +k1) 

kg = Af (an + 3h, yn + 3(—1 + V2 Jka + (1— $-V2)k2) 
ka = hf (tn +h, yn — }V2k2 + (1+ $V2)ks). 


see also ADAMS’ METHOD, MILNE’S METHOD, PREDIC- 
TOR-CORRECTOR METHODS, RUNGE-KUTTA METHOD 
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Gingerbreadman Map 


Gingerbreadman Map 
: : 


A 2-D piecewise linear MAP defined by 


Pn41 = 1— Yn + [en 


Yn+1 = ZXn- 


The map is chaotic in the filled region above and stable 
in the six hexagonal regions. Each point in the interior 
hexagon defined by the vertices (0, 0), (1, 0), (2, 1), (2, 
2), (1, 2), and (0, 1) has an orbit with period six (except 
the point (1, 1), which has period 1). Orbits in the other 
five hexagonal regions circulate from one to the other. 
There is a unique orbit of period five, with all others 
having period 30. The points having orbits of period 
five are (1, 3), (-1, —1), (3, -1), (5, 3), and (3, 5), 
indicated in the above figure by the black line. However, 
there are infinitely many distinct periodic orbits which 
have an arbitrarily long period. 
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Girard’s Spherical Excess Formula 
Let a SPHERICAL TRIANGLE A have angles A, B, and 
C. Then the SPHERICAL EXCESS is given by 


A=A+BiC-—n. 


see also ANGULAR DEFECT, L’HUILIER’S THEOREM, 
SPHERICAL EXCESS 
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Girko’s Circular Law 
Let A be EIGENVALUES of a set of RANDOM nxn MATRI- 
CES. Then A/\/n is uniformly distributed on the DIsk. 


References 
Girko, V. L. Theory of Random Determinants. Boston, MA: 
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Girth 
The length of the shortest CYCLE in a GRAPH. 


Girth Example 


3 tetrahedron 
4 cube, K3,3 
5 Petersen graph 


Giuga’s Conjecture 
Ifn > 1 and 


rc Cama Oe Yeadon 8 Ca 8 Wale oa 


is n necessarily a PRIME? In other words, defining 


n-1 
—— y -1 
sn = k” y 
k=1 


does there exist a COMPOSITE n such that sp = 
—1 (mod n)? It is known that sn = —1 (mod n) IFF 
for each prime divisor p of n, (p — 1)|(n/p — 1) and 
p\(n/p—1) (Giuga 1950, Borwein et al. 1996); therefore, 
any counterexample must be SQUAREFREE. A compos- 
ite INTEGER n satisfies sn = —1 (mod n) IFF it is both 
a CARMICHAEL NUMBER and a GIUGA NUMBER. Giuga 
showed that there are no exceptions to the conjecture up 
to 10°°°°. This was later improved to 10'7°° (Bedocchi 
1985) and 101%°°° (Borwein et al. 1996). 


see also ARGOH’S CONJECTURE 
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Giuga Number 
Any COMPOSITE NUMBER n with p|(n/p — 1) for all 
PRIME DIvisORS p of n. n is a Giuga number IFF 


n-1 


S k*™) = —1 (mod n) 


k=1 
where ¢ is the TOTIENT FUNCTION and IFF 


> 5 -1IZe®- 


pln pln 


738 Giuga Sequence 
n is a Giuga number IFF 
nBgin) = —1 (mod n), 


where By, is a BERNOULLI NUMBER and ¢ is the To- 
TIENT FUNCTION. Every counterexample to Giuga’s 
conjecture is a contradiction to ARGOH’S CONJECTURE 
and vice versa. The smallest known Giuga numbers are 
30 (3 factors), 858, 1722 (4 factors), 66198 (5 factors), 
2214408306, 24423128562 (6 factors), 432749205173838, 
14737133470010574, 550843391309130318 (7 factors), 


2441970009824997 15087866346, 
554079914617070801288578559178 


(8 factors), ... (Sloane’s A007850). 


It is not known if there are an infinite number of Giuga 
numbers. All the above numbers have sum minus prod- 
uct equal to 1, and any Giuga number of higher order 
must have at least 59 factors. The smallest ODD Giuga 
number must have at least nine PRIME factors. 


see also ARGOH’S CONJECTURE, BERNOULLI NUMBER, 
TOTIENT FUNCTION 
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Giuga Sequence 


A finite, increasing sequence of INTEGERS {n1,...,m} 
such that es 
1 1 
—- —eEN 
Bread 9 oes 
i=l i=1 


A sequence is a Giuga sequence IFF it satisfies 
ni|(nmi-+-i-1 * Nit1 + Nm — 1) 


fori = 1, ..., m. There are no Giuga sequences of 
length 2, one of length 3 ({2, 3, 5}), two of length 4 
({2, 3, 7, 41} and {2, 3, 11, 13}), 3 of length 5 ({2, 
3, 7, 43, 1805}, {2, 3, 7, 83, 85}, and {2, 3, 11, 17, 
59}), 17 of length 6, 27 of length 7, and hundreds of 
length 8. There are infinitely many Giuga sequences. 
It is possible to generate longer Giuga sequences from 
shorter ones satisfying certain properties. 


see also CARMICHAEL SEQUENCE 
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Glaisher-Kinkelin Constant 


Glaisher-Kinkelin Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Define 

K(n +1) =0°11273 ...n" (1) 

int) = goray = {onan 2)! ifn > 0. 
(2) 


where G is the G-FUNCTION and K is the K-FUNCTION. 


Then 
K(n +1) 


HM, at Tien/tr Tegra — A 8) 

CG 1 1/12 
eel Le 

n-sco M™ /2-1/12(Q77)n/2e—3n /4 A 

where 
= ¢'(2) , n(2r) | x 

A exo | se tp + 5 | = 1:28242713..., 
(5) 


where ¢(z) is the RIEMANN ZETA FUNCTION, 7 is PI, 
and ¥ is the EULER-MASCHERONI CONSTANT (Kinkelin 
1860, Glaisher 1877, 1878, 1893, 1894). Glaisher (1877) 
also obtained 


1/2 
Anata exp { F + 3 if inte +2)}ae. 
0 


3. (3 
(6) 
Glaisher (1894) showed that 
a“ /6 
y3/191/4g31/941/1651/25 | Al? (7) 
Qe 
8 
12/1.31/951/2571/4991/81 he nhs A” ee 8) 
~ \ 24/3 7e7 ( 
11/15 1/12591/729 |, 
3 
A wv 
ve (sain) » (9) 
where 
_ ¢(3) 1 ¢(5) 1 ¢(7) 1 
= + — + oo et... 10 
$= 3.4-545 5-6-7459 °7.8-947 * me 


see also G-FUNCTION, HYPERFACTORIAL, K-FUNCTION 
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Glide 


Glide 
A product of a REFLECTION in a line and TRANSLATION 
along the same line. 


see also REFLECTION, TRANSLATION 


Glissette 

The locus of a point P (or the envelope of a line) fixed in 
relation to a curve C' which slides between fixed curves. 
For example, if C' is a line segment and P a point on 
the line segment, then P describes an ELLIPSE when C 
slides so as to touch two ORTHOGONAL straight LINES. 
The glissette of the LINE SEGMENT C itself is, in this 
case, an ASTROID. 


see also ROULETTE 
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Global C(G;T) Theorem 

If a SyLow 2-SusGRoupP T of G lies in a unique max- 
imal 2-local P of G, then P is a “strongly embedded” 
SUBGROUP of G, and G is known. 


Global Extremum 
A GLOBAL MINIMUM or GLOBAL MAXIMUM. 


see also LOCAL EXTREMUM 


Global Maximum 

The largest overall value of a set, function, etc., over its 
entire range. 

see also GLOBAL MINIMUM, LOCAL MAXIMUM, MAXI- 
MUM 


Global Minimum 

The smallest overall value of a set, function, etc., over 
its entire range. 

see also GLOBAL MAXIMUM, KUHN-TUCKER THEOREM, 
LOCAL MINIMUM, MINIMUM 


Globe 

A SPHERE which acts as a model of a spherical (or el- 
lipsoidal) celestial body, especially the Earth, and on 
which the outlines of continents, oceans, etc. are drawn. 


see also LATITUDE, LONGITUDE, SPHERE 
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Glove Problem 

Let there be m doctors and n < m patients, and let all 
mn possible combinations of examinations of patients 
by doctors take place. Then what is the minimum num- 
ber of surgical gloves needed G(m, 7) so that no doctor 
must wear a glove contaminated by a patient and no 
patient is exposed to a glove worn by another doctor? 
In this problem, the gloves can be turned inside out and 
even placed on top of one another if necessary, but no 
“decontamination” of gloves is permitted. The optimal 
solution is 


2 m=n=2 
3(m +1) n=1,m=2k+1 


g(m,n) = 
[(m) + 2n| otherwise, 


where [zx] is the CEILING FUNCTION (Vardi 1991). The 
case m = n = 2 is straightforward since two gloves have 
a total of four surfaces, which is the number needed for 
mn = 4 examinations. 
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New York: 


Glue Vector 
A VECTOR specifying how layers are stacked in a LAM- 
INATED LATTICE. 


Gnomic Number 

A FIGURATE NUMBER of the form gn = 2n — 1 which 
are the areas of square gnomons, obtained by removing 
a SQUARE of side n — 1 from a SQUARE of side n, 


gn =n? ~—(n—1)? = 2n-1. 


The gnomic numbers are therefore equivalent to the 
Opp NUMBERS, and the first few are 1, 3, 5, 7, 9, 11, 

. (Sloane’s A005408). The GENERATING FUNCTION 
for the gnomic numbers is 


(tS) = 2430 460" + Tot t.... 


see also ODD NUMBER 
References 
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Gnomic Projection 


ee d 
= OF 


TAN 


A nonconformal projection from a SPHERE’s center in 
which ORTHODROMES are straight LINES. 


te 


2 = fos bsin(A — ro) (1) 
cos Cc 
os cos ¢1 sin ¢ — sin gd; cos dcos(A — Ao) - 2) 


cosc 


where 
cosc = sin ¢; sin ¢ + cos ¢1 cos ¢cos(A — Ao). (3) 
The inverse FORMULAS are 


¢ =sin™*(coscsing; + ysinccosccos¢:) (4) 


Ne hes tan ee eee 5 
pens (aaxcpax) (5) 
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Gnomon 
A shape which, when added to a figure, yields another 
figure SIMILAR to the original. 
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Gnomon Magic Square 
A 3 3 array of numbers in which the elements in each 
2 x 2 corner have the same sum. 


see also MAGIC SQUARE 


Go 

There are estimated to be about 4.63 x 10'”° possible 

positions on a 19x19 board (Flammenkamp). The num- 

ber of n-move Go games are 1, 362, 130683, 47046242, 
. (Sloane’s A007565). 


Gobel’s Sequence 
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Gobel’s Sequence 
Consider the RECURRENCE RELATION 


1+ 29? ee 

fe oe SE Ee eee (1) 
nr 

with zo = 1. The first few iterates of x, are 1, 2, 3, 

5, 10, 28, 154, ... (Sloane’s A003504). The terms grow 

extremely rapidly, but are given by the asymptotic for- 

mula 


n © (n?42n—144n71—21n-?4137n73—...)C?", (2) 


where 


C = 1.04783144757641122955990946274313755459... 
(3) 
(Zagier). It is more convenient to work with the trans- 
formed sequence 


2 2 
Sp =2tar 4+ aQ7+...4+2n-17 =Ntn, (4) 
which gives the new recurrence 
2 
Sn 
8 = S$, + — 5 
n+1 nr n2 ( ) 


with initial condition s; = 2. Now, sn+1 will be nonin- 
tegral IFF n{sn. The smallest p for which sp # 0 (mod 
p) therefore gives the smallest nonintegral sp. In ad- 
dition, since p{sp, Zp = Sp/p is also the smallest nonin- 
tegral xp. 


For example, we have the sequences {sn (mod k)}*_,: 


2,6 = 2,2 =0,0,0 (mod 5) (6) 
2,6,15 =1,$ =0,0,0,0 (mod 7) (7) 
2,6,15 = 4, 2 =7, 3) = 8, 34 =0,0,...,0 

(mod 11). (8) 


Testing values of k shows that the first nonintegral x, 
is 243. Note that a direct verification of this fact is 
impossible since 


x43 © 5.4093 x 10178485291567 (9) 


(calculated using the asymptotic formula) is much too 
large to be computed and stored explicitly. 


Goblet Illusion 


A sequence even more striking for remaining integral 
over many terms is the 3-GGbel sequence 


Be i ae ee ee 


~ (10) 


Ln 


The first few terms of this sequence are 1, 2, 5, 45, 22815, 
... (Sloane’s A005166). 
The GGbel sequences can be generalized to k powers by 


= Tigo ey? ee eee 
n 


(11) 


In, 


sce also SOMOS SEQUENCE 
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Goblet Illusion 


An ILLUSION in which the eye alternately sees two black 
faces, or a white goblet. 
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Gédel’s Completeness Theorem 

If T is a set of AXIOMS in a first-order language, and a 
statement p holds for any structure M satisfying T’, then 
pcan be formally deduced from 7’ in some appropriately 
defined fashion. 


see also GODEL’S INCOMPLETENESS THEOREM 
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Gédel’s Incompleteness Theorem 

Informally, Gédel’s incompleteness theorem states that 
all consistent axiomatic formulations of NUMBER THE- 
ORY include undecidable propositions (Hofstadter 1989). 
This is is sometimes called Gédel’s first incompleteness 
theorem, and answers in the negative HILBERT’S PROB- 
LEM asking whether mathematics is “complete” (in the 
sense that every statement in the language of NUMBER 
THEORY can be either proved or disproved). Formally, 
Gédel’s theorem states, “To every w-consistent recursive 
class & of FORMULAS, there correspond recursive class- 
signs r such that neither (v Gen r) nor Neg(v Gen r) 
belongs to Fig(x), where v is the FREE VARIABLE of r” 
(Gédel 1931). 


A statement sometimes known as Gédel’s second incom- 
pleteness theorem states that if NUMBER THEORY is 
consistent, then a proof of this fact does not exist us- 
ing the methods of first-order PREDICATE CALCULUS. 
Stated more colloquially, any formal system that is in- 
teresting enough to formulate its own consistency can 
prove its own consistency IFF it is inconsistent. 


Gerhard Gentzen showed that the consistency and com- 
pleteness of arithmetic can be proved if “transfinite” in- 
duction is used. However, this approach does not allow 
proof of the consistency of all mathematics. 


see also GODEL’S COMPLETENESS ‘THEOREM, 
HILBERT’S PROBLEMS, KREISEL CONJECTURE, NATU- 
RAL INDEPENDENCE PHENOMENON, NUMBER THEORY, 
RICHARDSON’S THEOREM, UNDECIDABLE 
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Gédel Number 

A Gé6del number is a unique number associated to a 
statement about arithmetic. It is formed as the PROD- 
UCT of successive PRIMES raised to the POWER of the 
number corresponding to the individual symbols that 
comprise the sentence. For example, the statement 
(Azr)(x = sy) that reads “there EXISTS an z such that x 
is the immediate successor of y” is coded 


(2°)(3*)(5**)(7°)(11°)(13*) (17°) (19”)(23"°) (29°), 
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where the numbers in the set (8, 4, 13, 9, 8, 13, 5, 7, 16, 
9) correspond to the symbols that make up (Ar)(xz = 
sy). 

see also GODEL’S INCOMPLETENESS THEOREM 
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Goldbach Conjecture 

Goldbach’s original conjecture, written in a 1742 letter 
to Euler, states that every INTEGER > 5 is the SUM 
of three PRIMES. As re-expressed by Euler, an equiv- 
alent of this CONJECTURE (called the “strong” Gold- 
bach conjecture) asserts that all POSITIVE EVEN INTE- 
GERS > 4 can be expressed as the SUM of two PRIMES. 
Schnirelmann (1931) proved that every EVEN number 
can be written as the sum of not more than 300,000 
PRIMES (Dunham 1990), which seems a rather far cry 
from a proof for four PRIMES! The strong Goldbach 
conjecture has been shown to be true up to 4 x 10"? 
by Sinisalo (1993). Pogorzelski (1977) claimed to have 
proven the Goldbach conjecture, but his proof is not 
generally accepted (Shanks 1993). 


The conjecture that all ODD numbers > 9 are the SUM 
of three ODD PRIMES is called the “weak” Goldbach 
conjecture. Vinogradov proved that all ODD INTEGERS 
starting at some sufficiently large value are the SuM 
of three PRIMES (Guy 1994). The original “sufficiently 


large” N > 33° = et was subsequently reduced to 
ee by Chen and Wang (1989). Chen (1973, 1978) 
also showed that all sufficicntly large EVEN NUMBERS 
are the sum of a PRIME and the PRODUCT of at most 
two PRIMES (Guy 1994, Courant and Robbins 1996). 


It has been shown that if the weak Goldbach conjec- 
ture is false, then there are only a FINITE number of 
exceptions. 


Other variants of the Goldbach conjecture include the 
statements that every EVEN number > 6 is the SUM of 
two ODD PRIMES, and every INTEGER > 17 the sum of 
exactly three distinct PRimEs. Let R(n) be the number 
of representations of an EVEN INTEGER n as the sum of 
two PRIMES. Then the “extended” Goldbach conjecture 
states that 


pr-1 [* dz 
Ay OTT ee 
R(n) ~ 2M T] etl ae 


where IIz is the TWIN PRIMES CONSTANT (Halberstam 
and Richert 1974). 


If the Goldbach conjecture is true, then for every number 
m, there are PRIMES p and g such that 


$(p) + (gq) = 2m, 
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where @(r) is the TOTIENT FUNCTION (Guy 1994, 
p. 105). 


Vinogradov (1937ab, 1954) proved that every suffi- 
ciently large ODD NUMBER is the sum of three PRIMES, 
and Estermann (1938) proves that almost all EVEN 
NUMBERS are the sums of two PRIMES. 
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Golden Mean 
see GOLDEN RATIO 


Golden Ratio 

A number often encountered when taking the ratios 
of distances in simple geometric figures such as the 
DECAGON and DODECAGON. It is denoted ¢, or some- 
times 7 (which is an abbreviation of the Greek “tome,” 
meaning “to cut”). ¢ is also known as the DIVINE PRo- 
PORTION, GOLDEN MEAN, and GOLDEN SECTION and is 
a PISOT-VIJAYARAGHAVAN CONSTANT. It has surpris- 
ing connections with CONTINUED FRACTIONS and the 


Golden Ratio 


EUCLIDEAN ALGORITHM for computing the GREATEST 
COMMON DIVvISOR of two INTEGERS. 


Given a RECTANGLE having sides in the ratio 1: ¢, ¢ 
is defined such that partitioning the original RECTAN- 
GLE into a SQUARE and new RECTANGLE results in a 
new RECTANGLE having sides with a ratio 1: ¢. Such 
a RECTANGLE is called a GOLDEN RECTANGLE, and 
successive points dividing a GOLDEN RECTANGLE into 
SQUARES lie on a LOGARITHMIC SPIRAL. This figure is 
known as a WHIRLING SQUARE. 


This means that ; 


as a ¢ (1) 
¢ —¢-1=0. (2) 

So, by the QUADRATIC EQUATION, 
b= i(1+V144) = $(1+ V5) (3) 
= 1.618033988749894848204586834365638117720... 
(4) 

(Sloane’s A001622). 
x 1 
A B Cc 


A geometric definition can be given in terms of the above 
figure. Let the ratio z = AB/BC. The NUMERATOR 
and DENOMINATOR can then be taken as AB = x and 
BC =1 without loss of generality. Now define the posi- 


tion of B by 
BC _ AB 


AB AC’ (5) 
Plugging in gives 
1 x 
zg 1+2’ @) 
or 
ze? —x2-1=0, (7) 


which can be solved using the QUADRATIC EQUATION 
to obtain 


_ _ 1+fP?-(-4 
g=ec= 5 


tase). 8) 


¢ is the “most” IRRATIONAL number because it has a 
CONTINUED FRACTION representation 


@=4,1,1,:... (9): 
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(Sloane’s A000012). Another infinite representation in 
terms of a CONTINUED SQUARE ROOT is 


rer eee l+vV1+.... . (10) 


Ramanujan gave the curious CONTINUED FRACTION 
identities 


1 
=1+4 ~ (11) 
(Jevejerrs 4, 
—67r 
é€ 
1 “Gr e787 
1 + —10x7 
144 
1+.. 
1 
v5 2n/V5 
(aE -¢ \ enh 
en 2nvs 
=1 ts eins (12) 
1+ 7 Orv 
1 + e78tv5 
aL e7 lors 
1+ ——— 
1+... 


(Ramanathan 1984). 


The legs of a GOLDEN TRIANGLE are in a golden ra- 
tio to its base. In fact, this was the method used by 
Pythagoras to construct ¢. Euclid used the following 
construction. 


Cc D 


Draw the SquARE LIABDC, call E the MIDPOINT of 
AC, so that AE = EC = x. Now draw the segment 
BE, which has length 


rv 22412 = 2vV5, (13) 


and. construct EF with this length. Now construct 
FG = EF, then 


E CE 1 
BEG BEE CE wae tea ad) 


= Gp =~ GD Qn 
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The ratio of the CIRCUMRADIUS to the length of the side 
of a DECAGON is also ¢, 


= = bese (7) = 21+ V8) =¢. (15) 
8 10 

Similarly, the legs of a GOLDEN TRIANGLE (an ISOSCE- 
LES TRIANGLE with a VERTEX ANGLE of 36°) are in 
a GOLDEN RATIO to the base. Bisecting a GAULLIST 
Cross also gives a golden ratio (Gardner 1961, p. 102). 


1+ 


D Cc 
r 
r(1+0) 
ro 
A ] —E B 


In the figure above, three TRIANGLES can be INSCRIBED 
in the RECTANGLE [_IABCD of arbitrary aspect ratio 
1: r such that the three RIGHT TRIANGLES have equal 
areas by dividing AB and BC in the golden ratio. Then 


Kaape = 5 °7(1+¢)-1= 3r¢* (16) 
Kasper =}-7¢-¢= 3r¢” (17) 
Kacpr = 3(1+ ¢)-r = ir¢’, (18) 


which are all equal. 


The golden ratio also satisfies the RECURRENCE RELA- 
TION 


grt = ge” +9". (19) 

Taking n = 0 gives 
=o '+1 (20) 
@=1+¢. (21) 


But this is the definition equation for @ (when the root 
with the plus sign is used). Squaring gives 


¢ =4(5+2V5+1)=1(6+2V5) = 4(34+ V5) 
=3(v8+1)+1=¢ +¢° (22) 
¢=(04+¢)¢ =SHP +H )P=G'+¢, (23) 
and so on. 


For the difference equations 


fo=1 
tn =1it+ for n = 1, 2,3, (24) 
@Ln-1 
@ is also given by 
= lim gn. (25) 
na-+>oo 
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In addition, 


ee (26) 


where F,, is the nth FIBONACCI NUMBER. 


The SUBSTITUTION Map 


0—- 01 (27) 
1-0 (28) 

gives 
001-010 4 01001 ->..., (29) 


giving rise to the sequence 
0100101001001010010100100101... (30) 


(Sloane’s A003849). Here, the zeros occur at positions 
1, 3, 4, 6, 8, 9, 11, 12, ... (Sloane’s A000201), and 
the ones occur at positions 2, 5, 7, 10, 13, 15, 18, ... 
(Sloane’s A001950). These are complementary BEATTY 
SEQUENCES generated by |nd| and |ng? |. The se- 
quence also has many connections with the FIBONACCI 
NUMBERS. 


Salem showed that the set of PISOT-VIJAYARAGHAVAN 
CONSTANTS is closed, with ¢ the smallest accumulation 
point of the set (Le Lionnais 1983). 


see also BERAHA CONSTANTS, DECAGON, FIVE DISKS 
PROBLEM, GOLDEN RATIO CONJUGATE, GOLDEN TRI- 
ANGLE, ICOSIDODECAHEDRON, NOBLE NUMBER, PEN- 
TAGON, PENTAGRAM, PHI NUMBER SYSTEM, SECANT 
METHOD 
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Golden Ratio Conjugate 
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Golden Ratio Conjugate 
The quantity 


1 ~ 0.6180339885, (1) 


oc= : ile 


where ¢ is the GOLDEN RATIO. The golden ratio con- 
jugate is sometimes also called the SILVER RATIO. A 
quantity similar to the FEIGENBAUM CONSTANT can be 
found for the nth CONTINUED FRACTION representation 


[ao, @1,G@2,...]. (2) 

Taking the limit of 

On — On—1 
én = ————— 3 
n — On41 ( ) 
gives 
6= lm =1+¢=2+4 ¢c. (4) 
noo 


see also GOLDEN RATIO, SILVER RATIO 


Golden Rectangle 

Given a RECTANGLE having sides in the ratio 1: ¢, the 
GOLDEN RATIO ¢ is defined such that partitioning the 
original RECTANGLE into a SQUARE and new RECTAN- 
GLE results in a new RECTANGLE having sides with a 
ratio 1: ¢. Such a RECTANGLE is called a golden rect- 
angle, and successive points dividing a golden rectangle 
into SQUARES lie on a LOGARITHMIC SPIRAL. 


see also GOLDEN RATIO, LOGARITHMIC SPIRAL, RECT- 
ANGLE 


References 

Pappas, T. “The Golden Rectangle.” The Joy of Mathemat- 
ics. San Carlos, CA: Wide World Publ./Tetra, pp. 102- 
106, 1989. 


Golden Rule 
The mathematical golden rule states that, for any FRAC- 
TION, both NUMERATOR and DENOMINATOR may be 
multiplied by the same number without changing the 
fraction’s value. 


see also DENOMINATOR, FRACTION, NUMERATOR 
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Golden Section 
see GOLDEN RATIO 


Golden Theorem 
see QUADRATIC RECIPROCITY THEOREM 
Golden Triangle 


Ee AVA 
KT SS 


An ISOSCELES TRIANGLE with VERTEX angles 36°. 
Such TRIANGLES occur in the PENTAGRAM and 
DECAGON. The legs are in a GOLDEN RATIO to the 
base. For such a TRIANGLE, 


sin(18°) = sin(;47) = a (1) 
b= 2asin( dyn) = 2a =1 =ta(v5-1) (2) 
b+1= ta(V5 +1) (3) 
b+a_ V5+1 
ae 2 ve (4) 


see also DECAGON, GOLDEN RATIO, ISOSCELES TRIAN- 
GLE, PENTAGRAM 
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Goldschmidt Solution 

The discontinuous solution of the SURFACE OF REVOLU- 
TION AREA minimization problem for surfaces connect- 
ing two CIRCLES. When the CIRCLES are sufficiently 
far apart, the usual CATENOID is no longer stable and 
the surface will break and form two surfaces with the 
CIRCLES as boundaries. 


see also CALCULUS OF VARIATIONS, SURFACE OF REv- 
OLUTION 


Golomb Constant 
see GOLOMB-DICKMAN CONSTANT 
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Golomb-Dickman Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let II be a PERMUTATION of n elements, and let a; be 
the number of CYCLES of length z in this PERMUTATION. 
Picking II at RANDOM gives 


(so) =e =Inn+7+0(Z) (1) 


i=1 


=Inn+7-3n?+0(=) 


(You) =" 
(2) 


int Pier <0) = : (3) 


noo 


(Shepp and Lloyd 1966, Wilf 1990). Goncharov (1942) 
showed that 


Lo iay3.- 
lim P(a; =k) = =e 1/7j-*, (4) 
n—+00 k!} 


which is a POISSON DISTRIBUTION, and 


lim P (S« _ inn) (Inn)~1/? < | = @(c), 
g=1 


(5) 
which is a NORMAL DISTRIBUTION, y is the EULER- 
MASCHERONI CONSTANT, and @ is the NORMAL DIs- 
TRIBUTION FUNCTION. Let 


M(a)= Pee Qa; (6) 
m(a) = Sse Qj. (7) 


Golomb (1959) derived 


fai 0.6243299885..., (8) 


noo Tm 


which is known as the GOLOMB CONSTANT or Golomb- 

Dickman constant. Knuth (1981) asked for the con- 

stants 6 and c such that 
lim n°[(M(a)) —An~ 4\ =c, (9) 


and Gourdon (1996) showed that 


= 1 e? 48 
(M(a)) =X(n + 3) - + BOs 
7 e? 42 z(- 1)" +4 1 gu tar + apt" 
+ 3840 =a : (10) 
where 
j=", (11) 


Golomb-Dickman Constant 


A can be expressed in terms of the function f(z) defined 
by f(z) =1 forl1 <2 <2 and 


df f(«—1) 
dr «r-1 (12) 
for x > 2, by ae 
fe) dz. (13) 


Shepp and Lloyd (1966) derived 
Co foo] ~y 
a= exp (-<- f av) 
0 x y 
1 z dy 
= exp ‘; i) dz. (14) 
[ ( o Iny 


Mitchell (1968) computed X to 53 decimal places. 


Surprisingly enough, there is a connection between 
and PRIME FACTORIZATION (Knuth and Pardo 1976, 
Knuth 1981, pp. 367-368, 395, and 611). Dickman 
(1930) investigated the probability P(a,n) that the 
largest PRIME FACTOR p of a random INTEGER between 
1 and n satisfies p < n® for x € (0,1). He found that 


ifa >1 
ifO<a2<1. 

(15) 
Dickman then found the average value of x such that 
p=n"*, obtaining 


=n ua mp dF 
p= lim (x)= lim (=P = [ Bac 


noo noo \Inn 


F(z) = lim P(z,n) = er F (;4;) # 


1 
= | F (=) dt — 0.62432999, (16) 
pote ag 


which is 4. 
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Golomb Ruler 


Golomb Ruler 

A Golomb ruler is a set of NONNEGATIVE integers such 
that all pairwise POSITIVE differences are distinct. The 
optimum Golomb ruler with n marks is the Golomb 
ruler having the smallest possible maximum element 
(“length”). The set (0, 1, 3, 7) is an order four Golomb 
ruler since its differences are (1 = 1—0, 2 = 3-1, 
3 = 3-0,4= 7-3, 6 = 7-1, 7 = 7-0), all of which are 
distinct. However, the optimum 4-mark Golomb ruler is 
(0, 1, 4, 6), which measures the distances (1, 2, 3, 4, 5, 
6) (and is therefore also a PERFECT RULER). 


The lengths of the optimal n-mark Golomb rulers for 
n= 2,3, 4,... are 1, 3, 6, 11, 17, 25, 34, ... (Sloane’s 
A003022, Vanderschel and Garry). The lengths of the 
optimal n-mark Golomb rulers are not known for n > 20. 


see also PERFECT DIFFERENCE SET, PERFECT RULER, 
RULER, TAYLOR’S CONDITION, WEIGHINGS 
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Golygon 


o 


j 
¢-- 4-0-4 —- 4 6-8 
| 
t 
a 


*- ° “o——- ee a . 
A PLANE path on a set of equally spaced LATTICE 
POINTS, starting at the ORIGIN, where the first step 
is one unit to the north or south, the second step is two 
units to the east or west, the third is three units to the 
north or south, etc., and continuing until the ORIGIN is 
again reached. No crossing or backtracking is allowed. 
The simplest golygon is (0, 0), (0, 1), (2, 1), (2, —2), 
(-2, —2), (-2, —7), (—8, —7), (—8, 0), (0, 0). 
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A golygon can be formed if there exists an EVEN INTE- 
GER n such that 


4143+4...4(n-1)=0 (1) 
42444...4n=0 (2) 


(Vardi 1991). Gardner proved that all golygons are of 
the form n = 8k. The number of golygons of length n 
(EVEN), with each initial direction counted separately, 
is the PRODUCT of the COEFFICIENT of 2” /® in 


(14+ 2)(1+ 23)---(1+2"73), (3) 
with the COEFFICIENT of 2("/2+1)/8 in 
(l+2)(1+27)---(1+2"/). (4) 


The number of golygons N(n) of length 8n for the first 
few n are 4, 112, 8432, 909288, ... (Sloane’s A006718) 
and is asymptotic to 


3. g8n—4 


a Al mn?(4n + 1) 


(5) 


(Sallows et al. 1991, Vardi 1991). 
see also LATTICE PATH 
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Gomory’s Theorem 

Regardless of where one white and one black square are 
deleted from an ordinary 8x8 CHESSBOARD, the reduced 
board can always be covered exactly with 31 DOMINOES 
(of dimension 2 x 1). 


see also CHESSBOARD 


Gompertz Constant 


c= | du = —eei(—1) = 0.596347362..., 
5» itu 


where ei(z) is the EXPONENTIAL INTEGRAL. Stieltjes 
showed it has the CONTINUED FRACTION representation 


see also EXPONENTIAL INTEGRAL 
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Gompertz Curve 
The function defined by 


y= ab? . 


It is used in actuarial science for specifying a simpli- 
fied mortality law. Using s(x) as the probability that a 
newborn will achieve age z, the Gompertz law (1825) is 


s(x) = exp[—m(c* — 1)], 


forc>1,2>0. 


see also LIFE EXPECTANCY, LOGISTIC GROWTH 
CURVE, MAKEHAM CURVE, POPULATION GROWTH 
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Gonal Number 
see POLYGONAL NUMBER 


Good Path 
see p-GOOD PATH 


Good Prime 
A PRIME py is called “good” if 


Dak > Pn-iPnti 


for all 1 < i < n —1 (there is a typo in Guy 1994 in 
which the is are replaced by 1s). There are infinitely 
many good primes, and the first few are 5, 11, 17, 29, 
37, 41, 53, ... (Sloane’s A028388). 


see also ANDRICA’S CONJECTURE, POLYA CONJECTURE 
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Goodman’s Formula 

A two-coloring of a COMPLETE GRAPH K,, of n nodes 
which contains exactly the number of MONOCHROMATIC 
FORCED TRIANGLES and no more ({i.e., a minimum of 
A+B where R and B are the number of red and blue 
TRIANGLES) is called an EXTREMAL GRAPH. Goodman 
(1959) showed that for an extremal graph, 


gin(m —1)(m-—2) forn=2m 
rena { Ini sén 1) forn = 4m+1 
gm(m+1)(4m—1) forn=4m+3. 


Goodstein Sequence 


Schwenk (1972) rewrote the equation in the form 
i pat ayes - 4 y2 
R+B= (3) —[3n|B(n—1)']], 


where (%) is a BINOMIAL COEFFICIENT and |2] is the 
FLOOR FUNCTION. 


see also BLUE-EMPTY GRAPH, EXTREMAL GRAPH, 
MONOCHROMATIC FORCED TRIANGLE 
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Goodstein Sequence 

Given a HEREDITARY REPRESENTATION of a number 
n in BASE, let B{b](n) be the NONNEGATIVE INTEGER 
which results if we syntactically replace each 6 by b+ 1 
(i.e., B[b] is a base change operator that ‘bumps the 
base’ from b up to 6+ 1). The HEREDITARY REPRESEN- 
TATION of 266 in base 2 is 


266 = 2° +27 +2 
241 
— 9? 4 g2tly 2, 


so bumping the base from 2 to 3 yields 
Bi2](266) = 3°” +. 39+? +3. 
Now repeatedly bump the base and subtract 1, 


Go(266) = 266 = 27" + 27+ 42 
G1 (266) = B[2](266) —1 = 3°" + 3°42 +2 
G,(266) = BIS\(G,) -1 40 4.4441 4.1 
G3(266) = B[4\(G2) -1=5° +554? 
Ga(266) = B[5](Gs) -1=6° +6°*? -1 
6ott 6 5 
=6 +5-6°4+5-6+...+5:°64+5 
Gs(266) = B[6](G4) — 1 
Sg Ret a Boe i. ead: 
etc. Starting this procedure at an INTEGER n gives the 
Goodstein sequence {G;,(n)}. Amazingly, despite the 
apparent rapid increase in the terms of the sequence, 


GOODSTEIN’S THEOREM states that G,(n) is 0 for any 
n and any sufficiently large k. 


see also GOODSTEIN’S THEOREM, HEREDITARY REPRE- 
SENTATION 


Goodstein’s Theorem 


Goodstein’s Theorem 

For all n, there exists a k such that the kth term of 
the GOODSTEIN SEQUENCE G x(n) = 0. In other words, 
every GOODSTEIN SEQUENCE converges to 0. 


The secret underlying Goodstein’s theorem is that the 
HEREDITARY REPRESENTATION of n in base 6 mimics 
an ordinal notation for ordinals less than some number. 
For such ordinals, the base bumping operation leaves the 
ordinal fixed whereas the subtraction of one decreases 
the ordinal. But these ordinals are well-ordered, and 
this allows us to conclude that a Goodstein sequence 
eventually converges to zero. 


Goodstein’s theorem cannot be proved in PEANO 
ARITHMETIC (i.e., formal NUMBER THEORY). 


see also NATURAL INDEPENDENCE PHENOMENON, 
PEANO ARITHMETIC 


Googol 

A LARGE NUMBER equal to 107°, or 
10000000000000000000000000 
0000000000000000000000000 
0000000000000000000000000 
0000000000000000000000000. 


see also GOOGOLPLEX, LARGE NUMBER 
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Googolplex 
A LARGE NUMBER equal to 10 
see also GOOGOL, LARGE NUMBER 


19100 
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Gordon Function 
Another name for the CONFLUENT HYPERGEOMETRIC 
FUNCTION OF THE SECOND KIND, defined by 


Gale) = ee HO f FE 9 [errs 4 Selete—a)] 
T'(c — 1) 
T'(e— a) 
where ['(x) is the GAMMA FUNCTION and 1 F(a; 6; z) is 


the CONFLUENT HYPERGEOMETRIC FUNCTION OF THE 
FIRST KIND. 


see also CONFLUENT HYPERGEOMETRIC FUNCTION OF 
THE SECOND KIND 


x 11 (a;¢,z) — 2 oa (a~e+2—a2)}, 
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Gorenstein Ring 

An algebraic RING which appears in treatments of du- 
ality in ALGEBRAIC GEOMETRY. Let A be a local AR- 
TINIAN RING with m Cc A its maximal IDEAL. Then 
A is a Gorenstein ring if the ANNIHILATOR of m has 
DIMENSION 1 as a VECTOR SPACE over K = A/m. 


see also CAYLEY-BACHARACH THEOREM 
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Gosper’s Algorithm 

An ALGORITHM for finding closed form HYPERGEOMET- 
RIC IDENTITIES The algorithm treats sums whose suc- 
cessive terms have ratios which are RATIONAL FUNC- 
TIONS. Not only does it decide conclusively whether 
there exists a hypergeometric sequence z,, such that 


th = Zn41 — Zn; 


but actually produces zy if it exists. If not, it pro- 
duces pees t,. An outline of the algorithm follows 
(PetkovSek 1996): 


1. For the ratio r(n) = tn4i1/tn which is a RATIONAL 
FUNCTION of n. 


2. Write 
_ a(n) e(n +1) 


OO) Fn) ony 


where a(n), b(n), and e(n) are polynomials satisfying 
GCD(a(n),b(n+h) = 1 


for all nonnegative integers h. 


3. Find a nonzero polynomial solution x(n) of 
a(n)a(n + 1) — b(n — 1)x(n) = c(n), 


if one exists. 
4. Return b(n — 1)x(n)/c(n)tp and stop. 


Petkovsek et al. (1996) describe the algorithm as “one of 
the landmarks in the history of computerization of the 
problem of closed form summation.” Gosper’s algorithm 
is vital in the operation of ZEILBERGER’S ALGORITHM 
and the machinery of WILF-ZEILBERGER PAIRS. 


see also HYPERGEOMETRIC IDENTITY, SISTER CELINE’S 


METHOD, WILF-ZEILBERGER PAIR, ZEILBERGER’S AL- 
GORITHM 
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Gosper Island 


RP ae al Go 


A modification of the KOCH SNOWFLAKE which has 
FRACTAL DIMENSION 


_ 21n3 


D 
In? 


= 1.12915.... 


The term “Gosper island” was used by Mandelbrot 
(1977) because this curve bounds the space filled by the 
PEANO-GOSPER CURVE; Gosper and Gardner use the 
term FLOWSNAKE FRACTAL instead. Gosper islands can 
TILE the PLANE. 


EB ES 


see also KOCH SNOWFLAKE, PEANO-GOSPER CURVE 
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Gosper’s Method 
see GOSPER’S ALGORITHM 


Graceful Graph 

A LABELLED GRAPH which can be “gracefully num- 
bered” is called a graceful graph. Label the nodes 
with distinct NONNEGATIVE INTEGERS. Then label the 
EDGES with the absolute differences between node val- 
ues. If the EDGE numbers then run from 1 to e, the 
graph is gracefully numbered. In order for a graph to 
be graceful, it must be without loops or multiple EDGEs. 


Graceful Graph 


kK, 


C, 


12 


fe) Thomsen Graph 


4 
3 

\ 
1 1 3 6 9 


6 4 

9 
U a 8 
Ws We 


Golomb showed that the number of EDGES connecting 
the EVEN-numbered and ODD-numbered sets of nodes 
is [((e + 1)/2], where e is the number of EDGES. In ad- 
dition, if the nodes of a graph are all of EVEN ORDER, 
then the graph is graceful only if |(e + 1)/2]| is EVEN. 
The only ungraceful simple graphs with < 5 nodes are 


< & 


There are exactly e! graceful graphs with e EDGES 
(Sheppard 1976), where e!/2 of these correspond to 
different labelings of the same graph. Golomb (1974) 
showed that all complete bipartite graphs are graceful. 
CATERPILLAR GRAPIIS; COMPLETE GRAPHS Kz, K3, 
Ka = W4 = T (and only these; Golomb 1974); CycLic 
GRAPHS C, when n = 0 or 3 (mod 4), when the num- 
ber of consecutive chords k = 2, 3, or n — 3 (Koh and 
Punim 1982), or when they contain a P, chord (Delorme 
et al, 1980, Koh and Yap 1985, Punnim and Pabhapote 
1987); GEAR GRAPHS; PATH GRAPHS; the PETERSEN 
GRAPH; POLYHEDRAL GRAPHS T = K4 = Wa, C, O, 
D, and I (Gardner 1983); STAR GRAPHS; the THOMSEN 
GRAPH (Gardner 1983); and WHEEL GRAPHS (Frucht 
1988) are all graceful. 


shown below. 


Some graceful graphs have only one numbering, but oth- 
ers have more than one. It is conjectured that all trees 
are graceful (Bondy and Murty 1976), but this has only 


Graceful Graph 


been proved for trees with < 16 VERTICES. It has also 
been conjectured that all unicyclic graphs are graceful. 


An excellent on-line resource is Brundage (http://www. 
math.washington.edu/”brundage/oldgraceful/). 


see also HARMONIOUS GRAPH, LABELLED GRAPH 
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Graded Algebra 

If A is a graded module and there EXISTS a degree- 
preserving linear map ¢ : A@ A — A, then (A,@) is 
called a graded algebra. 
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Gradian 

A unit of angular measure in which the angle of an entire 
CIRCLE is 400 gradians. A RIGHT ANGLE is therefore 
100 gradians. 


see also DEGREE, RADIAN 


Gradient 

The gradient is a VECTOR operator denoted V and 
sometimes also called DEL or NABLA. It most often is 
applied to a real function of three variables f(u1,u2, us), 
and may be denoted 


Vf = grad(f). (1) 


For general CURVILINEAR COORDINATES, the gradient 
is given by 
1 O¢. 


1 Oo. 1 0¢. 


Vo=— x 
? hy Our ae he Ou2 Mar h3 dus bass ( ) 
which simplifies to 
_ 9, , 8b, | ab, 
Vo(e9,2) = sE&+ Bed t Beh (3) 


in CARTESIAN COORDINATES. 


The direction of Vf is the orientation in which the DI- 
RECTIONAL DERIVATIVE has the largest value and |Vf]| 
is the value of that DIRECTIONAL DERIVATIVE. Further- 
more, if Vf 4 0, then the gradient is PERPENDICULAR 
to the LEVEL CuRVE through (zo, yo) if z = f(z, y) and 
PERPENDICULAR to the level surface through (20, yo, 20) 
if F(x, y,z) = 0. 
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In TENSOR notation, let 
ds? = 9, dz,,” (4) 


be the LINE ELEMENT in principal form. Then 


Se Vea OS 
Ve.€a = Vaép Ti Baa ep (5) 
For a Matrix A, 
_ (Ax)TA 
ViAx| = TA” (6) 


For expressions giving the gradient in particular coordi- 
nate systems, see CURVILINEAR COORDINATES. 


see also CONVECTIVE DERIVATIVE, CURL, DIVER- 
GENCE, LAPLACIAN, VECTOR DERIVATIVE 
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Gradient Four- Vector 

The 4-dimensional version of the GRADIENT, encoun- 
tered frequently in general relativity and special relativ- 
ity, is 


10 
c fe 

Vu = ia ? 
by 
oa 
dz 

which can be written 
(v4y= CY, 


where CL? is the D’ALEMBERTIAN OPERATOR. 


see also D’ALEMBERTIAN OPERATOR, GRADIENT, TEN- 
SOR, VECTOR 
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Gradient Theorem 


i (THLE HST, 
b 


where V is the GRADIENT, and the integral is a LINE 
INTEGRAL. It is this relationship which makes the defi- 
nition of a scalar potential function f so useful in gravi- 
tation and electromagnetism as a concise way to encode 
information about a VECTOR FIELD. 


see also DIVERGENCE THEOREM, GREEN’S THEOREM, 
LINE INTEGRAL 


Graeffe’s Method 


Graeco-Latin Square 
see EULER SQUARE 


Graeco-Roman Square 
see EULER SQUARE 


Graeffe’s Method 
A Root-finding method which proceeds by multiplying 
a POLYNOMIAL f(z) by f(—z) and noting that 


f(x) = (@ — a1)(@ — a2) ++ (% — an) (1) 
f(a) = (-1)"(# + a1)(@ + @2)---(@+an) (2) 


so the result is 


f(x) f(—a) = (-1)" (a? — a1?)(a? = ap”) +++ (a? — an”). 
(3) 


Repeat v times, then write this in the form 


1 


yo +bhiy” +... +bn = 0 (4) 


where y = z””. Since the coefficients are given by NEW- 
TON’S RELATIONS 


by = —(yr + yz +--+ Yn) (5) 
bo = (yry2 + yry3 +... + Yn-1yn) (6) 
bn = (—1)" yr ya--- Yn, (7) 


and since the squaring procedure has separated the 
roots, the first term is larger than rest. Therefore, 


by & —y1 (8) 
bo & yry2 (9) 
bn © (—1)"yiya->- Yn, (10) 
giving 
yey —b, (11) 
bo 
xs 12 
y2 i, (12) 
bn 
- 13 
Yn ee ( ) 


a, ~ 2x —b, (14) 
av/ be 
~ -— 1 
a2 bi ( 5) 
6 
2 nm 
ne Al - : 1 
a i (16) 


This method works especially well if all roots are real. 
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Graham’s Biggest Little Hexagon 


Graham/’s Biggest Little Hexagon 
0.9891 


>| 


0.343771 


The largest possible (not necessarily regular) HEXAGON 
for which no two of the corners are more than unit 
distance apart. In the above figure, the heavy lines 
are all of unit length. The AREA of the hexagon is 
A = 0.674981..., where A is a Root of 


4096.4?° ~— 8192.4° — 3008A® — 30, 848A” + 21,056.A° 
+146, 496A° — 221, 360.A* + 1232.A° + 144, 464A? 
—78, 488A + 11,993 = 0. 


see also CALABI’S TRIANGLE 


References 

Conway, J. H. and Guy, R. K. “Graham’s Biggest Little Hex- 
agon.” In The Book of Numbers. New York: Springer- 
Verlag, pp. 206-207, 1996. 

Graham, R. L. “The Largest Small Hexagon.” J. Combin. 
Th. Ser. A 18, 165-170, 1975. 


Graham’s Number 

The smallest dimension of a HYPERCUBE such that if the 
lines joining all pairs of corners are two-colored, a PLA- 
NAR COMPLETE GRAPH K4q of one color will be forced. 
That an answer exists was proved by R. L. Graham and 
B. L. Rothschild. The actual answer is believed to be 6, 
but the best bound proved is 


3 ttt 3 
— 


373 
64 Y 


SY 
3 t 3, 


where f is stacked ARROW NOTATION. It is less than 
3 > 3 — 3 > 3, where CHAINED ARROW NOTATION 
has been used. 


see also ARROW NOTATION, CHAINED ARROW NOTA- 
TION, SKEWES NUMBER 
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Gram-Charlier Series 
Approximates a distribution in terms of a NORMAL DIS- 
TRIBUTION. Let 


1 et? 
V2n 


o(t) = 


3 


then 
f(t) = O(t) + Img (t) + Hed (t) + -..- 


see also EDGEWORTH SERIES 
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Gram Determinant 
The DETERMINANT 


G(fi, fe, tee fn) 
ffidt fhifedt --- ffhifnrdt 
ffofidt ffidt --- ffefidt 
Jf fifn dt f fifa dt f frat 
see also GRAM-SCHMIDT ORTHONORMALIZATION, 
WRONSKIAN 
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Gram’s Inequality 

Let fi(z), ..., fn(z) be REAL INTEGRABLE FUNCTIONS 
over the CLOSED INTERVAL [a,6], then the DETERMI- 
NANT of their integrals satisfies 


flAr@)de — f file) fae) ae So fu(@) fa (a) de 
fi A@ft)de — f" f(a) az Jo fala) fa(2) de 
fo fala) filz)de f” f(x) fala) de fo fo(@) fn (2) de 

> 0. 


see also GRAM-SCHMIDT ORTHONORMALIZATION 
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Gram Matrix 

Given m points with n-D vector coordinates v;, let M 
be the n x m matrix whose jth column consists of the 
coordinates of the vector v;, with j = 1, ..., m. Then 
define the m x m Gram matrix of dot products aij = 
Vi- Vj as 


A=M"™M, 


where A™ denotes the TRANSPOSE. The Gram matrix 
determines the vectors v; up to ISOMETRY. 


Gram-Schmidt Orthonormalization 

A procedure which takes a nonorthogonal set of LIN- 
EARLY INDEPENDENT functions and constructs an OR- 
THOGONAL BASIS over an arbitrary interval with respect 
to an arbitrary WEIGHTING FUNCTION w(z). Given an 
original set of linearly independent functions {u,}, let 
{wn} denote the orthogonalized (but not normalized) 
functions and {¢,} the orthonormalized functions. 


o(x) = ui (z) (1) 
Se Se (2) 
4/ f vo? (z)w(z) dx 
Take 
¥1(x) = ui(x) + a1odo(z), (3) 


where we require 


[ vidowde = [ udowde+ar0 f dow az =o. (4) 


By definition, 
[ete dz = 1, (5) 


SO 


Qi0 = — [widow dz. (6) 


The first orthogonalized function is therefore 


wi = u(x) — | [wm ao| do, (7) 
and the corresponding normalized function is 


i= ne. (8) 
a/ f vi?wde 


By mathematical induction, it follows that 


f/f pPwde 


gi(z) = 


where 


Wile) = ui + aiogo + airgr... + Gi,i-16i-1 (10) 


Gram-Schmidt Orthonormalization 


and 

aj = [wsw dz. (11) 
If the functions are normalized to N; instead of 1, then 

b 
i [65 (x)]’w dx = N;” (12) 
di(2) = NE) (13) 

f Qirw dx 
fuidjw dz 

y= ee. 14 
Qij Nj? (14) 


ORTHOGONAL POLYNOMIALS are especially easy to gen- 
erate using GRAM-SCHMIDT ORTHONORMALIZATION. 
Use the notation 


b 
(esles) = (eslwlay) = [ ex(e)es(e)w(e)de, (28) 


where w(x) is a WEIGHTING FUNCTION, and define the 
first few POLYNOMIALS, 


po(x) =1 (16) 
_[._ (epolpo) 
pi(z) = : To lpe) | (17) 


As defined, pp and p, are ORTHOGONAL POLYNOMIALS, 
as can be seen from 


22 = (xpo|po) 
(po|p1) <~y (|: {po|po) Pe) 
— (ap) — S=PolPe) 
= ( Po) (polpo) ( a) 
= (xpo) — (xpo) = 0. (18) 
Now use the RECURRENCE RELATION 


piti(xz) = E (pilpi) 


ocala | 
(pilpi) | °° (pi—1|pi—1) 


to construct all higher order POLYNOMIALS. 


| Pi-1 (19) 


To verify that this procedure does indeed produce OR- 
THOGONAL POLYNOMIALS, examine 


(pi+1|pi) = ( [ = (or Pi r) 


(pi lpi) 

(xpilpi) — ars (pilpi) 
— ee ot) 
ee (pi—1|Ps) 


2 loli (LOSS on, 
= pet | (p)—2|P;—2) (sales) 


lI 


=. aig aye hel = 
=...=(-1) Falps’ (polpi) = 0, (20) 


Gram Series 


since (po|pi) = 0. Therefore, all the POLYNOMIALS p;(x) 
are orthogonal. Many common ORTHOGONAL POLYNO- 
MIALS of mathematical physics can be generated in this 
manner. However, the process is numerically unstable 
(Golub and van Loan 1989). 


see also GRAM DETERMINANT, GRAM’S INEQUALITY, 
ORTHOGONAL POLYNOMIALS 
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Gram Series 


= = (In «)* 
R(x) =1+ a RRIC(E +1)’ 


where ¢ is the RIEMANN ZETA FUNCTION. This approx- 
imation to the PRIME COUNTING FUNCTION is 10 times 
better than Li(z) for « < 10° but has been proven to be 
worse infinitely often by Littlewood (Ingham 1990). An 
equivalent formulation due to Ramanujan is 


AG (-1)F 3k fine \2*-! 
A er bs Box (2k — 1) (=) nem) 


(Berndt 1994), where Bz, is a BERNOULLI NUMBER. 
The integral analog, also found by Ramanujan, is 


ee as (In a) dt 
wee f mernaery ~* 


(Berndt 1994). 
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Granny Knot 


Pe ae 
et 


A COMPOSITE KNOT of seven crossings consisting of a 
KNOT SUM of TREFOILS. The granny knot has the same 
ALEXANDER POLYNOMIAL (x? — 2 +1)? as the SQUARE 
KNOT. 
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Graph (Function) 
Sx) 
4 


3 
2 
1 


-2 -1 I 2 
Technically, the graph of a function is its RANGE (a.k.a. 
image). Informally, given a FUNCTION f(z1,...,2n) de- 
fined on a DOMAIN U, the graph of f is defined as a 
CURVE or SURFACE showing the values taken by f over 
U (or some portion of U), 


graph f(x) = {(2, F(z)) ¢ R?: 2 € U} 


graph f(ai,...,2n) = {{21,...,2n, f(%1,---,2n)) 
€ R°t! 3 (@1,...,2n) € U}. 


A graph is sometimes also called a PLOT. 


Good routines for plotting graphs use adaptive algo- 
rithms which plot more points in regions where the 
function varies most rapidly (Wagon 1991, Math Works 
1992, Heck 1993, Wickham-Jones 1994). 


see also CURVE, EXTREMUM, GRAPH (GRAPH THE- 
ory), HisTOGRAM, MAXIMUM, MINIMUM 
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A mathematical object composed of points known as 
VERTICES or NODES and lines connecting some (possibly 
empty) SUBSET of them, known as EDGES. The study 
of graphs is known as GRAPH THEORY. Graphs are 1-D 
COMPLEXES, and there are always an EVEN number of 
Opp NODES in a graph. The number of nonisomorphic 
graphs with v NODES is given by the POLYA ENUMER- 
ATION THEOREM. The first few values for n = 1, 2,..., 
are 1, 2, 4, 11, 34, 156, 1044, ... (Sloane’s A000088; see 
above figure). 


Graph sums, differences, powers, and products can be 
defined, as can graph eigenvalues. 


Before applying POLYA ENUMERATION THEOREM, de- 
fine the quantity 


pi 
hj = TE, 5a’ (1) 
where p! is the FACTORIAL of p, and the related poly- 
nomial . 
GAS) She [ee (2) 
* k=1 


where the j; = (j1,---,jp)i are all of the p-VECTORS 


satisfying 
ji + 2j2 + 393 +... + Pip = p- (3) 
For example, for p = 3, the three possible values of j are 
ji = (3,0,0), since (1-3) + (2-0) + (3-0) = 3, 
3! 


giving hj, = (123!) (290!) (30!) =1 (4) 
je = (1,1,0), since (1-1) + (2-1) + (3-0) = 3, 
giving hj, = aTGSy =3, (5) 
js = (0,0,1), since (1:0) + (2-0) + (3-1) =3 
giving hj, = mona =2. (6) 
Therefore, 
Z3(S) = f° + 3fi fo + 2fs. (7) 
For small p, the first few values of Z,(S) are given by 
Z2(S) = fr? + fa (8) 
Z3(S) = fa® + 3fi fa + 2fs (9) 


24(S) = fat + 6fi? fo +3fo7 +8fifs+6fs (10) 
Z5(S) = fa” + 10fi> fo + 15fi fo” + 20f1" fs 

+ 20fefs + 30fi fs + 24fs (11) 
Z6(S) = fie i 15 fi" fo + 45 fi" fo” + 15f2" 

+ 40f13 fs + 120fi fofs + 40 fs? 

+ 90f17 fa + 90 fafa + 144 fi fs + 120fs (12) 
Z(S) = fr + 21fr? fo + 105 fi" fo” + 105f: fo° 

+ 70f1*f3 + 420f17 fo fs + 210 fo? fs 

+ 280fi fs? + 210fi> fs + 630f1 fo fa 

+ 420 fs fa + 504f1? fs + 504 fo fs 

+ 840f; fe + 720fr. (13) 
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Application of the P6LYA ENUMERATION THEOREM 
then gives the formula 


1 U(p-1)/2] ae 
2(R)= Sry TT ganyseneet ones) 
(3) n=0 
{p/2] ; 
n—lijen n(J2n 
x I] [(gng2n) ae? gen? ( 2 ) 


n=1 


P P 
igir GCD(q,r 
xT TD gtemtary727FOP, (14) 


q=lr=qt+l 


where [2] is the FLOOR Function, (”) is a BINOMIAL 
COEFFICIENT, LCM is the LEAST COMMON MULTIPLE, 
GCD is the GREATEST COMMON DIVISOR, and the SUM 
(j) is over all j,; satisfying the sum identity described 
above. The first few generating functions Z)(R) are 


Z2(R) = 291 (15) 
Z3(R) = gi° + 3gig2 + 29s (16) 
Za(R) = 91° + 991792" + 893° + 69294 (17) 
Zs(R) = gi? + 10g1*g2° + 15917g2* + 209193" 

+ 30g2ga" + 24957 + 20919396 (18) 


Z6(R) = gi** + 1591 g2* + 60g1° 92° + 4091° 934 
+ 40g3° + 180gig2ga° + 14495° 
+ 120919293796 + 120g3g6° 
Z(R) = 917! + 21gi3'g.® + 105915 92° (19) 
+ 105917929 + 70gi°g3° + 28093” 
+ 210912 92944 + 6309192" ga4 
+ 504gi9s* + 42091792793" ge 
+ 2109179279396" + 840g3g6° + 720g7° 
+ 50491957910 + 420929394912- (20) 


Letting gi = 1+ <° then gives a POLYNOMIAL S;(z), 
which is a GENERATING FUNCTION for (i.e., the terms 
of x* give) the number of graphs with i EpGEs. The 
total number of graphs having 7 edges is S;(1). The first 
few S;(x) are 


S,=1+¢2 (21) 
S3=l+et¢a +a" (22) 
Sg=1l4+ae4 22? + 32° 4+ 224 42° 42% (23) 
Ss=1+ae+ 227 + 42° + 624 + 62° + 62° 

+ 407 4+ 20% + 2° 427° (24) 


Se =l+2t+2r? + 52° +92" 4+ 152° 

+ 21n® +2427 + 2428 + 212° 

+ 15279 4 92" 4. 5a)? 

+2277 + 2%4 4 275 (25) 
Sy =1+a4 2x? + 52* + 1024 + 212° 

+2ir® + 247" + 412° + 652" + 972% 
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+13l2° + 1482'° + 148211 

413127? + 97215 4 65214 4 412! 

+ 21716 + 1021” + 5at® +2919 + go + zt 
(26) 


giving the number of graphs with n nodes as 1, 2, 4, 11, 
34, 156, 1044, ... (Sloane’s A000088). King and Palmer 
(cited in Read 1981) have calculated S, up to n = 24, 
for which 


So4 = 195,704, 906, 302, 078, 447, 922, 174, 862, 416, --- 
- ++ 726, 256, 004, 122, 075, 267, 063, 365, 754, 368. (27) 


see also BIPARTITE GRAPH, CATERPILLAR GRAPH, 
CAYLEY GRAPH, CIRCULANT GRAPH, COCKTAIL 
PARTY GRAPH, COMPARABILITY GRAPH, COMPLE- 
MENT GRAPH, COMPLETE GRAPH, CONE GRAPH, CON- 
NECTED GRAPH, COXETER GRAPH, CUBICAL GRAPH, 
DE BRUIJIN GRAPH, DIGRAPH, DIRECTED GRAPH, 
DODECAHEDRAL GRAPH, EULER GRAPH, EXTREMAL 
GRAPH, GEAR GRAPH, GRACEFUL GRAPH, GRAPH 
THEORY, HANOI GRAPH, HARARY GRAPH, HARMO- 
NIOUS GRAPH, HOFFMAN-SINGLETON GRAPH, ICcos- 
AHEDRAL GRAPH, INTERVAL GRAPH, ISOMORPHIC 
GRAPHS, LABELLED GRAPH, LADDER GRAPH, LATTICE 
GRAPH, MATCHSTICK GRAPH, MINOR GRAPH, MOORE 
GRAPH, NULL GRAPH, OCTAHEDRAL GRAPH, PATH 
GRAPH, PETERSEN GRAPHS, PLANAR GRAPH, RAN- 
DOM GRAPH, REGULAR GRAPH, SEQUENTIAL GRAPH, 
SIMPLE GRAPH, STAR GRAPH, SUBGRAPH, SUPER- 
GRAPH, SUPERREGULAR GRAPH, SYLVESTER GRAPH, 
TETRAHEDRAL GRAPH, THOMASSEN GRAPH, TOURNA- 
MENT, TRIANGULAR GRAPH, TURAN GRAPH, TUTTE’S 
GRAPH, UNIVERSAL GRAPH, UTILITY GRAPH, WEB 
GRAPH, WHEEL GRAPH 
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Graph Theory 
The mathematical study of the properties of the formal 
mathematical structures called GRAPHS. 


see also ADJACENCY MATRIX, ADJACENCY RELA- 
TION, ARTICULATION VERTEX, BLUE-EMPTY COLOR- 
ING, BRIDGE (GRAPH), CHROMATIC NUMBER, CHRO- 
MATIC POLYNOMIAL, CIRCUIT RANK, CROSSING NUM- 
BER (GRAPH), CYCLE (GRAPH), CYCLOMATIC NuUM- 
BER, DEGREE, DIAMETER (GRAPH), DIJKSTRA’S AL- 
GORITHM, ECCENTRICITY, EDGE-COLORING, EDGE 
CONNECTIVITY, EULERIAN CIRCUIT, EULERIAN TRAIL, 
Factor (GRAPH), FLOYD’s ALGORITHM, GIRTH, 
GRAPH TWo-COLORING, GROUP THEORY, HAMILTON- 
IAN CIRCUIT, HASSE DIAGRAM, HUB, INDEGREE, INTE- 
GRAL DRAWING, ISTHMUS, JOIN (GRAPH), LOCAL DE- 
GREE, MONOCHROMATIC FORCED TRIANGLE, OUTDE- 
GREE, PARTY PROBLEM, POLYA ENUMERATION THEO- 
REM, POLYA POLYNOMIAL, RADIUS (GRAPH), RAMSEY 
NUMBER, RE-ENTRANT CIRCUIT, SEPARATING EDGE, 
TAIT COLORING, TAIT CYCLE, TRAVELING SALES- 
MAN PROBLEM, TREE, TUTTE’S THEOREM, UNICURSAL 
CIRCUIT, VALENCY, VERTEX COLORING, WALK 
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Graph Two-Coloring 
Assignment of each EDGE of a GRAPH to one of two 


color classes (“red” or “green”). 
see also BLUE-EMPTY GRAPH, 
FORCED TRIANGLE 


MONOCHROMATIC 
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Graphical Partition 

A graphical partition of order nm is the DEGREE SE- 
QUENCE of a GRAPH with n/2 EDGEs and no isolated 
VERTICES. For n = 2, 4, 6,..., the number of graphical 
partitions is 1, 2, 5,9, 17,... (Sloane’s A000569). 
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Grassmann Algebra 
see EXTERIOR ALGEBRA 


Grassmann Coordinates 

An (m+ 1)-D SuBsPACE W of an (n+ 1)-D VECTOR 
SPACE V can be specified by an (m+1) x (n+1) MATRIX 
whose rows are the coordinates of a BASIS of W. The set 
of all (2) (m+ 1) x (m+1) MINORS of this MATRIX 
are then called the Grassmann coordinates of w (where 


() is a BINOMIAL COEFFICIENT). 


see also CHOW. COORDINATES 
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Grassmann Manifold 

A special case of a FLAG MANIFOLD. A Grassmann 
manifold is a certain collection of vector SUBSPACES of 
a VECTOR SPACE. In particular, G,,. is the Grass- 
mann manifold of k-dimensional subspaces of the VEC- 
Tor Space R”. It has a natural MANIFOLD structure 
as an orbit-space of the STIEFEL MANIFOLD V,,x of 
orthonormal k-frames in R”. One of the main things 
about Grassmann manifolds is that they are classifying 
spaces for VECTOR BUNDLES. 


Gray Code 

An encoding of numbers so that adjacent numbers have 
a single DiciT differing by 1. A BINARY Gray code with 
n DIGITS corresponds to a HAMILTONIAN PATH on an 
n-D HyYPERCUBE (including direction reversals). The 
term Gray code is often used to refer to a “reflected” 
code, or more specifically still, the binary reflected Gray 
code. 


To convert a BINARY number d; dz2--- dn—1i dn to its cor- 
responding binary reflected Gray code, start at the right 
with the digit d, (the nth, or last, DiciT). If the dni 
is 1, replace d,, by 1—d,; otherwise, leave it unchanged. 
Then proceed to d,-1. Continue up to the first DIGIT 


Gray Code 


d,, which is kept the same since do is assumed to be a 
0. The resulting number gi g2--: gn—1 Gn is the reflected 
binary Gray code. 


To convert a binary reflected Gray code gi g2-++: gn~19n 
to a BINARY number, start again with the nth digit, and 
compute 


n-l 
Ln = S- 9: (mod 2). 
i= 


If Xp is 1, replace gn by 1 — gn; otherwise, leave it the 
unchanged. Next compute 


n—-2 


Xn-1 = So a (mod 2), 


i=1 


and so on. The resulting number d; d2--+ dn—1dn is 
the BINARY number corresponding to the initial binary 
reflected Gray code. 


The code is called reflected because it can be generated 
in the following manner. Take the Gray code 0, 1. Write 
it forwards, then backwards: 0, 1, 1, 0. Then append 0s 
to the first half and 1s to the second half: 00, 01, 11, 10. 
Continuing, write 00, 01, 11, 10, 10, 11, 01, 00 to obtain: 
000, 001, 011, 010, 110, 111, 101, 100, ... (Sloane’s 
A014550). Each iteration therefore doubles the number 
of codes. The Gray codes corresponding to the first few 
nonnegative integers are given in the following table. 


0 11110 111100 
1 1 }21) 11111 | 41 111101 
2 11 {22 11101 /42 111111 
3 10 ;23 11100 | 43 111110 
4 110 |24 10100 | 44 111010 
5 111 |25 10101 ;45 111011 
6 101 |26 10111 | 46 111001 
7 100 |27 10110 | 47 111000 
8 1100 |28 10010 | 48 101000 
9 1101 |29 10011 | 49 101001 
10 1111 ;30 10001 |50 101011 
11 1110 }31 10000 |51 101010 
12 1010 | 32 110000 | 52 101110 
13 1011 ; 33 110001 |53 101111 
14 1001 [34 110011 | 54 101101 
15 1000 | 35 110010 | 55 101100 
16 11000 |36 110110 | 56 100100 
17 11001 |37 110111 {57 100101 
18 11011 | 38 110101 | 58 100111 
19 11010 110100 100110 


The binary reflected Gray code is closely related to the 
solution of the TOWERS OF HANOI as well as the BAGUE- 
NAUDIER. 


see also BAGUENAUDIER, BINARY, HILBERT CURVE, 
MorsE-THUE SEQUENCE, RYSER FORMULA, TOWERS 
OF HANOI 


Great Circle 
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Great Circle 


The shortest path between two points on a SPHERE, 
also known as an ORTHODROME. To find the great cir- 
cle (GEODESIC) distance between two points located at 
LATITUDE 6 and LONGITUDE A of (61,41) and (62, A2) 
on a SPHERE of RADIUS a, convert SPHERICAL COOR- 
DINATES to CARTESIAN COORDINATES using 


cos A; cos 6; 
ri =aj sinA; cos 6; | . (1) 
sin 6; 


(Note that the LATITUDE 6 is related to the COLATI- 
TUDE ¢ of SPHERICAL COORDINATES by 6 = 90° — 4, 
so the conversion to CARTESIAN COORDINATES replaces 
sing and cos@ by cosé and sind, respectively.) Now 
find the ANGLE @ between r; and rz using the DoT 
PRODUCT, 


cosa = fi - Fe 
= cos 6; cos d2(sin Aj sin Az + cos A; cos Az) 
+ sin 6; sin d2 
= cos 6; cos 62 cos(A1 — Az) + sind; sindg. (2) 


The great circle distance is then 
d = acos~*[cos 6; cos 52 cos(A1 — Az) +8in 6; sin 62]. (3) 


For the Earth, the equatorial RADIUS is a = 6378 km, or 
3963 (statute) miles. Unfortunately, the FLATTENING of 
the Earth cannot be taken into account in this simple 
derivation, since the problem is considerable more com- 
plicated for a SPHEROID or ELLIPSOID (each of which 
has a RADIUS which is a function of LATITUDE). 
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The equation of the great circle can be explicitly com- 
puted using the GEODESIC formalism. Writing 


u=AXr (4) 
v=d=in-o (5) 
gives the P, Q, and R parameters of the GEODESIC 


(which are just combinations of the PARTIAL DERIVA- 
TIVES) as 


P= (22) + (24) + (2) =a’sin?v (6) 


du Ou Ou 
— Or Ox | OyOy | Oz Oz _ 
= Bide Gabe Dube t (7) 
_ (dx? dy\? Es ae 
n= (5) +($) +(&) =% (8) 


The GEODESIC differential equation then becomes 
cos v sin* y+2cosv sin? vv? +cos v4 —sin vv” = 0. (9) 
However, because this is a special case of Q = 0 with P 


and R explicit functions of v only, the GEODESIC solu- 
tion takes on the special form 


ae | ae Ee ee ae 
: P? — ¢?P * J a@sinty — 1? sin? v 
/ dv 
sin v4/ (2)’ sin? v — 1 


1 cosu 
2 
Ghat 
e1 


(Gradshteyn and Ryzhik 1979, p. 174, eqn. 2.599.6), 
which can be rewritten as 


—tan- 


+2 (10) 


+ C2. (11) 


It therefore follows that 


(sin c2)a sin v cos u — (cosc2)asinvsinu 


_ acosv =0. (12) 


(a) =4 


This equation can be written in terms of the CARTESIAN 
COORDINATES as 


xsince — ycoscg — —====—— = 0, (13) 
which is simply a PLANE passing through the center of 


the SPHERE and the two points on the surface of the 
SPHERE. 


760 Great Cubicuboctahedron 


see also GEODESIC, GREAT SPHERE, LOXODROME, MI- 
KUSINSKI’S PROBLEM, ORTHODROME, POINT-POINT 
DISTANCE—2-D, SPHERE 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Diego, CA: Academic 
Press, 1979. 

Weinstock, R. Calculus of Variations, with Applications to 
Physics and Engineering. New York: Dover, pp. 26-28 
and 62-63, 1974. 


Great Cubicuboctahedron 


The UNIFORM POLYHEDRON Ui4 whose DUAL POLY- 
HEDRON is the GREAT HEXACRONIC ICOSITETRAHE- 
DRON. It has WYTHOFF SYMBOL 34| 4 Its faces are 
8{3}+6{4}+6{§}. It is a FACETED version of the CUBE. 
The CIRCUMRADIUS of a great cubicuboctahedron with 
unit edge length is 


R=iV5-2v2. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 118-119, 1989. 


Great Deltoidal Hexecontahedron 
The DUAL of the GREAT RHOMBICOSIDODECAHEDRON 
(UNIFORM). 


Great Deltoidal Icositetrahedron 
The DUAL of the GREAT RHOMBICUBOCTAHEDRON 
(UNIFORM). 


Great Dirhombicosidodecacron 
The DUAL of the GREAT DIRHOMBICOSIDODECAHE- 
DRON. 


Great Dirhombicosidodecahedron 


The UNIFORM POLYHEDRON U7, whose DUAL is the 
GREAT DIRHOMBICOSIDODECACRON. ‘This POLYHE- 
DRON is exceptional because it cannot be derived from 


Great Ditrigonal Icosidodecahedron 


SCHWARZ TRIANGLES and because it is the only UNI- 
FORM POLYHEDRON with more than six POLYGONS sur- 
rounding each VERTEX (four SQUARES alternating with 
two TRIANGLES and two PENTAGRAMS). It has WYTH- 
OFF SYMBOL | 3 $38. Its faces are 40{3} + 60{4} + 
24{3}, and its CIRCUMRADIUS for unit edge length is 


R=1}V2. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 200-203, 1989. 


Great Disdyakis Dodecahedron 
The DUAL of the GREAT TRUNCATED CUBOCTAHE- 
DRON. 


Great Disdyakis Triacontahedron 
The DUAL of the GREAT TRUNCATED ICOSIDODECGAHE- 
DRON. 


Great Ditrigonal Dodecacronic 


Hexecontahedron 
The DUAL of the GREAT DITRIGONAL DODECICOSIDO- 
DECAHEDRON. 


Great Ditrigonal Dodecicosidodecahedron 


The UNIFORM POLYHEDRON U42 whose DUAL is the 
GREAT DITRIGONAL DODECACRONIC HEXECONTAHE- 
DRON. It has WYTHOFF SYMBOL 35| %. Its faces are 
20{3} +12{5} + 12{ 19}, and its CIRCUMRADIUS for unit 
edge length is 


R= 1V34-6v5. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, p. 125, 1989. 


Great Ditrigonal Icosidodecahedron 


Great Dodecacronic Hexecontahedron 


The UNIFORM POLYHEDRON U47 whose DUAL is the 
GREAT TRIAMBIC ICOSAHEDRON. It has WYTHOFF 
SYMBOL ${35. Its faces are 20{3} + 12{5}, and its 
CIRCUMRADIUS for unit edge length is 


Resvs. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 135-136, 1989. 


Great Dodecacronic Hexecontahedron 
The DUAL of the GREAT DODECICOSIDODECAHEDRON. 


Great Dodecadodecahedron 
see DODECADODECAHEDRON 


Great Dodecahedron 


The UNIFORM POLYHEDRON U3s which is the DUAL 
of the SMALL STELLATED DODECAHEDRON and one of 
the KEPLER-PoinsoT Souips. Its faces are 12{5}. Its 
SCHLAFLI SYMBOL is {5, 3}, and its WYTHOFF SYMBOL 
is §|25. Its faces are 12{5}. Its CIRCUMRADIUS for unit 
edge length is 


R= 15'/4g'/2q = 151/4,/2(1 + v5), 


where ¢ is the GOLDEN RATIO. 


see also GREAT ICOSAHEDRON, GREAT STELLATED Do- 
DECAHEDRON, KEPLER-POINSOT SOLID, SMALL STEL- 
LATED DODECAHEDRON 


References 

Fischer, G. (Ed.). Plate 105 in Mathematische Mod- 
elle/Mathematical Models, Bildband/Photograph Volume. 
Braunschweig, Germany: Vieweg, p. 104, 1986. 


Great Dodecahedron-Small Stellated 
Dodecahedron Compound 

A POLYHEDRON COMPOUND in which the GREAT Do- 
DECAHEDRON is interior to the SMALL STELLATED Do- 
DECAHEDRON. 


see also POLYHEDRON COMPOUND 


Great Dodecicosacron 761 


Great Dodecahemicosacron 
The DUAL of the GREAT DODECAHEMICOSAHEDRON. 


Great Dodecahemicosahedron 


The UNIFORM POLYHEDRON Ug; whose DUAL is the 
GREAT DODECAHEMICOSACRON. It has WYTHOFF 
SyMBoL 2 3|8. Its faces are 12{3} + 6{42}. It is a 
FACETED DODECADODECAHEDRON. The CIRCUMRA- 


DIUS for unit edge length is 


R= v3. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 106-107, 1989. 


Great Dodecahemidodecacron 
The DUAL of the GREAT DODECAHEMIDODECAHEDRON. 


Great Dodecahemidodecahedron 


The UNIFORM POLYHEDRON U79 whose DUAL is the 

GREAT DODECAHEMIDODECACRON. It has WYTHOFF 
5 10 

SyMBOL 2 3| 8. Its faces are 12{3} + 6{7?}. Its Cir- 

CUMRADIUS for unit edge length is 


R=¢"', 


where ¢ is the GOLDEN RATIO. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, p. 165, 1989. 


Great Dodecicosacron 
The DUAL of the GREAT DODECICOSAHEDRON. 


762 Great Dodecicosahedron 


Great Dodecicosahedron 


The UNIFORM POLYHEDRON Us3 whose DUAL is the 
GREAT DODECICOSACRON. It has WYTHOFF SYMBOL 


3£| 2]. Its faces are 20{6} + 12{4?}. Its CiRcUMRA- 
2 


DIuS for unit edge length is 
R= iv34-6v5. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 156-157, 1989. 


Great Dodecicosidodecahedron 


The UNIFORM POLYHEDRON Ug; whose DUAL is the 
GREAT DODECACRONIC HEXECONTAHEDRON. Its 
WYTHOFF SYMBOL is 2 3 |3. Its faces are 20{6}+12{3}, 
and its CIRCUMRADIUS for unit edge length is 


R= 158 — 18V5. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, p. 148, 1989. 


Great Hexacronic Icositetrahedron 
The DUAL of the GREAT CUBICUBOCTAHEDRON. 


Great Hexagonal Hexecontahedron 
The DUAL of the GREAT SNUB DODECICOSIDODECAHE- 
DRON. 


Great Icosacronic Hexecontahedron 
The DUAL of the GREAT ICOSICOSIDODECAHEDRON. 


Great Icosicosidodecahedron 


Great Icosahedron 


One of the KEPLER-POINSOT SOLIDS whose DUAL is 
the GREAT STELLATED DODECAHEDRON. Its faces are 
20{3}. It is also UNIFORM POLYHEDRON Us3 and has 
WyTHoFF SymBo1 3 § | &. Its faces are 20{3}+12{3}+ 
12{40}. Its CiRCUMRADIUS for unit edge length is 


R=iV11-4v5. 


see also GREAT DODECAHEDRON, GREAT ICOSAHE- 
DRON, GREAT STELLATED DODECAHEDRON, KEPLER- 
POINSOT SOLID, SMALL STELLATED DODECAHEDRON, 
TRUNCATED GREAT ICOSAHEDRON 


References 

Fischer, G. (Ed.). Plate 106 in Mathematische Mod- 
elle/Mathematical Models, Bildband/Photograph Volume. 
Braunschweig, Germany: Vieweg, p. 105, 1986. 

Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, p. 154, 1989. 


Great Icosahedron-Great Stellated 
Dodecahedron Compound 


A POLYHEDRON COMPOUND most easily constructed by 
adding the VERTICES of a GREAT ICOSAHEDRON to a 
GREAT STELLATED DODECAHEDRON. 


see also POLYHEDRON COMPOUND 
References 


Cundy, H. and Rollett, A. Mathematical Models, 3rd ed. 
Stradbroke, England: Tarquin Pub., pp. 132-133, 1989. 


Great Icosicosidodecahedron 


Great Icosidodecahedron 


The UNIFORM POLYHEDRON U4g whose DUAL is the 
GREAT ICOSACRONIC HEXECONTAHEDRON. It has 
WyTHOFF SYMBOL $ 5|3. Its faces are 20{3} + 20{6} + 
12{5}. Its CrRCUMRADIUS for unit edge length is 


R= 1V34-6v5. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 137-139, 1989. 


Great Icosidodecahedron 


A UNIFORM POLYHEDRON Us4 whose DUAL is the 
GREAT RHOMBIC TRIACONTAHEDRON (also called the 
GREAT STELLATED TRIACONTAHEDRON). It is a STEL- 
LATED ARCHIMEDEAN SOLID. It has SCHLAFLI SYM- 


BOL { 3} and WYTHOFF SYMBOL 2|3 8. Its faces are 


2 
20{3} + 12{8}. Its CrrcuMRADIUs for unit edge length 
is 

R=¢", 
where ¢ is the GOLDEN RATIO. 
References 
Cundy, H. and Rollett, A. Mathematical Models, 3rd ed. 

Stradbroke, England: Tarquin Pub., p. 124, 1989. 


Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, p. 147, 1989. 


Great Icosihemidodecacron 
The DUAL of the GREAT [COSIHEMIDODECAHEDRON. 


Great Icosihemidodecahedron 


The UNIFORM POLYHEDRON U7; whose DUAL is the 
GREAT ICOSIHEMIDODECACRON. It has WYTHOFF 
SYMBOL 33/3. Its faces are 20{3} + 6{42}. For unit 
edge length, its CIRCUMRADIUS is 


R=¢", 
where ¢ is the GOLDEN RATIO. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 


Cambridge University Press, p. 164, 1989. 


Great Quasitruncated Icosidodecahedron 763 


Great Inverted Pentagonal Hexecontahedron 
The DUAL of the GREAT INVERTED SNUB ICOSIDODEC- 
AHEDRON. 


Great Inverted Retrosnub 
Icosidodecahedron 


see GREAT RETROSNUB ICOSIDODECAHEDRON 


Great Inverted Snub Icosidodecahedron 


The UNIFORM POLYHEDRON Ugg whose DUAL is the 
GREAT INVERTED PENTAGONAL HEXECONTAHEDRON. 
It has WYTHOFF SYMBOL |23 8. Its faces are 80{3} + 
12{§}. For unit edge length, it has CIRCUMRADIUS 


pa 1, [8122/8 = 160 + 2/802 
2\ 8. 22/3 — 10x + 21/3? 


= 0.816080674799923, 


where 


r= (49 ~27V5 + 8v6V/93 — 40v8) 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, p. 179, 1989. 


Great Pentagonal Hexecontahedron 
The DUAL of the GREAT SNUB ICOSIDODECAHEDRON. 


Great Pentagrammic Hexecontahedron 
The DUAL of the GREAT RETROSNUB ICOSIDODECAHE- 
DRON. 


Great Pentakis Dodecahedron 
The DUAL of the SMALL STELLATED TRUNCATED Do- 
DECAHEDRON. 


Great Quasitruncated Icosidodecahedron 
see GREAT TRUNCATED ICOSIDODECAHEDRON 


764 Great Retrosnub Icosidodecahedron 


Great Retrosnub I¢cosidodecahedron 


The UNIFORM POLYHEDRON U7a, also called the GREAT 
INVERTED RETROSNUB ICOSIDODECAHEDRON, whose 
DUAL is the GREAT PENTAGRAMMIC HEXECONTAHE- 
DRON. It has WYTHOFF SYMBOL |2 3 8. Its faces are 
80{3} +12{2}. For unit edge length, it has CIRCUMRA- 
DIUS 
2-2 

—@ 


R=t = 0.5800015, 


where z is the smaller NEGATIVE root of 
ge +227? =0, 


with ¢ the GOLDEN MEAN. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 189-193, 1989. 


Great Rhombic Triacontahedron 

A ZONOHEDRON which is the DUAL of the GREAT Icos- 
IDODECAHEDRON. It is also called the GREAT STEL- 
LATED TRIACONTAHEDRON. 


References 
Cundy, H. and Rollett, A. Mathematical Models, 3rd ed. 
Stradbroke, England: Tarquin Pub., p. 126, 1989. 


Great Rhombicosidodecahedron 
(Archimedean) 


Great Rhombicuboctahedron 


An ARCHIMEDEAN SOLID also known as the RHOM- 
BITRUNCATED ICOSIDODECAHEDRON. It is sometimes 
improperly called the TRUNCATED ICOSIDODECAHE- 
DRON, a name which is inappropriate since TRUNCATION 
would yield RECTANGULAR instead of SQUARE. The 
great rhombicosidodecahedron is also UNIFORM POLY- 
HEDRON U2g. Its DUAL is the DISDYAKIS TRIACON- 
TAHEDRON, also called the HEXAKIS ICOSAHEDRON,. It 
has SCHLAFLI SymBou t{?} and WyTHOFF SYMBOL 
235|. The INRADIUS, MIDRADIUS, and CIRCUMRADIUS 
for a= 1 are 


r= 34 (105 + 6V5)V31 + 12V5 ~ 3.73665 


p = 1/304 12V5 & 3.76938 


R= i314 12V5 ~ 3.80239. 


see also SMALL RHOMBICOSIDODECAHEDRON 


References 

Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recre- 
ations and Essays, 18th ed. New York: Dover, p. 137, 
1987. 


Great Rhombicosidodecahedron (Uniform) 


The UNIFORM POLYHEDRON U7, also called the 
QUASIRHOMBICOSIDODECAHEDRON, whose DUAL is the 
GREAT DELTOIDAL HEXECONTAHEDRON. It has 
SCHLAFLI SYMBOL r{ 2 $. It has WYTHOFF SYMBOL 


2 
33|2. Its faces are 20{3} + 30{4} + 12{3}. For unit 
edge length, its CIRCUMRADIUS is 


R=4V11-4v5. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 162-163, 1989. 


Great Rhombicuboctahedron 
(Archimedean) 


Great Rhombicuboctahedron (Uniform) 


An ARCHIMEDEAN SOLID sometimes (improperly) called 
the TRUNCATED CUBOCTAHEDRON and also called the 
RHOMBITRUNCATED CUBOCTAHEDRON. Its DUAL is 
the DispYAKIS DODECAHEDRON, also called the HEx- 
AKIS OCTAHEDRON. It has SCHLAFLI SymBox t{3}. 
It is also UNIFORM POLYHEDRON U3; and has WYTH- 
OFF SYMBOL 234]. Its faces are 8{6} + 12{4} + 6{8}. 
The SMALL CUBICUBOCTAHEDRON is a FACETED ver- 
sion. The INRADIUS, MIDRADIUS, and CIRCUMRADIUS 
for unit edge length are 


r= £(14+ V2)V13 + 6V2 = 2.20974 
p= 1V 12+ 6V2 & 2.26303 
R=1V13+6V2 = 2.31761. 


Additional quantities are 


t = tan(i7) = V2 -1 
I = 2t = 2(V2 — 1) 
h=1+lsin(¢m) =3- v2. 
see also SMALL RHOMBICUBOCTAHEDRON, GREAT 
TRUNCATED CUBOCTAHEDRON 


References 

Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recre- 
ations and Essays, 13th ed. New York: Dover, p. 138, 
1987. 


Great Rhombicuboctahedron (Uniform) 


The UNIFORM POLYHEDRON Uj7, also known as 
the QUASIRHOMBICUBOCTAHEDRON, whose DUAL is 
the GREAT DELTOIDAL ICOSITETRAHEDRON. It has 
SCHLAFLI SYMBOL 1’{$} and WYTHOFF SYMBOL 3 4| 2. 
Its faces are 8{3} + 20{4}. Its CrIRCUMRADIUS for unit 


edge length is 
R=iV5-2v2. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 132-133, 1989. 


Great Rhombihexahedron 765 


Great Rhombidodecacron 
The DUAL of the GREAT RHOMBIDODECAHEDRON. 


Great Rhombidodecahedron 


The UNIFORM POLYHEDRON U73 whose DUAL is the 
Great. Rhombidodecacron. It WYTHOFF SYMBOL 


3 
23 | | Its faces are 30{4} + 12{42}. Its CircuM- 


4 
RADIUS for unit edge length is 


R=iV11-4v5. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 168-170, 1989. 


Great Rhombihexacron 
The DUAL of the GREAT RHOMBIHEXAHEDRON. 


Great Rhombihexahedron 


The UNIFORM POLYHEDRON U2, whose DUAL is the 
GREAT RHOMBIHEXACRON. It has WYTHOFF SYMBOL 


24 Z|. Its faces are 12{4} + 6{2}. Its CIRCUMRADIUS 


2 
for unit edge length is 


R= iV5-2v2. 


References 


Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 159-160, 1989. 


766 Great Snub Dodecicosidodecahedron 


Great Snub Dodecicosidodecahedron 


The UNIFORM POLYHEDRON Ue4 whose DUAL is the 
GREAT HEXAGONAL HEXECONTAHEDRON. It has 
WYTHOFF SYMBOL |3 3 &. Its faces are 80{3} + 24{$}. 
Its CIRCUMRADIUS for unit edge length is 


R=1¥V2. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 183-185, 1989. 


Great Snub Icosidodecahedron 


The UNIFORM POLYHEDRON Us; whose DUAL is the 
GREAT PENTAGONAL HEXECONTAHEDRON. It has 
WYTHOFF SYMBOL | 23 3. Its faces are 80{3} + 12{$}. 
For unit edge length, it has CIRCUMRADIUS 


2-2 
l-z 


R=} % 0.6450202, 


where z is the most NEGATIVE ROOT of 
x +227 ~ ¢? = 0, 
with @ the GOLDEN RATIO. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 186-188, 1989. 


Great Sphere 

The great sphere on the surface of a HYPERSPHERE is 
the 3-D analog of the GREAT CIRCLE on the surface of 
a SPHERE. Let 2h be the number of reflecting SPHERES, 
and let great spheres divide a HYPERSPHERE into g 4-D 
TETRAHEDRA. Then for the POLYTOPE with SCHLAFLI 
SYMBOL {p,q,r}, 


4h 4 4 
SE i papaya 
g DF 


see also GREAT CIRCLE 


Great Stellated Truncated Dodecahedron 


Great Stellapentakis Dodecahedron 
The DUAL of the GREAT TRUNCATED ICOSAHEDRON. 


Great Stellated Dodecahedron 


One of the KEPLER-POINSOT SOLIDS whose DUAL is the 
GREAT ICOSAHEDRON. Its SCHLAFLI SYMBOL is {2, 3}. 
It is also UNIFORM POLYHEDRON Us2 and has WYTH- 
OFF SYMBOL 3/28. Its faces are 12{3}. Its CrRCUM- 
RADIUS for unit edge length is 


fix ivae-! = 1Va(/s =): 


The casiest way to construct it is to make 12 TRIANGU- 
LAR PYRAMIDS 


with side length ¢ = (1+ V5)/2 (the GOLDEN RaTio) 
times the base and attach them to the sides of an Icos- 
AHEDRON. 


see also GREAT DODECAHEDRON, GREAT ICOSAHE- 
DRON, GREAT STELLATED TRUNCATED DODECAHE- 
DRON, KEPLER-POINSOT SOLID, SMALL STELLATED 
DODECAHEDRON 


References 

Fischer, G. (Ed.). Plate 104 in Mathematische Mod- 
elle/Mathematical Models, Bildband/Photograph Volume. 
Braunschweig, Germany: Vieweg, p. 103, 1986. 


Great Stellated Triacontahedron 
see GREAT RHOMBIC TRIACONTAHEDRON 


Great Stellated Truncated Dodecahedron 


The UNIFORM POLYHEDRON Ug, also called the QuaA- 
SITRUNCATED GREAT STELLATED DODECAHEDRON, 
whose DUAL is the GREAT TRIAKIS ICOSAHEDRON. It 
has SCHLAFLI SYMBOL t’{3,3} and WYTHOFF SYMBOL 


Great Triakis Icosahedron 


23] 8%. Its faces are 20{3} + 12{P}. Its CIRCUMRADIUS 
for unit edge length is 


R= iV74-30V5. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, p. 161, 1989. 


Great Triakis Icosahedron 
The DUAL of the GREAT STELLATED TRUNCATED Do- 
DECAHEDRON. 


Great Triakis Octahedron 
The DUAL of the STELLATED TRUNCATED HEXAHE- 
DRON. 


see also SMALL TRIAKIS OCTAHEDRON 
Great Triambic Icosahedron 
The DUAL of the GREAT DITRIGONAL ICOSIDODECA- 


HEDRON. 


Great Truncated Cuboctahedron 


The UNIFORM POLYHEDRON U9, also called the QUA- 
SITRUNCATED CUBOCTAHEDRON, whose DUAL is the 
GREAT DISDYAKIS DODECAHEDRON. It has SCHLAFLI 
Symsot t’{3} and WyTHOFF SYMBOL 23 4|. Its Cir- 
CUMRADIUS for unit edge length is 


R= ivi3-6v2. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 145-146, 1989. 


Great Truncated Icosahedron 


The UNIFORM POLYHEDRON Us, also called the TRUN- 
CATED GREAT ICOSAHEDRON, whose DUAL is the 


Greater Than/Less Than Symbol 767 


GREAT STELLAPENTAKIS DODECAHEDRON. It has 
ScHLAFLI SymBot t{3,2} and WyTHorr SYMBOL 
22|3. Its faces are 20{6} + 12{$}. Its CIRcuMRaDIUS 
for unit edge length is 


R= 1V58—18V5. 
4 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, p. 148, 1989. 


Great Truncated Icosidodecahedron 


The UNIFORM POLYHEDRON Ugg, also called the GREAT 
QUASITRUNCATED ICOSIDODECAHEDRON, whose DUAL 
is the GREAT DISDYAKIS TRIACONTAHEDRON. It has 


SCHLAFLI SYMBOL vfs and WyYTHOFF SYMBOL 


2 
238|. Its faces are 20{6} + 30{4} + 12{*2}. Its Cir- 
CUMRADIUS for unit edge length is 


R= iV31—12V5. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 166-167, 1989. 


Greater 

A quantity a is said to be greater than b if a is larger 
than b, written a > 6. If a is greater than or EQUAL 
to b, the relationship is written a > b. If a is MUCH 
GREATER than 8, this is written a > b. Statements 
involving greater than and LESS than symbols are called 
INEQUALITIES. 


see also EQUAL, GREATER THAN/LESS THAN SYMBOL, 
INEQUALITY, LESS, MUCH GREATER 


Greater Than/Less Than Symbol 

When applied to a system possessing a length R at which 
solutions in a variable r change character (such as the 
gravitational field of a sphere as r runs from the interior 
to the exterior), the symbols 


T> = max(r, 2) 


r< =min(r, R) 


are sometimes used. 


see also EQUAL, GREATER, LESS 


768 Greatest Common Denominator 


Greatest Common Denominator 


see GREATEST COMMON DIVISOR 


Greatest Common Divisor 
The greatest common divisor of a and 6 GCD(a,)), 
sometimes written (a,b), is the largest DIVISOR com- 
mon to a and b. Symbolically, let 


a= [[2* (1) 
b= [[2:* (2) 


Then the greatest common divisor is given by 
(a,b) = Flat, (3) 
i 


where min denotes the MINIMUM. The GCD is DIs- 
TRIBUTIVE 


(ma, mb) = m(a, b) (4) 
(ma, mb, mc) = m(a, b,c), (5) 
and ASSOCIATIVE 
(a,b,c) = ((a,6), ec) = (a, (b,c) (6) 
a d c b 
(ab, cd) = (a,.c)(b, d) (ey aa) (Es: aa) Fi 
(7) 


If a = ai(a,b) and b = bi (a,b), then 
(a,b) = (a1(a,b), 6: (a,6)) = (a,b) (a1, 61), (8) 


so (a1, 61) = 1 and a; and b; are said to be RELATIVELY 
PRIME. The GCD is also IDEMPOTENT 


(a,a) = a, (9) 


COMMUTATIVE 
(a,b) = (b, a), (10) 


and satisfies the ABSORPTION LAW 


{a, (a, 6)] = a. (11) 


The probability that two INTEGERS picked at random 
are RELATIVELY PRIME is [¢(2)]~* = 6/2*, where C(z) is 
the RIEMANN ZETA FUNCTION. Polezzi (1997) observed 
that (m,n) = k, where k is the number of LaTTIcE 
POINTS in the PLANE on the straight LINE connecting 
the VECTORS (0, 0) and (m,n) (excluding (m, 7) itself). 
This observation is intimately connected with the prob- 
ability of obtaining RELATIVELY PRIME integers, and 
also with the geometric interpretation of a REDUCED 
FRACTION y/z as a string through a LATTICE of points 
with ends at (1,0) and (x,y). The pegs it presses against 
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(zi, yi) give alternate CONVERGENTS y;/a; of the Con- 
TINUED FRACTION for y/z, while the other CONVER- 
GENTS are obtained from the pegs it presses against with 
the initial end at (0, 1). 


Knuth showed that 
(2? — 1,97 —1) = 2 _4 (12) 


for p,q PRIME. 


The extended greatest common divisor of two INTEGERS 
m and n can be defined as the greatest common divisor 
of m and n which also satisfies the constraint g = rm + 
sn for r and s given INTEGERS. It is used in solving 
LINEAR DIOPHANTINE EQUATIONS. 


see also BEZOUT NUMBERS, EUCLIDEAN ALGORITHM, 
LEAST PRIME FACTOR 
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Greatest Common Divisor Theorem 
Given m and n, it is possible to choose c and d such that 
cm + dn is a common factor of m and n. 


Greatest Common Factor 
see GREATEST COMMON DIVISOR 


Greatest Integer Function 
see FLOOR FUNCTION 


Greatest Lower Bound 
see INFIMUM, LEAST UPPER BOUND 


Greatest Prime Factor 


20 40 60 80 100 
For an INTEGER n > 2, let gpf(x) denote the greatest 
prime factor of n, i-e., the number p, in the factorization 


as a1 
n=Ppi aes 


with p; < p; fori < j. For n = 2, 3, ..., the first 
few are 2, 3, 2, 5, 3, 7, 2, 3, 5, 11, 3, 13, 7, 5, ... 
(Sloane’s A006530). The greatest multiple prime factors 


Grebe Point 


for SQUAREFUL integers are 2, 2, 3, 2, 2, 3, 2, 2, 5, 3, 2, 
2, 3,... (Sloane’s A046028). 


see also DISTINCT PRIME FACTORS, FACTOR, LEAST 
COMMON MULTIPLE, LEAST PRIME Factor, MAN- 
GOLDT FUNCTION, PRIME Factors, TWIN PEAKS 
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Grebe Point 
see LEMOINE POINT 


Greedy Algorithm 
An algorithm used to recursively construct a SET of ob- 
jects from the smallest possible constituent parts. 


Given a SET of k INTEGERS (a1, G2, ..., @&) with ay < 
a2 <... <a, a greedy algorithm can be used to find a 


VECTOR of coefficients (ci, cz, -.-, cx) such that 
k 
S cia =e a=n, (1) 
i=1 


where c-a is the DoT PRODUCT, for some given INTEGER 
n. This can be accomplished by letting c; = 0 for i = 1, 
..,k&—1 and setting 


a= {=| (2) 


ar 


Now define the difference between the representation 


and n as 
A=n-c-a. (3) 


If A = 0 at any step, a representation has been found. 
Otherwise, decrement the NONZERO a; term with least 
a, set all a; = 0 for 7 < 7, and build up the remaining 
terms from 


ai 
c= |=2 (4) 
for j =i-—1,..., 1 until A = 0 or all possibilities have 


been exhausted. 


For example, MCNUGGET NUMBERS are numbers which 
are representable using only (a1,a2,a3) = (6,9, 20). 
Taking n = 62 and applying the algorithm iteratively 
gives the sequence (0, 0, 3), (0, 2, 2), (2, 1, 2), (3, 0, 
2), (1, 4, 1), at which point A = 0. 62 is therefore a 
McNuUGGET NUMBER with 


62 = (1-6) + (4-9) + (1- 20). (5) 
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If any INTEGER n can be represented with c; = 0 or 
1 using a sequence (a1, a2, ...), then this sequence is 
called a COMPLETE SEQUENCE. 


A greedy algorithm can also be used to break down arbi- 
trary fractions into UNIT FRACTIONS in a finite number 
of steps. For a FRACTION a/d, find the least INTEGER 
a, such that 1/21 < a/b, i-e., 


. 181 
r= “ant (6) 


where [2] is the CEILING FUNCTION. Then find the 
least INTEGER x2 such that 1/a2 < a/b — 1/z1. Iterate 
until there is no remainder. The ALGORITHM gives two 
or fewer terms for 1/n and 2/n, three or fewer terms for 
3/n, and four or fewer for 4/n. 


Paul Erdés and E. G. Strays have conjectured that the 
DIOPHANTINE EQUATION 


~HS-tet 7 (7) 
always can be solved, and W. Sierpiriski conjectured that 


1 1 1 
rmereg aa (8) 


can be solved, 


see also COMPLETE SEQUENCE, INTEGER RELA- 
TION, LEVINE-O’SULLIVAN GREEDY ALGORITHM, Mc- 
NUGGET NUMBER, REVERSE GREEDY ALGORITHM, 
SQUARE NUMBER, SYLVESTER’S SEQUENCE, UNIT 
FRACTION 


References 


Greek Cross 


An irregular DODECAHEDRON CROSS in the shape of a 
Pus SIGN. 


see also CROSS, DISSECTION, DODECAHEDRON, LATIN 
Cross, PLuS SIGN, SAINT ANDREW’S CROSS 


Greek Problems 
see GEOMETRIC PROBLEMS OF ANTIQUITY 


Green’s Function 
Let 


L=D" +an-1(t)D* + +...+a(()D+a0(t) (1) 
be a differential OPERATOR in 1-D, with a;(¢) CONTINU- 
ous fori = 0, 1,..., 7—1 on the interval J, and assume 


we wish to find the solution y(t) to the equation 


Ly(t) = A(t), (2) 
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where h(t) is a given CONTINUOUS on J. To solve equa- 
tion (2), we look for a function g : C(I) +» C(I) such 
that L(g(h)) = h, where 


y(t) = g(A(t)). (3) 
This is a CONVOLUTION equation of the form 
y=grh, (4) 
so the solution is 
t 
4) = i g(t — 2)A(a) de, (5) 
tg 


where the function g(¢) is called the Green’s function for 


Lon I. 
Now, note that if we take h(t) = 6(t), then 


t 
uit) = [a(t — 2)8(2) a2 = a), (6) 
to 
so the Green’s function can be defined by 
Lg(t) = 4(t). (7) 


However, the Green’s function can be uniquely deter- 
mined only if some initial or boundary conditions are 
given. 


For an arbitrary linear differential operator L in 3-D, 
the Green’s function G(r,r’) is defined by analogy with 
the 1-D case by 

LG(r,r') = 6(r — 1’). (8) 


The solution to L¢é = f is then 
b(r) = / G(r,r') f(r’) dr". (9) 


Explicit expressions for G(r,r’) can often be found in 
terms of a basis of given eigenfunctions ¢n(ri) by ex- 
panding the Green’s function 


G(ri,r2) = S > an (r2)on(r1) (10) 


n=O 


and DELTA FUNCTION, 
5(r1 — 42) =} bad (ta). (11) 
n=0 


Multiplying both sides by ¢n(r2) and integrating over 
Ti space, 


[ emte2)6°(e1—m) dr, = Soom f dm (es)on(e) day 
ae (12) 


Green’s Function—Helmholtz. .. 


om(F2) = J bndnm = bm, (13) 
n=0 
5°(r1 ~ 42) = D> dn(ti)$n(r2)- (14) 


By plugging in the differential operator, solving for the 

@n8, and substituting into G, the original nonhomoge- 

neous equation then can be solved. 
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Green’s Function—Helmholtz Differential 
Equation 
The inhomogeneous HELMHOLTZ DIFFERENTIAL EQUA- 
TION is 

V'o(r) + k'b(r) = p(r), (1) 


where the Helmholtz operator is defined as L=V?+k?. 
The Green’s function is then defined by 
(V? + k*)G(ri,r2) = 6°(ri — ra). (2) 


Define the basis functions ¢, as the solutions to the 
homogeneous HELMHOLTZ DIFFERENTIAL EQUATION 


Von (Fr) + kn bn(r) = 0. (3) 


The Green’s function can then be expanded in terms of 
the dns, 


oo 


G(ri,t2) = $0 an(r2)dn(ri), (4) 


n=0 


and the DELTA FUNCTION as 
Co 

5°(r1 — 42) = D> dn(ri)}n(r2)- (5) 
n=0 


Plugging (4) and (5) into (2) gives 


Vv? p> ote)ate) +k? ae. An(r2)¢n(ri) 


n=0 n=0 


= S> bn (t1)Gn(r2). (6) 


Using (3) gives 
— SP an(ra)hn?bn(r) +k? S > an(r2)bn(P1) 


= So gn(ri)on(r2) (7) 


n=0 


Green’s Function—Poisson’s Equation 


YS an(¥2)}n(41)(k? — kn”) = D> dn(t1)on (ra). (8) 


n=0 n=0 


This equation must hold true for each n, so 


an(t2)On(ti)(k” — kn”) = Gn(ti)on(t2) (9) 
an(ta) = Ss, (10) 
and (4) can be written 
= gn 1)On 
G(ri,r2) = ¥ 2 u a) (11) 


The general solution to (1) is therefore 


(ri) = Beal 
= [OP ate, (12) 
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Green’s Function—Poisson’s Equation 
POISSON’S EQUATION equation is 


Vo = 4np, (1) 
where ¢ is often called a potential function and p a den- 
sity function, so the differential operator in this case is 
L=V?. As usual, we are looking for a Green’s function 
G(ri,t2) such that 

V°G(r1,r2) = 6°(r1 — 12). (2) 


But from LAPLACIAN, 


2 1 a 3 é 
Vv (Gm) = 4nd (vr —1'), (3) 


sO 
1 


4x|r —r’|’ 


Gar,r’) = — 


and the solution is 


oe) = f Gte,r'Vamole’yate’ = — [ PEEK (5) 


|r ~r'| 


Expanding G(ri,r2) in the SPHERICAL HARMONICS Y,” 
gives 


G(r1,T2) 


! 
= oe wate cer YO” (01,61) ¥;""" (2,62), (6) 
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where r< and rs are GREATER THAN/LEsSS THAN SYM- 
BOLS. This expression simplifies to 


lor 
de Do phi Pilcos 9), (7) 


i=0 


G(r1,r2) = 


where P; are LEGENDRE POLYNOMIALS, and cosy = 
r; ‘rz. Equations (6) and (7) give the addition theorem 
for LEGENDRE POLYNOMIALS. 


In CYLINDRICAL COORDINATES, the Green’s function is 
much more complicated, 


co 


1 
G(r, r2) = On? s 


m=—oo 


: ” In (kpc) Km (kp> e™-#2) cosike(z1 — 22)] dk 
0 
(8) 


where I,,(x) and K,,(x) are MODIFIED BESSEL FUNC- 
TIONS OF THE FIRST and SECOND KINDS (Arfken 1985). 
References 
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Green’s Identities 

Green’s identities are a set of three vector deriva- 
tive/integral identities which can be derived starting 
with the vector derivative identities 


V - (bV¢) = pV76 + (Ve) - (V9) (1) 


and 


V - (@Ve) = Vv + (V4) - (VY), (2) 


where V- is the DIVERGENCE, V is the GRADIENT, V? 
is the LAPLACIAN, and a-b is the DOT PRODUCT. From 
the DIVERGENCE THEOREM, 


[ona [ras (3) 


Plugging (2) into (3), 


i o(Vy) -da = | [oV7>b + (Ve) -(Vy)]dV. (4) 


This is Green’s first identity. 
Subtracting (2) from (1), 
V -(¢Ve — pV 9) = oV*o — YS. (5) 


Therefore, 


/ (OV°v — Vd) dV = i (Vu - ¥V¢)-da. (6) 
Vv Ss 
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This is Green’s second identity. 


Let u have continuous first PARTIAL DERIVATIVES and 
be HARMONIC inside the region of integration. Then 
Green’s third identity is 


1 1\ du 0 1 
MOUS xf (2) oe tana (Z)] & 
(Kaplan 1991, p. 361). 
References 


Kaplan, W. Advanced Calculus, 4th ed. 
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Reading, MA: 


Greene’s Method 

A method for predicting the onset of widespread CHAOS. 
It is based on the hypothesis that the dissolution of an 
invariant torus can be associated with the sudden change 
from stability to instability of nearly closed orbits (Ta- 
bor 1989, p. 163). 


see also OVERLAPPING RESONANCE METHOD 


References 
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Green Space 

A G-SPACE provides local notions of harmonic, hyper- 
harmonic, and superharmonic functions. When there 
exists a nonconstant superharmonic function greater 
than 0, it is a called a Green space. Examples are R” 
(for n > 3) and any bounded domain of R”. 


Green’s Theorem 

Green’s theorem is a vector identity which is equivalent 
to the CURL THEOREM in the PLANE. Over a region D 
in the plane with boundary 0D, 


a og _ OF 
[ Havvde+ ote) dy = ff (3 7) dea 


[Pass [fox naa. 


If the region D is on the left when traveling around 0D, 
then AREA of D can be computed using 


a=af ady — ydz. 
aD 


see also CURL THEOREM, DIVERGENCE THEOREM 
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Grenz-Formel 


Gregory’s Formula 
A series FORMULA for PI found by Gregory and Leibniz, 


It converges very slowly, but its convergence can be ac- 
celerated using certain transformations, in particular 


where ¢(z) is the RIEMANN ZETA FUNCTION (Vardi 
1991). 


see also MACHIN’S FORMULA, MACHIN-LIKE FORMU- 
LAS, PI 


References 
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Gregory Number 
A number 
-1s1)\ 1 
t, = tan (5) =cot a, 


where z is an INTEGER or RATIONAL NUMBER, tan~' z 


is the INVERSE TANGENT, and cot~*z is the INVERSE 
COTANGENT. Gregory numbers arise in the determina- 
tion of MACHIN-LIKE FORMULAS. Every Gregory num- 
ber tz can be expressed uniquely as a sum of t,s where 
the ns are STORMER NUMBERS. 


References 
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Grelling’s Paradox 

A semantic PARADOX, also called the HETEROLOGICAL 
PARADOX, which arises by defining “heterological” to 
mean “a word which does not describe itself.” The word 
“heterological” is therefore heterological IFF it is not. 


see also RUSSELL’S PARADOX 
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Grenz-Formel 
An equation derived by Kronecker: 


: =; 2nr ¢(2s — 2 
S (e? + y? + dz*)~* = 4¢(s)n(s) + ee 
27° . = : £. (=) fe =a 
dae {s-1)/2 = 27 ¥nd (uty 878 d 
Tt} > 1D ure-2 i ms ce 
asl ulin 7 


where 
r(n)=4 > sin( 37d), 


d[n 


Griffiths Points 


¢(z), is the RIEMANN ZETA FUNCTION, 7(z) is the 
DIRICHLET ETA FUNCTION, I'(z) is the GAMMA FUNC- 
TION, and the primed sum omits infinite terms (Selberg 
and Chowla 1967). 
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Griffiths Points 

“The” Griffiths point is the fixed point in GRIFFITHS’ 
THEOREM. Given four points on a CIRCLE and a line 
through the center of the CIRCLE, the four correspond- 
ing Griffiths points are COLLINEAR (Tabov 1995). 


The points 
Gr=1+4Ge 


Gr' = 1 —4Ge, 


are known as the first and second Griffiths points, where 
Tis the INCENTER and Ge is the GERGONNE POINT. 


see also GERGONNE POINT, GRIFFITHS’ THEOREM, IN- 
CENTER, OLDKNOW POINTS, RIGBY POINTS 
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Griffiths’ Theorem 

When a point P moves along a line through the CIr- 
CUMCENTER of a given TRIANGLE A, the CIRCUMCIR- 
CLE of the PEDAL TRIANGLE of P with respect to A 
passes through a fixed point (the GRIFFITHS POINT) on 
the NINE-POINT CIRCLE of A. 


see also CIRCUMCENTER, GRIFFITHS POINTS, NINE- 
POINT CIRCLE, PEDAL TRIANGLE 


Grimm’s Conjecture 

Grimm conjectures that ifn+1,n+2,...,n+k are all 
COMPOSITE NUMBERS, then there are distinct PRIMES 
pi; such that pi,;|(n+ 9) for 1 <j <k. 


References 
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Grinberg Formula 

A formula satisfied by all HAMILTONIAN CIRCUITS with 
n nodes. Let f; be the number of regions inside the 
circuit with 7 sides, and let g; be the number of regions 
outside the circuit with 7 sides. If there are d interior 
diagonals, then there must be d+ 1 regions 


[# regions in interior] = d+1= fo+fs+...t+ fn. (1) 
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Any region with j sides is bounded by j EDGES, so such 
regions contribute jf; to the total. However, this counts 
each diagonal twice (and each EDGE only once). There- 
fore, 


2f2+3f3+...4+nfn =%d+n. (2) 
Take (2) — 2 x (1), 


fa+2fa+3fs+...4(n-2)f2 =n—2. (3) 
Similarly, 
g3 + 2g4+...+(n—-2)gn =n- 2, (4) 


so 


(fs—g3)+2(fa—ga)+3(fs—gs)+--.+(n—2)(fn—gn) a 
5 


Grébner Basis 

A Grébner basis for a system of POLYNOMIAL equations 
is an equivalence system that possesses useful proper- 
ties. It is very roughly analogous to computing an OR- 
THONORMAL BASIS from a set of BASIS VECTORS and 
can be described roughly as a combination of GaAus- 
SIAN ELIMINATION (for linear systems) and the EUCLID- 
EAN ALGORITHM (for UNIVARIATE POLYNOMIALS over 
a FIELD). 


Gr6dbner bases are useful in the construction of sym- 
bolic algebra algorithms. The algorithm for computing 
Gr6ébner bases is known as BUCHBERGER’S ALGORITHM. 


see also BUCHBERGER’S ALGORITHM, COMMUTATIVE 
ALGEBRA 
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Groemer Packing 
A honeycomb-like packing that forms HEXAGONS. 


see also GROEMER THEOREM 
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Groemer Theorem 
Given n CIRCLES and a PERIMETER p, the total AREA 
of the CONVEX HULL is 


Aconvex Hull > 2/3(n = 1) +p(l >. 1/3) + mv3 = 1). 


Furthermore, the actual AREA equals this value IFF the 
packing is a GROEMER PACKING. The theorem was 
proved in 1960 by Helmut Groemer. 


see also CONVEX HULL 


Gronwall’s Theorem 
Let o(n) be the Divison FuNCTION. Then 


lim ety) =e’ 


noco NinInn 


where y is the EULER-MASCHERONI CONSTANT. Ra- 
manujan independently discovered a less precise version 
of this theorem (Berndt 1994). Robin (1984) showed 
that the validity of the inequality 


a(n) <e’nlInInn 


for n > 5041 is equivalent to the RIEMANN HYPOTHESIS. 
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Gross 
A DOZEN DOZEN, or the SQUARE NUMBER 144. 


see also 12, DOZEN 


Grossencharacter 

In the original formulation, a quantity associated with 
ideal class groups. According to Chevalley’s formula- 
tion, a Grossencharacter is a MULTIPLICATIVE CHAR- 
ACTER of the group of ADELES that is trivial on the 
diagonally embedded k*, where k is a number FIELD. 
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Grothendieck’s Theorem 


Grossman’s Constant 
Define the sequence a9 = 1, a} = x, and 

an 
1+ Gn41 
for n > 0. Janssen and Tjaden (1987) showed that 
this sequence converges for exactly one value of z, 
x = 0.73733830336929..., confirming Grossman’s con- 
jecture. 


Qn+2 = 
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Grothendieck’s Majorant 
The best known majorant of Grothendieck’s constant. 
Let A be an n X n REAL SQUARE MATRIX such that 


S> QijLiY; (1) 


1<ij<n 


in which xz; and y; have REAL ABSOLUTE VALUES < 
1. Grothendieck has shown there exists a number Ke 
independent of A and n satisfying 


dS aig (2inys) (2) 


L<i,j<n 


in which the vectors x; and y; have a norm < 1 in 
HILBERT SPACE. The Grothendieck constant is the 
smallest REAL NUMBER for which this inequality has 
been proven. Krivine (1977) showed that 


1.676...< Ko < 1.782..., (3) 


and has postulated that 
wT 


e 2in(1 + V3) 
It is related to KHINTCHINE’S CONSTANT. 


= 1.7822139.... (4) 
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Grothendieck’s Theorem 

Let E and F be paired spaces with S a family of ab- 
solutely convex bounded sets of F' such that the sets of 
S generate F and, if Bi, Bz € S, then there exists a 
Bz E€ S such that B3 =) By and B; > Bo. Then Es is 
complete IFF algebraic linear functional f(y) of F’ that 
is weakly continuous on every B € S is expressed as 
f(y) = (z,y) for some z € E. When Es is not com- 
plete, the space of all linear functionals satisfying this 
condition gives the completion Es of Es. 


see also MACKEY’S THEOREM 
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Ground Set 


Ground Set 

A PARTIALLY ORDERED SET is defined as an ordered 
pair P = (X,<). Here, X is called the GROUND SET of 
P and < is the PARTIAL ORDER of P. 


see also PARTIAL ORDER, PARTIALLY ORDERED SET 


Group 

A group G is defined as a finite or infinite set of 
OPERANDS (called “elements”) A, B, C,... that may be 
combined or “multiplied” via a BINARY OPERATOR to 
form well-defined products and which furthermore sat- 
isfy the following conditions: 


1. Closure: If A and B are two elements in G, then the 
product AB is also in G. 


2. Associativity: The defined multiplication is associa- 
tive, ie., for all A,B,C € G, (AB)C = A(BC). 

3. Identity: There is an IDENTITY ELEMENT I (a.k.a. 
1, E, or e) such that JA = AI = A for every element 
AEG. 


4. Inverse: There must be an inverse or reciprocal of 
each element. Therefore, the set must contain an 
element B — A~* such that AA~? = A~'A=TI for 
each element of G. 


A group is therefore a MONOID for which every element 
is invertible. A group must contain at least one element. 


The study of groups is known as GROUP THEORY. If 
there are a finite number of elements, the group is called 
a FINITE Group and the number of elements is called 
the ORDER of the group. 


Since each element A, B, C,..., X, and Y is a mem- 
ber of the GROUP, GROUP property 1 requires that the 
product 


D=eABC XY (1) 
must also be a member. Now apply D to 
yx-l...¢@ 1B 14 1 
D(y7'X7?.-.-C7'B"1A"t) 


=(ABC:.-XY)(Y'X7'.--C7'B'A7*). (2) 
But 


ABC---XYY'X7'...c-'B 1A! 
= ABC...XIX7?...c7'B147! 
= ABC.:--C'B'A'=...=AA'=I, (3) 


sO 


TSDC COR A), (4) 


which means that 


Pray ko a A (5) 


and 


(ABC:.- XY) =Y'X...C 7B tA. (6) 
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An IRREDUCIBLE REPRESENTATION of a group is a rep- 
resentation for which there exists no UNITARY TRANS- 
FORMATION which will transform the representation 
MATRIX into block diagonal form. The IRREDUCIBLE 
REPRESENTATION has some remarkable properties. Let 
the ORDER of a GRouP be h, and the dimension of the 
ith representation (the order of each constituent matrix) 
be I; (a POSITIVE INTEGER). Let any operation be de- 
noted R, and let the mth row and nth column of the 
matrix corresponding to a matrix R in the ith IRRE- 
DUCIBLE REPRESENTATION be T';(R) mn. The following 
properties can be derived from the GROUP ORTHOGO- 
NALITY THEOREM, 


h 


Vul; 
1. The DIMENSIONALITY THEOREM: 


h= SOW HL? +h? +h’? +...= 5 x7 (D), (8) 


SOTi(R)maLj(R)min’” = bij8mm’ Onn! (7) 
R 


where each J; must be a POSITIVE INTEGER and y is 
the CHARACTER (trace) of the representation. 


2. The sum of the squares of the CHARACTERS in any 
IRREDUCIBLE REPRESENTATION i equals h, 


h= S> xi?(R). (9) 
R 


3. ORTHOGONALITY of different representations 


Sox B)xi(R)=0 fori#j. (10) 
R 


4. In a given representation, reducible or irreducible, 
the CHARACTERS of all MATRICES belonging to op- 
erations in the same class are identical (but differ 
from those in other representations). 


5. The number of IRREDUCIBLE REPRESENTATIONS of 
a GROUP is equal to the number of CONJUGACY 
CLASSES in the GROUP. This number is the dimen- 
sion of the T MATRIX (although some may have zero 
elements). 


6. A one-dimensional representation with all 1s (totally 
symmetric) will always exist for any GROUP. 


7. A 1-D representation for a GROUP with elements ex- 
pressed as MATRICES can be found by taking the 
CHARACTERS of the MATRICES. 


8. The number a; of IRREDUCIBLE REPRESENTATIONS 
Xi present in a reducible representation c is given by 


a= 5 > x(R)xi(R), (11) 
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where fh is the ORDER of the GROUP and the sum 
must be taken over all elements in each class. Writ- 
ten explicitly, 


ai = 5 > x(R)x' (Rar, (12) 
R 


where x;’ is the CHARACTER of a single entry in 
the CHARACTER TABLE and ng is the number of 
elements in the corresponding CONJUGACY CLASS. 


see also ABELIAN GROUP, ADELE GROUP, AFFINE 
GRouP, ALTERNATING GROUP, ARTINIAN GROUP, AS- 
CHBACHER’S COMPONENT THEOREM, B,-THEOREM, 
BABY MONSTER GROUP, BETTI GROUP, BIMONSTER, 
BORDISM GROUP, BRAID GROUP, BRAUER GROUP, 
BURNSIDE PROBLEM, CENTER (GROUP), CENTRAL- 
IZER, CHARACTER (GROUP), CHARACTER (MULTI- 
PLICATIVE), CHEVALLEY GROUPS, CLASSICAL GROUPS, 
COBORDISM GROUP, COHOMOTOPY GROUP, COMPO- 
NENT, CONJUGACY CLASS, COSET, CONWAY GROUPS, 
COXETER GROUP, CYCLIC GROUP, DIHEDRAL GROUP, 
DIMENSIONALITY THEOREM, DYNKIN DIAGRAM, EL- 
LIPTIC GROUP MODULO p, ENGEL’S THEOREM, EUu- 
CLIDEAN GROUP, FEIT-THOMPSON THEOREM, FINITE 
GrRouP, FISCHER GROUPS, FISCHER’S BABY MON- 
STER GROUP, FUNDAMENTAL GROUP, GENERAL LIN- 
EAR GROUP, GENERAL ORTHOGONAL GROUP, GEN- 
ERAL UNITARY GROUP, GLOBAL C(G;T) THEO- 
REM, GROUPOID, GROUP ORTHOGONALITY THEOREM, 
HALL-JANKO GROUP, HAMILTONIAN GROUP, HARADA- 


NORTON GROUP, HEISENBERG GROUP, HELD GROUP, © 


HERMANN-MAUGUIN SYMBOL, HIGMAN-SIMS GROUP, 
HOMEOMORPHIC GROUP, HYPERGROUP, ICOSAHEDRAL 
GRouP, IRREDUCIBLE REPRESENTATION, ISOMORPHIC 
GROUPS, JANKO GROUPS, JORDAN-HOLDER THE- 
OREM, KLEINIAN GROUP, KUMMER GROUP, Lp- 
BALANCE THEOREM, LAGRANGE’S GROUP THEO- 
REM, LocAL GRouP THEORY, LINEAR GROUP, 
LYONS GROUP, MATHIEU GROUPS, MATRIX GROUP, 
McLAUGHLIN GROUP, MOoBIus GROUP, MODULAR 
GROUP, MODULO MULTIPLICATION GROUP, MON- 
ODROMY GROUP, MoNoID, MONSTER GROUP, MUL- 
LIKEN SYMBOLS, NERON-SEVERI GROUP, NILPOTENT 
Group, NONCOMMUTATIVE GROUP, NORMAL SuB- 
GROUP, NORMALIZER, O’NAN GROUP, OCTAHEDRAL 
GROUP, ORDER (GROUP), ORTHOGONAL GROUP, OR- 
THOGONAL ROTATION GROUP, OUTER AUTOMOR- 
PHISM GROUP, p-GROUP, p’-GROUP, p-LAYER, POINT 
GROUPS, POSITIVE DEFINITE FUNCTION, PRIME 
GROUP, PROJECTIVE GENERAL LINEAR GROUP, PRO- 
JECTIVE GENERAL ORTHOGONAL GROUP, PROJEC- 
TIVE GENERAL UNITARY GROUP, PROJECTIVE SPE- 
CIAL LINEAR GROUP, PROJECTIVE SPECIAL OR- 
THOGONAL GROUP, PROJECTIVE SPECIAL UNITARY 
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GROUP, PROJECTIVE SYMPLECTIC GROUP, PSEU- 
DOGROUP, QUASIGROUP, QUASISIMPLE GROUP, QU- 
ASITHIN THEOREM, QUASI-UNIPOTENT GROUP, REP- 
RESENTATION, RESIDUE CLASS, RUBIK’S CUBE, RUD- 
VALIS GROUP, SCHONFLIES SYMBOL, SCHUR MUL- 
TIPLIER, SEMISIMPLE, SIGNALIZER FUNCTOR THEO- 
REM, SELMER GROUP, SEMIGROUP, SIMPLE GROUP, 
SOLVABLE GROUP, SPACE GROUPS, SPECIAL LIN- 
EAR GROUP, SPECIAL ORTHOGONAL GROUP, SPE- 
CIAL UNITARY GROUP, SPORADIC GROUP, STOCHAS- 
TIC GROUP, STRONGLY EMBEDDED THEOREM, SUB- 
GROUP, SUBNORMAL, SUPPORT, SUZUKI GROUP, SyYM- 
METRIC GROUP, SYMPLECTIC GROUP, TETRAHE- 
DRAL GROUP, THOMPSON GROUP, TIGHTLY EMBED- 
DED, TITS GROUP, TRIANGULAR SYMMETRY GROUP, 
TWISTED CHEVALLEY GROUPS, UNIMODULAR GROUP, 
UNIPOTENT, UNITARY GROUP, VIERGRUPPE, VON 
DyYCK’sS THEOREM 
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Group Convolution 
The convolution of two COMPLEX-valued functions on a 
GrRoupP G is defined as 


(a +b)(g) = >> a(k)b(k™*g) 
kEG 


where the SUPPORT (set which is not zero) of each func- 
tion is finite. 
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Group Orthogonality Theorem 
Let [ be a representation for a GROUP of ORDER h, then 
h 


—== 536mm! onn’- 
Sls ym mn 


The proof is nontrivial and may be found in Eyring et 
al. (1944). 


ST e(B)mnl s(R) mint” = 
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Group Ring 

The set of sums )>, azx ranging over a multiplicative 
GROUP and a; are elements of a FIELD with all but a 
finite number of a; = 0. 


Group Theory 


Group Theory 

The study of GRoups. Gauss developed but did not 
publish parts of the mathematics of group theory, but 
Galois is generally considered to have been the first to 
develop the theory. Group theory is a powerful formal 
method for analyzing abstract and physical systems in 
which SYMMETRY is present and has surprising impor- 
tance in physics, especially quantum mechanics. 


see also FINITE GROUP, GROUP, PLETHYSM, SYMME- 
TRY 
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Groupoid 
There are at least two definitions of “groupoid” cur- 
rently in use. 


The first type of groupoid is an algebraic structure on 
a SET with a BINARY OPERATOR. The only restriction 
on the operator is CLOSURE (i.e., applying the BINARY 
OPERATOR to two elements of a given set S returns 
a value which is itself a member of S). Associativity, 
commutativity, etc., are not required (Rosenfeld 1968, 
pp. 88-103). A groupoid can be empty. The numbers of 
nonisomorphic groupoids of this type having n elements 
are 1, 1, 10, 3330, 178981952, ... (Sloane’s A001329), 
and the numbers of nonisomorphic and nonantiisimor- 
phic groupoids are 1, 7, 1734, 89521056, ... (Sloane’s 
A001424). An associative groupoid is called a SEMI- 
GROUP. 
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The second type of groupoid is an algebraic structure 
first defined by Brandt (1926) and also known as a Vir- 
TUAL GRouP. A groupoid with base B is a set G with 
mappings a@ and £8 from G onto B and a partially defined 
binary operation (g,h) +» gh, satisfying the following 
four conditions: 


1. gh is defined only when 6(G) = a(h) for certain 
maps a and G from G onto R? witha: (z,y,yr2r 
and 6: (z,7y,y) > y. 

2. ASSOCIATIVITY: If either (gh)k or g(hk) is defined, 
then so is the other and (gh)k = g{hk). 


3. For each g in G, there are left and right IDENTITY 
ELEMENTS A, and py such that A,g = g = gpg. 

4. Each g in G has an inverse g~* for which gg~+ = Ag 
and g~'g = pg 

(Weinstein 1996). A groupoid is a small CATEGORY with 

every morphism invertible. 


see also BINARY OPERATOR, INVERSE SEMIGROUP, LIE 
ALGEBROID, LIE GROUPOID, MONOID, QUASIGROUP, 
SEMIGROUP, TOPOLOGICAL GROUPOID 
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Growth 

A general term which refers to an increase (or decrease 
in the case of the oxymoron “NEGATIVE growth”) in a 
given quantity. 


see also GROWTH FUNCTION, GROWTH SPIRAL 


Growth Function 
see BLOCK GROWTH .- 


Growth Spiral 
see LOGARITHMIC SPIRAL 
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Grundy’s Game 

A special case of NIM played by the following rules. 
Given a heap of size n, two players alternately select a 
heap and divide it into two unequal heaps. A player loses 
when he cannot make a legal move because all heaps 
have size 1 or 2. Flammenkamp gives a table of the ex- 
tremal SPRAGUE-GRUNDY VALUES for this game. The 
first few values of Grundy’s game are 0, 0, 0, 1, 0, 2, 1, 
0, 2,... (Sloane’s A002188). 
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Grundy-Sprague Number 
see NIM-VALUE 


Gudermannian Function 
Denoted either y(x) or gd(z). 


gd(x) = tan7 ‘(sinh x) = 2tan7'(e*) — te = (1) 


gd-*(x) = In[tan(¢7 + $2)] =In(secz +tanz). (2) 


The derivatives are given by 


< gd(x) = sechz (3) 
2 gd7?(a) = seca. (4) 


Guldinus Theorem 
see PAPPUS’S CENTROID THEOREM 


Gumbel’s Distribution 

A special case of the FISHER-TIPPETT DISTRIBUTION 
with a = 0,b = 1. The MEAN, VARIANCE, SKEWNESS, 
and KURTOSIS are 


w=y 
2 1,2 
Ce => 67 
12V6 ¢(3) 
= 3 
vw 
v2 = 2. 


where yy is the EULER-MASCHERONI CONSTANT, and 
¢(3) is APERY’S CONSTANT. 


see also FISHER-TIPPETT DISTRIBUTION 


Guthrie’s Problem 
The problem of deciding if four-colors are sufficient to 
color any map on a plane or SPHERE. 


see also FOUR-COLOR THEOREM 


Gyrobirotunda 


Gutschoven’s Curve 
see KAPPA CURVE 


Guy’s Conjecture 

Guy’s conjecture, which has not yet been proven or dis- 
proven, states that the CROSSING NUMBER for a COM- 
PLETE GRAPH of order n is 


alle] Pe le. 


where |x| is the FLOOR FUNCTION, which can be rewrit- 
ten 


an(n - 2)?(n—4) for n even 
a(n —1)?(n— 3)? for n odd. 


The first few values are 0, 0, 0, 0, 1, 3, 9, 18, 36, 60, ... 
(Sloane’s A000241). 
see also CROSSING NUMBER (GRAPH) 
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Gyrate Bidiminished 
Rhombicosidodecahedron 


see JOHNSON SOLID 


Gyrate Rhombicosidodecahedron 
see JOHNSON SOLID 


Gyrobicupola 


A BICUPOLA in which the bases are in opposite orienta- 
tions. 

see also BICUPOLA, PENTAGONAL GYROBICUPOLA, 
SQUARE GYROBICUPOLA 


Gyrobifastigium 


a. 


JOHNSON SOLID J26, consisting of two joined triangular 
PRISMS. 


Gyrobirotunda 
A BIROTUNDA in which the bases are in opposite orien- 
tations. 


Gyrocupolarotunda 


Gyrocupolarotunda 
A CUPOLAROTUNDA in which the bases are in opposite 
orientations. 


see also ORTHOCUPOLAROTUNDA 


Gyroelongated Cupola 
A n-gonal CUPOLA adjoined to a 2n-gonal ANTIPRISM. 


see also GYROELONGATED PENTAGONAL CUPOLA, GY- 


ROELONGATED SQUARE CUPOLA, GYROELONGATED 
TRIANGULAR CUPOLA 


Gyroelongated Dipyramid 
see GYROELONGATED PYRAMID, GYROELONGATED 


SQUARE DIPYRAMID 


Gyroelongated Pentagonal Bicupola 


a 


JOHNSON SOLID Ja¢6, which consists of a PENTAGONAL 
ROTUNDA adjoined to a decagonal ANTIPRISM. 


Gyroelongated Pentagonal Birotunda 
see JOHNSON SOLID 


Gyroelongated Pentagonal Cupola 
see JOHNSON SOLID 


Gyroelongated Pentagonal Cupolarotunda 
see JOHNSON SOLID 


Gyroelongated Pentagonal Pyramid 
see JOHNSON SOLID 


Gyroelongated Pentagonal Rotunda 
see JOHNSON SOLID 


Gyroelongated Pyramid 
An n-gonal pyramid adjoined to an n-gonal ANTIPRISM. 


see also ELONGATED PYRAMID, GYROELONGATED DI- 
PYRAMID, GYROELONGATED PENTAGONAL PYRAMID, 
GYROELONGATED SQUARE DIPYRAMID, GYROELON- 
GATED SQUARE PYRAMID 


Gyroelongated Rotunda 
see GYROELONGATED PENTAGONAL ROTUNDA 


Gyroelongated Square Bicupola 
see JOHNSON SOLID 
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Gyroelongated Square Cupola 
see JOHNSON SOLID 


Gyroelongated Square Dipyramid 


One of the eight convex DELTAHEDRA. It consists of 
two oppositely faced SQUARE PYRAMIDS rotated 45° to 
each other and separated by a ribbon of eight side-to- 
side TRIANGLES. It is JOHNSON SOLID J17. 


Call the coordinates of the upper PYRAMID bases (+ 1, 
+ 1, hi) and of the lower (+2, 0, ~hi) and (0, +V2, 
—hy). Call the PYRAMID apexes (0, 0, +(h1 + he)). 
Consider the points (1, 1, 0) and (0, 0, hi + hz). The 
height of the PYRAMID is then given by 


V2+h2? =2 (1) 


hp = V2. (2) 


Now consider the points (1, 1, hi) and (./2, 0, —h1). 
The height of the base is given by 


124124 ho? = 


(1 — V2)? +17 + (2h1)? =1—-2V24+24144h;? 
=4~2/2+4hm? =2?=4 (3) 


4hy? = 2V2 (4) 
mt = = ae, (5) 
so 
hy = 2°14 (6) 
ho = Pier (7) 


Gyroelongated Square Pyramid 
see JOHNSON SOLID 


Gyroelongated Triangular Bicupola 
see JOHNSON SOLID 


Gyroelongated Triangular Cupola 
see JOHNSON SOLID 


h-Cobordism 


H 


h-Cobordism 

An h-cobordism is a COBORDISM W between two MANI- 
FOLDS M, and M2 such that W is SIMPLY CONNECTED 
and the inclusion maps M,; — W and Mz — W are 
HOMOTOPY equivalences. 


h-Cobordism Theorem 

If W is a SIMPLY CONNECTED, COMPACT MANIFOLD 
with a boundary that has two components, M, and M2, 
such that inclusion of each is a HOMOTOPY equivalence, 
then W is DIFFEOMORPHIC to the product M, x [0,1] 
for dim(M,) > 5. In other words, if M and M' are two 
simply connected MANIFOLDS of DIMENSION > 5 and 
there exists an h-COBORDISM W between them, then 
W is a product M x I and M is DIFFEOMORPHIC to 
M’. 

The proof of the h-cobordism theorem can be accom- 
plished using SURGERY. A particular case of the h- 
cobordism theorem is the POINCARE CONJECTURE in 
dimension n > 5. Smale proved this theorem in 1961. 
see also DIFFEOMORPHISM, POINCARE CONJECTURE, 
SURGERY 
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H-Fractal 


— El ai 


The FRACTAL illustrated above. 
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H-Function 
see FOX’s H-FUNCTION 


H-Spread 

The difference Hz — H:, where H, and He are HINGES. 
It is the same as the INTERQUARTILE RANGE for N = 5, 
9, 13, ... points. 

see also HINGE, INTERQUARTILE RANGE, STEP 
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H-Transform 

A 2-D generalization of the HAAR TRANSFORM which is 
used for the compression of astronomical images. The 
algorithm consists of dividing the 2% x 2% image into 
blocks of 2 x 2 pixels, calling the pixels in the block 
@o0, @10, @o1, and @11. For each block, compute the four 
coefficients 


ho = $(ai1 + a10 + @o1 + Goo) 
he = $(a11 + aio — ao1 — ago) 
hy = $(a11 — G10 + G01 — a0) 


he = 3 (11 — @10 — @01 + a0). 


Construct a 2%~! x 2-1 image from the ho values, and 
repeat until only one ho value remains. The H-transform 
can be performed in place and requires about 16N?/3 
additions for an N x N image. 


see also HAAR TRANSFORM 
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Haar Function 
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Define 
1 O<2< ; 
W(@)=4-1 keel (1) 
0 otherwise 
and 
Pin (x) = Y(2’a — k), (2) 
where the FUNCTIONS plotted above are 
doo = w(x) 
bio = p(2x) 
dir = (2a — 1) 
oo = (4a) 
dar = w(4e — 1) 
wai = ¥(4a — 2) 
er = (Az — 3). 


Then a FUNCTION f(z) can be written as a series ex- 
pansion by 


oo 29-1 


F(z) =cot+ D> S> cebjx(2). (3) 


j=0 k=0 
The FUNCTIONS w;, and w are all ORTHOGONAL in 
(0, 1], with 


i) $(2)din(2) de = 0 (4) 
0 


i bin (0) dim (ce) de = 0. (5) 


These functions can be used to define WAVELETS. Let a 
FUNCTION be defined on m intervals, with n a POWER of 
2. Then an arbitrary function can be considered as an 
n-VECTOR f, and the COEFFICIENTS in the expansion 
b can be determined by solving the MATRIX equation 


f =W,b (6) 


for b, where W is the MATRIX of # basis functions. For 
example, 


t £ & 6 
ee ees 
We=1) 1 0 1 
1 -l Q -il 
1 1 1 : 
= 1 1.1 
x 1 1 1 1 
I< <3 0 1 


(7) 


The WAVELET MATRIX can be computed in O(n) steps, 
compared to O(nlgn) for the FOURIER MATRIX. 


see also WAVELET, WAVELET TRANSFORM 
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Haar Integral 
The INTEGRAL associated with the HAAR MEASURE. 


see also HAAR MEASURE 


Haar Measure 

Any locally compact Hausdorff topological group has a 
unique (up to scalars) NONZERO left invariant measure 
which is finite on compact sets. If the group is Abelian 
or compact, then this measure is also right invariant and 
is known as the Haar measure. 


Haar Transform 
A 1-D transform which makes use of the HAAR FuNcC- 
TIONS. 


see H-TRANSFORM, HAAR FUNCTION 
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Haberdasher’s Problem 


AS xo D 


With four cuts, DISSECT an EQUILATERAL TRIANGLE 
into a SQUARE. First proposed by Dudeney (1907) and 
discussed in Gardner (1961, p. 34) and Stewart (1987, 
p. 169). The solution can be hinged so that the three 
pieces collapse into either the TRIANGLE or the SQUARE. 


see also DISSECTION 
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Hadamard Design 

A SYMMETRIC BLOCK DESIGN (4n +3, n+4+1, n) which 
is equivalent to a HADAMARD MATRIX of order 4n + 
4. It is conjectured that Hadamard designs exist from 
all integers n > 0, but this has not yet been proven. 
This elusive proof (or disproof) remains one of the most 
important unsolved problems in COMBINATORICS. 
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Hadamard’s Inequality 
Let A = ai be an arbitrary n x n nonsingular MATRIX 
with REAL elements and DETERMINANT |A|, then 


JAI? < ll (S22?) . 
t=1 k=1 


Hadamard Matrix 


see also HADAMARD’S THEOREM 
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Hadamard Matrix 


A class of SQUARE MATRIX invented by Sylvester (1867) 
under the name of ANALLAGMATIC PAVEMENT. A Had- 
amard matrix is a SQUARE MATRIX containing only Is 
and —1s such that when any two columns or rows are 
placed side by side, HALF the adjacent cells are the same 
SIGN and half the other (excepting from the count an L- 
shaped “half-frame” bordering the matrix on two sides 
which is composed entirely of 1s). When viewed as pave- 
ments, cells with 1s are colored black and those with —1s 
are colored white. Therefore, the n x n Hadamard ma- 
trix H,, must have n(n — 1)/2 white squares (—1s) and 
n(n + 1)/2 black squares (1s). 


This is equivalent to the definition 
H, Hat = nln, (1) 


where |,, is the n x n IDENTITY Matrix. A Hadamard 
matrix of order 4n + 4 corresponds to a HADAMARD 
DESIGN (4n + 3, 2n4+1, n). 


PALEY’S THEOREM guarantees that there always exists 
a Hadamard matrix H, when n is divisible by 4 and of 
the form 2°(q” +1), where p is an ODD PRIME. In such 
cases, the MATRICES can be constructed using a PALEY 
CONSTRUCTION. The PALEY CLASS k is undefined for 
the following values of m < 1000: 92, 116, 156, 172, 
184, 188, 232, 236, 260, 268, 292, 324, 356, 372, 376, 
404, 412, 428, 436, 452, 472, 476, 508, 520, 532, 536, 
584, 596, 604, 612, 652, 668, 712, 716, 732, 756, 764, 
772, 808, 836, 852, 856, 872, 876, 892, 904, 932, 940, 
944, 952, 956, 964, 980, 988, 996. 


Sawade (1985) constructed Hogs. It is conjectured (and 
verified up ton < 428) that H,, exists for all n DIVISIBLE 
by 4 (van Lint and Wilson 1993). However, the proof 
of this CONJECTURE remains an important problem in 
CoDING THEORY. The number of Hadamard matrices of 
order 4n are 1, 1, 1, 5, 3, 60, 487, ... (Sloane’s A007299). 


If H, and H,, are known, then H, can be obtained by 
replacing all is in H,, by Hn and all —1s by —Hn. For 
n < 100, Hadamard matrices with n = 12, 20, 28, 36, 
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44, 52, 60, 68, 76, 84, 92, and 100 cannot be built up 
from lower order Hadamard matrices. 


1 4 
Ho= [3s 3] 8) 
re i 3h 
fick, [Rae eat et a, Pace 
oo —He He] 1 1 1 
~}m—1 1 -1 1 
a ee en | 
a, ae Ce Wie 
7 ae St a (3) 
1 Shes 2 


Hg can be similarly generated from H4. Hadamard ma- 
trices can also be expressed in terms of the WALSH 
FUNCTIONS Cal and Sal 


Cal(0, t) 
Sal(4, t) 


Ag = (4) 


Hadamard matrices can be used to make ERROR- 
CORRECTING CODES. 


see also HADAMARD DESIGN, PALEY CONSTRUCTION, 
PALEY’S THEOREM, WALSH FUNCTION 
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Hadamard’s Theorem 
Let |A| be an n x n DETERMINANT with COMPLEX (or 
REAL) elements a;;, then |A| 4 0 if 


n 
lait] > SO lassi: 
j=l 


ai 


see also HADAMARD’S INEQUALITY 
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Hadamard Transform 
A FAST FOURIER TRANSFORM-like ALGORITHM which 
produces a hologram of an image. 


Hadamard-Vallée Poussin Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


The sum of RECIPROCALS of PRIMES diverges, but 


a(n) 
lim ye = — In(Inn) 
ie 


=7+>, In ieee aoe 
k=1 Pk Pk 


= CO = 0.2614972128..., (1) 


where a(n) is the PRIME COUNTING FUNCTION and 
is the EULER-MASCHERONI CONSTANT (Le Lionnais 
1983). Hardy and Wright (1985) show that, if w(n) is 
the number of distinct PRIME factors of n, then 


Tm 


lim Es S 5 w(k) —In(Inn)| = Ci. (2) 


k=1 


Hafner-Sarnak-McCurley Constant 


Furthermore, if Q(n) is the total number of PRIME fac- 
tors of n, then 


noo 


oe a 
lim 5 fy Te) 


on 1 
= S —__—____ = 1.0346538819.... (3 
. <— pr (Pe — 1) (3) 


Similarly, 
win) 5 co 00 1 

: Dk Pk 

lim Inn }] = - 

tim, (Set inn) = 4 - SB 

k=1 g=2 k=1 


= —C2 = —1.3325822757.... (4) 
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Hadwiger’s Principal Theorem 

The VECTORS +a), ..., tan in a 3-space form a nor- 
malized EUTACTIC STAR IFF Tx = x for all x in the 
3-space. 


Hadwiger Problem 
What is the largest number of subcubes (not necessarily 
different) into which a CUBE cannot be divided by plane 
cuts? The answer is 47. 


see also CUBE DISSECTION 


Hafner-Sarnak-McCurley Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Given two randomly chosen INTEGER n x n matrices, 
what is the probability D(n) that the corresponding de- 
terminants are coprime? Hafner e¢ al. (1993) showed 
that 


a 2 


D(n)=][41-]1-[f[a-m%)} >, @) 


Pk j=l 


where the product is over PRIMES. The case D(1) is just 
the probability that two random INTEGERS are coprime, 


D(1)= < = 0.6079271019.... (2) 


3 > 


Hahn-Banach Theorem 


Vardi (1991) computed the limit 


o = lim D(n) = 0.3532363719.... (3) 


Io 


The speed of convergence is roughly ~ 0.57” (Flajolet 
and Vardi 1996). 
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Hahn-Banach Theorem 

A linear FUNCTIONAL defined on a SUBSPACE of a VEC- 
TOR SPACE V and which is dominated by a sublinear 
function defined on V has a linear extension which is 
also dominated by the sublinear function. 
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Hailstone Number 

Sequences of INTEGERS generated in the COLLATZ 
PROBLEM. For example, for a starting number of 7, 
the sequence is 7, 22, 11, 34, 17, 52, 26, 13, 40, 20, 10, 
5, 16, 8, 4, 2, 1, 4, 2, 1, .... Such sequences are called 
hailstone sequences because the values typically rise and 
fall, somewhat analogously to a hailstone inside a cloud. 


While a hailstone eventually becomes so heavy that it 
falls to ground, every starting INTEGER ever tested has 
produced a hailstone sequence that eventually drops 
down to the number 1 and then “bounces” into the small 
loop 4, 2,1,.... 


see also COLLATZ PROBLEM 
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Hairy Ball Theorem 

There does not exist an everywhere NONZERO VECTOR 
FIELD on the 2-SPHERE S*. This implies that some- 
where on the surface of the Earth, there is a point with 
zero horizontal wind velocity. 


Half 
The UNIT FRACTION 1/2. 


see also QUARTER, SQUARE ROOT, UNIT FRACTION 
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Half-Closed Interval 

An INTERVAL in which one endpoint is included but not 
the other. A half-closed interval is denoted [a, 8) or (a, }] 
and is also called a HALF-OPEN INTERVAL. 


see also CLOSED INTERVAL, OPEN INTERVAL 


Half-Normal Distribution 
~ 


P(x) 
D(x) 


x 


A NORMAL DISTRIBUTION with MEAN 0 and STANDARD 
DEVIATION 1/6 limited to the domain [0, 00). 


P(a) = e-s?e/m (1) 
D(z) = ext (+). (2) 
The MOMENTS are 
1 
M1 = t (3) 
ba = aa (4) 
wT 
Hs = 5 (5) 
3x? 
Ma = a (6) 


so the MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 


1 
u= r) (7) 
2__ 2 a—2 
GC =Spo- fi = 212 (8) 
2 
n= »f2 (9) 
2 = 0. (10) 


see also NORMAL DISTRIBUTION 


Half-Open Interval 
see HALF-CLOSED INTERVAL 


Hall-Janko Group 
The SPORADIC GRouP HJ, also denoted J2. 


see also JANKO GROUPS 
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Halley’s Irrational Formula 
A Root-finding ALGORITHM which makes use of a 
third-order TAYLOR SERIES 


f(z)= Ase ad eee Beaders 
1 
A Root of f(z) satisfies f(x) = 0, so 


O% f(an) + f'(an)(tng1 —@n) + if" (an) (anti te 
2) 


Using the QUADRATIC EQUATION then gives 


rf en) + VIF CIE — FEF en) 
f" (en) ; 
(3) 


En+1 =n 


Picking the plus sign gives the iteration function 


/ 2f (2) f!"(z) 
1 1 (f7(a)/? 
TF. (4) 


F(a 
f'(x) 


Cs(x) = @ — 


ww 


This equation can be used as a starting point for deriving 
HALLEY’S METHOD. 


If the alternate form of the QUADRATIC EQUATION is 
used instead in solving (2), the iteration function be- 
comes instead 


nL) er | 


f(a) + Jif (a)? — 2F (2) F"(2) 


This form can also be derived by setting n = 2 in 
LAGUERRE’S METHOD. Numerically, the SIGN in the 
DENOMINATOR is chosen to maximize its ABSOLUTE 
VALUE. Note that in the above equation, if f(x) = 0, 
then NEWTON’s METHOD is recovered. This form of 
Halley’s irrational formula has cubic convergence, and 
is usually found to be substantially more stable than 
NEWTON’S METHOD. However, it does run into diffi- 
culty when both f(x) and f’(x) or f’(z) and f’(z) are 
simultaneously near zero. 

see also HALLEY’S METHOD, LAGUERRE’S METHOD, 
NEWTON’S METHOD 
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Halley’s Method 

Also known as the TANGENT HYPERBOLAS METHOD 
or HALLEY’S RATIONAL FORMULA. As in HALLEY’S 
IRRATIONAL FORMULA, take the second-order TAYLOR 
POLYNOMIAL 


f(a) = f(an) +f (an)(2@-an)+ Lf" (an)(w—tn)? +. ar 
(1) 


Halley’s Method 
A Root of f(z) satisfies f(z) = 0, so 
0% f(tn) + f'(en)(tn41 — En) + ZF" (En) (@a41 — ok 
2 


Now write 


O = f(tn) + (tn41 —tn)[F' (an) + Zh" (en) (@n41 —2n)]; 


(3) 
giving 
oe f(an) 
eH Ge ati GGensa)) 
Using the result from NEWTON’S METHOD, 
Enti —~ Ln = — fee, (5) 
gives 
Fen) f!(en) 
Patt = Fn — Fe) — Flenli en)’ 
so the iteration function is 
Hy(e) <2 ~ —_ 2L@F') re 


2[f'(x)]? — F(a) f" (x) 


This satisfies H;(a) = H;(a) = 0 where a is a ROOT, 
so it is third order for simple zeros. Curiously, the third 
derivative 


2 
wat f'"(a) 3 cal 
A; (a)=—- ae 8 
© Fa) 2| Fla) y 
is the SCHWARZIAN DERIVATIVE. Halley’s method may 
also be derived by applying NEWTON’s METHOD to 


ff'~1/*. It may also be derived by using an OSCULAT- 
ING CURVE of the form 


y(a) = Fatah te (9) 

Taking derivatives, 
flea) = 5 (10) 
f(t) = >" (11) 
f"(en) = ASE), (12) 

which has solutions 
amt Fee Gare 9 
“Feri e) 
2f (an) (en) as 


© BF (en)? — Flan) fen)’ 


Halley’s Rational Formula 
so at a ROOT, y(#n41) = 0 and 
In4+1 =n —C, (16) 


which is Halley’s method. 


see also HALLEY’S IRRATIONAL FORMULA, LAGUERRE’S 
METHOD, NEWTON’S METHOD 
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Halley’s Rational Formula 
see HALLEY’S METHOD 


Halphen Constant 
see ONE-NINTH CONSTANT 


Halphen’s Transformation 
A curve and its polar reciprocal with regard to the fixed 
CONIC have the same Halphen transformation. 
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Halting Problem 

The determination of whether a TURING MACHINE will 
come to a halt given a particular input program. This 
problem is formally UNDECIDABLE, as first proved by 
Turing. 

see also BUSY BEAVER, CHAITIN’S CONSTANT, TURING 
MACHINE, UNDECIDABLE 


References 

Chaitin, G. J. “Computing the Busy Beaver Function.” §4.4 
in Open Problems in Communication and Computation 
(Ed. T. M. Cover and B. Gopinath). New York: Springer- 
Verlag, pp. 108-112, 1987. 

Davis, M. “What It a Computation.” In Mathematics Today: 
Twelve Informal Essays (Ed. L. A. Steen). New York: 
Springer-Verlag, pp. 241-267, 1978. 

Penrose, R. The Emperor’s New Mind: Concerning Comput- 
ers, Minds, and the Laws of Physics. Oxford, England: 
Oxford University Press, pp. 63-66, 1989. 


Ham Sandwich Theorem 

The volumes of any n n-D solids can always be simulta- 
neously bisected by a (n — 1)-D HYPERPLANE. Proving 
the theorem for n = 2 (where it is known as the PAN- 
CAKE THEOREM) is simple and can be found in Courant 
and Robbins (1978). The theorem was proved for n > 3 
by Stone and Tukey (1942). 


see also PANCAKE THEOREM 
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Hamilton’s Equations 
The equations defined by 


oar (1) 
,_ OH 


where £ = dx/dt and H is the so-called Hamiltonian, are 
called Hamilton’s equations. These equations frequently 
arise in problems of celestial mechanics. Another formu- 
lation related to Hamilton’s equation is 


_ OL 


B= 04’ (3) 


where L is the so-called Lagrangian. 
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Hamilton’s Rules 
The rules for the MULTIPLICATION of QUATERNIONS. 


see also QUATERNION 


Hamiltonian Circuit 

A closed loop through a GRAPH that visits each node 
exactly once and ends adjacent to the initial point. The 
Hamiltonian circuit is named after Sir William Rowan 
Hamilton, who devised a puzzle in which such a path 
along the EDGES of an ICOSAHEDRON was sought (the 
ICOSIAN GAME). 


All PLATONIC SOLIDS have a Hamiltonian circuit, as 
do planar 4-connected graphs. However, no foolproof 
method is known for determining whether a given gen- 
eral GRAPH has a Hamiltonian circuit. The number of 
Hamiltonian circuits on an n-HYPERCUBE is 2, 8, 96, 
43008, ... (Sloane’s A006069, Gardner 1986, pp. 23- 
24). 

see also CHVATAL’S THEOREM, DrRAC’S THEO- 
REM, EULER GRAPH, GRINBERG FORMULA, HAM- 
ILTONIAN GRAPH, HAMILTONIAN PATH, ICOSIAN 
GAME, KOZYREV-GRINBERG THEORY, ORE’S THEO- 
REM, P6sa’s THEOREM, SMITH’S NETWORK THEOREM 
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Hamiltonian Cycle 
see HAMILTONIAN CIRCUIT 


Hamiltonian Graph 
A GRAPH possessing a HAMILTONIAN CIRCUIT. 


see also HAMILTONIAN CIRCUIT, HAMILTONIAN PATH 
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New York: 


Hamiltonian Group 
A non-Abelian GRouP all of whose SUBGROUPS are self- 


conjugate. 


References 

Carmichael, R. D. “Hamiltonian Groups.” §31 in Introduc- 
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Hamiltonian Map 
Consider a 1-D Hamiltonian MAP of the form 


H(p,q) = 3p” + V(q); (1) 


which satisfies HAMILTON’S EQUATIONS 


OH 
q= Op (2) 
. OH 
p= re (3) 
Now, write 
a (qit+1 — Gi) 
adi ia At ? (4) 
where 
gi = g(t) (5) 
gti = a(t + At). (6) 


Then the equations of motion become 


gGit1 = Gi + piAt (7) 
OV 
pon =i at (SE) : (8) 
qi 
a-qi 


Note that equations (7) and (8) are not AREA- 
PRESERVING, since 


O(gi+1, Pi+1) 1 -Ar ey 20°V 
OU Gi =1 af At Li 
O(4qis Pi) At 1 a Oqi* i 

(9) 
However, if we take instead of (7) and (8), 
Gti = Qi t+ piAt (10) 


dV 
Piri = pi — At (5 ) (11) 
qi 
a=Gi+l 


Hamming Function 


S(aisupinr) | 1 Ata (St) sacs 
(qi; Pi) At 1 
EV 
+( ) Bad ; (12) 


which is AREA-PRESERVING. 


Hamiltonian Path 

A loop through a GRAPH that visits each node exactly 
once but does not end adjacent to the initial point. The 
number of Hamiltonian paths on an n-HYPERCUBE is 
0, 0, 48, 48384, ... (Sloane’s A006070, Gardner 1986, 
pp. 23-24). 

see also HAMILTONIAN CIRCUIT, HAMILTONIAN GRAPH 
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Hamiltonian System 
A system of variables which can be written in the form 
of HAMILTON’S EQUATIONS. 
Hammer-Aitoff Equal-Area Projection 


A MAP PROJECTION whose inverse is defined using the 
intermediate variable 


Then the longitude and latitude are given by 


os =] 2L 
A= 2tan (saa = 7 


@ =sin™*(yz). 


Hamming Function 


An APODIZATION FUNCTION chosen to minimize the 
height of the highest sidelobe. The Hamming function 
is given by 


A(z) = 0.54 + 0.46 cos () ; (1) 


Its FULL WIDTH AT HALF MAXIMUM is 1.05543a. The 
corresponding INSTRUMENT FUNCTION is 


a(1.08 — 0.64a?k?) sinc(27ak) 


ie) 1 — 4a2k? 


; (2) 


Handedness 


This APODIZATION FUNCTION is close to the one pro- 
duced by the requirement that the APPARATUS FUNC- 
TION goes to 0 at ka = 5/4. From APODIZATION FUNC- 
TION, a general symmetric apodization function A(z) 
can be written as a FOURIER SERIES 


A(z) sasha Se aneos (=) : (3) 


n=1 


where the COEFFICIENTS satisfy 
es 
ap +2) an =1. (4) 
n=1 
The corresponding apparatus function is 


I(t) = 2b{ao sinc(2rkb) + S “[sinc(2akb +n) 
n=1 


+sine(27kb — n7)]}. (5) 


To obtain an APODIZATION FUNCTION with zero at ka = 
3/4, use 


ao + 2a; = 1, (6) 
80 
ag sinc(37) + ay[sinc(Zm) + sinc( $m) = 0 (7) 
2 2 2 
(1-20) @-—a1 (= + g-) = (1-2e)8—-ar(F-+5) = 0 
1 1 2 1 (8) 
alet+sgts)=s (9) 
: : _ 7:3 
i= 
2+34+3 2:3-74+3-54+5-7 
= = & 0.2283 (10) 
92—2-21 92 — 42 
_ 92 92 
= 82 = 28 ~ 0.5435. (11) 


The FWHM is 1.81522, the peak is 1.08, the peak NEG- 
ATIVE and POSITIVE sidelobes (in units of the peak) are 
~0.00689132 and 0.00734934, respectively. 


see also APODIZATION FUNCTION, HANNING FUNC- 
TION, INSTRUMENT FUNCTION 
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Handedness 
Objects which are identical except for a mirror reflection 
are said to display handedness and to be CHIRAL. 


see also AMPHICHIRAL, CHIRAL, ENANTIOMER, MIR- 
ROR IMAGE 
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Handkerchief Surface 


A surface given by the parametric equations 


z(u,v) =u 


y(u,v) =v 


z(u,v) = 143 + uv? + 2(u? — v?). 
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Handle 

Handles are to MANIFOLDS as CELLS are to CW- 
COMPLEXES. If M is a MANIFOLD together with a 
(k — 1)-SPHERE S*~? embedded in its boundary with a 
trivial TUBULAR NEIGHBORHOOD, we attach a k-handle 
to M by gluing the tubular NEIGHBORHOOD of the 
(k — 1)-SpHERE S*~* to the TUBULAR NEIGHBORHOOD 
of the standard (k — 1)-SpHERE S*~* in the dim(M)- 
dimensional DISK. 


In this way, attaching a k-handle is essentially just the 
process of attaching a fattened-up k-DIskK to M along 
the (k — 1)-SpHERE S*~’. The embedded Disk in this 
new MANIFOLD is called the k-handle in the UNION of 
M and the handle. 


see also HANDLEBODY, SURGERY, TUBULAR NEIGH- 
BORHOOD 


Handlebody 
A handlebody of type (n,k) is an n-D MANIFOLD that 
is attained from the standard n-DISK by attaching only 
k-D HANDLES. 


see also HANDLE, HEEGAARD SPLITTING, SURGERY 
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Hankel Function 
A COMPLEX function which is a linear combination of 
BESSEL FUNCTIONS OF THE FIRST and SECOND KINDS. 


see also HANKEL FUNCTION OF THE FIRST KIND, HAN- 
KEL FUNCTION OF THE SECOND KIND, SPHERICAL 
HANKEL FUNCTION OF THE FirsT KIND, SPHERICAL 
HANKEL FUNCTION OF THE SECOND KIND 


790 Hankel Function of the First Kind 
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Hankel Function of the First Kind 


HY (z) = Jn(z) + i¥a(z), 


where J,(z) is a BESSEL FUNCTION OF THE FIRST KIND 
and Y,(z) is a BESSEL FUNCTION OF THE SECOND 
KIND. Hankel functions of the first kind can be rep- 
resented as a CONTOUR INTEGRAL using 


1 f® (2/2)(t-1/t) 
Hy = 4 / sae ELA) 
0 


; n+1 
us {upper half plane] t 


see also DEBYE’S ASYMPTOTIC REPRESENTATION, 
WATSON-NICHOLSON FORMULA, WEYRICH’S FORMULA 
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Hankel Function of the Second Kind 


H®)(z) = Jn(z) — i¥n(z), 


where J,(z) is a BESSEL FUNCTION OF THE FIRST 
KIND and Y,(z) is a BESSEL FUNCTION OF THE SEC- 
OND KIND. Hankel functions of the second kind can be 
represented as a CONTOUR INTEGRAL using 


0 (2/2)(t~1/t) 
HO (2) = + | <—____—-dt, 


, n+1 
wT J_o [lower half plane] t 


see also WATSON-NICHOLSON FORMULA 
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Hankel’s Integral 


z2™ 


20-LY/ET (m+ t) 


1 
x i cos(xt)(1 — t?)™71/? dt, 
0 


Jm(x) = 


where Jm(z) is a BESSEL FUNCTION OF THE FIRST 
KIND and [(z) is the GAMMA FUNCTION. Hankel’s in- 
tegral can be derived from SONINE’S INTEGRAL. 


see also POISSON INTEGRAL, SONINE’S INTEGRAL 


Hankel Transform 


Hankel Matrix 
A MATRIX with identical values for each element in a 
given diagonal. Define H, to be the Hankel matrix with 


leading column made up of the INTEGERS 1, ..., n, then 
1 2 
1 2 3 
Hzs=]2 3 0]. 
3 0 0 


Hankel Transform 
Equivalent to a 2-D FOURIER TRANSFORM with a radi- 
ally symmetric KERNEL, and also called the FOURIER- 
BESSEL TRANSFORM. 


g(u,v) = F[f(r)] = i; f f(rje 27249) dz dy. 


(1) 

Let 

zt+iy=re” (2) 

u+ iv =qe® (3) 
so that 

x= rcosé (4) 

y =rsin@ (5) 

r=vVfarr+y? (6) 

u=qcosd (7) 

v=qsing (8) 

g= Vu? +v?. (9) 
Then 


co 2a 
g(a) = i f(ry|eW27i7alcos bcos S+sin sin 9), an ag 
0 19) 


oo 20 
=i if f(r)|e” 27700894) » dp dé 
0 0 
co 2r-d 
= / Frye 7779 °°8 on dp dO 
0 —¢ 
oo 2n 
= / / f (rye 7774998 Pn dr dO 
ce) G 
foo) 26 
= i; f(r) if en tniracos é i) rdr 
0 ie) 


=2n i f(r) Jo(2xqr)r dr, (10) 
0 


Hann Function 


where Jy(z) is a zeroth order BESSEL FUNCTION OF THE 
FIRST KIND. Therefore, the Hankel transform pairs are 


g(k) = | f(z) Jo(kax)z dz (11) 


f(x) = [ g(k) Jo(ka)k dk. (12) 


see also BESSEL FUNCTION OF THE FIRST KIND, FOUR- 

IER TRANSFORM, LAPLACE TRANSFORM 
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Hann Function 
see HANNING FUNCTION 


Hanning Function 


FUNCTION, frequently used to reduce ALIASING in 
FOURIER TRANSFORMS. The illustrations above show 
the Hanning function, its INSTRUMENT FUNCTION, and 
a blowup of the INSTRUMENT FUNCTION sidelobes. The 
Hanning function is given by 


f(z) = cos? (=) = 5 — }cos (=) ; (1) 


The INSTRUMENT FUNCTION for Hanning apodization 
can also be written 


alsinc(2rka) + } sinc(2tka—x)+ $ sinc(2rka+7)]. (2) 


Its FULL WIDTH AT HALF MAXIMUM is a. It has AP- 
PARATUS FUNCTION 


A(x) = if [3 ~— dcos (=) e 7™RE dap 
a a 

/ ee ttike dz — s/f eo ottke dz 
-a —@ 


= 3 (Ai + Aa). (3) 


Rie 


The first integral is 


a : 
h= ‘| e 2th? de — sin(2rko) = 2asinc(27ka). (4) 
~a v 
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The second integral can be rewritten 


0 
us 4 —2nik 
h= [ cos (“*)e mn? dz 
a 
—-a 
= TL ; 
+/ cos (=) e 27 tke ay 
0 a 
; Tz 
=a) cos (7) (ane ye aes 
0 


- 2 | cos (=) cos(2rk2) dr 
é a 


-2{ SE rs eee 


2 (2 — 2k 2(%4+2 

({ — 20k) (S+2nk) J, 
sin(7 —2mka) _ sin(m + 2mka) 

> n — 2rka n+ 2rka 


a |sin(2rka) _ sin(27ka) 
1 -— 2ka 1+ 2ka 


= a[sinc(a — 2mka) + sinc(x + 27ka)). (5) 
Combining (4) and (5) gives 


A(x) = a[sinc(27ka) + § sinc(m — 2ka) 
+i sinc(x + 2mrka)]. (6) 


To find the extrema, define x = 27ka and rewrite (6) as 
A(x) = alsinz + 3 sinc(x2 — 7) + $sinc(x+7)]. (7) 


Then solve 


dA n*(—«* cosz + 3x’ sinz + 1*a cosa — 7” sinz) 
dz x? (mn? — 22)? 


=0 (8) 


to find the extrema. The roots are ¢ = 7.42023 
and 10.7061, giving a peak NEGATIVE sidelobe of 
—0.026708 and a peak POSITIVE sidelobe (in units of 
a) of 0.00843441. The peak in units of a is 1, and the 
full-width at half maximum is given by setting (7) equal 
to 1/2 and solving for z, yielding 


21/2 = 27k 24 = 7. (9) 


Therefore, with EL = 2a, the FULL WIDTH AT HALF 
MAXIMUM is 


za 
: 


see also APODIZATION FUNCTION, HAMMING FUNC- 
TION 
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Hanoi Graph 


A GRAPH H,, arising in conjunction with the TOWERS 
OF HANOI problem. The above figure is the Hanoi graph 
Hs. 

see also TOWERS OF HANOI 


Hanoi Towers 
see TOWERS OF HANOI 


Hansen-Bessel Formula 


1 my st in(t—7 
Jn(z) = al ez? te (t—7/2) dt 
-7 


‘aay aie 
=— i e'*  'eos(nt) dt 
™ Jo 


ah cos(zsint — nt) dt 
T Jo 


for n = 0, 1, 2,..., where J,(z) is a BESSEL FUNCTION 
OF THE FIRST KIND. 
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Hansen Chain 

An ADDITION CHAIN for which there is a SUBSET H of 
members such that each member of the chain uses the 
largest element of H which is less than the member. 


see also ADDITION CHAIN, BRAUER CHAIN, HANSEN 
NUMBER 
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Guy, R. K. “Addition Chains. Brauer Chains. Hansen 
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Hansen Number 
A number n for which a shortest chain exists which is a 
HANSEN CHAIN is called a Hansen number. 


References 
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Harary Graph 


Hansen’s Problem 

A SURVEYING PROBLEM: from the position of two 
known but inaccessible points A and B, determine the 
position of two unknown accessible points P and P’ by 
bearings from A, B, P’ to P and A, B, P to P’. 


see also SURVEYING PROBLEMS 
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Happy Number 

Let the sum of the SQUARES of the DicITs of a Pos- 
ITIVE INTEGER So be represented by si. In a similar 
way, let the sum of the SQUARES of the DIGITS of si be 
represented by sz, and so on. If some s; = 1 fori > 1, 
then the original INTEGER 3p is said to be happy. 


Once it is known whether a number is happy (or not), 
then any number in the sequence s1, $2, $3,... will also 
be happy (or not), A number which is not happy is 
called UNHAPPY. Unhappy numbers have EVENTUALLY 
PERIODIC sequences of s; 4, 16, 37, 58, 89, 145, 42, 20, 
4,... which do not reach 1. 


Any PERMUTATION of the DIGITS of an UNHAPPY or 
happy number must also be unhappy or happy. This 
follows from the fact that ADDITION is COMMUTATIVE. 
The first few happy numbers are 1, 7, 10, 13, 19, 23, 28, 
31, 32, 44, 49, 68, 70, 79, 82, 86, 91, 94, 97, 100, ... 
(Sloane’s A007770). These are also the numbers whose 
2-RECURRING DIGITAL INVARIANT sequences have pe- 
riod 1. 


see also KAPREKAR NUMBER, RECURRING DIGITAL IN- 
VARIANT , UNHAPPY NUMBER 
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pp. 234-235, 1994. 

Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, pp. 163-165, 1979. 

Schwartzman, 8. The Words of Mathematics: An Etymolog- 
ical Dictionary of Mathematical Terms Used in English. 
Washington, DC: Math. Assoc. Amer., 1994. 
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Harada-Norton Group 
The SPORADIC GrRouP AN. 


References 
Wilson, R. A. “ATLAS of Finite Group Representation.” 
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Harary Graph 
The smallest k-connected GRAPH with n VERTICES. 


Hard Hexagon Entropy Constant 


Hard Hexagon Entropy Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


A constant related to the HARD SQUARE ENTROPY 
ConsTANT. This constant is given by 


Kn = lim [G(N)]*/% = 1.395485972..., (1) 
N—-0o 
where G(N) is the number of configurations of nonat- 


tacking KINGS on an n x n chessboard with regular 


hexagonal cells, where N = n?. Amazingly, Kp is al- 


gebraic and given by 
Kh = KiK2K3Ka4, (2) 
where 


apa 3/4 ae (3) 


ko =(1-Vl—c4+ 24+c42V1lt+e4+e?]? (4) 
kg =(-1-Vl-—c+V2+ce+2V1+e+c?]’ (5) 
[VI—a+ V2tat2yitata] (6) 


Ka = 
a= 14111 (7) 
b= e337 (8) 
e= {1+ gaf(b4+ 1)? — (6 -1)97”. (9) 


(Baxter 1980, Joyce 1988). 
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Hard Square Entropy Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let F(n?) be the number of binary nxn MATRICES with 
no adjacent 1s (in either columns or rows). Define N = 
n”, then the hard square entropy constant is defined by 


kK [F(N)]*/*% = 1.503048082.... 


= lim 

Noo 
The quantity In« arises in statistical physics (Baxter 
et al. 1980, Pearce and Seaton 1988), and is known as 
the entropy per site of hard squares. A related constant 
known as the HARD HEXAGON ENTROPY CONSTANT 
can also be defined. 
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Hardy’s Inequality 


Let {an} be a NONNEGATIVE SEQUENCE and f(z) a 
NONNEGATIVE integrable FUNCTION. Define 


An =) > ax (1) 


as ya (2) 

and 7 
Fe)= [roa (3) 
ate) = [sae (4) 


and take p > 1. For sums, 


(2)"<(54) Neer © 


n=1 


(unless all a, = 0), and for integrals, 


[Fel e<(4) [vere © 


(unless f is identically 0). 
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Hardy-Littlewood Conjectures 

The first Hardy-Littlewood conjecture is called the k- 
TUPLE CONJECTURE. It states that the asymptotic 
number of PRIME CONSTELLATIONS can be computed 
explicitly. 


The second Hardy-Littlewood conjecture states that 


n(x +y) — (x) < r(y) 


for all xe and y, where z(xr) is the PRIME COUNTING 
FUNCTION. Although it is not obvious, Richards (1974) 
proved that this conjecture is incompatible with the first 
Hardy-Littlewood conjecture. 


see also PRIME CONSTELLATION, PRIME COUNTING 
FUNCTION 
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Hardy-Littlewood Constants 
see PRIME CONSTELLATION 


Hardy-Littlewood Tauberian Theorem 
Let an > 0 and suppose 


foe] 


—an 
Gn€ ~ 


aib 


n=l 


as a — 0*. Then 
Aan~ Tz 
nse 
as © —-> CO. 
see also TAUBERIAN THEOREM 
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Hardy-Littlewood k-Tuple Conjecture 
see PRIME PATTERNS CONJECTURE 


Hardy-Ramanujan Number 

The smallest nontrivial TAXICAB NUMBER, i.e., the 
smallest number representable in two ways as a sum of 
two CUBES. It is given by 


1729 = 1° + 12° = 9° + 10°. 


The number derives its name from the following story 
G. H. Hardy told about Ramanujan. “Once, in the taxi 
from London, Hardy noticed its number, 1729. He must 
have thought about it a little because he entered the 
room where Ramanujan lay in bed and, with scarcely a 
hello, blurted out his disappointment with it. It was, he 
declared, ‘rather a dull number,’ adding that he hoped 
that wasn’t a bad omen. ‘No, Hardy,’ said Ramanujan, 
‘it is a very interesting number. It is the smallest number 
expressible as the sum of two [POSITIVE] cubes in two 
different ways” (Hofstadter 1989, Kanigel 1991, Snow 
1993). 


see also DIOPHANTINE EQUATION—CUBIC, TAXICAB 
NUMBER 


References 

Guy, R. K. “Sums of Like Powers. Euler’s Conjecture.” §D1 
in Unsolved Problems in Number Theory, 2nd ed. New 
York: Springer-Verlag, pp. 139-144, 1994. 

Hardy, G. H. Ramanujan: Twelve Lectures on Subjects Sug- 
gested by His Life and Work, 3rd ed. New York: Chelsea, 
p. 68, 1959. 

Hofstadter, D. R. Gédel, Escher, Bach: An Eternal Golden 
Braid. New York: Vintage Books, p. 564, 1989. 

Kanigel, R. The Man Who Knew Infinity: A Life of the 
Genius Ramanujan. New York: Washington Square Press, 
p. 312, 1991. 

Snow, C. P. Foreword to Hardy, G. H. A Mathematician’s 
Apology, reprinted with a foreword by C. P. Snow. New 
York: Cambridge University Press, p. 37, 1993. 


Harmonic Addition Theorem 


Hardy-Ramanujan Theorem 
Let w(n) be the number of DisTINCT PRIME FACTORS 
of n. If U(x) tends steadily to infinity with x, then 


Ining — V(z)VinIng < w(n) < InIne + V(2)ViniIne 


for ALMOST ALL numbers n < xz. “ALMOST ALL” 
means here the frequency of those INTEGERS n in the 
interval 1 < n < x for which 


lw(n) —InIna| > ¥(a)VInIng 


approaches 0 as x —- oo. 


see also DISTINCT PRIME FACTORS, ERDOS-KAC THE- 
OREM 


Hardy’s Rule 

Let the values of a function f(x) be tabulated at in- 
tervals equally spaced by hk about xo, so that f_3 = 
f(zo — 3h), f-2 = f(xo — 2h), etc. Then Hardy’s rule 
gives the approximation to the integral of f(r) as 


zo+3h 
j F(a) da = =A;h(28f-s + 162f_2 + 22fo + 162f2 
xg—3h 


+28 fs) + sdoph"[2f (Ex) — WFO (Ed) 
where the final term gives the error, with £1, & € [ao — 
3h, zo + 3h}. 


see also BODE’S RULE, DURAND’S RULE, NEWTON- 
COTES FORMULAS, SIMPSON’S 3/8 RULE, SIMPSON’S 
RULE, TRAPEZOIDAL RULE, WEDDLE’S RULE 


Harmonic Addition Theorem 
To convert an equation of the form 


f(8@) = acos@ + bsin# (1) 


to the form 


f(0) = ccos(@ + 4), (2) 


expand (2) using the trigonometric addition formulas to 
obtain 
f(@) = ccos@cos6 — csin@sin 6. (3) 


Now equate the COEFFICIENTS of (1) and (3) 


a=ccoséd (4) 

b = —csind, (5) 
so ; 

tané = aie (6) 

a’ +t? =’, (7) 
and we have 

= tan-? -?) 

6 = tan ( 7 (8) 


c= Va? + 82. (9) 


Harmonic Analysis 


Given two general sinusoidal functions with frequency 
Ww: 


yn = Az sin(wt+ b1) (10) 
wo = Az sin(wt + d2), (11) 


their sum ~% can be expressed as a sinusoidal function 
with frequency w 


yp = wr + we = Ax[sin(wt) cos 61 + sin 6; cos(wt)] 
+ Ag{sin(wt) cos d2 + sin 62 cos(wt)] 
= [A1 cos 61 + Az cos 2] sin(wt) 


+ [Ai sin di + Ae sin 62] cos(wt). (12) 

Now, define 
Acosé = A; cosé, + Az cos d2 (13) 
Asin dé = A; sind, + A2 sin de. (14) 


Then (12) becomes 
Acos6sin(wt) + Asin 6d cos(wt) = Asin(wt+6). (15) 
Square and add (13) and (14) 
Ag = A,” + Ag? + 2A1A2 cos(52~— 61). (16) 
Also, divide (14) by (13) 


Ai sin 61 + Ag sin 62 


Aj cos 61 + Ag cos d2’ GQ 


tané = 


so 
wy = Asin(wt + 6), (18) 


where A and 6 are defined by (16) and (17). 


This procedure can be generalized to a sum of n har- 
monic waves, giving 


nr 
p= So Ai cos(wt + d;) = Acos(wt + 4), (19) 
i=1 
where 
Fy n n 
A? =~ A? +25 > $7 AA; cos(6: — 53) (20) 
i=1 j>i i=1 


and hn 
yer A; sin 6; 


SO" Ai cos di 


tané = 


(21) 


Harmonic Analysis 
see also FOURIER SERIES 
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Harmonic Brick 
A right-angled PARALLELEPIPED with dimensions a x 
ab x abc, where a, 6, and c are INTEGERS. 


see also BRICK, DE BRUIJN’S THEOREM, EULER BRICK 


Harmonic Conjugate Function 
The harmonic conjugate to a given function u(z, y) is a 
function v(x, y) such that 


f(z, y) = u(x, y) + v(z,y) 


is COMPLEX DIFFERENTIABLE (i.e., satisfies the 
CAUCHY-RIEMANN EQUATIONS). It is given by 


v(z) = fu dy — uy dz. 


Harmonic Conjugate Points 


eo—e__e___-® 
Ww x Y Z 


Given COLLINEAR points W, X, Y, and Z, Y and Z are 
harmonic conjugates with respect to W and X if 


IwWY| |Ww2| 
lYX|  |ZX|° 


The distances between such points are said to be in HAR- 
MONIC RATIO, and the LINE SEGMENT depicted above 
is called a HARMONIC SEGMENT. 


Harmonic conjugate points are also defined for a TRI- 
ANGLE. If W and X have TRILINEAR COORDINATES 
a:@:7 and ao’: @': 7’, then the TRILINEAR COORDI- 
NATES of the harmonic conjugates are 


Y=atal:B+8':¥+7 
Z=a-a':8-f':7-7' 


(Kimberling 1994). 
see also HARMONIC RANGE, HARMONIC RATIO 
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Harmonic Coordinates 
Satisfy the condition 


Peg f= 0; (1) 


or equivalently, 


sox (V0"") =0. (2) 
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It is always possible to choose such a system. Using the 
D’ALEMBERTIAN OPERATOR, 


% . Oo te 
b= (bale =o" SSO. - PSE. (8) 


But since [* = 0 for harmonic coordinates, 


CPe# =0. (4) 


Harmonic Decomposition 

A POLYNOMIAL function in the clements of x can be 
uniquely decomposed into a sum of harmonic POLYNO- 
MIALS times POWERS of |x]. 


Harmonic Divisor Number 

A number n for which the HARMONIC MEAN of the DI- 
VISORS of n, i.e., nd(n)/a(n), isan INTEGER, where d(n) 
is the number of POSITIVE integral DIvIsoRS of n and 
a(n) is the DIVISOR FUNCTION. For example, the divi- 
sors of n = 140 are 1, 2, 4, 5, 7, 10, 14, 20, 28, 35, 70, 
and 140, giving 


d(140) = 12 
(140) = 336 
140d(140) _ 140-12 _ 
o(140) 335 i‘ 


so 140 is a harmonic divisor number. Harmonic divisor 
numbers are also called ORE NUMBERS. Garcia (1954) 
gives the 45 harmonic divisor numbers less than 10”. 
The first few are 1, 6, 140, 270, 672, 1638, ... (Sloane’s 
A007340). 


For distinct PRIMES p and q, harmonic divisor numbers 
are equivalent to EVEN PERFECT NUMBERS for numbers 
of the form p"g. Mills (1972) proved that if there exists 
an ODD POSITIVE harmonic divisor number n, then n 
has a prime-POWER factor greater than 10’. 


Another type of number called “harmonic” is the HAR~- 
MONIC NUMBER. 


see also DIVISOR FUNCTION, HARMONIC NUMBER 
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Harmonic Equation 
see LAPLACE’S EQUATION 


Harmonic Function 
Any real-valued function u(z,y) with continuous sec- 
ond PARTIAL DERIVATIVES which satisfies LAPLACE’S 
EQUATION 

V7u(z,y) =0 (1) 


is called a harmonic function. Harmonic functions are 
called POTENTIAL FUNCTIONS in physics and engineer- 
ing. Potential functions are extremely useful, for exam- 
ple, in electromagnetism, where they reduce the study 
of a 3-component VECTOR FIELD to a 1-component 
SCALAR FUNCTION. A scalar harmonic function is 
called a SCALAR POTENTIAL, and a vector harmonic 
function is called a VECTOR POTENTIAL. 


To find a class of such functions in the PLANE, write the 
LAPLACE’S EQUATION in POLAR COORDINATES 


1 1 
Urr + an + pz 08 => 0, (2) 
and consider only radial solutions 
1 
Urr + Ror = 0. (3) 


This is integrable by quadrature, so define v = du/dr, 


dv 1 
dr + pe =0 (4) 
du dr 
ars 6) 
In (5) =-Inr (6) 
v 1 
Aq? ce 
du A 
Ue ae (8) 
du = vam (9) 
Tr 
so the solution is 
u= Alnr. (10) 


Ignoring the trivial additive and multiplicative con- 
stants, the general pure radial solution then becomes 


u = In[(w—a)?+(y—b)*]?? = $1n [(z — a)? +(y- b)*] : 
(11) 


Harmonic-Geometric Mean 


Other solutions may be obtained by differentiation, such 
as 
r-—a 


“= Grate - 


= oP 
= joes yey on 


use siny (14) 
v= e cosy, (15) 

and i 
tan* (2) ‘ (16) 

za 


Harmonic functions containing azimuthal dependence 
include 


u =r” cos(n@) (17) 
v =r” sin(n). (18) 


The POISSON KERNEL 


2_ 22 
u(t, R, 8,9) = pea 


2 — 2rRcos(@ — ¢) + r? Ge) 


is another harmonic function. 
see also SCALAR POTENTIAL, VECTOR POTENTIAL 
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Harmonic-Geometric Mean 


Let 
2anBn 
ote hes 
Bn+1 FV AnGBn, 
then 
H (ao, Go) = lim a a 
ove? 308 ° M(ao7}, Bo)’ 


where M is the ARITHMETIC-GEOMETRIC MEAN. 


see also ARITHMETIC MEAN, ARITHMETIC-GEOMETRIC 
MEAN, GEOMETRIC MEAN, HARMONIC MEAN 
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Harmonic Homology 

A PERSPECTIVE COLLINEATION with center O and axis 
o not incident is called a HOMOLOGY. A HOMOLOGY 
is said to be harmonic if the points A and A’ on a line 
through O are harmonic conjugates with respect to O 
and o-a. Every PERSPECTIVE COLLINEATION of period 
two is a harmonic homology. 


see also HOMOLOGY (GEOMETRY), 
COLLINEATION 


PERSPECTIVE 
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Harmonic Logarithm 

For all INTEGERS n and NONNEGATIVE INTEGERS ¢, the 
harmonic logarithms a (x) of order t and degree n are 
defined as the unique functions satisfying 


1. A(x) = (Inz)*, 

2. A% (x) has no constant term except MO (zx) =1, 
3. gen’ (#) = [n] An (2), 

where the “ROMAN SYMBOL” |n] is defined by 


n forn 40 (1) 


n= 1 forn=0 


(Roman 1992). This gives the special cases 


(0);., _ fz” forn>0 

An @)={§ forn <0 (2) 
(21) _ fxe"(nze-—H,) forn>0 

Ane) = {a for n < 0, (3) 


where H,, is a HARMONIC NUMBER 


“1 
H,=)~ 7 (4) 
k=l 
The harmonic logarithm has the INTEGRAL 
1 
[ee dz = pean @)- (5) 
The harmonic logarithm can be written 
A(z) = [n]!D-"(Inz)‘, (6) 


where D is the DIFFERENTIAL OPERATOR, (so D~” is 
the nth INTEGRAL). Rearranging gives 


D* AY (2) z= | Ae ale). (7) 


This formulation gives an analog of the BINOMIAL THE- 
OREM called the LOGARITHMIC BINOMIAL FORMULA. 
Another expression for the harmonic logarithm is 


t 
AMP (x) = 2" $0 (-1)7 se (nz), (8) 


j=0 
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where (t); = t(t — 1)---(£-—7j +41) is a POCHHAMMER 
SYMBOL and c\) is a two-index HARMONIC NUMBER 
(Roman 1992). 


see also LOGARITHM, ROMAN FACTORIAL 
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Harmonic Map 

A harmonic map between RIEMANNIAN MANIFOLDS can 
be viewed as a generalization of a GEODESIC when the 
domain DIMENSION is one, or of a HARMONIC FUNCTION 
when the range is a EUCLIDEAN SPACE. 


see also BOCHNER IDENTITY, EUCLIDEAN SPACE, GEO- 
DESIC, HARMONIC FUNCTION, RIEMANNIAN MANIFOLD 
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Harmonic Mean 


The harmonic mean H(#1,...,%n) of n points 2; (where 
i=1,...,n) is 
1 iyi 
—=- —, 1 
Hn ai i (1) 


1 1/1 uf 
Secs —, 2 
H 2 (- a r2 ) (2) 
or 1 4 
D1 Z2 
==>. 3 
HH 22122 ( ) 


The VOLUME-to-SURFACE AREA ratio for a cylindrical 
container with height A and radius r and the MEAN 
CURVATURE of a general surface are related to the har- 
monic mean. 


Hoehn and Niven (1985) show that 
H(a1+¢,a2+0¢,...,dn +c) > c+H(a1,42,...,@n) (4) 


for any POSITIVE constant c. 


see also ARITHMETIC MEAN, ARITHMETIC-GEOMETRIC 
MEAN, GEOMETRIC MEAN, HARMONIC-GEOMETRIC 
MEAN, ROOT-MEAN-SQUARE 
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Harmonic Number 


Harmonic Mean Index 
The statistical INDEX 


Py = 2, Pod 
PQ~“ao 


Pa 
where py, is the price per unit in period n, qn is the 
quantity produced in period n, and un = pngn the value 
of the n units. 


see also INDEX 
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Harmonic Number 
A number of the form 


n 
1 
i= > a (1) 
k=1 
This can be expressed analytically as 
Hy, =y¥+¥Yo(n+1), (2) 


where y is the EULER-MASCHERONI CONSTANT and 
W(x) = Yo(z) is the DIGAMMA FUNCTION. The number 
formed by taking alternate signs in the sum also has an 
analytic solution 


; bb (=3 k+1 
H, = —— 3 
oy ; (3) 
=In2+ 3(—1)"[Wo($n + 3) — vo($n+ 1]. (4) 


The first few harmonic numbers Hn are 1, 3/2, 11/6, 
25/12, 137/60, ... (Sloane’s A001008 and A002805). 
The HARMONIC NUMBER Hy, is never an INTEGER (ex- 
cept for H,), which can be proved by using the strong 
triangle inequality to show that the 2-ADIC VALUE of Hy 
is greater than 1 for n > 1. The harmonic numbers have 
Opp NUMERATORS and EVEN DENOMINATORS. The 
nth harmonic number is given asymptotically by 


1 
nwl age | 
H ant+y+ 5 (5) 


where y is the EULER-MASCHERONI CONSTANT (Con- 
way and Guy 1996). Gosper gave the interesting identity 


2 Hy s . (—z)* s 
So ne Gar ens P02) +h) 
i=0 k=l 


Harmonic Number 


where ['(0, z) is the incomplete GAMMA FUNCTION and 
+ is the EULER-MASCHERONI CONSTANT. Borwein and 
Borwein (1995) show that 


= Hn. 11 114 
ST Oa 
n=1 
Co 
H,,? 
a = FC) = er (8) 
n=1 
oa) H,, 
hn ioe 5 ¢(4) = An, (9) 
n=1 


where ¢(z) is the RIEMANN ZETA FUNCTION. The first 
of these had been previously derived by de Doelder 
(1991), and the last by Euler (1775). These identities 
are corollaries of the identity 


1 as 
a x” {In[2 cos(32)}}? dz = 11¢(4) = jba* (10) 
(Borwein and Borwein 1995). Additional identities due 
to Euler are 


HH. 
do > = 260) (11) 
n=1 
foe) H m—2 
20 mm = (m+2)¢(m+1)— > ¢(m=n)¢(n+1) (12) 
n=l n=1 
for m = 2, 3, ... (Borwein and Borwein 1995), where 


¢(3) is APERY’S CONSTANT. These sums are related to 
so-called EULER SUMS. 


Conway and Guy (1996) define the second harmonic 
number by 


HO) = 30 Hi = (n+1)(Anti—1) = (n+1)(An 4-H), 
i=1 


(13) 
the third harmonic number by 


H®) = Sa? = ce) (An+2 = Hz), (14) 


i=1 


and the nth harmonic number by 


k-1 
H®) = ‘ee : ) mins — Hy-1). (15) 
A slightly different definition of a two-index harmonic 
number c¥) is given by Roman (1992) in connection with 
the HARMONIC LOGARITHM. Roman (1992) defines this 
by 


) _ f1 forn>0 

me 0 forn <0 Us) 
G) _ fl for7=90 

“0 ={5 for j £0 (17) 
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plus the recurrence relation 


en? = cI-Y + nc®,. (18) 


n—1 


For general n > 0 and 7 > 0, this is equivalent to 


n 


Bad al, (19) 
i=l 


and for n > 0, it simplifies to 


cf) = . g (ei, (20) 


t=1 
For n < 0, the harmonic number can be written 
cy) = (—1)' [n]!s(—n, 3), (21) 


where |n|! is the ROMAN FACTORIAL and s is a STIR- 
LING NUMBER OF THE FIRST KIND. 


A separate type of number sometimes also called a “har- 
monic number” is a HARMONIC DivisoR NUMBER (or 
ORE NUMBER). 


see also APERY’S CONSTANT, EULER SUM, HARMONIC 
LOGARITHM, HARMONIC SERIES, ORE NUMBER 
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Harmonic Progression 


see Harmonic Series 


Harmonic Range 
A B Cc D 


2 1 3 
A set of four COLLINEAR points A, B, C, and D ar- 
ranged such that 


AB: BC =2:1 

AD: DC=6:3. 
Hardy (1967) uses the term HARMONIC SYSTEM OF 
POINTS to refer to a harmonic range. 
see also EULER LINE, GERGONNE LINE, HARMONIC 
CONJUGATE POINTS, SODDY LINE 
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Harmonic Ratio 
see HARMONIC CONJUGATE POINTS 


Harmonic Segment 
see HARMONIC CONJUGATE POINTS 


Harmonic Series 
The SuM 


(1) 


ale 


rs) 
k=1 


is called the harmonic series. It can be shown to DI- 
VERGE using the INTEGRAL TEST by comparison with 
the function 1/2. The divergence, however, is very slow. 


In fact, the sum 
1 
= 2 
a (2) 
P 


taken over all PRIMES also diverges. The generalization 
of the harmonic series 


(m= oo (3) 


is known as the RIEMANN ZETA FUNCTION. 


The sum of the first few terms of the harmonic series is 
given analytically by the nth HARMONIC NUMBER 


Hy = S05 = 7+ Voln +1), (4) 


where y is the EULER-MASCHERONI CONSTANT and 
U(x) = po(z) is the DIGAMMA FUNCTION. The number 
of terms needed to exceed 1, 2, 3, ... are 1, 4, 11, 31, 
83, 227, 616, 1674, 4550, 12367, 33617, 91380, 248397, 

. (Sloane’s A004080). Using the analytic form shows 
that after 2.5 x 10° terms, the sum is still less than 20. 
Furthermore, to achieve a sum greater than 100, more 
than 1.509 x 104° terms are needed! 


Progressions of the form 


1 1 1 
a1’ ai +d’ a,+2d’°° 


(5) 


are also sometimes called harmonic series (Beyer 1987). 


The modified harmonic series, given by the sum 


tay i (6) 


where px is the kth PRIME, diverges. 


see also ARITHMETIC SERIES, BERNOULLI’S PARADOX, 
BoOoK STACKING PROBLEM, EULER SUM, ZIPF’S LAW 


Harnack’s Inequality 
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Harmonic System of Points 
see HARMONIC RANGE 


Harmonious Graph 

A connected LABELLED GRAPH with n EDGES in which 
all VERTICES can be labeled with distinct INTEGERS 
(mod n) so that the sums of the PAIRS of numbers at the 
ends of each EDGE are also distinct (mod n). The LAD- 
DER GRAPH, FAN, WHEEL GRAPH, PETERSEN GRAPH, 
TETRAHEDRAL GRAPH, DODECAHEDRAL GRAPH, and 
ICOSAHEDRAL GRAPH are all harmonious (Graham and 
Sloane 1980). 


see also GRACEFUL GRAPH, LABELLED GRAPH, 
POSTAGE STAMP PROBLEM, SEQUENTIAL GRAPH 
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Harnack’s Inequality 

Let D = D(zg,R) be an OPEN DISK, and let u be a 
HARMONIC FUNCTION on D such that u(z) > 0 for all 
z€WD. Then for all z € D, we have 


R 2 
0 < u(z) < (ase) u(zo). 


see also LIOUVILLE’S CONFORMALITY THEOREM 
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Harnack’s Theorems 


Harnack’s Theorems 
Harnack’s first theorem states that a real irreducible 
curve of order n cannot have more than 


2(n — 1)(n— 2) — SS si(si - 1)+1 


circuits (Coolidge 1959, p. 57). 


Harnack’s second theorem states that there exists a 
curve of every order with the maximum number of cir- 
cuits compatible with that order and with a certain num- 
ber of double points, provided that number is not per- 
missible for a curve of lower order (Coolidge 1959, p. 61). 
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Harshad Number 

A POSITIVE INTEGER which is DIVISIBLE by the sum of 
its Dicits, also called a NIVEN NUMBER (Kennedy et 
al. 1980). The first few are 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
12, 18, 20, 21, 24, ... (Sloane’s A005349). Grundman 
(1994) proved that there is no sequence of more than 
20 consecutive Harshad numbers, and found the small- 
est. sequence of 20 consecutive Harshad numbers, each 
member of which has 44,363,342,786 digits. 


Grundman (1994) defined an n-Harshad (or n-Niven) 
number to be a POSITIVE INTEGER which is DIVISIBLE 
by the sum of its digits in base n > 2. Cai (1996) showed 
that for n = 2 or 3, there exists an infinite family of 
sequences of consecutive n-Harshad numbers of length 
an. 
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Hart’s Inversor 


A linkage which draws the inverse of a given curve. It 
can also convert circular to linear motion. The rods 
satisfy AB = CD and BC = DA, and O, P, and P’ 
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remain COLLINEAR. Coxeter (1969, p. 428) shows that 
if AO = pAB, then 


OP x OP' = p(1— p)(AD? — AB’). 


see also PEAUCELLIER INVERSOR 
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Hart’s Theorem 

Any one of the eight APOLLONIUS CIRCLES of three 
given CIRCLES is TANGENT to a CIRCLE C, as are the 
other three APOLLONIUS CIRCLES having (1) like con- 
tact with two of the given CIRCLES and (2) unlike con- 
tact with the third. 

see also APOLLONIUS CIRCLES 

References 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
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Hartley Transform 

An INTEGRAL TRANSFORM which shares some features 
with the FOURIER TRANSFORM, but which (in the dis- 
crete case), multiplies the KERNEL by 


(282) —an(782) a 


instead of 


en 2rikn/N = cos (7) isin (=") : (2) 


The Hartley transform produces REAL output for a 
REAL input, and is its own inverse. It therefore can have 
computational advantages over the DISCRETE FOURIER 
TRANSFORM, although analytic expressions are usually 
more complicated for the Hartley transform. 


The discrete version of the Hartley transform can be 
written explicitly as 


Hla] = a d an [cos (= =) — si (=) (3) 
=RF oe SF [al, (4) 


where ¥ denotes the FOURIER TRANSFORM. The Hart- 
ley transform obeys the CONVOLUTION property 


H[a * blk = 4(AnBe — Ap Be + Ax Bue + AxBr), (5) 
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where 
@o = ao (6) 
Gn/2 = an /2 (7) 
Gk = an_-k (8) 


(Arndt). Like the Fast FOURIER TRANSFORM, there is 
a “fast” version of the Hartley transform. A decimation 
in time algorithm makes use of 


He* a] = Anjrla"] + XHnjala™] (9) 
Hn [a] = An ala] —#XHnpala"], (10) 


where 4 denotes the sequence with elements 


Qn COS (=) — ay sin (“*) F (11) 


A decimation in frequency algorithm makes use of 


Hoven [a] = Hn2{a'* ce aright (12) 
qpost [a] = Hyjo [x(ale* = qrighty), (13) 


The DISCRETE FOURIER TRANSFORM 


N~1 
A, = Fla] = se es Pet. (14) 


ns 
can be written 


N-1 ; 
Ag i en 2rikn/N 0 Qn 
a = SS 0 e2tikn/N Qn (15) 


n=0, , 


=i (h rae | ee ve (ae) | 
bites oY ; : rkn 2rkn 
a2 1+i 1-i — sin (2347) cos ( i) 
a Rae H 
1j;1+72 1-2 an 
rire ve balk (16) 
OS 
ag 
so 
F=T HT. (17) 


see also DISCRETE FOURIER TRANSFORM, FAST FOUR- 
IER TRANSFORM, FOURIER TRANSFORM 
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HashLife 

A LIFE ALGORITHM that achieves remarkable speed by 
storing subpatterns in a hash table, and using them to 
skip forward, sometimes thousands of generations at a 
time. HashLife takes tremendous amounts of memory 
and can’t show patterns at every step, but can quickly 
calculate the outcome of a pattern that takes millions of 
generations to complete. 


References 

Hensel, A. “A Brief Illustrated Glossary of Terms in Con- 
way’s Game of Life.” http://www.cs. jhu.edu/~callahan/ 
glossary .html. 


Hasse’s Algorithm 
see COLLATZ PROBLEM 


Hasse’s Conjecture 

Define the ZETA FUNCTION of a VARIETY over a NUM- 
BER FIELD by taking the product over all PRIME IDEALS 
of the ZETA FUNCTIONS of this VARIETY reduced mod- 
ulo the PRIMES. Hasse conjectured that this product 
has a MEROMORPHIC continuation over the whole plane 
and a functional equation. 


References 
Lang, S. “Some History of the Shimura-Taniyama Conjec- 
ture.” Not. Amer. Math. Soc. 42, 1301~—1307, 1995. 


Hasse-Davenport Relation 

Let F be a FINITE FIELD with g elements, and let F, 
be a FIELD containing F such that [F, : F] = s. Let y 
be a nontrivial MULTIPLICATIVE CHARACTER of F and 
x' =x0Np,/r a character of F,. Then 


(-—9(x))* = -9(x’), 


where g(z) is a GAUSSIAN SUM. 
see also GAUSSIAN SUM, MULTIPLICATIVE CHARACTER 
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pp. 162-165, 1990. 


Hasse Diagram 

A graphical rendering of a PARTIALLY ORDERED SET 

displayed via the COVER relation of the PARTIALLY OR- 

DERED SET with an implied upward orientation. A point 

is drawn for each element of the POSET, and line seg- 

ments are drawn between these points according to the 
following two rules: 

1. If x < y in the poset, then the point corresponding 
to x appears lower in the drawing than the point 
corresponding to y. 

2. The line segment between the points corresponding 
to any two elements x and y of the poset is included 
in the drawing IFF x covers y or y covers x. 


Hasse diagrams are also called UPWARD DRAWINGS. 


Hasse-Minkowski Theorem 


Hasse- Minkowski Theorem 

Two nonsingular forms are equivalent over the rationals 
IrF they have the same DETERMINANT and the same 
p-SIGNATURES for all p. 


Hasse Principle 

A collection of equations satisfies the Hasse principle if, 
whenever one of the equations has solutions in R and 
all the Q,, then the equations have solutions in the Ra- 
TIONALS Q. Examples include the set of equations 


ax” + bry + cy” =0 


with a, b, and c INTEGERS, and the set of equations 


for a rational. The trivial solution z = y = 0 is usu- 
ally not taken into account when deciding if a collec- 
tion of homogeneous equations satisfies the Hasse princi- 
ple. The Hasse principle is sometimes called the LOCAL- 
GLOBAL PRINCIPLE. 


see also LOCAL FIELD 


Hasse’s Resolution Modulus Theorem 

The JACOBI SYMBOL (a/y) = x(y) as a CHARACTER can 
be extended to the KRONECKER SYMBOL (f(a)/y) = 
x*(y) so that x*(y) = x(y) whenever x(y) # 0. When 
y is RELATIVELY PRIME to f(a), then x"(y) # 0, 
and for NONZERO values x*(yi) = x*(y2) IFF yi: = 
yz modt f(a). In addition, |f(a)| is the minimum value 
for which the latter congruence property holds in any 
extension symbol for x(y). 


see also CHARACTER (NUMBER THEORY), JACOBI SYM- 
BOL, KRONECKER SYMBOL 


References 
Cohn, H. Advanced Number Theory. New York: Dover, 
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Hat 
The hat is a caret-shaped symbol most commonly used 
to denote a UNIT VECTOR (V¥) or an ESTIMATOR (2). 


see also ESTIMATOR, UNIT VECTOR 


Haupt-Exponent 

The smallest exponent e for which 6° = 1 (mod p), 
where 6 and p are given numbers, is the haupt- 
exponent of b (mod p). The number of bases having 
a haupt-exponent e is ¢(e), where ¢{e) is the TOTIENT 
FUNCTION. Cunningham (1922) published the haupt- 
exponents for primes to 25409 and bases 2, 3, 5, 6, 7, 
10, 11, and 12. 


see also COMPLETE RESIDUE SYSTEM, RESIDUE INDEX 
References 
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Hausdorff Axioms 
Describe subsets of elements z in a NEIGHBORHOOD SET 
E of x. The NEIGHBORHOOD is assumed to satisfy: 


1. There corresponds to each point zx at least one 
NEIGHBORHOOD U(zaz), and each NEIGHBORHOOD 
U(2) contains the point z. 


2. If U(x) and V(z) are two NEIGHBORHOODS of the 
same point z, there must exist a NEIGHBORHOOD 
W (cz) that is a subset of both. 


3. If the point y lies in U(x), there must exist a NEIGH- 
BORHOOD U(y) that is a SUBSET of U(z). 


4. For two different points z and y, there are two corre- 
sponding NEIGHBORHOODS U(z) and U(y) with no 
points in common. 


Hausdorff-Besicovitch Dimension 
see CAPACITY DIMENSION 


Hausdorff Dimension 

Let A be a SUBSET of a METRIC SPACE X. Then the 
Hausdorff dimension D(A) of A is the INFIMUM of d > 0 
such that the d-dimensional HAUSDORFF MEASURE of 
A is 0. Note that this need not be an INTEGER. 


In many cases, the Hausdorff dimension correctly de- 
scribes the correction term for a resonator with FRAC- 
TAL PERIMETER in Lorentz’s conjecture. However, in 
general, the proper dimension to use turns out to be the 
MINKOWSKI-BOULIGAND DIMENSION (Schroeder 1991). 


see also CAPACITY DIMENSION, FRACTAL DIMENSION, 
MINKOWSKI-BOULIGAND DIMENSION 
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Hausdorff Measure 

Let X be a METRIC SPACE, A be a SUBSET of X, and d 
a number > 0. The d-dimensional Hausdorff measure of 
A, H%(A), is the INFIMUM of POSITIVE numbers y such 
that for every r > 0, A can be covered by a countable 
family of closed sets, each of diameter less than r, such 
that the sum of the dth POWERS of their diameters is 
less than y. Note that H“(A) may be infinite, and d 
need not be an INTEGER. 
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Federer, H. Geometric Measure Theory. 
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Hausdorff Paradox 
For n > 3, there exist no additive finite and invariant 
measures for the group of displacements in R”. 


References 
Le Lionnais, F. Les nombres remarquables. Paris: Hermann, 


p. 49, 1983. 


Hausdorff Space 
A TOPOLOGICAL SPACE in which any two points have 
disjoint NEIGHBORHOODS. 


Haversine 


hav(z) = $ vers(z) = $(1—cosz), 


where vers(z) is the VERSINE and cos is the COSINE. 
Using a trigonometric identity, the haversine is equal to 


hav(z) = sin?( iz). 


see also COSINE, COVERSINE, EXSECANT, VERSINE 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 78, 1972. 


Heads Minus Tails Distribution 

A fair COIN is tossed 2n times. Let D = |H — T| be 
the absolute difference in the number of heads and tails 
obtained. Then the probability distribution is given by 


where P(D = 2k — 1) = 0. The most probable value of 
D is D = 2, and the expectation value is 


see also BERNOULLI DISTRIBUTION, COIN, COIN TOSS- 
ING 


References 

Handelsman, M. B. Solution to Problem 436, “Distribut- 
ing ‘Heads’ Minus ‘Tails.’” College Math. J. 22, 444-446, 
1991. 


Heap 

A SET of N members forms a heap if it satisfies a,j;2) > 
a; for 1 < |j/2) < 7 < N, where |x! is the FLOOR 
FUNCTION. 


see also HEAPSORT 
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Heapsort 

An Nig N SorTING ALGORITHM which is not quite as 
fast as QUICKSORT. It is a “sort-in-place” algorithm 
and requires no auxiliary storage, which makes it par- 
ticularly concise and elegant to implement. 


see also QUICKSORT, SORTING 
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Heart Surface 


A heart-shaped surface given by the SEXTIC EQUATION 
(2x7 + 2y? + 2? — 1) — a?z? —y?z* =0. 


see also BONNE PROJECTION, PIRIFORM 


References 
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Heat Conduction Equation 
A diffusion equation of the form 


We as 


Physically, the equation commonly arises in situations 
where « is the thermal diffusivity and T the tempera- 
ture. 


The 1-D heat conduction equation is 


OT OT 
Ot x?’ (2) 


This can be solved by SEPARATION OF VARIABLES using 
T(z,t) = X(x)T(t). (3) 


Then 


(4) 


Heat Conduction Equation 
Dividing both sides by kXT gives 


1 Sane Oe ia, Se 5 

nD dt ~ X de? ~~ ©) 

where each side must be equal to a constant. Antic- 

ipating the exponential solution in T, we have picked 

a negative separation constant so that the solution re- 

mains finite at all times and has units of length. The 
T solution is 


T(t) = Aew™*/”, (6) 


and the X solution is 
X(r2) = Coos (5) + Dsin (5). (7) 
The general solution is then 


T(a,t) = T(t)X(z) 


= AeWt/” [C cos (5) + Dsin (5) 


aig ie [D cos (<) + Esin ()]. (8) 


If we are given the boundary conditions 


T(0,t) = 0 (9) 
and 
T(L,t) =0, (10) 
then applying (9) to (8) gives 
x 
Dos (5) =0> D=0, (11) 


and applying (10) to (8) gives 


Bsin($) =05 F =nn sans, (12) 


ne 
so (8) becomes 


= byt. 
e «(m7 /L) si 


T,(2,t) = E n(™). (13) 


Since the general solution can have any n, 


oO 


T(2,t)= Soen sin (=) pene), (14) 


ni 
Now, if we are given an initial condition T(z, 0), we have 


foe) 


T(z,0) = x G sin (") : (15) 


n=1 
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Multiplying both sides by sin(maz/L) and integrating 
from 0 to L gives 


L 
. (nz 
i) sin ( 
0) 
‘= mare NTE 
=/ So cn sin (7) sin () dz. (16) 
n=1 
Using the ORTHOGONALITY of sin(nz) and sin(mz), 
. . nTxr mre = 
: - _ 1 
Le | sin (=) sin (==) d = 2 tones 


L 
= litem = / sin (=) T(«,0)dz, (17) 
18) 


) T(x, 0) dx 


so 


ee [on (72) T(x, 0) de. (18) 


If the boundary conditions are replaced by the require- 
ment that the derivative of the temperature be zero at 
the edges, then (9) and (10) are replaced by 


OT 
— = 19 
Oz | (0,2) 2) 
oT 
plane, — 0. 20 
Oz \(1,t) -) 


Following the same procedure as before, a similar answer 
is found, but with sine replaced by cosine: 


T(z,t) = al (oa 
where 


2 i: (72) OT (z,0) 
Cn = = cos — 
TJ, L Ox 


Heat Conduction Equation— Disk 
To solve the HEAT CONDUCTION EQUATION on a 2-D 
disk of radius R = 1, try to separate the equation using 


=) enn(nn/L)*t (21) 


dz. (22) 
0 


t 


T(r, 6,t) = R(r)O(@)T(t). (1) 


Writing the @ and r terms of the LAPLACIAN in SPHER- 
ICAL COORDINATES gives 


@R 2dR 1¢€0 
V= bane 2 
ge.) pode ae (2) 
so the HEAT CONDUCTION EQUATION becomes 
2 2 2 
ROdT d Ror 4 2dRo-, 14 9 pr. (3) 


x dt? — dr? r dr r? d@? 
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Multiplying through by r?/ROT gives 


r@T rd@R ,wrdR , @Ol 


= i 4 
KP dt? Rdr? | Rdr de? 0 (4) 
The @ term can be separated. 
@Ol 
Wer ray = —n(n + 1), (5) 


which has a solution 


6(0) = Aces | n(n +1) 6] + Bsin | n(n+1) }: 


(6) 
The remaining portion becomes 
r? PT dR rdR 
Cae Rae Bae ee. 
Dividing by r? gives 
1@T 1d@R,2dR n(n+1)_ 1 (8) 
«KT dt? Rdr? ° rR dr r2 a 


where a NEGATIVE separation constant has been chosen 
so that the t portion remains finite 


T(t) =Ce-™*/”. (9) 


The radial portion then becomes 


1@R 2dR n(nt+1). 1 

Ra? 'sRdr re TRO (HO) 
aR dR r? 

2 — 
r Gr. horas E = n(n + 3) R= 0, (11) 


which is the SPHERICAL BESSEL DIFFERENTIAL EQUA- 
TION. If the initial temperature is T(r,0) = 0 and the 
boundary condition is T(1,t) = 1, the solution is 


ae QnT) ag? 
T(r,t)=1-25 > earl at. (12) 
n=1 


where a, is the nth POSITIVE zero of the BESSEL FUNC- 
TION OF THE FIRST KIND Jo. 


Heaviside Calculus 
A method of solving differential equations using FouR- 
IER TRANSFORMS and LAPLACE TRANSFORMS. 


see also FOURIER TRANSFORM, LAPLACE TRANSFORM 


Heaviside Step Function 


Heaviside Step Function 


-1 0.5 T 
A discontinuous “step” function, also called the UNIT 


STEP, and defined by 
0 x<0 
H(z)=i1i z= (1) 


It is related to the BOXCAR FUNCTION. The DERIVa- 
TIVE is given by 


-0.5 


+ H(2) = 6(2), (2) 


where 6(z) is the DELTA FUNCTION, and the step func- 
tion is related to the RAMP FUNCTION R(z) by 


d 
Ge) = —H(z). (3) 


Bracewell (1965) gives many identities, some of which 
include the following. Letting + denote the CONVOLU- 
TION, 


(2) fa) =f sle'y ae (4 

H(T)* H(T) = / H(u)H(T - u) du (5) 
= (0) [ H(r- wa 

= a(oyn(ry f du=TH(T). (6) 


Additional identities are 


H(2)H(y) = ee mises (7) 


H(az +0) =H (2+2) H(a) + H (-2- a) H(-a) 


= {Fiera a>0 


= lH (-2-8) a<o. (8) 


The step function obeys the integral identities 
b b 
i HA (u — uo) f(u) du = Hw) [ f(ujdu = (9) 
-—a uo 


b UL 
/ (wn ~ w)f(u) du = H(un) f f(u)du (10) 


Heawood Conjecture 
b 
/ H(u— uo)A (ui — u)f(u) du 


= H(uo)H(ui) i f(u)du. (11) 


The Heaviside step function can be defined by the fol- 
lowing limits, 


ner=my[ietue'(-2)] on 
= 3 lim erfe(— ¢) (13) 
1 a 2 
a ye ~Lio-u* /t 
a es: i te du {14) 
=} +1 limsi(#) (15) 
: . -1.. U 
= lim t~” sinc (5) du (16) 
t0 J _ t 
1 _— p~aft 
ina ae a fe 6s 
to | —f(1l-e ) «<0 


Fa 1; 
tA (f5% de, (18) 


where A is the one-argument TRIANGLE FUNCTION and 
si(z) is the SINE INTEGRAL. 


The FOURIER TRANSFORM of the Heaviside step func- 
tion is given by 


oo 


F[H(e)| = / e278 H (0) dx = 5 [sca) - =| 


—~—oo 


where 6(k) is the DELTA FUNCTION. 


see also BOXCAR FUNCTION, DELTA FUNCTION, FOUR- 
IER TRANSFORM—HEAVISIDE STEP FUNCTION, RAMP 
FUNCTION, RAMP FUNCTION, RECTANGLE FUNCTION, 
SQUARE WAVE 
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Heawood Conjecture 
The bound for the number of colors which are SUFFI- 
CIENT for MAp COLORING on a surface of GENUS g, 


x(g) = L«7 + 1/489 +1 )| 


is the best possible, where |z| is the FLOOR FUNCTION. 
x(g) is called the CHROMATIC NUMBER, and the first 
few values for g =0,1,... are 4, 7, 8, 9, 10, 11, 12, 12, 
13, 13, 14, ... (Sloane’s A000934). 
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' The fact that x(g) is also NECESSARY was proved by 


Ringel and Youngs (1968) with two exceptions: the 
SPHERE (PLANE), and the KLEIN BOTTLE (for which 
the Heawood FORMULA gives seven, but the correct 
bound is six). When the FouR-CoLOR THEOREM was 
proved in 1976, the KLEIN BOTTLE was left as the only 
exception. The four most difficult cases to prove were 
g = 59, 83, 158, and 257. 

see also CHROMATIC NUMBER, FOUR-COLOR THEO- 
REM, MAP COLORING, SIX-COLOR THEOREM, TORUS 
COLORING 
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Hebesphenomegacorona 
see JOHNSON SOLID 


Hecke Algebra 

An associative RING, also called a HECKE RING, which 
has a technical definition in terms of commensurable 
SUBGROUPS. 


Hecke [L-Function 
A generalization of the EULER L-FUNCTION associated 
with a GROSSENCHARACTER. 


References 
Knapp, A. W. “Group Representations and Harmonic Anal- 
ysis, Part II.” Not. Amer. Math. Soc. 43, 537-549, 1996. 


Hecke Operator 
A family of operators on each SPACE of MODULAR 
FORMS. Hecke operators COMMUTE with each other. 


Hecke Ring 
see HECKE ALGEBRA 


Hectogon 
A 100-sided POLYGON. 


Hedgehog 
An envelope parameterized by its GAUSS Map. The 
parametric equations for a hedgehog are 


x = p(@)cos@ + p'(6) sind 
y = p(8)sin6 + p'(8) cos 6. 


A plane convex hedgehog has at least four VERTICES 
where the CURVATURE has a stationary value. A plane 
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convex hedgehog of constant width has at least six VER- 
TICES (Martinez-Maure 1996). 
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Heegaard Diagram 

A diagram expressing how the gluing operation that 
connects the HANDLEBODIES involved in a HEEGAARD 
SPLITTING proceeds, usually by showing how the merid- 
ians of the HANDLEBODY are mapped. 


see also HANDLEBODY, HEEGAARD SPLITTING 
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Heegaard Splitting 

A Heegaard splitting of a connected orientable 3- 
MANIFOLD M is any way of expressing M as the 
UNION of two (3,1)-HANDLEBODIES along their bound- 
aries. The boundary of such a (3,1)-HANDLEBODY is an 
orientable SURFACE of some GENUS, which determines 
the number of HANDLES in the (3,1)-HANDLEBODIES. 
Therefore, the HANDLEBODIES involved in a Heegaard 
splitting are the same, but they may be glued together 
in a strange way along their boundary. A diagram show- 
ing how the gluing is done is known as a HEEGAARD 
DIAGRAM. 


References 
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Heegner Number 

The values of —d for which QUADRATIC FIELDS 
Q(/—d) are uniquely factorable into factors of the form 
a+b /—d. Here, a and b are half-integers, except 
for d = 1 and 2, in which case they are INTEGERS. 
The Heegner numbers therefore correspond to DISCRIM- 
INANTS —d which have CLASS NUMBER h(—4@) equal to 
1, except for Heegner numbers —1 and —2, which corre- 
spond to d = —4 and —8, respectively. 


The determination of these numbers is called GAUSS’S 
CLASS NUMBER PROBLEM, and it is now known that 
there are only nine Heegner numbers: —1, ~2, —3, —7, 
~11, -19, —43, —67, and —163 (Sloane’s AQ03173), cor- 
responding to discriminants —4, —8, —3, —7, —11, —-19, 
—43, —67, and —163, respectively. 


Heilbronn and Linfoot (1934) showed that if a larger d 
existed, it must be > 10°. Heegner (1952) published a 
proof that only nine such numbers exist, but his proof 
was not accepted as complete at the time. Subsequent 


Height 


examination of Heegner’s proof show it to be “essen- 
tially” correct (Conway and Guy 1996). 


The Heegner numbers have a number of fascinating 
connections with amazing results in PRIME NUMBER 
theory. In particular, the 7-FUNCTION provides stun- 
ning connections between e, m, and the ALGEBRAIC 
INTEGERS. They also explain why Euler’s PRIME- 
GENERATING POLYNOMIAL n? —n+41 is so surprisingly 
good at producing PRIMES. 


see also CLASS NUMBER, DISCRIMINANT (BINARY 
QUADRATIC FORM), GAuss’s CLASS NUMBER PROB- 
LEM, j-Function, PRIME-GENERATING POLYNOMIAL, 
QUADRATIC FIELD 
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Heesch Number 

The Heesch number of a closed plane figure is the max- 
imum number of times that figure can be completely 
surrounded by copies of itself. The determination of the 
maximum possible (finite) Heesch number is known as 
HEESCH’S PROBLEM. The Heesch number of a TRIAN- 
GLE, QUADRILATERAL, regular HEXAGON, or any other 
shape that can TILE or TESSELLATE the plane, is in- 
finity. Conversely, any shape with infinite Heesch num- 
ber must tile the plane (Eppstein). The largest known 
(finite) Heesch number is 3, and corresponds to a tile 
invented by R. Ammann (Senechal 1995). 
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Heesch’s Problem 

How many times can a shape be completely surrounded 
by copies of itself without being able to TILE the en- 
tire plane, i.e., what is the maximum (finite) HEESCH 
NUMBER? 


References 
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Height 
The vertical length of an object from top to bottom. 


see also LENGTH (SIZE), WIDTH (S1ZE) 


Heilbronn Triangle Problem 


Heilbronn Triangle Problem 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Given any arrangement of n points within a UNIT 
SQUARE, let H,, be the smallest value for which there is 
at least one TRIANGLE formed from three of the points 
with AREA < H,,. The first few values are 


H3 = 3 

Hy =} 

He = 38 

He = } 

Az > 4 

Hy > 3(2- V3) 
Hy > x 

Ayo > 4 (3V17 — 11) 
Hu > ¥ 
Hn>% 
Ay3 > 0.030 

Ay4 > 0.022 

Ms > 0.020 

Hig > 0.0175. 


Komlds et al. (1981, 1982) have shown that there are 
constants c such that 
elnn Cc 


SH Se 


for any € > 0 and all sufficiently large n. 


Using an EQUILATERAL TRIANGLE of unit AREA instead 
gives the constants 


hg = 1 
ha =§ 
hs = 3 ~2V2 
ae 
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Heine-Borel Theorem 

If a CLOSED SET of points on a line can be covered by a 
set of intervals so that every point of the set is an interior 
point of at least one of the intervals, then there exist a 
finite number of intervals with the covering property. 


Heine Hypergeometric Series 


1, 42,---,OAr 
4 
ros Biy..-sBs =| 


= => (a1; q)n( (a2; q)n° 


-+ (ap; q)n 2", (1) 


(q3q)n(Bi3 q)n-++ (Bs 9)n 
where 
(a; q)n = (1 — a)(1 — ag)(1 — aq”) --- (1 — ag”~*), (2) 
(a;q)o = 1. (3) 


In particular, 


sirla eins) = So Gages” (4) 


(Andrews 1986, p. 10). Heine proved the transformation 
formula 


291(a,b;¢;9,z) = Gaus. 


pi (c/b, a,az;q, b), 
(5) 


and Rogers (1893) obtained the formulas 


2$1(a, b; ¢; q, z) 
_ (cb; a)eolb=: a) 
(25 9) 00(€; 9) c0 
2$1(a, b, ¢; g, z) 
= (abz/c; q)oo(z; gq) co21 (c/a, c/b; cq, abz/c) (7) 


291 (2, abz/c; bz; q c/b) (6) 


(Andrews 1986, pp. 10-11). 
see also g-SERIES 
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i t (a2 -1)(a8 ~1) 
Heine, EB. “Uber die Reihe 1 + (qzb(q7aay = 


4 Catala t* 1a —1)(g 4-1) 92 4 oe 
(@—1)(q?—1)(a7—1)(a7F? 1) . 

Math. 32, 210-212, 1846. 
1-9") (1-9) | 


Heine, E. “Untersuchungen tiber die Reihe 1 + = Gna) 
(1~q*)(0~ 921) ~99 (499 F4) | ” ers 
ot G-)0-e)G—a7)G gt) 274... J. reine angew. 
Math. 34, 285-328, 1847. 
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Functionen, Vol. 1. Berlin: Reimer, 1878. 
Rogers, L. J. “On a Three-Fold Symmetry in the Elements 
of Heine’s Series.” Proc. London Math. Soc. 24, 171-179, 
1893. 


J. reine angew. 


810 Heisenberg Group 


Heisenberg Group 

The Heisenberg group H” in n COMPLEX variables is 
the Group of all (z,t) with z ¢ C” and ¢ € R having 
multiplication 


(w, t)(z, t') = (w+z,t+t' + S[w7z]) 


where w’ is the conjugate transpose. The Heisenberg 
group is ISOMORPHIC to the group of MATRICES 


1 oz? 3{z|? +it 
0 1 Zz ; 
0 0 1 
and satisfies 
(z,t)7! = (~z, -t). 


Every finite-dimensional unitary representation is trivial 
on Z and therefore factors to a REPRESENTATION of the 
quotient C”. 


see also NIL GEOMETRY 
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Heisenberg Space 
The boundary of COMPLEX HYPERBOLIC 2-SPACE. 


see also HYPERBOLIC SPACE 


Held Group 
The SPORADIC GROUP He. 
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Helen of Geometers 


see CYCLOID 


Helicoid 


The MINIMAL SURFACE having a HELIX as its bound- 
ary. It is the only RULED MINIMAL SURFACE other than 
the PLANE (Catalan 1842, do Carmo 1986). For many 
years, the helicoid remained the only known example of 
a complete embedded MINIMAL SURFACE of finite topol- 
ogy with infinite CURVATURE. However, in 1992 a sec- 
ond example, known as HOFFMAN’S MINIMAL SURFACE 
and consisting of a helicoid with a HOLE, was discovered 
(Sci. News 1992). 


Helicoid 


The equation of a helicoid in CYLINDRICAL COORDI- 
NATES is 
z= cb. (1) 


In CARTESIAN COORDINATES, it is 
y z 
==t -]|. 2 
Zz ” (2) ( ) 


It can be given in parametric form by 


x= ucosv (3) 
y = usinv (4) 
z= cu, (5) 


which has an obvious generalization to the ELLIPTIC 
HELICOID. The differentials are 


dx = cosudu — usinv du (6) 
dy = sinudu+ ucosv dv (7) 
dz = 2cudy, (8) 


so the LINE ELEMENT on the surface is 
2 2 2 
ds? = dx” + dy’ + dz 
= cos? v du? — 2usinucosv dudv + u’ sin” v du” 
+sin? v du? + 2usinvcosv du du + u’ cos? v du? 


+407 u? du? 


= (14+ 4c7u?) du? + u? dv’, (9) 
and the METRIC components are 
Guu =1+ Acru? (10) 
Juv = 0 (11) 
gov =u’. (12) 


From Gauss’s THEOREMA EGREGIUM, the GAUSSIAN 
CURVATURE is then 


2 
K = aaa (13) 
The MEAN CURVATURE is 
H =0, (14) 
and the equation for the LINES OF CURVATURE is 
u = +csinh(v — k). (15) 


Helix 


The helicoid can be continuously deformed into a 
CATENOID by the transformation 


z(u,v) = cosasinhusinu+sinacoshycosu (16) 
y(u, v) = — cosasinh v cos u + sin acosh vsin u (17) 


z(u,v) = ucosa+ vsina, (18) 


where a = 0 corresponds to a helicoid and a = 7/2 to 
a CATENOID. 


If a twisted curve C (i.e., one with TORSION 7 # 0) 
rotates about a fixed axis A and, at the same time, is 
displaced parallel to A such that the speed of displace- 
ment is always proportional to the angular velocity of 
rotation, then C generates a GENERALIZED HELICOID. 


see also CALCULUS OF VARIATIONS, CATENOID, ELLIP- 
TIC HELICOID, GENERALIZED HELICOID, HELIX, HOFF- 
MAN’S MINIMAL SURFACE, MINIMAL SURFACE 
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Helix 


a, 


A helix is also called a CURVE OF CONSTANT SLOPE. 
It can be defined as a curve for which the TANGENT 
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makes a constant ANGLE with a fixed line. The helix is 
a SPACE CURVE with parametric equations 


x=rcost (1) 
y =rsint (2) 
z= ct, (3) 


where c is a constant. The CURVATURE of the helix is 


given by 
r 


‘AFC: 
r2 4 ¢2? 


(4) 


and the Locus of the centers of CURVATURE of a helix 
is another helix. The ARC LENGTH is given by 


a= [ xl? 4+ yl? 4 22 dt = Vr? + ct. (5) 


The TORSION of a helix is given by 


1 —rsint -—rcost rsint 
= ——>—_~ |] reost -rsint —rcost 
2(p2 2 
r2(r2 + 2) 2 0 0 
c 
~ 7242’ (6) 
so . 
K = rete = r (7) 
T wick ce 


which is a constant. In fact, LANCRET’S THEOREM 
states that a NECESSARY and SUFFICIENT condition for 
a curve to be a helix is that the ratio of CURVATURE to 
TORSION be constant. The OSCULATING PLANE of the 
helix is given by 


21—Trcost z2—rsint z3 —ct 


—rsint rcost c =0 (8) 
—rcost —rsint 0 
zicsint — zgccost + (z3 — ct)r = 0. (9) 


The MINIMAL SURFACE of a helix is a HELICOID. 


see also GENERALIZED HELIX, HELICOID, SPHERICAL 
HELIX 
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Helly Number 


Given a Euclidean n-space, 
Ay, =nt+1. 
see also EUCLIDEAN SPACE, HELLY’S THEOREM 


Helly’s Theorem 

If F is a family of more than n bounded closed convex 
sets in Euclidean n-space R", and if every Hn (where 
H,, is the HELLY NUMBER) members of F’ have at least 
one point in common, then all the members of F' have 
at least one point in common. 


see also CARATHEODORY’S FUNDAMENTAL THEOREM, 
HELLY NUMBER 


Helmholtz Differential Equation 
A PARTIAL DIFFERENTIAL EQUATION which can be 
written in a SCALAR version 


Vw t+ ky =0, (1) 
or VECTOR form, 
WA+KkKA =O, (2) 


where V2 is the LAPLACIAN. When k = 0, the 
Helmholtz differential equation reduces to LAPLACE’S 
EQUATION. When k? < 0, the equation becomes the 
space part of the diffusion equation. 


The Helmholtz differential equation can be solved by 
SEPARATION OF VARIABLES in only 11 coordinate sys- 
tems, 10 of which (with the exception of CONFOCAL 
PARABOLOIDAL COORDINATES) are particular cases of 
the CONFOCAL ELLIPSOIDAL system: CARTESIAN, CON- 
FOCAL ELLIPSOIDAL, CONFOCAL PARABOLOIDAL, CON- 
ICAL, CYLINDRICAL, ELLIPTIC CYLINDRICAL, OBLATE 
SPHEROIDAL, PARABOLOIDAL, PARABOLIC CYLINDRI- 
CAL, PROLATE SPHEROIDAL, and SPHERICAL COORDI- 
NATES (Eisenhart 1934). LAPLACE’S EQUATION (the 
Helmholtz differential equation with k = 0) is separa- 
ble in the two additional BISPHERICAL COORDINATES 
and TOROIDAL COORDINATES. 


If Helmholtz’s equation is separable in a 3-D coordinate 
system, then Morse and Feshbach (1953, pp. 509-510) 
show that 


hih2hs 
hie 
where 1 # 7 # n. The LAPLACIAN is therefore of the 
form 


ao fn (un) gn (ui, uz), (3) 


We hale {9 uss) 5. [Ac | 
o fo] 
+92(u1, us) 5 [f2(u2) | 


+93(u1,42) 3 | falus)s”-]} 
(4) 


Helmholtz Differential Equation 


which simplifies to 


Ps 20 fgepicae 
- ha? fi Our [Fi on | 
1 o fo) 
*aF ys Bus [F() 5, | 
1 fe] fo) 
ae oa [folus) 5--|- 6) 


Such a coordinate system obeys the ROBERTSON CON- 
DITION, which means that the STACKEL DETERMINANT 
is of the form 


S= hih2 h3 (6) 
fi(ur) fo(u2) fs(us)” 

Coordinate System Variables Solution Functions 

Cartesian X(x)Y(y)Z(z) exponential, circular, 
hyperbolic 

circular cylindrical R(r)Q@(0)Z(z) Bessel, exponential, 
circular 

conical ellipsoidal harmonics, 
power 

ellipsoidal A(A)M(p)N(v) ellipsoidal harmonics 

elliptic cylindrical U(u)V(v)Z(z) Mathieu, circular 


A(A)M(u)N(v) Legendre, circular 
Bessel, circular 
Parabolic cylinder, 
Bessel, circular 
U(u)V(v)O(9) Baer functions, circular 
A(A)M(p)N(v) Legendre, circular 
R(r)O(6)S(~) Legendre, power, 


circular 


oblate spheroidal 
parabolic 
parabolic cylindrical 


paraboloidal 
prolate spheroidal 
spherical 


see also LAPLACE’S EQUATION, POISSON’S EQUATION, 


SEPARATION OF VARIABLES, SPHERICAL BESSEL DIF- 
FERENTIAL EQUATION 
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Helmholtz Differential Equation—Bipolar 
Coordinates 

In BIPOLAR COORDINATES, the HELMHOLTZ DIFFER- 
ENTIAL EQUATION is not separable, but LAPLACE’S 
EQUATION is. 

see also LAPLACE’S EQUATION—BIPOLAR COORDI- 
NATES 


Helmholtz Differential Equation—Cartesian 
Coordinates 

In 2-D CARTESIAN COORDINATES, attempt SEPARA- 
TION OF VARIABLES by writing 


F(z,y) = X(z)Y(y), (1) 


Helmholtz Differential Equation 


then the HELMHOLTZ DIFFERENTIAL EQUATION be- 
comes 

i, @ d?y 
Yr 
dx? dy? 


Dividing both sides by XY gives 


X+kXY =0. (2) 


1 d?Y > 


1 dX 
Y dy +k 


X dx? 


= 0. (3) 


This leads to the two coupled ordinary differential equa- 
tions with a separation constant m?, 


1 dx P 

dae i) 
1 dy 

¥ dy? = —(m? +k’), (5) 


where X and Y could be interchanged depending on the 
boundary conditions. These have solutions 


x ae Ame™ 4 Brew (6) 
Y= Cmer¥ m7 +k? y as Dmei¥ +8 y 


= EB, sin(/m? + k? y) + Fm cos(1/m? + k? y). 
(7) 


The general solution is then 


F(z,y) = > (Ame™ + Bme~™") 
m=) 
x [Em sin(1/m? + k? y) + Fin cos(1/m? + k? y)]. (8) 


In 3-D CARTESIAN COORDINATES, attempt SEPARA- 
TION OF VARIABLES by writing 


F(z,y,z) = X(x)Y(y)Z(2), (9) 


then the HELMHOLTZ DIFFERENTIAL EQUATION be- 
comes 


aX eg PZ 2 
<YZ+ 5 = = 
Gar 2 + GX + FEXY +P XY =0. (10) 


Dividing both sides by XYZ gives 


1@2Z 
Z dz? 


i 1@y 
Y dy? 


1 a?x 
X dx? 


+k? =0. (11) 


This leads to the three coupled differential equations 


1 d?X 


72 
X dx? =e (12) 
1@’y 2 
2 
ae -(k? +0 +m’), (14) 


Z dz? 
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where X, Y, and Z could be permuted depending on 
boundary conditions. The general solution is therefore 


= So So (Ae® + Bie™"?)(Cme™? + Dme~™”) 


l=1 m=1 


x(Etme*V k24124m2 2 + Fime'V RPE rae: (15) 
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Helmholtz Differential Equation—Circular 
Cylindrical Coordinates 

In CYLINDRICAL COORDINATES, the SCALE FACTORS 
are h, = 1, he =r, hz = 1 and the separation functions 
are fi(r) =r, f2(@) = 1, f3(z) = 1, so the STACKEL DE- 
TERMINANT is 1. Attempt SEPARATION OF VARIABLES 
by writing 


F(r,6,z) = R(r)O(6)Z(z), (1) 


then the HELMHOLTZ DIFFERENTIAL EQUATION be- 
comes 


@R 1dR 120 22 2 
aa Ol ta aq O2 te apa St yg ROTK RO .s 
Now divide by ROZ, 
rdR rdR #201 d@Zr 4 
(Ea+Ee ae ae oe = ee) 


so the equation has been separated. Since the solution 
must be periodic in © from the definition of the circular 
cylindrical coordinate system, the solution to the second 
part of (3) must have a NEGATIVE separation constant 

dO 


a5 = +m), (4) 


which has a solution 
(6) ns Cme*¥ k24m2 6 a Dme'Y k24m? a (5) 
Plugging (5) back into (3) gives 


r?d’R ordR 5 


Ral" Rae az (6) 
1@R, 1dR m  @Z1_, (7) 
R dr? rR dr r2 dz? Zo 


The solution to the second part of (7) must not be sinu- 
soidal at +oo for a physical solution, so the differential 
equation has a POSITIVE separation constant 


@Z1 2 


ae g (8) 
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and the solution is 
Z(z) = Ene ”* + Fre”’. (9) 


Plugging (9) back into (7) and multiplying through by 
R yields 


a@R 1dR 2» m 

raat eae (8-3 R= (10) 
1@R 1 1dR m? 
n? dr? (nr)n dr 1 ( =| aa ay) 
dR 1 dR 


+ [r- By] ao. (12) 


This is the BESSEL DIFFERENTIAL EQUATION, which 
has a solution 


d(nry? * (nr) d(nr) 


R(r) = AmnJm(nr) + BmnYm(nr), (13) 


where J,(a) and Y,(x”) are BESSEL FUNCTIONS OF THE 
FIRST and SECOND KINDS, respectively. The general 
solution is therefore 


F(r,0,z) 
0o (00 
= s- So [AmnJm (nr) + BmnYm(nr)] 
m=0 n=0 
CoN @ + Dreiv tm Pe exe a Fre”). 


(14) 


Actually, the HELMHOLTZ DIFFERENTIAL EQUATION is 
separable for general k of the form 


k’(r,0,2) = f(r) + af) +h(z) +k”. (15) 


see also CYLINDRICAL COORDINATES, HELMHOLTZ DIF- 
FERENTIAL EQUATION 
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Helmholtz Differential Equation—Confocal 
Ellipsoidal Coordinates 

Using the NOTATION of Byerly (1959, pp. 252-253), La- 
PLACE’S EQUATION can be reduced to 


OF OF 
VF = (ue —v*) Sat» v*) 
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where 


eee i dd 
ane / J (2 — 82)(X2 — ce) 
a 3) - el wi lig @) 


1-§ 
- J1—b— — c?,sin™ _ (3) 
ar 


Leer(9) “ 


A= cde (a,*) (5) 
b2 

p= tna (2 = (6) 

vy =bsn (7.2). (7) 


Equation (1) is not separable using a function of the 
form 


F= L(a)M(S8)N(y), (8) 
but it is if we let 
1 dL 
L da? a > a,d* (9) 
1 dM 
i age = 2. boo! (10) 
1da2N 
nae Le ay 
These give 
ao = —bo = Co (12) 
a2 = —bz = C2, (13) 


and all others terms vanish. Therefore (1) can be broken 
up into the equations 


dat = (ao + a2d°)L (14) 

a’?M 

as? —(a0 + a2p”)M (15) 
2 

OD ti, ad NE (16) 
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For future convenience, now write 


ao = —(b? +c’)p (17) 
az = m(m-+1), (18) 
then 
2 

E —[m(m+i)r- WF +e%p]b=0 (19) 

dM oe 
“ap + [m(m + 1)" — (b° + c")p|M = 0 (20) 
TY [mlm +1)y—(e)pIN =0. (21) 


Now replace a, @, and y to obtain 

a’L dL 

2 2 2 2 2 2 2 2 

(A —b ne = C Jays tAQ —b +2 =IC a 
—[m(m + 1)d? — (6? +¢?)pJL =0 (22) 

dM dM 
2 2 2 2 2 2 2 2 

(uo — b°)(u" — *) au + p(y — bo +p —c ag 
—[m(m + 1)? — (8? +c?)p]|M =0 (23) 

dN 

dv 

—[m(m + 1)v? — (6b? +.c?)pIN=0. (24) 


2 
N 
(7 Be? - TE +e? 8 +? 0%) 


Each of these is a LAME’S DIFFERENTIAL EQUATION, 
whose solution is called an ELLIPSOIDAL HARMONIC. 
Writing 


L(X) = E7,(A) (25) 
M(A) = Em(#) (26) 
N(A) = Env) (27) 


gives the solution to (1) as a product of ELLIPSOIDAL 
HARMONICS EF, (2x). 


P= Ep, (A) Em()Em(v). (28) 
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Helmholtz Differential Equation—Confocal 
Paraboloidal Coordinates 

As shown by Morse and Feshbach (1953), the 
HELMHOLTZ DIFFERENTIAL EQUATION is separable in 
CONFOCAL PARABOLOIDAL COORDINATES. 


see also CONFOCAL PARABOLOIDAL COORDINATES 
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Helmholtz Differential Equation—-Conical 
Coordinates 

In CONICAL COORDINATES, LAPLACE’S EQUATION can 
be written 


OV &Vv 28 20V\ _ 
gat tag tea O's) =a @ 


where 


a= ° ee 2 
) V (pu? — a?)(B? — p?) vl 


¥ dv 
B -[ 3 
0 ae AFH) 
(Byerly 1959). Letting 
V = U(u)R(r) (4) 
breaks (1) into the two equations, 
d { 2dR\ _ 
a (- —) =m(m+i1)R (5) 
aU | aU 2 2 
Bor + oar tm + DH —-v)yU=0. (6) 


Solving these gives 
R(r) = Ar™ + Br7™"* (7) 


U(u) = En, (h)Em(v), (8) 


where EP, are ELLIPSOIDAL HARMONICS. The regular 
solution is therefore 


V = Ar™ EF, (u) EF, (v). (9) 


However, because of the cylindrical symmetry, the so- 
lution HP, (uz) E?,(v) is an mth degree SPHERICAL HAR- 
MONIC. 
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Heimholtz Differential Equation—Elliptic 
Cylindrical Coordinates 

In ELLIPTIC CYLINDRICAL COORDINATES, the SCALE 
FACTORS are hy = hy = av/sinh? u+sin?v, h, = 1, 
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and the separation functions are fi(u) = fe(v) = 
fa(z) = 1, giving a STACKEL DETERMINANT of S = 
a? (sin? v+sinh? u). The Helmholtz differential equation 
is 


+k? =0. 
(1) 


a?(sinh? u + sin? v) \ du? + 52 Oz? 


1 (= =) OF 
+ 
Attempt SEPARATION OF VARIABLES by writing 
F(u, v,2z) = U(u)V(v)Z(2), (2) 


then the HELMHOLTZ DIFFERENTIAL EQUATION be- 
comes 


2 2 
Zz (veg +03 ) 


sinh? u + sin? v du? dv? 


aZ 4 
+UV > +kUVZ=0. (3) 


Now divide by UV Z to give 


1 (igu ,iev 
sinh? u+sin?uv \U du? ~~ V dv? 


1@Z 1, 
+3 ae +k* = (4) 
Separating the Z part, 
1d@Z 
ZF de = —(k? +m?) (5) 
1 1d@U , 1d’Vv 2 
sarees (G55 +35) - (6) 
so P 
Z 
aS —(k? + m?)Z, (7) 


which has the solution 


Z(z) = Acos(/k? + m? z) + Bsin(./k? + m? z). (8) 


Rewriting (6) gives 


2 2 
(Z fo ~ m? sinh?) + (7 GN ~ m? sin*v) = 0, 


U du? V dv? 
(9) 
which can be separated into 
2 
aos — m? sinh? u=c (10) 
1@V 

e+ Gp ae 7m’ sin’ v = 0, (11) 

so 
co —(c+m? sinh? u)U = 0 (12) 

2 
oe +(c—m? sin? v)V = 0. (13) 
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Now use 
< 2 
sinh? u = }[1 — cosh(2u)] (14) 
sin? v= $(1 _ cos(2v)] (15) 
to obtain 
2 
ae — {e+ 4m?[1 —cosh(2u)]}U=0 (16) 
Ua 
2 
os + {c+ 4m?[1 — cos(2v)]}}V =0. (17) 


Regrouping gives 


ZU 12) 152 

Taz 7 [e+ 4m?) — dm?2cosh(2u)]U =0 (18) 
UW 
2 

ae + [(c+ 3m?) — jm?2cos(2v)]V=0. (19) 


Let b= 3m? +c and g = 4m’, then these become 


2 

= — [b — 2qcosh(2u)]U = 0 (20) 
2 

ov + [b — 2gcos(2v)]V = 0. (21) 


Here, (21) is the MATHIEU DIFFERENTIAL EQua- 
TION and (20) is the modified MATHIEU DIFFERENTIAL 
EQUATION. These solutions are known as MATHIEU 
FUNCTIONS. 


see also ELLIPTIC CYLINDRICAL COORDINATES, MATH- 
IEU DIFFERENTIAL EQUATION, MATHIEU FUNCTION 
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Helmholtz Differential Equation—Oblate 
Spheroidal Coordinates 

As shown by Morse and Feshbach (1953) and Arfken 
(1970), the HELMHOLTZ DIFFERENTIAL EQUATION is 
separable in OBLATE SPHEROIDAL COORDINATES. 
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Helmholtz Differential Equation—Parabolic 
Coordinates 

The SCALE FACTORS are hy, = hy = Vu? + v?, he = uv 
and the separation functions are fi(u) = u, fe(v) = v, 
f3(9) = 1, given a STACKEL DETERMINANT of S = u? + 
v*. The LAPLACIAN is 


1 (10F | OF 10F | oF 
w+? \u Ou Ou? sv Ov Ov? 
1 @F 


2 
wet age + =O (1) 
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Attempt SEPARATION OF VARIABLES by writing 
F(u,v, z) = U(u)V(v)0(6), (2) 


then the HELMHOLTZ DIFFERENTIAL EQUATION be- 
comes 


1 1du du 
ur + vy? ive (2 du - a) 
1dV @V 


2 as 
+U0 Gis =) | +k°UVO =0. (3) 


Now divide by UVO, 


wv? fi (id @u) 1 (1av , ay 
u? + v2 |U \u du du? V \udv dv? 


1 a0 


2 is 
+S Wer +k°=0. (4) 
Separating the © part, 
1@20 
© fer ~~ (R +m’) (5) 
wet [1 (rau @U\ 1 (lav, ey 
ue+v? 1U \udu — du? V \udv — dv? 
=k, (6) 
sO i 
do 2 
gr = (kK +m’), (7) 


which has solution 


©(8) = Acos(/k? + m? 6) + Bsin(Vk? +m?@), (8) 


and 
a (id, @u\) fa (ray, @y 
U \udu du? V \v du dv? 
2 
2u°+u 
ure a 8) 


1 f1d nm @U k? 
U\udu— du? ur 
1f1dV av k? 
+ E (2 du a i) =| 0. (10) 
This can be separated 
1fidu @uU k? 
5 (3% +S) -S-< so 


1 fidV dv k? 
V \v du dv? 


=-¢, (12) 


Helmholtz Differential Equation 817 


so 


du dU 

2 2 i 

whe + (e+ k°)U =0 (13) 
@y dv 

ce Ege —k*)v =0. 

mr) + i +(e )V =0 (14) 
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Helmholtz Differential Equation—Parabolic 
Cylindrical Coordinates 

In PARABOLIC CYLINDRICAL COORDINATES, the SCALE 
FAcTors are hy = hy = Vu?+v?, hz = 1 and the 
separation functions are fi(u) = fe(v) = fs(z) = 1, 
giving STACKEL DETERMINANT of S = u*+v7. The 
HELMHOLTZ DIFFERENTIAL EQUATION is 


+k? =0. (1) 


1 OF me oF OF 
u? + v2 \ du? Ov? Oz? 


Attempt SEPARATION OF VARIABLES by writing 
F(u,v,2z) = U(u)V(v)Z(z), (2) 


then the HELMHOLTZ DIFFERENTIAL EQUATION be- 
comes 


1 aU ’V Z 
u2 + y2 (vase +S dv2 ) as Ove 


+kUVZ=0. (3) 


Divide by UVZ, 


1 1d@U 1dV 1d@’Z 5 
u2 + y? Ge +7 or) "as ie ene 2) 
Separating the Z part, 
DOE ue ei (5) 
Z dz? 
1 1@U i1d@v 2 
u? + v? Gao =e (6) 
1d@U 1d@V 45,2. 2 
Oat ge PS Me MD 
so 5 
Zz 
qr = Tk +m’) Z, (8) 


which has solution 


Z(z) = Acos(v/k? + m? z) + Bsin(«/k? +m? z), (9) 
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iv?) =0. (10) 


2 
faa -Khwe=c (11) 
2 
oo — k?v? = -c, (12) 
so 4 
ao ~(c+ku2)U =0 (13) 
2 
me + (c—k?v*)V =0. (14) 


These are the WEBER DIFFERENTIAL EQUATIONS, and 
the solutions are known as PARABOLIC CYLINDER 
FUNCTIONS. 


see also PARABOLIC CYLINDER FUNCTION, PARABOLIC 
CYLINDRICAL COORDINATES, WEBER DIFFERENTIAL 
EQUATIONS 
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Helmholtz Differential Equation—Polar 
Coordinates 

In 2-D POLAR COORDINATES, attempt SEPARATION OF 
VARIABLES by writing 


F(r,@) = R(r)O(8), (1) 


then the HELMHOLTZ DIFFERENTIAL EQUATION be- 
comes 


1 dao 


aR 1dR 
r dr. r2 doz 


“=e+ 


2p9_ 
a R+kRO=0. (2) 


O+ 


Divide both sides by RO 


r?d@R dR 120 2 
(Gor + 5S) + (Sgr t+") =0 (3) 


The solution to the second part of (3) must be periodic, 
so the differential equation is 


dO 1 
WB =~ +m’); (4) 


which has solutions 
e(8) = cekV +m? C) + coe tV Rte? 7) 


= c3 sin(1/ k? + m? 8) + cg cos(x/ k? + m? 8). 
(5) 
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Plug (4) back into (3) 
r?R" 4+7rR' —m’?R=0. (6) 


This is an EULER DIFFERENTIAL EQUATION witha = 1 
and 3 = —m*. The roots are r = +m. So for m = 0, 
r = 0 and the solution is 


R(r) =ci + celnr. (7) 


But since Inr blows up at r = 0, the only possible phys- 
ical solution is R(r) = c1. When m > 0, r = tm, so 


R(r) =cir™ +ear-™. (8) 


But since r~™ blows up at r = 0, the only possible 
physical solution is Rn(r) = cir”. The solution for R 
is then 


Rn(r) = omr™ (9) 
for m = 0, 1, ... and the general solution is 
foe} 
F(r,0) = So [amr sin(/k? + m? @) 
m=0 


+ bmar™ cos(+/k? + m? @)}. (10) 
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Helmholtz Differential Equation—Prolate 
Spheroidal Coordinates 

As shown by Morse and Feshbach (1953) and Arfken 
(1970), the HELMHOLTZ DIFFERENTIAL EQUATION is 
separable in PROLATE SPHEROIDAL COORDINATES. 


References 

Arfken, G. “Prolate Spheroidal Coordinates (u,v, y).” §2.10 
in Mathematical Methods for Physicists, 2nd ed. Orlando, 
FL: Academic Press, pp. 103-107, 1970. 

Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, p. 661, 1953. 


Helmholtz Differential Equation—Spherical 
Coordinates 

In SPHERICAL COORDINATES, the SCALE FACTORS are 
h, = 1, he = rsing, hg = 1, and the separation func- 
tions are fi(r) = r?, fo(@) = 1, fs(@) = sing, giving a 
STACKEL DETERMINANT of S = 1. The LAPLACIAN is 


ez 10 G °) 1 a? 
~ 72 Or Or r? sin? & 00? 


1 o 40) 
+ np 00 (sino) . (1) 


To solve the HELMHOLTZ DIFFERENTIAL EQUATION 
in SPHERICAL COORDINATES, attempt SEPARATION OF 
VARIABLES by writing 


F(r, 6, @) = R(r)O(0)®(4). (2) 
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Then the HELMHOLTZ DIFFERENTIAL EQUATION be- 
comes 


@R 2dR 1 do 
Ge eae bie r2 sin? 6 doe? 
cosd d® 1d@’o - 
+aane deer = age OR = 0. (3) 


Now divide by RO®, 


r? sin? b 42r sin? r’ sin’ $s so 
~@RO- “SRO 

1 r? sin? r'sin’ $s Oo 

pe gin? sin? “SRO ne 


@R 
——_ 60 — ave 
es r? sin? ¢ d® 
r? ae ®OR dd 


1 r? sin? ¢d’® 
+72 €RO- SRO dd? age? |) 


sin’ gd@’R | 2rsin'gdR\ | (1d°O 
R- dr’? R- dr © dé? 


£ - 2 2 
+ (seggne dt $a5 | =0. (5) 


OR 


+ 


® do @ dd? 


The solution to the second part of (5) must be sinusoidal, 
so the differential equation is 


#O1 3 

ae ™ (6) 
which has solutions which may be defined either as a 
COMPLEX function with m = —oo, ..., 00 

@(6) = Ame™™®, (7) 


or as asum of REAL sine and cosine functions with m = 
—00,..-, 


O(8) = Sm sin(m@) + Cm cos(mé). (8) 


Plugging (6) back into (7), 


r?d@’R  rdR 1 ( 2 con gsin€) 
— + iNET m ——_ — 
Rdr?  Rdr_ sin?¢ 3 d¢ 
sin? ¢ d?® 
The radial part must be equal to a constant 
rd@R  ardR 
Re eas poi 1 
Rat * Rae 4) oa 
aR dR 
2 — 
dr? + ar = Ll + 1)R. (11) 


But this is the EULER DIFFERENTIAL EQUATION, so we 
try a series solution of the form 


= SS dart’. (12) 
n=0 
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Then 
r S\(nte)(nte- L)anr”* "7 42r Si (nte)anr™*o 
n=0 n=0 
-I(1+1) So anr™**=0 (18) 
n=0 
Soin te)(n+e—l)anr"t* +2 Yi(n + c)anr"*? 
n=0 n=O 
l8) 
—UL+1) So anr™**=0 (14) 
n=0 
Sil(ntel(n+e+1)—Ul+ Djanr"** = 0. (15) 
n=0 


This must hold true for all POWERS of r. For the r° 
term (with n = 0), 


e(c+1) =1U(1+)), (16) 
which is true only if c = 1,—d — 1 and all other terms 
vanish. So an = 0 for n #4 1, —l1 — 1. Therefore, the 
solution of the R component is given by 

Ri(r) = Arr’ + Ber?” (17) 
Plugging (17) back into (9), 


m? cos¢1d® 1d’ 
Cte sap bade oa | O 


re n*¢ 


which is the associated LEGENDRE DIFFERENTIAL 
EQUATION for z = cos¢ and m = 0, ..., J. The general 
COMPLEX solution is therefore 


2 
ssota' + [ue “rd kate (19) 


co t 
> oe (Arr! + Bir7'"1) P7" (cos de" *”? 


i=0 m=-l 


oo t 
=O SM (ar! + Bir!) ¥"(6,4), (20) 


where 


Y;"(0, 6) = Pi" (cos ¢)e*”? (21) 


are the (COMPLEX) SPHERICAL HARMONICS. The gen- 
eral REAL solution is 


So So (Arr! + Bir!) Pi" (cos @) 


I=0 m=0 


x [Sm sin(m@) + Cm cos(mé)]. (22) 
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Some of the normalization constants of P;” can be ab- 
sorbed by S,, and Cy, so this equation may appear in 
the form 


oo 1 
S So Ar" + Bir7'~*) PJ" (cos ¢) 


i=0 m=0 
x[S7" sin(mé) + C7” cos(mé)| 


1 
= s So (Arr + Bir7'*) 


t=0 m=0 
«(sy 6,46) + CP ¥;" 6,4), (23) 
where 
ym) (6,6) = Py” (cos 8) sin(mé) (24) 
y,n(e) (0, ) = Py" (cos 6) cos(mé) (25) 


are the EVEN and ODD (real) SPHERICAL HARMONICS. 
If azimuthal symmetry is present, then O(@) is constant 
and the solution of the @ component is a LEGENDRE 
POLYNOMIAL P;(cos @). The general solution is then 


oo 


F(r,¢) = > (Arr' + Bir!) Pi(cos ¢). (26) 


i=0 


Actually, the equation is separable under the more gen- 
eral condition that k? is of the form 


42(r, 6,4) = f(r) + 2) 4 PO 4? an 


r2 r? sin 8 
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Helmholtz Differential Equation—Spherical 
Surface 

On the surface of a SPHERE, attempt SEPARATION OF 
VARIABLES in SPHERICAL COORDINATES by writing 


F(6,¢) = 0(4)®(9), (1) 


then the HELMHOLTZ DIFFERENTIAL EQUATION be- 
comes 


1 do 


cos ¢ d® ao 
sin? ¢ dé? 


sin @ dp ost d¢? 


Dividing both sides by 60, 


@+kO6=0. (2) 


cos¢sin¢dd® sin? ¢d’& 1@O0  2\ _ 
( Sa ee de ean 
(3) 
which can now be separated by writing 
dO 1 : 7 
—~ — = —(k? +m?) (4) 
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The solution to this equation must be periodic, so m 
must be an INTEGER. The solution may then be defined 
either as a COMPLEX function 


(8) ze Ame’¥ k2+m26 4 Bne Vv k24m2 0 (5) 


for m = —oo, ..., 0, or as a sum of REAL sine and 


cosine functions 


Q(0) = Sm sin(V/ k? + m? @) + Cp cos(/k? + m? 6) 
(6) 


for m = 0, ..., oo. Plugging (4) into (3) gives 
cos¢sing@d® — sin? dd’? 2 
b do os ap +m*=0 (7) 
n . cos@,, m? 
ae & =0, 8 
ag sing sin* (8) 


which is the LEGENDRE DIFFERENTIAL EQUATION for 
x =cos@ with 

m? =I(1+ 1), (9) 
giving 

?+l—m? =0 (10) 


t= 4(-1+ V1+4m?). (11) 


Solutions are therefore LEGENDRE POLYNOMIALS with 
a COMPLEX index. The general COMPLEX solution is 
then 


F(0,4)= 7) Pi(cosd)(Ame’™’ + Bme™*™*), (12) 


MmM=— OO 


and the general REAL solution is 


F(0,¢) = is P,(cos ¢)[Sm sin(m@) + Cm cos(mé)]. 
m=0 

(13) 
Note that these solutions depend on only a single vari- 
able m. However, on the surface of a sphere, it is usual to 
express solutions in terms of the SPHERICAL HARMON- 
Ics derived for the 3-D spherical case, which depend on 
the two variables | and m. 


Helmholtz Differential Equation—Toroidal 
Coordinates 

The HELMHOLTZ DIFFERENTIAL EQUATION is not sep- 
arable. 


see LAPLACE’S EQUATION—TOROIDAL COORDINATES 


Helmholtz’s Theorem 


Helmholtz’s Theorem 
Any VECTOR FIELD v satisfying 


[V+ V]oo = 0 (1) 
[V x vlo =0 (2) 


may be written as the sum of an IRROTATIONAL part 
and a SOLENOIDAL part, 


v=—-Vo4+VxA, (3) 


where for a VECTOR FIELD F, 


V-F 3 
o=- | ore (4) 
y 4n|r’ —r| 
VxF 37 
A= ——_——d'r. 
lar . (5) 


see also IRROTATIONAL FIELD, SOLENOIDAL FIELD, 
VECTOR FIELD 
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Helson-Szeg6 Measure 

An absolutely continuous measure on 0D whose density 
has the form exp(x + 9), where x and y are real-valued 
functions in L®, ||y|loo < 7/2, exp is the EXPONENTIAL 
FUNCTION, and ||y|| is the NORM. 


Hemicylindrical Function 
A function S,(z) which satisfies the RECURRENCE RE- 
LATION 

Sn-1(2) — Snaa(z) = 254 (2) 


together with 
Si(z) = —S4(2) 


is called a hemicylindrical function. 
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Hemisphere 


Half of a SPHERE cut by a PLANE passing through its 
CENTER. A hemisphere of RADIUS r can be given by 
the usual SPHERICAL COORDINATES 


z=rcos@sing (1) 
y=rsin@sing (2) 
z=rcos¢, (3) 


where @ € [0, 27) and ¢ € [0, 7/2]. All CRoss-SECTIONS 
passing through the z-axis are SEMICIRCLES. 


The VOLUME of the hemisphere is 
vanf (r? — 2?) dz = Zar’, (4) 
0 


The weighted mean of z over the hemisphere is 


(z) = a 2(r? — 27) dz = iar’. (5) 
0 
The CENTROID is then given by 
2 z 
z= 2) = 3r (6) 


(Beyer 1987). 
see also SEMICIRCLE, SPHERE 
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822 Hempel’s Paradox 


The hemisphere function is defined as 


a—az*—y? for ,/z*+y?2<a 
A(2,y) = 
0 for fz? + y? >a. 


Watson (1966) defines a hemispherical function as a 
function S which satisfies the RECURRENCE RELATIONS 


Sn—1(z) = Sn41(z) = 2Sn'(z) 


with 
Si(z) = ~Sg(z). 


see also CYLINDER FUNCTION, CYLINDRICAL FUNC- 
TION 
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Hempel’s Paradox 
A purple cow is a confirming instance of the hypothesis 
that all crows are black. 
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Hendecagon 
see UNDECAGON 


Henneberg’s Minimal Surface 


Hénon-Heiles Equation 


A double algebraic surface of 15th order and fifth class 
which can be given by parametric equations 


z(u,v) = 2sinhucosv — 3 sinh(3u) cos(3v) (1) 
y(u,v) = 2sinhusinv — 2 sinh(3u) sin(3v) (2) 
z(u,v) = 2 cosh(2u) cos(2v). (3) 


It can also be obtained from the ENNEPER- WEIERSTRAB 
PARAMETERIZATION with 


f=2-2274 (4) 
g =z. (5) 


see also MINIMAL SURFACE 
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Hénon Attractor 
see HENON MAP 


Hénon-Heiles Equation 
A nonlinear nonintegrable HAMILTONIAN SYSTEM with 


=~ be () 
2 OV 
y= a (2) 
where 
V(z,y) = $ (2? + y? + 227y — 2y*) (3) 
V(r,0) = 408 + 3° sin(36). (4) 
The energy is 
E=V(z,y)+ 3(2* +9’). (5) 


E= W/12 


y y 
The above plots are SURFACES OF SECTION for E = 
1/12 and EF = 1/8. The Hamiltonian for a generalized 
Hénon-Heiles potential is 


H = }(pz" + py? + Ax” + By’) + Du*y — 1Cy?. (6) 


Hénon Map 


The equations of motion are integrable only for 
1. D/C =0, 

2. D/C = -1,A/B =1, 

3. D/C = —1/6, and 

4. D/C = -1/16,A/B = 1/6. 
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Hénon Map 


—— T + r T r r r r T 


-0.4-0.2 0 02 0.4 
mI 


~1 0 1 
A quadratic 2-D Map given by the equations 


Tn41 => 1— aa,” + Un (1) 
Yn+1 = B&n (2) 
or 
In41 = fn cosa — (Yn — Zn”) sina (3) 
: 2 
Yn+1 = tn sina + (Yn — Ln“) cosa. (4) 


The above map is for a = 1.4 and @ = 0.3. The Hénon 
map has CORRELATION EXPONENT 1.25 + 0.02 (Grass- 
berger and Procaccia 1983) and CAPACITY DIMENSION 
1.26140.003 (Russell et al. 1980). Hitzl and Zele (1985) 
give conditions for the existence of periods 1 to 6. 


see also BOGDANOV Map, Lozi MAP, QUADRATIC MAP 
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Hensel’s Lemma 

An important result in VALUATION THEORY which gives 
information on finding roots of POLYNOMIALS. Hensel’s 
lemma is formally stated as follow. Let (K,|-|) be a com- 
plete non-Archimedean valuated field, and let R be the 
corresponding VALUATION RING. Let f(z) be a POLy- 
NOMIAL whose COEFFICIENTS are in R and suppose ag 
satisfies 


[f(a0)| < |f'(ao)]?, (1) 


where f’ is the (formal) DERIVATIVE of f. Then there 
exists a unique element a € R such that f(a) = 0 and 


(2) 


Less formally, if f(z) is a POLYNOMIAL with “INTEGER” 
COEFFICIENTS and f (aq) is “small” compared to f’(ao), 
then the equation f(x) = 0 has a solution “near” ag. In 
addition, there are no other solutions near ao, although 
there may be other solutions. The proof of the LEMMA 
is based around the Newton-Raphson method and relies 
on the non-Archimedean nature of the valuation. 


Consider the following example in which Hensel’s lemma 
is used to determine that the equation x? = —1 is solv- 
able in the 5-adic numbers Q, (and so we can embed 
the GAUSSIAN INTEGERS inside Q, in a nice way). Let 
K be the 5-adic numbers Q,, let f(x) = x? + 1, and let 
ao = 2. Then we have f(2) = 5 and f’(2) = 4, so 


If(2)ls = § < 1f'(2)s = 1, (3) 


and the condition is satisfied. Hensel’s lemma then tells 
us that there is a 5-adic number a such that a? +1 = 0 


and 
Ja — 2s <= |$[s = Z. (4) 


Similarly, there is a 5-adic number b such that b? +1 = 0 
and 
|b— 3|5 <= [72 [5 = 3. (5) 


Therefore, we have found both the square roots of —1 in 
Q,. It is possible to find the roots of any POLYNOMIAL 
using this technique. 


Henstock-Kurzweil Integral 
see HK INTEGRAL 


Heptacontagon 
A 70-sided POLYGON, 
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Heptadecagon 


The REGULAR POLYGON of 17 sides is called the HEP- 
TADECAGON, or sometimes the HEPTAKAIDECAGON. 
Gauss proved in 1796 (when he was 19 years old) 
that the heptadecagon is CONSTRUCTIBLE with a COM- 
PASS and STRAIGHTEDGE. Gauss’s proof appears in 
his monumental work Disquisitiones Arithmeticae. The 
proof relies on the property of irreducible POLYNOMIAL 
equations that RooTS composed of a finite number of 
SQUARE ROOT extractions only exist when the order of 
the equation is a product of the form 2°3°F.. Fy--- F., 
where the F,, are distinct PRIMES of the form 


F, = 2?” +1, 


known as FERMAT PRIMES. Constructions for the regu- 
lar TRIANGLE (31), SQUARE (22), PENTAGON (2”' +1), 
HEXAGON (2'3'), etc., had been given by Euclid, but 
constructions based on the FERMAT PRIMES > 17 were 
unknown to the ancients. The first explicit construction 
of a heptadecagon was given by Erchinger in about 1800. 


Ps 


Bo one 
17-gon 
The following elegant construction for the heptadecagon 


(Yates 1949, Coxeter 1969, Stewart 1977, Wells 1992) 
was first given by Richmond (1893). 


1. Given an arbitrary point O, draw a CIRCLE centered 
on O and a DIAMETER drawn through O. 


2. Call the right end of the DIAMETER dividing the CiR- 
CLE into a SEMICIRCLE Po. 


3. Construct the DIAMETER PERPENDICULAR to the 
original DIAMETER by finding the PERPENDICULAR 
BISECTOR OB. 


4. Find J a QUARTER the way up OB. 


5. Join JP, and find E so that OJE is a QUARTER of 
LOTPo. 


6. Find F so that ZEJF is 45°. 
7. Construct the SEMICIRCLE with DIAMETER FP. 


Heptadecagon 


8. This SEMICIRCLE cuts OB at K. 
9. Draw a SEMICIRCLE with center E and RADIUS EK. 
10. This cuts the extension of OPo at N3. 


11. Construct a line PERPENDICULAR to OPo through 
N3. 


12. This line meets the original SEMICIRCLE at P3. 
13. You now have points Py and P3 of a heptadecagon. 


14. Use Po and P3 to get the remaining 15 points of the 
heptadecagon around the original CIRCLE by con- 
structing Po, P3, Ps, Po, Pio, Pis, Pi, Pa, Pr, Pio, 
P13, Pis, Pa, Ps, Ps, Pui, and Py. 


15. Connect the adjacent points P;. 


This construction, when suitably streamlined, has SIM- 
PLICITY 53. The construction of Smith (1920) has a 
greater SIMPLICITY of 58. Another construction due to 
Tietze (1965) and reproduced in Hall (1970) has a SIm- 
PLICITY of 50. However, neither Tietze (1965) nor Hall 
(1970) provides a proof that this construction is cor- 
rect. Both Richmond’s and Tietze’s constructions re- 
quire extensive calculations to prove their validity. De 
Temple (1991) gives an elegant construction involving 
the CARLYLE CIRCLES which has GEOMETROGRAPHY 
symbol 85; + 4S2 + 22C, + 11C3 and SIMPLICITY 45. 
The construction problem has now been automated to 
some extent (Bishop 1978). 


see also 257-GON, 65537-GON, COMPASS, CON- 
STRUCTIBLE POLYGON, FERMAT NUMBER, FER- 
MAT PRIME, REGULAR POLYGON, STRAIGHTEDGE, 
TRIGONOMETRY VALUES—17/17 
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Heptagon 


The unconstructible regular seven-sided POLYGON, il- 
lustrated above, has SCHLAFLI SYMBOL {7}. 


Although the regular heptagon is not a CONSTRUCTIBLE 
POLYGON, Dixon (1991) gives several close approxima- 
tions. While the ANGLE subtended by a side is 360°/7 
51.428571°, Dixon gives constructions containing an- 
gles of 2sin71(./3/4) x 51.317812°, tan7*(5/4) = 
51.340191°, and 30° + sin~?((/3 — 1)/2) = 51.470701°. 


Madachy (1979) illustrates how to construct a heptagon 
by folding and knotting a strip of paper. 


see also EDMONDS’ Map, TRIGONOMETRY VALUES-— 
a/7 
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Heptagonal Number 


A FIGURATE NUMBER of the form n(5n—3)/2. The first 
few are 1, 7, 18, 34, 55, 81, 112, ... (Sloane’s A000566). 
The GENERATING FUNCTION for the heptagonal num- 
bers is 


x(4x + 1) 


2 3 4 

(l= =a2+7xe" +182" + 347°+.... 
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Heptagonal Pyramidal Number 

A PYRAMIDAL NUMBER of the form n(n + 1)(5n— 2)/6, 
The first few are 1, 8, 26, 60, 115, (Sloane’s 
A002413). The GENERATING FUNCTION for the hep- 
tagonal pyramidal numbers is 


we FU) _ 4 ge? +260" + 6007+... 
(x — 1)4 
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Heptahedron 

The regular heptahedron is a one-sided surface made 
from four TRIANGLES and three QUADRILATERALS. It is 
topologically equivalent to the ROMAN SURFACE (Wells 
1991). While all of the faces are regular and ver- 
tices equivalent, the heptahedron is self-intersecting and 
is therefore not considered an ARCHIMEDEAN SOLID. 
There are three semiregular heptahedra: the pentago- 
nal and pentagrammic PRISMS, and a FACETED OcTA- 
HEDRON (Holden 1991). 
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Heptakaidecagon 
see HEPTADECAGON 


Heptaparallelohedron 
see CUBOCTAHEDRON 


Heptomino 
The heptominoes are the 7-POLYOMINOES. There are 
108 different heptominoes. 


see also HERSCHEL, P!1 HEPTOMINO, POLYOMINO 


Herbrand’s Theorem 

Let an ideal class be in A if it contains an IDEAL whose 
Ith power is PRINCIPAL. Let 7 be an ODD INTEGER 
1 <i< land define j by i+j =1. Then A; = (e). If 
i> 3 and U{B;, then A; = (e). 
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Hereditary Representation 

The representation of a number as a sum of powers of a 
BASE b, followed by expression of each of the exponents 
as a sum of powers of 8, etc., until the process stops. For 
example, the hereditary representation of 266 in base 2 
1s 


266 = 2° + 2°42 
= 92?*? 4 Q?tt 42, 


see also GOODSTEIN SEQUENCE 


Heredity 

A property of a SPACE which is also true of each of 
its SUBSPACES. Being “COUNTABLE” is hereditary, but 
having a given GENUS is not. 


Hermann’s Formula 
The MACHIN-LIKE FORMULA 


im = 2tan77(4) — tan77(4). 


The other 2-term MACHIN-LIKE FORMULAS are EU- 
LER’S MACHIN-LIKE FORMULA, HUTTON’S FORMULA, 
and MACHIN’s FORMULA. 


Hermann Grid Illusion 


A regular 2-D arrangement of squares separated by ver- 
tical and horizontal “canals.” Looking at the grid pro- 
duces the illusion of gray spots in the white AREA be- 
tween square VERTICES. The illusion was noted by Her- 
mann (1870) while reading a book on sound by J. Tyn- 
dall. 
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Hermann-Hering Illusion 


The illusion in view by staring at the small black dot 
for a half minute or so, then switching to the white dot. 
The black squares appear stationary when staring at 
the white dot, but a fainter grid of moving squares also 
appears to be present. 


Hermite Differential Equation 


Hermann-Mauguin Symbol 

A symbol used to represent the point and space groups 
(e.g., 2/m3). Some symbols have abbreviated form. The 
equivalence between Hermann-Mauguin symbols (“crys- 
tallographic symbol”) and SCHONFLIES SYMBOLS for the 
POINT GROUPS is given by Cotton (1990). 


see also POINT GROUPS 
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Hermit Point 
see ISOLATED POINT 


Hermite Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


The Hermite constant is defined for DIMENSION n as the 
value : 
_ sup, mine, f(£1,22,...,2n) 
as oa [discriminant(f)]}/" 


(Le Lionnais 1983). In other words, they are given by 


6 2/n 
a7 


where 6, is the maximum lattice PACKING DENSITY for 
HYPERSPHERE PACKING and V, is the CONTENT of the 
n-HYPERSPHERE. The first few values of (7yn)” are 1, 
4/3, 2, 4, 8, 64/3, 64, 256, .... Values for larger n are 
not known. 


For sufficiently large n, 


1 


are 


< 1744... 


< an 
~ n 27e 


see also HYPERSPHERE PACKING, KISSING NUMBER, 
SPHERE PACKING 
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Hermite Differential Equation 


dy dy 
“9 _ 9,59 = 6: 
da? ts +Ay=0 (1) 


This differential equation has an irregular singularity at 
oo. It can be solved using the series method 


So(nt 2)(n+ 1)any22” — > 2nanr” + y Adnx” =0 
n=0 n=1 n=0 
(2) 


Hermite Differential Equation 


(2a2+Aaa)t+S [(n+2)(n+1)an42—2ndn+Aan|x” = 0. 


n=1 
(3) 
Therefore, 
x 
aa = -> (4) 
and ‘ x 
nm — 
CEs) CEs i ” 
for n = 1, 2,.... Since (4) is just a special case of (5), 
2n—-A 
an+2 > (n+ 2)(n+1)™ (6) 
forn = 0,1, .... The linearly independent solutions are 
then 
» 4—xX)r 
yi = ao eae = ys 
(8 -A)(A—A)A 6 
- 6! Le... (7) 
Yo == a1 jer Ae Mats BANE Mary... : 
3! 5! 
(8) 
If A = 4n = 0, 4, 8, ..., then y: terminates with the 


Power z*, and y; (normalized so that the COEFFI- 
CIENT of x” is 2”) is the regular solution to the equation, 
known as the HERMITE POLYNOMIAL. If A = 4n+2 = 2, 
6, 10, ..., then yo terminates with the POWER 2°, and 
y2 (normalized so that the COEFFICIENT of 2” is 2”) 
is the regular solution to the equation, known as the 
HERMITE POLYNOMIAL. 


If X = 0, then Hermite’s differential equation becomes 
y" — 2zy' = 0, (9) 


which is of the form P2(x)y” + Pi(x)y’ = 0 and so has 
solution 


+ c2 


af dz 
4 T exp (f & da) 


2 


=a [®t 
exp f —2x dx 
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Hermite-Gauss Quadrature 

Also called HERMITE QUADRATURE. A GAUSSIAN 
QUADRATURE over the interval (—0o, 00) with WEIGHT- 
ING FUNCTION W(r) = e-*”. The ABSCISSAS for quad- 
rature order n are given by the roots of the HERMITE 
POLYNOMIALS H,,(x), which occur symmetrically about 
0. The WEIGHTS are 


a Ant17n _ An Yn-1 
: An An (@:)Hn41 (x) An-1 HA, —1(%i) Hh (2:) ‘ 
(1) 
where A, is the COEFFICIENT of x” in H,,(x). For HER- 
MITE POLYNOMIALS, 


An = 2”, (2) 

so g 
ntl 

A 2. (3) 

Additionally, 
Yn = Vm 2” nh, (4) 
so 
ers 274 nla 
‘Ay +1(ai) Hn (xi) 
2"(n — 1)! fr (5) 


~ Hai (2s) HA(ai) | 
Using the RECURRENCE RELATION 


. Hy (2) = 2nHy-1(z) = 22Hn(z)~ Hn4i(z) (6) 


yields 
Ay, (2i) = 2nHy-1 (zi) = —Hn4i (zi) (7) 
and gives 
n+1 { n+l) 
pes 2 ne _ 2 ae (8) 
[Hz (z:)] [Hn+1(za)} 


The error term is 


na/r 2n 
E = armpit” (6). (9) 


Beyer (1987) gives a table of ABSCISSAS and weights up 
to n=12. 


mM Li Wi 

2 +0.707107 0.886227 

3 0 1.18164 
+1.22474 0.295409 

4 +0.524648 0.804914 
£1.65068 0.0813128 

5 0 0.945309 
+0.958572 0.393619 
+2.02018 0.0199532 
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The ABSCISSAS and weights can be computed analyti- 
cally for small n. 


nm vi Wi 
2) bi/2 pias 
30 pag 
41/6 avr 
3-V6 T 
4 + 4(3—V6) 


3 
+ 34 V6 Vr 
V2 4(3+V6) 
References 


Beyer, W. H. CRC Standard Mathematical Tables, 28th ed. 
Boca Raton, FL: CRC Press, p. 464, 1987. 
Hildebrand, F. B. Introduction to Numerical Analysis. New 


York: McGraw-Hill, pp. 327-330, 1956. 


Hermite Interpolation 


see HERMITE’S INTERPOLATING FUNDAMENTAL POLY- 
NOMIAL 


Hermite’s Interpolating Fundamental 


Polynomial 
Let I(x) be an nth degree POLYNOMIAL with zeros at 
£1, ..., £m. Then the fundamental POLYNOMIALS are 


: _ l'" (av) 
n(x) = F - me [t.(x)]? (1) 


and 
hy (a) = (2 - av)[l.(z)]’. (2) 


They have the properties 


hi? (@,) = bun (3) 

KY, (ap) = 0 (4) 

h (x,) = 0 (5) 

RD" (4) = Soy (6) 

Now let fi, ..-; fn and fj, ..., f) be values. Then the 


expansion 
Walz) = >> f-AM (a) +S > AM (x) (7) 
v=1 v=1 


gives the unique HERMITE’S INTERPOLATING FUNDA- 
MENTAL POLYNOMIAL for which 


W,. (av) _ fu (8) 
W,. (av) = fi. (9) 


If f, = 0, these are called STEP POLYNOMIALS. The 
fundamental POLYNOMIALS satisfy 


hi(z) +... + ha(x) =1 (10) 


Hermite Polynomial 


and - 44 
Sah (a) + SAP (a) =a. (11) 
v=1 vol 
Also, 
b 
i A) (x) daw) = Av (12) 
se 
/ ALY (x) da(x) = 0 (13) 
a 
/ rhi,(x) da(xz) = 0 (14) 
ty 
/ bh?) (x) da(x) = 0 (15) 
a b 
/ A?) da(x) = Av (16) 
5; t 
i ch), (x) dx = Avxv, (17) 
forv=1,...,n. 
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Hermite-Lindemann Theorem 
The expression 


Aye"! + Age®? + Age“ +... . 


in which the COEFFICIENTS A; differ from zero and in 
which the exponents a; are ALGEBRAIC NUMBERS dif- 
fering from each other, cannot equal zero. 


see also ALGEBRAIC NUMBER, CONSTANT PROBLEM, 
INTEGER RELATION, LINDEMANN-WEIERSTRA8’ THEO- 
REM 
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Hermite Polynomial 


Hermite Polynomial 


A set of ORTHOGONAL POLYNOMIALS. The Hermite 
polynomials H,,(z) are illustrated above for x € [0,1] 
and n= 1, 2,..., 5. 


The GENERATING FUNCTION for Hermite polynomials 


is 
oo 


exp(2at — t?) = s~ DOs (1) 


Using a TAYLOR SERIES shows that, 


A, (x) = (ey exp(2xt — Ps 


=[" (2) eer] 


Since Of (x — t)/Ot = —Of (x — t)/dz, 


Hy(z) = (-1)"e" [(Z) ee] 


nm a? ad” =n? 
=> (-1) é€ dan © 5 (3) 
Now define operators 
Be 22 d _,? 
O71 =e Ps (4) 
often mee = 7) —2?/2 
Oz =e — je . (5) 
It follows that 
x a a? a -27) _ = df 
fae" Fife ]|=2f-F (6) 
_ pw/2f, a -2?/2 
Orf =e (« =) if ] 
= df _ df 
eft+af da 2xf da’ (7) 
so 7 . 
Or = O2, (8) 
and 


which means the following definitions are equivalent: 


fo) 


exp(22t — t?) = bo Fala (10) 
Hn(x) = (-1)" “fe (11) 
H, (x)= a (« ~ <=) ne” 7? (12) 


The Hermite POLYNOMIALS are related to the derivative 
of the ERROR FUNCTION by 


2Vr 2 (il 
2° qynti 


H,,(z) = (—1) erf(z). (13) 
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They have a contour integral representation 
' 
Hy 5 fer Pee ae (14) 


20% 


They are orthogonal in the range (—0o, 00) with respect 
to the WEIGHTING FUNCTION e-” 


i - Hp(2)Hm(z)e~” dx =Smn2"nl/n. (15) 


Define the associated functions 


/ a —a*z? 
Un(z) — Taylor Ay, (ax)e 12 (16) 


These obey the orthogonality conditions 


oo Hi a ail m=nt+i1 
eee ee 
0 otherwise 
/ Um(&)Un(x) da = bmn (18) 
ts 4 at m=ntl 
/ Um(L)tUn (x) dx = 1 /& m=n-1 (19) 
a 0 otherwise 
r mt m=n 
/ Um(«)27 un (x) de = Moe) i SAAS 
8 1) meznAnt2 
(20) 
meer: 2alBly! 
[ HoHgH, dz = Vale aio ot = aille = Be) 
(21) 


ifa+ 8+ = 2s is EVEN and s >a,s > ,ands>¥%. 
Otherwise, the last integral is 0 (Szegé 1975, p. 390). 


They also satisfy the RECURRENCE RELATIONS 
Ania = 22H, (x) — 2nAy-1(z) (22) 


Hy,(x) = 2nHy_1(z). (23) 


The DISCRIMINANT is 
Dn = gan(n—1)/2 ll vp” (24) 
vol 


(Szeg6 1975, p. 143). 
An interesting identity is 


n 


De (") H, (x) Ha—v(y) = 2°)? Hy [2-7/9 + y)]. (25) 


v=0 


830 Hermite Polynomial 
The first few POLYNOMIALS are 


Ho(x) = 1 
Hyi(z) = 22 
Ho(x) = 4x? — 2 
H3(z) = 82° — 122 
H,(x) = 162% — 48a? + 12 
Hs5(x) = 322° — 1602* + 1202 
He(x) = 642° — 4802* + 720x? — 120 
H7(x) = 1282" — 13442° + 336027 — 1680x 
Ha(x) = 2562° — 35942° + 134402* — 1344027 
+160 
Ho(x) = 5122° — 92162” + 483842° — 806402°* 
+ 302402 
Hio(x) = 1024x*° — 230402z° + 1612802° — 403200x* 
+ 30240027 — 30240. 


A class of generalized Hermite POLYNOMIALS y7" (az) sat- 
isfying 


emt = Se (we (26) 
=0 


was studied by Subramanyan (1990). A class of related 
POLYNOMIALS defined by 


m {22 
Keene (=) (27) 


and with GENERATING FUNCTION 
ezzt-t™ = S- haym(a)t” (28) 
n=0 


was studied by Djordjevic (1996). They satisfy 


A, (x) = n'hn,2(2z). (29) 


A modified version of the HERMITE POLYNOMIAL is 
sometimes defined by 


He, (2) = Hn (5) (30) 


see also MEHLER’S HERMITE POLYNOMIAL FORMULA, 
WEBER FUNCTIONS 
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Hermite Quadrature 
see HERMITE-GAUSS QUADRATURE 


Hermite’s Theorem 
e is TRANSCENDENTAL. 


Hermitian Form 
A combination of variables z and y given by 


axz” + bry” + b*2"y+cyy", 
where z* and y* are COMPLEX CONJUGATES. 


Hermitian Matrix 

If a MATRIX is SELF-ADJOINT, it is said to be a Hermi- 
tian matrix. Therefore, a Hermitian MATRIX is defined 
as one for which 


A=A', (1) 


where + denotes the ADJOINT MATRIX. Hermitian Ma- 
TRICES have REAL EIGENVALUES with ORTHOGONAL 
EIGENVECTORS. For REAL MATRICES, Hermitian is the 
same as symmetrical. Any MATRIX C which is not Her- 
mitian can be expressed as the sum of two Hermitian 
matrices 


C= 2(C4+C')+4(C- Ch). (2) 


Let U be a UniITARY MATRIX and A be a Hermitian 
matrix. Then the ADJOINT MATRIX of a SIMILARITY 
TRANSFORMATION is 


(UAU*)? = [(UA)(U-*)]* = (U7) F(UA)t 
= (Ut)t(ATUt) = UAUT = UAU-?. (3) 


Hermitian Operator 


The specific matrix 


# es | —aP, +yP.+2Ps, (4) 


zt —~z 


H(z, yy, z) = 


where P; are PAULI SPIN MATRICES, is sometimes called 
“the” Hermitian matrix. 


see also ADJOINT MATRIX, HERMITIAN OPERATOR, 
PAULI SPIN MATRICES 
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Hermitian Operator 
A Hermitian OPERATOR L is one which satisfies 


b b 
/ vu" Luda = / uLv" dx. (1) 
a . a 


As shown in STURM-LIOUVILLE THEORY, if Z is SELF- 
ADJOINT and satisfies the boundary conditions 


[v"pu Jena a [v" pu’ ]n=., (2) 
then it is automatically Hermitian. Hermitian operators 
have REAL EIGENVALUES, ORTHOGONAL EIGENFUNC- 
TIONS, and the corresponding EIGENFUNCTIONS form a 
COMPLETE set when JL is second-order and linear. In 
order to prove that EIGENVALUES must be REAL and 
EIGENFUNCTIONS ORTHOGONAL, consider 

Lu; + \;wu; = 0. (3) 

Assume there is a second EIGENVALUE 4; such that 
Lu; + AjwU; =0 (4) 
Lu;* + A;"wu;* = 0. (5) 


Now multiply (3) by u;* and (5) by ui 


u;* Lu; + u;*dAwus = 0 (6) 
uiLu;* + uid; wu; =0 (7) 
3° Dug — usLuj* = (Aj* — As)wuiu;*. (8) 


Now integrate 


b b b 
/ uj” Lu; - | uj Lu;* => (A;* _ ») f WUit;”. (9) 
a a a 


But because L is Hermitian, the left side vanishes. 


b 
(A;* - a) | wuiu;” = 0. (10) 
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If EIGENVALUES »; and A; are not degenerate, then 


b 
f, wusuj* = 0, so the EIGENFUNCTIONS are ORTHOG- 
ONAL. If the EIGENVALUES are degenerate, the EIGEN- 
FUNCTIONS are not necessarily orthogonal. Now take 
t=7. 


b 
QO" - rf wuiu;” = 0. (11) 
a 


The integral cannot vanish unless u; = 0, so we have 
Ai* = A; and the EIGENVALUES are real. 


For a Hermitian operator O, 


(g\Owv) = (g|Ow)" = (O¢g|d). (12) 


In integral notation, 
ip (Ag)"o de = / $° Ay de. (13) 
Given Hermitian operators A and B, 


(g|ABy) = (Ag|By) = (BAd|b) = (G|BAY)*. 
(14) 


Because, for a Hermitian operator A with EIGENVALUE 
a, 


(ol Ap) = (Adi) (15) 

a (pb) = a” (pp). (16) 

Therefore, either (|) = 0 or a = a*. But (¥|v) = 0 
IrF wy = 0, so 

(|b) #0, (17) 


for a nontrivial EIGENFUNCTION. This means that 
a =a", namely that Hermitian operators produce REAL 
expectation values. Every observable must therefore 
have a corresponding Hermitian operator. Furthermore, 


(Yn |Avm) = (Atdn|bm) (18) 
am (Palm) = an* (nlm) = an nlm), (19) 


since an = a,*. Then 
(am —@n)(Ynlom) =O (20) 
For dm # dn (i-€., Yn # Um), 
(bnlem) = 0. (21) 


For @m = Qn (i-e., Yn = Ym), 


ill 
es 


(bal¥m) = (bn|bn) = (22) 


Therefore, 


(nlm) = Onm, (23) 


832 Heron’s Formula 


so the basis of EIGENFUNCTIONS corresponding to a Her- 
mitian operator are ORTHONORMAL. Given two Hermi- 
tian operators A and B, 


(AB)' = B'4' = BA= 48+ (BA, (24) 
the operator AB equals (AB)I, and is therefore Hermi- 
tian, only if a 

[B, A] = 0. (25) 
Given an arbitrary operator A, 
(bal(A + Alba) = ((AT + A)an la) 
=((A+Al)dilva), (26) 


so A+ Af is Hermitian. 


(wili(A — A')b2) = (—i(AT — A)daly2) 
= (i(A— Atyyilye), (27) 


so i(A — At) is Hermitian. Similarly, 

(ti |(AA')b2) = (Aly |A Fda) = (AAT) dr |d2) , 
so AAt is Hermitian. 
Define the Hermitian conjugate operator At by 

(Adit) = (vlAty). (29) 


For a Hermitian operator, A = At, Furthermore, given 
two Hermitian operators A and B, 


(W2|(AB)'¥1) = ((AB) pal) = (By2|A"pr) 
= (y2|BTAtd), (30) 
so 
(AB)! = BtAt. (31) 


By further iterations, this can be generalized to 
(AB... Z)t'= Z!... BrAl, (32) 


see also ADJOINT OPERATOR, HERMITIAN MATRIX, 
SELF-ADJOINT OPERATOR, STURM-LIOUVILLE THE- 
ORY 
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Heron’s Formula 
Gives the AREA of a TRIANGLE in terms of the lengths 
of the sides a, b, and c and the SEMIPERIMETER 


s=i(a+bt+c). (1) 


Heron’s Formula 


Heron’s formula then states 


A = \/s(s — a)(s — b)(s — c). (2) 


Expressing the side lengths a, b, and c in terms of the 
radii a’, 6’, and c’ of the mutually tangent circles cen- 
tered on the TRIANGLE vertices (which define the SODDY 
CIRCLES), 


a=-bt'+e (3) 
b=a+ec (4) 
c=a' +0’, , (5) 


gives the particularly pretty form 


A= VJab'e'(a’+b'4+c) (6) 


The proof of this fact was discovered by Heron (ca. 100 
BC-100 AD), although it was already known to Arch- 
imedes prior to 212 BC (Kline 1972). Heron’s proof 
(Dunham 1990) is ingenious but extremely convoluted, 
bringing together a sequence of apparently unrelated 
geometric identities and relying on the properties of 
CYCLIC QUADRILATERALS and RIGHT TRIANGLES. 


Heron’s proof can be found in Proposition 1.8 of his work 
Metrica. This manuscript had been lost for centuries 
until a fragment was discovered in 1894 and a complete 
copy in 1896 (Dunham 1990, p. 118). More recently, 
writings of the Arab scholar Abu’! Raihan Muhammed 
al-Biruni have credited the formula to Heron’s predeces- 
sor Archimedes (Dunham 1990, p. 127). 


A much more accessible algebraic proof proceeds from 
the LAW OF COSINES, 


b? +c? — a? 


cos A = be (7) 
Then 
: JV —at — 64 — c4 + 26% c? + 2c? a? + 2076? 
sin A= So (8) 
giving 
A = dbesin A (9) 


= 1\/—a4 — 64 — c4 + 2b2e? + 2c2a? + 207d? (10) 
= }[(e+b+c)(-a+b+c)(a—b+e)(a+b-c)]*? 

(11) 
s/s(s — a)(s — b)(s — c) (12) 


(Coxeter 1969). Heron’s formula contains the PYTHAG- 
OREAN THEOREM. 
see also BRAHMAGUPTA’S FORMULA, BRETSCHNEIDER’S 


FORMULA, HERONIAN TETRAHEDRON, HERONIAN TRI- 
ANGLE, SODDY CIRCLES, SSS THEOREM, TRIANGLE 


I 


Heron Triangle 
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Heron Triangle 
see HERONIAN TRIANGLE 


Heronian Tetrahedron 

A TETRAHEDRON with RATIONAL sides, FACE AREAS, 
and VOLUME. The smallest examples have pairs of op- 
posite sides (148, 195, 203), (533, 875, 888), (1183, 1479, 
1804), (2175, 2296, 2431), (1825, 2748, 2873), (2180, 
2639, 3111), (1887, 5215, 5512), (6409, 6625, 8484), and 
(8619, 10136, 11275). 


see also HERON’S FORMULA, HERONIAN TRIANGLE 
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Heronian Triangle 

A TRIANGLE with RATIONAL side lengths and RATIO- 
NAL AREA. Brahmagupta gave a parametric solution 
for integer Heronian triangles (the three side lengths and 
area can be multiplied by their LEAST COMMON MULTI- 
PLE to make them all INTEGERS): side lengths c(a? +b”), 
b(a? + c?), and (b+ c)(a? — bc), giving SEMIPERIMETER 


s=a’(b+c) 


and AREA 
A = abc(a + b)(a” — be). 


The first few integer Hernonian triangles, sorted by in- 
creasing maximal side lengths, are (3, 4, 5), (6, 8, 10), (5, 
12, 13), (9, 12, 15), (4, 18, 15), (13, 14, 15), (9, 10, 17), 
... (Sloane’s A046128, A046129, and A046130), having 
areas 6, 24, 30, 54, 24, 84, 36, ... (Sloane’s A046131). 


Schubert (1905) claimed that Heronian triangles with 
two rational MEDIANS do not exist (Dickson 1952). This 
was shown to be incorrect by Buchholz and Rathbun 
(1997), who discovered six such triangles. 


see also HERON’S FORMULA, MEDIAN (TRIANGLE), Py- 
THAGOREAN TRIPLE, TRIANGLE 
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Herschel 


A HEPTOMINO shaped like the astronomical symbol for 
Uranus (which was discovered by William Herschel). 


Herschfeld’s Convergence Theorem 
For real, NONNEGATIVE terms x, and REAL p with 0 < 
p <1, the expression 


im, wo + (#1 + (wa + (... + (an)”)”)?)? 


converges IFF (an)?” is bounded. 
see also CONTINUED SQUARE ROOT 
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Hesse’s Theorem 
If two pairs of opposite VERTICES of a COMPLETE 
QUADRILATERAL are pairs of CONJUGATE POINTS, then 
the third pair of opposite VERTICES is likewise a pair of 
CONJUGATE POINTS. 


Hessenberg Matrix 
A matrix of the form 


@i1 G12 G13 @1(n—-1) Gin 
G21 422 @23 @2(n—-1) Gan 
0 ag2 agg 23(n—1) Q3n 
0 0 a3 @4(n—1) aan 
0 0 0 Q5(n—1) Q5n 
0 0 O QO An-1j)(n-1) Un-1)n 
0 0 0 0 Qn(n-1) Qnn 
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Hessian Covariant 


H = \aa'a" la,n-20),n-20fn—2 = 0. 
The nonsingular inflections of a curve are its nonsingular 
intersections with the Hessian. 
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Hessian Determinant 
The DETERMINANT 


ars af 

—| dz? 42d 

Hf(z,y)=| 53, “ary 
Oydr Oy 


appearing in the SECOND DERIVATIVE TEST as D = 
Hf(z,y). 
see also SECOND DERIVATIVE TEST 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Diego, CA: Academic 
Press, pp. 1112—1113, 1979. 


Heteroclinic Point 

If intersecting stable and unstable MANIFOLDS (SEP- 
ARATRICES) emanate from FIXED POINTS of different 
families, they are called heteroclinic points. 


see also HOMOCLINIC POINT 


Heterogeneous Numbers 

Two numbers are heterogeneous if their PRIME factors 
are distinct. 

see also DISTINCT PRIME FacTORS, HOMOGENEOUS 
NUMBERS 
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Heterological Paradox 
see GRELLING’S PARADOX 


Heteroscedastic 
A set of STATISTICAL DISTRIBUTIONS having different 
VARIANCES. 


see also HOMOSCEDASTIC, VARIANCE 


Heterosquare 


Heuristic 


A heterosquare is an n x n ARRAY of the integers from 
1 to n? such that the rows, columns, and diagonals have 
different sums. (By contrast, in a MAGIC SQUARE, they 
have the same sum.) There are no heterosquares of order 
two, but heterosquares of every ODD order exist. They 
can be constructed by placing consecutive INTEGERS in 
a SPIRAL pattern (Fults 1974, Madachy 1979). 


An ANTIMAGIC SQUARE is a special case of a het- 
erosquare for which the sums of rows, columns, and main 
diagonals form a SEQUENCE of consecutive integers. 


see also ANTIMAGIC SQUARE, MAGIC SQUARE, TALIS- 
MAN SQUARE 
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Heuman Lambda Function 


F(¢|1 — m) 


2 
Roy + Km) Z (611 — m), 


Ao(¢|m) = 
where ¢ is the AMPLITUDE, m is the PARAMETER, Z is 
the JacoBI ZETA FUNCTION, and F(¢|m') and K(m) 


are incomplete and complete ELLIPTIC INTEGRALS OF 
THE FIRST KIND. 


see also ELLIPTIC INTEGRAL OF THE First KIND, JaA- 
COBI ZETA FUNCTION 
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Heun’s Differential Equation 


fey (14 6 € )¢ 
dx? ze «£-1 e2-a/ dz 
appx —q _ 
TSe—ieoe ot 
where 
a+tB—-y-d—-e+1=0. 
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Heuristic 
(1) Based on or involving trial and error. (2) Convincing 
without being rigorous. 


Hex Game 


Hex Game 
A two-player GAME. There is a winning strategy for 
the first player if there is an even number of cells on 
each side; otherwise, there is a winning strategy for the 
second player. 


References 

Gardner, M. Ch. 8 in The Scientific American Book of Math- 
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Hex Number 


The CENTERED HEXAGONAL NUMBER given by 


Hn = 14+ 6Tn = 2Hn-1 — Hn-2 +6 = 3n? — 3n 41, 


where Ty, is the nth TRIANGULAR NUMBER. The first 
few hex numbers are 1, 7, 19, 37, 61, 91, 127, 169, ... 
(Sloane’s A003215). The GENERATING FUNCTION of 
the hex numbers is 


x(a? + 4a + 1) 


Gas) =2+7x? 4192? + 3724+... 


The first TRIANGULAR hex numbers are 1 and 91, and 
the first few SQUARE ones are 1, 169, 32761, 6355441, ... 
(Sloane’s A006051). SQUARE hex numbers are obtained 
by solving the DIOPHANTINE EQUATION 


3a? +1 =y’. 


The only hex number which is SQUARE and TRIANGU- 
LAR is 1. There are no CUBIC hex numbers. 


see also MAGIC HEXAGON, CENTERED SQUARE NUM- 
BER, STAR NUMBER, TALISMAN HEXAGON 
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Hex (Polyhex) 
see POLYHEX 


Hexadecimal 835 
Hex Pyramidal Number 

A FIGURATE NUMBER which is equal to the CUBIC 
NuMBER n°. The first few are 1, 8, 27, 64,... (Sloane’s 
000578). 


References 

Conway, J. H. and Guy, R. K. The Book of Numbers. New 
York: Springer-Verlag, pp. 42-44, 1996. 

Sloane, N. J. A. Sequence A000578/M4499 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Hexa 
see POLYHEX 


Hexabolo 
A 6-POLYABOLO. 


Hexacontagon 
A 60-sided POLYGON. 


Hexacronic Icositetrahedron 


see GREAT HEXACRONIC ICOSITETRAHEDRON, SMALL 
HEXACRONIC ICOSITETRAHEDRON 


Hexad 
A SET of six. 


see also MONAD, QUARTET, QUINTET, TETRAD, TRIAD 


Hexadecagon 


A 16-sided POLYGON, sometimes also called a HEX- 
AKAIDECAGON. 


see also POLYGON, REGULAR POLYGON, TRIGONOME- 
TRY VALUES—7/16 


Hexadecimal 

The base 16 notational system for representing REAL 
NuMBERS. The digits used to represent numbers using 
hexadecimal NOTATION are 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, 
B, C, D, E, and F. 

see also BASE (NUMBER), BINARY, DECIMAL, META- 
DROME, OCTAL, QUATERNARY, TERNARY, VIGESIMAL 
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836 Hexaflexagon 


Hexafliexagon 

A FLEXAGON made by folding a strip into adjacent 
EQUILATERAL TRIANGLES. The number of states possi- 
ble in a hexaflexagon is the CATALAN NUMBER C4 = 42. 


see also FLEXAGON, FLEXATUBE, TETRAFLEXAGON 
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Hexagon 


A six-sided POLYGON. In proposition IV.15, Euclid 
showed how to inscribe a regular hexagon in a CIRCLE. 
The INRADIUS r, CIRCUMRADIUS R, and AREA A can 
be computed directly from the formulas for a general 
regular POLYGON with side length s and n = 6 sides, 


r = $scot (=) =iv3s (1) 
R= $scse (3) =s (2) 
A= ins? cot. (=) = 3 3 8°. (3) 


# = sec (Z) = wa (4) 
so Ar _ ey 7 4 (5) 
A, Tr 3° 


Hexagon 


A PLANE PERPENDICULAR to a C3 axis of a CUBE, 
DODECAHEDRON, or ICOSAHEDRON cuts the solid in 
a regular HEXAGONAL CROSS-SECTION (Holden 1991, 
pp. 22-23 and 27). For the CUBE, the PLANE passes 
through the MIDPOINTS of opposite sides (Steinhaus 
1983, p. 170; Cundy and Rollett 1989, p. 157; Holden 
1991, pp. 22-23). Since there are four such axes for the 
CUBE and OCTAHEDRON, there are four possibly hexag- 
onal cross-sections. Since there are four such axes in 
each case, there are also four possibly hexagonal cross- 
sections. 


Take seven CIRCLES and close-pack them together in a 
hexagonal arrangement. The PERIMETER obtained by 
wrapping a band around the CIRCLE then consists of 
six straight segments of length d (where d is the DIAME- 
TER) and 6 arcs with total length 1/6 of a CIRCLE. The 
PERIMETER is therefore 


p= (12+ 2r)r = 2(64+ a)r. (6) 


see also CUBE, CYCLIC HEXAGON, DISSECTION, Do- 
DECAHEDRON, GRAHAM’S BIGGEST LITTLE HEXAGON, 
HEXAGON POLYIAMOND, HEXAGRAM, MAGIC HEXa- 
GON, OCTAHEDRON, PAPPUS’S HEXAGON THEOREM, 
PASCAL’S THEOREM, TALISMAN HEXAGON 
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Hexagon Polyiamond 


Hexagon Polyiamond 


*) 


A 6-POLYIAMOND. 
see also HEXAGON 
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Hexagonal Number 


A FIGURATE NUMBER and 6-POLYGONAL NUMBER of 
the form n(2n — 1). The first few are 1, 6, 15, 28, 45, 
... (Sloane’s A000384). The GENERATING FUNCTION 
of the hexagonal numbers 


x(3z + 1) 


(ian er ere eee es 


Every hexagonal number is a TRIANGULAR NUMBER 
since 


r(2r — 1) = $(2r — 1)[(2r — 1) + 1). 


In 1830, Legendre (1979) proved that every number 
larger than 1791 is a sum of four hexagonal numbers, 
and Duke and Schulze-Pillot (1990) improved this to 
three hexagonal numbers for every sufficiently large in- 
teger. The numbers 11 and 26 can only be represented 
as a sum using the maximum possible of six hexagonal 
numbers: 


11=1414+141+41+6 
26=1+1+6+6+6+6. 


see also FIGURATE NUMBER, HEX NUMBER, TRIANGU- 
LAR NUMBER 
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Hexagonal Pyramidal Number 

A PYRAMIDAL NUMBER of the form n(n+ 1)(4n—1)/6, 
The first few are 1, 7, 22, 50, 95, ... (Sloane’s A002412). 
The GENERATING FUNCTION of the hexagonal pyrami- 
dal numbers is 


ae =2+7e? + 220° + 5004+... 
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Hexagonal Scalenohedron 


An irregular DODECAHEDRON which is also a TRAPE- 
ZOHEDRON. 


see also DODECAHEDRON, TRAPEZOHEDRON 
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Hexagonal Tiling 
see TILING 


Hexagram 


The Star Potycon {6, 2}, also known as the STAR OF 
DAVID. 


see also DISSECTION, PENTAGRAM, SOLOMON’S SEAL 
KNOT, STAR FIGURE, STAR OF LAKSHMI 


Hexagrammum Mysticum Theorem 
see PASCAL’S THEOREM 


Hexahedron 

A hexahedron is a six-sided POLYHEDRON. The regu- 
lar hexahedron is the CUBE, although there are seven 
topologically different CONVEX hexahedra (Guy 1994). 


see also CUBE 
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Hexahemioctahedron 
The DUAL POLYHEDRON of the CUBOHEMIOCTAHE- 
DRON. 


Hexakaidecagon 
see HEXADECAGON 


Hexakis Icosahedron 
see DISDYAKIS TRIACONTAHEDRON 


Hexakis Octahedron 
see DISDYAKIS DODECAHEDRON 


Hexlet 

Also called Soppy’s HEXLET. Consider three mutually 
tangent SPHERES A, B, and C. Then construct a chain 
of SPHERES tangent to each of A, B, and C threading 
and interlocking with the A — B —C ring. Surprisingly, 
every chain closes into a “necklace” after six SPHERES 
regardless of where the first SPHERE is placed. This is 
a special case of KOLLROS’ THEOREM. The centers of 
a Soddy hexlet always lie on an ELLIPSE (Ogilvy 1990, 
p. 63). 

see also COXETER’S LOXODROMIC SEQUENCE OF TAN- 
GENT CIRCLES, KOLLROS’ THEOREM, STEINER CHAIN 
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HexLife 

An alternative LIFE game similar to Conway’s, which 
is played on a hexagonal grid. No set of rules has yet 
emerged as uniquely interesting. 


see also HIGHLIFE 
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Hexomino 
One of the 35 6-POLYOMINOES. 
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Heyting Algebra 
An ALGEBRA which is a special case of a LOGOS. 
see also LOGOS, TOPOS 


HighLife 


Hh Function 


Let 
2(e) = ae (1) 
Qe)=se f oP at, (2) 


where Z and Q are closely related to the NORMAL DISs- 
TRIBUTION FUNCTION, then 


Hh_,(x) = (-1)"7-'V2n 2("-))(z) (3) 
d” | Q(z) 
dx” Eal : (4) 


see also NORMAL DISTRIBUTION FUNCTION, TETRA- 
CHORIC FUNCTION 


Hie a" ah te 


Hi-Q 

A triangular version of PEG SOLITAIRE with 15 holes 
and 14 pegs. Numbering hole 1 at the apex of the tri- 
angle and thereafter from left to right on the next lower 
row, etc., the following table gives possible ending holes 
for a single peg removed (Beeler et al. 1972, Item 76). 
Because of symmetry, only the first five pegs need be 
considered. Also because of symmetry, removing peg 2 
is equivalent to removing peg 3 and flipping the board 
horizontally. 


remove possible ending pegs 


1 1, 7= 10, 13 
2 2, 6, 11, 14 

4 3 = 12, 4, 9, 15 
5 13 
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Higher Arithmetic 
An archaic term for NUMBER THEORY. 


Highest Weight Theorem 

A theorem proved by E. Cartan (1913) which classifies 
the irreducible representations of COMPLEX semisimple 
LIE ALGEBRAS. 
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HighLife 

An alternate set of LIFE rules similar to Conway’s, but 
with the additional rule that six neighbors generate a 
birth. Most of the interest in this variant is due to the 
presence of a so-called replicator. 


see also HEXLIFE, LIFE 
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Highly Abundant Number 


Highly Abundant Number 
see HIGHLY COMPOSITE NUMBER 


Highly Composite Number 

A COMPOSITE NUMBER (also called a SUPERABUNDANT 
NUMBER) is a number n which has more FACTORS than 
any other number less than n. In other words, o(n)/n 
exceeds o(k)/k for all k < n, where a(n) is the DIVISOR 
FUNCTION. They were called highly composite numbers 
by Ramanujan, who found the first 100 or so, and su- 
perabundant by Alaoglu and Erdés (1944). 


There are an infinite numbers of highly composite num- 
bers, and the first few are 2, 4, 6, 12, 24, 36, 48, 60, 
120, 180, 240, 360, 720, 840, 1260, 1680, 2520, 5040, ... 
(Sloane’s A002182). Ramanujan (1915) listed 102 up 
to 6746328388800 (but omitted 293, 318, 625, 600, and 
29331862500). Robin (1983) gives the first 5000 highly 
composite numbers, and a comprehensive survey is given 


by Nicholas (1988). 


If 
N = 2°73°% ...pP (1) 


is the prime decomposition of a highly composite num- 
ber, then 


1. The PRIMES 2, 3,... 
PRIMES, 

2. The exponents are nonincreasing, so az > a3 >... > 
Gp, and 


, p form a string of consecutive 


3. The final exponent a, is always 1, except for the two 
cases N = 4 = 2? and N = 36 = 2? -3?, where it is 
2. 


Let Q(x) be the number of highly composite numbers 
< x. Ramanujan (1915) showed that 


Q(2) _ 
ae (2) 


Erdés (1944) showed that there exists a constant c; > 0 
such that 


Q(z) > (Inz)'*% (3) 


Nicholas proved that there exists a constant cz > 0 such 
that 
Q(x) (Ina). (4) 


see also ABUNDANT NUMBER 
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Higman-Sims Group 
The SPORADIC GROUP HS. 
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Hilbert’s Axioms 

The 21 assumptions which underlie the GEOMETRY pub- 
lished in Hilbert’s classic text Grundlagen der Geome- 
trie. The eight INCIDENCE AXIOMS concern collinear- 
ity and intersection and include the first of EUCLID’S 
POSTULATES. The four ORDERING AXIOMS concern the 
arrangement of points, the five CONGRUENCE AXIOMS 
concern geometric equivalence, and the three CONTINU- 
ITY AXIOMS concern continuity. There is also a single 
parallel axiom equivalent to Euclid’s PARALLEL POSTU- 
LATE. 


see also CONGRUENCE AXIOMS, CONTINUITY AXIOMS, 
INCIDENCE AXIOMS, ORDERING AXIOMS, PARALLEL 
POSTULATE 
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Hilbert Basis Theorem 

If R is a NOETHERIAN RING, then S = R[X] is also a 
NOETHERIAN RING. 

see also ALGEBRAIC VARIETY, FUNDAMENTAL SYSTEM, 
SYzYGy 
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Hilbert’s Constants 
.N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Extend HILBERT’s INEQUALITY by letting p,g > 1 and 
+ Ps (1) 
q — > 


so that 
ane (2) 


Levin (1937) and Steékin (1949) showed that 


co 08 


ambn m(q—1) * 
ee < {rex berm \} 


—— oo 1/p oo 1/q 
x ( i ise} dr) ( i a(2)!" ae) (3) 
and 
° 6? F(n)o(y) m(q-1)]* 
[ : Tae vie dz dy < mcsc Stal 
fore) 1/p foe) 1/q 
x ( [ ie)? ae ( | o(a" a) 4) 


Mitrinovic et al. (1991) indicate that this constant is the 
best possible. 


see also HILBERT’S INEQUALITY 
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Hilbert Curve 


P| o 
cal 


A LINDENMAYER SYSTEM invented by Hilbert (1891) 
whose limit is a PLANE-FILLING CURVE which fills 
a square. ‘Traversing the VERTICES of an n-D Hy- 
PERCUBE in GRAY CODE order produces a genera- 
tor for the n-D Hilbert curve (Goetz). The Hilbert 
curve can be simply encoded with initial string 
"L", STRING REWRITING rules “L" -> "+RF-LFL-FR+", 
"R"->"-LF+RFRtFL-", and angle 90° (Peitgen and Saupe 
1988, p. 278). 


Hilbert Hotel 


1 25e85e25e5 
: Sessses5 


Beseseses 


) Seseseses 


A related curve is the Hilbert II curve, shown 
above (Peitgen and Saupe 1988, p. 284). It is 
also a LINDENMAYER SYSTEM and the curve can be 
encoded with initial string "X", STRING REwRIT- 
ING rules "X" -> "“XFYFX+F+YFXFY-F-XFYFK", "Y" ~> 
"YFXFY-F-XFYFX+F+YFXFY", and angle 90°. 


see also LINDENMAYER SYSTEM, PEANO CURVE, 
PLANE-FILLING CURVE, SIERPINSKI CURVE, SPACE- 
FILLING CURVE 
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Hilbert Function 

Let [ = {pi,...,pm} C P? be a collection of m distinct 
points. Then the number of conditions imposed by T 
on forms of degree d is called the Hilbert function Ar of 
T. If curves X1 and X2 of degrees d and e meet in a 
collection T of d- e points, then for any k, the number 
hr(k) of conditions imposed by I on forms of degree k 
is independent of X; and X2 and is given by 


k+2 k-—d+2 
_(k-e+2) | (b-d-e+2 
2 2 : 
where the BINOMIAL COEFFICIENT ($) is taken as 0 if 
a < 2 (Cayley 1843). 
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Hilbert Hotel 

Let a hotel have a DENUMERABLE set of rooms num- 
bered 1, 2, 3, Then any finite number n of 
guests can be accommodated without evicting the cur- 
rent guests by moving the current guests from room 1 
to room i+7n. Furthermore, a DENUMERABLE number 


Hilbert’s Inequality 


of guests can be similarly accommodated by moving the 
existing guests from 7 to 2%, freeing up a DENUMERABLE 
number of rooms 27 — 1. 
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Hilbert’s Inequality 
Given a PosITIVE SEQUENCE {an}, 


oo fo =) foe] 
an 
) ) = <7 y lan|?, 
F JI—n 
j=—oo | n=—0o n=—oco 
nj 


where the a,s are REAL and “square summable.” 


Another INEQUALITY known as Hilbert’s applies to 
NONNEGATIVE sequences {a,} and {bn}, 


Oo a 
m=ln=1 


=(3)(E~)"(Es)" 


m1 


unless all a, or all b, are 0. If f(x) and g(x) are NON- 
NEGATIVE integrable functions, then the integral form 
is 


dye Oe) de dy < mcsc () 
x([uenrae) ” ( ["totentae) 
) 0 


The constant 7 csc(7/P) is the best possible, in the sense 
that counterexamples can be constructed for any smaller 
value. 
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Hilbert Matrix 
A MATRIX H with elements 


Hi = (i+ j-1)7 


for i,7 = 1, 2,...,n. Although the MATRIX INVERSE is 
given analytically by 


(-1)°? (n+i-L!(n+ 37-1)! 


Oo ae iG ae Gee an 
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Hilbert matrices are difficult to invert numerically. The 
DETERMINANTS for the first few values of H, are given 
in the following table. 


n  det(H,,) 

1 

8.33333 x 107? 

4.62963 x 107+ 

1.65344 x 1077 

3.74930 x 107}? 
5.36730 x 10778 


awn kb WN rR 


Hilbert’s Nullstellansatz 

Let K be an algebraically closed field and let I be an 
IDEAL in K(x), where x = (21, @2,...,&n) is a finite set 
of indeterminates. Let p € K(x) be such that for any 
(c1,...,Cn) in K”, if every element of J vanishes when 
evaluated if we set each (2; = c;), then p also vanishes. 
Then p’ lies in I for some j. Colloquially, the theory of 
algebraically closed fields is a complete model. 


Hilbert Number 
see GELFOND-SCHNEIDER CONSTANT 


Hilbert Polynomial 

Let [ be an ALGEBRAIC CURVE in a projective space of 
DIMENSION n, and let p be the PRIME IDEAL defining [, 
and let x(p,m) be the number of linearly independent 
forms of degree m modulo p. For large m, x(p,m) is a 
POLYNOMIAL known as the Hilbert polynomial. 
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Hilbert’s Problems 

A set of (originally) unsolved problems in mathematics 
proposed by Hilbert. Of the 23 total, ten were presented 
at the Second International Congress in Paris in 1900. 
These problems were designed to serve as examples for 
the kinds of problems whose solutions would lead to the 
furthering of disciplines in mathematics. 


la. Is there a transfinite number between that of a 
DENUMERABLE SET and the numbers of the Con- 
TINUUM? This question was answered by Godel 
and Cohen to the effect that the answer depends 
on the particular version of SET THEORY as- 
sumed. 


1b. Can the CONTINUUM of numbers be considered a 
WELL-ORDERED SET? This question is related 
to Zermelo’s AXIOM OF CHOICE. In 1963, the 
AXIOM OF CHOICE was demonstrated to be inde- 
pendent of all other AXIOMS in SET THEORY, so 
there appears to be no universally valid solution 
to this question either. 


2. Can it be proven that the AXIOMS of logic are con- 


sistent? GODEL’Ss INCOMPLETENESS THEOREM 
indicated that the answer is “no,” in the sense 
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10. 


11. 


12. 


13. 


Hilbert’s Problems 


that any formal system interesting enough to for- 
mulate its own consistency can prove its own con- 
sistency IFF it is inconsistent. 


Give two TETRAHEDRA which cannot be de- 
composed into congruent TETRAHEDRA directly 
or by adjoining congruent TETRAHEDRA. Max 
Dehn showed this could not be done in 1902. 
W. F. Kagon obtained the same result indepen- 
dently in 1903. 


. Find GEOMETRIES whose AXIOMS are closest to 


those of EUCLIDEAN GEOMETRY if the ORDERING 
and INCIDENCE AXIOMS are retained, the CON- 
GRUENCE AXIOMS weakened, and the equivalent 
of the PARALLEL POSTULATE omitted. This prob- 
lem was solved by G. Hamel. 


. Can the assumption of differentiability for 


functions defining a continuous transformation 
Group be avoided? (This is a generalization of 
the CAUCHY FUNCTIONAL EQUATION.) Solved by 
John von Neumann in 1930 for bicompact groups. 
Also solved for the ABELIAN case, and for the solv- 
able case in 1952 with complementary results by 
Montgomery and Zipin (subsequently combined 
by Yamabe in 1953). Andrew Glean showed in 
1952 that the answer is also “yes” for all locally 
bicompact groups. 


. Can physics be axiomized? 
. Let a #140 be ALGEBRAIC and Z IRRATIONAL. 


Is a® then TRANSCENDENTAL? Proved true in 
1934 by Aleksander Gelfond (GELFOND’s THEO- 
REM; Courant and Robins 1996). 


. Prove the RIEMANN HYPOTHESIS. The CONJEC- 


TURE has still been neither proved nor disproved. 


. Construct generalizations of the RECIPROCITY 


THEOREM of NUMBER THEORY. 


Does there exist a universal algorithm for solving 
DIOPHANTINE EQUATIONS? The impossibility of 
obtaining a general solution was proven by Ju- 
lia Robinson and Martin Davis in 1970, following 
proof of the result that the equation n = Fom 
(where Fam is a FIBONACCI NUMBER) is Dio- 
phantine by Yuri Matijasevich (Matijasevié 1970, 
Davis 1973, Davis and Hersh 1973, Matijasevié 
1993). 


Extend the results obtained for quadratic fields to 
arbitrary INTEGER algebraic fields. 


Extend a theorem of Kronecker to arbitrary alge- 
braic fields by explicitly constructing Hilbert class 
fields using special values. This calls for the con- 
struction of HOLOMORPHIC FUNCTIONS in several 
variables which have properties analogous to the 
exponential function and elliptic modular func- 
tions (Holtzapfel 1995). 


Show the impossibility of solving the general sev- 
enth degree equation by functions of two variables. 


Hilbert’s Problems 


14. Show the finiteness of systems of relatively inte- 
gral functions. 


15. Justify Schubert’s ENUMERATIVE GEOMETRY 
(Bell 1945). 


16. Develop a topology of REAL algebraic curves and 
surfaces. The SHIMURA-TANIYAMA CONJECTURE 
postulates just this connection. See Ilyashenko 
and Yakovenko (1995) and Gudkov and Utkin 
(1978). 


17. Find a representation of definite form by 
SQUARES. 


18. Build spaces with congruent POLYHEDRA. 


19. Analyze the analytic character of solutions to vari- 
ational problems. 


20. Solve general BOUNDARY VALUE PROBLEMS. 


21. Solve differential equations given a MONODROMY 
GROUP. More technically, prove that there always 
exists a FUCHSIAN SYSTEM with given singular- 
ities and a given MONODROMY GROUP. Several 
special cases had been solved, but a NEGATIVE so- 
lution was found in 1989 by B. Bolibruch (Anasov 
and Bolibruch 1994). 


22. Uniformization. 


23. Extend the methods of CALCULUS OF VARIA- 
TIONS. 
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Hilbert-Schmidt Norm 


Hilbert-Schmidt Norm 
The Hilbert-Schmidt norm of a MATRIX A is defined as 


|Ajz = 


Hilbert-Schmidt Theory 
The study of linear integral equations of the Fredholm 
type with symmetric kernels 


K(a,t) = K(t,2). 
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Hilbert Space 
A Hilbert space is VECTOR SPACE H with an INNER 
Propuct (f,g) such that the NorM defined by 


Ifl= VASP) 


turns H into a COMPLETE METRIC SPACE. If the INNER 
PRODUCT does not so define a NORM, it is instead known 
as an INNER PRODUCT SPACE. 


Examples of FINITE-dimensional Hilbert spaces include 


1. The REAL NuMBERS R” with (v, u) the vector DoT 
PRODUCT of v and u. 


2. The COMPLEX NUMBERS C” with (v, u) the vector 
DoT PRODUCT of v and the COMPLEX CONJUGATE 
of wu. 


An example of an INFINITE-dimensional Hilbert space is 
L’, the SET of all Functions f : R > R such that the 
INTEGRAL of f? over the whole REAL LINE is FINITE. 
In this case, the INNER PRODUCT is 


(f,9) = / f(x)g(e) de. 


A Hilbert space is always a BANACH SPACE, but the 
converse need not hold. 


see also BANACH SPACE, L2-NorM, L2-SPACE, LIOU- 
VILLE SPACE, PARALLELOGRAM LAW, VECTOR SPACE 
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Hilbert’s Theorem 

Every MODULAR SYSTEM has a MODULAR SYSTEM 
BASIS consisting of a finite number of POLYNOMIALS. 
Stated another way, for every order n there exists a non- 
singular curve with the maximum number of circuits and 
the maximum number for any one nest. 
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Hilbert Transform 


gy) = = Le) ee = 
jey=2 f° swe 


see also TITCHMARSH THEOREM 
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Hill Determinant 
A DETERMINANT which arises in the solution of the 
second-order ORDINARY DIFFERENTIAL EQUATION 


dy dw h? 
ao sf 12g? + bh? -b4+ S547: 
0 a (a2 oe 4x? yey) 


Writing the solution as a POWER SERIES 


oo 


xs 2 

y= Ce 7 (2) 
n==— CoO 

gives a RECURRENCE RELATION 


Wang + (2h? — 4b 4+ 16(n+ $8)"Jan +h? an-1 = 0. (3) 


foe of s can be computed using the Hill determi- 
nani 


4a aa? 0 0 
A(s) = 0 aa a » (4) 
0 0 Be (¢ ~1)? —a? 
l—-a@ l-a 
where 
o=is (5) 
a? = 16- th? (6) 
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and o is the variable to solve for. The determinant can 
be given explicitly by the amazing formula 


- 2 
sin“ (78/2) 
A(s) = A(o) - —* (8) 
sin? ($m,/b — 5h?) 
where 
A(0) 
1 een 0 0) 
1444+2h4 —46 
EE puee es 1 wheats 0 
Sh nk ft) ph? 1 ere 
= Téyp2n?—46 : 16+2h?—46 , 
) 0 nh? —4b : 
h 
0 0 0 Tepan? 46 
(9) 


leading to the implicit equation for s, 


sin?(47s) = A(0) sin? (any ~ yi) : (10) 


see also HILL’S DIFFERENTIAL EQUATION 
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Hill’s Differential Equation 


az 
We = o(t)z, 


where ¢ is periodic. It can be written as 


d@? a 
aa + 109 +2 > On cos(2nz)| = 0, 


n=1 


where 6, are known constants. A solution can be given 
by taking the “DETERMINANT” of an infinite MATRIX. 


see also HILL DETERMINANT 


Hillam’s Theorem 

If f : [a,b] — [a,b] (where [a,b] denotes the CLOSED 
INTERVAL from a to 6 on the REAL LINE) satisfies a 
LIPSCHITZ CONDITION with constant K, ice., if 


[f(z) — f(y) < Ke — yl 
for all x, y € [a, b], then the iteration scheme 
Inqi = (1—A)an + Af (zn), 


where \ = 1/(K +1), converges to a FIXED POINT of f. 


Hippopede 


References 

Falkowski, B.-J. “On the Convergence of Hillam’s Iteration 
Scheme.” Math. Mag. 69, 299-303, 1996. 

Geist, R.; Reynolds, R.; and Suggs, D. “A Markovian Frame- 
work for Digital Halftoning.” ACM Trans. Graphics 12, 
136-159, 1993. 

Hillam, B. P. “A Generalization of Krasnoselski’s Theorem 
on the Real Line.” Math. Mag. 48, 167-168, 1975. 

Krasnoselski, M. A. “Two Remarks on the Method of Suc- 
cessive Approximations.” Uspehi Math. Nauk (N. S.) 10, 
123-127, 1955. 


Hindu Check 
see CASTING OuT NINES 


Hinge 
1 M 4n+5 
150 895 1895 
250 895 1099 1775 
688 895 1166 1699 
795 795 1333-1693 
795 1499 
Ay Hy 


The upper and lower hinges are descriptive statistics of 
a set of N data values, where N is of the form N = 
4n+5 with n= 0,1, 2,.... The hinges are obtained by 
ordering the data in increasing order a1, ..., an, and 
writing them out in the shape of a “w” as illustrated 
above. The values at the bottom legs are called the 
hinges H, and H2 (and the central peak is the MEDIAN). 
In this ordering, 


Hy = Gn42 = a(n +3)/4 
M = a@an+3 = Q(N41)/2 
Hz = a3n+4 = 4(3N41)/4- 
For N of the form 4n + 5, the hinges are identical to 


the QUARTILES. The difference Hz — H; is called the 
H-SPREAD. 


see also H-SPREAD, HABERDASHER’S PROBLEM, ME- 
DIAN (STATISTICS), ORDER STATISTIC, QUARTILE, 
TRIMEAN 
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Hippias’ Quadratrix 
see QUADRATRIX OF HIPPIAS 


Hippopede 


Histogram 


A curve also known as a HORSE FETTER and given by 
the polar equation 


r? = 4b(a — bsin? 6). 
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Histogram 


2 


0 


1 2 3 4 5 6 7 8 9 10 


The grouping of data into bins (spaced apart by the so- 
called CLASS INTERVAL) plotting the number of mem- 
bers in each bin versus the bin number. The above his- 
togram shows the number of variates in bins with CLAss 
INTERVAL 1 for a sample of 100 real variates with a UN- 
IFORM DISTRIBUTION from 0 and 10. Therefore, bin 1 
gives the number of variates in the range 0-1, bin 2 gives 
the number of variates in the range 1-2, etc. 


see also OGIVE 


Hitch 
A Knot that secures a rope to a post, ring, another 
rope, etc., but does not keep its shape by itself. 


see also CLOVE HITCH, KNOT, LINK, LOOP (KNOT) 
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Hitting Set 

Let S be a collection S of subsets of a finite set X. The 
smallest subset Y of X that meets every member of S$ 
is called the hitting set or VERTEX COVER. Finding the 
hitting set is an NP-COMPLETE PROBLEM. 


Hjelmslev’s Theorem 

When all the points P on one line are related by an 
ISOMETRY to all points P’ on another, the MIDPOINTS 
of the segments PP’ are either distinct and collinear or 
coincident. 
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HJLS Algorithm 

An algorithm for finding INTEGER RELATIONS whose 
running time is bounded by a polynomial in the num- 
ber of real variables. It is much faster than other algo- 
rithms such as the FERGUSON-FORCADE ALGORITHM, 
LLL ALGORITHM, and PSOS ALGORITHM. 


Unfortunately, it is numerically unstable and therefore 
requires extremely high precision. The cause of this in- 
stability is not known (Ferguson and Bailey 1992), but is 
believed to derive from its reliance on GRAM-SCHMIDT 
ORTHONORMALIZATION, which is know to be numeri- 
cally unstable (Golub and van Loan 1989). 


see also FERGUSON-FORCADE ALGORITHM, INTEGER 
RELATION, LLL ALGORITHM, PSLQ ALGORITHM, 
PSOS ALGORITHM 
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HK Integral 

Named after Henstock and Kurzweil. Every LEBESGUE 
INTEGRABLE function is HK integrable with the same 
value. 
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Hodge Star 
On an oriented n-D RIEMANNIAN MANIFOLD, the Hodge 
star is a linear FUNCTION which converts alternating 
DIFFERENTIAL k-FORMS to alternating (n — k)-forms. 
If w is an alternating k-FORM, its Hodge star is given 
by 

w(v1,..., Uke) = ("w)(ve«r1,---,Un) 


when v1, ..., Un is an oriented orthonormal basis. 


see also STOKES’ THEOREM 


Hodge’s Theorem 

On a compact oriented FINSLER MANIFOLD without 
boundary, every COHOMOLOGY class has a UNIQUE har- 
monic representative. The DIMENSION of the SPACE of 
all harmonic forms of degree p is the pth BETTI NUMBER 
of the MANIFOLD. 


see also BETTI NUMBER, COHOMOLOGY, DIMENSION, 
FINSLER MANIFOLD 
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Hoehn’s Theorem 


A geometric theorem related to the PENTAGRAM and 
also called the PRATT-KASAPI THEOREM. 


|ViWi| |[V2We2| |VsWs| |VaWal |VsWs] _ 


|W2Va| |WsVa| |WaVs| |WsVi| |WiV2| 
[Vi Wa| |V2Ws| |VsWal |[VaWs| |VaWi| _ 


|WiV3| |W2Val |W3Vs| |WaVil |WsVo| 
In general, it is also true that 
|Viwi| ViVigi Vita]  |ViVi4i Vit2Vies] 
|Wi41Vi42| \ViVierVigeVieal |VieeViesVier| * 


This type of identity was generalized to other figures in 
the plane and their duals by Pinkernell (1996). 
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Hoffman’s Minimal Surface 

A minimal embedded surface discovered in 1992 con- 
sisting of a helicoid with a HOLE and HANDLE (Science 
News 1992). It has the same topology as a punctured 
sphere with a handle, and is only the second complete 
embedded minimal surface of finite topology and infi- 
nite total curvature discovered (the HELICOID being the 
first). 


A three-ended minimal surface GENUS 1 is sometimes 
also called Hoffman’s minimal surface (Peterson 1988). 


see also HELICOID 
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Hoffman-Singleton Graph 

The only GRAPH of DIAMETER 2, GIRTH 5, and Va- 
LENCY 7. It contains many copies of the PETERSEN 
GRAPH. 
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Hofstadter-Conway $10,000 Sequence 
The INTEGER SEQUENCE defined by the RECURRENCE 
RELATION 


a(n) = a(a(n — 1)) + a(n —- a(n —1)), 


with a(1) = a(2) = 1. The first few values are 1, 1, 
2, 2, 3, 4, 4, 4, 5, 6, ... (Sloane’s A004001). Plotting 
a(n)/n against n gives the BATRACHION plotted below. 
Conway (1988) showed that limn... a(n)/n = 1/2 and 
offered a prize of $10,000 to the discoverer of a value of n 
for which |a(i)/i ~ 1/2| < 1/20 for i > n. The prize was 
subsequently claimed by Mallows, after adjustment to 
Conway’s “intended” prize of $1,000 (Schroeder 1991), 
who found n = 1489. 


a(n)/n takes a value of 1/2 for n of the form 2* with 
k = 1, 2,.... Pickover (1996) gives a table of analogous 
values of n corresponding to different values of ja(n)/n— 
1/2| < e. 


0 200 400 600 800 1000 


n 


see also BLANCMANGE FUNCTION, HOFSTADTER’S Q- 
SEQUENCE, MALLOW’S SEQUENCE 
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Hofstadter Figure-Figure Sequence 
Define F(1) = 1 and S(1) = 2 and write 


F(n) = F(n-—1)+S(n-1), 


where the sequence {S(n)} consists of those integers 
not already contained in {F'(n)}. For example, F(2) = 
F(1) + S(1) = 3, so the next term of S(n) is S(2) = 4, 
giving F(3) = F(2) + S(2) = 7. The next integer is 5, 
so $(3) = 5 and F(4) = F(3) + S(3) = 12. Continuing 
in this manner gives the “figure” sequence F(n) as 1, 3, 
7, 12, 18, 26, 35, 45, 56, ... (Sloane’s A005228) and the 
“space” sequence as 2, 4, 5, 6, 8, 9, 10, 11, 13, 14, ... 
(Sloane’s A030124). 
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Hofstadter G-Sequence 
The sequence defined by G(0) = 0 and 


G(n) = n — G(G(n - 1)). 


The first few terms are 1, 1, 2, 3, 3, 4, 4, 5, 6, 6, 7, 8, 8, 
9,9, ... (Sloane’s A005206). 
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Hofstadter H-Sequence 
The sequence defined by H(0) = 0 and 


H(n) =n-— H(H(H(n-1))). 


The first few terms are 1, 1, 2, 3, 4, 4, 5, 5, 6, 7, 7, 8, 9, 
10, 10, 11, 12, 13, 13, 14, ... (Sloane’s A005374). 
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Hofstadter Male-Female Sequences 
The pair of sequences defined by F(0) = 1, M(0) = 0, 
and 


F(n) =n— M(F(n-1)) 
M(n) =n—- F(M(n-1)). 


The first few terms of the “male” sequence M(n) are 
0, 1, 2, 2, 3, 4, 4, 5, 6, 6, 7, 7, 8, 9, 9, ... (Sloane’s 
A005379), and the first few terms of the “female” se- 
quence F(n) are 1, 2, 2, 3, 3, 4, 5, 5, 6, 6, 7, 8, 8, 9, 9, 
... (Sloane’s A005378). 
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Hofstadter Point 

The r-HOFSTADTER TRIANGLE of a given TRIANGLE 
AABC is perspective to AABC, and the PERSPECTIVE 
CENTER is called the Hofstadter point. The TRIANGLE 
CENTER FUNCTION is 


___ sin(rA) 
~ sin(r — rA)° 


As r — 0, the TRIANGLE CENTER FUNCTION ap- 
proaches 


and as r — 1, the TRIANGLE CENTER FUNCTION ap- 
proaches 


a=-—. 


A 
see also HOFSTADTER TRIANGLE 
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Hofstadter’s Q-Sequence 


The INTEGER SEQUENCE given by 


Q(n) = Q(n — Q(n — 1)) + Q(n — Q(n - 2)), 


with Q(1) = Q(2) = 1. The first few values are 1, 1, 2, 3, 
3, 4, 5, 5, 6, 6, ... (Sloane’s A005185; illustrated above). 
These numbers are sometimes called Q- NUMBERS. 


see also HOFSTADTER-CONWAY $10,000 SEQUENCE, 
MALLOW’S SEQUENCE 


References 

Conolly, B. W. “Meta-Fibonacci Sequences.” In Fibonacci 
and Lucas Numbers, and the Golden Section (Ed. 5S. Va- 
jda). New York: Halstead Press, pp. 127-138, 1989. 


848 Hofstadter Sequences 


Guy, R. “Some Suspiciously Simple Sequences.” Amer. 


Math. Monthly 93, 186-191, 1986. 

Hofstadter, D. R. Gédel, Escher Bach: An Eternal Golden 
Braid. New York: Vintage Books, pp. 137-138, 1980. 

Pickover, C. A. “The Crying of Fractal Batrachion 1,489.” 
Ch. 25 in Keys to Infinity. New York: W. H. Freeman, 
pp. 183-191, 1995. 

Sloane, N. J. A. Sequence A005185/M0438 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Hofstadter Sequences 

Let 6b: = 1 and be = 2 and for n > 3, let b, be the least 
INTEGER > 6,1 which can be expressed as the SuM of 
two or more consecutive terms. The resulting sequence 
is 1, 2, 3, 5, 6, 8, 10, 11, 14, 16, ... (Sloane’s A005243). 
Let c1 = 2 and cz = 3, form all possible expressions of 
the form cic; — 1 for 1 <i <j <n, and append them. 
The resulting sequence is 2, 3, 5, 9, 14, 16, 17, 18, ... 
(Sloane’s A05244). 


see also HOFSTADTER-CONWAY $10,000 SEQUENCE, 
HOFSTADTER’S Q-SEQUENCE 
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Hofstadter Triangle 
For a NONZERO REAL NUMBER r and a TRIANGLE 
AABC, swing LINE SEGMENT BC about the vertex B 
towards vertex A through an ANGLE rB. Call the line 
along the rotated segment L. Construct a second line L’ 
by rotating LINE SEGMENT BC about vertex C through 
an ANGLE rC.. Now denote the point of intersection of L 
and L' by A(r). Similarly, construct B(r) and C(r). The 
TRIANGLE having these points as vertices is called the 
Hofstadter r-triangle. Kimberling (1994) showed that 
the Hofstadter triangle is perspective to AABC, and 
calls PERSPECTIVE CENTER the HOFSTADTER POINT. 
see also HOFSTADTER POINT 
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Holder Condition 
A function $(t) satisfies the Hdlder condition on two 
points t; and ¢2 on an arc L when 


\b(t2) — b(t1)| < Alte — tif’, 


with A and yw POSITIVE REAL constants. 


Holder Sum Inequality 


HGlder Integral Inequality 
If 


with p, g > 1, then 


& 
/ If()g(2)| de 


< i: “IF@)P as| - [ oC" ae o 


with equality when 


lg(x)| = el f(x). 


If p = gq = 2, this inequality becomes SCHWARZ’S IN- 
EQUALITY. 
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Hédlder Sum Inequality 


If i 4 
-+-=1 
P 4 
with p, g > 1, then 
n n 1/p n 1/q 
So laxdel < { Slax? So lokle} 
k=1 k=1 k=1 


with equality when |b;| = clax|?~?. If p = gq = 2, this 
becomes the CAUCHY INEQUALITY. 
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Hole 


Hole 

A hole in a mathematical object is a TOPOLOGICAL 
structure which prevents the object from being contin- 
uously shrunk to a point. When dealing with ToPo- 
LOGICAL SPACES, a DISCONNECTIVITY is interpreted as 
a hole in the space. Examples of holes are things like 
the hole in the “center” of a SPHERE or a CIRCLE and 
the hole produced in EUCLIDEAN SPACE cutting a KNOT 
out from it. 


Singular HOMOLOGY GROUPS form a MEASURE of the 
hole structure of a SPACE, but they are one particu- 
lar measure and they don’t always pick up everything. 
HOMOTOPY GROUPS of a SPACE are another measure 
of holes in a SPACE, as well as BORDISM GROUPS, k- 
THEORY, COHOMOTOPY GROUPS, and so on. 


There are many ways to measure holes in a space. 
Some holes are picked up by HOMOTOPY GROUPS that 
are not picked up by HOMOLOGY GROUPS, and some 
holes are picked up by HOMOLOGY GROUPS that are 
not picked up by HOMOTOPY Groups. (For example, 
in the ToRUS, HOMOTOPY GROUPS “miss” the two- 
dimensional hole that is given by the TORUS itself, but 
the second HOMOLOGY GROUP picks that hole up.) In 
addition, HOMOLOGY GROUPS don’t pick up the vary- 
ing hole structures of the complement. of KNOTS in 3- 
space, but the firsts HOMOTOPY GROUP (the fundamen- 
tal group) does. 


see also BRANCH CUT, BRANCH POINT, CORK PLUG, 
Cross-CaP, GENUS (SURFACE), SINGULAR POINT 
(FUNCTION), SPHERICAL RING, TORUS 


Holomorphic Function 
A synonym for ANALYTIC FUNCTION. 


see also ANALYTIC FUNCTION, HOMEOMORPHIC 


Holonomic Constant 

A limiting value of a HOLONOMIC FUNCTION near a SIN- 
GULAR POINT. Holonomic constants include APERY’S 
CONSTANT, CATALAN’S CONSTANT, POLYA’S RANDOM 
WALK CONSTANTS for d > 2, and PI. 


Holonomic Function 
A solution of a linear homogeneous ORDINARY DIFFER- 
ENTIAL EQUATION with POLYNOMIAL COEFFICIENTS. 


see also HOLONOMIC CONSTANT 
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Holonomy 
A general concept in CATEGORY THEORY involving the 
globalization of topological or differential structures. 


see also MONODROMY 
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Home Plate 


8.5 8.5 


12 12 


Home plate in the game of BASEBALL is an irregular 
PENTAGON. However, the Little League rulebook’s spec- 
ification of the shape of home plate (Kreutzer and Ker- 
ley 1990), illustrated above, is not physically realizable, 
since it requires the existence of a (12, 12, 17) RIGHT 
TRIANGLE, whereas 


127 + 12? = 288 4 289 = 17 


(Bradley 1996). 
see also BASEBALL COVER 
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Homeoid 

A shell bounded by two similar ELLIpsoips having a 
constant ratio of axes. Given a CHORD passing through 
a homeoid, the distance between inner and outer inter- 
sections is equal on both sides. Since a spherical shell 
is a symmetric case of a homeoid, this theorem is also 
true for spherical shells (CONCENTRIC CIRCLES in the 
PLANE), for which it is easily proved by symmetry ar- 
guments. 


see also CHORD, ELLIPSOID 


Homeomorphic 
There are two possible definitions: 


1. Possessing similarity of form, 


2. Continuous, ONE-TO-ONE, ONTO, and having a con- 
tinuous inverse. 


The most common meaning is possessing intrinsic topo- 
logical equivalence. Two objects are homeomorphic if 
they can be deformed into each other by a continuous, 
invertible mapping. Homeomorphism ignores the space 
in which surfaces are embedded, so the deformation can 
be completed in a higher dimensional space than the 
surface was originally embedded. MirRoR IMAGES are 
homeomorphic, as are MOBIUS BANDS with an EVEN 
number of half twists, and MOBIUS BANDS with an ODD 
number of twists. 


In CATEGORY THEORY terms, homeomorphisms are 
ISOMORPHISMS in the CATEGORY of TOPOLOGICAL 
SPACES and continuous maps. 


see also HOMOMORPHIC, POLISH SPACE 
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Homeomorphic Group 

If the ELEMENTS of two GROUPS are n to 1 and the 
correspondences satisfy the same GROUP multiplication 
table, the GROUPS are said to be homeomorphic. 


see also ISOMORPHIC GROUPS 


Homeomorphic Type 

The following three pieces of information completely de- 
termine the homeomorphic type of the surface (Massey 
1967): 

1. Orientability, 

2. Number of boundary components, 

3. EULER CHARACTERISTIC. 


see also ALGEBRAIC TOPOLOGY, EULER CHARACTER- 
ISTIC 
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Homeomorphism 


see HOMEOMORPHIC, HOMEOMORPHIC GRouP, HOME- 
OMORPHIC TYPE, TOPOLOGICALLY CONJUGATE 


HOMELY Polynomial 

A 2-variable oriented KNOT POLYNOMIAL P;(a,z) mo- 
tivated by the JONES POLYNOMIAL (Freyd et al. 1985). 
Its name is an acronym for the last names of its co- 
discoverers: Hoste, Ocneanu, Millett, Freyd, Lickorish, 
and Yetter (Freyd et al. 1985). Independent work re- 
lated to the HOMFLY polynomial was also carried out 
by Przatycki and Traczyk (1987). HOMFLY polynomial 
is defined by the SKEIN RELATIONSHIP 


a’ Ph, (a, z) — aPy_(a,z) = zP1, (a, z) (1) 
(Doll and Hoste 1991), where v is sometimes written in- 


stead of a (Kanenobu and Sumi 1993) or, with a slightly 
different relationship, as 


aP,,(a,2z) —- a" Pr_(a,z) = zPr,(a,z) (2) 


(Kauffman 1991). It is also defined as Pr (¢,m) in terms 
of SKEIN RELATIONSHIP 


€Py, + €°'Pp_ +mPz,, =0 (3) 
(Lickorish and Millett 1988). It can be regarded as a 
nonhomogeneous POLYNOMIAL in two variables or a ho- 


mogeneous POLYNOMIAL in three variables. In three 
variables the SKEIN RELATIONSHIP is written 


ePr, (x,y,z) + yPu_(2,y,z) + 2Pro(z,y,2z) =0. (4) 


HOMELY Polynomial 


It is normalized so that Punknot = 1. Also, for n unlinked 
unknotted components, 


Pies, = (-22)""" (5) 


z 


This POLYNOMIAL usually detects CHIRALITY but does 
not detect the distinct ENANTIOMERS of the KNOTS 
09042, 10048, 10071, 10091, 10104, and 10125 (Jones 1987). 
The HOMFLY polynomial of an oriented KNOT is the 
same if the orientation is reversed. It is a generalization 
of the JONES POLYNOMIAL V(t), satisfying 


V(t) = Pla=t,z =t/? —t-1/?) (6) 
V(t) = P(=it',m=i(t'/*-#'/7)). (7) 


It is also a generalization of the ALEXANDER POLYNOM- 
IAL V(z), satisfying 


A(z) = P(a=1,z2=t'? 4); (8) 
The HOMFLY POLYNOMIAL of the MIRROR IMAGE K* 
of a KNoT K is given by 


Pr. (2, m) = Pr (e m), (9) 


so P usually but not always detects CHIRALITY. 


A split union of two links (i.e., bringing two links to- 
gether without intertwining them) has HOMFLY poly- 
nomial 


P(L; UL2) = —(€+07')m7?*P(L1)P(L2). (10) 
Also, the composition of two links 
P(In#L2) = P(UIn)P(L2), (11) 


so the POLYNOMIAL of a COMPOSITE KNOT factors into 
POLYNOMIALS of its constituent knots (Adams 1994). 


MutTants have the same HOMFLY polynomials. In 
fact, there are infinitely many distinct KNOTS with 
the same HOMFLY PoLyNoMIAL (Kanenobu 1986). 
Examples include (05001, 10132), (08008, 10129) (08016, 
10156), and (10025, 10056) (Jones 1987). Incidentally, 
these also have the same JONES POLYNOMIAL. 


M. B. Thistlethwaite has tabulated the HOMFLY poly- 
nomial for KNOTS up to 13 crossings. 


see also ALEXANDER POLYNOMIAL, JONES POLYNOM- 
IAL, KNOT POLYNOMIAL 
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Homoclinic Point 

A point where a stable and an unstable separatrix (in- 
variant manifold) from the same fixed point or same 
family intersect. Therefore, the limits 


lim f*(X) 


k- 00 


and 


exist and are equal. 


Refer to the above figure. Let X be the point of in- 
tersection, with X1 ahead of X on one MANIFOLD and 
X2 ahead of X of the other. The mapping of each of 
these points 7X; and TX2 must be ahead of the map- 
ping of X, TX. The only way this can happen is if the 
MANIFOLD loops back and crosses itself at a new homo- 
clinic point. Another loop must be formed, with T?.X 
another homoclinic point. Since T?.X is closer to the hy- 
perbolic point than TX, the distance between T?X and 
TX is less than that between X and TX. Area preser- 
vation requires the AREA to remain the same, so each 
new curve (which is closer than the previous one) must 
extend further. In effect, the loops become longer and 
thinner. The network of curves leading to a dense AREA 
of homoclinic points is known as a homoclinic tangle or 
tendril. Homoclinic points appear where CHAOTIC re- 
gions touch in a hyperbolic FIXED POINT. 
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A small Disk centered near a homoclinic point in- 
cludes infinitely many periodic points of different pe- 
riods. Poincaré showed that if there is a single homo- 
clinic point, there are an infinite number. More specifi- 
cally, there are infinitely many homoclinic points in each 
small disk (Nusse and Yorke 1996). 


see also HETEROCLINIC POINT 
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Homogeneous Coordinates 
see TRILINEAR COORDINATES 


Homogeneous Function 
A function which satisfies 


f (tz, ty) = t" f(z, y) 


for a fixed n. MEANS, the WEIERSTRAS ELLIPTIC 
FUNCTION, and TRIANGLE CENTER FUNCTIONS are ho- 
mogeneous functions. A transformation of the variables 
of a TENSOR changes the TENSOR into another whose 
components are linear homogeneous functions of the 
components of the original TENSOR. 


see also EULER’S HOMOGENEOUS FUNCTION THEOREM 


Homogeneous Numbers 

Two numbers are homogeneous if they have identical 
PRIME FACTORS. An example of a homogeneous pair is 
(6, 36), both of which share PRIME FACTORS 2 and 3: 


6=2:°3 
36 = 2? . 37. 


see also HETEROGENEOUS NUMBERS, PRIME FACTORS, 
PRIME NUMBER 
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Homogeneous Polynomial 

A multivariate polynomial (i.e., a POLYNOMIAL in more 
than one variable) with all terms having the same de- 
gree. For example, 2° +2yz+y?z+2° is a homogeneous 
polynomial of degree three. 


see also POLYNOMIAL 


Homographic 
see MOBIUS TRANSFORMATION 


Homography 
A CIRCLE-preserving transformation composed of an 
EVEN number of inversions. 


see also ANTIMOMOGRAPHY 


852 Homological Algebra 


Homological Algebra 
An abstract ALGEBRA concerned with results valid for 
many different kinds of SPACES. 
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Homologous Points 

The extremities of PARALLEL RADII of two CIRCLES are 
called homologous with respect to the SIMILITUDE CEN- 
TER collinear with them. 


see also ANTIHOMOLOGOUS POINTS 
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Homolographic Equal Area Projection 
see MOLLWEIDE PROJECTION 


Homology (Geometry) 
A PERSPECTIVE COLLINEATION in which the center and 
axis are not incident. 


see also ELATION, HARMONIC HOMOLOGY, PERSPEC- 
TIVE COLLINEATION 


Homology Group 

The term “homology group” usually means a singular 
homology group, which is an ABELIAN GROUP which 
partially counts the number of HOLES in a TOPOLOG- 
ICAL SPACE. In particular, singular homology groups 
form a MEASURE of the HOLE structure of a SPACE, but 
they are one particular measure and they don’t always 
pick up everything. 


In addition, there are “generalized homology groups” 
which are not singular homology groups. 


Homology (Topology) 

Historically, the term “homology” was first used in a 
topological sense by Poincaré. To him, it meant pretty 
much what is now called a COBORDISM, meaning that 
a homology was thought of as a relation between MAN- 
IFOLDS mapped into a MANIFOLD. Such MANIFOLDS 
form a homology when they form the boundary of a 
higher-dimensional MANIFOLD inside the MANIFOLD in 
question. 


To simplify the definition of homology, Poincaré sim- 
plified the spaces he dealt with. He assumed that all 
the spaces he dealt with had a triangulation (i.e., they 
were “SIMPLICIAL COMPLEXES”). Then instead of talk- 
ing about general “objects” in these spaces, he restricted 
himself to subcomplexes, i.e., objects in the space made 
up only on the simplices in the TRIANGULATION of the 
space. Eventually, Poincaré’s version of homology was 


Homothetic 


dispensed with and replaced by the more general SINGU- 
LAR HOMOLOGY. SINGULAR HOMOLOGY is the concept 
mathematicians mean when they say “homology.” 


In modern usage, however, the word homology is used to 
mean HOMOLOGY GROUP. For example, if someone says 
“X did Y by computing the homology of Z,” they mean 
“xX did Y by computing the HOMOLOGY GROUPS of Z.” 
But sometimes homology is used more loosely in the 
context of a “homology in a SPACE,” which corresponds 
to singular homology groups. 


Singular homology groups of a SPACE measure the ex- 
tent to which there are finite (compact) boundaryless 
GADGETS in that SPACE, such that these GADGETS are 
not the boundary of other finite (compact) GADGETS in 
that SPACE. 


A generalized homology or cohomology theory must sat- 
isfy all of the EILENBERG-STEENROD AXIOMS with the 
exception of the DIMENSION AXIOM. 


see also COHOMOLOGY, DIMENSION AXIOM, EILEN- 
BERG-STEENROD AXIOMS, GADGET, HOMOLOGICAL 
ALGEBRA, HOMOLOGY GROUP, SIMPLICIAL COMPLEX, 
SIMPLICIAL HOMOLOGY, SINGULAR HOMOLOGY 


Homomorphic 
Related to one another by a HOMOMORPHISM. 


Homomorphism 
A term used in CATEGORY THEORY to mean a general 
MORPHISM. 


see also HOMEOMORPHISM, MORPHISM 


Homoscedastic 
A set of STATISTICAL DISTRIBUTIONS having the same 
VARIANCE. 


see also HETEROSCEDASTIC 


Homothecy 
see DILATION 


Homothetic 

Two figures are homothetic if they are related by a DILA- 
TION (a dilation is also known as a HOMOTHECY). This 
means that they lie in the same plane and correspond- 
ing sides are PARALLEL; such figures have connectors 
of corresponding points which are CONCURRENT at a 
point known as the HOMOTHETIC CENTER. The Ho- 
MOTHETIC CENTER divides each connector in the same 
ratio k, known as the SIMILITUDE RATIO. For figures 
which are similar but do not have PARALLEL sides, a 
SIMILITUDE CENTER exists. 


see also DILATION, HOMOTHETIC CENTER, PERSPEC- 
TIVE, SIMILITUDE RATIO 
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Homothetic Center 


Homothetic Center 


The meeting point of lines that connect corresponding 
points from HOMOTHETIC figures. In the above figure, 


O is the homothetic center of the HOMOTHETIC figures- 


ABCDE and A'B'C'D’'E"’. For figures which are similar 
but do not have PARALLEL sides, a SIMILITUDE CENTER 
exists (Johnson 1929, pp. 16-20). 


Given two nonconcentric CIRCLES, draw RADII PARAL- 
LEL and in the same direction. Then the line joining the 
extremities of the RADII passes through a fixed point 
on the line of centers which divides that line externally 
in the ratio of RADII. This point is called the exter- 
nal homothetic center, or external center of similitude 
(Johnson 1929, pp. 19-20 and 41). 


If RADII are drawn PARALLEL but instead in opposite 
directions, the extremities of the RADII pass through a 
fixed point on the line of centers which divides that line 
internally in the ratio of RADII (Johnson 1929, pp. 19- 
20 and 41). This point is called the internal homothetic 
center, or internal center of similitude (Johnson 1929, 
pp. 19-20 and 41). 


The position of the homothetic centers for two circles of 
radii r;, centers (zi, y:), and segment angle 6 are given 
by solving the simultaneous equations 


y-y2= r2) 
%2— 21 
a + 
Yo Yi + 
¥Y—Y¥2 = Ez fle — X2 
Doorn 


for (x,y), where 


at = 2; +(—-1)'r: cosé 
vi =yt (-1)'r sind, 
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and the plus signs give the external homothetic center, 
while the minus signs give the internal homothetic cen- 
ter. 


As the above diagrams show, as the angles of the paral- 
lel segments are varied, the positions of the homothetic 
centers remain the same. This fact provides a (slotted) 
LINKAGE for converting circular motion with one radius 
to circular motion with another. 


The six homothetic centers of three circles lie three by 
three on four lines (Johnson 1929, p. 120), which “en- 
close” the smallest circle. 


The homothetic center of triangles is the PERSPECTIVE 
CENTER of HOMOTHETIC TRIANGLES. It is also called 
the SIMILITUDE CENTER (Johnson 1929, pp. 16-17). 


see also APOLLONIUS’ PROBLEM, PERSPECTIVE, SIMIL- 
ITUDE CENTER 
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Homothetic Position 

Two similar figures with PARALLEL homologous LINES 
and connectors of HOMOLOGOUS POINTS CONCURRENT 
at the HOMOTHETIC CENTER are said to be in homo- 
thetic position. If two SIMILAR figures are in the same 
plane but the corresponding sides are not PARALLEL, 
there exists a self-HOMOLOGOUS POINT which occupies 
the same homologous position with respect to the two 
figures. 
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Homothetic Triangles 

Nonconcurrent TRIANGLES with PARALLEL sides are al- 
ways HOMOTHETIC. Homothetic triangles are always 
PERSPECTIVE TRIANGLES. Their PERSPECTIVE CEN- 
TER is called their HOMOTHETIC CENTER. 


Homotopy 

A continuous transformation from one FUNCTION to an- 
other. A homotopy between two functions f and g 
from a SPACE X to a SPACE Y is a continuous MAP 
G from X € [0,1] + Y such that G(a,0) = f(x) and 
G(a,1) = g(x). Another way of saying this is that a 
homotopy is a path in the mapping SPACE Map(X,Y) 
from the first FUNCTION to the second. 


see also h-COBORDISM 


Homotopy Axiom 

One of the EILENBERG-STEENROD AXIOMS which states 
that, if f : (X, A) > (Y, B) is homotopic to g : (X, A) > 
(Y,B), then their INDUCED Maps f, : Hn(X,A) -> 
H,(Y, B) and g. : H,(X,A) — Hn(Y, B) are the same. 


Homotopy Group 
A GROUP related to the HOMOTOPY classes of MAPS 
from SPHERES S” into a SPACE X. 


see also COHOMOTOPY GROUP 


Homotopy Theory 
The branch of ALGEBRAIC TOPOLOGY which deals with 
HOMOTOPY GROUPS. 


References 
Aubry, M. Homotopy Theory and Models. Boston, MA: Birk- 
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Honeycomb 

A TESSELLATION in n-D, for n > 3. The only regular 
honeycomb in 3-D is {4,3,4}, which consists of eight 
cubes meeting at each VERTEX. The only quasiregular 
honeycomb (with regular cells and semiregular VERTEX 
FIGURES) has each VERTEX surrounded by eight TET- 


RAHEDRA and six OCTAHEDRA and is denoted {, \ 


There are many semiregular honeycombs, such as 


. . , in which each VERTEX consists of two OCTA- 


HEDRA {3,4} and four CUBOCTAHEDRA . \ 


see also SPONGE, TESSELLATION 
References 


Bulatov, V. “Infinite Regular Polyhedra.” http i//www. 
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Hoof 
see CYLINDRICAL WEDGE 


Hopf Link 


Hook 


A 6-POLYIAMOND. 


MX) 
References 


Golomb, S. W. Polyominoes: Puzzles, Patterns, Problems, 
and Packings, 2nd ed. Princeton, NJ: Princeton University 


Press, p. 92, 1994. 


Hook Length Formula 

A FoRMULA for the number of YOUNG TABLEAUX 
associated with a given YOUNG DIAGRAM. In each 
box, write the sum of one plus the number of boxes 
horizontally to the right and vertically below the 
box (the “hook length”). The number of tableaux 
is then n! divided by the product of all “hook 
lengths”. The Combinatorica‘Number0fTableaux func- 
tion in Mathematica® implements the hook length for- 
mula. 


see also YOUNG DIAGRAM, YOUNG TABLEAU 
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Hopf Algebra 

Let a graded module A have a multiplication @ and a 
co-multiplication 7. Then if ¢ and w have the unity of 
k as unity and ~: (A, ¢) > (A, ¢) @ (A, @) is an algebra 
homomorphism, then (A, ¢, #) is called a Hopf algebra. 


Hopf Bifurcation 
The BIFURCATION of a FIXED POINT to a LIMIT CYCLE 
(Tabor 1989). 


References 

Guckenheimer, J. and Holmes, P. Nonlinear Oscillations, 
Dynamical Systems, and Bifurcations of Vector Fields, 3rd 
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Hopf Circle 
see HOPF Map 


Hopf Link 


The Link 2? which has JONES POLYNOMIAL 


V(t) = -t-t7? 


Hopf Map 


and HOMFLY POLYNOMIAL 


P(z,a) =z "(a -—a*) +207}. 


It has BRAID WORD oi’. 


Hopf Map 

The first example discovered of a MAP from a higher- 
dimensional SPHERE to a lower-dimensional SPHERE 
which is not null-HOMOTOPIC. Its discovery was a shock 
to the mathematical community, since it was believed at 
the time that all such maps were null-HOMOTOPIC, by 
analogy with HOMOLOGY Groups. The Hopf map takes 
points (X1, X2, X3, X4) on a 3-sphere to points on a 
2-sphere (21, 22, Z3) , 


1 = 2(X1X2 + X3Xa4) 
xq = 2(X1X4 — XoX3) 
a3 = (X17 + X37) — (Xo? + X47). 


Every point on the two SPHERES corresponds to a CIR- 
CLE called the HOPF CIRCLE on the 3-SPHERE. 


Hopf’s Theorem 

A NECESSARY and SUFFICIENT condition for a MEA- 
SURE which is quasi-invariant under a transformation to 
be equivalent to an invariant PROBABILITY MEASURE is 
that the transformation cannot (in a measure theoretic 
sense) compress the SPACE. 


Horizontal 
Oriented in position PERPENDICULAR to up-down, and 
therefore PARALLEL to a flat surface. 


see also VERTICAL 


Horizontal- Vertical Iilusion 


see VERTICAL-HORIZONTAL ILLUSION 


Horn Angle 

The configuration formed by two curves starting at a 
point, called the VERTEX V, in a common direction. 
They are concrete illustrations of non-Archimedean ge- 
ometries. 


References 
Kasner, E. “The Recent Theory of the Horn Angle.” Scripta 
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Horn Cyclide 
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The inversion of a HORN TORUS. If the inversion center 
lies on the torus, then the horn cyclide degenerates to a 
PARABOLIC HORN CYCLIDE. 


see also CYCLIDE, HORN Torus, PARABOLIC CYCLIDE, 
RING CYCLIDE, SPINDLE CYCLIDE, TORUS 


Horn Torus 


One of the three STANDARD TORI given by the para- 
metric equations 


xr = (c+ acosv) cosu (1) 
y = (c+ acosv)sinu (2) 
z=asinv (3) 


with @ = c. The inversion of a horn torus is a HORN 
CYCLIDE (or PARABOLIC HORN CYCLIDE). The above 
left figure shows a horn torus, the middle a cutaway, 
and the right figure shows a CROSS-SECTION of the horn 
torus through the zz-plane. 


see also CYCLIDE, HORN CYCLIDE, RING TORUS, SPIN- 
DLE TORUS, STANDARD TORI, TORUS 
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Gray, A. “Tori.” §11.4 in Modern Differential Geometry 
of Curves and Surfaces. Boca Raton, FL: CRC Press, 
pp. 218-220, 1993. 
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from the Collections of Universities and Museums (Ed. 
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Horned Sphere 


see ALEXANDER’S HORNED SPHERE, ANTOINE’S 
HORNED SPHERE 
Horner’s Method 
Let 
P(x) = ant” +... +40 (1) 
and b, = an. If we then define 
by = an + be-120 (2) 
fork =n-—1,n—2,..., 0, we obtain bp = P(g). It 
therefore follows that 
P(z) = (x = o)Q(x) + bo, (3) 
where 


Q(x) = baa” + bp-iz” 7? +...4+bar+bi. (4) 

In addition, 
P'(z) = Q(z) + (x — 20)Q'(z) (5) 
P'(xo) = Q(z0). (6) 
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Horner’s Rule 

A rule for POLYNOMIAL computation which both re- 
duces the number of necessary multiplications and re- 
sults in less numerical instability due to potential sub- 
traction of one large number from another. The rule 
simply factors out POWERS of «x, giving 


Ont” +4n—12" 1 +...+49 = ((Qnt+an—1)e+...)a+ao. 


References 
Vardi, I. Computational Recreations in Mathematica. Read- 


ing, MA: Addison-Wesley, p. 9, 1991. 


Horocycle 
The LOCUS of a point which is derived from a fixed point 
Q by continuous parallel displacement. 


References 
Coxeter, H. S. M. Introduction to Geometry, 2nd ed. New 
York: Wiley, p. 300, 1969. 


Horse Fetter 
see HIPPOPEDE 


Horseshoe Map 
see SMALE HORSESHOE MAP 


Hough Transform 
A technique used to detect boundaries in digital images. 


Householder’s Method 
A Root-finding algorithm based on the iteration for- 
mula 


n+ n f' (an) 2[f'(an)]? . 


This method, like NEWTON’S METHOD, has poor con- 
vergence properties near any point where the DERIVA- 
TIVE f'(x) = 0. 

see also NEWTON’S METHOD 


References 
Householder, A. S. The Numerical Treatment of a Single 
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Howell Design 
Let S be a set of n + 1 symbols, then a Howell design 
H(s,2n) on symbol set S$ is an s x s array H such that 


1. Every cell of H is either empty or contains an un- 
ordered pair of symbols from S, 


2. Every symbol of S$ occurs once in each row and col- 
umn of H, and 


3. Every unordered pair of symbols occurs in at most 
one cell of H. 


References 

Colbourn, C. J. and Dinitz, J. H. (Eds.) “Howell Designs.” 
Ch. 26 in CRC Handbook of Combinatorial Designs. Boca 
Raton, FL: CRC Press, pp. 381-385, 1996. 


Hundred 


Hub 
The central point ina WHEEL GRAPH W,. The hub has 
DEGREE n — 1. 


see also WHEEL GRAPH 


Huffman Coding 

A lossless data compression algorithm which uses a small 
number of bits to encode common characters. Huffman 
coding approximates the probability for each character 
as a POWER of 1/2 to avoid complications associated 
with using a nonintegral number of bits to encode char- 
acters using their actual probabilities. 


References 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vetter- 
ling, W. T. “Huffman Coding and Compression of Data.” 
Ch. 20.4 in Numerical Recipes in FORTRAN: The Art of 
Scientific Computing, 2nd ed. Cambridge, England: Cam- 
bridge University Press, pp. 896-901, 1992. 


Hull 
see AFFINE HULL, CONVEX HULL 


Humbert’s Theorem 

The NECESSARY and SUFFICIENT condition that an al- 
gebraic curve has an algebraic INVOLUTE is that the ARC 
LENGTH is a two-valued algebraic function of the coor- 
dinates of the extremities. Furthermore, this function 
is a ROOT of a QUADRATIC EQUATION whose COEFFI- 
CIENTS are rational functions of z and y. 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York: Dover, p. 195, 1959. 


Hundkurve 
see TRACTRIX 


Hundred 

100 = 10”. Madachy (1979) gives a number of algebraic 
equations using the digits 1 to 9 which evaluate to 100, 
such as 


(7-5)? +96+8—4-—3-—1=100 
374+914+74+8-6—5-—4=100 
V9 ~ 6 +72 — (1)(3!) — 8+ 45 = 100 
123 — 45 — 67 + 89 = 100, 


and so on. 


see also 10, BILLION, HUNDRED, LARGE NUMBER, MIL- 
LION, THOUSAND 


References 
Madachy, J. S. Madachy’s Mathematical Recreations. New 
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Hunt’s Surface 


Hunt’s Surface 


An ALGEBRAIC SURFACE given by the implicit equation 


A(x? + y? + 2? ~ 13)? + 27(3x? + y? — 4z? — 12)? =0. 
y 


References 

Hunt, B. “Algebraic Surfaces.” http://www.mathematik. 
uni-kl.de/~wwwagag/Galerie.html. 

Nordstrand, T. “Hunt’s Surface.” 
people/nfytn/hunttxt .htm. 
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Huntington Equation 
An equation proposed by Huntington (1933) as part of 
his definition of a BOOLEAN ALGEBRA, 


n(n(z) + y) + n(n(z) + n(y)) = 2. 


see also ROBBINS ALGEBRA, ROBBINS EQUATION 


References 
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Hurwitz Equation 
The DIOPHANTINE EQUATION 


2 2 2 
@1 +%2 +...+2n = 4%1%2:-:Fy 


which has no INTEGER solutions for a > n. 


see also LAGRANGE NUMBER (DIOPHANTINE EQUA- 
TION) 
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Hurwitz’s Irrational Number Theorem 
As Lagrange showed, any IRRATIONAL NUMBER a has 
an infinity of rational approximations p/q which satisfy 


(1) 


and ifa 4 4(1+ V5) # v2, 


me 
221 q" 


a-—-= 


q 


(3) 


In general, even tighter bounds of the form 


(4) 


can be obtained for the best rational approximation pos- 
sible for an arbitrary irrational number a, where the Ln 
are called LAGRANGE NUMBERS and get steadily larger 
for each “bad” set of irrational numbers which is ex- 
cluded. 


see also HURWIT2Z’S IRRATIONAL NUMBER THEO- 
REM, LIOUVILLE’S RATIONAL APPROXIMATION THEO- 
REM, LIOUVILLE-ROTH CONSTANT, MARKOV NUMBER, 
ROTH’sS THEOREM, SEGRE’S THEOREM, THUE-SIEGEL- 
ROTH THEOREM 
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Hurwitz Number 

A number with a continued fraction whose terms are the 
values of one or more POLYNOMIALS evaluated on con- 
secutive INTEGERS and then interleaved. This property 
is preserved by MOBIuS TRANSFORMATIONS (Beeler et 
al. 1972, p. 44). 


References 

Beeler, M.; Gosper, R. W.; and Schroeppel, R. HAKMEM. 
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Hurwitz Polynomial 

A POLYNOMIAL with REAL POSITIVE COEFFICIENTS 
and Roors which are either NEGATIVE or pairwise con- 
jugate with NEGATIVE REAL PARTS. 
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Hurwitz-Radon Theorem 
Determined the: possible values of r and n for which 
there is an IDENTITY of the form 


2 


(Gi eae Ma + i ee) = a Et 


Hurwitz’s Root Theorem 

Let {f(z)} be a SEQUENCE of ANALYTIC FUNCTIONS 
REGULAR in a region G, and let this sequence be UNI- 
FORMLY CONVERGENT in every CLOSED SUBSET of G. 
If the ANALYTIC FUNCTION 


im fa(2) = fle) 

does not vanish identically, then if c = a is a zero of 
f(x) of order k, a NEIGHBORHOOD |z — a| < 6 of =a 
and a number N exist such that ifn > N, fn(x) has 
exactly k zeros in |x — a| < 6. 


References 
Szegé, G. Orthogonal Polynomials, 4th ed. Providence, RI: 
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Hurwitz Zeta Function 
A generalization of the RIEMANN ZETA FUNCTION with 
a FORMULA 


)= (1) 


— (k + cee 


where any term with k + a = 0 is excluded. The Hur- 
witz zeta function can also be given by the functional 
equation 


9 
q 
3 . : 7s  2anp n 
= 21'(1—s)(27q)** a (= + 7 ) ¢ ( — 5, =) 
(2) 


(Apostol 1976, Miller and Adamchik), or the integral 


¢(s,a) = 3a ° + 
We Geigy) {sin [stan~* (2)}} ao. 
(3) 
If R[z] < 0, then 


ie? [aE ee 


n=1 


+ cos (=) s aga . (4) 


n=l 


¢(z,@) = 


Hurwitz Zeta Function 


The Hurwitz zeta function satisfies 


((0,a) = 3 —a ©) 
* (0, a) = In{I'(a)] — 4 In(2z) (6) 
= ¢(0, 0) = 3 In(2n), (7) 


where I'(z) is the GAMMA FUNCTION. The POLYGAMMA 
FUNCTION m(z) can be expressed in terms of the Hur- 
witz zeta function by 


wm (z) = (—1)"*? mic(1 + m,z). (8) 
For POSITIVE integers k, p, and g > p, 
' p\ _ [b(2k) — In(27q)] Bax (p/q) 
¢ (ae 1,2) = Mat = In 


2 [¢(2k) — In(27)] Box 
g2k2k 


-iFttg <A 2 

Gear 2 (29) ¥en (3) 
(—1)**12(2k — 1)! i 2xpn \ ,, n 
Gage pe a ¢ | 2k, 7 


n=1 


"(-2k +1 
+o, (9) 


where B, is a BERNOULLI NUMBER, By(x) a BER- 
NOULLI POLYNOMIAL, tn(z) is a POLYGAMMA FUNC- 
TION, and ¢(z) is a RIEMANN ZETA FUNCTION (Mil- 
ler and Adamchik). Miller and Adamchik also give the 
closed-form expressions 


Bo,in2 = (27*-* — 1)¢'(-2k +1) 
4k& Q2k-1 
(10) 


1 k 
q 9 —1)Born 
‘| -2k+1,3 )= (9 = VD) Banr eee Sana 
¢ ( 2) ~ * 733-1 18k (3?*-1)4k 


(3?*-* — 1)¢'(-2k +1) 
——3@g%-ry—Cté«~YY 


(= 2k+1,3 a 
Bo, In3 


(-1)* porx-1(§) 7 
2/5 (6n)2*—1 


1 k 
c(-aba, :) eqn ey, 


+ 


(4*-* — 1) Box In 2 


4k+1; Q3k-1lf 
1 1 2k—-1 7 an 
=! “pv G a) 0 _ cis 4) (12) 
! § (o* — 1)(2°*-? + 1) Bara 
: ‘ ia ) 7 v8 (618k 

Bo,(3°*-1 —1)In2 Bo, (27*-? — 1)1n3 
+ GF ak (PR ak 

(—1)*(27** + 1)box-1(4) 

2/3 (120)2*-1 

Pa csi AB AC (Rok 1) (13) 


2(62*-1) 


Hutton’s Formula 


see also KHINTCHINE’S CONSTANT, POLYGAMMA FUNC- 
TION, PSI FUNCTION, RIEMANN ZETA FUNCTION, ZETA 
FUNCTION 
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Hutton’s Formula 
The MACHIN-LIKE FORMULA 


im = 2tan *(4)+ tan 7(2). 
The other two-term MACHIN-LIKE FORMULAS are Eu- 


LER’S MACHIN-LIKE FORMULA, HERMANN’S FORMULA, 
and MACHIN’S FORMULA. 


Hutton’s Method 
see LAMBERT’S METHOD 


Hyperbola 


/ \ 


4 . i 
In general, a hyperbola is defined as the LOCuS of all 
points in the PLANE the difference of whose distance 
from two fixed points (the Foci F, and F2) separated 
by a distance 2c, where 


c= Va?4 82, (1) 


is a given POSITIVE constant. By analogy with the defi- 
nition of the ELLIPSE, the equation for a hyperbola with 
SEMIMAJOR AXIS a parallel to the x-AXIS and SEMIMI- 
NOR AXIs 6 parallel to the y-AXIs is given by 


(w@—20)” _ (y- yo)? _ | (2) 


Hyperbola 859 


Unlike the ELLIPSE, no points of the hyperbola actually 
lie on the SEMIMINOR AXIS, but rather the ratio b/a 
determined the vertical scaling of the hyperbola. The 
ECCENTRICITY of the hyperbola is defined as 


Te: (3) 


In the standard equation of the hyperbola, the center is 
located at (zo, yo), the FOCI are at (xo +c, yo), and the 
vertices are at (ro + a, yo). The so-called ASYMPTOTES 
(shown as the dashed lines in the above figures) can be 
found by substituting 0 for the 1 on the right side of the 
general equation (2), 


b 
y = +7 (2 — 20) + yo, (4) 


and therefore have SLOPES +b/a. 


The special case a = b (the left diagram above) is known 
as a RIGHT HYPERBOLA because the ASYMPTOTES are 
PERPENDICULAR. 


In POLAR COORDINATES, the equation of a hyperbola 
centered at the ORIGIN (i-e., with zo = yo = 0) is 


a?b? 
b? cos? 6 — a? sin? @ 


(5) 
In POLAR COORDINATES centered at a FOCUS, 


_ afe? — 1) 
~ 1-—ecosé' 


(6) 


The two-center BIPOLAR COORDINATES equation with 
origin at a FOCUS is 


ry — 72 = £2a. (7) 
The parametric equations for the hyperbola are 


x = tacosht (8) 
y = bsinht. (9) 


The CURVATURE and TANGENTIAL ANGLE are 


k(t) = —[cosh(2t)]~*/? (10) 
o(t) = — tan” *(tanht). (11) 


The special case of the RIGHT HYPERBOLA was first 
studied by Menaechmus. Euclid and Aristaeus wrote 
about the general hyperbola, but only studied one 
branch of it. The hyperbola was given its present name 
by Apollonius, who was the first to study both branches. 
The Focus and DIRECTRIX were considered by Pappus 
(MacTutor Archive). The hyperbola is the shape of an 
orbit of a body on an escape trajectory (i.e., a body 
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with positive energy), such as some comets, about a 
fixed mass, such as the sun. 


The Locus of the apex of a variable CONE containing 
an ELLIPSE fixed in 3-space is a hyperbola through the 
Foci of the ELLIPSE. In addition, the Locus of the 
apex of a CONE containing that hyperbola is the origi- 
nal ELLIPSE. Furthermore, the ECCENTRICITIES of the 
ELLIPSE and hyperbola are reciprocals. 


see also CONIC SECTION, ELLIPSE, HYPERBOLOID, 
JERABEK’S HYPERBOLA, KIEPERT’S HYPERBOLA, 
PARABOLA, QUADRATIC CURVE, RECTANGULAR Hy- 
PERBOLA, REFLECTION PROPERTY, RIGHT HYPER- 
BOLA 
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Hyperbola Evolute 
The EVOLUTE of a RECTANGULAR HYPERBOLA is the 
LAME CURVE 


(ax)*/* — (by)’/* = (a + 6)*"°. 
From a point between the two branches of the EVOLUTE, 
two NORMALS can be drawn to the HYPERBOLA. How- 


ever, from a point beyond the EVOLUTE, four NORMALS 
can be drawn. 


Hyperbola Inverse Curve 


For a HYPERBOLA with a = b with INVERSION CENTER 
at the center, the INVERSE CURVE 


2k cost 
— a[3 — cos(2z)] @) 
k sin(2t) 


a[3 — cos(2¢)] (2) 


y= 


is a LEMNISCATE. 


Hyperbolic Automorphism 


| 

Bory 
‘ | a 
/ N. 


For an INVERSION CENTER at the VERTEX, the INVERSE 
CURVE 


Si 4k cost sin? (3t) (3) 
* = @ Gib — 4cost + cos(2t) — 2sin(2t)] 
yeas k(tant — 1) (4) 


a[(sect — 1)? + (tant — 1)?] 


is a RIGHT STROPHOID. 


\ | / \ \, 
\ an . 
\ ~ \ 
+ x 4 
i | # ! 
f =f / fe si 
v4 \ / \ “ 


For an INVERSION CENTER at the Focus, the INVERSE 
CURVE 


dice pone k cos t(1 — ecost) 
~~" a(cost — e)? 
ee Ve* — Lk sin(2t) 


~  2a(cost — e)? (6) 


(5) 


is a LIMAGON, where e is the ECCENTRICITY. 


\ 7 “ 
\ / 5 Zi \ 
\ <y \ <s \ = <i 
\ 7 
y, / < / N 
\ - S 7 
4 \ / 


For a HYPERBOLA with a = /3b and INVERSION CEN- 
TER at the VERTEX, the INVERSE CURVE 


2k cos t(./3 — cos t) 
b[9 — 4/3 cost + cos(2t) — 2 sin(2#)] 
k(tant — 1) 
b{(\/3 sect — 1)? + (tant — 1)?] 


ze2=b+ (7) 


y=b+ (8) 


is a MACLAURIN TRISECTRIX. 
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Hyperbola Pedal Curve 
The PEDAL CURVE of a HYPERBOLA with the PEDAL 
POINT at the FOcuS is a CIRCLE. The PEDAL CURVE 
of a RECTANGULAR HYPERBOLA with PEDAL POINT at 
the center is a LEMNISCATE. 


Hyperbolic Automorphism 
see ANOSOV AUTOMORPHISM 


Hyperbolic Cosecant 


Hyperbolic Cosecant 
20 


Re(Csch 2) Im[Csch z) 


The hyperbolic cosecant is defined as 


1 2 
eschx = -— = ae 
sinh x e® — e7* 


see also BERNOULLI NUMBER, BIPOLAR COORDINATES, 
BIPOLAR CYLINDRICAL COORDINATES, COSECANT, 
HELMHOLTZ DIFFERENTIAL EQUATION-—TOROIDAL 
COORDINATES, HYPERBOLIC SINE, POINSOT’S SPIRALS, 
SURFACE OF REVOLUTION, TOROIDAL FUNCTION 
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Hyperbolic Cosine 


The hyperbolic cosine is defined as 


coshaz = $(e” +e~*). 
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This function describes the shape of a hanging cable, 
known as the CATENARY. 


see also BIPOLAR COORDINATES, BIPOLAR CYLIN- 
DRICAL COORDINATES, BISPHERICAL COORDINATES, 
CATENARY, CATENOID, CHI, CONICAL FUNCTION, 
CORRELATION COEFFICIENT—-GAUSSIAN BIVARIATE 
DISTRIBUTION, COSINE, CUBIC EQUATION, DE MoIv- 
RE’S IDENTITY, ELLIPTIC CYLINDRICAL COORDI- 
NATES, ELSASSER FUNCTION, FIBONACCI HYPER- 
BOLIC COSINE, FIBONACCI HYPERBOLIC SINE, HYPER- 
BOLIC GEOMETRY, HYPERBOLIC LEMNISCATE FUNC- 
TION, HYPERBOLIC SINE, HYPERBOLIC SECANT, 
HYPERBOLIC TANGENT, INVERSIVE DISTANCE, LaA- 
PLACE’S EQUATION—BIPOLAR COORDINATES, LA- 
PLACE’S EQUATION—BISPHERICAL COORDINATES, LA- 
PLACE’S EQUATION—-TOROIDAL COORDINATES, LEM- 
NISCATE FUNCTION, LORENTZ GROUP, MATHIEU DIF- 
FERENTIAL EQUATION, MEHLER’S BESSEL FUNCTION 
FORMULA, MERCATOR PROJECTION, MODIFIED BEs- 
SEL FUNCTION OF THE FIRST KIND, OBLATE SPHER- 
OIDAL COORDINATES, PROLATE SPHEROIDAL COORDI- 
NATES, PSEUDOSPHERE, RAMANUJAN Cos/COSH IDEN- 
TITY, SINE-GORDON EQUATION, SURFACE OF REVOLU- 
TION, TOROIDAL COORDINATES 
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Hyperbolic Cotangent 


Re{Coth z] |coth 2] 


et +1 
e?= — 1° 


xz —-=z 
e~+e 
cotha2 = ——_ = 
e= —. et 
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Its LAURENT SERIES is 


1 5 
cotha = —+1le—ta’+.... 
Gace 45 


see also BERNOULLI NUMBER, BIPOLAR COORDINATES, 
BIPOLAR CYLINDRICAL COORDINATES, COTANGENT, 
FIBONACCI HYPERBOLIC COTANGENT, HYPERBOLIC 
TANGENT, LAPLACE’S EQUATION—TOROIDAL CoOoR- 
DINATES, LEBESGUE CONSTANTS (FOURIER SERIES), 
PROLATE SPHEROIDAL COORDINATES, SURFACE OF 
REVOLUTION, TOROIDAL COORDINATES, TOROIDAL 
FUNCTION 
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Hyperbolic Cube 


A hyperbolic version of the Euclidean CUBE. 


see also HYPERBOLIC DODECAHEDRON, HYPERBOLIC 
OCTAIIEDRON, HYPERBOLIC TETRAHEDRON 
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Hyperbolic Cylinder 


Hyperbolic Fixed Point (Map) 


A QUADRATIC SURFACE given by the equation 


see also ELLIPTIC PARABOLOID, PARABOLOID 


Hyperbolic Dodecahedron 


A hyperbolic version of the Euclidean DODECAHEDRON. 


see also HYPERBOLIC CUBE, HYPERBOLIC OCTAHE- 
DRON, HYPERBOLIC TETRAHEDRON 
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Hyperbolic Fixed Point (Differential 
Equations) 

A FIxEpD Point for which the STABILITY MATRIX has 
EIGENVALUES Ay < 0 < Az, also called a SADDLE 
POINT. 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL EQua- 
TIONS), FIXED POINT, STABLE IMPROPER NODE, STA- 
BLE SPIRAL POINT, STABLE STAR, UNSTABLE IM- 
PROPER NODE, UNSTABLE NODE, UNSTABLE SPIRAL 
POINT, UNSTABLE STAR 
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Hyperbolic Fixed Point (Map) 
A FIXED Point of a LINEAR TRANSFORMATION (Map) 
for which the rescaled variables satisfy 


(6 — a)? + 46y > 0. 


see also ELLIPTIC FIXED POINT (MAP), LINEAR 
TRANSFORMATION, PARABOLIC FIXED POINT 


Hyperbolic Functions 


Hyperbolic Functions 

The hyperbolic functions sinh, cosh, tanh, csch, sech, 
coth (HYPERBOLIC SINE, HYPERBOLIC COSINE, etc.) 
share many properties with the corresponding CIRCU- 
LAR FUNCTIONS. The hyperbolic functions arise in 
many problems of mathematics and mathematical phys- 
ics in which integrals involving /1+ 2? arise (whereas 
the CIRCULAR FUNCTIONS involve 1 — 27). 


For instance, the HYPERBOLIC SINE arises in the grav- 
itational potential of a cylinder and the calculation of 
the Roche limit. The HYPERBOLIC COSINE function is 
the shape of a hanging cable (the so-called CATENARY). 
The HYPERBOLIC TANGENT arises in the calculation of 
magnetic moment and rapidity of special relativity. All 
three appear in the Schwarzschild metric using exter- 
nal isotropic Kruskal coordinates in general relativity. 
The HYPERBOLIC SECANT arises in the profile of a lam- 
inar jet. The HYPERBOLIC COTANGENT arises in the 
Langevin function for magnetic polarization. 


The hyperbolic functions are defined by 


c4 


e* —e7* 


sinh z = 5 = — sinh(—z) (1) 
e* e” 
cosh z = ote = cosh(—z) (2) 
z —z 22 - 
e* —e eo 2 
tanhz = ————- = -————_ 
mhz e? + e7% e2% + 1 (3) 
2 
csch z = ———— (4) 
ef pam e* 
2 
sech z = ———_ (5) 
e2 + e~2 
et +e7*  e?% 41 
hz= = . 6 
cothz = as = a (6) 
For purely IMAGINARY arguments, 
sinh(iz) = isin z (7) 
cosh(iz) = cos z. (8) 


The hyperbolic functions satisfy many identities anoma- 
lous to the trigonometric identities (which can be in- 
ferred using OSBORNE’S RULE) such as 


cosh? x — sinh? g = 1 (9) 
coshz + sinhg = e” (10) 
coshz —sinhz =e *. (11) 


See also Beyer (1987, p. 168). Some half-angle FORMU- 
LAS are 


z\ _ sinhg + isiny 
a (5) ~ coshz + cosy 2) 
z sinhz —isiny 
h( ) = ; 
ee 2 cosh x — cosy a 


Hyperbolic Functions 863 


Some double-angle FORMULAS are 
sinh(2zr) = 2sinhzcoshz (14) 
cosh(2x) = 2cosh?z—1=1+42sinh?z. (15) 
Identities for COMPLEX arguments include 


sinh(x + iy) =sinhzcosy+icoshzsiny (16) 
cosh(z + iy) = coshacosy+isinhzsiny. (17) 


The ABSOLUTE SQUARES for COMPLEX arguments are 
| sinh(z)|? = sinh? x + sin? y (18) 


|cosh(z)|? = sinh? x + cos? y. (19) 


Integrals involving hyperbolic functions include 


i dz aye Va+br—- Ja 
aVa+t br Vat+bz+ Ja 
ene jay 
= In | 
(a+ bz) —-a 
(a+ br) — 2,/a(a+ br) +a 
= In | ——-—__1________ |. 
bx 
(20) 
If 6 > 0, then 
. dz =] 2a + ba — 2,/a{a+ bx) 
aJa+br . bz 
2a ja fa 


Let z = 2a/bz + 1, and a/bx = (z — 1)/2 and 


~ 24/3 (z- Dye +] 


/ dx ay 
zvVa+t bx 


3 
N 


a 
5): 2) 


see also HYPERBOLIC COSECANT, HYPERBOLIC Co- 
SINE, HYPERBOLIC COTANGENT, GENERALIZED Hy- 
PERBOLIC FUNCTIONS, HYPERBOLIC INVERSE FUNC- 
TIONS, HYPERBOLIC SECANT, HYPERBOLIC SINE, Hy- 
PERBOLIC TANGENT, HYPERBOLIC INVERSE FUNC- 
TIONS, OSBORNE’S RULE 
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Hyperbolic Geometry 

A NON-EUCLIDEAN GEOMETRY, also called LOBACHEV- 
SKY-BOLYAI-GAUSS GEOMETRY, having constant SEC- 
TIONAL CURVATURE —1. This GEOMETRY satisfies all 
of EUCLID’S POSTULATES except the PARALLEL POSTU- 
LATE, which is modified to read: For any infinite straight 
LINE L and any POINT P not on it, there are many other 
infinitely extending straight LINES that pass through P 
and which do not intersect L. 


In hyperbolic geometry, the sum of ANGLES of a TRI- 
ANGLE is less than 180°, and TRIANGLES with the same 
angles have the same areas. Furthermore, not all TRI- 
ANGLES have the same ANGLE sum (c.f. the AAA THE- 
OREM for TRIANGLES in Euclidean 2-space). The best- 
known example of a hyperbolic space are SPHERES in 
Lorentzian 4-space. The POINCARE HYPERBOLIC DISK 
is a hyperbolic 2-space. Hyperbolic geometry is well un- 
derstood in 2-D, but not in 3-D. 


Geometric models of hyperbolic geometry include the 
KLEIN-BELTRAMI MODEL, which consists of an OPEN 
DIsK in the Euclidean plane whose open chords corre- 
spond to hyperbolic lines. A 2-D model is the POINCARE 
HYPERBOLIC DIsK. Felix Klein constructed an analytic 
hyperbolic geometry in 1870 in which a POINT is repre- 
sented by a pair of REAL NUMBERS (21,22) with 


21° fe 5 x <1 
(i-e., points of an OPEN DISK in the COMPLEX PLANE) 


and the distance between two points is given by 


1- ayX1 = r2X2 


V1 = a1? — £2? 1 — Xi? — X2? 


The geometry generated by this formula satisfies all of 
EUCLID’S POSTULATES except the fifth. The METRIC of 
this geometry is given by the CAYLEY-KLEIN-HILBERT 
METRIC, 


d(x, X) = acosh™* 


a*(1— 227) 


gu = al = 242 — a2)? 
wee a*x\ 22 

(1 — a1? — a?)? 
j= a?(1 — 217) 


= (1 — a1? — 227)? , 


Hyperbolic Knot 


Hilbert extended the definition to general bounded sets 
in a EUCLIDEAN SPACE. 


see also ELLIPTIC GEOMETRY, EUCLIDEAN GEOME- 
TRY, HYPERBOLIC METRIC, KLEIN-BELTRAMI MODEL, 
NoN-EUCLIDEAN GEOMETRY, SCHWARZ-PICK LEMMA 
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Hyperbolic Inverse Functions 


sinh-? (¢) =e (a es Va? +8) (1) 
cosh™* z = In («+ V 2? =1) (2) 


-1 a ae b +a 
esch”* z ee 1+ 2? ) (4) 
JT — 22 
sech™* z =n (== ute ) (5) 
+1 
th*z=tin(2*7). 6 
co 2 rae (6) 
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Hyperbolic Knot 

A hyperbolic knot is a KNOT that has a complement that 
can be given a metric of constant curvature —1. The 
only KNOTS which are not hyperbolic are TORUS KNOTS 
and SATELLITE KNOTs (including COMPOSITE KNOTS), 
as proved by Thurston in 1978. Therefore, all but six of 
the PRIME KNOTS with 10 or fewer crossings are hyper- 
bolic. The exceptions with nine or fewer crossings are 
03001 (the(3, 2)-ToRus KNOT), 05001, 97001, 08019 (the 
(4,3)-Torus KNoT), and 09001. 


Almost all hyperbolic knots can be distinguished by 
their hyperbolic volumes (exceptions being 05992 and a 
certain 12-crossing knot; see Adams 1994, p. 124). It has 
been conjectured that the smallest hyperbolic volume is 
2.0298..., that of the FIGURE-OF-EIGHT KNOT. 


MutTANT KNOTS have the same hyperbolic knot volume. 
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Hyperbolic Lemniscate Function 
Hyperbolic Lemniscate Function 


By analogy with the LEMNISCATE FUNCTIONS, hyper- 
bolic lemniscate functions can also be defined 


arcsinhlemn x = | (1+ fy? dt (1) 
0 


1 
arccoshlemn z = | (14+ t*)?/? at. (2) 


Let 0< 6 < 2/2 and 0<v <1, and write 


bn f° dt 
4 [ tt, (3) 


where yz is the constant obtained by setting 6 = 1/2 and 


v=1. Then 
2 1 


where K(k) is a complete ELLIPTIC INTEGRAL OF THE 
FIRST KIND, and Ramanujan showed 


= .  sin(2n8) 
oe ly=8 sin(2n 
on, % > ncosh(n)’ (5) 


be -te.2) — a __ (-1)" cos[(2n + 1)6] 
ue () = > (2n + 1) cosh[$(2n + 1)7] Sy) 


and 


In (; us ~) = In[tan($m + 40)] 


l-v 
a (—1)” sin[(2n + 1)6] 
a Qn+ijecrme—1 (7 


(Berndt 1994). 
see also LEMNISCATE FUNCTION 
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Hyperbolic Map 

A linear Map R” is hyperbolic if none of its EIGENVAL- 
UES have modulus 1. This means that IR” can be written 
as a direct sum of two A-invariant SUBSPACES E* and 
E” (where s stands for stable and u for unstable). This 
means that there exist constants C > 0 andQ<A<1 
such that 


\|A™u|| < CA™ lvl} if v € E* 
|[A-"v]| < CA™* ||| if v e B® 


forn=0,1,.... 
see also PESIN THEORY 
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Hyperbolic Metric 

The METRIC for the POINCARE HYPERBOLIC DISK, a 
model for HYPERBOLIC GEOMETRY. The hyperbolic 
metric is invariant under conformal maps of the disk 
onto itself. 


see also HYPERBOLIC GEOMETRY, POINCARE HYPER- 
BOLIC DISK 
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Hyperbolic Octahedron 


A hyperbolic version of the Euclidean OCTAHEDRON, 
which is a special case of the ASTROIDAL ELLIPSOID 
with a = b=c = 1. It is given by the parametric 
equations 


x = (cosucos v)® 
y = (sin ucos v)® 


z=sin* v 


for u € [—2/2, 7/2] and v € [-7, 7]. 
see also ASTROIDAL ELLIPSOID, HYPERBOLIC CUBE, 


HYPERBOLIC DODECAHEDRON, HYPERBOLIC TETRA- 
HEDRON 
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Hyperbolic Paraboloid 


pe ee (1) 
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(left figure). This form has parametric equations 


z(u,v) =a(ut+v) (2) 
y(u,v) = +bv (3) 
2(u,v) = u? + 2uv (4) 


(Gray 1993, p. 336). An alternative form is 


z= ry (5) 


(right figure; Fischer 1986), which has parametric equa- 
tions 


a(u,v) =u (6) 
y(u,v) =v (7) 
z(u,v) = uv. (8) 


see also ELLIPTIC PARABOLOID, PARABOLOID, RULED 
SURFACE 
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Hyperbolic Partial Differential Equation 
A PARTIAL DIFFERENTIAL EQUATION of second-order, 
i.e., one of the form 


Ate + 2Busy + Cuyy + Due + Buyt+ F=0, (1) 


is called hyperbolic if the MATRIX 


A B 
z= 4 2 | (2) 


satisfies det(Z) < 0. The WAVE EQUATION is an exam- 
ple of a hyperbolic partial differential equation. Initial- 
boundary conditions are used to give 


u(z,y,t) = 9(a,y,t) fore €d0,t>0 (3) 


u(z,y,0) =vo(z,y) inQ (4) 
ue(z,y,0) =vil(z,y) in Q, (5) 
where 
Usy = f (Ue, Ut, Z,y) (6) 
holds in 2. 


see also ELLIPTIC PARTIAL DIFFERENTIAL EQUATION, 
PARABOLIC PARTIAL DIFFERENTIAL EQUATION, PAR- 
TIAL DIFFERENTIAL EQUATION 


Hyperbolic Secant 


Hyperbolic Plane 

In the hyperbolic plane H’*, a pair of LINES can be PaR- 
ALLEL (diverging from one another in one direction and 
intersecting at an IDEAL POINT at infinity in the other), 
can intersect, or can be HYPERPARALLEL (diverge from 
each other in both directions). 


see also EUCLIDEAN PLANE, RIGID MOTION 


Hyperbolic Point 

A point p on a REGULAR SURFACE M € R? is said to 
be hyperbolic if the GAUSSIAN CURVATURE K(p) < 0 
or equivalently, the PRINCIPAL CURVATURES x, and ko, 
have opposite signs. 


see also ANTICLASTIC, ELLIPTIC POINT, GAUSSIAN 
CURVATURE, HYPERBOLIC FIXED POINT (DIFFEREN- 
TIAL EQUATIONS), HYPERBOLIC FIXED POINT (Map), 
PARABOLIC POINT, PLANAR POINT, SYNCLASTIC 
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Hyperbolic Polyhedron 
A POLYHEDRON in a HYPERBOLIC GEOMETRY. 


see HYPERBOLIC CUBE, HYPERBOLIC DODECAHEDRON, 
HYPERBOLIC OCTAHEDRON, HYPERBOLIC TETRAHE- 
DRON 


Hyperbolic Rotation 

Also known as the LORENTZ TRANSFORMATION or PRO- 
CRUSTIAN STRETCH. Leaves each branch of the HYPER- 
BOLA zy’ = zy invariant and transforms CIRCLES into 
ELLIPSES with the same AREA. 

g=p 2 


t 


= wy. 


Hyperbolic Rotation (Crossed) 
Exchanges branches of the HYPERBOLA 2’y’ = ry. 
z= pole 


t 


y = —pBy. 


Hyperbolic Secant 


Hyperbolic Sine 


Im{Sech 2] 


Re([Sech z] 


The hyperbolic secant is defined as 


1 2 


ez +e-t° 


sech 2 = = 
cosh x 


It has a MAXIMUM at z = O and inflection points at 
ag = +sech~?(1/V2) © 0.881374. 


see also BENSON’S FORMULA, CATENARY, CATENOID, 
EULER NUMBER, HYPERBOLIC COSINE, OBLATE 
SPHEROIDAL COORDINATES, PSEUDOSPHERE, SECANT, 
SURFACE OF REVOLUTION, TRACTRIX, TRACTROID 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Hyperbolic 
Functions.” §4.5 in Handbook of Mathematical Functions 
with Formulas, Graphs, and Mathematical Tables, 9th 
printing. New York: Dover, pp. 83-86, 1972. 
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278, 1987. 


Hyperbolic Sine 


Re({Sinh z] 


The hyperbolic sine is defined as 


sinha = $(e” —e™*). 


see also BETA FUNCTION (EXPONENTIAL), BIPO- 
LAR COORDINATES, BIPOLAR CYLINDRICAL COOR- 
DINATES, BISPHERICAL COORDINATES, CATENARY, 
CATENOID, CONICAL FUNCTION, CUBIC EQUATION, DE 
MOIVRE’S IDENTITY, DIXON-FERRAR FORMULA, EL- 
LIPTIC CYLINDRICAL COORDINATES, ELSASSER FUNC- 
TION, FIBONACCI HYPERBOLIC COSINE, FIBONACCI 
HYPERBOLIC SINE, GUDERMANNIAN FUNCTION, HE- 
LICOID, HELMHOLTZ DIFFERENTIAL EQUATION— 
ELLIPTIC CYLINDRICAL COORDINATES, HYPERBOLIC 
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COSECANT, LAPLACE’S EQUATION—BISPHERICAL Co- 
ORDINATES, LAPLACE’S EQUATION—TOROIDAL Co- 
ORDINATES, LEBESGUE CONSTANTS (FOURIER SE- 
RIES), LORENTZ GROUP, MERCATOR PROJECTION, 
MILLER CYLINDRICAL PROJECTION, MODIFIED BEs- 
SEL FUNCTION OF THE SECOND KIND, MODIFIED 
SPHERICAL BESSEL FUNCTION, MODIFIED STRUVE 
FUNCTION, NICHOLSON’S FORMULA, OBLATE SPHER- 
OIDAL COORDINATES, PARABOLA INVOLUTE, PARTI- 
TION FUNCTION P, POINSOT’S SPIRALS, PROLATE 
SPHEROIDAL COORDINATES, RAMANUJAN’S TAU FUNC- 
TION, SCHLAFLI’S FORMULA, SHI, SINE, SINE-GORDON 
EQUATION, SURFACE OF REVOLUTION, TOROIDAL Co- 
ORDINATES, TOROIDAL FUNCTION, TRACTRIX, WAT- 
SON’S FORMULA 
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Abramowitz, M. and Stegun, C. A. (Eds.). “Hyperbolic 
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1987. 


Hyperbolic Space 
see HYPERBOLIC GEOMETRY 


Hyperbolic Spiral 


An ARCHIMEDEAN SPIRAL with POLAR equation 


ra 
= 5 


- The hyperbolic spiral originated with Pierre Varignon 


in 1704 and was studied by Johann Bernoulli between 
1710 and 1713, as well as by Cotes in 1722 (MacTutor 
Archive). 


see also ARCHIMEDEAN SPIRAL, SPIRAL 
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Hyperbolic Spiral Inverse Curve 
Taking the pole as the INVERSION CENTER, the HYPER- 
BOLIC SPIRAL inverts to ARCHIMEDES’ SPIRAL 


r= aé. 


Hyperbolic Spiral Roulette 
The ROULETTE of the pole of a HYPERBOLIC SPIRAL 
rolling on a straight line is a TRACTRIX. 


Hyperbolic Substitution 
A substitution which can be used to transform integrals 
involving square roots into a more tractable form. 


Substitution 


zx = asinhu 
xz = acoshu 


see also TRIGONOMETRIC SUBSTITUTION 


Hyperbolic Tangent 


Re{Tanh 2] 


the hyperbolic tangent is defined as 


era) 
e227 4 1’ 


sinh x e” —e” 
tanhz = = = 
cosh z em=#+e-2 


where sinh z is the HYPERBOLIC SINE and coshz@ is the 
HYPERBOLIC COSINE. The hyperbolic tangent can be 
written using a CONTINUED FRACTION as 


tanhz = 


see also BERNOULLI! NUMBER, CATENARY, CORRELA- 
TION COEFFICIENT—GAUSSIAN BIVARIATE DISTRIBU- 
TION, FIBONACCI HYPERBOLIC TANGENT, FISHER’S z'- 
TRANSFORMATION, HYPERBOLIC COTANGENT, LOR- 
ENTZ GROUP, MERCATOR PROJECTION, OBLATE 


Hyperboloid 


SPHEROIDAL COORDINATES, PSEUDOSPHERE, SURFACE 
OF REVOLUTION, TANGENT, TRACTRIX, TRACTROID 
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Abramowitz, M. and Stegun, C. A. (Eds.). “Hyperbolic 
Functions.” §4.5 in Handbook of Mathematical Functions 
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Hyperbolic Tetrahedron 


A hyperbolic version of the Euclidean TETRAHEDRON. 


see also HYPERBOLIC CUBE, HYPERBOLIC DODECAHE- 
DRON, HYPERBOLIC OCTAHEDRON 
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Rivin, I. “Hyperbolic Polyhedron Graphics.” http://www. 
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Hyperbolic Umbilic Catastrophe 
A CATASTROPHE which can occur for three control fac- 
tors and two behavior axes. 


see also ELLIPTIC UMBILIC CATASTROPHE 


Hyperboloid 
A QUADRATIC SURFACE which may be one- or two- 
sheeted. 


The one-sheeted circular hyperboloid is a doubly RULED 
SURFACE. When oriented along the z-AXIS, the one- 
sheeted circular hyperboloid has CARTESIAN COORDI- 
NATES equation 


opie ea ea (1) 


Hyperboloid 


and parametric equation 


z=aV/1+u’cosu (2) 
y=avV1t+u'sinu (3) 


z=>ctu (4) 


for v € [0,27) (left figure). Other parameterizations 
include 


2(u,v) = a(cosu # vsinu) (5) 
y(u,v) = a(sinu + vcosu) (6) 
z(u,v) = tev, (7) 


(middle figure), or 


z(u,v) = acoshucosu (8) 
y(u, v) = acoshvsin u (9) 
z(u,v) = csinhv (10) 


(right figure). An obvious generalization gives the one- 
sheeted ELLIPTIC HYPERBOLOID. 


A two-sheeted circular hyperboloid oriented along the 
z-AXIS has CARTESIAN COORDINATES equation 


Se ei (11) 


The parametric equations are 


x = asinhucosv (12) 
y = asinh usinv (13) 
z = +ccoshu (14) 


for v € [0,27). Note that the plus and minus signs in 
z correspond to the upper and lower sheets. The two- 
sheeted circular hyperboloid oriented along the x-AxiIs 
has Cartesian equation 


see eae | (15) 
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and parametric equations 


x = tacoshucoshv (16) 
y = asinhucoshv (17) 
z=csinhv (18) 


(Gray 1993, p. 313). Again, an obvious generalization 
gives the two-sheeted ELLIPTIC HYPERBOLOID. 


The SUPPORT FUNCTION of the hyperboloid of one sheet 
is 7s 
2 2 2\ 7 
x y z 
n=(5+845) ; (20) 
and the GAUSSIAN CURVATURE is 


hd 
ane 29) 
The SUPPORT FUNCTION of the hyperboloid of two 
sheets 


gz? y? 2? 
a a! oe 
is ve 
2 2 2 
x y z 
n= (5-445) ’ (23) 
and the GAUSSIAN CURVATURE is 
h? 
= aoe (24) 


(Gray 1993, pp. 296-297). 
see also CATENOID, ELLIPSOID, ELLIPTIC HYPER- 


BOLOID, HYPERBOLOID EMBEDDING, PARABOLOID, 
RULED SURFACE 
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Hyperboloid Embedding 
A 4-HYPERBOLOID has NEGATIVE CURVATURE, with 


Rae +y +27 —w’ (1) 
dz dy dz 
22— + 2y— + 2z— —2w=0. 2 
oy sre Yaw * "dw S (2) 
Since 
r=rx+yy t+ 22, (3) 
dw = Tatty dy + zdz _ r-dr : (4) 


w Vt Re 


870 Hypercomplex Number 
To stay on the surface of the HYPERBOLOID, 


ds? = dz? + dy? + dz” — dw’ 


rv? dr? 
= dx” + dy? + dz? oe rp? Re? 
2 
= dr? + r7dQ? + sien : (5) 
1-i 


r 


Hypercomplex Number 

A number having properties departing from those of 
the REAL and COMPLEX NUMBERS. The most com- 
mon examples are BIQUATERNIONS, EXTERIOR ALGE- 
BRAS, GROUP algebras, MATRICES, OCTONIONS, and 
QUATERNIONS. 
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Hypercube 


—OO®d 


The generalization of a 3-CUBE to n-D, also called a 
MEASURE POLYTOPE. It is a regular POLYTOPE with 
mutually PERPENDICULAR sides, and is therefore an OR- 
THOTOPE. It is denoted y, and has SCHLAFLI SYMBOL 
{4, oS }. The number of k-cubes contained in an n- 


n-a 


cube can be found from the COEFFICIENTS of (2k+1)”. 


The 1-hypercube is a LINE SEGMENT, the 2-hypercube 
is the SQUARE, and the 3-hypercube is the CUBE. The 
hypercube in R’*, called a TESSERACT, has the SCHLAFLI 
SYMBOL {4,3,3} and VERTICES (+1,+1,+1,+1). The 
above figures show two visualizations of the TESSERACT. 
The figure on the left is a projection of the TESSERACT 
in 3-space (Gardner 1977), and the figure on the right is 
the GRAPH of the TESSERACT symmetrically projected 
into the PLANE (Coxeter 1973). A TESSERACT has 16 
VERTICES, 32 EDGES, four SQUARES, and eight CUBES. 


see also CROSS POLYTOPE, CUBE, HYPERSPHERE, 
ORTHOTOPE, PARALLELEPIPED, POLYTOPE, SIMPLEX, 
TESSERACT 
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Hyperelliptic Function 


Gardner, M. “Hypercubes.” Ch. 4 in Mathematical Carni- 
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Hyperdeterminant 

A technically defined extension of the ordinary DE- 
TERMINANT to “higher dimensional” HYPERMATRICES. 
Cayley (1845) originally coined the term, but subse- 
quently used it to refer to an ALGEBRAIC INVARIANT of 
a multilinear form. The hyperdeterminant of the 2x2x2 
HYPERMATRIX A = aj,;~ (for i,7,k = 0, 1) is given by 


_ 2 2 2 2 2 2 2 2 
det(A) = (ao00 @111 + G01 @110° + Borg @101 + @011 @i00 ) 
— 2(@90040014110@111 + @o00%01041012111 + @o00@011 21008111 
+ G01 %0104101@110 + 0014011 @1192100 + 91049119101 2100) 


+ 4(@9004011 410104110 + @001G010@1000111)- 


The above hyperdeterminant vanishes IrF the following 
system of equations in six unknowns has a nontrivial 
solution, 


aoooLoyo + Go1ioToy1 + Aia0X1Yo + Giiotiy = 0 
Qo01®oYyo + Gor Loy1 + Gi0121Yo + G111Tiyi = 0 
Ao00%02Z0 + @o01 £021 + G1007%1 20 + G101%121 = 
Q0i0£020 + Go11Z021 + G1102%1 20 + 21112121 = 0 
Ap00Yo20 + Go01Yo21 + Ao10¥120 + Go11yiz1 = 0 


AyooYo2%o + G101Yo21 + G110Y12%0 + 1114121 = 0. 


see also DETERMINANT, HYPERMATRIX 
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Hyperellipse 


n/m 


x 
- —c=0, 


ym +e 
a 


with n/m > 2. Ifn/m < 2, the curve is a HYPOELLIPSE. 
see also ELLIPSE, HYPOELLIPSE, SUPERELLIPSE 


References 
von Seggern, D. CRC Standard Curves and Surfaces. Boca 
Raton, FL: CRC Press, p. 82, 1993. 


Hyperelliptic Function 
see ABELIAN FUNCTION 


Hyperelliptic Integral 


Hyperelliptic Integral 
see ABELIAN INTEGRAL 


Hyperfactorial 
The function defined by 


H(n) = K(n +1) = 11273°---n®, 


where K is the K-FUNCTION and the first few val- 
ues for n = 1, 2,... are 1, 4, 108, 27648, 86400000, 
4031078400000, 3319766398771 200000, (Sloane’s 
A002109), and these numbers are called hyperfactorials 
by Sloane and Plouffe (1995). 


see also G-FUNCTION, GLAISHER-KINKELIN CON- 
STANT, K-FUNCTION 


References 
Sloane, N. J. A. Sequence A002109/M3706 in “An On-Line 
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Hypergeometric Differential Equation 


d?y dy 
It has REGULAR SINGULAR POINTS at 0, 1, and oo. 
Every ORDINARY DIFFERENTIAL EQUATION of second- 
order with at most three REGULAR SINGULAR POINTS 
can be transformed into the hypergeometric differential 
equation. 
see also CONFLUENT HYPERGEOMETRIC DIFFERENTIAL 
EQUATION, CONFLUENT HYPERGEOMETRIC FUNCTION, 
HYPERGEOMETRIC FUNCTION 
References 


Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, pp. 542-543, 1953. 


Hypergeometric Distribution 

Let there be n ways for a successful and m ways for an 
unsuccessful trial out of a total of n + m possibilities. 
Take N samples and let z; equal 1 if selection 7 is suc- 
cessful and 0 if it is not. Let x be the total number of 
successful selections, 


N 
=> x. (1) 


The probability of 7 successful selections is then 


P(x =i)= 
[# ways for i successes][# ways for N — i unsuccesses| 
[total number of ways to select] 


= (7) (23 = FEED) HON 
a) {n+m)! 
N N\N—n—m)! 


= nimtNi(N —-m—n)! 
~ Wn —ai(m+i-— NWN —i)'ntm)! 


(2) 
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The ith selection has an equal likelihood of being in any 
trial, so the fraction of acceptable selections p is 


= Tr 
P= atm (3) 
P(e, =1) = — =p. (4) 


The expectation value of z is 


p= (rz) = (S| = So 


i=1 


lI 


n nN 
S38 a aaa Np. (5) 


i=1 


The VARIANCE is 


N N N 
var(z) = \ var(zi) + > > cov(#i,2;). (6) 
i=l i=1 j=l 
3#i 
Since z; is a BERNOULLI variable, 
nr n 
vere = Pl p— n+m (1 = <a) 
ae 
~ na+t+m rn+m 
= n (* +m — *) = nm (7) 
—nt+m\ n+tm /~ (n+m)?’ 
so fe 
Nam 
Dey = Game: (8) 
For i < j, the COVARIANCE is 
cov(xi, xj) = (xyaj) — (@i)(25). (9) 


The probability that both 7 and j are successful for 7 # j 
is 


Pai =1,2; = 1) = P(x; = 1) P(x; = 1|z; = 1) 
n n-1 
n+mn+m-—-1 
n(n —1) 


“Gimntm—y = 9) 


But since 2; and x; are random BERNOULLI variables 
(each 0 or 1), their product is also a BERNOULLI variable. 
In order for xix; to be 1, both 2; and x2; must be 1, 


(xix;) = P(2iz; = 1) = P(x; = 1,2; = 1) 
n n-1 
n+mn+m-—1 
n(n — 1) 


~ (n+m)(n+m-—1)’ a) 


872 Hypergeometric Distribution 


Combining (11) with 
n n nr 


n+mn+tm. (n+m)?’ 


(zi) (xj) = (12) 


gives 


(n+ m)(n? —n)—n?(n+m-—1) 
(n+m)?(n+m-—1) 
_ WB +mn? —n? —mn—n3 —n?min? 
(n+ m)?(n+m-—1) 
iu mn 
~~ (n+m)2(n+m—1) 


cov(2i,2;) = 


(13) 


There are a total of N? terms in a double summation 
over N. However, i = 7 for N of these, so there are a 
total of N? — N = N(N — 1) terms in the COVARIANCE 
summation 


, N(N — 1)mn 
i=1 j=) ee) (n+m)?(n+m-—1) (14) 
sft 


Combining equations (6), (8), (11), and (14) gives the 
VARIANCE 


N(N —1)mn 

(n4+m)? (n+m)?(n+m-—1) 
_ Nmn N-1 

= Garay ( aa) 

_ _Nmn N+m—-1-N+1 
= Gar | n+m-—-1 ) 
_ Nmn(n+m-—N) 

~ (n+ m)?(n+m-—1)’ 


Cable 


(15) 
so the final result is 
(x) = Np (16) 


and, since 


1l-p= 17 
i n+m aD 


and 
mn 


= Gem 


N-1 ) 
n+m-—1 


np({1 — p) (18) 


we have 


o” = var(x) = Np(1 — p) (2 


mnN(m+n-—-N) 


(m+n)?(m+n-—1)° a 


The SKEWNESS is 


_ 4a7-P (5-2) 

Tapa N-m\ N~2 
_ (m-—n)(m+n-2N) 
~ m+n—2 


mt+tn-1 
mnN(m+n—N)’ 
(20) 


Hypergeometric Function 


and the KuRTOSIS 


F(m,n, N) 
ee a a eae 
21 


y= 
where 


F(m,n, N) = m*> — m? + 3m?n — 6m3n + mn + 3mn? 
— 12m?n? + 8m?n? + n® — 6mn? + 8m?n3 
+mn‘ —n® —6m3N + 6m‘N 4+ 18m?nN 
~ 6m>nN + 18mn7N — 24m?n? N — 6n°>N 
—6mn? N + 6n*N + 6m? N? — 6m? N? 
~ 24mnN? + 12m?nN? + 6n?N? 

+ 12mn?N? — 6n?N?. (22) 


The GENERATING FUNCTION is 
(x) 
("x") 


where 2Fi(a,b;c;z) is the HYPERGEOMETRIC FUNC- 
TION. 


2F\(—N, —njm ~ N +1;e"), (23) 


(t) = 


If the hypergeometric distribution is written 


hn(a, s) as ("?) (ja) F (24) 


4) 


then 


s 
> hn(z,s)u” = A2Fi(—s,-np;ng—s+1;u). (25) 
z=0 
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Hypergeometric Function 

A GENERALIZED HYPERGEOMETRIC FUNCTION 
pF q(a1,...,@p;b1,...,bg;xz) is a function which can be 
defined in the form of a HYPERGEOMETRIC SERIES, Le., 
a series for which the ratio of successive terms can be 
written 


ae+i _ P(k) (K+ ai)(K+aa)---(kK+ap) 

ar Q(k)— (k+b1)(K+b2)--- (K+ bg)(K +1) ais 
(The factor of k + 1 in the DENOMINATOR is present 
for historical reasons of notation.) The function 
2F\ (a, b;c;x) corresponding to p = 2, g = 1 is the first 
hypergeometric function to be studied (and, in general, 
arises the most frequently in physical problems), and so 
is frequently known as “the” hypergeometric equation. 


Hypergeometric Function 


To confuse matters even more, the term “hypergeomet- 
ric function” is less commonly used to mean CLOSED 
FORM. 


The hypergeometric functions are solutions to the Hy- 
PERGEOMETRIC DIFFERENTIAL EQUATION, which has a 
REGULAR SINGULAR POINT at the ORIGIN. To derive 
the hypergeometric function based on the HYPERGEO- 
METRIC DIFFERENTIAL EQUATION, plug 


y= 5 Anz” (2) 
n=O 
y= S- nAnz* (3) 
n=0 
y= Sonn = 1) Age"? (4) 
n=0 
into 
z(1—z)y” +[e-(a+b+1)aly’—aby=0 (5) 
to obtain 


foe) 


So n(n —1)Anz"7) - Sone — 1)Anz” 


n=0 
teondar™ + : (a+b4+1) Sond, 2” 
n=0 
—ab ye Anz” =0 (6) 
n=0 


So n(n —1)Anz"* - » n(n — 1)Anz” 


n=2 
eS nAnz” ~(a+b+)5_ nAnz™ 
n=l n=1 
—ab S> Anz” =0 (7) 
n=0 
Son + 1)nAngiz” — So n(n —1)A,2” 
n=0 n=0 
io. *] oo 
+c Soin + 1)Anyiz” —-(a+6+4+1) > nAnz” 
n=0 n=0 
co 
-abS* Anz” =0 (8) 
n=0 
co 


SoIn(n +1)Angi —n(n -—DAn+ec(n4+1)An-1 
n=O 


—(a+6+1)nA, —abAn]z” =0 (9) 
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SO{@+ Dnt c)Anns 


n=0 


~(n(n -1+a+6+1)+ab]A,} 2” =0 (10) 


SC {(n + 1)(n +c) Anti 


- —[n? + (a+ b)n+ ablAn}z” =0, (11) 


so 
(n+ a)(n +b) 
Anyi = >) 12 
Pence ICE) Sa 
and 
= ab a{a+1)b(b+1) 2 
y = Ao fis es Dele + 1) zo +...). (13) 
This is the regular solution and is denoted 
a{a+1)b(b+1) 2 
2Fi(a, b; gz) =142 zt Bec +1) z+... 
_ > (ann 2” 
- > (c)n nt’ (14) 


where (a), are POCHHAMMER SYMBOLS. The hyperge- 
ometric series is convergent for REAL —1 < z < 1, and 
for z= +1ifc>a+b. The complete solution to the 
HYPERGEOMETRIC DIFFERENTIAL EQUATION is 


y = AoFi(a, b; c; z)+ Bz’ °2 Fi (a+1-c, b+1—c; 2—c; z). 
(15) 


Derivatives are given by 


dali (asi G2) Platt, b+ 1;c +1; z) (16) 


dz 
d? 2 F(a, b; ¢; z) _ a{a +1)b(b +1) 
dz? - ce(c+1) 


x 2Fi(a+ 2,b+2;¢+2;z) (17) 


(Magnus and Oberhettinger 1949, p. 8). 
giving the hypergeometric function is 


Te -. te- P(t es b-1 
T(r (e — 8) is a ai 


(18) 


An integral 


2fi (a, bc; z) = 


as shown by Euler in 1748. 


A hypergeometric function can be written using Eu- 
LER’S HYPERGEOMETRIC TRANSFORMATIONS 


tt (19) 
t+1-t (20) 
t+ 2-ty? (21) 
fs ack (22) 


1—tz 
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in any one of four equivalent forms 


2F\(a, by c;z) = (1 — z)7° 2Fi(a,c — b5¢52z/(z — 1)) 


(23) 
= (1-2) 7° 2Fi(e — a,b; ¢;2/(z —1)) 

(24) 
= (1 — z)®* 2 Fi (c — a,c — 53652). 

(25) 


It can also be written as a linear combination 


2F (a, b; ¢; z) 

_ T(e)I(e - a — b) 

~ T(e— a) (ce — b) 
P(c)l{a +b- c) c—a— 

rere oo 9" 
X2Fi(e—a,c—b;1+ce—a—b;1—2z). (26) 


2F\(a,b;a+b+1-—c¢,1—-2z) 


ao 


Kummer found all six solutions (not necessarily regular 
at the origin) to the HYPERGEOMETRIC DIFFERENTIAL 
EQUATION, 


ui(z) = 2F (a, bj c; z) 

ue(x) = 2Fi(a,b;a+b+1-—c¢1—-2z) 

us(x) = z~*2Fi(a,a+1—c;a+1—b;1/z) 

ua(x) = 27> o Fi (b+ 1—c¢,b;64 1—a;1/z) 

us(z) = z'-*2Fi(b+1—c,a+1—e¢2- 62) 

ug(x) = (1 - z)e~*- 2 Fi(c —a,c-—bc+1—a—b6;1—2). 


Applying EULER’s HYPERGEOMETRIC TRANSFORMA- 
TIONS to the Kummer solutions then gives all 24 possi- 
ble forms which are solutions to the HYPERGEOMETRIC 
DIFFERENTIAL EQUATION 


ul (x) = 2F,(a,b;¢; z) 
ul) (x) = (1 — z)7*2Fi (a,c — bye; 2z/(z — 1) 
u{?(x) = (1 — 2)" Fie — a, bse; z/(z — 1)) 
ul) (2) = (1 — 2)9* 9 2 Fy (ce — a,c — bc} 2) 
ul) (x) = 2Fi(a,bja+b+1—- 651-2) 
uP) (2) =z °2F\(a,a+1—cjatb+1—c;1—1/z) 
uf (2) = 2° Fi(b+1~¢,ba+b+1— 651 -1/z) 
u(r) =z °F (b+1—cati-catb+1—cl—z) 
u(x) = 2°. Fi(a,a+1—c;a+1—b;1/z) 
u(x) = 2-*(1 — 1/1z)-* .Fi(a,e — ba +1 — b:1/(1 ~ z)) 
ul?) (a) = 2° = 1/z)°=2=* 
xaFi(l1-ba+1—c3a+1—b;1/(1—- z)) 
ui (2) = 27*(1 — 1/2) °° (1 — b,c — b+ 1 — 3; 1/2) 
ul) (x) = 2°, Fi(b+1~—c,b;b+1-a;1/z) 
ul (2) = 2*(d — 1/2)? 
K 2Fi(b, — ¢,1 —a;b+1-a4;1/(1—- z)) 
uO)(2) = 2° (1 — 1/z)* Fie — a,b;b +1 ~ a; 1/(1 — 2) 
ul (x) =z °(1~1/z)*?,Fi(e — 2,1 —a;b +1 -;1/z) 
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a (2) = 2°. (b+1—c,a+1—o2~¢;2) 
uP (2) = 2-8 (1 — 2) OO Fi(b 4+ 1—0¢,1 — 252 — 3 z/(z — 1)) 
u?) (2) = 25-8(1 — 2) 9 * RA — 6a 4-1 — 632 — ey 2/(z ~1)) 
ul) (2) = 21781 — z)* 2 F\(1 — 6, 1 — a; 2 — 3 z) 
ua (e) = (1 — 2) 2 A(ce —a,c— be +1 —a—b;1 — 2z) 
ule) = 2*-*(1 — a) 

x 2Fi(c -—a,1~aj;c+1—a—b;1—-1/2z) 
ul (2) = 2°-§(4 — 2)°2 

x 2F\(1—b,c-—bse+1—a—b;1—1/z) 
ul (e) = 2°-*7*(4 — zee 


X2F,\(1-6,1-—a;c+1—a—6;1— 2). 


Goursat (1881) gives many hypergeometric transforma- 
tion FORMULAS, including several cubic transformation 
FORMULAS. 


Many functions of mathematical physics can be ex- 
pressed as special cases of the hypergeometric functions. 
For example, 


2F,(—1,1+1,1;(1 — z)/2) = Pi(z), (27) 
where P;(z) is a LEGENDRE POLYNOMIAL. 
(1+ 2)" = 2Fi(—n, 6; 6; —z) (28) 


In{1 + z) = z2Fi(1,1;2; —z) (29) 


Complete ELLIPTIC INTEGRALS and the RIEMANN P- 
SERIES can also be expressed in terms of 2Fi(a, 6; c; z). 
Special values include 


2F,(a,b;a —b+1;-1) 


siete T(ii+a+b) 
=tUV ra ag praia) 
2F,(1, —a;a;-1) = eres +1 (31) 
2F (a,b; ¢; 3) = 2° oF, (a,c — b;c; —1) (32) 
a cay FE@TIGA+4+)) 
2F, (a,b; (a+b+1); 3) FH ari +B) (33) 
wealins T( kc) [$(c + 1)] 
EGS Gal = Sane Se) 
2Fi abel) = Fea (35) 
KUMMER’S FIRST FORMULA gives 
2Fi($ +m—k,—n;2m+1;1) 
_ TQm4+ (mt §t+k+n) (36) 


~~ Dim+i+k)P(Qm4+i1+n)’ 


where m # —1/2, —1, —3/2, .... Many additional 
identities are given by Abramowitz and Stegun (1972, 
p. 557). 


Hypergeometric Function 


Hypergeometric functions can be generalized to GENER- 
ALIZED HYPERGEOMETRIC FUNCTIONS 


,Qnjb1,...,6m; 2). (37) 


nFim(ai,. oe 


A function of the form 1F,(a;b;z) is called a CONFLU-~ 
ENT HYPERGEOMETRIC FUNCTION, and a function of 
the form oF1(;b;z) is called a CONFLUENT HYPERGEO- 
METRIC LIMIT FUNCTION. 


see also APPELL HYPERGEOMETRIC FUNCTION, 
BARNES’ LEMMA, BRADLEY’S THEOREM, CAYLEY’S 
HYPERGEOMETRIC FUNCTION THEOREM, CLAUSEN 
FORMULA, CLOSED FORM, CONFLUENT HYPERGEO- 
METRIC FUNCTION, CONFLUENT HYPERGEOMETRIC 
LIMIT FUNCTION, CONTIGUOUS FUNCTION, DARLING’S 
PRODUCTS, GENERALIZED HYPERGEOMETRIC FUNC- 
TION, GOSPER’S ALGORITHM, HYPERGEOMETRIC IDEN- 
TITY, HYPERGEOMETRIC SERIES, JACOBI POLYNOM- 
IAL, KUMMER’S FORMULAS, KUMMER’S QUADRATIC 
TRANSFORMATION, KUMMER’S RELATION, ORR’S THE- 
OREM, RAMANUJAN’S HYPERGEOMETRIC IDENTITY, 
SAALSCHUTZIAN, SISTER CELINE’S METHOD, ZEILBER- 
GER’s ALGORITHM 
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Hypergeometric Identity 

A relation expressing a sum potentially involving BINO- 
MIAL COEFFICIENTS, FACTORIALS, RATIONAL FUNC- 
TIONS, and power functions in terms of a simple re- 
sult. Thanks to results by Fasenmyer, Gosper, Zeil- 
berger, Wilf, and PetkovSek, the problem of determin- 
ing whether a given hypergeometric sum is expressible 
in simple closed form and, if so, finding the form, is now 
(subject to a mild restriction) completely solved. The al- 
gorithm which does so has been implemented in several 
computer algebra packages and is called ZEILBERGER’S 
ALGORITHM. 

see also GENERALIZED HYPERGEOMETRIC FUNCTION, 
GOSPER’Ss ALGORITHM, HYPERGEOMETRIC SERIES, 
SISTER CELINE’S METHOD, WILF-ZEILBERGER PAIR, 
ZEILBERGER’S ALGORITHM 


References 
Petkoviek, M.; Wilf, H. S.; and Zeilberger, D. A=B. Welles- 
ley, MA: A. K. Peters, p. 18, 1996. ; 


Hypergeometric Polynomial 
see JACOBI POLYNOMIAL 


Hypergeometric Series 

A hypergeometric series }> , ak is a series for which 
ao = 1 and the ratio of consecutive terms is a RATIONAL 
FUNCTION of the summation index k, i.e., one for which 


ania _ P(k) 
ak Q(k)’ 


with P(k) and Q(k) POLYNOMIALS. The functions gen- 
erated by hypergeometric series are called HYPERGEO- 
METRIC FUNCTIONS or, more generally, GENERALIZED 
HYPERGEOMETRIC FUNCTIONS. If the polynomials are 
completely factored, the ratio of successive terms can be 
written 


Qe+1 _ Pk) _ (k + a1)(k + a2) - (k + ap) 


“ak Q(k) (k++ b1)(R+b2)---(K+b,)(k +1)” 


where the factor of k+1 in the DENOMINATOR is present 
for historical reasons of notation, and the resulting GEN- 
ERALIZED HYPERGEOMETRIC FUNCTION is written 


ai, a2 tt Gp -3 k 
ori [St B22 Be] = Daweh 
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If p = 2 and gq = 1, the function becomes a traditional 
HYPERGEOMETRIC FUNCTION 2Fi (a, b; c; 2). 


Many sums can be written as GENERALIZED HYPER- 
GEOMETRIC FUNCTIONS by inspections of the ratios of 
consecutive terms in the generating hypergeometric se- 
ries. 

see also GENERALIZED HYPERGEOMETRIC FUNCTION, 


GEOMETRIC SERIES, HYPERGEOMETRIC FUNCTION, 
HYPERGEOMETRIC IDENTITY 
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Hypergroup 

A MEASURE ALGEBRA which has many properties as- 
sociated with the convolution MEASURE ALGEBRA of a 
GROUP, but no algebraic structure is assumed for the 
underlying SPACE. 
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Hypermatrix 
A generalization of the MATRIX to an nj X ng X- ++ array 
of numbers. 


see also HYPERDETERMINANT 
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Hyperparallel 
Two lines in HYPERBOLIC GEOMETRY which diverge 
from each other in both directions. 


see also ANTIPARALLEL, IDEAL POINT, PARALLEL 


Hyperperfect Number 
A number n is called k-hyperperfect if 


n=1+k) od, 


where the summation is over the PROPER DIVISORS with 
1<d; <n, giving 


ko(n) = (k+1)n+k4+1, 


where o(n) is the DIVISOR FUNCTION. The first few 
hyperperfect numbers are 21, 301, 325, 697, 1333, ... 
(Sloane’s A007592). 2-hyperperfect numbers include 21, 
2133, 19521, 176661, ... (Sloane’s A007593), and the 
first 3-hyperperfect number is 325. 


Hypersphere 
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Hyperplane 
Let @1, @2, ..-, @n be SCALARS not all equal to 0. Then 
the SET S consisting of all VECTORS 


r1 
v2 


in R” such that 
Q12%1 + a@e%2 +... + Qntn = 0 


is a SUBSPACE of R” called a hyperplane. More gen- 
erally, a hyperplane is any co-dimension 1 vector SUB- 
SPACE of a VECTOR SPACE. Equivalently, a hyperplane 
V in a VECTOR SPACE W is any SUBSPACE such that 
W/V is 1-dimensional. Equivalently, a hyperplane is the 
KERNEL of any NONZERO linear MAP from the VECTOR 
SPACE to the underlying FIELD. 


Hyperreal Number 

Hyperreal numbers are an extension of the REAL NUM- 
BERS to include certain classes of infinite and infinites- 
imal numbers. A hyperreal number is said to be finite 
IFF |x| < n for some INTEGER n. «@ is said to be in- 
finitesimal IFF |x| < 1/n for all INTEGERS n. 


see also AX-KOCHEN ISOMORPHISM THEOREM, NON- 
STANDARD ANALYSIS 
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Hyperspace 
A SPACE having DIMENSION n > 3. 


Hypersphere 

The n-hypersphere (often simply called the n-sphere) 
is a generalization of the CIRCLE (n = 2) and SPHERE 
(n = 3) to dimensions n > 4. It is therefore defined as 
the set of n-tuples of points (11, r2, ..., Zn) such that 


ay +227 +...+ 2,7 = R’, (1) 


Hypersphere 
where R is the RApDtus of the hypersphere. The Con- 


TENT (i.e., n-D VOLUME) of an n-hypersphere of RADIUS 
Ris given by 


R Te 
Va =f Sar” * dr = pelt : 7 QQ) 
0 


n 


where S», is the hyper-SURFACE AREA of an n-sphere of 
unit radius. But, for a unit hypersphere, it must be true 
that 


aan: 
= -1 
s. f e” rar 
0 


iv] co 2 2 
= / ie f ee te tea) da... dam 
—co —oO 
ee 
n 


= (fe az) (3) 


But the GAMMA FUNCTION can be defined by 


Tr =2 ~ -r? am-1 dr, 4 
so 
25aP(3n) = (F(5))" = (7) (5) 
er /2 
cn arent (6) 


This gives the RECURRENCE RELATION 


27Sn 
Sni2= — (7) 


Using ['(n + 1) = nI'(n) then gives 


—— S,,R” 7 2/2 Rr _ atl? Rn (8) 
7 n (gny0(gn) (1+ 5n) 
(Conway and Sloane 1993). 

5 as SS TT 
of ne ae AUNITTIET 
53 ; fag (EAL PNET 
3 & 151 | TEU yS try 
= = iol | 

r e255 
20 5 10 15 2 


Dimension Dimension 


Strangely enough, the hyper-SURFACE AREA and CON- 
TENT reach MAXIMA and then decrease towards 0 as n 
increases. The point of MAXIMAL hyper-SURFACE AREA 
satisfies 

dS, "7 [In — yo($n)] 


“dn T(in) =) (9) 
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where %o(x) = W(x) is the DIGAMMA FUNCTION. The 
point of MAXIMAL CONTENT satisfies 


dv, niin —wyo(1+ $n)] 


dn 2ar(1+ $n) 


= 0. (10) 


Neither can be solved analytically for n, but the numer- 
ical solutions are n = 7.25695... for hyper-SURFACE 
AREA and n = 5.25695... for CONTENT. As a result, 
the 7-D and 5-D hyperspheres have MAXIMAL hyper- 
SuRFACE AREA and CONTENT, respectively (Le Lion- 
nais 1983). 


Te = a Vieewee Sn | 
0 1 0 

1 1 2 

2 in an 
3 an An 
4 an Qn? 
5 « x? aa ne 87? 
6 | in 3uq7 nw 

7 io n8 ot 18478 
8 aa int 
9 int 2214 
10 753550 we i 


In 4-D, the generalization of SPHERICAL COORDINATES 
is defined by 


v1 = Rsin psin dcos 6 (11) 
zo = Rsinwsin dsind (12) 
23 = Rsinycos¢ (13) 
wa = Reosy. (14) 


The equation for a 4-sphere is 
vy? +027 +237 +247 = Re, (15) 
and the LINE ELEMENT is 
ds” = R{dw? + sin? w(d¢’ + sin? ¢d6”)]. (16) 


By defining r = Rsinw, the LINE ELEMENT can be 
rewritten 


dr? 


——~ +17°(dp* + sin? ¢d6*). (17) 
(1- #) 


ds? = 
The hyper-SURFACE AREA is therefore given by 


n 7 an 
si= [ raw | Rsingad | Rsin py sin o dé 
G 0 0 


= 2n’* R®. (18) 
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see also CIRCLE, HYPERCUBE, HYPERSPHERE PACKING, 
MAZUR’S THEOREM, SPHERE, TESSERACT 
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Hypersphere Packing 

Draw unit n-spheres in an n-D space centered at all +1 
coordinates. Then place an additional HYPERSPHERE at 
the origin tangent to the other HYPERSPHERES. Then 
the central HYPERSPHERE is contained with the Hy- 
PERSPHERE with VERTICES at the center of the other 
spheres for n between 2 and 8. However, for n = 9, the 
central HYPERSPHERE just touches the bounding Hy- 
PERSPHERE, and for n > 9, the HYPERSPHERE is par- 
tially outside the hypercube. This can be seen by finding 
the distance from the origin to the center of one of the 
HYPERSPHERES 


Jf (£1)? +...+ (£1)? = Vn. 
Ne 


The radius of the central sphere is therefore \/n—1. The 
distance from the origin to the center of the bounding 
hypercube is always 2 (two radii), so the center HYPER- 
SPHERE is tangent when ,/n — 1 = 2, or n = 9, and 
outside for n > 9. 


The analog of face-centered cubic packing is the densest 
lattice in 4- and 5-D. In 8-D, the densest lattice packing 
is made up of two copies of face-centered cubic. In 6- and 
7-D, the densest lattice packings are cross-sections of the 
8-D case. In 24-D, the densest packing appears to be 
the LEECH LATTICE. For high dimensions (~ 1000-D), 
the densest known packings are nonlattice. The densest 
lattice packings in n-D have been rigorously proved to 
have PACKING DENsITY 1, 1/(2V3), 7/(3V2), 17/16, 
mn? /(15V/2), 2° /(48V3), 73/105, and 1*/384 (Finch). 


The largest number of unit CIRCLES which can touch 
another is six. For SPHERES, the maximum number is 
12. Newton considered this question long before a proof 
was published in 1874. The maximum number of hyper- 
spheres that can touch another in n-D is the so-called 
KISSING NUMBER. 


see also KISSING NUMBER, LEECH LATTICE, SPHERE 
PACKING 
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Hypocycloid 


Hypervolume 
see CONTENT 


Hypocycloid 


The curve produced by a small CIRCLE of Rapius b 
rolling around the inside of a large CIRCLE of RADIUS 
a> b. A hypocycloid is a HYPOTROCHOID with h = 
b. To derive the equations of the hypocycloid, call the 
ANGLE by which a point on the small CIRCLE rotates 
about its center 0, and the ANGLE from the center of 
the large CIRCLE to that of the small CIRCLE ¢. Then 


(a — b)b = b9, (1) 


so 


= d. (2) 


Call p = a— 2b. If x(0) = p, then the first point is 
at minimum radius, and the Cartesian parametric equa- 
tions of the hypocycloid are 


xz = (a— b)cos¢ — bcos8 


= (a ~ b) cos — bcos (= 4) (3) 
y= (a—bd)sing+ bsind 


= (a ~— b)sing + bsin (256). (4) 


If z(0) = a instead so the first point is at maximum ra- 
dius (on the CIRCLE), then the equations of the hypocy- 
cloid are 


2 = (a ~ 6)cos$ + bcos (“= 4) (5) 


y = (a—b)sing — bsin (2—*4) (6) 


An n-cusped non-self-intersecting hypocycloid has 
a/b =n. A 2-cusped hypocycloid is a LINE SEGMENT, 
as can be seen by setting a = 6 in equations (3) and (4) 
and noting that the equations simplify to 


x=asing (7) 
y=0. (8) 


Hypocycloid 


A 3-cusped hypocycloid is called a DELTOID or TRICUS- 
POID, and a 4-cusped hypocycloid is called an ASTROID. 
If a/b is rational, the curve closes on itself and has 6 
cusps. If a/b is IRRATIONAL, the curve never closes and 
fills the entire interior of the CIRCLE. 


n-hypocycloids can also be constructed by beginning 
with the DIAMETER of a CIRCLE, offsetting one end by 
a series of steps while at the same time offsetting the 
other end by steps n times as large in the opposite di- 
rection and extending beyond the edge of the CIRCLE. 
After traveling around the CIRCLE once, an n-cusped 
hypocycloid is produced, as illustrated above (Madachy 
1979). 


Let r be the radial distance from a fixed point. For RA- 
DIUS OF TORSION p and ARC LENGTH s, a hypocycloid 
can given by the equation 


8° +)’ = 1é6r’ (9) 


(Kreyszig 1991, pp. 63-64). A hypocycloid also satisfies 


2 2 2 
+2),  P Geer 
Be gs gee (10) 
where 4 
T 


and w is the ANGLE between the RADIUS VECTOR and 
the TANGENT to the curve. 


The ARC LENGTH of the hypocycloid can be computed 
as follows 


x’ = —(a — b) sing — (a — 6) sin (+s) 
= (a—b) [sino + sin (+e) (12) 
y = (a—b)cosd — (a — b)cos (76) 


= (a —b) [cos @ — cos (*"9)| (13) 
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oy? = (a- b)? [sin? + 2sin @sin (* ; 6) 
b 


augen (+s) + cos? ¢ — 2cos $cos (* = 
vot (2544) 
ees) {2 +2 [sin gin (° - 6) 
-sosen(*54)]} 
= 2(0 — 4)? [1 — cos (o+ 2") 


— 9)?! E = (Fs)| = 4(a — 6) sin? (=) ; 
(14) 


so 


ds = \/x'2 + y dé = 2(a — b)sin (+) dd (15) 


for @ < (b/2a)7. Integrating, 


s(¢) = is ds = 2(a — b) [-2 cos (2)]° 
= #28 om ($9) #1 


a 


= et) sin? ($9) : (16) 


The length of a single cusp is then 
8 (272) = 8b(a — b) sin? (5) = 8b(a — db) (17) 
a a 2 a 


If n = a/b is rational, then the curve closes on itself 
without intersecting after n cusps. For n = a/b and 
with x(0) = a, the equations of the hypocycloid become 


r= Thin — 1) cos ¢ — cos[(n — 1)g]a, (18) 


y==[(n-1)sing +sinl(n—1)¢Ja, (19) 
and 
ee nSb(on— 0) = 88(n — 1) = soln Y. (20) 
Compute 


a-b 


zy’ — ya’ = [a — b) cos 4 + bcos ( 6)| (b—a) 
x [sind + sin (*>"s)] 
— l(a - b) sin @ — bsin (**s)| (a — b) 


x [cos ¢ — cos (* 6) | 


= 2(a? — 3ab + 267) sin? (3) (21) 


2b 
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The AREA of one cusp is then 


2nb/a 
i (xy' — ya") do 
0 


at — bsin | is 


A= 


rere 


ll 


2a 


= (a” — 3ab + 2b”) pe 


_ b(a? — 3ab+ 2b) 
a 


(a? — 3ab + 267) | 


a 


(22) 


If n = a/b is rational, then after n cusps, 


a 2 a a? 
2_ 952 2(a — 3a% +25 ) 
An = eee Sab ) =nqr 
a 


_« eanrd ee eee (23) 
n n 


The equation of the hypocycloid can be put in a form 
which is useful in the solution of CALCULUS OF VARI- 
ATIONS problems with radial symmetry. Consider the 
case z(0) = p, then 


Party 
= [(2 — 8)? cos? ¢ — 2(a — b)bcos pcos ( ; 4) 
+ B? cos” (*"e) 
4+(a — b)? sin? 6 + 2(a — b)bsin dsin (* ; 6) 
ww ($54) 
= {(a—b)* +b’ — 2(a— b)b 
x [eos # cos (*9) — sin dsin (*)]} 


= (a —b)? +B — 2(a — b)bcos (59). (24) 


But p = a — 26, so b = {a — p)/2, which gives 


(a — 6)? +0? =(a~ $(a—p))? + (a — a)? 
= [3(a + p))’ + [3 (a — p)]? 
= }(a’ + 2ap +p? +a” — 2ap + p”) 
= 3(a° +p”) (25) 


2(a — b)b = 2[a — 3(a ~ p)]3(a~ p) 
= }(a+p)(a~p) = 4(a?— 9). (26) 


Now let i 
20t= 3” (27) 


so 


_a-p 
$= —*ut (28) 


Hypocycloid 


then 
r= 2(a? +p) - 1(q? — p’) cos ($4) 
= 1(a? tp y= i(a? — p”) cos(2Mt). (30) 
The POLAR ANGLE is 


= (a — b) sing + bsin (* ab 9) 


~ (a ~ b)cos¢ — bcos (224) : GY) 


But 


(a — p) (32) 
(a+ p) (33) 


= ’ (34) 


so 


}(a +p) sing + $(a ~ p)sin (S424) 
(a + p) sin (#20) + (a - p)sin (24208) 
(a + p) cos (s=e2t) — (a — p) cos (s#208) 

a [sin (2240) + sin (#208) ] 

+p [sin (*2#0t) — sin (22204) | 

a (cos (25208) — cos (stent) 

+p [cos (232.0) + cos (ste0¢) | 


2a sin(Qt) cos (22) ~ 2pcos(N¢t) sin (20t) 


tané = 


2a sin(Qt) sin (zat + 2pcos(Nt) cos (2 nt) 


(35) 


) 
atan(Mt) — ptan (gor) 
atan(Qt) tan (22t) +p 


Computing 


[a tan(Me) — ptan (208) + tan (228) | 

= (« 7 ea) x [a tan(Qt) tan (20) + | 
a [a tan(@t) tan (£2) + | 

= [2 tan(t) — ptan (ent) | tan (zat) 


a tan(Mt) [1 + tan? (z0¢)| 
p [2 + tan? (ent)] 


= ; tan(Qt), (36) 


then gives 


§ = tan?! E tan(ae) es Pat. (37) 
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Finally, plugging back in gives 


= tan? E tan (49) era (38) 


This form is useful in the solution of the SPHERE WITH 
TUNNEL problem, which is the generalization of the 
BRACHISTOCHRONE PROBLEM, to find the shape of a 
tunnel drilled through a SPHERE (with gravity varying 
according to Gauss’s law for gravitation) such that the 
travel time between two points on the surface of the 
SPHERE under the force of gravity is minimized. 


see also CYCLOID, EPICYCLOID 
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Hypocycloid—-3-Cusped 
see DELTOID 


Hypocycloid—4-Cusped 
see ASTROID 


Hypocycloid Evolute 


\\ 
yy 
Ny 
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For 2(0) = a, 


i) 
=*)) 


a a 
oop [(@ — B) cos 4 — beos ( 


a 


y= [(a—6)sing + bsin (4 


a — 2b 
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If a/b = n, then 


r= I(r — 1)cos ¢ — cos[(n — 1)d]a 
y= = = 5l(n — 1) sin ¢ + sin{(n - 1)¢)a. 


This is just the original HyPOCYCLOID scaled by the 
factor (n — 2)/n and rotated by 1/(2n) of a turn. 


Hypocycloid Involute 
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The HypocycLoip 


a 


ty [(a — 8) cos @ — bcos (*=*4)| 


v= gy [lens +a (25%) 


has INVOLUTE 


r= a [(a 8) cos + bcos (*5*6)] 


y= 2-2 [(a- b) sin ¢ — bsin (*~*s)] ’ 


which is another HYPOCYCLOID. 


Hypocycloid Pedal Curve 
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The PEDAL CURVE for a PEDAL POINT at the center is 
a ROSE. 
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Hypoellipse 


njm 


z 
-—c=0, 


yl +0|2 
a 


with n/m < 2. If n/m > 2, the curve is a HYPEREL- 
LIPSE. 


see also ELLIPSE, HYPERELLIPSE, SUPERELLIPSE 
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Hypotenuse 
The longest LEG of a RIGHT TRIANGLE (which is the 
side opposite the RIGHT ANGLE). 


Hypothesis 

A proposition that is consistent with known data, but 
has been neither verified nor shown to be false. It is 
synonymous with CONJECTURE. 


see also BOURGET’S HYPOTHESIS, CHINESE HYPOTH- 
ESIS, CONTINUUM HYPOTHESIS, HYPOTHESIS TEST- 
ING, NESTED HYPOTHESIS, NULL HYPOTHESIS, POSTU- 
LATE, RAMANUJAN’S HYPOTHESIS, RIEMANN HYPOTH- 
ESIS, SCHINZEL’S HYPOTHESIS, SOUSLIN’S HYPOTHESIS 


Hypothesis Testing 
The use of statistics to determine the probability that a 
given hypothesis is true. 


see also BONFERRONI CORRECTION, ESTIMATE, FISHER 
SIGN TEST, PAIRED t-TEST, STATISTICAL TEST, TYPE 
I Error, TYPE II ERROR, WILCOXON SIGNED RANK 
TEST 
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Hypotrochoid 


Hyzer’s Illusion 


The ROULETTE traced by a point P attached to a Cir- 
CLE of radius b rolling around the inside of a fixed Cir- 
CLE of radius a. The parametric equations for a hy- 
potrochoid are 


z= ncost + hcos (72) (1) 
. _ (n 
y = nsint — hsin (#2), (2) 


where n = a — 6 and h is the distance from P to the 
center of the rolling CIRCLE. Special cases include the 
HYPOCYCLOID with h = 6, the ELLIPSE with a = 20, 
and the ROSE with 


2nh 
a as (3) 
_(n—1)h 
b= a (4) 


see also EPITROCHOID, HYPOCYCLOID, SPIROGRAPH 
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Hypotrochoid Evolute 


The EvoLuTE of the HYPOTROCHOID is illustrated 
above. 


Hyzer’s Illusion 
see FREEMISH CRATE 


I 


4 

The IMAGINARY NUMBER i is defined as i = /—1. How- 
ever, for some reason engineers and physicists prefer the 
symbol j to i. Numbers of the form z = x + iy where 
x and y are REAL NUMBERS are called COMPLEX NUM- 
BERS, and when z is used to denote a COMPLEX NUM- 
BER, it is sometimes (in older texts) called an “AFFIX.” 


The SQUARE ROOT of 7 is 


ogee 
Vi=t—e (1) 
[F049] = 2(i? + 2641) =i. (2) 


This can be immediately derived from the EULER FOR- 
MULA with 2 = 7/2, 


p= eit /2 (3) 
Vi = Veit? = ei /4 = 1 snip, _ it? 
i= Ve =e = cos(¢7) + tsin(¢7) = ee 
(4) 
The PRINCIPAL VALUE of 7° is 
: . : -2 
it = (e'7/?)' =e? */? = e-*/? = 0.207879.... (5) 


see also COMPLEX NUMBER, IMAGINARY IDENTITY, 
IMAGINARY NUMBER, REAL NUMBER, SURREAL NUM- 
BER 
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Courant, R. and Robbins, H. What is Mathematics?: An El- 
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I 
see L 


I-Signature 
see SIGNATURE (RECURRENCE RELATION) 


Iamond 
see POLYIAMOND 
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Ice Fractal 


ria eee 


A FRACTAL (square, triangle, etc.) based on a simple 
generating motif. The above plots show the ice triangle, 
antitriangle, square, and antisquare. The base curves 
and motifs for the fractals illustrated above are shown 


see also FRACTAL 
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1991. 


 Weisstein, E. W. “Fractals.” http://www.astro.virginia. 
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Icosagon 
A 20-sided POLYGON. The SWASTIKA is an irregular 
icosagon. 


see also SWASTIKA 


Icosahedral Equation 
Hunt (1996) gives the “dehomogenized” icosahedral 
equation as 


[(z?° + 1) — 228(z*® — 2°) + 49421°)3 
4+1728uz*(z*° 4+ 112° — 1) = 0. 


884 Icosahedral Graph 
Other forms include 


I(u,v, Z) = uPv? (wu? + 11uev® — v7)? 
—[u8? + v89 — 10005(u7° v2? + uv?) 
+522(u?5v°® — u°v?5)|?Z =0 


and 


I(z,1,Z) = 2°(-14 112° + 2")? 
~[1 + 2° — 10005(2*° + 27°) + 522(—2° + 2°))?Z = 0. 


References 
Hunt, B. The Geometry of Some Special Arithmetic Quo- 
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Icosahedral Graph 


A POLYHEDRAL GRAPH. 


see also CUBICAL GRAPH, DODECAHEDRAL GRAPH, 
OCTAHEDRAL GRAPH, TETRAHEDRAL GRAPH 


Icosahedral Group 

The Group {, of symmetries of the ICOSAHEDRON and 
DODECAHEDRON. The icosahedral group consists of the 
symmetry operations E, 12Cs, 12C?, 20C3, 15C2, i, 
12510, 125%,, 2056, and 15a (Cotton 1990). 


see also DODECAHEDRON, ICOSAHEDRON, OCTAHEDRAL 
GROUP, TETRAHEDRAL GROUP 
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Icosahedron 


A PLATONIC SOLID (Ps) with 12 VERTICES, 30 EDGEs, 
and 20 equivalent EQUILATERAL TRIANGLE faces 20{3}. 
It is described by the SCHLAFLI SyMBOL {3,5}. It is 
also UNIFORM POLYHEDRON U22 and has WYTHOFF 
SYMBOL 5|23. The icosahedron has the ICOSAHEDRAL 
Group ZI, of symmetries. 


Icosahedron 


A plane PERPENDICULAR to a Cs axis of an icosahedron 
cuts the solid in a regular DECAGONAL CROSS-SECTION 
(Holden 1991, pp. 24-25). 


A construction for an icosahedron with side length a = 


50 — 10\/5/5 places the end vertices at (0,0,+1) and 


the central vertices around two staggered CIRCLES of 
RADII 2/5 and heights +iV5, giving coordinates 


+ (2. V5 cos(2ix), 2/5 sin(2im), } V5) (1) 


for i = 0, 1, ..., 4, where all the plus signs or minus 
signs are taken together. Explicitly, these coordinates 
are 


xt = +(2V5,0, } V5) . (2) 
xp = £(;5(5 - V5), 5V50+ 10V5,2V5) (3) 
xf = +(-3(v5 +5), 4/50 -10V5,2V5) (4) 
x? = +(-3,(v5 — 5), - 34 V50 — 10V5, $5) (5) 
x¢ = +(4(5 — V5),-3V50+10V5,1V5). (6) 
By a suitable rotation, the VERTICES of an icosahe- 
dron of side length 2 can also be placed at (0,+¢, +1), 
(+1,0,+¢), and (+¢,+1,0), where ¢ is the GOLDEN 


RATIO. These points divide the EDGES of an OCTAHE- 
DRON into segments with lengths in the ratio ¢: 1. 


The DUAL POLYHEDRON of the icosahedron is the Do- 
DECAHEDRON. There are 59 distinct icosahedra when 
each TRIANGLE is colored differently (Coxeter 1969). 


To derive the VOLUME of an icosahedron having edge 
length a, consider the orientation so that two VERTICES 
are oriented on top and bottom. The vertical distance 
between the top and bottom PENTAGONAL DIPYRAMIDS 


is then given by 
z= V0? — x, (7) 


=1VBa (8) 


where 


Icosahedron 


“is the height of an ISOSCELES TRIANGLE, and the 
SAGITTA 2 = R’ — 1’ of the pentagon is 


z=thaiv 25 — 10V5a, (9) 


giving 
a? = 1 V5 -2V5a". (10) 


Plugging (8) and (10) into (7) gives 


15-(5~2 
z=a 8 1(5—2V5) =a sel 
— gy | 10+ 2V5 _ 1, / 10+ 2v5 
~ 20 2 5 
= £V504+ 10V5a, (11) 


which is identical to the radius of a PENTAGON of side 
a. The CIRCUMRADIUS is then 


R=h+ iz, (12) 


where 


h=4V50-10V5a (13) 


is the height of a PENTAGONAL DIPYRAMID. Therefore, 
R? = (h+ 2)? 
2.2 
= (4V50- 10V5+ 4V 50+ 10V5)7a 


5 3 . 20 
= (3 - Sgt) ot = 15+ vie (14) 


Taking the square root gives the CIRCUMRADIUS 
R=1/1(5+ V5)a=1V 10+ 2V5a ~ 0.951052. 


(15) 
The INRADIUS is 


r= £(3V3 + V15 )a = 0.75576a. (16) 
The square of the INTERRADIUS is 


p= (32) + 2 
[ 


(2)(;4;)(50 + 10V5 ) + 545 (25 + 10V5 )]a? 


4(3+ V5)a*, (17) 


50 


p=1/3(3+V5)a=1(1+V5)a ~0.80901a. (18) 


The AREA of one face is the AREA of an EQUILATERAL 
TRIANGLE 
A= ta’ V3. (19) 
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The volume can be computed by taking 20 pyramids of 
height r 


V = 20((2 A)r] = 2033 V3 072 (3V3 4 V15)a 
= £(3+ v5)a*. (20) 


Apollonius showed that 


Vicosahedron ay 


Aicosahedron 
= (21) 
Vaodecahedron Adodecahedron 


where V is the volume and A the surface area. 


see also AUGMENTED TRIDIMINISHED ICOSAHEDRON, 

DECAGON, DODECAHEDRON, GREAT ICOSAHEDRON, 

ICOSAHEDRON 

STELLATIONS, METABIDIMINISHED ICOSAHEDRON, TRI- 

DIMINISHED ICOSAHEDRON, TRIGONOMETRY VALUES— 

w/5 
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Icosahedron Stellations 
Applying the STELLATION process to the ICOSAHEDRON 
gives 


20 + 30 + 60 + 20 + 60 + 120 + 12 + 30 + 60 + 60 


cells of ten different shapes and sizes in addition to the 
ICOSAHEDRON itself. After application of five restric- 
tions due to J. C. P. Miller to define which forms should 
be considered distinct, 59 stellations are found to be 
possible. Miller’s restrictions are 


1. The faces must lie in the twenty bounding planes of 
the icosahedron. 


2. The parts of the faces in the twenty planes must be 
congruent, but those parts lying in one place may be 
disconnected. 


3. The parts lying in one plane must have threefold 
rotational symmetry with or without reflections. 


4. All parts must be accessible, i.e., lie on the outside 
of the solid. 


5. Compounds are excluded that can be divided into 
two sets, each of which has the full symmetry of the 
whole. 


Of these, 32 have full icosahedral symmetry and 27 are 
ENANTIOMERIC forms. Four are POLYHEDRON COM- 
POUNDS, one is a KEPLER-POINSOT SOLID, and one is 
the DUAL POLYHEDRON of an ARCHIMEDEAN SOLID. 
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The only STELLATIONS of PLATONIC SOLIDS which are 
UNIFORM POLYHEDRA are the three DODECAHEDRON 
STELLATIONS the GREAT ICOSAHEDRON (stellation # 
11). 


nm |name 

1 | icosahedron 

2 | triakisicosahedron 

3 | octahedron 5-compound 
4 | echidnahedron 

11 | great icosahedron 

18 | tetrahedron 10-compound 

20 | deltahedron-60 

tetrahedron 5-compound 


Icosahedron Stellations 


Icosahedron Stellations 


58 59 


see also ARCHIMEDEAN SOLID STELLATION, DODECA- 
HEDRON STELLATIONS, STELLATION 
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Icosian Game 

The problem of finding a HAMILTONIAN CIRCUIT along 
the edges of an ICOSAHEDRON, i.e., a path such that 
every vertex is visited a single time, no edge is visited 
twice, and the ending point is the same as the starting 
point. 


see also HAMILTONIAN CIRCUIT, ICOSAHEDRON 
References 
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Icosidodecadodecahedron 


The UNIFORM POLYHEDRON U44 whose DUAL POLY- 
HEDRON is the MEDIAL ICOSACRONIC HEXECONTAHE- 
DRON. It has WYTHOFF SYMBOL 35|3. Its faces are 
20{6} + 12{$}+12{5}. Its CIRCUMRADIUS for unit edge 


length is 
R=iv7. 
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Icosidodecahedron 


An ARCHIMEDEAN SOLID whose DUAL POLYHEDRON is 
the RHOMBIC TRIACONTAHEDRON. It is one of the two 
convex QUASIREGULAR POLYHEDRA and has SCHLAFLI 
SYMBOL eae It is also UNIFORM POLYHEDRON Uo24 
and has WYTHOFF SYMBOL 2|35. Its faces are 20{3}+ 
12{5}. The VERTICES of an icosidodecahedron of 
EDGE length 2677 are (+2,0,0), (0,+2,0), (0,0,+2), 
(£1, £97", +1), (£1,4¢,4¢7"), (4¢7",+1,4¢). The 
30 VERTICES of an OCTAHEDRON 5-COMPOUND form an 
icosidodecahedron (Ball and Coxeter 1987). FACETED 
versions include the SMALL ICOSIHEMIDODECAHEDRON 
and SMALL DODECAHEMIDODECAHEDRON. 


The faces of the icosidodecahedron consist of 20 trian- 
gles and 12 pentagons. Furthermore, its 60 edges are bi- 
sected perpendicularly by those of the reciprocal RHOM- 
BIC TRIACONTAHEDRON (Ball and Coxeter 1987). 


The INRADIUS, MIDRADIUS, and CIRCUMRADIUS for 
unit edge length are 


r= 1(5+3V5) = 1.46353 
p=ivV5+2Vv5 ~ 1.53884 
R=(1+ V5) = @ © 1.61803. 


see also ARCHIMEDEAN SOLID, GREAT ICOSIDODECA- 
HEDRON, QUASIREGULAR POLYHEDRON, SMALL ICOSI- 
HEMIDODECAHEDRON, SMALL DODECAHEMIDODECA- 
HEDRON 
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Icosidodecahedron Stellation 

The first stellation is a DODECAHEDRON-ICOSAHEDRON 
COMPOUND. 

References 


Wenninger, M. J. Polyhedron Models. Cambridge, England: 
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Icosidodecatruncated Icosidodecahedron 
see ICOSITRUNCATED DODECADODECAHEDRON 


Ideal 


Icositruncated Dodecadodecahedron 


The UNIFORM POLYHEDRON U4,s5 also called the 
ICOSIDODECATRUNCATED ICOSIDODECAHEDRON whose 
DUAL POLYHEDRON is the TRIDYAKIS IGOSAHEDRON. 
It has WYTHOFF SYMBOL 3 2 5|. Its faces are 20{6} + 
12{10}+12{42}. Its CIRCUMRADIUS for unit edge length 
1s 

R= 2. 


References 
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Ida Surface 
A 3-D shadow of a 4-D KLEIN BOTTLE. 


see also KLEIN BOTTLE 
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Ideal 

A subset J of elements in a RING R which forms an 
additive GROUP and has the property that, whenever x 
belongs to R and y belongs to J, then ry and yz belong 
to I. For example, the set of EVEN INTEGERS is an ideal 
in the RING of INTEGERS. Given an ideal J, it is possible 
to define a FAcTor RING R/T. 


An ideal may be viewed as a lattice and specified as the 
finite list of algebraic integers that form a basis for the 
lattice. Any two bases for the same lattice are equiva- 
lent. Ideals have multiplication, and this is basically the 
Kronecker product of the two bases. 


For any ideal /, there is an ideal J; such that 
Ii; = 2, 


where z is a PRINCIPAL IDEAL, (i.e., an ideal of rank 
1). Moreover there is a finite list of ideals J, such that 
this equation may be satisfied for every I. The size of 
this list is known as the CLASS NUMBER. In effect, the 
above relation imposes an EQUIVALENCE RELATION on 
ideals, and the number of ideals modulo this relation 
is the class number. When the CLASS NUMBER is 1, 
the corresponding number RING has unique factoriza- 
tion and, in a sense, the class number is a measure of 
the failure of unique factorization in the original number 
ring. 


Ideal Number 


Dedekind (1871) showed that every NONZERO ideal in 
the domain of INTEGERS of a FIELD is a unique product 
of PRIME IDEALS. 


see also CLASS NUMBER, DIVISOR THEORY, IDEAL 
NUMBER, MAXIMAL IDEAL, PRIME IDEAL, PRINCIPAL 
IDEAL 


References 
Malgrange, B. Ideals of Differentiable Functions. London: 
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Ideal Number 

A type of number involving the RoOTs OF UNITY which 
was developed by Kummer while trying to solve FER- 
MAT’S LAST THEOREM. Although factorization over the 
INTEGERS is unique (the FUNDAMENTAL THEOREM OF 
ALGEBRA), factorization is not unique over the COM- 
PLEX NUMBERS. Over the ideal numbers, however, fac- 
torization in terms of the COMPLEX NUMBERS becomes 
unique. Ideal numbers were so powerful that they were 
generalized by Dedekind into the more abstract IDEALS 
in general RINGS which are a key part of modern ab- 
stract ALGEBRA. 


see also DIVISOR THEORY, FERMAT’S LAST THEOREM, 
IDEAL 


Ideal (Partial Order) 

An ideal I of a PARTIAL ORDER P is a subset of the 
elements of P which satisfy the property that if y € I 
and xz < y, then z € I. For k disjoint chains in which the 
ith chain contains n; elements, there are (1 + m1)(1 + 
n2)::-(1+ nx) ideals. The number of ideals of a n- 
element FENCE POSET is the FIBONACCI NUMBER Fy. 


References 

Ruskey, F. “Information on Ideals of Partially Ordered 
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Ideal Point 

A type of POINT AT INFINITY in which parallel lines 
in the HYPERBOLIC PLANE intersect at infinity in one 
direction, while diverging from one another in the other. 


see also HYPERPARALLEL 


Idele 

The multiplicative subgroup of all elements in the prod- 
uct of the multiplicative groups k whose absolute value 
is 1 at all but finitely many v, where k is a number FIELD 
and v a PLACE. 


see also ADELE 
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Idemfactor 
see DYADIC 
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Idempotent ; 
An OPERATOR A such that A? = A or an element of an 
ALGEBRA & such that 2? = a. 


see also AUTOMORPHIC NUMBER, BOOLEAN ALGEBRA, 
GROUP, SEMIGROUP 


Identity 
An identity is a mathematical relationship equating one 
quantity to another (which may initially appear to be 
different). 


see also ABEL’S IDENTITY, ANDREWS-SCHUR IDEN- 
TIry, BAC-CAB IDENTITY, BEAUZAMY AND DE- 
GOT’sS IDENTITY, BELTRAMI IDENTITY, BIANCHI IDEN- 
TITIES, BOCHNER IDENTITY, BRAHMAGUPTA IDEN- 
TITY, CASSINI’S IDENTITY, CAUCHY-LAGRANGE IDEN- 
TITY, CHRISTOFFEL-DARBOUX IDENTITY, CHU-VAN- 
DERMONDE IDENTITY, DE MOIVRE’S IDENTITY, Dou- 
GALL-RAMANUJAN IDENTITY, EULER FOUR-SQUARE 
IDENTITY, EULER IDENTITY, EULER POLYNOMIAL 
IDENTITY, FERRARI’S IDENTITY, FIBONACCI IDENTITY, 
FROBENIUS TRIANGLE IDENTITIES, GREEN’S IDENTI- 
TIES, HYPERGEOMETRIC IDENTITY, IMAGINARY IDEN- 
TITY, JACKSON’S IDENTITY, JACOBI IDENTITIES, JA- 
COBI’S DETERMINANT IDENTITY, LAGRANGE’S IDEN- 
TITY, LE Cam’s IDENTITY, LEIBNIZ IDENTITY, LIoU- 
VILLE POLYNOMIAL IDENTITY, MATRIX POLYNOMIAL 
IDENTITY, MORGADO IDENTITY, NEWTON’S IDENTI- 
TIES, QUINTUPLE PRODUCT IDENTITY, RAMANUJAN 
6-10-8 IDENTITY, RAMANUJAN CoS/COSH IDENTITY, 
RAMANUJAN’S IDENTITY, RAMANUJAN’S SUM IDEN- 
TITY, REZNIK’S IDENTITY, ROGERS-RAMANUJAN IDEN- 
TITIES, SCHAAR’S IDENTITY, STREHL IDENTITY, SYL- 
VESTER’S DETERMINANT IDENTITY, TRINOMIAL IDEN- 
TITY, VISIBLE POINT VECTOR IDENTITY, WATSON 
QUINTUPLE PRODUCT IDENTITY, WORPITZKY’S IDEN- 
TITY 


Identity Element 

The identity element I (also denoted E, e, or 1) of 
a GROUP or related mathematical structure S is the 
unique elements such that JA = AI = I for every ele- 
ment A € S. The symbol “Z” derives from the German 
word for unity, “Einheit.” 


see also BINARY OPERATOR, GROUP, INVOLUTION 
(GrRouP), MONOID 
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Im[ident z] 


Re(Ident z] 


The function f(x) = x which assigns every REAL Num- 
BER x to the same REAL NUMBER z. It is identical to 
the IDENTITY MAP. 


Identity Map 
The Map which assigns every REAL NUMBER to the 
same REAL NUMBER idp. It is identical to the IDEN- 
TITY FUNCTION. 


Identity Matrix 
The identity matrix is defined as the MATRIX 1 (or 1) 
such that 

(X)=X 


for all VECTORS X. The identity matrix is 
Tz = 63; 


for i,j = 1,2, ..., n, where 6;; is the KRONECKER 
DELTA. Written explicitly, 


1 0 -:. 0 
01 --- O 
ss eee : 
0 0 1 


Identity Operator 
The OPERATOR I which takes a REAL NUMBER to the 
same REAL NUMBER Ir = r. 


see also IDENTITY FUNCTION, IDENTITY MAP 


Idoneal Number 

A POSITIVE value of D for which the fact that a number 
is a MONOMORPH (i.e., the number is expressible in only 
one way as x*+ Dy? or x? — Dy” where x” is RELATIVELY 
PRIME to Dy’) guarantees it to be a PRIME, POWER 
of a PRIME, or twice one of these. The numbers are 
also called EULER’S IDONEAL NUMBERS, or SUITABLE 
NUMBERS. 


The 65 idoneal numbers found by Gauss and Euler and 
conjectured to be the only such numbers (Shanks 1969) 
are 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 15, 16, 18, 21, 
22, 24, 25, 28, 30, 33, 37, 40, 42, 45, 48, 57, 58, 60, 70, 
72, 78, 85, 88, 93, 102, 105, 112, 120, 130, 133, 165, 168, 
177, 190, 210, 232, 240, 253, 273, 280, 312, 330, 345, 
357, 385, 408, 462, 520, 760, 840, 1320, 1365, and 1848 
(Sloane’s A000926). 
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Illusion 


iff 

If and only if (i.e, NECESSARY and SUFFICIENT). The 
terms “JusT IF” or “EXACTLY WHEN” are sometimes 
used instead. A iff B is written symbolically as A 4 B. 
A iff B is also equivalent to A > B, together with B > 
A, where the symbol => denotes “IMPLIES.” 


J. H. Conway believes that the word originated with 
P. Halmos and was transmitted through Kelley (1975). 
Halmos has stated, “To the best of my knowledge, I 
DID invent the silly thing, but I wouldn’t swear to it in 
a court of law. So there—give me credit for it anyway” 
(Asimov 1997). 


see also EQUIVALENT, EXACTLY ONE, IMPLIES, NECES- 
SARY, SUFFICIENT 
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Ill-Conditioned 
A system is ill-conditioned if the CONDITION NUMBER 
is too large (and singular if it is INFINITE). 


see also CONDITION NUMBER 


Illumination Problem 
In the early 1950s, Ernst Straus asked 


1. Is every POLYGONAL region illuminable from every 
point in the region? 

2. Is every POLYGONAL region illuminable from at least 
one point in the region? 

Here, illuminable means that there is a path from every 

point to every other by repeated reflections. Tokarsky 

(1995) showed that unilluminable rooms exist in the 

plane and 3-D, but question (2) remains open. The 

smallest known counterexample to (1) in the PLANE has 

26 sides. 


see also ART GALLERY THEOREM 
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Tllusion 

An object or drawing which appears to have properties 
which are physically impossible, deceptive, or counter- 
intuitive. 

see also BENHAM’S WHEEL, FREEMISH CRATE, GOB- 
LET ILLUSION, HERMANN GRID ILLUSION, HERMANN- 
HERING ILLUSION, HyYZER’s ILLUSION, IMPOSSIBLE 
FIGURE, IRRADIATION ILLUSION, KANIZSA TRIAN- 
GLE, MULLER-LYER ILLUSION, NECKER CUBE, ORBI- 
SON’S ILLUSION, PARALLELOGRAM ILLUSION, PENROSE 


Image 


STAIRWAY, POGGENDORFF ILLUSION, PONZO’S ILLU- 
SION, RABBIT-DUCK ILLUSION, TRIBAR, VERTICAL- 
HORIZONTAL ILLUSION, YOUNG GIRL-OLD WOMAN IL- 
LUSION, ZOLLNER’S ILLUSION 
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Image 
see RANGE (IMAGE) 


Imaginary Identity 


see t 


Imaginary Number 

A COMPLEX NUMBER which has zero REAL PART, so 
that it can be written as a REAL NUMBER multiplied by 
the “imaginary unit” 7 (equal to /—1). 

see also COMPLEX NUMBER, GALOIS IMAGINARY, 
GAUSSIAN INTEGER, i, REAL NUMBER 
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Imaginary Part 

The imaginary part S of a COMPLEX NUMBER z = x+iy 
is the REAL NUMBER multiplying 7, so S[z+ iy] = y. In 
terms of z itself, 


where z* is the COMPLEX CONJUGATE of z. 


see also ABSOLUTE SQUARE, COMPLEX CONJUGATE, 
REAL PART 
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Imaginary Point 
A pair of values ¢ and y one or both of which is CoM- 
PLEX. 
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Imaginary Quadratic Field 
A QUADRATIC FIELD Q(VD) with D < 0. 


see also QUADRATIC FIELD 


Immanant 

For ann xn matrix, let S denote any permutation é€1, e2, 
... €n of the set of numbers 1, 2, ..., n, and let x) (S) 
be the character of the symmetric group corresponding 
to the partition (A). Then the immanant |amn|™ is 


defined as 
lazaal*™? = S2 x (S)Ps 


where the summation is over the n! permutations of the 
SYMMETRIC GROUP and 


P= Q1e, A2en °** Ane: 


see also DETERMINANT, PERMANENT 
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Immersed Minimal Surface 


see ENNEPER’S SURFACES 


Immersion 

A special nonsingular Map from one MANIFOLD to an- 
other such that at every point in the domain of the map, 
the DERIVATIVE is an injective linear map. This is equiv- 
alent to saying that every point in the DOMAIN has a 
NEIGHBORHOOD such that, up to DIFFEOMORPHISMS of 
the TANGENT SPACE, the map looks like the inclusion 
map from a lower-dimensional EUCLIDEAN SPACE to a 
higher-dimensional EUCLIDEAN SPACE. 


see also BOY SURFACE, EVERSION, SMALE-HIRSCH 
THEOREM 
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Impartial Game 

A GAME in which the possible moves are the same for 
each player in any position. All positions in all impartial 
GAMES form an additive ABELIAN GROUP. For impar- 
tial games in which the last player wins (normal form 
games), the nim-value of the sum of two GAMES is the 
nim-sum of their nim-values. If the last player loses, the 
GAME is said to be in misére form and the analysis is 
much more difficult. 


see also FAIR GAME, GAME, PARTISAN GAME 


Implicit Function 

A function which is not defined explicitly, but rather is 
defined in terms of an algebraic relationship (which can 
not, in general, be “solved” for the function in question). 
For example, the ECCENTRIC ANOMALY E of a body 
orbiting on an ELLIPSE with ECCENTRICITY e is defined 
implicitly in terms of the mean anomaly M by KEPLER’S 
EQUATION 

M=FE-esinE. 


Implicit Function Theorem 
Given 
Fi (x,y, Zz, u,v, w) =0 


F(x, y, Z, u,v, w) = 0 
F3(x,y,2, u,v, w) = 0, 
if the JACOBIAN 


O( Fi, F2, F3) 
JF(u,v,w) = "+ #0 
(yas) O(u, v,w) no 
then u, v, and w can be solved for in terms of 2, y, and 
z and PARTIAL DERIVATIVES of u, v, w with respect to 
x, y, and z can be found by differentiating implicitly. 


More generally, let A be an OPEN SET in R”** and let 
f :A-—- R" bea C” FUNCTION. Write f in the form 
f(x,y), where x and y are elements of IR*® and R®. Sup- 
pose that (a, 6) is a point in A such that f(a, b) = 0 and 
the DETERMINANT of the n x n MATRIX whose elements 
are the DERIVATIVES of the n component FUNCTIONS of 
f with respect to the n variables, written as y, evalu- 
ated at (a,b), is not equal to zero. The latter may be 
rewritten as 


rank(Df(a,b)) =n. 


Then there exists a NEIGHBORHOOD B of a in R* and 
a unique C” FUNCTION g: B > R” such that g(a) = b 
and f(z, 9(x)) = 0 for all a € B. 


see also CHANGE OF VARIABLES THEOREM, JACOBIAN 
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Reading, MA: 


Improper Integral 


Implies 

The symbol = means “implies” in the mathematical 
sense. Let A be true. If this implies that B is also true, 
then the statement is written symbolically as A > B, 
or sometimes A C B. If AS Band B= A (ie, A> 
BAB = A), then A and B are said to be EQUIVALENT, 


a relationship which is written symbolically as A = B 
or A= B. 


see also EQUIVALENT 


Impossible Figure 
A class of ILLUSION in which an object which is physi- 
cally unrealizable is apparently depicted. 


see also FREEMISH CRATE, HOME PLATE, ILLUSION, 
NECKER CUBE, PENROSE STAIRWAY, TRIBAR 


References 

Cowan, T. M. “The Theory of Braids and the Analysis of 
Impossible Figures.” J. Math. Psych. 11, 190-212, 1974. 

Cowan, T. M. “Supplementary Report: Braids, Side Seg- 
ments, and Impossible Figures.” J. Math. Psych. 16, 
254-260, 1977. 

Cowan, T. M. “Organizing the Properties of Impossible Fig- 
ures.” Perception 6, 41-56, 1977. 

Cowan, T. M. and Pringle, R. “An Investigation of the 
Cues Responsible for Figure Impossibility.” J. Eaper. 
Psych. Human Perception Performance 4, 112-120, 1978. 

Ernst, B. Adventures with Impossible Figures. Stradbroke, 
England: Tarquin, 1987. 

Harris, W. F. “Perceptual Singularities in Impossible Pic- 
tures Represent Screw Dislocations.” South African J. Sci. 
69, 10-13, 1973. 

Fineman, M. The Nature of Visual Illusion. New York: 
Dover, pp. 119-122, 1996. 

Jablan, S. “Impossible Figures.” http://members.tripod. 
com/~-modularity/impos.htm and “Are Impossible Figures 
Possible?” http: //members.tripod.com/~modularity/ 
kulpa.htm. 

Kulpa, Z. “Are Impossible Figures Possible?” Signal Pro- 
cessing 5, 201-220, 1983. 

Kulpa, Z. “Putting Order in the Impossible.” Perception 16, 
201-214, 1987. 

Sugihara, K. “Classification of Impossible Objects.” Percep- 
tion 11, 65-74, 1982. 

Terouanne, E. “Impossible Figures and Interpretations of 
Polyhedral Figures.” J. Math. Psych. 27, 370-405, 1983. 

Terouanne, BE. “On a Class of ‘Impossible’ Figures: A New 
Language for a New Analysis.” J. Math. Psych. 22, 24-47, 
1983. 

Thro, E. B. “Distinguishing Two Classes of Impossible Ob- 
jects.” Perception 12, 733-751, 1983. 

Wilson, R. “Stamp Corner: Impossible Figures.” Math. In- 
tell. 13, 80, 1991. 


Impredicative 
Definitions about a SET which depend on the entire SET. 


Improper Integral 

An INTEGRAL which has either or both limits INFINITE 
or which has an INTEGRAND which approaches INFINITY 
at one or more points in the range of integration. 


see also DEFINITE INTEGRAL, INDEFINITE INTEGRAL, 
INTEGRAL, PROPER INTEGRAL 


Improper Node 
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Improper Node 
A FIXED POINT for which the STABILITY MATRIX has 
equal nonzero EIGENVECTORS. 


see also STABLE IMPROPER NODE, UNSTABLE IM- 
PROPER NODE 


Improper Rotation 

The SYMMETRY OPERATION corresponding to a a Ro- 
TATION followed by an INVERSION OPERATION, also 
called a ROTOINVERSION. This operation is denoted 7 
for an improper rotation by 360°/n, so the CRYSTAL- 
LOGRAPHY RESTRICTION gives only 1, 2, 3, 4, 6 for 
crystals. The MIRROR PLANE symmetry operation is 
(x,y,z) — (a, y, —z), etc., which is equivalent to 2. 


Impulse Pair 


x 
-1/2 1/2 


The even impulse pair is the FOURIER TRANSFORM of 
cos(mrk), 


I(x) = $6(@ + £) + $6(x — 3). (1) 
It satisfies 
II(x) * f(x) = 3f(x@ + 3) + $f (z- 3), (2) 


where * denotes CONVOLUTION, and 


i Il(x) dx = 1. (3) 


co 


1/2 
-1/2 


The odd impulse pair is the FOURIER TRANSFORM of 
isin(7s), 


Iy(z) = 56(a + 3) - 16(a - 3). (4) 
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Impulse Symbol 
Bracewell’s term for the DELTA FUNCTION. 


see also IMPULSE PAIR 
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In-and-Out Curve 


A curve created by starting with a circle, dividing it into 
six arcs, and flipping three alternating arcs. The process 
is then repeated an infinite number of times. 


Inaccessible Cardinal 

An inaccessible cardinal is a CARDINAL NUMBER which 
cannot be expressed in terms of a smaller number of 
smaller cardinals. 


Inaccessible Cardinals Axiom 
see also LEBESGUE MEASURABILITY PROBLEM 


Inadmissible 
A word or string which is not ADMISSIBLE. 


Incenter 

The center J of a TRIANGLE’S INCIRCLE. It can be found 
as the intersection of ANGLE BISECTORS, and it is the 
interior point for which distances to the sidelines are 
equal. Its TRILINEAR COORDINATES are 1:1:1. The 
distance between the incenter and CIRCUMCENTER is 
/ R(R — 2r). 


The incenter lies on the EULER LINE only for an Isos- 
CELES TRIANGLE. It does, however, lie on the SODDY 
LINE. For an EQUILATERAL TRIANGLE, the CIRCUM- 
CENTER O, CENTROID G, NINE-POINT CENTER F’, OR- 
THOCENTER H, and DE LONGCHAMPS POINT Z all co- 
incide with I. 


The incenter and EXCENTERS of a TRIANGLE are an 
ORTHOCENTRIC SYSTEM. The POWER of the incenter 
with respect to the CIRCUMCIRCLE is 


me a1a2a3 
ne ay, + a2 + ag 
(Johnson 1929, p. 190). If the incenters of the TRIAN- 
GLES AA; HoHs, AA2H3 Ai, and AA3Hi He are Xi, Xe, 
and X3, then X2X3 is equal and parallel to I2/3, where 
Hi are the FEET of the ALTITUDES and J; are the in- 
centers of the TRIANGLES. Furthermore, X1, X2, X3, 
are the reflections of J with respect to the sides of the 
TRIANGLE AJ, J2I3 (Johnson 1929, p. 193). 
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If four points are on a CIRCLE (i.e., they are CON- 
CYCLIC), the incenters of the four TRIANGLES form a 
RECTANGLE whose sides are parallel to the lines con- 
necting the middle points of opposite arcs. Furthermore, 
the connectors pass through the center of the RECTAN- 
GLE (Fuhrmann 1890, p. 50; Johnson 1929, pp. 254— 
255). More generally, the 16 incenters and excenters of 
the TRIANGLES whose VERTICES are four points on a 
CIRCLE, are the intersections of two sets of four PARAL- 
LEL lines which are mutually PERPENDICULAR (Johnson 
1929, p. 255). 


see also CENTROID (ORTHOCENTRIC SYSTEM), CIR- 
CUMCENTER, EXCENTER, GERGONNE POINT, INCIR- 
CLE, INRADIUS, ORTHOCENTER 
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Incenter-Excenter Circle 


Given a triangle AA; A2A3, the points Ai, J, and Ji lie 
on a line, where J is the INCENTER and Jj is the Ex- 
CENTER corresponding to Ay. Furthermore, the CIRCLE 
with IJ, as the DIAMETER has P as its center, where P 
is the intersection of AiJi1 with the CIRCUMCIRCLE of 
4A; A2 Az, and passes through Az and A3. This CIRCLE 
has RADIUS 


r= $41 sec(4a1) — 2Rsin(4a1). 


It arises because JJ; JoJ3 forms an ORTHOCENTRIC SYS- 
TEM. 


see also CIRCUMCIRCLE, EXCENTER, EXCENTER- 
EXCENTER CIRCLE, INCENTER, ORTHOCENTRIC SySs- 
TEM 
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Incident 


Incidence Axioms 

The eight of HILBERT’s AXIOMS which concern 
collinearity and intersection; they include the first four 
of EUCLID’s POSTULATES. 


see also ABSOLUTE GEOMETRY, CONGRUENCE Ax- 
IOMS, CONTINUITY AXIOMS, EUCLID’s POSTULATES, 
HILBERT’S AXIOMS, ORDERING AXIOMS, PARALLEL 
POSTULATE 
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Incidence Matrix 
For a k-D POLYTOPE IIx, the incidence matrix is defined 
by 


zr _J1 if IIi_, belongs to jg 
ue 0 if IIj,_, does not belong to ITZ. 


The ith row shows which II,s surround Ii_,, and the 
jth column shows which [I,-1s bound Ij. Incidence 
matrices are also used to specify PROJECTIVE PLANES. 
The incidence matrices for a TETRAHEDRON ABCD are 
yo |1 A BC 
1/1 1 1 1 


7 |AD BD CD BC AC AB 
1 1 


YQus 
rr OO 
oO 


0 1 
1 0 
1 a 0 0 0 


n° ABCD 
BCD 1 
ACD 1 
ABD 1 
ABC 1 


see also ADJACENCY MATRIX, k-CHAIN, k-CIRCUIT 


Incident 
Two objects which touch each other are said to be inci- 
dent. 


see also INCIDENCE MATRIX 


Incircle 


Incircle 
B 


A 
VEEN 


The INSCRIBED CIRCLE of a TRIANGLE AABC. The 
center I is called the INCENTER and the RADIUS r the 
INRADIUS. The points of intersection of the incircle with 
T are the VERTICES of the PEDAL TRIANGLE of T with 
the INCENTER as the PEDAL POINT (c.f. TANGENTIAL 
TRIANGLE). This TRIANGLE is called the CONTACT 
TRIANGLE. 


The AREA K of the TRIANGLE AABC is given by 


K = AAIC + ACIB+ AAIB 


= $br + dar+ der = i(at+b+e)r=sr, 


where s is the SEMIPERIMETER. 


Using the incircle of a TRIANGLE as the INVERSION CEN- 
TER, the sides of the TRIANGLE and its CIRCUMCIRCLE 
are carried into four equal CiRCLES (Honsberger 1976, 
p. 21). Pedoe (1995, p. xiv) gives a GEOMETRIC CON- 
STRUCTION for the incircle. 


see also CIRCUMCIRCLE, CONGRUENT INCIRCLES 
PoIntT, CONTACT TRIANGLE, INRADIUS, TRIANGLE 
TRANSFORMATION PRINCIPLE 
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Inclusion-Exclusion Principle 
If Ai, ..., Ax are finite sets, then 


k 


k 
U4) = So(-p"6, 
i=1 


i=l 


where &; is the sum of the CARDINALITIES of the inter- 
sections of the sets taken i at a time. 


Inclusion Map 

Given a SuBSET B ofa SET A, the INJECTION f: Bo A 
defined by f(b) = 6 for all 6 € B is called the inclusion 
map. 

see also LONG EXACT SEQUENCE OF A PAIR AXIOM 
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Incommensurate 

Two lengths are called incommensurate or incommensu- 
rable if their ratio cannot be expressed as a ratio of whole 
numbers. IRRATIONAL NUMBERS and TRANSCENDEN- 
TAL NUMBERS are incommensurate with the integers. 


see also IRRATIONAL NUMBER, PYTHAGORAS’S CON- 
STANT, TRANSCENDENTAL NUMBER 


Incomplete Gamma Function 
see GAMMA FUNCTION 


Incompleteness 
A formal theory is said to be incomplete if it contains 
fewer theorems than would be possible while still retain- 
ing CONSISTENCY. 


see also CONSISTENCY, GODEL’S INCOMPLETENESS 
THEOREM 
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Increasing Function 

A function f(z) increases on an INTERVAL I if f(b) > 
f(a) for all b > a, where a,b € J. Conversely, a function 
f(z) decreases on an INTERVAL I if f(b) < f(a) for all 
b>awitha,be Il. 


If the DERIVATIVE f'(x) of a CONTINUOUS FUNCTION 
f(a) satisfies f’(z) > 0 on an OPEN INTERVAL (a,)), 
then f(z) is increasing on (a,b). However, a function 
may increase on an interval without having a derivative 
defined at all points. For example, the function 2/3 
is increasing everywhere, including the origin z = 0, 
despite the fact that the DERIVATIVE is not defined at 
that point. 


see also DECREASING FUNCTION, DERIVATIVE, NONDE- 
CREASING FUNCTION, NONINCREASING FUNCTION 


Increasing Sequence 

For a SEQUENCE {an}, ifan+1—an > Oforn > x, thena 
is increasing for n > x. Conversely, if an41 — an < 0 for 
n > x, then a is DECREASING for n > «. If a@nii/an > 1 
for all n > z, then a is increasing for n > x. Conversely, 
if Qn4i1/an < 1 for all n > a2, then a is decreasing for 
n>. 


Indefinite Integral 
An INTEGRAL 


/ f(x) de 


without upper and lower limits, also called an AN- 
TIDERIVATIVE. The first FUNDAMENTAL THEOREM OF 
CALCULUS allows DEFINITE INTEGRALS to be computed 
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in terms of indefinite integrals. If F' is the indefinite in- 
tegral for f(x), then 


i f(x) dx = F(b) — F(a). 


see also ANTIDERIVATIVE, CALCULUS, DEFINITE INTE- 
GRAL, FUNDAMENTAL THEOREMS OF CALCULUS, INTE- 
GRAL 


Indefinite Quadratic Form 

A QUADRATIC FoRM Q(x) is indefinite if it is less than 
0 for some values and greater than 0 for others. The 
QUADRATIC FORM, written in the form (x, Ax), is in- 
definite if EIGENVALUES of the MATRIX A are of both 
signs. 

see also POSITIVE DEFINITE QUADRATIC FORM, POsI- 
TIVE SEMIDEFINITE QUADRATIC FORM 
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Indegree 
The number of inward directed EDGES from a given 
VERTEX in a DIRECTED GRAPH. 


see also LOCAL DEGREE, OUTDEGREE 


Independence Axiom 
A rational choice between two alternatives should de- 
pend only on how they differ. 


Independence Complement Theorem 

If sets & and F are INDEPENDENT, then so are & and 
F"', where F” is the complement of F (i.e., the set of all 
possible outcomes not contained in F’). Let U denote 
“or” and M denote “and.” Then 


P(E) = P(EFU EF’) (1) 
= P(EF)+ P(EF')— P(EFNEF'), (2) 


where AB is an abbreviation for AN B. But & and F 
are independent, so 


P(EF) = P(E)P(F). (3) 


Also, since F and F’ are complements, they contain no 
common elements, which means that 


P(BFN EF’) =0 (4) 
for any E. Plugging (4) and (3) into (2) then gives 
P(E) = P(E)P(F) + P(EF’). (5) 
Rearranging, 
P(BF’) = P(B)[t— P(F)) = P(B)P(F'), 6) 


Q.E.D. 
see also INDEPENDENT STATISTICS 


Index 


Independence Number 
The number 


a(G) = max(|U|: U Cc V independent) 


for a GRAPH G. The independence number of the DE 
BRUIJN GRAPH of order n is given by 1, 2, 3, 7, 13, 28, 
... (Sloane’s A006946). 

References 
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Independent Equations 
see LINEARLY INDEPENDENT 


Independent Sequence 
see STRONGLY INDEPENDENT, WEAKLY INDEPENDENT 


Independent Statistics 

Two variates A and B are statistically independent IFF 
the CONDITIONAL PROBABILITY P(A|B) of A given B 
satisfies 


P(A|B) = P(A), (1) 
in which case the probability of A and B is just 


P(AB) = P(ANB) = P(A)P(B). (2) 


Similarly, n events Ai, A2,..., An are independent IFF 


P (A 4) = [[ P49. (3) 
i=1 t=1 


Statistically independent variables are always UNCOR- 
RELATED, but the converse is not necessarily true. 


see also BAYES’ FORMULA, CONDITIONAL PROBABIL- 
ITY, INDEPENDENCE COMPLEMENT THEOREM, UNCOR- 
RELATED 


Independent Vertices 
A set of VERTICES A of a GRAPH with EDGES V is 
independent if it contains no EDGES. 


see also INDEPENDENCE NUMBER 


Indeterminate Problems 
see DIOPHANTINE EQUATION——LINEAR 


Index 

A statistic which assigns a single number to several in- 
dividual statistics in order to quantify trends. The best- 
known index in the United States is the consumer price 
index, which gives a sort of “average” value for infla- 
tion based on the price changes for a group of selected 
products. 


Index Set 


Let pn be the price per unit in period n, gn be the quan- 
tity produced in period n, and un = pngn be the value of 
the n units. Let ga be the estimated relative importance 
of a product. There are several types of indices defined, 
among them those listed in the following table. 


Index Abbr. Formula 
Bowley index Pp 3(Pr + Pp) 
Fisher index Pr VP. Pp 

“ . nm \ VO 1/> v0 
Geometric mean index Po (T] ( Bn) | 

‘ . POqo 
Harmonic mean index Py Soe 
Laspeyres’s index Pr gear 

Pogo 


> Pn(qotan) 
SS(o+en) 


Pn qa 
POWa 
Pndn 
POGn 
So VFR Pn 
x VIO In Po 


Marshall-Edgeworth index Pye 
Mitchell index Pu 
Paasche’s index Pp 


Walsh index Pw 


see also BOWLEY INDEX, FISHER INDEX, GEOMETRIC 
MEAN INDEX, HARMONIC MEAN INDEX, LASPEYRES’ 
INDEX, MARSHALL-EDGEWORTH INDEX, MITCHELL IN- 
DEX, PAASCHE’S INDEX, RESIDUE INDEX, WALSH IN- 
DEX 
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Index Set 

A STOCHASTIC PROCESS is a family of RANDOM VARI- 
ABLES {x(t,e),¢ € 7} from some PROBABILITY SPACE 
(S,S, P) into a STaTE Space (S’,S’), where 7 is the 
index set of the process. 
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Index Theory 
A branch of TopoLoGy dealing with topological invari- 
ants of MANIFOLDS. 
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Indicatrix 
A spherical image of a curve. The most common indi- 
catrix is DUPIN’s INDICATRIX. 


see also DUPIN’S INDICATRIX 


Indicial Equation 

The RECURRENCE RELATION obtained during applica- 
tion of the FROBENIUS METHOD of solving a second- 
order ordinary differential equation. The indicial equa- 
tion (also called the CHARACTERISTIC EQUATION) is 
obtained by noting that, by definition, the lowest or- 
der term x* (that corresponding to n = 0) must have a 
COEFFICIENT of zero. For an example of the construc- 
tion of an indicial equation, see BESSEL DIFFERENTIAL 
EQUATION. 


1. If the two ROOTS are equal, only one solution can be 
obtained. 

2. If the two Roots differ by a noninteger, two solu- 
tions can be obtained. 


3. If the two RooTs differ by an INTEGER, the larger 
will yield a solution. The smaller may or may not. 
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Indifference Principle 
see INSUFFICIENT REASON PRINCIPLE 


Induced Map 

If f : (X,A) — (Y,B) is homotopic to g : (X,A) > 
(Y,B), then f. : Hn(X,A) — HAn(Y¥Y,B) and g. 
H,,(X,A) — Hn(Y, B) are said to be the induced maps. 


see also EILENBERG-STEENROD AXIOMS 


Induced Norm 
see NATURAL NORM 


Induction 

The use of the INDUCTION PRINCIPLE in a PROOF. In- 
duction used in mathematics is often called MATHEMAT- 
ICAL INDUCTION. 


References 
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Induction Axiom 

The fifth of PEANO’S AXIOMS, which states: Ifa SeT S 
of numbers contains zero and also the successor of every 
number in S, then every number is in S. 


see also PEANO’S AXIOMS 
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Induction Principle 

The truth of an INFINITE sequence of propositions P; for 
i= 1, ..., 00 is established if (1) P; is true, and (2) Px 
IMPLIES P,41 for all k. 
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Inequality 

A mathematical statement that one quantity is greater 
than or less than another. “a is less than 6” is denoted 
a <b, and “a is greater than b” is denoted a > b. “a 
is less than or equal to b” is denoted a < 6b, and “a 
is greater than or equal to b” is denoted a > 6. The 
symbols a < b and a > bare used to denote “a is much 
less than b” and “a is much greater than b,” respectively. 


Solutions to the inequality |x — a| < 6 consist of the set 
{x :-b<2-a < bd}, or equivalently {ec :a—-—b<2< 
a+b}. Solutions to the inequality |x — a| > 6 consist of 
the set {sc :c-a>b}U{x:ac-—a < —bd}. Ifa and b 
are both POSITIVE or both NEGATIVE and a < 6, then 
1/a > 1/b. 

see also ABC CONJECTURE, ARITHMETIC-LOGARITH- 
MIC-GEOMETRIC MEAN INEQUALITY, BERNOULLI IN- 
EQUALITY, BERNSTEIN’S INEQUALITY, BERRY-OSSEEN 
INEQUALITY, BIENAYME-CHEBYSHEV INEQUAL- 
ITY, BisHop’s INEQUALITY, BOGOMOLOV-MIYAOKA- 
YAU INEQUALITY, BOMBIERI’S INEQUALITY, BONFER- 
RONI’S INEQUALITY, BOOLE’S INEQUALITY, CARLE- 
MAN’S INEQUALITY, CAUCHY INEQUALITY, CHEBY- 
SHEV INEQUALITY, CHI INEQUALITY, COPSON’S IN- 
EQUALITY, ERDOS-MORDELL THEOREM, EXPONEN- 
TIAL INEQUALITY, FISHER’S BLOCK DESIGN INEQUAL- 
ITY, FISHER’S ESTIMATOR INEQUALITY, GARDING’S IN- 
EQUALITY, GAUSS’S INEQUALITY, GRAM’S INEQUAL- 
ITY, HADAMARD’S INEQUALITY, HARDY’S INEQUAL- 
ITY, HARNACK’S INEQUALITY, HOLDER INTEGRAL IN- 
EQUALITY, HOLDER’S SUM INEQUALITY, ISOPERIMET- 
RIC INEQUALITY, JARNICK’S INEQUALITY, JENSEN’S IN- 
EQUALITY, JORDAN’S INEQUALITY, KANTROVICH IN- 
EQUALITY, MARKOvV’sS INEQUALITY, MINKOWSKI IN- 
TEGRAL INEQUALITY, MINKOWSKI SUM INEQUALITY, 
Morse INEQUALITIES, NAPIER’S INEQUALITY, No- 
SARZEWSKA’S INEQUALITY, OSTROWSKI’S INEQUAL- 
ITY, PTOLEMY INEQUALITY, ROBBIN’S INEQUALITY, 
SCHRODER-BERNSTEIN THEOREM, SCHUR’S INEQUAL- 
ITIES, SCHWARZ’S INEQUALITY, SQUARE ROOT InN- 
EQUALITY, STEFFENSEN’S INEQUALITY, STOLARSKY’S 
INEQUALITY, STRONG SUBADDITIVITY INEQUALITY, 
TRIANGLE INEQUALITY, TURAN’S INEQUALITIES, WEI- 
ERSTRA& PRODUCT INEQUALITY, WIRTINGER’S IN- 
EQUALITY, YOUNG INEQUALITY 


Infimum Limit 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 16, 1972. 

Beckenbach, E. F. and Bellman, Richard E. An Introduction 
to Inequalities. New York: Random House, 1961. 

Beckenbach, E. F. and Bellman, Richard E. Inequalities, 2nd 
rev. print. Berlin: Springer-Verlag, 1965. 

Hardy, G. H.; Littlewood, J. E.; and Pélya, G. Inequalities, 
2nd ed. Cambridge, England: Cambridge University Press, 
1952. 

Kazarinoff, N. D. Geometric Inequalities. New York: Ran- 
dom House, 1961. 

Mitrinovic, D. S. Analytic Inequalities. New York: Springer- 
Verlag, 1970. 

Mitrinovic, D. S.; Pecaric, J. E.; and Fink, A. M. Classical 
& New Inequalities in Analysis. Dordrecht, Netherlands: 
Kluwer, 1993. 

Mitrinovic, D. S.; Pecaric, J. E.; Fink, A. M. Inequalities In- 
volving Functions & Their Integrals & Derivatives. Dor- 
drecht, Netherlands: Kluwer, 1991. 

Mitrinovic, D. §.; Pecaric, J. E.; and Volenec, V. Recent Ad- 
vances in Geometric Inequalities. Dordrecht, Netherlands: 
Kluwer, 1989. 


Inexact Differential 
An infinitesimal which is not the differential of an actual 
function and which cannot be expressed as 


dz = car dz + (#2) dy, 


the way an EXACT DIFFERENTIAL can. Inexact differ- 
entials are denoted with a bar through the d. The most 
common example of an inexact differential is the change 
in heat dQ encountered in thermodynamics. 


see also EXACT DIFFERENTIAL, PFAFFIAN FORM 
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Inf 
see INFIMUM, INFIMUM LIMIT 


Infimum 
The greatest lower bound of a set. It is denoted 


inf. 
s 


see also INFIMUM LIMIT, SUPREMUM 
Infimum Limit 
The limit infimum of a set is the greatest lower bound 


of the CLOSURE of a set. It is denoted 


lim inf. 
s 


see also INFIMUM, SUPREMUM 


Infinary Divisor 


Infinary Divisor 
we 


p” is an infinary divisor of p¥ (with y > 0) if p*|y-1p”. 
This generalizes the concept of the k-ARY DIVISOR. 


see also INFINARY PERFECT NUMBER, k-ARY DIVISOR 
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Infinary Multiperfect Number 

Let o..(7) be the Sum of the INFINARY DIvisorRs of 
a number n. An infinary k-multiperfect number is a 
number n such that o..(n) = kn. Cohen (1990) found 
13 infinary 3-multiperfects, seven 4-multiperfects, and 
two 5-multiperfects. 


see also INFINARY PERFECT NUMBER 


References 

Cohen, G. L. “On an Integer’s Infinary Divisors.” Math. 
Comput. 54, 395-411, 1990. 

Guy, R. K. Unsolved Problems in Number Theory, 2nd ed. 
New York: Springer-Verlag, p. 54, 1994. 


Infinary Perfect Number 

Let ooo(n) be the Sum of the INFINARY Divisors of 
a number n. An infinary perfect number is a number 
n such that o..(n) = 2n. Cohen (1990) found 14 such 
numbers. The first few are 6, 60, 90, 36720, ... (Sloane’s 
A007257). 


see also INFINARY MULTIPERFECT NUMBER 


References 

Cohen, G. L. “On an Integer’s Infinary Divisors.” Math. 
Comput. 54, 395-411, 1990. 

Guy, R. K. Unsolved Problems in Number Theory, 2nd ed. 
New York: Springer-Verlag, p. 54, 1994. 

Sloane, N. J. A. Sequence A007257/M4267 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Infinite 

Greater than any assignable quantity of the sort in ques- 
tion. In mathematics, the concept of the infinite is made 
more precise through the notion of an INFINITE SET. 


see also COUNTABLE SET, COUNTABLY INFINITE SET, 
FINITE, INFINITE SET, INFINITESIMAL, INFINITY 


Infinite Product 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


A PRopDUCT involving an INFINITE number of terms. 
Such products can converge. In fact, for POSITIVE an, 
the Propuct J]™_, an converges to a NONZERO num- 
ber IFF yA In an converges. 
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Infinite products can be used to define the COSINE 


cos x = II sa ae =| (1) 


GAMMA FUNCTION 


SINE, and SINC FUNCTION. They also appear in the 
POLYGON CIRCUMSCRIBING CONSTANT 


K= —_——. (3) 
An interesting infinite product formula due to Euler 
which relates 7 and the nth PRIME py is 
2 


eo sk 
co sin(57pn) 
ne, [r+ 2ge>| 


i=n 


(4) 


wz 


(Blatner 1997). 

The product 
~ 1 
I] (1 x =) (6) 
n=1 


has closed form expressions for small POSITIVE integral 
p22, 


I (+5) = @ 
TT (++ ja) = Fomndev ) 
FI (+a) 
TL (2+ 4) = [ries 2aiyirtexp($xa)|-?. 20) 


The d-ANALOG expression 


foola = [| (: = =) (11) 


n=3 
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also has closed form expressions, 


fie-4)=: 4 


n=3 

7 8 inh(rV3 

Lie) ae 0 
II (1 . =) = |Plexp(2i)|P[2 exp(Zn2)]|~7 .(15) 
n=3 


see also COSINE, DIRICHLET ETA FUNCTION, Eu- 
LER IDENTITY, GAMMA FUNCTION, ITERATED EX- 
PONENTIAL CONSTANTS, POLYGON CIRCUMSCRIBING 
CONSTANT, POLYGON INSCRIBING CONSTANT, Q- 
FUNCTION, SINE 
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Infinite Series 
A SERIES with an INFINITE number of terms. 


see also SERIES 


Infinite Set 

A SET of S elements is said to be infinite if the ele- 
ments of a PROPER SUBSET S” can be put into ONE- 
TO-ONE correspondence with the elements of S. An 
infinite set whose elements can be put into a ONE-TO- 
ONE correspondence with the set of INTEGERS is said 
to be COUNTABLY INFINITE; otherwise, it is called UN- 
COUNTABLY INFINITE. 


see also ALEPH-0, ALEPH-1, CARDINAL NUMBER, 
COUNTABLY INFINITE SET, CONTINUUM, FINITE, IN- 
FINITE, INFINITY, ORDINAL NUMBER, TRANSFINITE 
NUMBER, UNCOUNTABLY INFINITE SET 
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Infinitesimal 

A quantity which yields 0 after the application of some 
LIMITING process. The understanding of infinitesimals 
was a major roadblock to the acceptance of CALCULUS 
and its placement on a firm mathematical foundation. 


see also INFINITE, INFINITY, NONSTANDARD ANALYSIS 


Infinitesimal Analysis 
An archaic term for CALCULUS. 


Infinitesimal Matrix Change 
Let B, A, and e be square matrices with e small, and 
define 

B=A(l+e), (1) 


where | is the IDENTITY MATRIX. Then the inverse of 
B is approximately 
B-}=(l-e)A™. (2) 
This can be seen by multiplying 
BB~' = (A+ Ae)(A~* — eA“?) 


= AA! — AeA7? + AeA7! — Ae?A7! 
=1- APA“! x 1, (3) 


Note that if we instead let B’ = A +e, and look for an 
inverse of the form B’~* = A~' + C, we obtain 


B’B’"? = (A+e)(A7' + C) = AA7' + AC+ eA? + eC 
=14+AC+e(C+AV)=L (4) 
In order to eliminate the e term, we require C = —A~’. 


However, then AC = —l, so BB™? = 0 so there can be 
no inverse of this form. 


The exact inverse of B can be found as follows. 
B=A(l+e)=A(I4+ A~*e), (5) 
so 
Bt = [A(1+A7e))*. (6) 


Using a general MATRIX INVERSE identity then gives 


Bot = (t+ A7e)“tA7?. (7) 


Infinitesimal Rotation 
An infinitesimal transformation of a VECTOR r is given 
by 

r =(I+e)r, (1) 


where the MATRIX e is infinitesimal and | is the IDEN- 
TITY MATRIX. (Note that the infinitesimal transforma- 
tion may not correspond to an inversion, since inversion 
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is a discontinuous process.) The COMMUTATIVITY of in- 
finitesimal transformations €; and é2 is established by 
the equivalence of 


(l+e1)(1+ e2) — ? +e 1]+ leo + €1€2 ~ lte, + €2 (2) 


(lte2)(I+e1) = +eol+le:+ece: el+e2+er. (3) 


Now let 
Az=l-+e. (4) 


The inverse A~* is then | — e, since 
AA =(l+e)(t-e) =P-@ alk (5) 


Since we are defining our infinitesimal transformation to 
be a rotation, ORTHOGONALITY of ROTATION MATRI- 
CES requires that 


AT = A™, (6) 

but 
A*=l-e (7) 
(l+e)7 =I7 +e7 =I1+e?, (8) 
so e = —e™ and the infinitesimal rotation is ANTISYM- 
METRIC. It must therefore have a MATRIX of the form 


0 dQ3 —dQe2 
e= | —dOQz3 0 dD, 
AQ. —-dOyx 0 


(9) 


The differential change in a vector r upon application of 
the ROTATION MATRIX is then 


dr =r’ —r=(l+e)r—r=er. (10) 
Writing in MATRIX form, 


xr 0 dQ23 —dQ2 
dr = E ~dQs3 0 dQ, | 


z dQz ~dQy 0 


y dQ3 2 dQ, 
x a2 = ydQy 
= (ydQ3 — zdQ2)% + (zd — xdOs)¥ 
+ (@dQ2 — yd )z 
=r x dQ. (12) 
Therefore, 
dr dQ 
Caen body ae “dt =Prxw, (13) 
where a as 
aaa eet (14) 


The total rotation observed in the stationary frame will 
be asum of the rotational velocity and the velocity in the 
rotating frame. However, note that an observer in the 
stationary frame will see a velocity opposite in direction 
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to that of the observer in the frame of the rotating body, 


so 
dr 


dr 
ye = Caen Beanie ) 


This can be written as an operator equation, known as 
the ROTATION OPERATOR, defined as ; 


d d 
(ac ~ a ee 8) 


see also ACCELERATION, EULER ANGLES, ROTATION, 
ROTATION MATRIX, ROTATION OPERATOR 


Infinitive Sequence 

A sequence {z,} is called an infinitive sequence if, for 
every i, tn = i for infinitely many n. Write a(i,j) for 
the jth index n for which zn =i. Then asi and j range 
through N, the array A = a(i,7), called the associative 
array of x, ranges through all of N. 


see also FRACTAL SEQUENCE 
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Infinitude of Primes 
see EUCLID’S THEOREMS 


Infinity 

An unbounded number greater than every REAL NUM- 
BER, most often denoted as co. The symbol oo had been 
used as an alternative to M (1,000) in ROMAN NUMER- 
ALS until 1655, when John Wallis suggested it be used 
instead for infinity. 


Infinity is a very tricky concept to work with, as ev- 
idenced by some of the counterintuitive results which 
follow from Georg Cantor’s treatment of INFINITE SETS. 
Informally, 1/oo = 0, a statement which can be made 
rigorous using the LIMIT concept, 


Similarly, 


where the notation 0+ indicates that the LIMIT is taken 
from the POSITIVE side of the REAL LINE. 


see also ALEPH, ALEPH-0, ALEPH-1, CARDINAL NuM- 
BER, CONTINUUM, CONTINUUM HYPOTHESIS, HILBERT 
HOTEL, INFINITE, INFINITE SET, INFINITESIMAL, LINE 
AT INFINITY, L’HOSPITAL’S RULE, POINT AT INFINITY, 
TRANSFINITE NUMBER, UNCOUNTABLY INFINITE SET, 
ZERO 
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Inflection Point 

A point on a curve at which the SIGN of the CURVATURE 
(i.e., the concavity) changes. The FirST DERIVATIVE 
TEST can sometimes distinguish inflection points from 
EXTREMA for DIFFERENTIABLE functions f(z). 

see also CURVATURE, DIFFERENTIABLE, EXTREMUM, 
FIRST DERIVATIVE TEST, STATIONARY POINT 


Information Dimension 
Define the “information function” to be 


= - dre) In[Pi(e)], (1) 


where P;(e) is the NATURAL MEASURE, or probability 
that element i is populated, normalized such that 


DP) =1. (2) 


The information dimension is then defined by 


dint = — lim, 


ae) 
_ os Pie) In[Pi(e)] 
= li ne (3) 


If every element is equally likely to be visited, then P;(e) 
is independent of 7, and 


ree’ 
DP) = NP,(e) = 1, (4) 


ie) 
1 


Pile) =H (5) 


Injection 


and 


ding = Lim fat 
0+ Ine 
-1 
= lim In(N™) ) =-— ii ma deap, (6) 


m——~-= 
esot = Ine Basi In(e) 


where deap is the CAPACITY DIMENSION. 
see also CORRELATION EXPONENT 
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Information Entropy 
see ENTROPY 


Information Theory 

The branch of mathematics dealing with the efficient 
and accurate storage, transmission, and representation 
of information. 


see also CODING THEORY, ENTROPY 
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Initial Value Problem 

An initial value problem is a problem that has its condi- 
tions specified at some time t = fp. Usually, the problem 
is an ORDINARY DIFFERENTIAL EQUATION or a PAR- 
TIAL DIFFERENTIAL EQUATION. For example, 


e-Vu=f ino 
i) t = to 
1 on 02, 


where Of denotes the boundary of 9, is an initial value 
problem. 


see also BOUNDARY CONDITIONS, BOUNDARY VALUE 
PROBLEM, PARTIAL DIFFERENTIAL EQUATION 
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Injection 
see ONE-TO-ONE 


Injective 


Injective 
A Map is injective when it is ONE-TO-ONE, ie., f is 
injective when xz 4 y IMPLIES f(x) # f(y). 


see also ONE-TO-ONE, SURJECTIVE 


Injective Patch 

An injective patch is a PATCH such that x(u1,v1) = 
X(u2, v2) implies that ui = we and v1 = ve. An example 
of a PATCH which is injective but not REGULAR is the 
function defined by (u?,v?, uv) for u,v € (—1,1). How- 
ever, if x : U -+ R” is an injective regular patch, then x 
maps U diffeomorphically onto x(U). 


see also PATCH, REGULAR PATCH 
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Inner Automorphism Group 

A particular type of AUTOMORPHISM GROUP which ex- 
ists only for Groups. For a GROUP G, the inner auto- 
morphism group is defined by 


Inn(G) = {o. :a € G} Cc Aut(G) 


where oq is an AUTOMORPHISM of G defined by 


Oa(z) = ara’. 


see also AUTOMORPHISM, AUTOMORPHISM GROUP 


Inner Product 
see DOT PRODUCT 


Inner Product Space 

An inner product space is a VECTOR SPACE which has 
an INNER PRODUCT. If the INNER PRODUCT defines a 
NORM, then the inner product space is called a HILBERT 
SPACE. 


see also HILBERT SPACE, INNER PRODUCT, NORM 


Inradius 
The radius of a TRIANGLE’S INCIRCLE or of a POLYHE- 
DRON’s INSPHERE, denoted r. For a TRIANGLE, 


_ 1 /(6+e-—a)(c+a—hb)(atb—c)_ A 
eae atb+e ~ s @) 


= 4Rsin(}a1) sin($az) sin(Fas), (2) 


where A is the AREA of the TRIANGLE, a, b, and c are 
the side lengths, s is the SEMIPERIMETER, and R is the 
CIRCUMRADIUS (Johnson 1929, p. 189). 


Equation (1) can be derived easily using TRILINEAR Co- 
ORDINATES. Since the INCENTER is equally spaced from 
all three sides, its trilinear coordinates are 1:1:1, and its 
exact trilinear coordinates are r:r:r. The ratio k of 
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the exact trilinears to the homogeneous coordinates is 
given by 


eS Gaee ®) 
But since k = r in this case, 
r=k= = (4) 
Q. E. D. 
Other equations involving the inradius include 
Rr = are (5) 
A? =rrirars (6) 
cos A +cosB + cosC =1+ 5 (7) 
r= 2Rcos AcosBcos C (8) 
a? +6? +c? =4rR+8R’, (9) 


where r; are the EXRADII (Johnson 1929, pp. 189-191). 


As shown in RIGHT TRIANGLE, the inradius of a RIGHT 
TRIANGLE of integral side lengths x, y, and z is also 
integral, and is given by 


zy 
oe 10 
s gtyt2’ (10) 


where z is the HYPOTENUSE. Let d be the distance be- 
tween inradius r and CIRCUMRADIUS R, d=rR. Then 


R? — d? =2Rr (11) 
1 1 1 
= 12 
R-d R+d fr (12) 
(Mackay 1886-87). These and many other identities are 
given in Johnson (1929, pp. 186-190). 


Expressing the MIDRADIUS p and CIRCUMRADIUS R in 
terms of the midradius gives 


Pe ee eee (13) 
p* + 4a? 
R? =* 19? 
: hm—at a (14) 


for an ARCHIMEDEAN SOLID. 


see also CARNOT’S THEOREM, CIRCUMRADIUS, MIDRA- 
DIUS 
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Inscribed 
A geometric figure which touches only the sides (or in- 
terior) of another figure. 


see also CIRCUMSCRIBED, INCENTER, INCIRCLE, INRA- 


he. 
ee, 


The ANGLE with VERTEX on a CIRCLE’s CIRCUMFER- 
ENCE formed by two points on a CIRCLE’s CIRCUMFER- 
ENCE. For ANGLES with the same endpoints, 


Inscribed Angle 


Oc = 26, 


where 0, is the CENTRAL ANGLE. 
see also CENTRAL ANGLE 
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Inside-Outside Theorem 
Let P(z) and Q(z) be POLYNOMIALS with COMPLEX 
arguments and deg(@) > deg(P + 2). Then 


rae 7S eee , Res f(z) inside + 
Q(z) —27t y outside Res f(z) outside 7, 


where Res are the RESIDUES. 


Insphere 
A SPHERE INSCRIBED in a given solid. 


see also CIRCUMSPHERE, MIDSPHERE 


Instrument Function 

The finite FOURIER COSINE TRANSFORM of an APO- 
DIZATION FUNCTION, also known as an APPARATUS 
FUNCTION. The instrument function [(k) correspond- 
ing to a given APODIZATION FUNCTION A(z) is then 
given by 


I(k) = ie cos(2rkx) A(x) dz. 


see also APODIZATION FUNCTION, FOURIER COSINE 
TRANSFORM 


Insufficient Reason Principle 

A principle also called the INDIFFERENCE PRINCIPLE 
which was first enunciated by Johann Bernoulli. The 
insufficient reason principle states that, if we are igno- 
rant of the ways an event can occur and therefore have 
no reason to believe that one way will occur preferen- 
tially to another, it will occur equally likely in any way. 
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Int 
see INTEGER PART 


Integer 

One of the numbers ..., —2, —1, 0, 1, 2,.... The SET 
of INTEGERS forms a RING which is denoted Z. A given 
INTEGER n may be NEGATIVE (n € Z ), NONNEGATIVE 
(n € Z"), ZERO (n = 0), or POSITIVE (n € Z* = N). 
The RING Z has CARDINALITY of Xo. The GENERATING 
FUNCTION for the POSITIVE INTEGERS is 


1 
F(e) = Gaya = Bt ae? + Ba? + dot +... 


There are several symbols used to perform operations 
having to do with conversion between REAL NUMBERS 
and integers. The symbol |z| (“FLOOR z”) means “the 
largest integer not greater than z,” i.e., int(x) in com- 
puter parlance. The symbol [z] means “the nearest in- 
teger to x” (NINT), i-e., nint(x) in computer parlance. 
The symbol [2] (“CEILING x”) means “the smallest in- 
teger not smaller z,” or ~int(-x), where int (x) is the 
INTEGER PART of z. 


see also ALGEBRAIC INTEGER, ALMOST INTEGER, 
COMPLEX NUMBER, COUNTING NUMBER, CYCLO- 
TOMIC INTEGER, EISENSTEIN INTEGER, GAUSSIAN IN- 
TEGER, N, NATURAL NUMBER, NEGATIVE, POSITIVE, 
RADICAL INTEGER, REAL NUMBER, WHOLE NUMBER, 
Z,Z,Z*, Z, ZERO 


Integer Division 

DIVISION in which the fractional part (remainder) is dis- 
carded is called integer division and is sometimes de- 
noted \. Integer division can be defined as a\b = [a/b], 
where “/” denotes normal division and || is the FLOOR 
FUNCTION. For example, 


10/3 =3+1/3 
10\3 = 3. 


Integer Factorization 
see PRIME FACTORIZATION 


Integer-Matrix Form 

Let Q(z) = Q(x) = Q(x1,22,...,%n) be an integer- 
valued n-ary QUADRATIC FORM, i.e., a POLYNOMIAL 
with integer COEFFICIENTS which satisfies Q(x) > 0 for 
REAL z #0. Then Q(x) can be represented by 


Q(x) = x" Ax, 

where 
A _ 18Q(2) 
7) Or;02; 
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is a POSITIVE symmetric matrix (Duke 1997). If A has 
POSITIVE entries, then Q(z) is called an integer matrix 
form. Conway et al. (1997) have proven that, if a Pos- 
ITIVE integer matrix quadratic form represents each of 
1, 2, 3, 5, 6, 7, 10, 14, and 15, then it represents all 
POSITIVE INTEGERS. 


see also FIFTEEN THEOREM 
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Integer Module 
see ABELIAN GROUP 


Integer Part 

The function int(#) gives the INTEGER PART of z. 
In many computer languages, the function is denoted 
int(x), but in mathematics, it is usually called the 
FLOOR FUNCTION and denoted |2]. 


see also CEILING FUNCTION, FLOOR FUNCTION, NINT 


Integer Relation 
A set of REAL NUMBERS 1, ..., @n is said to possess 
an integer relation if there exist integers a; such that 


Q1%1 + Qo%o+...+Gn2, = 0, 


with not all a; = 0. An interesting example of such 
a relation is the 17-VECTOR (1, 2, 27, ..., 2*®) with 
xz = 31/4 — 21/4, which has an integer relation (1, 0, 0, 
0, —3860, 0, 0, 0, —666, 0, 0, 0, —20, 0, 0, 0, 1), i-e., 


1 — 3860x* — 6662° — 2027? + 2'* = 0. 


This is a special case of finding the polynomial of degree 
n=rs satisfied by x = 31/7 — 21/8, 


Algorithms for finding integer relations include the 
FERGUSON-FORCADE ALGORITHM, HJLS ALGORITHM, 
LLL ALGORITHM, PSLQ ALGORITHM, PSOS ALGo- 
RITHM, and the algorithm of Lagarias and Odlyzko 
(1985). Perhaps the simplest (and unfortunately most 
inefficient) such algorithm is the GREEDY ALGORITHM. 
Plouffe’s “Inverse Symbolic Calculator” site includes a 
huge 54 million database of REAL NUMBERS which are 
algebraically related to fundamental mathematical con- 
stants. 


see also CONSTANT PROBLEM, FERGUSON-FORCADE 
ALGORITHM, GREEDY ALGORITHM, HERMITE-LINDE- 
MANN THEOREM, HJLS ALGORITHM, LATTICE REDUC- 
TION, LLL ALGORITHM, PSLQ ALGORITHM, PSOS 
ALGORITHM, REAL NUMBER, LINDEMANN-WEIER- 
STRA& THEOREM 


Integer Sequence 905 


References 

Bailey, D. and Plouffe, S. “Recognizing Numerical 
Constants.” http://www.cecm.sfu.ca/organics/papers/ 
bailey. 

Lagarias, J. C. and Odlyzko, A. M. “Solving Low-Density 
Subset Sum Problems.” J. ACM 32, 229-246, 1985. 

Plouffe, S. “Inverse Symbolic Calculator.” http: //www.cecm. 
sfu.ca/projects/ISC/. 


Integer Sequence 

A SEQUENCE whose terms are INTEGERS. The most 
complete printed references for such sequences are 
Sloane (1973) and its update, Sloane and Plouffe (1995). 
Sloane also maintains the sequences from both works to- 
gether with many additional sequences in an on-line list- 
ing. In this listing, sequences are identified by a unique 
6-DiciT A-number. Sequences appearing in Sloane and 
Plouffe (1995) are ordered lexicographically and identi- 
fied with a 4-D1GIT M-number, and those appearing in 
Sloane (1973) are identified with a 4-Dicir N-number. 


Sloane’s huge (and enjoyable) database is accessible by 
either e-mail or web browser. To look up sequences by 
e-mail, send a message to either sequences@research. 
att.com or superseeker@research. att.com containing 
lines of the form lookup 5 14 42 132 .... To use the 
browser version, point to http://www.research.att. 
com/~njas/sequences/eisonline.html. 


see also ARONSON’S SEQUENCE, COMBINATORICS, CON- 
SECUTIVE NUMBER SEQUENCES, CONWAY SEQUENCE, 
EBAN NUMBER, HOFSTADTER-CONWAY $10,000 SE- 
QUENCE, HOFSTADTER’S Q-SEQUENCE, LEVINE-O’SUL- 
LIVAN SEQUENCE, LOOK AND SAY SEQUENCE, MAL- 
LOW’S SEQUENCE, MIAN-CHOWLA SEQUENCE, MORSE- 
THUE SEQUENCE, NEWMAN-CONWAY SEQUENCE, 
NUMBER, PADOVAN SEQUENCE, PERRIN SEQUENCE, 
RATS SEQUENCE, SEQUENCE, SMARANDACHE SE- 
QUENCES 
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Integrable 
A function for which the INTEGRAL can be computed is 
said to be integrable. 


see also DIFFERENTIABLE, INTEGRAL, INTEGRATION 


Integral 

An integral is a mathematical object which can be in- 
terpreted as an AREA or a generalization of AREA. Inte- 
grals, together with DERIVATIVES, are the fundamental 
objects of CALCULUS. Other words for integral include 
ANTIDERIVATIVE and PRIMITIVE. The RIEMANN IN- 
TEGRAL is the simplest integral definition and the only 
one usually encountered in elementary CALCULUS. The 
RIEMANN INTEGRAL of the function f(x) over x from a 


to b is written ‘ 
| f(z) dz. (1) 


Every definition of an integral is based on a particu- 
lar MEASURE. For instance, the RIEMANN INTEGRAL is 
based on JORDAN MEASURE, and the LEBESGUE INTE- 
GRAL is based on LEBESGUE MEASURE. The process of 
computing an integral is called INTEGRATION (a more 
archaic term for INTEGRATION is QUADRATURE), and 
the approximate computation of an integral is termed 
NUMERICAL INTEGRATION. 


There are two classes of (Riemann) integrals: DEFINITE 


INTEGRALS F 
jf seve (2) 


which have upper and lower limits, and INDEFINITE IN- 
TEGRALS, which are written without limits. The first 
FUNDAMENTAL THEOREM OF CALCULUS allows DEFI- 
NITE INTEGRALS to be computcd in terms of INDEFINITE 


Integral 


INTEGRALS, since if F' is the INDEFINITE INTEGRAL for 
f(x), then 


b 
1 f(x) dz = F(b) — F(a). (3) 


Wolfram Research (http: //www.integrals.com) main- 
tains a web site which will integrate many common (and 
not so common) functions. However, it cannot solve 
some simple integrals such as 


| [germ dz 
- [ (E+ vane) dz (4) 
| [guema] dz 


-- f |@eaee =| dz, (5) 


zing 


where Lz is the DILOGARITHM. Furthermore, it gives 
an incorrect answer of n-2¥3 1/3 . 4¥3) to 


nw /2 
I(V3) =] a. ae 
0 


14 (tanz)v3 (8) 


Nin 
3 


This integral and, in fact, the generalized integral for 
arbitrary a 
x/2 
dz 
I(a) = — 
(4) i 1+ (tanz)*’ (7) 


have a “trick” solution which takes advantage of the 
trigonometric identity 


tan( $m — x) = cota. (8) 


Letting z = (tanz)*, 


| 
oo“ 
3 
a 
OT 
bo 
+ 
RX 
i 
+ 
& |e 
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Here is a list of common INDEFINITE INTEGRALS: 


tanz dz = In|secz|+C 


esc xz dz = In|csca — cota|+C 


[cosa =sinzg+C 


=In [tan(4z)] +C 


1 1—cosz 
=5n(S) =e 


[secede = In|secxz + tanz|+C 
= gd7*(2) +C 
[coteas =In|sinz|+C 


[sect eae =tanx+C 
[csc aaa =—-cotrz+C 


[vce tanxdz =secr+C 


sin” edz = asin 2+ V1l-2?4+C 


ede = atan >a — zin(1+27)+C 


Ul 
ie) 
° 
a 


a 
|e 
8 
x) 
Il 
2 
=) 
{ 
" 


[oo zdx = xcos >a — V1l—274+C 


(10) 
(11) 
(12) 
(13) 
(14) 
(15) 


(16) 
(17) 


(18) 


(19) 
(20) 


(21) 
(22) 
(23) 
(24) 


(25) 


(26) 


(27) 
(28) 
(29) 
(30) 
(31) 


(32) 
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ee} _ zc _ i : 
[ss (ax) dx = 5 Soa sin(2arz) + C (33) 


fondu =k"*In(dnu-—kenu)+C (34) 


[otutu= "FO +e (35) 
jenudu= k7) sin" (ksnu) + C (36) 
[anudu = sin™*(snu) + C, (37) 


where sin z is the SINE; cos z is the COSINE; tan z is the 
TANGENT; csc z is the COSECANT; sec x is the SECANT; 
cot is the COTANGENT; cos~*z is the INVERSE Co- 
SINE; sin~! z is the INVERSE SINE; tan! is the INVERSE 
TANGENT; snu, cnu, and dnwu are JACOBI ELLIPTIC 
FUNCTIONS; E(u) is a complete ELLIPTIC INTEGRAL OF 
THE SECOND KIND; and gd(z) is the GUDERMANNIAN 
FUNCTION. 


To derive (15), let u=cosz, so du = —singdz and 


sina du 
tanz = dz = — —— 
cos z u 


= —In|uJ + C = —In|cosa|+C 
=In|cosz|>*+C =In|secz|+C. (38) 


To derive (18), let u = csca — cota, so du = 
(—cscxcot x + csc? x) dx and 


csc x — cotz 
escxdx = | csc x—————__ dz 
csc x — cotz 


= ese? x + cot xcscx 
csc x + cotzr 


= [ #=mpi+e 
u 


= In|[escx — cotz|+C. (39) 
To derive (19), let 
u = sece + tanz, (40) 
so 
du = (secrtanz + sec’ x) dz (41) 
and 


secz + tanz 
secrdzr = sec £ ———_—__ dz 
secz + tanz 
sec’ x +secr+tanz 
-_ dx 
seczr+tanzr 


= [ E=mp+e 
u 


= In|seca + tanz|+C. (42) 
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To derive (20), let u = sinz, so du = cosz dz and 


d 
footed = f 222 ax = = 
sin & Uu 


=Injul+C=In|sinz|+C. (43) 


Differentiating integrals leads to some useful and pow- 
erful identities, for instance 


< eee (44) 


which is the first FUNDAMENTAL THEOREM OF CALCU- 
LUS. 


e an fle) de = —f(@) (45) 


d > 9 
an f(a, t) dt = aes (46) 


ae f(2,t) f(z,t)+ i a flat) dt. (47) 


If f(x,t) is singular or INFINITE, then 


gf 1eoe 
“sf [ie 52 +(¢-a) oh 


The LEIBNIZ IDENTITY is 


+f] dt. (48) 


d 


ner t t 
az f , Herdae=o @)fle,ul@)) ~ wf H2,ul2) 


v(2) F) 
+ / flat) dt. (49) 


(z) 


Other integral identities include 


[ [ toaae= [e-onoa (50) 
[wf ete: ae f(ti) dts 


con oe (2 —a)""1f(t) dt (61) 


0 ce] 
Bag TIT) = Sake + 85 BE Ie =J+rvV-J (52) 


=— | rV-Jd’r. (53) 
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Integrals of the form 


i " #(@) de (54) 


with one INFINITE LIMIT and the other NONZERO may 
be expressed as finite integrals over transformed func- 
tions. If f(x) decreases at least as fast as 1/z”, then 
let 


1 
t= . (55) 
dx 
dt = ry (56) 
dt 
dz = —2° dt= Rp (57) 
b 1/b t/a 
1 1 1 1 
fa)de = f r(z) a= f f (5) at. 
[ t/a ©" Xt ip Nt 
(58) 
If f(x) diverges as (x — a)” for y € [0, 1], let 
e=t/O-Via (59) 
Wives te W=-1 gp — 1 gh-G-n1/0-1) ay 
1- 1-7 
= 1 7/(1-7) 
==! dt (60) 
t=(e-a)'7, (61) 
and 
"G@ise il 
f(a) de = 


(b—a)?—7 
= ‘| POS DE) + a) dt. (62) 
16] 


If f(x) diverges as (x + 6)” for y € [0, 1], let 


z=bo—t/-y) (63) 
dz = =o at (64) 
t= (b-2)!-7, (65) 


i 1 
/ f(x) dz = = 


(b—a)!~7 
= | tV/O- Fb - peeony dt. (66) 
0 


If the integral diverges exponentially, then let 


tz=e” (67) 
dt =—e "dz (68) 
z=-—lInt, (69) 
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and 


i fiejde= i f(-me). (70) 


Integrals with rational exponents can often be solved 
by making the substitution u = 2'/", where n is the 
LEAST COMMON MULTIPLE of the DENOMINATOR of the 
exponents. 


Integration rules include 


e f(z) dz =0 (71) 


| ; f(x) de = — i : f(x) de. (72) 


For c € (a,)), 


rs f(x) dx = [ fl) da + i f(x) da. (73) 


If g' is continuous on [a,b] and f is continuous and has 
an antiderivative on an INTERVAL containing the values 
of g(x) for a < x < b, then 


b g(b) 
/ #ola))9'(2) dx = / flu) du. (74) 
a g(a) 


Liouville showed that the integrals 
z 1 9 
per dz / © de oe ts ae (75) 
x x x 


cannot be expressed as terms of a finite number of ele- 
mentary functions. Other irreducibles include 


fe dx [ove | veweee (76) 


Chebyshev proved that if U, V, and W are RATIONAL 
NUMBERS, then 


' zt’ (A+ Ba’)” dx (77) 


is integrable in terms of elementary functions IFF (U + 
1)/V, W, or W + (U +1)/V is an INTEGER (Ritt 1948, 
Shanks 1993). 


There are a wide range of methods available for NUMERI- 
CAL INTEGRATION. A good source for such techniques is 
Press et al. (1992). The most straightforward numerical 
integration technique uses the NEWTON-COTES FORMU- 
LAS (also called QUADRATURE FORMULAS), which ap- 
proximate a function tabulated at a sequence of regu- 
larly spaced INTERVALS by various degree POLYNOMI- 
ALS. If the endpoints are tabulated, then the 2- and 3- 
point formulas are called the TRAPEZOIDAL RULE and 
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SIMPSON’S RULE, respectively. The 5-point formula is 
called BODE’s RuLE. A generalization of the TRAPE- 
ZOIDAL RULE is ROMBERG INTEGRATION, which can 
yield accurate results for many fewer function evalua- 
tions. 


If the analytic form of a function is known (instead 
of its values merely being tabulated at a fixed number 
of points), the best numerical method of integration is 
called GAUSSIAN QUADRATURE. By picking the optimal 
ABSCISSAS at which to compute the function, Gaussian 
quadrature produces the most accurate approximations 
possible. However, given the speed of modern comput- 
ers, the additional complication of the GAUSSIAN QUAD- 
RATURE formalism often makes it less desirable than 
the brute-force method of simply repeatedly calculat- 
ing twice as many points on a regular grid until conver- 
gence is obtained. An excellent reference for GAUSSIAN 


QUADRATURE is Hildebrand (1956). 


see also A-INTEGRABLE, ABELIAN INTEGRAL, CAL- 
CULUS, CHEBYSHEV-GAUSS QUADRATURE, CHEBY- 
SHEV QUADRATURE, DARBOUX INTEGRAL, DEFINITE 
INTEGRAL, DENJOY INTEGRAL, DERIVATIVE, DOU- 
BLE EXPONENTIAL INTEGRATION, EULER INTEGRAL, 
FUNDAMENTAL THEOREM OF GAUSSIAN QUADRA- 
TURE, GAUSS-JACOBI MECHANICAL QUADRATURE, 
GAUSSIAN QUADRATURE, HAAR INTEGRAL, HERMITE- 
GAUSS QUADRATURE, HERMITE QUADRATURE, HK 
INTEGRAL, INDEFINITE INTEGRAL, INTEGRATION, 
JACOBI-GAUSS QUADRATURE, JACOBI QUADRATURE, 
LAGUERRE-GAUSS QUADRATURE, LAGUERRE QUAD- 
RATURE, LEBESGUE INTEGRAL, LEBESGUE-STIELTJES 
INTEGRAL, LEGENDRE-GAUSS QUADRATURE, LEGEN- 
DRE QUADRATURE, LOBATTO QUADRATURE, ME- 
CHANICAL QUADRATURE, MEHLER QUADRATURE, 
NEWTON-COTES FORMULAS, NUMERICAL INTEGRA- 
TION, PERON INTEGRAL, QUADRATURE, RADAU QUAD- 
RATURE, RECURSIVE MONOTONE STABLE QUADRA- 
TURE, RIEMANN-STIELTJES INTEGRAL, ROMBERG IN- 
TEGRATION, RIEMANN INTEGRAL, STIELTJES INTE- 
GRAL 
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Integral Brick 
see EULER BRICK 


Integral Calculus 

That portion of “the? CALCULUS dealing with INTE- 
GRALS. 

see also CALCULUS, DIFFERENTIAL CALCULUS, INTE- 
GRAL 


Integral Cuboid 
see EULER BRICK 


Integral Current 
A RECTIFIABLE CURRENT whose boundary is also a 
RECTIFIABLE CURRENT. 


Integral Curvature 
Given a GEODESIC TRIANGLE (a triangle formed by the 
arcs of three GEODESICS on a smooth surface), 


Kda=A+B+4+C-n. 
ABC 


Given the EULER CHARACTERISTIC yx, 


7 K da = 2rx, 


so the integral curvature of a closed surface is not altered 
by a topological transformation. 


see also GAUSS-BONNET FORMULA, GEODESIC TRIAN- 
GLE 


Integral Domain 

A RING that is COMMUTATIVE under multiplication, has 
a unit element, and has no divisors of 0. The INTEGERS 
form an integral domain. 


see also FIELD, RING 


Integral Drawing 

A GRAPH drawn such that the EDGES have only IN- 
TEGER lengths. It is conjectured that every PLANAR 
GRAPH has an integral drawing. 


References 
Harborth, H. and Moller, M. “Minimum Integral Drawings 
of the Platonic Graphs.” Math. Mag. 67, 355-358, 1994. 


Integral Equation 


Integral Equation 

If the limits are fixed, an integral equation is called a 
Fredholm integral equation. If one limit is variable, it 
is called a Volterra integral equation. If the unknown 
function is only under the integral sign, the equation is 
said to be of the “first kind.” If the function is both 
inside and outside, the equation is called of the “second 
kind.” A Fredholm equation of the first kind is of the 


form ‘ 
fa) = [ K(e,90(e ae (1) 
A Fredholm equation of the second kind is of the form 
b 
Ha) = fle) +a f K(eHewa. 2) 
A Volterra equation of the first kind is of the form 
fay = [Kenan (3) 
a 
A Volterra equation of the second kind is of the form 
x 
(a) = sla) + f KCeHaia, 
where the functions K(z,t) are known as KERNELS. In- 


tegral equations may be solved directly if they are SEP- 
ARABLE. Otherwise, a NEUMANN SERIES must be used. 


A KERNEL is separable if 
K (x,t) =~ M;(x)Nj(t). (5) 
j=l 


This condition is satisfied by all POLYNOMIALS and 
many TRANSCENDENTAL FUNCTIONS. A FREDHOLM 
INTEGRAL EQUATION OF THE SECOND KIND with sep- 
arable KERNEL may be solved as follows: 


b 
de =F@) 4 / K (a, t)o(t) dt 


n b 
= 2) +9 Mito) | NyOKH at 


= f(z) +A} 0 5 M;(2), (6) 

j=l 

where ; 
= / N;(t) b(t) dé. (7) 


Now multiply both sides of (7) by Ni(x) and integrate 
over dz. 


/ o(z)Ni(x) dx 


b n “pb 
= i f(a) Ni(z) de +rS— J M;(x)Ni(x) dx. (8) 
a j=l a 
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By (7), the first term is just c;. Now define 


b= f Nileysta) ae (9) 
Get / ” Nile) Mj(3) de, ~ (10) 

oS) bees 
a= pS aeee (11) 


Writing this in matrix form, 


C=B+ AAC, (12) 
° (I—AA)C =B (13) 
C = (l— AA)~'B. (14) 


see also FREDHOLM INTEGRAL EQUATION OF THE 
First KIND, FREDHOLM INTEGRAL EQUATION OF THE 
SECOND KIND, VOLTERRA INTEGRAL EQUATION OF 
THE FIRST KIND, VOLTERRA INTEGRAL EQUATION OF 
THE SECOND KIND 
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Integral of Motion 

A function of the coordinates which is constant along a 
trajectory in PHASE SPACE. The number of DEGREES 
OF FREEDOM of a DYNAMICAL SYSTEM such as the 
DUFFING DIFFERENTIAL EQUATION can be decreased 
by one if an integral of motion can be found. In general, 
it is very difficult to discover integrals of motion. 
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Integral Sign 

The symbol q used to denote an INTEGRAL f f(x) dz. 
The symbol was chosen to be a stylized script “S” to 
stand for “summation.” 


see also INTEGRAL 


Integral Test 
Let 5* u, be a series with POSITIVE terms and let f(z) 
be the function that results when k is replaced by x in 
the FORMULA for ux. If f is decreasing and continuous 
for z > 1 and 

lim f(r) =0, 

rt CO 


then 


co 
; Uk 
k=1 


ie f(z) dx 
t 


both converge or diverge, where 1 < t < oo. The test is 
also called the CAUCHY INTEGRAL TEST or MACLAURIN 
INTEGRAL TEST. 


see also CONVERGENCE TESTS 


and 
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Integral Transform 
A general integral transform is defined by 


b 
ata) =f s()K (ad at, 


where K(a,t) is called the KERNEL of the transform. 


see also FOURIER TRANSFORM, FOURIER-STIELTJES 
TRANSFORM, H-TRANSFORM, HADAMARD TRANS- 
FORM, HANKEL TRANSFORM, HARTLEY TRANSFORM, 
HOUGH TRANSFORM, OPERATIONAL MATHEMATICS, 
RADON TRANSFORM, WAVELET TRANSFORM, Z- 
TRANSFORM 
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Integrand 
The quantity being INTEGRATED, also called the KER- 
NEL. For example, in f f(x) dz, f(x) is the integrand. 


see also INTEGRAL, INTEGRATION 
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Integrating Factor 
A FUNCTION by which an ORDINARY DIFFERENTIAL 
EQUATION is multiplied in order to make it integrable. 


see also ORDINARY DIFFERENTIAL EQUATION 


References 
Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, pp. 526-529, 1953. 


Integration 
The process of computing or obtaining an INTEGRAL. A 
more archaic term for integration is QUADRATURE. 


see also CONTOUR INTEGRATION, INTEGRAL, INTEGRA- 
TION BY PARTS, MEASURE THEORY, NUMERICAL INTE- 
GRATION 


Integration Lattice 
A discrete subset of IR° which is closed under addition 
and subtraction and which contains Z° as a SUBSET. 


see also LATTICE 
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Integration by Parts 
A first-order (single) integration by parts uses 


d(uv) = udv + udu (1) 


[ae =w—= fudr+ f vd, (2) 
[rdeaw-— foau (3) 


b f(b) 
| udv = [uv]? — / udu. (4) 
a f(a) 


Now apply this procedure n times to i f(™ (x)g(z) dz. 


so 


and 


u=g(t) dv=f' (x) dz (5) 


du = g'(x) dx v= f(z). (6) 


Therefore, 


/ f™g(#) de = (2) f(x) ~ / f(a) g(a) de. 
(7 


— 


But 
i f°-D(e)g' (a) dx 
= g(x) f°-(2) - / f°-D(a)g"(a) de (8) 


Integration by Parts 
[f° ?@0"@ a0 
= 9"(af(a) — f f(a) az, (9) 
= 
fF whale) de = ofa) f°(@) - o@LO€@) 
+9" ef (@) — + 0" f Ha) (@) de. 20) 


Now consider this in the slightly different form 
f f(w)9(z) dx. Integrate by parts a first time 


u= f(z) dv = g(x) dx (11) 


du=fi(x)dze v= [se dz, (12) 


so 


[ frale)ae = Ho) i o(e) de 


2 / | i ae) ao| f'(z)de. (13) 


Now integrate by parts a second time, 


i=f@- wis Y. g(a)(de)? (14) 


du=f"(x)de v= [[ aeneo (15) 


so 


[ tevo(aae = 102) f o(eyae- 5) ff oteae) 
+f ff o(e)(dey| s"(z)de. (16) 

Hiepanting w Wind wien, 

J seorate) ae = #02) [ ate) ae ¢'@) ff alayasy 
+#'@) [ff aaaz) 
-{ IL ate)(ae)*| f"(e)de. (17) 


Intension 


Therefore, after n applications, 
[ sera@as = 10) [ ate)ae- re) ff seas) 


+f" (z) [ff sevens sts?! 


+(-1)"* f(a) J + f g(w)(dz)"? 
ig 


n+l 


+(-1)" j i. te [oevaer” fo" (a) de. (18) 
HS = 
n+1 


If f+ (x2) = 0 (e.g., for an nth degree POLYNOMIAL), 
the last term is 0, so the sum terminates after n terms 
and 


/ Ha)g(«) de = f(2) i savas 


-1@) ff aeyaey? + #"@) [ff rant - 
vyreg(e) [- fotey(aey. (a) 
ne 


n+l 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 12, 1972. 


Intension 
A definition of a SET by mentioning a defining property. 


see also EXTENSION 


References 
Russell, B. “Definition of Number.” Introduction to Mathe- 
matical Philosophy. New York: Simon and Schuster, 1971. 


Interchange Graph 
see LINE GRAPH 


Interest 

Interest is a fee (or payment) made for the borrowing 
(or lending) of money. The two most common types 
of interest are SIMPLE INTEREST, for which interest is 
paid only on the initial PRINCIPAL, and COMPOUND IN- 
TEREST, for which interest earned can be re-invested to 
generate further interest. 


see also COMPOUND INTEREST, CONVERSION PERIOD, 
RULE OF 72, SIMPLE INTEREST 


References 
Kellison, 8. G. Theory of Interest, 2nd ed. Burr Ridge, IL: 
Richard D. Irwin, 1991. 
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Interior 

That portion of a region lying “inside” a specified 
boundary. For example, the interior of the SPHERE is a 
BALL. 


see also EXTERIOR 


Interior Angle Bisector 
see ANGLE BISECTOR 


Intermediate Value Theorem 

If f is continuous on a CLOSED INTERVAL [a,b] and c is 
any number between f(a) and f(b) inclusive, there is at 
least one number zx in the CLOSED INTERVAL such that 
fla) =e. 


see also WEIERSTRA8 INTERMEDIATE VALUE THEOREM 


Internal Bisectors Problem 
see STEINER-LEHMUS THEOREM 


Internal Knot 
One of the knots tp41, ..., tm—p-1 of a B-SPLINE with 
contro] points Po, ..., P, and KNOT VECTOR 


T= {to,ti,...,tm}, 


where 
p=m—-n-l. 


see also B-SPLINE, KNOT VECTOR 


Interpolation 

The computation of points or values between ones that 
are known or tabulated using the surrounding points or 
values. 


see also AITKEN INTERPOLATION, BESSEL’S INTER- 
POLATION FORMULA, EVERETT INTERPOLATION, EX- 
TRAPOLATION, FINITE DIFFERENCE, GAUSS’S IN- 
TERPOLATION FORMULA, HERMITE INTERPOLATION, 
LAGRANGE INTERPOLATING POLYNOMIAL, NEWTON- 
CoTEes FORMULAS, NEWTON’S DIVIDED DIFFERENCE 
INTERPOLATION FORMULA, OSCULATING INTERPOLA- 
TION, THIELE’S INTERPOLATION FORMULA 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Interpolation.” 
§25.2 in Handbook of Mathematical Functions with Formu- 
las, Graphs, and Mathematical Tables, 9th printing. New 
York: Dover, pp. 878-882, 1972. 

Iyanaga, S. and Kawada, Y. (Eds.). “Interpolation.” Ap- 
pendix A, Table 21 in Encyclopedic Dictionary of Mathe- 
matics. Cambridge, MA: MIT Press, pp. 1482-1483, 1980. 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vet- 
terling, W. T. “Interpolation and Extrapolation.” Ch. 3 
in Numerical Recipes in FORTRAN: The Art of Scien- 
tific Computing, 2nd ed. Cambridge, England: Cambridge 
University Press, pp. 99-122, 1992. 


914 Interquartile Range 


Interquartile Range 

Divide a set of data into two groups (high and low) of 
equal size at the MEDIAN if there is an EVEN number of 
data points, or two groups consisting of points on either 
side of the MEDIAN itself plus the MEDIAN if there is 
an ODD number of data points. Find the MEDIANS of 
the low and high groups, denoting these first and third 
quartiles by Qi and Q3. The interquartile range is then 
defined by 

IQR = Qs — Qi. 


see also H-SPREAD, HINGE, MEDIAN (STATISTICS) 


Interradius 
see MIDRADIUS 


Intersection 

The intersection of two sets A and B is the set of ele- 
ments common to A and B. This is written AM B, and 
is pronounced “A intersection B” or “A cap B.” The in- 
tersection of sets A; through A, is written ip a A;. The 
intersection of lines AB and CD is written ABN CD. 


see also AND, UNION 


Interspersion 
An ARRAY A = aij, i,j > 1 of POSITIVE INTEGERS is 
called an interspersion if 


1. The rows of A comprise a PARTITION of the PosI- 
TIVE INTEGERS, 


2. Every row of A is an increasing sequence, 


3. Every column of A is a (possibly FINITE) increasing 
sequence, 

4. If (u;) and (v;) are distinct rows of A and if p and 
q are any indices for which up < vg < up+i, then 
Upt1 < Vg+1 < Up+2: 

If an array A = aj; is an interspersion, then it is a DIs- 

PERSION. If an array A = a(i,j) is an interspersion, 

then the sequence {z,} given by {z, =1:n = (z,7)} 

for some j is a FRACTAL SEQUENCE. Examples of in- 

terspersion are the STOLARSKY ARRAY and WYTHOFF 

ARRAY. 


see also DISPERSION (SEQUENCE), 
QUENCE, STOLARSKY ARRAY 


FRACTAL SE- 


References 

Kimberling, C. “Interspersions and Dispersions.” Proc. 
Amer. Math. Soc. 117, 313-321, 1993. 

Kimberling, C. “Fractal Sequences and Interspersions.” Ars 
Combin. 45, 157-168, 1997. 


Intersphere 
see MIDSPHERE 


Intrinsic Curvature 


Interval 

A collection of points on a LINE SEGMENT. If the end- 
points a and 6 are FINITE and are included, the interval 
is called CLOSED and is denoted [a, b]. If one of the end- 
points is -too, then the interval still contains all of its 
LIMIT POINTS, so (a, co) and (—oo, b] are also closed in- 
tervals. If the endpoints are not included, the interval 
is called OPEN and denoted (a,). If one endpoint is 
included but not the other, the interval is denoted [a, b) 
or (a, 6] and is called a HALF-CLOSED (or HALF-OPEN) 
interval. 


see also CLOSED INTERVAL, HALF-CLOSED INTERVAL, 
LIMIT POINT, OPEN INTERVAL, PENCIL 


Interval Graph 

A GRAPH G = (V, E) is an interval graph if it captures 
the INTERSECTION RELATION for some set of INTERVALS 
on the REAL LINE. Formally, P is an interval graph 
provided that one can assign to each v € V an interval 
Iy such that I, Jy is nonempty precisely when uv € E. 


see also COMPARABILITY GRAPH 


References 

Booth, K. S. and Lueker, G. S. “Testing for the Consecu- 
tive Ones Property, Interval Graphs, and Graph Planarity 
using PQ-Tree Algorithms.” J. Comput. System Sci. 13, 
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Fishburn, P. C. Interval Orders and Interval Graphs: A 
Study of Partially Ordered Sets. New York: Wiley, 1985. 
Gilmore, P. C. and Hoffman, A. J. “A Characterization of 
Comparability Graphs and of Interval Graphs.” Canad. .J. 
Math. 16, 539-548, 1964. 

Lekkerkerker, C. G. and Boland, J. C. “Representation of a 
Finite Graph by a Set of Intervals on the Real Line.” Fund. 
Math. 51, 45-64, 1962. 


Interval Order 

A PoseT P = (X,<) is an interval order if it is Iso- 
MORPHIC to some set of INTERVALS on the REAL LINE 
ordered by left-to-right precedence. Formally, P is an in- 
terval order provided that one can assign to each r € X 
an INTERVAL [r1,ZR] such that zz < yr in the REAL 
NUMBERS IFF z < y in P. 


see also PARTIALLY ORDERED SET 


References 

Fishburn, P. C. Interval Orders and Interval Graphs: A 
Study of Partially Ordered Sets. New York: Wiley, 1985. 

Wiener, N. “A Contribution to the Theory of Relative Posi- 
tion.” Proc. Cambridge Philos. Soc. 17, 441-449, 1914. 


Intrinsic Curvature 

A CURVATURE such as GAUSSIAN CURVATURE which 
is detectable to the “inhabitants” of a surface and not 
just outside observers. An EXTRINSIC CURVATURE, on 
the other hand, is not detectable to someone who can’t 
study the 3-dimensional space surrounding the surface 
on which he resides. 


see also CURVATURE, EXTRINSIC CURVATURE, GAUS- 
SIAN CURVATURE 


Intrinsic Equation 


Intrinsic Equation 

An equation which specifies a CURVE in terms of intrin- 
sic properties such as ARC LENGTH, RADIUS OF CUR- 
VATURE, and TANGENTIAL ANGLE instead of with ref- 
erence to artificial coordinate axes. Intrinsic equations 
are also called NATURAL EQUATIONS. 


see also CESARO EQUATION, NATURAL EQUATION, 
WIHEWELL EQUATION 


References 

Yates, R. C. “Intrinsic Equations.” A Handbook on Curves 
and Their Properties. Ann Arbor, MI: J. W. Edwards, 
pp. 123-126, 1952. 


Intrinsically Linked 


A GRAPH is intrinsically linked if any embedding of it 
in 3-D contains a nontrivial LINK. A GRAPH is intrinsi- 
cally linked IFF it contains one of the seven PETERSEN 
GRAPHS (Robertson e¢ al. 1993). 


The COMPLETE GRAPH Kg (left) is intrinsically linked 
because it contains at least two linked TRIANGLES. The 
COMPLETE k-PARTITE GRAPH K3,3,1 (right) is also in- 
trinsically linked. 


see also COMPLETE GRAPH, COMPLETE k-PARTITE 
GRAPH, PETERSEN GRAPHS 


References 

Adams, C. C. The Knot Book: An Elementary Introduction 
to the Mathematical Theory of Knots. New York: W. H. 
Freeman, pp. 217-221, 1994. 

Robertson, N.; Seymour, P. D.; and Thomas, R. “Linkless 
Embeddings of Graphs in 3-Space.” Bull. Amer. Math. 
Soc. 28, 84-89, 1993. 


Invariant 

A quantity which remains unchanged under certain 
classes of transformations. Invariants are extremely use- 
ful for classifying mathematical objects because they 
usually reflect intrinsic properties of the object of study. 
see ADIABATIC INVARIANT, ALEXANDER INVARIANT, 
ALGEBRAIC INVARIANT, ARF INVARIANT, INTEGRAL OF 
MOTION 


References 

Hunt, B. “Invariants.” Appendix B.1 in The Geometry of 
Some Special Arithmetic Quotients. New York: Springer- 
Verlag, pp. 282-290, 1996. 


Invariant Density 
see NATURAL INVARIANT 
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Invariant (Elliptic Function) 
The invariants of a WEIERSTRAB ELLIPTIC FUNCTION 
are defined by 


g2 = 60E'Qnn* 
93. = 1405 Naan? 


Here, 
Qmn = 2mw1 — 2nwe, 


where w, and w are the periods of the ELLIPTIC FUNC- 
TION. 


Invariant Manifold 

When stable and unstable invariant MANIFOLDS inter- 
sect, they do so in a HYPERBOLIC FIXED POINT (SAD- 
DLE POINT). The invariant MANIFOLDS are then called 
SEPARATRICES. A HYPERBOLIC FIXED POINT is char- 
acterized by two ingoing stable MANIFOLDS and two 
outgoing unstable MANIFOLDS. In integrable systems, 
incoming W° and outgoing W“ MANIFOLDS all join up 
smoothly. 


A stable invariant MANIFOLD W® of a FIXED POINT Y* 
is the set of all points Yo such that the trajectory passing 
through Yo tends to Y* as j — oo. 


An unstable invariant MANIFOLD W”™ of a FIXED POINT 
Y"* is the set of all points Yo such that the trajectory 
passing through Yo tends to Y* as 7 + —oo. 


see also HOMOCLINIC POINT 


Invariant Point 
see FIXED POINT (TRANSFORMATION) 


Invariant Subgroup 
see NORMAL SUBGROUP 


Inverse Cosecant 


1.5f 


The function csc~* z, also denoted arccsc(x), where csc x 
is the COSECANT and the SUPERSCRIPT —1 denotes an 
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INVERSE FUNCTION, not the multiplicative inverse. The 
inverse cosecant satisfies 


csc’ x = sec™* pois (1) 
x? —1 


for POSITIVE or NEGATIVE a, and 


esc} a = 7 4+ csc *(—z) (2) 


for z > 0. The inverse cosecant is given in terms of other 
inverse trigonometric functions by 


= 
csc7! = cos~* (4) (3) 
= cot *(/a? ~1) (4) 
=in-sec 'x=—}n-—sec *(—z) (5) 
= sin? (=) (6) 
for x > 0. 


see also COSECANT INVERSE SINE, SINE 
References 


Beyer, W. H. CRC Standard Mathematical Tables, 28th ed. 
Boca Raton, FL: CRC Press, pp. 142-143, 1987. 


Inverse Cosine 


“1 "0.5 0.5 1 


The function cos-+z, also denoted arccos(x), where 
cosz is the COSINE and the superscript —1 denotes 
an INVERSE FUNCTION, not the multiplicative inverse. 
The MACLAURIN SERIES for the inverse cosine range 
-l<2z<lis 


whe LP _1,,3_ 3,5 _ 52,7 35 ,9 
COS” £ = 5T-H- GL — FOUL —Fat — esr . (1) 
The inverse cosine satisfies 
—1 -1 
cos” « =m —cos (—2z) (2) 


Inverse Cotangent 


for POSITIVE and NEGATIVE z, and 


cos)" = im —cos *(/1—2?) (3) 


for z > 0. The inverse cosine is given in terms of other 
inverse trigonometric functions by 


=a | -_ =] x 
cos. x = cot (as) (4) 
1 


= im +sin7*(—z) =in-sin ‘x (5) 


= in~—tan* (43) (6) 


for POSITIVE or NEGATIVE 2, and 


cos-* a = csc * (===) (7) 
= sec + (=) (8) 
= sin 1(./1- 2?) (9) 


for x > 0. 
see also COSINE, INVERSE SECANT 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Inverse Circu- 
lar Functions.” §4.4 in Handbook of Mathematical Func- 
tions with Formulas, Graphs, and Mathematical Tables, 
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Inverse Cotangent 


JArcCot z| 


RefArcCot z] 


The function cot™'z, also denoted arccot(x), where 
cot x is the COTANGENT and the superscript —1 denotes 
an INVERSE FUNCTION and not the multiplicative in- 
verse. The MACLAURIN SERIES is given by 

ss be? + 427 — ba? +..., (1) 


a 1 
cot “r= 57 E+ sr 


Inverse Cotangent 


and POWER SERIES by 


Euler derived the INFINITE series 
1 2 
aw?*+1 3(2?+1) 


2-4 
+375? FIP + (3) 


cote =a | 


(Wetherfield 1996). 


The inverse cotangent satisfies 
-1 -1 
cot” «= m—cot (—-2) (4) 
for POSITIVE and NEGATIVE z, and 


= = 1 
cot’ = }m—cot? (=) (5) 


for z > 0. The inverse cotangent is given in terms of 
other inverse trigonometric functions by 


x 
x? + :) (6) 


waist x 
= tm —sin™* (ss) (7) 


=int+tan‘(-z)=4m7-tan*2 (8) 


cot~' a = cos”! ( 


for POSITIVE or NEGATIVE 2, and 


cot” = esc™*(+/z? +1) (9) 


_ -1 2? + 1 
= sec ("4 ) (10) 
-1 1 
= sin a 11 
: (z + :) _ 
1 
= tan? (5) 12 
an . (12) 
for x > 0. 
A number 
tz = cot ‘a, (13) 


where x is an INTEGER or RATIONAL NUMBER, is some- 
times called a GREGORY NUMBER. Lehmer (1938a) 
showed that cot™ (a/b) can be expressed as a finite sum 
of inverse cotangents of INTEGER arguments 


k 
cot”? (¢) = So-)? cot ni, (14) 
t=1 


where 


m= | : (15) 
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with |x| the FLOOR FUNCTION, and 
Qin = ain+it bi (16) 
bi4a = ai— nibi, (17) 


with ap = a and bo = b, and where the recurrence is 
continued until 6,41 = 0. If an INVERSE TANGENT sum 
is written as 


tan in= S frtan™ 1 ny + ftan™’, (18) 
k=1 


then equation (14) becomes 


cot" n= So fe cot” *n, +ecot™"1, (19) 
k=1 
where 
c=2-f-2) fr. (20) 
k= 


Inverse cotangent sums can be used to generate 
MACHIN-LIKE FORMULAS. 


An interesting inverse cotangent identity attributed to 
Charles Dodgson (Lewis Carroll) by Lehmer (1938b; 
Bromwich 1965, Castellanos 1988ab) is 


cot (p+r)+tan*(p+q)=tan*p, (21) 
where 
1+p? = qr. (22) 
Other inverse cotangent identities include 
2cot~*(2x) — cot” * x = cot *(4x* + 3x) (23) 
272* + 1827 —1 
8x , 
(24) 
as well as many others (Bennett 1926, Lehmer 1938b). 


see also COTANGENT, INVERSE TANGENT, MACHIN’S 
FORMULA, MACHIN-LIKE FORMULAS, TANGENT 


3cot*(3a2) — cot~*« = cot* ( 
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Inverse Curve 
Given a CIRCLE C with CENTER O and RaApIus k, then 
two points P and @ are inverse with respect to C if OP- 
OQ = k*. If P describes a curve C1, then Q describes 
a curve C2 called the inverse of Cy with respect to the 
circle C (with INVERSION CENTER O). If the POLAR 
equation of C is r(@), then the inverse curve has polar 
equation 

k? 
= ley 


If O = (xo, yo) and P = (f(t), g(t)), then the inverse has 
equations 


Ui 


sf ehcan k?(f — xo]) 
(f — 20)? + (9 ~ yo)? 
k?(g — yo) 


ncaa ( eT Es POET 


Inversion 

Curve Center Inverse Curve 
Archimedean spiral origin Archimedean spiral 
cardioid cusp parabola 
circle any pt. another circle 
cissoid of Diocles cusp parabola 
cochleoid origin quadratrix of Hippias 
epispiral origin Rose 
Fermat’s spiral origin lituus 
hyperbola center lemniscate 
hyperbola vertex right strophoid 
hyperbola with vertex Maclaurin trisectrix 

a=V3 
lemniscate center hyperbola 
lituus origin Fermat spiral 
logarithmic spiral origin logarithmic spiral 
Maclaurin trisectrix focus Tschirnhausen’s cubic 
parabola focus cardioid 
parabola vertex cissoid of Diocles 
quadratrix of Hippias cochleoid 
right strophoid origin the same right strophoid 
sinusoidal spiral origin sinusoidal spiral inverse 


curve 


Tschirnhausen cubic sinusoidal spiral 


see also INVERSION, INVERSION CENTER, INVERSION 
CIRCLE 
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Inverse Filter 
A linear DECONVOLUTION ALGORITHM. 


Inverse Hyperbolic Cosine 


Inverse Function 

Given a FUNCTION f(z), its inverse f~!(a) is defined by 
f(f-'(x)) = x. Therefore, f(x) and f~+(2) are reflec- 
tions about the line y = z. 


Inverse Hyperbolic Cosecant 


al 


8 10 


[AreCsch z| 


Re(ArcCsch z} Im[ArcCsch <] 


The INVERSE FUNCTION of the HYPERBOLIC COSE- 
CANT, denoted csch™? 2. 


see also HYPERBOLIC COSECANT 


Inverse Hyperbolic Cosine 
3F 


2 4 6 8 10 


Re({ArcCosh 2} Im[ArcCosh z)} |ArcCosh z| 


The INVERSE FUNCTION of the HYPERBOLIC COSINE, 
denoted cosh} z. 


see also HYPERBOLIC COSINE 


Inverse Hyperbolic Cotangent 


Inverse Hyperbolic Cotangent 


3 


{AzcCoth z| 


The INVERSE FUNCTION of the HYPERBOLIC COTAN- 
GENT, denoted coth™? z. 


see also HYPERBOLIC COTANGENT 


Inverse Hyperbolic Functions 

The INVERSE of the HYPERBOLIC FUNCTIONS, denoted 
cosh~!z, coth7z, csch7+2, sech™! a, sinh7!z, and 
tanh~? a. 


see also HYPERBOLIC FUNCTIONS 
References 
Spanier, J. and Oldham, K. B. “The Inverse Hyperbolic Func- 


tions.” Ch. 31 in An Atlas of Functions. Washington, DC: 
Hemisphere, pp. 285-293, 1987. 


Inverse Hyperbolic Secant 


The INVERSE FUNCTION of the HYPERBOLIC SECANT, 
denoted sech7! z. 


see also HYPERBOLIC SECANT 
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Inverse Hyperbolic Sine 


Re[ArcSinh z) |AxcSinh z| 


The INVERSE FUNCTION of the HYPERBOLIC SINE, de- 
noted sinh? z. 


see also HYPERBOLIC SINE 


Inverse Hyperbolic Tangent 


fal 


i 
2.5 


Re[ArcTanh z] |ArcTanh z| 


The INVERSE FUNCTION of the HYPERBOLIC TANGENT, 
denoted tanh™? z. 


see also HYPERBOLIC TANGENT 


Inverse Matrix 
see also MATRIX INVERSE 


Inverse Points 

Points which are transformed into each other through 
INVERSION about a given INVERSION CIRCLE. The point 
P’ which is the inverse point of a given point P with re- 
spect to an INVERSION CIRCLE C may be constructed 
geometrically using a COMPASS only (Courant and Rob- 
bins 1996). 


see also GEOMETRIC CONSTRUCTION, INVERSION, PO- 
LAR, POLE (GEOMETRY) 


920 Inverse Quadratic Interpolation 


References 

Courant, R. and Robbins, H. “Geometrical Construction of 
Inverse Points.” §3.4.3 in What is Mathematics?: An Ele- 
mentary Approach to Ideas and Methods, 2nd ed. Oxford, 
England: Oxford University Press, pp. 144-145, 1996. 


Inverse Quadratic Interpolation 
The use of three prior points in a ROOT-finding ALGO- 
RITHM to estimate the zero crossing. 


Inverse Scattering Method 

A method which can be used to solve the initial value 
problem for certain classes of nonlinear PARTIAL DIF- 
FERENTIAL EQUATIONS. The method reduces the ini- 
tial value problem to a linear INTEGRAL EQUATION in 
which time appears only implicitly. However, the solu- 
tions u(z,t) and various of their derivatives must ap- 
proach zero as 2 — +too (Infeld and Rowlands 1990). 


see also ABLOWITZ-RAMANI-SEGUR CONJECTURE, 
BACKLUND TRANSFORMATION 
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Inverse Secant 


3t 
5 


2k 


10 = 5 10 


Re(ArcSec 2) Im[ArcSec z]} 


The function sec”! 2, where seca is the SECANT and the 
superscript —1 denotes the INVERSE FUNCTION, not the 
multiplicative inverse. The inverse secant satisfies 


sec! a = ese! ( (1) 
x? —1 


for POSITIVE or NEGATIVE @, and 


sec} 2 =a +sec'(—2) (2) 


Inverse Sine 


for x > 0. The inverse secant is given in terms of other 
inverse trigonometric functions by 


sec | x = cos’? (=) (3) 
= cot? (zs) (4) 

= 
= 49 -csc™'2=—in=cse™*(—2) (5) 


sin? (= *) (6) 


tan7*(,/a? -1) (7) 


for x > 0. 
see also INVERSE COSECANT, SECANT 


References 
Beyer, W. H. CRC Standard Mathematical Tables, 28th ed. 
Boca Raton, FL: CRC Press, pp. 141-143, 1987. 


Inverse Semigroup 

The abstract counterpart of a PSEUDOGROUP formed by 
certain subsets of a GROUPOID which admit a MULTI- 
PLICATION. 


References 


Weinstein, A. “Groupoids: Unifying Internal and External 
Symmetry.” Not. Amer. Math. Soc. 43, 744~752, 1996. 


Inverse Sine 


JArcSin 2| 


Re(ArcSin 2} 


-a> 


RetzP 2 


The function sin~!2, where sinz is the SINE and the 
superscript —1 denotes the INVERSE FUNCTION, not the 
multiplicative inverse. The inverse sine satisfies 


sin7' x = —sin™!(—z) (1) 


for POSITIVE and NEGATIVE 2, and 


sin”* = $4 ~sin7*(./1 — 2?) (2) 


Inverse Tangent 


for x > 0. The inverse sine is given in terms of other 
inverse trigonometric functions by 


sin"'x =cos'(—2)-—4m=3n-—cos*e (3) 


1 x 
= $7 — cot (se) (4) 
= tan? (=) (5) 


for POSITIVE or NEGATIVE 2, and 


sin7' x = cos” ‘(4/1 — 2?) (6) 
= cot? (4) 


zx 


for x > 0. 
see also INVERSE COSINE, SINE 
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Inverse Tangent 


Re[ArcTan z] [ArcTan z} 


The inverse tangent is also called the arctangent and is 
denoted either tan™+ or arctan x. It has the Mac- 
LAURIN SERIES 


ae gent 


S a Ve a A Oi dat 
= 3 = 2—- 3k +Er — 7 t+.... 
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A more rapidly converging form due to Euler is given by 


sess BPP (nl)y? g2nti 
= De aaa) (2n + 1)! (4+a2)e+1 (2) 


(Castellanos 1988). The inverse tangent satisfies 
tan7' a2 = —tan '(—2) (3) 


for POSITIVE and NEGATIVE z, and 
tan”* =} =ti(d 4 
an = 97 — tan = (4) 


for x > 0. The inverse tangent is given in terms of other 
inverse trigonometric functions by 


tan tg =in- t ul 5 
LZ = 57 — cos ( ay (5) 
=cot '(-2)-4n=}m-cot™*2 (6) 
=A xv 

= sin —_———— 7 
( 45) (7) 

for POSITIVE or NEGATIVE a, and 
tan” = cos”* eae (8) 

Va? +1 

-1 9) 
= = 9 
cot ( (9) 

2 

= csc" (= :) (10) 


ec '(4/a? +1) (11) 


for x > 0. 


In terms of the HYPERGEOMETRIC FUNCTION, 


tan”* 2 = ¢2F,(1, 3; 3;-2") (12) 


2 
x x 
l+<z SS eee (1 hes) (13) 


(Castellanos 1988). Castellanos (1986, 1988) also gives 
some curious formulas in terms of the FiBoNAcCI NuM- 
BERS, 


ee (14 
= 5"(2n + 1) 
= >> \” Fonsi? ( 5) 
ens a ET 
= 5 (= 10 ie adas 2 6) 
ra (2n +4 1)(v + fv? +5 jan41’ 
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where 
a (17) 
4x2 
es 3 
=e 1 14 2422 18 


and v is the largest POSITIVE Root of 


8av* — 100v° — 450zv” + 875u+6252=0. (19) 


The inverse tangent satisfies the addition FORMULA 


tan7+e+tan~‘y = tan? (4) (20) 


as well as the more complicated FORMULAS 
* (AQ) = t0" (2) +400" (S35) 
tan (= = tan rs + tan ar ee 
*(Z) = 2tan™ (25) - 12 Garraa) 
tan (- = 2tan 5a tan as an (22) 


= 1 = 1 1 q 
t lio )=t ———. t a 
an (2) an (<4) + tan (ae > 
(23) 


the latter of which was known to Euler. The inverse 
tangent FORMULAS are connected with many interesting 
approximations to PI 


tan ‘(1+a@) =19+4+4e- 1 gp? 4. 72 + pe 
7 


Euler gave 


= 2 2-4 2-4-6 
tan tea ¥ (Sut 55 ; Va og ve (25) 
where ; 
Zz 
Se 26 
v= Typ (26) 


The inverse tangent has CONTINUED FRACTION repre- 
sentations 


tan *2= 5 (27) 
x . 
ae Ax 
3+ 
Biase 
ae 162” 
9+. 
Zz 
Se rm a . (28) 
3-27 + al 
x 
3 2527 
5 — 3a* + 5 
7-5a2°4+... 
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To find tan7! x numerically, the following ARITHMETIC- 
GEOMETRIC MEAN-like ALGORITHM can be used. Let 


ao = (1427)? (29) 

bo = 1. (30) 
Then compute 

Qin. = £(a; + 5) (31) 


bina = V Gitibi, (32) 


and the inverse tangent is given by 


—1 . xz 
tan z= lim 


——_———. 33 
nco /1+ 27 an (38) 


(Acton 1990). 


An inverse tangent tan~!n with integral n is called re- 
ducible if it is expressible as a finite sum of the form 


tan7'n = > fetan™’? nk, (34) 
k=l 


where f, are POSITIVE or NEGATIVE INTEGERS and n; 
are iINTEGERS < n. tan™!m is reducible IFF all the 
PRIME factors of 1+ m? occur among the PRIME factors 
of 1+ n? forn=1,...,m-—1. A second NECESSARY 
and SUFFICIENT condition is that the largest PRIME fac- 
tor of 1+ m? is less than 2m. Equivalent to the second 
condition is the statement that every GREGORY NuM- 
BER tz = cot’ a can be uniquely expressed as a sum 
in terms of tms for which m is a STORMER NUMBER 
(Conway and Guy 1996). To find this decomposition, 
write 

arg(1 + in) = arg IIa + npi)*, (35) 

k=1 


so the ratio 
— TH gar (1 + met) 


l+in (36) 


Tr 


is a RATIONAL NUMBER. Equation (36) can also be 
written 


r(l+n7)= [[@+77)*. (37) 


k=1 
Writing (34) in the form 
tan-*n = s- fetan”'n, + ftan-*1 (38) 
k=1 
allows a direct conversion to a corresponding INVERSE 


COTANGENT FORMULA 


cot7'n = ys: fi cot? ng + ecot™* 1, (39) 
k=1 


where 


c=2-f-25-f.. (40) 
k=1 


Inverse Trigonometric Functions 

Todd (1949) gives a table of decompositions of tan™*n 
for n < 342. Conway and Guy (1996) give a similar 
table in terms of STORMER NUMBERS. 


Arndt and Gosper give the remarkable inverse tangent 
identity 


2n+1 
sin SO tan ak 
k=1 
n Vent ypanti yp (j—k) 
Ge) wet Uji [ay - tan (Saya | (41) 
~ In +1 Qn+1 : 
|e a (a;? + 1) 


see also INVERSE COTANGENT, TANGENT 
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Inverse Trigonometric Functions 

INVERSE FUNCTIONS of the TRIGONOMETRIC FUNC- 
TIONS written cos~! x, cot™! 2, csc™? z, sec™? z, sin™! a, 
and tan7! z. 

see also INVERSE COSECANT, INVERSE COSINE, IN- 
VERSE COTANGENT, INVERSE SECANT, INVERSE SINE, 
INVERSE TANGENT 
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Inversely Similar 


inversely similar 
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Two figures are said to be SIMILAR when all correspond- 
ing ANGLES are equal, and are inversely similar when all 
corresponding ANGLES are equal and described in the 
opposite rotational sense. 


see also DIRECTLY SIMILAR, SIMILAR 


aN 
XY 


Inversion is the process of transforming points to their 
INVERSE POINTS. This sort of inversion was first sys- 
tematically investigated by Jakob Steiner. Two points 
are said to be inverses with respect to an INVERSION 
CIRCLE with INVERSION CENTER O = (zo, yo) and IN- 
VERSION Rapius kif PT and PS are line segments sym- 
metric about OP and tangent to the CIRCLE, and Q is 
the intersection of OP and ST. The curve to which a 
given curve is transformed under inversion is called its 
INVERSE CURVE. 


Note that a point on the CIRCUMFERENCE of the IN- 
VERSION CIRCLE is its own inverse point. The inverse 
points obey 


OP k 
or 
k? = OP x OQ, (2) 


where k? is called the POWER. The equation for the in- 
verse of the point (z, y) relative to the INVERSION CIR- 
CLE with INVERSION CENTER (Zo, yo) and inversion ra- 
dius k is therefore 


; k(x — Zo) 
=i0o+ -—— 3 
oS Oe = 20)? + (y — Yo)? 8) 

! k*(y — yo) 
= peer Sk) Se 4 
y= Wt Goa)? Fy wo) a 

In vector form, 
2 _ 

x =xo+ aa) (5) 


Any ANGLE inverts to an opposite ANGLE. 
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2 
gare 
worn 2 yf 
ae ar cu 
i * (6 
i : t 
H * i 5 t ° 
N 7 ‘ 
XY / X 
he a 8 ‘ 
ae = 
4 


Treating LINES as CIRCLES of INFINITE RADIUS, all CIR- 
CLES invert to CIRCLES. Furthermore, any two nonin- 
tersecting circles can be inverted into concentric circles 
by taking the INVERSION CENTER at one of the two lim- 
iting points (Coxeter 1969), and ORTHOGONAL CIRCLES 
invert to ORTHOGONAL CIRCLES (Coxeter 1969). 


The inverse of a CIRCLE of RADIUS a with CENTER (z, y) 
with respect to an inversion circle with INVERSION CEN- 
TER (0,0) and INVERSION RADIUS k is another CIRCLE 
with CENTER (a’,y’) = (sz,sy) and RADIUs r’ = |s{a, 
where e 

x? + y2 — a?" 


(6) 


® 
lll 


The above plot shows a checkerboard centered at (0, 0) 
and its inverse about a small circle also centered at (0, 
0) (Dixon 1991). 


see also ARBELOS, HEXLET, INVERSE CURVE, INVER- 
SION CIRCLE, INVERSION OPERATION, INVERSION Ra- 
DIUS, INVERSIVE DISTANCE, INVERSIVE GEOMETRY, 
MIDCIRCLE, PAPPUS CHAIN, PEAUCELLIER INVERSOR, 
POLAR, POLE (GEOMETRY), POWER (CIRCLE), RADI- 
CAL LINE, STEINER CHAIN, STEINER’S PORISM 
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Inversion Center 

The point that INVERSION OF A CURVE is performed 
with respect to. 

see also INVERSE POINTS, INVERSION CIRCLE, INVER- 
SION RADIUS, INVERSIVE DISTANCE, POLAR, POLE 
(GEOMETRY), POWER (CIRCLE) 


Inversion Circle 

The CIRCLE with respect to which a INVERSE CURVE 
is computed or relative to which INVERSE POINTS are 
computed. 


see also INVERSE POINTS, INVERSION CENTER, INVER~- 
SION RADIUS, INVERSIVE DISTANCE, MIDCIRCLE, Po- 
LAR, POLE (GEOMETRY), POWER (CIRCLE) 


Inversion Operation 
The SYMMETRY OPERATION (2,y,2z) — (—az,—y,—-z). 
When used in conjunction with a ROTATION, it becomes 
an IMPROPER ROTATION. 


Inversion Radius 

The RADIUS used in performing an INVERSION with re- 
spect to an INVERSION CIRCLE. 

see also INVERSE POINTS, INVERSION CENTER, IN- 
VERSION CIRCLE, INVERSIVE DISTANCE, POLAR, POLE 
(GEOMETRY), POWER (CIRCLE) 


Inversive Distance 

The inversive distance is the NATURAL LOGARITHM of 
the ratio of two concentric circles into which the given 
circles can be inverted. Let c be the distance between 
the centers of two nonintersecting CIRCLES of RADII a 
and b < a. Then the inversive distance is 


a+b? —¢ 


= cosh! 
6 = cos Dab 


(Coxeter and Greitzer 1967). 


The inversive distance between the SODDY CIRCLES is 
given by 
6 = 2cosh * 2, 


Inversive Geometry 


and the CIRCUMCIRCLE and INCIRCLE of a TRIANGLE 
with CIRCUMRADIUS R and INRADIUS r are at inversive 


distance 4 
6 = 2sinh7? & /=) 
(Coxeter and Greitzer 1967, pp. 130-131). 
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Inversive Geometry 

The GEOMETRY resulting from the application of the 
INVERSION operation. It can be especially powerful for 
solving apparently difficult problems such as STEINER’S 
PORISM and APOLLONIUS’ PROBLEM. 


see also HEXLET, INVERSE CURVE, INVERSION, PEAU- 
CELLIER INVERSOR, POLAR, POLE (GEOMETRY), 
POWER (CIRCLE), RADICAL LINE 
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Inverted Funnel 
see also FUNNEL, SINCLAIR’S SOAP FILM PROBLEM 


Inverted Snub Dodecadodecahedron 


The UNIFORM POLYHEDRON Ugo whose DUAL POLYHE- 
DRON is the MEDIAL INVERTED PENTAGONAL HEXE- 
CONTAHEDRON. It has WYTHOFF SYMBOL |2 3 5. Its 
faces are 12{2} + 60{3} + 12{5}. It has CIRCUMRADIUS 
for unit edge length of 


R = 0.8516302. 
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Invertible Knot 

A knot which can be deformed into itself but with the 
orientation reversed. The simplest noninvertible knot is 
08017. No general technique is known for determining 
if a KNOT is invertible. Burde and Zieschang (1985) 
give a tabulation from which it is possible to extract the 
invertible knots up to 10 crossings. 


see also AMPHICHIRAL KNOT 
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Involuntary 
A LINEAR TRANSFORMATION of period two. Since a 
LINEAR TRANSFORMATION has the form, 


1 aA+6 
as wi (1) 


applying the transformation a second time gives 


= an + B 23. (a? + By)A + Bla + 4) 


y+ 6 (a+ 6)yA+ By t+ 6? * (2) 


For an involuntary, \” = 4, so 
y(a + 6)d? + (67 —a?)A-(a+5)B=0. (3) 


Since each COEFFICIENT must vanish separately, 


ay+7d6=0 (4) 
5° —a’? =0 (5) 
af + 66 = 0. (6) 


The first equation gives 6 = +a. Taking 6 = a would 
require y = 6 = 0, giving \ = X’, the identity transfor- 


mation. Taking 6 = —a gives 6 = —a, so 
yA — a’ 


the general form of an INVOLUTION. 


see also CROSS-RATIO, INVOLUTION (LINE) 
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Involute 


circle involute 


Attach a string to a point on a curve. Extend the string 
so that it is tangent to the curve at the point of at- 
tachment. Then wind the string up, keeping it always 
taut. The Locus of points traced out by the end of 
the string is the involute of the original curve, and the 
original curve is called the EVOLUTE of its involute. Al- 
though a curve has a unique EVOLUTE, it has infinitely 
many involutes corresponding to different choices of ini- 
tial point. An involute can also be thought of as any 
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curve ORTHOGONAL to all the TANGENTS to a given 
curve. 


The equation of the involute is 


rj=r-—sT, (1) 
where T is the TANGENT VECTOR 
dr 
ad 
"= Ta " 


and s is the ARC LENGTH 


cast == ds — v ds? — 12 42 
o= [as a= [ at dt = f? +9"? dt. 
(3) 


This can be written for a parametrically represented 
function (f(t), g(t)) as 


, 
a(t) =f - == (4) 
g 
, 
See. tod 

Curve Involute 
astroid astroid 1/2 as large 
cardioid cardioid 3 times as large 
catenary tractrix 
circle catacaustic limagon 


for a point source 
circle circle involute (a spiral) 


cycloid equal cycloid 
deltoid deltoid 1/3 as large 
ellipse ellipse involute 
epicycloid reduced epicycloid 
hypocycloid similar hypocycloid 


equal logarithmic spiral 
parabola 

Cayley’s sextic 

nephroid 2 times as large 


logarithmic spiral 
Neile’s parabola 
nephroid 
nephroid 


see also EVOLUTE, HUMBERT’S THEOREM 


References 

Cundy, H. and Rollett, A. “Roulettes and Involutes.” §2.6 in 
Mathematical Models, 8rd ed. Stradbroke, England: Tar- 
quin Pub., pp. 46-55, 1989. 

Dixon, R. “String Drawings.” Ch. 2 in Mathographics. New 
York: Dover, pp. 75~78, 1991. 

Gray, A. “Involutes.” §5.4 in Modern Differential Geometry 
of Curves and Surfaces. Boca Raton, FL: CRC Press, 
pp. 81-85, 1993. 

Lawrence, J. D. A Catalog of Special Plane Curves. New 
York: Dover, pp. 40-42 and 202, 1972. 

Lee, X. “Involute.” http://www.best.com/~xah/Special 
PlaneCurves_dir/Involute_dir/involute. html. 

Lockwood, E. H. “Evolutes and Involutes.” Ch. 21 in A Book 
of Curves. Cambridge, England: Cambridge University 
Press, pp. 166-171, 1967. 

Pappas, T. “The Involute.” The Joy of Mathematics. San 
Carlos, CA: Wide World Publ./Tetra, p. 187, 1989. 

Yates, R. C. “Involutes.” A Handbook on Curves and Their 
Properties. Ann Arbor, MI: J. W. Edwards, pp. 135-137, 
1952. 
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Involution (Group) 

An element of order 2 in a GROUP (i.e., an element A 
of a GROUP such that A? = J, where J is the IDENTITY 
ELEMENT). 


see also GROUP, IDENTITY ELEMENT 


Involution (Line) 

Pairs of points of a line, the product of whose distances 
from a FIXED POINT is a given constant. This is more 
concisely defined as a PROJECTIVITY of period two. 


see also INVOLUNTARY 


Involution (Operator) 
An OPERATOR of period 2, i.e., an OPERATOR * which 
satisfies ((a)*)* = a. 


Involution (Set) 

An involution of a SET S is a PERMUTATION of S which 
does not contain any cycles of length > 2. The PER- 
MUTATION MATRICES of an involution are SYMMETRIC. 
The number of involutions I(n) of a SET containing the 
first n integers is given by the RECURRENCE RELATION 


I(n) = I(n — 1) + (n — 1)I(n — 2). 


For n = 1, 2, ..., the first few values of I{n) are 1, 2, 
4, 10, 26, 76, ... (Sloane’s A000085). The number of 
involutions on n symbols cannot be expressed as a fixed 
number of hypergeometric terms (PetkovSek et al. 1996, 
p. 160). 

see also PERMUTATION 
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Involution (Transformation) 
A TRANSFORMATION of period 2. 


Irradiation Illusion 


The ILLUSION shown above which was discovered by 
Helmholtz in the 19th century. Despite the fact that 
the two above figures are identical in size, the white 
hole looks bigger than the black one in this ILLUSION. 
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Irrational Number 

A number which cannot be expressed as a FRACTION p/q 
for any INTEGERS p and g. Every TRANSCENDENTAL 
NUMBER is irrational. Numbers of the form n?/™ are 
irrational unless n is the mth POWER of an INTEGER. 


Numbers of the form log, m, where log is the LoGca- 
RITHM, are irrational if m and n are INTEGERS, one of 
which has a PRIME factor which the other lacks. e” is 
irrational for rational r #4 0. The irrationality of e was 
proven by Lambert in 1761; for the general case, see 
Hardy and Wright (1979, p. 46). 2” is irrational for 
POSITIVE integral n. The irrationality of 7 was proven 
by Lambert in 1760; for the general case, see Hardy and 
Wright (1979, p. 47). APERY’S CONSTANT ¢(3) (where 
¢(z) is the RIEMANN ZETA FUNCTION) was proved irra- 
tional by Apéry (Apéry 1979, van der Poorten 1979). 


From GELFOND’S THEOREM, a number of the form a? 


is TRANSCENDENTAL (and therefore irrational) if a is 
ALGEBRAIC 0, 1 and 6 is irrational and ALGEBRAIC. 
This establishes the irrationality of e” (since (—1)~* = 
(e")~* = e”), 2¥?, and ex. Nesterenko (1996) proved 
that + + e” is irrational. In fact, he proved that 7, e” 
and I'(1/4) are algebraically independent, but it was not 
previously known that 7 + e” was irrational. 


Given a POLYNOMIAL equation 
ze” + ¢miz™” 1 +...+60, (1) 


where c; are INTEGERS, the roots 2; are either integral 
or irrational. If cos(2@) is irrational, then so are cos@, 


sin 6, and tan@. 
Trrationality has not yet been established for 2°, 7°, nv?, 


or 7 (where y is the EULER-MASCHERONI CONSTANT). 


QUADRATIC SURDS are irrational numbers which have 
periodic CONTINUED FRACTIONS. 


Hurwitz’s IRRATIONAL NUMBER THEOREM gives 
bounds of the form 


Bisa (2) 


for the best rational approximation possible for an ar- 
bitrary irrational number a, where the ZL, are called 
LAGRANGE NUMBERS and get steadily larger for each 
“bad” set of irrational numbers which is excluded. 


sae ° 


n=1 


The SERIES 


where ox%(m) is the DIVISOR FUNCTION, is irrational for 
k =1and 2. The series 


Ven =D. (4) 
n=l n=l 
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where d(n) is the number of divisors of n, is also irra- 
tional, as are 


Ya, oe ES ow 


for gq an INTEGER other than p, +1, and r a RATIONAL 
NUMBER other than 0 or —g” (Guy 1994). 


see also ALGEBRAIC INTEGER, ALGEBRAIC NUMBER, 
ALMOST INTEGER, DIRICHLET FUNCTION, FERGUSON- 
FORCADE ALGORITHM, GELFOND’S THEOREM, Hur- 
WITZ’S IRRATIONAL NUMBER THEOREM, NEAR NOBLE 
NUMBER, NOBLE NUMBER, PYTHAGORAS’S THEOREM, 
QUADRATIC IRRATIONAL NUMBER, RATIONAL NuM- 
BER, SEGRE’S THEOREM, TRANSCENDENTAL NUMBER 
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Irrationality Measure 
see LIOUVILLE-ROTH CONSTANT 


Irrationality Sequence 

A sequence of POSITIVE INTEGERS {an} such that 
3>1/(anbn) is IRRATIONAL for all integer sequences 
{bn}. Erdés showed that {2?"} is an irrationality se- 
quence. 
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Irreducible Matrix 
A SQUARE MATRIX which is not REDUCIBLE is said to 
be irreducible. 
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Irreducible Polynomial 

A POLYNOMIAL or polynomial equation is said to be 
irreducible if it cannot be factored into polynomials of 
lower degree over the same FIELD. 


The number of binary irreducible polynomials of degree 
nm is equal to the number of n-bead fixed NECKLACES 
of two colors: 1, 2, 3, 4, 6, 8, 14, 20, 36, ... (Sloane’s 
A000031), the first few of which are given in the follow- 
ing table. 


n Polynomials 

1 ¢« 

2 2,2+1 

3 2,027 +a24+1,241 

4 z,e+eti,et+e274+1,24+1 


see also FIELD, GALOIS FIELD, NECKLACE, POLYNOM- 
IAL, PRIMITIVE IRREDUCIBLE POLYNOMIAL 
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Irreducible Representation 

An irreducible representation of a GROUP is a represen- 
tation for which there exists no UNITARY TRANSFORMA- 
TION which will transform the representation MATRIX 
into block diagonal form. The irreducible representa- 
tion has a number of remarkable properties. 

see also GROUP, ITO’S THEOREM, UNITARY TRANSFOR- 
MATION 


Irreducible Semiperfect Number 
see PRIMITIVE PSEUDOPERFECT NUMBER 


Irreducible Tensor 
Given a general second RANK TENSOR A;; and a MET- 
RIC giz, define 


0= Aig? = Aj (1) 
w = 69* A, (2) 
Oj = (Ai; + Aji) - 19:5 Ak, (3) 


where 6;; is the KRONECKER DELTA and e’* is the 
LEVI-CIVITA SYMBOL. Then 


aij + 30955 + Fern” 
= [3 (Ass + Ags) — 5.929 A] + FARGG + Zeige Ary] 
= $(Agy + Ags) + £ (6259 — 5057) Any 

3 (Ais + Asi) + 3 (As — Agi) = Ais, (4) 


where @, w*, and oi; are TENSORS of RANK 0, 1, and 2. 
see also TENSOR 


Irregular Pair 


Irredundant Ramsey Number 

Let Gi, Go, ..., Ge be a t-EDGE coloring of the COM- 
PLETE GRAPH K,, where for each i = 1, 2, ..., t, Gj is 
the spanning SUBGRAPH of K,, consisting of all EDGES 
colored with the ith color. The irredundant Ramsey 
number s(q1,..-,@¢) is the smallest INTEGER n such 
that for any t-EDGE coloring of Kn, the COMPLEMENT 
GraPu G; has an irredundant set of size q; for at least 
one i = 1, ..., #. Irredundant Ramsey numbers were 
introduced by Brewster et al. (1989) and satisfy 


s(q, vee 54) < R(n, ek qt). 
For a summary, see Mynhardt (1992). 


A 


Bounds | Reference 

6 | Brewster et al. 1989 

8 | Brewster et al. 1989 

12 | Brewster et al. 1989 

15 | Brewster et al. 1990 

18 | Chen and Rousseau 1995, 

Cockayne et al. 1991 

13 | Cockayne et al. 1992 
Cockayne and Mynhardt 1994 
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Irreflexive 

A RELATION R on a SET S is irreflexive provided that 
no element is related to itself; in other words, eRe for 
no x in S. 


see also RELATION 


Irregular Pair 

If p divides the NUMERATOR of the BERNOULLI NUMBER 
Bo, for 0 < 2k < p—1, then (p, 2k) is called an irregular 
pair. For p < 30000, the irregular pairs of various forms 
are p = 16843 for (p,p — 3), p = 37 for (p,p — 5), none 
for (p,p — 7), and p = 67,877 for (p, p ~ 9). 


see also BERNOULLI NUMBER, IRREGULAR PRIME 
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Irregular Prime 


Irregular Prime 

PRIMES for which Kummer’s theorem on the unsolvabil- 
ity of FERMAT’S LAST THEOREM does not apply. An 
irregular prime p divides the NUMERATOR of one of the 
BERNOULLI NUMBERS Bio, Biz, ..., Bap-2, as shown 
by Kummer in 1850. The FERMAT EQUATION has no 
solutions for REGULAR PRIMES. 


0.5 ———— . ~ 


Fraction 


0 20 40 60 80 100 120 
Number of Irregular Primes 


An INFINITE number of irregular PRIMES exist, as 
proven in 1915 by Jensen. The first few irregular primes 
are 37, 59, 67, 101, 103, 131, 149, 157, ... (Sloane’s 
A000928). Of the 283,145 PRIMES less than 4 x 10°, 
111,597 (or 39.41%) are regular. The conjectured FRAC- 
TION is 1 — e~*/? = 39.35% (Ribenboim 1996, p. 415). 


see also BERNOULLI NUMBER, FERMAT’S LAST THEO- 
REM, IRREGULAR PAIR, REGULAR PRIME 
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Irregular Singularity 
Consider a second-order ORDINARY DIFFERENTIAL 
EQUATION 


y" + Plx)y' + Q(x)y = 0. 


If P(x) and Q(z) remain FINITE at z = Zo, then 
zo is called an ORDINARY POINT. If either P(x) or 
Q(x) diverges as z —> xo, then wo is called a singular 
point. If P(x) diverges more quickly than 1/(x — zo), 
so (a — @o)P(x) approaches INFINITY as 2 —> Zo, or 
Q(x) diverges more quickly than 1/(x — x0)”Q so that 
(a — 20)?Q(x) goes to INFINITY as z — zo, then zo is 
called an IRREGULAR SINGULARITY (or ESSENTIAL SIN- 
GULARITY). 


ISBN 929 


see also ORDINARY POINT, REGULAR SINGULAR POINT, 
SINGULAR POINT (DIFFERENTIAL EQUATION) 
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Irrotational Field 
A VECTOR FIELD v for which the CURL vanishes, 


Vxv=0. 


see also BELTRAMI FIELD, CONSERVATIVE FIELD, 
SOLENOIDAL FIELD, VECTOR FIELD 


Isarithm 
see EQUIPOTENTIAL CURVE 


ISBN 
Publisher Digits 
Addison-Wesley 0201 
Amer. Math. Soc. 0821 
Cambridge University Press 0521 
CRC Press 0849 
Dover 0486 
McGraw-Hill 0070 
Oxford University Press 0198 
Springer-Verlag 0387 
Wiley 0471 


The International Standard Book Number (ISBN) is a 
10-digit CODE which is used to identify a book uniquely. 
The first four digits specify the publisher, the next five 
digits the book, and the last digit dio is a check digit 
which may be in the range 0-9 or X (where X equals 
10). The check digit is computed from the equation 


10d: + 9do + 8d3 +...+2d9 + din =0 (mod 11). 


For example, the number for this book is 0-8493-9640-9, 
and 


10-0+9-8+8-44+7:9+6-3+5-9 
+4-643-44+2-041-9 = 275 = 25-11 =0 (mod 11), 


as required. 


see also CODE 
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930 Island 


Island 
islands 


ow, 
\ 


4 


a) 2 4 6 
If an integrable QUASIPERIODIC system is slightly per- 
turbed so that it becomes nonintegrable, only a finite 
number of n-CYCLES remain as a result of MODE LOCK- 
ING. One will be elliptical and one will be hyperbolic. 


Surrounding the ELLIPTIC FIXED POINT is a region of 
stable ORBITS which circle it, as illustrated above in the 
STANDARD MAP with K = 1.5. As the map is iteratively 
applied, the island is mapped to a similar structure sur- 
rounding the next point of the elliptic cycle. The map 
thus has a chain of islands, with the FIXED POINT alter- 
nating between ELLIPTIC (at the center of the islands) 
and HYPERBOLIC (between islands). Because the un- 
perturbed system goes through an INFINITY of rational 
values, the perturbed system must have an INFINITE 
number of island chains. 


see also MODE LOCKING, ORBIT (MAP), QUASIPERI- 
ODIC FUNCTION 


Isobaric Polynomial 
A POLYNOMIAL in which the sum of SUBSCRIPTS is the 
same in each term. 


see also HOMOGENEOUS POLYNOMIAL 


Isochronous Curve 


see SEMICUBICAL PARABOLA, TAUTOCHRONE PROB- 
LEM 


Tsoclinal 
see ISOCLINE 


Isocline 
A graphical method of solving an ORDINARY DIFFER- 
ENTIAL EQUATION of the form 


d 
ae = f(z,y) 
by plotting a series of curves f(z,y) = [const], then 


drawing a curve PERPENDICULAR to each curve such 
that it satisfies the initial condition. This curve is the 
solution to the ORDINARY DIFFERENTIAL EQUATION. 


Isodynamic Points 
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Isoclinic Groups 

Two GROUPS G and 4H are said to be isoclinic if there 
are isomorphisms G/Z(G) + H/Z(H) and G' -+ H', 
where Z(G) is the CENTER of the group, which identify 
the two commutator maps. 
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Isodynamic Points 
UC, 
\ 


The first and second isodynamic points of a TRIANGLE 
AABC can be constructed by drawing the triangle’s 
ANGLE BISECTORS and EXTERIOR ANGLE BISECTORS. 
Each pair of bisectors intersects a side of the triangle 
(or its extension) in two points Di; and Dj2, fori = 1, 
2, 3. The three CIRCLES having DiyDia, Dai Dee, and 
D3:1D32 as DIAMETERS are the APOLLONIUS CIRCLES 
Ci, C2, and C3. The points S and S’ in which the three 
APOLLONIUS CIRCLES intersect are the first and second 
isodynamic points, respectively. 


S and S’ have TRIANGLE CENTER FUNCTIONS 
a =sin(A+ $n), 


respectively. The ANTIPEDAL TRIANGLES of both 
points are EQUILATERAL and have AREAS 


A’ = 2A[cot w cot($7)], 


where w is the BROCARD ANGLE. 


The isodynamic points are ISOGONAL CONJUGATES of 
the ISOGONIC CENTERS. They lie on the BROCARD 
Axis. The distances from either isodynamic point to 
the VERTICES are inversely proportional to the sides. 
The PEDAL TRIANGLE of either isodynamic point is an 
EQUILATERAL TRIANGLE. An INVERSION with either 


Isoenergetic Nondegeneracy 


isodynamic point as the INVERSION CENTER transforms 
the triangle into an EQUILATERAL TRIANGLE. 


The CIRCLE which passes through both the isodynamic 
points and the CENTROID of a TRIANGLE is known as 
the PARRY CIRCLE. 


see also APOLLONIUS CIRCLES, BROCARD AXIS, CEN- 
TROID (TRIANGLE), ISOGONIC CENTERS, PARRY CIR- 
CLE 
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Isoenergetic Nondegeneracy 
The condition for isoenergetic nondegeneracy for a Ham- 
iltonian 


H = H)(I) + «fi (1,8) 


is 


which guarantees the EXISTENCE on every energy level 
surface of a set of invariant tori whose complement has 
a small MEASURE. 
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Isogonal Conjugate 


The isogonal conjugate X~* of a point X in the plane of 
the TRIANGLE AABC is constructed by reflecting the 
lines AX, BX, and CX about the ANGLE BISECTORS 
at A, B, and C. The three reflected lines CONCUR at 
the isogonal conjugate. The TRILINEAR COORDINATES 
of the isogonal conjugate of the point with coordinates 


a:B:¥ 


are 
a Aad fsa 
BOB Sy 


Isogonal conjugation maps the interior of a TRIANGLE 
onto itself. This mapping transforms lines onto CONIC 
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SECTIONS that CIRCUMSCRIBE the TRIANGLE. The type 
of Conic SECTION is determined by whether the line d 
meets the CIRCUMCIRCLE C", 


1. If d does not intersect C’, the isogonal transform is 
an ELLIPSE; 


2. If d is tangent to C’, the transform is a PARABOLA; 


3. If d cuts C’, the transform is a HYPERBOLA, which 
is a RECTANGULAR HYPERBOLA if the line passes 
through the CIRCUMCENTER 


(Casey 1893, Vandeghen 1965). 


The isogonal conjugate of a point on the CIRCUMCIRCLE 
is a POINT AT INFINITY (and conversely). The sides of 
the PEDAL TRIANGLE of a point are PERPENDICULAR to 
the connectors of the corresponding VERTICES with the 
isogonal conjugate. The isogonal conjugate of a set of 
points is the Locus of their isogonal conjugate points. 


The product of ISOTOMIC and isogonal conjugation is a 
COLLINEATION which transforms the sides of a TRIAN- 
GLE to themselves (Vandeghen 1965). 


see also ANTIPEDAL TRIANGLE, COLLINEATION, Iso- 
GONAL LINE, ISOTOMIC CONJUGATE POINT, LINE AT 
INFINITY, SYMMEDIAN LINE 


References 

Casey, J. A Treatise on the Analytical Geometry of the Point, 
Line, Circle, and Conic Sections, Containing an Account 
of Its Most Recent Extensions with Numerous Examples, 
2nd rev. enl. ed. Dublin: Hodges, Figgis, & Co., 1893. 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 153-158, 1929. 

Vandeghen, A. “Some Remarks on the Isogonal and Cevian 
Transforms. Alignments of Remarkable Points of a Trian- 
gle.” Amer. Math. Monthly 72, 1091-1094, 1965. 


Isogonal Line 
Cc 


angle bisector 
a 


A B 


The line L’ through a TRIANGLE VERTEX obtained by 
reflecting an initial line L (also through a VERTEX) 
about the ANGLE BISECTOR. If three lines from the 
VERTICES of a TRIANGLE AABC are CONCURRENT at 
X = L,L2L3, then their isogonal lines are also CON- 
CURRENT, and the point of concurrence X’ = Li L513 
is called the ISOGONAL CONJUGATE point. 


see also ISQGONAL CONJUGATE 
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Isogonic Centers 

The first isogonic center Fi of a TRIANGLE is the FER- 
MAT POINT. The second isogonic center F2 is con- 
structed analogously with the first isogonic center ex- 
cept that for F2, the EQUILATERAL TRIANGLES are con- 
structed on the same side of the opposite VERTEX. The 
second isogonic center has TRIANGLE CENTER FUNC- 
TION 

a = csc(A — in). 


Its ANTIPEDAL TRIANGLE is EQUILATERAL and has 
AREA 
2A = [-1+ cotwcot(in)], 


where w is the BROCARD ANGLE. 


The first and second isogonic centers are ISOGONAL 
CONJUGATES of the ISODYNAMIC POINTS. 


see also BROCARD ANGLE, EQUILATERAL TRIANGLE, 
FERMAT POINT, ISODYNAMIC POINTS, ISOGONAL CON- 
JUGATE 
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Isograph 

The substitution of re’? for z in a POLYNOMIAL p(z). 
p(z) is then plotted as a function of @ for a given r in 
the COMPLEX PLANE. By varying r so that the curve 
passes through the ORIGIN, it is possible to determine a 
value for one ROOT of the POLYNOMIAL. 


Isohedral Tiling 

Let S(T’) be the group of symmetries which map a 
MONOHEDRAL TILING T onto itself. The TRANSITIV- 
Iry CLASS of a given tile T is then the collection of all 
tiles to which T can be mapped by one of the symmetries 
of S(T). If T has k TRANSITIVITY CLASSES, then T is 
said to be k-isohedral. Berglund (1993) gives examples 
of k-isohedral tilings for k = 1, 2, and 4. 


see also ANISOHEDRAL TILING 


References 

Berglund, J. “Is There a k-Anisohedral Tile for k > 5?” 
Amer. Math. Monthly 100, 585-588, 1993. 

Griinbaum, B. and Shephard, G. C. “The 81 Types of Ische- 
dral Tilings of the Plane.” Math. Proc. Cambridge Philos. 
Soc. 82, 177-196, 1977. 


Isohedron 
A convex POLYHEDRON with symmetries acting transi- 
tively on its faces. Every isohedron has an EVEN number 


of faces (Griinbaum 1960). 
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Isometry 


Isolated Point 

A point on a curve, also known as an ACNODE or HER- 
MIT POINT, which has no other points in its NEIGHBOR- 
HOOD. 


Isolated Singularity 

An isolated singularity is a SINGULARITY for which there 
exists a (small) REAL NUMBER € such that there are no 
other SINGULARITIES within a NEIGHBORHOOD of radius 
€ centered about the SINGULARITY. 


The types of isolated singularities possible for CUBIC 
SURFACES have been classified (Schlafli 1864, Cayley 
1869, Bruce and Wall 1979) and are summarized in the 
following table from Fischer (1986). 


Double Pt. Symbol Normal] Form Coxeter 
Name Diagram 
conic C2 z+ y +2" Ay 
biplanar Bs 2+ y? + 23 Ao 
biplanar Ba vet y? +24 A3 
biplanar Bs get y? +25 Ag 
biplanar Be x? t+y?+2z° As 
uniplanar Ue a? +2(y2+27) Da 
uniplanar U; zg? 42z(y?4+23) Ds 
uniplanar Us arty +24 Es 
elliptic cone pt. — xy? — 423 Es 
—grv"y + gsx* 


see also CUBIC SURFACE, RATIONAL DOUBLE POINT, 
SINGULARITY 
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Isolating Integral 
An integral of motion which restricts the PHASE SPACE 
available to a DYNAMICAL SYSTEM. 


Isometry 
A BIJECTIVE MAP between two METRIC SPACES that 
preserves distances, i.e., 


d( f(x), f(y)) = a(z,y), 


where f is the MAP and d(a,b) is the DISTANCE func- 
tion. 


An isometry of the PLANE is a linear transformation 
which preserves length. Isometries include ROTATION, 
TRANSLATION, REFLECTION, GLIDES, and the IDEN- 
TIry Map. If an isometry has more than one FIXED 


Isometric Latitude 


POINT, it must be either the identity transformation or 
a reflection. Every isometry of period two (two appli- 
cations of the transformation preserving lengths in the 
original configuration) is either a reflection or a half turn 
rotation. Every isometry in the plane is the product of 
at most three reflections (at most two if there is a FIXED 
PoINT). Every finite group of isometries has at least one 
FIXED POINT. 


see also DISTANCE, EUCLIDEAN MOTION, HJIELMSLEV’S 
THEOREM, LENGTH (CURVE), REFLECTION, ROTA- 
TION, TRANSLATION 
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Isometric Latitude 

An AUXILIARY LATITUDE which is directly proportional 
to the spacing of parallels of LATITUDE from the equator 
on an ellipsoidal MERCATOR PROJECTION. It is defined 
by 


é e/2 
1 int 
wy = In |tan(Fa + $4) (es) 


where the symbol 7 is sometimes used instead of w. The 
isometric latitude is related to the CONFORMAL LATI- 
TUDE by 

p = Intan(ia + dx). (2) 


The inverse is found by iterating 


1—esing 


2 e/2 
$= 2tan~* | exp(w) (jee —in, (3) 


with the first trial as 


do = 2tan*(e”) — in. (4) 


see also LATITUDE 
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Isomorphic Graphs 

Two GRAPHS which contain the same number of VER- 
TICES connected in the same way are said to be isomor- 
phic. Formally, two graphs G and H with VERTICES 
Vz = {1, 2, ..., n} are said to be isomorphic if there is 
a PERMUTATION p of Vp such that {u,v} is in the set 
of EDGES E(G) Irr {p(u), p(v)} is in the set of EDGES 


References 
Chartrand, G. “Isomorphic Graphs.” §2.2 in Introductory 
Graph Theory. New York: Dover, pp. 32-40, 1985. 


Isoperimetric Inequality 933 


Isomorphic Groups 

Two GROUPS are isomorphic if the correspondence be- 
tween them is ONE-TO-ONE and the “multiplication” 
table is preserved. For example, the POINT GROUPS C2 
and D, are isomorphic GROUPS, written C2 = Dj, or 
Cz = Dy; (Shanks 1993). Note that the symbol & is 
also used to denote geometric CONGRUENCE. 
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Isomorphic Posets 

Two POSETS are said to be isomorphic if their “struc- 
tures” are entirely analogous. Formally, POSETS P = 
(X,<) and Q = (X’,<’) are isomorphic if there is a 
BIJECTION f from X to X' such that z < z’ precisely 
when f(x) <’ f(z’). 


Isomorphism 

Isomorphism is a very general concept which appears in 
several areas of mathematics. Formally, an isomorphism 
is BIJECTIVE MORPHISM. Informally, an isomorphism 
is a map which preserves sets and relations among ele- 
ments. 


A space isomorphism is a VECTOR SPACE in which ad- 
dition and scalar multiplication are preserved. An iso- 
morphism of a TOPOLOGICAL SPACE is called a HOME- 
OMORPHISM. 


Two groups Gi and G2 with binary operators + and x 
are isomorphic if there exists a map f : G1 > G2 which 
satisfies 


f(z+y) = f(x) x fly). 


An isomorphism preserves the identities and inverses of 
a Group. A Group which is isomorphic to itself is 
called an AUTOMORPHISM. 


see also AUTOMORPHISM, AX-KOCHEN ISOMORPHISM 
THEOREM, HOMEOMORPHISM, MORPHISM 


Isoperimetric Inequality 
Let a PLANE figure have AREA A and PERIMETER p. 
Let the CIRCLE of PERIMETER p have RADIuS r. Then 


ea 
Pp 


where the quantity on the left is known as the ISOPERI- 
METRIC QUOTIENT. 
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Isoperimetric Point 


The point S’ which makes the PERIMETERS of the TRI- 
ANGLES ABS’C, ACS'A, and AAS’B equal. The 
isoperimetric point exists IFF the largest ANGLE of the 
triangle satisfies 


= 


max(A, B,C) < 2sin~*(4) = 1.85459 rad ~ 106.26°, 
or equivalently 
a+b+c>4R+r, 


where a, b, and c are the side lengths of AABC, r is the 
INRADIUS, and F# is the CIRCUMRADIUS. The isoperi- 
metric point is also the center of the outer SODDY CIR- 
CLE of AABC and has TRIANGLE CENTER FUNCTION 


24 


— Se Peray = seclgA) cos(3.B) cos(zC) — 1. 


a=l1 


see also EQUAL DETOUR POINT, PERIMETER, SODDY 
CIRCLES 
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Isoperimetric Problem 

Find a closed plane curve of a given length which en- 
closes the greatest AREA. The solution is a CIRCLE. If 
the class of curves to be considered is limited to smooth 
curves, the isoperimetric problem can be stated symbol- 
ically as follows: find an arc with parametric equations 
x = 2(t), y = y(t) fort € [t1,t2] such that x(t1) = x(t), 
y(t1) = y(t2) (where no further intersections occur) con- 


strained by 
t2 
i= / al? + y!? dt 
t1 


t2 
A=} / (xy’ — a'y) dt 
ti 


such that 


Isosceles Tetrahedron 


is a MAXIMUM. 
see also DIDO’S PROBLEM, ISOVOLUME PROBLEM 
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Isoperimetric Quotient 
A quantity defined in the ISOPERIMETRIC INEQUALITY 


4nA 
p? 


Q 


IH} 


see also ISOPERIMETRIC INEQUALITY 


Isoperimetric Theorem 
Of all convex n-gons of a given PERIMETER, the one 
which maximizes AREA is the regular n-gon. 


see also ISOPERIMETRIC INEQUALITY, ISOPERIMETRIC 
PROBLEM 


Isopleth 
see EQUIPOTENTIAL CURVE 


Isoptic Curve 

For a given curve C,, consider the locus of the point P 
from where the TANGENTS from P to C' meet at a fixed 
given ANGLE. This is called an isoptic curve of the given 
curve. 


Curve Tsoptic 

cycloid curtate or prolate cycloid 
epicycloid epitrochoid 

hypocycloid hypotrochoid 

parabola hyperbola 


sinusoidal spiral sinusoidal spiral 
see also ORTHOPTIC CURVE 
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Isosceles Tetrahedron 

A nonregular TETRAHEDRON in which each pair of op- 
posite EDGES are equal such that all triangular faces are 
congruent. A TETRAHEDRON is isosceles IFF the sum of 
the face angles at each VERTEX is 180°, and IFF its IN- 
SPHERE and CIRCUMSPHERE are concentric. 


The only way for all the faces of a TETRAHEDRON to 
have the same PERIMETER or to have the same AREA is 
for them to be fully congruent, in which case the tetra- 
hedron is isosceles. 


Isosceles Triangle 


see also CIRCUMSPHERE, INSPHERE, ISOSCELES TRIAN- 

GLE, TETRAHEDRON 
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Isosceles Triangle 


a 


A TRIANGLE with two equal sides (and two equal AN- 
GLES). The name derives from the Greek iso (same) and 
skelos (LEG). The height of the above isosceles triangle 
can be found from the PYTHAGOREAN THEOREM as 


hs 4/b? — 102. (1) 


The AREA is therefore given by 


A= jah = $a4/b? — fa?. (2) 


There is a surprisingly simple relationship between the 
AREA and VERTEX ANGLE @. As shown in the above 
diagram, simple TRIGONOMETRY gives 


h = Reos($6) (3) 
a = Rsin(36), (4) 


so the AREA is 


A= i(2a)h = ah = R? cos(36)sin(36) = +R? sin 6. 
(5) 


No set of n > 6 points in the PLANE can determine only 
ISOSCELES TRIANGLES. 


see also ACUTE TRIANGLE, EQUILATERAL TRIANGLE, 
INTERNAL BISECTORS PROBLEM, ISOSCELES TETRAHE- 
DRON, ISOSCELIZER, OBTUSE TRIANGLE, POINT PIck- 
ING, PONS ASINORUM, RIGHT TRIANGLE, SCALENE 
TRIANGLE, STEINER-LEHMUS THEOREM 
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Isoscelizer 


B 
Tap 
A 
Tac 
Cc 


An isoscelizer of an ANGLE A in a TRIANGLE AABC 
is a LINE SEGMENT Japlac where Ip lies on AB and 
Iac on AC such that AAI,slac is an ISOSCELES TRI- 
ANGLE. 


see also CONGRUENT ISOSCELIZERS POINT, ISOSCELES 
TRIANGLE, YFF CENTER OF CONGRUENCE 
Isospectral Manifolds 


Pe 


Lo 


DRuMS that sound the same, i.e., have the same eigen- 
frequency spectrum. Two drums with differing AREA, 
PERIMETER, or GENUS can always be distinguished. 
However, Kac (1966) asked if it was possible to construct 
differently shaped drums which have the same eigenfre- 
quency spectrum. This question was answered in the 
affirmative by Gordon et al. (1992). Two such isospec- 
tral manifolds are shown in the right figure above (Cipra 
1992). 
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Isothermal Parameterization 
A parameterization is isothermal if, for ¢ = u + iv and 


the identity 


17 (¢) + ¢2?(¢) + d37(¢) = 0 


holds. 
see also MINIMAL SURFACE, TEMPERATURE 


Isotomic Conjugate Point 

The point of concurrence Q of the ISOTOMIC LINES rel- 
ative to a point P. The isotomic conjugate a’ : 3’ : 7' 
of a point with TRILINEAR COORDINATES a: 3: ¥ is 


(a7a)~* s (678)~* : (e?4)*. (1) 


The isotomic conjugate of a LINE d having trilinear 
equation 
la+mB+ny (2) 


is a CONIC SECTION circumscribed on the TRIANGLE 
AABC (Casey 1893, Vandeghen 1965). The isotomic 
conjugate of the LINE AT INFINITY having trilinear equa- 
tion 

aa+ bB+cy=0 (3) 


is STEINER’S ELLIPSE 


foe toe ta 
a 
de rn Mera ee (4) 
a b c 
(Vandeghen 1965). The type of Conic SECTION to 
which d is transformed is determined by whether the 
line d meets STEINER’S ELLIPSE EF. 


1. If d does not intersect &, the isotomic transform is 
an ELLIPSE. 


2. If dis tangent to E, the transform is a PARABOLA. 


3. If d cuts E, the transform is a HYPERBOLA, which 
is a RECTANGULAR HYPERBOLA if the line passes 
through the isotomic conjugate of the ORTHOCEN- 
TER 


(Casey 1893, Vandeghen 1965). 


There are four points which are isotomically self- 
conjugate: the CENTROID M and each of the points 
of intersection of lines through the VERTICES PARAL- 
LEL to the opposite sides. The isotomic conjugate of the 
EULER LINE is called JERABEK’S HYPERBOLA (Casey 
1893, Vandeghen 1965). 


Vandeghen (1965) calls the transformation taking points 
to their isotomic conjugate points the CEVIAN TRANS- 
FORM. The product of isotomic and ISOGONAL is a 
COLLINEATION which transforms the sides of a TRIAN- 
GLE to themselves (Vandeghen 1965). 


Isotopy 


see also CEVIAN TRANSFORM, GERGONNE Point, Iso- 
GONAL CONJUGATE, JERABEK’S HYPERBOLA, NAGEL 
POINT, STEINER’S ELLIPSE 
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Isotomic Lines 


Ay 


Given a point P in the interior of a TRIANGLE 
AA, A2A3, draw the CEVIANS through P from each 
VERTEX which meet the opposite sides at P;, Pe, and 
P3. Now, mark off point Qi along side A2A3 such that 
A3P; = A2Q1, etc., i-e., so that Q; and P; are equidis- 
tance from the MIDPOINT of A;A,. The lines AiQu., 
A2Q2, and A3Q3 then coincide in a point Q known as 
the ISOTOMIC CONJUGATE POINT. 


see also CEVIAN, ISOTOMIC CONJUGATE POINT, MID- 
POINT 


Isotone Map 
A Map which is monotone increasing and therefore 
order-preserving. 


Isotope 
To rearrange without cutting or pasting. 


Isotopy 

A Homotopy from one embedding of a MANIFOLD M 
in N to another such that at every time, it is an embed- 
ding. The notion of isotopy is category independent, so 
notions of topological, piecewise-linear, smooth, isotopy 
(and so on) exist. When no explicit mention is made, 
“isotopy” usually means “smooth isotopy.” 


see also AMBIENT ISOTOPY, REGULAR ISOTOPY 


Isotropic Tensor 


Isotropic Tensor 
A TENSOR which has the same components in all rotated 
coordinate systems. 


| rank | isotropic tensors 


0 all 

1 none 

2 Kronecker delta 
3 1 

4 3 


Isovolume Problem 
Find the surface enclosing the maximum volume per 
unit surface AREA I = V/S. The solution is a SPHERE, 


which has ea oe 

TL. gar 1 
sphere — = qf. 
i Anr? 3 


see also DIDO’S PROBLEM, ISOPERIMETRIC PROBLEM 
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Isthmus 
see BRIDGE (GRAPH) 


Iterated Exponential Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Euler (Le Lionnais 1983) and Eisenstein (1844) showed 


z 
, where z* is an ab- 
l/e 
? 


that the function h(r) = 2 
breviation for «‘*"?, converges only fore *° <xa<e 
that is, 0.0659...< 2 < 1.44466.... The value it con- 
verges to is the inverse of x1/*, which has a closed form 
expression in terms of LAMBERT’S W-FUNCTION, 


In z) 


PN kes 
hz) = (1) 
(Corless et al.). Knoebel (1981) gives 
2 2 3 3 
iat Ghee: une) + ie) +... (2) 


(Vardi 1991). A CONTINUED FRACTION due to Khovan- 
skii (1963) is 


l/z 2(z — 1) 
(a? —1)(e — 1)? 


(4x? — 1)( — 1)? 
(92? — 1)(# — 1)? 
Ta(e2+1)—... 


(3) 


3a(a +1) 


5a(z +1) — 
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The function g(x) = git/2)G/*) converges only for 
e /* <2 < e°, that is, 0.692... < x < 15.154.... The 
value it converges to is the inverse of z*. 


Some interesting related integrals are 


: = (=1)"*" 
if edx= 5 <—L— = 0.7834305107... (4) 
0 n=1 
1 oO 1 
z*de = 5 — = 1.2912859971... (5) 
ee 


(Spiegel 1968, Abramowitz and Stegun 1972). 
see also LAMBERT’S W-FUNCTION 
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Iterated Function System 

A finite set of contraction maps w; for i = 1, 2, ..., 
N, each with a contractivity factor s < 1, which map a 
compact METRIC SPACE onto itself. It is the basis for 
FRACTAL image compression techniques. 


see also BARNSLEY’S FERN, SELF-SIMILARITY 
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Iterated Radical 
see NESTED RADICAL 


Iteration Sequence 

A SEQUENCE {a,;} of POSITIVE INTEGERS is called an 
iteration sequence if there EXISTS a strictly increasing 
sequence {s,} of POSITIVE INTEGERS such that ai = 
$1 > 2 and a; = 8,_, for 7 = 2, 3,.... A NECESSARY 
and SUFFICIENT condition for {a;} to be an iteration 
sequence is 

a; > 20;-1 — aj~2 


for all 7 > 3. 
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It6’s Lemma 


t t 
v= vo= | fe(SusT ~w) 45, — fr(Su,T — u) du 
0 0 
t 
+308 f Su? fea(Su,T — u) du, 
0 


where Vi = f(St,7) forO <r = T-—t<T, andfe€ 
C?"((0, co) x [0, T]). 
References 
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Itd’s Theorem 

The dimension d of any IRREDUCIBLE REPRESENTATION 
of a GROUP G must be a DIVISOR of the index of each 
maximal normal Abelian SUBGROUP of G. 


see also ABELIAN GROUP, IRREDUCIBLE REPRESENTA- 
TION, SUBGROUP 
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Iwasawa’s Theorem 


Iverson Bracket 
Let S be a mathematical statement, then the Iverson 
bracket is defined by 


—_ f0 if S is true 
She { 1 if S is false. 


This notation conflicts with the brackets sometimes used 
to denote the FLOOR FUNCTION. For this reason, and 
because of the elegant symmetry of the FLOOR FUNC- 
TION and CEILING FUNCTION symbols [x] and [x], the 
use of {z] to denote the FLOOR FUNCTION should be 
deprecated. 


see also CEILING FUNCTION, FLOOR FUNCTION 
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Iwasawa’s Theorem 
Every finite-dimensional LIE ALGEBRA of characteristic 
p #0 has a faithful finite-dimensional representation. 
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J 


| 
The symbol used by engineers and some physicists to 
denote i, the IMAGINARY NUMBER /—1. 


j-Conductor 
see FREY CURVE 


j-Function 


The j-function is defined as 


5(q) = 17285( Va), (1) 


where 
_ 4 [1-A(g) +r°(@)° 
WD) = 3 Ng — A@)P (2) 


is KLEIN’S ABSOLUTE INVARIANT, A(g) the ELLIPTIC 
LAMBDA FUNCTION 


4 
Aq) = Kg) = Ea | (3) 


and 3; a THETA FUNCTION. This function can also be 
specified in terms of the WEBER FUNCTIONS f, fi, fo, 
“v2, and -y3 as 


[f?4(z) — 16]° 


j(z) = f24(z) (4) 
_ [fr?4(z) + 16]° 
7 fi74(z) e 
_ {f2?4(z) + 16]* 
fe f274(z) (8) 
= 725(z) (7) 
= 37(z) + 1728 (8) 


(Weber 1902, p. 179; Atkin and Morain 1993). 


The j-function is MEROMORPHIC function on the upper 
half of the COMPLEX PLANE which is invariant with 
respect to the SPECIAL LINEAR GROUP SL(2, Z). It has 
a FOURIER SERIES 


co 


i(a) = >> ana”, (9) 

n=~ 00 

for the NOME . 
=e (10) 
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with S{t] > 0. The coefficients in the expansion of the 
j-function satisfy: 


1. an = 0 for n < —land a_1 = 1, 


2. all ans are INTEGERS with fairly limited growth with 
respect to n, and 


3. j(q) is an ALGEBRAIC NUMBER, sometimes a Ra- 
TIONAL NUMBER, and sometimes even an INTEGER 
at certain very special values of g (or 2). 


The latter result is the end result of the massive and 
beautiful theory of COMPLEX multiplication and the 
first step of Kronecker’s so-called “JUGENDTRAUM.” 


Then all of the COEFFICIENTS in LAURENT SERIES 


j(4) = + 4.744 + 196884q + 214947609? 
q 


+864299970g* + 20245856256q* +333202640600q° +... 
(11) 


(Sloane’s A000521) are Positive INTEGERS (Rankin 
1977). Let d be a POSITIVE SQUAREFREE INTEGER, 
and define 


_ jivd for d = 1 or 2 (mod 4) 
ee 


Then the NOME is 


=i = e2ti(ivd) 
qa r e2ti(1tivd)/2 


f { e?™¥4 for d= 1 or 2 (mod 4) (13) 

-e-*¥4 ford =3 (mod 4). 
It then turns out that j(q) is an ALGEBRAIC INTEGER 
of degree h(—d), where h(—d) is the CLass NUMBER of 
the DISCRIMINANT —d of the QUADRATIC FIELD Q(./7n) 
(Silverman 1986). The first term in the LAURENT SE- 
RIES is then g~? = e~?7¥" or ~e~*¥”, and all the 
later terms are PowERS of q~!, which are small num- 
bers. The larger n, the faster the series converges. If 
h(—d) = 1, then j(q) is a ALGEBRAIC INTEGER of de- 
gree 1, i.e., just a plain INTEGER. Furthermore, the 
INTEGER is a perfect CUBE. 


The numbers whose LAURENT SERIES give INTEGERS 
are those with CLASS NUMBER 1. But these are precisely 
the HEEGNER NUMBERS —1, —2, —3, —7, —11, —19, 
—43, —67, —163. The greater (in ABSOLUTE VALUE) 
the HEEGNER NUMBER d, the closer to an INTEGER is 
the expression e”¥~”, since the initial term in j(q) is 
the largest and subsequent terms are the smallest. The 
best approximations with h(—d) = 1 are therefore 


e™ V8 ~ 960% + 744 — 2.2 x 1074 (14) 
e” V8 ~ 59808 + 744 — 1.3 x 107° (15) 


e7¥163 ~ 640320° + 744-7.5x10°°*. (16) 


940 j-Function 


The exact values of j(q) corresponding to the HEEGNER 
NUMBERS are 


j(-e™”) = 12° (17) 
ge y= 30" (18) 
Hoe") =O (19) 
j(-e""¥") = -15° (20) 
j(-e7 7%") = —32° (21) 
j(—e77*) = -96° (22) 
j(-e"*¥* ) = —960° (23) 
j(—e-7*¥8" ) = —5280? (24) 
j(—e7"V"63) = —640320°. (25) 


(The number 5280 is particularly interesting since it is 
also the number of feet in a mile.) The ALMOST IN- 


TEGER generated by the last of these, et V163 (corre- 
sponding to the field Q(.,/—163) and the IMAGINARY 
quadratic field of maximal discriminant), is known as 
the RAMANUJAN CONSTANT. 


enV 22 et V3 and e™¥®8 are also ALMOST INTEGERS. 
These correspond to binary quadratic forms with dis- 
criminants —88, —148, and —232, all of which have 
CLass NUMBER two and were noted by Ramanujan 
(Berndt 1994). 


It turns out that the j-function also is important in the 
CLASSIFICATION THEOREM for finite simple groups, and 
that the factors of the orders of the SPORADIC GROUPS, 
including the celebrated MONSTER GROUP, are also re- 
lated. 


see also ALMOST INTEGER, KLEIN’S ABSOLUTE INVARI- 
ANT, WEBER FUNCTIONS 
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Jackson’s Identity 


Weber, H. Lehrbuch der Algebra, Vols. I-If. New York: 
Chelsea, 1979. 

¥ Weisstein, E. W. “j-Function.” http://www.astro. 
virginia. edu/~-eww6n/math/notebooks/jFunction.m. 


j-Invariant 
An invariant of an ELLIPTIC CURVE closely related to 
the DISCRIMINANT and defined by 


2°3°a" 

HE) = Ts are 

The determination of 7 as an ALGEBRAIC INTEGER in 
the QUADRATIC FIELD Q(j) is discussed by Greenhill 
(1891), Weber (1902), Berwick (1928), Watson (1938), 
Gross and Zaiger (1985), and Dorman (1988). The norm 
of 7 in Q(j) is the CUBE of an INTEGER in Z. 


see also DISCRIMINANT (ELLIPTIC CURVE), ELLIPTIC 
CURVE, FREY CURVE 
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Jackson’s Difference Fan 

If, after constructing a DIFFERENCE TABLE, no clear 
pattern emerges, turn the paper through an ANGLE of 
60° and compute a new table. If necessary, repeat the 
process. Each ROTATION reduces POWERS by 1, so the 
sequence {k"} multiplied by any POLYNOMIAL in n is 
reduced to Os by a k-fold difference fan. 
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Jackson’s Identity 
A q-SERIES identity involving 


(aq)7 (aqde)7’ (adec)y (aged); 
(aqc)q" (agd)7 (age) 7" (agede)z" ’ 


where 
(a)? = (1 —a)(1 —ag)---(1 — aq”), 


see also q-SERIES 


References 

Hardy, G. H. Ramanujan: Twelve Lectures on Subjects Sug- 
gested by His Life and Work, 3rd ed. New York: Chelsea, 
pp. 109-110, 1959. 

Jackson, F. H. “Summation of g-Hypergeometric Series.” 
Messenger Math. 47, 101-112, 1917. 


Jackson’s Theorem 


Jackson’s Theorem 

Jackson’s theorem is a statement about the error E,,(f) 
of the best uniform approximation to a REAL FUNCTION 
f(z) on [-1, 1] by REAL POLYNOMIALS of degree at most 
n. Let f(x) be of bounded variation in [—1, 1] and let 
M’ and V’ denote the least upper bound of |f(x)| and 
the total variation of f(z) in [—1, 1], respectively. Given 
the function 


F(x) = F(-1 xz) dz, 
(2) = F( +f se) Q) 
then the coefficients 

Qn = 3(2n+1) is F(x) Pp(x) dz (2) 


of its LEGENDRE SERIES, where P,(a) is a LEGENDRE 
POLYNOMIAL, satisfy the inequalities 


Se (M' + V')n-3/2 forn>1 


n|< 
[an| + (M' +V')n-3/? for n> 2. 


(3) 


Moreover, the LEGENDRE SERIES of F(x) converges uni- 
formly and absolutely to F(x) in [~1, 1]. 


Bernstein strengthened Jackson’s theorem to 


4n 2 
man 1) < = = 0.6366. (4) 


2nEon(a) < 

A specific application of Jackson’s theorem shows that 
if 

a(x) = |z\, (5) 


then 


En(a) < —. (6) 


31a 


see also LEGENDRE SERIES, PICONE’S THEOREM 
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Jaco-Shalen-Johannson Torus 

Decomposition 

Irreducible orientable COMPACT 3-MANIFOLDS have a 
canonical (up to IsOTOPY) minimal collection of dis- 
jointly EMBEDDED incompressible TORI such that each 
component of the 3-MANIFOLD removed by the TORI is 
either “atoroidal” or “Seifert-fibered.” 


Jacobi’s Determinant Identity 941 


Jacobi Algorithm 

A method which can be used to solve a TRIDIAGONAL 
MATRIX equation with largest absolute values in each 
row and column dominated by the diagonal element. 
Each diagonal element is solved for, and an approximate 
value plugged in. The process is then iterated until it 
converges. This algorithm is a stripped-down version of 
the JACOBI METHOD of matrix diagonalization. 


see also JACOBI METHOD, TRIDIAGONAL MATRIX 
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Jacobi-Anger Expansion 


oo 


e* cos 8 = i" In(zye?, 


n>=—oco 


where Jn(z) is a BESSEL FUNCTION OF THE FIRST 
KIND. The identity can also be written 


et% 008 8 Zz Jo(z) + 2S ~ i" Jn(z) c0s(n8). 


n=1 


This expansion represents an expansion of plane waves 
into a series of cylindrical waves. 


see also BESSEL FUNCTION OF THE FIRST KIND 


Jacobi’s Curvature Theorem 

The principal normal indicatrix of a closed space curve 
with nonvanishing curvature bisects the AREA of the 
unit sphere if it is embedded. 


Jacobi’s Determinant Identity 


Let 
B D 
nS lt e| G) 
2 W X 
where B and W are k x k MATRICES. Then 


(det Z)(det A) = det B. (3) 


The proof follows from equating determinants on the 
two sides of the block matrices 


fe el[o z]-[ev| 


where | is the IDENTITY MATRIX and O is the zero ma- 
trix. 
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Jacobi Differential Equation 


(1—27)y" +[B—a—(a+8+2)z]y'+n(n+a+6+1)y =0 
(1) 
or 
d 


F(a 2) (1 +2) y 


tn(ntat+f8+1)\(1—2)*(1+2)°y=0. (2) 


The solutions are JACOBI POLYNOMIALS. They can be 
transformed to 


du 1i-o’ 11-6 
dx? 4(1-2)? 4(14+2)? 
_nntat+B+I +3 3(a+1)(8 +1) 
u=0, (3) 
1- zi 
where 
w= ule) = (1 2) FPP + OM PIM (a), (4) 
and 
@u [te | ie 
dé? 4sin?(30)  4cos?(30) 
1 2 
+(n4 24842) Ju=o (5) 
where 


u = u(9) = sin*t!/?(26) cos?+1/? (19) pl) (cos 8). 


(6) 


Jacobi Differential Equation (Calculus of 
Variations) 


d 1 ' 
n= Ga Suv + fytyn ) — (fun + fyy ) = 9, 


Q(x,7, n') = (fun? oe 2fyynm = Fico): 


This equations arises in the CALCULUS OF VARIATIONS. 
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Jacobi Elliptic Functions 

The Jacobi elliptic functions are standard forms of EL- 
LIPTIC FUNCTIONS. The three basic functions are de- 
noted cn(u, k), dn(u,k), and sn(u, k), where k is known 
as the MODULUS. In terms of THETA FUNCTIONS, 


snub) = Be) o 
94 B32 (uds“) 2) 

cn(u,k) = oe Da(uds7*) (2) 

dn) = Fag) o 


(Whittaker and Watson 1990, p. 492), where 3; = ¥;(0) 
(Whittaker and Watson 1990, p. 464). Ratios of Jacobi 
elliptic functions are denoted by combining the first let- 
ter of the NUMERATOR elliptic function with the first of 
the DENOMINATOR elliptic function. The multiplicative 
inverses of the elliptic functions are denoted by reversing 
the order of the two letters. These combinations give a 
total of 12 functions: cd, cn, cs, dc, dn, ds, nc, nd, ns, 
sc, sd, and sn. The AMPLITUDE ¢@ is defined in terms of 
snu by 

y = sing = sn(u, k). (4) 


The k argument is often suppressed for brevity so, for 
example, sn(u,k) can be written sn wu. 


The Jacobi elliptic functions are periodic in K(k) and 
K'(k) as 
sn(u + 2mK + 2nik’,k) =(-1)™sn(u,k) (5) 


cn(u+ 2mK + 2nik',k) =(—-1)"t" cn(u,k) (6) 
dn(u+ 2mK + 2nik',k) =(-1)" dn(u,k), (7) 


where K(k) is the complete ELLIPTIC INTEGRAL OF THE 
First Kinp, K'(k) = K(k’), and k’ = V1 — k? (Whit- 
taker and Watson 1990, p. 503). 


The cnz, dnz, and snz functions may also be defined 
as solutions to the differential equations 


dy 2 2,3 

d’y 

ree oe 2k? yy — 2k? y* (9) 
da 
ag = (2 — By — 29°. (10) 


The standard Jacobi elliptic functions satisfy the iden- 
tities 


sn?uten?u=1 (11) 
k’?sn?u+dn?u=1 (12) 
k?cn?u+k? =dn?u (13) 


2 


en? u +k sn? u = dn? wu. (14) 


Jacobi Elliptic Functions 


Special values are 


cn(0) =1 (15) 
dn(0) = 1 (16) 
en(K)=0 (17) 
dn(K) = k' = V/1- k?, (18) 
sn(K) = 1, (19) 


where K = K(k) is a complete ELLIPTIC INTEGRAL OF 
THE First KIND and k’ is the complementary MODULUS 
(Whittaker and Watson 1990, pp. 498-499). 


In terms of integrals, 
snu 
u=f GQ? P°40-e)- Fa (20) 
0 


coo} 
_ ete ary at (21) 


ns u 


1 
- a #7)~2/2(R!? 4 2)? dt (22) 


cnu 


meu 
=f (e? — 1)7*/?9 (R70? +k?) 7/7 dt (28) 
1 


1 
= q 2 ah ae ol as k’?)-3/2 dt (24) 


dnu 


ndwu 

=| (e? —1)71/27(1 — e728?) 1/7 de (25) 
1 
U 

-{ (1+ t7)7*/7(1 + 70?) 7? at (26) 
0 


= (+ 1)77/4(07 4?) at (27) 


csUu 


sdu 
=| (1 — kh?) © Op ae a dt (28) 
0 


=] (P-k?7)?(eP 4k) Pa (29) 


ds u 


cd u 

=| (a — t7)72/9(1 — B70?) at (30) 
1 
1 

= G1 VGH ak (31) 
dew 


(Whittaker and Watson 1990, p. 494). 


Jacobi elliptic functions addition formulas include 


snucnyudny+snuvcnudnu 


cosa 1 — k? sn? usn?v we 
cnucnv —snusnvdnudnv 
= 33 
entree) 1—k* sn? usn?v ee 
_ pp 
dita = See k snusnvcnucny (34) 


1 — k? sn? usn?v 


Jacobi Elliptic Functions 


Extended to integral periods, 


sn(u+ K)= oa 
é 
ctu 1) = Et 
k' 
dn(u + K) = ana 


sn(u + 2K) = —snu 
en(u + 2K) = —cnu 
dn(u + 2K) = dnu 


For COMPLEX arguments, 


sn(u, k) dn(v, k’) 


sn(u + tv) = 1 — dn?(u, k) sn?(v, k’) 


icn(u, k) dn(u, k) sn(v, k’) en(v, k’) 


1 — dn?(u, k) sn?(v, k’) 
cn(u, k) cn(v, k’) 


cs a 1 — dn?(u, k) sn?(v, k’) 


_ isn(u, k) dn(u, k) sn(v, k') dn(v, k’) 


1 — dn?(u, k) sn?(v, k’) 
dn(u, k) cn(v, k’) dn(v, k’) 
1 — dn?(u, k) sn?(v, k’) 
ik? sn(u, k) cn(u, k) sn(v, k’) 
dn? (u,k)sn2(v,k") 


dn(u + iv) = 


943 


(35) 
(36) 


(37) 


(38) 
(39) 
(40) 


(41) 


(42) 


(43) 


DERIVATIVES of the Jacobi elliptic functions include 


dsnu 
=cnudnu 

du 
coe =snudnu 

du 
dd 

ei —k? snucnu. 
du 


(44) 
(45) 


(46) 


Double-period formulas involving the Jacobi elliptic 


functions include 


_ 2snucnudnu 


sn(2t) = Tanta 
= 1—2sn?u+k* sntu 
a 1—k?sn4u 
_ op2 en? 2.4 
dat 1 — 2k*sn*u+k*sn a 


1-—k?sntu 


(47) 
(48) 


(49) 


Half-period formulas involving the Jacobi elliptic func- 


tions include 
1 
V1i+k’ 


k 


dn(2.K) = Vk’. 


sn(;K) = 


(50) 


(51) 


(52) 


944 Jacobi Function of the First Kind 


Squared formulas include 


_ 1-cn(2u) 
sn? “u= 1+ dn(2u) (53) 
2. _ dn(2u) + cn(2u) 
= aaa). vo) 
2. _ dn(2u) + cn(2u) 
ee Tenn). ee) 


see also AMPLITUDE, ELLIPTIC FUNCTION, JACOBI’S 
IMAGINARY ‘TRANSFORMATION, THETA FUNCTION, 
WEIERSTRASS ELLIPTIC FUNCTION 
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Jacobi Function of the First Kind 
see JACOBI POLYNOMIAL 


Jacobi Function of the Second Kind 


QL) (a) = 2-8 — 1)-8(@ + 1)" 


x is Glee 9 nda 6 ar) ailag Cee 5 alae 1 


In the exceptional case n = 0, a+8+4+1=0, a noncon- 
stant solution is given by 


In(2+1)4+27 *(2+1)~? 
<[ mn Q= OG +O" ta + tat. 


 sin(a)(x — 1)~ 


Q'*)(z) = 
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Jacobi-Gauss Quadrature 


Jacobi-Gauss Quadrature 

Also called JACOBI QUADRATURE or MEHLER QUAD- 
RATURE. A GAUSSIAN QUADRATURE over the interval 
{-1, 1] with WEIGHTING FUNCTION W(z) = (1—2)*(1+ 
x)®. The ABSCISSAS for quadrature order n are given by 
the roots of the JACOBI POLYNOMIALS PS*”)(z). The 
weights are 


we An4+iyn 
AnPE?! (@) PSP (wa) 
= An Yn-1 (1) 


Bnet PEG) PS a). 


where A, is the COEFFICIENT of x” in PS*) (x), For 
JACOBI POLYNOMIALS, 


T(Qn+a+6+1) 


A, = — 
2°-niIT(n +a+ 841)’ 


(2) 


where ['(z) is a GAMMA FUNCTION. Additionally, 


1 g2nta+B+l yy 
Pani) Indate+i 
E(n+a+i0(n+6+1) 
T(ntat+B+l) 


Yn = 
’ (3) 


so 


_ Wnt+atB+2Tn+a+1I[(n+8+1) 
“~ nta+6841 Tin+a+f8+1) 


g2ntatB+1,) 
X Ta Way (4) 
Vi(zi)Vn41 (xi) 


_T(nt+eatidr(n+f+1) 
a Tintat+f+1) 


g2ntatat1,, 
(1 — a3?)[Vn(we)]?? 
(5) 


where aa 
Vin = PL) () rn 


(—1)” 


(6) 
The error term is 


T(intat+1)F(n+6+1)P(n+a+6+1) 
(Qn+a+68+1)Qnrn+a+8+1)]? 
g2rtatBtiny 


cea ae - #0") (¢) (7) 


E, = 


(Hildebrand 1959). 
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Jacobi Identities 


Jacobi Identities 
“The” Jacobi identity is a relationship 


[A, [B, C]] + [B, [C, Al] + [C, [A, B]] =0, (1), 


between three elements A, B, and C, where [A, B] is the 
COMMUTATOR. The elements of a LIE GROUP satisfy 
this identity. 

Relationships between the Q-FUNCTIONS Q; are also 


known as Jacobi identities: 


Q192Q3 = 1, (2) 


equivalent to the JACOBI TRIPLE PRODUCT (Borwein 
and Borwein 1987, p. 65) and 


Q2* = 16qQ1° + Q3°, (3) 


where ‘ 
q= etk a esas (4) 


K = K(k) is the complete ELLIPTIC INTEGRAL OF THE 
First Kinp, and K'(k) = K(k’) = K(V1—k?). Using 
WEBER FUNCTIONS 


f= q7l*4Q, (5) 
fa = gM: (6) 
fag iO, (7) 
(5) and (6) become 
fifaf = V2 (8) 
P=Att f° (9) 


(Borwein and Borwein 1987, p. 69). 


see also COMMUTATOR, JACOBI TRIPLE PRODUCT, Q- 
FUNCTION, WEBER FUNCTIONS 
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Jacobi’s Imaginary Transformation 
For JACOBI ELLIPTIC FUNCTIONS snu, cnu, and dnu, 


. __,sn(u, k’) 
sn(iu, k) = “cn(u, k’) . 

ee | 
cnt) Gn) 

. _ dn(u, k’) 
SS Satacey 


(Abramowitz and Stegun 1972, Whittaker and Watson 
1990). 


see also JACOB! ELLIPTIC FUNCTIONS 
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Jacobi Matrix 
see JACOBI ROTATION MATRIX, JACOBIAN 


Jacobi Method 

A method of diagonalizing MATRICES using JACOBI 
ROTATION MATRICES. It consists of a sequence of 
ORTHOGONAL SIMILARITY TRANSFORMATIONS, each of 
which eliminates one off-diagonal element. 


see also JACOBI ALGORITHM, JACOBI ROTATION Ma- 
TRIX 
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Jacobi Polynomial 

Also known as the HYPERGEOMETRIC POLYNOMIALS, 
they occur in the study of ROTATION GROUPS and in 
the solution to the equations of motion of the symmetric 
top. They are solutions to the JACOBI DIFFERENTIAL 
EQUATION. Plugging 


y= >> a,(2- 1)” (1) 


v=0 


into the differential equation gives the RECURRENCE 
RELATION 


[y-v(v+atB+1)la,—2(v+1)(vtat lari = 0 (2) 
for v = 0, 1, ..., where 


y=n(n+a+6+1). (3) 


Solving the RECURRENCE RELATION gives 


PLA) (a) = ar —ax) “(1+ x) 8 


d atn Grn 
Mone a) ee) 
for a, 8 > —1. They form a complete orthogonal sys- 
tem in the interval [—1, 1] with respect to the weighting 
function 


n(x) = (1— 2)*(1+ 2)", (5) 
and are normalized according to 
P&"9)(1) = & if *), (6) 


where (2) is a BINOMIAL COEFFICIENT. Jacobi polyno- 
mials can also be written 


plo8) <— TQn+a+8+1) 
7 “aAPinta+tB+1) 
x Gn(a+6+1,8+1,$(@+1)), (7) 


946 Jacobi Polynomial 
where ['(z) is the GAMMA FUNCTION and 


mP(n +p) 5(p-qa-1) 
P® a4 2 1). 8 
T'(2n +p) Geed) (8) 


ill 


Grp, 4, a) 


Jacobi polynomials are ORTHOGONAL satisfying 


1 
i, P{28) pla8) (1 —ax)*(1+ x) dx 
-1 

goto+l 


~~ In+at+h+1 


Tintati(n+8+1) 
niT(n+a+ +1) 


The COEFFICIENT of the term 2” in P&™°***) (z) is given 
by 


_ TQn+a+6+1) 
An Wn (nta+B+1) mn) 


They satisfy the RECURRENCE RELATION 


A(n+1)(n+a+B+1)(2n+a+ B)PM?) (2) 
= [(2n+a+6+1)(a? — 6?) + (2n+a+ f)32] PK (2) 
-2(n+a)(n+ B)QntatB+2)PE&? (2), (11) 


where (m)n is the RISING FACTORIAL 


Venn (12) 


ee ae a a Eas mer 


The DERIVATIVE is given by 


d 


gy la (@)] = p(n tat B+ VPS (a). (13) 


n—-1 


The ORTHOGONAL POLYNOMIALS with WEIGHTING 
FUNCTION (6 — x)*(x — a)® on the CLOSED INTERVAL 
{a, b] can be expressed in the form 


[const.] P&*) 27 ~ 1) (14) 


(Szeg6 1975, p. 58). 

Special cases with a = @ are 

(Qv+a+ 1+ 1) pla.-1/2) (942 =i 
(vtat+i1)I(2v+1) ” 


prQvt+ati1jr(yt+1) p(-1/2.0) 
Tvtatir(Qv+1) ” 


an i 
Pr? (@) = 5 
(1 — 2x”) 


(15) 
(2x27 — 1) 


= (1) 


_ P(Qv+a+2)P(v +1) pple?) 
Tvta+1r(Qv+2) ” 

=x yr Lv ta+2)r(v4+1) 

Twt+oa4+ 1) (2v + 2) 


Pee) 


eP/?2) (4 — 227). 


(16) 


Jacobi Polynomial 


Further identities are 


2 
(a+1,G) =. 
sa ) Sa ape 
(ntat 1) Ph — (n+ IP? (a) 
x (17) 
1l-« 
(a,B+1) = 2 
Fs (©) Fret ere 
(n+ B+ POO() + M+ VPRO) yg) 
l+z 
3 WwratB+ilvt+ilwt+a+Bt+1) 
= Qat+s6+1 Tvtat+i1(v+64+1) 
PLP Oy) 
_ 1-1) *w+)-* eae 
2 y-= nN+atB+2 
i (nt 2)0(n+a+6 +2) 
Tintati1)P(n+8+4+1) 
PLP) (@) QE) (y) — PA? (a) QRE, (y) 
(19) 
zy 
(Szegé 1975, p. 79). 
The KERNEL POLYNOMIAL is 
2-2-8 
K&=?) LY) = 
("= at see 
Lin + 2)0(n + a+ B+ 2) 
T(inta+ll(n+6+1) 
J Pak (PP (Y) — PEPEDESP OY) (99) 
zy 


(Szegé 1975, p. 71). 
The DISCRIMINANT is 


Dio) = g-n(n-1) Il amici sal € 4 a)’ "My apy 
vel 

x(ntuvtat py” (21) 
(Szegé 1975, p. 143). 
For a = 8 =0, PL) (z) reduces to a LEGENDRE POLY- 
NOMIAL. The GEGENBAUER POLYNOMIAL 

niD'(n + P) p(p-aa-1) 

pera = 2 

Faery Pa (22-1) (22) 


and CHEBYSHEV POLYNOMIAL OF THE FIRST KIND can 
also be viewed as special cases of the Jacobi POLYNO- 
MIALS. In terms of the HYPERGEOMETRIC FUNCTION, 


Po) (x) zs % + *) 


nm 


Grlp, q; z) = 


x2Fi(—n,ntat+f;at+1;$(1—a2)) (23) 


rome (02°) $2) 


xo (=n, —n—B;a4+1 


_z—1 
"e¢4+1 


Jacobi Polynomial 


Let Ni be the number of zeros in z € (—1,1), Ne the 
number of zeros in x € (—oo,—1), and N3 the number 
of zeros in x € (1,00). Define Klein’s symbol 


0 ifu<0 
E(u) = ¢ [u if u positive and nonintegral (25) 
u—-1l ifw=1,2,..., 


where || is the FLOOR FUNCTION, and 


X (a, B) = E[}([2n+a+ 6 +1|— Jal — 6] +1)] (26) 
Y(a, 8) = E[$(-|2n +a+ 8 +1] + lo] - |B] +1)) 


(27) 
Z(a, 8B) = E[;(—|2n+ a+ 841|—|o| + |B] +1). 
(28) 
If the cases a = —1, —2,..., —n, G=~1, —2,..., —n, 
andn+a+Z=-1, on «+, —n are excluded, then the 
af 


number of zeros of P,, in the respective intervals are 


2|4(X +1)} 


‘or (—1)" ("+ n+p 
m(a.e)~ {5 ee for (-1)"("*) ("#8) > 0 


for (-1)" ("t*) ("4") <0 
(29) 
1 Qn+atB)\ (n+3 
ee HO +1] a ee ae 3 ; 
(30) 
ork eee 8 eg) ea 
for (7? 2+) (st9) <9 
(31) 


2|3(Z+1)| 
2|[32| +1 


N3(a, B) = { 


(Szeg6 1975, pp. 144-146). 


The first few POLYNOMIALS are 


PIO (a) = 1 

Pi“) (2) = 12(a +1) + (a+ 84 2)(e—1)] 

PA) (a) = 3[4(a + 1a + (a+ B+ 3)(a+2)(e-1) 
+(a+ 6 + 2)2(z — 1)’, 


where (m)n is a RISING FACTORIAL. See Abramowitz 
and Stegun (1972, pp. 782-793) and Szegé (1975, Ch. 4) 
for additional identities. 


see also CHEBYSHEV POLYNOMIAL OF THE FIRST KIND, 
GEGENBAUER POLYNOMIAL, JACOBI FUNCTION OF THE 
SECOND KIND, RISING FACTORIAL, ZERNIKE POLY- 
NOMIAL 
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Jacobi Quadrature 
see JACOBI-GAUSS QUADRATURE 


Jacobi Rotation Matrix 

A MATRIX used in the JACOBI TRANSFORMATION 
method of diagonalizing MATRICES. It contains cos¢ 
in p rows and columns and sin ¢ in g rows and columns, 


1 0 
cos 0 sind 
Poq = 0 1 0 
sing 0 cos } 
0 1 


see also JACOBI TRANSFORMATION 
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Jacobi Symbol 

The product of LEGENDRE SYMBOLS (n/p;) for each of 
the PRIME factors p; such that m = I], Pp: denoted 
(n/m). When m is a PRIME, the Jacobi symbol reduces 
to the LEGENDRE SYMBOL. The Jacobi symbol satisfies 
the same rules as the LEGENDRE SYMBOL 


(n/m)(n/m') = (n/(mm')) (1) 


(n/m)(n'/m) = ((nn')/m) (2) 
(n?/m) = (n/m?) =1 if (m,n) =1 (3) 


(n/m) = (n'/m) if n=n' (mod m) (4) 


(-1/m) = (-1)""9? = { airs aees aye 
(5) 


_ m?-1)/s__ fl for m = +1 (mod 8) 
(2/m) = (-1)' Me = { —1 form= +3 wee 8) 
(m/ . 
= m/n) for m or n = 1 (mod 4) 
(n/m) = { —(m/n) for m,n = 3 (mod 4). (7) 


Written another way, for m and n RELATIVELY PRIME 
Opp INTEGERS with n > 3, 


(m/n) = (-1)°*-PO-Y/4 (n/m). (8) 


The Jacobi symbol is not defined if m < 0 or mis EVEN. 


Bach and Shallit (1996) show how to compute the Jacobi 
symbol in terms of the SIMPLE CONTINUED FRACTION 
of a RATIONAL NUMBER a/b. 


see also KRONECKER SYMBOL 


948 Jacobi Tensor 
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Jacobi Tensor 


eat = Jae 


Ki 


1 

3 (RE vp te Rove) 
where R is the RIEMANN TENSOR. 

see also RIEMANN TENSOR 


Jacobi’s Theorem 

Let M, be an r-rowed MINOR of the nth order DETER- 
MINANT |A| associated with an n x n MATRIX A = ai; 
in which the rows 71, i2, ..., ip are represented with 
columns ki, ko, ..., kr. Define the complementary mi- 
nor to M, as the (n ~ k)-rowed MINOR obtained from 
|A| by deleting all the rows and columns associated with 
M, and the signed complementary minor M) to M; to 
be 


MO) ax (1) tite tin thi thatthe 


x [complementary minor toM,}]. 


Let the MATRIX of cofactors be given by 


Ai. Aiz2 ++: Ain 
Azr Aza +++ Aan 
Ani An2 +++ Ann 


with M, and M;}. the corresponding r-rowed minors of 
|A| and A, then it is true that 


Mi = {A(t mM, 
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Jacobi Theta Function 
see THETA FUNCTION 


Jacobi Transformation 
see JACOBI METHOD 


Jacobi Triple Product 


Jacobi Triple Product 
The Jacobi triple product is the beautiful identity 


8) gent 
[[a-2’ a+2772 (1+ a ) 
n=1 
2S a2™ 2m (1) 


m=—-cC 


In terms of the Q-FUNCTIONS, (1) is written 


Q192Q3 = 1, (2) 


which is one of the two JACOBI IDENTITIES. For the 


special case of z = 1, (1) becomes 


yz) = G1) = [+2777 )a- 2) 


n=1 
fore) 


So amaitasce™, 
m=0 


Mm om OO} 


il 


where v(x) is the one-variable RAMANUJAN THETA 
FUNCTION. 


To prove the identity, define the function 


F(z)= [are 17) (14 =) 


n=1 
=(1t+2927) (143 5) +a%2? (1+5) 
5 
xatatey (145). (4) 
Then 
F(xz) = (1+2°2 *) (1+ <5) a+ 0%" (+3) 
4a? 0+3)-. (5) 


Taking (5) + (4), 


FO i (1+ =a) (a) 


_az7+1 1 1 


wz? ltaz? 222’ (6) 
which yields the fundamental relation 
zz? F (xz) = F(z). (7) 
Now define 
G(z) = F(z) [[G-2"") (8) 


n=l 


Jacobi Triple Product 


G(az) = F(xzz) []@-2””). (9) 


n=1 


Using (7), (9) becomes 


canst [J@-2"= o@ (10) 


so 


G(z) = ez?G(axz). (11) 


Expand G in a LAURENT SERIES. Since G is an EVEN 
FUNCTION, the LAURENT SERIES contains only even 


terms. 
co 


G(z) = S ae: (12) 


m=—oao 


Equation (11) then requires that 


oo oo 
Ss; Amz” = xz" se Am(xz)*™ 
m=—-co m=—oo 
fo =] 
s Ama? ™ th g2mt2 (13) 
moO 


This can be re-indexed with m’ = m— 1 on the left side 


of (13) 


[ee] 
oe amzt” = D aya (14) 


mm-OO m= —- OO 


which provides a RECURRENCE RELATION 


Om = Om—10"""; (15) 
so 
a, = aor (16) 
2 
a2 = a2" = agx®t* = agz* = aox” (17) 
2 
a3 = agx” = agax®** = aor® = az" . (18) 


The exponent grows greater by (2m —1) for each increase 
in m of 1. It is given by 


den -l)= guint) =) ~m=m’, (19) 


Therefore, 


am =apz™ . (20) 
This means that 


G(z)=a9 So a2? (21) 


m=-~-co 
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The COEFFICIENT ao must be determined by going back 
to (4) and (8) and letting z = 1. Then 


FQ) = [[@+2")(+2""7) 


nal 


-TIo+ 2n-}) (22) 


G(1) = F(1) [Ie met 


- [las Ly? Tlo-2" 
=|[a+2"")a-2), (23) 


since multiplication is ASSOCIATIVE. It is clear from this 
expression that the ap term must be 1, because all other 
terms will contain higher POWERS of zx. Therefore, 


ao = 1, (24) 


so we have the Jacobi triple product, 


- Qn Qn-1 2 ann} 
G(z) Ja+ea Zz) 12 


i 
= 
= 
| 
8 


(25) 


It 
M 
8 

3, 
RX 
2 


see also KULER IDENTITY, JACOBI IDENTITIES, Q- 
FUNCTION, QUINTUPLE PRODUCT IDENTITY, RaA- 
MANUJAN Psi SUM, RAMANUJAN THETA FUNCTIONS, 
SCHROTER’S FORMULA, THETA FUNCTION 
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Jacobi Zeta Function 
Denoted zn(u, &) or Z(u). 


E(m)F(¢\m) 


2(d|m) = E(6\m) — 


950 Jacobian 


where ¢ is the AMPLITUDE, m is the PARAMETER, and 
F and K are ELLIPTIC INTEGRALS OF THE FIRST KIND, 
and F is an ELLIPTIC INTEGRAL OF THE SECOND KIND. 
See Gradshteyn and Ryzhik (1980, p. xxxi) for expres- 
sions in terms of THETA FUNCTIONS. 


see also ZETA FUNCTION 
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Jacobian 
Given a set y = f(x) of n equations in n variables 71, 
-, @n, written explicitly as 


fi 
ye]? (1) 
fn 
or more explicitly as 
yi = filti,...,2n) 
(2) 


Yn = fn(®1,.--, En); 


the Jacobian matrix, sometimes simply called “the Ja- 
cobian” (Simon and Blume 1994) is defined by 


Oy... Ou 

Oxy, Brn 
N(zi,va,zs)= fo 2 oc. os |. (3) 

Dyn... On 

Gx1 Orn 


The DETERMINANT of J is the JACOBIAN DETERMI- 
NANT (confusingly, often called “the Jacobian” as well) 
and is denoted 


J= Bain) (4) 


O(e1,-50n) |* 

Taking the differential 
dy = yx dx (5) 
shows that J is the DETERMINANT of the MATRIX yx, 


and therefore gives the ratios of n-D volumes (CON- 
TENTS) in y and z, 


Oy, soos Yn) 


DGG ae) dzi---dzn. (6) 


din --din =| 


Jacobian Group 


The concept of the Jacobian can also be applied to n 
functions in more than n variables. For example, con- 
sidering f(u,v,w) and g(u,v,w), the Jacobians 


9F,9) _|fu fo 
O(u,v) | gu ge (7) 
OF,9) _| fu fw 
O(u, w) a Gu Iw (8) 


can be defined (Kaplan 1984, p. 99). 


For the case of n = 3 variables, the Jacobian takes the 
special form 


OY OY. 5 OF. 


Jf(a1, 2,23) = | 5%. =e Bas'\* 


(9) 


where a-b is the DOT PRODUCT and b x c is the CROSS 
PRODUCT, which can be expanded to give 


8 Oxy Ox Oa 
(ym, Y2, ys) — | Oy2 Oy2 Oy2 (10) 
~ | Oxy Oz2 Or3 
O(21, 22,23) 4 5 4 
Ory, Ong On3 


see also CHANGE OF VARIABLES THEOREM, CURVILIN- 
EAR COORDINATES, IMPLICIT FUNCTION THEOREM 
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Jacobian Conjecture 

If det[F’(z)] = 1 for a POLYNOMIAL mapping F (where 
det is the DETERMINANT), then F' is BIJECTIVE with 
POLYNOMIAL inverse. 


Jacobian Curve 

The Jacobian of a linear net of curves of order n is a 
curve of order 3(n — 1). It passes through all points 
common to all curves of the net. It is the Locus of 
points where the curves of the net touch one another 
and of singular points of the curve. 


see also CAYLEYIAN CURVE, HESSIAN COVARIANT, 
STEINERIAN CURVE 
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Jacobian Determinant 
see JACOBIAN 


Jacobian Group 

The Jacobian group of a 1-D linear series is given by in- 
tersections of the base curve with the JACOBIAN CURVE 
of itself and two curves cutting the series. 
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Jacobsthal-Lucas Number 


Jacobsthal-Lucas Number 
see JACOBSTHAL NUMBER 


Jacobsthal-Lucas Polynomial 
see JACOBSTHAL POLYNOMIAL 


Jacobsthal Number 
The Jacobsthal numbers are the numbers obtained by 
the Uns in the LUCAS SEQUENCE with P = 1 and 
Q = —2, corresponding to a = 2 and b = ~—1. They 
and the Jacobsthal-Lucas numbers (the Vans) satisfy the 
RECURRENCE RELATION 


In = Jdn-1 + 2Jn-2. (1) 


The Jacobsthal numbers satisfy Jo = 0 and J; = 1 and 
are 0, 1, 1, 3, 5, 11, 21, 43, 85, 171, 341, ... (Sloane’s 
A001045). The Jacobsthal-Lucas numbers satisfy jo = 2 
and j1 = 1 and are 2, 1, 5, 7, 17, 31, 65, 127, 257, 511, 
1025, ... (Sloane’s A014551). The properties of these 
numbers are summarized in Horadam (1996). They are 
given by the closed form expressions 


L(n—1)/2} aot oe 
j= ( je (2) 
r=0 


r 
pee mr mo 
ine De Ripe (3) 
< 


where |x| is the FLOOR FUNCTION and (7) is a BINO- 
MIAL COEFFICIENT. The Binet forms are 


The GENERATING FUNCTIONS are 


+s Jia? = (1 — 2 — 227)7? (6) 


i=1 


>) je = (1 4+4e)(1— 2 227). (7) 


tml 


The Simson FORMULAS are 


Jntidn—1 — Jn? = (-1)"2""7 (8) 
jnttjn-1—Jjn? = 9(—1)"~ 12"? = ~9(JIn41dn-1—Jn?). 
(9) 
Summation FORMULAS include 

n 
Do = (nea — 3) (10) 

1=2 
So = FGn42 — 5). (11) 
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Interrelationships are 


jnIn = Jon (12) 

Jn = Inqi t+ 2In-1 (13) 

9Jn = jnti t2ijn-1 (14) 

jntit jn = 3(Jn41 + Jn) = 3-2” (15) 

jn+1 = jn = 3(Jnta _ 5 By af—1j"t* a Qn + 2(-1)?*7 
(16) 


jnti — Wn = 3(2In — Inti) = 3(-1)"** (17) 
QWint1 + jn—-1 = 3(2In41 + In—1) +6(—-1)"*? (18) 
Jn+r + jn—r = 3(Jntr + In—r) + 4(-1)""" (19) 

= 2"-7(277 4.1) 42(-1)""" (20) 


Jntr — Gn-r = 3(Intr — In-r) =, med oad = 1) (21) 


Ee pee | ai (22) 

3J0n + jn = 277) (23) 

In + jn = 2In41 (24) 
Jnt25n—2 — jn? = —9(Int+2In—2 — Jn)? = 9(—1)"2"? 
(25) 

Imia + Injim = 2WJmsn (26) 
jmjn + 9ImIn = 2im+n (27) 

jn? + 9Jn? = 2jon (28) 

Jmin — Injm = (—1)"2"4 Inn (29) 
Jada Oinda Sly (30) 
je HBL Stipes (31) 


(Horadam 1996). 
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Jacobsthal Polynomial 

The Jacobsthal polynomials are the POLYNOMIALS ob- 
tained by setting p(x) = 1 and q(x) = 2z in the Lucas 
POLYNOMIAL SEQUENCE. The first few Jacobsthal poly- 
nomials are 


Jy (x) =) 
Jo(z) =1 
J3(x) =1+ 22 
Js(x) = 1+ 42 


Js(z) = 4a? + 62 +1, 
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and the first few Jacobsthal-Lucas polynomials are 


ji(z)=1 
js(z) = 6a@4+1 


ja(z) = 8a? + 8241 
js(z) = 202? + 102 + 1. 


Jacobsthal and Jacobsthal-Lucas polynomials satisfy 
Jn(1) = In 


jn(1) = Jn 


where J, is a JACOBSTHAL NUMBER and jn is a 
JACOBSTHAL-LUCAS NUMBER. 


Janko Groups 
The SPORADIC GROUPS Ji, Jo, J3 and Js. The Janko 
group J2 is also known as the HALL-JANKO GROUP. 


see also SPORADIC GROUP 
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Japanese Triangulation Theorem 

Let a convex CYCLIC POLYGON be TRIANGULATED in 
any manner, and draw the INCIRCLE to each TRIANGLE 
so constructed. Then the sum of the INRADI is a con- 
stant independent of the TRIANGULATION chosen. This 
theorem can be proved using CARNOT’S THEOREM. It is 
also true that if the sum of INRADII does not depend on 
the TRIANGULATION of a POLYGON, then the POLYGON 
is CYCLIC. 


see also CARNOT’S THEOREM, CYCLIC POLYGON, IN- 
CIRCLE, INRADIUS, TRIANGULATION 
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Jarnick’s Inequality 
Given a CONVEX plane region with AREA A and PERI- 
METER p, then 

|N _ A| <P, 


where N is the number of enclosed LATTICE POINTS. 
see also LATTICE POINT, NOSARZEWSKA’S INEQUALITY 


Jeep Problem 


Jeep Problem 

Maximize the distance a jeep can penetrate into the 
desert using a given quantity of fuel. The jeep is allowed 
to go forward, unload some fuel, and then return to its 
base using the fuel remaining in its tank. At its base, 
it may refuel and set out again. When it reaches fuel it 
has previously stored, it may then use it to partially fill 
its tank. This problem is also called the EXPLORATION 
PROBLEM (Ball and Coxeter 1987). 


Given n+ f (with 0 < f < 1) drums of fuel at the 
edge of the desert and a jeep capable of holding one 
drum (and storing fuel in containers along the way), 
the maximum one-way distance which can be traveled 
(assuming the jeep travels one unit of distance per drum 
of fuel expended) is 


f “. 4 
d= 
mit Laat 


$i Se 1 1 
= on Ta + $[y+2ln2+ yo(5 +n), 


where y is the EULER-MASCHERONI CONSTANT and 
wn(z) the POLYGAMMA FUNCTION. 


For example, the farthest a jeep with n = 1 drum can 
travel is obviously 1 unit. However, with n = 2 drums of 
gas, the maximum distance is achieved by filling up the 
jeep’s tank with the first drum, traveling 1/3 of a unit, 
storing 1/3 of a drum of fuel there, and then returning 
to base with the remaining 1/3 of a tank. At the base, 
the tank is filled with the second drum. The jeep then 
travels 1/3 of a unit (expending 1/3 of a drum of fuel), 
refills the tank using the 1/3 of a drum of fuel stored 
there, and continues an additional 1 unit of distance on 
a full tank, giving a total distance of 4/3. The solutions 
for n = 1, 2, ... drums are 1, 4/3, 23/15, 176/105, 
563/315, ..., which can also be written as a(n)/b(n), 
where 


a(n) = (F454 + py) LOMG3,5,..., 20-1) 
b(n) = LCM(1,3,5,...,2n — 1) 


(Sloane’s A025550 and A025547). 
see also HARMONIC NUMBER 


References 

Alway, G. C. “Crossing the Desert.” Math. Gaz. 41, 209, 
1957. 

Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recre- 
ations and Essays, 138th ed. New York: Dover, p. 32, 1987. 

Bellman, R. Exercises 54-55 Dynamic Programming. Prince- 
ton, NJ: Princeton University Press, p. 103, 1955. 

Fine, N. J. “The Jeep Problem.” Amer. Math. Monthly 54, 
24-31, 1947. 

Gale, D. “The Jeep Once More or Jeeper by the Dozen.” 
Amer. Math. Monthly 77, 493-501, 1970. 

Gardner, M. The Second Scientific American Book of Math- 
ematical Puzzles & Diversions: A New Selection. New 
York: Simon and Schuster, pp. 152 and 157-159, 1961. 


Jenkins-Traub Method 


Haurath, A.; Jackson, B.; Mitchem, J.; and Schmeichel, E. 
“Gale’s Round-Trip Jeep Problem.” Amer. Math. Monthly 
102, 299-309, 1995. 

Helmer, O. “A Problem in Logistics: The Jeep Problem.” 
Project Rand Report No. Ra 15015, Dec. 1947. 

Phipps, C. G. “The Jeep Problem, A More General Solution.” 
Amer. Math. Monthly 54, 458-462, 1947. 


Jenkins-Traub Method 

A complicated POLYNOMIAL ROOT-finding algorithm 
which is used in the IMSL® (IMSL, Houston, TX) li- 
brary and which Press et al. (1992) describe as “prac- 
tically a standard in black-box POLYNOMIAL ROoT- 
finders.” 
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Jensen’s Formula 


20 ; 
/ In |z + e*?| dO = 27 In* |z\, 
ie] 


where 
In* = max(0, Ina) 
and Inz is the NATURAL LOGARITHM. 


Jensen’s Inequality 
For a REAL CONTINUOUS CONCAVE FUNCTION 


Este < 5 (E*) 


n n 


if f is concave down, 


if f is concave up, and 


IFF z1 = @2 =...=2,. A special case is 


M+agt...¢2 
e129 °° Ly << 
n 


with equality IFF 71 = 72 =...=2n. 
see also CONCAVE FUNCTION, MAHLER’S MEASURE 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Diego, CA: Academic 
Press, p. 1101, 1979. 


Jerk 953 


Jensen Polynomial 
Let f(x) be a real ENTIRE FUNCTION of the form 


oo zt 
f(z) = eg 
k=0 


where the 7,s are POSITIVE and satisfy TURAN’s IN- 
EQUALITIES 
2 
Yk — Yk-1Yk+1 > 0 


for k = 1, 2,.... The Jensen polynomial g(t) associated 
with f(x) is then given by 


Tr 
n k 
on(t) = > (7) nt" 
k=0 
where (¢) is a BINOMIAL COEFFICIENT. 
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Jerabek’s Hyperbola 

The ISOGONAL CONJUGATE of the EULER LINE. It 
passes through the the vertices of a TRIANGLE, the 
ORTHOCENTER, CIRCUMCENTER, the LEMOINE POINT, 
and the ISOGONAL CONJUGATE points of the NINE- 
POINT CENTER and DE LONGCHAMPS POINT. 


see also CIRCUMCENTER, DE LONGCHAMPS POINT, Eu- 
LER LINE, ISOGONAL CONJUGATE, LEMOINE POINT, 
NINE-POINT CENTER, ORTHOCENTER 
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Jerk 


The jerk j is defined as the time DERIVATIVE of the 
VECTOR ACCELERATION a, 


see also ACCELERATION, VELOCITY 
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Jinc Function 


The jinc function is defined as 


i Ji(x 
jinc(z) = Ale), 
where Ji(x) is a BESSEL FUNCTION OF THE FIRST 
KIND, and satisfies limz-4o jinc(z) = 1/2. The DERIVA- 
TIVE of the jinc function is given by 

es J _ J2(zx) 

jine (x) = a 
The function is sometimes normalized by multiplying by 
a factor of 2 so that jinc(0) = 1 (Siegman 1986, p. 729). 
see also BESSEL FUNCTION OF THE FIRST KIND, SINC 
FUNCTION 
References 


Siegman, A. E. Lasers. Sausalito, CA: University Science 
Books, 1986. 


Jitter 

A SAMPLING phenomenon produced when a waveform 
is not sampled uniformly at an interval t each time, but 
rather at a series of slightly shifted intervals t+ At; such 
that the average (At;) = 0. 


see also GHOST, SAMPLING 


Joachimsthal’s Equation 
Using CLEBSCH-ARONHOLD NOTATION, 


1@y + ff f.ay tas + 5n(n ~1) “far a. +... 


n—1 n—-1 non 
+nbi b> ayaz ot £2 az = 0. 
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Johnson Circle 
The CIRCUMCIRCLE in JOHNSON’S THEOREM. 


see also JOHNSON’S THEOREM 
Johnson’s Equation 
The PARTIAL DIFFERENTIAL EQUATION 


ao 
Ox 


which arises in the study of water waves. 


U 3a? 
2) + Sono 


(ws + UUg + $Ucee + 2B2 
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Johnson Solid 


Johnson Solid 

The Johnson solids are the CONVEX POLYHEDRA hav- 
ing regular faces (with the exception of the completely 
regular PLATONIC SOLIDS, the “SEMIREGULAR” AR- 
CHIMEDEAN SOLIDS, and the two infinite families of 
PRISMS and ANTIPRISMS). There are 28 simple (i.e., 
cannot be dissected into two other regular-faced poly- 
hedra by a plane) regular-faced polyhedra in addition 
to the PRISMS and ANTIPRISMS (Zalgaller 1969), and 
Johnson (1966) proposed and Zalgaller (1969) proved 
that there exist exactly 92 Johnson solids in all. 


A database of solids and VERTEX NETS of these solids is 
maintained on the Bell Laboratories Netlib server, but 
a few errors exist in several entries. A concatenated and 
corrected version of the files is given by Weisstein, to- 
gether with Mathematica® (Wolfram Research, Cham- 
paign, IL) code to display the solids and nets. The fol- 
lowing table summarizes the names of the Johnson solids 
and gives their images and nets. 


1. Square pyramid 


2. Pentagonal pyramid 


3. Triangular cupola 


4. Square cupola 


5. Pentagonal cupola 


Johnson Solid 


6. Pentagonal rotunda 


7. Elongated triangular pyramid 


q 


8. Elongated square pyramid 


12. Triangular dipyramid 


13. Pentagonal dipyramid 


CN BE 


Johnson Solid 


14. Elongated triangular dipyramid 


15. Elongated square dipyramid 


16. Elongated pentagonal dipyramid 


17. Gyroelongated square dipyramid 


x 


18. Elongated triangular cupola 


a 


19. Elongated square cupola 


for 


20. Elongated pentagonal cupola 


955 
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21. Elongated pentagonal rotunda 28. Square orthobicupola 


29. Square gyrobicupola 


30. Pentagonal orthobicupola 


26. Gyrobifastigium 


a 


27. Triangular orthobicupola 


Johnson Solid 


36. Elongated triangular gyrobicupola 


im LTTE) 


42. Elongated pentagonal orthobirotunda 


i 
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43. een pentagonal gyrobirotunda 


= 


44. Gyroelongated triangular bicupola 


45. piven aie square bicupola 


J 


46. Gyroelongated pentagonal bicupola 


47. Gyroelongated pentagonal cupolarotunda 


. 


48. Gyroelongated pentagonal birotunda 


49. Augmented triangular prism 


a> 
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50. Biaugmented triangular prism 


eo 


51. Triaugmented triangular prism 


52. Augmented pentagonal prism 


53. Biaugmented pentagonal prism 


54. Augmented hexagonal prism 


wc 


55. Parabiaugmented hexagonal prism 


Johnson Solid 


57. Triaugmented hexagonal prism 


Ee 


58. Augmented dodecahedron 


Prod 


59. Parabiaugmented dodecahedron 


62. Metabidiminished icosahedron 


63. Tridiminished icosahedron 


Ee a | 


64, Augmented tridiminished icosahedron 


3 
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65. Augmented truncated tetrahedron 


76. Diminished rhombicosidodecahedron 


| 


70. Metabiaugmented truncated dodecahedron 


“@.: 
Pa 
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80. Parabidiminished rhombicosidodecahedron 88. Sphenomegacorona 


89. Hebesphenomegacorona 


™ 
85. Snub square antiprism 


The number of constituent n-gons ({n}) for each John- 
son solid are given in the following table. 


86. Sphenocorona 


87. Augmented sphenocorona 
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Jn {3} {4} {5} {6} {8} {10} Jn {3} {4} {5} {6} {8} {10} 
1 4 1 47 35 5 7 

2 5 1 48 40 12 

3. 4 3 1 49 6 2 

4 4 5 1 50 10 1 

5 5 5 i 1 51 14 

6 10 6 1 52 4 4 2 

7 4 8 53 8 3 2 

8 4 5 54 4° 6 2 

9 5 5 1 55 8 4 2 

10 12 1 56 O88 2 

11 15 1 57 12 3 2 

12 «6 58 5 11 

13 10 59 10 10 

14 #6 3 60 10 10 

15 8 4 61 15 9 

16 10 5 62 10 2 

17 «16 63 5 3 

18 4 9 1 64 7 3 

19 4 13 1 65 8 3 3 

20 5 15 1 1 66 12 5 5 

21 10 10 6 1 67 16 10 4 

22 16 3 1 68 25 5 1 11 
23° 20 5 1 69 30 10 2 10 
24 25 5 1 1 70 30 10 2 10 
25 30 6 1 71 35 15 3 9 
26 4 4 72 20 30 12 

27 8 «66 73 20 30 12 

28 8 10 74 20 30 12 

29 8 10 75 20 30 12 

30 10 10 2 76 15 25 11 1 
31 10 10 2 77 15 26 21 1 
32 15 5 7 78 15 25 ii 1 
33 15 5 7 79 15 25 11 1 
34 «20 12 80 10 20 10 2 
35 8 12 81 10 20 10 2 
360 812 82 10 20 10 2 
37 8 18 83 5 15 9 3 
38 10 20 2 84 12 

39 10 20 2 8 24 2 

40 15 15 7 86 12 2 

41 15 15 7 87 16 1 

42 20 10 12 88 16 2 

43 20 10 12 89 18 3 

44 20 6 90 20 4 

45 24 10 91 8 2 4 

46 30 10 2 92 13 3 3 1 


see also ANTIPRISM, ARCHIMEDEAN SOLID, CONVEX 
POLYHEDRON, KEPLER-POINSOT SOLID, POLYHEDRON, 
PLATONIC SOLID, PRISM, UNIFORM POLYHEDRON 
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Johnson’s Theorem 


Let three equal CIRCLES with centers C1, Co, and C3 
intersect in a single point O and intersect pairwise in 
the points P, Q, and R. Then the CIRCUMCIRCLE J of 
APQR (the so-called JOHNSON CIRCLE) is congruent to 
the original three. 


see also CIRCUMCIRCLE, JOHNSON CIRCLE 
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Join (Graph) 

Let a and y be distinct nodes of G which are not joined 
by an EDGE. Then the graph G/ay which is formed by 
adding the EDGE (z, y) to G is called a join of G. 


Join (Spaces) 
Let X and Y be TOPOLOGICAL SPACES. Then their join 
is the factor space 


X*Y=(X xYxI)/~ 


Joint Theorem 
where ~ is the EQUIVALENCE RELATION 


t=t/=Oandec=2' 
(z,y,t) ~ (2',y' t)e or 
t=t'’=landy=y. 


see also CONE (SPACE), SUSPENSION 
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Joint Distribution Function 
A joint distribution function is a DISTRIBUTION FUNC- 
TION in two variables defined by 


D(z,y) = P(X <2,Y <y) (1) 
D(x) = D(z, co) (2) 
D,(y) = D(oo, y) (3) 


so that the joint probability function 


Pl(z,y) € C)] = J 


Gaye oP (ey) dz dy (4) 


earls dete (5) 
BJA 


P(z,y) = P{x € (—ov, a], y € (—00, y]} 


"er i P(0,y) dee dy (6) 


Pila<x<a+da,b<y<b+db) 


b+db patda 
= / 7 P(x, y) dx dy = P(a,b)dadb. (7) 
b a 


A multiple distribution function is of the form 


D(ai,...,@n) = P(a1 <a1,...,an <an). (8) 


see also DISTRIBUTION FUNCTION 


Joint Probability Density Function 
see JOINT DISTRIBUTION FUNCTION 


Joint Theorem 
see GAUSSIAN JOINT VARIABLE THEOREM 


Jonah Formula 


Jonah Formula 
A formula for the generalized CATALAN NUMBER pdgi. 
The general formula is 


k ; 
m-q)\ _ {np 
(fof) = deed (57), 


i=1 


where (7) is a BINOMIAL COEFFICIENT, although 
Jonah’s original formula corresponded to p = 2, qg = 0 
(Hilton and Pederson 1991). 
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Jones Polynomial 

The second KNOT POLYNOMIAL discovered. Unlike the 
first-discovered ALEXANDER POLYNOMIAL, the Jones 
polynomial can sometimes distinguish handedness (as 
can its more powerful generalization, the HOMFLY 
POLYNOMIAL). Jones polynomials are LAURENT POLy- 
NOMIALS in t assigned to an R® KNOT. The Jones poly- 
nomials are denoted V;,(t) for LINKS, Vx (t) for KNOTS, 
and normalized so that 


Vanknot (t) = 1, (1) 


For example, the Jones polynomial of the TREFOIL 
Knot is given by 


Virefou(t) = t+ t° — t*. (2) 


If a LINK has an ODD number of components, then Vz, 
is a LAURENT POLYNOMIAL over the INTEGERS; if the 
number of components is EVEN, Vz(t) is t'/? times a 
LAURENT POLYNOMIAL. The Jones polynomial of a 
Knot Sum 11#Le satisfies 


Vir#L2 = (V1) (V2). (3) 


Ee iy i: 
The SKEIN RELATIONSHIP for under- and overcrossings 
is 
t4Vi, —tVi_ = (t!/? — #7") Vip. (4) 
Combined with the link sum relationship, this allows 


Jones polynomials to be built up from simple knots and 
links to more complicated ones. 


Some interesting identities from Jones (1985) follow. For 
any LINK J, 
Vi(—1) = Ar(-1), (5) 
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where Az is the ALEXANDER POLYNOMIAL, and 
Vi(1) = (-2)?, (6) 


where p is the number of components of L. For any 
KNOT K, 


Vc (e?7*/8) = 1 (7) 
and P 
a VK) = 0. (8) 


Let. K* denote the MIRROR IMAGE of a KNOT K. Then 
Vic- (t) = Vx (t~*). (9) 


For example, the right-hand and left-hand TREFOIL 
KNOTS have polynomials 


Varetou(t) = t+ #° — ¢* (10) 
Virefoil* (t) = tt + i= =~ ee (11) 


Jones defined a simplified trace invariant for knots by 


1 — Vx(t) 
Wx(t) = ——-——~.. 12 
KO = Groaya-p (22) 
The ARF INVARIANT of Wx is given by 
Arf(K) = Wx(t) (13) 


(Jones 1985), where i is /—1. A table of the W poly- 
nomials is given by Jones (1985) for knots of up to eight 
crossings, and by Jones (1987) for knots of up to 10 
crossings. (Note that in these papers, an additional 
polynomial which Jones calls V is also tabulated, but 
it is not the conventionally defined Jones polynomial.) 


Jones polynomials were subsequently generalized to the 
two-variable HOMFLY POLYNOMIALS, the relationship 
being 

V(t) = P(a=t,2 =t'/? ~¢71/?) (14) 


V(t) = P(é = it,m = i(t*/* — #/7)). (15) 


They are related to the KAUFFMAN POLYNOMIAL F' by 
V(t) = F(-t79/4,077/4 4 #84), (16) 


Jones (1987) gives a table of BRAID WORDS and W poly- 
nomials for knots up to 10 crossings. Jones polynomi- 
als for KNOTS up to nine crossings are given in Adams 
(1994) and for oriented links up to nine crossings by 
Doll and Hoste (1991). All PRIME KNoTs with 10 or 
fewer crossings have distinct Jones polynomials. It is 
not known if there is a nontrivial knot with Jones poly- 
nomial 1. The Jones polynomial of an (m,n)-TorRus 
KNOT is 


ages date ie! _ grt Ss prt op 127") 


1-P (17) 
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Let k be one component of an oriented LINK L. Now 
form a new oriented LINK L” by reversing the orienta- 
tion of k. Then 


Vi» =t *V(L), 


where V is the Jones polynomial and 4 is the LINKING 
NuMBER of k and L ~ k. No such result is known for 
HOMEFLY PoLynomMiaLs (Lickorish and Millett 1988). 


Birman and Lin (1993) showed that substituting the 
POWER SERIES for e* as the variable in the Jones poly- 
nomial yields a POWER SERIES whose COEFFICIENTS 
are VASSILIEV POLYNOMIALS. 


Let LZ be an oriented connected LINK projection of n 


crossings, then 
n > span V(L), (18) 


with equality if L is ALTERNATING and has no REMOV- 
ABLE CROSSING (Lickorish and Millett 1988). 


There exist distinct KNOTS with the same Jones poly- 
nomial. Examples include (05001, 10132), (08008, 10129), 
(08016, 10156), (10025, 10086), (10022, 10035), (10041, 
10094), (10043, 10091), (10059, 10106), (10060, 10083), 
(10071, 10104), (10073, 10086), (10081, 10109), and (10137, 
1015s) (Jones 1987). Incidentally, the first four of these 
also have the same HOMFLY POLYNOMIAL. 


Witten (1989) gave a heuristic definition in terms of 
a topological quantum field theory, and Sawin (1996) 
showed that the “quantum group” U(sl2) gives rise to 
the Jones polynomial. 


see also ALEXANDER POLYNOMIAL, HOMFLY POoLty- 
NOMIAL, KAUFFMAN POLYNOMIAL F, KNoT, LINK, 
VASSILIEV POLYNOMIAL 
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Jordan-H6élder Theorem 


@ Weisstein, E. W. “Knots and Links.” http://www.astro. 
virginia.edu/-~eww6n/math/notebooks/Knots.m. 
Witten, E. “Quantum Field Theory and the Jones Polynom- 
ial.” Comm. Math. Phys. 121, 351-399, 1989. 


Jonquiére’s Function 
see POLYGAMMA FUNCTION 


Jordan Algebra 

A nonassociative algebra with the product of elements 
A and B defined by the ANTICOMMUTATOR {A,B} = 
AB + BA. 


see also ANTICOMMUTATOR 


Jordan Curve 

A Jordan curve is a plane curve which is topologically 
equivalent to (a HOMEOMORPHIC image of) the UNIT 
CIRCLE. 


It is not known if every Jordan curve contains all four 
VERTICES of some SQUARE, but it has been proven 
true for “sufficiently smooth” curves and closed convex 
curves (Schnirelmann). For every TRIANGLE T and Jor- 
dan curve J, J has an INSCRIBED TRIANGLE similar to 
T. 


see also JORDAN CURVE THEOREM, UNIT CIRCLE 


Jordan Curve Theorem 

If J is a simple closed curve in R’, then R? — J has 
two components (an “inside” and “outside”), with J the 
BOUNDARY of each. 


see also JORDAN CURVE, SCHONFLIES THEOREM 
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Jordan Decomposition Theorem 

Let V # (0) be a finite dimensional VECTOR SPACE over 
the COMPLEX NUMBERS, and let A be a linear operator 
on V. Then V can be expressed as a DIRECT SuM of 
cyclic subspaces. 
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Jordan-H6lder Theorem 

The composition quotient groups belonging to two COM- 

POSITION SERIES of a FINITE GROUP G are, apart from 

their sequence, ISOMORPHIC in pairs. In other words, if 
ICH,C...cCH2CHMCG 


is one COMPOSITION SERIES and 


Ick c...ck2chcG 


Jordan’s Inequality 


is another, then t = s, and corresponding to any compo- 
sition quotient group K;/Kj+1, there is a composition 
quotient group H;/Hi+1 such that 


K; _ Hi 


Kj4. 0 Hiya 


This theorem was proven in 1869-1889. 
see also COMPOSITION SERIES, FINITE Group, Iso- 
MORPHIC GROUPS 
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Jordan’s Inequality 


0.25. 0.5 0.75 1 1.25. 1.5 
For 0 < a < 7/2, 


2 : 
—-x<sing <@. 
WT 


References 
Yuefeng, F. “Jordan’s Inequality.” Math. Mag. 69, 126, 
1996. 


Jordan’s Lemma 
Jordan’s lemma shows the value of the INTEGRAL 


I= a f(x)e*** dx (1) 


along the REAL AXIS is 0 for “nice” functions which 
satisfy limr—+oo |f(Re*’)| = 0. This is established using 
a CONTOUR INTEGRAL IR which satisfies 


lim {Zr| < = tim €= 0. (2) 
R~+00 a R-0o 


To derive the lemma, write 


x = Re’ = R(cos6 + isin@) (3) 
dx = iRe‘® dé (4) 


and define the CONTOUR INTEGRAL 


Tr as / f (Re? )eie® cos 0~aRsin os Re? de (5) 
0 
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Then 
|Ir| = nf |f(Re**)| [enn jern | la| |e"? de 
G 
=r | |f(Re™)[e~ °F "9 ae 
0 


=/2 ' 
=2R i |f (Ree je 27? ad. (6) 
0 


Now, if limp. | f(Re’’)| = 0, choose an € such that 
|f(Re'*)| < €, so 


a/2 . 
Ir] < are f e Rin? ag, (7) 
i?) 


But, for @ € [0,7/2], 


2 
-—6@<si 
= < sin@, (8) 


so 


n/2 
[In| < ane [ gt el a8 
0 


1—e-*®_— tte Sal 
= 2eR—aR => a —-e€é Ry (9) 


nm 


As long as limr-so0 | f(z)| = 0, Jordan’s lemma 
; wT 
lim |Jr| < — lim ¢€=0 (10) 
R-0co a R-+0co 


then follows. 
see also CONTOUR INTEGRATION 


References 
Arfken, G. Mathematical Methods for Physicists, 3rd ed. Or- 
lando, FL: Academic Press, pp. 406—408, 1985. 


Jordan Measure 

Let the set M correspond to a bounded, NONNEGATIVE 
function f on an interval 0 < f(x) < c for x € [a,b]. The 
Jordan measure, when it exists, is the common value of 
the outer and inner Jordan measures of M. 


The outer Jordan measure is the greatest lower bound of 
the areas of the covering of M, consisting of finite unions 
of RECTANGLES. The inner Jordan measure of M is the 
difference between the AREA c(a—b) of the RECTANGLE 
S with base [a,b] and height c, and the outer measure 
of the complement of M in S. 


References 
Shenitzer, A. and Steprans, J. “The Evolution of Integra- 
tion.” Amer. Math. Monthly 101, 66—72, 1994. 


Jordan Polygon 
see SIMPLE POLYGON 
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Josephus Problem 

Given a group of n men arranged in a CIRCLE under the 
edict that every mth man will be executed going around 
the CIRCLE until only one remains, find the position 
L(n,m) in which you should stand in order to be the last 
survivor (Ball and Coxeter 1987). The original problem 
consisted of a CIRCLE of 41 men with every third man 
killed (n = 41, m = 3). In order for the lives of the last 
two men to be spared, they must be placed at positions 
31 (last) and 16 (second-to-last). 


The following array gives the original position of the last 
survivor out of a group of n = 1, 2, ..., if every mth 
man is killed: 


1 

2 1 

3 3 2 

4 11 2 

5 3 4 1 2 

6 5 15 1 4 

7 74 2 6 3 °5 

8 17 63 1 4 4 

9 3 11 8 72 3 8 
10 5 4 5 3 3 9 1 7 8 


(Sloane’s A032434). The survivor for m = 2 can be 
given analytically by 


L(n,2) =1+2n—2)tlerd, 


where |[n] is the FLOOR FUNCTION and Lc is the Loc- 
ARITHM to base 2. The first few solutions are therefore 
1, 1, 3, 1, 3, 5, 7, 1, 3, 5, 7, 9, 11, 13, 15, 1, ... (Sloane’s 
A006257). 


Mott-Smith (1954) discusses a card game called “Out 
and Under” in which cards at the top of a deck are 
alternately discarded and placed at the bottom. This is 
a Josephus problem with parameter m = 2, and Mott- 
Smith hints at the above closed-form solution. 


The original position of the second-to-last survivor is 
given in the following table for n = 2, 3, ...: 


11 

211 

3.91 1 2 

43 21 2 

5 115 1 4 

6 3 12 1 3 4 

7 1463 13 4 
8 3 112 71 3 7 
9 5 45 3 3 8 16 4 


(Sloane’s A032435). 


Another version of the problem considers a CIRCLE of 
two groups (say, “A” and “B”) of 15 men each, with ev- 
ery ninth man cast overboard. To save all the members 
of the “A” group, the men must be placed at positions 


Jugendtraum 


1, 2, 3, 4, 10, 11, 13, 14, 15, 17, 20, 21, 25, 28, 29, giving 
the ordering 


AAAABBBBBAABAAABABBAABBBABBAAB 


which can be remembered with the aid of the 
MNEMONIC “From numbers’ aid and art, never will fame 
depart.” Consider the vowels only, assign a = 1, e = 2, 
1 = 3,0 = 4, u = 5, and alternately add a number of 
letters corresponding to a vowel value, so 4A (0), 5B (u), 
2A (e), etc. (Ball and Coxeter 1987). 


If every tenth man is instead thrown overboard, the men 
from the “A” group must be placed in positions 1, 2, 4, 
5, 6, 12, 13, 16, 17, 18, 19, 21, 25, 28, 29, giving the 
sequence 


AABAAABBBBBAABBAAAABABBBABBAAB 


which can be constructed using the MNEMONIC “Rex 
paphi cum gente bona dat signa serena” (Ball and Cox- 
eter 1987). 


see also KIRKMAN’S SCHOOLGIRL PROBLEM, NECK- 
LACE 
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Jug 
see THREE JUG PROBLEM 


Jugendtraum 

Kronecker proved that all the Galois extensions of the 
RATIONALS Q with ABELIAN Galois groups are SUB- 
FIELDS of cyclotomic fields Q(jin), where pn is the group 
of nth ROOTS OF UNITY. He then sought to find a sim- 
ilar function whose division values would generate the 
Abelian extensions of an arbitrary NUMBER FIELD. He 
discovered that the 7-FUNCTION works for IMAGINARY 
quadratic number fields K, but the completion of this 
problem, known as Kronecker’s Jugendtraum (“dream 
of youth”), for other fields remains one of the great un- 
solved problems in NUMBER THEORY. 


see also j7-FUNCTION 
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Juggling 


Juggling 

The throwing and catching of multiple objects such that 
at least one is always in the air. Some aspects of jug- 
gling turn out to be quite mathematical. The best ex- 
amples are the two-handed asynchronous juggling se- 
quences known as “SITESWAPS.” 


see also SITESWAP 
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Julia Fractal 


see JULIA SET 


Julia Set 
Let R(z) be a rational function 
P(z) 
R =, 1 
@= 54 (a) 


where z € C*, C* is the RIEMANN SPHERE CU {oo}, and 
P and Q are POLYNOMIALS without common divisors. 
The “filled-in” Julia set Jp is the set of points z which 
do not approach infinity after R(z) is repeatedly applied. 
The true Julia set is the boundary of the filled-in set 
(the set of “exceptional points”). There are two types 
of Julia sets: connected sets and CANTOR SETS. 


For a Julia set J. with e << 1, the CAPACITY DIMENSION 
is 
le|? 


4ln2 


For small c, J, is also a JORDAN CURVE, although its 
points are not COMPUTABLE. 


dcapacity =1+ + O(c). (2) 


Quadratic Julia sets are generated by the quadratic 
mapping 


2n+1 = Zn? +c (3) 
for fixed c. The special case c = —0.123 + 0.7452 is 
called DOUADY’S RABBIT FRACTAL, c = —0.75 is called 


the SAN MARCO FRACTAL, and c = —0.391 ~ 0.5872 
is the SIEGEL DIsK FRACTAL. For every c, this trans- 
formation generates a FRACTAL. It is a CONFORMAL 
TRANSFORMATION, so angles are preserved. Let J be 
the JULIA SET, then z' +> z leaves J invariant. If a 
point P is on J, then all its iterations are on J. The 
transformation has a two-valued inverse. If b= 0 and y 
is started at 0, then the map is equivalent to the LOGIS- 
Tic Map. The set of all points for which J is connected 
is known as the MANDELBROT SET. 


see also DENDRITE FRACTAL, DOUADY’S RABBIT 
FRACTAL, FaTou SET, MANDELBROT SET, NEWTON’S 
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METHOD, SAN MARCO FRACTAL, SIEGEL DISK FRAC- 
TAL 


References 

Dickau, R. M. “Julia Sets.” http: //forum.swarthmore.edu/ 
advanced/robertd/julias.html. 

Dickau, R. M. “Another Method for Calculating Julia Sets.” 
http:// forum . swarthmore . edu / advanced / robertd / 
inversejulia.html. 

Douady, A. “Julia Sets and the Mandelbrot Set.” In The 
Beauty of Fractals: Images of Complex Dynamical Sys- 
tems (Ed. H.-O. Peitgen and D. H. Richter). Berlin: 
Springer-Verlag, p. 161, 1986. 

Lauwerier, H. Fractals: Endlessiy Repeated Geometric Fig- 
ures. Princeton, NJ: Princeton University Press, pp. 124~ 
126, 138-148, and 177-179, 1991. 

Peitgen, H.-O. and Saupe, D. (Eds.). “The Julia Set,” “Julia 
Sets as Basin Boundaries,” “Other Julia Sets,” and “Ex- 
ploring Julia Sets.” §3.3.2 to 3.3.5 in The Science of Frac- 
tal Images. New York: Springer-Verlag, pp. 152-163, 1988. 

Schroeder, M. Fractals, Chaos, Power Laws. New York: 
W. H. Freeman, p. 39, 1991. 

Wagon, S. “Julia Sets.” §5.4 in Mathematica in Action. New 
York: W. H. Freeman, pp. 163-178, 1991. 


Jump 
A point of DISCONTINUITY. 


see also DISCONTINUITY, JUMP ANGLE, JUMPING 
CHAMPION 


Jump Angle 

A GEODESIC TRIANGLE with oriented boundary yields 
a curve which is piecewise DIFFERENTIABLE. Further- 
more, the TANGENT VECTOR varies continuously at all 
but the three corner points, where it changes suddenly. 
The angular difference of the tangent vectors at these 
corner points are called the jump angles. 


see also ANGULAR DEFECT, GAUSS-BONNET FORMULA 


Jumping Champion 

An integer n is called a JUMPING CHAMPION if n is 
the most frequently occurring difference between con- 
secutive primes n < N for some N (Odlyzko et al. ). 
This term was coined by J. H. Conway in 1993. There 
are occasionally several jumping champions in a range. 
Odlyzko et al. give a table of jumping champions for 
nm < 1000, consisting mainly of 2, 4, and 6. 6 is the 
jumping champion up to about n # 1.74 x 10°°, at 
which point 30 dominates. At n = 104°, 210 becomes 
champion, and subsequent PRIMORIALS are conjectured 
to take over at larger and larger n. Erdés and Straus 
(1980) proved that the jumping champions tend to in- 
finity under the assumption of a quantitative form of the 
k-tuples conjecture. 


see also PRIME DIFFERENCE FUNCTION, PRIME GAPS, 
PRIME NUMBER, PRIMORIAL 
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968 Jung’s Theorem 


Guy, R. K. Unsolved Problems in Number Theory, 2nd ed. 
New York: Springer-Verlag, 1994. 

Nelson, H. “Problem 654.” J. Reer. Math. 11, 231, 1978- 
1979. 

Odlyzko, A.; Rubinstein, M.; and Wolf, M. “Jumping 
Champions.” http://www.research.att.com/-amo/doc/ 
recent.html. 


Jung’s Theorem 
Every finite set of points with SPAN d has an enclosing 
CIRCLE with RADIUS no greater than V3 d/3. 
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Le Lionnais, F. Les nombres remarquables. Paris: Hermann, 
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Just If 
see IFF 


Just One 
see EXACTLY ONE 


Just One 


k-ary Divisor 


k-ary Divisor 

Let a DIVISOR d of n be called a l-ary divisor if d L n/d. 
Then d is called a k-ary divisor of n, written d|,n, if the 
GREATEST COMMON (k — 1)-ary divisor of d and (n/d) 
is 1. 

In this notation, d|n is written d|on, and d||n is written 
djin. p® is an INFINARY DIVISOR of p¥ (with y > 0) if 
P*|y-1p"- 

see also DIVISOR, GREATEST COMMON DiIvIsor, INFI- 
NARY DIVISOR 
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Guy, R. K. Unsolved Problems in Number Theory, 2nd ed. 
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k-Chain 
Any sum of a selection of II,s, where II, denotes a k-D 
POLYTOPE, 


see also k-CIRCUIT 


k-Circuit 
A k-CHAIN whose bounding (k — 1)-CHAIN vanishes. 


k-Coloring 

A k-coloring of a GRAPH G is an assignment of one of 
k possible colors to each vertex of G such that no two 
adjacent vertices receive the same color. 


see also COLORING, EDGE-COLORING 
References 


Saaty, T. L. and Kainen, P. C. The Four-Color Problem: 
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k-Form 
see DIFFERENTIAL k-FORM 


K-Function 


SH 


ANS 
vay e, és 
2 /2im{z) 


4 
‘A 
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An extension of the K-function 


K(n +1) = 0°1'2733...n” (1) 
defined by ; 
K(2) = FG (2) 


Here, G(z) is the G-FUNCTION defined by 


ee) ee eee 
Gin +) = ey = {oer-.-(n— 0 nO: 
(3) 


The K-function is given by the integral 


z-1 
(2) = (am) exp [(3) + f in(t) | (4) 


and the closed-form expression 
K(z) = exp[¢'(-1,z) - ¢’(-1)], (5) 


where ¢(z) is the RIEMANN ZETA FUNCTION, ¢'(z) its 
DERIVATIVE, ¢(a@,z) is the HURWITZ ZETA FUNCTION, 


and 
(az) = || , (6) 


K(z) also has a STIRLING-like series 


K(z a 1) = (21/9 ary 2)/12 (737) 


B B 
Ws I oa ne ad 
exp (32 a2 2.3-4g3 4-5 - 624 ): (7) 
where 
m = [K(3)] (8) 
= e7 (in 2)/3-12¢"(-1) (9) 
= 22/3 eV 1-6 (2)/6(2) (10) 


and ¥ is the EULER-MASCHERONI CONSTANT (Gosper). 


The first few values of K(n) for n = 2, 3, ... are 1, 
4, 108, 27648, 86400000, 4031078400000, ... (Sloane’s 
A002109), These numbers are called HYPERFACTORI- 
ALS by Sloane and Plouffe (1995). 


see also G-FUNCTION, GLAISHER-KINKELIN CON- 
STANT, HYPERFACTORIAL, STIRLING’S SERIES 
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970 K-Graph 


K-Graph 

The GRAPH obtained by dividing a set of VERTICES {1, 
.., n} into k — 1 pairwise disjoint subsets with VER- 

TICES of degree m1, ..., Nk-1, Satisfying 


no=nt+...+Nr-1, 


and with two VERTICES joined IFF they lie in distinct 
VERTEX sets. Such GRAPHS are denoted Kn, 


see also BIPARTITE GRAPH, COMPLETE GRAPH, COM- 
PLETE k-PARTITE GRAPH, k-PARTITE GRAPH 


k-Matrix 


A k-matrix is a kind of CUBE ROOT of the IDENTITY 
MATRIX defined by 


0 0 -i 
k=]i 0 O}. 
01 0 


ef: 


It satisfies 


where | is the IDENTITY MATRIX. 
see also CUBE ROOT, QUATERNION 


k-Partite Graph 

A k-partite graph is a GRAPH whose VERTICES can be 
partitioned into k disjoint sets so that no two vertices 
within the same set are adjacent. 


see also COMPLETE k-PARTITE GRAPH, K-GRAPH 
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k-Statistic 

An UNBIASED ESTIMATOR of the CUMULANTS kK; of 
a DISTRIBUTION. The expectation values of the k- 
statistics are therefore given by the corresponding CU- 
MULANTS 


(ki) = fa (1) 
{k 2) = Ka (2) 
(ka) = Ks (3) 
(ka) = rea (4) 


(Kenney and Keeping 1951, p. 189). For a sample of 
size, N, the first few k-statistics are given by 


k= ah (5) 
ke = 5pm (6) 
= Wow” 
ae 


k-Statistic 


where m, is the sample MEAN, mz is the sample VARI- 
ANCE, and m; is the sample ith MOMENT about the 
MEAN (Kenney and Keeping 1951, pp. 109-110, 163— 
165, and 189; Kenney and Keeping 1962). These statis- 
tics are obtained from inverting the relationships 


(mi) = p (9) 
(m2) = sin Bick (10) 
(ma?) = “(N -1)((N - Ds TN" — 2N + 3)p2” la) 
(m3) = Was (12) 

(ing) — (N= DIN? = 8 + 8)pa + 3(2N ~ 3)u027) 
4) = W3 ' 
(13) 


The first moment (sample MEAN) is 


m = (2) = \ (14) 


-(f =) =u (15) 


The second MOMENT (sample STANDARD DEVIATION) 
is 


m2 = ((a - ae) cs (z”) —2Qy (2) +p? = (x?) = 


N N - 
ae 
t=1 i=1 


N 
wt a [do oh > iL; 
i=1 


t,j=1 
Fj 
Nat =m 1 = 
= Ww 24 = N2 Tit;, (16) 
i=l yan 
tI 


and the expectation value is 


N N 
-l1l/i1 s- 2 1 s- 
#=1 i,gj=1 
ify 
N-1, N(N-1) 2 


since there are N(N — 1) terms 2iz;, using 


(aia) = (ex) ey) = ay’ (18) 


k-Statistic 


and where yp is the MOMENT about 0. Using the iden- 
tity 

bo = po tp (19) 
to convert to the MOMENT y2 about the MEAN and 
simplifying then gives 


N-—1 
7 


(m2) = (20) 


The factor (N — 1)/N is known as BESSEL’S CORREC- 
TION. 


The third MOMENT is 


m3, = (2 - ae) = (a* — 3u2? + 8p?a — i) 
= (2°) — 3p (2) + 3p" (0) — a? 
= (z*) — 3p (x) +33 — 2 
= (x*\ —3pu (x? + 2 


+ a (© 1) (21) 


Now use the identities 


(~ 2:7) (~ z;) = Sos? + So aay (22) 
oe ni) = do2F +3 ys via; +6 y LiL;Lp, (23) 


where it is understood that sums over products of vari- 
ables exclude equal indices. Plugging in 


1 3 2 3 
m= (qq tas) 
3 2 2 
3 (-37 +3: Hg) Domes t6-y5 Damen. (24) 


The expectation value is then given by 


ns) NW Vubut s 1N(N-1)(N—2)u5 


(25) 


where jz is the MOMENT about 0. Plugging in the iden- 
tities 


By = pate (26) 
bs = us + 32+ (27) 
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and simplifying then gives 


(ms) = NaN), (28) 


(Kenney and Keeping 1951, p. 189). 


The fourth MOMENT is 


ms = ((x os u)*\ - (x! = hee? ps + 6x? ps? aoe +p) 
= (a*) — ay (2®) + 622 (22) — ay! 


“2¥et- (Es) (Ca) 

+8 (D4) (De)- (Da) 
Now use the identities 
‘oD x) (~ z;°) = Soe + > 2Fa; (30) 
‘oa i). $3 z;) = yo ai* + 2) xPa; 

+2 > aia; +2 bp xiajc, (31) 
Ss ait + xi°x; +6 ys vi e;” 


+12 3 Lok + 245° UiN7r~x. (32) 


ay 


(S#)'= 


Plugging in, 


wi) os 


Se eee 
N2 + W8 
( lg ONS ahh 
+ (2- a —6- a) ies 

(2- ne -12- i) So 2 xjre 
24. = a LiLj;TEL. (33) 
The expectation value is then given by 


1 4 6 3 
(me) = (sy — ya + ya ~ a) No 


4 12 12 
+ (Hat ye 7 ya) NOV Dasa 


12 ; 
+ (= ~ 7) LN(N —1)uy” 


N3 N# 
18 36 

+ (sa — ya) ENON — DUN = 2)? 
724 


= NIN -1)(N-2)(N-3)u4, (34) 


where ut; are MOMENTS about 0. Using the identities 
Ha = pat (35) 
Hg = fs + 32+ p® (36) 
Ma = Ma + 4usp + 6yop” + ps4 (37) 
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and simplifying gives 


(N — 1)[(N? — 3N + 3)pa + 3(2N — 


(ms) = = ae 


(38) 
(Kenney and Keeping 1951, p. 189). 


The square of the second moment is 
ahs ((2?) py? a (?\? 2? (x?) + pt 
2 2 
=(Fl) -2Gvbe) FL) 
4 
+e «) 
Lae ae 


wD j (39) 


Now use the identities 


os ni)" a > aii +2 Se wien," (40) 
(> zi) (: x;”) = ee + 25" 272;’ 

+25 abn, + 23° a7 ajar (41) 
(Sx) = Soa + 6) ai7a;? 


2 
+45) > aiPa; +12 x Lj, + 24 S> Lit;sTee. (42) 


Plugging in, 


24 
we oS LiLjLEL| (43) 


The expectation value is then given by 


(ma?) = (a - mth) Nusa 


N&  N4 
+ (a xo a) gN(N — luz 
me (- + =) N(N — 1)usp 
+ (- pe + pa) ENON — DU = 2) 0? 
+ SE EN(N ~1)(N-2)(N—3)u4 (44) 


k-Statistic 


where pz; are MOMENTS about 0. Using the identities 


Wy = pate (45) 
Us = 3 + 38yap+ pe (46) 
pg = pa + 4usye + 6yop? + ys" (47) 


and simplifying gives 


(N — 1)[(N — 1a + (N? — 2N + 3) p27] 


(m2”) = N23 
(48) 
(Kenney and Keeping 1951, p. 189). 
The VARIANCE of kz is given by 
(b)= H+ (49) 
Var | K2 N= 1x2 3 
so an unbiased estimator of var(k2) is given by 
: _ 2k2?N + (N — 1)ka 
var(ke) = N(N +1) (50) 


(Kenney and Keeping 1951, p. 189). The VARIANCE of 
ks can be expressed in terms of CUMULANTS by 


9K2K4 ons 4 6K" 
var(ke) = + at Wd + W(N—1)(N—2)° 
(51) 
An UNBIASED ESTIMATOR for var(kg) is 
2 
F N- 
var(k3) = Bhat NA z (52) 


(N — 2)(N +1)(N + 3) 


(Kenney and Keeping 1951, p. 190). 


Now consider a finite population. Let a sample of N 
be taken from a population of M. Then UNBIASED Es- 
TIMATORS Mp2 for the population MEAN p, Mo for the 
population VARIANCE 2, G; for the population SKEW- 
NESS +1, and G2 for the population KURTOSIS yz are 


M=p (53) 


= NOT) lM (54) 


M—2N M-1 
G, = ———_ ,/ = oor 55 
1="M—2 V N(M—N) ” 3) 
_ (M —1)(M? ~6MN +M+6N’)72 
7 N(M — 2)(M —3)(M—N) 
_ _6M(MN+4+M -—N?-1) (56) 
N(M — 2)(M — 3)(M — N) 
(Church 1926, p. 357; Carver 1930; Irwin and Kendall 
1944; Kenney and Keeping 1951, p. 143), where 1 is 
the sample SKEWNESS and 72 is the sample KURTOSIS. 
see also GAUSSIAN DISTRIBUTION, KURTOSIS, MEAN, 
MOMENT, SKEWNESS, VARIANCE 


k-Subset 


References 

Carver, H. C. (Ed.). “Fundamentals of the Theory of Sam- 
pling.” Ann. Math. Stat. 1, 101-121, 1930. 

Church, A. E. R. “On the Means and Squared Standard- 
Deviations of Small Samples from Any Population.” 
Biometrika 18, 321-394, 1926. 

Irwin, J. O. and Kendall, M. G. “Sampling Moments of Mo- 
ments for a Finite Population.” Ann. Eugenics 12, 138- 
142, 1944. 

Kenney, J. F. and Keeping, E. S. Mathematics of Statistics, 
Pt. 2, 2nd ed. Princeton, NJ: Van Nostrand, 1951. 

Kenney, J. F. and Keeping, E. S. “The k-Statistics.” §7.9 in 
Mathematics of Statistics, Pt. 1, 3rd ed. Princeton, NJ: 
Van Nostrand, pp. 99-100, 1962. 


k-Subset 
A k-subset is a SUBSET containing exactly k elements. 


see also SUBSET 


k-Theory 

A branch of mathematics which brings together ideas 
from algebraic geometry, LINEAR ALGEBRA, and NuM- 
BER THEORY. In general, there are two main types of 
k-theory: topological and algebraic. 


Topological k-theory is the “true” k-theory in the sense 
that it came first. Topological k-theory has to do with 
VECTOR BUNDLES over TOPOLOGICAL SPACES. Ele- 
ments of a k-theory are STABLE EQUIVALENCE classes 
of VECTOR BUNDLES over a TOPOLOGICAL SPACE. You 
can put a RING structure on the collection of STABLY 
EQUIVALENT bundles by defining ADDITION through the 
WHITNEY SUM, and MULTIPLICATION through the TEN- 
SOR PRODUCT of VECTOR BUNDLES. This defines “the 
reduced real topological k-theory of a space.” 


“The reduced k-theory of a space” refers to the same 
construction, but instead of REAL VECTOR BUNDLES, 
COMPLEX VECTOR BUNDLES are used. Topological k- 
theory is significant because it forms a generalized Co- 
HOMOLOGY theory, and it leads to a solution to the vec- 
tor fields on spheres problem, as well as to an under- 
standing of the J-homeomorphism of HOMOTOPY THE- 
ORY. 


Algebraic k-theory is somewhat more involved. Swan 
(1962) noticed that there is a correspondence between 
the CATEGORY of suitably nice TOPOLOGICAL SPACES 
(something like regular HAUSDORFF SPACES) and C*- 
ALGEBRAS. The idea is to associate to every SPACE the 
C*-ALGEBRA of CONTINUOUS MAPS from that SPACE 
to the REALS. 


A VECTOR BUNDLE over a SPACE has sections, and 
these sections can be multiplied by CONTINUOUS FUNC- 
TIONS to the REALS. Under Swan’s correspondence, 
VECTOR BUNDLES correspond to modules over the C*- 
ALGEBRA of CONTINUOUS FUNCTIONS, the MODULES 
being the modules of sections of the VECTOR BUNDLE. 
This study of MODULES over C*-ALGEBRA is the start- 
ing point of algebraic k-theory. 
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The QUILLEN-LICHTENBAUM CONJECTURE connects al- 
gebraic k-theory to Etale cohomology. 


see also C*-ALGEBRA 
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k-Tuple Conjecture 

The first of the HARDY-LITTLEWOOD CONJECTURES. 
The k-tuple conjecture states that the asymptotic num- 
ber of PRIME CONSTELLATIONS can be computed ex- 
plicitly. In particular, unless there is a trivial divisi- 
bility condition that stops p, p+ ai, ..., p+ax from 
consisting of PRIMES infinitely often, then such PRIME 
CONSTELLATIONS will occur with an asymptotic den- 
sity which is computable in terms of a1, ..., ax. Let 
0<m: < m2 <... < mx, then the k-tuple conjecture 
predicts that the number of PRIMES p < «& such that 
p+2mi, p+ 2me2, ..., p+2m, are all PRIME is 


=z 
dt 
P(a;may may...) ~ Clomayma,--.y1m) f a 
2 In’ ™t 


(1) 
where 
1 — wlaimiyma,...me) 
k 
C(mi,m2,...,™mr) = 2 : ay , (2) 
a (1-4) 

the product is over ODD PRIMES g, and 

w(q;m1,me2,.-.,Mx) (3) 


denotes the number of distinct residues of 0, mi, ..., 
m, (mod gq) (Halberstam and Richert 1974, Odlyzko). 
If k = 1, then this becomes 


C(m) = 2] | A metal Ge (4) 
q q|m 


This conjecture is generally believed to be true, but has 
not been proven (Odlyzko et al. ). The following spe- 
cial case of the conjecture is sometimes known as the 
PRIME PATTERNS CONJECTURE. Let S be a FINITE 
set of INTEGERS. Then it is conjectured that there ex- 
ist infinitely many k for which {k +s: 8s € S} are all 
PRIME IrF S does not include all the RESIDUES of any 
PRIME. The TWIN PRIME CONJECTURE is a special 
case of the prime patterns conjecture with S = {0, 2}. 
This conjecture also implies that there are arbitrarily 
long ARITHMETIC PROGRESSIONS of PRIMES. 


see also ARITHMETIC PROGRESSION, DIRICHLET’S 
THEOREM, HARDY-LITTLEWOOD CONJECTURES, k- 
TUPLE CONJECTURE, PRIME ARITHMETIC PROGRES- 
SION, PRIME CONSTELLATION, PRIME QUADRUPLET, 
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PRIME PATTERNS CONJECTURE, TWIN PRIME CON- 
JECTURE, TWIN PRIMES 
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Kabon Triangles 

The largest number N(n) of nonoverlapping TRIANGLES 
which can be produced by n straight LINE SEGMENTS, 
The first few terms are 1, 2, 5, 7, 11, 15, 21,... (Sloane’s 
A006066). 
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Kac Formula 
The expected number of REAL zeros E, of a RANDOM 
POLYNOMIAL of degree n is 


hee Let 
@—1? (242-1)? 


4 ft 1 (CES tae 
~~ - (1— #2)? (1 — ¢2"42)2 


Asn ow, 
2 2 -2 
E, = —Inn+Ci+ —+0O(n™), (3) 
T mm 
where 
C1 = i [in 2 
T 
+ - oe asa == zo 
- zw? (1~e7?*)? x+1 


= 0.6257358072.... (4) 


The initial term was derived by Kac (1943). 
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Kakeya Needle Problem 


Kac Matrix 
The (n+1) x (n+1) TRIDIAGONAL MaTRIX (also called 
the CLEMENT MATRIX) defined by 


On 0 0 see QO 
1 0n-1 0 “+ Q 
0 2 0 n—-2 --- 0 
Sah= le , F 
0 0 0 n-1 0 1 
0 0 0 0 n 0 
The EIGENVALUES are 2k — n for k = 0, 1,..., 7. 


Kahler Manifold 

A manifold for which the EXTERIOR DERIVATIVE of the 
FUNDAMENTAL FORM QQ associated with the given Her- 
mitian metric vanishes, so dQ = 0. 
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Kakeya Needle Problem 

What is the plane figure of least AREA in which a line 
segment of width 1 can be freely rotated (where transla- 
tion of the segment is also allowed)? Besicovitch (1928) 
proved that there is no MINIMUM AREA. This can be 
seen by rotating a line segment inside a DELTOID, star- 
shaped 5-oid, star-shaped 7-oid, etc. When the figure 
is restricted to be convex, Cunningham and Schoenberg 
(1965) found there is still no minimum AREA. How- 
ever, the smallest stmple convex domain in which one 
can put a segment of length 1 which will coincide with 
itself when rotated by 180° is 


Hy (5 — 2V2)a = 0.284258... 


(Le Lionnais 1983). 


see also CURVE OF CONSTANT WIDTH, LEBESGUE MIN- 
IMAL PROBLEM, REULEAUX POLYGON, REULEAUX TRI- 
ANGLE 
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Kakutani’s Fixed Point Theorem 


Pal, J. “Ein Minimumproblem fiir Ovale.” Math. Ann. 88, 
311-319, 1921. 

Plouffe, S. “Kakeya Constant.” 
piDATA/kakeya.txt. 

Wagon, S. Mathematica in Action. New York: W. H. Free- 
man, pp. 50-52, 1991. 


http://lacim.uqam.ca/ 


Kakutani’s Fixed Point Theorem 

Every correspondence that maps a compact convex sub- 
set of a locally convex space into itself with a closed 
graph and convex nonempty images has a fixed point. 


see also FIXED POINT THEOREM 


Kakutani’s Problem 
see COLLATZ PROBLEM 


Kalman Filter 

An ALGORITHM in CONTROL THEORY introduced by 
R. Kalman in 1960 and refined by Kalman and R. Bucy. 
It is an ALGORITHM which makes optimal use of im- 
precise data on a linear (or nearly linear) system with 
Gaussian errors to continuously update the best esti- 
mate of the system’s current state. 


see also WIENER FILTER 
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KAM Theorem 
see KOLMOGOROV-ARNOLD-MOSER THEOREM 


Kampyle of Eudoxus 


A curve studied by Eudoxus in relation to the classical 
problem of CUBE DUPLICATION. It is given by the polar 
equation 
2 
rcos’ 6=a, 


and the parametric equations 


x =asect 


y = atantsect 
with t € [—7/2, 7/2]. 
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Kanizsa Triangle 


An optical ILLUSION, illustrated above, in which the 


eye perceives a white upright EQUILATERAL TRIANGLE 
where none is actually drawn. 


see also ILLUSION 


References 

Bradley, D. R. and Petry, H. M. “Organizational Determi- 
nants of Subjective Contour.” Amer. J. Psychology 90, 
253-262, 1977. 

Fineman, M. The Nature of Visual Illusion. New York: 
Dover, pp. 26, 137, and 156, 1996. 


Kantrovich Inequality 
Suppose 41 < 2 <... < 2p are given POSITIVE num- 
bers. Let Ax, ..., An > O and 5° A; = 1. Then 


os dj2;) (> dyz;*) at Ca 


where 


A= 3(ai+ an) 


G= J/22, 


are the ARITHMETIC and GEOMETRIC MEAN, respec- 
tively, of the first and last numbers. 
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Kaplan-Yorke Conjecture 

There are several versions of the Kaplan-Yorke con- 
jecture, with many of the higher dimensional ones re- 
maining unsettled. The original Kaplan-Yorke conjec- 
ture (Kaplan and Yorke 1979) proposed that, for a 
two-dimensional mapping, the CAPACITY DIMENSION D 
equals the KAPLAN-YORKE DIMENSION Dry, 


D = Dxy = ty. = 1+ —, 
o2 


where go, and o2 are the LYAPUNOV CHARACTERISTIC 
EXPONENTS. This was subsequently proven to be true in 
1982. A later conjecture held that the KAPLAN- YORKE 
DIMENSION is generically equal to a probabilistic dimen- 
sion which appears to be identical to the INFORMATION 
DIMENSION (Frederickson et al. 1983). This conjecture 
is partially verified by Ledrappier (1981). For invertible 
2-D maps, v = o = D, where v is the CORRELATION 
EXPONENT, o is the INFORMATION DIMENSION, and D 
is the CAPACITY DIMENSION (Young 1984). 
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see also CAPACITY DIMENSION, KAPLAN-YORKE DI- 
MENSION, LYAPUNOV CHARACTERISTIC EXPONENT, 
LYAPUNOV DIMENSION 
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Kaplan- Yorke Dimension 


5 ort...4 03 
Dy = | + ——_—____i 
loj4a| 
where 01 < on are LYAPUNOV CHARACTERISTIC EXPO- 
NENTS and j is the largest INTEGER for which 


Ait... +Ajz 20. 


If v = o = D, where v is the CORRELATION Ex- 
PONENT, o the INFORMATION DIMENSION, and D the 
HAUSDORFF DIMENSION, then 


D< Dry 


(Grassberger and Procaccia 1983). 
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Kaplan- Yorke Map 


En+1 = 22n 
Yn+1 = AYn + cos(4rzrn), 


where Zn, Yn are computed mod 1. (Kaplan and Yorke 
1979). The Kaplan-Yorke map with a = 0.2 has Cor- 
RELATION EXPONENT 1.42 + 0.02 (Grassberger Procac- 
cia 1983) and CApaciTY DIMENSION 1.43 (Russell et al. 
1980). 
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Kaprekar Routine 


Kappa Curve 


A curve also known as GUTSCHOVEN’S CURVE which 
was first studied by G. van Gutschoven around 1662 
(MacTutor Archive). It was also studied by Newton 
and, some years later, by Johann Bernoulli. It is given 
by the Cartesian equation 


(2? +y")y? = a7’, (1) 
by the polar equation 
r= acotd, (2) 
and the parametric equations 


xz =acostcott (3) 
y = acost. (4) 
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Kaprekar Number 

Consider an n-digit number k. Square it and add the 
right n digits to the left n or n—1 digits. If the resultant 
sum is k, then k is called a Kaprekar number. The first 
few are 1, 9, 45, 55, 99, 297, 703,... (Sloane’s A006886). 


9? = 81 8+1=9 


2977 = 88,209 88 + 209 = 297. 

see also DIGITAL ROOT, DIGITADITION, HAPPY NuM- 
BER, KAPREKAR ROUTINE, NARCISSISTIC NUMBER, 
RECURRING DIGITAL INVARIANT 
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Kaprekar Routine 

A routine discovered in 1949 by D. R. Kaprekar for 4- 
digit numbers, but which can be generalized to k-digit 
numbers. To apply the Kaprekar routine to a number 
n, arrange the digits in descending (n’) and ascending 
(n") order. Now compute K(n) = n’ — n” and iterate. 
The algorithm reaches 0 (a degenerate case), a constant, 


Kaps-Rentrop Methods 


or a cycle, depending on the number of digits in k and 
the value of n. 


For a 3-digit number n in base 10, the Kaprekar routine 
reaches the number 495 in at most six iterations. In 
base r, there is a unique number ((r—2)/2,r~1,7r/2), to 
which n converges in at most (r+2)/2 iterations IFF r is 
EVEN. For any 4-digit number n in base-10, the routine 
terminates on the number 6174 after seven or fewer steps 
(where it enters the 1-cycle K (6174) = 6174). 


250) 02 O21! 4145), (A9)} 5 
3. 0, 0, (32, 52), 184, (320, 580, 484), ..., 


4. 0, 30, {201, (126, 138)}, (570, 765), {(2550), (3369), 
(3873)}, ...; 


5. 8, (48, 72), 392, (1992, 2616, 2856, 2232), (7488, 
10712, 9992, 13736, 11432), ..., 


6. 0, 105, (430, 890, 920, 675, 860, 705), {5600, (4305, 
5180)}, {(27195), (33860), (42925), (16840, 42745, 
35510)}, ..., 


7. 0, (144, 192), (1068, 1752, 1836), (9936, 15072, 
13680, 13008, 10608), (55500, 89112, 91800, 72012, 
91212, 77388), ..., 


8. 21, 252, {(1589, 3178, 2723), (1022, 3122, 3290, 
2044, 2212)}, {(17892, 20475), (21483, 25578, 26586, 
21987)}, ..., 


9. (16, 48), (320, 400), {(2256, 5312, 3856), (3712, 
5168, 5456)}, {41520, (34960, 40080, 55360, 49520, 
42240)}, -.., 


10. 0, 495, 6174, {(53955, 59994), (61974, 82962, 75933, 
63954), (62964, 71973, 83952, 74943)}, ..., 


see also 196-ALGORITHM, KAPREKAR NUMBER, RATS 
SEQUENCE 
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Kaps-Rentrop Methods 

A generalization of the RUNGE-KUTTA METHOD for so- 
lution of ORDINARY DIFFERENTIAL EQUATIONS, also 
called ROSENBROCK METHODS. 


see also RUNGE-KUTTA METHOD 
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Kapteyn Series 


A series of the form 


y OnJvin[(y + n)z], 


n=0 


where J,(z) is a BESSEL FUNCTION OF THE FIRST 
KIND. Examples include Kapteyn’s original series 


l oO 


n=1 


and 


2 CO 
z 
2(1 — 2?) = >, Jon(2nz). 


see also BESSEL FUNCTION OF THE First KInpD, NEv- 
MANN SERIES (BESSEL FUNCTION) 
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Karatsuba Multiplication 

It is possible to perform MULTIPLICATION of LARGE 
NUMBERS in (many) fewer operations than the usual 
brute-force technique of “long multiplication.” As dis- 
covered by Karatsuba and Ofman (1962), MULTIPLICA- 
TION of two n-DIGIT numbers can be done with a BIT 
COMPLEXITY of less than n? using identities of the form 


(a+6-10")(c+d- 10") 
=ac+[(a+b)(e+ d) — ac — bdj10" + bd- 107”. (1) 


Proceeding recursively then gives BIT COMPLEXITY 
O(n'85), where 1g3 = 1.58... < 2 (Borwein et al. 
1989). The best known bound is O(nlgnlglgn) steps 
for n > 1 (Schénhage and Strassen 1971, Knuth 1981). 
However, this ALGORITHM is difficult to implement, but 
a procedure based on the FAST FOURIER TRANSFORM is 
straightforward to implement and gives BIT COMPLEX- 
ITy O((ign)?**n) (Brigham 1974, Borodin and Munro 
1975, Knuth 1981, Borwein et al. 1989). 


As aconcrete example, consider MULTIPLICATION of two 
numbers each just two “digits” long in base w, 


Ni = a9 + ayw (2) 
Nz = bo + biw, (3) 


then their PRODUCT is 


P= Ni Ne 
= aobo + (aobi + aibo)w + aibyw" 
=potpiw+t paw. (4) 


978 Karatsuba Multiplication 


Instead of evaluating products of individual digits, now 
write 


go = aobo (5) 
qi = (a0 + a1){bo + b1) (6) 
q2 = aiby. (7) 


The key term is g1, which can be expanded, regrouped, 
and written in terms of the p; as 


qi = pi + Po + pa. (8) 


However, since po = go, and pe = gz, it immediately 
follows that 


Po = qo (9) 
Pl = 41 — Go — G2 (10) 
P2 = q2, (11) 


so the three “digits” of p have been evaluated using three 
multiplications rather than four. The technique can be 
generalized to multidigit numbers, with the trade-off be- 
ing that more additions and subtractions are required. 


Now consider four- “digit” numbers 
Ni = a9 + aw + aow? +asw’, (12) 


which can be written as a two-“digit” number repre- 
sented in the base w?, 


Ni = (ao + a1w) + (a2 + agw) * w?. (13) 
The “digits” in the new base are now 


ao = do + aw (14) 


a = a2 +43w, (15) 


and the Karatsuba algorithm can be applied to Ni; and 
No in this form. Therefore, the Karatsuba algorithm 
is not restricted to multiplying two-digit numbers, but 
more generally expresses the multiplication of two num- 
bers in terms of multiplications of numbers of half the 
size. The asymptotic speed the algorithm obtains by re- 
cursive application to the smaller required subproducts 
is O(n'®*) (Knuth 1981). 


When this technique is recursively applied to multidigit 
numbers, a point is reached in the recursion when the 
overhead of additions and subtractions makes it more 
efficient to use the usual O(n?) MULTIPLICATION algo- 
rithm to evaluate the partial products. The most effi- 
cient overall method therefore relies on a combination 
of Karatsuba and conventional multiplication. 


see also COMPLEX MULTIPLICATION, MULTIPLICATION, 
STRASSEN FORMULAS 


Katona’s Problem 


References 

Borodin, A. and Munro, I. The Computational Complezity 
of Algebraic and Numeric Problems. New York: American 
Elsevier, 1975. 

Borwein, J. M.; Borwein, P. B.; and Bailey, D. H. “Ramanu- 
jan, Modular Equations, and Approximations to Pi, or 
How to Compute One Billion Digits of Pi.” Amer. Math. 
Monthly 96, 201-219, 1989. 

Brigham, E. O. The Fast Fourier Transform. Englewood 
Cliffs, NJ: Prentice-Hall, 1974. 

Brigham, E. O. Fast Fourier Transform and Applications. 
Englewood Cliffs, NJ: Prentice-Hall, 1988. 

Cook, S. A. On the Minimum Computation Time of Func- 
tions. Ph.D. Thesis. Cambridge, MA: Harvard University, 
pp. 51-77, 1966. 

Hollerbach, U. “Fast Multiplication & Division of Very Large 
Numbers.” sci.math.research posting, Jan. 23, 1996. 
Karatsuba, A. and Ofman, Yu. “Multiplication of Many- 
Digital Numbers by Automatic Computers.” Doklady 
Akad. Nauk SSSR 145, 293-294, 1962. ‘Translation in 

Physics—Doklady 7, 595-596, 1963. 

Knuth, D. E. The Art of Computing, Vol. 2: Seminumer- 
ical Algorithms, 2nd ed. Reading, MA: Addison-Wesley, 
pp. 278-286, 1981. 

Schénhage, A. and Strassen, V. “Schnelle Multiplikation 
Grosser Zahlen.” Computing 7, 281-292, 1971. 

Toom, A. L. “The Complexity of a Scheme of Functional 
Elements simulating the Multiplication of Integers.” Dokl. 
Akad. Nauk SSSR 150, 496-498, 1963. English translation 
in Soviet Mathematics 3, 714-716, 1963. 

Zuras, D. “More on Squaring and Multiplying Large Inte- 
gers.” IEEE Trans. Comput. 43, 899-908, 1994. 


Katona’s Problem 

Find the minimum number f(n) of subsets in a SEPA- 
RATING FAMILY for a SET of n elements, where a SEPA- 
RATING FAMILY is a SET of SUBSETS in which each pair 
of adjacent elements is found separated, each in one of 
two disjoint subsets. For example, the 26 letters of the 
alphabet can be separated by a family of nine: 


(abcdefghi)  (jklmnopqr)  (stuuwayz). 
(abcjkistu) (defmnovwz) (ghipgryz) . 
{adgjmpsvy) (behknqtwz)  (cfilorux) 


The problem was posed by Katona (1973) and solved by 
C. Mao-Cheng in 1982, 


f(n) = min {2p + 3 [1085 (=) p= 0,1,2} ; 


where [x] is the CEILING FUNCTION. f(n) is nonde- 
creasing, and the values for n = 1, 2,... are 0, 2, 3, 
4, 5, 5, 6, 6, 6, 7, ... (Sloane’s A07600). The values at 
which f(n) increases are 1, 2, 3, 4, 5, 7, 10, 13, 19, 28, 
37, ... (Sloane’s A007601), so f(26) = 9, as illustrated 
in the preceding example. 


see also SEPARATING FAMILY 
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Kauffman Polynomial F 
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Kauffman Polynomial F 
A semi-oriented 2-variable KNOT POLYNOMIAL defined 
by 

Fr(a,z) =a ¥™ ({L)), (1) 


where L is an oriented LINK DIAGRAM, w(L) is the 
WRITHE of L, |L| is the unoriented diagram correspond- 
ing to L, and (LZ) is the BRACKET POLYNOMIAL. It 
was developed by Kauffman by extending the BLM/Ho 
POLYNOMIAL Q to two variables, and satisfies 


F(1,x) = Q(z). (2) 


The Kauffman POLYNOMIAL is a generalization of the 
JONES POLYNOMIAL V(t) since it satisfies 


V(t) = F(-17°/4, 4779/4 + 1/4), (3) 


but its relationship to the HOMFLY POLYNOMIAL is 
not well understood. In general, it has more terms than 
the HOMFLY PoLyNnomIiaL, and is therefore more pow- 
erful for discriminating KNOTS. It is a semi-oriented 
POLYNOMIAL because changing the orientation only 
changes F by a POWER of a. In particular, suppose 
L” is obtained from L by reversing the orientation of 
component k, then 


Fr- =a*F,, (4) 


where \ is the LINKING NUMBER of k with L — k (Lick- 
orish and Millett 1988). F is unchanged by MUTATION. 


Fry+Fr, = F(L1)F(L2) (5) 


FryuLz = [(a~* + a)x* = Fr, Fr. (6) 


M. B. Thistlethwaite has tabulated the Kauffman 2- 
variable POLYNOMIAL for KNOTS up to 13 crossings. 
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Kauffman Polynomial X 
A 1-variable KNOT POLYNOMIAL denoted X or CL. 


£1(A) = (—45)-*™ (1), (1) 


where (L) is the BRACKET POLYNOMIAL and w(Z) is 
the WRITHE of L. This POLYNOMIAL is invariant under 
AMBIENT ISOTOPY, and relates MIRROR IMAGES by 


Ly = Lr(A7"). . (2) 


It is identical to the JONES POLYNOMIAL with the 
change of variable 


£(t~*/*) = Vit). (3) 


The X POLYNOMIAL of the MIRROR IMAGE K™ is the 
same as for K but with A replaced by A7?. 
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Kei 
The IMAGINARY PART of 


e 2K (we™*/4) = ker, (x) + ikei, (2). 


see also BEI, BER, KER, KELVIN FUNCTIONS 
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Keith Number 

A Keith number is an n-digit INTEGER N such that if 
a Fibonacci-like sequence (in which each term in the 
sequence is the sum of the n previous terms) is formed 
with the first n terms taken as the decimal digits of 
the number N, then N itself occurs as a term in the 
sequence. For example, 197 is a Keith number since 
it generates the sequence 1, 9, 7, 17, 33, 57, 107, 197, 
... (Keith). Keith numbers are also called REPFIGIT 
NUMBERS. 


There is no known general technique for finding Keith 
numbers except by exhaustive search. Keith numbers 
are much rarer than the PRIMES, with only 52 Keith 
numbers with < 15 digits: 14, 19, 28, 47, 61, 75, 197, 
742, 1104, 1537, 2208, 2580, 3684, 4788, 7385, 7647, 
7909, ... (Sloane’s A007629). In addition, three 15-digit 
Keith numbers are known (Keith 1994). It is not known 
if there are an INFINITE number of Keith numbers. 
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Keller’s Conjecture 

Keller conjectured that tiling an n-D space with n-D 
HYPERCUBES of equal size yields an arrangement in 
which at least two hypercubes have an entire (n — 1)-D 
“side” in common. The CONJECTURE has been proven 
true for n = 1 to 6, but disproven for n > 10. 
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Kelvin’s Conjecture 

What space-filling arrangement of similar polyhedral 
cells of equal volume has minimal surface AREA? 
Kelvin proposed the 14-sided TRUNCATED OOCTAHE- 
DRON. Wearie and Phelan (1994) discovered another 
14-sided POLYHEDRON that has 3% less SURFACE AREA. 
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Kelvin Functions 
Kelvin defined the Kelvin functions BEI and BER ac- 
cording to 


J (xe8"*/*) = ber, (x) + ibei.(z), (1) 


where J,(s) is a BESSEL FUNCTION OF THE FIRST 
KIND, and the functions KEI and KER by 


e YK (xe™/4) = ker, (x) + ikei,(z), (2) 


where K,(x) is a MODIFIED BESSEL FUNCTION OF THE 
SECOND KIND. For the special case v = 0, 


Jo(iViz) = Jo(kV2(é - 1)x) = ber(x) + ibei(z). (3) 
see also BEI, BER, KEI, KER 
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Kepler Conjecture 


Kelvin Transformation 
The transformation 


v(z' ai )a( a are a’en 
Leese ny rl pla eae ane ple 5) 


where 


If u(x1,.-.,@n) isa HARMONIC FUNCTION on a DOMAIN 
D of R” (with n > 3), then v(zr},...,2),) is HARMONIC 
on D’, 
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Kempe Linkage 
A double rhomboid LINKAGE which gives rectilinear mo- 
tion from circular without an inversion. 
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Kepler Conjecture 

In 1611, Kepler proposed that close packing (cubic or 
hexagonal) is the densest possible SPHERE PACKING 
(has the greatest 7), and this assertion is known as the 
Kepler conjecture. Finding the densest (not necessarily 
periodic) packing of spheres is known as the KEPLER 
PROBLEM. 


A putative proof of the Kepler conjecture was put for- 
ward by W.-Y. Hsiang (Hsiang 1992, Cipra 1993), but 
was subsequently determined to be flawed (Conway et 
al. 1994, Hales 1994). According to J. H. Conway, no- 
body who has read Hsiang’s proof has any doubts about 
its validity: it is nonsense. 


see also DODECAHEDRAL CONJECTURE, KEPLER PROB- 
LEM 
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Kepler’s Equation 


Kepler’s Equation 

Let M be the mean anomaly and F the ECCENTRIC 
ANOMALY of a body orbiting on an ELLIPSE with Ec- 
CENTRICITY e, then 


M=E-esinE. (1) 


For M not a multiple of 7, Kepler’s equation has a 
unique solution, but is a TRANSCENDENTAL EQUATION 
and so cannot be inverted and solved directly for F given 
an arbitrary M. However, many algorithms have been 
derived for solving the equation as a result of its impor- 
tance in celestial mechanics. 


Writing a E as a POWER SERIES in e gives 
B=M+) ane”, (2) 
n=1 


where the coefficients are given by the LAGRANGE IN- 
VERSION THEOREM as 


[n/2I 
an = sq (0 (;) (n —2k)""? sin[(n — 2k) M] 
k=0 


(3) 
(Wintner 1941, Moulton 1970, Henrici 1974, Finch). 
Surprisingly, this series diverges for 


e > 0.6627434193..., (4) 


a value known as the LAPLACE LIMIT. In fact, & con- 
verges as a GEOMETRIC SERIES with ratio 


r= Tere lv 1+e?) (5) 
(Finch). 


There is also a series solution in BESSEL FUNCTIONS OF 
THE First KIND, 


B=M+ S> = Jn (ne) sin(nM). (6) 


n=1 


This series converges for all e < 1 like a GEOMETRIC 
SERIES with ratio 


r= ss OV =), (7) 


The equation can also be solved by letting 7 be the 
ANGLE between the planet’s motion and the direction 
PERPENDICULAR to the RADIUS VECTOR. Then 


esin E 


JVI — e2 


tany = 


(8) 


Kepler’s Equation 981 


Alternatively, we can define e in terms of an intermedi- 


ate variable ¢ 
e =sind, (9) 


then 


sin[}(v — E)] = V5 sin(3¢) sinv (10) 


in{2 = 45 eoalid) sin'y: 
sin[5(v+ E)] = ‘E ($9) (11) 


Iterative methods such as the simple 
Fiat =M-+esin£E; (12) 
with Eo = 0 work well, as does NEWTON’S METHOD, 


M-+esinE; — BE, 


Bia = Es + 1-ecosE; 


(13) 


In solving Kepler’s equation, Stieltjes required the solu- 
tion to 
e"(x —1) =e "(x+1), (14) 


which is 1.1996678640257734... (Goursat 1959, Le Li- 
onnais 1983). 


see also ECCENTRIC ANOMALY 
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Kepler’s Folium 


Cc > _b 


The curve with implicit equation 


[(w — 6)? + y][a(w — b) + y*] — 4a(x — b)y’. 
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Kepler-Poinsot Solid 


The Kepler-Poinsot solids are the four regular CONCAVE 
POLYHEDRA with intersecting facial planes. They are 
composed of regular CONCAVE POLYGONS and were un- 
known to the ancients. Kepler discovered two of them 
about 1619. These two were subsequently rediscovered 
by Poinsot, who also discovered the other two, in 1809. 
As shown by Cauchy, they are stellated forms of the 
DODECAHEDRON and ICOSAHEDRON. 


The Kepler-Poinsot solids, illustrated above, are 
known as the GREAT DODECAHEDRON, GREAT Icos- 
AHEDRON, GREAT STELLATED DODECAHEDRON, and 
SMALL STELLATED DODECAHEDRON. Cauchy (1813) 
proved that these four exhaust all possibilities for regu- 
lar star polyhedra (Ball and Coxeter 1987). 


A table listing these solids, their DUALS, and Com- 
POUNDS is given below. 


Polyhedron 


Dual 


great dodecahedron 
great Icosahedron 


great stellated dodec. 
small stellated dodec. 


small stellated dodec. 
great stellated dodec. 
great icosahedron 
great dodecahedron 


Polyhedron 


Compound 


great dodecahedron 
great icosahedron 
great stellated dodec. 


small stellated dodec. 


great dodecahedron- 
small stellated dodec. 
great icosahedron- 
great stellated dodec. 
great icosahedron- 
great stellated dodec. 
great dodecahedron- 
small stellated dodec. 


The polyhedra {3,5} and {5, $} fail to satisfy the Pory- 


HEDRAL FORMULA 


V-E+PF=2, 


Ker 


where V is the number of faces, FE the number of edges, 
and F the number of faces, despite the fact that formula 
holds for all ordinary polyhedra (Ball and Coxeter 1987). 
This unexpected result led none less than Schlafli (1860) 
to conclude that they could not exist. 


In 4-D, there are 10 Kepler-Poinsot solids, and in n- 
D with n > 5, there are none. In 4-D, nine of the 
solids have the same VERTICES as {3,3,5}, and the 
tenth has the same as {5,3,3}. Their SCHLAFLI Sym- 
BOLS are {2,5, 3}, {3,5, 3}, {5, 2,5}, (3,3, 5}, {5,3, 3}, 
3,5, 2}, {5, 2,3}, {3, 2,5}, (2,3, 3}, and {3,3, 3}. 


Coxeter et al. (1954) have investigated star “Archimed- 
ean” polyhedra. 


see also ARCHIMEDEAN SOLID, DELTAHEDRON, JOHN- 
SON SOLID, PLATONIC SOLID, POLYHEDRON COM- 
POUND, UNIFORM POLYHEDRON 
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Kepler Problem 
Finding the densest not necessarily periodic SPHERE 
PACKING. 


see also KEPLER CONJECTURE, SPHERE PACKING 


Kepler Solid 
see KEPLER-POINSOT SOLID 


Ker 
The REAL PART of 


e 2K, (pe™*/4) —_ ker, (x) + i kei, (x), 


where K,(z) is a MODIFIED BESSEL FUNCTION OF THE 
SECOND KIND. 


see also BEI, BER, KEI, KELVIN FUNCTIONS 
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Keratoid Cusp 


Keratoid Cusp 


The PLANE CURVE given by the Cartesian equation 


y’ = xy + x. 


References 
Cundy, H. and Rollett, A. Mathematical Models, 3rd ed. 
Stradbroke, England: Tarquin Pub., p. 72, 1989. 


Kernel (Integral) 
The function K(a,t) in an INTEGRAL or INTEGRAL 
TRANSFORM 


g(a) = | f(t)K (a, t) dt. 


see also BERGMAN KERNEL, POISSON KERNEL 


Kernel (Linear Algebra) 
see NULLSPACE 


Kernel Polynomial 
The function 


Kyn(x0, 2) = Ky, (x, z0) = K,.(#, Zo) 


which is useful in the study of many POLYNOMIALS. 
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Kervaire’s Characterization Theorem 

Let G be a GROUP, then there exists a piecewise linear 

Knot K*~? in S” for n > 5 with G = ™(S” ~— K) IrF 

G satisfies 

1. G is finitely presentable, 

2. The Abelianization of G is infinite cyclic, 

3. The normal closure of some single element is all of 
G, 

4. H2(G) = 0; the second homology of the group is 
trivial. 
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Ket 

A CONTRAVARIANT VECTOR, denoted |y¥). The ket is 
DUAL to the COVARIANT BRA 1-VECTOR (|. Taken 
together, the BRA and ket form an ANGLE BRACKET 
(bra+ket = bracket) (Y|y). The ket is commonly en- 
countered in quantum mechanics. 

see also ANGLE BRACKET, BRA, BRACKET PRODUCT, 
CONTRAVARIANT VECTOR, COVARIANT VECTOR, DIF- 
FERENTIAL k-FORM, ONE-FORM 


Khinchin Constant 
see KHINTCHINE’S CONSTANT 


Khintchine’s Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


0) 100 200 300 400 500 
Let 
1 
Sle a — (1) 
+ 
n n 1 
g2 -- ————_ 
qa t+... 


be the SIMPLE CONTINUED FRACTION of a REAL NUM- 
BER z, where the numbers q; are called PARTIAL QuUO- 
TIENTS. Khintchine (1934) considered the limit of the 
GEOMETRIC MEAN 


Gn(z) = (q1g2°++qn)*/” (2) 


as n — oo. Amazingly enough, this limit is a constant 
independent of x<—except if x belongs to a set of MEA- 
SURE 0-given by 


K = 2.685452001... (3) 


(Sloane’s A002210), as proved in Kac (1959). The values 
Gn(z) are plotted above for n = 1 to 500 and « = a, 
1/7, sin1, the EULER-MASCHERONI CONSTANT 7, and 
the COPELAND-ERDOS CONSTANT. REAL NUMBERS x 
for which lim, +. Gn(z) # K include « = e, V2, V3, 
and the GOLDEN RaTIO 4¢, all of which have periodic 
PARTIAL QUOTIENTS, plotted below. 
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an r — r - - 


bP 
of; 


eraadattied " —aaedeeen 2 ad 
100 200 300 400 500 


The CONTINUED FRACTION for K is [2, 1, 2, 5, 1, 1, 2, 
1, 1, ...] (Sloane’s A002211). It is not known if K is 
IRRATIONAL, let alone TRANSCENDENTAL. Bailey et al. 
(1995) have computed K to 7350 DIGITs. 


Explicit expressions for K include 


co Inn/In2 
1 
2 = tae 4 
ss IT [+ seer (4) 
In2ink = fen? + H0n2)?+ [ ml conse (5) 
0 

1 Ghat _ 

Berea 2s m= (¢(2m) — 1], (6) 


where ¢(z) is the RIEMANN ZETA FUNCTION and 


s oar (cAP (7) 


(Shanks and Wrench 1959). Gosper gave 


te i? 0G) gg 


where ¢'(z) is the DERIVATIVE of the RIEMANN ZETA 
FUNCTION. An extremely rapidly converging sum also 
due to Gosper is 


1 CO 
nK=75 3 1)[In(k + 3) 


—2In(k + 2) + In(k + 1)] 


(—1)*(2 — 2*+?) [ in(k +1) 
k+2 (k + 1)? 


—C(k+2,k+ 2| 
k+2 x 

+ In(k +1) permeate 

(9) 


where ¢(s,a) is the HURWITZ ZETA FUNCTION. 


Khintchine’s Constant 


Khintchine’s constant is also given by the integral 


wz(1 — x”) 


Lye) — : 1 
inain(gK) = [ ae" | sntre) | (10) 


If P,/Qn is the nth CONVERGENT of the CONTINUED 
FRACTION of z, then 


e™ /(121M2) ~ 3.97582 

(11) 
for almost all REAL x (Lévy 1936, Finch). This num- 
ber is sometimes called the LEvy CONSTANT, and the 
argument of the exponential is sometimes called the 
KHINTCHINE-LEVY CONSTANT. 


1j/n 
lim (Qn)'/" = lim (=) = 


n-00 zx 


Define the following quantity in terms of the kth partial 
quotient qx, 


l/s 
M(s,n,x) = (3 ya] : (12) 


Then 
lim M(1,n,2) = co (13) 


n->0oo 


for almost all real x (Khintchine, Knuth 1981, Finch), 
and 


M(1,n,2) ~ O(Inn). (14) 


Furthermore, for s < 1, the limiting value 


lim M(s,n,x) = K(s) (15) 


nR—+0o 


exists and is a constant K(s) with probability 1 (Rockett 
and Sziisz 1992, Khintchine 1997). 


see also CONTINUED FRACTION, CONVERGENT, 
KHINTCHINE-LEVY CONSTANT, LEVY CONSTANT, PAR- 
TIAL QUOTIENT, SIMPLE CONTINUED FRACTION 
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Khintchine-Lévy Constant 
A constant related to KHINTCHINE’S CONSTANT defined 
by 

2 


a us = 
L= Dine 1.1865691104.... 


see also KHINTCHINE’S CONSTANT, LEVY CONSTANT 
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Khovanski’s Theorem 

If fi,...,fm : R” — R are exponential polynomials, 
then {x € R”: fi(z) =--+ fn(x) = 0} has finitely many 
connected components. 
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Kiepert’s Conics 
see KIEPERT’S HYPERBOLA, KIEPERT’S PARABOLA 


Kiepert’s Hyperbola 

A curve which is related to the solution of LEMOINE’S 
PROBLEM and its generalization to ISOSCELES TRIAN- 
GLES constructed on the sides of a given TRIANGLE. The 
VERTICES of the constructed TRIANGLES are 


A’ =—sing: sin(C + ¢) : sin(B + ¢) (1) 
B' =sin(C + ¢):—sing: sin(A+ ¢) (2) 
C' = sin(B + ¢) : sin(A+ ¢): -sind, (3) 
where ¢ is the base ANGLE of the ISOSCELES TRIANGLE. 
Kiepert showed that the lines connecting the VERTICES 
of the given TRIANGLE and the corresponding peaks of 


the ISOSCELES TRIANGLES CONCUR. The TRILINEAR 
COORDINATES of the point of concurrence are 


sin(B + ¢) sin(C + @) : sin(C + ¢)sin(A + ¢) : 
sin(A + ¢)sin(B+¢). (4) 
The locus of this point as the base ANGLE varies is given 
by the curve 
sin(B-—C) | sin(C— A) sin(A—B) 
aS ee eS + — aS ee 
a B Y 
ca be(c? — c?) 4s ca(c? — a”) % ab(a? — b?) 


a B Y 


=0. (5) 
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Writing the TRILINEAR COORDINATES as 
a; = dis, (6) 
where d; is the distance to the side opposite a; of length 


s; and using the POINT-LINE DISTANCE FORMULA with 
(Zo, yo) written as (x,y), 


Fics \(yiz2 — Ys4i1)(@ — 2i41) 

a re 

Lite — TH NY — Yit1 
{seen = Seely — salt (7) 


where ys = yi and ys = ye gives the FORMULA 


3 
2 2 
oo $i418:42(Si41 — S342) 
i=l 
x =: 
(yita — Yeti)(@ — i41) — (tit2 — Bit1)(Y — Yi41) 
=0 (8) 


3 
5 ; (si41 = si42) 
(yit2 — yiri)(@ — wi41) — (ite — Ziti)(y — yer) 


> =0. (9) 


Bringing this equation over a common DENOMINATOR 
then gives a quadratic in x and y, which is a CONIC 
SECTION (in fact, a HYPERBOLA). The curve can also 
be written as csc(A + t) : csc(B +t) : esc(C +t), as t 
varies over [—7/4, 7/4]. 


Kiepert’s hyperbola passes through the triangle’s CEN- 
TROID M (¢ = 0), ORTHOCENTER H (@ = 17/2), VER- 
TICES A (6 = —a ifa< 7/2 and ¢=7-aifa> 7/2), 
B(¢= —£), C (@ = —y), FERMAT PoIntT F; (¢ = 7/3), 
second ISOGONIC CENTER F, (¢ = —7/3), ISOGONAL 
CONJUGATE of the BROCARD MIDPOINT (¢ = w), and 
BROCARD’S THIRD POINT Z3 (@ = w), where w is the 
BROCARD ANGLE (Eddy and Fritsch 1994, p. 193). 


The ASYMPTOTES of Kiepert’s hyperbola are the SIM- 
SON LINES of the intersections of the BROCARD AXIS 
with the CIRCUMCIRCLE. Kiepert’s hyperbola is a 
RECTANGULAR HYPERBOLA. In fact, all nondegenerate 
conics through the VERTICES and ORTHOCENTER of a 
TRIANGLE are RECTANGULAR HYPERBOLAS the centers 
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of which lie halfway between the ISOGONIC CENTERS 
and on the NINE-POINT CIRCLE. The Locus of centers 
of these HYPERBOLAS is the NINE-POINT CIRCLE. 


The ISOGONAL CONJUGATE curve of Kiepert’s hyper- 
bola is the BROCARD AxIS. The center of the INCIRCLE 
of the TRIANGLE constructed from the MIDPOINTS of 
the sides of a given TRIANGLE lies on Kiepert’s hyper- 
bola of the original TRIANGLE. 


see also BROCARD ANGLE, BROCARD AXIS, BROCARD 
POINTS, CENTROID (TRIANGLE), CIRCUMCIRCLE, Iso- 
GONAL CONJUGATE, ISOGONIC CENTERS, ISOSCELES 
TRIANGLE, LEMOINE’S PROBLEM, NINE-POINT CIR- 
CLE, ORTHOCENTER, SIMSON LINE 
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Kiepert’s Parabola 

Let three similar ISOSCELES TRIANGLES AA'BC, 
AAB'C, and AABC" be constructed on the sides of a 
TRIANGLE AABC. Then the ENVELOPE of the axis 
of the TRIANGLES AABC and AA'B’C" is Kiepert’s 
parabola, given by 


sin A(sin® B — sin? C) re sin B(sin? C — sin? A) 


u v 
: 243) gee 
4 sin C(sin A — sin’ B) =0 (1) 
w 
2 42 2: 42 2 _ 22 
a(b fg he a") , ofa oy (2) 


Uu Vv Ww 


where [u,v,w] are the TRILINEAR COORDINATES for a 
line tangent to the parabola. It is tangent to the sides 
of the TRIANGLE, the line at infinity, and the LEMOINE 
LinE. The Focus has TRIANGLE CENTER FUNCTION 


a=csce(B—C). (3) 


The EULER LINE of a triangle is the DIRECTRIX of 
Kiepert’s parabola. In fact, the DIRECTRICES of all 
parabolas inscribed in a TRIANGLE pass through the 
ORTHOCENTER. The BRIANCHON POINT for Kiepert’s 
parabola is the STEINER POINT. 


see also BRIANCHON POINT, ENVELOPE, EULER 
LINE, ISOSCELES TRIANGLE, LEMOINE LINE, STEINER 
POINTS 


Killing Vectors 


Kieroid 

Let the center B of a CIRCLE of RADIUS a move along 
a line BA. Let O be a fixed point located a distance c 
away from AB. Draw a SECANT LINE through O and 
D, the MIDPOINT of the chord cut from the line DE 
(which is parallel to AB) and a distance b away. Then 
the Locus of the points of intersection of OD and the 
CIRCLE P; and P?2 is called a kieroid. 


Special Case Curve 


b=0 conchoid of Nicomedes 
b=a cissoid plus asymptote 
b=a=-c _ strophoid plus asymptote 
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Killing’s Equation 
The equation defining KILLING VECTORS. 


Lxgar = Xap + Xvi0 = 2X(a;b) = 0, 


where £ is the LIE DERIVATIVE. 
see also KILLING VECTORS 


Killing Vectors 

If any set of points is displaced by X‘dx; where all dis- 
tance relationships are unchanged (i.e., there is an ISOM- 
ETRY), then the VECTOR field is called a Killing vector. 


Az"? Ax'* 
Jab = Der Bes Mal? )s (1) 
so let 
gv” = 2" + x 
i ae id 
Oz” = Orn + €X 1b (2) 


Gav(x) = (65 + €x* 2) (65 + ex* 5) 9ca(x® + €X®) 
= (65 + ex" 2) (65 + ex" 5) [9ea(2) + EX “gea(z),e +...] 
= gab(z) + €[gaaX*,» + graX? a + X°Gad,e] + Ole") 
=Lxgas, (3) 


where C is the LIE DERIVATIVE. An ordinary deriva- 
tive can be replaced with a covariant derivative in a LIE 
DERIVATIVE, so we can take as the definition 


Gabsc = 0 (4) 


aasig’ = bas (5) 


which gives KILLING’S EQUATION 


Lx Gab = Xaib + Xba = 2X (a;b) = 0. (6) 


Kimberling Sequence 


A Killing vector X° satisfies 


o Xcay = RyX” = 0 (7) 
Xajbe = RavcaX* (8) 
Xe? 4 REXS =0, (9) 


where Ray is the Ricci TENSOR and Rapcg is the RIE- 
MANN TENSOR. 


A 2-sphere with METRIC 
ds* = dé” + sin? 6 dd” (10) 


has three Killing vectors, given by the angular momen- 
tum operators 


L, = e655 ettieay (11) 
Ly= sin go. p + cot A cos on (12) 
= fa) 


The Killing vectors in Euclidean 3-space are 


a) = ae (14) 
a? = om (15) 
a? = 7 (16) 
oS ve - “5 (17) 
x? = ao - oe (18) 
ee (19) 


In MINKOWSKI SPACE, there are 10 Killing vectors 


Xf=ai" fori=1,2,3,4 (20) 
XP =0 (21) 
Xi =e*™am fork =1,2,3 (22) 
X* = 6,0") fork =1,2,3. (23) 


The first group is TRANSLATION, the second ROTATION, 
and the final corresponds to a “boost.” 


Kimberling Sequence 

A sequence generated by beginning with the POSITIVE 

integers, then iteratively applying the following algo- 

rithm: 

1. In iteration i, discard the ith element, 

2. Alternately write the 7+ k and 7 — kth elements until 
k =1, 

3. Write the remaining elements in order. 
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The first few iterations are therefore 


7 8 9 10 11 
8 9 10 11 12 
13. 
10 11 12 13 14 
11 12 13 14 #15 


as fale 
orfa}a o 


5 
6 
7 
8 
[10] 


The diagonal elements form the sequence 1, 3, 5, 4, 10, 
7, 15, ... (Sloane’s A007063). 


wlalaiaia 
ae 
) 
2OowoOAD 

to 
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H 

a 

be 

bo 


2 
4 
6 
8 
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Kimberling Shuffle 
see also KIMBERLING SEQUENCE 


Kings Problem 


Eas 

oer a 

Feld a a a ad 

feo] [xo] Jeol [xo] 
The problem of determining how many nonattacking 
kings can be placed on an n X n CHESSBOARD. For 
n = 8, the solution is 16, as illustrated above (Madachy 
1979). In general, the solutions are 


1,2 ni 
Ko={ioay Rae) 


(Madachy 1979), giving the sequence of doubled squares 
1, 1, 4, 4, 9, 9, 16, 16, ... (Sloane’s A008794). This 
sequence has GENERATING FUNCTION 


1l+2? 
(1 — 2?)?(1 — a) 


=lig+4e? +4224 924+00°+.... 
(2) 


988 King Walk 


The minimum number of kings needed to attack or oc- 
cupy all squares on an 8 x 8 CHESSBOARD is nine, illus- 
trated above (Madachy 1979). 


see also BISHOPS PROBLEM, CHESS, HARD HEXAGON 
ENTROPY CONSTANT, KNIGHTS PROBLEM, QUEENS 
PROBLEM, ROOKS PROBLEM 
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King Walk 
see DELANNOY NUMBER 


Kinney’s Set 
A set of plane MEASURE 0 that contains a CIRCLE of 
every RADIUS. 
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Kinoshita-Terasaka Knot 
The KNOT with BRAID WORD 


01203702037 101770201 1037 1027*. 
Its JONES POLYNOMIAL is 
fa er aaa = oe ar oe a), 


the same as for CONWAY’S KNOT. It has the same AL- 
EXANDER POLYNOMIAL as the UNKNOT. 
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Kinoshita-Terasaka Mutants 


nmN 


SHael d 


~ 


onmN 
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Kirby Calculus 
The manipulation of DEHN SURGERY descriptions by a 
certain set of operations. 
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Kirkman Triple System 


Kirby’s List 

A list of problems in low-dimensional TOPOLOGY main- 
tained by R. C. Kirby. The list currently runs about 380 
pages. 
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Kirkman’s Schoolgirl Problem 

In a boarding school there are fifteen schoolgirls who al- 
ways take their daily walks in rows of threes. How can 
it be arranged so that each schoolgirl walks in the same 
row with every other schoolgirl exactly once a week? 
Solution of this problem is equivalent to constructing a 
KIRKMAN TRIPLE SYSTEM of order n = 2. The follow- 
ing table gives one of the 7 distinct (up to permutations 
of letters) solutions to the problem. 


Sun Mon ‘Tue Wed Thu Fri Sat 


ABC ADE AFG AHI AJK ALM ANO 
DHL BIK BHJ BEG CDF BEF BDG 
EJN CMO CLN BMN CLO CIJ CHK 
FIO FHN DIM DJO EHM DKN_ &EIL 
GKM GJL EKO FKL GIN GHO FJM 


(The table of Dérrie 1965 contains a misprint in which 
the a1 = B and az = C entries for Wednesday and 
Thursday are written simply as a.) 


see also JOSEPHUS PROBLEM, KIRKMAN TRIPLE SySs- 
TEM, STEINER TRIPLE SYSTEM 
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Kirkman Triple System 

A Kirkman triple system of order v = 6n+ 3 is a 
STEINER TRIPLE SYSTEM with parallelism (Ball and 
Coxeter 1987), i.e., one with the following additional 
stipulation: the set of b = (2n + 1)(3n + 1) triples is 
partitioned into 3n+1 components such that each com- 
ponent is a (2n + 1)-subset of triples and each of the v 
elements appears exactly once in each component. The 


Kiss Surface 


STEINER TRIPLE SYSTEMS of order 3 and 9 are Kirkman 
triple systems with n = 0 and 1. Solution to KIRKMAN’Ss 
SCHOOLGIRL PROBLEM requires construction of a Kirk- 
man triple system of order n = 2. 


Ray-Chaudhuri and Wilson (1971) showed that there ex- 
ists at least one Kirkman triple system for every NON- 
NEGATIVE order n. Earlier editions of Ball and Cox- 
eter (1987) gave constructions of Kirkman triple systems 
with 9 < v < 99. For n = 1, there is a single unique (up 
to an isomorphism) solution, while there are 7 different 
systems for n = 2 (Mulder 1917, Cole 1922, Ball and 
Coxeter 1987). 


see also STEINER TRIPLE SYSTEM 
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Kiss Surface 


The QUINTIC SURFACE given by the equation 


da? + Let — (y? 4+ 27) =0. 
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Kissing Circles Problem 
see DESCARTES CIRCLE THEOREM, SODDY CIRCLES 
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Kissing Number 

The number of equivalent HYPERSPHERES in n-D which 
can touch an equivalent HYPERSPHERE without any in- 
tersections, also sometimes called the NEWTON NuUM- 
BER, CONTACT NUMBER, COORDINATION NUMBER, or 
LIGANCY. Newton correctly believed that the kissing 
number in 3-D was 12, but the first proofs were not pro- 
duced until the 19th century (Conway and Sloane 1993, 
p. 21) by Bender (1874), Hoppe (1874), and Gunther 
(1875). More concise proofs were published by Schiitte 
and van der Waerden (1953) and Leech (1956). Exact 
values for lattice packings are known for n = 1 to 9 and 
n = 24 (Conway and Sloane 1992, Sloane and Nebe). 
Odlyzko and Sloane (1979) found the exact value for 
24-D, 


The following table gives the largest known kissing num- 
bers in DIMENSION D for lattice (Z) and nonlattice (VL) 
packings (if a nonlattice packing with higher number ex- 
ists). In nonlattice packings, the kissing number may 
vary from sphere to sphere, so the largest. value is given 
below (Conway and Sloane 1993, p. 15). An more exten- 
sive and up-to-date tabulation is maintained by Sloane 
and Nebe. 


D L NL | D L NL 
1 2 13. >918 > 1,130 
2 6 14 > 1,422 > 1,582 
3 12 15 > 2,340 

4 24 16 > 4,320 

5 40 17 > 5,346 

© 37 18 > 7,398 

7 126 19 > 10,668 

8 240 20 > 17,400 

9 272 > 306 |21 > 27,720 
10 > 336 >500 |22 > 49,896 
11 > 438 > 582 |23 > 93,150 
12 > 756 > 840 |24 196,560 


The lattices having maximal packing numbers in 12- and 
24-D have special names: the COXETER-TODD LATTICE 
and LEECH LATTICE, respectively. The general form of 
the lower bound of n-D lattice densities given by 


where ¢(n) is the RIEMANN ZETA FUNCTION, is known 
as the MINKOWSKI-HLAWKA THEOREM. 


see also COXETER-TODD LATTICE, HERMITE CON- 
STANTS, HYPERSPHERE PACKING, LEECH LATTICE, 
MINKOWSKI-IILAWKA THEOREM 
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see DIAMOND, LOZENGE, PARALLELOGRAM, PENROSE 
TILES, QUADRILATERAL, RHOMBUS 


Klarner-Rado Sequence 

The thinnest sequence which contains 1, and whenever 
it contains z, also contains 27, 3x + 2, and 62 + 3: 1, 2, 
4, 5, 8, 9, 10, 14, 15, 16, 17, ... (Sloane’s A005658). 
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Klarner’s Theorem 

An a xX b RECTANGLE can be packed with 1 x n strips 
IFF nia or nld. 

see also BOX-PACKING THEOREM, CONWAY PUZ- 
ZLE, DE BRUIJN’S THEOREM, SLOTHOUBER-GRAATSMA 
PUZZLE 
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Klein’s Absolute Invariant 


[Ea(q)]® 
{E4(q)]® — [E6(9)?] 


= 4 =A) +A*@* _ 
19 = 3 Oi MaP 


Klein-Beltrami Model 


(Cohn 1994), where q = e'”* is the NOME, A(q) is the 
ELLIPTIC LAMBDA FUNCTION 


Ma) = (a) = Ea 


%i(q) is a THETA FUNCTION, 
RAMANUJAN-EISENSTEIN SERIES. 
MODULAR. 


and the &,(q) are 
J(t) is GAMMA- 


see also ELLIPTIC LAMBDA FUNCTION, j-FUNCTION, 
Pi, RAMANUJAN-EISENSTEIN SERIES, THETA FUNC- 
TION 
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Klein-Beltrami Model 

The Klein-Beltrami model of HYPERBOLIC GEOMETRY 
consists of an OPEN DISK in the Euclidean plane whose 
open chords correspond to hyperbolic lines. Two lines ! 
and m are then considered parallel if their chords fail to 
intersect and are PERPENDICULAR under the following 
conditions, 


1. If at least one of | and m is a diameter of the DIsK, 
they are hyperbolically perpendicular IrF they are 
perpendicular in the Euclidean sense. 


2. If neither is a diameter, / is perpendicular to m IFF 
the Euclidean line extending | passes through the 
pole of m (defined as the point of intersection of the 
tangents to the disk at the “endpoints” of m). 


There is an isomorphism between the POINCARE Hy- 
PERBOLIC Disk model and the Klein-Beltrami model. 
Consider a Klein disk in Euclidean 3-space with a 
SPHERE of the same radius seated atop it, tangent at the 
ORIGIN. If we now project chords on the disk orthog- 
onally upward onto the SPHERE’s lower HEMISPHERE, 
they become arcs of CIRCLES orthogonal to the equator. 
If we then stereographically project the SPHERE’s lower 
HEMISPHERE back onto the plane of the Klein disk from 
the north pole, the equator will map onto a disk some- 
what larger than the Klein disk, and the chords of the 
original Klein disk will now be arcs of CIRCLES orthog- 
onal to this larger disk. That is, they will be Poincaré 
lines. Now we can say that two Klein lines or angles are 
congruent iff their corresponding Poincaré lines and an- 
gles under this isomorphism are congruent in the sense 
of the Poincaré model. 

see also HYPERBOLIC GEOMETRY, POINCARE HYPER- 
BOLIC DISK 


Klein Bottle 


Klein Bottle 


A closed NONORIENTABLE SURFACE of GENUS one havy- 
ing no inside or outside. It can be physically realized 
only in 4-D (since it must pass through itself without 
the presence of a HOLE). Its TOPOLOGY is equivalent 
to a pair of CROSS-CAPS with coinciding boundaries. It 
can be cut in half along its length to make two MOBIus 
STRIPS. 


The above picture is an IMMERSION of the Klein bottle in 
IR? (3-space). There is also another possible IMMERSION 
called the “figure-8” IMMERSION (Geometry Center). 


The equation for the usual IMMERSION is given by the 
implicit equation 


(a? + y? +27 + 2y—1)[(a? + y? + 2? — 2y — 1)? — 827] 
416axz(x2? + y* + 27-2y-1)=0 (1) 


(Stewart 1991). Nordstrand gives the parametric form 


at = cos ulcos(4u)(V2 + cosv) + sin(}u) sin v cos v] 


(2) 
y = sin u[cos(}u)(V2 + cosv) + sin($u) sin v cos v] 

(3) 
z= —sin(4u)(V2 + cosv) + cos(Zu)sinvcosv. (4) 


== 


The “figure-8” form of the Klein bottle is obtained by 
rotating a figure eight about an axis while placing a twist 
in it, and is given by parametric equations 


z(u,v) = [a + cos($u) sin(v) — sin(}u) sin(2v)] cos(u) 


(5) 
y(u,v) = [a+ cos($u) sin(v) — sin(}u) sin(2v)] sin(x) 

(6) 
z(u,v) = sin(}u) sin(v) + cos(}u) sin(2v) (7) 


for u € [0, 27), v € (0,27), and a > 2 (Gray 1993). 
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The image of the CROSS-CAP map of a TORUS centered 
at the ORIGIN is a Klein bottle (Gray 1993, p. 249). 


Any set of regions on the Klein bottle can be colored 
using ss colors only (Franklin 1934, Saaty 1986). 


see also CROSS-CAP, ETRUSCAN VENUS SURFACE, IDA 
SURFACE, Map COLORING MOsIuUs STRIP 
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Klein’s Equation 
If a REAL curve has no singularities except nodes and 
Cusps, BITANGENTS, and INFLECTION POINTS, then 


n+2r34+e' =m4+ 264k, 


where n is the order, 7’ is the number of conjugate tan- 
gents, z’ is the number of REAL inflections, m is the 
class, 6’ is the number of REAL conjugate points, and 
«' is the number of REAL Cusps. This is also called 
KLEIN’S THEOREM. 


see also PLUCKER’S EQUATION 
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Klein Four-Group 
see VIERGRUPPE 


Klein-Gordon Equation 


see also SINE-GORDON EQUATION, WAVE EQUATION 


Klein Quartic 
The 3-holed ToRus. 
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Klein’s Theorem 
see KLEIN’S EQUATION 


Kleinian Group 

A finitely generated discontinuous group of linear frac- 
tional transformation acting on a domain in the COM- 
PLEX PLANE. 
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Kloosterman’s Sum 


S(u,v,n) = S “exp pes : (1) 


where h runs through a complete set of residues RELA- 
TIVELY PRIME to n, and h is defined by 


hh =1 (mod n). (2) 
If (n,n') = 1 (ifn and n' are RELATIVELY PRIME), then 
S(u,v,n)S(u,v',n') = S(u,un” + 0'n?, nn’). (3) 


Kloosterman’s sum essentially solves the problem intro- 
duced by Ramanujan of representing sufficiently large 
numbers by QUADRATIC FORMS aa.” + bro” + cx3” + 
dz4”. Weil improved on Kloosterman’s estimate for Ra- 
manujan’s problem with the best possible estimate 


|S(u, u,n)| < 2/n (4) 


(Duke 1997). 
see also GAUSSIAN SUM 
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Knights Problem 


Knapsack Problem 

Given a SuUM and a set of WEIGHTS, find the WEIGHTS 
which were used to generate the SUM. The values of 
the weights are then encrypted in the sum. The system 
relies on the existence of a class of knapsack problems 
which can be solved trivially (those in which the weights 
are separated such that they can be “peeled off” one at 
a time using a GREEDY-like algorithm), and transfor- 
mations which convert the trivial problem to a difficult 
one and vice versa. Modular multiplication is used as 
the TRAPDOOR FUNCTION. The simple knapsack sys- 
tem was broken by Shamir in 1982, the Graham-Shamir 
system by Adleman, and the iterated knapsack by Ernie 
Brickell in 1984. 
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Kneser-Sommerfeld Formula 

Let J, be a BESSEL FUNCTION OF THE FIRST KIND, Ni 
a NEUMANN FUNCTION, and jz,nthe zeros of z~” J, (z) in 
order of ascending REAL PART. Then forO<a<X <1 
and R[z] > 0, 


wd, (xz) 
Biya 
=> bdvint)IulGvin X) 
- 2 (2? = Gun ein ua) , 
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Knights Problem 


eee 
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Kt Kt Kt Kt 

Ke] | Kt Kt Kt 
Kt BES Kt Kt 


SEBS BoRS 


The problem of determining how many nonattacking 
knights K(n) can be placed on an n x n CHESSBOARD. 
For n = 8, the solution is 32 (illustrated above). In 
general, the solutions are 


n > 2 even 


1? 
K(n) = { fn? +1) n> 1 odd, 


Knights of the Round Table 


giving the sequence 1, 4, 5, 8, 13, 18, 25, ... (Sloane’s 
A030978, Dudeney 1970, p. 96; Madachy 1979). 


The minimal number of knights needed to occupy or 
attack every square on an n x n CHESSBOARD is given 
by 1, 4, 4, 4, 5, 8, 10, ... (Sloane’s A006075). The 
number of such solutions are given by 1, 1, 2, 3, 8, 22, 
3, ... (Sloane’s A006076). 


see also BISHOPS PROBLEM, CHESS, KINGS PROBLEM, 
KNIGHT’S TOUR, QUEENS PROBLEM, ROOKS PROBLEM 
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Knights of the Round Table 
see NECKLACE 


Knight’s Tour 
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ae sepas| LAMETED AS EAS, 
A knight’s tour of a CHESSBOARD (or any other grid) 
is a sequence of moves by a knight CHESS piece (which 
may only make moves which simultaneously shift one 
square along one axis and two along the other) such 
that each square of the board is visited exactly once 
(i.e., @ HAMILTONIAN CIRCUIT). If the final position is 
a knight’s move away from the first position, the tour is 
called re-entrant. The first figure above shows a knight’s 
tour on a 6 X 6 CHESSBOARD. The second set of figures 
shows six knight’s tours on an 8 x 8 CHESSBOARD, all 
but the first of which are re-entrant. The final tour has 
the additional property that it is a SEMIMAGIC SQUARE 
with row and column sums of 260 and main diagonal 
sums of 348 and 168. 


Lébbing and Wegener (1996) computed the number 
of cycles covering the directed knight’s graph for an 
8 x 8 CHESSBOARD. They obtained a?, where a = 
2,849, 759,680, i.e., 8,121,130,233,753,702,400. They 
also computed the number of undirected tours, obtain- 
ing an incorrect answer 33,439,123,484,294 (which is not 
divisible by 4 as it must be), and so are currently redoing 
the calculation. 


The following results are given by Kraitchik (1942). The 
number of possible tours on a 4k x 4k board for k = 3, 
4,... are 8, 0, 82, 744, 6378, 31088, 189688, 1213112, 
... (Kraitchik 1942, p. 263). There are 14 tours on the 
3x7 rectangle, two of which are symmetrical. There are 
376 tours on the 3 x 8 rectangle, none of which is closed. 
There are 16 symmetric tours on the 3 x 9 rectangle and 
8 closed tours on the 3 x 10 rectangle. There are 58 
symmetric tours on the 3 x 11 rectangle and 28 closed 
tours on the 3 x 12 rectangle. There are five doubly 
symmetric tours on the 6 x 6 square. There are 1728 
tours on the 5 x 5 square, 8 of which are symmetric. 
The longest “uncrossed” knight’s tours on an nxn board 
for n = 3, 4,... are 2, 5, 10, 17, 24, 35, ... (Sloane’s 
A003192). 

see also CHESS, KINGS PROBLEM, KNIGHTS PROBLEM, 
MaGIc TOUR, QUEENS PROBLEM, TOUR 

References 

Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recre- 


ations and Essays, 13th ed. New York: Dover, pp. 175— 
186, 1987. 


994 Knodel Numbers 


Chartrand, G. “The Knight’s Tour.” §6.2 in Introductory 
Graph Theory. New York: Dover, pp. 133-135, 1985. 

Gardner, M. “Knights of the Square Table.” Ch. 14 in Math- 
ematical Magic Show: More Puzzles, Games, Diversions, 
Illusions and Other Mathematical Sleight-of-Mind from 
Scientific American. New York: Vintage, pp. 188-202, 
1978. 

Guy, R. K. “The n Queens Problem.” §C18 in Unsolved 
Problems in Number Theory, 2nd ed. New York: Springer- 
Verlag, pp. 133-135, 1994. 

Kraitchik, M. “The Problem of the Knights.” Ch. ll in Math-~ 
ematical Recreations. New York: W. W. Norton, pp. 257— 
266, 1942. P 

Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, pp. 87-89, 1979. 

Ruskey, F. “Info~mation on the n Knight’s Tour Problem.” 
http://sue.csc.uvic.ca/-cos/inf/mise/Knight .html. 
Sloane, N. J. A. Sequences A003192/M1369 and A006075/ 
M3224 in “An On-Line Version of the Encyclopedia of In- 

teger Sequences.” 

van der Linde, A. Geschichte und Literatur des Schachspiels, 
Vol. 2. Berlin, pp. 101-111, 1874. 

Volpicelli, P. “Soluzione completa e generale, mediante la ge- 
ometria di situazione, del problema relativo alle corse del 
cavallo sopra qualunque scacchiere.” Atti della Reale Ac- 
cad. dei Lincei 25, 87-162, 1872. 

Wegener, I. and Lébbing, M. “The Number of Knight’s 
Tours Equals 33,439,123,484,294--Counting with Binary 
Decision Diagrams.” Electronic J. Combinatorics 3, 
R5, 1-4, 1996. http://www. combinatorics.org/Volume_3/ 
volume3 .htm1l#R5. 


Knédel Numbers 

For every k > 1, let C, be the set of COMPOSITE num- 
bers n > k such that if 1 < a < n, GCD(a,n) = 1 
(where GCD is the GREATEST COMMON DIVISOR), then 
ak = 1 (mod n). Ci is the set of CARMICHAEL NuM- 
BERS. Makowski (1962/1963) proved that there are in- 
finitely many members of C,, for k > 2. 


see also CARMICHAEL NUMBER, D-NUMBER, GREAT- 
EST COMMON DIVISOR 
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Knot 

A knot is defined as a closed, non-self-intersecting curve 
embedded in 3-D. A knot is a single component LINK. 
Klein proved that knots cannot exist in an EVEN- 
numbered dimensional space > 4. It has since been 
shown that a knot cannot exist in any dimension > 4. 
Two distinct knots cannot have the same KNoT Com- 
PLEMENT (Gordon and Luecke 1989), but two LINKS 
can! (Adams 1994, p. 261). The KNoT Sum of any 
number of knots cannot be the UNKNOT unless each 
knot in the sum is the UNKNOT. 


Knots can be cataloged based on the minimum num- 
ber of crossings present. Knots are usually further bro- 
ken down into PRIME KNOTS. Knot theory was given 
its first impetus when Lord Kelvin proposed a theory 
that atoms were vortex loops, with different chemical 


Knot 


elements consisting of different knotted configurations 
(Thompson 1867). P. G. Tait then cataloged possible 
knots by trial and error. 


Thistlethwaite has used DOWKER NOTATION to enumer- 
ate the number of PRIME KNOTS of up to 13 crossings, 
and ALTERNATING KNOTS up to 14 crossings. In this 
compilation, MIRROR IMAGES are counted as a single 
knot type. The number of distinct PRIME KNOTS N(n)} 
for knots from n = 3 to 13 crossings are 1, 1, 2, 3, 7, 21, 
49, 165, 552, 2176, 9988 (Sloane’s A002863). Combining 
PRIME KNOTS gives one additional type of knot each for 
knots six and seven crossings. 


Let C(n) be the number of distinct PRIME KNOTS of 

n crossings, counting CHIRAL versions of the same knot 

separately. Then 
4(2"-? — 1) < N(n) Se” 

(Ernst and Summers 1987). Welsh has shown that the 

number of knots is bounded by an exponential in n. 


A pictorial enumeration of PRIME KNOTS of up to 10 
crossings appears in Rolfsen (1976, Appendix C). Note, 
however, that in this table, the PERKO PAIR 1061 and 
10:62 are actually identical, and the uppermost crossing 
in 10;44 should be changed (Jones 1987). The kth knot 
having n crossings in this (arbitrary) ordering of knots 
is given the symbol n,. Another possible representation 
for knots uses the BRAID Group. A knot with n+ 1 
crossings is a member of the BRAID GROUP n. There 
is no general method known for deciding whether two 
given knots are equivalent or interlocked. There is no 
general ALGORITHM to determine if a tangled curve is a 
knot. Haken (1961) has given an ALGORITHM, but it is 
too complex to apply to even simple cases. 


If a knot is AMPHICHIRAL, the “amphichirality” is A = 
1, otherwise A = 0 (Jones 1987). ARF INVARIANTS 
are designated a. BRAID WORDS are denoted 6b (Jones 
1987). Conway’s Knot NOTATION C for knots up to 10 
crossings is given by Rolfsen (1976). Hyperbolic volumes 
are given (Adams, Hildebrand, and Weeks 1991; Adams 
1994). The BRAID INDEX # is given by Jones (1987). AL- 
EXANDER POLYNOMIALS A are given in Rolfsen (1976), 
but with the POLYNOMIALS for 10og3 and 10og6 reversed 
(Jones 1987). The ALEXANDER POLYNOMIALS are nor- 
malized according to Conway, and given in abbreviated 
form [ai,a2,... for ay + a2(x2~+ +a2)+.... 


The JONES POLYNOMIALS W for knots of up to 10 
crossings are given by Jones (1987), and the JONES 
POLYNOMIALS V can be either computed from these, or 
taken from Adams (1994) for knots of up to 9 crossings 
(although most POLYNOMIALS are associated with the 
wrong knot in the first printing). The JONES POLYNOo- 
MIALS are listed in the abbreviated form {n} ao a1 ... for 
t~"(ao9 + ait+...), and correspond either to the knot 
depicted by Rolfsen or its MIRROR IMAGE, whichever 
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has the lower POWER of t™'. The HOMFLY Poty- 
NOMIAL P(£,m) and KAUFFMAN POLYNOMIAL F(a, z) 
are given in Lickorish and Millett (1988) for knots of up 


to 7 crossings. 


M. B. Thistlethwaite has tabulated the HOMFLY 
POLYNOMIAL and KAUFFMAN POLYNOMIAL F' for 
KNOTS of up to 13 crossings. 
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see also ALEXANDER POLYNOMIAL, ALEXANDER’S 
HORNED SPHERE, AMBIENT ISOTOPY, AMPHICHIRAL, 
ANTOINE’S NECKLACE, BEND (KNOT), BENNEQUIN’S 
CONJECTURE, BORROMEAN RINGS, BRAID GROUP, 
101201 10,22 10123 10124 10125 BRUNNIAN LINK, BURAU REPRESENTATION, CHEFALO 
KNOT, CLOVE HITCH, COLORABLE, CONWAY’S KNOT, 
CROOKEDNESS, DEHN’S LEMMA, DOWKER NOTATION, 
FIGURE-OF-EIGHT KNOT, GRANNY KNOT, HITCH, IN- 
VERTIBLE KNOT, JONES POLYNOMIAL, KINOSHITA- 
TERASAKA KNOT, KNOT POLYNOMIAL, KNOT Sum, 
10126 10127 10128 10129 10130 LINKING NUMBER, LOOP (KNOT), MARKOV’s THE- 
OREM, MENASCO’S THEOREM, MILNOR’S CONJEC- 
TURE, NASTY KNOT, PRETZEL KNOT, PRIME KNOT, 
REIDEMEISTER MOVES, RIBBON KNOT, RUNNING 
KNOT, SCHONFLIES THEOREM, SHORTENING, SIGNA- 
TURE (KNOT), SKEIN RELATIONSHIP, SLICE KNOT, 
10131 10132 10133 10134 10135 SLip KNOT, SMITH CONJECTURE, SOLOMON’S SEAL 
Knot, SPAN (LINK), SPLITTING, SQUARE KNOT, 
STEVEDORE’S KNOT, STICK NUMBER, STOPPER KNOT, 
TaIT’s KNOT CONJECTURES, TAME KNOT, TANGLE, 
TORSION NUMBER, TREFOIL KNOT, UNKNOT, UN- 
10136 10137 10138 10139 10140 KNOTTING NUMBER, VASSILIEV POLYNOMIAL, WHITE- 
HEAD LINK 
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Knot Diagram 


¥ Weisstein, E. W. “Knots.” http://www.astro.virginia. 
edu/~eww6n/math/notebooks/Knots .m. 


Knot Complement 
Two distinct knots cannot have the same KNOT COM- 
PLEMENT (Gordon and Luecke 1989). 


References 

Cipra, B. “To Have and Have Knot: When are Two Knots 
Alike?” Science 241, 1291-1292, 1988. 

Gordon, C. and Luecke, J. “Knots are Determined by their 
Complements.” J. Amer. Math. Soc. 2, 371-415, 1989. 


Knot Curve 


(x? ~ 1)? = 9°(3 + 2y). 
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Knot Determinant 
The determinant of a knot is |A(—1)|, where A(z) is the 
ALEXANDER POLYNOMIAL. 


Knot Diagram 

A picture of a projection of a KNOT onto a PLANE. Usu- 
ally, only double points are allowed (no more than two 
points are allowed to be superposed), and the double or 
crossing points must be “genuine crossings” which trans- 
verse in the plane. This means that double points must 
look like the below diagram on the left, and not the one 
on the right. 


zat i 
Also, it is usually demanded that a knot diagram con- 
tain the information if the crossings are overcrossings or 
undercrossings so that the original knot can be recon- 
structed. Here is a knot diagram of the TREFOIL KNOT, 


KNOT POLYNOMIALS can be computed from knot dia- 
grams. Such POLYNOMIALS often (but not always) al- 
low the knots corresponding to given diagrams to be 
uniquely identified. 


Knot Exterior 


Knot Exterior 

The COMPLEMENT of an open solid Torus knotted at 
the Knot. The removed open solid TORUS is called a 
tubular NEIGHBORHOOD. 


Knot Linking 

In general, it is possible to link two n-D HYPERSPHERES 
in (n+ 2)-D space in an infinite number of inequivalent 
ways. In dimensions greater than n + 2 in the piece- 
wise linear category, it is true that these spheres are 
themselves unknotted. However, they may still form 
nontrivial links. In this way, they are something like 
higher dimensional analogs of two 1-spheres in 3-D. The 
following table gives the number of nontrivial ways that 
two n-D HYPERSPHERES can be linked in k-D. 


D of spheres | D of space | Distinct Linkings 


40 239 
48 959 
181 3 
182 10438319 
183 3 


Two 10-D HyPERSPHERES link up in 12, 13, 14, 15, and 
16-D, then unlink in 17-D, link up again in 18, 19, 20, 
and 21-D. The proof of these results consists of an “easy 
part” (Zeeman 1962) and a “hard part” (Ravenel 1986). 
The hard part is related to the calculation of the (stable 
and unstable) HOMOTOPY GROUPS of SPHERES. 
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Knot Polynomial 

A knot invariant in the form of a POLYNOMIAL such 
as the ALEXANDER POLYNOMIAL, BLM/HO POoty- 
NOMIAL, BRACKET POLYNOMIAL, CONWAY POLYNOM- 
IAL, JONES POLYNOMIAL, KAUFFMAN POLYNOMIAL F, 
KAUFFMAN POLYNOMIAL X, and VASSILIEV POLYNOM- 
IAL. 
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Knot Problem 

The problem of deciding if two KNOTS in 3-space are 
equivalent such that one can be continuously deformed 
into another. 


Knot Shadow 
A Link DraGRam which does not specify whether cross- 
ings arc under- or overcrossings. 
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Knot Sum 

Two oriented knots (or links) can be summed by placing 
them side by side and joining them by straight bars so 
that orientation is preserved in the sum. This operation 
is denoted #, so the knot sum of knots K, and Kg is 
written 


Ki # Ko = Ko#K). 


see also CONNECTED SUM 


Knot Theory 

The mathematical study of Knots. Knot theory con- 

siders questions such as the following: 

1. Given a tangled loop of string, is it really knotted or 
can it, with enough ingenuity and/or luck, be untan- 
gled without having to cut it? 

2. More generally, given two tangled loops of string, 
when are they deformable into each other? 

3. Is there an effective algorithm (or any algorithm to 
speak of) to make these determinations? 

Although there has been almost explosive growth in the 

number of important results proved since the discov- 
ery of the JONES POLYNOMIAL, there are still many 

“knotty” problems and conjectures whose answers re- 

main unknown. 


see also KNOT, LINK 


Knot Vector 
sec B-SPLINE 


Koch Antisnowflake 
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A FRACTAL derived from the KOCH SNOWFLAKE. The 
base curve and motif for the fractal are illustrated below. 


/\*~ 


The AREA after the nth iteration is 


where A is the area of the original EQUILATERAL TRIAN- 
GLE, so from the derivation for the KOCH SNOWFLAKE, 


A= lim A, = (1~ 3)A= 2A. 


see also EXTERIOR SNOWFLAKE, FLOWSNAKE FRAC- 
TAL, KocH SNOWFLAKE, PENTAFLAKE, SIERPINSKI 
CURVE 
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Koch Island 
see KOCH SNOWFLAKE 


Koch Snowflake 


ees ee 


A FRACTAL, also known as the KOCH ISLAND, which was 
first described by Helge von Koch in 1904. It is built by 
starting with an EQUILATERAL TRIANGLE, removing the 
inner third of each side, building another EQUILATERAL 
TRIANGLE at the location where the side was removed, 
and then repeating the process indefinitely. The Koch 
snowflake can be simply encoded as a LINDENMAYER 
SYSTEM with initial string "F--F--F", STRING REWRIT- 
ING rule "F" -> "F+F--F+F", and angle 60°. The zeroth 
through third iterations of the construction are shown 
above. The fractal can also be constructed using a base 
curve and motif, illustrated below. 


/\~W 


Let Nn be the number of sides, Ln be the length of a 
single side, £, be the length of the PERIMETER, and A, 
the snowflake’s AREA after the nth iteration. Further, 
denote the AREA of the initial n = 0 TRIANGLE A, and 
the length of an initial n = 0 side 1. Then 


Nn = 3 * 4” (1) 
Lys (3)" =3°" (2) 
1 = Nala = 3(2)" (3) 
4” 2n 
3.4771 3. 44-1 
Peo ga ORE Tg igaer 
= Api t 3(4)" 7A. (4) 


The CAPACITY DIMENSION is then 
InNn _ ki In(3 - 4") 


gees In(3~-”) 


dcap = — lim 
bs noo Inn 


= lim In3+nlIn4 
noo nin3 


In4 21n2 
ina tes 1.261859507.... (5) 


Koch Snowflake 


Now compute the AREA explicitly, 


Ao =A (6) 
A= aot} (4)'aqa{i4i 3) } Y 
Ar=A+5(§) o=a{143((2)'+(4) |} 

(8) 
a2 f+} 6) A, (9) 


II 


Some beautiful TILINGS, a few examples of which are 
illustrated above, can be made with iterations toward 
Koch snowflakes. 


In addition, two sizes of Koch snowflakes in AREA ratio 
1:3 TILE the PLANE, as shown above (Gosper). 


Kochansky’s Approximation 


Another beautiful modification of the Koch snowflake 
involves inscribing the constituent triangles with filled-in 
triangles, possibly rotated at some angle. Some sample 
results are illustrated above for 3 and 4 iterations. 


see also CESARO FRACTAL, EXTERIOR SNOWFLAKE, 
GOSPER ISLAND, KOCH ANTISNOWFLAKE, PEANO- 
GOSPER CURVE, PENTAFLAKE, SIERPINSKI SIEVE 
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Kochansky’s Approximation 
The approximation for PI, 


TR & ~ VIB = 3.141538... 


Koebe’s Constant 
A CONSTANT equal to one QUARTER, 1/4. 


see also QUARTER 
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Koebe Function 


2 4 
The function ; 
= oF 
It has a MINIMUM at z = —1, where 
, = 1+2 _ 
f(z)= Ga 


and an INFLECTION POINT at z = —2, where 


2(2 + z) 


@-1e 


f"(z) = 
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Kollros’ Theorem 

For every ring containing p SPHERES, there exists a ring 
of g SPHERES, each touching each of the p SPHERES, 
where 


a 
The HEXLET is a special case with p = 3. 
see also HEXLET, SPHERE 
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Kolmogorov-Arnold-Moser Theorem 

A theorem outlined in 1954 by Kolmogorov which was 
subsequently proved in the 1960s by Arnold and Moser 
(Tabor 1989, p. 105). It gives conditions under which 
CHAOS is restricted in extent. Moser’s 1962 proof was 
valid for Twist MAPS 


6' = 0 + Inf (I) + 9(8,1) (1) 
r=1+ f(6,J). (2) 


In 1963, Arnold produced a proof for Hamiltonian sys- 
tems 
H = Ho(f) + ei (I). (3) 


The original theorem required perturbations « ~ 10~** 
although this has since been significantly increased. 
Arnold’s proof required C™, and Moser’s original proof 
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required C*33, Subsequently, Moser’s version has been 
reduced to C®, then C?**, although counterexamples 
are known for C?. Conditions for applicability of the 
KAM theorem are: 


1. small perturbations, 
2. smooth perturbations, and 
3. sufficiently irrational WINDING NUMBER. 


Moser considered an integrable Hamiltonian function Ho 
with a TORUS To and set of frequencies w having an in- 
commensurate frequency vector w” {i.e., wk 4 0 for all 
INTEGERS k;). Let Ho be perturbed by some periodic 
function Hi. The KAM theorem states that, if Hi is 
small enough, then for almost every w* there exists an 
invariant TORUS T(w*) of the perturbed system such 
that T(w*) is “close to” To(w*). Moreover, the TORI 
T(w”*) form a set of POSITIVE measures whose comple- 
ment has a measure which tends to zero as |Hi| — 0. 
A useful paraphrase of the KAM theorem is, “For suf- 
ficiently small perturbation, almost all Tori (excluding 
those with rational frequency vectors) are preserved.” 
The theorem thus explicitly excludes TORI with ratio- 
nally related frequencies, that is, n — 1 conditions of the 
form 

w-k=0. (4) 


These TORI are destroyed by the perturbation. For a 

system with two DEGREES OF FREEDOM, the condition 
of closed orbits is 

Wy T 

== +, 5 

ar oe (5) 

For a QUASIPERIODIC ORBIT, o is IRRATIONAL. KAM 

shows that the preserved TORI satisfy the irrationality 


condition K(6) 
€ 
5 (6) 


for all r and s, although not much is known about K (e). 


The KAM theorem broke the deadlock of the small di- 
visor problem in classical perturbation theory, and pro- 
vides the starting point for an understanding of the ap- 
pearance of CHaos. For a HAMILTONIAN SYSTEM, the 
ISOENERGETIC NONDEGENERACY condition 


8° Ho 
81,41; 7% ee) 


Wy Tr 


W2 s 


guarantees preservation of most invariant TORI under 
small perturbations e < 1. The Arnold version states 
that 


n n onl 
be Mrwe| > K(e) > |r| (8) 
k=1 k=1 


for all m, € Z. This condition is less restrictive than 
Moser’s, so fewer points are excluded. 

see also CHAOS, HAMILTONIAN SYSTEM, QUASIPERI- 
ODIC FUNCTION, TORUS 
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Kolmogorov-Arnold-Moser Theorem 


Kolmogorov-Sinai Entropy 


Kolmogorov Complexity 

The complexity of a pattern parameterized as the short- 
est ALGORITHM required to reproduce it. Also known 
as ALGORITHMIC COMPLEXITY. 
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Kolmogorov Constant 
The exponent 5/3 in the spectrum of homogeneous tur- 
bulence, k7~5/. 
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Kolmogorov Entropy 

Also known as METRIC ENTROPY. Divide PHASE SPACE 
into D-dimensional HyPERCUBES of CONTENT e?. Let 
Pi,,...,i, be the probability that a trajectory is in Hy- 
PERCUBE 7p at t = 0, 71 at t = T, ig at t = 27, etc. 
Then define 


K,=hx =- > Pi perctn WN Pig sinh (1) 


where Kyi1 — Ky is the information needed to predict 
which HYPERCUBE the trajectory will be in at (n+ 1)T 
given trajectories up to n7. The Kolmogorov entropy is 
then defined by 


N-1 
Stee in i So (Katt ~K,). 7%) 
n=0 


T30¢ 50+ Now NT 


The Kolmogorov entropy is related to LYAPUNOV CHAR- 
ACTERISTIC EXPONENTS by 


es I So a: dy. (3) 


a,>0 


see also HYPERCUBE, LYAPUNOV CHARACTERISTIC Ex- 
PONENT 
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Kolmogorov-Sinai Entropy 
see KOLMOGOROV ENTROPY, METRIC ENTROPY 


Kolmogorov-Smirnov Test 


Kolmogorov-Smirnov Test 

A goodness-of-fit test for any DISTRIBUTION. The test 
relies on the fact that the value of the sample cumulative 
density function is asymptotically normally distributed. 


To apply the Kolmogorov-Smirnov test, calculate the 
cumulative frequency (normalized by the sample size) 
of the observations as a function of class. Then cal- 
culate the cumulative frequency for a true distribu- 
tion (most commonly, the NORMAL DISTRIBUTION). 
Find the greatest discrepancy between the observed and 
expected cumulative frequencies, which is called the 
“D-STATISTIC.” Compare this against the critical D- 
STaTISTIC for that sample size. If the calculated D- 
STATISTIC is greater than the critical one, then reject 
the NULL HYPOTHESIS that the distribution is of the 
expected form. The test is an R-ESTIMATE. 


see also ANDERSON-DARLING STATISTIC, D-STATISTIC, 
KUIPER STATISTIC, NORMAL DISTRIBUTION, R- 
ESTIMATE 
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Konig-Egevary Theorem 

A theorem on BIPARTITE GRAPHS. 

see also BIPARTITE GRAPH, FROBENIUS-KONIG THEO- 
REM 


K6nig’s Theorem 

If an ANALYTIC FUNCTION has a single simple POLE at 
the RADIUS OF CONVERGENCE of its POWER SERIES, 
then the ratio of the coefficients of its POWER SERIES 
converges to that POLE. 


see also POLE 


References 
K6nig, J. “Uber eine Eigenschaft der Potenzreihen.” Math. 
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K6nigsberg Bridge Problem 
1 


6 


The Konigsberg bridges cannot all be traversed in a sin- 
gle trip without doubling back. This problem was solved 
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by Euler, and represented the beginning of GRAPH THE- 
ORY. 


see also EULERIAN CIRCUIT, GRAPH THEORY 
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Korselt’s Criterion 

n DIVIDES a” ~ a for all INTEGERS a IFF n is SQUARE- 
FREE and (p — 1)|n/p — 1 for all PRIME Divisors p of 
n. CARMICHAEL NUMBERS Satisfy this CRITERION. 


References 

Borwein, D.; Borwein, J. M.; Borwein, P. B.; and Girgen- 
sohn, R. “Giuga’s Conjecture on Primality.” Amer. Math. 
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Kovalevskaya Exponent 
see LEADING ORDER ANALYSIS 


Kozyrev-Grinberg Theory 
A theory of HAMILTONIAN CIRCUITS. 


see also GRINBERG FORMULA, HAMILTONIAN CIRCUIT 


Kramers Rate 
The characteristic escape rate from a stable state of a 
potential in the absence of signal. 


see also STOCHASTIC RESONANCE 
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Krawtchouk Polynomial 
Let a(x) be a STEP FUNCTION with the JUMP 


i(2) = C )pra-* (1) 


at c= 0,1,..., N, where p > 0,q > 0, andp+q=1. 
Then 


-1/2 
KP (x) = [@) (pq)~*/? 


pS ea cs) @laace (2) 
v=0 


1004 Kreisel Conjecture 


forn =0,1,..., N. It has WEIGHT FUNCTION 


N\ptqX-* 


Ta+a)r(N+1-—2)’ (3) 


w= 


where [(z) is the GAMMA FUNCTION, RECURRENCE 
RELATION 


(n+ 1)k), (2) + pq(N — n+ 1)k?), (2) 
=[z—-n—(N—2)]k® (x), (4) 


and squared norm 


N! 


nly — mi PD” (5) 


It has the limit 


n/2 
ie (<a) nik?) (Np-+ ./2Npqs) = Hn(s), (6) 


TRF 00 


where H,,(z) is a HERMITE POLYNOMIAL, and is related 
to the HYPERGEOMETRIC FUNCTION by 


k) (a, N) = k&?) (x, N) 
n{N\ a 
= (-1) @E 2F,(—n, —2;-N;1/p) 


(-1)"p" T(N — 2 +1) 
nt I(N-2-n+1) 
X2Fi(—n,-2;N —2—n+1;-q/p). (7) 


see also ORTHOGONAL POLYNOMIALS 
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Kreisel Conjecture 

A CONJECTURE in DECIDABILITY theory which postu- 
lates that, if there is a uniform bound to the lengths of 
shortest proofs of instances of S(n), then the universal 
generalization is necessarily provable in PEANO ARITH- 
METIC. The CONJECTURE was proven true by M. Baaz 
in 1988 (Baaz and Pudldk 1993). 


see also DECIDABLE 
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Kronecker Delta 


Kronecker Decomposition Theorem 

Every FINITE ABELIAN GROUP can be written as 
a DIRECT PropucT of CycLic GROUPS of PRIME 
POWER ORDERS. In fact, the number of nonisomorphic 
ABELIAN FINITE GROUPS a(n) of any given ORDER n 
is given by writing n as 


ae 
n= [> 5 
+ 


where the p; are distinct PRIME FACTORS, then 
a(n) = [[2@) 


where P is the PARTITION FUNCTION. This gives 1, 1, 
1, 2, 1,1, 1, 3, 2,... (Sloane’s A000688). 

see also ABELIAN GROUP, FINITE GROUP, ORDER 
(GROUP), PARTITION FUNCTION P 
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Kronecker Delta 
The simplest interpretation of the Kronecker delta is as 
the discrete version of the DELTA FUNCTION defined by 


5a 60 torits 
a= \1 fori=j. 


(1) 


It has the COMPLEX GENERATING FUNCTION 


1 
omn = = 


m—n—-1 
= 5 dz, (2) 


where m and n are INTEGERS. In 3-space, the Kronecker 
delta satisfies the identities 


es. (3) 

dij€igh = 0 (4) 
Cipq€ipg = 206i; (5) 
€ijkepqk = Sipdjq — 5igSjp, (6) 


where EINSTEIN SUMMATION is implicitly assumed, 
1,7 = 1,2,3, and € is the PERMUTATION SYMBOL. 


Technically, the Kronecker delta is a TENSOR defined by 
the relationship 


Ox, Ox, — Ox, Ox, _ Oz; 
' Orr ox, ~ Oxe Ox, = 


“) 


Since, by definition, the coordinates x; and x; are inde- 


pendent for i # j, 
Oz}, é 
Bet, — 9 (8) 


Zz 


Kronecker’s Polynomial Theorem 


so ; 
i OX; OF1 oe 
= yD. Yl 
7 Ox, dz’, > 


(9) 


and 65 is really a mixed second RANK TENSOR. It sat- 
isfies 


bas?” = asic? = O25¢ — 520) (10) 
Sabjk = GajJbk — GakGbj (11) 
€asyer™ => bai” = 26°. (12) 


see also DELTA FUNCTION, PERMUTATION SYMBOL 


Kronecker’s Polynomial Theorem 
An algebraically soluble equation of ODD PRIME degree 
which is irreducible in the natural FIELD possesses either 


1. Only a single REAL ROOT, or 
2. All REAL Roots. 


see also ABEL’S IRREDUCIBILITY THEOREM, ABEL’S 
LEMMA, SCHOENEMANN’S THEOREM 
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Dorrie, H. 100 Great Problems of Elementary Mathematics: 
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Kronecker Product 
see DIRECT PRopucT (MATRIX) 


Kronecker Symbol 

An extension of the JACOBI SYMBOL (n/m) to all IN- 
TEGERS. It can be computed using the normal rules for 
the JACOBI SYMBOL 


ict) = (ex) Ga) =) GG) 
= (2) (2) @) @) 


plus additional rules for m = —1, 
—-1 forn <0 
(n/-= {5 for n > 0, 


and m = 2. The definition for (n/2) is variously written 
as 


0 = for n even 
(n/2)=<1 for n odd, n=+1 (mod 8) 
-1 for n odd, n = +3 (mod 8) 
or 
0 for 4|n 
(n/2) = 1 for n =1 (mod 8) 
-1 for n = 5 (mod 8) 


undefined otherwise 
(Cohn 1980). Cohn’s form “undefines” (n/2) for SINGLY 
EveEN NUMBERS n = 4 (mod 2) and n = —1,3 (mod 8), 
probably because no other values are needed in applica- 
tions of the symbol involving the DISCRIMINANTS d of 
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QUADRATIC FIELDS, where m > 0 and d always satisfies 
d=0,1 (mod 4). 


The KRONECKER SYMBOL is a REAL CHARACTER mod- 
ulo n, and is, in fact, essentially the only type of REAL 
primitive character (Ayoub 1963). 


see also CHARACTER (NUMBER THEORY), CLASS NUM- 
BER, DIRICHLET L-SERIES, JACOBI SYMBOL, LEGEN- 
DRE SYMBOL 
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Krull Dimension 

If R is a RING (commutative with 1), the height of a 
PRIME IDEAL p is defined as the SUPREMUM of all n so 
that there is a chain po C +++ Pn—-1 C pn = p where all p; 
are distinct PRIME IDEALS. Then, the Krull dimension 
of R is defined as the SUPREMUM of all the heights of 
all its PRIME IDEALS. 


see also PRIME IDEAL 
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Kruskal’s Algorithm 
An ALGORITHM for finding a GRAPH’s spanning TREE 
of minimum length. 


see also KRUSKAL’S TREE THEOREM 
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Kruskal’s Tree Theorem 

A theorem which plays a fundamental role in computer 
science because it is one of the main tools for show- 
ing that certain orderings on TREES are well-founded. 
These orderings play a crucial role in proving the ter- 
mination of rewriting rules and the correctness of the 
Knuth-Bendix equational completion procedures. 


see also KRUSKAL’S ALGORITHM, NATURAL INDEPEN- 
DENCE PHENOMENON, TREE 
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KS Entropy 
see METRIC ENTROPY 
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Kuen Surface 


A special case of ENNEPER’S SURFACES which can be 
given parametrically by 


es 2(cosu + usin u) sin v (1) 


1+ u? sin? v 


271+ u? cos(u — tan} u) sinv 


= eee 2 
1+ u?sin? v (2) 
2(sin u — ucos u) sin v 
= 3 
y 14 usin? v (3) 
2/1 + u? sin(u — tan™’ u) sinv 
aT RS or il (4) 
+ u* sin* v 
z= Inftan(4v)] + —2oe? (5) 


1+ u? sin? v 


for v € [0,7), u € [0, 27) (Reckziegel et al. 1986). The 
Kuen surface has constant NEGATIVE GAUSSIAN CUR- 
VATURE of K = —1. The PRINCIPAL CURVATURES are 
given by 


__ ucos(5v)[—2 — u? + wu? cos(2v)|* sin(3v) (6) 
a 2[2 — u? + u? cos(2v)|(1 + u? sin? v)4 


64u(1 + u? sin? v)4 


(7) 


see also ENNEPER’S SURFACES, REMBS’ SURFACES, 
SIEVERT’S SURFACE 
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[-2 — u? + u? cos(2v)]*[2 — u? + wu? cos(2v)] csc(v) 


Kummer’s Conjecture 


Kuhn-Tucker Theorem 

A theorem in nonlinear programming which states that 
if a regularity condition holds and f and the functions 
h; are convex, then a solution z° which satisfies the con- 
ditions h; for a VECTOR of multipliers \ is a GLOBAL 
MINIMUM. The Kuhn-Tucker theorem is a generaliza- 
tion of LAGRANGE MULTIPLIERS. FARKAS’S LEMMA is 
key in proving this theorem. 


see also FARKAS’S LEMMA, LAGRANGE MULTIPLIER 


Kuiper Statistic 
A statistic defined to improve the KOLMOGOROV- 
SMIRNOV TEST in the TAILS. 


see also ANDERSON-DARLING STATISTIC 
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Kulikowski’s Theorem 

For every POSITIVE INTEGER n, there exists a SPHERE 
which has exactly n LATTICE POINTS on its surface. 
The SPHERE is given by the equation 


(ec -—a)’ +(y-b/? +(z-V2y =e? +2, 


where a and b are the coordinates of the center of the 
so-called SCHINZEL CIRCLE 


(x — ty +y? ao 
(x — i +yr= a5" 


for n = 2k even 


for n = 2k +1 odd 


lI 


and c is its RADIUS. 


see also CIRCLE LATTICE POINTS, LATTICE POINT, 
SCHINZEL’S THEOREM 
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Kummer’s Conjecture 
A conjecture concerning PRIMES. 


Kummer’s Differential Equation 


Kummer’s Differential Equation 


see CONFLUENT HYPERGEOMETRIC DIFFERENTIAL 
EQUATION 


Kummer’s Formulas 
Kummer’s first formula is 


oF (5 +m—k,—n;2m+1;1) 
_ PQm+U0mt+ 3 +k+n) 
~ T(m+i +k) (Qm4+14n)’ 


(1) 


where 2F(a, b; c; z) is the HYPERGEOMETRIC FUNCTION 
with m # —1/2, —1, —3/2,..., and ['(z) is the GAMMA 
FUNCTION. The identity can be written in the more 
symmetrical form as 


_ T(gb+ Dro-a+t1) 
~ P()+ 1)P(46-—a+1)’ 


2Fy (a, b;c; -1) (2) 


where a —~b6+c-— 1 and b is a positive integer. If bis a 
negative integer, the identity takes the form 


P((b|)P(b— a +1) 


aBslestier A) Pee amr iye aca) 


(3) 


(Petkovsek et al. 1996). 


Kummer’s second formula is 


1Fi($ + m;2m + 1;z) = Mo.m(z) 


fore) 2p 
_ ,m+1/2 z 
= 1 ; 
4 1D peer ae 


(4) 


where 1 F(a; 6; z) is the CONFLUENT HYPERGEOMETRIC 
FUNCTION and m # —1/2, —1, —3/2,.... 
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Kumimer’s Function 
see CONFLUENT HYPERGEOMETRIC FUNCTION 


Kummer Group 

A Group of LINEAR FRACTIONAL TRANSFORMATIONS 
which transform the arguments of Kummer solutions to 
the HYPERGEOMETRIC DIFFERENTIAL EQUATION into 
each other. Define 


A(z)=1-2z 
Biz) =1/z, 


then the elements of the group are {I, A, B, AB, BA, 
ABA — BAB}. 
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Kummer’s Quadratic Transformation 
A transformation of a HYPERGEOMETRIC FUNCTION, 


Az 
af (=8:98 7) 
= (1+2z)*2Fi(a,at 4-664 4527). 


Kummer’s Relation 
An identity which relates HYPERGEOMETRIC FUNC- 
TIONS, 


2F,(2a,2b;a+b+ $57) = 2F{(a,b;a+b+ },42(1—2)). 


Kummer’s Series 
see HYPERGEOMETRIC FUNCTION 


Kummer’s Series Transformation 
Let pao ap = a and pee Ck = c be convergent series 
such that 


lim —=A#0 
k->0o Ck 
Then 
co 
_ 3 
a=r+ > (1 AS) as 
k=0 
References 


Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 16, 1972. 


Kummer Surface 


The Kummer surfaces are a family of QUARTIC SUR- 
FACES given by the algebraic equation 


(2? +y'?+ Ze pw’)? — Apgrs = 0, (1) 
where 
3p -— 1 
A= Sees 2 
er (2) 
p,q, 7, and s are the TETRAHEDRAL COORDINATES 
p=w—z-vV20 (3) 
g=w-Zz+ V2x (4) 
r=wt+z+v2y (5) 


s=wtz-V2y, (6) 


1008 Kummer Surface 


and w is a parameter which, in the above plots, is set to 
w = 1. The above plots correspond to p? = 1/3 


(3a? + 3y? + 327 +1)? =0, 
(double sphere), 2/3, 1 
a — 2x7 y? + y4 + 4e72z4 4y?%z4 4a%z? + 4y?2? =0 (7) 
(ROMAN SURFACE), V2, V3 
[(z - 1)? - 207 ][y? - (2 +1)"] =0 (8) 


(four planes), 2, and 5. The case 0 < p? < 1/3 corre- 
sponds to four real points. 


The following table gives the number of ORDINARY 
DouBLE Points for various ranges of :”, corresponding 
to the preceding illustrations. 


Range Real Nodes Complex Nodes 
O<p? <3 4 12 
w= 5 . 
$< <i 4 12 
wal 

Leg <8 16 0 
w= 


uw > 3 16 0 


The Kummer surfaces can be represented parametrically 
by hyperelliptic THETA FUNCTIONS. Most of the Kum- 
mer surfaces admit 16 ORDINARY DOUBLE POINTS, the 
maximum possible for a QUARTIC SURFACE. A special 
case of a Kummer surface is the TETRAHEDROID. 


Nordstrand gives the implicit equations as 


aityt+24—2? 9? — 2? 27 y? 272? -y?2741=0 (9) 


or 


ai ty? +24 + a(x? t+ y? +27) + b(x?y? + 272? +y?2? 
texyz —1=0. (10) 


see also QUARTIC SURFACE, ROMAN SURFACE, TETRA- 
HEDROID 
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Kuratowski’s Closure-Component Problem 
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Kummer’s Test 
Given a SERIES of POSITIVE terms u; and a sequence of 
finite POSITIVE constants a;, let 


, Un 
p= lim [an —G@n41}. 
noo Un4+1 


1. If p > 0, the series converges. 
2. If p < 0, the series diverges. 


3. If p = 0, the series may converge or diverge. 


The test is a general case of BERTRAND’S TEST, the 
Root TEST, GAuss’s TEST, and RAABE’S TEST. With 
Qn = n and @ny1 = n+ 1, the test becomes RAABE’S 
TEST. 


see also CONVERGENCE TESTS, RAABE’S TEST 
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Kummer’s Theorem 


_— Pw+ntdr(ign+]) 


Fi(z,-z;2+n+1;-1)= 
ae, Seen ) T(a+ $n4+1)P(n+1) 


aan py-n) = PAta= BTC fo) 
2Fi(a,B;l+a B; 1) fa r+ a)l (1+ za — f3)’ 


where 2f; is a HYPERGEOMETRIC FUNCTION and [(z) 
is the GAMMA FUNCTION. 


Kuratowski’s Closure-Component Problem 
Let X be an arbitrary TOPOLOGICAL SPACE. Denote 
the CLOSURE of a SUBSET A of X by A” and the com- 
plement of A by A’. Then at most 14 different SETS can 
be derived from A by repeated application of closure and 
complementation (Berman and Jordan 1975, Fife 1991). 
The problem was first proved by Kuratowski (1922) and 
popularized by Kelley (1955). 

see also KURATOWSKI REDUCTION THEOREM 
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Kuratowski Reduction Theorem 

Every nonplanar graph is a SUPERGRAPH of an expan- 
sion of the UTILITY GRAPH UG = K3,3 or the COM- 
PLETE GRAPH K;. This theorem was also proven ear- 
lier by Pontryagin (1927-1928), and later by Frink and 
Smith (1930). Kennedy et al. (1985) give a detailed his- 
tory of the theorem, and there exists a generalization 
known as the ROBERTSON-SEYMOUR THEOREM. 


sce also COMPLETE GRAPH, PLANAR GRAPH, 
RORERTSON-SEYMOUR THEOREM, UTILITY GRAPH 
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Kuratowski’s Theorem 
see KURATOWSKI REDUCTION THEOREM 


we 
ARS 


AN2 


An attractive tiling of the SQUARE composed of two 
types of triangular tiles. 


pk 
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Kurtosis 

The degree of peakedness of a distribution, also called 
the EXCESS or EXCESS COEFFICIENT. Kurtosis is de- 
noted ‘2 (or b2) or G2 and computed by taking the fourth 
MOMENT of a distribution. A distribution with a high 
peak (y2 > 0) is called LEPTOKuURTIC, a flat-topped 
curve (y2 < 0) is called PLATYKURTIC, and the normal 
distribution (yz = 0) is called MESOKURTIC. Let pi de- 
note the ith MOMENT (z'). The FISHER KURTOSIS is 
defined by 


meh=iG 3= 3, (1) 


4 
feos &. (2) 
Au ESTIMATOR for the y2 FISHER KURTOSIS is given by 


ka 
ear oe (3) 
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where the ks are k-STATISTICS. The STANDARD DEVI- 
ATION of the estimator is 


24 
gq" = N- (4) 


see also FISHER KURTOSIS, MEAN, PEARSON KURTOSIS, 
SKEWNESS, STANDARD DEVIATION 
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[,-Norm 
L,-Norm 
A VECTOR NORM defined for a VECTOR 
T1 
x2 
x= 7 
In 


with COMPLEX entries by 


mw 
IIxll: = SO lal. 
rol 


see also L2-NORM, L.o~NORM, VECTOR NORM 
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Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
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L2-Norm 
A VeEcTOR NORM defined for a VECTOR 


with COMPLEX entries by 


IIx]]2 = 


The L2-norm is also called the EUCLIDEAN NORM. The 
L2-norm is defined for a function ¢(x) by 


\1O(2)|| = oe) - oe) = ([b(2)]*) = i [o(a)}? de. 


see also L1-NORM, [2-SPACE, L..-NORM, PARALLELO- 
GRAM Law, VECTOR NoRM 
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L2-Space 
A HILBERT SPACE in which a BRACKET PRODUCT is 
defined by 


(dlv) = [vod (1) 
and which satisfies the following conditions 


(dlh)" = (vd) e 


(2) 
(plArvr + Aza) = Ar (Pl) + Az (Plz) (3) 
(Aridi + Ard2|h) = Ar* (hil) + Av” (Gal) (4) 
(pp) Ee R20 (5) 

| (alte) |? < (rlvr) (2[y2) . (6) 


The last of these is SCHWARZ’S INEQUALITY. 


see also BRACKET PRODUCT, HILBERT SPACE, Le- 
NorM, RtEsz-FISCHER THEOREM, SCHWARZ’S_IN- 
EQUALITY 


Lyo-Norm 
A VECTOR NORM defined for a VECTOR 
Zi 
x2 
x= . ’ 
In 


with COMPLEX entries by 


|[xI]o0 = max [xsl 


see also L1-NORM, L2-NoRM, VECTOR NORM 
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L,-Balance Theorem 
If every component L of X/O,(X) satisfies the 
“Schreler property,” then 


Ly (¥) < Ly(X) 


for every p-local SUBGROUP Y of X, where Lp’ is the 
p-LAYER. 


see also p-LAYER, SUBGROUP 


L-Estimate 

A ROBUST ESTIMATION based on linear combinations 
of ORDER STATISTICS. Examples include the MEDIAN 
and TUKEY’S TRIMEAN. 


see also M-ESTIMATE, R-ESTIMATE 
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L-Function 


see ARTIN L-FUNCTION, DIRICHLET L-SERIES, EULER 
L-FUNCTION, HECKE L-FUNCTION 


L-Polyomino 


as Fb Et 


The order n > 2 L-polyomino consists of a vertical line 
of n SQUARES with a single additional SQUARE attached 
at the bottom. 


see also L-POLYOMINO, SKEW POLYOMINO, SQUARE, 
SQUARE POLYOMINO, STRAIGHT POLYOMINO 


L-Series 
see DIRICHLET L-SERIES 


L-System 
see LINDENMAYER SYSTEM 


L’Hospital’s Cubic 
see TSCHIRNHAUSEN CUBIC 


L’Hospital’s Rule 

Let lim stand for the LIMIT limz-,-, lim,_,,-, lim,_,,+, 
limz-+o0, or limg-+—-.o, and suppose that lim f(r) and 
lim g(x) are both ZERO or are both too. If 


£'(z) 

g'(x) 

has a finite value or if the LIMIT is -too, then 

U 
tim £0) © tim £2), 
g(2) g'(z) 

L’Hospital’s rule occasionally fails to yield useful results, 
as in the case of the function limu—oo u(u? + ty". Re- 


peatedly applying the rule in this case gives expressions 
which oscillate and never converge, 


lim ———~ = lim eet ee 
Uu-r OO (u? + 1)3/2 ~ u>co u(u? + 1)-1/2 


(u? + 1)?/? ae u(u? +.1)71/? 
uU 


uU- oO 1 


lim 


= lim 
un 


= lm ——“; 
7 U->CO (u? + 1)¥/2 , 


(The actual LimIr is 1.) 
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L’Huilier’s Theorem 

Let a SPHERICAL TRIANGLE have sides of length a, 8, 
and c, and SEMIPERIMETER s. Then the SPHERICAL 
Excess A is given by 


tan(;A) 


= 1/tan(}s) tan[}(s — a)] tan[5(s — 6)] tan[$(s — c)}. 


see also GIRARD’S SPHERICAL EXCESS FORMULA, 
SPHERICAL EXCESS,SPHERICAL TRIANGLE 
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Labelled Graph 
A labelled graph G = (V,£) is a finite series of VER- 
TICES V with a set of EDGES F of 2-SuUBSETS of V. 


Given a VERTEX set V, = {1, 2, ..., n}, the number 
of labelled graphs is given by 2-1/2, Two graphs G 
and H with VERTICES V, = {1, 2, ..., n} are said to 


be ISOMORPHIC if there is a PERMUTATION p of V, such 
that {u,v} is in the set of EDGES E(G) IFF {p(u), p(v)} 
is in the set of EDGES E(H). 


see also CONNECTED GRAPH, GRACEFUL GRAPH, 
GRAPH (GRAPH THEORY), HARMONIOUS GRAPH, 
MAGIC GRAPH, TAYLOR’S CONDITION, WEIGHTED 
TREE 
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Lacunarity 

Quantifies deviation from translational invariance by de- 
scribing the distribution of gaps within a set at multiple 
scales. The more lacunar a set, the more heterogeneous 
the spatial arrangement of gaps. 


Ladder 


see ASTROID, CROSSED LADDERS PROBLEM, LADDER 
GRAPH 


Ladder Graph 


A GRAPH consisting of two rows of paired nodes each 
connected by an EDGE. Its complement is the COCK- 
TAIL PARTY GRAPH. 


see also COCKTAIL PARTY GRAPH 


Lagrange Bracket 


Lagrange Bracket 
Let F' and G be infinitely differentiable functions of 2, 
u, and p. Then the Lagrange bracket is defined by 


i _ wo [oF (aG aG 
wel= |S (32 +-Z] 


v=1 


OG /0F OF 
Opv kgs, 7? »%)) ney) 


The Lagrange bracket satisfies 


[F,G] = -[G, F] (2) 
([F, G], A] + [[G, H], F] + (LH, F], G] 
= Fig,a}+ Sun, rj+ Sig. (9) 


If F and G are functions of x and p only, then the La- 
grange bracket [F,G] collapses the POISSON BRACKET 
(F,G). 

see also LIE BRACKET, POISSON BRACKET 
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Lagrange-Biirmann Theorem 
see LAGRANGE INVERSION THEOREM 


Lagrangian Coefficient 
COEFFICIENTS which appear in LAGRANGE INTERPO- 
LATING POLYNOMIALS where the points are equally 
spaced along the ABSCISSA. 


Lagrange’s Continued Fraction Theorem 

The REAL ROOTS of quadratic expressions with integral 
COEFFICIENTS have periodic CONTINUED FRACTIONS, 
as first proved by Lagrange. 


Lagrangian Derivative 
see CONVECTIVE DERIVATIVE 


Lagrange’s Equation 
The PARTIAL DIFFERENTIAL EQUATION 


(1+ fy’) fer + 2fefyfey + (1+ te ius = 0, 


whose solutions are called MINIMAL SURFACES. 
see also MINIMAL SURFACE 
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Lagrange Expansion 
Let y = f(x) and yo = f(xo) where f'(zo) # 0, then 


kf gk-l aa k 
samt). (y— uo) {oe Fa 22_| 


g(x) = Jen) 
oe" (2 [ro (35) ]] 


see also MACLAURIN SERIES, TAYLOR SERIES 
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Lagrange’s Four-Square Theorem 

A theorem also known as BACHET’S CONJECTURE which 
was stated but not proven by Diophantus. It states that 
every POSITIVE INTEGER can be written as the SuM 
of at most four SQUARES. Although the theorem was 
proved by Fermat using infinite descent, the proof was 
suppressed. Euler was unable to prove the theorem. The 
first published proof was given by Lagrange in 1770 and 
made use of the EULER FOUR-SQUARE IDENTITY. 


see also EULER FOUR-SQUARE IDENTITY, FERMAT’S 
POLYGONAL NUMBER THEOREM, FIFTEEN THEOREM, 
VINOGRADOV’S THEOREM, WARING’S PROBLEM 


Lagrange’s Group Theorem 

Also known as LAGRANGE’S LEMMA. If A is an ELE- 
MENT of a FINITE GROUP of order n, then A” = 1. This 
implies that e|n where e is the smallest exponent such 
that A® = 1. Stated another way, the ORDER of a SUB- 
GROUP divides the ORDER of the GROUP. The converse 
of Lagrange’s theorem is not, in general, true (Gallian 
1993, 1994). 
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Lagrange’s Identity 
The vector identity 


(Ax B)-(Cx D) = (A-C)(B-D) - (A-D)(B-C). (1) 
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This identity can be generalized to n-D, 


(al x ++: X an—1): (bi x --- X Da-i) 
ai-by oe ai-brn-a 
=e : |, @ 
€an-1-bi €an—1-Dn-1 


where |A| is the DETERMINANT of A, or 


(Ee5) -(Z~)(E») 


— $2 (ands - ajbe)?. (3) 


1gk<jsn 


see also VECTOR TRIPLE PRODUCT, VECTOR QUAD- 
RUPLE PRODUCT 
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Lagrange’s Interpolating Fundamental Poly- 

nomial 

Let [(x) be an nth degree POLYNOMIAL with zeros at 
@1,..-, &m. Then the fundamental POLYNOMIALS are 


= Uz) (1) 


They have the property 
l,(x) = Sup, (2) 


where 6,, is the KRONECKER DELTA. Now let fi, ..., 
fn be values. Then the expansion 


En(z) =} > folr(z) (3) 


gives the unique LAGRANGE INTERPOLATING POLY- 
NOMIAL assuming the values f, at z,. Let da(x) be 
an arbitrary distribution on the interval [a,b], {pa(x)} 
the associated ORTHOGONAL POLYNOMIALS, and 1;(z), 
...,l, (x) the fundamental POLYNOMIALS corresponding 
to the set of zeros of pn(x). Then 


b 
[etal dale) = rubve (4) 
a 
forv,u=1,2,..., 7, where A, are CHRISTOFFEL NUM- 
BERS. 
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Lagrange Interpolating Polynomial 


Lagrange Interpolating Polynomial 


=6 


The Lagrange interpolating polynomial is the POLY- 
NOMIAL of degree n — 1 which passes through the n 


points yx = f(r1), yo = f(z2), .--, yn = f(tn). It 
is given by 
P(z) = 5 P,(2), (1) 
j=l 
where . 
= ee Aa Fy 

ie) = T] =F (2) 

k#5 


Written explicitly, 


(a — w2)(u — %3)++:(“@— Bn) 
(x1 — £2)(x1 — 3) +++ (Z1 — Zn) 
(x — 21)(a — v3) +++ (x — En) 
(x2 — 1)(a2 — 3) +++ (w2 — tn) 
(w — @1)(@ ~ w2) --- (@ ~ &n-1) 
(tn — 21)(@n — £2)++-(@n — a di (3) 


P(x) = 


Yyator: 


+ 


For n = 3 points, 


(x — w2)(a — #3) (x — #1)(x — ¥3) 


P(r) = (x1 — ©2)(x1 — 23) (zz — £1)(xz2 — £3) 
_(@ = &1)(@ = 22) | 
(x3 — 21)(x3 — £2) m) 
P'(2) = 22 — Lz — £3 : 2¢ ~ £1 — 3 


(1 — £2)(#1 — a3)” (x2 — 21) (ze — x3)” 
2x — £1 — £2 
(x3 — 21) (a3 — 2) o> (5) 


Note that the function P(x) passes through the points 
(zi, yi), as can be seen for the case n = 3, 


(x1 — x2){x1 — x3) (x1 — 1)(x1 — x3) 


ae (1 — @2)(@1 — a)" * (we — 1) (2 — @) 
(21 —21)(@1 — 22) 
(a3 — 1)(43 — 42)? (6) 
P(a2) = (t2 — %2)(t2 — 43) (v2 — #1) (22 — 3) 9, 


(a1 am v2)(x1 oa x3) (x2 = 21)(x2 — x3) 


Lagrange Inversion Theorem 


(go =e )(te = F3) 

Gee. 2 as) AG. = a) ¥3 = Ye (7) 
(zg — ©2)(43 — £3) 
(a1 — x2)(x1 — ws) 

aE Bw o 


(xg ~ £1)(x3 — £3) 
(x2 — %1)(x2 — zs) 


P(x3) = 


Generalizing to arbitrary n, 


= S— Pr(z;) 


= So Sjnye = ys. (9) 
k=1 


The Lagrange interpolating polynomials can also be 
written using 


n(a) = [| (@- ae), (10) 
n(z3) = | [(@ — 2x), (11) 
m (x3) ~ ].... = II (a3 = Tk); | 
sae 
so ty 
7 n(x) 
P(x) = > ee Fm (13) 


Lagrange interpolating polynomials give no error esti- 
mate. A more conceptually straightforward method for 
calculating them is NEVILLE’S ALGORITHM. 


see also AITKEN INTERPOLATION, LEBESGUE CON- 
STANTS (LAGRANGE INTERPOLATION), NEVILLE’S AL- 
GORITHM, NEWTON’S DIVIDED DIFFERENCE INTERPO- 
LATION FORMULA 
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Lagrange Inversion Theorem 
Let z be defined as a function of w in terms of a param- 
eter a by 

z—w+ad(z). 
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Then any function of z can be expressed as a POWER 
SERIES in a which converges for sufficiently small a and 
has the form 

a’ 


F(z) = F(w) + 24(w)F(w) + 252 (dy F'w)} 
aon {lo(w)]*F (w)} + 
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Lagrange’s Lemma 
see LAGRANGE’S FOUR-SQUARE THEOREM 


Lagrange Multiplier 

Used to find the EXTREMUM of f(x1,22,...,2%n) sub- 
ject to the constraint g(r1,22,...,2n) = C, where 
f and g are functions with continuous first PARTIAL 
DERIVATIVES on the OPEN SET containing the curve 
g(z1,22,...,2n) = 0, and Vg # 0 at any point on the 
curve (where V is the GRADIENT). For an EXTREMUM 
to exist, 


OF gery: OF ae Fs bt 


Oz, 0x2 + On, 


But we also have 


df = dz, =0. (1) 


og dg Og 
= le —_ arse) oo =U. 2 
dg Dex dx + Ass daz +...+ ae din =0. (2) 
Now multiply (2) by the as yet undetermined parameter 
and add to (1), 


of OF 4. 2) 
(a +52) eS on Ba (s+ v2 ree ata 


of 
OLn 


Note that the differentials are all independent, so we can 
set any combination equal to 0, and the remainder must 
still give zero. This requires that 


Hs, +(<4 +AZ2.) dan =0. (3) 


of og _. 
for all k = 1, ..., n. The constant X is called the 


Lagrange multiplier. For multiple constraints, g, = 0, 
92 =0,..., 


VF =AIV Gg + A2Vg2+..-. (5) 


see also KUHN-TUCKER. THEOREM 


References 

Arfken, G. “Lagrange Multipliers.” §17.6 in Mathematical 
Methods for Physicists, 8rd ed. Orlando, FL: Academic 
Press, pp. 945-950, 1985. 


1016 


Lagrange Number (Diophantine Equation) 
Given a FERMAT DIFFERENCE EQUATION (a quadratic 
DIOPHANTINE EQUATION) 


x ry? =4 


with r a QUADRATIC SURD, assign to each solution 2|y 
the Lagrange number 


z=i(et+yr). 


The product and quotient of two Lagrange numbers are 
also Lagrange numbers. Furthermore, every Lagrange 
number is a POWER of the smallest Lagrange number 
with an integral exponent. 


see also PELI, EQUATION 
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Lagrange Number (Rational 
Approximation) 

Hurwitz’s IRRATIONAL NUMBER THEOREM gives the 
best rational approximation possible for an arbitrary ir- 
rational number a as 


The L,, are called Lagrange numbers and get steadily 
larger for each “bad” set of irrational numbers which is 
excluded. 


n Exclude Ly 


1 none V5 
2 ¢@ v8 
Y221 
3 v2 a oa 
Lagrange numbers are of the form 
4 
9 


where m is a MARKOV NUMBER. The Lagrange numbers 
form a SPECTRUM called the LAGRANGE SPECTRUM. 


see also HURWITZ’S IRRATIONAL NUMBER THEO- 
REM, LIOUVILLE’S RATIONAL APPROXIMATION THE- 
OREM, LIOUVILLE-ROTH CONSTANT, MARKOV Num- 
BER, ROTH’S THEOREM, SPECTRUM SEQUENCE, THUE- 
SIEGEL-ROTH THEOREM 
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Lagrange Polynomial 
see LAGRANGE INTERPOLATING POLYNOMIAL 


Lagrange Number (Diophantine Equation) 


Laguerre Differential Equation 


Lagrange Remainder 
Given a TAYLOR SERIES, the error after n terms is 
bounded by 
2 fP%) ‘ 
a 
for some € € (a, Zz). 
see also CAUCHY REMAINDER FORM, TAYLOR SERIES 


Lagrange Resolvent 
A quantity involving primitive cube roots of unity which 
can be used to solve the CUBIC EQUATION. 


References 

Faucette, W. M. “A Geometric Interpretation of the Solution 
of the General Quartic Polynomial.” Amer. Math. Monthly 
103, 51-57, 1996. 


Lagrange Spectrum 

A SPECTRUM formed by the LAGRANCE NUMBERS. The 
only ones less than three are the LAGRANGE NUMBERS, 
but the last gaps end at FREIMAN’S CONSTANT. REAL 
NuMBERS larger than FREIMAN’S CONSTANT arc in the 
MARKOV SPECTRUM. 


see also FREIMAN’S CONSTANT, LAGRANGE NUMBER 
(RATIONAL APPROXIMATION), MARKOV SPECTRUM, 
SPECTRUM SEQUENCE 


References 
Conway, J. H. and Guy, R. K. The Book of Numbers. New 
York: Springer-Verlag, pp. 187-189, 1996. 


Laguerre Differential Equation 


ry’ +(1—2)y' +rAy = 0. (1) 


The Laguerre differential equation is a special case of the 
more general “associated Laguerre differential equation” 


ry’ +(v+1l—a2)y +rAy =0 (2) 


with vy = 0. Note that if A = 0, then the solution to the 
associated Laguerre differential equation is of the form 


y" (x) + P(x)y'(z) = 0, (3) 


and the solution can be found using an INTEGRATING 
FACTOR 


exp ( / P(a) a) eee ( | ae ie) 


exp[(v + 1) Ing — 2] =2"**e™*, (4) 


z 
iI 


It 


so 


dz e” 
v= 0 f Brome f Soy do+ Gr (5) 


The associated Laguerre differential equation has a 
REGULAR SINGULAR POINT at 0 and an IRREGULAR 


Laguerre Differential Equation 


SINGULARITY at oo. It can be solved using a series ex- 
pansion, 


x SS n(n — lana”? +(vt+i1) S nan,w”* 
nm n=l 


—2 s nape” 14+ 3 anz" =0 (6) 
n=l n=0 


Si n(n — anew") + (v +1) SS none” * 
n=1 


n=? 
fo <) oO 
7 So nana” + SO anz” =0 (7) 
n=1 n=0 


oO CO 
Stn + 1)nanyiz” + (v +1) SG + lan+y12" 


n=l n=0 


-_ Saat + Sanz” =0 (8) 


n—1 n=O 


[(n + 1)ai + Aao] 


+ Sotl(n +1)n+(yt1)(n+ IJangi — nan + AQn}2” 
n=1 


=0 (9) 


[(m + 1)a1 + Aao] 

+ So[(nt I(ntu+1ansi + (A-n)an|z” = 0. (10) 
n=1 

This requires 


A 


= 11 

ar Pra a ( ) 
nm— XX 

= me 12 

acum re 1) eee | 12) 


for n > 1. Therefore, 


n-A 


(n+ l)(ntv+1)” (13) 


an41 = 


for n = 1, 2,..., so 
a (1 = A) 2 
x x 
vy+i1 Q(v + 1)(v + 2) 


d(1 — )(2— A) 
2-3(v + 1)(v+2)(v + 3) 


Y¥ = ao E 


tee. (14) 


If \ is a POSITIVE INTEGER, then the series terminates 
and the solution is a POLYNOMIAL, known as an asso- 
ciated LAGUERRE POLYNOMIAL (or, if vy = 0, simply a 
LAGUERRE POLYNOMIAL). 


see also LAGUERRE POLYNOMIAL 
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Lagucrre-Gauss Quadrature 

Also called Gauss-LAGUERRF QUADRATURE or La- 
GUERRE QUADRATURE. A GAUSSIAN QUADRATURE 
over the interval (0,00) with WEIGHTING FUNCTION 
W(x) =e”. The ABSCISSAS for quadrature order n 
are given by the ROOTS of the LAGUERRE POLYNOMI- 
ALS Ln(z). The weights are 


An41Yn = An Yn—1 
AnLi(ri)Ln4i(ti) An-1 Does 
1 


Wi = 


where A,, is the COEFFICIENT of x” in L,(x). For LA- 
GUERRE POLYNOMIALS, 


An = (~1)"n!}, (2) 
where n! is a FACTORIAL, so 
‘an, = —(n +1). (3) 
Additionally, 
Yn _ 1, (4) 
so 
ree n+1 = n (5) 
; En+1(i)Ln (a) Ln-1 (ai) Lh (a) 


(Note that the normalization used here is different than 
that in Hildebrand 1956.) Using the recurrence relation 


aL, (2) — nL,(x) — nLy-1(z) 
=(e@ n> 1)Ln(x)+(n+1)Ln4i(x) (6) 
which implies 


aiL,, (i) = —nLn-1(2i) = (n+ 1)En+1(2i) (7) 


gives 
ae 1 = Zi 
‘= FiA@P @+iPinepe © 
The error term is 
2 
B= EE 006) (9) 


Beyer (1987) gives a table of ABSCISSAS and weights up 
ton =6. 


Li Wi 
2 0.585786 0.853553 
3.41421 0.146447 
3 0.415775 0.711093 
2.29428 0.278518 
6.28995  0.0103893 
4 0.322548 0.603154 
1.74576 0.357419 
4.53662 0.0388879 
9.39507 0.000539295 
5 0.26356 0.521756 
1.4134 0.398667 
3.59643 0.0759424 
7.08581 0.00361176 
12.6408 0.00002337 
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The ABSCISSAS and weights can be computed analyti- 
cally for small n. 


2 2-V2 3(2+Vv2) 
2+V72 4(2- v2) 


For the associated Laguerre polynomial L8(x) with 
WEIGHTING FUNCTION w(x) = 2%e7*, 


An = (—1)” (10) 


and 
"Yn = nt | aoe * dg =n'T(n+684+1). (11) 
) 


The weights are 
_nt(nt+B+1)_ nil (n+84+1)ai 
wi[Lhn (s))? [22,1 (zs) )? 


where I'(z) is the GAMMA FUNCTION, and the error term 
is 


nit(n + 8+ 1) 


En = aay 8). (13) 
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Laguerre’s Method 
A Root-finding algorithm which converges to a COM- 
PLEX ROOT from any starting position. 


Pax) = (@ - @1)(@ — @2)---(@ — tn) (1) 


In |Pp(#)| = In |2—21|+In|2—22|+...4+In]xr—2z,| (2) 


Pi(z) = (e—22)---(2@-—an) + («@—a1)+--(w@ —an) +... 


1 
= P,(a) (——— +... —) (3) 
din|P,(z)| 1 1 1 
dz ~ 2 By Sea eae 
Paley, — 
d? In|P,(x)| 
= dz? 


ee ee ee ee 
~ (g@—a1)? © (2-22)? "(x — an)? 


_ (Pie) ]? P(e) _ 
= Bel - Pig (5) 


Laguerre Polynomial 


Now let @ = x2-— 2, andb=z-— a. Then 


=<). ona 
tare (6) 
=f n-1 
Pa (7) 
so n 
a= (8) 


max lex J(n —1)(rnH — G3) | , 


Setting n = 2 gives HALLEY’sS IRRATIONAL FORMULA. 


see also HALLEY’S IRRATIONAL FORMULA, HALLEY’S 
METHOD, NEWTON’S METHOD, ROOT 
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Laguerre Polynomial 


Solutions to the LAGUERRE DIFFERENTIAL EQUATION 
with » = 0 are called Laguerre polynomials. The 
Laguerre polynomials L,(x) are illustrated above for 
x € [0,1] andn=1, 2,..., 5. 


The Rodrigues formula for the Laguerre polynomials is 


a a ee (1) 


and the GENERATING FUNCTION for Laguerre polyno- 
mials is 


exp (- 77) 
= 

+(da? — 22 41)27 + (—32° + $27 — 32+ 1)z* +... 

(2) 


g(x, z) = =1+(-24+1)z 


A CONTOUR INTEGRAL is given by 


1 e  22/(1-2z) 


ni J (1—z)2n41 


Ln(x) = 5 dz. (3) 


Laguerre Polynomial 


The Laguerre polynomials satisfy the RECURRENCE RE- 
LATIONS 


(n+ 1) ELnyi(z) = (2Qn+1—- x)Lyp(x) —- nbn-i(x) (4) 
(Petkovéek et al. 1996) and 
cL) (2) = n£Ly(x) — nLn-1(2). (5) 


The first few Laguerre polynomials are 


Lo(x) = 1 

In{2)=-x2+1 

L2(x) = 3(2” — 4a + 2) 

L3(«) = 4(—a* + 92” — 182 + 6). 


Solutions to the associated LAGUERRE DIFFERENTIAL 
EQUATION with vy # 0 are called associated Laguerre 
polynomials L¥(x). In terms of the normal Laguerre 
polynomials, 


Ln (x) = La(c). (6) 


The Rodrigues formula for the associated Laguerre poly- 
nomials is 


La) = fe Feta) 
= (-1)" Ent e(2)] (7) 
yay" +k)! - 
' aes rae al (8) 


and the GENERATING FUNCTION is 


—2(k+2)c+(k+1)(k+2)]2? 


eae 
(9) 


The associated Laguerre polynomials are orthogonal 
over [0,co) with respect to the WEIGHTING FUNCTION 


TL 


ue 
ee ! 
| e *a* LE (x) L*, (x) dx = (et (10) 
- ! 
where dmn is the KRONECKER DELTA. They also satisfy 


[ eet (2)? dr = (2+ Bom +k+1). (11) 


RECURRENCE RELATIONS include 


n 


>_ uh @) 


v=0 


= Let) (2) (12) 
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and 
EO) (2) = LE7)(2) = LE). (13) 


The DERIVATIVE is given by 


4 5fo)(9) = — 


ray 
ae (x) 


= 27 "[nL& (2) — (n+ a) LE, (z). (14) 


In terms of the CONFLUENT HYPERGEOMETRIC FUNC- 
TION, 


(kK + tis 


L* (x) = 1 Fy(—b; k + 1;2). (15) 


An interesting identity is 
3 — Ee) ay = (aw)? Ju(2VEG), (16) 
Tint+at had = , 


where ['(z) is the GAMMA FUNCTION and J,(z) is the 
BESSEL FUNCTION OF THE FIRST KIND (Szegd 1975, 
p. 102). An integral representation is 


en Fx%/? T(z) = al ete" to/2 7, (2./tx ) dt (17) 
"J0 


forn = 0, 1,...and a > —1. The DISCRIMINANT is 


Dio) ae II aa Sal an a’? (18) 


vol 


(Szegé 1975, p. 143). The KERNEL POLYNOMIAL is 


n+1 {[n+a\_ 
I'(a+ 1) n 
LI) (x) L(y) ~ L&, (x) Ln(a)(y) 
c—y 


K@® (2,y) = 


where (7) is a BINOMIAL COEFFICIENT (Szegd 1975, 
p. 101). 


The first few associated Laguerre polynomials are 


Lé(x2) =1 
Li(e2)=—-a#+k+1 
L(x) = 3[a” — 2(k + 2)e + (k + 1)(k + 2)] 


L3(x) = t[-2° + 3(k + 3)? — 3(k + 2)(k + 3)e 


+(k+1)(k + 2)(k + 3)]. 


see also SONINE POLYNOMIAL 
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Laguerre Quadrature 

A GAUSSIAN QUADRATURE-like FORMULA for numerical 
estimation of integrals. It fits exactly all POLYNOMIALS 
of degree 2m — 1. 
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p. 61, 1960. 


Laguerre’s Repeated Fraction 
The CONTINUED FRACTION 


(2+1)"~-(@-1)"_ an n?-1n? -2? 
(e+1)"*+(e@-1)" c+ 3r+ Bat... 
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Laisant’s Recurrence Formula 
The RECURRENCE RELATION 


(n— 1)Angi = (n® —1)An + (n+ 1)An-1 + 4(-1)” 


with A(1) = A(2) = 1 which solves the MARRIED Covu- 
PLES PROBLEM. 


see also MARRIED COUPLES PROBLEM 


Lakshmi Star 
see STAR OF LAKSHMI 


Laman’s Theorem 


Lal’s Constant 
Let P(N) denote the number of PRIMES of the form 
n?41 fori <n<N, then 


P(N) ~ 0.68641 1i(N), (1) 


where li(N) is the LOGARITHMIC INTEGRAL (Shanks 
1960, pp. 321-332). Let Q(N) denote the number of 
PRIMES of the form n* + 1 for 1 <n < N, then 


Q(N) ~ 18, i(N) = 0.66974 li(N) (2) 


(Shanks 1961, 1962). Let R{N) denote the number of 
pairs of PRIMES (n—1)?+1 and (n+1)?+1 forn < N-1, 
then 

R(N) ~ 0.48762 liz(N), (3) 


where 
lig(N) = | an (4) 


(Shanks 1960, pp. 201-203). Finally, let S({V) denote 
the number of pairs of PRIMES (n—1)4+1 and (n+1)4+1 
for n < N — 1, then 


S(N) ~ Alio(N) (5) 


(Lal 1967), where 4 is called Lal’s constant. Shanks 
(1967) showed that A ~ 0.79220. 
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Math. 


Lam’s Problem 

Given an 111 x 111 MATRIX, fill 11 spaces in each row 
in such a way that all columns also have 11 spaces filled. 
Furthermore, each pair of rows must have exactly one 
filled space in the same column. This problem is equiva- 
lent to finding a PROJECTIVE PLANE of order 10. Using 
a computer program, Lam showed that nou such arrange- 
ment exists. 


see also PROJECTIVE PLANE 


Laman’s Theorem 

Let a GRAPH G have exactly 2n — 3 EDGES, where n is 
the number of VERTICES in G. Then G is “generically” 
RIGID in R? IFF e’ < 2n’ — 3 for every SUBGRAPH of G 
having n’ VERTICES and r’ EDGES. 

see also RIGID 
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Lambda Calculus 


Lambda Calculus 

Developed by Alonzo Church and Stephen Kleene to 
address the COMPUTABLE NUMBER problem. In the 
lambda calculus, 4 is defined as the ABSTRACTION OP- 
ERATOR. Three theorems of lambda calculus are A- 
conversion, a@-conversion, and 7-conversion. 


see also ABSTRACTION OPERATOR, COMPUTABLE 


NUMBER 
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Lambda Function 


The lambda function defined by Jahnke and Emden 
(1945) is 


(1) 


a) 


2 


A(z) = = 2jinc(z), (2) 


where Ji(z) is a, BESSEL FUNCTION OF THE FIRST KIND 
and jinc(z) is the JINC FUNCTION. 


A two-variable lambda function defined by Gradshteyn 
and Ryzhik (1979) is 


A(z, y) = [ oe a (3) 


ied 


where I'(z) is the GAMMA FUNCTION. 


see also AIRY FUNCTIONS, DIRICHLET LAMBDA FUNC- 
TION, ELLIPTIC LAMBDA FUNCTION, JINC FUNCTION, 
LAMBDA HYPERGEOMETRIC FUNCTION, MANGOLDT 
FUNCTION, Mu FUNCTION, NU FUNCTION 
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Lambda Group 
The set of linear fractional transformations w which sat- 
isfy 
at +b 
i= 

sd Raat +a 
where a and d are ODD and b and c are EVEN. Also 
called the THETA SUBGROUP. It is a SUBGROUP of the 
GAMMA GROUP. 


see also GAMMA GROUP 


Lambda Hypergeometric Function 


X(t) = 16q Ul GS) (1) 


n=} 
where g is the NOME. The lambda hypergeometric func- 
tions satisfy the recurrence relationships 


Xt +2) = A(t) (2) 


\(s4) ACH); (3) 


Lambert Azimuthal sega Projection 


z = k' cos¢sin(A — do) (1) 
y = k'[cos ¢1 sind — sin di cos¢cos(A — Ao)], (2) 


where 


nee : (3) 
~ Vi 1+sin di sind + cos ¢1 cos ¢cos(A — Ao)” 


The inverse FORMULAS are 


Pe ; sin c cos 
@=sin * (cos sin + usin coets | 


p 

si 
xzsine ) (5) 
pcos g; cose — ysing; sine 


X=Ao + tan? ( 


where 
p= Vv? ty? (6) 
c = 2sin™*(4p). (7) 
References 


Snyder, J. P. Map Projections—A Working Manual. U. 8S. 
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Lambert Conformal Conic Projection 


“ Dyefte eo 
aay 


Safes 
x = psin{n(A — Ao)] (1) 
y = po — pcos[n(A — ro)], (2) 
where 
p= Fcot"(in + $¢) (3) 
po = Fot"(4m + $¢0) (4) 
P= cos $1 calle 51) (5) 
In{cos ¢1 sec 2) 


Se tae, | 96) 


~ Inftan(ta + 34) cot(t4 + 341)] 


The inverse FORMULAS are 


1/n 
¢@ = 2tan* (5) | —in (7) 


6 
= henge 
° as n’ (8) 
where 
p= sgn(n) ./x? + (po — y)? (9) 
@ = tan™* ( Z ) (10) 
Po —-Yy 
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Lambert’s Method 
A Root-finding method also called BAILEY’s METHOD 
and HUTTON’S METHOD. If 9(x) = 2? — 1, then | 


(d—1)24 + (d+1)r 


gle) = (d+ 1)x4 + (d— 1)r 
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Lambert’s Transcendental Equation 


Lambert Series 
A series of the form 


for |z| < 1. Then 


F(z) = Svan S > a™ = So bya, (2) 


where 


bv = Sean. (3) 


n{N 


Some beautiful series of this type include 


yO <2 () 
y a(n)ar = aos (5) 
3 - a 7 Yala (6) 
3 es > ox(n)a” (7) 
y son dors" (8 


where p(n) is the MOBIUsS FUNCTION, ¢(n) is the To- 
TIENT FUNCTION, d(n) = oo(n) is the number of di- 
visors of n, o,(n) is the DIVIsSOR FUNCTION, and r(n) 
is the number of representations of n in the form n = 
A? + B? where A and B are rational integers (Hardy 
and Wright 1979). 
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Lambert’s Transcendental Equation 
An equation proposed by Lambert (1758) and studied 
by Euler in 1779 (Euler 1921). 


z® — 2% = (a— Bua". 
When a - £, the equation becomes 


Inz= vx", 


Lambert’s W-Function 
which has the solution 


2 = exp [- 280), 


where W is LAMBERT’S W-FUNCTION. 
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Lambert’s W-Function 


The inverse of the function 


f(W) = We™, (1) 


also called the OMEGA FUNCTION. The function is 


implemented as the Mathematica® (Wolfram Research, 
Champaign, IL) function ProductLog[z]. W/(1) is 
called the OMEGA CONSTANT and can be considered 
a sort of “GOLDEN RATIO” of exponentials since 


exp[—W(1)] = W(1), (2) 
giving 


1 
In al = W(1). (3) 


Lambert’s W-Function has the series expansion 


(- a 1 nr 2 
W(2) = > i! we =a-—“*+ 3,8 - 84 
(n- 
125 5 A ® 4. 16807 
+3p n° — + 18807 4... (4) 


The LAGRANGE INVERSION THEOREM gives the equiv- 
alent series expansion 


Wo(z) => a (5) 


n=l 
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where n! is a FACTORIAL. However, this series oscillates 
between ever larger POSITIVE and NEGATIVE values for 
REAL z & 0.4, and so cannot be used for practical nu- 
merical computation. An asymptotic FORMULA which 
yields reasonably accurate results for z & 3 is 


W(z) = Lnz-—InLnz 


+ » > Sania z) (baz) 


k=0 m=0 


L L2(-24+ L 
=~}, -Io 4 2 4 BOA th) 


Ly 21? 
es L2(6 — 9L2 + 2L2” 
611” 
, bale 12 + 36L2 — 22L27 + 3L2°) 
12L,4 
L2(60 — 300L2 + 350L2? — 125L2° + 12L2*) 
60L15 


+0 (2) I. (6) 


where 


Li =Lnz (7) 
Lz =\|nLnz (8) 
(Corless et al.), correcting a typographical error in de 


Bruijn (1961). Another expansion due to Gosper is the 
DOUBLE SUM 


Si(n,k 
wea) aa S15 are | 


k=0 [In (3) —a 


where S; is a nonnegative STIRLING NUMBER OF THE 
FIRST KIND and ais a first approximation which can be 
used to select between branches. Lambert’s W-function 
is two-valued for —1/e < x < 0. For W(x) > —1, the 
function is denoted Wo(x) or simply W(za), and this is 
called the principal branch. For W(x) < —1, the func- 
tion is denoted W_1(x). The DERIVATIVE of W is 
1 W (a) 


Y@=TyWeleive@) a+we 


for « #0. For the principal branch when z > 0, 


In W(z) = Inz — W(z). (11) 


see also ITERATED EXPONENTIAL CONSTANTS, OMEGA 
CONSTANT 
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Lamé Curve 
A curve with Cartesian equation 


@)"+(Q= 


first discussed in 1818 by Lamé. If n is a rational, then 
the curve is algebraic. However, for irrational n, the 
curve is transcendental. For EVEN INTEGERS n, the 
curve becomes closer to a rectangle as n increases. For 
Opp INTEGER values of n, the curve looks like the EVEN 
case in the POSITIVE quadrant but goes to infinity in 
both the second and fourth quadrants (MacTutor Ar- 
chive). The EVOLUTE of an ELLIPSE, 


(ax)?/* + (by)?/* = (a? a Bye: 


Curve 


astroid 


superellipse 
witch of Agnesi 


Wroicwirn || 3 


see also ASTROID, SUPERELLIPSE, WITCH OF AGNESI 
References 
MacTutor History of Mathematics Archive. “Lamé Curves.” 


http: //www-groups.dcs.st-and.ac.uk/-history/Curves 
/Lame. html, 


Lamé’s Differential Equation 


d*z 2 2 2 2) dz 
—~+a(a°-b +2 ee 
m 


+ 1)x? — (b? +c”)plz =0. (1) 


(x? 2h b?) (a? pn ca ree 
—[m( 
(Byerly 1959, p. 255). The solution is denoted EF, (x) 
and is known as a LAME FUNCTION or an ELLIPSOIDAL 


HARMONIC. Whittaker and Watson (1990, pp. 554-555) 
give the alternative forms 


d dA 
Ire [al =imnt+patcia — (2) 
PA, 3 ‘ 3 ¢ 3] dA [n(n +1)A+C]A 
dx? a? +X" B +A CF] dd 4A, 
(3) 
dA 
G2 = Mn+1)elu)+C- in(n+ij(a? +b" +e7))A (4) 
2 
i = [n(n + 1)k? sn? a + AJA, (5) 


where g is a WEIERSTRAS ELLIPTIC FUNCTION and 


A() = [[ (6 - 4) (6) 
An = V/(a? + A)(b? + A)(c? + 2) (7) 
ee C — in(n t+ 1)(a? + 0? +0?) +e3gn(n +1) 
€1 — €3 


(8) 


Lamé’s Theorem 
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New York: Dover, 1959. 
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Lamé’s Differential Equation (Types) 
Whittaker and Watson (1990, pp. 539-540) write Lamé’s 
differential equation for ELLIPSOIDAL HARMONICS of the 
four types as 


4A (0) -% ‘r(@) a = [2m(2m + 1)8 + C]A(6) 
(1) 
4A(0)-5 | F( Go ee) = [(2m + 1)(2m + 2)6 + CJA(6) 
(2) 
4A(0) re peed E [(2m + 2)(2m + 3)0 + CJA(4) 
(3) 
4A(6)-5 | F( ros 0) = [(2m + 3)(2m + 4)8 + CJA(), 
(4) 
where 
A(0) = /(a? + 0)(b? + 8)(c? + 8) (5) 
A(6@) = Ie ~ 64). (6) 
References 


Whittaker, E. T. and Watson, G. N. A Course in Modern 
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versity Press, 1990. 


Lamé Function 
see ELLIPSOIDAL HARMONIC 


Lamé’s Theorem 

If a is the smallest INTEGER for which there is a smaller 
INTEGER 0 such that a and } generate a EUCLIDEAN AL- 
GORITHM remainder sequence with n steps, then a is the 
FrIBoNAccI NUMBER F;,,;2. Furthermore, the number 
of steps in the EUCLIDEAN ALGORITHM never exceeds 5 
times the number of digits in the smaller number. 


see also EUCLIDEAN ALGORITHM 
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Honsberger, R. “A Theorem of Gabriel Lamé.” Ch. 7 in 
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Lamina 


Lamina 


O83 A 


A 2-D planar closed surface L which has a mass M 
and a surface density o(x, y) (in units of mass per areas 
squared) such that 


m= f o(e,y)dedy 
L 


The CENTER OF Mass of a lamina is called its CEN- 
TROID. 
see also CENTROID (GEOMETRIC), CROSS-SECTION, 
SOLID 


Laminated Lattice 

A LATTICE which is built up of layers of n-D lattices in 
(n+ 1)-D space. The VECTORS specifying how layers 
are stacked are called GLUE VECTORS. 


see also GLUE VECTOR, LATTICE 


References 

Conway, J. H. and Sloane, N. J. A. “Laminated Lattices.” 
Ch. 6 in Sphere Packings, Lattices, and Groups, 2nd ed. 
New York: Springer-Verlag, pp. 157-180, 1993. 


Lancret Equation 


dsy* = dsy* + dsp’, 


where N is the NORMAL VECTOR, T is the TANGENT, 
and B is the BINORMAL VECTOR. 


Lancret’s Theorem 

A NECESSARY and SUFFICIENT condition for a curve to 
be a HELIX is that the ratio of CURVATURE to TORSION 
be constant. 


Lanczos Approximation 
see GAMMA FUNCTION 


Lanczos o Factor 
Writing a FOURIER SERIES as 


= : ne é 
F(9) = a0 4 > sinc (=) [an cos(nO) + b, sin(nd)}, 


where m is the last term and the sincz terms are the 
Lanczos o factor, removes the GIBBS PHENOMENON 
(Acton 1990). 

see also FOURIER SERIES, GIBBS PHENOMENON, SINC 
FUNCTION 
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Landau Constant 

N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 

Let F be the set of COMPLEX analytic functions f de- 
fined on an open region containing the closure of the 
unit disk D = {z : |z| < 1} satisfying f(0) = 0 and 
df /dz(0) = 1. For each f in F, let l(f) be the SUPRE- 
MUM of all numbers r such that f(D) contains a disk of 
radius r. Then 


L= inf{l(f): f € F}. 


This constant is called the Landau constant, or the 
BLOCH-LANDAU CONSTANT. Robinson (1938, unpub- 
lished) and Rademacher (1943) derived the bounds 


(5 )F(§) 
(5) 


where ['(z) is the GAMMA FUNCTION, and conjectured 
that the second inequality is actually an equality, 


NIK 


<L< = 0.5432588..., 


= 0.5432588.... 


see also BLOCH CONSTANT 
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Landau-Kolmogorov Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let ||f|{| be the SUPREMUM of | f(z)|, a real-valued func- 
tion f defined on (0, 00). If f is twice differentiable and 
both f and f” are bounded, Landau (1913) showed that 


FH Ss AP OUP Ie? (1) 
where the constant 2 is the best possible. Schoenberg 


(1973) extended the result to the nth derivative of f 
defined on (0,00) if both f and f‘) are bounded, 


WF |] < O(n, RF FOU. (2) 


An explicit FORMULA for C(n, k) is not known, but par- 
ticular cases are 


1/3 

o(3,1) = (78) (3) 
C(3, 2) = 24/8 (4) 
C(4,1) — 4.288... (5) 
C(4,2) = 5.750... (6) 


C(4,3) = 3.708... (7) 


1026 Landau-Kolmogorov Constants 


Let ||f|| be the SUPREMUM of |f(zx)|, a real-valued func- 
tion f defined on (—co,0o). If f is twice differentiable 
and both f and f” are bounded, Hadamard (1914) 
showed that 

Fs V2 UP, (8) 


where the constant V/2 is the best possible. Kolmogorov 
(1962) determined the best constants C(n, k) for 


WF 11 < Clr, KYLFIP UF (9) 


in terms of the FAVARD CONSTANTS 


fore) >ant+l1 
_4 (-1) 
FL ey we 
by 
O(n, k) = an—nan 1 t*/”. (11) 


Special cases derived by Shilov (1937) are 


1/3 
c@,1) = (3) (12) 
C(3,2) = 31/8 (13) 
1/4 
cay (22) 00 
C(4,2) = V3 (15) 
1/4 
(4,3) = (=) (16) 
1953125 \ 1/5 
re ee) (17) 
1/5 
C(5,2) = (=) : (18) 


For a real-valued function f defined on (—o0o, 00), define 


ne / * Ef(a))? de. (19) 


co 


If f is n differentiable and both f and f‘") are bounded, 
Hardy et al. (1934) showed that 


TP aa <9 lta | ell cae (20) 


where the constant 1 is the best possible for all n and 
O<k<n. 


For a real-valued function f defined on (0, co), define 


IWfll = i ”UF(@))? de. (21) 
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If f is twice differentiable and both f and f" are 
bounded, Hardy et al. (1934) showed that 

FIs V2 UEP Pe, (22) 
where the constant /2 is the best possible. This inequal- 
ity was extended by Ljubic (1964) and Kupcov (1975) 


to 
Fs Cr, ky AIP RF U/™ = (28) 


where C(n,k) are given in terms of zeros of POLYNOMI- 
ALS. Special cases are 


C(3,1) = C(8,2) = 3'/7[a(2*? — 1-1" 
= 1.84420... (24) 
1/4 —3/4 
C(4,1) = C(4,3) = jee 
= 2.27432... (25) 
rat 2 = 2.97963... (26) 
1/4 
o(4,3) = (=) (27) 
C(5,1) = C(5,4) = 2.70247... (28) 
C(5,2) = C(5, 3) = 4.37800..., (29) 
where a is the least POSITIVE ROOT of 
a® — 6x* — 827 +1=0 (30) 
and b is the least POSITIVE ROOT of 
a’ — 22? —42+1=0 (31) 


(Franco et al. 1985, Neta 1980). The constants C'(n, 1) 
are given by 


O(n = fee tery @) 


where c is the least POSITIVE ROOT of 


—dudy es 
—., 33 
[ i. (x27 — (22" — yx? +1) /y + Nyy 2n (33) 


An explicit FORMULA of this type is not known for k > 
1. 


The cases p = 1, 2, co are the only ones for which the 
best constants have exact expressions (Kwong and Zettl 
1992, Franco et al. 1983). 
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Landau-Ramanujan Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let S(x) denote the number of POSITIVE INTEGERS not 
exceeding « which can be expressed as a sum of two 
squares, then 


lim S(z) = K, (1) 


w-tOO 


as proved by Landau (1908) and stated by Ramanujan. 
The value of K (also sometimes called 4) is 


i 
= 1 = 
k= |e JD popev = 0-704223653... (2) 


p a prime 
= 3 (mod 4) 


(Hardy 1940, Berndt 1994). Ramanujan found the ap- 
proximate value K = 0.764. Flajolet and Vardi (1996) 
give a beautiful FORMULA with fast convergence 


if ice ee 
«=J6Tl [(1- ge) oat , 3) 
where i 
B(s) = = [d(s, 4) — ¢(s, 9) (4) 


is the DIRICHLET BETA FUNCTION, and ¢(z,a) is the 
HuRWITZ ZETA FUNCTION. Landau proved the even 
stronger fact 


. (Iina)3/? Ke | _ 
oe Kaz ot) Vinz os (5) 
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me we? ld 1 
Om; rai S-))= 7a, | TL ses 


p prime 
p24k+3 s=1 
= 0.581948659.... (6) 
Here, 
L = 5.2441151086... (7) 


is the ARC LENGTH of a LEMNISCATE with a = 1 (the 
LEMNISCATE CONSTANT to within a factor of 2 or 4), 
and ¥ is the EULER-MASCHERONI CONSTANT. 


References 

Berndt, B. C. Ramanujan’s Notebooks, Part IV. New York: 
Springer-Verlag, pp. 60-66, 1994. 

Finch, S. “Favorite Mathematical Constants.” http://www. 
mathsoft.com/asolve/constant/lr/lr.html. 

Flajolet, P. and Vardi, I. “Zeta Function Expan- 
sions of Classical Constants.” Unpublished manu- 
script. 1996. http://pauillac.inria.fr/algo/flajolet/ 
Publications/landau.ps. 

Hardy, G. H. Ramanujan: Twelve Lectures on Subjects Sug- 
gested by His Life and Work, 3rd ed. New York: Chelsea, 
pp. 61~63, 1940. 

Landau, E. “Uber die Hinteilung der positiven ganzen Zahlen 
in vier Klassen nach der Mindeszahl der zu ihrer additiven 
Zusammensetzung erforderlichen Quadrate.” Arch. Math. 
Phys. 13, 305-312, 1908. 

Shanks, D. “The Second-Order Term in the Asymptotic Ex- 
pansion of B(z).” Math. Comput. 18, 75-86, 1964. 

Shanks, D. “Non-Hypotenuse Numbers.” Fibonacci Quart. 
13, 319-321, 1975. 

Shanks, D. and Schmid, L. P. “Variations on a Theorem of 
Landau. I.” Math. Comput. 20, 551-569, 1966. 

Shiu, P. “Counting Sums of Two Squares: The Meissel- 
Lehmer Method.” Math. Comput. 47, 351-360, 1986. 


Landau Symbol 

Let f(z) be a function # 0 in an interval containing 
z= 0. Let g(z) be another function also defined in this 
interval such that g(z)/f(z) ~ 0 as z + 0. Then g(z) 
is said to be O(f(z)). 


Landen’s Formula 


93(z, t)0a(z, t) 
04(2z, 2t) 


93(0,#)94(0,t) _ 8o(z, t)0r(z, t) 
~ —-§4(0,2t) 94 (2z, 2t)’ 


where 3; are THETA FUNCTIONS. This transformation 
was used by Gauss to show that ELLIPTIC INTEGRALS 
could be computed using the ARITHMETIC-GEOMETRIC 
MEAN. 
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Landen’s Transformation 
If xsina = sin(2G — a), then 


are) [ eerie of 


see also ELLIPTIC INTEGRAL OF THE FIRST KIND, 
GAUSS’S TRANSFORMATION 


2 
= Grey? ain’ 
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Lane-Emden Differential Equation 


A second-order ORDINARY DIFFERENTIAL EQUATION 
arising in the study of stellar interiors. It is given by 


ta 7 sd0\ > 

pag (og) 1 =0 a) 
1 /,,d0 | 240 A Nes ae 
a (eget a) +? —giteget? = 0. (2) 


It has the BOUNDARY CONDITIONS 


6(0) =1 (3) 


dé 
z]7° o 


Solutions 6(€) for n = 0, 1, 2, 3, and 4 are shown above. 
The cases n = 0, 1, and 5 can be solved analytically 
(Chandrasekhar 1967, p. 91); the others must be ob- 
tained numerically. 


For n = 0 (y = o), the LANE-EMDEN DIFFERENTIAL 
EQUATION is 


1d [..46 7 
2% (eG) +1=0 (5) 


(Chandrasekhar 1967, pp. 91-92). Directly solving gives 


a (e%) =-¢ (6) 


Lane-Emden Differential Equation 


feleg)—Jex 


246 1 


a a (8) 
a ae ce a (9) 
3 
9(é) = i 40 = josie ci a (10) 
B(E) = 0) — c€-* — de”. (11) 


The BOUNDARY CONDITION @(0) = 1 then gives # = 1 
and c, = 0, so 


A:(é) =1- 32’, (12) 


and 6,(€) is PARABOLIC. 


For n = 1 (7 = 2), the differential equation becomes 
1d 
Bia (8B) +9=0 = 
d [{ .2d0 
— + 06° = 0, 14 
4 (et) sae ao 
which is the SPHERICAL BESSEL DIFFERENTIAL EQUA- 
TION 
ad 24R ar = 
> (r =) + (kr? —n(n+DIR=0 (15) 
with k = 1 and n = 0, so the solution is 
A(€) = Ajo(€) + Bno(é). (16) 
Applying the BOUNDARY CONDITION 6(0) = 1 gives 
sin 
62(€) = fo(é) = 28, (17) 


where jo(z) is a SPHERICAL BESSEL FUNCTION OF THE 
FIRST KIND (Chandrasekhar 1967, pp. 92). 


For n = 5, make Emden’s transformation 


6= Azz (18) 
2 
WwW = n—1? (19) 
which reduces the Lane-Emden equation to 


——— + (Qu — pee +A™"2"=0 (20) 


dt 


(Chandrasekhar 1967, p. 90). After further manipula- 
tion (not reproduced here), the equation becomes 


+ w(w— z+ 


d*z 
ae =a ze) (21) 
and then, finally, 
Os(€)(1+ 367) 1. (22) 
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Langford’s Problem 


Langford’s Problem 

Arrange copics of the n digits 1, ..., m such that there 
is one digit between the 1s, two digits between the 2s, 
etc. For example, the n = 3 solution is 312132 and 
the n = 4 solution is 41312432. Solutions exist only if 
n = 0,3 (mod 4). The number of solutions for n = 3, 
4, 5,... are 1, 1, 0, 0, 26, 150, 0, 0, 17792, 108144, ... 
(Sloane’s A014552). 
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Langlands Program 

A grand unified theory of mathematics which includes 
the search for a generalization of ARTIN RECIPROCITY 
(known as LANGLANDS RECIPROCITY) to non-Abelian 
Galois extensions of NUMBER FIELDS. Langlands pro- 
posed in 1970 that the mathematics of algebra and anal- 
ysis are intimately related. He was a co-recipient of the 
1996 Wolf Prize for this formulation. 


see also ARTIN RECIPROCITY, LANGLANDS RECI- 
PROCITY 
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Langlands Reciprocity 

The conjecture that the ARTIN L-FUNCTION of any n-D 
GALOIS GROUP representation is an L-FUNCTION ob- 
tained from the GENERAL LINEAR GRouP GL, (A). 
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Langton’s Ant 
A CELLULAR AUTOMATON. The COHEN-KUNG THEO- 
REM guarantees that the ant’s trajectory is unbounded. 


see also CELLULAR AUTOMATON, COHEN-~KUNG THE- 
OREM 
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Laplace-Beltrami Operator 
A self-adjoint elliptic differential operator defined some- 
what technically as 


Q = dé + 6d, 
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where d is the EXTERIOR DERIVATIVE and d and 6 are 
adjoint to each other with respect to the INNER PROD- 
UCT. 
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Laplace Distribution 


P(x} 
D(x) 


Also called the DOUBLE EXPONENTIAL DISTRIBUTION. 
It is the distribution of differences between two inde- 
pendent variates with identical EXPONENTIAL DISTRI- 
BUTIONS (Abramowitz and Stegun 1972, p. 930). 


P(x) en sor" (1) 
D(a) = 2{1+sgn(2 — w)(1—e7*~#!/*)), (2) 


The MOMENTS about the MEAN fn are related to the 
MOMENTS about 0 by 


ney (") (yaya, (3) 


j=0 


where (7) is a BINOMIAL COEFFICIENT, so 


k 
n (39/2) Se ‘ 
tn = 0 (yr? ( ) es BET (2h + 1) 
j=0 k=0 J 
nib” for n even 
- {5 for n odd, (4) 


where || is the FLOOR FUNCTION and I'(2k +1) is the 
GAMMA FUNCTION. 


The MOMENTS can also be computed using the CHAR- 
ACTERISTIC FUNCTION, 


g(t) = / et P(o) de = ettte le al/> aay, 
(5) 


Using the FOURIER TRANSFORM OF THE EXPONENTIAL 
FUNCTION 


oo 


~Inko|2 1 k 
Fle Inko| | = See (6) 


gives 
‘ 2 ; 
eit ; eit 


9) = “35 t? + (3)?  digieeaee” 


(7) 
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The MOMENTS are therefore 


4 an [a” 
pn = ("40 =(-)"[F2] 
t=0 

The MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 
w=y (9) 

o* = 2b? (10) 

y1 => 0 (11) 

y2 = 3. (12) 
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Laplace’s Equation 
The scalar form of Laplace’s equation is the PARTIAL 
DIFFERENTIAL EQUATION 


Vy =0. (1) 


It is a special case of the HELMHOLTZ DIFFERENTIAL 
EQUATION 
Veotk?y=0 (2) 


with k = 0, or POISSON’S EQUATION 
V7 = —4rp (3) 
with p = 0. The vector Laplace’s equation is given by 


V’F = 0. (4) 


A FUNCTION w which satisfies Laplace’s equation is said 
to be HARMONIC. A solution to Laplace’s equation has 
the property that the average value over a spherical sur- 
face is equal to the value at the center of the SPHERE 
(Gauss’s HARMONIC FUNCTION THEOREM). Solutions 
have no local maxima or minima. Because Laplace’s 
equation is linear, the superposition of any two solutions 
is also a solution. 


A solution to Laplace’s equation is uniquely determined 
if (1) the value of the function is specified on all bound- 
aries (DIRICHLET BOUNDARY CONDITIONS) or (2) the 
normal derivative of the function is specified on all 
boundaries (NEUMANN BOUNDARY CONDITIONS). 


Laplace’s equation can be solved by SEPARATION OF 
VARIABLES in all 11 coordinate systems that the 
HELMHOLTZ DIFFERENTIAL EQUATION can. In addi- 
tion, separation can be achieved by introducing a mul- 
tiplicative factor in two additional coordinate systems. 
The separated form is 


X1(u1)X2(u2)X3(us) 
R(u1, u2, us) 


o= 


; (5) 


Laplace’s Equation—Bipolar Coordinates 


and setting 


hyhoh3 


a a gi(uigi, Ui+2)fi(ui)R’, (6) 


where h; are SCALE FACTORS, gives the Laplace’s equa- 
tion 


vite Ee (6 Z)] 
“Lama lias (438)]- © 


If the right side is equal to “$a pias u2,u3), where ky 
is a constant and F is any function, and if 


Aihohs = SfifefsR’ F, (8) 


where S is the STACKEL DETERMINANT, then the equa- 
tion can be solved using the methods of the HELMHOLTZ 
DIFFERENTIAL EQUATION. The two systems where this 
is the case are BISPHERICAL and TOROIDAL, bringing 
the total number of separable systems for Laplace’s 
equation to 13 (Morse and Feshbach 1953, pp. 665-666). 


In 2-D BIPOLAR COORDINATES, Laplace’s equation 
is separable, although the HELMHOLTZ DIFFERENTIAL 
EQUATION is not. 


see also BOUNDARY CONDITIONS, HARMONIC EQUA- 
TION, HELMHOLTZ DIFFERENTIAL EQUATION, PARTIAL 
DIFFERENTIAL EQUATION, POISSON’S EQUATION, SEP- 
ARATION OF VARIABLES, STACKEL DETERMINANT 
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Laplace’s Equation— Bipolar Coordinates 
In 2-D BIPOLAR COORDINATES, LAPLACE’S EQUATION 
is 


(coshu —cosu)* (OF? | OF? \ _ 
a? Ou? = Ov? J ° (1) 
which simplifies to 
OF? OF? 
Ou? i Ov? = (2) 


so LAPLACE’S EQUATION is separable, although the 
HELMHOLTZ DIFFERENTIAL EQUATION is not. 


Laplace’s Equation—Bispherical Coordinates 


Laplace’s Equation—Bispherical 
Coordinates 


—cosucot? u+ 3cosh v cot? u 
cosh v — cos u 


3 cosh? v cot ucscu + cosh? vesc? ul 8 
cosh v — cos u 0¢? 


54 
+(cosu — cosh v) saree + (cosh? v — cos u)? — 


Ov Ov? 
+(cosh v — cos u)(cosh v cot u — sin u — cos ucot u) < . 
2 2 & 
h - ——~_- = 0. 1) 
+(cosh* v — cos u) Fa (1) 
Let 


F(u,v,¢) = Vcoshu — cosvU(u)V(v)®(¢), (2) 


then LAPLACE’S EQUATION is partially separable, al- 
though the HELMHOLTZ DIFFERENTIAL EQUATION is 
not. 
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Laplace’s Equation—Toroidal Coordinates 


VF (cosh v — cosu)* 8 ( 1 ef) 
~ a? Ou \coshv — cosu Ou 
af (cosh v — cos u)* niZ ( sinh v f) 
a? sinh v Av \coshv — cos u dv 


(cosh v — cos u)? 0? f 
a? sinhv ag? 
~3coscoth? v + cosh v coth? v 
cosh v — cos u 


(1) 


3cos? ucoth vu csch v — cos? ucsch? v| 8? 
cosh v — cosu O¢? 
2 


nee 30 20 
+(cos u — cosh v) sin unt (cosh uv — cos u) a2 


+(cosh v — cos u)(cosh v coth v — sinh v — cos ucoth v) a 


ekg 
2 2 
+(cosh* u — cos u) BoP" (2) 


Let 


F(E,n. 0) = Vcoshn — cosEX(E)H(n)¥(v), (3) 


then . 
Slit 


X() = 5 (ng) (4) 


sin 


¥(p) = 2 (mg), (5) 
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and the equation in 7 becomes 
1 dH m 2 
—— {sinh g—— | ~ a H—(n°~4L)H = 0. (6 
anhade (si n dn ) sinh? 7 (n°—3) (6) 


LAPLACE’S EQUATION is partially separable, although 
the HELMHOLTZ DIFFERENTIAL EQUATION is not. 


References 

Arfken, G. “Toroidal Coordinates (£,7,¢).” §2.13 in Math- 
ematical Methods for Physicists, 2nd ed. Orlando, FL: 
Academic Press, pp. 112—114, 1970. 

Byerly; W. E. An Elementary Treatise on Fourier’s Series, 
and Spherical, Cylindrical, and Ellipsoidal Harmonics, 
with Applications to Problems in Mathematical Physics. 
New York: Dover, p. 264, 1959. 

Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, p. 666, 1953. 


Laplace’s Integral 


1 f?. du 
P,(x) = a —— re cs | 
WT Jo (x + Vx? — Icosu) 
-if (x + f/x? — 1cosu)” du. 
0 


Laplace Limit 

The value e = 0.6627434193... (Sloane’s A033259) for 
which Laplace’s formula for solving KEPLER’S EQuaA- 
TION begins diverging. The constant is defined as the 
value e at which the function 


f(a) = rexp(V1+ 2?) 
1+ 71+ 2? 
equals f(A) = 1. The CONTINUED FRACTION of e is 
given by [0, 1, 1, 1, 27, 1, 1, 1, 8, 2, 154, ...] (Sloane’s 


A033260). The positions of the first occurrences of n in 
the CONTINUED FRACTION of e are 2, 10, 35, 13, 15, 
32, 101, 9, ... (Sloane’s A033261). The incrementally 
largest terms in the CONTINUED FRACTION are 1, 27, 
154, 1601, 2135, ... (Sloane’s A033262), which occur at 
positions 2, 5, 11, 19, 1801, ... (Sloane’s A033263). 


see also ECCENTRIC ANOMALY, KEPLER’S EQUATION 
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Laplace-Mehler Integral 


2n 
P,(cos 0) = 2 | (cos 9 + isin 6 cos ¢)” dd 


_ v2 7 cos[(n + 5) 4] ; 
emo 
sin| sin[(n + 3)4) 2) y 
Vext cx * 
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Laplace Series 

A function f(8, ¢) expressed as a double sum of SPHER- 
ICAL HARMONICS is called a Laplace series. Taking f as 
a COMPLEX FUNCTION, 


f(,9) = > 2 aim," (8, 4). (1) 


Now multiply both sides by sie * sin @ and integrate over 


d6 and d@. 


a [ 160 


=e Yam f ae y;""" (0, )¥;" (6, 6) sin @ dO de. 


1=0 mx—l 
(2) 


im sind dd dd 


Now use the ORTHOGONALITY of the SPHERICAL HAR- 
MONICS 


[ pr (6,6)Vi" sin6d0db=Sinm'dw, (3) 


so (2) becomes 


[ [ seen" sin @ dé dé 


fo] 
— » s Aim Omm' Out = = Gaim, (4) 


=0 m=-1 


where dmn is the KRONECKER DELTA. 


For a REAL series, consider 
1(9,¢) 
oo rf 
= > D> [Ci cos(me) + Si” sin(md)] Pi" (cos 6). (5) 


1=0 m=-1 


Laplace Transform 


Proceed as before, using the orthogonality relationships 


an 7 
i / P;" (cos @) cos(md)P”” (cos #) 
0 o 
2n(L +m)! 


x cos(m'¢) sin(@) dé dé = @i+ id= mylomm O! 
(6) 
2a m F 
| | Py" (cos 8) sin(m¢) Py” (cos @) 
o Jo 
Getataie tee: 2n(l+m)! 
x sin(m ¢) sin 6 dé dé = (+ 1) — myi orn Su: 
(7) 
So Cf” and S;” are given by 
m_ _ (21+1)(i—m)! 
il 2n(i +m)! 
«fe i f(8,¢)P;" cos 6 cos(m@) sin6 ddd (8) 
se OLA 
i Qn(l+ ae 


2% 7 
«| i f(6,¢)P,” cos @sin(m@) sin@ dO dd. (9) 
o Jo 


Laplace-Stieltjes Transform 

An integral transform which is often written as an ordi- 
nary LAPLACE TRANSFORM involving the DELTA FUNC- 
TION. 


see also LAPLACE TRANSFORM 
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Laplace Transform 

The Laplace transform is an INTEGRAL TRANSFORM 
perhaps second only to the FOURIER TRANSFORM in its 
utility in solving physical problems. Due to its useful 
properties, the Laplace transform is particularly useful 
in solving linear ORDINARY DIFFERENTIAL EQUATIONS 
such as those arising in the analysis of electronic circuits. 


The (one-sided) Laplace transform £ (not to be confused 
with the Liz DERIVATIVE) is defined by 


L(s) = L(f(t)) = Fs " #(t)e7* dt, (1) 


Laplace Transform 


where f(t) is defined for ¢ > 0. A two-sided Laplace 
transform is sometimes also defined by 


Lls) = L(f(t)) = / "ple dt. (2) 


The Laplace transform existence theorem states that, if 
f(t) is piecewise CONTINUOUS on every finite interval in 
[0, co) satisfying 

lf(O)i < Me™ (3) 


for all t € {0, 00), then L(f(£)) exists for all s > a. The 
Laplace transform is also UNIQUE, in the sense that, 
given two functions F,(¢) and F(t) with the same trans- 
form so that 


LIFi(t)| = £[Fa(t)] = f(s), (4) 
then LERCH’S THEOREM guarantees that the integral 
[ x@a=o (5) 
0 
vanishes for all a > 0 for a NULL FUNCTION defined by 
N(t) = Fi(t) — Fo(t). (6) 
The Laplace transform is LINEAR since 


Claf(t) + b9(8)] = ‘ [af (t) + bg(t))e~** at 


= of” f(t)e"* dt + of g(t)e** dt 
= al(f(t)] + bL[g(t)]. (7) 


The inverse Laplace transform is given by the 
BROMWICH INTEGRAL (see also DUHAMEL’S CONVOLU- 
TION PRINCIPLE). A table of several important Laplace 
transforms follows. 


[Fe ZIF@]_| Range 
1 4 | s>0 

t 2s s>0 
ee x [ne Z>0 
t° BL a>0 
e* & s>a 
cos(wt) ie? s>0 
sin(wt) wt s>0 
cosh(wt) grog s > |al 
sinh(wt) eed s > |al 
e** sin(bt) aay EB? s>a 
e* cos(bt) Gap s>a 
d(t —c) e°* 

H.(t) a s>0 
Jo(t) EEE 
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In the above table, Jo(t) is the zeroth order BESSEL 
FUNCTION OF THE First Kinp, d(¢) is the DELTA 
FUNCTION, and H,(t) is the HEAVISIDE STEP FUNC- 
TION. The Laplace transform has many important prop- 
erties. 


The Laplace transform of a CONVOLUTION is given by 
L( f(t) * g(t)) = L(f(t))L(9(t)) (8) 
L~"(F(s)G(s)) = £7"(F(s))*L7*(G(s)). (9) 
Now consider DIFFERENTIATION. Let f(t) be continu- 
ously differentiable n — 1 times in [0,00). If |f(t)| < 


Me, then 


Lif (t)] = s"£(F(t)) — s”~* F(0) 
—s"~? f'(0) ~...~ f*-(0). (10) 


This can be proved by INTEGRATION BY PARTS, 
Lif’ (t)] = lim | e*’ f'(t) dt 
19) 


= lim[e** f(t)|8 +s [ eo f(t) dt 


= lim[e** f(a) — f(0) +s on" (8) df 
0 
= sf[F(é)] — (0). (11) 


Continuing for higher order derivatives then gives 
Lif" (t)] = s°L[F(t)] — sf(0) — f'(0). (12) 


This property can be used to transform differential equa- 
tions into algebraic equations, a procedure known as the 
HEAVISIDE CALCULUS, which can then be inverse trans- 
formed to obtain the solution. For example, applying 
the Laplace transform to the equation 


f"(t) +a f'(t) + aof(t) =0 (13) 
gives 


{s°L[f(t)] — sf (0) — f'(0)} + ar {sL[f(t)] — f(0)} 
+aoL[f(t)]=0 (14) 


Lif (t)](s? +a1s+a0)—sf(0)— f'(0)—ai f(0) = 0, (15) 


which can be rearranged to 


sf (0) + [f'(0) + a1 f(0)] (16) 


s? +a ,s+ a0 


L{f(t)] = 


If this equation can be inverse Laplace transformed, then 
the original differential equation is solved. 
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Consider EXPONENTIATION. If £(f(¢)) = F(s) for s > 
a, then C(e* f(t)) = F(s — a) fors >ata. 


F(s—a) = | Fije- Oo" a= | [f(t)e™*]e7* at 
0 0 
= £(e"" f(t). (17) 


Consider INTEGRATION. If f(t) is piecewise continuous 
and |f(t)| < Me’, then 


c | i i a| = Lets), (18) 


The inverse transform is known as the BROMWICH INTE- 
GRAL, or sometimes the FOURIER-MELLIN INTEGRAL. 


see also BROMWICH INTEGRAL, FOURIER-MELLIN IN- 
TEGRAL, FOURIER TRANSFORM, INTEGRAL TRANS- 
FORM, LAPLACE-STIELTJES TRANSFORM, OPERA- 
TIONAL MATHEMATICS 
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Laplacian 
The Laplacian operator for a SCALAR function ¢ is de- 
fined by 


vo=—2 (2 (eis 2) 


~ Aihahs (Our \ hi Our 
a (hihs 0 d {hih2 @ 
itp ( he Sar) * Ous3 ( hg ia) | oy) 


in VECTOR notation, where the h; are the SCALE Fac- 
TORS of the coordinate system. In TENSOR notation, 
the Laplacian is written 


. &¢d o¢ 
ye An AK » 
Vv dg = (9 $;a)i6 =g 8xrOx" r agp 
cere a i oe) 
fg Oxi (vasa Oxi}? 


(2) 


Laplacian 


where g,, is a COVARIANT DERIVATIVE and 


6) re} 8 
A liu dvK f O9nu xv Guy 
bate (Ge 5 Ont Ox" ). (3) 


The finite difference form is 
1 
Volz, ¥,2) = Fal¥(e + hy y, z) + ¥(z — hy y,2) 


+H(z,y + h, z) + way _ h, z) + oa, yz a h) 
+¥(z, Y,2— h) — 6Y(z,y, z)]. (4) 


For a pure radial function g(r), 


V*9(r) = V -[Va(r)] 


dg(r).  1dg(r)g 1 99(r) 4 
ay [ae 4 ; 00° Sane oo 
=v: (#). (5) 
Using the VECTOR DERIVATIVE identity 
V (fA) = f(V-A)+ (VF) (A), (6) 


so 


V9(r) =V- [Vor] = LV-#+V (2) f 


_2dg , d’g 
a dr2° (7) 


~~ dr 


Therefore, for a radial POWER law, 


2 = 2 fi 
Ver" = 7 1 4on(n—1)r™-? = [2n+n(n —1)]r”~? 


=n(n+1)r"~?. (8) 


A VECTOR Laplacian can also be defined for a VECTOR 
A by 
WA=V(V-A)—-Vx(V x A) (9) 


in vector notation. In tensor notation, A is written A,,, 
and the identity becomes 


V7 Au = Apia” = (9° Ausa) sn 
= GF Ansa + Go Aine (10) 


Similarly, a TENSOR Laplacian can be given by 


V* Aas = Aafia". (11) 


An identity satisfied by the Laplacian is 


[Al2” — xA)A*? 


2 = 
V2 |xA| = PTE (12) 


where |Al2 is the HILBERT-SCHMIDT NORM, x is a row 
VECTOR, and AT is the MATRIX TRANSPOSE of A. 


Laplacian Determinant Expansion by Minors 


To compute the LAPLACIAN of the inverse distance func- 
tion 1/r, where r = |r—r’|, and integrate the LAPLACIAN 


over a volume, 
i y?(—! _) ar. (13) 
i jr —r'| 


—~ 
= 
be 
Ss, 
ia] 

\| 
o— 
<J 
OS 
<q 
be I ie 
See” 
&, 

a] 

It 
ons 
o—s 
<j 
Ihe 
~” 
Q. 
i) 


(14) 


\ 
| 
& 
a 


where the integration is over a small SPHERF of RANTUS 
R. Now, for r > 0 and R -— 0, the integral becomes 0. 
Similarly, for r = R and R -» 0, the integral becomes 
~4. Therefore, 


v? (a) = tee); (15) 


|r —r"| 


where 6 is the DELTA FUNCTION. 
see also ANTILAPLACIAN 


Laplacian Determinant Expansion by Minors 
see DETERMINANT EXPANSION BY MINORS 


Large Number 

There are a wide variety of large numbers which crop 
up in mathematics. Some are contrived, but some actu- 
ally arise in proofs. Often, it is possible to prove exis- 
tence theorems by deriving some potentially huge upper 
limit which is frequently greatly reduced in subsequent 
versions (e.g., GRAHAM’S NUMBER, KOLMOGOROV- 
ARNOLD-MOSER THEOREM, MERTENS CONJECTURE, 
SKEWES NUMBER, WANG’S CONJECTURE). 


Large decimal numbers beginning with 10° are named 
according to two mutually conflicting nomenclatures: 
the American system (in which the prefix stands for n 
in 10°+°") and the British system (in which the pre- 
fix stands for n in 10°"), The following table gives the 
names assigned to various POWERS of 10 (Woolf 1982). 


Large Number 1035 
American British Power of 10 
million million “108 
billion milliard 10° 
trillion billion 10”? 
quadrillion 1035 
quintillion trillion 1038 
sextillion 107! 
septillion quadrillion 1074 
octillion 1077 
nonillion quintillion 10°° 
decillion 1033 
undecillion sexillion 106 
duodecillion 10°° 
tredecillion septillion 10%? 
quattuordecillion 1048 
quindecillion octillion 10%° 
sexdecillion 10°! 
septendecillion nonillion 10°4 
octodecillion 10°” 
novemdecillion decillion 10°° 
vigintillion 10% 
undecillion 10°° 
duodecillion 107? 
tredecillion 1078 
quattuordecillion 10°4 
quindecillion 10°° 
sexdecillion 10° 
septendecillion 10°°? 
octodecillion 107% 
noveindecillion 10''4 
vigintillion 10770 
centillion 1098 
centillion 10°° 


see also 10, ACKERMANN NuMBER, ARROW NOTATION, 
BILLION, CIRCLE NOTATION, EDDINGTON NUMBER, G- 
FUNCTION, GOBEL’S SEQUENCE, GOOGOL, GOOGOL- 
PLEX, GRAHAM’S NUMBER, HUNDRED, HYPERFACTO- 
RIAL, JUMPING CHAMPION, LAW OF TRULY LARGE 
NUMBERS, MEGA, MEGISTRON, MILLION, MONSTER 
Group, MOSER, n-PLEX, POWER TOWER, SKEWES 
NUMBER, SMALL NUMBER, STEINHAUS-MOSER Nota- 
TION, STRONG LAW OF LARGE NUMBERS, SUPERFAC- 
TORIAL, THOUSAND, WEAK LAW OF LARGE NUMBERS, 
ZILLION 
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Woolf, H. B. (Ed. in Chief). Webster’s New Collegiate Dic- 
tionary. Springficld, MA: Merriam, p. 782, 1980. 


Large Prime 
see GIGANTIC PRIME, LARGE NUMBER, TITANIC PRIME 


Laspeyres’ Index 
The statistical INDEX 


_ 2) Pngo PnQo 


an SS pogo’ 


where pp is the price per unit in period n and gn is the 
quantity produced in period n. 


see also INDEX 
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Latin Cross 


An irregular DODECAHEDRON CROSS in the shape of a 
dagger +. The six faces of a CUBE can be cut along seven 
EDGES and unfolded into a Latin cross (i.e., the Latin 
cross is the NET of the CUBE). Similarly, eight hyper- 
surfaces of a HYPERCUBE can be cut along 17 SQUARES 
and unfolded to form a 3-D Latin cross. 


Another cross also called the Latin cross is illustrated 
above. It is a GREEK Cross with flared ends, and is 
also known as the crux immissa or cross patée. 


see also CROSS, DISSECTION, DODEBCAHEDRON, GREEK 
Cross 


Latin Rectangle 

A kx n Latin fae isakxn ‘Mateix with ele- 
ments ai; € {1, 2 , n} such that entries in each row 
and column are distinct. If k = n, the special case of 
a LATIN SQUARE results. A normalized Latin rectangle 
has first row {1,2,...,n} and first column {1,2,...,k}. 
Let (k,n) be the number of normalized k x n Latin 
rectangles, then the total number of k x n Latin rectan- 


gles is 
ni(n — 1)!D(k,n) 


(n—k)! 


(McKay and Rogoyski 1995), where n! is a FACTORIAL. 
Kerewala (1941) found a RECURRENCE RELATION for 


N(k,n) = 


Latin Rectangle 


L(3,n), and Athreya, Pranesachar, and Singhi (1980) 
found a summation FORMULA for L(4,n). 


The asymptotic value of L({o(n°/"),n) was found by 
Godsil and McKay (1990). The numbers of k x n Latin 
rectangles are given in the following table from McKay 
and Rogoyski (1995). The entries L(1,n) and L(n,n) 
are omitted, since 


L(1,n) =1 
L(n,n) = L(n -1,n), 


but L(1,1) and £(2,1) are included for clarity. The 
values of L(k,n) are given as a “wrap-around” series by 


Sloane’s A001009. 
k Lk, n) 


1 
1 
2 
2 
3 
2 
3 
4 
2 
3 
4 
5 
2 
3 36792 
4 1293216 
5 11270400 
6 16942080 
2 2119 
3 1673792 
4 420906504 
5 27206658048 
6 335390189568 
7 535281401856 
2 16687 
3 103443808 
4 207624560256 
5 112681643983776 
6 12962605404381184 
7 224382967916691456 
8 3775975 70964258816 
2 148329 
3 8154999232 
4 147174521059584 
5 746988383076286464 
6 870735405591003709440 
7 177144296983054185922560 
8 4292039421591854273003520 
9 7580721482 160132811489280 


el ac ee oon or 
coco coc CO OFT BM UO OCH HO WOWWOAOmWONI NNN NAB OTOGNA AT BP HWW eH|S 
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Latin Square 

An n xn Latin square is a LATIN RECTANGLE with 
k =n. Specifically, a Latin square consists of n sets 
of the numbers 1 to n arranged in such a way that no 


orthogonal (row or column) contains the same two num- . 


bers. The numbers of Latin squares of order n = 1, 2, 
. are 1, 2, 12, 576, ... (Sloane’s A002860). A pair 

of Latin squares is said to be orthogonal if the n? pairs 

formed by juxtaposing the two arrays are all distinct. 


Two of the Latin squares of order 3 are 


a 29) ot ae 
2 1 3 2 Bs 
i 3) 2 2 2 


which are orthogonal. Two of the 576 Latin squares of 
order 4 are 


12 3 4 12 3 4 
21 4 3 3°94 1 2 
38.4 1 2 43 2 1 
43 2 1 2 1 4 3 


A normalized, or reduced, Latin square is a Latin square 
with the first row and column given by {1,2,..., 7}. 
General FORMULAS for the number of normalized Latin 
squares L(n,n) are given by Nechvatal (1981), Gessel 
(1987), and Shao and Wei (1992). The total number of 
Latin squares of order n can then be computed from 


N(n,n) = ni(n — 1)!D(n,n) = ni(n — 1)!L(n — 1,n). 


The numbers of normalized Latin square of order n = 1, 
2,..., are 1, 1, 1, 4, 56, 9408, ... (Sloane’s A000315). 
McKay and Rogoyski (1995) give the number of normal- 
ized LATIN RECTANGLES L(k,n) forn =1,..., 10, as 
well as estimates for L(n,n) with n = 11, 12,..., 15. 


n  L(n,n) 


11 5.36 x 10°° 
12 1.62 x 10% 
13 2.51 x 10° 
14 2.33 x 107° 
15 1.5 10% 


Latitude 1037 


see also EULER SQUARE, KIRKMAN TRIPLE SYSTEM, 
PARTIAL LATIN SQUARE, QUASIGROUP 
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Latin-Graeco Square 
see EULER SQUARE 


Latitude 

The latitude of a point on a SPHERE is the elevation 
of the point from the PLANE of the equator. The lat- 
itude 6 is related to the COLATITUDE (the polar angle 
in SPHERICAL COORDINATES) by 6 = ¢ — 90°. More 
generally, the latitude of a point on an ELLIPSOID is the 
ANGLE between a LINE PERPENDICULAR to the surface 
of the ELLIPSOID at the given point and the PLANE of 
the equator (Snyder 1987). 


The equator therefore has latitude 0°, and the north and 
south poles have latitude +90°, respectively. Latitude is 
also called GEOGRAPHIC LATITUDE or GEODETIC LAT- 
ITUDE in order to distinguish it from several subtly dif- 
ferent varieties of AUXILIARY LATITUDES. 


The shortest distance between any two points on a 
SPHERE is the so-called GREAT CIRCLE distance, which 
can be directly computed from the latitudes and LOn- 
GITUDES of the two points. 


see also AUXILIARY LATITUDE, COLATITUDE, CONFOR- 
MAL LATITUDE, GREAT CIRCLE, ISOMETRIC LATITUDE, 
LATITUDE, LONGITUDE, SPHERICAL COORDINATES 
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Lattice 

A lattice is a system K such that VA € K, AC A, 
and if AC B and B C A, then A = B, where = here 
means “is included in.” Lattices offer a natural way 
to formalize and study the ordering of objects using a 
general concept known as the POSET (partially ordered 
set). The study of lattices is called LATTICE THEORY. 
Note that this type of lattice is an abstraction of the 
regular array of points known as LATTICE POINTS. 


The following inequalities hold for any lattice: 
(w@Ay)V(xAz)<a2Al(yVz) 


LV (yAz)<(e@Vvy)A(zVvz) 
(acAy)V(yAz)V(zAz) <(ezVy)A(yVz)A(zV2) 
(c@Ay)V(xAz)<2AlyV(zAz)) 


(Gratzer 1971, p. 35). The first three are the distributive 
inequalities, and the last is the modular identity. 


see also DISTRIBUTIVE LATTICE, INTEGRATION LAT- 
TICE, LATTICE THEORY, MODULAR LATTICE, TORIC 
VARIETY 
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Lattice Algebraic System 
A generalization of the concept of set unions and inter- 
sections. 


Lattice Animal 

A distinct (including reflections and rotations) arrange- 
ment of adjacent squares on a grid, also called fixed 
POLYOMINOES. 


see also PERCOLATION THEORY, POLYOMINO 


Lattice Distribution 

A DISCRETE DISTRIBUTION of a random variable such 
that every possible value can be represented in the form 
a+ bn, where a,b 4 0 and n is an INTEGER. 
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Lattice Graph 


nt 


n 
The lattice graph with n nodes on a side is denoted L(n). 
see also TRIANGULAR GRAPH 


Lattice Point 


Lattice Groups 

In the plane, there are 17 lattice groups, eight of which 
are pure translation. In R*, there are 32 POINT GROUPS 
and 230 SPACE Groups. In R’, there are 4783 space 
lattice groups. 


see also POINT GROUPS, SPACE GROUPS, WALLPAPER 
GROUPS 


Lattice Path 

A path composed of connected horizontal and vertical 
line segments, each passing between adjacent LATTICE 
Points. A lattice path is therefore a SEQUENCE of 
points Pj, Pi, ..., Py, with n > 0 such that each P, 
is a LATTICE POINT and P41 is obtained by offsetting 
one unit east (or west) or one unit north (or south). 


The number of paths of length a+ 6 from the ORI- 
GIN (0,0) to a point (a,b) which are restricted to east 
and north steps is given by the BINOMIAL COEFFICIENT 
Cr): 

see also BALLOT PROBLEM, GOLYGON, KINGS PROB- 
LEM, LATTICE POINT, p-GOOD PATH, RANDOM WALK 
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Lattice Point 


A PoinT at the intersection of two or more grid lines in a 
ruled array. (The array of grid lines could be oriented to 
form unit cells in the shape of a square, rectangle, hex- 
agon, etc.) However, unless otherwise specified, lattice 
points are generally taken to refer to points in a square 
array, i.e., points with coordinates (m,n,...), where m, 
n,... are INTEGERS. 


An n-D Z[w]-lattice L,, lattice can be formally defined 
as a free Z[w]- MODULE in complex n-D space C”. 


The FRACTION of lattice points VISIBLE from the ORI- 
GIN, as derived in Castellanos (1988, pp. 155-156), is 


N'(r) _ 2r? + O(rinr) _ 4 +0(2) 6 
4r24+O(r) 1+0(3) 2 


N(r) 


Therefore, this is also the probability that two randomly 
picked integers will be RELATIVELY PRIME to one an- 
other. 


For 2 <n < 32, it is possible to select 2n lattice points 
with z,y € [1,n] such that no three are in a straight 


Lattice Reduction 


LinE. The number of distinct solutions (not counting 
reflections and rotations) for n = 1, 2,..., are 1, 1, 4, 
5, 11, 22, 57, 51, 156... (Sloane’s A000769). For large 
n, it is conjectured that it is only possible to select at 
most {c + €)n lattice points with no three COLLINEAR, 
where 

ce = (207 /3)1/9 = 1.85 


(Guy and Kelly 1968; Guy 1994, p. 242). The num- 
ber of the n? lattice points z,y € [1,n] which can be 
picked with no four Concyctic is O(n?/3 — e) (Guy 
1994, p. 241). 


A special set of POLYGONS defined on the regular lat- 
tice are the GOLYGONS. A NECESSARY and SUFFICIENT 
condition that a linear transformation transforms a lat- 
tice to itself is that it be UNIMODULAR. M. Ajtai has 
shown that there is no efficient ALGORITHM for find- 
ing any fraction of a set of spanning vectors in a lattice 
having the shortest lengths unless there is an efficient al- 
gorithm for all of them (of which none is known). This 
result has potential applications to cryptography and 
authentication (Cipra 1996). 


see also BARNES-WALL LATTICE, BLICHFELDT’S THEO- 
REM, BROWKIN’S THEOREM, CIRCLE LATTICE POINTS, 
COXETER-TODD LATTICE, EHRHART POLYNOMIAL, 
Gauss’s CIRCLE PROBLEM, GOLYGON, INTEGRA- 
TION LATTICE, JARNICK’S INEQUALITY, LATTICE 
Patu, LATTICE SUM, LEECH LATTICE, MINKOWSKI 
ConvEX BoDy THEOREM, MODULAR LATTICE, N- 
CLUSTER, NOSARZEWSKA’S INEQUALITY, PICK’s THE- 
OREM, POSET, RANDOM WALK, SCHINZEL’S THEOREM, 
ScHRODER NUMBER, VISIBLE POINT, VORONOI POLyY- 
GON 
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Lattice Reduction 

The process finding a reduced set of basis vectors 
for a given LATTICE having certain special proper- 
ties. Lattice reduction is implemented in Mathematica® 
(Wolfram Research, Champaign, IL) using the function 
LatticeReduce. Lattice reduction algorithms are used 


Lattice Sum 1039 


in a number of modern number theoretical applications, 
including in the discovery of a SPIGOT ALGORITHM for 
PI. 


see also INTEGER RELATION, PSLQ ALGORITHM 


Lattice Sum 
Cubic lattice sums include the following: 


i+ 
bo(2s) = sy (1) 
t,j=—0o 
a _yititk 
Coy : 
“t —)kitethn 
n= 2 aoe 


k1,.-.. Kye CO 


where the prime indicates that summation over (0, 0,0) 
is excluded. As shown in Borwein and Borwein (1987, 
pp. 288-301), these have closed forms for even n 


b2(2s) = —48(s)n(s) (4) 
ba(2s) = —8n(s)n(s — 1) (5) 
bg (2s) = —16C(s)n(s — 3), for R[s] >1 (6) 


where @(z) is the DIRICHLET BETA FUNCTION, 7(z) is 
the DIRICHLET ETA FUNCTION, and ¢(z) is the RIB- 
MANN ZETA FUNCTION. The lattice sums evaluated 
at s = 1 are called the MADELUNG CONSYAN'lS. Bor- 
wein and Borwcin (1986) prove that 63 (2) converges (the 
closed form for hg(2s) above does not apply for s = 1), 
but its value has not been computed. 


For hexagonal sums, Borwein and Borwein (1987, 
p. 292) give 


he(2s) = ; be 
sin[(n + 1)6] sin{(m + 1)6] — sin(n@) sin[(m — 1)6] 
[(n + 3m)? + 3(3m)?]° 


(7) 


where 0 = 27/3. This MADELUNG CONSTANT is expres- 
sible in closed form for s = 1 as 


ho(2) = rln3Vv3. (8) 


see also BENSON’S FORMULA, MADELUNG CONSTANTS 
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Lattice Theory 

Lattice theory is the study of sets of objects known as 

LATTICES. It is an outgrowth of the study of BOOLEAN 

ALGEBRAS, and provides a framework for unifying the 

study of classes or ordered sets in mathematics. Its 

study was given a great boost by a series of papers and 

subsequent textbook written by Birkhoff (1967). 

see also LATTICE 
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Latus Rectum 
Twice the SEMILATUS RECTUM. 


see also PARABOLA 


Laurent Polynomial 

A Laurent polynomial with COEFFICIENTS in the FIELD 
F is an algebraic object that is typically expressed in the 
form 


"tb anwmayt +... 
+ayt7> +agp+ayt+... 


tant” 
+ ant™ +..., 


where the a; are elements of F, and only finitely many 
of the a; are NONZERO. A Laurent polynomial is an al- 
gebraic object in the sense that it is treated as a POLY- 
NOMIAL except that the indeterminant “t” can also have 
NEGATIVE POWERS. 


Expressed more precisely, the collection of Laurent poly- 
nomials with COEFFICIENTS in a FIELD F form a RING, 
denoted F[t,t~*], with RING operations given by com- 
ponentwise addition and multiplication according to the 


relation 
”.bt™ = abt™*™ 


for all n and m in the INTEGERS. Formally, this is equiv- 
alent to saying that F{t,t~1] is the Group RING of the 
INTEGERS and the FIELD F. This corresponds to F[E] 
(the POLYNOMIAL ring in one variable for F) being the 
GRouP RING or MONOID ring for the MONOID of natu- 
ral numbers and the FIELD F. 

see also POLYNOMIAL, 
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Laurent Series 


C 


Let there be two circular contours C2 and Cj), with the 
radius of C, larger than that of C2. Let zo be interior to 
Ci and C2, and z be between C; and C2. Now create a 
cut line C, between C and C2, and integrate around the 
path C = C,+C,.—C2—C¢, so that the plus and minus 
contributions of C, cancel one another, as illustrated 
above. From the CAUCHY INTEGRAL FORMULA, 


f(z) = _ j SO ae 
Lk PINs sat | HO 
Qi Cr oe 271 gaz" 
1 f@) a 1 f(z’) ' 
Qni are Oni | i 
aes F2) 4 ae fe) 4 
~ Oni C1 ig! a 2nt ron A eS ed) 


Now, since contributions from the cut line in opposite 
directions cancel out, 


ie ) ' 
i) = Qni =e (2’ — 20) —(z- =n) aan 
f(z’) dz' 


Co (z' — zo) — (2 - 20) 


ee: iC. See e 
“af (z! — z0) ( (1- (2! — 2) (1— 2-22) He 


F(2') 1 
a Cy (z — 20) (2222 — a oe 
2) A f(z’) 
Qi co, (2' — 20) (i — zaaay © 
1 f(z) 
ar emer (i = a) dz. (2) 


For the first integral, |z’ — z9| > |z—z|. For the second, 
|z’ — zo| < |z — zo|. Now use the TAYLOR EXPANSION 
(valid for |t| < 1) 


=e (3) 


Laurent Series 


to obtain 
z a — = 
t=aa| feo (FS) # 
Ci 20 ar z& 20 
+f f(2') y (22 ae 
cy 2 ~ 20 = \ 2 20 
_ de = ss, nm f(z’) , 
as Qni Ze zo) es (2! a zg)rtt dz 
1 ~ 
+b e-at [eae re! 
n=0 C2 
eo a eee f(z’) 
~ Qri Lt 0) (z’ — z)"+1 dz 
i< 4 "i 
+ = De - 2) [ (2! = 20) f(z!) ae, 
nal vCo 


(4) 


where the second term has been re-indexed. Re-indexing 
again, 


oo 


fle) = 5g Dole — 20) eect 


“5, 2 (z — zo)” a oo (5) 


n—-— ow 


Now, use the CAUCHY INTEGRAL THEOREM, which re- 
quires that any CONTOUR INTEGRAL of a function which 
encloses no PoLes has value 0. But 1/(z’ — zo)"*? is 
never singular inside Cz for n > 0, and 1/(z2’ — 29)"*" is 
never singular inside C; for n < —1. Similarly, there are 
no POLES in the closed cut C, — C,. We can therefore 
replace C, and C2 in the above integrals by C’ without 
altering their values, so 


f(z) = Pa RC =— oy" f wom dz' 


yn f(z’) t 
=F Oni “al _ z0) 7 (2! — z)"t dz 
aA eee dees 
: ami n=-0o = E (2 = z)¥t — zo)?tt ie 
= > Qn(z— 20)”. (6) 


The only requirement on C is that it encloses z, so we are 
free to choose any contour 7 that does so. The RESIDUES 
ay, are therefore defined by 
1 7 
Le) ae! (7) 


in =o —T dz. 
Te Dre (2) — 0)" +? 7 
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see also MACLAURIN SERIES, RESIDUE (COMPLEX 
ANALYSIS), TAYLOR SERIES 
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Law 

A law is a mathematical statement which always holds 
true. Whereas “laws” in physics are generally exper- 
imental observations backed up by theoretical under- 
pinning, laws in mathematics are generally THEOREMS 
which can formally be proven true under the stated con- 
ditions. However, the term is also sometimes used in the 
sense of an empirical observation, e.g., BENFORD’S LAW. 


see also ABSORPTION LAW, BENFORD’s LAw, CON- 
TRADICTION LAW, DE MORGAN’S DUALITY LAW, DE 
MoRGAN’S LAWS, ELLIPTIC CURVE GROUP Law, Ex- 
CLUDED MIDDLE LAW, EXPONENT LAwS, GIRKO’S CIR- 
CULAR LAW, LAW OF COSINES, LAW OF SINES, LAW OF 
TANGENTS, LAW OF TRULY LARGE NUMBERS, MOR- 
RIE’S LAW, PARALLELOGRAM LAW, PLATEAU’sS LAWS, 
QUADRATIC RECIPROCITY LAW, STRONG LAW OF 
LARGE NUMBERS, STRONG LAW OF SMALL NUMBERS, 
SYLVESTER’S INERTIA LAW, TRICHOTOMY LAW, VEC- 
TOR TRANSFORMATION LAW, WEAK LAW OF LARGE 
NUMBERS, ZIPF’S LAW 


Law of Anomalous Numbers 
see BENFORD’S LAW 


Law of Cancellation 
see CANCELLATION LAW 


Law of Cosines 


Let a, 6, and c be the lengths of the legs of a TRIANGLE 
opposite ANGLES A, B, and C. Then the law of cosines 


states 
c =a’ +b? — 2abcosC. (1) 


This law can be derived in a number of ways. The def- 
inition of the DOT PRODUCT incorporates the law of 
cosines, so that the length of the VECTOR from X to Y 
is given by 


[X-¥)? =(X-Y)-(X-Y) (2) 
=X-X-2X-Y¥+Y-Y (3) 
— |X|? + [¥|? — 2|X] [Y] cos 4, (4) 
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where @ is the ANGLE between X and Y. 


OD 
b-a cos C acosC 


+) —____o 
The formula can also be derived using a little geometry 
and simple algebra. From the above diagram, 


c? = (asinC)* + (b— acosC)* 
=a’ sin? c +b? — 2abcosC +a’ cos” C 
= a? +b? — 2abcosC. (5) 


The law of cosines for the sides of a SPHERICAL TRIAN- 
GLE states that 


cosa = cosbcosc + sinbsinccos A (6) 
cos 6 = cosecosa + sincsinacos B (7) 
cosc = cosacosb + sinasinbcosC (8) 


(Beyer 1987). The law of cosines for the angles of a 
SPHERICAL TRIANGLE states that 


cos A = —cosBcosC' + sin BsinC cosa (9) 
cosB = —cosCcosA+sinCsinAcosb (10) 
cosC =—cosAcosB+sinAsinBcose (11) 


(Beyer 1987). 
see also LAW OF SINES, LAW OF TANGENTS 
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Law of Large Numbers 


see LAW OF TRULY LARGE NUMBERS, STRONG LAW OF 
LARGE NUMBERS, WEAK LAW OF LARGE NUMBERS 


Law of Sines 


Law of Tangents 


Let a, 6, and c be the lengths of the LEGS of a TRIANGLE 
opposite ANGLES A, B, and C. Then the law of sines 
states that 


@ 868 ¢& © 

sinA  sinB sinC 

where FR is the radius of the CIRCUMCIRCLE. Other 
related results include the identities 


2R, (1) 


a(sin B — sinC) + b(sin C — sin A) 4+ e(sin A — sin B) = 0 
(2) 
a = bcosC + ccos B, (3) 

the Law OF COSINES 
c? +b? — a? 


abe (4) 


cos A = 


and the LAW OF TANGENTS 


a+b _ tan[3(A+B)] 


a—-b tan[3(A — B)] (5) 


The law of sines for oblique SPHERICAL TRIANGLES 


states that ; \ ; 
sina sinb _ sine 


snA sinB sinC’ (6) 
see also LAW OF COSINES, LAW OF TANGENTS 
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Law of Small Numbers 
see STRONG LAW OF SMALL NUMBERS 


Law of Tangents 

Let a TRIANGLE have sides of lengths a, 6, and c and let 
the ANGLES opposite these sides by A, B, and C. The 
law of tangents states 


a—b_ tan[}(A—B)] 
a+b tan[4(A+B)] 


An analogous result for oblique SPHERICAL TRIANGLES 
states that 


tan[$(a@ — 6)] x tan[$(A — B)] 
tan[3(a+6)]  tan[4(A+ B)]’ 


see also LAW OF COSINES, LAW OF SINES 
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Law of Truly Large Numbers 


Law of Truly Large Numbers 

With a large enough sample, any outrageous thing is 
likely to happen (Diaconis and Mosteller 1989). Little- 
wood (1953) considered an event which occurs one in 
a million times to be “surprising.” Taking this defini- 
tion, close to 100,000 surprising events are “expected” 
each year in the United States alone and, in the world 
at large, “we can be absolutely sure that we will see 
incredibly remarkable events” (Diaconis and Mosteller 
1989). 


see also COINCIDENCE, STRONG LAW OF LARGE NUM- 
BERS, STRONG LAW OF SMALL NUMBERS, WEAK Law 
OF LARGE NUMBERS 
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Lax-Milgram Theorem 

Let ¢ be a bounded COERCIVE bilinear FUNCTIONAL 
on a HILBERT SPACE H. Then for every bounded linear 
FUNCTIONAL f on H, there exists a unique zy € H such 
that 


f(x) = d(x, xz) 
for allz eH. 
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Lax Pair 

A pair of linear OPERATORS L and A associated with 
a given PARTIAL DIFFERENTIAL EQUATION which can 
be used to solve the equation. However, it turns out 
to be very difficult to find the L and A corresponding 
to a given equation, so it is actually simpler to postu- 
late a given Z and A and determine to which PARTIAL 
DIFFERENTIAL EQUATION they correspond (Infeld and 
Rowlands 1990). 


see also PARTIAL DIFFERENTIAL EQUATION 
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Layer 
see p-LAYER 
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Le Cam’s Identity 
Let S, be the sum of n random variates X; with a BER- 
NOULLI DISTRIBUTION with P(X; = 1) = p;. Then 


—Ayk 


where 


see also BERNOULLI DISTRIBUTION 


References 
Cox, D. A. “Introduction to Fermat’s Last Theorem.” Amer. 
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Leading Digit Phenomenon 
see BENFORD’S LAW 


Leading Order Analysis 

A procedure for determining the behavior of an nth or- 
der ORDINARY DIFFERENTIAL EQUATION at a REMOV- 
ABLE SINGULARITY without actually solving the equa- 
tion. Consider 


d™—} d 
qe =F (Tot ane), (1) 


where F is ANALYTIC in z and rational in its other ar- 
guments. Proceed by making the substitution 


y(z) = a(z — 20)" (2) 


with a < 1. For example, in the equation 
d’y 2 
=> =6 Ay, 3 
qe = 8y + AY (3) 
making the substitution gives 
aa(a—1)(z—29)*~? = 6a? (z—2z9)?* +4 Aa(az—2z0)*. (4) 


The most singular terms (those with the most NEGATIVE 
exponents) are called the “dominant balance terms,” 
and must balance exponents and COEFFICIENTS at the 
SINGULARITY. Here, the first two terms are dominant, 
so 

a-2=2a>a=-2 (5) 


6a = 6a” > a=1, (6) 


and the solution behaves as y(z) = (z — z)~?. The 
behavior in the NEIGHBORHOOD of the SINGULARITY is 
given by expansion in a LAURENT SERIES, in this case, 


y(z) = >> a;(z — 20)7-?. (7) 
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Plugging this series in yields 


a;(j — 2)(j — 3)(z — zo)?“ 


Me 


0 


ho, 
ll 


co 


= 6 >) ajan(z—z0) 4 +A D> aj(z—20)'?. (8) 
j=0 k=0 


7=0 


This gives RECURRENCE RELATIONS, in this case with 
ag arbitrary, so the (z— zo)® term is called the resonance 
or KOVALEVSKAYA EXPONENT. At the resonances, the 
COEFFICIENT will always be arbitrary. If no resonance 
term is present, the POLE present is not ordinary, and 
the solution must be investigated using a PSI FUNCTION. 


see also PSI FUNCTION 
References 
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Leaf (Foliation) 

Let M” be an n-MANIFOLD and let F = {F.} denote 
a PARTITION of M into DISJOINT path-connected SUB- 
SETS. Then if F is a FOLIATION of M, each Fx is called 
a leaf and is not necessarily closed or compact. 


see also FOLIATION 


References 
Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
Perish Press, p. 284, 1976. 


Leaf (Tree) 
An unconnected end of a TREE. 


see also BRANCH, CHILD, ForK, ROOT (TREE), TREE 


Leakage 
see ALIASING 


Least Bound 
see SUPREMUM 


Least Common Multiple 

The least common multiple of two numbers n; and n2 
is denoted LCM(ni, 72) or [n1, 72] and can be obtained 
by finding the PRIME factorization of each 


= pi" “2s pno” (1) 


ng = pit +++ Pn’, (2) 


where the p;s are all PRIME FACTORS of ni and nz, and 
if p; does not occur in one factorization, then the corre- 
sponding exponent is 0. The least common multiple is 
then 


LCOM(n1, no) = = [ni, 2] =I]. max(aig Bs a (3) 


Least Common Multiple 
Let m be a common multiple of a and b so that 
m = ha = kb. (4) 


Write a = a;(a,b) and b = b;(a,b), where a; and by 
are RELATIVELY PRIME by definition of the GREATEST 
COMMON DIVISOR (a1,61) = 1. Then ha; = kb,, and 
from the DIVISION LEMMA (given that ha; is DIVISIBLE 
by b and (61,a1) = 0), we have h is DIVISIBLE by 61, so 


h = nb, (5) 
ab 
Oe LE aay! (6) 
The smallest m is given by n = 1, 
ent (Ce) (7) 
%°) = GCD(a, 6)’ 
so 
GCD(a, b) LCM(a, b) = ab (8) 
(a, b)[a, 6] = ab. (9) 
The LCM is IDEMPOTENT 
[a, a] = a, (10) 
COMMUTATIVE 
[a, b] = [, al, (11) 
ASSOCIATIVE 
[a, b, c] — {[a, b}, c] = la, [, cl], (12) 
DISTRIBUTIVE 
[ma, mb, mc] = m{a, b, cl, (13) 
and satisfies the ABSORPTION LAW 
(a, [a,6]) = a. (14) 
It is also true that 
_ (ma)(mb) _ ab 
[ma, mb] Ca ine i mla,b]. (15) 


see also GREATEST COMMON DIVISOR, MANGOLDT 
FUNCTION, RELATIVELY PRIME 
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Least Deficient Number 


Least Deficient Number 
A number for which 


o(n) = 2n—-1. 


All POWERS of 2 are least deficient numbers. 
see also DEFICIENT NUMBER, QUASIPERFECT NUMBER 


Least Period 

The smallest n for which a point zo is a PERIODIC POINT 
of a function f so that f"(20) = zo. For example, for 
the FUNCTION f(x) = ~—2, all points x have period 2 
{including z = 0). However, x = 0 has a least period 
of 1. The analogous concept exists for a PERIODIC SE- 
QUENCE, but not for a PERIODIC FUNCTION. The least 
period is also called the EXACT PERIOD. 


Least Prime Factor 


a6 


ee 


40} 


20 


20 40 60 80 100 
For an INTEGER n > 2, let Ipf(z) denote the LEAST 
PRIME FACTOR of n, i.e., the number p; in the factor- 
ization 
n= py"! se pp , 

with p; < p; fort < j. For n = 2, 3, ..., the first 
few are 2, 3, 2, 5, 2, 7, 2, 3, 2, 11, 2, 13, 2, 3, ... 
(Sloane’s A020639). The above plot of the least prime 
factor function can be seen to resemble a jagged terrain 
of mountains, which leads to the appellation of “TWIN 


Peaks” to a Parr of INTEGERS (a, y) such that 
lae<y, 

2. Ipf() = Ipf(y), 

3. For all z, 2 < z < y IMPLIES Ipf(z) < Ipf(z). 


The least multiple prime factors for SQUAREFUL integers 
are 2, 2, 3, 2, 2, 3, 2, 2, 5, 3, 2, 2, 2, ... (Sloane’s 
A046027). 

see also ALLADI-GRINSTEAD CONSTANT, DISTINCT 
PRIME Factors, ERDOs-SELFRIDGE FUNCTION, FAC- 
TOR, GREATEST PRIME FACTOR, LEAST COMMON 
MULTIPLE, MANGOLDT FUNCTION, PRIME FACTORS, 
Twin PEAKS 

References 
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Least Squares Fitting 
j ae 


A mathematical procedure for finding the best fitting 
curve to a given set of points by minimizing the sum of 
the squares of the offsets (“the residuals”) of the points 
from the curve. The sum of the squares of the offsets 
is used instead of the offset absolute values because this 
allows the residuals to be treated as a continuous dif- 
ferentiable quantity. However, because squares of the 
offsets are used, outlying points can have a dispropor- 
tionate effect on the fit, a property which may or may 
not be desirable depending on the problem at hand. 


perpendicular offsets 


vertical offsets 
In practice, the vertical offsets from a line are almost 
always minimized instead of the perpendicular offsets. 
This allows uncertainties of the data points along the a- 
and y-axes to be incorporated simply, and also provides 
a much simpler analytic form for the fitting parameters 
than would be obtained using a fit bascd on perpendic- 
ular distances. In addition, the fitting technique can be 
easily generalized from a best-fit line to a best-fit poly- 
nomial when sums of vertical distances are used (which 
is not the case using perpendicular distances). For a 
reasonable number of noisy data points, the difference 
between vertical and perpendicular fits is quite small. 


The linear least squares fitting technique is the simplest 
and most commonly applied form of LINEAR REGRES- 
SION and provides a solution to the problem of finding 
the best fitting straight line through a set of points. In 
fact, if the functional relationship between the two quan- 
tities being graphed is known to within additive or mul- 
tiplicative constants, it is common practice to transform 
the data in such a way that the resulting line is a straight 
line, say by plotting T vs. V@ instead of t vs. @. For this 
reason, standard forms for EXPONENTIAL, LOGARITH- 
MIC, and POWER laws are often explicitly computed. 
The formulas for linear least squares fitting were inde- 
pendently derived by Gauss and Legendre. 


For NONLINEAR LEAST SQUARES FITTING to a number 
of unknown parameters, linear least squares fitting may 
be applied iteratively to a linearized form of the func- 
tion until convergence is achieved. Depending on the 
type of fit and initial parameters chosen, the nonlinear 
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fit may have good or poor convergence properties. If un- 
certainties (in the most general case, error ellipses) are 
given for the points, points can be weighted differently 
in order to give the high-quality points more weight. 


The residuals of the best-fit line for a set of n points 
using unsquared perpendicular distances d; of points 
(zi, yi) are given by 


nr 
Ri =a. (1) 
a1 
Since the perpendicular distance from a line y — a+ br 


to point 7 is given by 


d, = Malet be)! 


: 2 
¥1+6? (2) 
the function to be minimized is 
ly: — (a + ba;)| 
aie os Vite | (3) 


Unfortunately, because the absolute value function does 
not have continuous derivatives, minimizing R, is not 
amenable to analytic solution. However, if the square of 
the perpendicular distances 


2 = i — (a+ ba; 2 
fi =) =e be a 


is minimized instead, the problem can be solved in closed 
form. R4, is a minimum when (suppressing the indices) 


2 
“Et = a lv- (e+ ba(-1)=0 5) 


and 
ORL = 7 lu (a+ bala) 
oe eal 2b) 9 6) 
The former gives 
a= SUP a_i, (7) 


and the latter 


(1+8°) Soly-(a 


But 


r4 oS oly (a+bz)]? = 0. (8) 


ly — (a+ ba)}? = y? — 2(a + br)y + (a + bx)? 
= y* — 2ay — 2bey +07 + 2abr + b?x?, (9) 


Least Squares Fitting 
so (8) becomes 
(1 +b?) (SSey-a} os -b57 2?) 
+b (Sv ~2aS~y— 26S cyta? 1 
+2ab ) +6? ) 2?) = (10) 


[(1 + 67)(—b) + b(07)] Sa? + [(1 +8") — 267] Say 


+650 y? + [-a(1 + b”) + 2ab7] ys - 2ab Sy 


+ba” S71 =0 (11) 


— 0) So ay+b Soy? +00? -1))ox 


-2ab > y+ba’n=0. (12) 


-b) > 2° +(1 


Plugging (7) into (12) then gives 


After a fair bit of algebra, the result is 


be de +h (Ea) (Ey) 


b Lg Sye ar =0. 
(14) 
So define 
_1[E¥-3(0y)"] - [2-2 (E9)) 
2 St diy diay 
_ 100 y= ng") - Ole? — nz’) 
12 n> t> y—>d xy , me) 


and the QUADRATIC FORMULA gives 


b=-Bt vVB?41, (16) 
with a found using (7). Note the rather unwieldy form of 
the best-fit parameters in the formulation. In addition, 
minimizing R2 for a second- or higher-order POLYNOM- 
IAL leads to polynomial equations having higher order, 
so this formulation cannot be extended. 


Vertical least squares fitting proceeds by finding the sum 
of the squares of the vertical deviations R? of a set of n 
data points 


— f(@i,a1,@2,...,an)]° (17) 


Least Squares Fitting 


from a function f. Note that this procedure does not 
minimize the actual deviations from the line (which 
would be measured perpendicular to the given function). 
In addition, although the unsquared sum of distances 
might seem a more appropriate quantity to minimize, 
use of the absolute value results in discontinuous deriva- 
tives which cannot be treated analytically. The square 
deviations from each point are therefore summed, and 
the resulting residual is then minimized to find the best 
fit line. This procedure results in outlying points being 
given disproportionately large weighting. 


The condition for R? to be a minimum is that 


— = (18) 
fori=1,...,n. Fora linear fit, 
f(a,b) =a+ bz, (19) 
H? (a,b) = D Ulu — (a + ba))? (20) 
i=l 
oR) 2-65 waist so: “Gi 


2 mr 
AF) 2 Wy —(a+ be) =0. (22) 


These lead to the equations 


natby r=Soy (23) 
aS t+b) 2° =) ay, (24) 


where the subscripts have been dropped for conciseness. 
In MATRIX form, 


se Xe] []-[4] 


il-le. EA's) 


The 2 x 2 MATRIX INVERSE is 


H 7 ree Ty, pee 


so 
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a= ype’ — died ay (28) 
n>. 2? — (oz) 
bes neve ely (30) 
n>. 2? —- (dz) 
_ May — nzg 


Soa? — nz? 


(Kenney and Keeping 1962). These can be rewritten in 
a simpler form by defining the sums of squares 


SSz2 = yc -%)= (> 2 — na?) (32) 
sew = (uo? = (Sov? - na") (33) 


sey = ) (a 8)(ue— 9) = (Sey nag) , (34) 


which are also written as 


(31) 


o2 = SSez (35) 
oy = SSyy (36) 
cov(@, y) = SSzy- (37) 


Here, cov(z,y) is the COVARIANCE and a? and g? are 
variances. Note that the quantities }* zy and }> z* can 
also be interpreted as the DoT PRopucts 


be so (38) 
Say =x-y. (39) 


In terms of the sums of squares, the REGRESSION Co- 
EFFICIENT 6 is given by 


pe cov(z,y)  SSxy (40) 


ox? Sen 
and a is given in terms of 5 using (24) as 
a= ¥%— bz. (41) 


The overall quality of the fit is then parameterized in 
terms of a quantity known as the CORRELATION COEF- 
FICIENT, defined by 


2 
2 ss 
r= st, (42) 
SSzaSSyy 


which gives the proportion of ssy, which is accounted 
for by the regression. 
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The STANDARD ERRORS for a and b are 


SE(a) = 5 - + = (43) 
SE(b) = ee (44) 


Let %; be the vertical coordinate of the best-fit line with 
x-coordinate z;, so 


Gi =at bu, (45) 


then the error between the actual vertical point y; and 
the fitted point is given by 


Gi = Yi — Ui (46) 


Now define s” as an estimator for the variance in e;, 
Tt 
2 
ae 
s= , 47 
n—2 ao) 
i=1 
Then s can be given by 


ee SSyy — 22 
= ./ Ssuy bsSay - UY — See (48) 
n-2 n-2 


(Acton 1966, pp. 32-35; Gonick and Smith 1993, 
pp. 202-204). 


Generalizing from a straight line (i.e., first degree poly- 
nomial) to a kth degree POLYNOMIAL 


y=antart...t axa", (49) 


the residual is given by 


Te 
R= S oly — (ao tari t...+ axx;*)]’. (50) 


i=l 


The PARTIAL DERIVATIVES (again dropping super- 
scripts) are 


a) = 2S oy (ao t+aiz+...+ax2*)| =0 (51) 
— a2 Slly-(@otart...+axe")}e = 0 (52) 
aa =-25 [y-(aotaiz+...+anz*)]x* = 0. (53) 


These lead to the equations 


aon a1 Sei... an > w= doy (54) 
ao Sota 27? +...+an > 0° = Soay (55) 
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ao Sattar So atts, +0 > gt = Ss a*y (56) 


or, in MATRIX form 


n Ye 
Ye 2? 


eel) [ee 
IE: Q1 So zy 


ay 


(57) 


Sat Salt Sat ak 


This is a VANDERMONDE MATRIX. We can also obtain 
the MATRIX for a least squares fit by writing 


lay Ly ao Yl 
1 22 Z2 ay Y2 

; ol Ree ee (58) 
l an «+: an” |} Lag Yn 


Premultiplying both sides by the TRANSPOSE of the first 
MATRIX then gives 


i 1 1 1 2 Ly ao 
21 r2 Ln 1 22 r2 ay 
k k k 

21” 2 Ln Log, +++ fn Qk 

1 1 1 Y1 

Ty @Q2 +: Bn Yy2 

= : » (59) 
k k k 
Ly 2 tet Ln Yn 


so 


n Me a" ag oy 
Soa | a? pr ati ay 2 dry 


yay 


(60) 


Ta" s: antl SS 2" an 


As before, given m points (x;, y:) and fitting with PoLy- 


NOMIAL COEFFICIENTS ao, ..., Gn gives 
Yr lo“ a D1 ao 
Yy2 1 £2 22 7) ao 
at (oe : 23, (62) 
2 n . 
Ym Ls Dy. CER an 


In MATRIX notation, the equation for a polynomial fit 
is given by 
y = Xa. (62) 


This can be solved by premultiplying by the MATRIX 
TRANSPOSE X", 


XTy = X™Xa. (63) 


Least Squares Fitting—Exponential 


This MATRIX EQUATION can be solved numerically, or 
can be inverted directly if it is well formed, to yield the 
solution vector 


a = (X™X)?X7y. (64) 


Setting m = 1 in the above equations reproduces the 
linear solution. 


see also CORRELATION COEFFICIENT, INTERPOLATION, 
LEAST SQUARES FITTING-—-EXPONENTIAL, LEAST 
SQUARES FITTING—LOGARITHMIC, LEAST SQUARES 
FITTING—POWER LAW, MOORE-PENROSE GENERAL- 
IZED MATRIX INVERSE, NONLINEAR LEAST SQUARES 
FITTING, REGRESSION COEFFICIENT, SPLINE 
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To fit a functional form 
yo Ae, (1) 
take the LOGARITHM of both sides 


luy=nA+ Bing. (2) 
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The best-fit values are then 
gh dunes =e eeiny (3) 
n > x? — (> x) 
pa Blea = ey, (4) 


ny 2- (> x)” 
where B = b and A = exp(a). 


This fit gives greater weights to small y values so, in 
order to weight the points equally, it is often. better to 
minimize the function 


S> y(ny -—a— bx)’. (5) 


Applying LEAST SQUARES FITTING gives 


aS y+b) ay=) ylny (6) 
aS ay+bS 2?y=) aylny (7) 


Es Falll-Em) © 

Sizy Soa’y|}b Saylny |" 

Solving for a and }, 
_ Lle*v) Suny) - Vey) Lieviny) gy) 
Sy Dey) — (Say)? 

p= Vy leylny) — Vey) Vylny) gg) 

; ; 

Ly D(e*v) - (Ley) 

In the plot above, the short-dashed curve is the fit com- 


puted from (3) and (4) and the long-dashed curve is the 
fit computed from (9) and (10). 

see also LEAST SQUARES FITTING, LEAST SQUARES 
FITTING—LOGARITHMIC, LEAST SQUARES FITTING— 
POWER LAw 


Least Squares Fitting—Logarithmic 
30 7 ay 


10 20 "30 40 50 
Given a function of the form 


y=atblnz, (1) 


the COEFFICIENTS can be found from LEAST SQUARES 
FITTING as 


, 2D) Tyme) gy 
n >~[(inx)?] — [Son x))” 
oe dy bd (ne) 


(3) 


see also LEAST SQUARES FITTING, LEAST SQUARES 
FITTING—EXPONENTIAL, LEAST SQUARES Firrinc— 
POWER LAw 
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Least Squares Fitting—Power Law 
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Given a function of the form 
B 
y= Ax”, (1) 
LEAST SQUARES FITTING gives the COEFFICIENTS as 


a nS c(Ineiny) — SS(Inz) S*(Iny) 
n >-{(n 2)2] — (© Inn)? 
is y(n y) a ee) (3) 


(2) 


where B = b and A = exp(a). 


see also LEAST SQUARES FITTING, LEAST SQUARES 
FITTING—EXPONENTIAL, LEAST SQUARES FITTING— 
LOGARITHMIC 


Least Upper Bound 
see SUPREMUM 


Lebesgue Constants (Fourier Series) 
N.B. A detailed on-line essay by S. Finch was the start- 


ing point for this entry. 


Assume a function f is integrable over the interval 
[-7, 7] and S,,(f,2) is the nth partial sum of the Four- 
IER SERIES of f, so that 


Gc < / ” F(t) cos(kt) dt (1) 


be — if f(t) sin(kt) dt (2) 


Sn(f,x) = $0 + {Sol cos(kx) + bx anit} . (3) 


lf(@)| <1 (4) 


for all x, then 


* \sin[4(2n (2) 
safe) <i f | te WN 49 = bn, (5) 


Least Squares Fitting—Power Law 


Lebesgue Constants (Fourier Series) 


and LZ, is the smallest possible constant for which this 
holds for all continuous f. The first few values of L, are 


fo =1 (6) 
I, = ; + we = 1.435991124... (7) 
Le = 1.642188435... (8) 
D3 = 1.778322862. (9) 


Some ForMULAS for L,, include 


Feet z tan (=™-) 
nr 


(Zygmund 1959) and integral FORMULAS include 


*tanh((2n+1)2] dz 
In =4 ; z 
0 tanhaz nm? +42 


- & ye sinh({(2n + 1)z] In{coth[3(2n + 1)a]} dr 
0 


nw sinh z 
(11) 
(Hardy 1942). For large n, 
4 4 
qa inn< In <3+ za Inn. (12) 


This result can be generalized for an r-differentiable 
function satisfying 

d’ f 
dx* 


(13) 


for all x. In this case, 


\f(@) - Sal f,2)] < ne = oO 


nr 


where 


Oe food sin(kz) 7 
be | Hr Bie <a dx for r> 1 odd 
= ra pees ce | dx forr> 1 even 


(15) 
(Kolmogorov 1935, Zygmund 1959). 
Watson (1930) showed that 
li [z Onde) | = 16 
are al 


Lebesgue Constants (Lagrange Interpolation) 


where 
oo 
Ink 4 (3 
g=2 2 = (@) (17) 
nw? \ L~ 4k? 1 (3) 
8 | wa XQ7+2)-1 4 
ae 2In2 1 
= » ri | + een? +7) (8) 
oa 
= 0.9894312738..., (19) 


where T(z) is the GAMMA FUNCTION, A(z) is the 
DIRICHLET LAMBDA FUNCTION, and y is the EULER- 
MASCHERONI CONSTANT. 
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Lebesgue Constants (Lagrange 
Interpolation) 

N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Define the nth Lebesgue constant for the LAGRANGE 
INTERPOLATING POLYNOMIAL by 


u- 2; 
An(X) = ———— | 1 
a(x) = max > Tee 
k=1 | j#k | 
It is true that 4 
An > =ylnn—1. (2) 


The efficiency of a Lagrange interpolation is related to 
the rate at which A, increases. Erdés (1961) proved 
that there exists a POSITIVE constant such that 


An > Z Inn-C (3) 
T 
for all n. Erdés (1961) further showed that 
2 
An <=Inn+4, (4) 


so (3) cannot be improved upon. 
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Lebesgue Covering Dimension 

An important DIMENSION and one of the first dimen- 
sions investigated. It is defined in terms of covering sets, 
and is therefore also called the COVERING DIMENSION. 
Another name for the Lebesgue covering dimension is 
the TOPOLOGICAL DIMENSION. 


A SPACE has Lebesgue covering dimension m if for every 
open COVER of that space, there is an open COVER that 
refines it such that the refinement has order at most 
m+1. Consider how many elements of the cover contain 
a given point in a base space. If this has a maximum 
over all the points in the base space, then this maximum 
is called the order of the cover. If a SPACE does not have 
Lebesgue covering dimension m for any m, it is said to 
be infinite dimensional. 


Results of this definition are: 
1. Two homeomorphic spaces have the same dimension, 
2. R” has dimension n, 


3. A TOPOLOGICAL SPACE can be embedded as a closed 
subspace of a EUCLIDEAN SPACE IFF it is locally 
compact, Hausdorff, second countable, and is finite 
dimensional (in the sense of the LEBESGUE DIMEN- 
SION), and 


4. Every compact metrizable m-dimensional Topo- 
LOGICAL SPACE can be embedded in R?”*?. 


see also LEBESGUE MINIMAL PROBLEM 
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Lebesgue Dimension 
see LEBESGUE COVERING DIMENSION 


Lebesgue Integrable 

A real-valued function f defined on the reals R is called 
Lebesgue integrable if there exists a SEQUENCE of STEP 
FUNCTIONS {fn} such that the following two conditions 
are satisfied: 


1. Donzi df |Fol < 0, 
2. f(z) = SO, for every « € R such that 


dena J |fnl < 00. 
Here, the above integral denotes the ordinary RIEMANN 
INTEGRAL. Note that this definition avoids explicit use 
of the LEBESGUE MEASURE. 


see also INTEGRAL, LEBESGUE INTEGRAL, RIEMANN IN- 
TEGRAL, STEP FUNCTION 
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Lebesgue Integral 

The LEBESGUE INTEGRAL is defined in terms of upper 
and lower bounds using the LEBESGUE MEASURE of a 
SET. It uses a LEBESGUE SUM S, = mipt( Fi) where 7; 
is the value of the function in subinterval i, and u(E;) 
is the LEBESGUE MEASURE of the SET £; of points for 
which values are approximately 7;. This type of integral 
covers a wider class of functions than does the RIEMANN 
INTEGRAL. 


see alsv A-INTEGRABLE, COMPLETE FUNCTIONS, INTE- 
GRAL 
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Lebesgue Measurability Problem 

A problem related to the CONTINUUM HYPOTHESIS 
which was solved by Solovay (1970) using the INACCES- 
SIBLE CARDINALS AXIOM. It has been proven by Shelah 
and Woodin (1990) that use of this AXIOM is essential 
to the proof. 


see also CONTINUUM HYPOTHESIS, INACCESSIBLE CAR- 
DINALS AXIOM, LEBESGUE MEASURE 
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Lebesgue Measure 

An extension of the classical notions of length and 
AREA to more complicated sets. Given an open set 
S = 5°, (ak, bk) containing Disso1nT intervals, 


ur(S) = S(bx — an). 


k 


Given a CLOSED SET S’ = [a, 6] — 5°, (ax, be), 


pz (S') = (6-2) — So (be — ax). 


k 


A LINE SEGMENT has Lebesgue measure 1; the CAN- 
Tor SET has Lebesgue measure 0. The MINKOWSKI 
MEASURE of a bounded, CLOSED SET is the same as its 
Lebesgue measure (Ko 1995). 


see also CANTOR SET, MEASURE, RIESZ-FISCHER THE- 
OREM 
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Lebesgue Sum 


Lebesgue Minimal Problem 

Find the plane LAMINA of least AREA A which is capable 
of covering any plane figure of unit GENERAL DIAME- 
TER. A UNIT CIRCLE is too small, but a HEXAGON 
circumscribed on the UNIT CIRCLE is too large. More 
specifically, the AREA is bounded by 


0.8257... =44+1V3< A< 2(3- V3) = 0.8454... 


(Pal 1920). 


see also AREA, BORSUK’S CONJECTURE, DIAMETER 
(GENERAL), KAKEYA NEEDLE PROBLEM 
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Lebesgue-Radon Integral 
see LEBESGUE-STIELTJES INTEGRAL 


Lebesgue Singular Integrals 


b 
Un(f) = iy FO aor 


where {Kn(x)} is a SEQUENCE of CONTINUOUS FUNC- 
TIONS. 


Lebesgue-Stieltjes Integral 

Let a(x) be a monotone increasing function and define 
an INTERVAL I = (21,22). Then define the NONNEGA- 
TIVE function 


U(1) = a(ae + 0) — a(a1 + 0). 


The LEBESGUE INTEGRAL with respect to a MEASURE 
constructed using U(I) is called the Lebesgue-Stieltjes 
integral, or sometimes the LEBESGUE-RADON INTE- 
GRAL. 
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Lebesgue Sum 


Sr = mp(E,), 


where p:(F;) is the MEASURE of the SET F; of points on 
the w-axis for which f(x) ~ mj. 


Leech Lattice 


Leech Lattice 

A 24-D Euclidean lattice. An AUTOMORPHISM of the 
Leech lattice modulo a center of two leads to the CON- 
way GROUP Co,. Stabilization of the 1- and 2-D sub- 
lattices leads to the CONWAY GROUPS Coz and Co3, 
the HIGMAN-SIMS GROUP HS and the MCLAUGHLIN 
GRouP McL. 


The Leech lattice appears to be the densest HYPER- 
SPHERE PACKING in 24-1, and results in each HYPER- 
SPHERE touching 195,560 others. 


see also BARNES-WALL LATTICE, CONWAY GROUPS, 
COXETER-ToODD LATTICE, HIGMAN-SiIMsS GROUP, Hy- 
PERSPHERE, HYPERSPHERE PACKING, KISSING NUM- 
BER, MCLAUGHLIN GROUP 
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Lefshetz Fixed Point Formula 
see LEFSHETZ TRACK FORMULA 


Lefshetz’s Theorem 

Each DOUBLE POINT assigned to an irreducible curve 
whose GENUS is NONNEGATIVE imposes exactly one con- 
dition. 
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Lefshetz Trace Formula 
A formula which counts the number of FIXED POINTS 
for a topological transformation. 


Leg 
The leg of a TRIANGLE is one of its sides. 


see also HYPOTENUSE, TRIANGLE 


Legendre Addition Theorem 
see SPHERICAL HARMONIC ADDITION THEOREM 


Legendre’s Chi-Function 
The function defined by 


z 
x) = 2 ery 


k=0 
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for integral vy = 2, 3, .... It is related to the POLYLOG- 
ARITHM by 


xv(z) = 3[Lii(e) Lir( z)] 
= Li,(z) — 2-” Li, (z?). 


see also POLYLOCARITHM 
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Legendre’s Constant 
The number 1.08366 in Legendre’s guess at the PRIME 
NuMBER THEOREM 


n 


m(n) ~ T= 1.08360" 

This expression is correct to leading term only. 
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Legendre Differential Equation 
The second-order ORDINARY DIFFERENTIAL EQUATION 


dy dy 
Yeh ae ee = 

( x ) 932 oT + ll +1)y = 0, (1) 
which can be rewritten 


< a = 2) 2] +1U(1+ 1)y=0. (2) 


The above form is a special case of the associated Leg- 
endre differential equation with m — 0. The Legendre 
differential equation has REGULAR SINGULAR POINTS 
at —1, 1, and oo. It can be solved using a series expan- 
sion, 


co 


y= > Anz” (3) 


n=0 


y= ae x (4) 


n=0 
y= >: n(n —1)anz”™?. (5) 
n=0 
Plugging in, 


fo.<] oo 
(1 — 2?) S> n(n —1)anz”~? — 2 S nanx™—* 
n=0 


n=0 


+1(0+1)S ana" =0 (6) 


n=0 
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So n(n — lane”? — So n(n — lane 
—2z So nant —) + U(E+ 1) 3 Ont" =0 (7) 
n=0 n=0 
S- n(n ~— 1)anx” 7 — S- n(n — l)anx” 
n=2 n=0 
BS nasa +101) ans” =0 (8) 
n=0 
Sin +2)(n+1)an422” — > n(n — 1)anz™ 
n=0 n=0 
235 nase" +1U(1+1) auc" = (9) 
n=0 n=0 
D+ (n+ 2Yan+2 
n=0 
+[-n(n — 1) - 2n4+1(1+1)Jan}=0, (10) 
so each term must vanish and 
(n+1)(n + 2)any2 —n(n+1)4+l(l+ Jan =O (11) 
_ n(n+1)—-Ul+1) 
ante iat iy(n+2) 
(i+(n+ 1) -—n) 
aE ES ea (12) 
Therefore, 
a, = U1), (13) 
(1 — 2)(1+ 3) 
iT OF aaa 
= C= Ba NOS), ai 
pec 
(-1)8 [= 4) (2 = 2) [+ 1) + 3) (1+ 5)] 
~ 1-2-3-4-5-6 a 
(15) 


so the EVEN solution is 


wi(e@)= it sven 


(1 — an 4 2)---(0— 2) + L(+ 3)--- 


{2n)! 


(L+2n—-1)] 32" 


(16) 


Legendre Differential Equation 


Similarly, the ODD solution is 


ya(z) = 2+ es 


(t— 3)(E— 1))[( + 2)(6 + 4)--- 


l= an t+) 
(2n +1)! 


(i + 2n) gmth 


(17) 


If 1 is an EVEN INTEGER, the series y; reduces to a POLY- 
NOMIAL of degree / with only EVEN PoWERs of « and 
the series y2 diverges. If 1 is an ODD INTEGER, the series 
yo reduces to a POLYNOMIAL of degree | with only ODD 
Powers of x and the series y; diverges. The general 
solution for an INTEGER | is given by the LEGENDRE 
POLYNOMIALS 


=, yi(x) for I even 
eae { ya) for l odd, a) 
where c,, is chosen so that Pn(1) = 1. If the variable z 
is replaced by cos @, then the Legendre differential equa- 
tion becomes 


dy 
dé? 


cos @ dy 


sin 8 dz Ful 


1)y = 0, (19) 
as is derived for the associated Legendre differential 
equation with m = 0. 


The associated Legendre differential equation is 


me 1] + fia i= 


Zl m 
The solutions to this equation are called the associated 
Legendre polynomials. Writing z = cos 9@, first establish 
the identities 


dy dy 1 dy 
2 = =— a= 22 
dz  d(cos@) sin 6 d@ 2) 
a ae cos @ dy 
"de sin dé’ (2) 
@y 1d ( 1 dy ) 
dz?—s sin 9 d@ \sin 0 dé 
1 —cos6\ dy 1 dy 
~ sin 6 ( sin? 8 ) d@ sin? @ d6?’ 74) 
and 
1— a2? = 1-—cos? 6 = sin? 8. (25) 


Legendre Duplication Formula 


Therefore, 
ay 1 /—cos@\ dy 1 d’y 
2 ee: ay ey 
ee Pr) — ery: ( sin? 6 ) dé a sin? 6 d6? 
d’y  cos@ dy 
ott pe 2 
dg? sin 6 d@ (26) 


Plugging (22) into (26) and the result back into (21) 
gives 


dy _ cos@ dy 
dé?_— sin @ dd 


cos 6 dy m 
2 = i(i+1)-—- =0 (27 
soo des Jia ) e5| rae 
d’y cos6 dy m? _ 
62 sin de + i + 1) - sin? 6 y= 0. (28) 
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Legendre Duplication Formula 

GAMMA FUNCTIONS of argument 2z can be expressed 
in terms of GAMMA FUNCTIONS of smaller arguments. 
From the definition of the BETA FUNCTION, 


_ P(m)P(n) 


B(m,n) = Tenn) 


1 

= u™-"(1—u)""* du. (1) 
0 

Now, let m =n = z, then 


DR (2) feats ae 
“Fos =f U (1 u) du (2) 


and u = (1+ 2)/2, so du = dz/2 and 
T(z)P(z) _ nate ae 1 
Taz) J, \2 aa (3 de) 
1 ie ea Cae 
= dx 
2 6 2 2 
1 * 2\z-1 
= ganey f 0-2" dz 


= gi-3 fo — 27)?" da. (3) 


Now, use the BETA FUNCTION identity 
1 
B(m,n) = 2 | Cid (UN ame (4) 
eo 


to write the above as 


1-22 1- a 3 r 
Fe) 2 2 B(L, 2) = 21? (5)T®) 


(z+ 3) (6) 
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Solving for I'(2z), 
T(z)P(z + $277? D(z)P (2 + $)2?*77 
r(3) Vr 
= (an) 2 NAT) i(2 9), (6) 
since (3) = Vx. 


see also GAMMA FUNCTION, GAUSS MULTIPLICATION 
FORMULA 


T'(2z) = 
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Legendre’s Factorization Method 

A PRIME FACTORIZATION ALGORITHM in which a se- 
quence of TRIAL DivisoRs is chosen using a QUADRA- 
TIC SIEVE. By using QUADRATIC RESIDUES of N, the 
QUADRATIC RESIDUES of the factors can also be found. 


see also PRIME FACTORIZATION ALGORITHMS, QUAD- 
RATIC RESIDUE, QUADRATIC SIEVE FACTORIZATION 
METHOD, TRIAL DIVISOR 


Legendre’s Formula 
Counts the number of POSITIVE INTEGERS less than or 


equal to a number « which are not divisible by any of 
the first a@ PRIMES, 


ati ca x 
¢(z,a) = |x]-5 A +> Ea 
i 
-5 laa | +..., (1) 


where |x| is the FLOOR FUNCTION. Taking a = x gives 


o(e.2) = (2) —(ve) +1 lel - YD | =| 
PiS VE 


a eee ee 


Pi<Pj<PRSVE 
(2) 


where (mn) is the PRIME COUNTING FUNCTION. Leg- 
endre’s formula holds since one more than the number 
of PRIMES in a range equals the number of INTEGERS 
minus the number of composites in the interval. 


Legendre’s formula satisfies the RECURRENCE RELA- 
TION 


é(z,a) = o(z,a—1) 6(2 0 1). (3) 


Pa 


1056 


Let mz = pipo--- pr, then 


(mn, k) = [me] — yy Ea e se Fa ‘ 


where ¢(n) is the TOTIENT FUNCTION, and 
o(sme +f, k) = so(mk) + ot, k), (5) 
where 0 <i < mx. If t > m:/2, then 


(tk) = $(me) — (me — t - 1,k). (6) 


Note that ¢(n,n) is not practical for computing z(n) 
for large arguments. A more efficient modification is 
MEISSEL’S FORMULA. 


see also LEHMER’S FORMULA, MAPES’ METHOD, MEIS- 
SEL’S FORMULA, PRIME COUNTING FUNCTION 


Legendre Function of the First Kind 
see LEGENDRE POLYNOMIAL 


Legendre Function of the Second Kind 


A solution to the LEGENDRE DIFFERENTIAL EQUATION 
which is singular at the origin. The Legendre functions 
of the second kind satisfy the same RECURRENCE RE- 
LATION as the LEGENDRE FUNCTIONS OF THE FIRST 
KIND. The first few are 


1l+¢2 
ae | 
Qo = $n (>=) 
er ry psa ae 
Q=>5 (774) 
Yr oa 
y= adn (hts) 
52° — 3x l+e bar 
or a in (7%) 213° 


Legendre Function of the First Kind 


Legendre-Gauss Quadrature 


The associated Legendre functions of the second kind 
have DERIVATIVE about 0 of 
| see) _ Va cos[aa(y + w)IR (Gu + 34 +1) 
da 2=0 Tg ~ BB+ 3) 
(Abramowitz and Stegun 1972, p. 334). The logarithmic 
derivative is 


dinQ§(z) 
dz son 


= 2exp{}risgn(S[z])} A+ WEO — a) 


[2A +H - 1))!3(A- 2-2)! 
(Binney and Tremaine 1987, p. 654). 
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Legendre-Gauss Quadrature 

Also called “the”? GAUSSIAN QUADRATURE or LEGEN- 
DRE QUADRATURE. A GAUSSIAN QUADRATURE over 
the interval [—1, 1] with WEIGHTING FUNCTION W(z) = 
1. The ABSCISSAS for quadrature order n are given by 
the roots of the LEGENDRE POLYNOMIALS P, (2x), which 
occur symmetrically about 0. The weights are 


An+19n - An Yn-1 
AnPa(2i)Pn4i(@i) = An-1 Pr-1(xi)Ph(xi)’ 
(1) 
where Ay is the COEFFICIENT of x” in FP, (x). For LEc- 
ENDRE POLYNOMIALS, 


Wi= 


2n)! 
Bae hs : (2) 


so 


An4t _  [2(n+1)]! 2" (nl)? 
An  2™*1[(n+1)!]? (2n)! 
(2n+1)(2n+2)  2n+1 
2(n +1)? ~ a+.’ 


(3) 


Additionally, 
2 


=O ay (4) 


Yn 


Legendre-Jacobi Elliptic Integral 


so 


2 2 
we at 1)Paaa (ti) Pi(@i) Pai (ei) Pa(aa) 
(5 
Using the RECURRENCE RELATION 
(1 — 2”) P(x) = naPn(x) + nPa—1(x) (6) 


= (n+ 1)ePa(z) —(n+1)Pa4i(z) (7) 


gives 
aa 2 _ 2(1 — 2:7) 
“= TIE Per tener © 
The error term is 
pa 2 sam) (9) 


(2n + 1)[(2n)!]§ 


Beyer (1987) gives a table of ABSCISSAS and weights up 
to n = 16, and Chandrasekhar (1960) up to n = 8 for n 
EVEN. 


n Xy Wi 
2 +0.57735 1.000000 
3 0 0.888889 


+0.774597 0.555556 
4 +0.339981 0.652145 
+0.861136 0.347855 


5 0 0.568889 
+0.538469 0.478629 
0.90618 0.236927 


The ABSCISSAS and weights can be computed analyti- 
cally for small n. 


Te Ly Wi 
2 +13 1 
3 0 8 

ti V15 7 
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Legendre-Jacobi Elliptic Integral 

Any of the three standard forms in which an ELLIPTIC 
INTEGRAL can be expressed. 

see also ELLIPTIC INTEGRAL OF THE FIRST KIND, EL- 
LIPTIC INTEGRAL OF THE SECOND KIND, ELLIPTIC IN- 
TEGRAL OF THE THIRD KIND 
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Legendre Polynomial 


1} 


The LEGENDRE FUNCTIONS OF THE FIRST KIND are 
solutions to the LEGENDRE DIFFERENTIAL EQUATION. 
If l is an INTEGER, they are POLYNOMIALS. They are a 
special case of the ULTRASPHERICAL FUNCTIONS with 
a = 1/2. The Legendre polynomials P,(x) are illus- 
trated above for x € [0,1] andn = 1, 2,..., 5. 


The Rodrigues FORMULA provides the GENERATING 
FUNCTION 


1 dl 


Pi(z) = an ate -1)', (1) 


which yields upon expansion 


1 RAI (-1y(20 — 2k)! 


Be) = > 4 Ri — R= 2k i 8) 


where [r| is the FLOOR FUNCTION. The GENERATING 
FUNCTION is 


g(t,z) = (1-2at +27) 7 =) Pa(ayt. (3) 
n=0 
Take 0g/dt, 


—4(1-2at +¢?)-*/2(—25 + 2t) = S$ nPa(x)t™-1. (4) 
n=0 


Multiply (4) by 2¢, 


—t(1 — 2xt + t?)~9/?(—-22 + 2t) = Sn Pa(a)e” (5) 


n=O 
and add (3) and (5), 
2t”) + (1 — 2at + t”)] 


= SJ (an+1)Pa(x}t” (6) 


n=0 


(1 — 2at + t?)~9/?((2at — 


(1~ Qat + #7)~*°/7(1 ~ #7) = $0 (2n + 1) Palate”. (7) 


n=0 
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This expansion is useful in some physical problems, in- 
cluding expanding the Heyney-Greenstein phase func- 
tion and computing the charge distribution on a 
SPHERE. They satisfy the RECURRENCE RELATION 


(b+ 1)Pi4i(z) — (21+ 1)@Pi(x)+1P;1(4)=0. (8) 


The Legendre polynomials are orthogonal over (—1, 1) 
with WEIGHTING FUNCTION 1 and satisfy 


1 
/ Pp(z)Pm(x) da = pimns (9) 


where dmn is the KRONECKER DELTA. 
A COMPLEX GENERATING FUNCTION is 


P(x) = 5 fo — Qe + 27)7V2z-'} dz, (10) 


and the Schlafli integral is 


P(2) = or [| ae (11) 


2! ani J (2-2) 


Additional integrals (Byerly 1959, p. 172) include 


[ Pr (x) dx 


0 
= (<1) m!! 


m(m+1)(m—1)! 


m even #0 
m odd (12) 


i Pm(x)Pn(z) dz = 
) 


0 


m,n both even or odd m#n 
(—1)tr+D/2 pe 5 ‘ 
amtn+] (m—n)(minti)( 5 m)!{L3 (DIY? 
m even, n odd 
1 
2n+1? 
m=n. 


(13) 
An additional identity is 


1-2? P,(z) 
1 — 2,2 Prac _ al Ue) 


1 [Pa(z)]? = 


vol 


(Szegé 1975, p. 348). 


The first few Legendre polynomials are 


Po(z)=1 

Py(z)=2 

P2(x) = 4(3u* — 1) 

P3(x) = 3(52° — 32) 

Ps(x) = 1(35a7 — 30x? + 3) 

Ps(z) = 4 (63x° — 7027 + 152) 

P(x) = 73 (2312° — 31527 + 10527 — 5). 


Legendre Polynomial 


The first few POWERS in terms of Legendre polynomials 
are 
r=P; 
az? = (Po + 2P2) 
2* = 1(3P; + 2P3) 
a* = 4 (7Po + 20P2 + 8P4) 
a° = 2. (27P, + 28P3 + 8Ps) 


x° = ;1.(33P + 110P2 + 72P1 + 16P5). 


For Legendre polynomials and POWERS up to exponent 
12, see Abramowitz and Stegun (1972, p. 798). 


The Legendre POLYNOMIALS can also be generated using 
GRAM-SCHMIDT ORTHONORMALIZATION in the OPEN 
INTERVAL (—1,1) with the WEIGHTING FUNCTION 1. 


P(x) =1 (15) 
- fi vdz 
nie) [> fide 1 
1 ppp 7 
wet tae-tlgyee 9 
= ie z® dz I, x? dz 
P2(x) = > med - , 
=[>- tie ]e- Age sedan 
7 fo, 2@?-})? dx}, : 
P3(x) = : [ie iyPde (2° - 5) 
Sie? - 4)? de 
fo, 2? de 
= Ei 1 aires) 
a i 7 
= 2° 4o-98-}) 


3 
=o'-2($+2-3)=2'-te (18) 
g 


Normalizing so that P,(1) = 1 gives the expected Leg- 
endre polynomials. 

The “shifted” Legendre polynomials are a set of func- 
tions analogous to the Legendre polynomials, but de- 
fined on the interval (0, 1). They obey the ORTHOGO- 
NALITY relationship 


1 
= = 1 
i Pm(x)Pn(x) dx = mae" (19) 


The first few are 
Po(x) il A 
Pi(2) = 22-1 
P2(x) = 6x? —6r +1 
P(x) = 202° ~ 30x27 + 122 — 1. 


Legendre Polynomial 


The associated Legendre polynomials Pj"(x) are so- 
lutions to the associated LEGENDRE DIFFERENTIAL 
EQUATION, where / is a POSITIVE INTEGER and m = 0, 

, . They can be given in terms of the unassociated 
polynomials by 


PI"(2) = (-1)"(1- 27)? £— Pia) 


_ (-1)™ 2\m/2 aa 2 1 
= on (1- 2") alta (a* — 1)", (20) 


where P;(a) are the unassociated LEGENDRE POLYNO- 
MIALS. Note that some authors (e.g., Arfken 1985, 
p. 668) omit the CONDON-SHORTLEY PHASE (—1)”, 
while others include it (e.g., Abramowitz and Stegun 
1972, Press et al. 1992, and the LegendreP[1,m,z] 
command of Mathematica®). Abramowitz and Stegun 
(1972, p. 332) use the notation 


Ptm (x) = (-1)"Pm(z) (21) 


to distinguish these two cases. 


Associated polynomials are sometimes called FERRERS’ 
Functions (Sansone 1991, p. 246). If m = 0, they re- 
duce to the unassociated POLYNOMIALS. The associated 
Legendre functions are part of the SPHERICAL HARMON- 
1cs, which are the solution of LAPLACE’S EQUATION 
in SPHERICAL COORDINATES. They are ORTHOGONAL 
over [—1, 1] with the WEIGHTING FUNCTION 1 


i * PI*(2)Pi"(a) de = —2— +m) “ur, (22) 


1 21+ 1 (I— m)! 


ORTHOGONAL over [—1,1] with respect to m with the 
WEIGHTING FUNCTION (1 — 2?)~? 


1 
i PY" («)P?" (2) = oie (23) 


7 1- =e 
They obey the RECURRENCE RELATIONS 


(1 —m)P/" (x) = v(2l — 1)P7"1 (x) — (l+¢m — 1)Pi2(x) 
(24) 


dP” dP;” 
dé 


3(l—m+1)(l+m+ Pr — Pi) (25) 


(+1)f1-wPM = PT - Py’. — (27) 
An identity relating associated POLYNOMIALS with 


NEGATIVE m to the corresponding functions with Pos- 
ITIVE m is 


m)! 


=(- yen (28) 
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Additional identities are 
P(x) = (—1)'(21 — 1)"(1 - 27)? (29) 
Ply (a) = 2(21 + 1)Pi(2). (30) 


Written in terms of z and using the convention without 
a leading factor of (—1)™ (Arfken 1985, p. 669), the first 
few associated Legendre polynomials are 


P}(z) = 

Pi(z)=2 

Pi(e) = —(1—27)'” 
P}(x) = (32? -1) 


P3(x) = —3a(1 — 2”)? 

P? (x) = 3(1 — 2”) 

P3(x) = }2(5a? — 3) 

P3(x) = $(1 ~ 5x”)(1— 27)? 
P3(x) = 152(1 — x”) 


P3(x) = —15(1 — 2”)*/? 
4(352* — 302? + 3) 
59(3 ~ 7a”)(1 — a)? 
Pi (x) = 3B (72? — 1)(1- 2”) 
(x) = —1052(1 — 2)°/? 
P(x) = 105(1 — a”)? 
(x) = {a(63x* — 70x? + 15). 


Written in terms z = cos 8, the first few become 


P§(cos@) = 1 
P,‘(cos6) = 
P?(cos 6) = 
Pi (cos 6) = sin @ 


Pz (cos) = 7 sin? 6 


+ : 
5 sin8 


cos? = p 


Px *(cos@) = } sin@ cos 
P; (cos) = }(3 cos” 6 — 1) 
P; (cos 8) = 3sin 8 cos 6 
= 3 sin? @ 
P3 (cos 8) =3 sin? 6 


= 3(1— cos’ 4) 
P3 (cos @) = 5 cos O(5 cos’ @ — 3) 
= }cos@(2 — 5sin’ 6) 
P3 (cos 6) = 3(5 cos? 6 — 1)sin9 
= 3(siné + 5sin® 6). 


The derivative about the origin is 


ed _ 24** sin[ga(y + wT Gu t+ pe +1) 
dx + 


wi/2T(av — i+ 3) 


=0 


(31) 
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(Abramowitz and Stegun 1972, p. 334), and the loga- 
rithmic derivative is 


dln P}'(z) 
dz me" 
[F(A+ wINZO — n)]! 
[FAtH—1"FA-w- DIP 
(32) 


= 2tan[$m(A + p)] 


(Binney and Tremaine 1987, p. 654). 


see also CONDON-SHORTLEY PHASE, CONICAL FUNC- 
TION, GEGENBAUER POLYNOMIAL, KINGS PROBLEM, 
LAPLACE’S INTEGRAL, LAPLACE-MEHLER INTEGRAL, 
SUPER CATALAN NUMBER, TOROIDAL FUNCTION, 
TurAN’S INEQUALITIES 
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Legendre Polynomial of the Second Kind 
see LEGENDRE FUNCTION OF THE SECOND KIND 


Legendre’s Quadratic Reciprocity Law 
see QUADRATIC RECIPROCITY LAW 


Legendre Polynomial of the Second Kind 


Legendre Sum 


Legendre Quadrature 
see LEGENDRE-GAUSS QUADRATURE 


Legendre Relation 

Let E(k) and K(k) be complete ELLIPTIC INTEGRALS 
OF THE FIRST and SECOND KINDS, with E’'(k) and 
K'(k) the complementary integrals. Then 


E(k) K'(k) + B'(k) K(k) ~ K(k)K'(k) = 4x. 
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Legendre Series 

Because the LEGENDRE FUNCTIONS OF THE FIRST 
KIND form a COMPLETE ORTHOGONAL BASIS, any 
FUNCTION may be expanded in terms of them 


f(z) = Sen Pa(z). (1) 


Now, multiply both sides by P,,(z) and integrate 


1 co 1 
i] Pmn(x) f(x) de = “an / Pn(x)Pm(a)dx. (2) 
71 n—-0 a 


But : 
2 
iy Pa(2)Pm(a) dt = 5 Sinn (3) 


1 


where dmn is the KRONECKER DELTA, so 


: — 2 2 
i: P(x) f (x) dx = om To = Dora it is 
a n=0 
(4) 
and ‘ 
jae ame f Pym (x) f(a) de. (5) 


see also FOURIER SERIES, JACKSON’S THEOREM, LEG- 
ENDRE POLYNOMIAL, MACLAURIN SERIES, PICONE’S 
THEOREM, TAYLOR SERIES 


Legendre Sum 
see LEGENDRE’S FORMULA 


Legendre Symbol 


Legendre Symbol 


0 
=¢1 
-1 


If m is an ODD PRIME, then the JACOBI SYMBOL re- 
duces to the Legendre symbol. The Legendre symbol 


obeys (ab|p) = (alp)(6|p). 
3\ Jil if p = +1 (mod 12) 
p) |) -1 ifp=+5 (mod 12). 


see also JACOBI SYMBOL, KRONECKER SYMBOL, QUAD- 
RATIC RECIPROCITY THEOREM 


if m|n 
if n is a quadratic residue modulo m 
if n is a quadratic nonresidue modulo m. 
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Legendre Transformation 
Given a function of two variables 


af = FE iw OF ay = ude + dy, (1) 


dy 
change the differentials from dz and dy to du and dy 
with the transformation 


g=f-—uc (2) 


dg = df ~udx —~xvxdu=udzr+udy—udz—xdu 


= udy — xdu. (3) 
Then 
eel 
= Ou (4) 
228 


Lehmer’s Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Lehmer (1938) showed that every POSITIVE IRRATIONAL 
NUMBER z has a unique infinite continued cotangent 
representation of the form 


z= cot [Soot cot} | ; 


k=0 
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where the 0s are NONNEGATIVE and 


by > (be-1)? + On-1 +1. 


The case for which the convergence is slowest occurs 
when the inequality is replaced by equality, giving co = 0 
and 

Ck = (ck-1)? +cpr_it+1 
for k > 1. The first few values are c; are 0, 1, 3, 13, 183, 
33673, ... (Sloane’s A024556), resulting in the constant 


€ = cot(cot +0 — cot7* 1+ cot™*3 — cot7*13 
+ cot! 183 ~ cot~} 33673 + cot~* 1133904603 
— cot * 1285739649838492213 +... + (—1)*cn. +...) 
= cot(4m + cot *3—cot™*13 
+ cot? 183 ~— cot * 33673 + cot” * 1133904603 
— cot! 1285739649838492213 +... +(—1)*ce +...) 
= 0.59263271... 


(Sloane’s A030125). € is not an ALGEBRAIC NUMBER of 
degree less than 4, but Lehmer’s approach cannot show 
whether or not € is TRANSCENDENTAL. 


see also ALGEBRAIC NUMBER, TRANSCENDENTAL NUM- 
BER 
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Lehmer’s Formula 
A FORMULA related to MEISSEL’S FORMULA. 


n(n) = 1- > [2 | + > Fa ae 


i=1 1Si<jsa 
+1(b+a-2)(b—a+1)- » “(2) 
a<i<b 
< = x - 
25 2 [= (=) -(- .) ; 
where 
a= n(x?!) 
b= x(2'/”) 
by = n(y/x/pi) 
c= n(x"), 


and a(n) is the PRIME COUNTING FUNCTION. 
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Lehmer Method 
see LEHMER-SCHUR METHOD 


Lehmer Number 
A number generated by a generalization of a LUCAS SE- 
QUENCE. Let a and G be COMPLEX NUMBERS with 


a+B=VR (1) 
aB = Q, (2) 


where Q and R are RELATIVELY PRIME NONZERO INTE- 
GERS and a/@ is a Root or Unity. Then the Lehmer 
numbers are 


a” zee Bp” 
U,(V R, =—-—, 3 
(VRQ) = —— (3) 
and the companion numbers 
a™+p" 
Va(VR, Q) = ate for n odd (4) 
a” +68" for n even. 
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Lehmer’s Phenomenon 

0.00005, 
0.00004 
2.00003 
oO. ce | 


0.00001 


0.06 0.07 0.08 0.69 6.1 0.11 


«lL 0.8 0.8 i 


The appearance of nontrivial zeros (i.e., those along the 
CRITICAL STRIP with R[z] = 1/2) of the RIEMANN ZETA 
FUNCTION ¢(z) very close together. An example is the 
pair of zeros ¢(4 + (7005 + t)2) given by t1 ~ 0.0606918 
and tz © 0.100055, illustrated above in the plot of |¢($+ 
(7005 + t)é)|?. 

see also CRITICAL STRIP, RIEMANN ZETA FUNCTION 
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Leibniz Harmonic Triangle 


Lehmer’s Problem 

Do there exist any COMPOSITE NUMBERS n such that 
@(n)|(n — 1)? No such numbers are known. In 1932, 
Lehmer showed that such an n must be ODD and 
SQUAREFREE, and that the number of distinct PRIME 
factors d(7) > 7. This was subsequently extended to 
d(n) > 11. The best current results are n > 107° 
and d(n) > 14 (Cohen and Hagis 1980), if 30{n, then 
d(n) > 26 (Wall 1980), and if 3|n then d(n) > 213 and 
5.5 x 10°7° (Lieuwens 1970). 
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Lehmer-Schur Method 
An ALGORITHM which isolates ROOTS in the COMPLEX 
PLANE by generalizing 1-D bracketing. 


References 
Acton, F. S. Numerical Methods That Work, 2nd printing. 
Washington, DC: Math. Assoc. Amer., pp. 196-198, 1990. 


Lehmer’s Theorem 
see FERMAT’S LITTLE THEOREM CONVERSE 


Lehmus’ Theorem 
see STEINER-LEHMUS THEOREM 


Leibniz Criterion 
Also known as the ALTERNATING SERIES TEST. Given 
a SERIES 


CO 


VEY" an 


n=l 


with an > 0, if an is monotonic decreasing as n — 00 
and 
lim a, = 0, 


TUF OO 


then the series CONVERGES. 


Leibniz Harmonic Triangle 
1 
1 


rae Re eae § 
3 6 
Agee eae 


12 12 4 
i 1 1 i 1 


5 20 30 20 5 
In the Leibniz harmonic triangle, each FRACTION is the 
sum of numbers below it, with the initial and final en- 


try on each row one over the corresponding entry in 


ered 


Leibniz Identity 


PASCAL’S TRIANGLE. The DENOMINATORS in the sec- 
ond diagonals are 6, 12, 20, 30, 42, 56, ... (Sloane’s 
A007622). 


see also CATALAN’S TRIANGLE, CLARK’S TRIANGLE, 
EULER’S TRIANGLE, NUMBER TRIANGLE, PASCAL’S 
TRIANGLE, SEIDEL-ENTRINGER-ARNOLD TRIANGLE 


References 
Sloane, N. J. A. Sequence A007622/M4096 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Leibniz Identity 


+... ("\soes ud" + dz”. (1) 


r} da"—* da” 
Therefore, 
dz 1 
oe 2) 
Z ( 
dy se 
dx d?y (/dy\~? 
a = -54 (2) (3) 
dy dz? \dz 
ae |, (¢y * By dy (ey (4) 
dy3 ~~ dx? dx3 dx} \dz ; 
References 
Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 


of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 12, 1972. 


Leibniz Integral Rule 


8 b(z) 
Be f(a, z) dz 
a(z) 
my ee re Cor cere 
a a(z) Oz "Oz en Oz" 
References 


Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 11, 1972. 


Leibniz Series 
The SERIES for the INVERSE TANGENT, 


dL 3 
tan '2=a-ja°+}a°+.... 
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Lemarié’s Wavelet 

A wavelet used in multiresolution representation to an- 
alyze the information content of images. The WAVELET 
is defined by 


/2 
315 — 420u + 126u? — 4u31* 

H 3 pe VE Se Sa ee eee oe 

(w) j20 4) 315 — 4200 4 1260? — | ? 


where 


(Mallat 1989). 
see also WAVELET 
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Lemma 

A short THEOREM used in proving a larger THEOREM. 
Related concepts are the AXIOM, PORISM, POSTULATE, 
PRINCIPLE, and THEOREM. 


see also ABEL’S LEMMA, ARCHIMEDES’ LEMMA, 
BARNES’ LEMMA, BLICHFELDT’S LEMMA, BOREL-CAN- 
TELLI LEMMA, BURNSIDE’S LEMMA, DANIELSON-LAN- 
czos LEMMA, DEHN’sS LEMMA, DILWORTH’S LEMMA, 
DIRICHLET’S LEMMA, DIvISION LEMMA, FARKAS’S 
LEMMA, FatTou’s LEMMA, FUNDAMENTAL LEMMA 
OF CALCULUS OF VARIATIONS, GAUSS’S LEMMA, 
HENSEL’S LEMMA, ITO’S LEMMA, JORDAN’S LEMMA, 
LAGRANGE’S LEMMA, NEYMAN-PEARSON LEMMA, 
POINCARE’S HOLOMORPHIC LEMMA, POINCARE’S 
LEMMA, POLYA-BURNSIDE LEMMA, RIEMANN-LE- 
BESGUE LEMMA, SCHUR’S LEMMA, SCHUR’S REPRE- 
SENTATION LEMMA, SCHWARZ-PICK LEMMA, SPIJKER’S 
LEMMA, ZORN’Ss LEMMA 


Lemniscate 


A polar curve also called LEMNISCATE OF BERNOULLI 
which is the Locus of points the product of whose dis- 
tances from two points (called the FOC!) is a constant. 
Letting the Foci be located at (+a,0), the Cartesian 
equation is 


[(e@ - a)? + y"][(e@ +)? +y7] =a%, (1) 
which can be rewritten 


xt tp yt + Qn? y? = 2a? (a? — y?). (2) 
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Letting a’ = V/2u, the POLAR COORDINATES are given 


by 
r? = a? cos(26). (3) 


An alternate form is 
r? = a? sin(26). (4) 


The parametric equations for the lemniscate are 


acost 
= —_— 5 
s 1+ sin?¢ (5) 
asintcost 
= — >. 6 
y 1+sin?t (6) 


The bipolar equation of the lemniscate is 
rr’ = 1a?, (7) 


and in PEDAL COORDINATES with the PEDAL POINT at 
the center, the equation is 


pa? =r, (8) 


The two-center BIPOLAR COORDINATES equation with 
origin at a Focus is 


rirg =c?. (9) 


Jakob Bernoulli published an article in Acta Eruditorum 
in 1694 in which he called this curve the lemniscus (“a 
pendant ribbon”). Jakob Bernoulli was not awarc that 
the curve he was describing was a special case of CASSINI 
OVALS which had been described by Cassini in 1680. 
The general properties of the lemniscate were discovered 
by G. Fagnano in 1750 (MacTutor Archive). Gauss’s 
and Euler’s investigations of the ARC LENGTH of the 
curve led to later work on ELLIPTIC FUNCTIONS. 


The CURVATURE of the lemniscate is 


3/2 cost 


3- cos(2t) 00) 


The ARC LENGTH is more problematic. Using the polar 
form, 


ds* = dr® + r? de” (11) 
so 
d6\? 
= 2 
ds 14 (rs) dr (12) 
But we have 
2r dr = 2a? sin(26) dd (13) 
dr r? 
"dd a sin(26) (4) 
( = ; yA yA yt 
"dr) ~ a sin?(20) _a4[1 — cos2(2)] a4 — rt’ 


Lemniscate 
/ rt 
= 4/1+ ———dr 
+ or aa a ae —4 
d 
=, (16) 
l= (2) 
and 
a a 
b= [ as=2 | zara? [po 
0 0 (z) 
Let t=r/a, so dt = dr/a, and 
1 
b= f (L877 de: (18) 
0 


which, as shown in LEMNISCATE FUNCTION, is given 
analytically by 


1 2 Ae a 
If a = 1, then 
I = 5.2441151086..., (20) 
which is related to GAUSS’S CONSTANT M by 
20 
= —., 21 
b= (21) 


The quantity Z/2 or L/4 is called the LEMNISCATE CON- 
STANT and plays a role for the lemniscate analogous to 
that of 7 for the CIRCLE. 


The AREA of one loop of the lemniscate is 


af 
A= 7h do = 30° f cos(20) do = $a” [sin(20)]""", 


—w/4 


= 17 [sin(20)|7/4 = 


5 q@?[sin(Z) —sin0] = 4a”. (22) 


sce also LEMNISCATE FUNCTION 
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Lemniscate of Bernoulli 


Lemniscate of Bernoulli 
see LEMNISCATE 


Lemniscate Case 
The case of the WEIERSTRAB ELLIPTIC FUNCTION with 
invariants g2 = 1 and g3 = 0. 


see also EQUIANHARMONIC CASE, WEIERSTRAB ELLIP- 
TIC FUNCTION, PSEUDOLEMNISCATE CASE 
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Lemniscate Constant 


Let : 
L = ——[P(2)]? = 5.2441151086... 
sea 
be the ARC LENGTH of a LEMNISCATE with a = 
1. Then the lemniscate constant is the quan- 


tity L/2 (Abramowitz and Stegun 1972), or L/4 = 
1.311028777... (Todd 1975, Le Lionnais 1983). Todd 
(1975) cites T. Schneider (1937) as proving L to be a 
TRANSCENDENTAL NUMBER. 


see also LEMNISCATE 
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Lemniscate Function 

The lemniscate functions arise in rectifying the ARC 
LENGTH of the LEMNISCATE. The lemniscate functions 
were first studied by Jakob Bernoulli and G. Fagnano. 
A historical account is given by Ayoub (1984), and an 
extensive discussion by Siegel (1969). The lemniscate 
functions were the first functions defined by inversion of 
an integral, which was first done by Gauss. 


i 
b= 2 | (8 yr at. (1) 
0 
Define the functions 
é(x) = arcsinlemng = [ (a —t*)7'? at (2) 
ty) 


1 
¢'(x) = arccoslemaz = / Gate, (3) 
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where L 
w= 7; (4) 
a 
and write 
x = sinlemn ¢ (5) 
x — coslemn ¢’. (6) 
There is an identity connecting ¢ and ¢’ since 
7 L 1 
o(2) + 6(e) = + = ha, (7) 
a 
so 
sinlemn ¢ = coslemn(} 7 — ¢). (8) 


These functions can be written in terms of JACOBI EL- 
LIPTIC FUNCTIONS, 


sd(u,k) 
= A (1— ky?) + ky? dy. (9) 
Go 
Now, if k = k' = 1/V/2, then 
sd(u,1/V2) ; 
= | (1 — By?)(1 + By?) ay 
0 
sd(u,1/V2) 
- / (1 = Ly")“¥? dy, (10) 
is) 
Let t = y/V2 so dy = V2 dt, 


u= v2 (a—t*)-'/? dt == (11) 


as 


0 


ai sd(u,1/ V2) /V2 C25 
== 1-#) "dt 12 
<= | (22) 
sd(uvV2,1/V2)/V2 
uf (1—¢t*)7'/? at, (18) 
0 
and 
1 1 
sinlemn ¢ = —=sd V2, — : 14 
o=Fi(ova%). aw 
Similarly, 


1 
“u= / (1 — ¢?)77/2(K’? + kt?) -1/? at 
cn(u,k) 


i 
=f a-ayegegey a 
en(u,1/V2) 
1 


=v [ (1—¢t*)7' at 
cn(u,1/ V2) 


be 
=~ 
pont 
on 
~ 


1 


Ui 4\—1/2 
sa (1—¢4)7'/7 ae (16) 
V2 en({u,1//2) 
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1 
v= f (i ~#*)"'/? at, (17) 
en{uv2,1//2) 
and 
coslemn ¢ = cn (ova =) F (18) 
We know 


coslemn($@) = cn (j2v4, 5) =0. (19) 


But it is true that 


aces 0). (20) 
ee ates 
«(4) =iv20 Fi (21) 
Cs ee 
re Ag (22) 
L=aw =avV2 Ce = witha (23) 


By expanding (1 — ¢*)~1/? in a BINOMIAL SERIES and 
integrating term by term, the arcsinlemn function can 
be written 


4n+1 


A) 
eye l# SF “oe ni(4n + 1)’ (24) 


where (a)» is the RISING FACTORIAL (Berndt 1994). Ra- 
manujan gave the following inversion FORMULA for (2). 
If 


oe = Ga (25) 
V2 a ni(4n +1)’ 
where 12(2) 
= aya (26) 


is the constant obtained by letting z = 1 and 0 = 7/2, 


and 
v =2-'/? sd(u8), (27) 


then 


2 
5G = esc? 8 


3 3 nein) (28) 


e2mn 
n=1 


(Berndt 1994). Ramanujan also showed that if 0 < @ < 
w/2, then 


(3 Jav*” 
Pecos 


Q2mn 


ae 9 a 
cotO+—+4 = —, (29) 


Lemniscate Inverse Curve 


Inv+znr-3 nr z) in 


ee 6? =. cos(2n8) 


n= 


sin[(2n + 1)6] 
Ae s 4 (2n +1) cosh[3 (20 + 1)m]’ ey 


L cog*(v?) = (—1)” cos[(2n + 1)6] 
ead v= 3 (2n+1) cosh[ (Qn 4 1)z]’ (32) 


and 


ae ane (n!)? yint3 
(2n + 1)!(4n + 3) 


(- ay sin[(2n + 1)6] 
2 4 (n+ )? cosh[4 (2n + 1)z] (38) 


(Berndt 1994). 


A generalized version of the lemniscate function can be 
defined by letting 0<@< 7/2 and0<v<1. Write 


26u = / : _ dt (34) 
o vit’ 
where yz is the constant obtained by setting @ = 7/2 and 


v=1. Then Vi 
TT 
B= aE (35) 
T(3)P (3) 
and Ramanujan showed 


1)"~*ncos(2n6) 


a = esc! ae a3. ats S emnV/3 _ (- 1)" (36) 


(Berndt 1994). 
see also HYPERBOLIC LEMNISCATE FUNCTION 
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Lemniscate of Gerono 
see EIGHT CURVE 


Lemniscate Inverse Curve 

The INVERSE CURVE of a LEMNISCATE in a CIRCLE cen- 
tered at the origin and touching the LEMNISCATE where 
it crosses the z-AXIS produces a RECTANGULAR Hy- 
PERBOLA. 


Lemniscate (Mandelbrot Set) 


Lemniscate (Mandelbrot Set) 


A curve on which points of a MAP zy (such as the MAN- 
DELBROT SET) diverge to a given value rmax at the same 
rate. A common method of obtaining lemniscates is to 
define an INTEGER called the COUNT which is the largest 
nm such that |z,| <7 where r is usually taken as r = 2. 
Successive COUNTS then define a series of lemniscates, 
which are called EQUIPOTENTIAL CURVES by Peitgen 
and Saupe (1988). 


see also COUNT, MANDELBROT SET 
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Lemoine Axis 
see LEMOINE LINE 


Lemoine Circle 


~~ -——_— 


Also called the TRIPLICATE-RATIO CIRCLE. Draw lines 
through the LEMOINE POINT K and parallel to the sides 
of the triangle. The points where the parallel lines inter- 
sect the sides then lie on a CIRCLE known as the Lemoine 


circle. This circle has center at the MIDPOINT of OK, 
where O is the CIRCUMCENTER. The circle has radius 


$V R247? = $Rsecw, 


where R is the CIRCUMRADIUS, r is the INRADIUS, and 
w is the BROCARD ANCLE. The Lemoine circle divides 
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any side into segments proportional to the squares of the 
sides 


Ao P2 5 PoQs3 : Qs3A3 = a3” 3 ai” 3 a2”. 


Furthermore, the chords cut from the sides by the 
Lemoine circle are proportional to the squares of the 
sides. 


The COSINE CIRCLE is sometimes called the second 
Lemoine circle. 


see also COSINE CIRCLE, LEMOINE LINE, LEMOINE 
Point, TUCKER CIRCLES 
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Lemoine Line 

The Lemoine line, also called the LEMOINE AXIS, is the 
perspectivity axis of a TRIANGLE and its TANGENTIAL 
TRIANGLE, and also the TRILINEAR POLAR of the CEN- 
TROID of the triangle vertices. It is also the POLAR of K 
with regard to its CIRCUMCIRCLE, and is PERPENDICU- 
LAR to the BROCARD AXIS. 


The centers of the APOLLONIUS CIRCLES Li, Lz, and 
L3 are COLLINEAR on the LEMOINE LINE. This line is 
PERPENDICULAR to the BROCARD Axis OK and is the 
RADICAL Axis of the CIRCUMCIRCLE and the BROCARD 
Circ. It has equation 


in terms of TRILINEAR COORDINATES (Oldknow 1996). 


see also APOLLONIUS CIRCLES, BROCARD AXIS, 
CENTROID (TRIANGLE), CIRCUMCIRCLE, COLLINEAR, 
LEMOINE CIRCLE, LEMOINE POINT, POLAR, RADICAL 
AXIS, TANGENTIAL TRIANGLE, TRILINEAR POLAR 
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Lemoine Point 

The point of concurrence K of the SYMMEDIAN LINES, 
sometimes also called the SYMMEDIAN POINT and 
GREBE POINT. 


Let G be the CENTROID of a TRIANGLE AABC, La, 
Le, and Lc the ANGLE BISECTORS of ANGLES A, B, 
C, and Ga, Gp, and Gc the reflections of AG, BG, 
and CG about La, Ls, and Lc. Then K is the point 
of concurrence of the lines Ga, Gp, and Go. It is the 
perspectivity center of a TRIANGLE and its TANGENTIAL 
TRIANGLE. 
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In AREAL COORDINATES (actual TRILINEAR COOR- 
DINATES), the Lemoine point is the point for which 
ao? + 874+? isa minimum. A center X is the CENTROID 
of its own PEDAL TRIANGLE IFF it is the Lemoine point. 


The Lemoine point lies on the BROCARD AXIS, and its 
distances from the Lemoine point K to the sides of the 
TRIANGLE are 

KK; = haitanw, 


where w is the BROCARD ANGLE. A BROCARD LINE, 
MEDIAN, and Lemoine point are concurrent, with 4191, 
A2K, and A3M meeting at a point. Similarly, Ai’, 
A2M, and A3K meet at a point which is the ISOGONAL 
CONJUGATE of the first (Johnson 1929, pp. 268-269). 
The line joining the MIDPOINT of any side to the mid- 
point of the ALTITUDE on that side passes through the 
Lemoine point K. The Lemoine point K is the STEINER 
POINT of the first BROCARD TRIANGLE. 


see also ANGLE BISECTOR, BROCARD ANGLE, BRO- 
CARD AXIS, BROCARD DIAMETER, CENTROID (TRIAN- 
GLE), COSYMMEDIAN TRIANGLES, GREBE POINT, Iso- 
GONAL CONJUGATE, LEMOINE CIRCLE, LEMOINE LINE, 
LINE AT INFINITY, MITTENPUNKT, PEDAL TRIANGLE, 
STEINER POINTS, SYMMEDIAN LINE, TANGENTIAL TRI- 
ANGLE 
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Lemoine’s Problem 

Given the vertices of the three EQUILATERAL TRIAN- 
GLES placed on the sides of a TRIANGLE T, construct 
T. The solution can be given using KIEPERT’S HYPER- 
BOLA. 


see also KIEPERT’S HYPERBOLA 


Length (Number) 


Lemon 


A SURFACE OF REVOLUTION defined by Kepler. It con- 
sists of less than half of a circular ARC rotated about 
an axis passing through the endpoints of the ARC. The 
equations of the upper and lower boundaries in the xz 
plane are 
Zt =t/ R* - (247)? 

for R > rand z € [-(R—r), R—r]. The CRoss-SECTION 
of a lemon is a LENS. The lemon is the inside surface of 
a SPINDLE TORUS. 


see also APPLE, LENS, SPINDLE TORUS 


Length (Curve) 

Let +(t) be a smooth curve in a MANIFOLD M from x 
to y with 7(0) = x and y(1) = y. Then 7’(t) € Ty), 
where T,, is the TANGENT SPACE of M at x. The length 
of y with respect to the Riemannian structure is given 


by 
1 
| IY @)llace at 
0 


see also ARC LENGTH, DISTANCE 


Length Distribution Function 
A function giving the distribution of the interpoint dis- 
tances of a curve. It is defined by 


1 
B(r) = 57 do oris=r- 
ay 


see also RADIUS OF GYRATION 
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Length (Number) 
The length of a number 7 in base 8 is the number of 
DIGITS in the base-b numeral for n, given by the formula 


L(n, b) = |log,(n)| +1, 
where |x| is the FLOOR FUNCTION. 


The MULTIPLICATIVE PERSISTENCE of an n-DIGIT is 
sometimes also called its length. 

see also CONCATENATION, DiIGit, Figures, MULTtI- 
PLICATIVE PERSISTENCE 


Length (Partial Order) 


Length (Partial Order) 
For a PARTIAL ORDER, the size of the longest CHAIN is 
called the length. 


see also WIDTH (PARTIAL ORDER) 


Length (Size) 
The longest dimension of a 3-D object. 
see also HEIGHT, WIDTH (SIZE) 


Lengyel’s Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let ZL denote the partition lattice of the SET 
{1,2,...,2}. The MAXIMUM element of L is 


M = {{1,2,...,n}} (1) 


and the MINIMUM element is 


m = {{1}, {2},-.-,{nr}}. (2) 


Let Z, denote that number of chains of any length in 
L containing both M and m. Then Z, satisfies the 
RECURRENCE RELATION 


n-1 


Zn =) > s(n, k) Ze, (3) 


k=1 


where s(n,k) is a STIRLING NUMBER OF THE SECOND 
KIND. Lengyel (1984) proved that the QUOTIENT 


Zn 
(n!)2(2 In 2)—"n}~ (in 2)/8 


(4) 


r(n) = 


is bounded between two constants as n — oo, and Fla- 
jolet and Salvy (1990) improved the result of Babai and 
Lengyel (1992) to show that 


A = lim r(n) = 1.0986858055.... (5) 


TL OO 
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Lens 


A figure composed of two equal and symmetrically 
placed circular Arcs. It is also known as the FISH 
BLADDER (Pedoe 1995, p. xii) or VESICA Piscis. The 
latter term is often used for the particular lens formed 
by the intersection of two unit CIRCLES whose centers 
are offset by a unit distance (Rawles 1997). In this case, 
the height of the lens is given by letting d=r=R=1 
in the equation for a CIRCLE-CIRCLE INTERSECTION 


ae 5 Vib "(= 1? + RP, (1) 


giving a = V3. The AREA of the VESICA PIscis is given 
by plugging d = R into the CIRCLE-CIRCLE INTERSEC- 
TION area equation with r= R, 


A=2R? cos? (5) ~1d/4R?-d?, (2) 


giving 

A= i(4m — 8V3) & 1.22837. (3) 
Renaissance artists frequently surrounded images of Je- 
sus with the. vesica piscis (Rawles 1997). An asymmetri- 


cal lens is produced by a CIRCLE-CIRCLE INTERSECTION 
for unequal CIRCLES. 


see also CIRCLE, CIRCLE-CIRCLE INTERSECTION, 
FLOWER OF Lire, LEMON, LUNE (PLANE), REULEAUX 
TRIANGLE, SECTOR, SEED OF LIFE, SEGMENT, VENN 
DIAGRAM 


References 

Pedoe, D. Circles: A Mathematical View, rev. ed. Washing- 
ton, DC: Math. Assoc. Amer., 1995. 

Rawles, B. Sacred Geometry Design Sourcebook: Universal 
Dimensional Patterns. Nevada City, CA: Elysian Pub., 
p. 11, 1997. 


Lens Space 

A lens space L(p, q) is the 3- MANIFOLD obtained by glu- 
ing the boundaries of two solid TORI together such that 
the meridian of the first goes to a (p,q)-curve on the 
second, where a (p,q)-curve has p meridians and g lon- 
gitudes. 


References 
Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
Perish Press, 1976. 
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Lenstra Elliptic Curve Method 

A method of factoring INTEGERS using ELLIPTIC 
CURVES. 


References 

Montgomery, P. L. “Speeding up the Pollard and Elliptic 
Curve Methods of Factorization.” Math. Comput. 48, 
243-264, 1987. 


Léon Anne’s Theorem 


SaaS 


Pick a point O in the interior of a QUADRILATERAL 
which is not a PARALLELOGRAM. Join this point to 
each of the four VERTICES, then the LOCUS of points O 
for which the sum of opposite ‘TRIANGLE areas is half 
the QUADRILATERAL AREA is the line joining the MID- 
POINTS M, and Mz of the DIAGONALS. 


see also DIAGONAL (POLYGON), MIDPOINT, QUADRI- 
LATERAL 


References 
Honsberger, R. More Mathematical Morsels. Washington, 
DC: Math. Assoc. Amer., pp. 174-175, 1991. 


Leonardo’s Paradox 

In the depiction of a row of identical columns parallel to 
the plane of a PERSPECTIVE drawing, the outer columns 
should appear wider even though they are farther away. 


see also PERSPECTIVE, VANISHING POINT, ZEEMAN’S 
PARADOX 


References 
Dixon, R. Mathographics. New York: Dover, p. 82, 1991. 


Leptokurtic 
A distribution with a high peak so that the KURTOSIS 
satisfies -y2 > 0. 


see also KURTOSIS 


Lerch’s Theorem 
If there are two functions F,(t) aud Fo(t) with the same 
integral transform 


TIFi(t)] = T[Fo(t)] = f(s), (1) 
then a NULL FUNCTION can be defined by 


bo(t) = Fi(t) — Fa(t) (2) 


Letter- Value Display 


so that the integral 


i ° 5o(t) dt = 0 (3) 


vanishes for all a > 0. 
see also NULL FUNCTION 


Lerch Transcendent 

A generalization of the HURWITZ ZETA FUNCTION and 
POLYLOGARITHM function. Many sums of reciprocal 
POWERS can be expressed in terms of it. It is defined 
by 


oo k 
@(z,s,a)= a Gah? _ ke? (1) 


where any term with a + k = 0 is excluded. 


The Lerch transcendent can be used to express the 
DIRICHLET BETA FUNCTION 


G(s) = $0 (-1)*(2k + 1)-°27*&(-1, 8,3), (2) 
k=0 
the integral of the FERMI-DIRAC DISTRIBUTION 
oo ks 
———— — pH —_p# 
[ nro aie eal I'(s + 1)@(—e",s+1,1), (3) 


where ['(z) is the GAMMA FUNCTION, and to evaluate 
the DIRICHLET L-SERIES. 


see also DIRICHLET BETA FUNCTION, DIRICHLET L- 
SERIES, FERMI-DIRAC DISTRIBUTION, HURWITZ ZETA 
FUNCTION, POLYLOGARITHM 


Less 

A quantity a is said to be less than 0 if a is sinaller than 
b, written a < 6b. If a is less than or EQUAL to b, the 
relationship is written a < b. If a is MUCH LESS than 
b, this is written a < 6. Statements involving GREATER 
than and less than symbols are called INEQUALITIES. 


see also EQUAL, GREATER, MucH 
GREATER, MuCH LEss 


INEQUALITY, 


Letter- Value Display 

A method of displaying simple statistical parameters in- 
cluding HINGES, MEDIAN, and upper and lower values. 
References 


Tukey, J. W. Explanatory Data Analysis. Reading, MA: 
Addison-Wesley, p. 33, 1977. 


Leudesdorf Theorem 


Leudesdorf Theorem 

Let t(m) denote the set of the ¢(m) numbers less than 
and RELATIVELY PRIME to m, where @(n) is the To- 
TIENT FUNCTION. Then if 


1 
Sink = y? 
t(m) 
then 

Sm =0 (mod m’) if 2tm, 3{m 
Sm =0 (mod $m?) if 2fm, 3|m 
Sm =0 (mod im?) 2|m, tm, m not a power of 2 
Sim = 0 (mod tm?) if 2|m, 3])m 
Sm =0 (mod im?) if m= 2°. 


see also BAUER’S IDENTICAL CONGRUENCE, TOTIENT 
FUNCTION 


References 

Hardy, G. H. and Wright, E. M. “A Theorem of Leudesdorf.” 
§8.7 in An Introduction to the Theory of Numbers, 5th ed. 
Oxford, England: Clarendon Press, pp. 100-102, 1979. 


Level Curve 
A LEVEL SET in 2-D. 


Level Set : 
The level set of c is the SET of points 


{(z1,.-.,2n) EU: f(ai,...,¢an) =c} ER’, 


and is in the DOMAIN of the function. If n = 2, the level 
set is a plane curve (a level curve). If n = 3, the level 
set is a surface (a level surface). 


References 


Gray, A. “Level Surfaces in R®.” §10.7 in Modern Differential 
Geometry of Curves and Surfaces. Boca Raton, FL: CRC 
Press, pp. 204-207, 1993. 


Level Surface 
A LEVEL SET in 3-D. 


Levi-Civita Density 
see PERMUTATION SYMBOL 


Levi-Civita Symbol 
see PERMUTATION SYMBOL 


Levi-Civita Tensor 
see PERMUTATION TENSOR 
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Leviathan Number 

The number (10°°°)!, where 666 is the BEAST NUMBER 
and n! denotes a FACTORIAL. The number of trailing ze- 
ros in the Leviathan number is 25 x 10°*4 — 143 (Pickover 
1995). 

see also 666, APOCALYPSE NUMBER, APOCALYPTIC 
NUMBER, BEAST NUMBER 


References 
Pickover, C. A. Keys to Infinity. New York: Wiley, pp. 97- 
102, 1995. 


Levine-O’Sullivan Greedy Algorithm 
For a sequence {y;}, the Levine-O’Sullivan greedy algo- 
rithm is given by 


x1 = 1 
Xi 


max (j+1)(i- xi) 


1<isi- 


for i> 1. 


see also GREEDY ALGORITHM, LEVINE-O’SULLIVAN SE- 
QUENCE 


References 

Levine, E. and O’Sullivan, J. “An Upper Estimate for the 
Reciprocal Sum of a Sum-Free Sequence.” Acta Arith. 34, 
9-24, 1977. 


Levine-O’Sullivan Sequence 

The sequence generated by the LEVINE-O’SULLIVAN 
GREEDY ALGORITHM: 1, 2, 4, 6, 9, 12, 15, 18, 21, 24, 
28, 32, 36, 40, 45, 50, 55, 60, 65, ... (Sloane’s A014011). 
The reciprocal sum of this sequence is conjectured to 
bound the reciprocal sum of all A-SEQUENCES. 


References 

Finch, S. “Favorite Mathematical Constants.” http://www. 
mathsoft.com/asolve/constant/erdos/erdos html. 

Levine, E. and O’Sullivan, J. “An Upper Estimate for the 
Reciprocal Sum of a Sum-Free Sequence.” Acta Arith. 34, 
9-24, 1977. 

Sloane, N. J. A. Sequence A0Q14011 in “An On-Line Version 
of the Encyclopedia of Integer Sequences.” 


Lévy Constant 
Let pn /gn be the nth CONVERGENT of a REAL NUMBER 
z. Then almost all REAL NUMBERS satisfy 


L = lim (qn)/* =e” /“?™”) = 3.27582291872.... 
nO 


see also KHINTCHINE’S CONSTANT, KHINTCHINE-LEVY 
CONSTANT 
References 


Le Lionnais, F. Les nombres remarquables. Paris: Hermann, 
p. 51, 1983. 
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Lévy Distribution 


F (Pw (k)] = exp(—N|kI”), 


where F is the FOURIER TRANSFORM of the probability 
Py(k) for N-step addition of random variables. Lévy 
showed that @ € (0,2) for P(x) to be NONNEGATIVE. 
The Lévy distribution has infinite variance and some- 
times infinite mean. The case G = 1 gives a CAUCHY 
DISTRIBUTION, while G = 2 gives a GAUSSIAN DISTRI- 
BUTION. 


see also CAUCHY DISTRIBUTION, GAUSSIAN DISTRIBU- 
TION 


Lévy Flight 

RANDOM WALK trajectories which are composed of self- 
similar jumps. They are described by the LEvy DIsTRI- 
BUTION. 


see also LEVY DISTRIBUTION 


References 

Shlesinger, M.; Zaslavsky, G. M.; and Frisch, U. (Eds.). 
Lévy Flights and Related Topics in Physics. New York: 
Springer-Verlag, 1995. 


Lévy Fractal 


JOLIE 
“at! 93 897 Reagh 


A FRACTAL curve, also called the C-CURVE (Beeler e¢ 
al. 1972, Item 135). The base curve and motif are illus- 
trated below. 


M4 


see also LEVY TAPESTRY 


References 

Beeler, M.; Gosper, R. W.; and Schroeppel, R. HAKMEM. 
Cambridge, MA: MIT Artificial Intelligence Laboratory, 
Memo AIM-239, Feb. 1972. 

Dixon, R. Mathographics. New York: Dover, pp. 182-183, 
1991. 

Lauwerier, H. Fractals: Endlessly Repeated Geometric Fig- 
ures. Princeton, NJ: Princeton University Press, pp. 45— 
48, 1991. 

¥& Weisstein, E. W. “Fractals.” http://www.astro.virginia. 
edu/~eww6n/math/notebooks/Fractal .m. 


Lexis Ratio 


Lévy Function 
see BROWN FUNCTION 


Lévy Tapestry 


IOC; 
EP eS 


The FRACTAL curve illustrated above, with base curve 
and motif illustrated below. 


aw, 


see also LEVY FRACTAL 


References 

Lauwerier, H. Fractals: Endlessly Repeated Geometric Fig- 
ures. Princeton, NJ: Princeton University Press, pp. 45—- 
48, 1991. 


¥ Weisstein, E. W. “Fractals.” http://www.astro.virginia. 


edu/~eww6n/math/notebooks/Fractal.m. 


Lew k-gram 

Diagrams invented by Lewis Carroll which can be used 
to determine the number of minimal MINIMAL COVERS 
of n numbers with k members. 


References 
Macula, A. J. “Lewis Carroll and the Enumeration of Mini- 
mal Covers.” Math. Mag. 68, 269-274, 1995. 


Lexicographic Order 

An ordering of PERMUTATIONS in which they are listed 
in increasing numerical order. For example, the PER- 
MUTATIONS of {1,2,3} in lexicographic order are 123, 
132, 213, 231, 312, and 321. 


see also TRANSPOSITION ORDER 


References 

Ruskey, F. “Information on Combinations of a Set.” 
http://sue.csc.uvic.ca/~cos/inf/comb/Combinations 
Info. html. ; 


Lexis Ratio 


a 

= ~~ 9 

OB 

where o is the VARIANCE in a set of s LEXIS TRIALS 
and og is the VARIANCE assuming BERNOULLI TRIALS. 


Lexis Trials 


If L < 1, the trials are said to be SUBNORMAL, and if 
L > 1, the trials are said to be SUPERNORMAL. 


see also BERNOULLI TRIAL, LEXIS TRIALS, SUBNOR- 
MAL, SUPERNORMAL 


Lexis Trials 
n sets of s trials each, with the probability of success p 
constant in each set. 


var (=) = spq + s(s — 1)op’, 


where op? is the VARIANCE of pi. 
see also BERNOULLI TRIAL, LEXIS RATIO 


Lg 
The LOGARITHM to BASE 2 is denoted lg, i.e., 


Ig x = log, x. 


see also BASE (LOCGARITHM), E, LN, LOGARITHM, 
NAPIERIAN LOGARITHM, NATURAL LOGARITHM 


Liar’s Paradox 
see EPIMENIDES PARADOX 


Lichnerowicz Conditions 

Second and higher derivatives of the METRIC TENSOR 
Yap need not be continuous across a surface of disconti- 
nuity, but gab and gab, must be continuous across it. 


Lichnerowicz Formula 


D* Dy = V*Vv~ + i Ry - 1 FP (y), 


where D is the Dirac operator D: T(Wt) -> T(W7), 
V is the COVARIANT DERIVATIVE on SPINORS, £ is the 
CURVATURE SCaLaR, and F7? is the self-dual part of the 
curvature of L. 


see also LICHNEROWICZ- WEITZENBOCK FORMULA 


References 

Donaldson, S. K. “The Seiberg-Witten Equations and 4- 
Manifold Topology.” Bull. Amer. Math. Soc. 33, 45-70, 
1996. 


Lichnerowicz-Weitzenbock Formula 


D* Dp = VV + Ry, 


where D is the Dirac operator D:T(St) 3 I'(S7), V 
is the COVARIANT DERIVATIVE on SPINORS, and & is 
the CURVATURE SCALAR. 


see also LICHNEROWICZ FORMULA 


References 

Donaldson, S. K. “The Seiberg-Witten Equations and 4- 
Manifold Topology.” Bull. Amer. Math. Soc. 33, 45-70, 
1996. 
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Lichtenfels Surface 
A MINIMAL SURFACE given by the parametric equation 


z=R  Vacost 3) yon 30 | 


y=R [—vicos(36) cos(36)| 


t 
=n |-ava f'—%.. 
: dy seos(6) 


References 

do Carmo, M. P. “The Helicoid.” §3.5F in Mathematical 
Models from the Collections of Universities and Museums 
(Ed. G. Fischer). Braunschweig, Germany: Vieweg, p. 47, 
1986. 

Lichtenfels, O. von. “Notiz iiber eine transcendente Mini- 
malflache.” Sitzungsber. Kaiserl. Akad. Wiss. Wien 94, 
41-54, 1889. 


Lie Algebra 

A NONASSOCIATIVE ALGEBRA obeyed by objects such 
as the LIE BRACKET and POISSON BRACKET. Elements 
f, g, and h of a Lie algebra satisfy 


[f,9] = —lo. fl], (1) 
[f +9,h] = [f,h] + [9, Al, (2) 

and 
if, [95 hl] ls [9 [h, f] 4 [h, (f,9]] =0 (3) 


(the JACOBI IDENTITY), and are not ASSOCIATIVE. The 
binary operation of a Lie algebra is the bracket 


[f9,h] = flg, 4] + g/f, Al. (4) 


see also JACOBI IDENTITIES, LIE ALGEBROID, LIE 
BRACKET, IWASAWA’S THEOREM, POISSON BRACKET 


References 
Jacobson, N. Lie Algebras. New York: Dover, 1979. 


Lie Algebroid 

The infinitesimal algebraic object associated with a LIE 
GroupolD. A Lie algebroid over a MANIFOLD B is a 
VECTOR BUNDLE A over B with a LIE ALGEBRA struc- 
ture [, ] (LIE BRACKET) on its SPACE of smooth sections 
together with its ANCHOR p. 


see also LIE ALGEBRA 
References 


Weinstein, A. “Groupoids: Unifying Internal and External 
Symmetry.” Not. Amer. Math. Soc. 43, 744-752, 1996. 


Lie Bracket 


The commutation operation 
[a,b] = ab— ba 


corresponding to the Lig PRODUCT. 
see also LAGRANGE BRACKET, POISSON BRACKET 
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Lie Commutator 
see LIE PRODUCT 


Lie Derivative 


LT = lim TM (e') = Ta) 
5u—+0 éu 


Lie Group 

A continuous GROUP with an infinite number of ele- 
ments such that the parameters of a product element 
are ANALYTIC FUNCTIONS. Lie groups are also C™ 
MANIFOLDS with the restriction that the group oper- 
ation maps a C map of the MANIFOLD into itself. Ex- 
amples include 03, SU(n), and the LORENTZ GRoupP. 


see also COMPACT GrouP, Lig ALGEBRA, LIE 
Groupolp, Lir-TyPpE Group, Nit GEOMETRY, SOL 
GEOMETRY 


References 

Arfken, G. “Infinite Groups, Lie Groups.” Mathematical 
Methods for Physicists, 3rd ed. Orlando, FL: Academic 
Press, p. 251-252, 1985. 

Chevalley, C. Theory of Lie Groups. Princeton, NJ: Prince- 
ton University Press, 1046. 
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Lie Groupoid 

A GroupoipD G over B for which G and B are differen- 
tiable manifolds and a, 3, and multiplication are differ- 
entiable maps. Furthermore, the derivatives of a and 3 
are required to have maximal RANK everywhere. Here, 
a and G@ are maps from G onto R? witha: (yy 
and f : (x,y, y) +> y- 

see also LIE ALGEBROID, NILPOTENT LIE GROUP, 
SEMISIMPLE LIE GROUP, SOLVABLE LIE GROUP 


References 
Weinstein, A. “Groupoids: Unifying Internal and External 
Symmetry.” Not. Amer. Math. Soc. 43, 744-752, 1996. 


Lie Product 
The multiplication operation corresponding to the LIE 
BRACKET. ; 


Lie-Type Group 

A finite analog of LIE Groups. The Lie-type groups 
include the CHEVALLEY Groups [PSL(n,q), PSU(n,q), 
PSp(2n, q), POS (n,q)], TWISTED CHEVALLEY GROUPS, 
and the TITS GROUP. 


see also CHEVALLEY GROUPS, FINITE GROUP, LIE 
Group, LINEAR GROUP, ORTHOGONAL GROUP, SIM- 
PLE GrRouP, SYMPLECTIC GROUP, TITS GROUP, 
TWISTED CHEVALLEY GROUPS, UNITARY GROUP 
References 


Wilson, R. A. “ATLAS of Finite Group HKepresentation.” 
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Life 


Liebmann’s Theorem 
A SPHERE is RIGID. 


see also RIGID 
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Life 

The most well-known CELLULAR AUTOMATON, invented 
by John Conway and popularized in Martin Gardner’s 
Scientific American column starting in October 1970. 
The game was originally played (i.e., successive genera- 
tions were produced) by hand with counters, but imple- 
mentation on a computer greatly increased the ease of 
exploring patterns. 


The Life AUTOMATON is run by placing a number of 
filled cells on a 2-D grid. Each generation then switches 
cells on or off depending on the state of the cells that 
surround it. The rules are defined as follows. All eight 
of the cells surrounding the current one are checked to 
see if they are on or not. Any cells that are on are 
counted, and this count is then used to determine what 
will happen to the current cell. 


1. Death: if the count is less than 2 or greater than 3, 
the current cell is switched off. 


2. Survival: if (a) the count is exactly 2, or (b) the 
count is exactly 3 and the current cell is on, the 
current cell is left unchanged. 


3. Birth: if the current ccll is off and the count is ex- 
actly 3, the current cell is switched on. 


Hensel gives a Java applet (http://www.mindspring. 
com/~alanh/life/) implementing the Game of Life on 
his web page. 


A pattern which does not change from one generation to 
the next is known as a Still Life, and is said to have pe- 
riod 1. Conway originally believed that no pattern could 
produce an infinite number of cells, and offered a $50 
prize to anyone who could find a counterexample before 
the end of 1970 (Gardner 1983, p. 216). Many coun- 
terexamples were subsequently found, including Guns 
and Puffer Trains. 


A Life pattern which has no Father Pattern is known 
as a Garden of Eden (for obvious biblical reasons), The 
first. such pattern was not found until 1971, and at least 
3 are now known. It is not, however, known if a pattern 
exists which has a Father Pattern, but no Grandfather 
Pattern (Gardner 1983, p. 249). 


Rather surprisingly, Gosper and J. H. Conway inde- 
pendently showed that Life can be used to generate a 
UNIVERSAL TURING MACHINE (Berlekamp et al. 1982, 
Gardner 1983, pp. 250-253). 


Life Expectancy 


Similar CELLULAR AUTOMATON games with different 
rules are HASHLIFE, HEXLIFE, and HIGHLIFE. 


see also CELLULAR AUTOMATON, HASHLIFE, HEXLIFE, 
HIGHLIFE 
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Life Expectancy 
An I, table is a tabulation of numbers which is used to 
calculate life expectancies. 


x Ne ds l, Qe Lr Ty Cx 

0 1000 =.200 1.00 0.20 0.90 2.70 2.70 

1 800 »=©100 0.80 0.12 0.75 1.80 2.25 

2 700 =200 0.70 0.29 0.60 1.05 1.50 

3 500 §=6©300 0.50 0.60 0.35 0.45 0.90 

4 200 =200 0.20 1.00 0.10 0.10 0.50 

5 0 0 0.00 — 0.00 0.00 _ 
y 1000 2.70 
z: Age category (rx = 0,1, ..., k). These values 


can be in any convenient units, but must be chosen 
so that no observed lifespan extends past category 
k—1. 

mz : Census size, defined as the number of individuals 
in the study population who survive to the begin- 
ning of age category x. Therefore, no = N (the 
total population size) and n, = 0. 
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dz: = Nz — Ne415 > d; = no. Crude death rate, 
which measures the number of individuals who die 
within age category z. 

l, : = nz/no. Survivorship, which measures the pro- 
portion of individuals who survive to the beginning 
of age category 2. 


Qz : = dz/Nzj Qe-1 = 1. Proportional death rate, or 
“risk,” which measures the proportion of individ- 
uals surviving to the beginning of age category z 
who die within that category. 


Le: = (lz + le41)/2. Midpoint survivorship, which 
measures the proportion of individuals surviving to 
the midpoint of age category z. Note that the sim- 
ple averaging formula must be replaced by a more 
complicated expression if survivorship is nonlinear 
within age categories. The sum ee Lz gives the 
total number of age categories lived by the entire 
study population. 

T, : = Te-1 — Le-13 To = per Lz. Measures the 
total number of age categories left to be lived by 
all individuals who survive to the beginning of age 
category x. 

€z : = Tz/le; ex-1 = 1/2. Life expectancy, which is 
the mean number of age categories remaining until 
death for individuals surviving to the beginning of 
age category zr. 


For all z, €z41 +1 > ex. This means that the total 
expected lifespan increases monotonically. For instance, 
in the table above, the one-year-olds have an average 
age at death of 2.25+ 1 = 3.25, compared to 2.70 for 
newborns. In effect, the age of death of older individuals 
is a distribution conditioned on the fact that they have 
survived to their present age. 


It is common to study survivorship as a semilog plot of 
l, vs. 2, known as a SURVIVORSHIP CURVE. A so-called 
l,m, table can be used to calculate the mean generation 
time of a population. Two l,m, tables are illustrated 
below. 

Population 1 


x lz mz lzmMz tlzmz 
0 1.00 0.00 0.00 0.00 
1 0.70 0.50 0.35 0.35 
2 0.50 1.50 0.75 1.50 
3 0.20 0.00 0.00 0.00 
4 0.00 0.00 0.00 0.00 


Ro=1.10 >> = 1.85 


_ doalame _ 1.85 
SSlamz 1.10 
InRo _ 1In1.10 


T 1.68 


T = 1.68 


= 0.057. 
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Population 2 
& l, Me IyMz zlzMz 
0 1.00 0.00 0.00 0.00 
1 0.70 0.00 0.00 0.00 
2 0.50 2.00 1.00 2.00 
3 0.20 0.50 0.10 0.30 
4 0.00 0.00 0.00 0.00 
Ro =1.10 5) = 2.30 
LMx 2 
7 a datlems _ 2.30 _ 409 
s 1,Me 1.10 
In Ro In 1.10 
sa 209 
z : Age category (c = 0,1,..., &). These values 
can be in any convenient units, but must be 
chosen so that. no observed lifespan extends past 
category k — 1 (as in an l, table). 
l, : = nz/no. Survivorship, which measures the 


proportion of individuals who survive to the be- 
ginning of age category x (as in an l, table). 

mz : The average number of offspring produced by 
an individual in age category x while in that 
age category. ae Mm, therefore represents the 
average lifetime number of offspring produced 
by an individual of maximum lifespan. 


l,m, : The average number of offspring produced by 
an individual within age category x weighted 
by the probability of surviving to the beginning 
of that age category. ear l,m, therefore rep- 
resents the average lifetime number of offspring 
produced by a member of the study population. 
Tt is called the net reproductive rate per gener- 
ation and is often denoted Ro. 


el,m, : A column weighting the offspring counted 
in the previous column by their parents’ age 
when they were born. Therefore, the ratio 
T = )o(2lemz)/ > (lemz) is the mean gener- 
ation time of the population. 


The MALTHUSIAN PARAMETER fr measures the repro- 
ductive rate per unit time and can be calculated as 
r = (InRo)/T. For an exponentially increasing popu- 
lation, the population size N(t) at time ¢ is then given 
by 

N(t) = Noe™. 


In the above two tables, the populations have identical 
reproductive rates of Ry — 1.10. However, the shift to- 
ward later reproduction in population 2 increases the 
generation time, thus slowing the rate of POPULATION 
GrowtTnH. Often, a slight delay of reproduction de- 
creases POPULATION GROWTH more strongly than does 
even a fairly large reduction in reproductive rate. 

see also GOMPERTZ CURVE, LOGISTIC GROWTH 
CuRVE, MAKEHAM CURVE, MALTHUSIAN PARAMETER, 
POPULATION GROWTH, SURVIVORSHIP CURVE 


Likelihood Ratio 


Lift 

Given a Map f from a SPACE X to a SPACE Y and 
another MAP g from a SPACE Z toa SPACEY, a lift isa 
Map A from X to Z such that gh = f. In other words, 
a lift of f is a MAP A such that the diagram (shown 
below) commutes. 


¢ 


“ 
Ay & 
’ 


ya 
, 
- 
/ 
- 


x—+ey 

If f is the identity from Y to Y, a MANIFOLD, and if 
g is the bundle projection from the TANGENT BUNDLE 
to Y, the lifts are precisely VECTOR FreLps. If g is a 
bundle projection from any FIBER BUNDLE to Y, then 
lifts are precisely sections. If f is the identity from Y to 
Y, a MANIFOLD, and g a projection from the orientation 
double cover of Y, then lifts exist IFF Y is an orientable 
MANIFOLD. 


If f is a Map from a CIRCLE to Y, an n-MANIFOLD, 
and g the bundle projection from the FIBER BUNDLE 
of alternating n-F'oRMS on Y, then lifts always exist 
IFF Y is orientable. If f is a MAP from a region in 
the COMPLEX PLANE to the COMPLEX PLANE (complex 
analytic), and if g is the exponential MAP, lifts of f are 
precisely LOGARITHMS of f. 


see also LIFTING PROBLEM 


Lifting Problem 

Given a Map f from a Space X to a SPACE Y and 
another MAP g from a SPACE Z to a SPACE Y, docs 
there exist a Map A from X to Z such that gh = f? Tf 
such a map Ah exists, then A is called a LIFT of f. 


see also EXTENSION PROBLEM, LIFT 


Ligancy 
see KISSING NUMBER 


Likelihood 

The hypothetical PROBABILITY that an event which has 
already occurred would yield a specific outcome. The 
concept differs from that of a probability in that a prob- 
ability refers to the occurrence of future events, while a 
likelihood refers to past events with known outcomes. 


see also LIKELIHOOD RATIO, MAXIMUM LIKELIHOOD, 
NEGATIVE LIKELIHOOD RATIO, PROBABILITY 


Likelihood Ratio 

A quantity used to test Nesrep Hyporuyses. Let H' 
be a NESTED HYPOTHESIS with n' DEGREES OF FREE- 
DOM within H (which has n DEGREES OF FREEDOM), 
then calculate the MAXIMUM LIKELIHOOD of a given 
outcome, first given H’, then given H. Then 


[likelihood H’] 


LR = eee eed 
R [likelihood H] 


Limacon 


Comparison of this ratio to the critical value of the 
CHI-SQUARED DISTRIBUTION with n — n' DEGREES OF 
FREEDOM then gives the SIGNIFICANCE of the increase 
in LIKELIHOOD. 


‘The term likelihood ratio is also used (especially in med- 
icine) to test nonnested complementary hypotheses as 
follows, 


LR — [true positive rate] __ [sensitivity] 


~~ [false positive rate] 1 — [specificity] ” 


see also NEGATIVE LIKELIHOOD RATIO, SENSITIVITY, 
SPECIFICITY 


Hoe 


The limagon is a polar curve of the form 


r=b+acosé 


also called the LIMAGON OF PASCAL. It was first in- 
vestigated by Diirer, who gave a method for drawing 
it in Underweysung der Messung (1525). It was redis- 
covered by Etienne Pascal, father of Blaise Pascal, and 
named by Gilles-Personne Roberval in 1650 (MacTutor 
Archive). The word “limagon” comes from the Latin 
limaz, meaning “snail.” 


If 6 > 2a, we have a convex limacgon. If 2a > 6 > 
a, we have a dimpled limagon. If b = a, the limagon 
degenerates to a CARDIOID. If b < a, we have limagon 
with an inner loop. If 6 = a/2, it is a TRISECTRIX 
(but not the MACLAURIN TRISECTRIX) with inner loop 
of AREA 


oe ee 3 
Ainner loop = 7@ r—3 2 ’ 


and AREA between the loops of 
Abetween loops — ja° (x ae 3V3) 


(MacTutor Archive). The limagon is an ANALLAGMATIC 
CURVE, and is also the CATACAUSTIC of a CIRCLE when 
the RADIANT POINT is a finite (NONZERO) distance from 
the CIRCUMFERENCE, as shown by Thomas de St. Lau- 
rent in 1826 (MacTutor Archive). 


see also CARDIOID 
References 


Lawrence, J. D. A Catalog of Special Plane Curves. New 
York: Dover, pp. 113-117, 1972. 
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Limacon Evolute 
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The CATACAUSTIC of a CIRCLE for a RADIANT POINT 
is the limacon evolute. It has parametric equations 


__ al[4a? + 4b? + 9abcost — abcos(3¢)] 
4(2a? + 6? + 3abcos t) 

_ a*bsin’ t 

~ 2a? + b2 + 3abcost™ 


Limagon of Pascal 

see LIMACON 

Limit 

A function f(z) is said to have a limit limz.a f(z) = cif, 


for all ¢ > 0, there exists a 6 > 0 such that [f(z)—c| < « 
whenever 0 < |z—al <4. 


A LOWER LIMIT 


lower lim S, = lim $5, =h 
n+ 00 Nn-+0O 


is said to exist if, for every « > 0, |Sn — Al < e for 
infinitely many values of n and if no number less than h 
has this property. 


An UPPER LIMIT 


upper lim S, = lim S, =k 
N—->OO NCO 
is said to exist if, for every € > 0, [Sn — kl < € for 
infinitely many values of n and if no number larger than 
k has this property. 
Indeterminate limit forms of types oo /oo and 0/0 can be 


computed with L’HOSPITAL’s RULE. Types 0- oo can 
be converted to the form 07/0 by writing 


f(z) 
1/g(x)° 


f(x)g(z) = 


1078 Limit Comparison Test 


Types 0°, oo°, and 1° are treated by introducing a de- 
pendent variable y — f(x)g(zx), then calculating lim In y. 
The original limit then equals e!'™™¥, 


see also CENTRAL LIMIT THEOREM, CONTINUOUS, DIs- 
CONTINUITY, T.’Hospttat’s RULE, LOWER Limit, Up- 
PER LIMIT 
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Limit Comparison Test 
Let $> ax and }> b; be two SERIES with POSITIVE terms 
and suppose 


If p is finite and p > 0, then the two SERIES both Con- 
VERGE or DIVERGE. 


see also CONVERGENCE TESTS 


Limit Cycle 
An attracting set to which orbits or trajectorics converge 
and upon which trajectories are periodic. 


see also HOPF BIFURCATION 


Limit Point 

A number zg such that for all e€ > 0, there exists a mem- 
ber of the SET y different from z such that |y — 2| < e. 
The topological definition of limit point P of A is that P 
is a point such that every OPEN SET around it intersects 
A. 


see also CLOSED SET, OPEN SET 
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Lin’s Method 
An ALGORITHM for finding Roots for QuARTIC Equa- 
TIONS with COMPLEX ROOTS. 
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Lindeberg Condition 
A SUFFICIENT condition on the LINDEBERG-FELLER 
CENTRAL LIMIT THEOREM. Given random variates X1, 
Xz, ..-, let (X;) = 0, the VARIANCE 0,” of X; be finite, 
and VARIANCE of the distribution consisting of a sum of 
AGS 

Sn = Xi +Xet+...+ Xn (1) 


Soa? (2) 
i=l 


be 


il 


2 
Bn 


Lindenmayer System 


Let ‘“ 
x Xe \?| [Xk 
ante > ( (24) a ><), (3) 
k=1 
then the Lindeberg condition is 
lim An(e) =0 (4) 
TL-F00 


*for all « > 0. 


see also FELLER-LEVY CONDITION 
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Lindeberg-Feller Central Limit Theorem 
If the random variates X,, X2, ... satisfy the LINDE- 
BERG CONDITION, then for all a < 5, 


lim P (a < S < b) = @(b) — B(a), 


n—-+00 n 


where & is the NORMAL DISTRIBUTION FUNCTION. 


see also CENTRAL LIMIT THEOREM, FELLER-LEVY 
CONDITION, NORMAL DISTRIBUTION FUNCTION 
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Lindelof’s Theorem 

The SURFACE OF REVOLUTION generated by the exter- 
nal CATENARY between a fixed point a and its conjugate 
on the ENVELOPE of the CATENARY through the fixed 
point is equal in AREA to the surface of revolution gen- 
erated by its two Lindelof TANGENTS, which cross the 
axis of rotation at the point a and are calculable from 
the position of the points and CATENARY. 


see also CATENARY, ENVELOPE, SURFACE OF REVOLU- 
TION 


Lindemann-Weierstrai Theorem 
If ay, ..., @n are linearly independent over Q, then e®?, 
..., e are algebraically independent over Q. 


see also HERMITE-LINDEMANN THEOREM 


Lindenmayer System 

A STRING REWRITING system which can be used to gen- 
erate FRACTALS with DIMENSION between 1 and 2. The 
term L-SYSTEM is often used as an abbreviation. 


see also ARROWHEAD CURVE, DRAGON CURVE EXTE- 
RIOR SNOWFLAKE, FRACTAL, HILBERT CURVE, KOCH 
SNOWFLAKE, PEANO OURVE, PEANO-GOSPER OURVE, 
SIERPINSKI CURVE, STRING REWRITING 
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Line 

Euclid defined a line as a “breadthless length,” and a 
straight line as a line which “lies evenly with the points 
on itself”? (Kline 1956, Dunham 1990). Lines are in- 
trinsically 1-dimensional objects, but may be embedded 
in higher dimensional Spaces. An infinite line pass- 
ing through points A and B is denoted 4g. A LINE 
SEGMENT terminating at these points is denoted AB. 
A line is sometimes called a STRAIGHT LINE or, more 
archaically, a RIGHT LINE (Casey 1893), to emphasize 
that it has no curves anywhere along its length. 


Consider first lines in a 2-D PLANE. The line with z- 
INTERCEPT a and y-INTERCEPT b is given by the inter- 
cept form 


aera ee 
e+ ¥a1 (1) 


The line through (x1, yi) with SLOPE m is given by the 
point-slope form 


y- y= m(x— 21). (2) 


The line with y-intercept b and slope m is given by the 
slope-intercept form 


y=me tb. (3) 


The line through (2x1, y1) and (22, y2) is given by the two 
point form 


yom = 2 ea). (4) 
Other forms are 
a(x —21)+b(y—y) =0 (5) 
axz+by+c=0 (6) 
ze ey it 
2 yy 1)=0. (7) 
T2 Yo 1 


A line in 2-D can also be represented as a VECTOR. The 
VECTOR along the line 


ax + by =0 (8) 


e: 
oleae (9) 


is given by 
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where t € R. Similarly, VECTORS of the form 


aH (10) 


are PERPENDICULAR to the line. Three points lie on a 
line if 


TZ Yi 1 
22 yo 1/=0. (11) 
z3 y3 (od 
The ANGLE between lines 
Ayzt+ Buy ty =0 (12) 
Agt+ Boy+ Cz =0 (13) 
” A Bo — A.B 
Or ee 14 
= AiA2 + Bi Be ee 


The line joining points with TRILINEAR COORDINATES 
01:61:71 and ag: B2: y2 is the set of point a: 3:7 
satisfying 


a B ¥ 
oa fi | =0 (15) 

a2 f2 ‘2 
(Biy2 — 71 B2)a+ (y102 -— a172)8 + (0182 — Bia2)y ; 
16 


Three lines CoNcUR if their TRILINEAR COORDINATES 
satisfy 


hatmGtny=0 (17) 
la+m2B + ney =0 (18) 
lga + m3 + n3y = 0, (19) 


in which case the point is 
meng — 12773 : Nels = long = lom3 a Mals, (20) 


or if the COEFFICIENTS of the lines 


Ayo+ BiytCi =0 (21) 

Agt + Bray + C2 =0 (22) 

A3z+ Bsy+ C3 =0 (23) 
satisfy die iB 
1 1 1 

Ap Bz Co|=0. (24) 
A3 Bs C3 


Two lines Concur if their TRILINEAR COORDINATES 
satisfy 
ly My hy 


lz m2 n2i= 0. (25) 


ls m3 lg 
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The line through P; is the direction (a1,b1,¢c1) and the 
line through P2 in direction (a2, b2,c2) intersect IFF 


T2—-— X17 Y2-Yi 22-21 
ay by ci =0. (26) 
a2 be C2 


The line through a point a’ : 8’: y' PARALLEL to 


la+mB+ny=0 (27) 
is 
a B Y 
a’ B y | =0. (28) 
bn-cm cl—an am-—bl 
The lines 
latmB+ny=0 (29) 
atm’ B+in'y=0 (30) 


are PARALLEL if 
a(mn! — nm’) + b(nl' — In') + e(Im' — ml’) =0 (31) 
for all (a,b,c), and PERPENDICULAR if 


Qabc(Il' + mm! + nn’) — (mn' + m'm)cos A 
—(nl' +n'l)cosB—(Ilm'+l'm)cosC=0 (32) 


for all (a,b,c) (Sommerville 1924). The line through a 
point a’ : 6’: 7’ PERPENDICULAR to (32) is given by 


a 8 1 
a B 7 Us 
I—mcosC m—ncosA n—IcosB =e 8) 
—ncos B -lcosC  —mcosA 


In 3-D SPACE, the line passing through the point 
(x0, yo, 20) and PARALLEL to the NONZERO VECTOR 


v= |b (34) 


has parametric equations 


L=29+ at 
y = yo + bt (35) 
z= 29+ ct. 


see also ASYMPTOTE, BROCARD LINE, COLLINEAR, 
CONCUR, CRITICAL LINE, DESARGUES’ THEOREM, 
ERDOs-ANNING THEOREM, LINE SEGMENT, ORDINARY 
LINE, PENCIL, POINT, POINT-LINE DISTANCE—2-D, 
POINT-LINE DISTANCE—3-D, PLANE, RANGE (LINE 
SEGMENT), RAY, SOLQMON’s SEAL LINES, STEINER 
SET, STEINER’S THEOREM, SYLVESTER’S LINE PROB- 
LEM 


Line Element 
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Line Bisector 
aiine segment bisector 


ax 
WY 


The line bisecting a given LINE SEGMENT P,P; can be 
constructed geometrically, as illustrated above. 
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Line of Curvature 

A curve on a surface whose tangents are always in the 
direction of PRINCIPAL CURVATURE. The equation of 
the lines of curvature can be written 


911 Gi2 922 
bit bi2 boo | = 0, 
du? —dudv dv? 


where g and b are the COEFFICIENTS of the first and 
second FUNDAMENTAL FORMS. 


see also DUPIN’S THEOREM, FUNDAMENTAL Forms, 
PRINCIPAL CURVATURES 


Line Element 
Also known as the first FUNDAMENTAL FORM 


ds* = gap dx* dz’. 
In the principal axis frame for 3-D, 


ds* = gaa(dx*)” + gos(dz’)? + gec(dx*)’. 


Line Graph 


At ORDINARY POINTS on a surface, the line element is 
positive definite. 


see also AREA ELEMENT, FUNDAMENTAL FORMS, VOL- 
UME ELEMENT 


Line Graph 


<-K 


A LINE GRAPH L(G) (also called an INTERCHANGE 
GRAPH) of a graph G is obtained by associating a vertex 
with each edge of the graph and connecting two vertices 
with an edge IrF the corresponding edges of G meet 
at one or both endpoints. In the three examples above, 
the original graphs are the COMPLETE GRAPHS K3, Ka, 
and Ks shown in gray, and their line graphs are shown 
in black. 
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Line at Infinity 

The straight line on which all POINTS AT INFINITY lie. 
The line at infinity is given in terms of TRILINEAR CO- 
ORDINATES by 


aa+bB+cy = 0, 


which follows from the fact that a REAL TRIANGLE will 
have POSITIVE AREA, and therefore that 


2A =aa+bB+cy> 0. 


Instead of the three reflected segments concurring for 
the ISOGONAL CONJUGATE of a point X on the CIR- 
CUMCIRCLE of a TRIANGLE, they become parallel (and 
can be considered to meet at infinity). As X varies 
around the CIRCUMCIRCLE, X~! varics through a line 
called the line at infinity. Every line is PERPENDICULAR 
to the line at infinity. 


see also POINT AT INFINITY 


Line Integral 
The line integral on a curve o is defined by 


b 
[Fa [ F(o(t)) -o (t) dt (1) 
a a 
= Fy, dz + Fo dy + Fs dz, (2) 
c 
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where 
F, 
Fs 


If V-F =0 (ie., it is a DIVERGENCELESS FIELD), then 
the line integral is path independent and 


(@ yz) 
| F, dx + Fo dy+ F3 dz 
( 


a,b,c) 
(z,b,c) (z,y,c) (x,y,z) 
=i Fde+ [ Fady+ f Fydz. (4) 
(a,b,c) (a,b,c) (x,y,c) 


For z COMPLEX, y: z = 2(t), and t € [a, 5], 
b 
[rea [ teoewa 6) 


see also CONTOUR INTEGRAL, PATH INTEGRAL 


Line Segment 

o—_______—_- 

A B 
A closed interval corresponding to a FINITE portion of 
an infinite Live. Line segments are generally labelled 
with two letters corresponding to their endpoints, say 
A and B, and then written AB. The length of the line 
segment is indicated with an overbar, so the length of 
the line segment AB would be written AB. 


Curiously, the number of points in a line segment 
(ALEPH-1; 1) is equal to that in an entire 1-D SPACE 
(a LINE), and also to the number of points in an n-D 
SPACE, as first recognized by Georg Cantor. 


see also ALEPH-1 (Ni), COLLINEAR, CONTINUUM, LINE, 
Ray 


Line Space 
see LIOUVILLE SPACE 


Linear Algebra 

The study of linear sets of equations and their trans- 
formation properties. Linear algebra allows the analysis 
of ROTATIONS in space, LEAST SQUARES FITTING, so- 
lution of coupled differential equations, determination 
of a circle passing through three given points, as well 
as many other other problems in mathematics, physics, 
and engineering. 


The MATRIX and DETERMINANT are extremely useful 
tools of linear algebra. One central problem of linear 
algebra is the solution of the matrix equation 


Ax =b 
for x. While this can, in theory, be solved using a Ma- 


TRIX INVERSE 
x=A'b, 
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other techniques such as GAUSSIAN ELIMINATION are 
numerically more robust. 


see also CONTROL THEORY, CRAMER’S RULE, DETER- 
MINANT, GAUSSIAN ELIMINATION, LINEAR TRANSFOR- 
MATION, MATRIX, VECTOR 
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Linear Approximation 

A linear approximation to a function f(x) at a point zy 
can be computed by taking the first term in the TAYLOR 
SERIES 


f(zo + Az) = f(zo) + f'(zo)Ar+.... 
see also MACLAURIN SERIES, TAYLOR SERIES 


Linear Code 

A linear code over a FINITE FIELD with q elements Fy 
is a linear SUBSPACE C' C F,”. The vectors forming 
the SUBSPACE are called code words. When code words 
are chosen such that the distance between them is max- 
imized, the code is called error-correcting since slightly 
garbled vectors can be recovered by choosing the nearest 
code word. 

see also CODE, CODING THEORY, ERROR-CORRECTING 
CODE, GRAY CODE, HUFFMAN CODING, ISBN 


Linear Extension 


Linear Congruence 
A linear congruence 


ax = b (mod m) 
is solvable IFF the CONGRUENCE 
b = 0 (mod (a,m)) 


is solvable, where d = (a, m) is the GREATEST COMMON 
Drvisor, in which case the solutions are xo, 29 + m/d, 
Zo + 2m/d, ..., 9 + (d —1)m/d, where ro < m/d. If 
d = 1, then there is only one solution. 


see also CONGRUENCE, QUADRATIC CONGRUENCE 


Linear Congruence Method 
A METHOD for generating RANDOM (PSEUDORANDOM) 
numbers using the linear RECURRENCE RELATION 


Xn+1 = aXn+c (mod m), 


where a and c must assume certain fixed values and Xo 
is an initial number known as the SEED. 


see also PSEUDORANDOM NUMBER, RANDOM NUMBER, 
SEED 


References 

Pickover, C. A. “Computers, Randomness, Mind, and In- 
finity.” Ch. 31 in Keys to Infinity. New York: W. H. 
Freeman, pp. 233-247, 1995. 


Linear Equation 
An algebraic equation of the form 


y=ar+b 


involving only a constant and a first-order (linear) term. 
see also LINE, POLYNOMIAL, QUADRATIC EQUATION 


Linear Equation System 

When solving a system of n linear equations with k > n 
unknowns, use MATRIX operations to solve the system 
as far as possible. Then solve for the first (k — n) com- 
ponents in terms of the last n components to find the 
solution space. 


Linear Extension 

A linear extension of a PARTIALLY ORDERED SET P is 
a PERMUTATION of the elements pi, p2, ... of P such 
that 7 < j IMPLIES p; < p;. For example, the linear ex- 
tensions of the PARTIALLY ORDERED SET ((1, 2), (3, 4)) 
are 1234, 1324, 1342, 3124, 3142, and 3412, all of which 
have 1 before 2 and 3 before 4. 
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Linear Fractional Transformation 


Linear Fractional Transformation 
see MOBIUS TRANSFORMATION 


Linear Group 


see GENERAL LINEAR GROUP, LIE-TYPE GROUP, PRO- 
JECTIVE GENERAL LINEAR GROUP, PROJECTIVE SPE- 
CIAL LINEAR GROUP, SPECIAL LINEAR GROUP 
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Linear Group Theorem 
Any linear system of point-groups on a curve with only 
ordinary singularities may be cut by ADJOINT CURVES. 
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Linear Operator 
An operator L is said to be linear if, for every pair of 
functions f and g and SCALAR ft, 


L(f+9)=Lf+Lyq 


and 
Ly) thf, 


see also LINEAR TRANSFORMATION, OPERATOR 


Linear Ordinary Differential Equation 


see ORDINARY DIFFERENTIAL EQUATION—FIRST- 
ORDER, ORDINARY DIFFERENTIAL EQUATION—SEC- 
OND-ORDER 


Linear Programming 

The problem of maximizing a linear function over a 
convex polyhedron, also known as OPERATIONS RE- 
SEARCH, OPTIMIZATION THEORY, or CONVEX OPTI- 
MIZATION THEORY. It can be solved using the SIMPLEX 
METHOD (Wood and Dantzig 1949, Dantzig 1949) which 
runs along EDGES of the visualization solid to find the 
best answer. 


In 1979, L. G. Khachian found a O(x°) PoLYNOMIAL- 
time ALGORITHM. A much more efficient POLYNOMIAL- 
time ALGORITHM was found by Karmarkar (1984). This 
method goes through the middle of the solid and then 
transforms and warps, and offers many advantages over 
the simplex method. 


see also CRISS-CROSS METHOD, ELLIPSOIDAL CAL- 
CULUS, KUHN-TUCKER THEOREM, LAGRANGE MULTI- 
PLIER, VERTEX ENUMERATION 
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Linear Recurrence Sequence 
see RECURRENCE SEQUENCE 


Linear Regression 

The fitting of a straight LINE through a given set of 
points according to some specified goodness-of-fit cri- 
terion. The most common form of linear regression is 
LEAST SQUARES FITTING. 

see also LEAST SQUARES FITTING, MULTIPLE REGRES- 
SION, NONLINEAR LEAST SQUARES FITTING 
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Linear Space 
see VECTOR SPACE 


Linear Stability 
Consider the general system of two first-order ORDI- 
NARY DIFFERENTIAL EQUATIONS 


£= f(z,y) (1) 
Y = G(z,y). (2) 


Let zo and yo denote FIXED POINTS with z > y = 0, so 


f(Zo, yo) = 9 (3) 
g(Xo, yo) = 0. (4) 
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Then expand about (x0, yo) so 


bz = fx(an, yo)dz + fy(xn, yn)dy + fay (zo, yo)drdy +... 
(5) 


by = gz(xo, yo)dz + gy(L0, yo) dy + gey (to, yo)dxdy +... 


(6) 


To first-order, this gives 


a bx _ fz (xo, yo) fy(o, yo) bz (7) 
dt | dy} ~ | gx{Xo,yo) gy(to,yo) | | dy |’ 


where the 2x2 MATRIX is called the STABILITY MATRIX. 


In general, given an n-D MAP x’ = T(x), let xo be a 
FIXED POINT, so that 


T (xo) = Xo. (8) 
Expand about the fixed point, 
T(xo + 6x) = T(xo) + or ox + O(5x)’ 
= T(xo) + 6T, (9) 


so 
aT. 


The map can be transformed into the principal axis 
frame by finding the EIGENVECTORS and EIGENVALUES 
of the MATRIX A 

(A — Al) 6x = 0, (11) 


so the DETERMINANT 


jA — Al| = 0. (12) 
The mapping is 
dy ied 
bX prince’ roa : .. ‘ : . (13) 
Of he he 


When iterated a large number of times, 
6T prince > 0 (14) 


only if |R(A;)| < 1 fori = 1,...,n but > 00 ifany |AG| > 
1. Analysis of the EIGENVALUES (and EIGENVECTORS) 
of A therefore characterizes the type of FIXED POINT. 
The condition for stability is [R(Ai)| < 1 for? =1,..., 
nh. 

see also FIXED POINT, STABILITY MATRIX 
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Linear Transformation 

An nxn Matrix A is a linear transformation (linear 
Map) IFF, for every pair of n- VECTORS X and Y and 
every SCALAR t, 


A(X + Y) = A(X) + ACY) (1) 
and 
A(€X) = tA(X). (2) 
Consider the 2-D transformation 
pry = 01121 + A12%2 (3) 
pL, = A21T2 + A222. (4) 


Rescale by defining \ = 21/z2 and \' = x}/x}, then the 
above equations become 
, arcdt+8 


mrss L ©) 


where ad — Gy # 0 and a, G, y and 6 are defined in 
terms of the old constants. Solving for X gives 


b\' — B 
tars Va (6) 
so the transformation is ONE-TO-ONE. To find the 


FIxeD PoInTs of the transformation, set \ = \’ to ob- 
tain 

yr? + (6 -a)rA-B=0. (7) 
This gives two fixed points which may be distinct or 
coincident. The fixed points are classified as follows. 


variables type 

(6a)? +46y7>0 hyperbolic fixed point 
(5 — a)? + 48y <0 elliptic fixed point 

(6 — a)? +467 =0 parabolic fixed point 


see also ELLIPTIC FIXED POINT (MAP), HYPERBOLIC 
FIXED Point (MAP), INVOLUNTARY, LINEAR OPERA- 
TOR, PARABOLIC FIXED POINT 
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Linearly Dependent Curves 
Two curves ¢ and w satisfying 


o+¥=0 
are said to be linearly dependent. Similarly, n curves 
é@:,i=1,..., n are said to be linearly dependent if 


So 4: =0. 
i=1 


see also BERTINI’S THEOREM, STuDY’S THEOREM 
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Linearly Dependent Functions 


Linearly Dependent Functions 
The n functions fi(r), fe(x), .-., fn(z) are linearly de- 
pendent if, for some c1, ¢2, ..., ¢n € R not all zero, 


cifi(z) =0 (1) 


(where EINSTEIN SUMMATION is used) for all 2 in some 
interval I. If the functions are not linearly dependent, 
they are said to be linearly independent. Now, if the 
functions € R"~*, we can differentiate (1) up to n ~ 1 
times. Therefore, linear dependence also requires 


afi =0 (2) 
efi =0 (3) 
af) = 0, (4) 
where the sums are over i= 1,..., n. These equations 
have a nontrivial solution IFF the DETERMINANT 
fi fe ae fn 
fi fa oc fe 
; , : ; = 0, (5) 
(n-1) ,(n-1) Ae (n—1) 
1 2 n 


where the DETERMINANT is conventionally called the 
WRONSKIAN and is denoted W(fi, fo,...,; fn). If the 
WRONSKIAN # 0 for any value c in the interval J, then 
the only solution possible for (2) isc; = 0 (i =1,..., 
n), and the functions are linearly independent. If, on 
the other hand, W = 0 for a range, the functions are 
linearly dependent in the range. This is equivalent to 


stating that if the vectors V[fi(c)],..., V[fn(c)] defined 
by 
fi(z) 
fi(z) 
Visa) = | A) (6) 
0) 


are linearly independent for at least one c € J, then the 
functions f; are linearly independent in J. 
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Linearly Dependent Vectors 
n VECTORS X1, X2,..., Xn are linearly dependent Irr 
there exist SCALARS C1, C2, ..., Cn such that 


aX; = 0, (1) 


where EINSTEIN SUMMATION is used andi =1,..., n. 
If no such SCALARS exist, then the vectors are said to be 
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linearly independent. In order to satisfy the CRITERION 
for linear dependence, 


T11 212 Lin 0 
£21 L22 Zan 0 
Cl " + c2 7 +--+ en ‘ = hs (2) 
nl Tn2 Inn 0 
Yi1 «£12 Lin C1 0 
Z21 £22 Lan c2 0 
: = ]./. (3) 
Inl Ln2 *** Lunn Cn 0 


In order for this MATRIX equation to have a nontrivial 
solution, the DETERMINANT must be 0, so the VECTORS 
are linearly dependent if 


T11 412 Zin 
To21 22 Tan 

a0; (4) 
Tni nz °°: Lnn 


and linearly independent otherwise. 

Let p and q be n-D VECTORS. Then the following three 
conditions are equivalent (Gray 1993). 

1. p and q are linearly dependent. 

P-P Pp-'d 
q°P @‘4q4 


2. = 0. 


3. The 2 x n MATRIX H has rank less than two. 
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Linearly Independent 

Two or more functions, equations, or vectors which are 
not linearly dependent are said to be linearly indepen- 
dent. 


see alsy LINEARLY DEPENDENT CURVES, LINEARLY DE- 
PENDENT FUNCTIONS, LINEARLY DEPENDENT VEC- 
TORS, MAXIMALLY LINEAR INDEPENDENT 


Link 

Formally, a link is one or more disjointly embedded CiR- 
CLES in 3-space. More informally, a link is an assem- 
bly of KNoTs with mutual entanglements. Kuperberg 
(1994) has shown that a nontrivial KNOT or link in R® 
has four COLLINEAR points (Eppstein). Doll and Hoste 
(1991) list POLYNOMIALS for oriented links of nine or 
fewcr crossings. A listing of the first few simple links 
follows, arranged by CROSSING NUMBER. 


© 


of 
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o SEOs 
S20e 


& ABBOe 
Spe 80088 


ae, Cs : ‘Si & 931 932 925 934 925 
2 : ) (8) © &) 
& & 936 937 938 930 
7% 7 7 


onase S2Oae 
OQ DO®OE 


GASH OVSE 


9% 942 93; 92, 035 
: . : . . : G ‘= Ss 
Ce) 946 937 Via 930 925 


2 
Sis 


02, 927 931 
z 
961 8 83 83 
6} 63 63 94 
see also ANDREWS-CURTIS LINK, BORROMEAN RINGs, 
BRUNNIAN LINK, HoPF LINK, KNOT, WHITEHEAD 
LINK 
61 References 
Doll, H. and Hoste, J. “A Tabulation of Oriented Links.” 
Math. Comput. 57, 747-761, 1991. 
Eppstein, D. “Colinear Points on Knots.” http://www.ics. 
uci.edu/~-eppstein/junkyard/knot-colinear.htm1. 
Kuperberg, G. “Quadrisecants of Knots and Links.” J. Knot 
Theory Ramifications 3, 41-50, 1994. 
3 3 3 3 3  Weisstein, E. W. “Knots.” http://www.astro.virginia. 
81 82 83 84 85 edu/~eww6n/math/notebooks/Knots.m. 
) @®) @) Link Diagram 
33 3 32 rs 8%, >) 


A planar diagram depicting a LINK (or KNOT) as a se- 
5 : : ; quence of segments with gaps representing undercross- 
94 92 93 94 95 ings and solid lines overcrossings. In such a diagram, 
only two segments should ever cross at a single point. 
Link diagrams for the TREFOIL KNOT and FIGURE-OF- 
EIGHT KNOT are illustrated above. 


93 93 98 93 93, Linkage 
Sylvester, Kempe and Cayley developed the geometry 
associated with the theory of linkages in the 1870s. 
Kempe proved that every finite segment of an algebraic 
curve can be generated by a linkage in the manner of 
WATT’S CURVE. 

9, Vo 935 944 935 


1088 Linking Number 

see also HART’S INVERSOR, KEMPE LINKAGE, PAN- 
TOGRAPH, PEAUCELLIER INVERSOR, SARRUS LINKAGE, 
WATT’S PARALLELOGRAM 


References 
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Linking Number 

A LINK invariant. Given a two-component oriented 
LINK, take the sum of +1 crossings and —1 crossing 
over all crossings between the two links and divide by 2. 
For components a and £, 


L(a,8)=4 S~ ep), 


peanBp 


where aM @ is the set of crossings of a with @ and e(p) 
is the sign of the crossing. The linking number of a 
splittable two-component link is always 0. 


see also JONES POLYNOMIAL, LINK 
References 


Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
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Links Curve 


The curve given by the Cartesian equation 
(a? + y? ~ 3a)? = 4a?(2 — 2). 


The origin of the curve is a TACNODE. 


References 
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Linnik’s Constant 

The constant LD in LINNIK’s THEOREM. Heath-Brown 
(1992) has shown that L < 5.5, and Schinzel, Sierpir- 
ski, and Kanold (Ribenboim 1989) have conjectured that 
L=2, 
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Liouville’s Constant 


Linnik’s Theorem 
Let p(d,a) be the smallest PRIME in the arithmetic pro- 
gression {a + kd} for k an INTEGER > 0. Let 


p(d) = max p(d, a) 


such that 1 < a < d and (a,d) = 1. Then there exists a 
do > 2 and an L > 1 such that p(d) < d” for all d > do. 
L is known as LINNIK’S CONSTANT. 
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Liouville’s Boundedness Theorem 

A bounded ENTIRE FUNCTION in the COMPLEX PLANE 
C is constant. The FUNDAMENTAL THEOREM OF AL- 
GEBRA follows as a simple corollary. 


see also COMPLEX PLANE, ENTIRE FUNCTION, FUNDA- 
MENTAL THEOREM OF ALGEBRA 
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Liouville’s Conformality Theorem 

In SPACE, the only CONFORMAL TRANSFORMATIONS 
are inversions, SIMILARITY TRANSFORMATIONS, and 
CONGRUENCE TRANSFORMATIONS. Or, restated, ev- 
ery ANGLE-preserving transformation is a SPHERE- 
preserving transformation. 


see also CONFORMAL MAP 


Liouville’s Conic Theorem 

The lengths of the TANGENTs from a point P to a CONIC 
C are proportional to the CUBE ROOTS of the RADII OF 
CURVATURE of C at the corresponding points of contact. 


see also CONIC SECTION 


Liouville’s Constant 


L 


Ill 


oo 
oe 10~"' = 0.110001000000000000000001... 
n=1 


(Sloane’s A012245). Liouville’s constant is a decimal 
fraction with a 1 in each decimal place corresponding 
to a FACTORIAL n!, and ZEROS everywhere else. This 
number was among the first to be proven to be TRANS- 
CENDENTAL. It nearly satisfies 


102° — 75a* — 1902 + 21=0, 


but with z = L, this equation gives —0.0000000059.... 
see also LIOUVILLE NUMBER 


Liouville’s Elliptic Function Theorem 
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Liouville’s Elliptic Function Theorem 
An ELLiptic FUNCTION with no POLES in a fundamen- 
tal cell is a constant. 


Liouville Function 


ip 
ANI 


-1 


oO 
w 


The function 
An) = (-1)"™, (1) 


where r(n) is the number of not necessarily distinct 
PRIME FACTORS of n, with r(1) = 0. The first few 
values of A(n) are 1, —1, —1, 1, —1, 1, —1, —1, 1, 1, —1, 
~—1,.... The Liouville function is connected with the 
RIEMANN ZETA FUNCTION by the equation 


los) 


(28) _ $n) 
ce) 7 ew 2 


nol 


{Lehman 1960). 
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The CONJECTURE that the SUMMATORY FUNCTION 
L(n) = S> A(n) (3) 
k=1 


satisfies L(n) < 0 for n > 2 is called the P6Ltya Con- 
JECTURE and has been proved to be false. The first n 
for which L(n) = 0 are for n = 2, 4, 6, 10, 16, 26, 
40, 96, 586, 906150256, ... (Sloane’s A028488), and 
n = 906150257 is, in fact, the first counterexample to 
the POLYA CONJECTURE (Tanaka 1980). However, it is 
unknown if L(x) changes sign infinitely often (Tanaka 
1980). The first few values of L{n) are 1, 0, —1, 0, —1, 
Of Se oO, BE eg ee a a Oe ae 
—4,... (Sloane’s A002819). L(n) also satisfies 


yo2 (2) = |val, 5 


where |z| is the FLOOR FUNCTION (Lehman 1960). 
Lehman (1960) also gives the formulas 


uta) = nlm { lV=| 
a0 (Lgl- LED 
- s: L av iti (5) 
l=z/w-1 gel 
and 
1) = Som ($) +E 00 [VF] 


where k, !, and m are variables ranging over the PosI- 
TIVE integers, u(n) is the MOBIUS FUNCTION, M(z) is 
MERTENS FUNCTION, and v, w, and w are POSITIVE real 
numbers with v < w < z. 


see also POLYA CONJECTURE, PRIME FACTORS, RIE- 
MANN ZETA FUNCTION 
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Liouville Measure 


[[ a 44:, 


where p; and qi are momenta and positions of particles. 
see also LIOUVILLE’S PHASE SPACE THEOREM, PHASE 
SPACE 


Liouville Number 

A Liouville number is a TRANSCENDENTAL NUMBER 
which is very close to a RATIONAL NUMBER. An IR- 
RATIONAL NUMBER @ is a Liouville number if, for any 
n, there exist an infinite number of pairs of INTEGERS p 
and gq such that 

1 


<—. 


P 
pot) Sa 


q 


O0< 


Mahler (1953) proved that m is not a Liouville number. 


see also LIOUVILLE’S CONSTANT, LIOUVILLE’S RATIO- 
NAL APPROXIMATION THEOREM, ROTH’S THEOREM, 
TRANSCENDENTAL NUMBER 
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Liouville’s Phase Space Theorem 

States that for a nondissipative HAMILTONIAN SYSTEM, 
phase space density (the AREA between phase space con- 
tours) is constant. This requires that, given a small time 
increment dt, 


8H (qo, po,t 
qi = q(to + dt) = go + ee dat+ O(a?) (1) 
OH (40, po; t 
pa = plto + dt) = po — APD. + Oat), (2) 
0 
the JACOBIAN be equal to one: 
8 
A(q1,P1) _ a0 a0 
O(qo,po) | seh BEB 
a? o7H 
3 9409p dt Bao" d O(dt”) 
oO? H 7H 
Spo” dt 1— 990 OP d 
=1+4 O(dt?’). (3) 


Expressed in another form, the integral of the Liou- 
VILLE MEASURE, 


N 
Il / dp: dqi, (4) 
t=1 


is a constant of motion. SYMPLECTIC MAPS of HAM- 
ILTONIAN SYSTEMS must therefore be AREA preserving 
(and have DETERMINANTS equal to 1). 

see also LIOUVILLE MEASURE, PHASE SPACE 
References 
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Liouville-Roth Constant 


Liouville Polynomial Identity 


6(a1? + x22 + x32 + x4’) = (v1 + z2)* + (x1 + x3)* 
+(x2+a3)*+(21+24)*+(22+04)*+(23+24)4+(e1-22)* 
+(a1 ~ x3)* + (x2 — @3)* + (21 — @4)* + (x2 — 24)* 


+(z3 - ta)*. 


This is proven in Rademacher and Toeplitz (1957). 
see also WARING’S PROBLEM 
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Liouville’s Rational Approximation Theorem 
For any ALGEBRAIC NUMBER z of degree n > 1, a RA- 
TIONAL approximation x = p/q must satisfy 


1 


Pp 
q > gnti 


for sufficiently large g. Writing r = n+ 1 leads to the 
definition of the LIOUVILLE-ROTH CONSTANT of a given 
number. 


see also LAGRANGE NUMBER (RATIONAL APPROXI- 
MATION), LIOUVILLE’S CONSTANT, LIOUVILLE NUM- 
BER, LIOUVILLE-ROTH CONSTANT, MARKOV NUMBER, 
RotTuH’s THEOREM, THUE-SIEGEL-ROTH THEOREM 
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Liouville-Roth Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let « be a REAL NUMBER, and let R be the SET of 
POSITIVE REAL NUMBERS for which 


<= 1) 


has (at most) finitely many solutions p/g for p and q 
INTEGERS. Then the Liouville-Roth constant (or IR- 
RATIONALITY MEASURE) is defined as the threshold at 
which LIOUVILLE’S RATIONAL APPROXIMATION THEO- 
REM kicks in and z is no longer approximable by Ra- 
TIONAL NUMBERS, 


r{z) = inf r. (2) 


Liouville Space 


There are three regimes: 


r(x) =1  @ is rational 
r(z)=2 2a is algebraic irrational (3) 
r(x) >2 2 is transcendental. 


The best known upper bounds for common constants 
are 


r(L) = 00 (4) 
r(e) = 2 (5) 
r(x) < 8.0161 (6) 
r(In 2) < 4.13 (7) 
r(x”) < 6.3489 (8) 
r(¢(3)) < 13.42, (9) 


where L is LIOUVILLE’S CONSTANT, ¢(3) is APERY’S 
CONSTANT, and the lower bounds are 2 for the inequal- 
ities. 
see also LIOUVILLE’S RATIONAL APPROXIMATION THE- 
OREM, ROTH’S THEOREM, THUE-SIEGEL-ROTH THEO- 
REM 
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Liouville Space 

Also known as LINE SPACE or “extended” HILBERT 
SPACE, it is the DIRECT PRODUCT of two HILBERT 
SPACES. 


see also DIRECT PRODUCT (SET), HILBERT SPACE 


Liouville’s Sphere-Preserving Theorem 
see LIOUVILLE’S CONFORMALITY THEOREM 


Lipschitz Condition 
A function f(x) satisfies the Lipschitz condition of order 
aata=0 if 


If (h) — f(0)| < Bihl? 


for all |h| < «, where B and G are independent of h, 
@ > 0, and @ is an UPPER BOUND for all @ for which a 
finite B exists. 


see also HILLAM’S THEOREM, LIPSCHITZ FUNCTION 
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Lipschitz Function 
A function f such that 

f(z) — Fy)| < Cle-y| 
is called a Lipschitz function. 


see also LIPSCHITZ CONDITION 
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Lipschitz’s Integral 


= 1 
e °* Jo(bxz) dz = ————, 
[erste de = as 
where Jo(z) is the zeroth order BESSEL FUNCTION OF 
THE FIRST KIND. 
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Lissajous Curve 


Lissajous curves are the family of curves described by 
the parametric equations 


x(t) = Acos(wzt — 6.) (1) 
y(t) = Bcos(wyt ~ dy), (2) 
sometimes also written in the form 
x(t) = asin(nt + c) (3) 
y(t) = bsint. (4) 


They are sometimes known as BOWDITCH CURVES after 
Nathaniel Bowditch, who studied them in 1815. They 
were studied in more detail (independently) by Jules- 
Antoine Lissajous in 1857 (MacTutor Archive).  Lis- 
sajous curves have applications in physics, astronomy, 
and other sciences. The curves close IFF wz/wy is RA- 
TIONAL. 
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see LISSAJOUS CURVE 


List 

A DATA STRUCTURE consisting of an order SET of el- 
ements, each of which may be a number, another list, 
etc. A list is usually denoted (a1, a2, ..., Q@n) or {a1, 
AQ, «+24 an}. 


see also QUEUE, STACK 


Lituus 


An ARCHIMEDEAN SPIRAL with m = —2, having polar 
equation 

r’6=a’. 
Lituus means a “crook,” in the sense of a bishop’s 
crosier. The lituus curve originated with Cotes in 1722. 
Maclaurin used the term lituus in his book Harmonia 
Mensurarum in 1722 (MacTutor Archive). The lituus is 
the locus of the point P moving such that the AREA of 
a circular SECTOR remains constant. 


References 

Gray, A. Modern Differential Geometry of Curves and Sur- 
faces. Boca Raton, FL: CRC Press, pp. 69-70, 1993. 

Lawrence, J. D. A Catalog of Special Plane Curves. New 
York: Dover, pp. 186 and 188, 1972. 

Lockwood, E. H. A Book of Curves. Cambridge, England: 
Cambridge University Press, p. 175, 1967. 

MacTutor History of Mathematics Archive. “Lituus.” http: 
//waw~ groups .dcs .st-and.ac.uk/~history/Curves/ 
Lituus. html, 


Lituus Inverse Curve 
The INVERSE CURVE of the LITUUS is an ARCHIMEDEAN 
SPIRAL with m = 2, which is FERMAT’S SPIRAL. 


see also ARCHIMEDEAN SPIRAL, FERMAT’S SPIRAL, 
LITUUS 


LLL Algorithm 
An INTEGER RELATION algorithm. 


see also FERGUSON-FORCADE ALGORITHM, HJLS AL- 
GORITHM, INTEGER RELATION, PSLQ ALGORITHM, 
PSOS ALGORITHM 
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Lobachevsky’s Formula 
Ln 
The LOGARITHM to BASE e, also called the NATURAL 


LOGARITHM, is denoted In, i.e., 


Ing = log, x. 


see also BaSE (LOGARITHM), E, LG, LOGARITHM, 
NAPIERIAN LOGARITHM, NATURAL LOGARITHM 


Lo Shu 


The unique MAGIC SQUARE of order three. The Lo Shu 
is an ASSOCIATIVE MAGIC SQUARE, but not a PAN- 
MAGIC SQUARE. 


see also ASSOCIATIVE MAGIC SQUARE, MAGIC SQUARE, 
PANMAGIC SQUARE 
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Lobachevsky-Bolyai-Gauss Geometry 
see HYPERBOLIC GEOMETRY 


Lobachevsky’s Formula 


P 
E 


* Te) 


A Cc D B 


Given a point P and a LINE AB, draw the PERPENDIC- 
ULAR through P and call it PC. Let PD be any other 
line from P which meets CB in D. In a HYPERBOLIC 
GEOMETRY, as D moves off to infinity along CB, then 
the line PD approaches the limiting line PE, which is 
said to be parallel to CB at P. The angle 2C PE which 
PE makes with PC is then called the ANGLE OF PAR- 
ALLELISM for perpendicular distance z, and is given by 


I(x) = 2tan~*(e~*), 


which is called Lobachevsky’s formula. 


see also ANGLE OF PARALLELISM, HYPERBOLIC GEOM- 
ETRY 
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Lobatto Quadrature 


Lobatto Quadrature 

Also called RADAU QUADRATURE (Chandrasekhar 
1960). A GAUSSIAN QUADRATURE with WEIGHTING 
FUNCTION W(z) = 1 in which the endpoints of the in- 
terval [—1,1] are included in a total of n ABSCISSAS, 
giving r = n — 2 free abscissas. ABSCISSAS are symmet- 
rica] about the origin, and the general FORMULA is 


n-1 


[fede = wn s(-r) + wnt) + afte. (1) 


i=2 


The free ABSCISSAS x; fori = 2,...,n—1 are the roots 
of the POLYNOMIAL P)_1(x), where P(x) is a LEGEN- 
DRE POLYNOMIAL. The weights of the free abscissas are 


2n 


= — a) Pe_, (ei) Plea) @) 
2 
= - 3 
n(n —1)[Pa-a (eo (8) 
and of the endpoints are 
2 
Yin = G1) @) 


The error term is given by 


_ n(n — 1)°2??-1[(n — 2)!]* 


2--~Ga-Diaa-ap fe) 


for € € (~1,1). Beyer (1987) gives a table of parame- 
ters up to n=11 and Chandrasekhar (1960) up to n=9 
(although Chandrasekhar’s jz3,4 for m = 5 is incorrect). 


nr LE Wi 
3.0 1.33333 
+1 0.333333 
4 +0.447214 0.833333 
+1 0.166667 
5 0 0.711111 
0.654654 0.544444 
+1 0.100000 


6 +£0.285232 0.554858 
0.765055 0.378475 
41 0.0666667 


The ABSCISSAS and weights can be computed analyti- 
cally for small n. 


Ti Wi 

4 

3 0 3 
+1 3 

i 1 

4 +iV¥5 2 
5 

a 3 
32 

5 0 #2 
1 49 
t3V21 # 

1 

+1 ib 


Local Density 1093 


see also CHEBYSHEV QUADRATURE, RADAU QUADRA- 
TURE 
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Lobster 


A 6-POLYIAMOND. 


Local Cell 

The POLYHEDRON resulting from letting each SPHERE 
in a SPHERE PACKING expand uniformly until it touches 
its neighbors on flat faces. 


see also LOCAL DENSITY 


Local Degree 

The degree of a VERTEX of a GRAPH is the number of 
EDGES which touch the VERTEX, also called the LOCAL 
DEGREE. The VERTEX degree of a point A in a GRAPH, 
denoted p(A), satisfies 


Yo (As) = 28, 


i=l 
where F is the total number of EDGES. Directed graphs 
have two types of degrees, known as the INDEGREE and 
OUTDEGREE. 
see also INDEGREE, OUTDEGREE 


Local Density 

Let each SPHERE in a SPHERE PACKING expand uni- 
formly until it touches its neighbors on flat faces. Call 
the resulting POLYHEDRON the LOCAL CELL. Then the 
local density is given by 


a Vephere 


Viocal cell 


When the LOCAL CELL is a regular DODECAHEDRON, 
then 


rV/5+V5 
5/10 (W5 — 2) 


see also LOCAL DENSITY CONJECTURE 


Pdodecehedron == = 0.7547.... 
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Local Density Conjecture 
The CONJECTURE that the maximum LOCAL DENSITY 
is given by Pdodecahedron: 


see also LOCAL DENSITY 


Local Extremum 
A LOCAL MINIMUM or LOCAL MAXIMUM. 


see also EXTREMUM, GLOBAL EXTREMUM 


Local Field 

A FIELD which is complete with respect to a discrete 
VALUATION is called a local field if its FIELD of RESIDUE 
CLASSES is FINITE. The HASSE PRINCIPLE is one of the 
chief applications of local field theory. 


see also HASSE PRINCIPLE, VALUATION 
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Local-Global Principle 
see HASSE PRINCIPLE 


Local Group Theory 

The study of a FINITE GROUP G using the LOCAL SuB- 
GRouPS of G. Local group theory plays a critical role in 
the CLASSIFICATION THEOREM. 


see also SYLOW THEOREMS 


Local Maximum 
The largest value of a set, function, etc., within some 
local neighborhood. 


see also GLOBAL MAXIMUM, LOCAL MINIMUM, MAXI- 
MUM, PEANO SURFACE 


Local Minimum 
The smallest value of a set, function, etc., within some 
local neighborhood. 


see also GLOBAL MINIMUM, LOCAL MAXIMUM, MINI- 
MUM 


Local Ring 
A NOETHERIAN RING RA with a Jacobson radical which 
has only a single maximal ideal. 
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Local Subgroup 
A normalizer of a nontrivial SYLOW p-SUBGROUP of a 
GROUP G. 


see also LOCAL GROUP THEORY 


Log Normal Distribution 


Local Surface 


see PATCH 


Locally Convex Space 
see LOCALLY PATHWISE-CONNECTED SPACE 


Locally Finite Space 

A locally finite SPACE is one for which every point of 
a given space has a NEIGHBORHOOD that meets only 
finitely many elements of the COVER. 


Locally Pathwise-Connected Space 

A SpPAcE X is locally pathwise-connected if for every 
NEIGHBORHOOD around every point in X, there is a 
smaller, PATHWISE-CONNECTED NEIGHBORHOOD. 


Loculus of Archimedes 
see STOMACHION 


Locus 

The set of all points (usually forming a curve or surface) 
satisfying some condition. For example, the locus of 
points in the plane equidistant from a given point is 
a CIRCLE, and the set of points in 3-space equidistant 
from a given point is a SPHERE. 


Log 

The symbol log is used by physicists, engineers, and 
calculator keypads to denote the BASE 10 LOGARITHM. 
However, mathematicians generally use the same symbol 
to mean the NATURAL LOGARITHM LN, Inz. In this 
work, logz = log,) 2, and Inz = log, z is used for the 
NATURAL LOGARITHM. 


see also LG, LN, LOGARITHM, NATURAL LOGARITHM 


Log Likelihood Procedure 

A method for testing NESTED HYPOTHESES. ‘To ap- 
ply the procedure, given a specific model, calculate the 
LIKELIHOOD of observing the actual data. Then com- 
pare this likelihood to a nested model (i.e., one in which 
fewer parameters are allowed to vary independently). 


Log Normal Distribution 


P(x) 
D(x) 


A CONTINUOUS DISTRIBUTION in which the Loca- 
RITHM of a variable has a NORMAL DISTRIBUTION. It is 
a general case of GILBRAT’S DISTRIBUTION, to which 
the log normal distribution reduces with S = 1 and 


Log Normal Distribution 


M = 0. The probability density and cumulative dis- 
tribution functions are log normal distribution 


—_ 1 .-(ne—M)?/(28?) 
P(z)= ENS (1) 
D(z) = ; [tert ("2") (2) 


where erf(z) is the Err function. This distribution is 
normalized, since letting y = Inz gives dy = dx/zx and 


z= e%, so 
ee 


[Pee 


The MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 
given by 


Oe ag Sk. a) 


2 
= eM+s?/2 (4) 


2 
ee eS +2M (6S ot) (5) 


mn = Ve5—1(2 +e) (6) 


2 = ene (3+ 205” + ee) - 3. (7) 
These can be found by direct integration 


(In z—M)? /2S? dx 


aval, © 


(y-M)? /28? Ly 
= e€ e€ d 
“i= We u 


Lf o-t-v+(y—)?/287] 
= € d 
SV27r / 2 


1 O° (-28?yt+y?-2yM+M?)/25? 
= —— é€ dt 
aor ‘ae " 
=z af 


_ eM+s?/2 ~[y-(S?4+M)?]/28? 
_- e d 
ey, on: im : 


= eM tS? /2 (8) 


S*4M S?(S242M)}/2S? 
{{y~(S?7+M)]?+8?(S?42M)}/ dy 


and similarly for o?. Examples of variates which have 
approximately log normal distributions include the size 
of silver particles in a photographic emulsion, the sur- 
vival time of bacteria in disinfectants, the weight and 
blood pressure of humans, and the number of words 
written in sentences by George Bernard Shaw. 


see also GILBRAT’S DISTRIBUTION, WEIBULL DISTRI- 
BUTION 
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Log-Series Distribution 
The terms in the series expansion of In(1 — 6) about 
6 = 0 are proportional to this distribution. 


g” 
intB) my (1) 


4.) _ 6+" G(8,1,1 +n) +In(1 — 8) 
Din = YP = in —6) : 


(2) 


P(n)=- 


where ® is the LERCH TRANSCENDENT. The MEAN, 
VARIANCE, SKEWNESS, and KURTOSIS 


6 
¥=(-Din(i— 8) 
2 010+ Ind - 4) 
~~ (@—1)7{In(Gi — 0)/? 


2 pa 2 = 
yy = 26? + 30 In(1 - 6) + (1 +0) N21 — 8) In(1 — 8) 


(3) 


(4) 


In(1 — 6)[6 + In(1 — 8)],/—6[6 + In(1 ~ 8)} 
(5) 
_ 66° + 1267 In(1 — 8) + 0(7 + 46) In?(1 — 6) 
ae 616 + In(i — 8)? 
(1 + 40 + 67) In3(1 — 8) (6) 
gja+in(i— 8)? 


Log- Weibull Distribution 
see FISHER-TIPPETT DISTRIBUTION 


Logarithm 


The logarithm is defined to be the INVERSE FUNCTION 
of taking a number to a given POWER. Therefore, for 


any z and 6, 
pp et, (1) 


or equivalently, 
« = log,(b*). (2) 


Here, the POWER Bb is known as the BASE of the log- 
arithm. For any BASE, the logarithm function has a 
SINGULARITY at x = 0. In the above plot, the solid 
curve is the logarithm to Bass e (the NATURAL LoGa- 
RITHM), and the dotted curve is the logarithm to BASE 
10 (Log). 
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Logarithms are used in many areas of science and engi- 
neering in which quantities vary over a large range. For 
example, the decibel scale for the loudness of sound, the 
Richter scale of earthquake magnitudes, and the astro- 
nomical scale of stellar brightnesses are all logarithmic 
scales. 


Re{Log 2] Im{Log 2} 


-a> Ormiz! 7 
-I 2 
eel 


The logarithm can also be defined for COMPLEX argu- 
ments, as shown above. If the logarithm is taken as 
the forward function, the function taking the BASE to a 
given POWER is then called the ANTILOGARITHM. 


For z = log N, |z| is called the CHARACTERISTIC and 
xz |x| is called the MANTISSA. Division and multipli- 
cation identities follow from these 


zy = plese tploe, ¥ _ plows t+log, v (3) 


from which it follows that 


log, (zy) = log, x + log, y (4) 
£ 

log, (2) = log, « — log, y (5) 

log, ” = nlog, z. (6) 


There are a number of properties which can be used to 
change from one BASE to another 


log, b/ log, b = (ale >) 1/106. 6 = p}/ loga b (7) 


a>a 
1 
log, a= jog, b (8) 
log, z = log, (y'°®¥ *) = log, zlog, y (9) 
_ log, z 
log, z= igeey (10) 
a? = p?/ 1980 6 = 7 log, a (11) 


The logarithm BASE e is called the NATURAL LOGA- 
RITHM and is denoted Inz (LN). The logarithm BasE 
10 is denoted log x (Loc), (although mathematics texts 
often use log x to mean Inz). The logarithm BASE 2 is 
denoted lg z (LG). 


An interesting property of logarithms follows from look- 
ing for a number y such that 


log, (x + y) = — log, (a — y) (12) 


e+y= (13) 


zy 


Logarithmic Binomial Theorem 


a -yP=1 (14) 
y= V2? -1, (15) 


so 


log,(c«@+ Va? -1)= 


Numbers of the form log, 6 are IRRATIONAL if a and 6 
are INTEGERS, one of which has a PRIME factor which 
the other lacks. A. Baker made a major step forward 
in TRANSCENDENTAL NUMBER theory by proving the 
transcendence of sums of numbers of the form aIn @ for 
a and 8 ALGEBRAIC NUMBERS. 


log, (z z?—1). (16) 


see also ANTILOGARITHM, COLOGARITHM, e, EXPO- 
NENTIAL FUNCTION, HARMONIC LOGARITHM, L«@, LN, 
LoG, LOGARITHMIC NUMBER, NAPIERIAN LOGARITHM, 
NATURAL LOGARITHM, POWER 
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Logarithmic Binomial Formula 
see LOGARITHMIC BINOMIAL THEOREM 


Logarithmic Binomial Theorem 
For all integers n and |z| < a, 


MW (@ + a) = o | MY? (a)a®, 
k=0 


where XS is the HARMONIC LOGARITHM and a isa 


ROMAN COEFFICIENT. For t = 0, the logarithmic bino- 
mial theorem reduces to the classical BINOMIAL THEO- 
REM for PosiTIvE n, since \X°, (a) = a®~* for n > k, 


(a) = 0forn < k, and H = (7) whenn >k > 0. 


Similarly, taking t = 1 and n < 0 gives the NEGATIVE 
BINOMIAL SERIES. Roman (1992) gives expressions ob- 
tained for the case ¢ = | and n > 0 which are not 
obtainable from the BINOMIAL THEOREM. 

see also HARMONIC LOGARITHM, ROMAN COEFFICIENT 
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Logarithmic Distribution 


Logarithmic Distribution 
A CONTINUOUS DISTRIBUTION for a variate with prob- 
ability function 


log z 
b(log b — 1) — a(loga — 1) 


P(x) = 


and distribution function 


a(1 — loga) — 2({1 — logz) 
a(1 — loga) — b(1 — logb) " 


D(z) = 


The MEAN is 


a?(1 — 2loga) — b?(1 — 2logb) 
4[a(1 — loga) — b(1 — log b)] 


but higher order moments are rather messy. 


Logarithmic Integral 


li(«) = i. ci (1) 


The offset form appearing in the PRIME NUMBER THE- 
OREM is defined so that Li(2) = 0: 


Li(z) = | oe (2) 
= li(x) — li(2) = li(x) — 1.04516 (3) 
= ei(Inz), (4) 


where ei(z) is the EXPONENTIAL INTEGRAL. (Note that 
the NOTATION Li,(z) is also used for the POLYLOGA- 
RITHM.) Nielsen (1965, pp. 3 and 11) showed and Ra- 
manujan independently discovered (Berndt 1994) that 


* dt oo 
—=7+Inl 
: int y+ininz+) > 


(In x)* 
kik ? 


(5) 


where +y is the EULER-MASCHERONI CONSTANT and ps 
is SOLDNER’S CONSTANT. Another FORMULA due to 
Ramanujan which converges more rapidly is 


* dt _ +1nl 
ke 
[(n—1)/2] 


ea 


n=O k=0 


2k+1 
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(Berndt 1994). 


see also POLYLOGARITHM, PRIME CONSTELLATION, 
PRIME NUMBER THEOREM, SKEWES NUMBER 
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Logarithmic Number 
A COEFFICIENT of the MACLAURIN SERIES of 


1 
In(1 +2) 


19.3, 3.4 
Foe + igHT +--- 


(Sloane’s A002206 and A002207), the multiplicative in- 
verse of the MERCATOR SERIES function In(1 + 2). 


see also MERCATOR SERIES 
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Logarithmic Spiral 


A curve whose equation in POLAR COORDINATES is 
given by 


rae’, (1) 


where r is the distance from the ORIGIN, @ is the angle 
from the z-axis, and a and b are arbitrary constants. 
The logarithmic spiral is also known as the GROWTH 
SPIRAL, EQUIANGULAR SPIRAL, and SPIRA MIRABILIS. 
It can be expressed parametrically using 


a ae ee ae ee 
1 — tan? 6 ya 2 /y2 + y2 r’ 
(2) 
which gives 
x= rcosé = acos de”? (3) 
y = rtan@ = rsin@ = asinée”?. (4) 


The logarithmic spiral was first studied by Descartes in 
1638 and Jakob Bernoulli. Bernoulli was so fascinated 


1098 Logarithmic Spiral 

by the spiral that he had one engraved on his tomb- 
stone (although the engraver did not draw it true to 
form). Torricelli worked on it independently and found 
the length of the curve (MacTutor Archive). 


The rate of change of RADIUS is 


a = abe?® = br, (5) 
and the ANGLE between the tangent and radial line at 


the point (7,0) is 


w=tan* (=) =tan* (;) =cot*b. (6) 


dé 


So, as 6 > 0, % — 7/2 and the spiral approaches a 
CIRCLE. 


If P is any point on the spiral, then the length of the spi- 
ral from P to the origin is finite. In fact, from the point 
P which is at distance r from the origin measured along 
a RADIUS vector, the distance from P to the POLE along 
the spiral is just the ARC LENGTH. In addition, any RA- 
pius from the origin meets the spiral at distances which 
are in GEOMETRIC PROGRESSION (MacTutor Archive). 


__ sit) 
k(t) 
phitt) 


€ t i t 
The Arc LENGTH, CURVATURE, and TANGENTIAL AN- 
GLE of the logarithmic spiral are 


ad. 2 
s= fas= [ 2? + y? dt = Ya ate e? 


rVt 4B 
at (7) 
= EEE = (aV/1+ be”) ~* (8) 
g= [ro ds = 6. (9) 
The CESARO EQUATION is 
= = (10) 


On the surface of a SPHERE, the analog is a LOXxo- 
DROME. This SPIRAL is related to FIBONACCI NUMBERS 
and the GOLDEN MEAN. 
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Logarithmic Spiral Evolute 


Logarithmic Spiral Caustic Curve 

The CaustTIc of a LOGARITHMIC SPIRAL, where the pole 
is taken as the RADIANT POINT, is an equal LOGARITH- 
MIC SPIRAL. 


Logarithmic Spiral Evolute 


pe tre)? Ai 


r? + 2r2rg2 — rreg 


Using 


bd 


be 2 bd 
r=ae re=abe” rea = abe (2) 


gives 
(ae? + 925? e268)3/2 
~ (eb)? See (abb®) (abe?) 
(1 + b?)°/7a 3 e3?? 
2a2b2e268 + g2e268 — g2h2—e260 
A (1 +.8?)°/2a 3,308 _ (1 +0)" 3,308 


=aV/1+b2e” (3) 


and 


_ | ae’? cos 8 
~ | ae’? sing 
abe”? cos 6 — ae’? sin @ 
abe"? sin 6 + ae’? cos @ 
6 | bcos@ — sin® 
bsin@ + cos@ 


e6C3Oc7—— 
a 
— 
I 


(4) 


{| 


so 


|r'| = ae’’,/(bcos @ — sin 9)? + (bsin@ + cos 6)? 
*8 4/1 + b?, (5) 


and the TANGENT VECTOR is given by 
re 1 ae”? cos 6 
Ir'| eb. /1 + B? ©9 sin 8 


1 cos 8 
~~ ie ae (6) 


The coordinates of the EVOLUTE are therefore 


€ = —abe”® sin@ (7) 
n = abe” cos 0. (8) 


So the Evo.ure is another logarithmic spiral with a’ = 
ab, as first shown by Johann Bernoulli. However, in 
some cases, the EVOLUTE is identical to the original, as 
can be demonstrated by making the substitution to the 
new variable 


6=$- 5r+t2nz. (9) 


Logarithmic Spiral Inverse Curve 


Then the above equations become 


£ = ~abe(O-7/742"7) gin(g — 2/2 + Int) 


= aber? e®(— 7/242") cos b (10) 
n = abe’(?-7/2+2"™) cos( — r/2 + 2nr) 
= abe’? eX(—7/2tanm) cin (11) 


which are equivalent to the form of the original equation 


if 


bed atten) 2] (12) 
Inb+h(—i27 + 2nr) =0 (13) 
inh _ laf nw = -(2n- 4)m, (14) 


b 


where only solutions with the minus sign in + exist. 
Solving gives the values summarized in the following ta- 


ble. 


n | bn [wb = cot tb, 
1 | 0.2744106319... | 74°39'18.53” 
2 | 0.1642700512... | 80°40'16.80” 
3 | 0.1218322508... | 83°03'13.53” 
4 | 0.0984064967... | 84°22'47.53” 
5 | 0.0832810611... | 85°14'21.60” 
6 | 0.0725974881... | 85°50'51.92” 
7 |0.0645958183... | 86°18'14.64” 
8 | 0.0583494073... | 86°39'38.20” 
9 | 0.0533203211... | 86°56'52.30” 
10 | 0.0491732529... | 87°11'05.45” 
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Logarithmic Spiral Inverse Curve 
The INVERSE CURVE of the LOGARITHMIC SPIRAL 


with INVERSION CENTER at the origin and inversion ra- 
dius k is the LOGARITIIMIC SPIRAL 


—aé 


r= ke 


Logarithmic Spiral Pedal Curve 
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The PEDAL CuRVE of a LOGARITHMIC SPIRAL with 
parametric equation 


f=e*cost (1) 
g=e"'sint (2) 


for a PEDAL Point at the pole is an identical LoGA- 
RITHMIC SPIRAL 


_ (asint + cos t)e“* 


1+ a? (3) 
(sint — acost)e* 
a eg 4) 
so 
= ett 
ial al ea er ~ 


Logarithmic Spiral Radial Curve 
a 
, 
| 
Ly 


The RADIAL CuRVE of the LOGARITHMIC SPIRAL is an- 
other LOGARITHMIC SPIRAL. 


Logarithmically Convex Function 

A function f(x) is logarithmically convex on the interval 
{a, 5] if f > O and In f(x) is CONCAVE on [a,b]. If f(z) 
and g(x) are logarithmically convex on the interval [a, }], 
then the functions f(x) + g(x) and f(x)g(x) are also 
logarithmically convex on {a, 5]. 


see also CONVEX FUNCTION 
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Logic 

The formal mathematical study of the methods, struc- 
ture, and validity of mathematical deduction and proof. 
Formal logic seeks to devise a complete, consistent for- 
mulation of mathematics such that propositions can be 
formally stated and proved using a small number of sym- 
bols with well-defined meanings. While this sounds like 
an admirable pursuit in principle, in practice the study 
of mathematical Ingic can rapidly become bogged down 
in pages of dense and unilluminating mathematical sym- 
bols, of which Whitehead and Russell’s Principia Math- 
ematica (1925) is perhaps the best (or worst) example. 


A very simple form of logic is the study of “TrRutTH Ta- 
BLES” and digital logic circuits in which one or more 
outputs depend on a combination of circuit) elements 


(AND, NAND, OR, XOR, etc.; “gates”) and the input 
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values. In such a circuit, values at each point can take 
on values of only TRUE (1) or FALSE (0). DE MORGAN’S 
DUALITY LAw is a useful principle for the analysis and 
simplification of such circuits. 


A generalization of this simple type of logic in which pos- 
sible values are TRUE, FALSE, and “undecided” is called 
THREE-VALUED Loic. A further generalization called 
Fuzzy LoGIc treats “truth” as a continuous quantity 
ranging from 0 to 1. 


see also ABSORPTION LAW, ALETHIC, BOOLEAN ALGE- 
BRA, BOOLEAN CONNECTIVE, BOUND, CALIBAN PUZ- 
ZLE, CONTRADICTION LAW, DE MORGAN’S DUALITY 
LAW, DE MoRGAN’s LAWS, DEDUCIBLE, EXCLUDED 
MIDDLE Law, FREE, Fuzzy Locic, GODEL’s INCOM- 
PLETENESS THEOREM, KHOVANSKI’S THEOREM, LOG- 
ICAL PARADOX, LoGos, LOWENHEIMER-SKOLEM THE- 
OREM, METAMATHEMATICS, MODEL THEORY, QUAN- 
TIFIER, SENTENCE, TARSKI’S THEOREM, TAUTOLOGY, 
THREE-VALUED LoGic, Topos, TRUTH TABLE, TUR- 
ING MACHINE, UNIVERSAL STATEMENT, UNIVERSAL 
TURING MACHINE, VENN DIAGRAM, WILKIE’S THEO- 
REM 
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Logical Paradox 
see PARADOX 


Logistic Distribution 


P{x) 
D(x) 


eft—™)/b 
°O)— Wi erp im 
1 
De) = 74 ea eel (2) 


Logistic Equation 


and the MEAN, VARIANCE, SKEWNESS, and KURTOSIS 
are 


L=m (3) 
= 1779? (4) 
n=0 (5) 
yo = . (6) 


see also LOGISTIC EQUATION, LOGISTIC GROWTH 
CURVE 
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Logistic Equation 

The logistic equation (sometimes called the VERHULST 
MODEL since it was first published in 1845 by the Bel- 
gian P.-F. Verhulst) is defined by 


Tn4+1 = ren(1 —2n); (1) 


where r (sometimes also denoted jz) is a POSITIVE con- 
stant (the “biotic potential”). We will start xo in the 
interval [0, 1]. In order to keep points in the interval, we 
must find appropriate conditions on r. The maximum 
value @n41 can take is found from 


dx 

= te =r(1—2zn) = 0, (2) 
so the largest value of z,41 occurs for z, = 1/2. Plug- 
ging this in, max(zn41) = 7/4. Therefore, to keep the 
Map in the desired region, we must have r € (0,4]. The . 
JACOBIAN is 


J= dint1 


ae |r(1 — 2zn)I, (3) 


and the MAP is stable at a point zo if J(zo) < 1. Now 
we wish to find the FIXED POINTS of the MAP, which 
occur when #741 = fn. Drop the n subscript on zy 


f(z)=rze(l-az)=2 (4) 
z[l—r(1—2z)] =2(l-r+rz) =re [x - (1 - r?)] =0, 


so the FIXED POINTS are a) = 0 and a) =1—r77}, 
An interesting thing happens if a value of r greater than 
3 is chosen. The map becomes unstable and we get a 
PITCHFORK BIFURCATION with two stable orbits of pe- 
riod two corresponding to the two stable FIXED POINTS 
of f?(x). The fixed points of order two must satisfy 
2n+i2z2 = Fn, 8O 


En4+2 = THn41(1 — £n41) 
£n)\[1 — ran(1— tn)] 
=rra(1—an)\(l—ran+ritn”)=2n. (6) 


=r[ren(l 


Logistic Equation 
Now, drop the n subscripts and rewrite 
a{r?[1 —a(1 +r) + 2rz? —rz*]—1}=0 (7) 


a[—r?a? + 2rea? —r*(1+r)et+(r?-1)}=0 (8) 


—r ale —(1—r")y[2?7-4+r'e4+r%(4+r") 
=0. (9) 


Notice that we have found the first-order FIXED POINTS 
as well, since two iterations of a first-order FIXED POINT 
produce a trivial second-order FIXED POINT. The true 
2-CYCLES are given by solutions to the quadratic part 


ef =2(atr")+ 


[ 

(ltr "y+ yeas Qr-1 + r-2 — 4r-] — 4r-? | 
[(l+r7)+ V1 —2r-! — 3r-2] 
(l4r7y4r7' V(r — 3)(r + 1)]. (10) 
These solutions are only REAL for r > 3, so this is where 


the 2-CYCLE begins. Now look for the onset of the 4- 
CYCLE. To eliminate the 2- and 1-CYCLES, consider 


(l+r-1)? —4r-1(14 r-})] 


Nie Nie Nie ble 


ri oe a 
Fiyce =e (11) 


This gives 


1tr? + (—r? —r3 — rt — re 


+ (2r> + r4 + 47? + 7° 4 Or") x? 

+ (-r* — 5r® — 4r® — 577 — 4r® — °)2* 

+ (2r° + 6r® + 4r? + 14r* + Sr? + 3r*?) a4 

+ (—4r® — r? — 187° — 12r° — 12r7° — 3r7*)x° 

+ (r® + 1078 + 177? + 18779 4 15r!! +r!) 2° 

+ (—2r® — 14r® — 12r?° — 30r"? — 6r??) a7 

+ (6r° + 3r*° + 30r7? + 15r™)z® 

+ (=—r° — 15r"! — 20r!*)x° + (3r't + 15r!*) a7? 
—6rP gt + rizl?. (12) 


The Roots of this equation are all IMAGINARY for 
r < 1+ +6, but two of them convert to REAL roots 
at this value (although this is difficult to show ex- 
cept by plugging in). The 4-CyYCLE therefore starts at 
1+ /6 = 3.449490.... The BIFURCATIONS come faster 
and faster (8, 16, 32, ...), then suddenly break off. 
Beyond a certain point known as the ACCUMULATION 
POINT, periodicity gives way to CHAOS. 
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Logistic Equation 


A table of the CYCLE type and value of r, at which the 
cycle 2” appears is given below. 


n | cycle (2”) Tn 

1 213 

2 4 | 3.449490 

3 8 | 3.544090 

4 16 | 3.564407 

5 32 | 3.568750 

6 64 | 3.56969 

7 128 | 3.56989 

8 256 | 3.569934 

9 512 | 3.569943 
10 1024 | 3.5699451 
11 2048 | 3.569945557 
[ore) acc. pt. | 3.569945672 


For additional values, see Rasband (1990, p. 23). Note 
that the table in Tabor (1989, p. 222) is incorrect, as 
is the n = 2 entry in Lauweirer 1991. In the middle of 
the complexity, a window suddenly appears with a reg- 
ular period like 3 or 7 as a result of MODE LOCKING. 
The period 3 BIFURCATION occurs at r = 1+ 2/2 = 
3.828427..., as is derived below. Following the 3- 
CYCLE, the PERIOD DOUBLINGS then begin again with 
CYCLES of 6, 12, ...and 7, 14, 28, ..., and then once 
again break off to CHAOS. 


A set of n +1 equations which can be solved to give the 
onset of an arbitrary n-cycle (Saha and Strogatz 1995) 


is 
v2 rxi(1 = £1) 


ra rxo(1 _ £2) 


(13) 
Ln =TLn-1(1 — an-1) 

B1 =7TEn(1— azn) 

r” T]P_, (i — 2a) = 1. 


The first n of these give f(x), f?(x),..., f(x), and the 
last uses the fact that the onset of period n occurs by a 
TANGENT BIFURCATION, so the nth DERIVATIVE is 1. 
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For n = 2, the solutions (1, ..., fn, r) are (0, 0, +1) 
and (2/3, 2/3, 3), so the desired BIFURCATION occurs 
at ro = 3. Taking n = 3 gives 


a[f?(x)] _ d[f*(x)] alf?(x)] d[f()| 
dx alf?(z)) d[f(x)] dx 
al f(z)] alf(y)| alf(2)] 


dz dy dz 
=r°(1—2z)(1—2y)(1—2x). (14) 


Solving the resulting CUBIC EQUATION using computer 
algebra gives 


m= 2° + : road 
ro | 63- 71/3 * 63. 28178 


1 10 + 2 (3 a) ay 
+ Cc 


9. 9gi7act 21 Q. 71/3 71/3 


25-2873 — 44.Q1/871/3 
+ Cc 


; (15) 


x d + 2° ec 2" e+ or v2 
7 \ 63-282/3 ' 63. 71/3 9 - 72/3 21 


, 95/6 . 91/8 
Oy Ge Sad eo 
9-773 


71/3 
_91/671/3 _ or . 991/83 
#4 ? ee 25 - 28 on? 


9 (16) 
1 10+ V2 2*/8(9~4/2) _1 
73 = 3. 9gi/8° + a1 37 oN) 
r=1+2Vv2, (18) 
where 


c= (—25 + 22/2 + 3V3V 1100V2 — 1593)'/7. (19) 


Numerically, 
2 = 0.514355... (20) 
x2 = 0.956318... (21) 
v3 = 0.159929... (22) 
Tr = 3,828427.... (23) 


Saha and Strogatz (1995) give a simplified algebraic 
treatment which involves solving 


r°(1— 2a + 46 - 8y) = 1, (24) 


together with three other simultaneous equations, where 


@=2,+%2+ 23 (25) 
G63 2102+ 2123 + F203 (26) 
y = 15273. (27) 


Logistic Equation 


Further simplifications still are provided in Bechhoeffer 
(1996) and Gordon (1996), but neither of these tech- 
niques generalizes easily to higher CYCLES. Bechhoeffer 
(1996) expresses the three additional equations as 


2a =3+r? (28) 
49 = 345r'43,-? (29) 
By = —4 + Gr} 4 Sr-7 4 br, (30) 
giving 
r? —Ir—-7=0. (31) 


Gordon (1996) derives not only the value for the onset of 
the 3-CYCLE, but also an upper bound for the r-values 
supporting stable period 3 orbits. This value is obtained 
by solving the CUBIC EQUATION 


s* — 11s? + 37s — 108 = 0 (32) 
for s, then 
r=1+v7s (33) 
= 14 yf b+ (98 + $V201)1/3 + (288 — 8V201)1/8 
= 3.841499007543.... (34) 


The logistic equation has CORRELATION EXPONENT 
0.500+0.005 (Grassberger and Procaccia 1983), CAPAC- 
ITY DIMENSION 0.538 (Grassberger 1981), and INFoR- 
MATION DIMENSION 0.5170976 (Grassberger and Pro- 
caccia 1983). 


see also BIFURCATION, FEIGENBAUM CONSTANT, Lo- 
GISTIC DISTRIBUTION, LOGISTIC EQUATION—r = 4, 
LOGISTIC GROWTH CURVE, PERIOD THREE THEOREM, 
QUADRATIC MAP 
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Logistic Equation—r = 4 
With r = 4, the LOGISTIC EQUATION becomes 


In41 = 4en(1 — 2a). (1) 
Now let 
2 = sin®(Lny) = {1 — cos(ry)] (2) 
Ve =sin(}ry) (3) 
y= Ssin"(Vz) (4) 
ee | ee 
dr a J/i—z’ ry/x(1 — 2) 


Manipulating (2) gives 


sin? (dayn41) 
= 431 — cos(7yn)]{1 — rab _ 3 (1 — cos(yn)]} 
= 21 ~ cos(ny = 1 ~ cosa) sin?(nn), (6) 
so 
£TYn41 =+y,n +s (7) 
Ynti = +2yn + bs. (8) 


But y € [0,1]. Taking yn € [0,1/2], then s = 0 and 
Yntt = 2Yn- (9) 


For y € [1/2,1], s = 1 and 


Yn4+1 = 2 = 2Yn- (10) 
Combining 
_ J yn for yn € (0, 3] 
ane = ely. for yn € [§, 1], (11) 
which can be written 
ee 2|rn aa Al, (12) 


the TENT MapP with p = 1, so the NATURAL INVARIANT 
in y is 
p(y) = 1. (13) 
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Transforming back to z gives 


o(z) = |#] otv(e)) = = 


a (14) 


w/2{1 —a) 


This can also be derived from 


where 6(x) is the DELTA FUNCTION. 
see also LOGISTIC EQUATION 


Logistic Growth Curve 
The POPULATION GROWTH law which arises frequently 
in biology and is given by the differential equation 


dN _ r(K—N) 


dt K (1) 


where r is the MALTHUSIAN PARAMETER and K is the 
so-called CARRYING CAPACITY (i.e., the maximum sus- 
tainable population). Rearranging and integrating both 
sides gives 


N t 

dN Tr [ 
—— dt (2) 

a K-N_ K Jj, 

No - *) LD 
( Nak) K (3) 
N(t)=K+(No-K)e"™/*, (4) 

The curve - 

= 1+ bg* (5) 


is sometimes also known as the logical curve. 


see also GOMPERTZ CURVE, LIFE EXPECTANCY, LOGIS- 
TIC EQUATION, MAKEHAM CURVE, MALTHUSIAN PA- 
RAMETER, POPULATION GROWTH 


Logistic Map 
see LOGISTIC EQUATION 


Logit Transformation 


The function 
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This function has an inflection point at z = 1/2, where 
” 22 — 
= ———; = 0. 
ager (eg hy 


Applying the logit transformation to values obtained by 
iterating the LOGISTIC EQUATION generates a sequence 
of RANDOM NUMBERS having distribution 


1 
= m(er/2 a e~ 2/2)” 


which is very close to a GAUSSIAN DISTRIBUTION. 
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Logos 
A generalization of a HEYTING ALGEBRA which replaces 
BooLeAN ALGEBRA in “intuitionistic” LOGIc. 


see also TOPOS 


Lommel Differential Equation 
A generalization of the BESSEL DIFFERENTIAL EQua- 
TION (Watson 1966, p. 345), 


d 
ae pz — (22 + )y = thet, 
Zz z 
The solutions are LOMMEL FUNCTIONS. 
see also LOMMEL FUNCTION 
References 
Watson, G. N. A Treatise on the Theory of Bessel Functions, 


2nd ed. Cambridge, England: Cambridge University Press, 
1966. 


Lommel Function 
There are several functions called “Lommel functions.” 
One type of Lommel function is the solution to the Lom- 
MEL DIFFERENTIAL EQUATION with a PLus SIGN, 

y = ksyv(z), (1) 
where 


34) (z) = 4a [Vile ” Iu(2) de 
(4)(2) sn [ve | (2) 


—1(2) z"YL(z) a:| . (2) 


Lommel Polynomial 


Here, J,(z) and Y,(z) are BESSEL FUNCTIONS OF THE 
FIRST and SECOND KINDS (Watson 1966, p. 346). Ifa 
minus sign precedes k, then the solution is 


(— 


“yy 


s 


we) fo 2" Ky (z) dz— Ji(z ff 2" I,(z) dz, 


cz 

(3) 

where K,(z) and I,(z) are MODIFIED BESSEL FuNc- 
TIONS OF THE FIRST and SECOND KINDS. 


Lommel functions of two variables are related to the 
BESSEL FUNCTION OF THE FIRST KIND and arise in the 
theory of diffraction and, in particular, Mie scattering 
(Watson 1966, p. 537), 


n(w, 2) = yen yn (ey Iasam(z) (4) 


foe) 


Va(w,z) = So(-1)™ ‘ee J—n—2am(z). (5) 


m=0 


see also LOMMEL DIFFERENTIAL EQUATION, LOMMEL 
POLYNOMIAL 
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Chandrasekhar, S. Radiative Transfer. New York: Dover, 
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Lommel’s Integrals 


(ce - a?) [ 2Jn(a2)Jn(B2) dx 


= zlaJ,(ax)Jn(Bx) — BJ, (82) In(ax)| 


[ete (a0) de = $0 1a? (Jn? (ax) + In—1(a2)In+1(az)], 
where J,(z) is a BESSEL FUNCTION OF THE FIRST 
KInb. 

References 


Bowman, F. Introduction to Bessel Functions. New York: 


Dover, p. 101, 1958. 


Lommel Polynomial 


Rmv(zZ) 
= EERE aFa(3(1—m), om; 5m, Lv —m32”) 
rips 


[J, vi m(z)J vi (2) 
+(-1)" Jv m(z)_1(z)], 


-) sin(v7) 


Long Division 


where ['(z) is a GAMMA FUNCTION, J,(z) is a BESSEL 
FUNCTION OF THE FIRST KIND, and 2F3(a, b;c, d, e; z) 
‘is a GENERALIZED HYPERGEOMETRIC FUNCTION. 


see also LOMMEL FUNCTION 
References 
Iyanaga, S. and Kawada, Y. (Eds.). Encyclopedic Dictionary 


of Mathematics. Cambridge, MA: MIT Press, p. 1477, 
1980. 


Long Division 


7 72 726 
17123456. 171123456. 17123456. 
-119 -119 -119 
44 44 44 
-34 ~ 34 
105 105 
-102 
36 
7262.1 7262.11... 
171123456.0 17123456.00 
~119 -119 
44 44 
~34 - 34 
105 105 
~ 102 ~ 102 
36 36 
~34 - 34 
20 20 
-17 
30 


Long division is an algorithm for dividing two numbers, 
obtaining the QUOTIENT one DIGIT at a time. The 
above example shows how the division of 123456/17 is 
performed to obtain the result 7262.11.... 


see also DIVISION 


Long Exact Sequence of a Pair Axiom 

One of the EILENBERG-STEENROD AXIOMS. It states 
that, for every pair (X, A), there is a natural long exact 
sequence 


... 2 Hn(A) — H,(X) > 
H,(X, A) > Hn-1(A) > ..., 


where the MAP H,,(A) + Hn(X) is induced by the IN- 
CLUSION Map A ~> X, H,(X) - H,(X, A) is induced 
by the INCLUSION Map (X,@)° > (X,A). The Map 
H,,(X, A) - Hy -1(A) is called the BOUNDARY Map. 


see also EILENBERG-STEENROD AXIOMS 


Long Prime 
see DECIMAL EXPANSION 
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Longitude 

The azimuthal coordinate on the surface of a SPHERE 
(@ in SPHERICAL COORDINATES) or on a SPHEROID 
(in PROLATE or OBLATE SPHEROIDAL COORDINATES). 
Longitude is defined such that 0° = 360°. Lines of con- 
stant longitude are generally called MERIDIANS. The 
other angular coordinate on the surface of a SPHERE is 
called the LATITUDE. 


The shortest distance between any two points on a 
SPHERE is the so-called GREAT CIRCLE distance, which 
can be directly computed from the LATITUDE and lon- 
gitudes of two points. 


see also GREAT CIRCLE, LATITUDE, MERIDIAN, 
OBLATE SPHEROIDAL COORDINATES, PROLATE SPHER- 
OIDAL COORDINATES 


Look and Say Sequence 

The INTEGER SEQUENCE beginning with a single digit in 
which the next term is obtained by describing the previ- 
ous term. Starting with 1, the sequence would be defined 
by “one 1, two 1s, one 2 two 1s,” etc., and the result is 
1, 11, 21, 1211, 111221, 312211, 13112221, 1113213211, 
... (Sloane’s A005150). 


Starting the sequence instead with the digit d for 2 < 
d < 9 gives d, 1d, 111d, 31ld, 13211d, 111312211d, 
31131122211d, 1321132132211d, ... The sequences for 
d = 2 and 3 are Sloane’s A006715 and A006751. The 
number of DIGITS in the nth term of both the sequences 
for 1 <n < 9 is asymptotic to CA", where C is a con- 
stant and 
A = 1.803577269034296... 


(Sloane’s A014715) is CONWAY’S CONSTANT. 4 is given 
by the largest RooT of the POLYNOMIAL 


0 os a 

— 7°? a 27°8 f 27° + 2n% + 964 $7208 = 7” — 7% 
_ 7 _ 2? + 27°8 + Bn! + 37°°6 _ 27 _ 102°4 
= 3a,°4 os 2y°? 4 6r°! 4. 62° ae 29 4. 9748 oe 3y47 
—7x*® — 82° — 8z*4 + 102%? + 62%? + 82"! — 42° 
— 1229 + 723% — 7237 + 7276 — 32% + 2*® + 10074 
+ n°? nt 627? =. 22° -_ 10r7° me 3778 + 277 ae gr7® 
— 307° + 14274 — 878 — 727) + 9° — 32:'9 — 4x"? 
=102"" = 72" 4 190" 472" 422 — 190" 

— Az"! — 97) _ 529 + 27 — 72° 


+72° — 4x4 + 122° — 62? + 32 — 6. 


In fact, the constant is even more general than this, ap- 
plying to all starting sequences (i.e., even those starting 
with arbitrary starting digits), with the exception of 22, 
a result, which follows from the COSMOLOGICAL THE- 
OREM. Conway discovered that strings sometimes fac- 
tor as a concatenation of two strings whose descendants 
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never interfere with one another. A string with no non- 
trivial splittings is called an “element,” and other strings 
are called “compounds.” Every string of 1s, 2s, and 3s 
eventually “decays” into a compound of 92 special ele- 
ments, named after the chemical elements. 


see also CONWAY’S CONSTANT, COSMOLOGICAL THEO- 
REM 
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Loop (Algebra) 
A nonassociative ALGEBRA (and QUASIGROUP) which 
has a single binary operation. 


Loop Gain 

The loop gain is usually assigned a value between 0.1 
and 0.5. The CLEAN ALGORITHM performs better for 
extended structures if yz is set to the lower part of this 
range. However, the time required for the CLEAN AL- 
GORITHM increases rapidly for small «. From Thompson 
et al. (1986), the number of cycles needed for one point 


source is 
In(SNR) 


In(1 — y) 


see also CLEAN ALGORITHM 


{cycles] = — 
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Loop (Graph) 
A degenerate edge of a graph which joins a vertex to 
itself. 


Loop (Knot) 
A KNOT or HITCH which holds its form rigidly. 


References 
Owen, P. Knots. Philadelphia, PA: Courage, p. 35, 1993 


Lorentz Tensor 


Loop Space 

Let Y* be the set of continuous mappings f : X 3 Y. 
Then the TOPOLOGICAL SPACE for Y* supplied with a 
compact-open topology is called a MAPPING SPACE, and 
if Y = J is taken as the interval (0,1), then Y' = Q(Y) 
is called a loop space (or SPACE OF CLOSED PATHS). 


see also MACHINE, MAPPING SPACE, MAY-THOMASON 
UNIQUENESS THEOREM 
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Lorentz Group 

The Lorentz group is the Group LI of time-preserving 
linear ISOMETRIES of MINKOWSKI SPACE R* with the 
pseudo-Riemannian metric 


dr* = ~dt? + dx? + dy’ + dz’. 


It is also the GROUP of ISOMETRIES of 3-D HYPER- 
BOLIC SPACE. It is time-preserving in the sense that the 
unit time VECTOR (1,0, 0,0) is sent to another VECTOR 
(t,z,y,z) such that £ > 0. 


A consequence of the definition of the Lorentz group 
is that the full GRouP of time-preserving isometries of 
MiNKowsk! R*‘ is the DirEcT PRODUCT of the group 
of translations of R‘ (i.e., R* itself, with addition as the 
group operation), with the Lorentz group, and that the 
full isometry group of the MINKOWSKI R‘ is a group 
extension of Z2 by the product L @ R*. 


The Lorentz group is invariant under space rotations 
and LORENTZ TRANSFORMATIONS. 


see also LORENTZ TENSOR, LORENTZ TRANSFORMA- 
TION 
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demic Press, pp. 271-275, 1985. 


Lorentz Tensor 
The TENSOR in the LORENTZ TRANSFORMATION given 
by 


y —-7¥6 0 0 
2 leas ee ae ae, 
te 0 0 1 0]? (1) 
0 0 0 1 
where beta and gamma are defined by 
v 
= - 2 
p=? (2) 
dL 
ee (3) 


see also LORENTZ GROUP, LORENTZ TRANSFORMATION 


Lorentz Transformation 


Lorentz Transformation 
A 4-D transformation satisfied by all FouR-VECTORS 
a”, 

a” = Ma’, (1) 
In the theory of special relativity, the Lorentz trans- 
formation replaces the GALILEAN TRANSFORMATION as 
the valid transformation law between reference frames 
moving with respect to one another at constant VE- 
LOCITY. Let 2” be the POSITION FOUR-VECTOR with 
z° = ct, and let the relative motion be along the z? axis 
with VELOCITY v. Then (1) becomes 


a’* — ABgY, (2) 


where the LORENTZ TENSOR is given by 


Ag AY AQ A y ~-78 0 0 
1_|{4o Ar Ag As] _|-78 y 0 0 
AZ A? Az AZ] ~ | O 0 1 0 
AS: NP KE: AS 0 0 01 
(3) 
Here, 
v 
=- 4 
B ; (4) 
1 
(5) 


Written explicitly, the transformation between x” and 
ve 


z”’ coordinate is 
2° = 7(2° — Bx") (6) 
ol = 7(a* — Bx°) (7) 
e=2 (8) 
a =o. (9) 


The DETERMINANT of the upper left 2 x 2 MATRIX in 
(3) is 


D=(y)? - (-78)7 =VQ #)= 4 =1, (10) 


so 

(A298: “Gay ca 4)9 sae 

por — | (AT8 (ATE (A722 (A713 
CADE APE CE are 
CODE AE (Ao RY (Ae 
y 978 0 0 

=| 9 4 of: (1) 

0 0 01 


A Lorentz transformation along the x;-axis can also be 
written 


a1’ cosh@ isinh@ O 0 a 
? 
ao | 0 1 0 0} | ze 
x3’ = 0 0 1 0 z3 : (12) 
za’ —isinh@ cosh@ O 0 La 
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where @ is called the rapidity, 
v4 = ict, (13) 
and 
tanh@ = f= - (14) 
coshO =y= ae (15) 
ye 
a: 
sinh@ = Gy. (16) 


see also HYPERBOLIC ROTATION, LORENTZ GROUP, 
LORENTZ TENSOR 
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Lorentzian Distribution 
see CAUCHY DISTRIBUTION 


Lorentzian Function 

The Lorentzian function is given by 

1 ar 

L(2) = --—___..... 
©) = a eam + GTP 


Its FULL WIDTH AT HALF MAXIMUMisT. This function 
gives the shape of certain types of spectral lines and is 
the distribution function in the CAUCHY DISTRIBUTION. 
The Lorentzian function has FOURIER TRANSFORM 


1 id — p~2rikzo —EPrtk| 
m (x — a9)? + (31)? 


see also DAMPED EXPONENTIAL COSINE INTEGRAL, 
FOURIER TRANSFORM—LORENTZIAN FUNCTION 


Lorenz System 

A simplified system of equations describing the 2-D flow 
of fluid of uniform depth H, with an imposed tempera- 
ture difference AT’, under gravity g, with buoyancy a, 
thermal diffusivity «, and kinematic viscosity v. The 
full equations are 


8 32 Ov 98 2 
db 8 aT 
~ 22 2 (v4) +yV2(V"o) +9052 (1) 
OT _ OT dy 809%, am, ATOD 
i Ose Cases et et 
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Here, ~ is the “stream function,” as usual defined such 


that 
OY v oy (3) 


In the early 1960s, Lorenz accidentally discovered the 
chaotic behavior of this system when he found that, for 
a simplified system, periodic solutions of the form 


awon()an(B) 


6 = 8 cos (7) sin (=) (5) 


grew for Rayleigh numbers larger than the critical value, 
Ra > Ra,. Furthermore, vastly different results were 
obtained for very small changes in the initial values, rep- 
resenting one of the earliest discoveries of the so-called 
BUTTERFLY EFFECT. 


Lorenz included the following terms in his system of 
equations, 


X = y11 « convective intensity (6) 
Y = Ti « AT between descending and 

ascending currents (7) 
Z =To2 « A vertical temperature profile from 


linearity, (8) 


and obtained the simplified equations 


X =o(Y ~ X) (9) 
f=-XZ+rX~Y (10) 
Z=XY-02, (11) 
where 
g =~ = Prandtl number (12) 
fay 
Ra . : 
r= = normalized Rayleigh number (13) 
Ra, 
4 . 
b= l+a™ geometric factor. (14) 


Lorenz took 6 = 8/3 and ¢ = 10. 


Lotka- Volterra Equations 


The CRITICAL Poinrs at (0, 0, 0) correspond to no 
convection, and the CRITICAL POINTS at 


(,/b(r — 1), /b(r — 1),r-1) (15) 


and 


(- V(r - 1), - br - 1),7 - 1) (16) 


correspond to steady convection. This pair is stable only 
if 
_ a(o +b +3) 

E 5 gi eae? (17) 
which can hold only for POSITIVE r if o > 641. 
‘The Lorenz attractor has a CORRELATION EXPONENT 
of 2.05 + 0.01 and CAPACITY DIMENSION 2.06 + 0.01 
(Grassberger and Procaccia 1983). For more details, 
see Lichtenberg and Lieberman (1983, p. 65) and Tabor 
(1989, p. 204). 


see also BUTTERFLY EFFECT, ROSSLER MODEL 
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Lorraine Cross 
see GAULLIST CROSS 


Lotka- Volterra Equations 

An ecological model which assumes that a population 
z increases at a rate dx = Agdt, but is destroyed at a 
rate dx = —Baydt. Population y decreases at a rate 
dy = —Cyadt, but increases at dy = Dry dt, giving the 
coupled differential cquations 


dx 

—_—= —-B 

dt Ax vy 
dy 
oe —Cy+ Dey. 


Critical points occur when da/dt = dy/dt = 0, so 
A- By=0 


—-C+ Dz =0. 


The sole STATIONARY POINT is therefore located at 
(x,y) = (C/D, A/B). 


Low-Dimensional Topology 


Low-Dimensional Topology 

Low-dimensional topology usually deals with objects 
that are 2-, 3-, or 4-dimensional in nature. Properly 
speaking, low-dimensional topology should be part of 
DIFFERENTIAL TOPOLOGY, but the general machin- 
ery of ALGEBRAIC and DIFFERENTIAL TOPOLOGY gives 
only limited information. This fact is particularly no- 
ticeable in dimensions three and four, and so alternative 
specialized methods have evolved. 


see also ALGEBRAIC TOPOLOGY, DIFFERENTIAL To- 
POLOGY, TOPOLOGY 


Loéwenheimer-Skolem Theorem 

A fundamental result in MODEL THEORY which states 
that if a countable theory has a model, then it has a 
countable model. Furthermore, it has a model of every 
CARDINALITY greater than or equal to No (ALEPH-O). 
This theorem established the existence of “nonstandard” 
models of arithmetic. 


see also ALEPH-0 (No), CARDINALITY, MODEL THEORY 
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Lower Bound 
see GREATEST LOWER BOUND 


Lower Denjoy Sum 
see LOWER SUM 


Lower Integral 


, 
UP 


The limit of a LOWER SuM, when it exists, as the MESH 
SIZE approaches 0. 


see also LOWER SUM, RIEMANN INTEGRAL, UPPER IN- 
TEGRAL 


Lower Limit 

Let the least term h of a SEQUENCE be a term which is 
smaller than all but a finite number of the terms which 
are equal to h. Then h is called the lower limit of the 
SEQUENCE. 


A lower limit of a SERIES 


lower lim S, = lim S, =h 
nh +o R00 
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is said to exist if, for every € > 0, |S, —h| < e for 
infinitely many values of n and if no number less than h 
has this property. 


see also LIMIT, UPPER LIMIT 
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Lower Sum 


For a given function f(x) over a partition of a given 
interval, the lower sum is the sum of box areas f(r, )Arp 
using the smallest value of the function f(rj) in each 
subinterval Azx,. 


see also LOWER INTEGRAL, RIEMANN INTEGRAL, UP- 
PER SUM 


Lower-Trimmed Subsequence 

The lower-trimmed subsequence of z = {rn} is the se- 
quence V(z) obtained by subtracting 1 from each zn 
and then removing all Os. If z is a FRACTAL SEQUENCE, 
then V(x) is a FRACTAL SEQUENCE. If x is a SIGNA- 
TURE SEQUENCE, then V(z) = a. 


see also SIGNATURE SEQUENCE, UPPER-TRIMMED SUB- 
SEQUENCE 


References 
Kimberling, C. “Fractal Sequences and Interspersions.” Ars 
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Lowest Terms Fraction 
A FRACTION p/g for which (p,q) = 1, where (p,q) de- 
notes the GREATEST COMMON DIVvISOR. 


Loxodrome 

A path, also known as a RHUMB LINE, which cuts a 
MERIDIAN on a given surface (usually a SPHERE, in 
which case the loxodrome is also called a SPHERICAL 
HELIX) at any constant ANGLE but a RIGHT ANGLE. 
The loxodrome is the path taken when a compass is kept 
pointing in a constant direction. It is not the shortest 
distance between two points. 


see also GREAT CIRCLE 


1110 Lozenge 


Lozenge 
459 


45° 
A PARALLELOGRAM whose ACUTE ANGLES are 45°. 


see also DIAMOND, PARALLELOGRAM, QUADRILAT- 
ERAL, RHOMBUS 


Lozenge Method 
A method for constructing MAGIC SQUARES of ODD or- 
der. 


see also MAGIC SQUARE 


Lozi Map 
A 2-D map similar to the HENON MapP which is given 
by the equations 


In41 >= 1— alzn| + Yn 


Yn+1 = Ban : 


see also HENON MAP 
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LU Decomposition 

A procedure for decomposing an N x N matrix A into 
a product of a lower TRIANGULAR MATRIX L and an 
upper TRIANGULAR MatTRIXx U, 


LU=A. (1) 


Written explicitly for a 3x3 MATRIX, the decomposition 
is 


li O 0 U1 U2 413 @11 12 13 

lox lee 0 O ue2 ues} = | Ger G22 23 

131 U32 I33 0 0 uss Q@31 432 a33 
(2) 

dyiuis luz luis 

loyti1 — layue2 + loeure loyuig + looues 


Igiti1  lg1ui2 + l32u22 E3143 + lg2ue3 + I33Ue23 


Q@i1 G12 413 
=|a21 a22 a23]. (3) 
431 432 433 


This gives three types of equations 


~<7 liaiz +hiotag +... + biuiy = aig (4) 
t=7J latweg + legueas +... + lctty3 = 043 (5) 


a>j livury + ligtey +... thijuyj = aij. (6) 


Lucas Correspondence Theorem 


This gives N? equations for N? + N unknowns (the 
decomposition is not unique), and can be solved using 
Crout’s METHOD. To solve the MATRIX equation 


Ax = (LU)x = L(Ux) = b, (7) 


first solve Ly = b for-y. This can be done by forward 
substitution 


b 
w= (8) 
11 
1 t-1 
oa Te a Solis; (9) 
j=l 
for i = 2,..., N. Then solve Ux = y for x. This can 
be done by back substitution 
YN 
£n = 10 
Ai nee (10) 
, N 
v= hx Yi S- UWij@j (11) 
j=itl 
fori= N-—1,...,1. 


see also CHOLESKY DECOMPOSITION, QR DECOMPOSI- 
TION, TRIANGULAR MATRIX 
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Lucas Correspondence 

The correspondence which relates the HANOI GRAPH to 
the ISOMORPHIC GRAPH of the ODD BINOMIAL COEF- 
FICIENTS in PASCAL’S TRIANGLE, where the adjacencies 
are determined by adjacency (either horizontal or diag- 
onal) in PASCAL’S TRIANGLE. The proof that the cor- 
respondence is given by the LUCAS CORRESPONDENCE 
THEOREM. 

see also BINOMIAL COEFFICIENT, HANOI GRAPH, PAS- 
CAL’S TRIANGLE 
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Lucas Correspondence Theorem 
Let p be PRIME and 


T=Tmp” +...+7pt+To 
k=kmp”4+...+kipt+ko 


(O<ri<p) (1) 
(0 < k; < Pp), (2) 


then m 
Tr Ti 
(;) = I ee (mod p). (3) 
This is proved in Fine (1947). 
References 
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Lucas-Lehmer Residue 


Lucas-Lehmer Residue 
see LUCAS-LEHMER TEST 


Lucas-Lehmer Test 
A MERSENNE NUMBER Mp is prime IFF Mp, divides 
Sp—2, Where so = 4 and 


$4 = si_1” — 2(mod 2” — 1) (1) 


for i > 1. The first few terms of this series are 4, 14, 
194, 37634, 1416317954, ... (Sloane’s A003010). The 
remainder when sp—2 is divided by M, is called the 
LucaAs-LEHMER RESIDUE for p. The LucAs-LEHMER 
RESIDUE is 0 IrF M, is PRIME. This test can also be 
extended to arbitrary INTEGERS. 


A generalized version of the Lucas-Lehmer test lets 


N+1=][a;*, (2) 


j=1 


with q; the distinct PRIME factors, and @; their respec- 
tive POWERS. If there exists a LUCAS SEQUENCE U, 
such that 


GCD(Uiw+41)/q;,N) =1 (3) 
forj =1,..., n and 
Un+1 =0 (mod N), (4) 


then N is a PRIME. The test is particularly simple for 
MERSENNE NUMBERS, yielding the conventional Lucas- 
Lehmer test. 


see also LUCAS SEQUENCE, MERSENNE NUMBER, 
RABIN-MILLER STRONG PSEUDOPRIME TEST 
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Lucas’ Married Couples Problem 
see MARRIED COUPLES PROBLEM 


Lucas Number 

The numbers produced by the V recurrence in the Lu- 
CAS SEQUENCE with (P,Q) = (1,—1) are called Lucas 
numbers. They are the companions to the FIBONACCI 
NUMBERS F,, and satisfy the same recurrence 


Ln = Ln-1 + In-2; (1) 


where [1 = 1, Lz = 3. The first few are 1, 3, 4, 7, 11, 
18, 29, 47, 76, 123, ... (Sloane’s A000204). 


In terms of the FIBONACCI NUMBERS, 


Ln = n—-1 + Fy4i. (2) 


Lucas Number 1111 


The analog of BINET’S FORMULA for Lucas numbers is 
14+V5\" (1-v5\" 
in = ( +) +( 3) - @) 


Another formula is 


L,= [o”], (4) 


where @¢ is the GOLDEN RATIO and [z] denotes the NINT 
function. Given Ln, 


Ln(1+ V5) +1 
Ln+i = J eit , (5) 
where |x| is the FLOOR FUNCTION, 
ee _ Ln—-1Dn41 = 5(-1)”, (6) 
and 
nr 
30 Ln? = LnLnti — 2. (7) 


k=0 


Let p be a PRIME > 3 and k be a POSITIVE INTE- 
GER. Then L,x ends in a 3 (Honsberger 1985, p. 113). 
Analogs of the Cesaro identities for FIBONACCI NuM- 


BERS are e 
So (Z) tn = ben () 
k=0 
s- (7) 2*L, = Lan, (9) 
k=0 
where (7) is a BINOMIAL COEFFICIENT. 


Ln|Fim (Ln DIVIDES F,,) IFF n DIVIDES into m an EVEN 
number of times. L,|L,, IFF n divides into m an ODD 
number of times. 2"Ln always ends in 2 (Honsberger 
1985, p. 137). 


Defining 
3 7 0 0 0 0 
zt 12 0 0 0 
Oot 1 0 0 
D,=|9 9 «1 0 Oo 7,44 (10) 
000 0 1 i 
000 0 a1 
gives 
Dan = Dn-1 + Dn_2 (11) 


(Honsberger 1985, pp. 113-114). 


The number of ways of picking a set (including the 
EMPTY SET) from the numbers 1, 2, ..., n without 
picking two consecutive numbers (where 1 and n are 
now consecutive) is L, (Honsberger 1985, p. 122). 
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The only SQUARE NUMBERS in the Lucas sequence are 
1 and 4, as proved by John H. E. Cohn (Alfred 1964). 
The only TRIANGULAR Lucas numbers are 1, 3, and 5778 
(Ming 1991). The only Lucas CuBIC NUMBER is 1. The 
first few Lucas PRIMES L, occur for n = 2, 4, 5, 7, 8, 
11, 13, 16, 17, 19, 31, 37, 41, 47, 53, 61, 71, 79, 113, 313, 
353, ... (Dubner and Keller 1998, Sloane’s A001606). 


see also FIBONACCI NUMBER 
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Fib. Quart. 


Lucas Polynomial 

The w POLYNOMIALS obtained by setting p(x) = x and 
q(x) = 1 in the LUCAS POLYNOMIAL SEQUENCE. The 
first few are 


Fi(x) = 
Layee +2 

F3(x) = 32° + 3a 
Fa(z) = 24 + 4x7 +2 
Fs(z) = 2° + 52° + 5z. 


The corresponding W POLYNOMIALS are called FI- 
BONACCI POLYNOMIALS. The Lucas polynomials satisfy 


Ln(1) = Ln, 
where the L,s are LUCAS NUMBERS. 


see also FIBONACCI! POLYNOMIAL, LUCAS NUMBER, LU- 
CAS POLYNOMIAL SEQUENCE 


Lucas Pseudoprime 


Lucas Polynomial Sequence 
A pair of generalized POLYNOMIALS which generalize the 
LUCAS SEQUENCE to POLYNOMIALS is given by 


A*(a)[a" (x) — (—1)*6"(2)] 


WE(2) = AG) (a) 
wk (x) = A*(x)[a"(x) + (-1)*b"(2)], (2) 
where 
a(x) + b(z) = p(z) (3) 
a(x)b(x) = —q(z) (4) 
a(x) — b(z) = \/p?(x) + 4q(x) = A(z) (5) 
(Horadam 1996). Setting n = 0 gives 
re a ae Mg =k 
wo (x) = A*(x)[1+ ca" J; (7) 
giving 
W9(z) — 0 (8) 
wo(x) = 2 (9) 
When k = 1, 
Wi(a) = w2 (x) = wn(x) (10) 


Wa(a) = A?(2)We(x) = A?(z)Wa(z). (11) 


Special cases are given in the following table. 


p(x) g(x) Polynomial 1 Polynomial 2 


x 1 Fibonacci F',(x) Lucas L,(2) 

Qe 1 Pell P,, (x) Pell-Lucas Qn, (x) 

1 2x Jacobsthal J, (x) Jacobsthal-Lucas j,, (x) 
32 —-2 Fermat F,,(2) Fermat-Lucas f, (x) 
2a -1 Chebyshev U,,-1(a) Chebyshev 2T,,(x) 


see also LUCAS SEQUENCE 
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Lucas Pseudoprime 
When P and Q are INTEGERS such that D = P? —4Q # 
0, define the LUCAS SEQUENCE {U;,} by 


k _ pk 
a-—b 


for k > 0, with a and b the two Roots of xz? —- Pr+Q = 
0. Then define a Lucas pseudoprime as an ODD CoM- 
POSITF number n such that n{Q, the JAcoBI SYMBOL 
(D/n) = —1, and n!Un41. 


Lucas Sequence 


There are no EVEN Lucas pseudoprimes (Bruckman 
1994). The first few Lucas pseudoprimes are 705, 2465, 
2737, 3745, ... (Sloane’s A005845). 


see also EXTRA STRONG LUCAS PSEUDOPRIME, LUCAS 
SEQUENCE, PSEUDOPRIME, STRONG LUCAS PSEUDO- 
PRIME 
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Lucas Sequence 
Let P, Q be POSITIVE INTEGERS. The ROOTS of 


2? Pr+Q=0 (1) 
are 
azi(P+ VD) (2) 
b= 3(P-vD), (3) 
where 
D=P* —4qQ, (4) 
so 
at+b=P (5) 
ab= 1(P?-D)=Q (6) 
a—-b=VD, (7) 
Then define 
_ a" — 6” 
Un (P,Q) = ——S (8) 
Vn(P, Q) =a" +0". (9) 


The first few values are therefore 


Uo(P, Q) = 0 (10) 
Ui(P,Q) =1 (11) 
Vo(P, Q) = 2 (12) 
Vi(P, Q) = P. (13) 
The sequences 
U(P,Q) = {Un(P,Q):n 2 1} (14) 
V(P,Q) = {Va(P, Q) :n > 1} (15) 


are called Lucas sequences, where the definition is usu- 
ally extended to include 


Ll op-i ane 1 
eo a a, (16) 
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For (P,Q) = (1,—1), the U, are the FIBONACCI NUM- 
BERS and V, are the LUCAS NUMBERS. For (P,Q) = 
(2, —1), the PELL NUMBERS and Pell-Lucas numbers are 


obtained. (P,Q) = (1,—-2) produces the JACOBSTHAL 
NUMBERS and Pell-Jacobsthal Numbers. 


The Lucas sequences satisfy the gencral RECURRENCE 
RELATIONS 


amin aipmen 
ORS = ee 
_ (a —b")(a" +b") a™b"(a™~" — b™"") 
a—b a-—b 
= UmVn — a"b"Um-n (17) 
Vin a ts Ot 
=(a” +b™)(a” + 6”) — a”b"(a”™" +b”~”) 
= VinVa — ab" Vin—n- (18) 


Taking n = 1 then gives 


Un (P,Q) = PUm-1(P,Q) — QUn-2(P,Q) (19) 
Vin (P, Q) = PVin-i(P, Q) c QVin-2(P, Q). (20) 


Other identities include 


Usn = UnVn (21) 
Uant1 = Un+1Vn — Q” (22) 
Van = Vn? — 2(ab)” = Vn? — 2Q” (23) 
Vant1 = Va+iVn — PQ”. (24) 


These formulas allow calculations for large n to be de- 
composed into a chain in which only four quantities must 
be kept track of at a time, and the number of steps 
needed is ~ Ign. The chain is particularly simple if n 
has many 2s in its factorization. 


The Us in a Lucas sequence satisfy the CONGRUENCE 


Uyn-1(p-(D/p)] = 9 (mod p”) (25) 
if 
GCD(2QcD, p) = 1, (26) 
where 
P? —4Q? =¢’D. (27) 


This fact is used in the proof of the general LUCAS- 
LEHMER TEST. 


see also FIBONACCI NUMBER, JACOBSTHAL NUMBER, 
LucaAs-LEHMER TEST, LucAS NUMBER, LuCAS POLY- 
NOMIAL SEQUENCE, PELL NUMBER, RECURRENCE SE- 
QUENCE, SYLVESTER CYCLOTOMIC NUMBER 
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Lucas’s Theorem 
The primitive factors Q(z, y) of z*+y” can be written 
in the form 


Qn(a, y) = U? (x,y) + nayV? (2, y) 


for SQUAREFREE n where U and V are HOMOGENEOUS 
POLYNOMIALS with the sign chosen according to 


+ forn = 4141 
_ for n = 41+ 3 
either for n = 41+ 2. 


Lucky Number 

Write out all the ODD numbers: 1, 3, 5, 7, 9, 11, 13, 15, 
17, 19, ..... The first ODD number > 1 is 3, so strike 
out every third number from the list: 1, 3, 7, 9, 13, 15, 
19, .... The first ODD number greater than 3 in the list 
is 7, so strike out every seventh number: 1, 3, 7, 9, 13, 
5; 91 B58 1s soo) 


Numbers remaining after this procedure has been car- 
ried out completely are called lucky numbers. The first 
few are 1, 3, 7, 9, 13, 15, 21, 25, 31, 33, 37, ... (Sloane’s 
A000959). Many asymptotic properties of the PRIME 
NUMBERS are shared by the lucky numbers. The asymp- 
totic density is 1/1n N, just as the PRIME NUMBER THE- 
OREM, and the frequency of TWIN PRIMES and twin 
lucky numbers are similar. A version of the GOLDBACH 
CONJECTURE also seems to hold. 


It therefore appears that the SIEVING process accounts 
for many properties of the PRIMES. 


see also GOLDBACH CONJECTURE, LUCKY NUMBER OF 
EULER, PRIME NUMBER, PRIME NUMBER THEOREM, 
SIEVE 
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Ludwig’s Inversion Formula 


Lucky Number of Euler 
A number p such that the PRIME-GENERATING POLY- 
NOMIAL 

v—n +p 


is PRIME for n = 0, 1, ..., p— 2. Such numbers are 
related to the COMPLEX QUADRATIC FIELD in which 
the RING of INTEGERS is factorable. Specifically, the 
Lucky numbers of Euler (excluding the trivial case p = 
3) are those numbers p such that the QUADRATIC FIELD 
Q(/1— 4p) has CLass NUMBER 1 (Rabinowitz 1913, 
Le Lionnais 1983, Conway and Guy 1996). 


As established by Stark (1967), there are only nine num- 
bers —d such that h(—d) = 1 (the HEEGNER NUMBERS 
~2, —3, —7, —-11, —19, —43, —67, and —163), and of 
these, only 7, 11, 19, 43, 67, and 163 are of the re- 
quired form. Therefore, the only Lucky numbers of 
Euler are 2, 3, 5, 11, 17, and 41 (Le Lionnais 1983, 
Sloane’s A014556), and there does not exist a better 
PRIME-GENERATING POLYNOMIAL of Euler’s form. 


see also CLASS NUMBER, HEEGNER NUMBER, PRIME- 
GENERATING POLYNOMIAL 
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LUCY 

A nonlinear DECONVOLUTION technique used in decon- 
volving images from the Hubble Space Telescope before 
corrective optics were installed. 


see also CLEAN ALGORITHM, DECONVOLUTION, MAX- 
IMUM ENTROPY METHOD 


Ludolph’s Constant 
see PI 


Ludwig’s Inversion Formula 
Expresses a function in terms of its RADON TRANS- 
FORM, 


f(x,y) = R-"(RF) (x,y) 
11 f* sp (RF)(,a) 


= 4+ __§___— dpda. 
nin J_,, rcosat+ysina—p 


see also RADON TRANSFORM 


Lukacs Theorem 


Lukacs Theorem 

Let p{z) be an mth degree POLYNOMIAL which is NOn- 
NEGATIVE in [~1,1]. Then p(x) can be represented in 
the form 


{ [A(e)]? + (1 — 2)[B(2)}? 
(1+ 2)[C(x))? + (1 — 2)[D(a)?? 


for m even 
for m odd, 


where A(x), B(x), C(x), and D(x) are REAL POLYNo- 
MIALS whose degrees do not exceed m. 
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Lune (Plane) 


2 
a 


A figure bounded by two circular ARCS of unequal 
Rapbu. Hippocrates of Chios SQUARED the above left 
lune, as well as two others, in the fifth century BC. Two 
more SQUARABLE lunes were found by T. Clausen in the 
19th century (Dunham 1990 attributes these discoveries 
to Euler in 1771). In the 20th century, N. G. Tscheba- 
torew and A. W. Dorodnow proved that these are the 
only five squarable lunes (Shenitzer and Steprans 1994). 
The left lune above is squared as follows, 


2 
T 
A 1 1 2 
half small circle = gm (=) = 4mT 


Alens = Aguarter big circle — Atriangle 
= 2 8 
= 4a™r 3° 
Ajune = A Alens = 37° 
lune = “4half small circle ~ “lens = 97 


= Atriangles 


so the lune and TRIANGLE have the same AREA. In the 
right figure, Ai + Ao = Aa. 


For the above lune, 


Atune = 2Aaozc.- 


see also ANNULUS, ARC, CIRCLE, LUNE (SURFACE) 


Liiroth’s Theorem 1115 


References 

Dunham, W. “Hippocrates’ Quadrature of the Lune.” Ch. 1 
in Journey Through Genius: The Great Theorems of 
Mathematics. New York: Wiley, pp. 1-20, 1990. 

Heath, T. L. A History of Greek Mathematics. New York: 
Dover, p. 185, 1981. 

Pappas, T. “Lunes.” The Joy of Mathematics. San Carlos, 
CA: Wide World Publ./Tetra, pp. 72-73, 1989. 

Shenitzer, A. and Steprans, J. “The Evolution of Integra- 
tion.” Amer. Math. Monthly 101, 66-72, 1994. 


Lune (Solid) 
A geometric figure consisting of two TRIANGLES at- 
tached to opposite sides of a SQUARE. 


see also SQUARE, TRIANGLE 


Lune (Surface) 


A sliver of the surface of a SPHERE of RADIUS r cut out 
by two planes through the azimuthal axis with DIHE- 
DRAL ANGLE @. The SURFACE AREA of the lune is 


S = 2r’9, 


which is just the area of the SPHERE times @/(27). 
see also LUNE (PLANE), SPHERE 
References 


Beyer, W. H. CRC Standard Mathematical Tables, 28th ed. 
Boca Raton, FL: CRC Press, p. 130, 1987. 


Lunule 
see LUNE (PLANE) 


Liiroth’s Theorem 

If x and y are nonconstant rational functions of a param- 
eter, the curve so defined has GENUS 0. Furthermore, z 
and y may be expressed rationally in terms of a param- 
eter which is rational in them. 
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Lusin’s Theorem 

Let f(x) be a finite and MEASURABLE FUNCTION in 
(—oo, 00), and let € be freely chosen. Then there is a 
function g(x) such that 


1. g(x) is continuous in (—00, 00), 
2. The MEASURE of {z: f(z) £ g(x)} is < «, 
3. M((|g9|; Ri) < M(|f\; Ri), 


where M(f; S) denotes the upper bound of the aggregate 
of the values of f(P) as P runs through all values of S. 
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LUX Method 
A method for constructing MAGIC SQUARES of SINGLY 
EVEN order n > 6. 


see also MAGIC SQUARE 


Lyapunov Characteristic Exponent 

The Lyapunov characteristic exponent [LCE] gives the 
rate of exponential divergence from perturbed initial 
conditions. To examine the behavior of an orbit around 
a point X*(t), perturb the system and write 


X(t) = X(t) + U(2), (1) 


where U(t) is the average deviation from the unper- 
turbed trajectory at time t. In a CHAOTIC region, the 
LCE a is independent of X*(0). It is given by the OSED- 
ELEC THEOREM, which states that 


n= Jim In |U(E)|. (2) 


For an n-dimensional mapping, the Lyapunov charac- 
teristic exponents are given by 


i= Jim In |Ai(VY)} (3) 


for 7 = 1, ..., mn, where A; is the LYAPUNOV CHARAGC- 
TERISTIC NUMBER. 


One Lyapunov characteristic exponent is always 0, since 
there is never any divergence for a perturbed trajec- 
tory in the direction of the unperturbed trajectory. The 
larger the LCE, the greater the rate of exponential di- 
vergence and the wider the corresponding SEPARATRIX 
of the CHAOTIC region. For the STANDARD MAP, an 
analytic estimate of the width of the CHAOTIC zone by 
Chirikov (1979) finds 


6I = Be7AR 7, 


(4) 
Since the Lyapunov characteristic exponent increases 
with increasing K, some relationship likely exists con- 
necting the two. Let a trajectory (expressed as a MAP) 
have initial conditions (xo, yo) and a nearby trajectory 
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have initial conditions (z', y’) = (zo + dz, yo + dy). The 
distance between trajectories at iteration k is then 


dk = ||(z’ — 20, y’ — yo) ||, (5) 


and the mean exponential rate of divergence of the tra- 
jectories is defined by 


agatha 
aa) © 


For an n-dimensional phase space (MAP), there are n 
Lyapunov characteristic exponents 0, > 02 >... >on. 
However, because the largest exponent co; will dominate, 
this limit is practically useful only for finding the largest 
exponent. Numerically, since d, increases exponentially 
with k, after a few steps the perturbed trajectory is no 
longer nearby. It is therefore necessary to renormalize 
frequently every t steps. Defining 


dx 
Ther = r/ (7) 
one can then compute 
mm! 
o. = lim — ) Inti, (8) 
noo NT 


Numerical computation of the second (smaller) Lya- 
punov exponent may be carried by considering the evo- 
lution of a 2-D surface. It will behave as 


elt tez)e (9) 


so o2 can be extracted if a1 is known. The process may 
be repeated to find smaller exponents. 


For HAMILTONIAN SYSTEMS, the LCEs exist in additive 
inverse pairs, so if ao is an LCE, then so is —c. One 
LCE is always 0. For a 1-D oscillator (with a 2-D phase 
space), the two LCEs therefore must be 71 = o2 = 0, so 
the motion is QUASIPERIODIC and cannot be CHAOTIC. 
For higher order HAMILTONIAN SYSTEMS, there are al- 
ways at least two 0 LCEs, but other LCEs may enter 
in plus-and-minus pairs [ and —l. If they, too, are both 
zero, the motion is integrable and not CHAOTIC. If they 
are NONZERO, the POSITIVE LCE ! results in an expo- 
nential separation of trajectories, which corresponds to 
a CHAOTIC region. Notice that it is not possible to have 
all LCEs NEGATIVE, which explains why convergence of 
orbits is never observed in HAMILTONIAN SYSTEMS. 


Now consider a dissipative system. For an arbitrary n- 
D phase space, there must always be one LCE equal 
to 0, since a perturbation along the path results in no 
divergence. The LCEs satisfy 57,0: < 0. Therefore, for 
a 2-TD phase space of a dissipative system, o1 = 0,a2 < 
0. For a 3-D phase space, there are three possibilities: 


1. (Integrable): o1 = 0,02 = 0,03 < 0, 
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2. (Integrable): 7, = 0,02,03 < 0, 
3. (CHAOTIC): o1 = 0,02 > 0,03 < —o2 < 0. 


see also CHAOS, HAMILTONIAN SYSTEM, LYAPUNOV 
CHARACTERISTIC NUMBER, OSEDELEC THEOREM 


References 

Chirikov, B. V. “A Universal Instability of Many- 
Dimensional Oscillator Systems.” Phys. Rep. 52, 264-379, 
1979. 


Lyapunov Characteristic Number 
Given a LYAPUNOV CHARACTERISTIC EXPONENT o:, 
the corresponding Lyapunov characteristic number 4; 


is defined as 
3 = e7 . (1) 


For an n-dimensional linear MAP, 
Xn+i = MX,. (2) 


The Lyapunov characteristic numbers Ai, ..., An are 
the EIGENVALUES of the Map MATRIX. For an arbitrary 
Map 

Inti = filEn, Yn) (3) 


Yn+i = fe(Xn, Yn), (4) 


the Lyapunov numbers are the EIGENVALUES of the limit 
lim [J(tn,yn)I(an—1,yn 1) F(e1,y)]/", (5) 
n+>oo 


where J(zx,y) is the JACOBIAN 


Ofiley)  Of1(z,y) 
= Ox by 
F(29) =| ope) afa(or) | (8) 
Ox oy 


If 4; = 0 for all 2, the system is not CHAoTic. If \ 4 
0 and the Map is AREA-PRESERVING (HAMILTONIAN), 
the product of EIGENVALUES is 1. 

see also ADIABATIC INVARIANT, CHAOS, LYAPUNOV 
CHARACTERISTIC EXPONENT 


Lyapunov Condition 
If the third MOMENT exists for a DISTRIBUTION of z; 
and the LEBESGUE INTEGRAL is given by 


Tr = 7 |x|° dF; (zx), 
2d. 


then if _ 
lim — =0, 
nc Sn 


the CENTRAL LIMIT THEOREM holds. 
see also CENTRAL LIMIT THEOREM 
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Lyapunov Dimension 
For a 2-D MAP with a2 > a1, 
o1 
diya =1- —, 
o2 
where co, are the LYAPUNOV CHARACTERISTIC Expo- 
NENTS. 


see also CAPACITY DIMENSION, KAPLAN-YORKE Con- 
JECTURE 


References 

Frederickson, P.; Kaplan, J. L.; Yorke, E. D.; and Yorke, J. A. 
“The Liapunov Dimension of Strange Attractors.” J. D¢ff. 
Eq. 49, 185-207, 1983. 

Nayfeh, A. H. and Balachandran, B. Applied Nonlinear 
Dynamics: Analytical, Computational, and Experimental 


Methods. New York: Wiley, p. 549, 1995. 


Lyapunov’s First Theorem 

A NECESSARY and SUFFICIENT condition for all the 
EIGENVALUES of a REAL n X n matrix A to have NEG- 
ATIVE REAL PARTS is that the equation 


A™V+VA=-l 


has as a solution where V is ann Xn matrix and (x, Vx) 
is a positive definite quadratic form. 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Diego, CA: Academic 
Press, p. 1122, 1979. 


Lyapunov Function 
A function which is continuous, nonnegative, and has 
continuous PARTIAL DERIVATIVES. The existence of a 
Lyapunov function guarantees the NONLINEAR STABIL- 
ITY of a FIXED POINT. 


References 

Jordan, D. W. and Smith, P. Nonlinear Ordinary Differential 
Equations. Oxford, England: Clarendon Press, p. 283, 
1977. 


Lyapunov’s Second Theorem 

If all the EIGENVALUES of a REAL MATRIX A have REAL 
PaRrTS, then to an arbitrary negative definite quadratic 
form (x, Wx) with x = x(t) there corresponds a positive 
definite quadratic form (x, Vx) such that if one takes 


then (x, Wx) and (x, Wx) satisfy 


5 (x, Vx) = (x, Wx). 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Diego, CA: Academic 
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Lyndon Word 


A Lyndon word is an aperiodic notation for representing 
a NECKLACE. 


see also DE BRUIJN SEQUENCE, NECKLACE 


References 

Ruskey, F. “Information on Necklaces, Lyndon Words, de 
Bruijn Sequences.” http://sue.csc.uvic.ca/~cos/inf/ 
neck/NecklaceInfo. html. 

Sloane, N. J. A. Sequence A001037/M0116 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Lyons Group 
The SPORADIC GROUP Ly. 


see also SPORADIC GROUP 


References 
Wilson, R. A. “ATLAS of Finite Group Representation.” 
http://for.mat.bham.ac.uk/atlas/Ly.html. 


Lyons Group 


M-Estimate 


M 


M-Estimate 
A RoBuST ESTIMATION based on maximum likelihood 
argument. 


see also L-ESTIMATE, R-ESTIMATE 


References 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vet- 
terling, W. T. “Robust Estimation.” §15.7 in Numerical 
Recipes in FORTRAN: The Art of Scientific Computing, 
nd ed. Cambridge, England: Cambridge University Press, 
pp. 694-700, 1992. 


Mac Lane’s Theorem 
A theorem which treats constructions of FIELDS of 
CHARACTERISTIC p. 


see also CHARACTERISTIC (FIELD), FIELD 


Machin’s Formula 
-1 -1 
4m =4tan °(2) — tan °(335). 


There are a whole class of MACHIN-LIKE FORMULAS 
with various numbers of terms (although only four such 
formulas with only two terms). The properties of these 
formulas are intimately connected with COTANGENT 
identities. 


see also 196-ALGORITHM, GREGORY NUMBER, MACH- 
IN-LIKE FORMULAS, PI 


Machin-Like Formulas 
Machin-like formulas have the form 


mcot” + u+ncot~* v= tkr, (1) 


where wu, v, and k are POSITIVE INTEGERS and m and 
mn are NONNEGATIVE INTEGERS. Some such FORMU- 
LAS can be found by converting the INVERSE TANGENT 
decompositions for which c, 4 0 in the table of Todd 
(1949) to INVERSE COTANGENTS. However, this gives 
only Machin-like formulas in which the smallest term is 
+1 


Maclaurin-like formulas can be derived by writing 


cot" z = 5-In(=**) (2) 


So ax cot? up = in, (3) 


so 


‘ i \ Gis : 
(5) an e@™t/4 5. (4) 
h hk a 
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Machin-like formulas exist IFF (4) has a solution in IN- 
TEGERS. This is equivalent to finding INTEGER values 
such that 

(1—i)*(u +i)" (uv +i)” (5) 


is REAL (Borwein and Borwein 1987, p. 345). An equiv- 
alent formulation is to find all integral solutions to one 
of 

14a" =2y" (6) 


1l+27=y" (7) 
forn =3,5,.... 


There are only four such FORMULAS, 


in = 4tan7*(+) — tan7*(545) (8) 
1_ = tan *(4)+tan7*(3) (9) 
1g = 2tan™*(4) — tan7*(4) (10) 
ly = 2tan'(1) + tan 7(4), (11) 


known as MACHIN’S FORMULA, EULER’S MACHIN-LIKE 
FORMULA, HERMANN’S FORMULA, and HUTTON’S For- 
MULA. These follow from the identities 


(Sty (Betty m3 (12) 
(54) (3) =: (13) 
es) ey, as 
oa) Aaa 
(524) (FA) = (a5) 


Machin-like formulas with two terms can also be gener- 
ated which do not have integral arc cotangent arguments 
such as Euler’s 


a = 5tan77(2) + 2tan7*(3) (16) 


79 


(Wetherfield 1996), and which involve inverse SQUARE 
Roots, such as 


“us -1 1 -1 1 
al 2tan (=) + tan (=) ‘ (17) 


Three-term Machin-like formulas include GaAUssS’s 
MACHIN-LIKE FORMULA 


iq = 12cot'18 + 8cot”'57—5cot > 239, — (18) 
STRASSNITZKY’S FORMULA 


$7 =cot~'24+ cot '5+ cot '8, (19) 
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and the following, 


in = 6cot +8 +2cot 57+ cot * 239 (20) 
in = 4cot™'5 — 1cot™'70 + cot’ 99 (21) 
1g = 1cot~*2+1cot™'5 +cot~*8 (22) 
1m = 8cot +10 — 1cot +239 —4cot™*515 (23) 


17 = 5cot'7+4cot~'53+2cot™' 4443. (24) 


The first is due to Stormer, the second due to Ruther- 
ford, and the third due to Dase. 


Using trigonometric identities such as 
=-1 = ~1 -1 3 
cot” 2 = 2cot” (2x2) — cot” “(42° + 3z), (25) 


it is possible to generate an infinite sequence of Machin- 
like formulas. Systematic searches therefore most often 
concentrate on formulas with particularly “nice” prop- 
erties (such as “efficiency” ). 


The efficiency of a FORMULA is the time it takes to cal- 
culate 7 with the POWER series for arctangent 


mw = a, cot(by) + a2 cot(bz)+..., (26) 


and can be roughly characterized using Lehmer’s “mea- 


sure” formula ‘ . 
= nn, 2 
€ Me logig bi 2h) 


The number of terms required to achieve a given preci- 
sion is roughly proportional to e, so lower e-values cor- 
respond to better sums. The best currently known effi- 
ciency is 1.51244, which is achieved by the 6-term series 


im = 183 cot * 239 + 32 cot” * 1023 — 68 cot” * 5832 
+12 cot? 110443 — 12 cot~* 4841182 
—100 cot” * 6826318 (28) 


discovered by C.-L. Hwang (1997). Hwang (1997) also 
discovered the remarkable identities 


ins Pcot™'2—Mcot *3+Lcot™*5+Kcot™’7 
+(N+K+L-—2M+38P-—5)cot'8 
+(2N+M—-—P+2-L)cot7'18 
~(2P -3-M+L+K —N)cot~*57 — Not‘ 239, 
(29) 


where K, L, M, N, and P are POSITIVE INTEGERS, and 


im = (N+2) cot’ 2—N cot” 3—(N+1) cot7’ N. (30) 


The following table gives the number N(n) of Machin- 
like formulas of n terms in the compilation by Wether- 
field and Hwang. Except for previously known identities 
(which are included), the criteria for inclusion are the 
following: 


Machin-Like Formulas 


. first term < 8 digits: measure < 1.8. 
. first term = 8 digits: measure < 1.9. 


. first term = 9 digits: measure < 2.0. 


m Wh re 


. first term =10 digits: measure < 2.0. 


n N(n) mine 

1 1 0 

2 4 1.85113 
3 106 1.78661 
4 39 1.58604 
5 90 1.63485 
6 120 1.51244 
7 113 1.54408 
8 18 1.65089 
9 4 1.72801 
10 78 1.63086 
11 34 1.6305 
12 188 1.67458 
13 37 1.71934 
14 5 1.75161 
15 24 1.77957 
1.81522 
17 5 1.90938 
18 570 1.87698 


19 1 1.94899 
20 11 1.95716 
21 1 1.98938 


Total 1500 1.51244 


see also EULER’S MACHIN-LIKE FORMULA, GAUSS’S 
MACHIN-LIKE FORMULA, GREGORY NUMBER, HER- 
MANN’S FORMULA, HUTTON’S FORMULA, INVERSE Co- 
TANGENT, MACHIN’S FORMULA, PI, ST@RMER NUM- 
BER, STRASSNITZKY’S FORMULA 
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Machine 

A method for producing infinite LOOP SPACES and spec- 
tra. 

see also GADGET, Loop Space, MAy-THOMASON 
UNIQUENESS THEOREM, TURING MACHINE 


Mackey’s Theorem 

Let E and F be paired spaces with S a family of ab- 
solutely convex bounded sets of F such that the sets of 
S generate F' and, if Bi, Bo € S, there exists a Bz; € S 
such that B3 > Bi and Bz; > Bz. Then the dual space 
of E's is equal to the union of the weak completions of 
AB, where X\ >Oand BES. 

see also GROTHENDIECK’S THEOREM 
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Maclaurin-Bezout Theorem 

The Maclaurin-Bézout theorem says that two curves of 
degree n intersect in n® points, so two CUBICS intersect 
in nine points. This means that n(n + 3)/2 points do 
not always uniquely determine a single curve of order n. 


see also CRAMER-EULER PARADOX 
Maclaurin-Cauchy Theorem 


If f(z) is POSITIVE and decreases to 0, then an EULER 
CONSTANT 


can be defined. If f(z) = 1/2, then 


. “1 ” daz . "1 
= tin, (SoE-/ t=) = 4m ( p-tnn), 
k=1 k=1 


where ¥y is the EULER-MASCHERONI CONSTANT. 


Maclaurin Integral Test 
see INTEGRAL TEST 
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Maclaurin Polynomial 
see MACLAURIN SERIES 


Maclaurin Series 
A series expansion of a function about 0, 


a (3) 
fle) = #0) + fxt+ Oe? + LO 


(ig 
bere ARLE re (1) 
n! 
named after the Scottish mathematician Maclaurin. 
Maclaurin series for common functions include 


pop altetattattottat st... 

—-l<az<1 (2) 
en(a,k?) =1— fa? + £(14+4k?)z* 4+... (3) 
cose =1— 427+ pa*-de2°_... 

-oo<a<oo (4) 
costa = in —a2- 32° - 22° - 4% see 

-l<a@<1 (5) 
cosh = 1+ 32° + sye* + sdsa° + igga’ t+... (6) 
cosh™*(1 +a) = V2x(1~ 42+ ja? - 852° +...)(7) 
cote =a! — fa ~ a2" — gage — gage” (8) 
cotta = in—-a2+3e°— 32° 4+ 427 ~ de? + (9) 


cohz=2'+}2-4044+ fee — pie’ +... (1D 
coth”'(1+2)=4In2—4lnz+}e- 427+... (12) 
coz =a) +4a+ saa? + pSteat... (13) 
escha =z * —ir+ sGr°t Sioa’ t+... (14) 
esch™* ¢ =In2-Inz + $a? ~ 3074 3a°-... (15) 
dn(z,k*)a=1—dk?2? + HR (44k )at +... (16) 


1 2,3 1,,5 1 ie 
ote =~ (2 go +30 — 570 +s) (17) 
e=1t+at+se?+ he +he*+... 
~coo<xz<oo (18) 
a6 rs a(a+1)B(b+ 1) 2 
lly 2!y(7 + 1) 


2Fi(a, B,y; 2) =1+ Ss sees 
(19) 


3 


In(l+a)=a2—42? +2 — fart... 


-l<a2<1 (20) 


1l+¢z 
in (+*) = 20+ 20° + 20° 4 2274... 
-l<z<1 (21) 


secz = 1+ 42? + st + fi 6 + arr a® AP ses (22) 
secha =1— 327+ 3a*— Shoot Beart +... (23) 
sech”* x = In2—Ing — }2” a gee... (24) 


5 


1,3 Tos a lee 
git + ge we +... 


sinzg=az 
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—co<a<oo (25) 
sins} a =2+ }2° + aot aa + a9 +... (26) 


sinh z= x + so 5 mot a ae + sasegot + ---(27) 


hn ts See ae eS 9_ 
sinh" r= 2 — 4x + 7x jae" + 852° —... (28) 


sn(x,k?) = 3(1+k?)c? + (14 14k? + k*)a° +... (29) 
tang =2+32°4 20°+ Ata’ + Sha t+. (30) 
tan }e=a2—4ta°+t2°- he’ +.., 


-1<2<1 (31) 
tan (1+2)= in+$a- ian .. (32) 
tanha = a@—- 32° + 32° — ae + Bs” +. (33) 


tanh” e=a2t+ie°+} dy? 4 bo? 42 1g? +, (34) 


The explicit forms for some of these are 


1 n 
= Sv (35) 
foe) ney n 
cosa = oa oe (36) 
n=0 i‘ 
_ a (ay Figs? _ 1) Ban ae 
csct = 2 (an)! L (37) 
Sol on 
e = ~ mk (38) 
EO Th 
n+1 
In(1 +2) = art (yrs (39) 
1+2\_ = 2 2n-1 
w(25) Egy 0) 
sec zr = by (< re? a (41) 
_4)\74+1 
sing = mes D! i (42) 
n=l 
_ = (= ae sae eae hy 2 eae oe 
tanec = 2. (an)! x (43) 
TT, ool ae es 
tan z=) > on (44) 
n=1 
ie ae ae 
tanh z= > arya ; (45) 


where B, are BERNOULLI NUMBERS and Ey, are EULER 
NUMBERS. 


see also ALCUIN’S SEQUENCE, LAGRANGE EXPANSION, 
LEGENDRE SERIES, TAYLOR SERIES 
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Maclaurin Trisectrix 


A curve first studied by Colin Maclaurin in 1742. It was 
studied to provide a solution to one of the GEOMETRIC 
PROBLEMS OF ANTIQUITY, in particular TRISECTION of 
an ANGLE, whence the name trisectrix. The Maclaurin 
trisectrix is an ANALLAGMATIC CURVE, and the origin 
is a CRUNODE. 


The Maclaurin trisectrix has CARTESIAN equation 


is x" (a + 3a) 


; 1 
== (1) 
or the parametric equations 
#? 3 
= a——— 2 
“2 +1 (2) 
_ te ~ 3) 
sane ac (3) 


The ASYMPTOTE has equation x = a, and the center 
of the loop is as (2a,0). Draw a line L with ANGLE 
3a through the loop center. Then the angle made by 
the line through the center and point of intersection of 
L with the trisectrix is a. The trisectrix is sometimes 
defined instead as 


a(x? + y”) = a(y” — 32°) (4) 
7 = # Gots) (5) 

__ 2asin(3@) 
~  sin(26) (3) 


Another form of the equation is the POLAR EQUATION 
r = asec(36), (7) 


where the origin is inside the loop and the crossing point 
is on the NEGATIVE z-AXIS. 


The tangents to the curve at the origin make angles of 
+60° with the z-Axis. The AREA of the loop is 


Atoop = 3V30", (8) 


and the NEGATIVE z-intercept is (—3a,0) (MacTutor 
Archive). 


Maclaurin Trisectrix Inverse Curve 


The Maclaurin trisectrix is the PEDAL CURVE of the 
PARABOLA where the PEDAL POINT is taken as the re- 
flection of the Focus in the DIRECTRIX. 


see also CAYALAN’S TRISECTRIX, STROPHOID 
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Maclaurin Trisectrix Inverse Curve 
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The INVERSE CURVE of the MACLAURIN TRISECTRIX 
with INVERSION CENTER at the NEGATIVE z-intercept 
is a TSCHIRNHAUSEN CUBIC. 


MacMahon’s Prime Number of 
Measurement 


see PRIME NUMBER OF MEASUREMENT 
MacRobert’s £-Function 
E(p; Gr : ps: £) 
= T'(aq+41) 
P(p1 — a1)T(p2 — a2)-+-P(pg — a) 
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where ['(z) is the GAMMA FUNCTION and other details 
are discussed by Gradshteyn and Ryzhik (1980). 


see also FOX’S H-FUNCTION, MEIJER’S G-FUNCTION 
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Maeder’s Ow! Minimal Surface 1123 
Madelung Constants 

The quantities obtained from cubic, hexagonal, etc., 
LATTICE SuMS, evaluated at ¢ = 1, arc called Madclung 
constants. For cubic LATTICR SUMS, they are expressi- 
ble in closed form for EVEN indices, 


b2(2) = —46(1)n(1) = —45 In2 = ~win2 (1) 
ba(2) = —8(1)n(0) = —8In2- =—4In2. (2) 


b3(1) is given by BENSON’S FORMULA, 


oO ss Fy 
, (tert 
-2()= So ~———— 
a roe 2 + 924+ hk? 
= 127 S- sech*(4r4/m2+n2), (3) 


m,n=1,3,... 


where the prime indicates that summation over (0, 0, 0) 
is excluded. b3(1) is sometimes called “the” Madelung 
constant, corresponds to the Madelung constant for a 3- 
D NaCl crystal, and is numerically equal to —1.74756.... 


For hexagonal LATTICE SuM, /h2(2) is expressible in 
closed form as 


ho(2) = rln3Vv3. (4) 


see also BENSON’S FORMULA, LATTICE SUM 
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Maeder’s Owl Minimal Surface 


A MINIMAL SURFACE which resembles a CRoss-CaAP. It 
is given by the polar equations 


ez=1 (1) 
y= vz (2) 


z=2Z, (3) 


1124 Maehly’s Procedure 


or the parametric equations 


x = rcos@ ~ dr” cos(26) (4) 
y = —rsin@ — iy? sin(2@), (5) 
Z= 473/72 cos( 26). (6) 


see also CROSS-CAP, MINIMAL SURFACE 
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Maehly’s Procedure 
A method for finding ROOTS which defines 


P(z) 


Pi) = Goa) a)’ 


(1) 


so the derivative is 


One step of NEWTON’S METHOD can then be written as 


P(xk) 
P'(xx) — P(te) ¥02_, (tn — 2i)~? 


a 


(3) 


Ck+1 = Lk — 


Mainardi-Codazzi Equations 


ra] fa] 
ae Se eh + fT -Th) - oT (1) 
re] te) 
a = a = Poo + f(P32 —Ti2) — Via, (2) 


where e, f, and g are coefficients of the second FUNDA- 
MENTAL Form and I}, are CHRISTOFFEL SYMBOLS OF 
THE SECOND KIND. Therefore, 


Oe, e g 
5, = (B+ 4) (3) 
OD ca (< £) 
Gu ae E = G (4) 
A(l 
é re a ry = r, (5) 
atl 
OD =13, —Tis (6) 
(6) ln f 2 
a ao) sea wn 


fa] In f 1 


Magic Constant 


where £, F, and G are coefficients of the first FuNDaA- 
MENTAL FORM. 
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Magic Circles 


A set of n magic circles is a numbering of the intersection 
of the n CIRCLES such that the sum over all intersections 
is the same constant for all circles. The above sets of 


three and four magic circles have magic constants 14 and 
39 (Madachy 1979). 


see also MAGIC GRAPH, MAGIC SQUARE 


References 
Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, p. 86, 1979. 


Magic Constant 
The number 


M2(n) = k= in(n? +1) 


to which the n numbers in any horizontal, vertical, or 
main diagonal line must sum in a MAGIC SQUARE. The 
first few values are 1, 5 (no such magic square), 15, 34, 
65, 111, 175, 260, ... (Sloane’s A006003). The magic 
constant for an nth order magic square starting with an 
INTEGER A and with entries in an increasing ARITH- 
METIC SERIES with difference D between terms is 


Ma(n; A, D) = $n[2a+ D(n” — 1)] 
(Hunter and Madachy 1975, Madachy 1979). In a PAN- 


MAGIC SQUARE, in addition to the main diagonals, the 
broken diagonals also sum to M2(n). 


For a MAGIC CuBE, the magic constant is 


3 
nr 
1 ~ 
M3(n) = nt Sok = 1n(n? +1) = in(l+n)(n?—n+1). 
k=l 


The first few values are 1, 9, 42, 130, 315, 651, 1204, ... 
(Sloane’s A027441). 


Magic Cube 


There is a corresponding multiplicative magic constant 
for MULTIPLICATION MAGIC SQUARES. 


see also Macic CuBE, Macic GEOMETRIC CON- 
STANTS, MAGIC HEXAGON, MAGIC SQUARE, MULTIPLI- 
CATION MAGIC SQUARE, PANMAGIC SQUARE 
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Magic Cube 

An nxnxn 3-D version of the Macic SQUARE in 
which the n? rows, n? columns, n’ pillars (or “files” ), 
and four space diagonals each sum to a single number 
M3(n) known as the MAGIC ConsTANT. If the cross- 
section diagonals also sum to M3(n), the magic cube is 
called a PERFECT MAGIc CUBE; if they do not, the cube 
is called a SEMIPERFECT MAGIC CUBE, or sometimes an 
ANDREWS CUBE (Gardner 1988). A pandiagonal cube 
is a perfect or semiperfect magic cube which is magic 
not only along the main space diagonals, but also on 
the broken space diagonals. 


A magic cube using the numbers 1, 2, ..., n°, if it exists, 
has MAGIC CONSTANT 


nd 


M3(n) = = Sok = in(n° +1) = $n(n+1)(n?-n+1). 
k=1 


For n = 1, 2,..., the magic constants are 1, 9, 42, 130, 
315, 651, ... (Sloane’s A027441). 


The above semiperfect magic cubes of orders three 
(Hunter and Madachy 1975, p. 31; Ball and Coxeter 
1987, p. 218) and four (Ball and Coxeter 1987, p. 220) 
have magic constants 42 and 130, respectively. There 
is a trivial semiperfect magic cube of order one, but no 
semiperfect cubes of orders two or three exist. Semiper- 
fect. cubes of ODD order with n > 5 and DOUBLY EVEN 
order can be constructed by extending the methods used 
for MAGIC SQUARES. 


Magic Cube 1125 
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There are no perfect magic cubes of order four (Beeler 
et al. 1972, Item 50; Gardner 1988). No perfect magic 
cubes of order five are known, although it is known that 
such a cube must have a central value of 63 (Beeler et 
al. 1972, Item 51; Gardner 1988). No order-six per- 
fect magic cubes are known, but Langman (1962) con- 
structed a perfect magic cube of order seven. An order- 
eight perfect magic cube was published anonymously in 
1875 (Barnard 1888, Benson and Jacoby 1981, Gard- 
ner 1988). The construction of such a cube is discussed 
in Ball and Coxeter (1987). Rosser and Walker redis- 
covered the order-eight cube in the late 1930s (but did 
not publish it), and Myers independently discovered the 
cube illustrated above in 1970 (Gardner 1988). Order 9 
and 11 magic cubes have also been discovered, but none 
of order 10 (Gardner 1988). 


Semiperfect pandiagonal cubes exist for all orders 8n 
and all ODD n > 8 (Ball and Coxeter 1987). A perfect 
pandiagonal magic cube has been constructed by Planck 
(1950), cited in Gardner (1988). 


Berlekamp et al. (1982, p. 783) give a magic TESSERACT. 


see also MAGIC CONSTANT, MAGIC GRAPH, MAGIC 
HEXAGON, MAGIC SQUARE 


References 

Adler, A. and Li, S.-Y. R. “Magic Cubes and Prouhet Se- 
quences.” Amer. Math. Monthly 84, 618-627, 1977. 

Andrews, W.S. Magic Squares and Cubes, 2nd rev. ed. New 
York: Dover, 1960. 

Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recre- 
ations and Essays, 13th ed. New York: Dover, pp. 216- 
224, 1987. 

Barnard, F. A. P. “Theory of Magic Squares and Cubes.” 
Mem. Nat. Acad. Sci. 4, 209-270, 1888. 

Beeler, M.; Gosper, R. W.; and Schroeppel, R. HAKMEM. 
Cambridge, MA: MIT Artificial Intelligence Laboratory, 
Memo AIM-239, Feb. 1972. 


1126 Magic Geometric Constants 


Benson, W. H. and Jacoby, O. Magic Cubes: New Recre- 
ations. New York: Dover, 1981. 

Berlekamp, E. R.; Conway, J. H; and Guy, R. K. Winning 
Ways, For Your Mathematical Plays, Vol. 2: Games in 
Particular. London: Academic Press, 1982. 

Gardner, M. “Magic Squares and Cubes.” Ch. 17 in Time 
Travel and Other Mathematical Bewilderments. New 
York: W. H. Freeman, pp. 213-225, 1988. 

Hendricks, J. R. “Ten Magic Tesseracts of Order Three.” J. 
Recr. Math. 18, 125-134, 1985-1986. 

Hirayama, A. and Abe, G. Researches in Magic Squares. Os- 
aka, Japan: Osaka Kyoikutosho, 1983. 

Hunter, J. A. H. and Madachy, J. S. “Mystic Arrays.” Ch. 3 
in Mathematical Diversions. New York: Dover, p. 31, 
1975. 

Langman, H. Play Mathematics. New York: Hafner, pp. 75— 
76, 1962. 

Lei, A. “Magic Cube and Hypercube.” http://www.cs.ust. 
hk/-philipl/magic/mcube2.html. 

Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, pp. 99-100, 1979. 

Pappas, T. “A Magic Cube.” The Joy of Mathematics. San 
Carlos, CA: Wide World Publ./Tetra, p. 77, 1989. 

Planck, C. Theory of Path Nasiks. Rugby, England: Pri- 
vately Published, 1905. 

Rosser, J. B. and Walker, R. J. “The Algebraic Theory of 
Diabolical Squares.” Duke Math. J. 5, 705-728, 1939. 

Sloane, N. J. A. Sequence A027441 in “An On-Line Version 
of the Encyclopedia of Integer Sequences.” 

Wynne, B. E. “Perfect Magic Cubes of Order 7.” J. Recr. 
Math. 8, 285-293, 1975-1976. 


Magic Geometric Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let E be a compact connected subset of d-dimensional 
EUCLIDEAN SPACE. Gross (1964) and Stadje (1981) 
proved that there is a unique REAL NUMBER a(E) such 
that for all 21, ro, ..., fn € #, there exists y € EF with 


(23,4 — ye)? = a(F). (1) 


The magic constant m(£) of E is defined by 


m(E) = 2%) 


= diam (E)" (2) 


where 


diam(£) = max 
u,veB 


Ce (3) 


These numbers are also called DISPERSION NUMBERS 
and RENDEZVOUS VALUES. For any E, Gross (1964) 
and Stadje (1981) proved that 


< m(E) <1. (4) 


Magic Graph 


If J is a subinterval of the LINE and D is a circular DISk 
in the PLANE, then 


m(I) = m(D) = }. (5) 


If C is a CIRCLE, then 
2 
m(C) = ri 0.6366.... (6) 


An expression for the magic constant of an ELLIPSE in 
terms of its SEMIMAJOR and SEMIMINOR AXES lengths 
is not known. Nikolas and Yost (1988) showed that for 
a REULEAUX TRIANGLE T 


0.6675276 < m(T) < 0.6675284. (7) 


Denote the MAXIMUM value of m(Z£) in n-D space by 
M(n). Then 


M(1) = 3 (8) 
2+ 3 
M(2): m(T) < M(2) < = a < 0.7182336 (9) 
__d [P(3.4)]?2* ?V2d d 
M4): Tey SMO S Tay aris Gin may 
(10) 


where ['(z) is the GAMMA FUNCTION (Nikolas and Yost 
1988). 


An unrelated quantity characteristic of a given MAGIC 
SQUARE is also known as a MAGIC CONSTANT. 
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Magic Graph 


Magic Hexagon 


A LABELLED GRAPH with e EDGES labeled with distinct 
elements {1, 2, ..., e} so that the sum of the EDGE 
labels at each VERTEX is the same. Another type of 
magic graph, such as the PENTAGRAM shown above, has 
labelled VERTICES which give the same sum along every 
straight line segment (Madachy 1979). 


see also ANTIMAGIC GRAPH, LABELLED GRAPH, MAGIC 
CIRCLES, MAGIC CONSTANT, MAGIC CUBE, MAGIC 
HExaAGON, MAGIC SQUARE 
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Magic Hexagon 


An arrangement of close-packed HEXAGONS containing 
the numbers 1, 2,..., Hn = 3n(n 1) 1 1, where Hn 
is the nth Hex NumReR, such that the numbers along 
each straight line add up to the same sum. In the above 
magic hexagon, each line (those of lengths both 3 and 
4) adds up to 38. This is the only magic hexagon of the 
counting numbers for any size hexagon. Jt was discov- 
ered by C. W. Adam, who worked on the problem from 
1910 to 1957. 


see also HEX NUMBER, HEXAGON, MAGIC GRAPH, 
MAGIC SQUARE, TALISMAN HEXAGON 
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Magic Labelling 

It is conjectured that every TREE with e edges whose 
nodes are all trivalent or monovalent can be given a 
“magic” labelling such that the INTEGERS 1, 2, ..., e 
can be assigned to the edges so that the SuM of the three 
meeting at a node is constant. 
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see also MAGIC CONSTANT, MAGIC CUBE, MAGIC 
GRAPH, Macic HEXAGON, Macic SQUARE 


References 
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Magic Number 
see MAGIC CONSTANT 


Magic Series 
n numbers form a magic series of degree p if the sum of 
their kth POWERS is the Macic CONSTANT of degree k 


for all k € [1, p]. 
see also MAGIC. CONSTANT, MAGIC SQUARE 
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Magic Square 
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A (normal) magic square consists of the distinct POSI- 
TIVE INTEGERS 1, 2, ..., m? such that the sum of the 
nm numbers in any horizontal, vertical, or main diagonal 


line is always the same MAGIC CONSTANT 


ofoaf2 [> [2223 
he] » 7] fzef 25 
hofiafusfis 262 
hafesppefools [| 
hehssePsfs | 


n? 


1 
M2(n) = — Sok = jn(n? +1). 
k=1 


The unique normal square of order three was known 
to the ancient Chinese, who called it the Lo Suu. A 
version of the order 4 magic square with the numbers 
15 and 14 in adjacent middle columns in the bottom 
row is called DURER’s MAGIC SQUARE. Magic squares 
of order 3 through 8 are shown above. 


The Macic CONSTANT for an nth order magic square 
starting with an INTEGER A and with entries in an in- 
creasing ARITHMETIC SERIES with difference D between 
terms is 


M2(n; A, D) = 4n[2a+ D(n? - 1)) 


(Hunter and Madachy 1975). If every number in a 
magic square is subtracted from n? + 1, another magic 


1128 Magic Square 


square is obtained called the complementary magic 
square. Squares which are magic under multiplica- 
tion instead of addition can be constructed and are 
known as MULTIPLICATION MAGIC SQUARES. In ad- 
dition, squares which are magic under both addition 
and multiplication can be constructed and are known as 


ADDITION-MULTIPLICATION MaGic SQUARES (Hunter 
and Madachy 1975). 


A square that fails to be magic only because one or 
both of the main diagonal sums do not equal the MAGIC 
CONSTANT is called a SEMIMAGIC SQUARE. If all diag- 
onals (including those obtained by wrapping around) 
of a magic square sum to the MAGIC CONSTANT, the 
square is said to be a PANMAGIC SQUARE (also called 
a DIABOLICAL SQUARE or PANDIAGONAL SQUARE). If 
replacing each number n; by its square n;? produces an- 
other magic square, the square is said to be a BIMAGIC 
SQUARE (or DouBLy MAGic SQUARE). If a square is 
magic for n;, ni7, and n,°, it is called a TREBLY MAGIC 
SQUARE. If all pairs of numbers symmetrically opposite 
the center sum to n? + 1, the square is said to be an 
ASSOCIATIVE MAGIC SQUARE. 


16 


22 


15 


Kraitchik (1942) gives general techniques of construct- 
ing EVEN and ODD squares of order n. For n ODD, a 
very straightforward technique known as the Siamese 
method can be used, as illustrated above (Kraitchik 
1942, pp. 148-149). It begins by placing a 1 in any lo- 
cation (in the center square of the top row in the above 
example), then incrementally placing subsequent num- 
bers in the square one unit above and to the right. The 
counting is wrapped around, so that falling off the top 
returns on the bottom and falling off the right returns 
on the left. When a square is encountered which is al- 
ready filled, the next number is instead placed below the 
previous one and the method continues as before. The 
method, also called de la Loubere’s method, is purpor- 
ted to have been first reported in the West when de la 
Loubere returned to France after serving as ambassador 
to Siam. 


Magic Square 


A generalization of this method uses an “ordinary vec- 
tor” (x,y) which gives the offset for each noncolliding 
move and a “break vector” (u,v) which gives the off- 
set to introduce upon a collision. The standard Siamese 
method therefore has ordinary vector (1, -1) and break 
vector (0, 1). In order for this to produce a magic square, 
each break move must end up on an unfilled cell. Special 
classes of magic squares can be constructed by consider- 
ing the absolute sums |u+v], |(u—2z)+(v—y)|, |u—vI, 
and |(u— xz) — (v—y)| = jut+y—a-—v|. Call the set 
of these numbers the sumdiffs (sums and differences). If 
all sumdiffs are RELATIVELY PRIME to n and the square 
is a magic square, then the square is also a PANMAGIC 
SQUARE. This theory originated with de la Hire. The 
following table gives the sumdiffs for particular choices 
of ordinary and break vectors. 


Ordinary Break Sumdiffs Magic Panmagic 
Vector Vector Squares Squares 
(1, —1) (0, 1) (1, 3) 2k+1 none 

(1, -1) (0, 2) (0, 2) 6k+1 none 

(2, 1) (1,-2) (1,2,3,4) 6k+41 none 

(2, 1) (1,-1) (0,1,2,3) 6kt1 6k+1 
(2, 1) (1, 0) (0, 1, 2) 2k+1 none 

(2, 1) (1, 2) (0,1,2,3) 6k+1 none 


A second method for generating magic squares of ODD 
order has been discussed by J. H. Conway under the 
name of the “lozenge” method. As illustrated above, in 
this method, the ODD numbers are built up along diag- 
onal lines in the shape of a DIAMOND in the central part 
of the square. The EVEN numbers which were missed 
are then added sequentially along the continuation of 
the diagonal obtained by wrapping around the square 
until the wrapped diagonal reaches its initial point. In 
the above square, the first diagonal therefore fills in 1, 
3, 5, 2, 4, the second diagonal fills in 7, 9, 6, 8, 10, and 
so on. 


Magic Square 
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An elegant method for constructing magic squares of 
DOUBLY EVEN order n = 4m is to draw zs through 
each 4 x 4 subsquare and fill all squares in sequence. 
Then replace each entry a;; on a crossed-off diagonal 
by (n? +1) ~ ai; or, equivalently, reverse the order of 
the crossed-out entries. Thus in the above example for 
n = 8, the crossed-out numbers are originally 1, 4, ..., 
61, 64, so entry 1 is replaced with 64, 4 with 61, etc. 


A very elegant method for constructing magic squares 
of SINGLY EVEN order n = 4m+ 2 with m > 1 (there is 
no magic square of order 2) is due to J. H. Conway, who 
calls it the “LUX” method. Create an array consisting 
of m+ 1 rows of Zs, 1 row of Us, and m — 1 rows of 
Xs, all of length n/2 = 2m+ 1. Interchange the middle 
U with the L above it. Now generate the magic square 
of order 2m +1 using the Siamese method centered on 
the array of letters (starting in the center square of the 
top row), but fill each set of four squares surrounding 
a letter sequentially according to the order prescribed 
by the the letter. That order is illustrated on the left 
side of the above figure, and the completed square is 
illustrated to the right. The “shapes” of the letters L, 
U, and X naturally suggest the filling order, hence the 
name of the algorithm. 


It is an unsolved problem to determine the number of 
_ magic squares of an arbitrary order, but the number 
of distinct magic squares (excluding those obtained by 
rotation and reflection) of order n = 1, 2,... are 1,0, 1, 
880, 275305224, ... (Sloane’s A006052; Madachy 1979, 
p. 87). The 880 squares of order four were enumerated 
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by Frenicle de Bessy in the seventeenth century, and are 
illustrated in Berlekamp et al. (1982, pp. 778-783). The 
number of 6 x 6 squares is not known. 


[ 
H 
67 1 43 3 61 19 37 
43 31 5 41 
13 37 61 
7 11 73 29 
31 73 7 1B 


The above magic squares consist only of PRIMES and 
were discovered by E. Dudeney (1970) and A. W. John- 
son, Jr. (Dewdney 1988). Madachy (1979, pp. 93-96) 
and Rivera discuss other magic squares composed of 


PRIMES. 
| s | 22 21 | 28 | 37 | 44 
59 | 54 | 43 | 38 | 27 | 22 
EEG 
[ef fee[a [ofa [ee 
pole [fala pelo 
EE 64 | 49 | 48 | 33 | 32 | 17 


Benjamin Franklin constructed the above 8 x 8 PAN- 
MAGIC SQUARE having MAGIC CONSTANT 260. Any 
half-row or half-column in this square totals 130, and 
the four corners plus the middle total 260. In addition, 
bent diagonals (such as 52-3-5-54-10-57-63-16) also total 
260 (Madachy 1979, p. 87). 


ya9NN7A18g | 249AN28TS3 | 1480028201 


1480028213 | 1480028171 | 1480028129 


| 


1480028141 | 1480028189 | 1480028183 


In addition to other special types of magic squares, a 
3 x 3 square whose entries are consecutive PRIMES, illus- 
trated above, has been discovered by H. Nelson (Rivera). 
Variations on magic squares can also be constructed us- 
ing letters (either in defining the square or as entries in 
it}, such as the ALPHAMAGIC SQUARE and TEMPLAR 
MAGIC SQUARE. 
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Various numerological properties have also been associ- 
ated with magic squares. Pivari associates the squares 
illustrated above with Saturn, Jupiter, Mars, the Sun, 
Venus, Mercury, and the Moon, respectively. Attractive 
patterns are obtained by connecting consecutive num- 
bers in each of the squares (with the exception of the 
Sun magic square). 

see also ADDITION-MULTIPLICATION MAGIC SQUARE 
ALPHAMAGIC SQUARE, ANTIMAGIC SQUARE, ASSO- 
CIATIVE MAGIC SQUARE, BIMAGIC SQUARE, BORDER 
SQUARE, DURER’S MAGIC SQUARE, EULER SQUARE, 
FRANKLIN MAGIC SQUARE, GNOMON MAGIC SQUARE, 
HETEROSQUARE, LATIN SQUARE, MAGIC CIKCLES, 
MAGIC CONSTANT, MAGIC CuBE, MacGic HEXA- 
Gon, Macic LABELLING, Macic SERIES, Macic 
TOUR, MULTIMAGIC SQUARE, MULTIPLICATION MAGIC 
SQUARE, PANMAGIC SQUARE, SEMIMAGIC SQUARE, 
TALISMAN SQUARE, TEMPLAR MAGIC SQUARE, TRI- 
MAGIC SQUARE 
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Magic Star 
see MAGIC GRAPH 


Magic Tour 

Let a chess piece make a TOUR on an n x n CHESS- 
BOARD whose squares are numbered from 1 to n? along 
the path of the chess piece. Then the TOUR is called a 
magic tour if the resulting arrangement of numbers is a 
MAGIC SQUARE. If the first and last squares traversed 
are connected by a move, the tour is said to be closed (or 


Magic Tour 


“ve-entrant”); otherwise it is open. The MAcic Con- 
STANT for the 8 x 8 CHESSBOARD is 260. 


Pet 


aaneo 


AR Te 
Magic KNIGHT’S TOURS are not possible on n xn boards 
for n ODD, and are believed to be impossible for n = 
8. The “most magic” knight tour known on the 8 x 8 
board is the SEMIMAGIC SQUARE illustrated in the above 
left figure (Ball and Coxeter 1987, p. 185) having main 
diagonal sums of 348 and 168. Combining two half- 
knights’ tours one above the other as in the above right 
figure does, however, give a MAGIC SQUARE (Ball and 
Coxeter 1987, p. 185). 


eps feats Reals ee 2 7 8 
& os 


eae 
an ic ae a 
ee Geacar 
Ke a Al fies 


ANA KVE: 


| Oedslsé baal s fa 

| of fied] wa aicgl Si>< an 
The above illustration shows a 16 x 16 closed magic 
KNIGHT’s Tour (Madachy 1979). 


Majorant 1131 


A magic tour for king moves is illustrated above (Cox- 
eter 1987, p. 186). 

see also CHESSBOARD, KNIGHT’S TOUR, 
SQUARE, SEMIMAGIC SQUARE, TOUR 


MAGIC 


References 

Ball, W. W. R. and Coxeter, H. 8. M. Mathematical Recre- 
ations and Essays, 13th ed. New York: Dover, pp. 185— 
187, 1987. 

Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, pp. 87-89, 1979. 


Mahler-Lech Theorem 
Let K be a FIELD of CHARACTERISTIC 0 (e.g., the ra- 
tionals Q) and let {un} be a SEQUENCE of elements of 
K which satisfies a difference equation of the form 

Un = Con + C1Ungi tt... +CkUn+k;, 
where the COEFFICIENTS c¢; are fixed elements of K. 
Then, for any c € K, we have either un, = c for only 
finitely many values of n, or un = c for the values of n 
in some ARITHMETIC PROGRESSION. 


The proof involves embedding certain fields inside the 
p-ADIC NUMBERS Q, for some PRIME p, and using prop- 
erties of zeros of POWER series over Q,, (STRASSMAN’S 
THEOREM). 


see also ARITHMETIC PROGRESSION, p-ADIC NUMBER, 
STRASSMAN’S THEOREM 


Mahler’s Measure 
For a POLYNOMIAL P, 


Qn 
_ cay a8 
M(P) = exp | In |P(e ies 


It is related to JENSEN’S INEQUALITY. 
see also JENSEN’S INEQUALITY 


Major Axis 
see SEMIMAJOR AXIS 


Major Triangle Center 

A TRIANGLE CENTER a: § : 7 is called a ma- 
jor center if the TRIANGLE CENTER FUNCTION a = 
f(a,b,c, A,B,C) is a function of ANGLE A alone, and 
therefore @ and y of B and C alone, respectively. 


see also REGULAR TRIANGLE CENTER, TRIANGLE CEN- 
TER 
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Majorant 
A function used to study ORDINARY DIFFERENTIAL 
EQUATIONS. 
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Makeham Curve 
The function defined by 


y = kst™b? 


which is used in actuarial science for specifying a sim- 
plified mortality law. Using s(x) as the probability that 
a newborn will achieve age x, the Makeham law (1860) 


uses 
s(x) = exp(—Azx — m(c* — 1)) 


for B>0,A>—-B,c>1,2>0. 


see also GOMPERTZ CURVE, LIFE EXPECTANCY, LOGIS- 
Tic GROWTH CURVE, POPULATION GROWTH 
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Malfatti Circles 

Three circles packed inside a RIGHT TRIANGLE which 
are tangent to each other and to two sides of the TRI- 
ANGLE. 


see also MALFATTI’S RIGHT TRIANGLE PROBLEM 


Malfatti Points 
see AJIMA-MALFATTI POINTS 


Malfatti’s Right Triangle Problem 

Find the maximum total AREA of three CIRCLES (of 
possibly different sizes) which can be packed inside a 
RicHT TRIANGLE of any shape without overlapping. In 
1803, Malfatti gave the solution as three CIRCLES (the 
MALFATTI CIRCLES) tangent to each other and to two 
sides of the TRIANGLE. In 1929, it was shown that the 
MALFATTI CIRCLES were not always the best solution. 
Then Goldberg (1967) showed that, even worse, they are 
never the best solution. 


see also MALFATTI’S TANGENT TRIANGLE PROBLEM 
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Malfatti’s Tangent Triangle Problem 
Cc 
\ 
Pa Cra 


Pane 


Malmstén’s Differential Equation 


Draw within a given TRIANGLE three CIRCLES, each of 
which is TANGENT to the other two and to two sides 
of the TRIANGLE. Denote the three CIRCLES so con- 
structed '4, [n, and Ic. Then I'4 is tangent to AB 
and AC, Ig is tangent to BC and BA, and I is tan- 
gent to AC and BC. 


see also AJIMA-MALFATTI POINTS, MALFATTI’S RIGHT 
TRIANGLE PROBLEM 
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Malliavin Calculus 

An infinite-dimensional DIFFERENTIAL CALCULUS on 
the WIENER SPACE. Also called STOCHASTIC CALCU- 
LUS OF VARIATIONS. 


Mallow’s Sequence 

An INTEGER SEQUENCE given by the recurrence relation 
a(n) = a(a(n - 2)) + a(n — a(n — 2)) 

with a({1) = a(2) = 1. The first few values are 1, 1, 2, 

3, 3, 4, 5, 6, 6, 7, 7, 8, 9, 10, 10, 11, 12, 12, 13, 14,... 

(Sloane’s A005229). 


see also HOFSTADTER-CONWAY $10,000 SEQUENCE, 
HOFSTADTER’S Q-SEQUENCE 
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Malmstén’s Differential Equation 
" Ts m § 

~y=(A =)y. 

y t+ zy ( a ob =) y 
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Maltese Cross 


Maltese Cross 


An irregular DODECAHEDRON CROSS shaped like a + 
sign but whose points flange out at the end: H. The 
conventional proportions as computed on a 5 x 5 grid as 
illustrated above. 

see also CROSS, DISSECTION, DODECAHEDRON 
References 

Frederickson, G. “Maltese Crosses.” Ch. 14 in Dissections: 


Plane and Fancy. New York: Cambridge University Press, 
pp. 157-162, 1997. 


Maltese Cross Curve 


The plane curve with Cartesian equation 


ye —y jaa ty? 


and polar equation 


1 
2 
cos 6 sin 6(cos? @ — sin? 8)" 
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Malthusian Parameter 
The parameter a in the exponential POPULATION 
GROWTH equation 


Ni (t) = Noe™’. 
see also LIFE EXPECTANCY, POPULATION GROWTH 


Mandelbar Set 

A FRACTAL set analogous to the MANDELBROT SET or 
its generalization to a higher power with the variable z 
replaced by its COMPLEX CONJUGATE z”*. 


see also MANDELBROT SET 


Mandelbrot Set 
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Mandelbrot Set 


The set obtained by the QUADRATIC RECURRENCE 
Zn41 > ie + C, (1) 


where points C’ for which the orbit z = 0 does not tend 
to infinity are in the SET. It marks the set of points 
in the COMPLEX PLANE such that the corresponding 
JULIA SET is CONNECTED and not COMPUTABLE. The 
Mandelbrot set was originally called a 4: MOLECULE by 
Mandelbrot. 


J. Hubbard and A. Douady proved that the Mandel- 
brot set is CONNECTED. Shishikura (1994) proved that 
the boundary of the Mandelbrot set is a FRACTAL with 
HAUSDORFF DIMENSION 2. However, it is not yet known 
if the Mandelbrot set is pathwise-connected. If it is 
pathwise-connected, then Hubbard and Douady’s proof 
implies that the Mandelbrot set is the image of a Cir- 
CLE and can be constructed from a Disk by collapsing 
certain arcs in the interior (Douady 1986). 


The AREA of the set is known to lie between 1.5031 and 
1.5702; it is estimated as 1.50659.... 


Decomposing the COMPLEX coordinate z = 2 + ty and 
% = a-+ ib gives 

c=? —-y +a (2) 
y’ = 2ey + b. (3) 
In practice, the limit is approximated by 


lim [zn|* lim |zn| < rmax- (4) 


noo n—->NRmax 

Beautiful computer-generated plots can be created by 
coloring nonmember points depending on how quickly 
they diverge to rmax. A common choice is to define 
an INTEGER called the COUNT to be the largest n such 
that |z,| <r, where r is usually taken as r = 2, and 
to color points of different COUNT different colors. The 
boundary between successive COUNTS defines a series 
of “LEMNISCATES,” called EQUIPOTENTIAL CURVES by 
Peitgen and Saupe (1988), |Zn(C)| =r which have dis- 
tinctive shapes. The first few LEMNISCATES are 


L(C)=C (5) 
[2(C) =C(C +1) (6) 
L;(C)=C+(C+07) (7) 


I4(C) =C + [C+ (C+07)’)’. (8) 
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When written in CARTESIAN COORDINATES, the first 
three of these are 


=a ty? (9) 


r= (a +y)[(@ +1)? +y"] (10) 
r? = (x? +y?)(1 + 2a + 5a” + 627 + 6x4 + 42° + 2° 
- By" - Qry” + 8a? y? + 8n°y" 
+ 3x*y? + 2y* + 4ry* + 327y* + y°), (11) 


which are a CIRCLE, an OVAL, and a PEAR CURVE. In 
fact, the second LEMNISCATE L2 can be written in terms 
of a new coordinate system with 2’ = x — 1/2 as 


e’- 5) + ye + gy ty7J=r?, (12) 


which is just a CASSINI OVAL with a = 1/2 and b? = 
r. The LEMNISCATES grow increasingly convoluted with 
higher COUNT and approach the Mandelbrot set as the 
COUNT tends to infinity. 


The kidney bean-shaped portion of the Mandelbrot set 
is bordered by a CARDIOID with equations 


4x = 2cost — cos(2t) (13) 


4y = 2sint — sin(2t). (14) 


The adjoining portion is a CIRCLE with center at (—1, 0) 
and Rapius 1/4. One region of the Mandelbrot set con- 
taining spiral shapes is known as SEA HORSE VALLEY 
because the shape resembles the tail of a sea horse. 


Generalizations of the Mandelbrot set can be con- 
structed by replacing zn? with z,* or z%*, where k is a 
POSITIVE INTEGER and z* denotes the COMPLEX Con- 
JUGATE of z. The following figures show the FRACTALS 
obtained for k = 2, 3, and 4 (Dickau). The plots on the 
right have z replaced with z* and are sometimes called 
“MANDELBAR SETS.” 


Mandelbrot Set 


see also CACTUS FRACTAL, FRACTAL, JULIA SET, 
LEMNISCATE (MANDELBROT SET), MANDELBAR SET, 
QUADRATIC MAP, RANDELBROT SET, SEA HORSE VAL- 
LEY 
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Mandelbrot Tree 


Mandelbrot Tree 
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Mangoldt Function 
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The function defined by 
A(n) = {ne ifn= p* for p a prime (1) 
0 otherwise. 


exp(A(n)) is also given by [1, 2,..., n]/[1,2,...,n—1], 
where [a,b,c,...] denotes the LEasT COMMON MULTI- 
PLE. The first few values of exp(A(n)) for n = 1, 2, 
..., plotted above, are 1, 2, 3, 2,5, 1, 7, 2,... (Sloane’s 
A014963). The Mangoldt function is related to the RIE- 
MANN ZETA FUNCTION C(z) by 


6) _ 3 An) (2) 


where R[s] > 1. 
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Mangoldt Function 


20 40 60 80 100 
The SUMMATORY Mangoldt function, illustrated above, 
is defined by 
v(2) =} A(n), (3) 


nig 


where A(n) is the MANGOLDT FUNCTION. This has the 
explicit formula 


we)=2- DZ —men- mae), 


7) 


where the second SuM is over all complex zeros p of the 
RIEMANN ZETA FUNCTION ¢(s) and interpreted as 


P 
lim ot (5) 
t—r0o p 
Is(i<e 


Vardi (1991, p. 155) also gives the interesting formula 
In([e]!) = Ya) + ¥QQ2)+¥Ge)+-0, (6) 


where [z] is the NINT function and n! is a FACTORIAL. 


Vallée Poussin’s version of the PRIME NUMBER THEO- 
REM states that 


w(x) = 2 + O(re2¥™*) (7) 


for some a (Davenport 1980, Vardi 1991). The RIEMANN 
HYPOTHESIS is equivalent to 


ple) = 2 + Ove (Inz)’) (8) 


(Davenport 1980, p. 114; Vardi 1991). 


see also BOMBIERI’S THEOREM, GREATEST PRIME FAC- 
TOR, LAMBDA FUNCTION, LEAST COMMON MULTIPLE, 
LEAST PRIME Factor, RIEMANN FUNCTION 
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Manifold 

Rigorously, an n-D (topological) manifold is a ToPpo- 
LOGICAL SPACE M such that any point in M has a 
NEIGHBORHOOD U C M which is HOMEOMORPHIC to n- 
D EUCLIDEAN SPACE. The HOMEOMORPHISM is called a 
chart, since it lays that part of the manifold out flat, like 
charts of regions of the Earth. So a preferable statement 
is that any object which can be “charted” is a manifold. 


The most important manifolds are DIFFERENTIABLE 
MANIFOLDS. These are manifolds where overlapping 
charts “relate smoothly” to each other, meaning that 
the inverse of one followed by the other is an infinitely 
differentiable map from EUCLIDEAN SPACE to itself. 


Manifolds arise naturally in a variety of mathematical 
and physical applications as “global objects.” For exam- 
ple, in order to precisely describe all the configurations 
of a robot arm or all the possible positions and momenta 
of a rocket, an object is needed to store all of these pa- 
rameters. The objects that crop up are manifolds. From 
the geometric perspective, manifolds represent the pro- 
found idea having to do with global versus local proper- 
ties. 


Consider the ancient belief that the Earth was flat com- 
pared to the modern evidence that it is round. The 
discrepancy arises essentially from the fact that on the 
small scales that we see, the Earth does look flat. We 
cannot see it curve because we are too small (although 
the Greeks did notice that the last part of a ship to 
disappear over the horizon was the mast). We can de- 
tect curvature only indirectly from our vantage point on 
the Earth. The basic idea for this “problem” was codi- 
fied by Poincaré. The problem is that on a small scale, 
the Earth is nearly flat. In general, any object which is 
nearly “flat” on small scales is a manifold, and so mani- 
folds constitute a generalization of objects we could live 
on in which we would encounter the round/flat Earth 
problem. 


see also COBORDANT MANIFOLD, COMPACT MANI- 
FOLD, CONNECTED SUM DECOMPOSITION, DIFFER- 
ENTIABLE MANIFOLD, FLAG MANIFOLD, GRASSMANN 
MANIFOLD, HEEGAARD SPLITTING, ISOSPECTRAL 
MANIFOLDS, JACO-SHALEN-JOHANNSON TORUS DE- 
COMPOSITION, KAHLER MANIFOLD, POINCARE CON- 
JECTURE, PoIssON MANIFOLD, PRIME MANIFOLD, 
RIEMANNIAN MANIFOLD, SET, SMOOTH MANIFOLD, 
SPACE, STIEFEL MANIFOLD, STRATIFIED MANIFOLD, 
SUBMANIFOLD, SURGERY, SYMPLECTIC MANIFOLD, 
THURSTON’S GEOMETRIZATION CONJECTURE, TOPO- 
LOGICAL MANIFOLD, TOPOLOGICAL SPACE, WHITE- 
HEAD MANIFOLD, WIEDERSEHEN MANIFOLD 
References 
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Map Coloring 


Mantissa 

For a REAL NUMBER z, the mantissa is defined as the 
POSITIVE fractional part z — |x| = frac(x), where |z] 
denotes the FLOOR FUNCTION. 


see also CHARACTERISTIC (REAL NUMBER), FLOOR 
FUNCTION, SCIENTIFIC NOTATION 


Map 

A way of associating unique objects to every point in a 
given SET. So a map from A +> B is an object f such 
that for every a € A, there is a unique object f(a) € B. 
The terms FUNCTION and MAPPING are synonymous 
with map. 


The following table gives several common types of com- 
plex maps. 


Mapping Formula Domain 
inversion f(z)=+ nN 
magnification f(z) =az aéERFZO 
magnification+rotation | f(z) = az aeCF0 
Mobius f(iz2= oath a,b,c,d EC 
rotation f(z) =e 

translation f(z) =z+a aeéC 


see also 2x MOD 1 MAP, ARNOLD’S CaT MAP, BAKER’S 
Map, BounDARY MAP, CONFORMAL MAP, FUNC- 
TION, GAUSS MAP, GINGERBREADMAN MAP, HAR- 
MONIC MAP, HENON Map, IDENTITY MAP, INCLUSION 
MapP, KAPLAN-YORKE Map, LoGistic MAP, MANDEL- 
BROT SET, MAP PROJECTION, PULLBACK MAP, QUAD- 
RATIC MAP, TANGENT MAP, TENT Map, TRANSFOR- 
MATION, ZASLAVSKII Map 
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Map Coloring 

Given a map with GENUS g > 0, Heawood showed in 
1890 that the maximum number N, of colors necessary 
to color a map (the CHROMATIC NUMBER) on an un- 
bounded surface is 


Ny = [37+ 489 +1)| = [i+ 49 — 24x) |, 


where |a| is the FLOOR FUNCTION, g is the GENUS, 
and xy is the EULER CHARACTERISTIC. This is the HEA- 
WOOD CONJECTURE. In 1968, for any orientable surface 
other than the SPHERE (or equivalently, the PLANE) and 
any nonorientable surface other than the KLEIN BoT- 
TLE, N. was shown to be not merely a maximum, but 
the actual number needed (Ringel and Youngs 1968). 


When the FOUR-COLOR THEOREM was proven, the Hea- 
wood FORMULA was shown to hold also for all orientable 
and nonorientable surfaces with the exception of the 


Map Folding 


KLEIN BOTTLE. For this case (which has EULER CHAR- 
ACTERISTIC 1, and therefore can be considered to have 
g = 1/2), the actual number of colors N needed is six— 
one less than Ny = 7 (Franklin 1934; Saaty 1986, p. 45). 


surface 
Klein bottle 
Mobius strip 


plane 

projective plane 
sphere 

torus 


me ONE ONIM pa [te 


see also CHROMATIC NUMBER, FOUR-COLOR THEO- 
REM, HEAWOOD CONJECTURE, SIX-COLOR THEOREM, 
TORUS COLORING 
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Map Folding 

A general FORMULA giving the number of distinct ways 
of folding an N = m x n rectangular map is not known. 
A distinct folding is defined as a permutation of N num- 
bered cells reading from the top down. Lunnon (1971) 
gives values up to n = 28. 


nlixn|2xn|3xn 4xn 5xn | 
1 1 7 he 

2 2 8 

3 6 60 | 1368 

4 16 | 1980 300608 

5 59 | 19512 18698669 
6 144 | 15552 


The limiting ratio of the number of 1 x (n+ 1) strips to 
the number of 1 x n strips is given by 


) € [3.3868, 3.9821]. 


see also STAMP FOLDING 
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Map Projection 

A projection which maps a SPHERE (or SPHEROID) onto 
a PLANE. No projection can be simultaneously CON- 
FORMAL and AREA-PRESERVING. 


see also AIRY PROJECTION, ALBERS EQUAL- 
AREA CONIC PROJECTION, AXONOMETRY, AZIMUTHAL 
EQUIDISTANT PROJECTION, AZIMUTHAL PROJECTION, 
BEHRMANN CYLINDRICAL EQUAL-AREA PROJECTION, 
BONNE PROJECTION, CASSINI PROJECTION, CHRO- 
MATIC NUMBER, CONIC EQUIDISTANT PROJECTION, 
CONIC PROJECTION, CYLINDRICAL EQUAL-AREA PRO- 
JECTION, CYLINDRICAL EQUIDISTANT PROJECTION, 
CYLINDRICAL PROJECTION, ECKERT IV PROJECTION, 
ECKERT VI PROJECTION, FOUR-COLOR THEOREM, 
GNOMIC PROJECTION, GUTHRIE’S PROBLEM, HAM- 
MER-AITOFF EQUAL-AREA PROJECTION, LAMBERT 
AZIMUTHAL EQUAL-AREA PROJECTION, LAMBERT 
CONFORMAL CONIC PROJECTION, MAP COLORING, 
MERCATOR PROJECTION, MILLER CYLINDRICAL PRO- 
JECTION, MOLLWEIDE PROJECTION, ORTHOGRAPHIC 
PROJECTION, POLYCONIC PROJECTION, PSEUDOCYLIN- 
DRICAL PROJECTION, RECTANGULAR PROJECTION, SI- 
NUSOIDAL PROJECTION, SIX-COLOR THEOREM, STERE- 
OGRAPHIC PROJECTION, VAN DER GRINTEN PROJEC- 
TION, VERTICAL PERSPECTIVE PROJECTION 
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Mapes’ Method 
A method for computing the PRIME COUNTING FUNC- 
TION. Define the function 


0 
p90 p21 oa 


(1) 
where || is the FLOOR FUNCTION and the (3; are the 
binary digits (0 or 1) in 


Ti. (x, a) = (S1err ert east | a i 


Re 2) Bon 42° 7 Bare ace 2 Br + 2°Ao.. (2) 


The LEGENDRE SUM can then be written 


2°_1 


(a, a) = S> T(z, a). (3) 


k=0 
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The first few values of T,.(z,3) are 


To(x, 3) = |x| (4) 
T(z, 3) =— Fa (5) 
Ta(a, 3) = — =| (6) 
Ts(2, 3) = Ee | (7) 
Ta(x,3) = — |Z | (8) 
Ts(2, 3) ~ Fea (9) 
Te(a, 3) = Fe - | (10) 
Tr(z,3) = — Fed (11) 


Mapes’ method takes time ~ «°’’, which is slightly faster 
than the LEHMER-SCHUR METHOD. 


see also LEHMER-SCHUR METHOD, PRIME COUNTING 
FUNCTION 
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Mapping (Function) 
see MAP 


Mapping Space 

Let Y* be the set of continuous mappings f : X > Y. 
Then the TOPOLOGICAL SPACE for ¥* supplied with a 
compact-open topology is called a mapping space. 


see also LOOP SPACE 
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Marginal Analysis 
Let R(x) be the revenue for a production z, C(x) the 
cost, and P(z) the profit. Then 


P(z) = R(a) - C(e), 
and the marginal profit for the zoth unit is defined by 
P' (x0) = R'(xo) — C'(ao), 


where P’(x), R'{x), and C’(z) are the DERIVATIVES of 
P(z), R(x), and C(z), respectively. 
see also DERIVATIVE 


Markov Chain 


Marginal Probability 

Let S be partitioned into r x s disjoint sets E; and Fj 
where the general subset is denoted E;  F;. Then the 
marginal probability of FE; is 


P(E,) = SPB: i] F;). 


j=l 


Markoff’s Formulas 
Formulas obtained from differentiating NEWTON’S For- 
WARD DIFFERENCE FORMULA, 


; 1 
f' (ao + ph) = 7, {Ao + 4(2p — 1) AG 


d “ 
+2 (3p? — 6p + 2)Ap+...+ rr (?)as| + Ri, 
where 


— d 
Bi = AP f(T 


ty 


n+1 Pp a (n+1) 
+h Gar (é), 


(2) is a BinomIaAL CoEFFICIENT, and ag < € < an. 
Abramowitz and Stegun (1972) and Beyer (1987) give 
derivatives h”f\” in terms of A* and derivatives in 


terms of 6* and V*. 
see also FINITE DIFFERENCE 
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Markoff Number 
see MARKOV NUMBER 


Markov Algorithm 
An ALGORITHM which constructs allowed mathematical 
statements from simple ingredients. 


Markov Chain 
A collection of random variables {X,}, where the index 
t runs through 0, 1, .... 


References 
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Markov’s Inequality 


Markov’s Inequality 
If z takes only NONNEGATIVE values, then 


z) 


a 


Ple@2za)s 


°|8 


To prove the theorem, write 


@)= | of(e)de— f ofte)ae+ f af (x) dx. 
i?) 0 a 


Since P(x) is a probability density, it must be > 0. We 
have stipulated that a > 0, so 


(x) = [ eteraes [epee 


af(x)dzx > a) da 
> | Fz) > | af(z) 


=a fo f(x) dx = aP(z > a), 


Q. E. D. 


Markov Matrix 
see STOCHASTIC MATRIX 


Markov Moves 
A type I move (CONJUGATION) takes AB - BA for A, 
Be By where B, is a BRAID are 

1 2 n-] 


A type II move (STABILIZATION) takes A + Abn or A> 
Ab, ~' for A € Bn, and bn, Abn, and Ab,—} € Bn+1- 


1 2 n-1 n 


= 
7 
oo 


see also BRAID GROUP, CONJUGATION, REIDEMEISTER 
MOVES, STABILIZATION 
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Markov Number 
The Markov numbers m occur in solutions to the Dio- 
PHANTINE EQUATION 


x + y + = 3zyz, 
and are related to LAGRANGE NUMBERS L,, by 


4 
The first few solutions are (x,y,z) = (1,1,1), (1, 1, 2), 
(1, 2, 5), (1, 5, 13), (2, 5, 29), .... The solutions can be 
arranged in an infinite tree with two smaller branches 
on each trunk. It is not known if two different regions 
can have the same label. Strangely, the regions adjacent 
to 1 have alternate FIBONACCI NUMBERS 1, 2, 5, 13, 34, 


etc., and the regions adjacent to 2 have alternate PELL 
NumBERS 1, 5, 29, 169, 988, .... 


Let M(N) be the number of TRIPLES with x <y <z< 
N, then 


M(n) = C(In N) + O((In N)'**), 


where C' ~ 0.180717105 (Guy 1994, p. 166). 


see also HURWITZ EQUATION, HURWITZ’S IRRATIONAL 
NUMBER THEOREM, LAGRANGE NUMBER (RATIO- 
NAL APPROXIMATION) LIOUVILLE’S RATIONAL AP- 
PROXIMATION THEOREM, LIOUVILLE-ROTH CONSTANT, 
ROTH’S THEOREM, SEGRE’S THEOREM, THUE-SIEGEL- 
ROTH THEOREM 
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Markov Process 
A random process whose future probabilities are deter- 
mined by its most recent values. 


see also DOOB’S THEOREM 


Markov Spectrum 
A SPECTRUM containing the REAL NUMBERS larger 
than FREIMAN’S CONSTANT. 


see also FREIMAN’S CONSTANT, SPECTRUM SEQUENCE 
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Markov’s Theorem 

Published by A. A. Markov in 1935, Markov’s theorem 
states that equivalent BRAIDS expressing the same LINK 
are mutually related by successive applications of two 
types of MARKOV MOVES. Markov’s theorem is difficult 
to apply in practice, so it is difficult to establish the 
equivalence or nonequivalence of LINKS having different 
BRAID representations. 


see also BRAID, LINK, MARKOV MOVES 
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Marriage Theorem 

If a group of men and women may date only if they have 
previously been introduced, then a complete set of dates 
is possible IFF every subset of men has collectively been 
introduced to at least as many women, and vice versa. 
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Married Couples Problem 

Also called the MENAGE PROBLEM. In how many ways 
can n married couples be seated around a circular table 
in such a manner than there is always one man between 
two women and none of the men is next to his own 
wife? The solution (Ball and Coxeter 1987, p. 50) uses 
DISCORDANT PERMUTATIONS and can be given in terms 
of LAISANT’S RECURRENCE FORMULA 


(n —1)Anga = (n? —1)An + (n+ 1)An-1 + 4(-1)”, 


with A; = Az = 1. A closed form expression due to 
Touchard (1934) is 


A, = 
k=0 


ie on *) (n—H(-1, 


n 


where (7) is a BInomIaL Coerrictent (Vardi 1991). 


The first few values of A, are —1, 1, 0, 2, 13, 80, 
579, ... (Sloane’s A000179), which are sometimes called 
MENAGE NUMBERS. The desired solution is then 2n!A, 
The numbers A, can be considered a special case of a 
restricted ROOKS PROBLEM. 


see also DISCORDANT PERMUTATION, LAISANT’S RE- 
CURRENCE FORMULA, ROOKS PROBLEM 
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Mascheroni Construction 


Marshall-Edgeworth Index 
The statistical INDEX 


P = 22 Pn (go + In) 
lo >-(v0 + Un) 


where py, is the price per unit in period n, gn is the 
quantity produced in period n, and un = pagn is the 
value of the n units. 


see also INDEX 
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Martingale 
A sequence of random variates such that the CONDI- 
TIONAL PROBABILITY of an41 given 21, £2, ..., fn is 


a,. The term was first used to describe a type of wa- 
gering in which the bet is doubled or halved after a loss 
or win, respectively. 


see also GAMBLER’S RUIN, SAINT PETERSBURG PARA- 
DOX 


Mascheroni Constant 
see EULER-MASCHERONI CONSTANT 


Mascheroni Construction 

A geometric construction done with a movable COMPASS 
alone. All constructions possible with a COMPASS and 
STRAIGHTEDGE are possible with a movable COMPASS 
alone, as was proved by Mascheroni (1797). Mascher- 
oni’s results are now known to have been anticipated 
largely by Mohr (1672). 


see also COMPASS, GEOMETRIC CONSTRUCTION, NEu- 
SIS CONSTRUCTION, STRAIGHTEDGE 
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Maschke’s Theorem 


Maschke’s Theorem 

If a MATRIX GROUP is reducible, then it is completely 
reducible, i.e., if the MATRIX GROUP is equivalent to the 
MATRIX GROUP in which every MATRIX has the reduced 


form 
D® x; 
@. per 


then it is equivalent to the MATRIX GROUP obtained by 
putting X; = 0. 
see also MATRIX GROUP 
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Mason’s abc Theorem 
see MASON’S THEOREM 


Mason’s Theorem 
Let there be three POLYNOMIALS a(z), b(x), and c(zx) 
with no common factors such that 


a(x) + b(a) = c(z). 


Then the number of distinct RooTs of the three POLY- 
NOMIALS is one or more greater than their largest degree. 
The theorem was first proved by Stothers (1981). 


Mason’s theorem may be viewed as a very special case 
of a Wronskian estimate (Chudnovsky and Chudnovsky 
1984). The corresponding Wronskian identity in the 
proof by Lang (1993) is 


3 * W(a, db, c) = W(W(a,c), W(b, ¢)); 


so if a, b, and c are linearly dependent, then so are 
W(a,c) and W(b,c). More powerful Wronskian esti- 
mates with applications toward diophantine approxima- 
tion of solutions of linear differential equations may be 
found in Chudnovsky and Chudnovsky (1984) and Os- 
good (1985). 


The rational function case of FERMAT’S LAST THEO- 
REM follows trivially from Mason’s theorem (Lang 1993, 
p. 195). 


see also ABC CONJECTURE 
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Masser-Gramain Constant 

N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 

If f(z) is an ENTIRE FUNCTION such that f(n) is an 
INTEGER for each POSITIVE INTEGER n. Polya (1915) 
showed that if 


In M, 


lim sup < In2 = 0.693..., (1) 
T->+0O 
where 
M, = sup |f(x)| (2) 


is the SUPREMUM, then f is a POLYNOMIAL. Further- 
more, In2 is the best constant (i.e., counterexamples 
exist for every smaller value). 


If f(z) is an ENTIRE FUNCTION with f(n) a GAUSSIAN 
INTEGER for each GAUSSIAN INTEGER n, then Gelfond 
(1929) proved that there exists a constant a such that 


lim sup pate <a (3) 


2 
r—0o r 


implies that f is a POLYNOMIAL. Gramain (1981, 1982) 
showed that the best such constant is 


Tv 
a= 5 =0.578.... (4) 


Maser (1980) proved the weaker result that f must be 
a POLYNOMIAL if 


lim sup b cal < ao = } exp (-8 + <*) ; (5) 
T->Co r w 
where 
¢ = yG(1) + '(1) = 0.6462454398948114..., (6) 


y is the EULER-MASCHERONI CONSTANT, ((z) is the 
DIRICHLET BETA FUNCTION, 


— 7} 1 
§= lim a j (7) 


and r;, is the minimum NONNEGATIVE r for which there 
exists a COMPLEX NUMBER z for which the CLOSED 
DISK with center z and radius r contains at least k dis- 
tinct GAUSSIAN INTEGER. Gosper gave 


c= w{—In{f'(5)] + $4 4+ 3 n2 + $4}. (8) 
Gramain and Weber (1985, 1987) have obtained 
1.811447299 < 6 < 1.897327117, (9) 
which implies 


0.1707339 < ao < 0.1860446. (10) 
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Gramain (1981, 1982) conjectured that 


1 
ao = Qe’ (11) 
which would imply 
4c 
§=1+ on 1.822825249.... (12) 
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Match Problem 

Given n matches, find the number of topologically dis- 
tinct planar arrangements T(n) which can be made. The 
first few values are 1, 1, 3, 5, 10, 19, 39, ... (Sloane’s 
A003055). 


see also CIGARETTES, MATCHSTICK GRAPH 
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Matchstick Graph 

A PLANAR GRAPH whose EDGES are all unit line seg- 
ments. The minimal number of EDGEs for matchstick 
graphs of various degrees are given in the table below. 
The minimal degree 1 matchstick graph is a single EDGE, 
and the minimal degree 2 graph is an EQUILATERAL 
TRIANGLE. 


n oe v 
1 1 2 
2 3 3 
3 12 8 
4 < 42 


Mathematical Induction 
see INDUCTION 


Mathieu Differential Equation 


Mathematics 

Mathematics is a broad-ranging field of study in which 
the properties and interactions of idealized objects are 
examined. Whereas mathematics began merely as a cal- 
culational tool for computation and tabulation of quan- 
tities, it has blossomed into an extremely rich and di- 
verse set of tools, terminologies, and approaches which 
range from the purely abstract to the utilitarian. 


Bertrand Russell once whimsically defined mathematics 
as, “The subject in which we never know what we are 
talking about nor whether what we are saying is true” 
(Bergamini 1969). 


The term “mathematics” is often shortened to “math” 
in informal American speech and, consistent with the 
British penchant for adding superfluous letters, “maths” 
in British English. 


see also METAMATHEMATICS 
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Mathematics Prizes 

Several prizes are awarded periodically for outstanding 
mathematical achievement. There is no Nobel Prize 
in mathematics, and the most prestigious mathematical 
award is known as the FIELDS MEDAL. In rough order of 
importance, other awards are the $100,000 Wolf Prize of 
the Wolf Foundation of Israel, the Leroy P. Steele Prize 
of the American Mathematical Society, followed by the 
Bécher Memorial Prize, Frank Nelson Cole Prizes in Al- 
gebra and Number Theory, and the Delbert Ray Fulker- 
son Prize, all presented by the American Mathematical 
Society. 


see also FIELDS MEDAL 
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Mathieu Differential Equation 


d*V 
dv? 


+ [6 — 2qgcos(2v)|V = 0. 


Mathieu Function 


It arises in separation of variables of LAPLACE’S EQUA- 
TION in ELLIPTIC CYLINDRICAL COORDINATES. Whit- 
taker and Watson (1990) use a slightly different form to 
define the MATHIEU FUNCTIONS. 


The modified Mathieu differential equation 
dU 
du? 

arises in SEPARATION OF VARIABLES of the HELMHOLTZ 


DIFFERENTIAL EQUATION in ELLIPTIC CYLINDRICAL 
COORDINATES. 


see also MATHIEU FUNCTION 


— [b — 2gcosh(2u)]U = 0 
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Mathieu Function 

The form given by Whittaker and Watson (1990, p. 405) 

defines the Mathieu function based on the equation 
@u 
at [a + 16gcos(2z)]u = 0. (1) 

This equation is closely related to HILL’Ss DIFFERENTIAL 

EQUATION. For an EVEN Mathieu function, 


G(n) =A i, , ef en °95 9 Gg) do, (2) 


n 


where k = \/32q. For an ODD Mathieu function, 


G(n) = aft sin(k sin n sin @)G(6) dé. (3) 


me 


Both EVEN and ODD functions satisfy 


G(n) => / : enemnee’ G0) de. (4) 


is 


Letting ¢ = cos? z transforms the MATHIEU DIFFEREN- 
TIAL EQUATION to 


du 


4c(1 Oops +2(1 - 20) +(a—16q+32q¢)u = 0. (5) 


see also MATHIEU DIFFERENTIAL EQUATION 
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Mathieu Groups 

The first SIMPLE SPORADIC GROUPS discovered. Mii, 
Mi2, Moa, Mp3, Moa were discovered in 1861 and 1873 
by Mathieu. Frobenius showed that all the Mathieu 
groups are SUBGROUPS of Moa. 


The Mathieu groups are most simply defined as Au- 
TOMORPHISM groups of STEINER SYSTEMS. Mii corre- 
sponds to S(4,5,11) and M23 corresponds to S(4, 7, 23). 
My, and M23 are TRANSITIVE PERMUTATION GROUPS 
of 11 and 23 elements. 


The ORDERS of the Mathieu groups are 


2 


|Mii| = 24-3?-5-11 
|My2| = 2°-3°-5-11 

|Moo| = 2”-3?-5-7-11 
|Mo3| = 2”-37-5-7-11- 23. 


see also SPORADIC GROUP 
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Matrix 
The TRANSFORMATION given by the system of equations 


v 
@y = G1171 + Qi2%24+...4+ Ginn 
, 
fq = 42171 + Goa2eTat+...t+ Gontn 
' 
Lm = Am1L1 + @m2%2 +... + AmnZn 


is denoted by the MATRIX EQUATION 


’ 

Ly ail a12 8 Qin Ly 
, 

L2 @21 G22 ‘': Gan r2 
Ul 

Ln Qm1 G@m2 ‘** Omn Ln 


In concise notation, this could be written 
x’ = Ax, 


where x’ and x are VECTORS and A is called an n x m 
matrix. A matrix is said to be SQUARE if m =n. Spe- 
cial types of SQUARE MATRICES include the IDENTITY 
MATRIX I, with ai; = 6:i; (where 6,;; is the KRONECKER 
DELTA) and the DIAGONAL MATRIX aij = cidi; (where 
c; are a set of constants). 
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For every linear transformation there exists one and only 
one corresponding matrix. Conversely, every matrix cor- 
responds to a unique linear transformation. The matrix 
is an important concept in mathematics, and was first 
formulated by Sylvester and Cayley. 


Two matrices may be added (MATRIX ADDITION) or 
multiplied (MATRIX MULTIPLICATION) together to yield 
a new matrix. Other common operations on a single ma- 
trix are diagonalization, inversion (MATRIX INVERSE), 
and transposition (MATRIX TRANSPOSE). The DETER- 
MINANT det(A) or |A{ of a matrix A is an very important 
quantity which appears in many diverse applications. 
Matrices provide a concise notation which is extremely 
useful in a wide range of problems involving linear equa- 
tions (e.g., LEAST SQUARES FITTING). 


see also ADJACENCY MATRIX, ADJUGATE MATRIX, 
ANTISYMMETRIC MATRIX, BLOCK MATRIX, CARTAN 
MATRIX, CIRCULANT MATRIX, CONDITION NUMBER, 
CRAMER’S RULE, DETERMINANT, DIAGONAL MATRIX, 
Dirac MATRICES, EIGENVECTOR, ELEMENTARY MA- 
TRIX, EQUIVALENT MATRIX, FOURIER MATRIX, GRAM 
MATRIX, HILBERT MATRIX, HYPERMATRIX, IDENTITY 
MaTRIX, INCIDENCE MATRIX, IRREDUCIBLE MATRIX, 
Kac MATRIX, LU DECOMPOSITION, MARKOV MATRIX, 
MATRIX ADDITION, MATRIX DECOMPOSITION THE- 
OREM, MATRIX INVERSE, MATRIX MULTIPLICATION, 
McCoy’s THEOREM, MINIMAL MATRIX, NORMAL Ma- 
TRIX, PAULI MATRICES, PERMUTATION MATRIX, POSI- 
TIVE DEFINITE MATRIX, RANDOM MATRIX, RATIONAL 
CANONICAL FORM, REDUCIBLE MATRIX, ROTH’S RE- 
MOVAL RULE, SHEAR MATRIX, SKEW SYMMETRIC Ma- 
TRIX, SMITH NORMAL FORM, SPARSE MATRIX, SPE- 
CIAL MATRIX, SQUARE MATRIX, STOCHASTIC MATRIX, 
SUBMATRIX, SYMMETRIC MATRIX, TOURNAMENT MA- 
TRIX 
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Matrix Addition 

Denote the sum of two MATRICES A and B (of the same 
dimensions) by C = A+B. The sum is defined by adding 
entries with the same indices 


Cijy = aig + Bi; 


over all ¢ and 7. For example, 


@it 12 i: bir bie cs Qi +b 
21 G22 bai ba @ai + bai 


Matrix addition is therefore both COMMUTATIVE and 
ASSOCIATIVE. 


see also MATRIX, MATRIX MULTIPLICATION 


Qi2 + bi2 
a22 + b22 |” 


Matrix Equality 


Matrix Decomposition Theorem 

Let P be a MATRIX of EIGENVECTORS of a given Ma- 
TRIX A and D a MatTRIXx of the corresponding EIGEN- 
VALUES. Then A can be written 


A=PDP™, (1) 


where D is a DIAGONAL MATRIX and the columns of P 
are ORTHOGONAL VECTORS. If P is not a SQUARE MA- 
TRIX, then it cannot have a MATRIX INVERSE. However, 
if P is m x n (with m > n), then A can be written 


A=UDV"', (2) 


where U and V are n x n SQUARE MATRICES with OR- 
THOGONAL columns, 


UTU=VT7=l. (3) 


Matrix Diagonalization 

Diagonalizing a MATRIX is equivalent to finding the 
EIGENVECTORS and EIGENVALUES. The EIGENVALUES 
make up the entries of the diagonalized MATRIX, and 
the EIGENVECTORS make up the new set of axes corre- 
sponding to the DIAGONAL MATRIX. 


see also DIAGONAL MATRIX, EIGENVALUE, BEIGENVEC- 
TOR 
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Matrix Direct Product 
see DIRECT PRODUCT (MATRIX) 


Matrix Equality 
Two Matrices A and B are said to be equal IFF 


aiy = bi; 
for all i, 7. Therefore, 
L. 2/2 
3 4} 13 44’ 


while 


Matrix Equation 


Matrix Equation 
Nonhomogeneous matrix equations of the form 


Ax=b (1) 
can be solved by taking the MATRIX INVERSE to obtain 
x=A'b. (2) 


This equation will have a nontrivial solution IFF the 
DETERMINANT det(A) # 0. In general, more numeri- 
cally stable techniques of solving the equation include 
GAUSSIAN ELIMINATION, LU DECOMPOSITION, or the 
SQUARE ROOT METHOD. 


For a homogeneous n x n MATRIX equation 


@i1 G12, «+ Gin 21 0 
@Q21 G22 ‘++ Gan x2 0 

= (3) 
Q@n1 Qn2 *'' Onn Ln 0 


to be solved for the zis, consider the DETERMINANT 


Q@i1 G12 * "Ain 
Q@21 G22 ‘"* Qn 

(4) 
Qni Gn2 *** Ann 


Now multiply by z1, which is equivalent to multiplying 
the first row (or any row) by 21, 


@i1 G12 ***) Gin Q@11%1 Giz "+ Gin 
Q21 G22 ‘++ Gan @21%1 G22 ‘'* Gan 
1 = 
ani an2 tae ann QAnit1 an2 aed aan 
(5) 


The value of the DETERMINANT is unchanged if multi- 
ples of columns are added to other columns. So add x2 
times column 2, ..., and 2, times column 7 to the first 
column to obtain 


@i1 G12 **: Gin 
Q21 G22 °**-> Gan 
T1 
Qn1 Qn2 ‘°'* Gnn 
21121 +Qi2%2+...+Ginen 12 °° Gin 
Q21%1 + G2ate+...+Gentn G22 +++ Gan 
QniZ1 + An2%2+...+Annfn GQn2 °° ann 


(6) 


But from the original MATRIX, each of the entries in the 
first columns is zero since 


Qi1%1 + ai2%2 +... + 4inrn — 0, (7) 
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so 
O @i2 +++ Qin 
QO ae2 ++: Gan 
‘ ; = 0. (8) 
0 An2 st) Onn 


Therefore, if there is an xz; 4 0 which is a solution, the 
DETERMINANT is zero. This is also true for x2, ..., 
Zn, So the original homogeneous system has a nontrivial 
solution for all z;s only if the DETERMINANT is 0. This 
approach is the basis for CRAMER’S RULE. 


Given a numerical solution to a matrix equation, the 
solution can be iteratively improved using the follow- 
ing technique. Assume that the numerically obtained 
solution to 


Ax=b (9) 


is x} = x + 6x1, where 6x; is an error term. The first 
solution therefore gives 


A(x + 6x1) =b+6b (10) 
Aéx, = 5b, (11) 
where 6b is found by solving (10) 
db = Ax: —b. (12) 
Combining (11) and (12) then gives 
6x, = A7*6b =A™1(Ax; —b) =x1—-A™*b, (13) 
so the next iteration to obtain x accurately should be 


X2 =X, — 6x). (14) 


see also CRAMER’S RULE, GAUSSIAN ELIMINATION, LU 
DECOMPOSITION, MATRIX, MATRIX ADDITION, MA- 
TRIX INVERSE, MATRIX MULTIPLICATION, NORMAL 
EQUATION, SQUARE ROOT METHOD 


Matrix Exponential 
Given a SQUARE Matrix A, the matrix exponential is 
defined by 


ep(A)seA ay A 1404 AA AMAL 


where | is the IDENTITY MATRIX. 
see also EXPONENTIAL FUNCTION, MATRIX 


Matrix Group 

A GROUP in which the elements are SQUARE MATRI- 
CES, the group multiplication law is MATRIX MULTIPLI- 
CATION, and the group inverse is simply the MATRIX 
INVERSE. Every matrix group is equivalent to a unitary 
matrix group (Lomont 1987, pp. 47-48). 


see also MASCHKE’S THEOREM 
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Matrix Inverse 
A Matrix A has an inverse IFF the DETERMINANT 
|A] 4 0. For a 2 x 2 MATRIX 


la b 
as|° AR (1) 


the inverse is 


-1 1 |d —b 1 d —b 
a. =a | 4. i l-ate| 4 eal (2) 


For a 3 x 3 MATRIX, 


422 423 @13 412 @1i2 413 

a32 33 a33 «432 22 423 

A> = 1 a23 G21 @11 413 a3 Qt 
|A| a33 Gai @31 433 G23 Q21 

Q21 G22 @i2 G11 @i1 12 

431 432 a32 431 421 422 


(3) 
A general n x n matrix can be inverted using methods 
such as the GAUSS-JORDAN ELIMINATION, GAUSSIAN 
ELIMINATION, or LU DECOMPOSITION. 


The inverse of a PRopuct AB of Matrices A and B 
can be expressed in terms of A~’ and B~*. Let 


C= AB. (4) 
Then 
B=A'AB=A™'C (5) 
and 
A = ABB™* =CB™’. (6) 
Therefore, 


C=AB=(CB“‘)(A*C)=CBA'C, (7) 


sO 
CBA? =1, (8) 


where | is the IDENTITY MATRIX, and 
B-tA7? = C7? = (AB)’. (9) 


see also MATRIX, MATRIX ADDITION, MATRIX MUL- 
TIPLICATION, MOORE-PENROSE GENERALIZED MATRIX 
INVERSE, STRASSEN FORMULAS 
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Matrix Multiplication 


Matrix Multiplication 
The product C of two MATRICEs A and B is defined by 


Cik = aajbjr, (1) 
where j is summed over for all possible values of ¢ and 


k. Therefore, in order for multiplication to be defined, 
the dimensions of the MATRICES must satisfy 


(n x m)(m x p) = (nx p), (2) 


where (a x b) denotes a MATRIX with a rows and 6 
columns. Writing out the product explicitly, 


C11 C12 + **) Cip 
C21 C22 *** Cap 
Cn1 Cn2 sts) Cnp 
@11 412 +++ Qim bir biz +++ Bap 
421 Q22 aries Q2m bai boa —° bap 
= ? 
Qanl an2 ca Anm bmi bm2 siae bmp 
(3) 
where 
C11 = 11611 + Qi2ba1 +... + @imbmi 
C12 = Q11612 + ai2b22 +... + Aimbma 
Cip = a11bip + Qi2b2p +...+ aimbmp 
C21 = A21b11 + aazgba1 +... + @2mbmi 
C22 = Gaibi2 + G@22b22 +... + @ambm2 
C2p = a2ibip + a22b2p tit Q2mbmp 
Cni = G@nibi1 + Qn2ba1 +... + Anmdmi 
Cn2 >= AGnibi2 + An2be22 fs ea Anmbm2 
Cnp = Gnibip + An2bep +..6+ Qnmbmp- 


MATRIX MULTIPLICATION is ASSOCIATIVE, as can be 
seen by taking 


[(ab)c]iz = (ab)inces = (aibrr )cK;- (4) 


Now, since ai, bin, and cx; are SCALARS, use the ASso- 
CIATIVITY of SCALAR MULTIPLICATION to write 


(aibix ers = ai(bixcrj) = au(be)r; = [a(be)]ij. (5) 
Since this is true for all 7 and 7, it must be true that 

[(ab)cliz = [a(be)].5- (6) 

That is, MATRIX multiplication is ASSOCIATIVE. How- 

ever, MATRIX MULTIPLICATION is not COMMUTATIVE 


unless A and B are DIAGONAL (and have the same di- 
mensions). 


Matrix Norm 


The product of two BLOCK MATRICES is given by mul- 
tiplying each block 


o Oo x 2 
oOo oO x f£ 
oO z 
o 0 0 tc f£& Ff 
o 0.90 cc ££ f£ 
o o 90 = gf f 
o a oe 
Lola a 


see also MATRIX, MATRIX ADDITION, MATRIX IN- 
VERSE, STRASSEN FORMULAS 
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Matrix Norm 

Given a SQUARE MATRIX A with COMPLEX (or REAL) 
entries, a MATRIX NORM ||A|| is a NONNEGATIVE num- 
ber associated with A having the properties 


1. ||A|| > 0 when A 4 0 and ||A|| = 0 IrFF A= 0, 

2. ||KA]| = [A] |[A]| for any SCALAR k, 

3. ||A + Bil < ||Al| + ||BIl, 

4. ||AB|| < |JA||||B\l. 

For an n x n MATRIX A and an n X n UNITARY MATRIX 


U, 
|AU{| = |[UA]| = [IAI]. 


Let A1,..., An be the EIGENVALUES of A, then 


1 
——az7 SIAL <IIAll 
|A7* || 


The MAXIMUM ABSOLUTE COLUMN SuM Norns ||A||1, 
SPECTRAL NorM ||A||2, and MAXIMUM ABSOLUTE 
Row SuM Nor ||A||oo satisfy 


(IIAll2)” < [IAlIt IIAlleo- 


For a SQUARE MATRIX, the SPECTRAL NORM, which is 
the SQUARE Root of the maximum EIGENVALUE of A'A 
(where Al is the ADJOINT MATRIX), is often referred to 
as “the” matrix norm. 


see also COMPATIBLE, HILBERT-SCHMIDT NORM, MAX- 
IMUM ABSOLUTE COLUMN SUM NorM, MAXIMUM AB- 
SOLUTE ROw SUM NORM, NATURAL NORM, NORM, 
POLYNOMIAL NORM, SPECTRAL NORM, SPECTRAL RA- 
DIUS, VECTOR NORM 
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Matrix Polynomial Identity 
see CAYLEY-HAMILTON THEOREM 


Matrix Product 
The result of a MATRIX MULTIPLICATION. 


see also PRODUCT 


Matrix Transpose 
see TRANSPOSE 


Matroid 

Roughly speaking, a finite set together with a general- 
ization of a concept from linear algebra that satisfies a 
natural set of properties for that concept. For example, 
the finite set could be the rows of a MATRIX, and the 
generalizing concept could be linear dependence and in- 
dependence of any subset of rows of the MATRIX. The 
number of matroids with n points are 1, 1, 2, 4, 9, 26, 
101, 950, ... (Sloane’s A002773). 
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Maurer Rose 


n= 4,d= 120 n=6,d= 72 


A Maurer rose is a plot of a “walk” along an n- (or 


2n-) leafed ROSE in steps of a fixed number d degrees, 
including all cosets. 


see also STARR ROSE 
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Max Sequence 

A sequence defined from a FINITE sequence ao, @1,..., 
a, by defining an41 = max;(ai + Gn-i). 

see also MEX SEQUENCE 
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Maximal Ideal 

A maximal ideal of a RING Ris an IDEAL J, not equal 
to R, such that there are no IDEALS “in between” J and 
R. In other words, if J is an IDEAL which contains I as 
a SUBSET, then either J = I or J = R. For example, 


nZ is a maximal ideal of Z IFF n is PRIME, where Z is 
the RING of INTEGERS. 


see also IDEAL, PRIME IDEAL, REGULAR LOCAL RING, 
RING 


Maximal Sum-Free Set 

A maximal sum-free sct is a set {a1,a@2,...,@n} of dis- 
tinct NATURAL NUMBERS such that a maximum | of 
them satisfy ai; + ai, # Gm, for 1 < j < k < i, 
l<m<n. 


see also MAXIMAL ZERO-SUM-FREE SET 
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Guy, R. K. “Maximal Sum-Free Sets.” §C14 in Unsolved 
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Maximal Zero-Sum-Free Set 
A set having the largest number & of distinct residue 
classes modulo m so that no SUBSET has zero sum. 


see also MAXIMAL SUM-FREE SET 
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Maximally Linear Independent 

A set of VECTORS is maximally linearly independent 
if including any other VECTOR in the VECTOR SPACE 
would make it LINEARLY DEPENDENT (i.e., if any other 
VECTOR in the SPACE can be expressed as a linear com- 
bination of elements of a maximal set—the Basis). 


Maximum 

The largest value of a set, function, etc. The maximum 
value of a set of elements A = {ai}, is denoted max A 
or max; ai, and is equal to the last element of a sorted 
(i.e., ordered) version of A. For example, given the set 
{3, 5, 4, 1}, the sorted version is {1, 3, 4, 5}, so the 
maximum is 5. The maximum and MINIMUM are the 
simplest ORDER STATISTICS. 


f=0 £@)<9, 
f'>90 
fe<0 foro 
F)>0 FQ) <0 {=O \ fu<o, 
f=0 fC) = £'@)<0 
maximum mininniny Stationary point 


A continuous FUNCTION may assume a maximum at a 
single point or may have maxima at a number of points. 
A GLOBAL MAXIMUM of a FUNCTION is the largest value 
in the entire RANGE of the FUNCTION, and a LOCAL 
MAXIMUM is the largest value in some local neighbor- 
hood. 


Maximum Clique Problem 


For a function f(x) which is CONTINUOUS at a point xo, 
a NECESSARY but not SUFFICIENT condition for f(x) to 
have a RELATIVE MAXIMUM at xz = 2p is that zo be 
a CRITICAL POINT (i.e., f(z) is either not DIFFEREN- 
TIABLE at @p Or Zo is a STATIONARY POINT, in which 
case f’(xz9) = 0). 


The FIRST DERIVATIVE TEST can be applied to Con- 
TINUOUS FUNCTIONS to distinguish maxima from MIN- 
IMA. For twice differentiable functions of one variable, 
f(x), or of two variables, f(x,y), the SECOND DERIV- 
ATIVE TEST can sometimes also identify the nature of 
an EXTREMUM. For a function f(x), the EXTREMUM 
TEST succeeds under more general conditions than the 
SECOND DERIVATIVE TEST. 


see also CRITICAL POINT, EXTREMUM, EXTREMUM 
TEST, FIRST DERIVATIVE TEST, GLOBAL MAXIMUM, 
INFLECTION PoInT, LOCAL MAXIMUM, MIDRANGE, 
MINIMUM, ORDER STATISTIC, SADDLE POINT (FUNC- 
TION), SECOND DERIVATIVE TEST, STATIONARY POINT 
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Maximum Absolute Column Sum Norm 

The NATURAL NORM induced by the £1-NORM is called 
the maximum absolute column sum norm and is defined 
by 


|All: = max > Jas! 
i=1 


for a MATRIX A. 


see also L1-NORM, MAXIMUM ABSOLUTE ROW SUM 
NORM 


Maximum Absolute Row Sum Norm 
The NATURAL NORM induced by the L.9-NORM is called 
the maximum absolute row sum norm and is defined by 


[|Alloo = max >? |ais| 
j=l 


for a MATRIX A. 


see also Lo.-NORM, MAXIMUM ABSOLUTE COLUMN 
SumM NORM 


Maximum Clique Problem 
see PARTY PROBLEM 
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Maximum Entropy Method 

A DECONVOLUTION ALGORITHM (sometimes abbrevi- 
ated MEM) which functions by minimizing a smooth- 
ness function (“ENTROPY”) in an image. Maximum en- 
tropy is also called the ALL-POLES MODEL or AUTORE- 
GRESSIVE MODEL. For images with more than a million 
pixels, maximum entropy is faster than the CLEAN AL- 
GORITHM. 


MEM is commonly employed in astronomical synthe- 
sis imaging. In this application, the resolution depends 
on the signal to NOISE ratio, which must be speci- 
fied. Therefore, resolution is image dependent and varies 
across the map. MEM is also biased, since the ensemble 
average of the estimated noise is NONZERO. However, 
this bias is much smaller than the NOISE for pixels with 
a SNR > 1. It can yield super-resolution, which can 
usually be trusted to an order of magnitude in SOLID 
ANGLE. 


Several definitions of “ENTROPY” normalized to the flux 
in the image are 


m= Soin (a) (1) 
Hi =-So hin (74), (2) 


where M, is a “default image” and I;, is the smoothed 
image. Some unnormalized entropy measures (Cornwell 
1982, p. 3) are given by 


H,=-S> filn(fi) (3) 
H2 = S~In(fi) (4) 
= 1 
A3=- Ss inf) (5) 
= 1 
=) CP 2 
HAs — So Vin(fi)- (7) 
see also CLEAN ALGORITHM, DECONVOLUTION, 
LUCY 
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Maximum Likelihood 

The procedure of finding the value of one or more pa- 
rameters for a given statistic which makes the known 
LIKELIHOOD distribution a MAXIMUM. The maximum 
likelihood estimate for a parameter yu is denoted fz. 


For a BERNOULLI DISTRIBUTION, 


£ Ie enc ayn] = Np(1—6)—ONq =0, (1) 


so maximum likelihood occurs for 6 = p. If p is not 
known ahead of time, the likelihood function is 


f(21,...,@n|p) = P(X, =%1,...,Xn = En|p) 
= p™)(1— p)'*}..-p®™(1— p)'-71" 
= peti = p)@ #8) = pi(1 =, pe re, (2) 


where x =Oor1,andi=l,...,n. 
Inf =} > aiInp+ (n - So 2:) in(a -p) (3) 
d(In f) - Ls nabs 2 


Sapa a (5) 
a Daee. (6) 


For a GAUSSIAN DISTRIBUTION, 


—(2j—p)? /20? 


f(z1,.--,2n|p,o7) = II aia 
= OA oy [ Bee) 


2a? 
2 
In f = —$nln(2r) — nIno — ole oe) ) (8) 
wed) iy dale = H) _ 4 (9) 
gives 
a= Ft (10) 
O(in f) La D(a: = H) (11) 


Maximum Likelihood 


eel pa (12) 


Note that in this case, the maximum likelihood STAN- 
DARD DEVIATION is the sample STANDARD DEVIATION, 
which is a BIASED ESTIMATOR for the population STAN- 
DARD DEVIATION. 
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gives 


For a weighted GAUSSIAN DISTRIBUTION, 


~(2i-u)? /20;? 


1 
f(z1,...,2n|p,0) = Il Ne 
- a Pee | Ula. “| (13) 


In f = —3nln(2z) no Ing = S- fea) (14) 


al ir i 1 
oe) =>) SH =~ 3-40 4= 


gives 


Bu 
: Op . 8 Vede*)_ _ife? rr 
ani Oni S\(1/oi)  Ss(1/ai?)’ (18) 
so 
1/o. . 
on = hot (ssh7e) 
i Saear 1/o;? 1 ; (19) 


[S(1/0.2)]’ ~ S/o) 


For a POISSON DISTRIBUTION, 


—Ay02 —Ay\en ~nd >) 2 
F(@1y.-.,@nld) = are Erne 
(20) 
In f = —nd+ (n.d) Does — In (I x!) (21) 
d(in f) -_ SY 2; 
aia we (22) 
i= 271 (23) 


see also BAYESIAN ANALYSIS 
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May’s Theorem 


Maxwell Distribution 


P(x) 
D(x) 


x xX 
The distribution of speeds of molecules in thermal equi- 
librium as given by statistical mechanics. The probabil- 
ity and cumulative distributions are 


P(x) = i[zattstern (1) 
(2) 


where y(a,z) is an incomplete GAMMA FUNCTION and 
z € [0,co). The moments are 


: 
wo 
i 
Oo 
a 
cs 


[a = 5 (6) 


and the MEAN, VARIANCE, SKEWNESS, and KuURTOSIS 
are 


2 
te (7) 
2 3nr — 8 
» ra (8) 
8 2 
n= 3 3x (9) 
ya = —§. (10) 


see also EXPONENTIAL DISTRIBUTION, GAUSSIAN DIs- 
TRIBUTION, RAYLEIGH DISTRIBUTION 
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May’s Theorem 
Simple majority vote is the only procedure which is 
ANONYMOUS, DUAL, and MONOTONIC. 
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May-Thomason Uniqueness Theorem 

For every infinite Loop SPACE MACHINE E, there is a 
natural equivalence of spectra between EX and Segal’s 
spectrum BX. 
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Maze 

A maze is a drawing of impenetrable line segments (or 
curves) with “paths” between them. The goal of the 
maze is to start at one given point and find a path which 
reaches a second given point. 
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Mazur’s Theorem 

The generalization of the SCHONFLIES THEOREM to n- 
D. A smoothly embedded n-HYPERSPHERE in an (n+ 
1)-HYPERSPHERE separates the (n + 1)-HYPERSPHERE 
into two components, each HOMEOMORPHIC to (n+ 1)- 
BALLS. It can be proved using MORSE THEORY. 


see also BALL, HYPERSPHERE 


McCay Circle 

If the VERTEX A, of a TRIANGLE describes the NEU- 
BERG CIRCLE nj, its MEDIAN POINT describes a circle 
whose radius is 1/3 that of the NEUBERG CIRCLE. Such 
a CIRCLE is known as a McKay circle, and the three 
McCay circles are CONCURRENT at the MEDIAN POINT 
M. Three homologous collinear points lie on the McCay 
circles. 


see also CIRCLE, CONCURRENT, MEDIAN POINT, NEU- 
BERG CIRCLES 
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McCoy’s Theorem 

If two SQUARE n X n MATRICES A and B are simulta- 
neously upper triangularizable by similarity transforms, 
then there is an ordering ai, ..., @n of the EIGENVAL- 
uES of A and bi, ..., bn of the EIGENVALUES of B so 
that, given any POLYNOMIAL p(z, y) in noncommuting 
variables, the EIGENVALUES of p(A, B) are the numbers 
p(ai,b:) with i = 1, ..., n. McCoy’s theorem states 
the converse: If every POLYNOMIAL exhibits the correct 
EIGENVALUES in a consistent ordering, then A and B 
are simultaneously triangularizable. 
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McLaughlin Group 
The SPORADIC GrRouP McL. 
References 
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McMohan’s Theorem 


Consider a GAUSSIAN BIVARIATE DISTRIBUTION. Let 
f(xz1, 22) be an arbitrary FUNCTION. Then 


cs ae oy 
Op” ~ 02," 0x2” ; 


see also GAUSSIAN BIVARIATE DISTRIBUTION 


McNugget Number 

A number which can be obtained from an order of 
McDonald’s® Chicken McNuggets’™ (prior to consum- 
ing any), which originally came in boxes of 6, 9, and 
20. All integers are McNugget numbers except 1, 2, 3, 
4, 5, 7, 8, 10, 11, 13, 14, 16, 17, 19, 22, 23, 25, 28, 31, 
34, 37, and 43. Since the Happy Meal?™-sized nugget 
box (4 to a box) can now be purchased separately, the 
modern McNugget numbers are a linear combination of 
4, 6, 9, and 20. These new-fangled numbers are much 
less interesting than before, with only 1, 2, 3, 5, 7, and 
11 remaining as non-McNugget numbers. 


The GREEDY ALGORITHM can be used to find a Mc- 
Nugget expansion of a given INTEGER. 


see also COMPLETE SEQUENCE, GREEDY ALGORITHM 
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Mean 

A mean is HOMOGENEOUS and has the property that a 
mean p of a set of numbers z; satisfies 


min(zi,..-,2n) <p < max(z1,...,2n). 


There are several statistical quantities called means, 
e.g., ARITHMETIC-GEOMETRIC MEAN, GEOMETRIC 
MEAN, HARMONIC MEAN, QUADRATIC MEAN, Root- 
MEAN-SQUARE. However, the quantity referred to as 
“the” mean is the ARITHMETIC MEAN, also called the 
AVERAGE. 


see also ARITHMETIC-GEOMETRIC MEAN, AVERAGE, 
GENERALIZED MEAN, GEOMETRIC MEAN, HARMONIC 
MEAN, QUADRATIC MEAN, ROOT-MEAN-SQUARE 


Mean Cluster Count Per Site 
see s-CLUSTER 


Mean Cluster Density 
see s-CLUSTER 


Mean Curvature 
Let «1 and ke be the PRINCIPAL CURVATURES, then 
their MEAN 

H = 3(k1 + k2) (1) 


is called the mean curvature. Let Ai and R2 be the radii 
corresponding to the PRINCIPAL CURVATURES, then the 
multiplicative inverse of the mean curvature H is given 
by the multiplicative inverse of the HARMONIC MEAN, 


H= 


1/1 ,1\ RtR 
2 (ze ci Rs) 2Ri Ra 4) 


In terms of the GAUSSIAN CURVATURE K, 
H = $(fi + R2)K. (3) 


The mean curvature of a REGULAR SURFACE in R?® at a 
point p is formally defined as 


H(p) = 5 tr(S(p)), (4) 


where S is the SHAPE OPERATOR and tr(S) denotes the 
TRACE. For a MONGE PATCH with z = h(z,y), 


_ (+ he? )huu — 2huhyhuy + (1+ hu?)how 


H 
(1 + hu? + hy?)3/2 


(5) 


(Gray 1993, p. 307). 


Ifx:U > R® is a REGULAR PatcuH, then the mean 
curvature is given by 


eG 2fF 4 gE 


H= “WEG—F) oo) 


Mean Curvature 


where FE, F, and G are coefficients of the first FUNDA- 
MENTAL FORM and e, f, and g are coefficients of the 
second FUNDAMENTAL ForRM (Gray 1993, p. 282). It 
can also be written 


_ det(Xuuxuxe)|xv|? — 2det(xuvXuxv)(Xu * Xv) 
- 2{|Xu|? [Xv]? — (Xu + Xv)? ]9/? 


det(xy»XuXv)|Xu|? 
[|xu[?|xv|? — (xu - xy )?]3/2 (7) 


H 


+3 


Gray (1993, p. 285). 


The GAUSSIAN and mean curvature satisfy 
H’ > K, (8) 
with equality only at UMBILIC POINTS, since 


H? — K? = 4 (n — n2)’, (9) 


If p is a point on a REGULAR SURFACE M C R® and vp 
and wp are tangent vectors to M at p, then the mean 
curvature of M at p is related to the SHAPE OPERATOR 
S by 


S{vp) X Wp + Vp X S(Wp) = 2H (p)vp X Wp. (10) 


Let Z be a nonvanishing VECTOR FIELD on M which is 
everywhere PERPENDICULAR to M, and let V and W be 
VECTOR FIELDS tangent to M such that V x W = Z, 


then 
Z:(DvZxW+V x DwZ) 


aaa a 


(11) 


(Gray 1993, pp. 291-292). 


Wente (1985, 1986, 1987) found a nonspherical finite 
surface with constant mean curvature, consisting of a 
self-intersecting three-lobed toroidal surface. A family 
of such surfaces exists. 


see also GAUSSIAN CURVATURE, PRINCIPAL CURVA- 
TURES, SHAPE OPERATOR 
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Mean Deviation 


Mean Deviation 
The MEAN of the ABSOLUTE DEVIATIONS, 


N 
1 s- = 
MD = N lari = 2\, 
t=1 


where z is the MEAN of the distribution. 
see also ABSOLUTE DEVIATION 


Mean Distribution 

For an infinite population with MEAN p, STANDARD DE- 
VIATION a’, SKEWNESS 71, and KURTOSIS 72, the cor- 
responding quantities for the distribution of means are 


Bs =p (1) 
at = 7 () 
ma = (3) 
2,2 (4) 


For a population of M (Kenney and Keeping 1962, 
p. 181), 


(M) 
x 


2(M) 
o 


(5) 
(6) 


| 
q & 
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Mean Run Count Per Site 
see s-RUN 


Mean Run Density 
see s-RUN 


Mean Square Error 
see ROOT-MEAN-SQUARE 


Mean- Value Theorem 

Let f(z) be DIFFERENTIABLE on the OPEN INTERVAL 
(a, b) and CONTINUOUS on the CLOSED INTERVAL [a, 5]. 
Then there is at least one point c in (a,6) such that 


f'(c) = fe) ~ f(a) 


a 


see also EXTENDED MEAN-VALUE ‘THEOREM, GAUSS’S 
MEAN-VALUE THEOREM 
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Measurable Function 

A function f : X — Y for which the pre-image of every 
measurable set in Y is measurable in X. For a BOREL 
MEASURE, all continuous functions are measurable. 


Measurable Set 

If F isa SIGMA ALGEBRA and A is a SUBSET of X, then 
A is called measurable if A is a member of F. X need 
not have, a priori, a topological structure. Even if it 
does, there may be no connection between the open sets 
in the topology and the given SIGMA ALGEBRA. 


see also MEASURABLE SPACE, SIGMA ALGEBRA 


Measurable Space 
A SET considered together with the SIGMA ALGEBRA 
on the SET. 


see also MEASURABLE SET, MEASURE SPACE, SIGMA 
ALGEBRA 


Measure 

The terms “measure,” “measurable,” etc., have very pre- 
cise technical definitions (usually involving SIGMA AL- 
GEBRAS) which makes them a little difficult to under- 
stand. However, the technical nature of the definitions 
is extremely important, since it gives a firm footing to 
concepts which are the basis for much of ANALYSIS (in- 
cluding some of the slippery underpinnings of CALCU- 
LUS). 


4. 


For example, every definition of an INTEGRAL is based 
on a particular measure: the RIEMANN INTEGRAL is 
based on JORDAN MEASURE, and the LEBESGUE IN- 
TEGRAL is based on LEBESGUE MEASURE. The study 
of measures and their application to INTEGRATION is 
known as MEASURE THEORY. 


A measure is formally defined asa Map m: F — R (the 
reals) such that m(@) = 0 and, if An is a COUNTABLE 
SEQUENCE in F and the A, are pairwise DISJOINT, then 


m{(JAn ] = 5° m(An). 


If, in addition, m(X) = 1, then m is said to be a PROB- 
ABILITY MEASURE. 


A measure m may also be defined on SETS other than 
those in the SIGMA ALGEBRA F. By adding to F all 
sets to which m assigns measure zero, we again obtain 
a SIGMA ALGEBRA and call this the “completion” of F 
with respect to m. Thus, the completion of a SIGMA 
ALGEBRA is the smallest SIGMA ALGEBRA containing 
F and all sets of measure zero. 

see also ALMOST EVERYWHERE, BOREL MEASURE, ER- 
GODIC MEASURE, EULER MEASURE, GAUSS MEASURE, 
HAAR MEASURE, HAUSDORFF MEASURE, HELSON- 
SzEGO MEASURE, INTEGRAL, JORDAN MEASURE, LEB- 
ESCUE MEASURE, LIOUVILLE MEASURE, MAHLER’S 
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MEASURE, MEASURABLE SPACE, MEASURE ALGEBRA, 
MEASURE SPACE, MINKOWSKI MEASURE, NATURAL 
MEASURE, PROBABILITY MEASURE, WIENER MEA- 
SURE 


Measure Algebra 
A Boolean SIGMA ALGEBRA which possesses a MEA- 
SURE. 


Measure Polytope 
see HYPERCUBE 


Measure-Preserving Transformation 
see ENDOMORPHISM 


Measure Space 

A measure space is a MEASURABLE SPACE possessing a 
NONNEGATIVE MEASURE. Examples of measure spaces 
include n-D EUCLIDEAN SPACE with LEBESGUE MEA- 
SURE and the unit interval with LEBESGUE MEASURE 
(i.e., probability). 

see also LEBESGUE MEASURE, MEASURABLE SPACE 


Measure Theory 
The mathematical theory of how to perform INTEGRA- 
TION in arbitrary MEASURE SPACES. 


see also CANTOR SET, FRACTAL, INTEGRAL, MEA- 
SURABLE FUNCTION, MEASURABLE SET, MEASURABLE 
SPACE, MEASURE, MEASURE SPACE 
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Mechanical Quadrature 
see GAUSSIAN QUADRATURE 


Mecon 
Buckminster Fuller’s term for the TRUNCATED OCTA- 
HEDRON. 


see also DYMAXION 


Medial Axis 
The boundaries of the cells of a VORONOI DIAGRAM. 


Medial Triangle 


Medial Deltoidal Hexecontahedron 
The DUAL of the RHOMBIDODECADODECAHEDRON. 


Medial Disdyakis Triacontahedron 
The DuAL of the TRUNCATED DODECADODECAHE- 
DRON. 


Medial Hexagonal Hexecontahedron 
The DUAL of the SNUB ICOSIDODECADODECAHEDRON. 


Medial Icosacronic Hexecontahedron 
The DUAL of the ICOSIDODECADODECAHEDRON. 


Medial Inverted Pentagonal 
Hexecontahedron 

The DUAL of the INVERTED SNUB DODECADODECAHE- 
DRON. 


Medial Pentagonal Hexecontahedron 
The DUAL of the SNUB DODECADODECAHEDRON. 


Medial Rhombic Triacontahedron 

A ZONOHEDRON which is the DUAL of the DODECADO- 
DECAHEDRON. It is also called the SMALL STELLATED 
TRIACONTAHEDRON. 


References 
Cundy, H. and Rollett, A. Mathematical Models, $rd ed. 
Stradbroke, England: Tarquin Pub., p. 125, 1989. 


Medial Triambic Icosahedron 
The DUAL of the DITRIGONAL DODECADODECAHE- 
DRON. 


Medial Triangle 


M, M, 


A, M; Ay 
The TRIANGLE AM, M2Mg3 formed by joining the MIp- 
POINTS of the sides of a TRIANGLE AA,A2A3. The 
medial triangle is sometimes also called the AUXILIARY 
TRIANGLE (Dixon 1991). The medial triangle has TRI- 
LINEAR COORDINATES 


The medial triangle AM,M3My of the medial trian- 
gle AM, M2Msz3 of a TRIANGLE AA, A243 is similar to 
AA, Ao Az. 


Medial Triangle Locus Theorem 


see also ANTICOMPLEMENTARY TRIANGLE 
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Coxeter, H. S. M. and Greitzer, S. L. Geometry Revisited. 
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Medial Triangle Locus Theorem 


Given an original triangle (thick line), find the MEDIAL 
TRIANGLE (outer thin line) and its INCIRCLE. Take the 
PEDAL TRIANGLE (inner thin line) of the MEDIAL TRI- 
ANGLE with the INCENTER as the PEDAL POINT. Now 
pick any point on the original triangle, and connect it to 
the point located a half-PERIMETER away (gray lines). 
Then the locus of the MIDPOINTS of these lines (the es 
in the above diagram) is the PEDAL TRIANGLE. 


References 

Honsberger, R. More Mathematical Morsels. Washington, 
DC: Math. Assoc. Amer., pp. 261-267, 1991. 

Tsintsifas, G. “Problem 674.” Cruz Math., p. 256, 1982. 


Median Point 
see CENTROID (GEOMETRIC) 


Median (Statistics) 

The middle value of a distribution or average of the two 
middle items, denoted j41/2 or . For small samples, the 
MEAN is more efficient than the median and approxi- 
mately 7/2 less. It is less sensitive to outliers than the 
MEAN (Kenney and Keeping 1962, p. 211). 


For large N samples with population median Zo, 
pz = Zo 

2 1 
BN f2(Zo) 


The median is an L-ESTIMATE (Press et al. 1992). 
see also MEAN, MIDRANGE, MODE 
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Median (Triangle) 
A3 


Aj Az 
The CEVIAN from a TRIANGLE’S VERTEX to the MID- 
POINT of the opposite side is called a median of the 
TRIANGLE. The three medians of any TRIANGLE are 
CONCURRENT, meeting in the TRIANGLE’S CENTROID 
(which has TRILINEAR COORDINATES 1/a: 1/6: 1/c). 
In addition, the medians of a TRIANGLE divide one an- 
other in the ratio 2:1. A median also bisects the AREA 
of a TRIANGLE. 


Let m; denote the length of the median of the ith side 
a;. Then 


my? = 1(2a27 +2a37-a1*) (1) 


mi? + m2”? + m3" = $(a1° +2” + a3”) (2) 


(Johnson 1929, p. 68). The AREA of a TRIANGLE can 
be expressed in terms of the medians by 


A= ; Sm(8m — ™1)(Sm — M2)(Sm — m3), (3) 


where 
8m = 5 (mi + m2 + m3). (4) 


see also BIMEDIAN, EXMEDIAN, EXMEDIAN POINT, 
HERONIAN TRIANGLE, MEDIAL TRIANGLE 
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MA: Houghton Mifflin, pp. 68 and 173-175, 1929. 


Median Triangle 

A TRIANGLE whose sides are equal and PARALLEL to the 
MEDIANS of a given TRIANGLE. The median triangle of 
the median triangle is similar to the given TRIANGLE in 
the ratio 3/4. 


References 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
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Mediant 

Given a FAREY SEQUENCE with consecutive terms h/k 
and h’/k', then the mediant is defined as the reduced 
form of the fraction (h + h’)/(k +k’). 

see also FAREY SEQUENCE 

References 

Conway, J. H. and Guy, R. K. “Farey Fractions and Ford 


Circles.” The Book of Numbers. New York: Springer- 
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Mega 
Defined in terms of CIRCLE NOTATION by Steinhaus 
(1983, pp. 28-29) as 


o-EI-|A\-A-H-& 


where STEINHAUS-MOSER NOTATION has also been 
used. 

see also MEGISTRON, MOSER, STEINHAUS-MOSER No- 
TATION 


References 
Steinhaus, H. Mathematical Snapshots, 38rd American ed. 
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Megistron 
A very LARGE NUMBER defined in terms of CIRCLE NO- 
TATION by Steinhaus (1983) as 0). 


see also MEGA, MOSER 
References 


Steinhaus, H. Mathematical Snapshots, 3rd American ed. 
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Mehler’s Bessel Function Formula 


2 oO 
Jo(z) = 2 sin(a cosh t) dt, 
os 0 
where Jo(«) is a zeroth order BESSEL FUNCTION OF THE 
FIRST KIND. 
References 
Iyanaga, S. and Kawada, Y. (Eds.). Encyclopedic Dictionary 


of Mathematics. Cambridge, MA: MIT Press, p. 1472, 
1980. 


Mehler-Dirichlet Integral 
cos[(n + 5) ¢] 


A 
Si ee ae ae Vcos @ — cosa ae 


where P,(x) is a LEGENDRE POLYNOMIAL. 


Meijer’s G-Function 


Mehler’s Hermite Polynomial Formula 


S> Hele H el (2 
n=0 
= (14 4w?)-? exp [ue oO" ty Jw |. 


where H,,(z) is a HERMITE POLYNOMIAL. 
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Mehler Quadrature 
see JACOBI-GAUSS QUADRATURE 


Meijer’s G-Function 


1 
qmn z AL yr Gp = 
Pq be doelbe Ori 


Phas 1(b; = 2) tha — ay t 5) 7 


x” dz, 
an een T(1 ~ b; +z) eat I'(q; — z) 


» 


where ['(z) is the GAMMA FUNCTION. The CONTOUR 
yz and other details are discussed by Gradshteyn and 
Ryzhik (1980, pp. 896-903 and 1068-1071). Prudnikov 
et al. (1990) contains an extensive nearly 200-page list- 
ing of formulas for the Meijer G-function. 


see also FoOx’Ss H-FUNCTION, G-FUNCTION, MAC- 
ROBERT’S H-FUNCTION, RAMANUJAN g- AND G- 
FUNCTIONS 
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Meissel’s Formula 


Meissel’s Formula 
A modification of LEGENDRE’S FORMULA for the PRIME 
COUNTING FUNCTION a(z). It starts with 


ease =| bs 2s = 


i<i<a 


+ SS Ee Hise 


LSicjck<a 


+n(x)-—a+ Po(x,a)+ P3(z,a)+..., (1) 
where [2] is the FLOOR FUNCTION, P2(z, a) is the num- 
ber of INTEGERS pip; < wv witha+1< j < j, and 


P3(x,a) is the number of INTEGERS pipj;pe < x with 
at+1<i<j<hk. Identities satisfied by the Ps include 


P,(x,a) = )~ [ (=) aes ») (2) 


P3(z,a) = So P2 (2.2) 


M 
M 


Meissel’s formula is 


r@)=lel-S7[2|+ Oo [2]. 


i=1 1<i<gce 
+ $(b+c—2)(b—e4+1)—- > T (=) , (4) 
where 
b=n(2"/?) (5) 
c= x(x’), (6) 


Taking the derivation one step further yields LEHMER’S 
FORMULA. 


see also LEGENDRE’S FORMULA, LEHMER’S FORMULA, 
PRIME COUNTING FUNCTION 
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Riesel, H. “Meissel’s Formula.” Prime Numbers and Com- 
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Mellin Transform 


a= / " e-14(4) at 


MQ=55 | tol) dz. 


see also STRASSEN FORMULAS 
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Melnikov-Arnold Integral 


Am(A) = / . cos [5m¢(t) — At] dt, 


CO 


where the function 
o(t) = 4tan*(e") — a 


describes the motion along the pendulum SEPARATRIX. 
Chirikov (1979) has shown that this integral has the 
approximate value 


4n(2A)™71 eo tA/2 

I(m 
AmQA)® 9 yo rate 
~ Qiyymst 


for \ > 0 
T'(m+1)sin(wm) for A <0. 


References 

Chirikov, B. V. “A Universal Instability of Many- 
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Melodic Series 

If a1, @2, @3,... is an ARTISTIC SERIES, then 1/ai, 1/az, 
1/a3,... isa MELODIC SERIES. The RECURRENCE RE- 
LATION obeyed by melodic series is 


bibiz2” | bit2? 
bi41? dita 


bigs = — bi+2. 
see also ARTISTIC SERIES 


References 
Duffin, R. J. “On Seeing Progressions of Constant Cross Ra- 
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MEM 
see MAXIMUM ENTROPY METHOD 
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Memoryless 
A variable x is memoryless with respect to ¢ if, for all s 
with t 4 0, 


P(x >s+t\x >t) = P(x > s). (4) 
Equivalently, 

P(x Sash >t) _ Pees) (2) 

P(z >s+t)=P(a> s)P(z >t). (3) 


The EXPONENTIAL DISTRIBUTION, which satisfies 


P(g >t)=e** (4) 
P(x >s+t) =e Ot, (5) 


and therefore 
P(2>s+t)=P(x>s)P(2>t)=e Ve 
=e *Ustt) | (6) 


is the only memoryless random distribution. 
see also EXPONENTIAL DISTRIBUTION 


Ménage Number 
see MARRIED COUPLES PROBLEM 


Ménage Problem 
see MARRIED COUPLES PROBLEM 


Menasco’s Theorem 
For a BRAID with M strands, R components, P positive 
crossings, and N negative crossings, 


P-N<U,4+M-R ifP>N 
P-~-N<U_+M-—R ifP<N, 


where Ux are the smallest number of positive and nega- 
tive crossings which must be changed to crossings of the 
opposite sign. These inequalities imply BENNEQUIN’S 
CONJECTURE. Menasco’s theorem can be extended to 
arbitrary knot diagrams. 


see also BENNEQUIN’S CONJECTURE, BRAID, UNKNOT- 
TING NUMBER 
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836, 1994. 


Menger Sponge 


Menelaus’ Theorem 


Cc 


E 


A B D 


For TRIANGLES in the PLANE, 
AD-.BE-CF=BD.-CE. AF. (1) 
For SPHERICAL TRIANGLES, 
sin AD-sin BE -sinCF = sin BD-sinCE-sin AF. (2) 


This can be generalized to n-gons P = [Vi,...,Val, 
where a transversal cuts the side ViV;+1 in W; for i = 1, 


.+., 7, by 
rr Vee | |. pan 
Il es | =(-1)". (3) 
Here, AB||CD and 
AB 

fea @) 
is the ratio of the lengths {A, B] and [C, D] with a PLus 
or MINUS SIGN depending if these segments have the 
same or opposite directions (Griinbaum and Shepard 
1995). The case n = 3 is PASCH’S AXIOM. 


see also CEVA’S THEOREM, HOEHN’S THEOREM, 
Pascu’s AXIOM 
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Menger’s n-Arc Theorem 

Let G be a graph with A and B two disjoint n-tuples of 
VERTICES. Then either G contains n pairwise disjoint 
AB-paths, each connecting a point of A and a point of 
B, or there exists a set of fewer than n VERTICES that 
separate A and B. 


References 


Menger, K. Kurventheorie. Leipzig, Germany: Teubner, 
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Menger Sponge 


Menn’s Surface 


A FRACTAL which is the 3-D analog of the SIERPINSKI 
CaRPET. Let N,, be the number of filled boxes, L, the 
length of a side of a hole, and V,, the fractional VOLUME 
after the nth iteration. 


Nz, = 20" (1) 
in=Gyss (2) 
Va = Ei Ny = (22)”. (3) 


The CAPACITY DIMENSION is therefore 


tn tes 5 a In Nn _ be In(20”) 
er n-yoo In Ln n-+0o In(3-”) 
_ n20__ In(2?-5) | 2n2+1n5 
“nd 3 ”~—)—6hhD3 
2.726833028.... (4) 


II 


J. Mosely is leading an effort to construct a large Menger 
sponge out of old business cards. 


see also SIERPINSKI CARPET, TETRIX 
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Menn’s Surface 


A surface given by the parametric equations 


z(u,v) =u 
y(u,v) =v 
z(u,v) = au* + uv — v”. 


References 
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Mensuration Formula 

A mensuration formula is simply a formula for comput- 
ing the length-related properties of an object (such as 
AREA, CIRCUMRADIUS, etc., of a POLYGON) based on 
other known lengths, areas, ctc. Beycr (1987) gives a 
collection of such formulas for various plane and solid 
geometric figures. 
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Mercator Projection 


The following equations place the x-AXIS of the projec- 
tion on the equator and the y-AXIS at LONGITUDE o, 
where 4 is the LONGITUDE and ¢ is the LATITUDE. 


n=A- Xo (1) 
y = In[tan(47 + $4)] (2) 
ili (Gs) (3) 
= sinh’ (tan ¢) (4) 
= tanh” ‘(sin ¢) (5) 
= In(tan ¢ + sec ¢). (6) 


The inverse FORMULAS are 


o = im — 2tan™*(e~¥) = tan” ‘(sinh y) (7) 
A=a2+Xo. (8) 


LOXODROMES are straight lines and GREAT CIRCLES are 
curved. 
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An oblique form of the Mercator projection is illustrated 
above. It has equations 


_ tan7*[tan dcos dp + sin dp sin(A — Ao)] 
cos({A — Ao) 


y= iin (4) = tanh” A, (10) 


(9) 


x tan} { £98 ¢1 sin @2 cos A, — sin 1 cos dz cos Az 
= tan : ; , , 
e sin ¢1 cos #2 sin Az — cos ¢1 sin d2 sin Ay 


(11) 
24 cos(Ap — A1) 
= RS 1 
gp = tan ( tand1 (12) 
A = sin dp sin @ — cos dp cos dsin(A — Ao). (13) 
The inverse FORMULAS are 
ae : cos dp sin 
7) =sm L (si dp tanh y + sigs (14) 
ee ee (Sneesins — cos dp Snhy) (15) 
cos z 
er ad &. 
a 
tof 


There is also a transverse form of the Mercator projec- 
tion, illustrated above. It is given by the equations 


14+B = 
z= ln (5) = tanh’ B (16) 
= oa | tan¢ = 
y = tan Eee = =I do (17) 
_ +1 f sinD ) 
cou (a i) 
_ -1 | 
d= dot tan SS (19) 
where 
B = cos @¢sin(A — Ao) (20) 
D=y+ do. (21) 


Finally, the “universal transverse Mercator projection” 
is a MAp PROJECTION which maps the SPHERE into 60 
zones of 6° each, with each zone mapped by a transverse 


Mergelyan-Wesler Theorem 


Mercator projection with central MERIDIAN in the cen- 
ter of the zone. The zones extend from 80° S to 84° N 
(Dana). 


see also SPHERICAL SPIRAL 
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DC: U. S. Government Printing Office, pp. 38-75, 1987. 


Mercator Series 
The TAYLOR SERIES for the NATURAL LOGARITHM 


In(l+a) =2— 427+ 42° —- 


which was found by Newton, but independently discov- 
ered and first published by Mercator in 1668. 


see also LOGARITHMIC NUMBER, NATURAL LOGa- 
RITHM 


Mercer’s Theorem 
see RIEMANN-LEBESGUE LEMMA 


Mergelyan- Wesler Theorem 
Let P = {Di, D2,...} be an infinite set of disjoint open 
Disks D,, of radius r, such that the union is almost the 


unit Disk. Then 
oO 
> Tn = 00. (1) 


Define a 
M,(P) = bo (2) 


Then there is a number e(P) such that M,(P) diverges 
for z < e(P) and converges for x > e(P). The above 


theorem gives 
1 < e(P) < 2. (3) 


There exists a constant which improves the inequality, 
and the best value known is 


S = 1.306951... (4) 
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Meridian 


Meridian 

A line of constant LONGITUDE on a SPHEROID (or 
SPHERE). More generally, a meridian of a SURFACE OF 
REVOLUTION is the intersection of the surface with a 
PLANE containing the axis of revolution. 


see also LATITUDE, LONGITUDE, PARALLEL (SURFACE 
OF REVOLUTION), SURFACE OF REVOLUTION 


References 
Gray, A. Modern Differential Geometry of Curves and Sur- 
faces. Boca Raton, FL: CRC Press, p. 358, 1993. 


Meromorphic 

A meromorphic FUNCTION is complex analytic in all but 
a discrete subset of its domain, and at those singularities 
it must go to infinity like a POLYNOMIAL (i.e., have no 
ESSENTIAL SINGULARITIES). An equivalent definition of 
a meromorphic function is a complex analytic Map to 
the RIEMANN SPHERE. 


see also ESSENTIAL SINGULARITY, RIEMANN SPHERE 


References 
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Mersenne Number 
A number of the form 


Mn =2”-1 (1) 


for n an INTEGER is known as a Mersenne number. The 
Mersenne numbers are therefore 2-REPDIGITS, and also 
the numbers obtained by setting z = 1 in a FERMAT 
POLYNOMIAL. The first few are 1, 3, 7, 15, 31, 63, 127, 
255, ... (Sloane’s A000225). 


The number of digits D in the Mersenne number M,, is 
D = |log(2” — 1) +1], (2) 


where |x| is the FLOOR FUNCTION, which, for large n, 
gives 


D & |nlog2 + 1] = [0.301029n +1] = [0.301029n| +1. 
(3) 


In order for the Mersenne number M,, to be PRIME, n 
must be PRIME. This is true since for COMPOSITE n 
with factors r and s, nm = rs. Therefore, 2” — 1 can be 
written as 27° — 1, which is a BINOMIAL NUMBER and 
can be factored. Since the most interest in Mersenne 
numbers arises from attempts to factor them, many au- 
thors prefer to define a Mersenne number as a number 
of the above form 


M, = 2? - 1, (4) 


but with p restricted to PRIME values. 
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The search for MERSENNE PRIMES is one of the most 
computationally intensive and actively pursued areas of 
advanced and distributed computing. 


see also CUNNINGHAM NUMBER, EBERHART’S CON- 
JECTURE, FERMAT NUMBER, LUCAS-LEHMER TEST, 
MERSENNE PRIME, PERFECT NUMBER, REPUNIT, 
RIESEL NUMBER, SIERPINSKI NUMBER OF THE SEC- 
OND KIND, SOPHIE GERMAIN PRIME, SUPERPERFECT 
NUMBER, WIEFERICH PRIME 
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Mersenne Prime 
A MERSENNE NUMBER which is PRIME is called a 
Mersenne prime. In order for the Mersenne number M, 
defined by 

M, =2"-1 


for n an INTEGER to be PRIME, n must be PRIMF. This 
is true since for COMPOSITE n with factors r and s, 
n= rs. Therefore, 2”—1 can be written as 2”°—1, which 
is a BINOMIAL NUMBER and can be factored. Every 
MERSENNE PRIME gives rise to a PERFECT NUMBER. 


If n = 3 (mod 4) is a PRIME, then 2n + 1 DIVIDES My, 
IFF 2n+1is PRIME. It is also true that PRIME divisors of 
2? — 1 must have the form 2kp4+1 where k is a POSITIVE 
INTEGER and simultaneously of either the form 8n+1 or 
8n — 1 (Uspensky and Heaslet). A PRIME factor p of a 
Mersenne number M, = 2? — 1 is a WIEFERICH PRIME 
IrF p*|2? — 1, Therefore, MERSENNE PRIMES are not 
WIEFERICH PRIMES. All known Mersenne numbers M, 
with p PRIME are SQUAREFREE. However, Guy (1994) 
believes that there are M, which are not SQUAREFREE. 


TRIAL DIVISION is often used to establish the COMPOS- 
ITENESS of a potential Mersenne prime. This test im- 
mediately shows M, to be COMPOSITE for p = 11, 23, 
83, 131, 179, 191, 239, and 251 (with small factors 23, 
47, 167, 263, 359, 383, 479, and 503, respectively). A 
much more powerful primality test for M, is the LUCAS- 
LEHMER TEST. 


It has been conjectured that there exist an infinite num- 
ber of Mersenne primes, although finding them is com- 
putationally very challenging. The table below gives the 
index p of known Mersenne primes (Sloane’s 4000043) 
M,, together with the number of digits, discovery years, 
and discoverer. A similar table has been compiled by 
C. Caldwell. Note that the region after the 35th known 
Mersenne prime has not been completely searched, so 
identification of “the” 36th Mersenne prime is tentative. 
L. Welsh maintains an extensive bibliography and his- 
tory of Mersenne numbers. G. Woltman has organized 
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a distributed search program via the Internet in which 
hundreds of volunteers use their personal computers to 
perform pieces of the search. 


# p Year | Published Reference 
Py ast 2 1 | Anc. 
2 3 1 | Ane. 
3 5 2 | Anc. 
4 7 3 | Anc. 
5 13 4 |1461 | Reguis 1536, Cataldi 1603 
6 17 6 |1588 | Cataldi 1603 
7 19 6 11588 | Cataldi 1603 
8 31 10 11750 | Buler 1772 
9 61 19 | 1883 | Pervouchine 1883, 
Seelhoff 1886 
10 89 27 |1911 | Powers 1911 
11 107 33 |1913 | Powers 1914 
12 127 39 11876 | Lucas 1876 
13 521 157 | 1952 | Lehmer 1952-3 
14 607 183 | 1952 | Lehmer 1952-3 
15 1279 386 | 1952 | Lehmer 1952-3 
16 2203 664 |1952 | Lehmer 1952-3 
17 2281 687 | 1952 | Lehmer 1952-3 
18 3217 969 | 1957 | Riesel 1957 
19 4253 1281 | 1961 | Hurwitz 1961 
20 AA23 1332 | 1961 | Hurwitz 1961 
21 9689 2917 | 1963 | Gillies 1964 
22 9941 2993 | 1963 | Gillies 1964 
23 11213 3376 | 1963 | Gillies 1964 
24 19937 6002 | 1971 | Tuckerman 1971 
25 21701 6533 [1978 | Noll and Nickel 1980 
26 23209 6987 | 1979 | Noll 1980 
27 44497 13395 | 1979 | Nelson and Slowinski 1979 
28 86243 25962 | 1982 | Slowinski 1982 
29 110503 33265 |1988 | Colquitt and Welsh 1991 
30 132049 | 39751 | 1983 | Slowinski 1988 
31 216091 65050 | 1985 | Slowinski 1989 
32 756839 | 227832 | 1992 | Gage and Slowinski 1992 
33 850433 | 258716 | 1994 | Gage and Slowinski 1994 
34 | 1257787 | 378632 | 1996 | Slowinski and Gage 
35 | 1398269 | 420921 | 1996 | Armengaud, Woltman, et al. 
36? | 2976221 | 895832 | 1997 | Spence 
37? | 3021377 | 909526 1998 | Clarkson, Woltiman, e¢ al. 


see also CUNNINGHAM NUMBER, FERMAT-LUCAS NUM- 
BER, FERMAT NUMBER, FERMAT NUMBER (LU- 
CAS), FERMAT POLYNOMIAL, LUCAS-LEHMER TEST, 
MERSENNE NUMBER, PERFECT NUMBER, REPUNIT, 
SUPERPERFECT NUMBER 
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Mertens Conjecture 
Given MERTENS FUNCTION defined by 


M(n) = >~ u(k), (1) 


k=1 


Mertens Conjecture 


where y(n) is the MOpIuS FUNCTION, Mertens (1897) 
conjecture states that 


|M(z)| <a? (2) 


for x > 1. The conjecture has important implications, 
since the truth of any equality of the form 


|M(z)| < cx’? (3) 


for any fixed ¢ (the form of Mertens conjecture with 
c = 1) would imply the RIEMANN HYPOTHESIS. In 1885, 
Stieltjes claimed that he had a proof that M(x)x~1/? 
always stayed between two fixed bounds. However, it 
seems likely that Stieltjes was mistaken. 


Mertens conjecture was proved false by Odlyzko and te 
Riele (1985). Their proof is indirect and does not pro- 
duce a specific counterexample, but it does show that 


lim sup M(x)2~1/? > 1.06 (4). 
lim inf M(a)a~"/? < ~1.009. (5) 
D> OO 


Odlyzko and te Riele (1985) believe that there are no 
counterexamples to Mertens conjecture for z < 10°°, or 
even 10°°. Pintz (1987) subsequently showed that at 
least one counterexample to the conjecture occurs for 
& < 10°, using a weighted integral average of M(zx)/z 
and a discrete sum involving nontrivial zeros of the RIE- 
MANN ZETA FUNCTION. 


It is still not known if 


lim sup |M(a)|a~'/? = co, (6) 


Tm OD 


although it seems very probable (Odlyzko and te Riele 
1985). 


see also MERTENS FUNCTION, MOBIus FUNCTION, RIE- 
MANN HYPOTHESIS 
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Mertens Constant 

A constant related to the TWIN PRIMES CONSTANT 
which appears in the FORMULA for the sum of inverse 
PRIMES 


Fs 5 = lnlng + Bs + o(1) (1) 


p prime 


which is given by 


Bi= y+ > inc = p’) of | = 0.261497. (2) 


p prime 


Flajolet and Vardi (1996) show that 


fo =] 


cP — et Il C(m)eir)/m (3) 


mad 


where 7+ is the EULER-MASCHERONI CONSTANT, ¢(n) is 
the RIEMANN ZETA FUNCTION, and p(n) is the MOBIuUS 
FUNCTION. The constant B, also occurs in the SuM- 
MATORY FUNCTION of the number of DISTINCT PRIME 
FACTORS, 


n 


So w(k) = ninInn + Bin + o(n) (4) 


k=2 


(Hardy and Wright 1979, p. 355). 


The related constant 


B=y7+ >> inc ee <I s 1.034653 (5) 


p prime 


appears in the SUMMATORY FUNCTION of the DIVISOR 
FUNCTION oo(n) = Q(n), 


52k) = nInInn + Be + o(n) (6) 


k=2 


(Hardy and Wright 1979, p. 355). 


see also BRUN’S CONSTANT, PRIME NUMBER, TWIN 
PRIMES CONSTANT 
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Mertens Function 


The summary function 
“ 6 
M = k) ==> 
(=) = Salk) = Gam + OVA), 


where y(n) is the MOsius FUNCTION. The first few 
valucsare V. 0)'24 1) Oe 08 oo ae 8 
—2,... (Sloane’s A002321). The first few values of n at 
which M(n) = 0 are 2, 39, 40, 58, 65, 93, 101, 145, 149, 
150, ... (Sloane’s A028442). 


Mertens function obeys 
zx 
Sour(2)=1 
n 
n=1 


(Lehman 1960). The analytic form is unsolved, although 
MERTENS CONJECTURE that 


|M(z)| < 2'/? 


has been disproved. 


Lehman (1960) gives an algorithm for computing M(z) 
with O(2?/9+*) operations, while the Lagarias-Odlyzko 
(1987) algorithm for computing the PRIME COUNT- 
ING FUNCTION z(z) can be modified to give M(x) in 
O(x*/*>+*) operations. 


see also MERTENS CONJECTURE, MOBIUS FUNCTION 
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Mertens Theorem 


1 
Il 2<p<e ¢ Te 2) 
. p prime = 
ee 
Ing 


where y is the EULER-MASCHERONI CONSTANT and 
e77 = 0.56145.... 


Metabiaugmented Hexagonal Prism 
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Mertz Apodization Function 


An asymmetrical APODIZATION FUNCTION defined by 


0 for x < —b 
_ J) (e©—6)/(2b) for -b<2<b 
M(x,b,d) = 1 forb< 2 <b+2d 
0 for z < b+ 2d, 


where the two-sided portion is 2b long (total) and the 
one-sided portion is b+ 2d long (Schnopper and Thomp- 
son 1974, p. 508). The APPARATUS FUNCTION is 


sin[27k(b + 2d) 
2mk 
ts {ees +2d)] _ sin(2b) \ 


Ma(k, 6, d) = 


2rk An? k?b 
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Mesh Size 

When a CLOSED INTERVAL [a, 6] is partitioned by points 
a< 21 < 22 <... < Zn-1 < 5, the lengths of the 
resulting intervals between the points are denoted Agi, 
Azz, ..., Atn, and the value max Az, is called the 
mesh size of the partition. 


see also INTEGRAL, LOWER SUM, RIEMANN INTEGRAL, 
UPPER SUM 


Mesokurtic 
A distribution with zero KURTOSIS (72 = 0). 


see also KURTOSIS, LEPTOKURTIC 


Metabiaugmented Dodecahedron 
see JOHNSON SOLID . 


Metabiaugmented Hexagonal Prism 
see JOHNSON SOLID 


Metabiaugmented Truncated Dodecahedron 


Metabiaugmented Truncated Dodecahedron 
see JOHNSON SOLID 


Metabidiminished Icosahedron 
see JOHNSON SOLID 


Metabidiminished Rhombicosidodecahedron 


see JOHNSON SOLID 


Metabigyrate Rhombicosidodccahedron 


see JOHNSON SOLID 


Metadrome 

A metadrome is a number whose HEXADECIMAL digits 
are in strict ascending order. The first few are 0, 1, 2, 
3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 18, 19, 20, 21, 
22, 23, 24, 25, 26, 27, ... (Sloane’s A023784). 


see also HEXADECIMAL 
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Mctagyrate Diminished 
Rhombicosidodecahedron 


see JOHNSON SOLID 


Metalogic 
see METAMATHEMATICS 


Metamathematics 

The branch of Locic dealing with the study of the 
combination and application of mathematical symbols, 
sometimes called METALOGIC. Metamathematics is the 
study of MATHEMATICS itself, and one of its primary 
goals is to determine the nature of mathematical rea- 
soning (Hofstadter 1989). 


see also LOGIC, MATHEMATICS 
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Method 

A particular way of doing something, sometimes also 
called an ALGORITHM or PROCEDURE. (According to 
Petkov3ek et al. (1996), “a method is a trick that has 
worked at least twice.”) 


see also ADAMS-BASHFORTH-MOULTON METHOD, 
ADAMS’ METHOD, BACKUS-GILBERT METHOD, BaA- 
DER-DEUFLUARD METIIOD, BAILEY’Ss METHOD, BAIR- 
stow’s MetTuHon, BRENT’S FACTORIZATION METH- 
OD, BRENT’S METHOD, CIRCLE METHOD, CONJUGATE 
GRADIENT METHOD, CrISS-CROSS METHOD, CROUT’S 
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METHOD, DE LA LOUBERE’S METHOD, DIXON’S Fac- 
TORIZATION METHOD, DIxon’s RANDOM SQUARES 
FACTORIZATION METHOD, ELLIPTIC CURVE FACTOR- 
IZATION METHOD, EULER’S FACTORIZATION METHOD, 
EXCLUDENT FACTORIZATION METHOD, EXHAUSTION 
METHOD, FALSE POSITION METHOD, FERMAT’S FAc- 
TORIZATION METHOD, FROBENIUS METHOD, GILL’S 
METHOD, GOSPER’S METHOD, GRAEFFE’S METH- 
OD, GREENE’S METHOD, HALLEY’s METHOD, HOoR- 
NER’S METHOD, HUTTON’S METHOD, JACOBI METH- 
OD, KAPS-RENTROP METHODS, LAGUERRE’S METH- 
OD, LAMBERT’S METHOD, LEGENDRE’S FACTORIZA- 
TION METHOD, LEHMER METHOD, LEHMER-SCHUR 
METHOD, LENSTRA ELLIPTIC CURVE METHOD, LIN’S 
METHOD, LOZENGE METHOD, LUX METHOD, MAPES’ 
METHOD, MAXIMUM ENTROPY METHOD, MILNE’S 
METHOD, MULLER’S METHOD, NEWTON’S METHOD, 
NEWTON-RAPHSON METHOD, NUMBER FIELD SIEVE 
FACTORIZATION METHOD, OVERLAPPING RESONANCE 
METHOD, POLLARD MONTE CARLO FACTORIZATION 


~ME'THOD, POLLARD p FACTORIZATION METHOD, POL- 


LARD p — 1 FACTORIZATION METHOD, PREDICTOR- 
CORRECTOR METHODS, QUADRATIC SIFVE FACTOR- 
IZATION METHOD, RESONANCE OVERLAP METHOD, 
ROSENBROCK METHODS, RUNGE-KUTTA METHOD, 
SCHRODER’S METHOD, SECANT METHOD, SIAMESE 
METHOD, SIMPLEX METHOD, SNAKE OIL METHOD, 
SQUARE ROOT METHOD, STEEPEST DESCENT METH- 
OD, TANGENT HYPERBOLAS METHOD, UNDETERMINED 
COEFFICIENTS METHOD, WILLIAMS p+ 1 FACTORIZA- 
TION METHOD, WYNN’S EPSILON METHOD 
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Metric 

A NONNEGATIVE function g(x,y) describing the “Dis- 
TANCE” between neighboring points for a given SET. A 
metric satisfies the TRIANGLE INEQUALITY 


9(z,y) + 9(y, 2) > o(2, 2), 


with equality IFF x — y, and is symmetric, so 


g(x,y) = g{y, 2). 


A SET possessing a metric is called a METRIC SPACE. 
When viewed as a TENSOR, the metric is called a MET- 
RIC TENSOR. 


see also CAYLEY-KLEIN-HILBERT METRIC, DISTANCE, 
FUNDAMENTAL FORMS, HYPERBOLIC METRIC, METRIC 
ENTROPY, METRIC EQUIVALENCE PROBLEM, METRIC 
SPACE, METRIC TENSOR, PART METRIC, RIEMANNIAN 
METRIC, ULTRAMETRIC 
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Metric Entropy 

Also known as KOLMOGOROV ENTROPY, KOLMOGOR- 
Ov-SINAI ENTROPY, or KS Entropy. The metric entropy 
is O for nonchaotic motion and > 0 for CHAOTIC motion. 
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Metric Equivalence Problem 
1. Find a complete system of invariants, or 


2. decide when two METRICS differ only by a coordinate 
transformation. 


The most common statement of the problem is, “Given 
METRICS g and g’, does there exist a coordinate trans- 
formation from one to the other?” Christoffel and Lip- 
schitz (1870) showed how to decide this question for two 
RIEMANNIAN METRICS. 


The solution by B. Cartan requires computation of the 
10th order COVARIANT DERIVATIVES. The demonstra- 
tion was simplified by A. Karlhede using the TETRAD 
formalism so that only seventh order COVARIANT 
DERIVATIVES need be computed. However, in many 
common cases, the first or second-order DERIVATIVES 
are SUFFICIENT to answer the question. 
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Metric Space 

A SET S with a global distance FUNCTION (the METRIC 
g) which, for every two points z,y in S, gives the D1s- 
TANCE between them as a NONNEGATIVE REAL NuM- 
BER g(x,y). A metric space must also satisfy 


1. g(z,z) =OlFFar=y, 


2. g(x,y) — gly, x), 
3. The TRIANGLE INEQUALITY g(z,y) + g{y,2z) > 
g(@, 2). 


References 

Munkres, J. R. Topology: A First Course. Englewood Cliffs, 
NJ: Prentice-Hall, 1975. 

Rudin, W. Principles of Mathematical Analysis. New York: 
McGraw-Hill, 1976. 


Metric Tensor 

A TENSOR, also called a RIEMANNIAN METRIC, which 
is symmetric and POSITIVE DEFINITE. Very roughly, 
the metric tensor gi; is a function which tells how to 
compute the distance between any two points in a given 
SPACE. Its components can be viewed as multiplication 
factors which must be placed in front of the differen- 
tial displacements dz; in a generalized PYTHAGOREAN 
‘THEOREM 


ds” = giide.* + giz dei de2 + g22de2.7+.... (1) 


Metric Tensor 


In EUCLIDEAN SPACE, gi; = 6i; where 6 is the KRON- 
ECKER DELTA (which is 0 for i # 7 and 1 for i = 9), 
reproducing the usual form of the PYTHAGOREAN THE- 
OREM 

ds* = dx,? + dag? +.... (2) 


The metric tensor is defined abstractly as an INNER 
PRODUCT of every TANGENT SPACE of a MANIFOLD 
such that the INNER PRODUCT is a symmetric, non- 
degenerate, bilinear form on a VECTOR SPACE. This 
means that it takes two VECTORS v,w as arguments 
and produces a REAL NUMBER (v, w) such that 


(kv, w) = k (v,w) = (v, kw) (3) 
(v +w,x) = (v,x) + (w,x) (4) 
(v, w + x) = (v,w) + (v,x) (5) 
(v, w) = (w, v) (6) 

(v,v) > 0, (7) 


with equality IFF v = 0. 


In coordinate NOTATION (with respect to the basis), 


ge ae (8) 
Jas = Ea ?. ep. (9) 

— 96% 06° 
Guv = Ore Ox” Nap (10) 


where Nag is the MINKOWSKI METRIC. This can also be 
written 


g = D™ nD, (11) 
where 
0g* 
Day = Bae (12) 
Die = Dis (13) 
ce] lk O ek 
jqm 9 = Bm ot (14) 
gives 
R dg'* es lk Og: (15) 
ae ee 


The metric is POSITIVE DEFINITE, so a metric’s DIs- 
CRIMINANT is POSITIVE. For a metric in 2-space, 


9 = 911922 — 912” > 0. (16) 


The ORTHOGONALITY of CONTRAVARIANT and COVARI- 
ANT metrics stipulated by 


Ce ee 4 (17) 


fori = 1, ..., m gives n linear equations relating the 
2n quantities g;; and g’’. Therefore, if m metrics are 
known, the others can be determined. 


Metric Tensor 


In 2-space, 

11 G22 
=o 18 
9 a (18) 
Pig = g? — _ 92 (19) 

g 

22 Gu 
g ==. 20 
- (20) 


Jas = GBa (21) 
9°? = gf. (22) 


In EUCLIDEAN SPACE (and all other symmetric 
SPACES), 
92 = 9 = oe (23) 


so 
1 


mrs 


Jaa (24) 


The ANGLE @ between two parametric curves is given 
by 


cs@=hi-f=i 2-2 =, (25) 
9. g2 9192 
so 
ngewe (26) 
gig2 
and 
|r. x r2{ = gigesing = Vg. (27) 
The LINE ELEMENT can be written 
ds? = dx; dz; = gij dqi dq; (28) 
where EINSTEIN SUMMATION has been used. But 
Ox; Oz; On; On; 
dz, = dq + dq2 + dq3 = ~—dq;, (29 
gy 8 Gg PO ag Og (29) 
so 3 
vias (30) 


93= aa: 
‘ <7 89:845 


For ORTHOGONAL coordinate systems, gij = 0 fori ¥ j, 
and the LINE ELEMENT becomes (for 3-space) 


ds? = gir dqi” + g22 dq2” + 933 dqs” 
= (hi dq)? + (hedge)? + (hg dga)?, (311) 


where h; = ./gii are called the SCALE FACTORS. 


see also CURVILINEAR COORDINATES, DISCRIMINANT 
(METRIC), LICHNEROWICZ CONDITIONS, LINE ELE- 
MENT, METRIC, METRIC EQUIVALENCE PROBLEM, 
MINKOWSKI SPACE, SCALE FACTOR, SPACE 
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Mex 

The MINIMUM excluded value. The mex of a SET S 
of NONNEGATIVE INTEGERS is the least NONNEGATIVE 
INTEGER not in the set. 


see also MEX SEQUENCE 


References 

Guy, R. K. “Max and Mex Sequences.” §527 in Unsolved 
Problems in Number Theory, 2nd ed. New York: Springer- 
Verlag, pp. 227-228, 1994. 


Mex Sequence 

A sequence defined from a FINITE sequence ao, ai, ..., 
Gn by defining an41 = mexi(a; + an_i), where mex is 
the MEX (minimum excluded value). 


see also MAX SEQUENCE, MEX 


References 

Guy, R. K. “Max and Mex Sequences.” §E27 in Unsolved 
Problems in Number Theory, 2nd ed. New York: Springer- 
Verlag, pp. 227-228, 1994. 


Mian-Chowla Sequence 

The sequence produced by starting with a1 = 1 and 
applying the GREEDY ALGORITHM in the following way: 
for each k > 2, let a, be the least INTEGER exceeding 
a@x-1 for which a; + a, are all distinct, with 1 <7 < k. 
This procedure generates the sequence 1, 2, 4, 8, 13, 
21, 31, 45, 66, 81, 97, 123, 148, 182, 204, 252, 290, 
... (Sloane’s A005282). The RECIPROCAL sum of the 


sequence, 
) 
1 
san 
ai 
t=1 


satisfies 
2.1568 < S < 2.1596. 


see also A-SEQUENCE, B2-SEQUENCE 


References 

Guy, R. K. “Bo2-Sequences.” §E28 in Unsolved Problems 
in Number Theory, 2nd ed. New York: Springer-Verlag, 
pp. 228-229, 1994. 

Sloane, N. J. A. Sequence A005282/M1094 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Mice Problem 

n-mice start at the corners of a regular n-gon of unit 
side length, each heading towards its closest neighboring 
mouse in a counterclockwise direction at constant speed. 
The mice each trace out a SPIRAL, meet in the center of 
the POLYGON, and travel a distance 


1 
dn = ————_——~.. 
2a 
1 — cos (22) 
The first few values for n = 2, 3,..., are 
1 
3,2,1, (5 + v5),2, —_ 5, 
1 — cos () 
1 
24+ V2, 34+ V5,..., 


1 —cos (22) 
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giving the numerical values 0.5, 0.666667, 1, 1.44721, 2, 
2.65597, 3.41421, 4.27432, 5.23607, .... 


see also APOLLONIUS PURSUIT PROBLEM, PURSUIT 
CURVE, SPIRAL, TRACTRIX 


References 

Bernhart, A. “Polygons of Pursuit.” Scripta Math. 24, 23- 
50, 1959. 

Madachy, J. 5S. Madachy’s Mathematical Recreations. New 
York: Dover, pp. 201-204, 1979. 


Mid-Arc Points 


The mid-arc points Mas, Mac, and Mgc of a TRI- 
ANGLE AABC are the points on the CIRCUMCIRCLE of 
the triangle which lie half-way along each of the three 
Arcs determined by the vertices (Johnson 1929). These 
points arise in the definition of the FUHRMANN CIRCLE 
and FUHRMANN TRIANGLE, and lie on the extensions 
of the PERPENDICULAR BISECTORS of the triangle sides 
drawn from the CIRCUMCENTER O. 


Kimberling (1988, 1994) and Kimberling and Veldkamp 
(1987) define the mid-arc points as the POINTS which 
have TRIANGLE CENTER FUNCTIONS 


a1 = [cos($B) + cos($C)] sec( $A) 
Q2 = [cos(}B) + cos($C)] cse(F A). 


see also FUHRMANN CIRCLE, FUHRMANN TRIANGLE 


References 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 228-229, 1929. 

Kimberling, C. “Problem 804.” Nieuw Archief voor 
Wiskunde 6, 170, 1988. 

Kimberling, C. “Central Points and Central Lines in the 
Plane of a Triangle.” Math. Mag. 67, 163-187, 1994. 

Kimberling, C. and Veldkamp, G. R. “Problem 1160 and So- 
lution.” Cruz Math. 13, 298-299, 1987. 


Midpoint 


Midcircle 


eis pean —_ 
i / { 


The midcircle of two given CIRCLES is the CIRCLE which 
would INVERT the circles into each other. Dixon (1991) 
gives constructions for the midcircle for four of the five 
possible configurations. In the case of the two given 
CIRCLES tangent to each other, there are two midcircles. 


see also INVERSION, INVERSION CIRCLE 


References 
Dixon, R. Mathographics. New York: Dover, pp. 66-68, 1991. 


Middlespoint 
see MITTENPUNKT 


Midpoint 


M 


A 

The point on a LINE SEGMENT dividing it into two seg- 
ments of equal length. The midpoint of a line segment is 
easy to locate by first constructing a LENS using circular 
arcs, then connecting the cusps of the LENS. The point 
where the cusp-connecting line intersects the segment is 
then the midpoint (Pedoe 1995, p. xii). It is more chal- 
lenging to locate the midpoint using only a COMPASS, 
but Pedoe (1995, pp. xviii—xix) gives one solution. 


In a RIGHT TRIANGLE, the midpoint of the Hy- 
POTENUSE is equidistant from the three VERTICES 
(Dunham 1990). 


Ay 


Midpoint Ellipse 


Given a TRIANGLE AA, A2A3 with AREA A, locate the 
midpoints M;. Now inscribe two triangles AP, P2P3 and 
4AQ1Q2Qs3 with VERTICES P; and Q; placed so that 
PM; = QiMi. Then AP, P2P3 and AQiQ2Q3 have 


equal areas 


mi m2, M3 ) 


a1 a2 a3 
mama m3my, me | 
a2a3 a3a. a142 


where a; are the sides of the original triangle and m; are 
the lengths of the MEDIANS (Johnson 1929). 


see also ARCHIMEDES’ MIDPOINT THEOREM, BROCARD 
MIDPOINT, CIRCLE-POINT MIDPOINT THEOREM, LINE 
SEGMENT, MEDIAN (TRIANGLE), MIDPOINT ELLIPSE 
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Pedoe, D. Circles: A Mathematical View, rev. ed. Washing- 
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Midpoint Ellipse 

The unique ELLIPSE tangent to the MIDPOINTS of a TRI- 
ANGLE’S LEGS. The midpoint ellipse has the maximum 
AREA of any INSCRIBED ELLIPSE (Chakerian 1979). Un- 
der an AFFINE TRANSFORMATION, the midpoint ellipse 
can be transformed into the INCIRCLE of an EQUILAT- 
ERAL TRIANGLE. 


see also AFFINE TRANSFORMATION, ELLIPSE, INCIR- 
CLE, MIDPOINT, TRIANGLE 
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Chakerian, G. D. “A Distorted View of Geometry.” Ch. 7 
in Mathematical Plums (Ed. R. Honsberger). Washington, 
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Midradius 

The Rapius of the MIDSPHERE of a POLYHEDRON, also 
called the INTERRADIUS. For a REGULAR POLYHEDRON 
with SCHLAFLI SYMBOL {q, p}, the DUAL POLYHEDRON 
is {p, gq}. Denote the INRADIUS r, midradius p, and CIR- 
CUMRADIUS R, and let the side length be a. Then 


2 
r [ocx ()| +R=a 4+ (1) 


e Jaco (=) + R?. (2) 


For REGULAR POLYHEDRA and UNIFORM POLYHEDRA, 
the DUAL POLYHEDRON has CIRCUMRADIUS p”/r and 
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INRADIUS p?/R. Let @ be the ANGLE subtended by the 
EDGE of an ARCHIMEDEAN SOLID. Then 


= 4acos(3@) cot($@) (3) 
p = kacot($@) (4) 
R = $acsc( 36), (5) 
so 
r:p:R=cos(36): 1: sec(30) (6) 


(Cundy and Rollett 1989). Expressing the midradius in 
terms of the INRADIUS r and CIRCUMRADIUS R gives 


= V2 2 tpy/r2 + a2 


= 4/R?-1@ (7) 


> 
| 


for an ARCHIMEDEAN SOLID. 


References 
Cundy, H. and Rollett, A. Mathematical Models, 9rd ed. 
Stradbroke, England: Tarquin Pub., pp. 126-127, 1989. 


Midrange 


midrange[f(x)] = 4{max[f(z)] + min[f(zx)]}. 


see also MAXIMUM, MEAN, MEDIAN (STATISTICS), 
MINIMUM 


Midsphere 

The SPHERE with respect to which the VERTICES of a 
POLYHEDRON are the poles of the planes of the faces 
of the DUAL POLYHEDRON (and vice versa). It touches 
all EDGES of a SEMIREGULAR POLYHEDRON or REGU- 
LAR POLYHEDRON. It is also called the INTERSPHERE 
or RECIPROCATING SPHERE. 


see also CIRCUMSPHERE, DUAL POLYHEDRON, IN- 
SPHERE 


Midy’s Theorem 

If the period of a REPEATING DECIMAL for a/p has an 
EVEN number of digits, the sum of the two halves is a 
string of 9s, where p is PRIME and a/p is a REDUCED 
FRACTION. 


see also DECIMAL EXPANSION, REPEATING DECIMAL 


References 

Rademacher, H. and Toeplitz, O. The Enjoyment of Math- 
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1957. 


1170 Mikusitiski’s Problem 
Mikusirski’s Problem 

Is it possible to cover completely the surface of a SPHERE 
with congruent, nonoverlapping arcs of GREAT CIR- 
CLES? Conway and Croft (1964) proved that it can be 
covered with half-open ares, but not with open arcs. 
They also showed that the PLANE can be covered with 
congruent closed and half-open segments, but not with 
open ones. 


References 

Conway, J. H. and Croft, H. T. “Covering a Sphere with 
Great-Circle Arcs.” Proc. Cambridge Phil. Soc. 60, 787- 
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Milin Conjecture 

An INEQUALITY which IMPLIES the correctness of the 
ROBERTSON CONJECTURE (Milin 1971). de Branges 
(1985) proved this conjecture, which led to the proof 
of the full BIEBERBACH CONJECTURE. 


see also BIEBERBACH CONJECTURE, ROBERTSON CON- 
JECTURE 
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de Branges, L.. “A Proof of the Bieberbach Conjecture.” Acta 
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Mill 


The n-roll mill curve is given by the equation 


where ({) is a BINOMIAL COEFFICIENT. 


References 
von Seggern, D. CRC Standard Curves and Surfaces. Boca 
Raton, FL: CRC Press, p. 86, 1993. 


Miller’s Algorithm 

For a catastrophically unstable recurrence in one direc- 
tion, any seed values for consecutive x; and 2341 will 
converge to the desired sequence of functions in the op- 
posite direction times an unknown normalization factor. 


Miller- ASkinuze Solid 
see ELONGATED SQUARE GYROBICUPOLA 


Miller’s Solid 


Miller Cylindrical Projection 


A MAP PROJECTION given by the following transforma- 
tion, 


=A—Xo (1) 
= } In[tan(jm + 2¢)| (2) 
= § sinh” *[tan(#¢)]. (3) 


Here x and y are the plane coordinates of a projected 
point, A is the longitude of a point on the globe, Apo is 
central longitude used for the projection, and ¢ is the 
latitude of the point on the globe. The inverse FORMuv- 
LAS are 


¢ = Stan *(e*”/) — 84 = Stan™'[sinh(2y)} (4) 


A=Aot+z. (5) 


References 

Snyder, J. P. Map Projections—A Working Manual. U.S. 
Geological Survey Professional Paper 1395. Washington, 
DC: U. S. Government Printing Office, pp. 86-89, 1987. 


Miller’s Primality Test 

If a number fails this test, it is not a PRIME. If the 
number passes, it may be a PRIME. A number passing 
Miller’s test is called a STRONG PSEUDOPRIME to base 
a. Ifa number n does not pass the test, then it is called a 
WITNESS for the COMPOSITENESS of n. If n is an ODD, 
POSITIVE COMPOSITE NUMBER, then n passes Miller’s 
test for at most (n — 1)/4 bases with 1 < a < —1 (Long 
1995). There is no analog of CARMICHAEL NUMBERS 
for STRONG PSEUDOPRIMES. 


The only COMPOSITE NUMBER less than 2.5 x 10'* which 
does not have 2, 3, 5, or 7 as a WITNESS is 3215031751. 
Miller showed that any composite n has a WITNESS less 
than 70(Inn)? if the RIEMANN HYPOTHESIS is true. 


see also ADLEMAN-POMERANCE-RUMELY PRIMALITY 
TEST, STRONG PSEUDOPRIME 

References 

Long, C. T. Th. 4.21 in Elementary Introduction to Number 
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Miller’s Solid 
see ELONGATED SQUARE GYROBICUPOLA 


Milliard 


Milliard 

In British, French, and German usage, one milliard 
equals 10°. American usage does not have a number 
called the milliard, instead using the term BILLION to 
denote 10°. 


see also BILLION, LARGE NUMBER, MILLION, TRILLION 


Millin Series 
The series with sum 


roy 
3 =e = 3(7- V5), 
n=0 


where F, is a FIBONACCI NUMBER (Honsberger 1985). 
see also FIBONACCI NUMBER 


References 
Honsberger, R. Mathematical Gems III. Washington, DC: 
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Million 

The number 1,000,000 = 10°. While one million in 
America means the same thing as one million in Britain, 
the words BILLION, TRILLION, etc., refer to different 
numbers in the two naming systems. While Americans 
may say “Thanks a million” to express gratitude, Nor- 
wegians offer “Thanks a thousand” (“tusen takk”). 

see also BILLION, LARGE NUMBER, MILLIARD, THOU- 
SAND, TRILLION 


Mills’ Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Mills (1947) proved the existence of a constant 9 = 
1.3064... such that 


ia o 


is PRIME for all n > 1, where |x| is the FLOOR FUNC- 
TION. It is not, however, known if @ is IRRATIONAL. 
Mills’ proof was based on the following theorem by Ho- 
heisel (1930) and Ingham (1937). Let p, be the nth 
PRIME, then there exists a constant K such that 


Pnti— Pn < koe (2) 


for all n. This has more recently been strengthened to 


Dag a K pp io®1/1920 (3) 


(Mozzochi 1986). If the RIEMANN HYPOTHESIS is true, 
then Cramér (1937) showed that 


Pait — Pn = O(n pn /Pn ) (4) 


(Finch). 
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Hardy and Wright (1979) point out that, despite the 
beauty of such FORMULAS, they do not have any prac- 
tical consequences. In fact, unless the exact value of 
6 is known, the PRIMES themselves must be known in 
advance to determine 9. A generalization of Mills’ theo- 
rem to an arbitrary sequence of POSITIVE INTEGERS is 
given as an exercise by Ellison and Ellison (1985). Con- 
sequently, infinitely many values for @ other than the 
number 1.3064... are possible. 
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Milne’s Method 

A PREDICTOR-CORRECTOR METHOD for solution of 
ORDINARY DIFFERENTIAL EQUATIONS. The third-order 
equations for predictor and corrector are 


Yn41 = yn—3 + $h(2yn — Yn—1 + 2yn-2) + O(h*) 
Yn+1 = Yn-1 + Fh yn—1 + 4yn + Yn4i) + O(h*). 


Abramowitz and Stegun (1972) also give the fifth order 
equations and formulas involving higher derivatives. 


see also ADAMS’ METHOD, GILL’S METHOD, PREDIC- 
TOR-CORRECTOR METHODS, RUNGE-KUTTA METHOD 
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Milnor’s Conjecture 

The UNKNOTTING NUMBER for a ToRUS KNOT (p,q) 
is (p — 1)(q—1)/2. This 40-year-old CONJECTURE was 
proved (Adams 1994) in Kronheimer and Mrowka (1993, 
1995). 


see also TORUS KNOT, UNKNOTTING NUMBER 
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Milnor’s Theorem 

If a COMPACT MANIFOLD M has NONNEGATIVE RICCI 
CURVATURE, then its FUNDAMENTAL GROUP has at 
most POLYNOMIAL growth. On the other hand, if M has 
NEGATIVE curvature, then its FUNDAMENTAL GROUP 
has exponential growth in the sense that n(X) grows ex- 
ponentially, where n(A) is (essentially) the number of 
different “words” of length 4 which can be made in the 
FUNDAMENTAL GROUP. 


References 
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Minimal Cover 

A minimal cover is a COVER for which removal of one 
member destroys the covering property. Let y{n,k) be 
the number of minimal covers of {1,...,} with k mem- 
bers. Then 


ak k 
1 2° —k-1 
w(n,k) = = So ( eee ) mist), 
m=k 


where (7) is a BINOMIAL COEFFICIENT, s(n,m) is a 
STIRLING NUMBER OF THE SECOND KIND, and 


ae = min(n, 2* — 1). 


Special cases include u(n,1) = 1 and p(n,2) = s(nt+ 
1, 3). 


k 1 2 3 4 5 6 7 


Sloane 000392 003468 016111 
n 
1 1 
2 1 1 
3 1 6 1 
4 1 25 22 1 
5 1 90 305 65 1 
6 1 301 3410 2540 171 1 
7 1 966 33621 77350 17066 420 1 


see also COVER, LEW k-GRAM, STIRLING NUMBER OF 
THE SECOND KIND 


References 
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Minimal Discriminant 
see FREY CURVE 


Minimal Matrix 

A Matrix with 0 DETERMINANT whose DETERMINANT 
becomes NONZERO when any element on or below the 
diagonal is changed from 0 to 1. An example is 


1 
0 
M=], 
ce) 


Minimal Surface 


There are 2” minimal SPECIAL MATRICES of size n x 
n. 


see also SPECIAL MATRIX 


References 
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Minimal Residue 
The value b or 6 — m, whichever is smaller in ABSOLUTE 
VALUE, where a = b (mod m). 


see also RESIDUE (CONGRUENCE) 


Minimal Set 
A SET for which the dynamics can be generated by the 
dynamics on any subset. 


Minimal Surface 

Minimal surfaces are defined as surfaces with zero MEAN 
CURVATURE, and therefore satisfy LAGRANGE’sS EQua- 
TION 


(1+ fy”) fee + 2fefyfey +(l+ fe) yy = 0. 


Minimal surfaces may also be characterized as surfaces 
of minimal AREA for given boundary conditions. A 
PLANE is a trivial MINIMAL SURFACE, and the first non- 
trivial examples (the CATENOID and HELICOID) were 
found by Meusnier in 1776 (Meusnier 1785). 


Euler proved that a minimal surface is planar IFF its 
GAUSSIAN CURVATURE is zero at every point so that it 
is locally SADDLE-shaped. The EXISTENCE of a solution 
to the general case was independently proven by Douglas 
(1931) and Rad6é (1933), although their analysis could 
not exclude the possibility of singularities. Osserman 
(1970) and Gulliver (1973) showed that a minimizing 


solution cannot have singularities. 


The only known complete (boundaryless), embedded 
(no self-intersections) minimal surfaces of finite topol- 
ogy known for 200 years were the CATENOID, HELICOID, 
and PLANE. Hoffman discovered a three-ended GENUS 
1 minimal embedded surface, and demonstrated the ex- 
istence of an infinite number of such surfaces. A four- 
ended embedded minimal surface has also been found. 
L. Bers proved that any finite isolated SINGULARITY of 
a single-valued parameterized minimal surface is remov- 
able. 


A surface can be parameterized using a ISOTHERMAL 
PARAMETERIZATION. Such a parameterization is mini- 
mal if the coordinate functions z, are HARMONIC, i.e., 
ox(€) are ANALYTIC. A minimal surface can therefore 
be defined by a triple of ANALYTIC FUNCTIONS such 
that @x¢x = 0. The REAL parameterization is then ob- 
tained as 


ox = f dulc)ac, (1) 


Minimal Surface 


But, for an ANALYTIC FUNCTION f and a MEROMOR- 
PHIC function g, the triple of functions 


é1(¢) = f(1-g”) (2) 
2(¢) = if(1+9”) (3) 
és(¢) = 2fg (4) 


are ANALYTIC as long as f has a zero of order > m 
at every POLE of g of order m. This gives a minimal 
surface in terms of the ENNEPER-WEIERSTRAB PARAM- 
ETERIZATION 


f(1- 9’) 
n | if(1t+Q?) | dé. (5) 
2f9 


see also BERNSTEIN MINIMAL SURFACE THEOREM, 
CALCULUS OF VARIATIONS, CATALAN’S SURFACE, 
CATENOID, COSTA MINIMAL SURFACE, ENNEPER-WEI- 
ERSTRAS PARAMETERIZATION, FLAT SURFACE, HEN- 
NEBERG’S MINIMAL SURFACE, HOFFMAN’S MINIMAL 
SURFACE, IMMERSED MINIMAL SURFACE, LICHTENFELS 
SURFACE, MAEDER’S OWL MINIMAL SURFACE, NIREN- 
BERG’S CONJECTURE, PARAMETERIZATION, PLATEAU’S 
PROBLEM, SCHERK’S MINIMAL SURFACES, TRINOID, 
UNDULOID 
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Minimax Approximation 

A minimization of the MAXIMUM error for a fixed num- 
ber of terms. 


Minimax Polynomial 

The approximating POLYNOMIAL which has the small- 
est maximum deviation from the true function. It is 
closely approximated by the CHEBYSHEV POLYNOMIALS 
OF THE FIRST KIND. 


Minimax Theorem 
The fundamental] theorem of GAME THEORY which 
states that every FINITE, ZERO-SUM, two-person GAME 
has optimal MIXED STRATEGIES. It was proved by John 
von Neumann in 1928. 


Formally, let X and Y be MIXED STRATEGIES for play- 
ers A and B. Let A be the PAYOFF MATRIX. Then 


max min X7AY = minmax XTAY = v, 
x Y Y Xx 


where v is called the VALUE of the GAME and X and Y 
are called the solutions. It also turns out that if there 
is more than one optimal MIXED STRATEGY, there are 
infinitely many. 

see also MIXED STRATEGY 
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Minimum 

The smallest value of a set, function, etc. The minimum 
value of a set of elements A = {a;}%, is denoted min A 
or min; a;, and is equal to the first element of a sorted 
(ie., ordered) version of A. For example, given the set 
{3, 5, 4, 1}, the sorted version is {1, 3, 4, 5}, so the 
minimum is 1. The MAXIMUM and minimum are the 
simplest ORDER STATISTICS. 


fiw=0 fW<9, 
f(x) >0 
fa<0 f(x)>0 
Fixy>0 fly<o £@=0M \ poy <o, 
fl =0 Fw=0 fF") <0 


minimunt maximunt stationary point 

A continuous FUNCTION may assume a minimum at a 
single point or may have minima at a number of points. 
A GLOBAL MINIMUM of a FUNCTION is the smallest 
value in the entire RANGE of the FUNCTION, while a 
LOCAL MINIMUM is the smallest value in some local 


neighborhood. 


For a function f(#) which is CONTINUOUS at a point zo, 
a NECESSARY but not SUFFICIENT condition for f(x) 
to have a RELATIVE MINIMUM at x = zo is that ro be 
a CRITICAL PoInT (i.e., f(x) is either not DIFFEREN- 
TIABLE at Xo or zo is a STATIONARY POINT, in which 
case f'(xo) = 0). 
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The First DERIVATIVE TEST can be applied to CON- 
TINUOUS FUNCTIONS to distinguish minima from MAx- 
IMA. For twice differentiable functions of one variable, 
f(z), or of two variables, f(z,y), the SECOND DERIV- 
ATIVE TEST can sometimes also identify the nature of 
an EXTREMUM. For a function f(z), the EXTREMUM 
TEST succeeds under more general conditions than the 
SECOND DERIVATIVE TEST. 


see also CRITICAL POINT, EXTREMUM, FIRST DERIVA- 
TIVE TEST, GLOBAL MAXIMUM, INFLECTION POINT, 
LOCAL MAXIMUM, MAXIMUM, MIDRANGE, ORDER 
STATISTIC, SADDLE POINT (FUNCTION), SECOND DE- 
RIVATIVE TEST, STATIONARY POINT 
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Minkowski-Bouligand Dimension 

In many cases, the HAUSDORFF DIMENSION correctly 
describes the correction term for a resonator with FRAC- 
TAL PERIMETER in Lorentz’s conjecture. However, in 
general, the proper dimension to use turns out to be the 
Minkowski-Bouligand dimension (Schroeder 1991). 


Let F(r) be the AREA traced out by asmal] CIRCLE with 
RADIuS r following a fractal curve. Then, providing the 
LIMIT exists, 


Du = lim Ete) 
r3o0 —Inr 


(Schroeder 1991). It is conjectured that for all strictly 
self-similar fractals, the Minkowski-Bouligand dimen- 
sion is equal to the HAUSDORFF DIMENSION D; oth- 
erwise Dy > D. 


see also HAUSDORFF DIMENSION 
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Minkowski Integral Inequality 


Minkowski Convex Body Theorem 

A bounded plane convex region symmetric about a Lat- 
TICE POINT and with AREA > 4 must contain at least 
three LATTICE POINTS in the interior. In n-D, the the- 
orem can be generalized to a region with AREA > 2”, 
which must contain at least three LATTICE POINTS. The 
theorem can be derived from BLICHFELD?T’s THEOREM. 


see also BLICHFELDT’S THEOREM 


Minkowski Geometry 
see MINKOWSKI SPACE 


Minkowski-Hlawka Theorem 
There exist lattices in n-D having HYPERSPHERE PACK- 
ING densities satisfying 


where ¢(n) is the RIEMANN ZETA FUNCTION. However, 
the proof of this theorem is nonconstructive and it is 
still not known how to actually construct packings that 
are this dense. 


see also HERMITE CONSTANTS, HYPERSPHERE PACK- 
ING 


References 

Conway, J. H. and Sloane, N. J. A. Sphere Packings, Lattices, 
and Groups, 2nd ed. New York: Springer-Verlag, pp. 14- 
16, 1993. 


Minkowski Integral Inequality 
If p > 1, then 


b 1/p 
/ f(a) + ola)? az| 


< / ie? ae | i aCe) ae] ae 


see also MINKOWSKI SUM INEQUALITY 
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Minkowski Measure 


Minkowski Measure 
The Minkowski measure of a bounded, CLOSED SET is 
the same as its LEBESGUE MEASURE. 
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Minkowski Metric 
In CARTESIAN COORDINATES, 


ds” = dz* + dy? + dz? (1) 
dr? = —c’ dt? + dx? + dy? + dz?, (2) 
and 
1 0.0: 0 
oe. oS A he Or 
0 00 1 


In SPHERICAL COORDINATES, 
ds* = dr* | r? d0 | r? sin? 6d¢? (4) 


dr? = —c? dt? + dr? +r? dO? +r’ sin? @dg’, (5) 


and 
LEO: {0 0 
0 10 0 
9=)o or? oF |? (8) 
0 0 0 r*sin?@ 


see also LORENTZ TRANSFORMATION, MINKOWSKI 


SPACE 


Minkowski Sausage 


Fo Bo Ene aos 


A FRACTAL created from the base curve and motif illus- 
trated below. 


Pf 


The number of segments after the nth iteration is 


Na = 8", 


=a) 
En = 4 ? 


so the CAPACITY DIMENSION is 


and 


p= lim InN, _ lim In 8” In 8 31ln2 3 
= noo Ine, -_ nooo In4"™”~ J|n4 21In2 2° 
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Minkowski Space 

A 4-D space with the MINKOWSKI METRIC. Alterna- 
tively, it can be considered to have a EUCLIDEAN MET- 
RIC, but with its VECTORS defined by 


Lo act 
“Ly t x 
late Q) 
13 Zz 


where c is the speed of light. The METRIC is DIAGONAL 
with ‘ 


Gan’ (2) 


Jaa = 


so ‘ 
nf? = ngs. (3) 


Let A be the TENSOR for a LORENTZ TRANSFORMA- 
TION. Then 


nA’ s = ABY (4) 
Ney NPY — A (5) 
aS i rs faytl Ns. (6) 


The NECESSARY and SUFFICIENT conditions for a met- 
ric gu, to be equivalent to the Minkowski metric naa 
are that the RIEMANN TENSOR vanishes everywhere 
(R*.v. = 0) and that at some point g’” has three Pos- 
ITIVE and one NEGATIVE HKIGENVALUES. 


see also LORENTZ TRANSFORMATION, MINKOWSKI 
METRIC 
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Minkowski Sum 
The sum of sets A and B in a VECTOR SPACE, equal to 
{a+b:a€A,be B}. 


Minkowski Sum Inequality 
If p> 1 and ax, bk > 0, then 


n 1/p n 1/p n 1/p 
Sais) 23a) 4 (Ss 
k=1 k=1 k=1 
Equality holds IFF the sequences a1, a2, ... and by, be, 


. are proportional. 


see also MINKOWSKI INTEGRAL INEQUALITY 
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Minor 

The reduced DETERMINANT of a DETERMINANT EX- 
PANSION, denoted Mj;, which is formed by omitting the 
ith row and jth column. 


see also COFACTOR, DETERMINANT, DETERMINANT 
EXPANSION BY MINORS 
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Minor Axis 
see SEMIMINOR AXIS 


Minor Graph 

A “minor” is a sort of SUBGRAPH and is what Kura- 
towski means when he says “contain.” It is roughly a 
small graph which can be mapped into the big one with- 
out merging VERTICES. 


Minus 
The operation of SUBTRACTION, i.e., @ minus b. The 
operation is denoted a—b. The MINUS SIGN “—” is also 


used to denote a NEGATIVE number, i.e., —z. 


see also MINUS SIGN, NEGATIVE, PLUS, PLUS OR MI- 
NuS, TIMES 


Minus or Plus 
see PLUS OR MINUS 


Minus Sign 
The symbol “—” which is used to denote a NEGATIVE 
number or SUBTRACTION. 


see also MINUS, PLUS SIGN, SIGN, SUBTRACTION 


Minute 
see ARC MINUTE 


Miquel’s Theorem 


Miquel Circles 


Ass 


For a TRIANGLE AABC and three points A’, B’, and 
C’, one on each of its sides, the three Miquel circles are 
the circles passing through each VERTEX and its neigh- 
boring side points (i.e., AC’B’, BA’'C’, and CB’A’). 
According to MIQUEL’S THEOREM, the Miquel circles 
are CONCURRENT in a point M known as the MIQUEL 
POINT. Similarly, there are n Miquel circles for n lines 
taken (n — 1) at a time. 


see also MIQUEL POINT, MIQUEL’S THEOREM, MIQUEL 
TRIANGLE 


Miquel Equation 


4£A2M Ag = £A2 Ai A3 + & PoP; Ps, 


where 4 is a DIRECTED ANGLE. 
see also DIRECTED ANGLE, MIQUEL’S THEOREM 
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Miquel Point 


The point of CONCURRENCE of the MIQUEL CIRCLES. 
see also MIQUEL CIRCLES, MIQUEL’S THEOREM, 


MIQUEL TRIANGLE 


Miquel’s Theorem 


If a point is marked on each side of a TRIANGLE AABC, 
then the three MIQUEL CIRCLES (each through a VER- 
TEX and the two marked points on the adjacent sides) 


Miquel Triangle 


are CONCURRENT at a point M called the MIQUEL 
Point. This result is a slight generalization of the so- 
called PIVOT THEOREM. 


If M lies in the interior of the triangle, then it satisfies 
2 PoM P3 = 180° - a 


LP3MP, = 180° OD 
LPi\MP, = 180° — Q3- 


The lines from the MIQUEL POINT to the marked points 
make equal angles with the respective sides. (This is a 
by-product of the MIQUEL EQUATION.) 


Given four lines Z1,..., I4 each intersecting the other 
three, the four MIQUEL CIRCLES passing through each 
subset of three intersection points of the lines meet in a 
point known as the 4-Miquel point AZ. Furthermore, the 
centers of these four MIQUEL CIRCLES lie on a CIRCLE 
C4 (Johnson 1929, p. 139). The lines from M to given 
points on the sides make cqual ANGLES with respect to 
the sides. 


Similarly, given n lines taken by (n—1)s yield n MIQUEL 
CIRCLES like Cy passing through a point P,, and their 
centers lie on a CIRCLE Cy j 1. 


see also MIQUEL CIRCLES, MIQUEL EQUATION, MIQUEL 
TRIANGLE, NINE-POINT CIRCLE, PEDAL CIRCLE, 
PIVOT THEOREM 
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Miquel Triangle 

Given a point P and a triangle AA; A2A3, the Miquel 
triangle is the triangle connecting the side points P,, 
Pz, and P; of AA, A2As5 with respect to which P is the 
MIQUEL POINT. All Miquel triangles of a given point 7 
are directly similar, aud M is the SIMILITUDE CENTER 
in every case. 
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Mira Fractal 
A FRACTAL based on the map 


os 2(1—a)x? 
F(z) =ar+ “jap 
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Mirimanoff’s Congruence 
If the first case of FERMAT’S LAST THEOREM is false for 
the PRIME exponent p, then 3?~! = 1 (mod p’). 


see also FERMAT’S Last THEOREM 


Mirror Image 

An image of an object obtained by reflecting it in a 
mirror so that the signs of one of its coordinates are 
reversed. 


see AMPHICHIRAL, CHIRAL, ENANTIOMER, HANDED- 
NESS 


Mirror Plane 

The SYMMETRY OPERATION (2,y,2z) > (x,y, —2), ete., 
which is equivalent to 2, where the bar denotes an IM- 
PROPER ROTATION. 


Misére Form 

A version of NIM-like GAMES in which the player taking 
the last piece is the loser. For most IMPARTIAL GAMES, 
this form is much harder to analyze, but it requires only 
a trivial modification for the game of NIM. 


Mitchell Index 
The statistical INDEX 


where p,, is the price per unit in period n and gq, is the 

quantity produced in period n. 

see also INDEX 
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A QUARTIC SURFACE named after its resemblance to 
the liturgical headdress worn by bishops and given by 
the equation 


4a? (2? +y? +27) -—y(i-y’® — 27) =0. 


see also QUARTIC SURFACE 
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Mittag-Leffler Function 


_~o tk 
Exo) = 2 Tera) 


It is related to the GENERALIZED HYPERBOLIC FUNC- 
TIONS by 
F} o(a) = E,,(2”). 
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Mittenpunkt 


ed 
The LEMOINE POINT of the EXCENTRAL TRIANGLE, i.e., 
the point of concurrence M of the lines from the Ex- 
CENTERS J; through the corresponding TRIANGLE side 
MIDPOINT M;. It is also called the MIDDLESPOINT and 
has TRIANGLE CENTER FUNCTION 


a=b+c-—a= 5 cota. 


see also EXCENTER, EXCENTRAL TRIANGLE, NAGEL 
POINT 
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Mobius Function 


Mixed Partial Derivative 
A PARTIAL DERIVATIVE of second or greater order with 
respect to two or more different variables, for example 


fond 
fey = = f : 

Oxdy 
If the mixed partial derivatives exist and are continuous 
at a point xo, then they are equal at xo regardless of 
the order in which they are taken. 


see also PARTIAL DERIVATIVE 


Mixed Strategy 

A collection of moves together with a corresponding set 
of weights which are followed probabilistically in the 
playing of a GAME. The MINIMAX THEOREM of GAME 
THEORY states that every finite, zero-sum, two-person 
game has optimal mixed strategies. 


see also GAME THEORY, MINIMAX THEOREM, STRAT- 
EGY 


Mixed Tensor 
A TENSOR having CONTRAVARIANT and COVARIANT in- 
dices. 


see also CONTRAVARIANT TENSOR, COVARIANT TEN- 
sOR, TENSOR 


Mnemonic 

A mental device used to aid memorization. Common 
mnemonics for mathematical constants such as e and PI 
consist of sentences in which the number of letters in 
each word give successive digits. 


see also e, JOSEPHUS PROBLEM, PI 
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Mobius Band 
see MOBIUS STRIP 


Mobius Function 


AN 
AT 


-1 


Mobius Group 


B(n) = 
0 if n has one or more repeatcd prime factors 
1 ifn=1 
(-1)* if n is a product of k distinct primes, 


so mu(n) # 0 indicates that n is SQUAREFREE. The 
first few values are 1, ~1, —1, 0, —1, 1, ~—1, 0, 0, 1, —1, 
0,... (Sloane’s A008683). 


The SUMMATORY FUNCTION of the Mobius function is 
called MERTENS FUNCTION. 


see also BRAUN’S CONJECTURE, MERTENS FUNC- 
TION, MOsius INVERSION FORMULA, MOBIUS PERI- 
OpDIC FUNCTION, PRIME ZETA FUNCTION, RIEMANN 
FUNCTION, SQUAREFREE 
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Mébius Group 
The equation 


aye +222 +... tan? — 22020 = 0 


represents an n-D HYPERSPHERE S” as a quadratic hy- 
persurface in an (rn + 1)-D real projective space P”*?, 
where zq are homogeneous coordinates in P™+t. Then 
the GROUP M(n) of projective transformations which 
leave S” invariant is called the Mobius group. 
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Mobius Inversion Formula 
If g(n) = dew f(d), then 


f(r) = Sud (5), 


d|n 


where the suis are over all possible INTEGERS d that 
DIVIDE n and p(d) is the MOBIUS FUNCTION. The Loc- 
ARITHM of the CYCLOTOMIC POLYNOMIAL 


®, (2) — [[a- 2)" 


din 
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is the Mobius inversion formula. 


see also CYCLOTOMIC POLYNOMIAL, MOBIUS FUNC- 
TION 
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Mobius Periodic Function 
A function periodic with period 27 such that 


p(6 + m) = —p(8) 
for all @ is said to be Mébius periodic. 


Mobius Problem 
Let A = {ai,a2,...} be a free Abelian SEMIGROUP, 
where a, is the unit element. Then do the following 
properties, 
1. a < b IMPLIES ac < be for a,b,c € A, where A has 

the linear order ai < a2 <..., 
2. plan) = p(n) for all n, 
imply that 

AQmn = Aman 

for all m,n > 1? The problem is known to be true for 
mn < 74 for all n < 240. 
see also BRAUN’S CONJECTURE, MOsIus FUNCTION 
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Flath, A. and Zulauf, A. “Does the Mébius Function Deter- 


mine Multiplicative Arithmetic?” Amer. Math. Monthly 
102, 354-256, 1995. 


Mobius Shorts 
A B 


A, B, C — 


Cc 
A one-sided surface reminiscent of the MOBIUS STRIP. 
see also MOBIUS STRIP 
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Mobius Strip 


A one-sided surface obtained by cutting a band width- 
wise, giving it a half twist, and re-attaching the two 
ends. According to Madachy (1979), the B. F.Goodrich 
Company patented a conveyor belt in the form of a 
Mobius strip which lasts twice as long as conventional 
belts. 


A Mébius strip can be represented parametrically by 


« = [R + scos(4$6)] cos 
y = [R + scos(46)]sin 8 


z = ssin(46), 


for s € [-1,1] and @ € [0,27). Cutting a Mobius 
strip, giving it extra twists, and reconnecting the ends 
produces unexpected figures called PARADROMIC RINGS 
(Listing and Tait 1847, Ball and Coxeter 1987) which are 
summarized in the table below. 


half- cuts divs. result 
twists 
1 1 2 1 band, length 2 
1 1 3 1 band, length 2 
1 Mobius strip, length 1 
1 2 4 2 bands, length 2 
1 2 #5 2 bands, length 2 
1 Mobius strip, length 1 
1 3. («6 3 bands, length 2 
1 3. 47 3 bands, length 2 
1 Mobius strip, length 1 
2 1 #2 2 bands, length 1 
2 2 83 3 bands, length 1 
2 3. 4 4 bands, length 1 


A ToORUwUS can be cut into a Mobius strip with an EVEN 
number of half-twists, and a KLEIN BOTTLE can be cut 
in half along its length to make two Mobius strips. In 
addition, two strips on top of each other, each with a 
half-twist, give a single strip with four twists when dis- 
entangled. 


There are three possible SURFACES which can be ob- 
tained by sewing a Mébius strip to the edge of a DISK: 
the Boy SURFACE, CROSS-CaAP, and ROMAN SURFACE. 


The Mobius strip has EULER CHARACTERISTIC 1, and 
the HEAWOOD CONJECTURE therefore shows that any 
set of regions on it can be colored using six-colors only. 


Mobius Transformation 


see also BOY SURFACE, CROSS-CAP, MAP COLORING, 
PARADROMIC RINGS, PRISMATIC RING, ROMAN SuR- 
FACE 
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Mobius Transformation 
A transformation of the form 


az+b 
as A cz+d’ 
where a, b, c, d€ C and 
ad — bc # 0, 


is a CONFORMAL TRANSFORMATION and is called a 
Mobius transformation. It is linear in both w and z. 


Every Mobius transformation except f(z) = z has one or 
two FIXED POINTS. The Mobius transformation sends 
CIRCLES and lines to CIRCLES or lines. Mobius trans- 
formations preserve symmetry. The CROSS-RATIO is 
invariant under a Mébius transformation. A Mébius 
transformation is a composition of translations, rota- 
tions, magnifications, and inversions. 


To determine a particular Mébius transformation, spec- 
ify the map of three points which preserve orientation. 
A particular Mébius transformation is then uniquely 


Mobius Triangles 


determined. To determine a general Mobius transfor- 
mation, pick two symmetric points a and ag. Define 
B = f(a), restricting G as required. Compute Js. f{as) 
then equals Gs since the Mdbius transformation pre- 
serves symmetry (the SYMMETRY PRINCIPLE). Plug in 
a and ag into the general M6bius transformation and 
set equal to @ and Bs. Without loss of generality, let 
c = 1 and solve for a and 6 in terms of 8. Plug back 
into the general expression to obtain a Mébius transfor- 
mation. 


see also SYMMETRY PRINCIPLE 


Mobius Triangles 
SPHERICAL TRIANGLES into which a SPHERE is divided 
by the planes of symmetry of a UNIFORM POLYHEDRON. 


see also SPHERICAL TRIANGLE, UNIFORM POLYHEDRON 


Mock Theta Function 
Ramanujan was the first to extensively study these 
THETA FUNCTION-like functions 


n2 


as q 
Wa > (1+9)?(1 +47)? +9")? 


n? 


zs q 
0) =) Gee OY 


see also g-SERIES, THETA FUNCTION 
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Mod 
see CONGRUENCE 


Mode 
The most common value obtained in a set of observa- 
tions. 


see also MEAN, MEDIAN (STATISTICS), ORDER STATIS- 
TIC 


Mode Locking 

A phenomenon in which a system being forced at an 
IRRATIONAL period undergoes rational, periodic motion 
which persists for a finite range of forcing values. It may 
occur for strong couplings between natural and forcing 
oscillation frequencies. 


The phenomenon can be exemplified in the CIRCLE MAP 
when, after g iterations of the map, the new angle differs 
from the initial value by a RATIONAL NUMBER 


Bnig = Ont F. 


Modified Bessel Differential Equation 
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This is the form of the unperturbed CriRCLE Map with 
the WINDING NUMBER 


a= 2, 
q 


For 2 not a RATIONAL NUMBER, the trajectory is 
QUASIPERIODIC. 


see also CHAOS, QUASIPERIODIC FUNCTION 


Model Completion 

Model completion is a term employed when EXISTEN- 
TIAL CLOSURE is successful. The formation of the COM- 
PLEX NUMBERS, and the move from affine to projec- 
tive geometry, are successes of this kind. The theory of 
existential closure gives a theoretical basis of Hilbert’s 
“method of ideal elements.” 
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Model Theory 

Model theory is a general theory of interpretations of 
an AXIOMATIC SET THEORY. It is the branch of LOGIC 
studying mathematical structures by considering first- 
order sentences which are true of those structures and 
the sets which are definable in those structures by first~ 
order FORMULAS (Marker 1996). 


Mathematical structures obeying axioms in a system 
are called “models” of the system. The usual axioms 
of ANALYSIS are second order and are known to have 
the REAL NUMBERS as their unique model. Weakening 
the axioms to include only the first-order ones leads to 
a new type of model in what is called NONSTANDARD 
ANALYSIS. 


see also KHOVANSKI’S THEOREM, 
ANALYSIS, WILKIE’S THEOREM 


NONSTANDARD 
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Modified Bessel Differential Equation 


The second-order ordinary differential equation 


xz Ri tq, ~ (2 +0 )y =O. 


The solutions are the MODIFIED BESSEL FUNCTIONS OF 
THE FIRST and SECOND KINDS. If n = 0, the modified 
Bessel differential equation becomes 


i re 
” de? as 
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which can also be written 


Modified Bessel Function of the First Kind 


I 2 3 4 5 


A function I,,(z) which is one of the solutions to the 
MODIFIED BESSEL DIFFERENTIAL EQUATION and is 
closely related to the BESSEL FUNCTION OF THE FIRST 
KIND J,(x). The above plot shows I,(x) for n = 1, 2, 

, 5. In terms of Jn(z), 
In(2) =i" In (iz) =e ""*/? In(we'"/*). (11) 


For a REAL NUMBER », the function can be computed 
using 


Bean Dury +k) NCEE: @) 


where I'(z) is the GAMMA FUNCTION. An integral for- 
mula is 


I(z)= te i e* °° cos(v) dO 
Cy 
0 
sin(v7) ~” -zcosht~vt 
_—— e dt, (3) 
cy ‘ ; 


which simplifies for vy an INTEGER 7 to 
1 i zcos@ 
I,(z) =- e cos(n@) dé (4) 
T Jo 


(Abramowitz and Stegun 1972, p. 376). 


A derivative identity for expressing higher order modi- 
fied Bessel functions in terms of Jo(z) is 


i,(2) = Th (=) Io(x), (5) 


where 7,,(2) is a CHEBYSHEV POLYNOMIAL OF THE 
FIRST. KIND. 

see also BESSEL FUNCTION OF THE FIRST KIND, MODI- 
FIED BESSEL FUNCTION OF THE FIRST KIND, WEBER’S 
FORMULA 


Modified Bessel Function 
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Modified Bessel Function of the Second Kind 
10 


1 2 3 4 5 


The function K,(x) which is one of the solutions to 
the MODIFIED BESSEL DIFFERENTIAL EQUATION. The 
above plot shows K,(z) forn = 1, 2,..., 5. Kn(z) is 
closely related to the MODIFIED BESSEL FUNCTION OF 
THE FIRST KIND J,(z) and HANKEL FUNCTION H,(z), 


K,(2) = Li?) HO) (ix) (1) 
= tri" [Jn(iz) + iN, (iz) (2) 
= v I_n(z) _ In (x) 
9. sin(n7) (3) 


Kale) = $42)" Sy 
“ay In($z)In(z) 

+(-1)"3 (5 a Swe +0 sunset niger 
- (4) 


where w is the DIGAMMA FUNCTION (Abramowitz and 
Stegun 1972). An integral formula is 
T(v+$)(2z)” fr cos t dt 

6 (#2 + zeyeti/2 


K.(z) = (5) 


Jie 


Modified Spherical Bessel Differential Equation 


which, for v = 0, simplifies to 


* cos(xt) dt 


eae OO 


Ko(z) = i cos(z sinh t) dt = 
0 
Other identities are 


K,(z) = ue | e (gta gy ae: (7) 


(n— 3)! 


for n > —1/2 and 


_ ca en? fos) - oe _ =) 


(8) 
wv ~—z °° (n a 4)! - 
r=0 
x | en tenth? ge. (9) 
0 


The modified Bessel function of the second kind is some- 
times called the BASSET FUNCTION. 
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Modified Spherical Bessel Differential 
Equation 

The SPHERICAL BESSEL DIFFERENTIAL EQUATION with 
a NEGATIVE separation constant, given by 


2 
nce + arc — [k?r? +n(n+i1)|R=0. 
Ir rT 


The solutions are called MODIFIED SPHERICAL BESSEL 
FUNCTIONS. 
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Modified Spherical Bessel Function 
Solutions to the MODIFIED SPHERICAL BESSEL DIFFER- 
ENTIAL EQUATION, given by 


in(2) = yf Intaal) (1) 


io(x) = sa (2) 
ine om Kns1ja(2) (3) 
ko(a) = <—, (4) 


where I,(z) is a MODIFIED BESSEL FUNCTION OF THE 
First KIND and K,(z) is a MODIFIED BESSEL FUNC- 
TION OF THE SECOND KIND. 
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Modified Struve Function 


where ['(z) is the GAMMA FUNCTION. 


see also ANGER FUNCTION, STRUVE FUNCTION, WE- 
BER FUNCTIONS 
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Modular Angle 

Given a MopDuLUS & in an ELLIPTIC INTEGRAL, the 
modular angle is defined by k = sina. An ELLIPTIC 
INTEGRAL is written I(@|m) when the PARAMETER is 
used, I(¢,k) when the MopuLUS is used, and I(¢\q) 
when the modular angle is used. 


see also AMPLITUDE, CHARACTERISTIC (ELLIPTIC IN- 


TEGRAL), ELLIPTIC INTEGRAL, MODULUS (ELLIPTIC 
INTEGRAL), NOME, PARAMETER 
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Modular Equation 

The modular equation of degree n gives an algebraic 
connection of the form 


K'(1) K'(k) 
ee Sg 1 
K() ~ "K(h) @) 
between the TRANSCENDENTAL COMPLETE ELLIPTIC 
INTEGRALS OF THE FIRST KIND with moduli k and I. 
When k and | satisfy a modular equation, a relationship 
of the form 
Ml, k) dy - dz (2) 
Jf - y?)(1 — Py?) 


J (1 —2)(1 — kz?) 


exists, and M is called the MODULAR FUNCTION MUL- 
TIPLIER. In general, if p is an ODD PRIME, then the 
modular equation is given by 


Qp(u,v) = (v—uo)(v—u1)---(v—up), (3) 
where 
up = (-1) "9/8 [(q?)]'/8 = (-1)P"-Fu(g?), (4) 
» is a ELLIPTIC LAMBDA FUNCTION, and 
qze™ (5) 


(Borwein and Borwein 1987, p. 126). An ELLIPTIC IN- 
TEGRAL identity gives 


K'(k) 
EY (6) 
so the modular equation of degree 2 is 
j= 2vk (7) 
which can be written as 
P(1+k)? = 4k. (8) 


A few low order modular equations written in terms of 
k and l are 


Q, =?(1+k)? —4k =0 (9) 

Qr = (ki)’/* + (R'I')/4 -1=0 (10) 

Qag = (kL)*/4 + (RU) 4 4 27/8 (kK)? 1 = 0. 
(11) 


In terms of u and v, 


O3(u, v) = ut — v4 + Quv(1 — uv?) = 0 (12) 
Qs(u,v) = vo — u® + 5u?v?(v? — u?) + 4uv(utvt — 1) 
“x UU 3 v oe. 2 2 1 = 
(=) ae 2 (uv “Gaa) =? 
(13) 
OQ7(u,v) = (1—u®)(1 — v®) — (1 — wv)® = 0, (14) 


Modular Form 


where 


2_ 7 _ Ba(q) 

ai 03(q) oe 
and 82(@) 
25 aU q ; 

v=vl ae) (16) 


Here, 3; are THETA FUNCTIONS. 


A modular equation of degree 2" for r > 2 can be ob- 
tained by iterating the equation for 2”~. Modular equa- 
tions for PRIME p from 3 to 23 are given in Borwein and 
Borwein (1987). 


Quadratic modular identities include 


a= [RS] an 
Cubic identities include 

joan a | = oe ay (19) 

Ean = | a oe = 4. (20) 


A seventh-order identity is 


V'03(q)83(a") — V/9a(q)04(4") = V/02(a)92(4"7). (21) 
From Ramanujan (1913-1914), 

(1+ g)(1+q°)(1 +>) +++ = 2°/8q'/*4 (kk) 7/9? (22) 

(1 — g)(1—g®)(1— 9°) ++ = Boge R 9, (28) 


see also SCHLAFLI’S MODULAR FORM 
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Modular Form 

A modular form is a function in the COMPLEX PLANE 
with rather spectacular and special properties resulting 
from a surprising array of internal symmetries. If 


(Bt 


an 3) = (cz +. d)?F(2), 


then: F(z) is said to be a modular form of weight 2 and 
level N. If it is correctly parameterized, a modular form 
is ANALYTIC and vanishes at the cusps, so it is called 


Modular Function 


a Cusp ForM. It is also an eigenform under a certain 
HECKE ALGEBRA. 


A remarkable connection between rational ELLIPTIC 
CURVES and modular forms is given by the TANIYAMA- 
SHIMURA CONJECTURE, which states that any rational 
ELLIPTIC CURVE is a modular form in disguise. This 
result was the one proved by Andrew Wiles in his cele- 
brated proof of FERMAT’S LAST THEOREM. 


see also Cusp FORM, ELLIPTIC CURVE, ELLIPTIC 
FUNCTION, FERMAT’S LAST THEOREM, HECKE AL- 
GEBRA, MODULAR FUNCTION, MODULAR FUNCTION 
MULTIPLIER, SCHLAFLI’S MODULAR ForM, TANIYAMA- 


SHIMURA CONJECTURE 
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Modular Function 

f is a modular function of level N on the upper half H 
of the COMPLEX PLANE if it is MEROMORPHIC (even at 
the Cusps), ad — be = 1 for all a, b, c, d, and N|c. 


see also ELLIPTIC FUNCTION, ELLIPTIC MODULAR 
FUNCTION, MODULAR FORM 
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Modular Function Multiplier 
When & and / satisfy a MODULAR EQUATION, a rela- 
tionship of the form 


M(1,k) dy = dx 
JfG-y)1-Py?) (1 — 2?)(1 — ka?) 


exists, and M is called the multiplier. ‘The multiplier of 
degree n can be given by 


(1) 


9s*(q)_ _ K(k) 


M,(1,k) = O37(qi/P)  -K(l)’ 


(2) 


where J; is a THETA FUNCTION and K(k) is a complete 
ELLIPTIC INTEGRAL OF THE FIRST KIND. 
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The first few multipliers in terms of I and k are 
1 141 
k) = — woe 
Me) ae 2 (3) 
1-,/8 
k 
M3(l,k) = ——*==. (4) 
1-,/8 


In terms of the uw and wv defined for MODULAR Equa- 
TIONS, 


v 2Qu> —u 
M. OO CEO ee 
a +t ut 3u (5) 
v(1 — uv) ute 
Ms = —————- = ——--- 6 
v—ud 5u(1 + uv) (6) 
(1 — uv)[1 — wv + (un)? 
ity = 2 = we —ww + (un) 
v-U 
vu 


= 7u(1 — uv)[1 — uv + (we)? 


Modular Gamma Function 
The GAMMA GROUP I is the set of all transformations 


w of the form 
at+b 


eed 
where a, b, c, and d are INTEGERS and ad — bc = 1. 


T-modular functions are then defined as in Borwein and 
Borwein (1987, p. 114). 


see also KLEIN’S ARSOLUTE INVARIANT, T:AMRBDA 
GROUP, THETA FUNCTION 
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Modular Group 
The GROUP of all MOBIUS TRANSFORMATIONS having 
INTEGER coefficients aud DETERMINANT equal to 1. 


Modular Lambda Function 
see ELLIPTIC LAMBDA FUNCTION 


Modular Lattice 
A LATTICE which satisfies the identity 


(cAy)V (@Az) =a l(yV (eAz)) 


is said to be modular. 
see also DISTRIBUTIVE LATTICE 
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Modular System 

A set M of all POLYNOMIALS in s variables, 71, ..., Zs 

such that if P, P;, and P2 are members, then so are 

P, + Pz and QP, where Q is any POLYNOMIAL in 21, 
ere 

see also HILBERT’S THEOREM, MODULAR SYSTEM Ba- 
SIS 


Modular System Basis 

A basis of a MODULAR SYSTEM M is any set of POLY- 
NOMIALS Bi, Bz, ...of M such that every POLYNOMIAL 
of M is expressible in the form 


RiBi + R2Bo+..., 
where Ri, Ro, ...are POLYNOMIALS. 


Modular Transformation 
see MODULAR EQUATION 


Modulation Theorem 
The important property of FOURIER TRANSFORMS 
that Fleos(2rkoxr) f(x)] can be expressed in terms of 
F[f(x)] = F(k) as follows, 


Flcos(2rkox)f(x)] = 3(F(k — ko) + F(k + ko)]. 


see also FOURIER TRANSFORM 
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Module 

A mathematical object in which things can be added to- 
gether COMMUTATIVELY by multiplying COEFFICIENTS 
and in which most of the rules of manipulating VECc- 
TORS hold. A module is abstractly very similar to a 
VECTOR SPACE, although modules have COEFFICIENTS 
in much more general algebraic objects and use RINGS 
as the COEFFICIENTS instead of FIELDS. 


The additive submodule of the INTEGERS is a set of 
quantities closed under ADDITION and SUBTRACTION 
(although it is SUFFICIENT to require closure under SUB- 
TRACTION). Numbers of the form na+tma forn,m€ Z 
form a module since, 


natma = (ntm)a. 


Given two INTEGERS a and b, the smallest module con- 
taining a and b is GCD(a, db). 
References 
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Modulo Multiplication Group 


Modulo 
see CONGRUENCE 


Modulo Multiplication Group 

A FINITE GrouP M, of RESIDUE CLASSES prime to m 
under multiplication mod m. M,, is ABELIAN of ORDER 
o(m), where d(m) is the TOTIENT FUNCTION. The fol- 
lowing table gives the modulo multiplication groups of 
small orders. 


M,, Group ¢(m) Elements 

Mz {e) 11 

Ms; Zz, 2 1,2 

M, Z2 2 -1;,.3 

Ms Za 4 1,2,3,4 

Ms Zo 2 1,5 

M, 4 6 1,2, 3,'4,.5;6 

Mg, 22.822 4 1,3,5,7 

M, Ze 6 1,2,4,5,7,8 

Mi Zs 4 1,3,7,9 

Mi, Zr 10 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 
My. Z2® Ze 4 1,5, 7,11 

Mis Zaz 12 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 
Mis Ze 6 1, 3,5, 9, 11, 13 

Mis 2222, 8 1, 2,4, 7, 8,11, 13, 14 

Mig 22824 8 1, 3,5, 7, 9,11, 13, 15 

Mi; Zi6 16 1, 2,3,..., 16 

Mis Ze 6 1,5, 7, 11, 13, 17 

Min Zi 18 1, 2,3,...,18 

Mao 228 Zu 8 1, 3,7, 9, 11, 13, 17, 19 

Mn 228 Ze 12 1, 2, 4, 5, 7, 8, 10, 11, 13, 16, 17, 19 
Maz Zo 10 1,3, 5, 7, 9, 13, 15, 17, 19, 21 
Mos Zoe 22 1,2,3,..., 22 

Me Z2®Z2Q Za, 8 1,5, 7,11, 13, 17, 19, 23 


M,, is a CYCLIC GROUP (which occurs exactly when m 
has a PRIMITIVE ROOT) [FF m is of one of the forms 
m = 2, 4, p", or 2p”, where p is an ODD PRIME and 
n > 1 (Shanks 1993, p. 92). 


ISOMORPHIC modulo multiplication groups can be deter- 
mined using a particular type of factorization of ¢(m) as 
described by Shanks (1993, pp. 92-93). To perform this 


Modulo Multiplication Group 


factorization (denoted dm), factor m in the standard 
form 


“Pn°™. (1) 


Now write the factorization of the TOTIENT FUNCTION 
involving each power of an ODD PRIME 


a 
m = pr“' po"? +. 


b(pi?*) = (pi — 1)pi*** (2) 


(ps2?) = Car®*) (qn?) --- (qe?*) (pi%*7), (8) 


where 
pi — 1 =qi"4go”? +++ gs"*, (4) 


(q’) denotes the explicit expansion of q@? (ie., 5? = 25), 
and the last term is omitted if a; = 1. If p,; = 2, write 


a 2 for a, = 2 
ae = {3 (an) fbb aS, (5) 


Now combine terms from the odd and even primes. For 
example, consider m = 104 = 23-13. The only odd 
prime factor is 13, so factoring gives 13 —1 = 12 = 
(2?) (3) = 3-4. The rule for the powers of 2 gives 
OF DOP?) = 2(2) = 2-2. Combining these two 
gives ding = 2-2-3-4. Other explicit values of gm are 
given below. 


gs — 2 
oa =2 
os =4 
go = 2 
gis = 2-4 
dis = 2-4 
diz = 16 


gia = 2-°2+3°4 
di05 = 2-2-3-4, 


My, and M, are isomorphic IFF ¢,,, and ¢,, are identical. 
More specifically, the abstract GROUP corresponding to 
a given M,, can be determined explicitly in terms of a 
Direct Propuct of Cyciic Groups of the so-called 
CHARACTERISTIC FACTORS, whose product is denoted 
®,. This representation is obtained from ¢,, as the set 
of products of largest powers of each factor of dm. For 
example, for @io4, the largest power of 2 is 4 = 2? and 
the largest power of 3 is 3 = 3', so the first characteristic 
factor is 4x 3 = 12, leaving 2-2 (i-e., only powers of two). 
The largest power remaining is 2 = 2', so the second 
CHARACTERISTIC FACTOR is 2, leaving 2, which is the 
third and last CHARACTERISTIC Factor. Therefore, 
Piog = 2-2-4, and the group M,, is isomorphic to 
Z2 @ Z2® Za. 
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The following table summarizes the isomorphic modulo 
multiplication groups M, for the first few n and iden- 
tifies the corresponding abstract GROUP. No My, is 
ISOMORPHIC to Zs, Qs, or Dg. However, every finite 
ABELIAN GROUP is isomorphic to a SUBGROUP of M,, 
for infinitely many different values of m (Shanks 1993, 
p. 96). CYCLE GRAPHS corresponding to M, for small 
n are illustrated above, and more complicated CYCLE 
GRAPHS are illustrated by Shanks (1993, pp. 87-92). 


Group Isomorphic Mm 

{e) M2 

22 Ms, Ma, Me 

Z4 Ms, Mio 

22 tesa) Z2 Ma, Mie 

46 M7, Ms, Mia, Mis 
22 @Z4 Mis, Mis, Mao, Mao 
22®@ Z2®@Z2 Moa 

Z10 Mii, Moa 

Z12 Mi3, Moe 

Zz ® Ze Ma1, Mos, M36, Mae 
Z16 Miz, M34 

22 ® Zp M32 

Zz @ Z2@Z, Maso, Mas, Meo 

Zia Mio, Moz, Mss, Msa 
Z20 M25, Ms0 

Zz ® Zi0 M33, Maa, Mee 

222 M3, Mae 

Z2 ® Z12 M35, M39, Mas, Ms2, Mzo, M7e, Moo 
228 M29, Mss 

230 M31, Meo 

236 M37, Mza 


The number of CHARACTERISTIC FACTORS r of Mm 
for m — 1, 2,... are 1, 1, 1, 1, 1, 1, 1, 2, 1, 1, 1, 
2, ... (Sloane’s A046072). The number of QUADRA- 
TIC RESIDUES in M,, for m > 2 are given by ¢(m)/2” 
(Shanks 1993, p. 95). The first few form = 1, 2,... are 
0,1, 1,1, 2,1, 3, 1, 3, 2, 5, 1, 6, ... (Sloane’s A046073). 


In the table below, ¢(n) is the TOTIENT FUNC- 
TION (Sloane’s A000010) factored into CHARACTERISTIC 
FACTORS, X(n) is the CARMICHAEL FUNCTION (Sloane’s 
AO011773), and g; are the smallest generators of the 
group M,, (of which there is a number equal to the nuim- 
ber of CHARACTERISTIC FACTORS). 


1188 Modulus (Complex Number) 
n(n) A(n) gin (nr) A) 9 
3 aa 227 a6. 18 2 
4 a. 2 3/28 2-6 6 13,3 
5 4 2 2/29 28 28 2 
6 2° 2 S804 4° ay? 
7 6 66 3/31 30 30 3 
8 S9re- 2 BG Be) Bake Ces. “Sis 
9 6 6 2|33 2-10 10 10,2 
10 4 4 3/34 16 16 3 
11 = 10-10 2/35 2-12 12 6,2 
12 2-2 2 57/36 2-6 6 19,5 
13 12 12 2/37 36 36 2 
14 6 6 3/38 18 18 3 
1S $id. - ae 149° |99- ei 12>. 8839 
16 2-4 4 15,3/40 2-2-4 4 39, 11,3 
17 16 16 3/41 40 40 6 
18 6 66 5/42 2-6 6 13,5 
19 18 18 2/43 42 42 3 
20 2-4 4 19,3/44 2-10 10 43,3 
21 2-6 6 20,2 |45 2-12 12 44, 2 
22 10 10 71/46 22 22 5 
23 «222 5 |47 46 46 5 
24.2-2-2 25,7,13 |48 2-2-4 4 47,7,5 
25 20 20 2/49 42 42 3 
260 1212 7|50 20 20 3 


see also CHARACTERISTIC FACTOR, CYCLE GRAPH, FI- 
NITE GROUP, RESIDUE CLASS 
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Modulus (Complex Number) 
The modulus of a COMPLEX NUMBER z is denoted |z|. 


je +iyl = Var +y? (1) 
| = Ir. (2) 


Let c, = Ae**! and cz = Be’*? be two COMPLEX NuUM- 
BERS. Then 


|re 


C1 Ag = A 2($1—2)) _ A 
C2 Beit2 | — Ble a B (3) 
lex| roe) | Ae*#?| = A \e** | A (4) 
leo] |Bett2| ~ Blet#2| B’ 
so | 
C1 Ci 
_—(_= —, 5 
C2 Ico| ( ) 
Also, 


lcrco| = |(Ae**!)(Be'*?)| = ABle™*1 +#2)| = AB 


(6) 
jei| |e2| = |Ae***| |Be**?| = ABle**? | |e*??| = AB, (7) 


Modulus (Elliptic Integral) 


so 
|e1c2| = |er| |ca| (8) 


and, by extension, 


|z”| = |z|". (9) 


The only functions satisfying identities of the form 


[f(a + ty)| = |f(x) + Flzy)| (10) 


are f(z) = Az, f(z) = Asin(bz), and f(z) = Asinh(bz) 
(Robinson 1957). 
see also ABSOLUTE SQUARE 
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Modulus (Congruence) 
see CONGRUENCE 


Modulus (Elliptic Integral) 

A parameter k used in ELLIPTIC INTEGRALS and ELLIP- 
TIC FUNCTIONS defined to be k = \/m, where m is the 
PARAMETER. An ELLIPTIC INTEGRAL is written I(¢, k) 
when the modulus is used. It can be computed explicitly 
in terms of THETA FUNCTIONS of zero argument: 


(1) 


The REAL period K(k) and IMAGINARY period K'(k) = 
K(k’) = K(V1-—k?) are given by 


AK (k) = 27303"(0|r) (2) 


2iK'(k) = rr03°(Ojr), (3) 


where K(k) is a complete ELLIPTIC INTEGRAL OF THE 
First KIND and the complementary modulus is defined 
by 

ki? =1-k’, (4) 


with k the modulus. 


see also AMPLITUDE, CHARACTERISTIC (ELLIPTIC IN- 
TEGRAL), ELLIPTIC FUNCTION, ELLIPTIC INTEGRAL, 
ELLIPTIC INTEGRAL SINGULAR VALUE, MODULAR AN- 
GLE, NOME, PARAMETER, THETA FUNCTION 
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Modulus (Quadratic Invariants) 


Modulus (Quadratic Invariants) 
The quantity ps — rg obtained by letting 


v=pX+qY (1) 
y=rX+sY (2) 
in 
ax + 2bry + cy’ (3) 
so that 
A = ap’ + 2bpr + cr? (4) 
B=apq+b(ps+qr)+ers (5) 
C = aq’ + 2bgs + cs” (6) 
and 
B? — AC = (ps — rq)*(b" — ac), (7) 


is called the modulus. 


Modulus (Set) 

The name for the SET of INTEGERS modulo m, denoted 
Z\mZ. If mis a PRIME p, then the modulus is a FINITE 
FIELD F, = Z\pZ. 


Moessner’s Theorem 

Write down the PosITIVE INTEGERS in row one, cross 
out every k,th number, and write the partial sums of 
the remaining numbers in the row below. Now cross off 
every kath number and write the partial sums of the 
remaining numbers in the row below. Continue. For 
every POSITIVE INTEGER k > 1, if every kth number is 
ignored in row 1, every (K — 1)th number in row 2, and 
every (k +1 —7)th number in row i, then the kth row of 
partial sums will be the kth Powers 1*, 2*, 3*,.... 
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Mohammed Sign 


A curve consisting of two mirror-reversed intersecting 
crescents. This curve can be traced UNICURSALLY. 


see also UNICURSAL CIRCUIT 


Mgiré Pattern 

An interference pattern produced by overlaying similar 
but slightly offset templates. Mgiré patterns can also be 
created be plotting series of curves on a computer screen. 
Here, the interference is provided by the discretization 
of the finite-sized pixels. 


see also CIRCLES-AND-SQUARES FRACTAL 
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Mollweide’s Formulas 
Let a TRIANGLE have side lengths a, b, and c with op- 
posite angles A, B, and C. Then 


b—c sin[3(B — C)| 


a cos(3.A) 
en peep Soa 
b = cos(3.B) 
a—b_ sin{$(A — B)] 
co! cos($C) 


see also NEWTON’S FORMULAS, TRIANGLE 
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Mollweide Projection 


1190 Moment 

A MAP PROJECTION also called the ELLIPTICAL PRO- 
JECTION or HOMOLOGRAPHIC EQUAL AREA PROJEC- 
TION. The forward transformation is 


ee 272 (A — Ao) cos 8 (1) 


ts 
y = 2’? sing, (2) 
where @ is given by 
26 + sin(26) = msin ¢. (3) 


NEWTON’s METHOD can then be used to compute @’ 
iteratively from 


6 +sind' — rsing 


Ag’ = 
1+ cos 6’ : (4) 
where 
g= i6' (5) 
or, better yet, 
6' = 2sin7! (=) (6) 
T 
can be used as a first guess. 
The inverse FORMULAS are 
@= sin * ee = = (7) 
TL 
A=A + ’ 8 
; 2/2 cos 6 (8) 
where 
6 =sin™? (+) ; (9) 
References 


Snyder, J. P. Map Projections—A Working Manual. U. S. 
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Moment 
The nth moment of a distribution about zero y!, is de- 
fined by 
ne = (2”) ’ (1) 
where 
(f(2)) = f(z)P(z) discrete distribution 
ee f(z)P(x)dzx continuous distribution. 


(2) 
pi, the MEAN, is usually simply denoted pu = jy. If the 
moment is instead taken about a point a, 


pala) = (@=a)")= > (e@=0)"P@). (3) 


The moments are most commonly taken about. the 
MEAN. These moments are denoted u, and are defined 


by 
n= (2 = #)”) ? (4) 


Moment-Generating Function 


with 41 = 0. The moments about zero and about the 
MEAN are related by 


pa = a — (14)? (5) 
bs = Hs — 8y2y4 + 2(H1)° (6) 
ba = peg — Spy + Oye (ei)? — 3(u1)?. (7) 


The second moment about the MEAN is equal to the 
VARIANCE 


a =a", (8) 
where o = ,/jig is called the STANDARD DEVIATION. 


The related CHARACTERISTIC FUNCTION is defined by 


a" 


(0) = E 


= i" 4in(0). (9) 
t=0 


The moments may be simply computed using the 
MOMENT-GENERATING FUNCTION, 


yi, = M™)(0). (10) 


A DISTRIBUTION is not uniquely specified by its mo- 
ments, although it is by its CHARACTERISTIC FUNC- 
TION. 


see also CHARACTERISTIC FUNCTION, CHARLIER’S 
CHECK, CUMULANT-GENERATING FUNCTION, FAC- 
TORIAL MOMENT, KurTosis, MEAN, MOMENT- 
GENERATING FUNCTION, SKEWNESS, STANDARD DE- 
VIATION, STANDARDIZED MOMENT, VARIANCE 
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Moment-Generating Function 
Given a RANDOM VARIABLE x € R, if there exists an 
h > 0 such that 


M(t) = (e’*) 
Ype’*P(z) for a discrete distribution 
f ce e’*P(x)dz for a continuous distribution 


(1) 


Ul 


for |t| < h, then 
M(t) = (e'*) (2) 


is the moment-generating function. 
co 
M(t) = / (l+te+ 3072? +...)P(x) dz 
oo 


=1l+tm+it?mot+..., (3) 


Momental Skewness 


where m, is the rth MOMENT about zero. The moment- 
generating function satisfies 
Maya) ate yar) 
= (e*)(e"%) = Mz (t)My(t). (4) 


If M(t) is differentiable at zero, then the nth MOMENTS 
about the ORIGIN are given by M"(0) 


M(t) = (e*) = M(0)=1 (5) 
M'(t) = (ze*) —-M'(0) = (a) (6) 
M"(t) = (z7e"*) = -M"(0) = (2”) (7) 


mM™(0)=(2"). (8) 
The MEAN and VARIANCE are therefore 


y= (wv) = M'(0) (9) 
o” = (x?) — (x)? = M"(0)-[M'(0)}?. (10) 


Mom (t) _ ze!) 


It is also true that 


nm 


Ln = > (5) (-1)"F uj (u)"?, (11) 


j=0 
where ji9 = 1 and 44; is the jth moment about the origin. 


It is sometimes simpler to work with the LOGARITHM of 
the moment-generating function, which is also called the 
CUMULANT-GENERATING FUNCTION, and is defined by 


R(t) = In[M(t)] (12) 
R'(t)= att (13) 
R"(t) = ane (14) 


But M(0) = (1) = 1, so 


= M'(0) = R'(0) (15) 
o” = M"(0) — [M’(0)]? = R"(0). (16) 


see also CHARACTERISTIC FUNCTION, CUMULANT, 
CUMULANT-GENERATING FUNCTION, MOMENT 
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Momental Skewness 


(m) _ 14 Ls 
a = 571 = 353° 


where 7 is the FISHER SKEWNESS. 
see also FISHER SKEWNESS, SKEWNESS 
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Monad 
A mathematical object which consists of a set of a single 
element. The YIN-YANG is also known as the monad. 


see also HEXAD, QUARTET, QUINTET, TETRAD, TRIAD, 
YIN- YANG 


Money-Changing Problem 
see COIN PROBLEM 


Monge-Ampere Differential Equation 
A second-order PARTIAL DIFFERENTIAL EQUATION of 
the form 


Hr+2Ks+Lt+M+N(rt—s’)=0, 


where H, K, L, M, and N are functions of x, y, z, p, 
and q, and r, s, t, p, and q are defined by 


_ os 
"= 622 
O7z 
$= 
OxOy 
pa 2 
Oy? 
_ 82 
P= ba 
_ 
q Oy 


The solutions are given by a system of differential equa- 
tions given by Iyanaga and Kawada (1980). 


References 
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Monge’s Chordal Theorem 
see RADICAL CENTER 


Monge’s Form 
A surface given by the form z = F(z, y). 


see also MONGE PATCH 


Monge Patch 
A Monge patch is a PATCH x: U + R? of the form 


x(u,v) = (u,v, h(u, v)), (1) 


where U is an OPEN SET in R? andh: U > R is 
a differentiable function. The coefficients of the first 
FUNDAMENTAL FORM are given by 


E=1+h.? (2) 
F =hyhy (3) 
Gr=1+h,’ (4) 


1192 Monge’s Problem 


and the second FUNDAMENTAL FORM by 


Au 


————— (5) 
J1l+hu? + hy? 
hu 
f=——_——_—- (6) 
Vit he? +h? 
g= —“__. (7) 


Vit hu? + hy? 


For a Monge patch, the GAUSSIAN CURVATURE and 
MEAN CURVATURE are 


-_ Ruuherv = fiae* 

~ (1+ hy? + hy)? 

_, (1 + hy? )Run —~ 2huhyhuy + el + hea? igs 
(1+ hy? + hy?)3/2 


(8) 


H 


mC) 


see also MONGE’S FORM, PATCH 
References 
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o 


Monge’s Problem 


Draw a CIRCLE that cuts three given CIRCLES PERPEN- 
DICULARLY. The solution is obtained by drawing the 
RADICAL CENTER RF of the given three CIRCLES. If it 
lies outside the three CIRCLES, then the CIRCLE with 
center R and RApius formed by the tangent from R to 
one of the given CIRCLES intersects the given CIRCLES 


perpendicularly. Otherwise, if R lies inside one of the 
circles, the problem is unsolvable. 


see also CIRCLE TANGENTS, RADICAL CENTER 
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Monge’s Shuflle 

A SHUFFLE in which CARDS from the top of the deck in 
the left hand are alternatively moved to the bottom and 
top of the deck in the right hand. If the deck is shuffled 
m. times, the final position zm and initial position xg of 
a card are related by 


athe, = (Ap+1)[277*4+(-1)™ 71 (a 77 4....4241)] 
+(-1)"7 1225 + 27-4 (-1)"* 


Monica Set 


for a deck of 2p cards (Kraitchik 1942). 
see also CARDS, SHUFFLE 
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Monge’s Theorem 


Draw three nonintersecting CIRCLES in the plane, and 
the common tangent line for each pair of two. The points 
of intersection of the three pairs of tangent lines lie on 
a straight line. 
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Monic Polynomial 
A POLYNOMIAL in which the COEFFICIENT of the high- 
est ORDER term is l. 


see also MONOMIAL 


Monica Set 
The nth Monica set M, is defined as the set of Com- 
POSITE NUMBERS z for which n|S(x) — S,(x), where 


& = ao + a1(10') +... + @g(10%) = pipe --- pn, (1) 


and 
d 
S(z) = Sa; (2) 
j=0 
Sp(z) = 5° S(pi). (3) 
i=l 


Every Monica set has an infinite number of elements. 
The Monica set M,, is a subset of the SUZANNE SET Sn. 


Monkey and Coconut Problem 


If xz is a SMITH NUMBER, then it is a member of the 
Monica set M,, for alln ¢ N. For any INTEGER k > 1, 
if zg is a Kk-SMITH NUMBER, then x € M,-1. 


see also SUZANNE SET 
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Monkey and Coconut Problem 

A DIOPHANTINE problem (i.e., one whose solution must 
be given in terms of INTEGERS) which secks a solution 
to the following problem. Given n men and a pile of 
coconuts, each man in sequence takes (1/n)th of the 
coconuts and gives the m coconuts which do not divide 
equally to a monkey. When all n men have so divided, 
they divide the remaining coconuts five ways, and give 
the m coconuts which are left-over to the monkey. How 
many coconuts N were there originally? The solution is 
equivalent to solving the n+1 DIOPHANTINE EQUATIONS 


N=nA+m 
(n-1l)A=nBim 
(n-1)B=nC+m 


(n-1)X=nY +m 
(n-1)¥ =nZ+4+™m, 


and is given by 
N = kn"** — m(n- 1), 


where k is an an arbitrary INTEGER (Gardner 1961). 


For the particular case of nm = 5 men and m = 1 left 
over coconuts, the 6 equations can be combined into the 
single DIOPHANTINE EQUATION 


1,024N = 15,625F + 11,529, 


where F' is the number given to each man in the last 
division. The smallest POSITIVE solution in this case is 
N = 15,621 coconuts, corresponding to k = 1 and F = 
1,023 (Gardner 1961). The following table shows how 
this rather large number of coconuts is divided under 
the scheme described above. 


Removed Given to Monkey Left 


15,621 
3,124 1 12,496 
2,499 1 9,996 
1,999 1 7,996 
1,599 1 6,396 
1,279 1 5,116 
5x 1023 1 0 
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If no coconuts are left for the monkey after the final n- 
way division (Williams 1926), then the original number 
of coconuts is 


(1+ nk)n” —(n—-1) n odd 
(n-1+nk)n™ —-(n—1) neven. 


The smallest POSITIVE solution for case n = 5 and m = 
1 is N = 3,121 coconuts, corresponding to k = 1 and 
1,020 coconuts in the final division (Gardner 1961). The 
following table shows how these coconuts are divided. 


Removed Given to Monkey Left 


3,121 
624 t 2,496 
499 1 1,996 
399 1 1,596 
319 1 1,276 
255 1 1,020 
5x 204 0 0 


A different version of the problem having a solution of 
79 coconuts is considered by Pappas (1989). 


see also DIOPHANTINE EQUATION—LINEAR, PELL 


EQUATION 
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A SURFACE which a monkey can straddle with both his 
two legs and his tail. A simply Cartesian equation for 
such a surface is 


z= a(x” — 3y’), (1) 


which can also be given by the parametric equations 


z(u,v) =u (2) 
y(u,v) =v (3) 
z(u,v) = u® — 3uv?. (4) 


The coefficients of the first and second FUNDAMENTAL 
ForMS of the monkey saddle are given by 


6u 
@ 92 ee (5) 
V1+ 9u4 + 18u?v? + 9v4 

6v 
=- 6 
f V1 + 9u4 + 18u2v? + 9v4 (6) 

6u 
SY ee eR a Le 7 
_ V1 + 9ut + 18u2v2 + 9u4 (7) 
E=149(u? -v’)? (8) 
F = ~18uv(u? — v”) (9) 
G=14 36u?v?, (10) 


giving RIEMANNIAN METRIC 


ds? = [1+ (3u? — 3u?)?] du? — 2[18uv(u? — v)] dudu 
+(1+ 36u7v?) dv’, (11) 


AREA ELEMENT 
1+ 9u4 + 18u?v? + 9v4 du A dv, (12) 


and GAUSSIAN and MEAN CURVATURES 


36(u? + v?) 
nh Se 13 
is (1 + 9u4 + 18u2v? + Ov)? (18) 
_y4 2,2 4 
27u(—u> + 2u“v* + 3v°) (14) 


— (1+ 9u4 + 18u?v? + 9v4)3/2 


(Gray 1993). Every point of the monkey saddle except 
the origin has NEGATIVE GAUSSIAN CURVATURE. 


see also CROSSED TROUGH, PARTIAL DERIVATIVE 


References 

Coxeter, H. S. M. Introduction:to Geometry, 2nd ed. New 
York: Wiley, p. 365, 1969. 

Gray, A. Modern. Differential Geometry of Curves and Sur- 
faces. Boca Raton, FL: CRC Press, pp. 213-215, 262-263, 
and 288-289, 1993. 

Hilbert, D. and Cohn-Vossen, S. Geometry and the Imagina- 
tion. New York: Chelsea, p. 202, 1952. 


Monogenic Function 


Monochromatic Forced Triangle 

Given a COMPLETE GRAPH K,, which is two-colored, 
the number of forced monochromatic TRIANGLES is at 
least 


Lu(u—1)(w—2) forn=2u 
Su({u-—1)(4u+1) forn=4u+1 
duu +1)(4u-1) forn =4u+3. 

The first few numbers of monochromatic forced triangles 
are 0, 0, 0, 0, 0, 2, 4, 8, 12, 20, 28, 40, ... (Sloane’s 
A014557). 


see also COMPLETE GRAPH, EXTREMAL GRAPH 
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Monodromy 
A general concept in CATEGORY THEORY involving the 
globalization of local MORPHISMS. 


see also HOLONOMY 


Monodromy Group 
A technically defined Group characterizing a system of 
linear differential equations 


n 


uy = D7 ase (o)ue 


k=1 


for j = 1, ..., n, where ajx are COMPLEX ANALYTIC 
FUNCTIONS of 2 in a given COMPLEX DOMAIN. 


see also HILBERT’S 21ST PROBLEM, RIEMANN P-SERIES 
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Monodromy Theorem 

If a COMPLEX function f is ANALYTIC in a DISK con- 
tained in a simply connected DOMAIN D and f can be 
ANALYTICALLY CONTINUED along every polygonal arc 
in D, then f can be ANALYTICALLY CONTINUED to a 
single-valued ANALYTIC FUNCTION on all of D! 


see also ANALYTIC CONTINUATION 


Monogenic Function 


If 
him £62) — £(20) 


Z->ZQ z— zg 


is the same for all paths in the COMPLEX PLANE, then 
f(z) is said to be monogenic at zo. Monogenic there- 
fore essentially means having a single DERIVATIVE at a 
point. Functions are either monogenic or have infinitely 
many DERIVATIVES (in which case they are called POLy- 
GENIC); intermediate cases are not possible. 


Monohedral Tiling 


see also POLYGENIC FUNCTION 
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Monohedral Tiling 
A TILING is which all tiles are congruent. 


see also ANISOHEDRAL TILING, ISOHEDRAL TILING 
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Monoid 

A GRouUP-like object which fails to be a GROUP because 
elements need not have an inverse within the object. A 
monoid S must also be ASSOCIATIVE and an IDENTITY 
ELEMENT JI € S such that for alla € S, la =al =a. 
A monoid is therefore a SEMIGROUP with an identity 
element. A monoid must contain at least one element. 


The numbers of free idempotent monoids on 7 letters 
are 1, 2, 7, 160, 332381, ... (Sloane’s A005345). 


see also BINARY OPERATOR, GROUP, SEMIGROUP 
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Monomial 
A POLYNOMIAL consisting of a single term. 


see also BINOMIAL, MONIC POLYNOMIAL, POLYNOMIAL, 
TRINOMIAL 


Monomino 
The unique 1-POLYOMINO, consisting of a single 
SQUARE. 


see also DOMINO, TRIOMINO 
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Monomorph 

An INTEGER which is expressible in only one way in the 
form 2? + Dy? or x? — Dy? where x? is RELATIVELY 
PRIME to Dy’. If the INTEGER is expressible in more 
than one way, it is called a POLYMORPH. 


see also ANTIMORPH, IDONEAL NUMBER, POLYMORPH 


Monomorphism 
An INJECTIVE MORPHISM. 
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Monotone 
Another word for monotonic. 


see also MONOTONIC FUNCTION, MONOTONIC SE- 
QUENCE, MONOTONIC VOTING 


Monotone Decreasing 
Always decreasing; never remaining constant or increas- 
ing. 


Monotone Increasing 
Always increasing; never remaining constant or decreas- 
ing. 


Monotonic Function 

A function which is either entirely nonincreasing or non- 
decreasing. A function is monotonic if its first DERIV- 
ATIVE (which need not be continuous) does not change 
sign. 


Monotonic Sequence 
A SEQUENCE {an} such that either (1) ai41 > ai for 
every i > 1, or (2) ai41 < a; for every 7 > 1. 


Monotonic Voting 
A term in SOCIAL CHOICE THEORY meaning a change 
favorable for X does not hurt X. 


see also ANONYMOUS, DUAL VOTING 


Monster Group 
The highest order SPORADIC GRouP M. It has ORDER 


246 320 59.78. 117. 13°.17-19-23-29-31-41-47-59-71, 


and is also called the FRIENDLY GIANT GROUP. It was 
constructed in 1982 by Robert Griess as a GROUP of 
ROTATIONS in 196,883-D space. 


see also BABY MONSTER GROUP, BIMONSTER, LEECH 
LATTICE 
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Monte Carlo Integration 

In order to integrate a function over a complicated Do- 
MAIN D, Monte Carlo integration picks random points 
over some simple DOMAIN D' which is a superset of D, 
checks whether each point is within D, and estimates 
the AREA of D (VOLUME, n-D CONTENT, etc.) as the 
AREA of D‘ multiplied by the fraction of points falling 
within D’. 


An estimate of the uncertainty produced by this tech- 
nique is given by 


: PO 
[ravevins yO 


see also MONTE CARLO METHOD 
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Monte Carlo Method 

Any method which solves a problem by generating suit- 
able random numbers and observing that fraction of 
the numbers obeying some property or properties. The 
method is useful for obtaining numerical solutions to 
problems which are too complicated to solve analyti- 
cally. The most common application of the Monte Carlo 
method is MONTE CARLO INTEGRATION. 


see also MONTE CARLO INTEGRATION 
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Montel’s Theorem 

Let f(z) be an analytic function of z, regular in the 
half-strip S defined by a < x < band y > 0. If f(z) 
is bounded in S and tends to a limit 1 as y — oo for 
a certain fixed value € of x between a and b, then f(z) 
tends to this limit | on every line z = ap in S, and 
f(z) > l uniformly for a+ 6 < xo < b-—6. 


see also VITALI’S CONVERGENCE THEOREM 
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Monty Hall Dilemma 
see MONTY HALL PROBLEM 


Monty Hall Problem 


Monty Hall Problem 

The Monty Hall problem is named for its similarity to 
the Let’s Make a Deal television game show hosted by 
Monty Hall. The problem is stated as follows. Assume 
that a room is equipped with three doors. Behind two 
are goats, and behind the third is a shiny new car. You 
are asked to pick a door, and will win whatever is behind 
it. Let’s say you pick door 1. Before the door is opened, 
however, someone who knows what’s behind the doors 
(Monty Hall) opens one of the other two doors, revealing 
a goat, and asks you if you wish to change your selection 
to the third door (i.e., the door which neither you picked 
nor he opened). The Monty Hall problem is deciding 
whether you do. 


The correct answer is that you do want to switch. If 
you do not switch, you have the expected 1/3 chance of 
winning the car, since no matter whether you initially 
picked the correct door, Monty will show you a door with 
a goat. But after Monty has eliminated one of the doors 
for you, you obviously do not improve your chances of 
winning to better than 1/3 by sticking with your original 
choice. If you now switch doors, however, there is a 2/3 
chance you will win the car (counterintuitive though it 
seems). 


di d2 Winning Probability 


pick stick 1/3 
pick switch 2/3 


The problem can be generalized to four doors as follows. 
Let one door conceal the car, with goats behind the other 
three. Pick a door d,. Then the host will open one of 
the nonwinners and give you the option of switching. 
Call your new choice (which could be the same as d; if 
you don’t switch) dz. The host will then open a second 
nonwinner, and you must decide for choice d3 if you 
want to stick to dg or switch to the remaining door. 
The probabilities of winning are shown below for the 
four possible strategies. 


di da ds Winning Probability 
pick stick stick 4/8 
pick switch stick 3/8 


pick stick switch 6/8 
pick switch switch 5/8 


The above results are characteristic of the best strategy 
for the n-stage Monty Hall problem: stick until the last 
choice, then switch. 


see also ALIAS’ PARADOX 
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Moore Graph 

A GRAPH with DIAMETER d and GIRTH 2d + 1. Moore 
graphs have DIAMETER of at most 2. Every Moore graph 
is both REGULAR and distance regular. Hoffman and 
Singleton (1960) show that k-regular Moore graphs with 
DIAMETER 2 have k € {2,3,7,57}. 
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Moore-Penrose Generalized Matrix Inverse 
Given an m x n MATRIX B, the Moore-Penrose gener- 
alized MATRIX INVERSE is a unique n x m Matrix Bt 
which satisfies 


BB*B=B (1) 
B*BBt = Bt (2) 
(BB*)T = BBt (3) 
(BT B)T = BB. (4) 
It is also true that 
z=Bte (5) 


is the shortest length LEAST SQUARES solution to the 
problem 


Bz=c. (6) 


If the inverse of (B7B) exists, then 
Bt = (B*B)~*B", (7) 


where B” is the MATRIX TRANSPOSE, as can be seen 
by premultiplying both sides of (7) by B” to create a 
SQUARE MATRIX which can then be inverted, 


B™Bz = Bc, (8) 
giving 
z= (B"B)~'B*e 
= Bre. (9) 


see also LEAST SQUARES FITTING, MATRIX INVERSE 
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Mordell Conjecture 

DIOPHANTINE EQUATIONS that give rise to surfaces with 
two or more holes have only finite many solutions in 
GAUSSIAN INTEGERS with no common factors. Fermat’s 
equation has (n—1)(n—2)/2 HOLES, so the Mordell con- 
jecture implies that for each INTEGER n > 3, the FER- 
MAT EQUATION has at most a finite number of solutions. 
This conjecture was proved by Faltings (1984). 


see also FERMAT EQUATION, FERMAT’S LAST THEO- 
REM, SAFAREVICH CONJECTURE, SHIMURA-TANIYAMA 
CONJECTURE 
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Mordell Integral 
The integral 


etite*+2niue 
Ete | “gine 


which is related to the THETA FUNCTIONS, Mock 
THETA FUNCTIONS, and RIEMANN ZETA FUNCTION. 


Mordell- Weil Theorem 

For ELLIPTIC CURVES over the RATIONALS, Q, the num- 
ber of generators of the set of RATIONAL POINTS is al- 
ways finite. This theorem was proved by Mordell in 1921 
and extended by Weil in 1928 to ABELIAN VARIETIES 
over NUMBER FIELDS. 
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Morera’s Theorem 
If f(z) is continuous in a simply connected region D and 


satisfies 
/ fdz=0 
7 


for all closed CONTOURS 7¥ in D, then f(z) is ANALYTIC 
in D. 

see also CAUCHY INTEGRAL THEOREM 
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Morgado Identity 
An identity satisfied by w GENERALIZED FIBONACCI 
NUMBERS: 


4WnWn41Wn4+2Wn+4Wn45Wn46 
22 2 
+e°g ” (wnU4Us — wn41U2U6 — wnUiUs) 


= (Wn41Wn+2Wnt6 + WnWn+4Wn45)*; (1) 
where 
e = pab — qa” — b* (2) 


U, = wn(0,1;p, 4). (3) 


see also GENERALIZED FIBONACCI NUMBER 
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Morgan-Voyce Polynomial 

Polynomials related to the BRAHMAGUPTA POLYNOMI- 

ALS. They are defined by the RECURRENCE RELATIONS 
bn(z) = tBn-1(x) + bn-i(z) (1) 


Bn(x) = (@ + 1)Bn-1(2) + ba-1(z) (2) 


for n > 1, with 
bo(x) = Bo(x) = 1. (3) 
Alternative recurrences are 
Bn41Bn-1 — Bn” =-1 (4) 


br+1bn-1 — bn? = 2. (5) 


The polynomials can be given explicitly by the sums 


Ba() = 5 (ary (6) 


k=0 
“(n+k 
bn (x) = D @ pi a (7) 
Defining the MATRIX 
_|#+2 -1 
a=|*7? 4 () 
gives the identities 
Bn —~Bn-1 
Q Re aa i) 
n. n—1 br —bn-i 
Q*-Qrts= FS ae (10) 


Morgan-Voyce Polynomial 


Defining 
cos @ = $(a + 2) (11) 
cosh ¢ = 4(a + 2) (12) 
gives 
B, (x) = sintin + 6) (13) 
pace) = 2M ay 
and 
cos[i(2n + 1)6] 
bn(z) = cos(20) (16) 
_ cosh[}(2n + 1)¢] 
me cosh(3@) uy) 


The Morgan-Voyce polynomials are related to the FI- 
BONACCI POLYNOMIALS Fp(z) by 


bn (2?) = Fon+1(z) (17) 
Bn(z?) = ~ Fant2() (18) 


(Swamy 1968). 


B,(x) satisfies the ORDINARY DIFFERENTIAL EQua- 
TION 


a(x +4)y” + 3(x + 2)y’ — n(n + 2)y = 0, (19) 
and b,(x) the equation 
z(z+4)y"” +2(24+ ly’ —n(n+1)y=0. (20) 


These and several other identities involving derivatives 
and integrals of the polynomials are given by Swamy 
(1968). 


see also BRAHMAGUPTA POLYNOMIAL, FIBONACCI 
POLYNOMIAL 
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Morley Centers 


Morley Centers 
The CENTROID of MORLEY’S TRIANGLE is called Mor- 
ley’s first center. It has TRIANGLE CENTER FUNCTION 


a = cos(}.A) + 2cos(}B) cos(;C). 


The PERSPECTIVE CENTER of MORLEY’S TRIANGLE 
with reference TRIANGLE ABC is called Morley’s sec- 
ond center. The TRIANGLE CENTER FUNCTION is 


a = sec(} A). 


see also CENTROID (GEOMETRIC), MORLEY’s THEO- 
REM, PERSPECTIVE CENTER 
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Morley’s Formula 


11 — 3m) 
Pd=gm)/ 
where (7) is a BINOMIAL COEFFICIENT and [°(z) is the 
GAMMA FUNCTION. 


cos($mrm), 


Morley’s Theorem 


Y 
LI. 


B 


The points of intersection of the adjacent TRISECTORS 
of the ANGLES of any TRIANGLE AABC are the VER- 
TICES of an EQUILATERAL TRIANGLE ADEF known as 
MORLEY’S TRIANGLE. Taylor and Marr (1914) give two 
geometric proofs and one trigonometric proof. 


Morley’s Theorem 1199 


A generalization of MORLEY’s THEOREM was discov- 
ered by Morley in 1900 but first published by Taylor 
and Marr (1914). Each ANGLE of a TRIANGLE AABC 
has six trisectors, since each interior angle trisector has 
two associated lines making angles of 120° with it. The 
generalization of Morley’s theorem states that these tri- 
sectors intersect in 27 points (denoted Di;, Eiz, Fi;, for 
i,j = 0, 1, 2) which lie six by six on nine lines. Further- 
more, these lines are in three triples of PARALLEL lines, 
(D22Fo2, Ei2D21, FioFo1), (D22F22, Fe:Di2, Fo1F 10), 
and (E22 F22, Fy2E21, DioDo1); making ANGLES of 60° 
with one another (Taylor and Marr 1914, Johnson 1929, 
p. 254). 


A 


LE BN ; 


B 


Let L, M, and N be the other trisector-trisector inter- 
sections, and let the 27 points Li;, Mi;, Ni; for i,7 = 0, 
1, 2 be the ISOGONAL CONJUGATES of D, E, and F. 
Then these points lie 6 by 6 on 9 CONICS through 
AABC. In addition, these CONICS meet 3 by 3 on the 
CIRCUMCIRCLE, and the three meeting points form an 
EQUILATERAL TRIANGLE whose sides are PARALLEL to 
those of ADEF. 


see also CONIC SECTION, MORLEY CENTERS, TRISEC- 
TION — 
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Morley’s Triangle 
An EQUILATERAL TRIANGLE considered by MORLEY’S 
THEOREM with side lengths 


8Rsin(} A) sin($B)sin(3C), 


where R is the CIRCUMRADIUS of the original TRIAN- 
GLE. 


Morphism 
A map between two objects in an abstract CATEGORY. 


1. A general morphism is called a HOMOMORPHISM, 

2. An injective morphism is called a MONOMORPHISM, 
3. A surjective morphism is an EPIMORPHISM, 
4 


. A bijective morphism is called an ISOMORPHISM (if 
there is an isomorphism between two objects, then 
we say they are isomorphic), 


5. A surjective morphism from an object to itself is 
called an ENDOMORPHISM, and 


6. An ISOMORPHISM between an object and itself is 
called an AUTOMORPHISM. 


see also AUTOMORPHISM, EPIMORPHISM, HOMEOMOR- 
PHISM, HOMOMORPHISM, ISOMORPHISM, MONOMOR- 
PHISM, OBJECT 


Morrie’s Law 


cos(20°) cos(40°) cos(80°) = ¢. 


This identity was referred to by Feynman (Gleick 1992). 
It is a special case of the general identity 


k-1 


a* Il cos(2’a) = 


j=0 


sin(2*a) 


: , 
sin @ 


with k = 3 and a = 20° (Beyer et al. 1996). 
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Morse Inequalities 

Topological lower bounds in terms of BETTI NUMBERS 
for the number of critical points form a smooth function 
on a smooth MANIFOLD. 


Moser’s Circle Problem 


Morse Theory 

“CALCULUS OF VARIATIONS in the large” which uses 
nonlinear techniques to address problems in the CAL- 
CULUS OF VARIATIONS. Morse theory applied to a 
FUNCTION g on a MANIFOLD W with g(M) = 0 and 
g(M') = 1 shows that every COBORDISM can be real- 
ized as a finite sequence of SURGERIES. Conversely, a 
sequence of SURGERIES gives a COBORDISM. 


see also CALCULUS OF VARIATIONS, COBORDISM, 
SURGERY 


Morse-Thue Sequence 
see THUE-MORSE SEQUENCE 


Mortal 

A nonempty finite set of n x n MATRICES with INTE- 
GER entries for which there exists some product of the 
MATRICES in the set which is equal to the zero MATRIX. 


Mortality Problem 
For a given n, is the problem of determining if a set is 
MORTAL solvable? n = 1 is solvable, n = 2 is unknown, 
and n > 3 is unsolvable. 


see also LIFE EXPECTANCY 


Morton-Franks- Williams Inequality 

Let E be the largest and e the smallest POWER of @ in 
the HOMFLY POLYNOMIAL of an oriented LINK, and 
i be the BRAID INDEX. Then the MORTON-FRANKS- 
WILLIAMS INEQUALITY holds, 


i> i(B-e)+1 


(Franks and Williams 1985, Morton 1985). The inequal- 
ity is sharp for all PRIME KNOTS up to 10 crossings with 
the exceptions of 09942, 09049, 10132, 10150, and 10156. 


see also BRAID INDEX 
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Mosaic 
see TESSELLATION 


Moser 
The very LARGE NUMBER consisting of the number 2 
inside a MEGA-gon. 


see also MEGA, MEGISTRON 


Moser’s Circle Problem 
see CIRCLE CUTTING 


Moss’s Egg 


Moss’s Egg 


An OVAL whose construction is illustrated in the above 
diagram. 
see also EGG, OVAL 
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Motzkin Number 


| 


The Motzkin numbers cnumeratc various combinatorial 
objects. Donaghey and Shapiro (1977) give 14 different 
manifestations of these numbers. In particular, they give 
the number of paths from (0, 0) to (m, 0) which never 
dip below y = 0 and are made up only of the steps (1, 
0), (1, 1), and (1, -1), ie, —, 7, and \\. The first are 
1, 2, 4, 9, 21, 51, ... (Sloane’s A001006). The Motzkin 
number GENERATING FUNCTION M(z) satisfies 


M=1+2M+2°M? (1) 
and is given by 
l-—g—vV1-—2z — 32? 
a) = Qu? 
=1l+ae42e?440°+9c4+210°+..., (2) 


or by the RECURRENCE RELATION 


n—2 


Mn = Gn-1 + S03 Mk Mn -2-« (3) 


k=0 
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with My = 1. The Motzkin number M,, is also given by 


M=-3 > (-3)°(3) (3) (4) 


atb=n+2 
a>0,b>0 


_ (-1)"*" Cy pees 
~  22n +8 2y wacite=s(«) (7) 


a>0,8>0 


where (7) is a BINOMIAL COEFFICIENT. 


see also CATALAN NUMBER, KING WALK, SCHRODER 
NUMBER 
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Moufang Plane 
A PROJECTIVE PLANE in which every line is a transla- 
tion line is called a Moufang plane. 
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Mousetrap 
A PERMUTATION problem invented by Cayley. 
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Mouth 

A PRINCIPAL VERTEX 2; of a SIMPLE POLYGON P is 
called a mouth if the diagonal [z;~1, 7:4,] is an extremal 
diagonal {i.e., the interior of [r:~1, 2i+1] lies in the ex- 
terior of P). 

see also ANTHROPOMORPHIC POLYGON, EAR, ONE- 
MoutTH THEOREM 
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1202 Moving Average 


Moving Average 
Given a SEQUENCE tae G, an n-moving average is a 


new sequence {si}/;"*' defined from the a; by taking 
the AVERAGE of subsequences of n terms, 


itn-l1 


1 
= ) aj. 
n : 
jai 


see also AVERAGE, SPENCER’S 15-POINT MOVING Av- 
ERAGE 
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Moving Ladder Constant 

N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 

What is the longest ladder which can be moved around 
a right-angled hallway of unit width? For a straight, 
rigid ladder, the answer is 2\/2. For a smoothly-shaped 
ladder, the largest. diameter is > 2(1 + /2) (Finch). 
see also MOVING SOFA CONSTANT, PIANO MOVER’S 
PROBLEM 
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Moving Sofa Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


What is the sofa of greatest AREA S which can be moved 
around a right-angled hallway of unit width? Hammer- 
sley (Croft et al. 1994) showed that 


S>542=22074.... (1) 


Gerver (1992) found a sofa with larger AREA and pro- 
vided arguments indicating that it is either optimal or 
close to it. The boundary of Gerver’s sofa is a com- 
plicated shape composed of 18 Arcs. Its AREA can be 
given by defining the constants A, B, ¢, and 6 by solving 


A(cos @ ~ cos ¢) — 2Bsing + (@-— ¢—1)cosé 
—sin@+cos¢+sing=0 (2) 

A(3sin 6 + sind) — 2B cos ¢ + 3(6 — @ — 1)sin# 
+3cos6—sin¢d+cos¢=0 (3) 
Acos ¢ — (sing + } — }cos@?+ Bsing) =0 (4) 
(A+ in—@-6)—[B-3(0—4)(1+4) — 3(0-4)"] =0. 
(5) 


Moving Sofa Constant 


This gives 
A = 0.094426560843653... (6) 
B = 1.399203727333547... (7) 
¢ = 0.039177364790084... (8) 
@ = 0.681301509382725.... (9) 


Now define 


ria) = 
1 
2 
forO<a<¢ 
3(1+A+a-¢) 


fordG<a<@ 
(10) 
A+a-@¢ 
for9@<a< in —6 
B-3(in—a~)(14+ A) —1n- 0-9), 
for 5m -—O<a< 51-4, 
where 
s(a) =1-—r(a) (11) 
—t(a-—¢)(1+A) ford<a<@ 
u(a) = —4(a— 9)? 
A+in-gd-a for0<a< jn 
(12) 
du ~i(1+A)-i(a-) ford<a<9 
Bs Eee 2 2 Sas 
Dula) = da { -1 fe<a< it. 
(13) 
Finally, define the functions 
yi(a) =1- [ r(t) sin t dt (14) 
0 
y2(a) =1 -{ s(t) sint dt (15) 
0 


y3(a) =1- i s(t)sintdt—u(a)sina. (16) 
0 
The AREA of the optimal sofa is given by 
n/2—- 
A= 2 | yi(a)r(a) cos a da 
0 
6 
+f y2(a)s(a) cosa da 
0 


wf 
+f y3(a)[u(a) sina — D.(a) cosa — s(a) cos a] da 
¢é 

= 2.21953166887197... (17) 


(Finch). 
see also PIANO MOVER’S PROBLEM 


Mrs. Perkins’ Quilt 


References 

Croft, H. T.; Falconer, K. J.; and Guy, R. K. Unsolved Prob- 
lems in Geometry. New York: Springer-Verlag, 1994. 

Finch, S. “Favorite Mathematical Constants.” http://www. 
mathsoft.com/asolve/constant/sofa/sofa.html. 

Gerver, J. L. “On Moving a Sofa Around a Corner.” 
triae Dedicata 42, 267-283, 1992. 

Stewart, I. Another Fine Math You’ve Got Me Into.... New 
York: W. H. Freeman, 1992. 


Geome- 


Mrs. Perkins’ Quilt 

The DISSECTION of a SQUARE of side n into a number 
Sy of smaller squares. Unlike a PERFECT SQUARE DISs- 
SECTION, however, the smaller SQUARES need not be all 
different sizes. In addition, only prime dissections are 
considered so that patterns which can be dissected on 
lower order SQUARES are not permitted. The following 
table gives the smallest number of coprime dissections 
of ann x n quilt (Sloane’s A005670). 


n Sn 
1 1 
2 4 
3 6 
4 7 
5 8 
6-7 9 
8-9 10 
10-13 11 
14-17 12 
18-23 13 
24-29 14 
30-39 15 
40 16 
41 15 
42-100 [17,19] 


see also PERFECT SQUARE DISSECTION 
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Mu Function 


ee i at? dt 
H(z, 8) = i (6+ 1 + 1) 
7 O° eetteP dt 
ula, B,a) = i T(@+1)l(a+t4+1)’ 
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where ['(z) is the GAMMA FUNCTION (Gradshteyn and 
Ryzhik 1980, p. 1079). 


see also LAMBDA FUNCTION, NU FUNCTION 
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u Molecule 
see MANDELBROT SET 


Much Greater 

A strong INEQUALITY in which a is not only GREATER 
than b, but much greater (by some convention), is de- 
noted a > b. For an astronomer, “much” may mean by 
a factor of 100 (or even 10), while for a mathematician, 
it might mean by a factor of 10* (or even much more). 


see also GREATER, MUCH LESS 


Much Less 
A strong INEQUALITY in which a is not only LESS than 
b, but much less (by some convention) is denoted a < b. 


see also LESS, MUCH GREATER 


Muirhead’s Theorem 

A NECESSARY and SUFFICIENT condition that [a’] 
should be comparable with [a] for all POSITIVE values 
of the a is that one of (a’) and (a) should be majorized 
by the other. If (a@’) ~ (a), then 


[o'] < {al 


with equality only when (a’) and (a) are identical or 
when all the a are equal. See Hardy et al. (1988) for a 
definition of notation. 
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Miiller-Lyer Illusion 


i —— 7 
Se 


An optical ILLUSION in which the orientation of arrow- 

heads makes one LINE SEGMENT look longer than an- 

other. In the above figure, the LINE SEGMENTS on the 

left and right are of equal length in both cases. 

see also ILLUSION, POGGENDORFF ILLUSION, PONZO’S 

ILLUSION, VERTICAL-HORIZONTAL ILLUSION 
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Muller’s Method 


Muller’s Method 
Generalizes the SECANT METHOD of root finding by us- 
ing quadratic 3-point interpolation 


1204 


qe. (1) 
In-1 — In-2 
Then define 
A = qP(#n) — 41+ 4)P(an-1) + ¢ P(an-2) (2) 
B = (2q+1)P(an) — (1+ 4)’P(an-1) + ¢’ P(zn-2) 
(3) 
C= (1+ 4)P(zn), (4) 
and the next iteration is 
2C 
(5) 


n = fn — (Ln — Ln- . 
a ) Tax(B& VBt— 440) 


This method can also be used to find COMPLEX zeros of 
ANALYTIC FUNCTIONS. 
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Mulliken Symbols 

Symbols used to identify irreducible representations of 

GROUPS: 

A= singly degenerate state which is symmetric with 
respect to ROTATION about the principal C,, axis, 

B= singly DEGENERATE state which is antisymmetric 
with respect to ROTATION about the principal C,, 
axis, 

E& = doubly DEGENERATE, 

T = triply DEGENERATE, 

X, = (gerade, symmetric) the sign of the wavefunction 
does not change on INVERSION through the center 
of the atom, 

X,, = (ungerade, antisymmetric) the sig. of the wave- 
function changes on INVERSION through the cen- 
ter of the atom, 

X; = (on a or b) the sign of the wavefunction does not 
change upon ROTATION about the center of the 
atom, 

X2 = (on a or b) the sign of the wavefunction changes 

upon ROTATION about the center of the atom, 

= symmetric with respect to a horizontal symmetry 

plane on, 

= antisymmetric with respect to a horizontal sym- 


metry plane cp. 


see also GROUP THEORY 


Multifractal Measure 


Multiamicable Numbers 
Two integers n and m < n are (a, G)-multiamicable if 


o(m) -m=san 


and 
a(n) —n = Bm, 


where o(n) is the DIVISOR FUNCTION and a, @ are POs- 
ITIVE integers. If a = 8 = 1, (m,n) is an AMICABLE 
PaIR. 


m cannot have just one distinct prime factor, and if it 
has precisely two prime factors, then @ = 1 and m is 
EVEN. Small multiamicable numbers for small a, § are 
given by Cohen et al. (1995). Several of these numbers 
are reproduced in the below table. 


a Bg m n 
1 6 76455288 183102192 
1 7 52920 152280 
1 7 16225560 40580280 
1 7 90863136 227249568 
1 7 16225560 40580280 
1 7 70821324288 177124806144 
1 7 199615613902848 499240550375424 


see also AMICABLE PAIR, DIVISOR FUNCTION 
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Multifactorial 
A generalization of the FacTORIAL and DOUBLE Fac- 
TORIAL, 


nl =n(n—1)(n—2)---2-1 
ni! = n(n — 2)(n — 4)--- 
ni! = n(n — 3)(n— 6)---, 


etc., where the product runs through positive integers. 
The FACTORIALS n! for n = 1, 2,..., are 1, 2, 6, 24, 120, 
720, ... (Sloane’s A000142); the DOUBLE FACTORIALS 
nl! are 1, 2, 3, 8, 15, 48, 105, ... (Sloane’s A006882); 
the triple factorials n!!! are 1, 2, 3, 4, 10, 18, 28, 80, 
162, 280, ... (Sloane’s A007661); and the quadruple 
factorials n!!!! are 1, 2, 3, 4, 5, 12, 21, 32, 45, 120, ... 
(Sloane’s A007662). 

see also FACTORIAL, GAMMA FUNCTION 
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Multifractal Measure 

A MEasurRE for which the g-DIMENSION Dg varies with 
q- 
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Multigrade Equation 


Multigrade Equation 
A (k,!)-multigrade equation is a DIOPHANTINE Equa- 
TION of the form 


i t 

I _ j 

y ni = y m3 
i=1 i=1 


for 7 = 1,..., k, where m and n are 1-VECTORS. Multi- 
grade identities remain valid if a constant is added to 
each element of m and n (Madachy 1979), so multi- 
grades can always be put in a form where the minimum 
component of one of the vectors is 1. 


Small-order examples are the (2, 3)-multigrade with 
m = {1,6,8} and n = {2,4,9}: 


Sad - Son =15 
re 

So mi = Soni = 101, 
i=] i=l 


the (3, 4)-multigrade with m = {1,5,8,12} and n = 
{2,3, 10, 11}: 


eee = Son = 26 
i=1 i=l 

4 4 
So mi = Son? = 234 
i=1 i=1 


Sa = > ni = 2366, 
i=1 3=1 


and the (4, 6)-multigrade with m = {1,5, 8,12, 18,19} 
and n = {2,3,9, 13, 16, 20}: 


6 6 
i 1 
) m, = ) n= 63 
i=l t=1 


6 6 

2 WH 
Simi = Son? = 919 
t=1 


i=l 
6 6 
So mi = Soni = 15057 
i=1 i=l 


6 
So mj = S ni = 260755 
i=l i=l 


(Madachy 1979). 


A spectacular example with & = 9 and 1 = 10 is given 
by n = {+12,+11881, +20231, +20885,+23738} and 
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m = {+436, +11857, +20449, +20667, +23750} (Guy 
1994), which has sums 


9 9 
Som = Soni =0 
i=1 i=1 
9 9 
Ss m? = § <n? = 3100255070 
ixl i=l 
9 9 
> m3 => yy n3 =0 
i=l i=l 
9 9 
> mt = \ “ni = 1390452894778220678 
i=l i=l 
9 9 
Som = no =0 
i=1 ixl 
9 9 


9 9 
Simi = Yon =0 
i=1 i=l 
9 9 
[s me = ne 
t=1 t=1 
= 330958142560259813821203262692838598 
9 9 
x: m? = > ne =0 
t=1 i=l 


see also DIOPHANTINE EQUATION 
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Multilinear 
A function, form, etc., in two or more variables is said to 
be multilinear if it is linear in each variable separately. 


see also BILINEAR, LINEAR OPERATOR 


Multimagice Series 

n numbers form a p-multimagic series if the sum of their 
kth powers is the MAGIC CONSTANT of degree k& for 
every k = 1,...,p. The following table gives the number 
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of p-multimagic series Np of given orders n (Kraitchik 
1942). 


n Ni N2 Ns 
2 2 

3 8 

4 86 2 2 
5 1,394 8 2 
6 0 98 0 
7 0 1,844 0 
8 0 38,039 115 
9 0 0 41 
10 0 0 0 
11 0 0 961 


References 
Kraitchik, M. “Multimagic Squares.” §7.10 in Mathematical 
Recreations. New York: W. W. Norton, pp. 176-178, 1942. 


Multimagic Square 

A MAGIC SQUARE is p-multimagic if the square formed 
by replacing each element by its kth power for k = 1, 2, 
..., pis also magic. A 2-multimagic square is called a 
BIMAGIC SQUARE, and a 3-multimagic square is called 
a TRIMAGIC SQUARE. 


see also BIMAGIC SQUARE, MAGIC SQUARE, TRIMAGIC 
SQUARE 


References 
Kraitchik, M. “Multimagic Squares.” §7.10 in Mathematical 
Recreations. New York: W. W. Norton, pp. 176-178, 1942. 


Multinomial Coefficient 
The multinomial COEFFICIENTS 


ae Vee a a 

(23 SS ee 

x a1!rq!+-- 

are the terms in the MULTINOMIAL SERIES expansion. 
They satisfy 


(v1, £2, 23,. F .) = (x1 + ©2,73,.. -)(v1, 22) 


= (a1 + x2 + x3,...)(@1,22, 23) = .45 


(Beeler et al. 1972, Item 44). 


see also BINOMIAL COEFFICIENT, MULTINOMIAL SE- 
RIES 
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Multinomial Theorem 


Multinomial Distribution 
Let a set of random variates X1, Xo, .. 
probability function 


., Xn have a 
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P(X = @1--.)Xn = @n) = Ty Tle" @ 
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where x; are POSITIVE INTEGERS, @; > 0, and 


56, =1 (2) 
#=1 


m 


i=1 


Then the joint distribution of X1,..., Xn is a multino- 
mial distribution and P(X, = 21,...,Xn = 2p) is given 
by the corresponding coefficient of the MULTINOMIAL 
SERIES 

(01 +62+...+6n)%. (4) 


The MEAN and VARIANCE of X; are 


bi = NO; (5) 
ai = N6;(1 ae 6:). (6) 


The COVARIANCE of X; and X; is 
ij? = —N6,6;. (7) 


see also BINOMIAL DISTRIBUTION 


References 
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Multinomial Series 
A generalization of the BINOMIAL SERIES discovered by 
Johann Bernoulli and Leibniz. 


(a1 t+a2+...+ax)” 


mr 


n! Pt 
1 n n 
= ) stent a2"? +--+ an’ *, 
nilna!--- ny! 


TLL NZ Nh 


where n =n, +n2+...+ nx. The multinomial series 
arises in a generalization of the BINOMIAL DISTRIBU- 
TION called the MULTINOMIAL DISTRIBUTION. 


see also BINOMIAL SERIES, MULTINOMIAL DISTRIBU- 
TION 


Multinomial Theorem 
see MULTINOMIAL SERIES 


Multiperfect Number 


Multiperfect Number 
A number n is k-multiperfect (also called a k- MULTIPLY 
PERFECT NUMBER or k-PLUPERFECT NUMBER) if 


a(n) = kn 


for some INTEGER k > 2, where o{n) is the DIVISOR 
FUNCTION. The value of k is called the CLASS. The spe- 
cial case k = 2 corresponds to PERFECT NUMBERS P2, 
which are intimately connected with MERSENNE PRIMES 
(Sloane’s A000396). The number 120 was long known 
to be 3-multiply perfect (P3) since 


o(120) = 3-120. 


The following table gives the first few P, for n = 2, 3, 
sng Oe 


Sloane Pn 


000396 6, 28, 496, 8128, ..., 
005820 120, 672, 523776, 459818240, ... 
027687 30240, 32760, 2178540, 23569920, ... 
046060 14182439040, 31998395520, ... 
046061 154345556085770649600, ... 


Ooabwhdlls 


In 1900-1901, Lehmer proved that Ps; has at least three 
distinct PRIME factors, P4 has at least four, Ps at least 
six, Ps at least nine, and P; at least 14. 


As of of 1911, 251 pluperfect numbers were known (Car- 
michael and Mason 1911). As of 1929, 334 pluperfect 
numbers were known, many of them found by Poulet. 
Franqui and Garcia (1953) found 63 additional ones (five 
Pss, 29 Pes, and 29 P7s), several of which were known to 
Poulet but had not been published, bringing the total to 
397. Brown (1954) discovered 110 pluperfects, includ- 
ing 31 discovered but not published by Poulet and 25 
previously published by Franqui and Garcia (1953), for 
a total of 482. Franqui and Garcia (1954) subsequently 
discovered 57 additional pluperfects (3 Pgs, 52 Ps, and 
2 Pgs), increasing the total known to 539. 


An outdated database is maintained by R. Schroeppel, 
who lists 2,094 multiperfects, and an up-to-date list by 
J. L. Moxham (1998). It is believed that all multiperfect 
numbers of index 3, 4, 5, 6, and 7 are known. The 
number of known n-multiperfect numbers are 1, 37, 6, 
36, 65, 245, 516, 1101, 1129, 46, 0, 0,.... 


If n is a Ps number such that 3tn, then 3n is a Py num- 
ber. If 3n is a Pa, number such that 3tn, then nis a 
Ps, number. If n is a P3 number such that 3 (but not 5 
and 9) DIVIDES n, then 45n is a Ps number. 


see also e-MULTIPERFECT NUMBER, FRIENDLY PAIR, 
HYPERPERFECT NUMBER, INFINARY MULTIPERFECT 
NUMBER, MERSENNE PRIME, PERFECT NUMBER, UNI- 
TARY MULTIPERFECT NUMBER 


References 
Brown, A. L. “Multiperfect Numbers.” Scripta Math. 20, 
103-106, 1954. 


Multiple Regression 1207 


Dickson, L. E. History of the Theory of Numbers, Vol. 1: 
Divisibility and Primality. New York: Chelsea, pp. 33-38, 
1952. 

Flammenkamp, A. “Multiply Perfect Numbers.” http:// 
www.uni-bielefeld.de/~achim/mpn.html. 

Franqui, B. and Garcia, M. “Some New Multiply Perfect 
Numbers.” Amer. Math. Monthly 60, 459~462, 1953. 

Franqui, B. and Garcia, M. “57 New Multiply Perfect Num- 
bers.” Scripta Math. 20, 169-171, 1954. 

Guy, R. K. “Almost Perfect, Quasi-Perfect, Pseudoperfect, 
Harmonic, Weird, Multiperfect and Hyperperfect Num- 
bers.” §B2 in Unsolved Problems in Number Theory, 2nd 
ed. New York: Springer-Verlag, pp. 45~53, 1994. 

Helenius, F. W. “Multiperfect Numbers (MPFNs).” http:// 
www.netcom.com/~-fredh/mpfn. 

Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, pp. 149-151, 1979. 

Moxham, J. L. “13 New MPFN’s.” math-fun@cs.arizona. 
edu posting, Aug 13, 1998. 

Poulet, P. La Chasse aux nombres, Vol. 1. Brussels, pp. 9-27, 
1929. 

Schroeppel, R. “Multiperfect Numbers~Multiply Perfect 
Numbers—Pluperfect Numbers~MPFNs.” Rev. Dec. 
13, 1995. ftp://ftp.cs.arizona.edu/xkernel/res/ 
mpfn.html. 

Schroeppel, R. (moderator). mpfn mailing list. 
res@cs.arizona.edu to subscribe. 

Sloane, N. J. A. Sequences A000396/M4186 and A005820/ 
M5376 in “An On-Line Version of the Encyclopedia of In- 
teger Sequences.” 


e-mail 


Multiple Integral 
A repeated integral over n > 1 variables 


fof tle svtn) der de 


—S—’ 


n 


is called a multiple integral. An nth order integral cor- 
responds, in general, to an n-D VOLUME (CONTENT), 
with n = 2 corresponding to an AREA. In an indefinite 
multiple integral, the order in which the integrals are 
carried out can be varied at will; for definite multiple 
integrals, care must be taken to correctly transform the 
limits if the order is changed. 


see also INTEGRAL, MONTE CARLO INTEGRATION 


References 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vetter- 
ling, W. T. “Multidimensional Integrals.” 84.6 in Numeri- 
cal Recipes in FORTRAN: The Art of Scientific Comput- 
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Multiple Regression 
A REGRESSION giving conditional expectation values of 
a given variable in terms of two or more other variables. 


see also LEAST SQUARES FITTING, MULTIVARIATE 
ANALYSIS, NONLINEAR LEAST SQUARES FITTING 
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Edwards, A. L. Multiple Regression and the Analysis of Vari- 
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Multiplication 

In simple algebra, multiplication is the process of cal- 
culating the result when a number a is taken b times. 
The result of a multiplication is called the PRODUCT of 
a and b. It is denoted a x b, a:b, (a)(b), or simply ab. 
The symbol x is known as the MULTIPLICATION SIGN. 
Normal multiplication is ASSOCIATIVE, COMMUTATIVE, 
and DISTRIBUTIVE. 


More generally, multiplication can also be defined for 
other mathematical objects such as GROUPS, MATRI- 
CES, SETS, and TENSORS. 


Karatsuba and Ofman (1962) discovered that multipli- 
cation of two n digit numbers can be done with a BIT 
COMPLEXITY of less than n? using an algorithm now 
known as KARATSUBA MULTIPLICATION. 


see also ADDITION, BIT COMPLEXITY, COMPLEX MUL- 
TIPLICATION, DIVISION, KARATSUBA MULTIPLICATION, 
MATRIX MULTIPLICATION, PRODUCT, RUSSIAN MULTI- 
PLIGATION, SUBTRACTION, TIMES 
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Karatsuba, A. and Ofman, Yu. “Multiplication of Many- 
Digital Numbers by Automatic Computers.” Doklady 
Akad. Nauk SSSR 145, 293-294, 1962. ‘Translation in 
Physics-Doklady 7, 595-596, 1963. 


Multiplication Magic Square 


A square which is magic under multiplication instead 
of addition (the operation used to define a conventional 
MAGIc SQUARE) is called a multiplication magic square. 
Unlike (normal) MAGIC SQUARES, the n? entries for an 
nth order multiplicative magic square are not required to 
be consecutive. The above multiplication magic square 
has a multiplicative magic constant of 4,096. 


see also ADDITION-MULTIPLICATION MAGIC SQUARE, 
MAGIC SQUARE 
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Hunter, J. A. H. and Madachy, J. S. “Mystic Arrays.” Ch. 3 
in Mathematical Diversions. New York: Dover, pp. 30-31, 
1975. 
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Multiplication Principle 

If one event can occur in m ways and a second can occur 
independently of the first in n ways, then the two events 
can occur in mn ways. 


Multiplication Sign 
The symbol x used to denote MULTIPLICATION, i.e., 
ax 6 denotes a times Bb. 


Multiplicative Inverse 


Multiplication Table 

A multiplication table is an array showing the result of 
applying a BINARY OPERATOR to elements of a given 
set S. 


x} 1 2 3 4 5 6 7 8 9 10 
1} 1 2 3 4 5 6 7 8 9 10 
2/2 4 6 8 10 12 14 16 18 20 
3/3 6 9 12 15 18 21 24 27 30 
4) 4 8 12 16 20 24 28 32 36 40 
5 | 5 10 15 20 25 30 35 40 45 50 
6] 6 12 18 24 30 36 42 48 54 60 
7 | 7 14 21 28 35 42 49 56 63 70 
8 | 8 16 24 32 40 48 56 64 72 80 
9} 9 18 27 36 45 54 63 72 81 90 
10 |10 20 30 40 50 60 70 80 90 100 


see also BINARY OPERATOR, TRUTH TABLE 


Multiplicative Character 
see CHARACTER (MULTIPLICATIVE) 


Multiplicative Digital Root 

Consider the process of taking a number, multiplying 
its DicitTs, then multiplying the Dicrrs of numbers de- 
rived from it, etc., until the remaining number has only 
one Digit. The number of multiplications required to 
obtain a single DIGIT from a number n is called the 
MULTIPLICATIVE PERSISTENCE of n, and the DIGIT ob- 
tained is called the multiplicative digital root of n. 


For example, the sequence obtained from the starting 
number 9876 is (9876, 3024, 0), so 9876 has a MUL- 
TIPLICATIVE PERSISTENCE of two and a multiplicative 
digital root of 0. The multiplicative digital roots of the 
first few positive integers are 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, 
1, 2, 3, 4, 5, 6, 7, 8, 9, 0, 2, 4, 6, 8, 0, 2, 4, 6, 8, 0, 3, 6, 
9, 2, 5, 8, 2,... (Sloane’s A031347). 

see also ADDITIVE PERSISTENCE, DIGITADITION, DicI- 
TAL ROOT, MULTIPLICATIVE PERSISTENCE 


References 
Sloane, N. J. A. Sequence A031347 in “An On-Line Version 


of the Encyclopedia of Integer Sequences.” 


Multiplicative Function 

A function f(m) is called multiplicative if (m,m’) = 
1 (i.e., the statement that m and m’ are RELATIVELY 
PRIME) implies 


f(mm') = f(m)f(m’). 
see also QUADRATIC RESIDUE, TOTIENT FUNCTION 


Multiplicative Inverse 
The multiplicative of a REAL or COMPLEX NUMBER z 
is its RECIPROCAL 1/z. For complex z = x + iy, 

1 1 x : y 


= = a 


z «ext+iy «2? ~y? 


x2 — y?” 


Multiplicative Perfect Number 


Multiplicative Perfect Number 

A number n for which the PRopucT of DIvisors is 

equal to n?. The first few are 1, 6, 8, 10, 14, 15, 21, 22, 
. (Sloane’s A007422). 


see also PERFECT NUMBER 


References 
Sloane, N. J. A. Sequence A007422/M4068 in “An On-Line 
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Multiplicative Persistence 

Multiply all the digits of a number n by each other, 
repeating with the product until a single DIGIT is ob- 
tained. The number of steps required is known as the 
multiplicative persistence, and the final DIGIT obtained 
is called the MULTIPLICATIVE DIGITAL ROOT of n. 


For example, the sequence obtained from the starting 
number 9876 is (9876, 3024, 0), so 9876 has an mul- 
tiplicative persistence of two and a MULTIPLICATIVE 
DIGITAL RooT of 0. The multiplicative persistences 
of the first few positive integers are 0, 0, 0, 0, 0, 0, 
O00, Beat tae dy he Bd iy a, 
2, 2, 2, 1, 1, 1, 1, 2, 2, 2, 2, 2, 3, 1, 1, ... (Sloane’s 
A031346). The smallest numbers having multiplicative 
persistences of 1, 2, are 10, 25, 39, 77 679 6788 
68889 267889 26888999 3778888999 277777788888899 
(Sloane’s A003001). There is no number < 10°° with 
multiplicative persistence > 11. 


The multiplicative persistence of an n-DIGIT number is 
also called its LENGTH. The maximum lengths for n = 
2-, 3-,..., digit numbers are 4, 5, 6, 7, 7, 8, 9, 9, 10, 10, 
10,... (Sloane’s A014553; (Beeler et al. 1972, Item 56; 
Gottlieb 1969-1970). 


The concept of multiplicative persistence can be gener- 
alized to multiplying the kth powers of the digits of a 
number and iterating until the result remains constant. 
All numbers other than REPUNITS, which converge to 
1, converge to 0. The number of iterations required for 
the kth powers of a number’s digits to converge to 0 
is called its k-multiplicative persistence. The following 
table gives the n-multiplicative persistences for the first 
few positive integers. 


2 


n Sloane n-Persistences 

2 031348 0, 7, 6, 6, 3, 5, 5, 4, 5, 1, 
3 031349 0, 4, 5, 4, 3, 4, 4, 3, 3, 1, 
4 031350 0, 4, 3, 3, 3,3, 2,2,3,1,. 
5 031351 0, 4, 4, 2, 3, 3, 2, 3, 2, 1,. 
6 031352 0, 3, 3, 2, 3, 3, 3, 3, 3, 1, 
7 031353 0, 4, 3, 3, 3, 3, 3, 2, 3,1,. 
8 031354 0, 3, 3, 3, 2, 4, 2, 3, 2,1, 
9 031355 0, 3, 3, 3, 3, 2, 2, 3, 2, 1, 
10 031356 0, 2, 2, 2, 3, 2, 3, 2, 2,1 


see also 196-ALGORITHM, ADDITIVE PERSISTENCE, 
DIGITADITION, DIGITAL ROOT, KAPREKAR NUMBER, 
LENGTH (NUMBER), MULTIPLICATIVE DIGITAL ROOT, 
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NARCISSISTIC NUMBER, RECURRING DIGITAL INVARI- 
ANT 
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Multiplicative Primitive Residue Class 
Group 
see MODULO MULTIPLICATION GROUP 


Multiplicity 

The word multiplicity is a general term meaning “the 
number of values for which a given condition holds.” 
The most common use of the word is as the value of the 
TOTIENT VALENCE FUNCTION. 


see also DEGENERATE, NOETHER’S FUNDAMENTAL 
THEOREM, TOTIENT VALENCE FUNCTION 


Multiplier 
see MODULAR FUNCTION MULTIPLIER 


Multiply Connected 

A set which is CONNECTED but not SIMPLY CONNECTED 
is called multiply connected. A SPACE is n-MULTIPLY 
CONNECTED if it is (n — 1)-connected and if every MAP 
from the n-SPHERE into it extends continuously over the 
(n + 1)-DIsk 


A theorem of Whitehead says that a SPACE is infinitely 
connected IFF it is contractible. 


see also CONNECTIVITY, LOCALLY PATHWISE-CON- 
NECTED SPACE, PATHWISE-CONNECTED, SIMPLY CON- 
NECTED 


Multiply Perfect Number 
see MULTIPERFECT NUMBER 


Multisection 
see SERIES MULTISECTION 


Multivalued Function 
A FUNCTION which assumes two or more distinct values 
at one or more points in its DOMAIN. 


see also BRANCH CUT, BRANCH POINT 
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Morse, P. M. and Feshbach, H. “Multivalued Functions.” 
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Multivariate Analysis 
The study of random distributions involving more than 
one variable. 


see also GAUSSIAN JOINT VARIABLE THEOREM, MUL- 
TIPLE REGRESSION, MULTIVARIATE FUNCTION 
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Multivariate Function 
A FUNCTION of more than one variable. 


see also MULTIVARIATE ANALYSIS, UNIVARIATE FUNC- 
TION 


Multivariate Theorem 
see GAUSSIAN JOINT VARIABLE THEOREM 


Miintz Space 
A Miintz space is a technically defined SPACE 


M(A) = span{x*®,2*,...} 
which arises in the study of function approximations. 


Miintz’s Theorem 

Miintz’s theorem is a generalization of the WEIERSTRA8 
APPROXIMATION THEOREM, which states that any con- 
tinuous function on a closed and bounded interval can 
be uniformly approximated by POLYNOMIALS involv- 
ing constants and any INFINITE SEQUENCE of POWERS 
whose RECIPROCALS diverge. 


In technical language, Miintz’s theorem states that the 
MUNTZ SPACE M(A) is dense in C[0, 1] IFF 


al 


see also WEIERSTRAB APPROXIMATION THEOREM 


Mutant Knot 

Given an original KNoT K, the three knots produced 
by MUTATION together with K itself are called mutant 
knots. Mutant knots are often difficult to distinguish. 
For instant, mutants have the same HOMFLY POLy- 
NOMIALS and HYPERBOLIC KNOT volume. Many but 
not all mutants also have the same GENUS (KNOT). 


Myriad 


Mutation 
Consider a KNOT as being formed from two TANGLES. 
The following three operations are called mutations. 


1. Cut the knot open along four points on each of the 
four strings coming out of J», flipping T2 over, and 
gluing the strings back together. 


2. Cut the knot open along four points on each of the 
four strings coming out of T2, flipping T2 to the right, 
and gluing the strings back together. 


3. Cut the knot, rotate it by 180°, and reglue. This is 
equivalent to performing (1), then (2). 


Mutations applied to an alternating KNOT projection 
always yield an ALTERNATING KNOT. The mutation of 
a KNOT is always another KNOT (a opposed to a LINK). 


References 

Adams, C. C. The Knot Book: An Elementary Introduction 
to the Mathematical Theory of Knots. New York: W. H. 
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Mutual Energy 
Let 2 be a SPACE with MEASURE p > 0, and let &(P, Q) 
be a real function on the PRODUCT SPACE 2 x]. When 


enue / ‘| (P,Q) du(Q) du(P) 


exists for measures p,v > 0, (4, v) is called the mutual 
energy. (j, 4) is then called the ENERGY. 


see also ENERGY 


References 

Iyanaga, S. and Kawada, Y. (Eds.). “General Potential.” 
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Mutually Exclusive 
Two events E,; and E2 are mutually exclusive if £, 9 
Ey = @. nevents By, He,..., EF, are mutually exclusive 
if BB; = © fori # j. 


Mutually Singular 

Let M be a SIGMA ALGEBRA M, and let 1 and Az be 
MEASURES on M. If there EXISTS a pair of disjoint SETS 
A and B such that A, is CONCENTRATED on A and A: 
is CONCENTRATED on B, then A; and 2 are said to be 
mutually singular, written Ai L A2. 

see also ABSOLUTELY CONTINUOUS, CONCENTRATED, 
SIGMA ALGEBRA 

References 
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Myriad 
The Greek word for 10,000. 


Myriagon 


Myriagon 


A 10,000-sided POLYGON. 


Mystic Pentagram 
see PENTAGRAM 


Mystic Pentagram 
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N 
N 
The Ser of NATURAL NUMBERS (the PosITIVE INTE- 
cers Z* 1, 2, 3, ...; Sloane’s A000027), denoted N, 


also called the WHOLE NUMBERS. Like whole numbers, 
there is no general agreement on whether 0 should be 
included in the list of natural numbers. 


Due to lack of standard terminology, the following terms 
are recommended in preference to “COUNTING NuUM- 
BER,” “natural number,” and “WHOLE NUMBER.” 


Set Name Symbol 
., -2, -1, 0,1, 2,... integers Zz 

4,°25:35 Bex positive integers ae 

0,152): 3p 4s... nonnegative integers Z” 

—1, -—2, -3, —4,... negative integers ZL 


see also C, CARDINAL NUMBER, COUNTING NUMBER, 
I, INTEGER, Q, R, WHOLE NuMBER, Z, Zt 


References 
Sloane, N. J. A. Sequence A000027/M0472 in “An On-Line 
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N-Cluster 

A LATTICE POINT configuration with no three points 
COLLINEAR and no four CONCYCLIC. An example is 
the 6-cluster (0, 0), (132, —720), (546, —272), (960, 
~—720), (1155, 540), (546, 1120). Call the Rapius of 
the smallest CIRCLE centered at one of the points of an 
N-cluster which contains all the points in the N-cluster 
the EXTENT. Noll and Bell (1989) found 91 nonequiv- 
alent prime 6-clusters of EXTENT less than 20937, but 
found no 7-clusters. 


References 

Guy, R. K. Unsolved Problems in Number Theory, 2nd ed. 
New York: Springer-Verlag, p. 187, 1994. 

Noll, L. C. and Bell, D. I. “n-clusters for 1 < n < 7.” Math. 
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n-Cube 
see HYPERCUBE, POLYCUBE 


n-in-a-Row 
see TIC-TAC-TOE 


n-minex 
m-minex is defined as 107”. 


see also n-PLEX 


References 
Conway, J. H. and Guy, R. K. The Book of Numbers. New 
York: Springer-Verlag, p. 16, 1996. 


n-Omino 
see POLYOMINO 
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n-plex 
n-plex is defined as 10”. 


see also GOOGOLPLEX, m-MINEX 
References 
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n-Sphere 
see HYPERSPHERE 


Nabla 
see DEL, LAPLACIAN 


Nagel Point 


Let A’ be the point at which the A-EXCIRCLE meets the 
side BC of a TRIANGLE AABC, and define B’ and C' 
similarly. Then the lines AA’, BB’, and CC’ Concur 
in the NAGEL POINT. 


The Nagel point can also be constructed by letting A” 
be the point half way around the PERIMETER of AABC 
starting at A, and B” and C” similarly defined. Then 
the lines AA”, BB", and CC” concur in the Nagel point. 
It is therefore sometimes known as the BISECTED PER- 
IMETER POINT (Bennett eé al. 1988, Chen et al. 1992, 
Kimberling 1994). 


The Nagel point has TRIANGLE CENTER FUNCTION 


b+c-a 
QS ee, 
a 


It is the IsoTOMIC CONJUGATE POINT of the GER- 
GONNE PoIntT. 


see also EXCENTER, EXCENTRAL TRIANGLE, EXCIRCLE, 
MITTENPUNKT, TRISECTED PERIMETER POINT 
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Naive Set Theory 

A branch of mathematics which attempts to formalize 
the nature of the SET using a minimal collection of in- 
dependent axioms. Unfortunately, as discovered by its 
earliest proponents, naive set theory quickly runs into a 
number of PARADOXES (such as RUSSELL’S PARADOX), 
so a less sweeping and more formal theory known as 
AXIOMATIC SET THEORY must be used. 


see also AXIOMATIC SET THEORY, RUSSELL’S PARA- 
DOX, SET THEORY 


Napier’s Analogies 
Let a SPHERICAL TRIANGLE have sides a, 6, and c with 
A, B, and C the corresponding opposite angles. Then 


sin{[}(A — B)] 2 tan[$(a — 6)] 
sinf(A+B)}—_ tan($e) e 
cos[3(A—B)] _ tan[3(a+)] (2) 
cos[3(A+B)] —_ tan(4c) 
sin{3(a—)| _ tan[5(A — B)] (3) 
sin[i(a+b)} — cot (4C) 
cos{$(a — b)] = tan[}(A + B)] 
cos[3(a + b)] cot(C) “ 


see also SPHERICAL TRIGONOMETRY 


Napier’s Bones 
Numbered rods which can be used to perform MULTI- 
PLICATION. This process is also called RABDOLOGY. 


see also GENAILLE RODS 
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Napier’s Constant 


see €e 


Napoleon Points 


Napier’s Inequality 
For b>a>0, 
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Napierian Logarithm 


2.3x10° 
2.2x10° 


2.1108 


1.9x10° 
1.8x10° 


1.7«10° 


1.6x10° 


Write a number N as 
N = 10"(1— 1077)”, 


then L is the Napierian logarithm of N. This was the 
original definition of a LOGARITHM, and can be given in 
terms of the modern LOGARITHM as 


log (357) 


L(N) = -—----. 
log (zar=) 


The Napierian logarithm decreases with increasing num- 
bers and does not satisfy many of the fundamental prop- 
erties of the modern LOGARITHM, e.g., 


Nlog(xy) 4 Nlogz + Nlog y. 


Napkin Ring 
see SPHERICAL RING 


Napoleon Points 


The inner Napoleon point N is the CONCURRENCE of 
lines drawn between VERTICES of a given TRIANGLE 


Napoleon’s Problem 


AABC and the opposite VERTICES of the correspond- 
ing inner NAPOLEON TRIANGLE ANaspNacNgc. The 
TRIANGLE CENTER FUNCTION of the inner Napoleon 
point is 


a = csc(A — in), 


The outer Napoleon point N’ is the CONCURRENCE of 
lines drawn between VERTICES of a given TRIANGLE 
AABC and the opposite VERTICES of the correspond- 
ing outer NAPOLEON TRIANGLE ANipNicNpo. The 
TRIANGLE CENTER FUNCTION of the point is 


= csc(A + 3m). 


see also NAPOLEON’S THEOREM, NAPOLEON TRIAN- 
GLES 
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Napoleon’s Problem 

Given the center of a CIRCLE, divide the CIRCLE into 
four equal arcs using a COMPASS alone (a MASCHERONI 
CONSTRUCTION). 


see also CIRCLE, COMPASS, MASCHERONI CONSTRUC- 
TION 


Napoleon’s Theorem 

If EQUILATERAL TRIANGLES are erected externally on 
the sides of any TRIANGLE, then the centers form an 
EQUILATERAL TRIANGLE (the outer NAPOLEON TRI- 
ANGLE). Furthermore, the inner NAPOLEON TRIANGLE 
is also EQUILATERAL and the difference between the ar- 
eas of the outer and inner Napoleon triangles equals the 
AREA of the original TRIANGLE. 


see also NAPOLEON POINTS, NAPOLEON TRIANGLES 
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The inner Napoleon triangle is the TRIANGLE 
ANasNacNec formed by the centers of inter- 
nally erected EQUILATERAL TRIANGLES AABE az, 
AACEac, and ABCEzgc on the sides of a given TRI- 
ANGLE AABC. It is an EQUILATERAL TRIANGLE. 


Fac 


The outer Napoleon triangle is the TRIANGLE 
AN4pNicNgco formed by the centers of exter- 
nally erected EQUILATERAL TRIANGLES AABE',,, 
AACE'c, and ABCEgo on the sides of a given TRI- 
ANGLE AABC. It is also an EQUILATERAL TRIANGLE. 


see also EQUILATERAL TRIANGLE, NAPOLEON POINTS, 
NAPOLEON’S THEOREM 
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nappes | 


Ss 


Nappe 


One of the two pieces of a double CONE (i.e., two CONES 
placed apex to apex). 


see also CONE 
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Narcissistic Number 

An n-DIGIT number which is the SUM of the nth Pow- 
ERS of its DIGITS is called an n-narcissistic number, or 
sometimes an ARMSTRONG NUMBER or PERFECT DIGI- 
TAL INVARIANT (Madachy 1979). The smallest example 
other than the trivial 1-DIGIT numbers is 


153 = 13 +5° 43°. 


The series of smallest narcissistic numbers of n digits 
are 0, (none), 153, 1634, 54748, 548834, ... (Sloane’s 
A014576). Hardy (1993) wrote, “There are just four 
numbers, after unity, which are the sums of the cubes of 
their digits: 153 = 1° +5°+3°, 370 = 3°+7°+0%, 371 = 
3° +7%+15, and 407 = 47+0°+7°. These are odd facts, 
very suitable for puzzle columns and likely to amuse 
amateurs, but there is nothing in them which appeals 
to the mathematician.” The following table gives the 
generalization of these “unappealing” numbers to other 
POWERS (Madachy 1979, p. 164). 


n-Narcissistic Numbers 

0, 1, 2, 3, 4, 5, 6, 7, 8,9 

none 

153, 370, 371, 407 

1634, 8208, 9474 

54748, 92727, 93084 

548834 

1741725, 4210818, 9800817, 9926315 
24678050, 24678051, 88593477 
146511208, 472335975, 534494836, 912985153 
4679307774 


OCOWONDOAHL WY H!!S 


— 


A total of 88 narcissistic numbers exist in base-10, as 
proved by D. Winter in 1985 and verified by D. Hoey. 
These numbers exist for only 1, 3, 4, 5, 6, 7, 8, 9, 10, 
11, 14, 16, 17, 19, 20, 21, 23, 24, 25, 27, 29, 31, 32, 33, 
34, 35, 37, 38, and 39 digits. It can easily be shown that 
base-10 n-narcissistic numbers can exist only for n < 60, 
since 
n-9" <10"* 


for n > 60. The largest base-10 narcissistic number is 
the 39-narcissistic 


115132219018736992565095597973971522401 


A table of the largest known narcissistic numbers in var- 
ious BASES is given by Pickover (1995). A tabulation of 
narcissistic numbers in various bases is given by (Corn- 
ing). 

A closely related set of numbers generalize the narcissis- 
tic number to n-DIGIT numbers which are the sums of 
any single POWER of their Digits. For example, 4150 
is a 4-DIGIT number which is the sum of fifth POWERS 
of its DIGITS. Since the number of digits is not equal to 
the power to which they are taken for such numbers, it is 


Nasik Square 


not a narcissistic number. The smallest numbers which 
are sums of any single positive power of their digits are 
1, 2, 3, 4, 5, 6, 7, 8, 9, 153, 370, 371, 407, 1634, 4150, 
4151, 8208, 9474, ... (Sloane’s A023052), with powers 
1, 1, 1, 1, 1, 1, 1, 1, 1, 3, 3, 3, 3, 4, 5, 5, 4, 4, ... 
(Sloane’s A046074). 


The smallest numbers which are equal to the nth powers 
of their digits for n = 3, 4, ..., are 153, 1634, 4150, 
548834, 1741725, ... (Sloane’s A003321). The n-digit 
numbers equal to the sum of nth powers of their digits 
(a finite sequence) are called ARMSTRONG NUMBERS or 
Pius PERFECT NUMBERS and are given by 1, 2, 3, 4, 5, 
6, 7, 8, 9, 153, 370, 371, 407, 1634, 8208, 9474, 54748, 
... (Sloane’s A005188). 


If the sum-of-kth-powers-of-digits operation applied it- 
eratively to a number n eventually returns to n, 
the smallest number in the sequence is called a k- 
RECURRING DIGITAL INVARIANT. 


see also ADDITIVE PERSISTENCE, DIGITAL Root, DIcI- 
TADITION, KAPREKAR NUMBER, MULTIPLICATIVE DIG- 
ITAL ROOT, MULTIPLICATIVE PERSISTENCE, RECUR- 
RING DIGITAL INVARIANT, VAMPIRE NUMBER 
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Nash Equilibrium 

A set of MIXED STRATEGIES for finite, noncooperative 
GAMES of two or more players in which no player can 
improve his payoff by unilaterally changing strategy. 
see also FIXED POINT, GAME, MIXED STRATEGY, 
NASH’S THEOREM 


Nash’s Theorem 

A theorem in GAME THEORY which guarantees the ex- 
istence of a NASH EQUILIBRIUM for MIXED STRATEGIES 
in finite, noncooperative GAMES of two or more players. 


see also MIXED STRATEGY, NASH EQUILIBRIUM 


Nasik Square 
see PANMAGIC SQUARE 


Nasty Knot 


Nasty Knot 
An UNKNOT which can only be unknotted by first in- 
creasing the number of crossings. 


Natural Density 
see NATURAL INVARIANT 


Natural Equation 

A natural equation is an equation which specifies a curve 
independent of any choice of coordinates or parameter- 
ization. The study of natural equations began with the 
following problem: given two functions of one parame- 
ter, find the SPACE CURVE for which the functions are 
the CURVATURE and TORSION. 


Euler gave an integral solution for plane curves (which 
always have TorSION t = 0). Call the ANGLE between 
the TANGENT line to the curve and the z-AXIS @ the 
TANGENTIAL ANGLE, then 


o= f x(syas, (a) 

where « is the CURVATURE. Then the equations 
= K(s) (2) 
= 0, (3) 


where 7 is the TORSION, are solved by the curve with 
parametric equations 


2 = / cos ¢ ds (4) 
y= i sin bds. (5) 


The equations « = K(s) and t = r(s) are called the nat- 
ural (or INTRINSIC) equations of the space curve. An 
equation expressing a plane curve in terms of s and Ra- 
DIUS OF CURVATURE R (or &) is called a CESARO EQUA- 
TION, and an equation expressing a plane curve in terms 
of s and ¢ is called a WHEWELL EQUATION. 


Among the special planar cases which can be solved in 
terms of elementary functions are the CIRCLE, LOGA- 
RITHMIC SPIRAL, CIRCLE INVOLUTE, and EPICYCLOID. 
Enneper showed that each of these is the projection of a 
HELIX on a Conic surface of revolution along the axis 
of symmetry. The above cases correspond to the CYL- 
INDER, CONE, PARABOLOID, and SPHERE. 


see also CESARO EQUATION, INTRINSIC EQUATION, 
WHEWELL EQUATION 
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Natural Independence Phenomenon 

A type of mathematical result which is considered by 
most logicians as more natural than the METAMATH- 
EMATICAL incompleteness results first discovered by 
Gédel. Finite combinatorial examples include GOOD- 
STEIN’S THEOREM, a finite form of RaMSEY’s THEO- 
REM, and a finite form of KRUSKAL’S TREE THEOREM 
(Kirby and Paris 1982; Smorynski 1980, 1982, 1983; Gal- 
lier 1991). 


see also GODEL’S INCOMPLETENESS THEOREM, GOOD- 
STEIN’S THEOREM, KRUSKAL’S TREE THEOREM, RAM- 
SEY’S THEOREM 
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Natural Invariant 
Let p(x) dx be the fraction of time a typical dynamical 
ORBIT spends in the interval [z, z+ dz], and let p(x) be 
normalized such that 


[oleae =1 


over the entire interval of the map. Then the fraction 
the time an ORBIT spends in a finite interval [a, 6], is 


given by 
b 
i p(@) der. 


The natural invariant is also called the INVARIANT DEN- 
SITY or NATURAL DENSITY. 


Natural Logarithm 
The LOGARITHM having base e, where 


e = 2.718281828..., (1) 


which can be defined 


ine = [ bad (2) 
got 


for x > 0. The natural logarithm can also be defined for 
COMPLEX NUMBERS as 


Inz = In |z| + targ(z), (3) 
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where |z| is the MODULUS and arg(z) is the ARGUMENT. 
The natural logarithm is especially useful in CALCULUS 
because its DERIVATIVE is given by the simple equation 


d 1 
aq t=> (4) 


whereas logarithms in other bases have the more com- 
plicated DERIVATIVE 


d 1 
ae Oe ~ ¢ind’ (5) 
The MERCATOR SERIES 
In(L+2)=2-}27+42°-... (6) 


gives a TAYLOR SERIES for the natural logarithm. 


CONTINUED FRACTION representations of logarithmic 
functions include 


1+ a 
2+ 3 
2°x 
3+ 5 
2° ax 
4+ 7 
3°2 
5+ 7] 
3°2 
6+ 
T+... 
l+e 22 
In ( )= . (8 
l-z x (8) 
3 4g? 
9x? 
162° 
g- 


For a COMPLEX NUMBER z, the natural logarithm sat- 
isfies 


Inz = Infre*?*?"™] = Inr + i(8 + 2nr) (9) 
PV(Inz) =Inr+ 70, (10) 


where PV is the PRINCIPAL VALUE. 


Some special values of the natural logarithm are 


Inl=0 (11) 
In0 = —oo (12) 
In(—-1) = wi (13) 


In(hi) = 4} 77. (14) 


Natural Norm 


An identity for the natural logarithm of 2 discovered 
using the PSLQ ALGORITHM is 


Pe Soe ae ee 
(In2)”=—5 > age | (8h)? (R41? 
40 8 2 
(8k +2)? (8k+3)? (844)? © (8k +5)? 
28 4, _ 0 2 
(8k+4)2 (8k+5)2 ° (8k+5)? (8k +7)? 
(15) 


(Bailey et al. 1995, Bailey and Plouffe). 
see also e, JENSEN’S FORMULA, LG, LOGARITHM 
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Natural Measure 
ui(e), sometimes denoted P(e), is the probability that 
element 7 is populated, normalized such that 


N 
So vile) = 1: 
t=1 


see also INFORMATION DIMENSION, g-DIMENSION 


Natural Norm 
Let ||z|| be a VECTOR NORM of z such that 


JAI] = max ||Az||. 


Iz ]]=1 


Then ||A|| is a MATRIx NoRM which is said to be the 
natural norm INDUCED (or SUBORDINATE) to the VEC- 
TOR NORM ||z||. For any natural norm, 


It]| = 4, 


where | is the IDENTITY MATRIX. The natural matrix 
norms induced by the [1-NORM, [L2-NORM, and Lo- 
NORM are called the MAXIMUM ABSOLUTE COLUMN 
Sum NorM, SPECTRAL NORM, and MAXIMUM ABSO- 
LUTE Row SUM NorRM, respectively. 
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Natural Number 


Natural Number 

A POSITIVE INTEGER 1, 2, 3, ... (Sloane’s A000027). 
The set of natural numbers is denoted N or Z*. Un- 
fortunately, 0 is sometimes also included in the list of 
“natural” numbers (Bourbaki 1968, Halmos 1974), and 
there seems to be no general agreement about whether 
to include it. 


Due to lack of standard terminology, the following terms 
are recommended in preference to “COUNTING NUM- 
BER,” “natural number,” and “WHOLE NUMBER.” 


Set Name Symbol 
..., ~2,-1, 0,1, 2,... integers Z 

1, 2,3, 4,... positive integers Zt 
0,1, 2, 3,4... nonnegative integers Z” 

-1, -2, -3, —4,... negative integers Zz 


see also COUNTING NUMBER, INTEGER, N, PosiTIvE, 

ZZ, 2, Z* 

References 

Bourbaki, N. Elements of Mathematics: Theory of Sets. 
Paris, France: Hermann, 1968. 

Courant, R. and Robbins, H. “The Natural Numbers.” Ch. 1 
in What is Mathematics?: An Elementary Approach to 
Ideas and Methods, 2nd ed. Oxford, England: Oxford Uni- 
versity Press, pp. 1 20, 1996. 

Halmos, P. R. Naive Set Theory. New York: Springer-Verlag, 
1974. 

Sloane, N. J. A. Sequence A000027/M0472 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Naught 
The British word for “ZERO.” It is often used to indicate 
0 subscripts, so a9 would be spoken as “a naught.” 


see also ZERO 


Navigation Problem 

A problem in the CALCULUS OF VARIATIONS. Let a 
vessel traveling at constant speed c navigate on a body 
of water having surface velocity 


u = u(z,y) 

v= v(z,y). 
The navigation problem asks for the course which travels 
between two points in minimal time. 
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Near-Integer 
see ALMOST INTEGER 
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Near Noble Number 
A REAL NUMBER 0 < v < 1 whose CONTINUED FRAC- 
TION is periodic, and the periodic sequence of terms 
is composed of a string of 1s followed by an INTEGER 
n> I, 

Ti, Ln]. (1) 


This can be written in the form 


y= 1h tad na |; (2) 


P 


which can be solved to give 


4 / nf p—1+ Fp_2 
v= gn 1 + 4— n2Fp —1 H) (3) 


where F,, is a FIBONACCI] NUMBER. The special case 


nm = 2 gives 
_ | Fps2 
v= Fp 1. (4) 


see alsy NOBLE NUMBER 
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Near-Pencil 
An arrangement of n > 3 points such that n — 1 of them 
are COLLINEAR. 


see also GENERAL POSITION, ORDINARY LINE, PENCIL 
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Nearest Integer Function 


[x] Ceiling 

[x] Nint (Round) 
——— |x| Floor 

—— — Xx 


The nearest integer function nint(x) of x, also called 
NINT or the ROUND function, is defined such that [z] is 


1220 Nearest Neighbor Problem 


the INTEGER closest to x. It is shown as the thin solid 
curve in the above plot. Note that while [z] is used to 
denote the nearest integer function in this work, [z] is 
more commonly used to denote the FLOOR FUNCTION 


see also CEILING FUNCTION, FLOOR FUNCTION 


Nearest Neighbor Problem 

The problem of identifying the point from a set of points 
which is nearest to a given point according to some mea- 
sure of distance. The nearest neighborhood problem in- 
volves identifying the locus of points lying nearer to the 
query point than to any other point in the set. 
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Necessary 

A CONDITION which must hold for a result to be true, 
but which does not guarantee it to be true. If a CoN- 
DITION is both NECESSARY and SUFFICIENT, then the 
result is said to be true IFF the CONDITION holds. 


see also SUFFICIENT 


Necker Cube 


An ILLUSION in which a 2-D drawing of an array of 
CUBES appear to simultaneously protrude and intrude 
into the page. 
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Necklace 


Necklace 


OOOO 
yey 


In the technical COMBINATORIAL sense, an a-ary neck- 
lace N(n,a) of length n is a string of n characters, each 
of a possible types. Rotation is ignored, in the sense that 
bib2...bn is equivalent to bebp41°--b1b2---be—1 for any 
k, but reversal of strings is respected. Necklaces there- 
fore correspond to circular collections of beads in which 
the FIXED necklace may not be picked up out of the 
PLANE (so that opposite orientations are not considered 
equivalent). 


The number of distinct FREE necklaces N'(n,a) of n 
beads, each of a possible colors, in which opposite ori- 
entations (MIRROR IMAGES) are regarded as equivalent 
(so the necklace can be picked up out of the PLANE and 
flipped over) can be found as follows. Find the Divi- 
SORS of n and label them d,; = 1, do, ..., d.(n) =n 
where v(n) is the number of DIVISORS of n. Then 


paw o(di)a”/* =: nalrt})/2 
i for n odd 
an) ie b(dia"/* + En(1 + a)a”/? 


for n even, 


N'(n,a) = 


where ¢(z) is the TOTIENT FUNCTION. For a = 2 and 
n =p an ODD PRIME, this simplifies to 


ap} 


N'(p,2) = —— 4 20P-D/2 4 


COO 
OOOO 


Necklace 


A table of the first few numbers of necklaces for a = 2 
and a = 3 follows. Note that N(n,2) is larger than 
N'(n,2) for n > 6. For n = 6, the necklace 110100 
is inequivalent to its MIRROR IMAGE 0110100, account- 
ing for the difference of 1 between N(6,2) and N’(6, 2). 
Similarly, the two necklaces 0010110 and 0101110 are 
inequivalent to their reversals, accounting for the differ- 
ence of 2 between N(7,2) and N’(7, 2). 


n N(n,2) N'(n,2) N’(n,3) 


Sloane 000031 000029 027671 
1 2 2 3 
2 3 3 6 
3 4 4 10 
4 6 6 21 
5 8 8 39 
6 14 13 92 
7 20 18 198 
8 36 30 498 
9 60 46 1219 

10 108 78 3210 
11 188 126 8418 
12 352 224 22913 
13 632 380 62415 
14 1182 687 173088 
15 2192 1224 481598 


Ball and Coxeter (1987) consider the problem of finding 
the number of distinct arrangements of n people in a 
ring such that no person has the same two neighbors 
two or more times. For 8 people, there are 21 such 
arrangements. 


see also ANTOINE’S NECKLACE, DE BRUIJN SEQUENCE, 
FIXED, FREE, IRREDUCIBLE POLYNOMIAL, JOSEPHUS 
PROBLEM, LYNDON WORD 
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Needle 


see BUFFON-LAPLACE NEEDLE PROBLEM, BUFFON’S 
NEEDLE PROBLEM, KAKEYA NEEDLE PROBLEM 


Negation 
see NOT 


Negative 

A quantity less than ZERO (< 0), denoted with a MINUS 
SIGN, ie., —2. 

see also NONNEGATIVE, NONPOSITIVE, NONZERO, Pos- 
ITIVE, ZERO 


Negative Binomial Distribution 

Also known as the PASCAL DISTRIBUTION and POLYA 
DISTRIBUTION. The probability of r — 1 successes and x 
failures in « +r — 1 trials, and success on the (1 + 1r)th 
trial is 


z+r-1 r-1 _ \le+r—1)-(r-1)] 
A[(cop cen 


p 
= He ae ‘eta ~ P| p 


=(7F2y7)ea-a, @ 


where (j) is a BINOMIAL COEFFICIENT. Let 


_i=P 
P= ; (2) 
1 
Q=5. (3) 


The CHARACTERISTIC FUNCTION is given by 
o(t) = (Q- Pe*)~", (4) 


and the MOMENT-GENERATING FUNCTION by 
a petty te {TTT r x 
M(t) = (e*) = Soe ( ak era p)*, (5) 
a=0 


but, since (*) -_ ( in ), 


N-m 
M(t)=p" >> ‘ Loe ; [(1 — pe"? 
z=0 
= p"[1—(1—p)e'}" (6) 
M'(t) = p"(-r)[1 — (1 — p)e'}-"*(p — Le’ 
= p"(1—p)r[1 — (1—p)e’] * *e (7) 
M"(t) = (1—p)rp"(1— e’ + pe*)7"~? 
x (-1-— ert e'pr)e* (8) 


M'"(t) = qi oe p)rp"(1 a et 4 e'p) "8 
x [1 -+e'(1 —p+ 3r — 3pr) 
+ r°e*(1 — p)*Je*. (9) 
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The MOMENTS about zero yz, = M”(0) are therefore 


' r(1—p) rq 
4 = p= ES (10) 
: P P 
¢ , TU —p)il—re—1)) _ ral — rq) W 
2 =o SE (11) 
P Pp 
1—p)r(2 — p+ 3r — 3pr +r? — 2pr? + p*r? 
wien p)r( < Pr” (12) 
, _ (—1+p)r(—6 + 6p — p? — 11r + L5pr — 4p?r — 6r? 
Ke 7 
l2pr? — 6p?r? — r3 + 38pr? — 3p?r3 + p3r3 
, Lape | i ats ae P pir’) (13) 


(Beyer 1987, p. 487, apparently gives the MEAN incor- 
rectly.) The MOMENTS about the mean are 


a a r(1 = p) 
ae a aaa (14) 
_ r(2-3p+p’) _ r(p—1)(p- 2) 
M3 pe p (15) 
pa = PR BNG op tp Sr Spr) (16) 


The MEAN, VARIANCE, SKEWNESS and KURTOSIS are 
then 


r(i — p) 
= 17 
L = (17) 
3/2 
wt = = DO-2) [_ pt 
age T= p r(1—p) 
_ 7(2—p)(1— p) Pp 
p® r(l—p)V1—p 
ee ee (18) 
r(l—p) 
[a 
72 = A -3 
—6 + 6p — p® — 3r + 3pr 
= . 19 
(p —1)r Ss, 
which can also be written 
p=nP (20) 
p2 =nPQ (21) 
Q+P 
= 22 
1 = 7G (22) 
_ 1+6PQ 
72 = rPO 3. (23) 


The first CUMULANT is 
Ki = nP, (24) 


and subsequent CUMULANTS are given by the recurrence 


relation a 
Kr 
K = P2—. 25 
r+ Q dQ ( ) 
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Neighborhood 


Negative Binomial Series 
The SERIES which arises in the BINOMIAL THEOREM for 
NEGATIVE integral n, 


(c+a) "= Se Gian 


k=0 

= k-1 ae 

=5°(-1)' en ate ae) 
k 

k=0 
For a = 1, the negative binomial series simplifies to 
(e+1)7” = 1—-na+in(n+1)2? —in(nt+1)(n+2)+.... 
see also BINOMIAL SERIES, BINOMIAL THEOREM 


Negative Likelihood Ratio 

The term NEGATIVE likelihood ratio is also used (es- 
pecially in medicine) to test nonnested complementary 
hypotheses as follows, 


NLR = [true negative rate] _—_—_—[specificity] 
~~ [false negative rate] ~ 1 — [sensitivity] ’ 


see also LIKELIHOOD RATIO, SENSITIVITY, SPECIFICITY 


Negative Integer 


see Z 


Negative Pedal Curve 

Given a curve C and O a fixed point called the PEDAL 
POINT, then for a point P on C, draw a LINE PERPEN- 
DICULAR to OP, The ENVELOPE of these LINES as P 
describes the curve C’ is the negative pedal of C. 


see also PEDAL CURVE 
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Neighborhood 

The word neighborhood is a word with many different 
levels of meaning in mathematics. One of the most 
general concepts of a neighborhood of a point « € R” 
(also called an EPSILON-NEIGHBORHOOD or infinitesi- 
mal OPEN SET) is the set of points inside an n-BALL 
with center x and RADIUS € > 0. 


Neile’s Parabola 


Neile’s Parabola 


The solid curve in the above figure which is the Evo- 
LUTE of the PARABOLA (dashed curve). In CARTESIAN 
COORDINATES, 


Neile’s parabola is also called the SEMICUBICAL 
PARABOLA, and was discovered by William Neile in 
1657. It was the first nontrivial ALGEBRAIC CURVE 
to have its ARC LENGTH computed. Wallis published 
the method in 1659, giving Neile the credit (MacTutor 
Archive). 


see also PARABOLA EVOLUTE 
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Nephroid 


The 2-CUSPED EPICYCLOID is called a nephroid. Since 
n = 2, a = 6/2, and the equation for r? in terms of the 
parameter ¢ is given by EPICYCLOID equation 


2 
re = S [(n? + 2n +2) —2(n+1) cos(n¢)| (1) 


with n = 2, 
= 42° [10 ~ 6 cos(24)] = 5a°[5 — 3cos(2¢)], (2) 


where 
3sin @ — sin(3¢) 


ee 3.cos ¢ — cos(3¢) 


(3) 


Nephroid Evolute 1223 
This can ‘be written 
(z)" = [sin(39)}?/* + [cos(20)}?/*. (4) 
The parametric equations are 
x = a[3 cost — cos(3t)] (5) 
y = a[3sint — sin(3t)]. (6) 
The Cartesian equation is 
(x? + y? — 4a7)* = 108a*y’?. (7) 


The name nephroid means “kidney shaped” and was 
first used for the two-cusped EPICYCLOID by Proctor 
in 1878 (MacTutor Archive). The nephroid has ARC 
LENGTH 24a and AREA 1277a?. The CATACAUSTIC for 
rays originating at the CusP of a CARDIOID and reflected 
by it is a nephroid. Huygens showed in 1678 that the 
nephroid is the CATACAUSTIC of a CIRCLE when the 
light source is at infinity. He published this fact in Traité 
de la luminére in 1690 (MacTutor Archive). 


see also ASTROID, DELTOID, FREETH’S NEPHROID 
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Nephroid Evolute 


The EVOLUTE of the NEPHROID given by 


z = }[3cost — cos(3t)] 
y = $[8sint — sin(32)] 


is given by 


z= cos*t 


y = 4[8sint + sin(3t)}, 


which is another NEPHROID. 
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Nephroid Involute 


The INVOLUTE of the NEPHROID given by 


3 [3 cost — cos(3t)] 

3 ([3sin t — sin(3t)] 

beginning at the point where the nephroid cuts the y- 
AXIS is given by 


x = 4cos*t 
y = 3sint + sin(3¢), 


another NEPHROID. If the INVOLUTE is begun instead 
at the Cusp, the result is CAYLEY’S SEXTIC. 


Néron-Severi Group 

Let V be a complete normal VARIETY, and write G(V) 
for the group of divisors, G,(V) for the group of divisors 
numerically equal to 0, and Ga(V) the group of divisors 
algebraically equal to 0. Then the finitely generated 
QUOTIENT GROUP NS(V) = G(V)/G,(V) is called the 
Néron-Severi group. 


References 
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Nerve 

The SIMPLICIAL COMPLEX formed from a family of ob- 
jects by taking sets that have nonempty intersections. 
see also DELAUNAY TRIANGULATION, SIMPLICIAL COM- 
PLEX 


Nested Hypothesis 

Let S be the set of all possibilities that satisfy HYPOTH- 
ESIS H, and let S’ be the set of all possibilities that 
satisfy HYPOTHESIS H’. Then H' is a nested hypothe- 
sis within H IrF S’ C S, where C denotes the PROPER 
SUBSET. 


see also LOG LIKELIHOOD PROCEDURE 


Nested Radical 
A RADICAL of the form 


n+ Vnt+Vn+... (1) 


Netto’s Conjecture 


For this to equal a given INTEGER z, it must be true 


that 
w= YntvVvntVnt+...=Vnt+¢, (2) 
e=nte (3) 

and 
n= 2(x —1). (4) 


Nested radicals in the computation of PI, 


| 
Il 
Nie 
Nie 
+ 


and in TRIGONOMETRICAL values of COSINE and SINE 
for arguments of the form 7/2”, e.g., 


sin (Z) =1/2- V2 (6) 
cos (=) = 1/242 (7) 
sin() =} 2-V24+Vv2 (8) 
cos (F) =} 2+ 724 v2. (9) 


see also SQUARE ROOT 
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Net 

A generalization of a SEQUENCE used in general topol- 
ogy and ANALYSIS when the spaces being dealt with 
are not FIRST-COUNTABLE. (Sequences provide an ad- 
equate way of dealing with CONTINUITY for FIRST- 
COUNTABLE SPACES.) Nets are used in the study of 
the RIEMANN INTEGRAL. 


see also FIBER BUNDLE, FIBER SPACE, FIBRATION 


Net (Polyhedron) 

A plane diagram in which the EDGES of a POLYHEDRON 
are shown. All convex POLYHEDRA have nets, but not 
all concave polyhedra do (the constituent POLYGONS 
can overlap one another when a concave POLYHEDRON 
is flattened out). The GREAT DODECAHEDRON and 
STELLA OCTANGULA are examples of a concave poly- 
hedron which have nets. 


Netto’s Conjecture 

The probability that two elements P; and P2 of a SYM- 
METRIC GROUP generate the entire GRouP tends to 3/4 
as n — co. This was proven by Dixon in 1967. 
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Network 


Network 

A DIRECTED GRAPH having a SOURCE, SINK, and a 
bound on each edge. 

see also GRAPH (GRAPH THEORY), SINK (DIRECTED 
GRAPH), SMITH’S NETWORK THEOREM, SOURCE 


Neuberg Circles 

The Locus of the VERTEX A, of a TRIANGLE on a given 
base A2A3 and with a given BROCARD ANGLE w is a 
CIRCLE on either side of Az A3. From the center Ni, the 
base Az A3 subtends the ANGLE 2w. The RADIUS of the 


CIRCLE is 
r= dary cot? w — 3. 


see also BROCARD ANGLE 
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Neumann Algebra 
see VON NEUMANN ALGEBRA 


Neumann Boundary Conditions 
PARTIAL DIFFERENTIAL EQUATION BOUNDARY CONDI- 
TIONS which give the normal derivative on a surface. 


see also BOUNDARY CONDITIONS, CAUCHY BOUNDARY 
CONDITIONS 
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Neumann Function 
see BESSEL FUNCTION OF THE SECOND KIND 


Neumann Polynomial 
Polynomials which obey the RECURRENCE RELATION 


2 1 
On (2) = (n +1)=On(2) - 7 70n-1(e) 
an. 
rg sin?(inz). 
The first few are 
1 
Oo(z) = = 
1 
O1(z) = re 
1 4 
oO =-+—. 
a2) x . x 


see also SCHLAFLI POLYNOMIAL 
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Neumann Series (Bessel Function) 
A series of the form 
So andvin(z); (1) 
n=0 


where v is a REAL and J,+n(z) is a BESSEL FUNCTION 
OF THE FIRST KIND. Special cases are 


P29 raven) a 


n=0 


Jyjazn(z), (2) 


where ['(z) is the GAMMA FUNCTION, and 


vin ae 
ym ae = Yall (32 Jveny/2(2), (3) 


where 


n= bn—2m, (4) 


n/2) guin—amp 

See tn—amr(iy + in—m-+ 1) 
m! 

m=O 


and |2| is the FLOOR FUNCTION. 
see also KAPTEYN SERIES 
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Neumann Series (Integral Equation) 
A FREDHOLM INTEGRAL EQUATION OF THE SECOND 
KIND 


b 
sai f@s i, K(2,t)9(t) dt (1) 
may be solved as follows. Take 
$o(2) = f(2) (2) 
b 
dale) = fle) +2 i K(m,t) f(t) dt (3) 


d= IQPr i} K(2,t1)f (ts) dty 


b b 
+x | i K (2, t1)K (ti, te) f (t2) dta dt, (4) 


$n(z) =) Nui(2), (5) 
7z=0 
where 
uo(x) = f(a) (6) 
b 
ee i. K(a,t)f (ts) dts (7) 


wa) = ff f K (a, t1)K (ti, t2) f (t2) dte dt1 (8) 


tn{Z) = ‘es iE: K (a, ti) K (41, t2)-- 


x K(th—-1,tn)f (tn) dtr +++ dtr. (9) 


1226 Neusis Construction 
The Neumann series solution is then 


nr 


$(e) = lim dn(2) = lim S>Nwi(2). (10) 
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Neusis Construction 

A geometric construction, also called a VERGING Con- 
STRUCTION, which allows the classical GEOMETRIC 
CONSTRUCTION rules to be bent in order to permit slid- 
ing of a marked RULER. Using a Neusis construction, 
CuBE DUPLICATION and angle TRISECTION are soluble. 
Conway and Guy (1996) give Neusis constructions for 
the 7-, 9-, and 13-gons which are based on angle TRI- 
SECTION. 

see also CUBE DUPLICATION, GEOMETRIC CONSTRUC- 
TION, MASCHERONI CONSTRUCTION, RULER, TRISEC- 
TION 
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Neville’s Algorithm 

An interpolation ALGORITHM which proceeds by first 
fitting a POLYNOMIAL P, of degree 0 through the points 
(xx, ye) for k = 0, ..., n, ie, Pe = yr. A second 
iteration is then performed in which Pig is fit through 
pairs of points, yielding Piz, Po3, ..... The procedure 
is repeated, generating a “pyramid” of approximations 
until the final result is reached 


The final result is 
(@ — Tit) Pai+1)---(e¢m—1) 
Li Litm 
+ (xi == ©) Poiti)(i+2)---(i+m) 
Li Bitm : 


Pigiti)s(itm) = 


see also BULIRSCH-STOER ALGORITHM 


Neville Theta Function 
The functions 


A(u) 


Os(u) = H'(0) (1) 
Gi out (2) 
8. (u) ~ ay (3) 
dn(u) = 2M) (4) 


~ @(0)’ 


Newton’s Backward Difference Formula 


where H and © are the JACOBI THETA FUNCTIONS and 
K(u) isthe complete ELLIPTIC INTEGRAL OF THE FIRST 
KIND. 


see also JACOBI THETA FUNCTION, THETA FUNCTION 


Newcomb’s Paradox 

A paradox in DECISION THEORY. Given two boxes, B1 
which contains $1000 and B2 which contains either noth- 
ing or a million dollars, you may pick either B2 or both. 
However, at some time before the choice is made, an om- 
niscient Being has predicted what your decision will be 
and filled B2 with a million dollars if he expects you to 
take it, or with nothing if he expects you to take both. 


see also ALIAS’ PARADOX 
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Newman-Conway Sequence 
The sequence 1, 1, 2, 2, 3, 4, 4, 4, 5, 6, 7, 7,... (Sloane’s 
A004001) defined by the recurrence P(1) = P(2) = 1, 


P(n) = P(P(n —1))+ P(n— P(n-1)). 


It satisfies 


and 
P(2n) < 2P(n). 
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Newton’s Backward Difference Formula 


fp = fot pVo+t HP(pPt+1)V6+ Hp(p+1)(p+2)Vot+..., 


for p € [0,1], where V is the BACKWARD DIFFERENCE. 
see also NEWTON’S FORWARD DIFFERENCE FORMULA 
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Newton-Cotes Formulas 


Newton-Cotes Formulas 

The Newton-Cotes formulas are an extremely useful 
and straightforward family of NUMERICAL INTEGRA- 
TION techniques. 


To integrate a function f(x) over some interval [a, 5}, 
divide it into n equal parts such that f, = f(rn) and 
h = (b—a)/n. Then find POLYNOMIALS which approxi- 
mate the tabulated function, and integrate them to ap- 
proximate the AREA under the curve. To find the fitting 
POLYNOMIALS, use LAGRANGE INTERPOLATING POLy- 
NOMIALS. The resulting formulas are called Newton- 
Cotes formulas, or QUADRATURE FORMULAS. 


Newton-Cotes formulas may be “closed” if the inter- 
val [21,2n] is included in the fit, “open” if the points 
[v2,@n—1] are used, or a variation of these two. If the for- 
mula uses n points (closed or open), the COEFFICIENTS 
of terms sum to n — 1. 


If the function f(x) is given explicitly instead of sim- 
ply being tabulated at the values x;, the best numer- 
ical method of integration is called GAUSSIAN QUAD- 
RATURE. By picking the intervals at which to sample 
the function, this procedure produces more accurate ap- 
proximations (but is significantly more complicated to 
implement). 


Ax) 


fi; 


The 2-point closed Newton-Cotes formula is called the 
TRAPEZOIDAL RULE because it approximates the area 
under a curve by a TRAPEZOID with horizontal base and 
sloped top (connecting the endpoints x; and x2). If the 
first point is x1, then the other endpoint will be located 
at 


22=%1+h, (1) 


and the LAGRANGE INTERPOLATING POLYNOMIAL 
through the points (1, f:) and (x2, f2) is 


xv— @2 E—TLi 


PA) = gaat a 
2-2,—h ©— 2 
= ak fit ra fe 


= 7 (fs = fi (A zy Shi = + fa) . (2) 
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Integrating over the interval (i.e., finding the area of the 
trapezoid) then gives 


z2 eyth 
/ f(x)dz= a P2(x) dx 


1 a 
= ap 2 — fi){z"\3 


+ (A + = hi — 2 2) [Jet 
= alt — fi)(w2 + 21)(t2 — 21) 
+ (x2 — 21) (f: + 5 i _ = fa) 
= $(fe—fi)(Qai +h) + fihtai(fi -— fe) 
= a1(f2— fi) + $A( fo — fa) +hfi — 21(fe — fr) 
= gh(fi + fo) — phe F (6). (3) 
This is the trapezoidal rule, with the final term giving 


the amount of error (which, since zr; < € < Zo, is no 
worse than the maximum value of f”’(€) in this range). 


The 3-point rule is known as SIMPSON’S RULE. The 
ABSCISSAS are 


w2=27+h (4) 
r3 = 21 +2h (5) 


and the LAGRANGE INTERPOLATING POLYNOMIAL is 


(t — %2)(z — 23) . 
(a1 = v2)(r1 o £3) 
(x — 1)(x — zs) 

(x2 — 21)(z2 — 23) 

= x? x(z2 + r3) + ©2223 


P; (x) = 


(w= a:)(o~ aa) 5 


(x3 — 21)(%3 — 22) 


h(2h) fi 
x? —a(%1+23)+ 2123 x? —2(a1 +22) +2122 
+ nh) faz 2h(h) fs 


= aieih — fo — 3fs) 
+a[—$(2x1 + 3h) fi + (2a. + 2h) fo — £ (221 + h)] 
+(} (ai +h)(x1 +2h) fi — 21 (1+ 2h) fot d21(21+h) fa}}- 
(6) 


Integrating and simplifying gives 


“yg zy+2h 
/ f(a)az = f P3(x) dz 


= tA(fi +4f2 + fs) — ARoFM(E). (7) 
The 4-point closed rule is SIMPSON’S 3/8 RULE, 


fi f(x) de = $h(fit-3fot+3fotfa)— Sh° f (6). (8) 
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The 5-point closed rule is BODE’sS RULE, 
Zs 
/ f(x) dz = 
=1 
gash’ FO(E) (9) 


(Abramowitz and Stegun 1972, p. 886). Higher order 
rules include the 6-point 


ZA(Thi + 32 fo + 12f3 + 32 fa + 7h) 


/ ° f(x) dz = seg h(19ht + 75 fe + 50f3 + 50f4 + 75 fs 


+19f6) — eh" f (€), (10) 


7-point 


i‘. f(x) dz = Ash(41fi + 216 fo + 27f3 + 272fa 
+27 fs + 216 fe +41 fr) — Bagh? f(€), (11) 


8-point 


zg 
/ f(x) da = pgp h(751fi + 3577 fo + 1323 fo + 2989 fs 


+2989 fs + 1323 fe + 3577 fr + 751fs) — <8383,n° f)(é), 
(12) 


9-point 


x9 
i, F(a) dx = ioc h(989f/i + 5888 fo — 928 fs 


+10496 fa — 4540 fs + 10496 fs — 928 fr + 5888 fs + 989 fo) 
— Ben FO (6), (13) 


10-point 


/ f(z) dx = g855h[2857(fi + fro) 
+15741(fo + fo) + 1080(fa + fs + 19344 (fa + fr) 
+5788(fs + fo)] — qaesgh FO (E), (14) 


and 11-point 


Til 


f(z) da = 


+106300( fe + fio) — 
—260550( fs + fr) + 427368 fe] — 


aees7e1[16067( fi + far) 


48525(fs + fo) + 272400(fa + fs) 


13 
sAgstas,h'* 709 (@) 
(15) 


rules. 


Closed “extended” rules use multiple copies of lower 
order closed rules to build up higher order rules. By 
appropriately tailoring this process, rules with particu- 
larly nice properties can be constructed. For n tabulated 
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points, using the TRAPEZOIDAL RULE (n — 1) times and 
adding the results gives 


i f(e\de= (ei Ore 


= 5Al(fr + fa) + (fe + fa) +... + (fn—2 + fn-2) 
+(fn-1t+fn)| = h(a fitfotfst. F +fn-2t+fn-1th fr) 
—qanh* f"(€). (16) 
Using a series of refinements on the extended TRAPE- 


ZOIDAL RULE gives the method known as ROMBERG IN- 
TEGRATION. A 3-point extended rule for ODD n is 


| "fGen n sense Geen) 


+ ine: + ($fn-4 + 2 fn—s + + fn—2) 
+($fn—-2 + $fn—1 + $fn)] 
= Eh(fi +4 fo+2fs+4fa+2fs+...+4fn—-1+ fn) 


~2S* Ba fQ). (17) 


Applying SIMPSON’s 3/8 RULE, then SIMPSON’S RULE 
(3-point) twice, and adding gives 


ee ee 


=Al(Efi + fat pfs t fa) 
+(4fa+ 4 fst+ ifs) + (4 fet 4frt+ifs)| 
=hlgfit gfat+ dfet (5 + 3)fat ffs 
+(5 + 4)fe+ $frt $f 
=A(BA + bfe+ ghost dfs 
+4 fs+ 2fo+ $fr-+ be). (18) 


Taking the next Simpson’s 3/8 step then gives 
211 
/ f(z) dz = h(3 fa + 2fot 2 fio + 3 fis). (19) 
zg 
Combining with the previous result gives 


[- f(x) dx = h[3 fi + Sfot+ Shot difat ofs 


fr+($ 4+ 3) fet+ fot 3h + $f] 
ofo+2 efs+ it tifst+tfst+2 3 fe+ $fr 
+i fe + fo + 2 fio + $f), (20) 


where terms up to fi9 have now been completely deter- 
mined. Continuing gives 


ABA + $3fo+ ofst+ fat dfst+ife+.. 
+2fn st+ifn ati fn +2 faa Bfna+3fn). (21) 
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Now average with the 3-point result 

ACS + $f + 3fat $fat Fist ffn-1t gin) (22) 
to obtain 


be TAt+ 8 A+Bh+2 geet ere + fn—stfn—4) 
2 fn— 3+ Bfn- ot 2 fa iA 2 fn] + O(n 4), (23) 


Note that all the middle terms now have unity COEFFI- 
CIENTS. Similarly, combining a 4-point with the (2+4)- 
point rule gives 


A(SAtBhot+fstfat...+ frst fret 8 fr-1t+ §) 
+O(n~*). (24) 


Other Newton-Cotes rules occasionally encountered in- 
clude DURAND’s RULE 


‘a ya ds 


=A(RA+ Bhat fat... t+fr-atigfa-1tgfn) (25) 
(Beyer 1987), HARDY’s RULE 


ro+3h 
i, f(x) dx = A h(28f_s + 162f_2 + 22fo + 162f2 


o—3h 


+28 fs) + gh" [2f (&) — WF (E)], (26) 


and WEDDLE’S RULE 


f f(a) de = &A(fi 


ry 


+5fo+ fo+6fa+5fs+fet...+5fen-1+ fen) (27) 


(Beyer 1987). 


The open Newton-Cotes rules use points outside the in- 
tegration interval, yielding the 1-point 


i f(z) dz = 2hf,, (28) 


2-point 


ag wy +2h 
| f(z) dr = / P2(x) dz 
Pte) ay—h 


1 zy ey 
= Solfo ANI + (n+ Ba - Bh) (eles 
= 3A(fi+ fa) + Zn P'(€), (29) 


3-point 


me f(a) da = 4h(2f. — fo + 2fs) + 8n>¢ (0), (30) 
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4-point 
/ ” p(w) de = LACM Art fat fot fa) + 205 FO), 
- (31) 
5-point 


A(l1fi 


[ sea=s 


—14fy + 26 fg — 14f4 + 11fs) — 4 n7fO(E), (32) 


6-point 
27 

i f(z)dz= peg h(611f. — 453 fo + 562fs + 562 f4 
Eze) 


—453 fs + 611 fs) — S28%n7 fe), (33) 


and 7-point 
2g 
7 f(x) da = =; h(460f; — 954f2 + 2196 fs — 2459 fa 
zo 
+2196 fs — 954 fs + 460f7) — 386° fe) (34) 
rules. 


A 2-point open extended formula is 
i f(a) dx =Al(Efi + fot... + fn-1 + 3fn) 


HOt 2 FO), 


+i(- —fot+ fot fn—-1+ fasi)] + 720 

(35) 

Single interval extrapolative rules estimate the integral 

in an interval based on the points around it. An example 
of such a rule is 


hfi + O(h’ f') (36) 

3h(3f1 — fa) + O(h* f") (37) 

A h(23f1 — 16 fe + 5fs) + O(A*f) (38) 
Hh(55fi — 59f2 + 37 fs — 9f4) + O(R> Ff). (39) 


see also BODE’S RULE, DIFFERENCE EQUATION, Dvu- 
RAND’S RULE, FINITE DIFFERENCE, GAUSSIAN QUAD- 
RATURE, HARDY’S RULE, LAGRANGE INTERPOLATING 
POLYNOMIAL, NUMERICAL INTEGRATION, SIMPSON’S 
RULE, SIMPSON’S 3/8 RULE, TRAPEZOIDAL RULE, 
WEDDLE’S RULE 
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Newton’s Diverging Parabolas 
Curves with CARTESIAN equation 


ay” = x(x” — 2bx +c) 


with a > 0. The above equation represents the third 
class of Newton’s classification of CUBIC CURVES, which 
Newton divided into five species depending on the 
Roots of the cubic in z on the right-hand side of the 
equation. Newton described these cases as having the 
following characteristics: 


1. “All the ROOTS are REAL and unequal. Then the 
Figure is a diverging Parabola of the Form of a Bell, 
with an Oval at its Vertex. 


2. Two of the Roots are equal. A PARABOLA will 
be formed, either Nodated by touching an Oval, or 
Punctate, by having the Oval infinitely small. 

3. The three ROOTS are equal. This is the NEILIAN 
PARABOLA, commonly called SEMI-CUBICAL. 

4. Only one REAL Root. If two of the ROOTS are 
impossible, there will be a Pure PARABOLA of a Bell- 
like Form” 


(MacTutor Archive). 
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MacTutor History of Mathematics Archive. “Newton’s Di- 
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Newton’s Divided Difference Interpolation 
Formula 
Let 


tn(x) = || (a - an), (1) 


then 


f(x) = fot S> 2x-1(z)[20, 21, weep te] + Ra, (2) 


k=1 


where [21,...] is a DIVIDED DIFFERENCE, and the re- 
mainder is 


fee) 


@+1 & 


Ra(x) = tn(2)[Z0,...,2n, 2] = Tn(2) 


for 79 < € < an. 
see also DIVIDED DIFFERENCE, FINITE DIFFERENCE 
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Newton’s Identities 


Newton’s Forward Difference Formula 

A FINITE DIFFERENCE identity giving an interpolated 
value between tabulated points {f,} in terms of the first 
value fo and the POWERS of the FORWARD DIFFERENCE 
A. For a € (0,1), the formula states 


a= fotad+ ta(a—1)A? + da(a—1)(a—2)A*+.... 


When written in the form 


fle+a) =) nA Le) 


n=0 


with (a), the POCHHAMMER SYMBOL, the formula looks 
suspiciously like a finite analog of a TAYLOR SERIES ex- 
pansion. This correspondence was one of the motivating 
forces for the development of UMBRAL CALCULUS. 


The DERIVATIVE of Newton’s forward difference formula 
gives MARKOFF’S FORMULAS. 


see also FINITE DIFFERENCE, MARKOFF’S FORMULAS, 
NEWTON’S BACKWARD DIFFERENCE FORMULA, NEwW- 
TON’S DIVIDED DIFFERENCE INTERPOLATION FOR- 
MULA 
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Newton’s Formulas 
Let a TRIANGLE have side lengths a, 6, and c with op- 
posite angles A, B, and C. Then 


b+e _ cos[5(B ~ C)] 


Gene sin($ A) 
c+a 2 cos[$(C ao A)] 
5 sin(} B) 
a+b _ cos[}(A—B)] 
e —_sin(3C) 


see also MOLLWEIDE’S FORMULAS, TRIANGLE 


References 
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Newton’s Identities 
see also NEWTON’S RELATIONS 


Newton’s Iteration 


Newton’s Iteration 
An algorithm for the SQUARE ROOT of a number r 
quadratically as limn+oo In, 


1 Tr 
mun = 3 (sto): 


n 


where zo = 1. The first few approximants to ,/n are 
given by 


14+ 26n + 70n? + 28n? + n4 
8(1+n)(1+6n +n?) 


gyeeuaty 


For \/2, this gives the convergents as 1, 3/2, 17/12, 
577/408, 665857/470832, .... 


see also SQUARE ROOT 


Newton’s Method 

A Root-finding ALGORITHM which uses the first few 
terms of the TAYLOR SERIES in the vicinity of a sus- 
pected ROOT to zero in on the root. The TAYLOR SE- 
RIES of a function f(x) about the point x + « is given 
by 


fare =f(e)+f@et af" (ee +... (l) 
Keeping terms only to first order, 
fate) & f(z) + fi(aye. (2) 


This expression can be used to estimate the amount of 
offset € needed to land closer to the root starting from 
an initial guess zo. Setting f(zo + €) = 0 and solving 
(2) for € gives 

_ f(zo) 


f'(xo)’ 
which is the first-order adjustment to the ROOT’s posi- 
tion. By letting x1 = zo + €0, calculating a new €,, and 
so on, the process can be repeated until it converges to 
a root. 


(3) 


€9 = 


Unfortunately, this procedure can be unstable near a 
horizontal ASYMPTOTE or a LOCAL MINIMUM. How- 
ever, with a good initial choice of the ROOT’s position, 
the algorithm can by applied iteratively to obtain 


f(z 

Ln4+1 = In — ( n) (4) 

for n = 1, 2,3,.... 

The error €,.;1 after the (n + 1)st iteration is given by 
E€n4+1 — En + (tn41 = Zn) 


ee, oath) 
eee Tom (5) 
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But 
flan) = f(z) + fi (wen + Lf" (x)en® eee 
= f'(a)en + Lf" (a)en® +... (6) 
f'(@n) = f(z) + fl" (zen +-., (7) 


flan) _ f'(z)en + Sf" (zen? +... 


fi(zz) f(a) + f"(a)en t+... 
gp PER GEARS oe SE) 
~ f(a) t+ f"(zlen ale 2f(a)" (8) 


and (5) becomes 


{i 


Ww 

x 

€n+1l = €n le + a eo. (9) 

Therefore, when the method converges, it does so 
quadratically. 


A FRACTAL is obtained by applying Newton’s method to 
finding a ROOT of z” — 1 = 0 (Mandelbrot 1983, Gleick 
1988, Peitgen and Saupe 1988, Press et al. 1992, Dickau 
1997). Iterating for a starting point zo gives 


a” —l 


nzr-) . 


(10) 


Zit = Zi — 


Since this is an nth order POLYNOMIAL, there are n 
Roots to which the algorithm can converge. 


Coloring the BASIN OF ATTRACTION (the set of initial 
points zo which converge to the same RooT) for each 
Root a different color then gives the above plots, cor- 
responding to n = 2, 3, 4, and 5. 

see also HALLEY’S IRRATIONAL FORMULA, HALLEY’S 
METHOD, HOUSEHOLDER’S METHOD, LAGUERRE’S 
METHOD 
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Newton Number 
see KISSING NUMBER 


Newton’s Parallelogram 
Approximates the possible values of y in terms of z if 


3 aijz'y' = 0. 


4,j=0 


Newton-Raphson Fractal 
see NEWTON’S METHOD 


Newton-Raphson Method 
see NEWTON’S METHOD 


Newton’s Relations 
Let s; be the sum of the products of distinct ROOTS r; 
of the POLYNOMIAL equation of degree n 


-1 


One” +an-10"  +...+a1r+a9 =0, (1) 


where the roots are taken z at a time (ie., 5, is 
defined as the ELEMENTARY SYMMETRIC FUNCTION 


Newton’s Theorem 


Ili(ri,..-;7n)) 8¢ is defined fori = 1,...,n. For exam- 
ple, the first few values of s; are 


si=Titreatrat rat... (2) 
s2=Tiretrirg triratrargt... (3) 
$3 = T1Tar3 + 7T17TeT4 + Targa +..., (4) 


and so on. Then 


eS Geran (5) 


This can be seen for a second DEGREE POLYNOMIAL by 
multiplying out, 
azz” + ai + ao = a2(x — 71)(2 — r2) 


= a2(x7 —(ri+rejzr+rire], (6) 


so 
2 
ay 
a=) m= tr. =-— (7) 
a2 
i=l 
2 
ao 
82 = S rr =T1T2 = —, (8) 
a2 
i,j=1 
ixj 


and for a third DEGREE POLYNOMIAL, 


aga® + aon” + ax + a0 = a3(x — 171)(2 — r2)(x — 73) 

= a(x? —(ritrotrs)2? +(riret+rirst+rer3)e£—rirers], 
(9) 

so 


3 


a2 
= i 10 
$1 oo a3 ( ) 
i= 


3 
a1 
$2 = Sor; =717T2 +7173 + T2r3 = on (11) 
tJ : 
ifj 
3 
ao 
83 = } TiNjTk = 117273 = ——. (12) 
a3 
i,j,k 
ifjxk 


see also ELEMENTARY SYMMETRIC FUNCTION 
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Newton’s Theorem 

If each of two nonparallel transversals with nonminimal 
directions meets a given curve in finite points only, then 
the ratio of products of the distances from the two sets 
of intersections to the intersection of the lines is inde- 
pendent of the position of the latter point. 


References 
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Newtonian Form 


Newtonian Form 


see NEWTON’S DIVIDED DIFFERENCE INTERPOLATION 
FORMULA 


Next Prime 
The next prime function NP(n) gives the smallest 
PRIME larger than n. The function can be given ex- 
plicitly as 

NP(n) = Pl+n(n)>s 
where p; is the ith PRIME and z(n) is the PRIME 
COUNTING FUNCTION. For n = 1, 2, ... the values 
are 2, 3, 5, 5, 7, 7, 11, 11, 11, 11, 13, 13, 17, 17, 17, 17, 
19, ... (Sloane’s A007918). 
see also FORTUNATE PRIME, PRIME COUNTING FUNC- 
TION, PRIME NUMBER 
References 


Sloane, N. J. A. Sequence A007918 in “An On-Line Version 
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Nexus Number 

A FIGURATE NUMBER built up of the nexus of cells less 
than n steps away from a given cell. In k-D, the (n+1)th 
nexus number is given by 


a 
Nnsi(k) = >) Os 


nm 


where (”) is a BINOMIAL COEFFICIENT. The first few k- 
dimensional nexus numbers are given in the table below. 


k Nn4i name 

0 1 unit 

1 1+2n odd number 

2 143n+3n? hex number 

3 14+4n+6n? +4n> rhombic dodecahedral 


number 


see also HEX NUMBER, ODD NUMBER, RHOMBIC Do- 
DECAHEDRAL NUMBER 
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Neyman-Pearson Lemma 
If there exists a critical region C of size a and a NON- 
NEGATIVE constant k such that 


TI., #(e:16:) 
If, flesl0) = * 


for points in C' and 


THs F(es1) 
pet f (2:10) ~ 
for points not in C, then C is a best critical region of 
size a. 
References 
Hoel, P. G.; Port, S. C.; and Stone, C. J. “Testing Hypothe- 


ses.” Ch. 3 in Introduction to Statistical Theory. New 
York: Houghton Mifflin, pp. 56-67, 1971. 
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Nicholson’s Formula 

Let JL(z) be a BESSEL FUNCTION OF THE First KIND, 
Y_(z) a BESSEL FUNCTION OF THE SECOND KIND, and 
K.(z) a MODIFIED BESSEL FUNCTION OF THE FIRST 
KIND. Also let R[z] > 0. Then 


JE (z) + ¥3(z) = = i Ko(2z sinh t) cos(2vt) dt. 
ms 
8) 


see also DIXON-FERRAR FORMULA, WATSON’S FOR- 
MULA 
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Nicomachus’s Theorem 
The nth CuBic NUMBER n? is a sum of n consecutive 
ODD NUMBERS, for example 


= 
2°=3+45 
39 =74+9411 


43 =13+15+174+19, 


etc. This identity follows from 
nr 
S intr —1)-1+2i] =n’. 
i=1 
It also follows from this fact that 
n nr 2 
y= (So). 
k=1 k=1 
see also ODD NUMBER THEOREM 


Nicomedes’ Conchoid 
see CONCHOID OF NICOMEDES 


Nielsen-Ramanujan Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


N. Nielsen (1909) and Ramanujan (Berndt 1985) con- 
sidered the integrals 


2 k 
hss (In x) 
OP de z—il1 


dz. (1) 


1234 Nielsen’s Spiral 


They found the values for k = 1 and 2. The general 
constants for k > 3 were found by V. Adamchik (Finch) 


=, 
LL aba p glecaneles Ca 
re ae ki ; 
(2) 
where ¢(z) is the RIEMANN ZETA FUNCTION and Li, (x) 
is the POLYLOGARITHM. The first few values are 


ap = pi¢(p +1) — 


k=0 


a, = 3¢(2) = ye (3) 
a2 = 46(3) (4) 
a3 = ¥n* + 4m? (In 2)? — $(1n2)* 

— 6Lis($) — 4 In 2¢(3) (5) 


a4 27? (In2)° = 4(In2)° 7 24 In 2 Lia(3) 


— 24Lis(1) ~ 2(In2)°C(3) + 24¢(5). (6) 


see also POLYLOGARITHM, RIEMANN ZETA FUNCTION 
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Nielsen’s Spiral 


The SPIRAL with parametric equations 
x(t) = aci(t) (1) 
y(t) = asi(t), (2) 


where ci(t) is the COSINE INTEGRAL and si(t) is the SINE 
INTEGRAL. The CESARO EQUATION is 


(3) 


see also CORNU SPIRAL, COSINE INTEGRAL, SINE IN- 
TEGRAL 
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Nim 


Nil Geometry 
The GEOMETRY of the LIE GROUP consisting of REAL 
MATRICES of the form 

1 a«y 

0 1 zi, 


0 01 


i.e., the HEISENBERG GROUP. 


see also HEISENBERG GROUP, LIE GROUP, THURSTON’S 
GEOMETRIZATION CONJECTURE 


Nilmanifold 

Let N be a NILPOTENT, connected, SIMPLY CON- 
NECTED LIE GROUP, and let D be a discrete SUBGROUP 
of N with compact right QUOTIENT SPACE. Then N/D 
is called a nilmanifold. 


Nilpotent Element 
An element B of a RING is nilpotent if there exists a 
POSITIVE INTEGER k for which B* = 0. 


see also ENGEL’S THEOREM 


Nilpotent Group 
A Group G for which the chain of groups 


P=Z4 OCMC... Ln 


with Z%41/Z_ (equal to the CENTER of G/Z,) termi- 
nates finitely with G = Z,, is called a nilpotent group. 


see also CENTER (GROUP), NILPOTENT LIE GROUP 


Nilpotent Lie Group 

A LIE Group which has a simply connected covering 
group HOMEOMORPHIC to R”. The prototype is any 
connected closed subgroup of upper triangular Com- 
PLEX matrices with 1s on the diagonal. The HEISEN- 
BERG GROUP is such a group. 
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Nilpotent Matrix 

A SQUARE MATRIX whose EIGENVALUES are all 0. A 
related definition is a SQUARE MATRIX M such that M” 
is O for some POSITIVE integral POWER. 


see also EIGENVALUE, SQUARE MATRIX 


Nim 

A game, also called TACTIX, which is played by the fol- 
lowing rules. Given one or more piles (NIM-HEAPS), 
players alternate by taking all or some of the counters 
in a single heap. The player taking the last counter or 
stack of counters is the winner. Nim-like games are also 
called TAKE-AWAY GAMES and DISJUNCTIVE GAMES. 


Nim-Heap 


If optimal strategies arc uscd, the winner can be deter- 
mined from any intermediate position by its associated 
NIM- VALUE. 


see also MISERE FORM, NIM-VALUE, WYTHOFF’S 
GAME 
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Nim-Heap 


A pile of counters in a game of NIM. 


Nim-Sum 
see NIM- VALUE 


Nim- Value 

Every position of every IMPARTIAL GAME has a nim- 
value, making it equivalent to a NIM-HEAP. To find the 
nim-value (also called the SPRAGUE-GRUNDY NUMBER), 
take the MEX of the nim-values of the possible moves. 
The nim-value can also be found by writing the num- 
ber of counters in each heap in binary, adding without 
carrying, and replacing the digits with their values mod 
2. If the nim-value is 0, the position is SAFE; otherwise, 
it is UNSAFE. With two heaps, safe positions are (zx, x) 
where x € [1,7]. With three heaps, (1, 2, 3), (1, 4, 5), 
(1, 6, 7), (2, 4, 6), (2, 5, 7), and (3, 4, 7). 

see also GRUNDY’S GAME, IMPARTIAL GAME, MEX, 
NIM, SAFE, UNSAFE 
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Nine-Point Center 
The center F (or N) of the NINE-POINT CIRCLE. It has 
TRIANGLE CENTER FUNCTION 


a = cos(B — C) = cos A+ 2cos BeosC 
= be[a*b? + a7c? + (b? — &)?], 
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and is the MIDPOINT of the line between the CIRCUM- 
CENTER C and ORTHOCENTER H. It lies on the EULER 
LINE. 


see also EULER LINE, NINE-POINT CIRCLE, NINE- 
POINT Conic 
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Nine-Point Circle 


The CIRCLE, also called EULER’S CIRCLE and the 
FEUERBACH CIRCLE, which passes through the feet of 
the PERPENDICULAR Fy, Fg, and Fc dropped from the 
VERTICES of any TRIANGLE AABC on the sides op- 
posite them. Euler showed in 1765 that it also passes 
through the MIDPOINTS Ma, Mz, Mc of the sides of 
AABC. 


By FEUERBACH’S THEOREM, the nine-point circle also 
passes through the MIDPOINTS Mya, Mus, Muc of 
the segments which join the VERTICES and the ORTHO- 
CENTER H. These three triples of points make nine in 
all, giving the circle its name. The center F of the nine- 
point circle is called the NINE-POINT CENTER. 


The RADIUS of the nine-point circle is R/2, where R is 
the CIRCUMRADIUS. The center of KIEPERT’s HYPER- 
BOLA lies on the nine-point circle. The nine-point circle 
bisects any line from the ORTHOCENTER to a point on 
the CIRCUMCIRCLE. The nine-point circle of the INCEN- 
TER and EXCENTERS of a TRIANGLE is the CIRCUMCIR- 
CLE. 


The sum of the powers of the VERTICES with regard to 
the nine-point circle is 


1(a;? + a2? + aa 


Also, 


FA, + FA, +FAz + FH =3R, 
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where F is the NINE-POINT CENTER, A; are the VER- 
TICES, H is the ORTHOCENTER, and R is the CIRCUM- 
RADIUS. All triangles inscribed in a given CIRCLE and 
having the same ORTHOCENTER have the same nine- 
point circle. 


see also COMPLETE QUADRILATERAL, EIGHT-POINT 
CIRCLE THEOREM, FEUERBACH’S THEOREM, FONTENE 
THEOREMS, GRIFFITHS’ THEOREM, NINE-POINT CEN- 
TER, NINE-POINT CONIC, ORTHOCENTRIC SYSTEM 
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Nine-Point Conic 

A CONIC SECTION on which the MIDPOINTS of the sides 
of any COMPLETE QUADRANGLE lie. The three diagonal 
points also lie on this conic. 


see also COMPLETE QUADRANGLE, CONIC SECTION, 
NINE-POINT CIRCLE 

Nint 

see NEAREST INTEGER FUNCTION 


Nint Zeta Function 
Let 


Su(s)= Soi), (1) 


where [x] denotes NINT, the INTEGER closest to x. For 
s> 3, 


S2(s) = 2¢(s — 1) (2) 
Sa(s) = 3¢(s — 2) +47 *¢(s) (3) 
Sa(s) = 4¢(s — 3) + ¢(s — 1). (4) 


Niven’s Constant 


Sn(n) is a POLYNOMIAL in 7 whose COEFFICIENTS are 
ALGEBRAIC NUMBERS whenever n — N is OpD. The 
first few values are given explicitly by 


mr? nt 
$3(4) = 2 + 33046 (5) 
Br? ot oe 
aS) gr gg aie 
Oo ee 170912 + 49928,/2 f 1 (6) 
945 25 2 
4 6 7 
_ 9,8 7 246013 + 353664,/2 
S6(7) =m + 73 + S550 t 45 7 
(7) 
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Nirenberg’s Conjecture 

If the Gauss MAP of a complete minimal surface omits 
a NEIGHBORHOOD of the SPHERE, then the surface is a 
PLANE. This was proven by Osserman (1959). Xavier 
(1981) subsequently generalized the result as follows. If 
the Gauss MapP of a complete MINIMAL SURFACE omits 
> 7 points, then the surface is a PLANE. 


see also GAUSS MAP, MINIMAL SURFACE, NEIGHBOR- 
HOOD 
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Niven’s Constant 

N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 

Given a POSITIVE INTEGER m > 1, let its PRIME FAc- 
TORIZATION be written 


3. 


m= pi po™? p3* 2 per. (1) 


Define the functions h and H by A(1) = 1, H(1) = 1, 
and 


h(m) = min(ai, a2,..., 4x) (2) 
H(m) = max(a1, a2,..., ax). (3) 
Then & 
a - 
Jim, ra y A(m) = 1 (4) 


Niven Number 
— rar Mm) -n 63) 
n=+00 Jn ¢(3)’ 


where €(z) is the RIEMANN ZETA FUNCTION (Niven 
1969). Niven (1969) also proved that 


(5) 


lim + S~ H(m) =, (6) 


where 


oni 45: [a gis] } = szosm. (7) 


(Sloane’s A033150). 


The CONTINUED FRACTION of Niven’s constant is 1, 1, 
2, 2,1,1,4,1,1, 3, 4,4, 8, 4,1,... (Sloane’s A033151). 
The positions at which the digits 1, 2, ... first occur in 
the CONTINUED FRACTION are 1, 3, 10, 7, 47, 41, 34, 
13, 140, 252, 20, ... (Sloane’s A033152). The sequence 
of largest terms in the CONTINUED FRACTION is 1, 2, 4, 
8, 11, 14, 29, 372, 559, ... (Sloane’s A0033153), which 
occur at positions 1, 3, 7, 13, 20, 35, 51, 68, 96, ... 
(Sloane’s A033154). 
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Niven Number 
see HARSHAD NUMBER 


Nobbs Points 


Given a TRIANGLE AABC, construct the CONTACT 
TRIANGLE ADEF. Then the Nobbs points are the 
three points D’, E’, and F’ from which AABC and 
ADEF are PERSPECTIVE, as illustrated above. The 
Nobbs points are COLLINEAR and fall along the GER- 
GONNE LINE. 
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see also COLLINEAR, CONTACT TRIANGLE, EVANS 
POINT, FLETCHER POINT, GERGONNE LINE, PERSPEC- 
TIVE TRIANGLES 
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Noble Number 

A noble number is defined as an IRRATIONAL NUMBER 
which has a CONTINUED FRACTION which becomes an 
infinite sequence of 1s at some point, 


v = [a1,a2,...,@n, 1]. 


The prototype is the GOLDEN RATIO ¢ whose CONTIN- 
UED FRACTION is composed entirely of 1s, [1]. Any 
noble number can written as 


pest A, + bAn-1 
Bh + @Bn+1 , 


where A, and B, are the NUMERATOR and DENOMI- 
NATOR of the kth CONVERGENT of [a1,a2,...,@n]. The 
noble numbers are a SUBFIELD of Q(V5). 


see also NEAR NOBLE NUMBER 
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Node (Algebraic Curve) 
see ORDINARY DOUBLE POINT 


Node (Fixed Point) 

A FIXED POINT for which the STABILITY MATRIX has 
both EIGENVALUES of the same sign (i.e., both are Pos- 
ITIVE or both are NEGATIVE). If A1 < A2 < 0, then the 
node is called STABLE; if A1 > Az > 0, then the node is 
called an UNSTABLE NODE. 


see also STABLE NODE, UNSTABLE NODE 


Node (Graph) 
Synonym for the VERTICES of a GRAPH, i.e., the points 
connected by EDGES. 


see also ACNODE, CRUNODE, TACNODE 


Noether’s Fundamental Theorem 

If two curves ¢ and w of MULTIPLICITIES r; ~ 0 and 
s; # 0 have only ordinary points or ordinary singular 
points and CUSPS in common, then every curve which 
has at least MULTIPLICITY 


rts,-1 
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at every point (distinct or infinitely near) can be written 
f= oy' +49 =0, 


where the curves ¢' and ~' have MULTIPLICITIES at least 
ri — 1 and s; —1. 
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Noether-Lasker Theorem 

Let M be a finitely generated MODULE over a commu- 

tative NOETHERIAN RING R. Then there exists a finite 

set {N,|1 <i < 1} of submodules of M such that 

1. rey N,; = 0 and Nizi, Ni is not contained in Ni, for 
all 1 <% <l. 


2. Each quotient M/N; is primary for some prime F;. 
3. The P; are all distinct for 1<i<l. 


4. Uniqueness of the primary component N; is equiva- 
lent to the statement that P, does not contain P; for 


any j #1. 


Noether’s Transformation Theorem 

Any irreducible curve may be carried by a factorable 
CREMONA TRANSFORMATION into one with none but 
ordinary singular points. 
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Noetherian Module 
A MODULE M is Noetherian if every submodule is 
finitely generated. 


see also NOETHERIAN RING 


Noetherian Ring 
An abstract commutative RING satisfying the abstract 
chain condition. 


see also LOCAL RING, NOETHER-LASKER THEOREM 


Noise 

An error which is superimposed on top of a true sig- 
nal. Noise may be random or systematic. Noise can be 
greatly reduced by transmitting signals digitally instead 
of in analog form because each piece of information is 
allowed only discrete values which are spaced farther 
apart than the contribution due to noise. 


CODING THEORY studies how to encode information ef- 


ficiently, and ERROR-CORRECTING CODES devise meth- 
ods for transmitting and reconstructing information in 
the presence of noise. 


see also ERROR 


Nome 
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Noise Sphere 
A mapping of RANDOM NUMBER TRIPLES to points in 
SPHERICAL COORDINATES, 


6 = 2nXn 
b= 7Xn11 
T= Xn+2- 


The graphical result can yield unexpected structure 
which indicates correlations between triples and there- 
fore that the numbers are not truly RANDOM. 
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Nolid 
An assemblage of faces forming a POLYHEDRON of zero 
VOLUME (Holden 1991, p. 124). 


see also ACOPTIC POLYHEDRON 
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Nome 
Given a THETA FUNCTION, the nome is defined as 


arti _ e7 tK(—m)/K(m) 


= Pala As eS (1) 


q(m) =e 


where K(k) is the complete ELLIPTIC INTEGRAL OF THE 
FiRST KIND, and m is the PARAMETER. 


9:(z,q) = O(zIr) (2) 


3; = 8(0,q). (3) 


Nomogram 


Solving the nome for the PARAMETER m gives 


— 824(0, q) 


= 954(0, 4)" (4) 


m(q) 


where ¥;(z,q) is a THETA FUNCTION. 


see also AMPLITUDE, CHARACTERISTIC (ELLIPTIC IN- 
TEGRAL), ELLIPTIC INTEGRAL, MODULAR ANGLE, 
MopuLus (ELLIPTIC INTEGRAL), PARAMETER 
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Nomogram 
A graphical plot which can be used for solving certain 
types of equations. 
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Nonagon 


The unconstructible regular POLYGON with nine sides 
and SCHLAFLI SYMBOL {9}. It is sometimes called an 
ENNEAGON, 


Although the regular nonagon is not a CONSTRUCTIBLE 
POLYGON, Dixon (1991) gives several close approxi- 
mations. While the ANGLE subtended by a side is 
360°/9 = 40°, Dixon gives constructions containing an- 
gles of tan™'(5/6) = 39.8805571° and 2tan7}((V/3 — 
1)/2) & 40.207818°. 

Madachy (1979) illustrates how to construct a nonagon 
by folding and knotting a strip of paper. 

see also NONAGRAM, TRIGONOMETRY VALUES—z /9 
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Nonagonal Number 


Nonassociative Product 1239 


A FIGURATE NUMBER of the form n(7n — 5)/2, also 
called an ENNEAGONAL NUMBER. The first few are 1, 
9, 24, 46, 75, 111, 154, 204, ... (Sloane’s A001106). 
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Nonagram 


A STAR POLYGON composed of three EQUILATERAL 
TRIANGLES rotated at angles 0°, 40°, and 80°. It has 
been called the STAR OF GOLIATH by analogy with the 
STAR OF DAvID (HEXAGRAM). 


see also HEXAGRAM, NONAGON, 
VALUES—r /9 


TRIGONOMETRY 


Nonassociative Algebra 
An ALGEBRA which does not satisfy 


a{be) = (ab)c 


is called a nonassociative algebra. Bott and Milnor 
(1958) proved that the only nonassociative DIvISION 
ALGEBRAS are for n = 1, 2, 4, and 8. Each gives rise to 
an ALGEBRA with particularly useful physical applica- 
tions (which, however, is not itself necessarily nonassoc- 
iative), and these four cases correspond to REAL NuM- 
BERS, COMPLEX NUMBERS, QUATERNIONS, and CAy- 
LEY NUMBERS, respectively. 


see also ALGEBRA, CAYLEY NUMBER, COMPLEX NUM- 
BER, DIVISION ALGEBRA, QUATERNION, REAL NuM- 
BER 
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Nonassociative Product 
The number of nonassociative n-products with k ele- 
ments preceding the rightmost left parameter is 


F(n,k) = F(n-1,k)+ F(n—-1,k-1) 
_ f{nt+k—-2 n+k-1 
. k SX eee? 


where (7) is a BINOMIAL COEFFICIENT. The number of 
n-products in a nonassociative algebra is 


n—-2 


P(n) = S> F(n, 3) = pita 


g=0 
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Nonaveraging Sequence 


N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


An infinite sequence of POSITIVE INTEGERS 
1l<a<agcag<... 


is a nonaveraging sequence if it contains no three terms 
which are in an ARITHMETIC PROGRESSION, so that 


ai + a; F Zap 


for all distinct a;, aj, ax. Wrdblewski (1984) showed 
that 


fone) 
1 
S(A) = sup — > 3.00849. 
all nonaveraging bat ak 
sequences = 
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Noncentral Distribution 


see CHI-SQUARED DISTRIBUTION, F-DISTRIBUTION, 
STUDENT’S t-DISTRIBUTION 


Noncommutative Group 

A group whose elements do not commute. The simplest 
noncommutative GROUP is the DIHEDRAL GROUP D3 
of ORDER six. 


see also COMMUTATIVE, FINITE GROUP—Dz 


Nonconformal Mapping 

Let y be a path in C, w = f(z), and 6 and @ be the 
tangents to the curves y and f(y) at zo and wo. If there 
is an N such that 


f(z) £0 (1) 
f™ (zo) =0 (2) 


Noncototient 


for all n < N (or, equivalently, if f’(z) has a zero of 
order N — 1), then 


(N) 
fle) = f(20) + E22 - 2) 


FUN) Zo) 


f(z) — f(zo) = (z — 20)” NI 


(N41) (, 
arse — 0) +. , (4) 
so the ARGUMENT is 
arg(f(z) — f(zo)| = N arg(z — 20) + arg nee 


(NH) (2, 
+e - 2) +... . (5) 


As z — Zo, arg(z — 20) > 6 and | arg[f(z) — f(zo)}| > ¢, 


= wo + arg LON) — v9 + ar sH Vo). (6) 


see also CONFORMAL TRANSFORMATION 


Nonconstructive Proof 

A ProoF which indirectly shows a mathematical object 
exists without providing a specific example or algorithm 
for producing an example. 


see also PROOF 
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Noncototient 

A POSITIVE value of n for which x — ¢(x) = n has no 
solution, where ¢(x) is the TOTIENT FUNCTION. The 
first few are 10, 26, 34, 50, 52, ... (Sloane’s A005278). 


see also NONTOTIENT, TOTIENT FUNCTION 
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Noncylindrical Ruled Surface 


Noncylindrical Ruled Surface 

A RULED SURFACE parameterization x(u,v) = b(u) + 
vg(u) is called noncylindrical if g x g' is nowhere 0. A 
noncylindrical ruled surface always has a parameteriza- 
tion of the form 


x(u,v) = o(u) + vd(u), 


where |6| = 1 and o’ - 6’ = 0, where o is called the 
STRICTION CURVE of x and 6 the DIRECTOR CURVE. 


see also DISTRIBUTION PARAMETER, RULED SURFACE, 
STRICTION CURVE 
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Nondecreasing Function 

A function f(z) is said to be nondecreasing on an IN- 
TERVAL I if f(b) > f(a) for all b > a, where a,b € I. 
Conversely, a function f(z) is said to be nonincreasing 
on an INTERVAL I if f(b) < f(a) for all b > a@ with 
a,be I. 


see also DECREASING FUNCTION, NONINCREASING 
FUNCTION 


Nondividing Set 
A SET in which no element divides the SuM of any other. 
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Nonessential Singularity 
see REGULAR SINGULAR POINT 


Non-Euclidean Geometry 

In 3 dimensions, there are three classes of constant cur- 
vature GEOMETRIES. All are based on the first four 
of EUCLID’S POSTULATES, but each uses its own ver- 
sion of the PARALLEL POSTULATE. The “flat” geom- 
etry of everyday intuition is called EUCLIDEAN GE- 
OMETRY (or PARABOLIC GEOMETRY), and the non- 
Euclidean geometries are called HYPERBOLIC GEOM- 
ETRY (or LOBACHEVSKY-BOLYAI-GAUSS GEOMETRY) 
and ELLIPTIC GEOMETRY (or RIEMANNIAN GEOME- 
TRY). It was not until 1868 that Beltrami proved that 
non-Euclidean geometries were as logically consistent as 
EUCLIDEAN GEOMETRY. 


see also ABSOLUTE GEOMETRY, ELLIPTIC GEOMETRY, 
EUCLID’s POSTULATES, EUCLIDEAN GEOMETRY, Hy- 
PERBOLIC GEOMETRY, PARALLEL POSTULATE 
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Nonillion 
In the American system, 10°°. 


see also LARGE NUMBER 


Nonincreasing Function 

A function f(x) is said to be nonincreasing on an IN- 
TERVAL I if f(b) < f(a) for all b > a, where a,b € I. 
Conversely, a function f(x) is said to be nondecreasing 
on an INTERVAL I if f(b) > f(a) for all b > a@ with 
a,bel. 


see also INCREASING FUNCTION, NONDECREASING 
FUNCTION 


Nonlinear Least Squares Fitting 

Given a function f(x) of a variable z tabulated at m val- 
ues yi = f(21), --., Ym = f(@m), assume the function 
is of known analytic form depending on n parameters 


f(x3A1,..-,An), and consider the overdetermined set of 
m equations 
yi = f (wij Ax, A2,..-,An) (1) 
Ym = f(@mjA1,A2,---;An). (2) 


We desire to solve these equations to obtain the values 
A1, ---, An which best satisfy this system of equations. 
Pick an initial guess for the 4; and then define 

dBi = yi — f (@i5A1,.--, An). (3) 
Now obtain a linearized estimate for the changes di; 
needed to reduce dG; to 0, 


(ROOF se. 
dB; = any 2 


j=l 


(4) 


Bzyd 
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fori = 1,...,n. This can be written in component form 
as 


dp; = Ai; d);, (5) 


where A is the m x n MATRIX 


Of sL| 
OrA1 1d OrAn 21, 
te] Ze | bath 
OA2 leo,d 9X2 lea,d 
Aj; = : 2 . : (6) 
ef | Bf | 


OAy Bm» Orn lene 
In more concise MATRIX form, 
dB = Ada, (7) 


where d@ and d\ are m-VECTORS. Applying the Ma- 
TRIX TRANSPOSE of A to both sides gives 


AT d@ = (ATA) dd. (8) 

Defining 
a=A™A (9) 
b=A'dG (10) 


in terms of the known quantities A and dG@ then gives 
the MATRIX EQUATION 


add = b, (11) 


which can be solved for dX using standard matrix tech- 
niques such as GAUSSIAN ELIMINATION. This offset is 
then applied to \ and a new d@ is calculated. By iter- 
atively applying this procedure until the elements of dA 
become smaller than some prescribed limit, a solution 
is obtained. Note that the procedure may not converge 
very well for some functions and also that convergence is 
often greatly improved by picking initial values close to 
the best-fit value. The sum of square residuals is given 
by R? = dG - df after the final iteration. 


An example of a nonlinear least squares fit to a noisy 
GAUSSIAN FUNCTION 


f(A, xu, 042) = Ae7 (#720)? /(2e7) (12) 


Nonnegative Integer 


is shown above, where the thin solid curve is the initial 
guess, the dotted curves are intermediate iterations, and 
the heavy solid curve is the fit to which the solution con- 
verges. The actual parameters are (A, x9,0) = (1, 20,5), 
the initial guess was (0.8, 15, 4), and the converged val- 
ues are (1.03105, 20.1369, 4.86022), with R? = 0.148461. 
The PARTIAL DERIVATIVES used to construct the matrix 
A are 


aA = e7(@-40)*/(207) (13) 
of A(z _z ) —(2—a9)? /(207 
— = = O/ p-(2@-20)"/(20°) (14) 
0 A(z — 0)? _(2-20)? /(202 
of — A = 0)” .—(2=20)?/(207)_ (15) 


The technique could obviously be generalized to multiple 
Gaussians, to include slopes, etc., although the conver- 
gence properties generally worsen as the number of free 
parameters is increased. 


An analogous technique can be used to solve an overde- 
termined set of equations. This problem might, for ex- 
ample, arise when solving for the best-fit EULER AN- 
GLES corresponding to a noisy ROTATION MATRIX, in 
which case there are three unknown angles, but nine 
correlated matrix elements. In such a case, write the 
n different functions as f;(A1,...,An) for? = 1,..., n, 
call their actual values y:, and define 


BA, rd; Bd2 Ni OXn Ni 
vee ae . , (6) 
fm afm ... fm | 
OX1 1; Od2 Ia; Orn 1d; 
and 
dB=y — filrA1,--.,An); (17) 


where A; are the numerical values obtained after the ith 
iteration. Again, set up the equations as 


Add = dG, (18) 


and proceed exactly as before. 
see also LEAST SQUARES FITTING, LINEAR REGRES- 


SION, MOORE-PENROSE GENERALIZED MATRIX IN- 
VERSE 


Nonnegative 

A quantity which is either 0 (ZERO) or POSITIVE, i.e., 
> 0. 

see also NEGATIVE, NONNEGATIVE INTEGER, NONPOS- 
ITIVE, NONZERO, POSITIVE, ZERO 


Nonnegative Integer 
see Z* 


Nonnegative Partial Sum 


Nonnegative Partial Sum 

The number of sequences with NONNEGATIVE partial 
sums which can be formed from n 1s and n —1s (Bailey 
1996, Buraldi 1992) is given by the CATALAN NUMBERS. 
Bailey (1996) gives the number of NONNEGATIVE partial 
sums of n 1s and k —1s aa, @2, ..., Gnix, SO that 


a1 +ag+...t+ai>0 (1) 


for all 1 <i<n+k. The closed form expression is 


(Jo 


n 
for n > 1, and 


io (n+1—k)(n+2)(n+3)---(n+k) 


for n > 0, 


k k} Me) 


forn > k > 2. Setting k = n then recovers the CATALAN 


NUMBERS 
n 1 2n 
cna {7h = (), (5) 


see also CATALAN NUMBER 
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Nonorientable Surface 

A surface such as the MOBIUS STRIP on which there ex- 
ists a closed path such that the directrix is reversed when 
moved around this path. The EULER CHARACTERISTIC 
of a nonorientable surface is < 0. The real PROJEc- 
TIVE PLANE is also a nonorientable surface, as are the 
Boy SURFACE, CRosSs-CAP, and ROMAN SURFACE, all 
of which are homeomorphic to the REAL PROJECTIVE 
PLANE (Pinkall 1986). There is a general method for 
constructing nonorientable surfaces which proceeds as 
follows (Banchoff 1984, Pinkall 1986). Choose three Ho- 
MOGENEOUS POLYNOMIALS of POSITIVE EVEN degree 
and consider the MAP 


f = (filz,y, 2), fo(z,y, z), fa(z, y, 2)) :R' > R®. (1) 


Then restricting z, y, and z to the surface of a sphere 
by writing 


z= cos@sing (2) 
y = sin@sing (3) 
z= cos@ (4) 
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and restricting 6 to [0,27) and ¢ to [0,7/2] defines a 
map of the REAL PROJECTIVE PLANE to R?. 


In 3-D, there is no unbounded nonorientable surface 
which does not intersect itself (Kuiper 1961, Pinkall 
1986). 

see also BoY SURFACE, CROSS-CaP, MOsIus STRIP, 
ORIENTABLE SURFACE, PROJECTIVE PLANE, ROMAN 
SURFACE 
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Nonpositive 
A quantity which is either 0 (ZERO) or NEGATIVE, i.e., 
<0. 


see also NEGATIVE, NONNEGATIVE, NONZERO, POsi- 
TIVE, ZERO 


Nonsquarefree 
see SQUAREFUL 


Nonstandard Analysis 

Nonstandard analysis is a branch of mathematical 
LoGIc which weakens the axioms of usual ANALYSIS to 
include only the first-order ones. It also introduces Hy- 
PERREAL NUMBERS to allow for the existence of “gen- 
uine INFINITESIMALS,” numbers which are less than 1/2, 
1/3, 1/4, 1/5, ..., but greater than 0. Abraham Robin- 
son developed nonstandard analysis in the 1960s. The 
theory has since been investigated for its own sake and 
has been applied in areas such as BANACH SPACES, dif- 
ferential equations, probability theory, microeconomic 
theory, and mathematical physics (Apps). 


see also AX-KOCHEN ISOMORPHISM THEOREM, LOGIC, 
MODEL THEORY 
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Nontotient 

A POSITIVE EVEN value of n for which ¢(z) = n, where 
$(x) is the TOTIENT FUNCTION, has no solution. The 
first few are 14, 26, 34, 38, 50, ... (Sloane’s A005277). 


see also NONCOTOTIENT, TOTIENT FUNCTION 
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Nonwandering 

A point z in a MANIFOLD M is said to be nonwandering 
if, for every open NEIGHBORHOOD U of z, it is true that 
¢ "U UU # © for a MAP ¢ for some n > 0. In other 
words, every point close to x has some iterate under ¢ 
which is also close to x. The set of all nonwandering 
points is denoted 0(¢), which is known as the nonwan- 
dering set of ¢. 

see also ANOSOV DIFFEOMORPHISM, AXIOM A DIFFEO- 
MORPHISM, SMALE HORSESHOE MAP 


Nonzero 

A quantity which does not equal ZERO is said to be 
nonzero. A REAL nonzero number must be either Pos- 
ITIVE or NEGATIVE, and a COMPLEX nonzero number 
can have either REAL or IMAGINARY PART nonzero. 


see also NEGATIVE, NONNEGATIVE, NONPOSITIVE, 
POSITIVE, ZERO 


Nordstrand’s Weird Surface 
An attractive CUBIC SURFACE defined by Nordstrand. 
It is given by the implicit equation 


B[z*(ytz)+y(e@+z)+2°(et+y)] + 50(27y? +072” 
+y? 27) — 125(2? yz 4 y az t+ 27 a2y) + 60ryz 
—4(ay + xz + yz) = 0. 
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Normal (Algebraically) 


Norm 
Given a n-D VECTOR 


Ln 


a VECTOR NORM ||x|| is a NONNEGATIVE number sat- 
isfying 

1. ||z|| > 0 when x # 0 and ||x|| = 0 IFr x = 0, 

2. {|Ax|| = [A [[x|| for any SCALAR k, 

3. [lx + yll < lll + llyll. 


The most common norm is the vector L2-NORM, defined 


by 


Ifllo = |x| = /212 + 202 +... + an?. 


Given a SQUARE MATRIX A, a MATRIX NoRM |[A|| is 
a NONNEGATIVE number associated with A having the 
properties 


1. ||A]| > 0 when A 4 0 and |[A]| = 0 Irr A=0, 
2. ||KA|| = [A] ||A]] for any SCALAR k, 

3. ||A+ Bll < [IAI + IIBII, 

4. ||ABI| < ||A]| |/B]|. 


see also BOMBIERI NORM, COMPATIBLE, EUCLIDEAN 
NorM, HILBERT-SCHMIDT NORM, INDUCED NorM, [- 
NORM, L2-NORM, Loo-NORM, MATRIX NORM, MAXI- 
MUM ABSOLUTE COLUMN SUM NorM, MAXIMUM AB- 
SOLUTE ROw SuM NorM, NATURAL NorRM, NOR- 
MALIZED VECTOR, NORMED SPACE, PARALLELOGRAM 
LAW, POLYNOMIAL NORM, SPECTRAL NORM, SUBOR- 
DINATE NORM, VECTOR NORM 
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Norm Theorem 
If a PRIME number divides a norm but not the bases of 
the norm, it is itself a norm. 


Normal 


see NORMAL CURVE, NORMAL DISTRIBUTION, NOR- 
MAL DISTRIBUTION FUNCTION, NORMAL EQUATION, 
NORMAL FORM, NORMAL Group, NORMAL Macic 
SQUARE, NORMAL MATRIX, NORMAL NUMBER, NOR- 
MAL PLANE, NORMAL SUBGROUP, NORMAL VECTOR 


Normal (Algebraically) 
see GALOISIAN 


Normal Curvature 


Normal Curvature 

Let up be a unit TANGENT VECTOR of a REGULAR SUR- 
FACE M C R®. Then the normal curvature of M in the 
direction up is 


K(Up) = S(up)- Up, (1) 
where S is the SHAPE OPERATOR. Let M C R® bea 
REGULAR SURFACE, p € M, x be an injective REGULAR 
PATCH of M with p = x(uo, vo), and 


Vp = @Xu(uo, vo) + bxy (uo, vo); (2) 


where vp € My. Then the normal curvature in the 
direction vp is 


ea? + 2fab+ gb? 
(OP) = 53+ oFab+ GE (3) 
where £, F, and G are first FUNDAMENTAL FORMS and 
e, f, and g second FUNDAMENTAL FORMS. 


The MAXIMUM and MINIMUM values of the normal cur- 
vature on a REGULAR SURFACE at a point on the surface 
are called the PRINCIPAL CURVATURES & and k2. 


see also CURVATURE, FUNDAMENTAL FORMS, GAUS- 
SIAN CURVATURE, MEAN CURVATURE, PRINCIPAL CUR- 
VATURES, SHAPE OPERATOR, TANGENT VECTOR 
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Normal Curve 
see GAUSSIAN DISTRIBUTION 


Normal Developable 

A RULED SuRFACE M is a normal developable of a curve 
y if M can be parameterized by x(u,v) = y(u) +vN(u), 
where N is the NORMAL VECTOR. 

see also BINORMAL DEVELOPABLE, TANGENT DEVEL- 
OPABLE 
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Normal Distribution 


j 
i 
jj 


F(x! 
RO 
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Another name for a GAUSSIAN DISTRIBUTION. Given a 
normal distribution in a VARIATE x with MEAN yp and 
VARIANCE 7, 


1 ~(z-p)?/20? re 


P(x) dz = e 
ova 


the so-called “STANDARD NORMAL DISTRIBUTION” is 
given by taking » = 0 and g? = 1. An arbitrary normal 
distribution can be converted to a STANDARD NORMAL 
DISTRIBUTION by changing variables to z = (x — y:)/o, 
so dz = dz/o, yielding 

1 


P(x) dz = mee? 8 dz. 


The FISHER-BEHRENS PROBLEM is the determination 
of a test for the equality of MEANS for two normal dis- 
tributions with different VARIANCES. 


see also FISHER-BEHRENS PROBLEM, GAUSSIAN DIS- 
TRIBUTION, HALF-NORMAL DISTRIBUTION, KOLMOGO- 
ROV-SMIRNOV TEST, NORMAL DISTRIBUTION FUNC- 
TION, STANDARD NORMAL DISTRIBUTION, TETRA- 
CHORIC FUNCTION 


Norma! Distribution Function 
0.5 


0.5 1 is 2 2.5 3 
A normalized form of the cumulative GAUSSIAN DISTRI- 
BUTION function giving the probability that a variate 
assumes a value in the range [0, 2], 


1 = —t? /2 

P(x) = O(z) = — e dt. 1 
(z) = Q(z) Via Jp (1) 

It is related to the PROBABILITY INTEGRAL 

1 ° —t?/2 
a(x) = —— e dt 2 
@=re (2) 
by 

®(z) = Fa(z). (3) 


Let u = t/V/2 so du — dt//2. Then 


af/V2 2 zs 
O(r) = =f ee“ du= $< erf (5) . (4) 
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Here, ERF is a function sometimes called the error func- 
tion. The probability that a normal variate assumes a 
value in the range [1,22] is therefore given by 


®(21, £2) = : [et (=) erf ()| . (5) 


Neither @(z) nor ERF can be expressed in terms of fi- 
nite additions, subtractions, multiplications, and root 
extractions, and so must be either computed numeri- 
cally or otherwise approximated. 


Note that a function different from ®(x) is sometimes 
defined as “the” normal distribution function 


&'(z) — ; + erf (%)| = z + (x) (6) 


(Beyer 1987, p. 551), although this function is less 
widely encountered than the usual ®(z). 


The value of a for which P(z) falls within the interval 
[—a, a] with a given probability P is a related quantity 
called the CONFIDENCE INTERVAL. 

For small values z < 1, a good approximation to ®(z) 
is obtained from the MACLAURIN SERIES for ERF, 


1 
&(x) = Tage —te tte? -Ba't+..). (1) 


For large values « >> 1, a good approximation is ob- 
tained from the asymptotic series for ERF, 


2 
e7? /2 


V20 


®(x) = 5 + (27? — 27? 432° 


—15a~" + 105a7° +...). (8) 


The value of (x) for intermediate x can be computed 
using the CONTINUED FRACTION identity 


2 


x lo~z 
eo du= ine 2° . (9) 
ft) 2 pee 1 
2 
20+ 
3 
r+ 
22+ 
2+ 


A simple approximation of ®(xz) which is good to two 
decimal places is given by 


0.12(4.4—-2) forO<a< 2.2 
@i(r) ¥ ¢ 0.49 for2.2<x2<2.6 (10) 
0.50 for « > 2.6. 


Abramowitz and Stegun (1972) and Johnson and Kotz 
(1970) give other functional approximations. An ap- 
proximation due to Bagby (1995) is 


Ly? 
$2(2) = 3{1— gal7e* 7 
2 
416e77 2-7) 4 (74 Lee?)e~™ J}? (11) 


Normal Form 


The plots below show the differences between ® and the 
two approximations. 


aoo 


-0. 
-0. 
-0. 


The first QUARTILE of a standard NORMAL DISTRIBU- 
TION occurs when 


&(z) dz = 1. (12) 
0 


The solution is t = 0.6745.... The value of ¢ giving } 
is known as the PROBABLE ERROR of a normally dis- 
tributed variate. 


see also CONFIDENCE INTERVAL, ERF, ERFC, FISHER- 
BEHRENS PROBLEM, GAUSSIAN DISTRIBUTION, GAUS- 
SIAN INTEGRAL, HH FUNCTION, NORMAL DISTRIBU- 
TION, PROBABILITY INTEGRAL, TETRACHORIC FUNC- 
TION 
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Normal Equation 
Given an overdetermined MATRIX EQUATION 
Ax =b, 


the normal equation is that which minimizes the sum of 
the square differences between left and right sides 


A™Ax = A’b. 


see also LEAST SQUARES FITTING, MOORE-PENROSE 
GENERALIZED MATRIX INVERSE, NONLINEAR LEAST 
SQUARES FITTING 


Normal Form 

A way of representing objects so that, although each 
may have many different names, every possible name 
corresponds to exactly one object. 


see also CANONICAL FORM 
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Normal Function 


Normal Function 
A SQUARE INTEGRABLE function ¢ is said to be normal 


if 
pean 


However, the NORMAL DISTRIBUTION FUNCTION is also 
sometimes called “the normal function.” 

see also NORMAL DISTRIBUTION FUNCTION, SQUARE 
INTEGRABLE 
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Normal Group 
see NORMAL SUBGROUP 


Normal Magic Square 
see MAGIC SQUARE 


Normal Matrix 
A normal matrix A is a MATRIX for which 


[A, At] = 0, 


where (a, 6] is the COMMUTATOR and ' denotes the AD- 
JOINT OPERATOR. 


Normal Number 

An IRRATIONAL NUMBER for which any FINITE pattern 
of numbers occurs with the expected limiting frequency 
in the expansion in any base. It is not known if 7 or e are 
normal. Tests of ,/n for n = 2, 3, 5, 6, 7, 8, 10, 11, 12, 
13, 14, 15 indicate that these SQUARE ROOTS may be 
normal. The only numbers known to be normal are ar- 
tificially constructed ones such as the CHAMPERNOWNE 
CONSTANT and the COPELAND-ERDOS CONSTANT. 


see also CHAMPERNOWNE CONSTANT, COPELAND- 
ERDOs CONSTANT, e, PI 


Normal Order 
f(n) has the normal order F'(n) if f(n) is approximately 
F(n) for ALMost ALL values of n. More precisely, if 


(1-)F(n) < f(n) < (1+ )F(n) 


for every positive « and ALMOST ALL values of n, then 
the normal order of f(n) is F(n). 


see also ALMOST ALL 


References 

Hardy, G. H. and Weight, E. M. An Introduction to the The- 
ory of Numbers, 5th ed. Oxford, England: Oxford Univer- 
sity Press, p. 356, 1979. 


Normal Plane 
The PLANE spanned by N and B (the NORMAL VECTOR 
and BINORMAL VECTOR). 


see also BINORMAL VECTOR, NORMAL VECTOR, PLANE 
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Normal to a Plane 
see NORMAL VECTOR 


Normal Section 

Let M c R® be a REGULAR SURFACE and up a unit 
TANGENT VECTOR to M, and let (up, N(p)) be the 
PLANE determined by up and the normal to the surface 
N(p). Then the normal section of M is defined as the 
intersection of II(up, N(p)) and M. 
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Normal Subgroup 
Let H be a SUBGROUP of a GROUP G. Then H isa 
normal subgroup of G, written H 4G, if 


gHe | =H 


for every element z in H. Normal subgroups are also 
known as INVARIANT SUBGROUPS. 


see also GROUP, SUBGROUP 


Normal Vector 
The normal to a PLANE specified by 


f(z,y,z) =ar+by+cez+d=0 (1) 
is given by 
a 
N=Vf=,6]. (2) 
c 
The normal vector at a point (ro, yo) on a surface z = 
f(z, y) is 
fe (xo, yo) 
N= fy(xo, yo) . (3) 
—1 
In the PLANE, the unit normal vector is defined by 
_ _ aT 
N= — 
= (4) 


where T is the unit TANGENT VECTOR and ¢ is the 
polar angle. Given a unit TANGENT VECTOR 


A 


T=umx+ wy (5) 
with /ui? + u2? = 1, the normal is 
N = —u2k + wy. (6) 


For a function given parametrically by (f(t), 9(t)), the 
normal vector relative to the point (f(t), g(t)) is there- 
fore given by 


FS eee (8) 
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To actually place the vector normal to the curve, it must 
be displaced by (f(£), g(t)). 


In 3-D SPACE, the unit normal is 


ee a iat 
““Ta]"[el ee © 
ds dt 


where « is the CURVATURE. Given a 3-D surface 


F(a, y, z) = 0, 


a Fe Py te 
n 


/F.? + Fy? + F.? 


If the surface is defined paramctrically in the form 


(10) 


x = 2(¢,%) (11) 
y = y(¢, ) (12) 
z= 2(¢,%), (13) 
define the VECTORS 
ro 
a= | ye (14) 
zy 
Ly 
=] yy |. (15) 
Zap 


Then the unit normal vector is 


N= all (16) 


V/al?|b? — ja- bl? 


Let g be the discriminant of the METRIC TENSOR. Then 


bead a e430". (17) 


V9 


see also BINORMAL VECTOR, CURVATURE, FRENET 
FORMULAS, TANGENT VECTOR 
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Normalized Vector 

The normalized vector of X is a VECTOR in the same 
direction but with Norm (length) 1. It is denoted X 
and given by 


where [|X| is the NORM of X. It is also called a UNIT 
VECTOR. 


see also UNIT VECTOR 


Nother 


Normalizer 
A set of elements g of a GROUP such that 


g ‘Hg =H, 


is said to be the normalizer Ng(H) with respect to a 
subset of group elements H. 


see also CENTRALIZER, TIGHTLY EMBEDDED 


Normed Space 
A VECTOR SPACE possessing a NORM. 


Nosarzewska’s Inequality 
Given a convex PLANE region with AREA A and PERI- 
METER p, 

A-ip<N<A+4p4l, 


where N is the number of enclosed LATTICE POINTS 
(Nosarzewska 1948). This improves on JARNICK’S IN- 
EQUALITY 

|N—A| <p. 


see also JARNICK’S INEQUALITY, LATTICE POINT 
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Not 
An operation in LoGIc which converts TRUE to FALSE 
and FALSE to TRUE. NOT A is denoted !A or 7A. 


A 7A 
F T 
T F 


see also AND, OR, TRUTH TABLE, XOR 


Notation 
A NOTATION is a set of well-defined rules for represent- 
ing quantities and operations with symbols. 


see also ARROW NOTATION, CHAINED ARROW NOTA- 
TION, CIRCLE NOTATION, CLEBSCH-ARONHOLD NOTA- 
TION, CONWAY’S KNOT NOTATION, DOWKER NOTA- 
TION, DOWN ARROW NOTATION, PETROV NOTATION, 
SCIENTIFIC NOTATION, STEINHAUS-MOSER NOTATION 
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Nother 


see NOETHER’S FUNDAMENTAL THEOREM, NOETHER- 
LASKER THEOREM, NOETHER’S TRANSFORMATION 
THEOREM, NOETHERIAN MODULE, NOETHERIAN RING 


Novemdecillion 


Novermdecillion 
In the American system, 10°, 


see also LARGE NUMBER 


NP-Complete Problem 

A problem which is both NP (solvable in nondetermin- 
istic POLYNOMIAL time) and NP-IIARD (can be trans- 
lated into any other NP-PROBLEM). Examples of NP- 
hard problems include the HAMILTONIAN CYCLE and 
TRAVELING SALESMAN PROBLEMS. 


In a landmark paper, Karp (1972) showed that 21 in- 
tractable combinatorial computational problems are all 
NP-complete. 


see also HAMILTONIAN CYCLE, NP-HARD PROBLEM, 
NP-PROBLEM, P-PROBLEM, TRAVELING SALESMAN 
PROBLEM 


References 

Karp, R. M. “Reducibility Among Combinatorial Problems.” 
In Complexity of Computer Computations, (Proc. Sympos. 
IBM Thomas J. Watson Res. Center, Yorktown Heights, 
N.Y., 1972). New York: Plenum, pp. 85-103, 1972. 


NP-Hard Problem 

A problem is NP-hard if an ALGORITHM for solving it 
can be translated into one for solving any other NP- 
PROBLEM (nondeterministic POLYNOMIAL time) prob- 
lem. NP-hard therefore means “at least as hard as any 
NP-PROBLEM,” although it might, in fact, be harder. 


see ulso COMPLEXITY THEORY, HITTING SET, NP- 
COMPLETE PROBLEM, NP-PROBLEM, P-PROBLEM, 
SATISFIABILITY PROBLEM 


NP-Problem 

A problem is assigned to the NP (nondeterministic 
POLYNOMIAL time) class if it is solvable in polynomial 
time by a nondeterministic TURING MACHINE. (A non- 
deterministic TURING MACHINE is a “parallel” TURING 
MACHINE which can take many computational paths 
simultaneously, with the restriction that the parallel 
Turing machines cannot communicate.) A P-PROBLEM 
(whose solution time is bounded by a polynomial) is al- 
ways also NP. If a solution to an NP problem is known, 
it can be reduced to a single P (POLYNOMIAL time) ver- 
ification. 


LINEAR PROGRAMMING, long known to be NP and 
thought not to be P, was shown to be P by L. Khachian 
in 1979. It is not known if all apparently NP problems 
are actually P. 


A problem is said to be NP-Harp if an ALGORITHM 
for solving it can be translated into one for solving any 
other NP-problem problem. It is much easier to show 
that a problem is NP than to show that it is NP-HARD. 
A problem which is both NP and NP-HARD is called an 
NP-COMPLETE PROBLEM. 
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see also COMPLEXITY THEORY, NP-COMPLETE PROB- 


LEM, NP-HARD PROBLEM, P-PROBLEM, TURING Ma- 
CHINE 
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NSW Number 


The numbers 


(aye dave yrer 


Som+1 = 2 


for positive integer m. The first few terms are 1, 7, 41, 
239, 1393, ... (Sloane’s A0U2315), The indices giving 
PRIME NSW uumbers are 3, 5, 7, 19, 29, 47, 59, 163, 
257, 421, 937, 947, 1493, 1901, ... (Sloane’s A005850). 
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Nu Function 


v(x) = a _ aw dt dt 
~ 0 r(¢+ 1) 
ert de 


ea) = f T(a+t+1)’ 


where I'(z) is the GAMMA FUNCTION. See Gradshteyn 
and Ryzhik (1980, p. 1079). 

see also LAMBDA FUNCTION, Mu FUNCTION 
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Null Function 
A nuil function 6°(z) satisfies 


6 
| 6°(x) dz =0 (1) 
a 
for all a,b, so 
[8 @lae=0. (2) 
Like a DELTA FUNCTION, they satisfy 
_f0 240 
do(z) = 1 2=0. (3) 


see also DELTA FUNCTION, LERCH’S ‘THEOREM 
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Null Graph 
A GRAPH containing only VERTICES and no EDGES. 


Null Hypothesis 

A hypothesis which is tested for possible rejection under 
the assumption that it is true (usually that observations 
are the result of chance). The concept was introduced 
by R. A. Fisher. 


Null Tetrad 


6 fo “0 
—_ {10 0 0 
93-19 0 0 -1 

00 -1 0 


It can be expressed as 


Jad = lany + long — Matiy — Myra. 


sce also TETRAD 


References 
d'Inverno, R. Introducing EHinstein’s Relativity. Oxford, Eng- 
land: Oxford University Press, pp. 248-249, 1992. 


Nullspace 

Also called the KERNEL. If T is a linear transformation 
of R”, then Null(T) is the set of all VECTORS X such 
that T(X) = 0, ie., 


Null(7) = {X : T(X) = O}. 


Nullstellansatz 
see HILBERT’S NULLSTELLANSATZ 


Number 

The word “number” is a general term which refers to a 
member of a given (possibly ordered) SET. The meaning 
of “number” is often clear from context (i.e., does it re- 
fer to a COMPLEX NUMBER, INTEGER, REAL NUMBER, 
etc.?). Wherever possible in this work, the word “num- 
ber” is used to refer to quantities which are INTEGERS, 
and “CONSTANT” is reserved for nonintegral numbers 
which have a fixed value. Because terms such as REAL 
NUMBER, BERNOULLI NUMBER, and IRRATIONAL NUM- 
BER are commonly used to refer to nonintegral quanti- 
ties, however, it is not. possible to be entirely consistent 
in nomenclature. 


see also ABUNDANT NUMBER, ACKERMANN NUM- 
BER, ALGEBRAIC NUMBER, ALMOST PERFECT NUM- 
BER, AMENABLE NUMBER, AMICABLE NUMBERS, AN- 
TIMORPHIC NUMBER, APOCALYPSE NUMBER, APOC- 
ALYPTIC NUMBER, ARMSTRONG NUMBER, ARRANGE- 
MENT NUMBER, BELL NUMBER, BERNOULLI NuM- 
BER, BERTELSEN’S NUMBER, BETROTHED NUMBERS, 


Number 


BETTI NUMBER, BEzOUT NUMBERS, BINOMIAL NuUM- 
BER, BRAUER NUMBER, BROWN NUMBERS, CAR- 
DINAL NUMBER, CARMICHAEL NUMRER, CATALAN 
NUMBER, CAYLEY NUMBER, CENTERED CUBE NUMN- 
BER, CENTERED SQUARE NUMBER, CHAITIN’S NUM- 
BER, CHERN NUMBER, CHOICE NUMBER, CHRISTOF- 
FEL NUMBER, CLIQUE NUMBER, COLUMBIAN NuUM- 
BER, COMPLEX NUMBER, COMPUTABLE NUMBER, 
CONDITION NUMBER, CONGRUENT NUMBERS, CON- 
STRUCTIBLE NUMBER, COTES NUMBER, CROSSING 
NUMBER (GRAPH), CROSSING NUMBER (LINK), Cu- 
BIC NUMBER, CULLEN NUMBER, CUNNINGHAM NuM- 
BER, CYCLIC NUMBER, CYCLOMATIC NUMBER, D- 
NUMBER, DE MOIVRE NUMBER, DEFICIENT NUMBER, 
DELANNOY NUMBER, DEMLO NUMBER, DIAGONAL 
RAMSEY NUMBER, e-PERFECT NUMBER, EBAN NUM- 
BER, EDDINGTON NUMBER, EDGE NUMBER, ENNEAG- 
ONAL NUMBER, ENTRINGER NUMBER, ERDOS NuM- 
BER, EUCLID NUMBER, EULER’S IDONEAL NUMBER, 
EULER NUMBER, EULERIAN NUMBER, EULER ZIGZAG 
NuMBER, EVEN NUMBER, FACTORIAL NUMBER, FER- 
MAT NUMBER, FIBONACCI NUMBER, FIGURATE NuM- 
BER, G-NUMBER, GENOCCHI NUMBER, GIUGA NuM- 
BER, GNOMIC NUMBER, GONAL NUMBER, GRAHAM’S 
NUMBER, GREGORY NUMBER, HAILSTONE NUMBER, 
HANSEN NUMBER, HAPPY NUMBER, HARMONIC DIVvI- 
sOR NUMBER, HARMONIC NUMBER, HARSHAD NuM- 
BER, HEEGNER NUMBER, HEESCH NUMBER, HELLY 
NUMBER, HEPTAGONAL NUMBER, HETEROGENEOUS 
NUMBERS, HEX NUMBER, HEX PYRAMIDAL NuUM- 
BER, HEXAGONAL NUMBER, HOMOGENEOUS NUMBERS, 
Hurwitz NUMBER, HYPERCOMPLEX NUMBER, Hy- 
PERPERFECT NUMBER, 7, IDONEAL NUMBER, IMAG- 
INARY NUMBER, INDEPENDENCE NUMBER, INFINARY 
MULTIPERFECT NUMBER, INFINARY PERFECT Num- 
BER, IRRATIONAL NUMBER, IRREDUCIBLE SEMIPER- 
FECT NUMBER, IRREDUNDANT RAMSEY NUMBER, j, 
KAPREKAR NUMBER, KEITH NUMBER, KISSING NUM- 
BER, KNODEL NUMBERS, LAGRANGE NUMBER (DI0- 
PHANTINE EQUATION), LAGRANGE NUMBER (RATIO- 
NAL APPROXIMATION), LARGE NUMBER, LEAST DEFI- 
CIENT NUMBER, LEHMER NUMBER, LEVIATHAN NUM- 
BER, LIOUVILLE NUMBER, LOGARITHMIC NUMBER, Lu- 
cAS NUMBER, LUCKY NUMBER, MACMAHON’S PRIME 
NUMBER OF MEASUREMENT, MARKOV NUMBER, Mc- 
NUGGET NUMBER, MENAGE NUMBER, MERSENNE 
NUMBER, MOTZKIN NUMBER, MULTIPLICATIVE PER- 
FECT NUMBER, MULTIPLY PERFECT NUMBER, NAR- 
CISSISTIC NUMBER, NATURAL NUMBER, NEAR No- 
BLE NUMBER, NEXUS NUMBER, NIVEN NUMBER, No- 
BLE NUMBER, NONAGONAL NUMBER, NORMAL NUM- 
BER, NSW NUMBER, NUMBER GUESSING, OBLONG 
NuMBER, OCTAGONAL NUMBER, OCTAHEDRAL NuM- 
BER, ODD NUMBER, ORE NUMBER, ORDINAL NUMBER, 
PENTAGONAL NUMBER, PENTATOPE NUMRER, PER- 
FECT DIGITAL INVARIANT, PERFECT NUMBER, PERSIS- 
TENT NUMBER, PLUPERFECT NUMBER, PLUS PERFECT 
NUMRER, PLUTARCH NUMBERS, POLYGONAL NUMBER, 


Number 


PONTRYAGIN NUMBER, POULET NUMBER, POWER- 
FUL NUMBER, PRACTICAL NUMBER, PRIMARY, PRIM- 
ITIVE ABUNDANT NUMBER, PRIMITIVE PSEUDOPER- 
FECT NUMBER, PRIMITIVE SEMIPERFECT NUMBER, 
PSEUDOPERFECT NUMBER, PSEUDORANDOM NUMBER, 
PSEUDOSQUARE, PYRAMINAL NUMBER, Q-NUMBER, 
QUASIPERFECT NUMBER, RAMSEY NUMBER, RATIO- 
NAL NUMBER, REAL NUMBER, RENCONTRES NUMBER, 
RECURRING DIGITAL INVARIANT, REPFIGIT NUMBER, 
RHOMBIC DODECAHEDRAL NUMBER, RIESEL NUMBER, 
ROTATION NUMBER, RSA NUMBER, SARRUS NUMBER, 
SCHRODER NUMBER, SCHUR NUMBER, SECANT Num- 
BER, SEGMENTED NUMBER, SELF-DESCRIPTIVE NUM- 
BER, SELF NUMBER, SEMIPERFECT NUMBER, SIERPIN- 
sk1 NUMBER OF THE FirsT KIND, SIERPINSKI NuM- 
BER OF THE SECOND KIND, SINGLY EVEN NUMBER, 
SKEWES NUMBER, SMALL NUMBER, SMITH NUMBER, 
SMOOTH NUMBER, SOCIABLE NUMBERS, SPRAGUE- 
GRUNDY NUMBER, SQUARE NUMBER, SQUARE PYRA- 
MIDAL NUMBER, STAR NUMBER, STELLA OCTANGULA 
NUMBER, STIEFEL- WHITNEY NUMBER, STIRLING Cy- 
CLE NUMBER, STIRLING SET NUMBER, ST@ORMER NUM- 
BER, SUBLIME NUMBER, SUITABLE NUMBER, SUM- 
PRODUCT NUMBER, SUPER-3 NUMBER, SUPER CATA- 
LAN NUMBER, SUPERABUNDANT NUMBER, SUPERPER- 
FECT NUMBER, SUPER-POULET NUMBER, TANGENT 
NuMBER, TAXICAB NUMBER, TETRAHEDRAL NUMBER, 
TRANSCENDENTAL NUMBER, TRANSFINITE NUMBER, 
TRIANGULAR NUMBER, TRIBONACCI NUMBER, TRI- 
MORPHIC NUMBER, TRUNCATED OCTAHEDRAL NUM- 
BER, TRUNCATED TETRAHEDRAL NUMBER, TWIST 
NUMBER, U-NUMBER, ULAM NUMBER, UNDULATING 
NUMBER, UNHAPPY NUMBER, UNITARY MULTIPER- 
FECT NUMBER, UNITARY PERFECT NUMBER, UN- 
TOUCHABLE NUMBER, VAMPIRE NUMBER, VAN DER 
WAERDEN NUMBER, VR NUMBER, WEIRD NUMBER, 
WHOLE NUMBER, WOODALL NUMBER, Z-NUMBER, 
ZAG NUMBER, ZEISEL NUMRER, ZIG NUMRER 
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Number Axis 
see REAL LINE 


Number Field 

If r is an ALGEBRAIC NUMBER of degree n, then the 
totality of all expressions that can be constructed from 
r by repeated additions, subtractions, multiplications, 
and divisions is called a number field (or an ALGEBRAIC 
NUMBER FIELD) generated by r, and is denoted F[r]. 
Formally, a number field is a finite extension Q(a) of 
the FIELD Q of RATIONAL NUMBERS. 


The numbers of a number ficld which are Roots of a 
POLYNOMIAL 


V4 +a =0 


z+ an-12" 
with integral coefficients and leading coefficient 1 are 
called the ALGEBRAIC INTEGERS of that field. 


see also ALGEBRAIC FUNCTION FIELD, ALGEBRAIC IN- 
TEGER, ALGEBRAIC NUMBER, FIELD, FINITE FIELD, Q, 
QUADRATIC FIELD 
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Number Field Sieve Factorization Method 
An extremely fast factorization method developed by 
Pollard which was used to factor the RSA-130 NUMBER. 
This method is the most powerful known for factoring 
general numbers, and has complexity 


Ofexp[e(log n)'/* (log log n)/*}}, 


reducing the exponent over the CONTINUED FRACTION 
FACTORIZATION ALGORITHM and QUADRATIC SIEVE 
FACTORIZATION METHOD. There are three values of 
c relevant to different flavors of the method (Pomerance 
1996). For the “special” case of the algorithm applied 
to numbers near a large POWER, 


oe = (3)'/3 — 1.523..., 


for the “general” case applicable to any ODD POSITIVE 
number which is not a POWER, 


e= (Sy? = 1,923.54, 
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and for a version using many POLYNOMIALS (Copper- 
smith 1993), 


c= 4(92 + 26V13)'/* = 1.902... 


References 

Coppersmith, D. “Modifications to the Number Field Sieve.” 
J. Cryptology 6, 169-180, 1993. 

Coppersmith, D.; Odlyzko, A. M.; and Schroeppel, R. “Dis- 
crete Logarithms in GF(p).” Algorithmics 1, 1-15, 1986. 
Cowie, J.; Dodson, B.; Elkenbracht-Huizing, R. M.; Lenstra, 
A. K.; Montgomery, P. L.; Zayer, J. A. “World Wide Num- 
ber Field Sieve Factoring Record: On to 512 Bits.” In Ad- 
vances in Cryptology—ASIACRYPT ’96 (Kyongju) (Ed. 
K. Kim and T. Matsumoto.) New York: Springer-Verlag, 

pp. 382-394, 1996. 

Elkenbracht-Huizing, M. “A Multiple Polynomial General 
Number Field Sieve.” Algorithmic Number Theory (Tal- 
ence, 1996). New York: Springer-Verlag, pp. 99-114, 1996. 

Elkenbracht-Huizing, M. “An Implementation of the Number 
Field Sieve.” Experiment. Math. 5, 231-253, 1996. 

Elkenbracht-Huizing, R.-M. “Historical Background of the 
Number Field Sieve Factoring Method.” Nieuw Arch. 
Wisk. 14, 375-389, 1996. 

Lenstra, A. K. and Lenstra, H. W. Jr. “Algorithms in Num- 
ber Theory.” In Handbook of Theoretical Computer Sci- 
ence, Volume A: Algorithms and Complexity (Ed. J. van 
Leeuwen). New York: Elsevier, pp. 673-715, 1990. 

Pomerance, C. “A Tale of Two Sieves.” Not. Amer. Math. 
Soc. 48, 1473-1485, 1996. 


Number Group 
see FIELD 


Number Guessing 

By asking a small number of innocent-sounding ques- 
tions about an unknown number, it is possible to re- 
construct the number with absolute certainty (assum- 
ing that the questions are answered correctly). Ball and 
Coxeter (1987) give a number of sets of questions which 
can be used. 


One of the simplest algorithms uses only three questions 
to determine an unknown number n: 


1. Triple n and announce if the result n’ = 3n is EVEN 
or ODD. 

2. If you were told that n’ is EVEN, ask the person to 
reveal the number n” which is half of n’. If you were 
told that n’ is ODD, ask the person to reveal the 
number n” which is half of n' + 1. 

3. Ask the person to reveal the number of times k which 
9 divides evenly into n'” = 3n”. 


The original number n is then given by 2k if n’ was 
EVEN, or 2k + 1 if n’ was Opp. For n = 2m even, 
n’ = 6m, n" = 3m, n'” = 9m, k = m, so 2k = 2m=n. 
For n = 2m+41 odd, n’ = 6m4 3, n” = 3m + 2, 
n'” =9m+6,k=m,s0 2k+1=2m4+1l=n. 


Another method asks: 
1. Multiply the number n by 5. 
2. Add 6 to the product. 


Number Theoretic Transform 


3. Multiply the sum by 4. 

4. Add 9 to the product. 

5. Multiply the sum by 5 and reveal the result n’. 
The original number is then given by n = (n’—165)/100, 
since the above steps give n’ = 5(4(5n+6)+9) = 100n+ 
165. 
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Number Pyramid 
A set of numbers obeying a pattern like the following. 


91-37 = 3367 
9901 - 3367 = 33336667 
999001 - 333667 = 333333666667 
99990001 - 33336667 = 3333333366666667 


47 =16 
34? = 1156 
334? = 111556 


7? = 49 
677 = 4489 
6677 = 444889. 


see also AUTOMORPHIC NUMBER 
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Number System 
see BASE (NUMBER) 


Number Theoretic Transform 

Simplemindedly, a number theoretic transform is a gen- 
eralization of a FAST FOURIER TRANSFORM obtained 
by replacing e~?"*/% with an nth PRIMITIVE Root 
oF Uniry. This effectively means doing a transform 
over the QUOTIENT RING Z/pZ instead of the Com- 
PLEX NUMBERS C. The theory is rather elegant and 
uses the language of FINITE FIELDS and NUMBER THE- 
ORY. 


see also FAST FOURIER TRANSFORM, FINITE FIELD 
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Number Theory 


Number Theory 

A vast and fascinating field of mathematics consisting of 
the study of the properties of whole numbers. PRIMES 
and PRIME FACTORIZATION are especially important in 
number theory, as are a number of functions such as the 
DivisoR FUNCTION, RIEMANN ZETA FUNCTION, and 
TOTIENT FUNCTION. Excellent introductions to num- 
ber theory may be found in Ore (1988) and Beiler (1966). 
The classic history on the subject (now slightly dated) 
is that of Dickson (1952). 


see also ARITHMETIC, CONGRUENCE, DIOPHANTINE 
EQUATION, DIVISOR FUNCTION, GODEL’S INCOM- 
PLETENESS THEOREM, PEANO’S AXIOMS, PRIME 
COUNTING FUNCTION, PRIME FACTORIZATION, PRIME 
NUMBER, QUADRATIC RECIPROCITY THEOREM, RIE- 
MANN ZETA FUNCTION, TOTIENT FUNCTION 
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Number Triangle 


see BELL TRIANGLE, CLARK’S TRIANGLE, EULER’S 
TRIANGLE, LEIBNIZ HARMONIC TRIANGLE, PASCAL’S 
TRIANGLE, SEIDEL-ENTRINGER-ARNOLD TRIANGLE, 
TRINOMIAL TRIANGLE 


Number Wall 
see QUOTIENT-DIFFERENCE TABLE 


Numerator 
The number p in a FRACTION p/g. 


see also DENOMINATOR, FRACTION, RATIONAL NUM- 
BER 


Numeric Function 
A FunNcTION f : A — B such that B is a SET of num- 
bers. 


Numerical Derivative 

While it is usually much easier to compute a DERIVA- 
TIVE instead of an INTEGRAL (which is a little strange, 
considering that “more” functions have integrals than 
derivatives), there are still many applications where 
derivatives need to be computed numerically. The sim- 
plest approach simply uses the definition of the DERIV- 


ATIVE 
F(x +h) — f(z) 
h 


for some small numerical value of h < 1. 


f(z) = jim 


see also NUMERICAL INTEGRATION 
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Numerical Integration 

The approximate computation of an INTEGRAL. The 
numerical computation of an INTEGRAL is sometimes 
called QUADRATURE. There are a wide range of methods 
available for numerical integration. A good source for 
such techniques is Press et al. (1992). 


The most straightforward numerical integration tech- 
nique uses the NEWTON-COTES FORMULAS (also called 
QUADRATURE FORMULAS), which approximate a func- 
tion tabulated at a sequent of regularly spaced INTER- 
VALS by various degree POLYNOMIALS. If the endpoints 
are tabulated, then the 2- and 3-point formulas are 
called the TRAPEZOIDAL RULE and SIMPSON’S RULE, 
respectively. The 5-point formula is called BoDE’s 
RuLE. A generalization of the TRAPEZOIDAL RULE is 
ROMBERG INTEGRATION, which can yield accurate re- 
sults for many fewer function evaluations. 


NURBS Surface 


If the functions are known analytically instead of being 
tabulated at equally spaced intervals, the best numeri- 
cal method of integration is called GAUSSIAN QUADRA- 
TURE. By picking the abscissas at which to evaluate the 
function, Gaussian quadrature produces the most accu- 
rate approximations possible. However, given the speed 
of modern computers, the additional complication of the 
GAUSSIAN QUADRATURE formalism often makes it less 
desirable than simply brute-force calculating twice as 
many points on a regular grid (which also permits the 
already computed values of the function to be re-used). 
An excellent reference for GAUSSIAN QUADRATURE is 
Hildebrand (1956). 


see also DOUBLE EXPONENTIAL INTEGRATION, FILON’S 
INTEGRATION FORMULA, INTEGRAL, INTEGRATION, 
NUMERICAL DERIVATIVE, QUADRATURE 


References 

Davis, P. J. and Rabinowitz, P. Methods of Numerical Inte- 
gration, 2nd ed. New York: Academic Press, 1984. 

Hildebrand, F. B. Introduction to Numerical Analysis. New 
York: McGraw-Hill, pp. 319-323, 1956. 

Milne, W. E. Numerical Calculus: Approximations, Inter- 
polation, Finite Differences, Numerical Integration and 
Curve Fitting. Princeton, NJ: Princeton University Press, 
1949. 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vetter- 
ling, W. T. Numerical Recipes in FORTRAN: The Art of 
Scientific Computing, 2nd ed. Cambridge, England: Cam- 
bridge University Press, 1992. 


Numerology 

The study of numbers for the supposed purpose of pre- 
dicting future events or seeking connections with the 
occult. 


see also BEAST NUMBER, NUMBER THEORY 


NURBS Curve 
A nonuniform rational B-SPLINE curve defined by 


os ber Ni,p(t)wiP: 
Dino Nip (t)wi 


where p is the order, Ni,» are the B-SPLINE basis func- 
tions, P; are control points, and the weight w, of P; is 
the last ordinate of the homogeneous point Pj’. These 
curves are closed under perspective transformations and 
can represent CONIC SECTIONS exactly. 


see also B-SPLINE, BEZIER CURVE, NURBS SuRFACE 


C(t) 
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NURBS Surface 


A nonuniform rational B-SPLINE surface of degree (p,q) 
is defined by 


S(u,v) dino Lo j=0 Nin (¥) Ning(v) wij Pi, 
; pees ee Nip (u) Nj,q(v)wi,7 


Nyquist Frequency 


where N;,p and Nj,, are the B-SPLINE basis functions, 
P;,; are control points, and the weight w;,,; of Pi,; is the 
last ordinate of the homogeneous point P}’;. 


see also B-SPLINE, BEZIER CURVE, NURBS CuRVE 


Nyquist Frequency 

In order to recover all FOURIER components of a periodic 
waveform, it is necessary to sample twice as fast as the 
highest waveform frequency v, 


fryquist = 2v. 


The minimum sampling frequency is called the Nyquist 
frequency. 


see also FOURIER SERIES, FOURIER TRANSFORM, 


NYQUIST SAMPLING, OVERSAMPLING, SAMPLING THE- 
OREM 


Nyquist Sampling 
Sampling at the NYQUIST FREQUENCY. 


Nyquist Sampling 
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Obelus 


O 


Obelus 

The symbol + used to indicate DIVISION. In typography, 
an obelus has a more general definition as any symbol, 
such as the dagger ({), used to indicate a footnote. 


see also DIVISION, SOLIDUS 


Object 

A mathematical structure (e.g., a GROUP, VECTOR 
SPACE, or DIFFERENTIABLE MANIFOLD) in a CATE- 
GORY. 


see also MORPHISM 


Oblate Spheroid 


Ze 
GAN 


if 


A “squashed” SPHEROID for which the equatorial radius 
a is greater than the polar radius c, so a > c. To first 
approximation, the shape assumed by a rotating fluid 
(including the Earth, which is “fluid” over astronomical 
time scales) is an oblate spheroid. The oblate spheroid 
can be specified parametrically by the usual SPHEROID 
equations (for a SPHEROID with z-AXIs as the symmetry 
axis), 


r= asinvcosu (1) 
y = asinvsinu (2) 
z=ccosu, (3) 


with a > c, u € [0,2m), and v € [0,7]. Its Cartesian 
equation is 


roan (4) 
The ELLIPTICITY of an oblate spheroid is defined by 


a? a Cc? 
ae (5) 


so that 

1- e” = 2° ( 6) 
Then the radial distance from the rotation axis is given 
by 


2 -1/2 
+ 2 
r(6) =a (: 44 te s) (7) 
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as a function of the LATITUDE 6. 


The SURFACE AREA and VOLUME of an oblate spheroid 
are 


2 
$= na? += In (5+) 
e 


l-e (8) 
V= 4na’e. (9) 


An oblate spheroid with its origin at a Focus has equa- 
tion 


_ a(1—e?) 


~ 1+ecosd' a) 


Define k and expand up to POWERS of e®, 


k=e?(1—e?)* =e? (1 +e? — 2e* + 6e® +...) 


=e? +e*— 2° +... (11) 
Raet+e®t... (12) 
B=e®+.... (13) 


Expanding r in POWERS of ELLIPTICITY to e® therefore 
yields 


- =1-4(e? + e* — 2e* + Ge®) sin? 5 
+3(e4 + e°) sin* § — BeF sin’ d+... (14) 


In terms of LEGENDRE POLYNOMIALS, 


i 1,2 11,4 103 6 
a ee — 30 — tea0€ ) 
+ (-3e? - Ze* — SX e°) Pe 
+ (et + She’) Py — sre’ Po +.... (15) 


The ELLIPTICITY may also be expressed in terms of the 
OBLATENESS (also called FLATTENING), denoted € or f. 


c= (16) 
c=a(1~e) (17) 
ce? = a?(1—)? (18) 
(1—<«)? =1-e?, (19) 
e=1-V1-@ (20) 
and 


ef =1—-(1-6? =1—(1—2e +67) = 2% —e*? (21) 


2e — ae 
Ps ee F + ai_e? sin? i ‘ (22) 
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Define k and expand up to Powers of e® 


k = (2 — €)(1 — €)~? = (2e — e”)(1 + 2c — 6e? +...) 
= 26+ 4e* — 128 —e? —22° +... 


= 2e-+ 3c? — 14e? +... (23) 
k? = 46 + Ge? +... (24) 
= 8 4+... (25) 


Expanding r in POWERS of the OBLATENESS to e° yields 


=1~- 4(2e+ 3e — 14e%) sin? 6 
+$(4e? + 6°) sin* 5 + 8e*sin° 5 +.... (26) 


In terms of LEGENDRE POLYNOMIALS, 


= 
—~=(1-ie-2 7 — A3.6°) + (—2€ - 


+(B2?- S2)p,- MFPR+.... (27) 


i¢? ~ xe 3) Py 


To find the projection of an oblate spheroid onto a 
PLANE, set up a coordinate system such that the z-AXIS 
is towards the observer, and the z-axis is in the PLANE 
of the page. The equation for an oblate spheroid is 


2e—e? io 
r(0) =a 2 + ae? cos” i , (28) 
Define 
2e—€ 
k= Ge (29) 


and x = sin@. Then 
r(8) = all +k(1 —2?)]~'/? = a(1+k—ka?)*/?. (30) 


Now rotate that spheroid about the x-axis by an ANGLE 
B so that the new symmetry axes for the spheroid are 
z' = x, y’, and z’. The projected height of a point in 
the « = 0 PLANE on the y-axis is 


y = r(8) cos(@ — B) = r(@)(cos@ cos B — sin@ sin B) 
0)(f1— 2x? cos B + zsin B). (31) 


To find the highest projected point, 


dy __—asin(B — @) 


dy cos(B ~ @)cos@sind _ 
d§~ (1+kcos? 6)1/2 


(1+ kcos? 6)3/2 
(32) 


+ ak 


Simplifying, 


tan(B — @)(1+ k cos? 6) + kcos@sin@ = 0. (33) 


But 
_ sin 6 
tan B — tan@ wae 1—sin2 6 
a eee 1+tanBtand 14+ tan B—#i22 
n sin @ __ 
+ ean Vv 1—sin2 6 


1 = * 2 _ . 
_ V sin’ @tanB sind (34) 
V1 — sin? @+ tan Bsin@ 
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Plugging (34) into (33), 


ae = [1+k(1-2")|+hey/t — 2? = 0 (35) 


and performing a number of algebraic simplifications 
(\/1 — # tan B — 2)(1 +k — kx?) 


kevV/1—2?(,/1-—2?+2tanB)=0 (36) 
(1 +k)V/1 — 2? tan B—~ ka? \/1—2? tanB 


—x — ka + kx] + [ka(1 — 2) + kw? \/1 — 2? tan B] 


(37) 

(1+k)tan By/1 -— 2? —ke(i-2”?)—2+kae(1—2”) =0 
(38) 

(l+k)tanBVY1—-22=2 (39) 

(1+)? tan? B(1— 2?) =2? (40) 


z(1+(1+k)? tan? B] = (1+)? tan? B (41) 
finally gives the expression for z in terms of B and k, 
2_ tan? B(L+k)? 
™ 1+(1+k)? tan? B’ 
Combine (30) and (31) and plug in for z, 


_ avi —2?cosB+ asin B 
V1+k— kz? 


cos B+ (1+ k) sin? B 


a cos B 
(1+)[1 + (1+) tan? B] 
2 +2 
a cos B+(1+k)sin* B (43) 
cos By/(1+k)[1+ (1+) tan? B] 


(42) 


Now re-express k in terms of a and c, using €« = 1— c/a, 


(2~e)e (1+ $) (1-£) 
(1 —)? (2)° 


as (2)” - (2) Es (44) 


k= 


so 
a 


1tk= (2). (45) 


c 
Plug (44) and (45) into (43) to obtain the SEMIMINOR 
AXIS of the projected oblate spheroid, 


cos? B+ (2) sin? B 


cos By /(2)” [2+ (2 ) * tan? B| 


cos? B+ (2)°sin? B 


c=@4 


=a 
cos? B + (2)? sin? B 


aa 
=c cos? B + (©) sin? B = +/c? cos? B + a? sin? B 


=av/(1 — €)? cos? B+ sin? B. (46) 
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We wish to find the equation for a spheroid which has 
been rotated about the z = z’-axis by ANGLE B, then 
the z-axis by ANGLE P 


a’ ae 0 0 cosP 0 sinP xr 
y’ 0 cosB sinB 0 1 0 y 
z 0 -sinB cosB -—sinP 0 cosP] Lz 


It 


cos P 0 sin P x 
= |-sinBsinP cosB_ sinBcosP yi). 
-cosBsinP -—sinB cosBcosP z 


(47) 


Now, in the original coordinates (z’, y’, z’), the spheroid 
is given by the equation 


= +545 = (48) 
which becomes in the new coordinates, 


(x cos P + ysin P)? 
2 


a 
, (-esin B sin P + zcos B + ysin Bcos P)” 
a 
4, (& 00s B sin P ~ zsin B + ycos B cos P)” =1. (49) 


c2 
Collecting COEFFICIENTS, 


Az’ + By? + Cz? + Day + Exz + Fyz =1, (50) 


where 
eee cos? P + sin Bsin? P f cos? Bint P (51) 
B= sin? P + cua Bcos* P % cos” Bee P (52) 
2 c 2 r 

C= a m2 (53) 
D = 2cos Psin P (Ga aaa 8 ~ oa | 

= 2cos Psin P cos’ B (= _ =) (54) 
E = 2sin Bcos Bsin P (= ~ -) (55) 
F = 2sin B cos B cos P (= — 55). (56) 


If we are interested in computing z, the radial distance 
from the symmetry axis of the spheroid (y) correspond- 
ing to a point 
C2* + (Bx + Fy)z+ (Ax? + By? + Dry —- 1) 

= Cz* + G(x,y)z+ H(z,y)=0, (57) 


where 


G(a,y) = Ex+ Fy (58) 
H(a,y) = Av? + By? + Day -—1. (59) 
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z can now be computed using the quadratic equation 
when (z, y) is given, 


__ ~Glesy) + VGe,y) — ACC 9) 


Yel (60) 


If P = 0, then we have sin P = 0 and cos P = 1, so (51) 
to (56) and (58) to (59) become 


1 
sin? B cos? B 
B= 2 53 (62) 
cos? B sin’? B 
Cc a2 Be (63) 
D= (64) 
E=0 (65) 
tees 1 1 
F = 2sin Boos B(- - 5) (66) 


: 1 1 
G(z,y) = Fy = 2ysin BcosB (= - =) (67) 


H(z, y) = Av? + By* -1 


see also DARWIN-DE SITTER SPHEROID, ELLIPSOID, 
OBLATE SPHEROIDAL COORDINATES, PROLATE SPHER- 
OID, SPHERE, SPHEROID 


References 
Beyer, W. H. CRC Standard Mathematical Tables, 28th ed. 
Boca Raton, FL: CRC Press, p. 131, 1987. 


Oblate Spheroid Geodesic 

The GEODESIC on an OBLATE SPHEROID can be com- 
puted analytically for a spheroid specified parametri- 
cally by 


x = asinvcosu (1) 
y = asinvsinu (2) 
z= ccosy, (3) 


with a > c, although it is much more unwieldy than for 
a simple SPHERE. Using the first PARTIAL DERIVATIVES 


20 asinvsin u = = acosucosu (4) 
du dv 
O , 0 : 
Se = asinvcosu ie = acosvsinu (5) 
Oz Oz . 
Oi =0 Bu = —csiny, (6) 


and second PARTIAL DERIVATIVES 


x x 


=— > = —asinvcosu => = —asinvcosu 7 
Ou? Av? mo 
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Oy _ : : ay ee ee (8) 
Bu2 =—asinvsmu By? = asinvsinu 
Oz 07z 
ae 0 Foz =z CO8Y, (9) 


gives the GEODESICS functions as 


p= (5a) + (58) + (5%) 


2/12 2 i eer 
= a’ (sin® ucos’ u + sin” vsin® u) 


=a’ sin? v (10) 
_ OxOa | OyOy , Oz Oz _ 
@ = udu t dudv * Budo ° ay) 


_ (de\? dy\? az\? 
r= (3) +(a) +(a) 
=a? + (c? —a’)sin? v = a?(1—e’ sin’ v). (12) 


Since Q = 0 and P and R are explicit functions of v only, 
we can use the special form of the GEODESIC equation. 


R 
u= f P-gp” 


7 a?(1 — e? sin? v) 

= a‘ sin* v ~— c12a? sin? v 
1 — e? sin? v 

(2)’sin?y—1 sinv” 
c1 


dv 


(13) 


Integrating gives 


or (oSene) - 0 (# -1,05S228) 


uU=-—C1 ’ 


G — e2 
(14) 
where 
a 

d= = (15) 

dcosv 
os Oo = ——————, 16 
cos p= OE (16) 


F(¢|m) is an ELLIPTIC INTEGRAL OF THE FIRST KIND 
with PARAMETER m, and II(¢|m, k) is an ELLIPTIC IN- 
TEGRAL OF THE THIRD KIND. 


GEODESICS other than MERIDIANS of an OBLATE 
SPHEROID undulate between two parallels with latitudes 
equidistant from the equator. Using the WEIERSTRA8 
SIGMA FUNCTION and WEIERSTRAB ZETA FUNCTION, 
the GEODESIC on the OBLATE SPHEROID can be written 
as 


vy ep ZAG Y) uln—C(w+a)] 

z+iy= Seah (17) 
wif a(a— 4) —uln—¢(wta)] 

a — ty Save e (18) 
2 os )? ow"! ag ujo(w" oy u) (19) 


o?(u)o?(a) 
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(Forsyth 1960, pp. 108-109; Halphen 1886-1891). 


The equation of the GEODESIC can be put in the form 


(inated 
1 — e* sin“ v sina do: (20) 


2 2 


do = 
sin* v — sin“ a sinv 

where a is the smallest value of v on the curve. Fur- 

thermore, the difference in longitude between points of 


highest and next lowest latitude on the curve is 


~— e2 sin? « ms 2 
oV1 e sin =f dnu — dn’? u du, (21) 
sin a a 


ar 
1+ cot? asn? u 


where the MODULUS of the ELLIPTIC FUNCTION is 
ecosa 


4/1 — e? sin? a 


(Forsyth 1960, p. 446). 


see also ELLIPSOID GEODESIC, OBLATE SPHEROID, 
SPHERE GEODESIC 


k= (22) 


References 

Forsyth, A. R. Calculus of Variations. New York: Dover, 
1960. 

Halphen, G. H. Traité des fonctions elliptiques et de leurs 
applications fonctions elliptiques, Vol. 2. Paris: Gauthier- 
Villars, pp. 238-243, 1886-1891. 


Oblate Spheroidal Coordinates 


we 


A system of CURVILINEAR COORDINATES in which two 
sets of coordinate surfaces are obtained by revolving 
the curves of the ELLIPTIC CYLINDRICAL COORDI- 
NATES about the y-AXIS which is relabeled the z-AXIs. 
The third set of coordinates consists of planes passing 
through this axis. 


x = acosh€ cosycos¢ (1) 
y = acosh€é cosnsing (2) 
z = asinh€sinn, (3) 


Oblate Spheroidal Coordinates 


where € € [0, 00), 7 € [-7/2, 2/2], and ¢ & [0, 27). Arf. 
ken (1970) uses (u,v, y) instead of (£,7,¢@). The SCALE 
FACTORS are 


he = av/ sinh? € + sin? y (4) 

hy = av/ sinh? € + sin? 7 (5) 

hg = acosh€ cos7. (6) 
The LAPLACIAN is 


1 
a3(sinh? € + sin? 7) cosh £ cos 7 


x E (< cosh Ecos | 
of Of \ , a°(sinh” ¢ + sin” n) OF 
ae (« cosh € cos 7 on ) + acosh € cos 7) “4 


Vf = 


ony 
_ 1 
~ a3(sinh? € + sin? n) cosh € cos 7 
2 
acosh £ cos na + asinh € cos ng 


of 1 of 
taconh corn 5 | (sab? 6 pain?) 06? 


f sinh € cos 7 a 


ee Leen Race ccg ee i 
~~ a?(sinh? € + sin? 7) Ee ( ne3e) 


ay ae ee a 2 
cos On 16n a?(cosh? € + cos? 7) O¢? 


(7) 
Se te (sech? € tan? 7 + sec” tanh’ €) sd 
~ sin? 7 + sinh? ¢ % Og? 


ao. 8 a. 38" 
BLT: + De llr + <] . (8) 


An alternate form useful for “two-center” problems is 
defined by 


1 = sinhé (9) 
&, = cosh€ (10) 
é2 = cos7 (11) 
& =¢, (12) 


where £1 € [1, 00], £2 € [-1, 1], and £3 € [0, 27). In these 
coordinates, 


y = af,£2 sin fy (13) 
z=avV(&? —1)(1- &7) (14) 
© = aty£2 cos és (15) 
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(Abramowitz and Stegun 1972). The SCALE Factors 
are 


E17 — &2? 

ho Si 7 62 
&3 &? = (16) 

2 ¢.2 
hes = ay/ 2 ss (17) 
he, = a€n, (18) 


and the LAPLACIAN is 
dpe Pd 8 tg Gy Od 
vr (Ee Es te +1338] 
1 a la eg] 


+ 

£17 + En? Oo 

1 af 
tag ome es pCO) 

(&1" + 1)(1 — 2”) 863” 

The HELMHOLTZ DIFFERENTIAL FE:.QUATION is separa- 

ble. 

see also HELMHOLTZ DIFFERENTIAL EQUATION— 

OBLATE SPHEROIDAL COORDINATES, LATITUDE, LON- 

GITUDE, PROLATE SPHEROIDAL COORDINATES, SPHER- 

ICAL COORDINATES 
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Oblate Spheroidal Wave Function 
The wave equation in OBLATE SPHEROIDAL COORDI- 
NATES is 


2 Pn 0. 2 oe 
Ee Soe & +1 
oO _ 62 Oe £17 + £2? oh 
* 6; a £2 132] (€,? + yd _ £2") Od? 
+e"(6:° + &)B=0, (1) 


where 
c = dak. (2) 
Substitute in a trial solution 
cos 

® = Rina(esE1)Smnles€2) O8(mg). (3) 

The radial differential equation is 
d 2, d 

dé; [a + & ) gg, Smale, «| 


2 


_ (ane = Cc’ Eo" + 2) Rimn(c, €2) = 0, (4) 


1262 Oblateness 


and the angular differential equation is 


d 
dey rn @)| 


oF (Ane a £2" + 


d 2 
dés a — £9") 
nat 


1—&" 


) Rinn(c, é2) =0 (5) 


(Abramowitz and Stegun 1972, pp. 753-755). 
see also PROLATE SPHEROIDAL WAVE FUNCTION 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Spheroidal Wave 
Functions.” Ch. 21 in Handbook of Mathematical Func- 
tions with Formulas, Graphs, and Mathematical Tables, 
9th printing. New York: Dover, pp. 751-759, 1972. 


Oblateness 
see FLATTENING 


Oblique Angle 
An ANGLE which is not a RIGHT ANGLE. 


Oblong Number 
see PRONIC NUMBER 


Obstruction 

Obstruction theory studies the extentability of MAPS us- 
ing algebraic GADGETS. While the terminology rapidly 
becomes technical and convoluted (as Iyanaga and 
Kawada note, “It is extremely difficult to discuss higher 
obstructions in general since they involve many com- 
plexities”), the ideas associated with obstructions are 
very important in modern ALGEBRAIC TOPOLOGY. 


see also ALGEBRAIC TOPOLOGY, CHERN CLASS, 
EILENBERG-Mac LANE SPACE, STIEFEL-WHITNEY 
CLASS 


References 

Iyanaga, S. and Kawada, Y. (Eds.). “Obstructions.” §300 
in Encyclopedic Dictionary of Mathematics. Cambridge, 
MA: MIT Press, pp. 948~950, 1980. 


Obtuse Angle 
An ANGLE greater than 7/2 RADIANS (90°). 


see also ACUTE ANGLE, OBTUSE TRIANGLE, RIGHT 
ANGLE, STRAIGHT ANGLE 


Obtuse Triangle 


An obtuse triangle is a TRIANGLE in which one of the 
ANGLES is an OBTUSE ANGLE. (Obviously, only a single 
ANGLE in a TRIANGLE can be OBTUSE or it wouldn’t be 
a TRIANGLE.) A triangle must be either obtuse, ACUTE, 
or RIGHT. 


Obtuse Triangle 


A famous problem is to find the chance that three points 
picked randomly in a PLANE are the VERTICES of an 
obtuse triangle (Eisenberg and Sullivan 1996). Unfor- 
tunately, the solution of the problem depends on the 
procedure used to pick the “random” points (Portnoy 
1994). In fact, it is impossible to pick random variables 
which are uniformly distributed in the plane (Eisenberg 
and Sullivan 1996). Guy (1993) gives a variety of so- 
lutions to the problem. Woolhouse (1886) solved the 
problem by picking uniformly distributed points in the 
unit Disk, and obtained 


4 1 
pare e 8 
The problem was generalized by Hall (1982) to n-D 
BALL TRIANGLE PICKING, and Buchta (1986) gave 
closed form evaluations for Hall’s integrals. 


9 4 
==-— =0.719715.... 
) 5 ~ ae = O-719715 (1) 


Cc 


A 2r B 
Lewis Carroll (1893) posed and gave another solution 
to the problem as follows. Call the longest side of a 
TRIANGLE AB, and call the DIAMETER 2r. Draw arcs 
from A and B of Rapius 2r. Because the longest side of 
the TRIANGLE is defined to be AB, the third VERTEX 
of the TRIANGLE must lie within the region ABCA. If 
the third VERTEX lies within the SEMICIRCLE, the TRI- 
ANGLE is an obtuse triangle. If the VERTEX lies on the 
SEMICIRCLE (which will happen with probability 0), the 
TRIANGLE is a RIGHT TRIANGLE. Otherwise, it is an 
ACUTE TRIANGLE. The chance of obtaining an obtuse 
triangle is then the ratio of the AREA of the SEMICIRCLE 
to that of ABC'A. The AREA of ABCA is then twice the 
AREA of a SECTOR minus the ARBA of the TRIANGLE. 


nr? 2 274 
Awhole figure — 2 6 = V3r =fT (47 = V3). (2) 


Therefore, 


Agr? 37 
2 = = 0.63938... 3 
r2(4n—V3) 8&mr—6V3 @) 


Let the VERTICES of a triangle in n-D be NORMAL 


(GAUSSIAN) variates. The probability that a Gaussian 
triangle in n-D is obtuse is 


30 (n) 1/3 (a-2)/2 4 
T?(in) oO (l+2)" 
3I'(n) ws Say 
ec i Ae 6 dé 
T?(En)27-1 [ me 
7 6I(n) 2Fi($n,n,1+ in; —%) 
3°/?2nT2(in) 


P= 


P, = 


’ (4) 


Ochoa Curve 


where ['(n) is the GAMMA FUNCTION and 2Fi(a,b;c; z) 
is the HYPERGEOMETRIC FUNCTION. For EVEN n = 2k, 


Rm (2h—1\ (1\5 (3\ 28715 
mak Aen’ o 


(Eisenberg and Sullivan 1996). The first few cases are 
explicitly 


P, = 2 = 0.75 (6) 

P3=1- av3 = 0.586503... (7) 
4x 

Pa = 3 = 0.46875... (8) 

Ps=1- = = 0.379755... (9) 
TT 


see also ACUTE ANGLE, ACUTE TRIANGLE, BALL TRI- 
ANGLE PICKING, OBTUSE ANGLE, RIGHT TRIANGLE, 
TRIANGLE 
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Ochoa Curve 
The ELLIPTIC CURVE 


3Y? = 2X* + 386X? + 256X — 58195, 
given in Weierstra8 form as 
y? = x° — 440067x + 106074110. 


The complete set of solutions to this equation con- 
sists of (z,y) = (—761,504), (—745, 4520), (--557, 
13356), (—446, 14616), (—17, 10656), (91, 8172), (227, 
4228), (247, 3528), (271, 2592), (455, 200), (499, 3276), 
(523, 4356), (530, 4660), (599, 7576), (751, 14112), 
(1003, 25956), (1862, 75778), (3511, 204552), (5287, 
381528), (23527, 3607272), (64507, 16382772), (100102, 
31670478), and (1657891, 2134685628) (Stroeker and de 
Weger 1994). 
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Octacontagon 
An 80-sided POLYGON. 


Octadecagon 


An 18-sided POLYGON, sometimes also called an Oc- 
TAKAIDECAGON. 

see also POLYGON, REGULAR POLYGON, TRIGONOME- 
TRY VALUES—z/18 


Octagon 


The regular 8-sided POLYGON. The INRADIUS r, CIR- 
CUMRADIUS R, and AREA A can be computed directly 
from the formulas for a general regular POLYGON with 
side length s and n = 8 sides, 


r= tscot (=) = }(1+ V2)s (1) 
R= }sesc(E) = }V4+2v2s (2) 
A= ins’ cot (=) = 2(1+ /2)s?. (3) 


see also OCTAHEDRON, POLYGON, REGULAR POLYGON, 
TRIGONOMETRY VALUES—7/8 


Octagonal Number 


A POLYGONAL NUMBER of the form n(3n — 2). The 
first few are 1, 8, 21, 40, 65, 96, 133, 176, ... (Sloane’s 
A000567). The GENERATING FUNCTION for the octag- 
onal numbers is 

xz(5x + 1) 


(a3 = 2+ 8x" + 212° +4024 +.... 
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Octagram 


Octagram 


The STAR POLYGON {8, 3}. 


Octahedral Graph 


The POLYHEDRAL GRAPH having the topology of the 
OCTAHEDRON. 


see also CUBICAL GRAPH, DODECAHEDRAL GRAPH, 
ICOSAHEDRAL GRAPH, OCTAHEDRON, TETRAHEDRAL 
GRAPH 


Octahedral Group 

The POINT GROUP of symmetries of the OCTAHEDRON, 
denoted Oj. It is also the symmetry group of the CUBE, 
CUBOCTAHEDRON, and TRUNCATED OCTAHEDRON. It 
has symmetry operations E, 8C'3, 6C4, 6C2, 3C2 = C2, 
i, 6S4, 856, 3on, and 604 (Cotton 1990). 

see also CUBE, CUBOCTAHEDRON, ICOSAHEDRAL 
GROUP, OCTAHEDRON, POINT GROUPS, TETRAHE- 
DRAL GROUP, TRUNCATED OCTAHEDRON 
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Octahedral Number 
A FIGURATE NUMBER which is the sum of two consec- 
utive PYRAMIDAL NUMBERS, 


On = Pa-1 + Pa = in(2n? +1). 


The first few are 1, 6, 19, 44, 85, 146, 231, 344, 489, 670, 
891, 1156, ... (Sloane’s A005900). The GENERATING 
FUNCTION for the octahedral numbers is 


x(az +1)? 


ees =x+6a7+ 192° + 440*+.... 


see also TRUNCATED OCTAHEDRAL NUMBER 


Octahedron 
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Octahedron 


A PLATONIC SOLID (P3) with six VERTICES, 12 EDGES, 
and eight equivalent EQUILATERAL TRIANGULAR faces 
(8{3}), given by the SCHLAFLI SYMBOL {3, 4}. It is also 
UNIFORM POLYHEDRON Us with the WYTHOFF SYM- 
BOL 4|23. Its DUAL POLYHEDRON is the CUBE. Like 
the CUBE, it has the O, OCTAHEDRAL GROUP of sym- 
metries. The octahedron can be STELLATED to give the 
STELLA OCTANGULA. 


The solid bounded by the two TETRAHEDRA of the 
STELLA OCTANGULA (left figure) is an octahedron (right 
figure; Ball and Coxeter 1987). 


In one orientation (left figure), the VERTICES are given 
by (+1,0,0), (0,+1,0), (0,0,+1). In another orien- 
tation (right figure), the vertices are (+1,+1,0) and 
(0,0,4+/3). In the latter, the constituent TRIANGLES 
are specified by 


Ti = {(-1, -1,0), (1, —1, 0), (0,0, V3 )} 
T2 = {(—1,—-1, 0), (1, —1, 0), (0,0, -V3)} 
Ts = {(-1,1,0), (1, 1,0), (0,0, V3)} 

T, = {(—1,1,0), (1, 1,0), (0,0, -V3)} 

Ts = {(1, -1,0), (1,1, 0), (0,0, V3 )} 

Ts = {(—1, —1,0), (—1,1, 0), (0,0, V3)} 
Tz = {(1,—1,0), (1, 1,0), (0,0, -V3)} 

Ts = {(—1, —1, 0), (—1, 1,0), (0,0, -V3)}. 


Octahedron 


The face planes are tr+yitz = 1, soa solid octahedron 
is given by the equation 


\e| + [yl + |2| <1. (1) 


x 


we 

A plane PERPENDICULAR to a C3 axis of an octahedron 
cuts the solid in a regular HEXAGONAL CROSS-SECTION 
(Holden 1991, pp. 22-23). Since there are four such axes, 
there are four possibly HEXAGONAL CROSS-SECTIONS. 
Faceted forms are the CUBOCTATRUNCATED CUBOCTA- 
HEDRON and TETRAHEMIHEXAHEDRON. 


Let an octahedron be length a on a side. The height 
of the top VERTEX from the square plane is also the 
CIRCUMRADIUS 


R=Vae-@, (2) 


where 


d=1V/2a (3) 


is the diagonal length, so 


R= 4/a? — 5a? = 3V2a ~ 0.707100. (4) 


7 
« ad 


Now compute the INRANIUS. 


= }V3a (5) 
b= $a (6) 
s = Latan30° = —“-, 7 
3 a3 (7) 
7 1 2 
3 1 
= = > = 8 
é w2w3v3 8) 
Now use similar TRIANGLES to obtain 
s 
B= b= 5 (9) 
Pe een 
i a (10) 
z=b-—b'=}a- ja= ha, (11) 
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so the INRADIUS is 


r= Vf2?t2? =ay/i + & = i vba ~ 0.40824a. 
(12) 
The INTERRADIUS is 


p=ta=0.5a. (13) 


The AREA of one face is the AREA of an EQUILATERAL 
TRIANGLE 
A= ivV3a’. (14) 


The volume is two times the volume of a square-base 
pyramid, 


V = 2(4a°R) = 2(3)(a?)(3V2a) =4V2a0°. (15) 
The DIHEDRAL ANGLE is 


a = cos” *(—4) = 70.528779°. (16) 


see also OCTAHEDRAL GRAPH, OCTAHEDRAL GROUP, 
OCTAHEDRON 5-COMPOUND, STELLA OCTANGULA, 
TRUNCATED OCTAHEDRON 
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Octahedron 5-Compound 


A POLYHEDRON COMPOUND composed of five OCTAHE- 
DRA occupying the VERTICES of an ICOSAHEDRON. The 
30 VERTICES of the compound form an ICOSIDODECA- 
HEDRON (Ball and Coxeter 1987). 


see also ICOSIDODECAHEDRON, OCTAHEDRON, POLYHE- 
DRON COMPOUND 
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Octahemioctacron 
The DUAL POLYHEDRON of the OCTAHEMIOCTAHE- 
DRON. 


1266 Octahemioctahedron 


Octahemioctahedron 

The UNIFORM POLYHEDRON Us, also called the Oc- 
TATETRAHEDRON, whose DUAL POLYHEDRON is the 
OCTAHEMIOCTACRON. It has WYTHOFF SYMBOL 23 |3. 


Its faces are 8{3} + 4{6}. It is a FACETED CUBOCTAHE- 
DRON. For unit edge length, its CIRCUMRADIUS is 


R=1. 
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Octakaidecagon 
see OCTADECAGON 


Octal 

The base 8 notational system for representing REAL 
NUMBERS. The digits used are 0, 1, 2, 3, 4, 5, 6, 
and 7, so that 810 (8 in base 10) is represented as 10 
(10 = 1-8'+0-8°) in base 8. 

see also BASE (NUMBER), BINARY, DECIMAL, HEXA- 
DECIMAL, QUATERNARY, TERNARY 


References 

Lauwerier, H. Fractals: Endlessly Repeated Geometric Fig- 
ures. Princeton, NJ: Princeton University Press, pp. 9-10, 
1991. 

¥ Weisstein, E. W. “Bases.” http://www.astro.virginia. 
edu/~eww6n/math/notebooks/Bases.m. 


Octant 


Z-Axis 


Odd Number 


One of the eight regions of SPACE defined by the eight 
possible combinations of SIGNS (+, +, +) for z, y, and 
Zz. 


see also QUADRANT 


Octatetrahedron 
see OCTAHEMIOCTAHEDRON 


Octic Surface 

An ALGEBRAIC SURFACE of degree eight. The maxi- 
mum number of ORDINARY DOUBLE POINTS known to 
exist on an octic surface is 168 (the ENDRASS OCTICS), 
although the rigorous upper bound is 174. 


see also ALGEBRAIC SURFACE, ENDRASS OCTIC 


Octillion 
In the American system, 107”. 


see also LARGE NUMBER 


Octodecillion 
In the American system, 10°’. 


see also LARGE NUMBER 


Octonion 
see CAYLEY NUMBER 


Odd Function 
An odd function is a function for which f(z) = —f(-z). 
An EVEN FUNCTION times an odd function is odd. 


Odd Number 

An INTEGER of the form N = 2n +1, where n is an 
INTEGER. The odd numbers are therefore ..., —3, —1, 
1, 3, 5, 7, ... (Sloane’s A005408), which are also the 
GNOMIC NUMBERS. The GENERATING FUNCTION for 
the odd numbers is 


z(1+2) 


(=A)? =24+30?+5a2°4+7at+.... 


Since the odd numbers leave a remainder of 1 when di- 
vided by two, N = 1 (mod 2) for odd N. Integers which 
are not odd are called EVEN. 


see also EVEN NUMBER, GNOMIC NUMBER, NICO- 
MACHUS’S THEOREM, ODD NUMBER THEOREM, ODD 
PRIME 


References 
Sloane, N. J. A. Sequence A005408/M2400 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Odd Number Theorem 


Odd Number Theorem 
The sum of the first n ODD NUMBERS is a SQUARE NUM- 
BER: 


Syae— 123 re- oa =2 [Mee “ey 
k=1 k=1 k=1 


=n(n+1)~n=n’. 


see also NICOMACHUS’S THEOREM 


Odd Order Theorem 
see FEIT-THOMPSON THEOREM 


Odd Prime 
Any PRIME NUMBER other than 2 (which is the only 
EVEN PRIME). 


see also PRIME NUMBER 


Odd Sequence 
A SEQUENCE of n Os and Is is called an odd sequence if 


each of the n SUMS yes aiai+zn fork = 0,1,...,n—1. 


References 

Guy, R. K. “Odd Sequences.” §E38 in Unsolved Problems 
in Number Theory, 2nd ed. New York: Springer-Verlag, 
pp. 238-239, 1994. 


Odds 

Betting odds are written in the form r: s (“r to s”) and 
correspond to the probability of winning P = s/(r +s). 
Therefore, given a probability P, the odds of winning 
are (1/P)-1:1. 

see also FRACTION, RATIO, RATIONAL NUMBER 
References 


Kraitchik, M. “The Horses.” §6.17 in Mathematical Recre- 
ations. New York: W. W. Norton, pp. 134-135, 1942. 


ODE 
see ORDINARY DIFFERENTIAL EQUATION 


Offset Rings 
see SURFACE OF REVOLUTION 


Ogive 


Any cumulative frequency curve. 


see also HISTOGRAM 
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Oldknow Points 
The PERSPECTIVE CENTERS of a triangle and the TAN- 
GENTIAL TRIANGLES of its inner and outer SODDY CIR- 


CLES, given by 
Ol=I+2Ge 


Ol = 1 — 2Ge, 
where I is the INCENTER and Ge is the GERGONNE 
POINT. 
see also GERGONNE POINT, INCENTER, PERSPECTIVE 
CENTER, SODDY CIRCLES, TANGENTIAL TRIANGLE 


References 
Oldknow, A. “The Euler-Gergonne-Soddy Triangle of a Tri- 
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Omega Constant 


W (1) = 0.5671432904..., (1) 


where W(az) is LAMBERT’S W-FUNCTION. It is avail- 
able in Mathematica® (Wolfram Research, Champaign, 
IL) using the function ProductLog[1]. W(1) can be 
considered a sort of “GOLDEN RATIO” for exponentials 
since 


exp[—W(1)] = W(1), (2) 
giving 


1 


see also GOLDEN RATIO, LAMBERT’S W-FUNCTION 
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Omega Function 
see LAMBERT’S W-FUNCTION 


Omino 
see POLYOMINO 


Omnific Integer 
The appropriate notion of INTEGER for SURREAL NUM- 
BERS. 


O’Nan Group 
The SPORADIC GRouP O’N. 


References 


Wilson, R. A. “ATLAS of Finite Group Representation.” 
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Onduloid 
see UNDULOID 
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One 


see l 


One-Form 

A linear, real-valued FUNCTION of VECTORS such that 
w(v) + IR. VecTors and one-forms are DUAL to each 
other because VECTORS are CONTRAVARIANT (“KETS”: 
|w)) and one-forms are COVARIANT VECTORS (“BRAS”: 


(|), so 
w'(v) = v(w") = (w",v) = (dlp). 


The operation of applying the one-form to a VECTOR 
w(v) is called CONTRACTION. 


see also ANGLE BRACKET, BRA, DIFFERENTIAL k- 
ForM, KET 


One-Mouth Theorem 
Except for convex polygons, every SIMPLE POLYGON has 


at least one MOUTH. 


see also MOUTH, PRINCIPAL VERTEX, TWO-EARS THE- 
OREM 
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One-Ninth Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let Amn be CHEBYSHEV CONSTANTS.  Schénhage 
(1973) proved that 
lim (Ao,n)'/” = 3. (1) 
n> OO 
It was conjectured that 
A= lim (Ann)?/” =}. (2) 
Rt OO 
Carpenter et al. (1984) obtained 
A = 0.1076539192... (3) 


numerically. Gonchar and Rakhmanov (1980) showed 
that the limit exists and disproved the 1/9 conjecture, 
showing that A is given by 


A = exp eee od 


where K is the complete ELLIPTIC INTEGRAL OF THE 
First KIND, and c = 0.9089085575485414... is the Pa- 
RAMETER which solves 


K(k) = 2E(k), (5) 


One-Ninth Constant 


and F is the complete ELLIPTIC INTEGRAL OF THE SEC- 
OND KIND. This gives the value for A computed by 
Carpenter et al. (1984) A is also given by the unique 
POSITIVE ROOT of 


f(z) =§, (6) 
where 
f(z) = So az? (7) 
and 
aj =|S-(-1)%d} (8) 
dlj | 


(Gonchar and Rakhmanov 1980). a; may also be com- 
puted by writing j as 


my 


j= 2™pi™ pr™? --- pe”, (9) 
where m > 0 and m; > 1, then 


a; = |2™t? anne Pipe ed. pe od 
_ 


Pr—1 

(10) 
(Gonchar 1990). Yet another equation for A is due to 
Magnus (1986). A is the unique solution with z € (0,1) 
of 


pi-1 p2—1 


(2k + 1)?(—a)RRtH)/2 — 9, (11) 
k=0 


an equation which had been studied and whose root had 
been computed by Halphen (1886). It has therefore been 
suggested (Varga 1990) that the constant be called the 
HALPHEN CONSTANT. 1/A is sometimes called VARGA’S 
CONSTANT. 


see also CHEBYSHEV CONSTANTS, HALPHEN CON- 
STANT, VARGA’S CONSTANT 
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One-to-One 


Magnus, A. P. “On Freud’s Equations for Exponential 
Weights, Papers Dedicated to the Memory of Géza Freud.” 
J. Approx. Th. 46, 65-99, 1986. 

Rahman, Q. I. and Schmeisser, G. “Rational Approxima- 
tion to the Exponential Function.” In Padé and Ra- 
tional Approximation, (Proc. Internat. Sympos., Univ. 
South Florida, Tampa, Fla., 1976) (Ed. E. B. Saff and 
R. S. Varga). New York: Academic Press, pp. 189-194, 
1977. 

Schonhage, A. “Zur rationalen Approximierbarkeit von e~* 
iiber [0,00).” J. Approx. Th. 7, 395-398, 1973. 

Varga, R. S. Scientific Computations on Mathematical Prob- 
lems and Conjectures. Philadelphia, PA: SIAM, 1990. 


One-to-One 

Let f be a FUNCTION defined on a SET S and taking 
values in a set T. Then f is said to be one-to-one (a.k.a. 
an INJECTION or EMBEDDING) if, whenever f(x) = f(y), 
it must be the case that x = y. In other words, f is one- 
to-one if it MAPS distinct objects to distinct objects. 


If the function is a linear OPERATOR which assigns a 
unique MAP to each value in a VECTOR SPACE, it is 
called one-to-one. Specifically, given a VECTOR SPACE 
V with X, Y € V, then a TRANSFORMATION T defined 
on V is one-to-one if T(X) # T(Y) for all X 4 Y. 


see also BIJECTION, ONTO 


One-Way Function 

Consider straight-line algorithms over a FINITE FIELD 
with q elements. Then the e-straight line complexity 
C.(@) of a function ¢ is defined as the length of the 
shortest straight-line algorithm which computes a func- 
tion f such that f(x) = a is satisfied for at least (1~e)q 
elements of F. A function ¢ is straight-line “one way” 
of range 0 < 6 < 1 if ¢ satisfies the properties: 


1. There exists an infinite set S of finite fields such that 
@ is defined in every F € S' and € is ONE-TO-ONE in 
every Fe S. 

2. For every € such that 0 < « < 6, C.(@~*) tends to 
infinity as the cardinality g of F approaches infinity. 

3. For every € such that 0 < « < 6, the “work function” 
7 satisfies 


In Ce(d~*) — InCe(¢) . 


In Ce(@) - 


n = liminf yn = lim inf 


q- 0° qo 


It is not known if there is a one-way function with work 
factor n > (Ing)*. 
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Only Critical Point in Town Test 


If there is only one CRITICAL POINT at an EXTREMUM, 
the CRITICAL POINT must be the EXTREMUM for func- 
tions of one variable. There are exceptions for two vari- 
ables, but none of degree < 4. Such exceptions include 


z= 3ae¥ — x? — e®¥ 


z=27(1+y)+y? 


z?—y? 
0 


for (x,y) = (0,0) 
(Wagon 1991). This latter function has discontinuous 
Zey and zyz, and zyz(0,0) = 1 and zzy(0,0) = 1. 
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Onto 

Let f be a FUNCTION defined on a SET S and taking 
values in a set T. Then f is said to be onto (a.k.a. a 
SURJECTION) if, for any t € T’, there exists an s € S for 
which t = f(s). 


Let the function be an OPERATOR which MAPS points 
in the DOMAIN to every point in the RANGE and let V 
be a VECTOR SPACE with X,Y € V. Then a TRANS- 
FORMATION T defined on V is onto if there is an X € V 
such that T(X) = Y for all Y. 


see also BIJECTION, ONE-TO-ONE 


Open Disk 

An n-D open disk of RADIUS r is the collection of points 
of distance less than r from a fixed point in EUCLIDEAN 
n-space. 

see also CLOSED Disk, DISK 


Open Interval 
An INTERVAL which does not include its LIMir Points, 
denoted (a,b). 


see also CLOSED INTERVAL, IIALF-CLOSED INTERVAL 


Open Map 
A Map which sends OPEN SETS to OPEN SETS. 


see also OPEN MAPPING THEOREM 
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Open Mapping Theorem 
There are several flavors of this theorem. 


1. A continuous surjective linear mapping between BaA- 
NACH SPACES is an OPEN MAP. 


2. A nonconstant ANALYTIC FUNCTION on a DOMAIN 
D is an OPEN MAP. 


References 
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Open Set 

A SET is open if every point in the set has a NEIGHBOR- 
HOOD lying in the set. An open set of RADIUS r and 
center Xo is the set of all points x such that |x —xo| <r, 
and is denoted D,(xo). In 1-space, the open set is an 
OPEN INTERVAL. In 2-space, the open set is a Disk. In 
3-space, the open set is a BALL. 


More generally, given a TOPOLOGY (consisting of a SET 
X and a collection of SUBSETS T), a SET is said to be 
open if it is in T. Therefore, while it is not possible for 
a set to be both finite and open in the TOPOLOGY of 
the REAL LINE (a single point is a CLOSED SET), it is 
possible for a more general topological SET to be both 
finite and open. 


The complement of an open set is a CLOSED SET. It is 
possible for a set to be neither open nor CLOSED, e.g., 
the interval (0, 1}. 


see also BALL, CLOSED SET, EMPTY SET, OPEN INTER- 
VAL 


Operad 

A system of parameter chain complexes used for MUL- 
TIPLICATION on differential GRADED ALGEBRAS up to 
HOMOTOPY. 


Operand 

A mathematical object upon which an OPERATOR acts. 
For example, in the expression 1 x 2, the MULTIPLICA- 
TION OPERATOR acts upon the operands 1 and 2. 


see also OPERAD, OPERATOR 


Operational Mathematics 
The theory and applications of LAPLACE TRANSFORMS 
and other INTEGRAL TRANSFORMS. 


References 
Churchill, R. V. Operational Mathematics, 3rd ed. New 
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Operations Research 

A branch of mathematics which encompasses many di- 
verse areas of minimization and optimization. Bron- 
son (1982) describes operations research as being “con- 
cerned with the efficient allocation of scarce resources.” 
It includes the CALCULUS OF VARIATIONS, CONTROL 
THEORY, CONVEX OPTIMIZATION THEORY, DECISION 


Or 


THEORY, GAME THEORY, LINEAR PROGRAMMING, 
MARKOV CHAINS, network analysis, OPTIMIZATION 
THEORY, queuing systems, etc. The more modern term 
for operations research is OPTIMIZATION THEORY. 


see also CALCULUS OF VARIATIONS, CONTROL THEORY, 
CONVEX OPTIMIZATION THEORY, DECISION THEORY, 
GAME THEORY, LINEAR PROGRAMMING, MARKOV 
CHAIN, OPTIMIZATION THEORY, QUEUE 
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Operator 

An operator A: f‘™ (I) } f(J) assigns to every function 
f ¢ f™(Z) a function A(f) € f(I). It is therefore a 
mapping between two FUNCTION SPACES. If the range 
is on the REAL LINE or in the COMPLEX PLANE, the 
mapping is usually called a FUNCTIONAL instead. 


see also ABSTRACTION OPERATOR, ADJOINT OP- 
ERATOR, ANTILINEAR OPERATOR, BIHARMONIC OP- 
ERATOR, BINARY OPERATOR, CASIMIR OPERATOR, 
CONVECTIVE OPERATOR, D’ALEMBERTIAN OPERA- 
TOR, DIFFERENCE OPERATOR, FUNCTIONAL ANALYSIS, 
HECKE OPERATOR, HERMITIAN OPERATOR, IDENTITY 
OPERATOR, LAPLACE-BELTRAMI OPERATOR, LINEAR 
OPERATOR, OPERAND, PERRON-FROBENIUS OPERA- 
TOR, PROJECTION OPERATOR, ROTATION OPERATOR, 
SCATTERING OPERATOR, SELF-ADJOINT OPERATOR, 
SPECTRUM (OPERATOR), THETA OPERATOR, WAVE 
OPERATOR 
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Optimization Theory 
see OPERATIONS RESEARCH 


Or 

A term in LOGIC which yields TRUE if any one of a 
sequence conditions is TRUE, and FALSE if all conditions 
are FALSE. A OR B is denoted A|B, 4+ B, or AV B. 
The symbol V derives from the first letter of the Latin 
word “vel” meaning “or.” The BINARY OR operator has 
the following TRUTH TABLE. 


A B AVB 
F F F 
F T T 
T F T 
T T T 


Orbifold 


A product of ORs is called a DISJUNCTION and is de- 


noted 
nr 
\) Ak. 
k=1 


Two BINARY numbers can have the operation OR per- 
formed bitwise. This operation is sometimes denoted 
Al|B. 

see also AND, BINARY OPERATOR, LoGic, NOT, PRED- 
ICATE, TRUTH TABLE, UNION, XOR 


Orbifold 

The object obtained by identifying any two points of a 
Map which are equivalent under some symmetry of the 
Map’s GROUP. 


Orbison’s Illusion 


The illusion illustrated above in which the bounding 
RECTANGLE and inner SQUARE both appear distorted. 


see also ILLUSION, MULLER-LYER ILLUSION, PONZO’S 
ILLUSION, VERTICAL-HORIZONTAL ILLUSION 


References 
Fineman, M. The Nature of Visual Illusion. New York: 
Dover, p. 153, 1996. 


Orbit (Group) 

Given a PERMUTATION GROUP G on a set S, the orbit 
of an element s € S is the subset of S consisting of 
elements to which some element G can send s. 


Orbit (Map) 

The SEQUENCE generated by repeated application of a 
Map. The Map is said to have a closed orbit if it has a 
finite number of elements. 


see also DYNAMICAL SYSTEM, SINK (MAP) 
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Orchard-Planting Problem 


e 

o—e—e o—e—-0 at 
n=3,r=1 n=4,r=1 n=5,r=2 
n=6,r=4 n=7,r=6 n=8,r=7 


n=9,r=10 n=10,r= 12 
Also known as the TREE-PLANTING PROBLEM. Plant n 
trees so that there will be r straight rows with k trees in 
each row. The following table gives max(r) for various 
k. k = 3 is Sloane’s A003035 and k = 4 is Sloane’s 


A006065. 

3 1 =» 
4 1 1 = 
5 2 1 1 
6 4 1 1 
7 6 2 1 
8 7 9 1 
9 10 3 2 
10 12 5 2 
11 16 6 2 
12 19 7 3 
13 | [22,24] | >9 3 
14 | [26,27] | >10 4 
15 | [31,32] | >12 | >6 
16 37 | >15 | >6 
17 |[40,42]} | >15 | >7 
18 | [46,48] | >18 | >9 
19 | [52,54] | >19 | > 10 
20 | [57,60] | >21 | >11 
21 | (64, 67] 

22 | [70,73] 

23 | (77,81 

24 | [85, 88] 

25 | [92, 96] 


where |z]| is the FLOOR FUNCTION (Ball and Coxeter 
1987). Burr, Griinbaum and Sloane (1974) have shown 
using cubic curves that 


r(k = 3) 1+ |3n(n-3)|, 
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except for n = 7, 11, 16, and 19, and conjecture that 
the inequality is an equality with the exception of the 
preceding cases. For n > 4, 


r(k = 3) > [§lgn(n- 1) - [5n]]], 


where [z] is the CEILING FUNCTION. 
see also ORCHARD VISIBILITY PROBLEM 
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Orchard Visibility Problem 

A tree is planted at each LATTICE POINT in a circular 
orchard which has CENTER at the ORIGIN and RADIUS 
r. If the radius of trees exceeds 1/r units, one is unable 
to see out of the orchard in any direction. However, if 
the Rapil of the trees are < 1//r? + 1, one can see out 
at certain ANGLES. 


see also LATTICE POINT, ORCHARD-PLANTING PROB- 
LEM, VISIBILITY 
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Order (Algebraic Curve) 
The order of the POLYNOMIAL defining the curve. 


Order (Modulo) 


Order (Algebraic Surface) 

The order n of an ALGEBRAIC SURFACE is the order 
of the POLYNOMIAL defining a surface, which can be 
geometrically interpreted as the maximum number of 
points in which a line meets the surface. 


Order Surface 


cubic surface 
quartic surface 
quintic surface 
sextic surface 
heptic surface 
octic surface 

9 nonic surface 
10 decic surface 


CON HD TP oO 


see also ALGEBRAIC SURFACE 
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Order (Conjugacy Class) 
The number of elements of a GROUP in a given CONJU- 
GACY CLASS. 


Order (Difference Set) 

Let G be Group of ORDER h and D be a set of k el- 
ements of G. If the set of differences d; — d; contains 
every NONZERO element of G exactly » times, then D 
is a (h, k, A)-difference set in G of order n = k — . 


Order (Field) 
The number of elements in a FINITE FIELD. 


Order (Group) 

The number of elements in a GROUP G, denoted |G|. 
The order of an element g of a finite group G is the 
smallest POWER of n such that g” = I, where I is the 
IDENTITY ELEMENT. In general, finding the order of the 
element of a group is at least as hard as factoring (Meijer 
1996). However, the problem becomes significantly eas- 
ier if |G| and the factorization of |G| are known. Under 
these circumstances, efficient ALGORITHMS are known 
(Cohen 1993). 


see also ABELIAN GROUP, FINITE GROUP 
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Order (Modulo) 

For any INTEGER a which is not a multiple of a PRIME 
p, there exists a smallest exponent h > 1 such that a? = 
1 (mod p) IFF Alk. In that case, h is called the order of 
a modulo p. 


see also CARMICHAEL FUNCTION 
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Order (Ordinary Differential Equation) 
An ORDINARY DIFFERENTIAL EQUATION of order n is 
an equation of the form 


F(z,y,y',---,y) =0. 


Order (Permutation) 
see PERMUTATION 


Order (Polynomial) 

The highest order POWER in a one-variable POLYNOM- 
IAL is known as its order (or sometimes its DEGREE). 
For example, the POLYNOMIAL 


n 2 
Qnt +...+ 42% +a12 + a0 
is of order n. 


Order Statistic 

Given a sample of n variates Xi, ..., Xn, reorder them 
so that X} < X3 < ... < X}. Then the ith order 
statistic X is defined as X{, with the special cases 


mn = X") = min(X;) 
j 


My, = X‘”) = max(X;). 
7 


A ROBUST ESTIMATION technique based on linear com- 
binations of order statistics is called an L-ESTIMATE. 


see also EXTREME VALUE DISTRIBUTION, HINGE, MaAx- 
IMUM, MINIMUM, MODE, ORDINAL NUMBER 
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Order (Vertex) 
The number of EDGES meeting at a given node in a 
GRAPH is called the order of that VERTEX. 


Ordered Geometry 

A GEOMETRY constructed without reference to measure- 
ment. The only primitive concepts are those of points 
and intermediacy. There are 10 AXIOMS underlying or- 
dered GEOMETRY. 

see also ABSOLUTE GEOMETRY, AFFINE GEOMETRY, 
GEOMETRY 


Ordered Pair 
A PAIR of quantities (a, b) where ordering is significant, 
so (a, b) is considered distinct from (6, a) for a # b. 


see also PAIR 
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Ordered Tree 

A ROOTED TREE in which the order of the subtrees 
is significant. There is a ONE-TO-ONE correspondence 
between ordered FORESTS with n nodes and BINARY 
TREES with n nodes. 


see also BINARY TREE, FOREST, ROOTED TREE 


Ordering 

The number of “ARRANGEMENTS” in an ordering of n 
items is given by either a COMBINATION (order is ig- 
nored) or a PERMUTATION (order is significant). 


see also ARRANGEMENT, COMBINATION, CUTTING, DE- 
RANGEMENT, PARTIAL ORDER, PERMUTATION, SORT- 
ING, TOTAL ORDER 


Ordering Axioms 
The four of HILBERT’S AXIOMS which concern the ar- 
rangement of points. 


see also CONGRUENCE AXIOMS, CONTINUITY AXIOMS, 
HILBERT’S AXIOMS, INCIDENCE AXIOMS, PARALLEL 
POSTULATE 
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Ordinal Number 

In informal usage, an ordinal number is an adjective 
which describes the numerical position of an object, e.g., 
first, second, third, etc. 


In technical mathematics, an ordinal number is one of 
the numbers in Georg Cantor’s extension of the WHOLE 
NUMBERS. The ordinal numbers are 0, 1, 2,...,w, w+1, 
w+2,...,wtw,wtw+1,.... Cantor’s “smallest” 
TRANSFINITE NUMBER w is defined to be the earliest 
number greater than all WHOLE NUMBERS, and is de- 
noted by Conway and Guy (1996) as w = {0,1,...|}. 
The notation of ordinal numbers can be a bit counter- 
intuitive, e.g., even though l+w=w,w+1>w. 


Ordinal numbers have some other rather peculiar prop- 
erties. The sum of two ordinal numbers can take on two 
different values, the sum of three can take on five values. 
The first few terms of this sequence are 2, 5, 13, 33, 81, 
193, 449, 337, 33-81, 817, 81-193, 1927, ... (Conway 
and Guy 1996, Sloane’s A005348). The sum of n ordi- 
nals has either 193°81° or 33: 81° possible answers for 
n > 15 (Conway and Guy 1996). 


7 xw is the same as w, but w xr is equal tow+...+w. 
—_——» 


r 


w? is larger than any number of the form w x r, w® is 


larger than w?, and so on. 
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There exist ordinal numbers which cannot be con- 
structed from smaller ones by finite additions, multi- 
plications, and exponentiations. These ordinals obey 
CANTOR’S EQUATION. The first such ordinal is 


ww 


€9 = Ww” = te we a ee 


w 


The next is 


a =(eotl+wet  yuretts+..., 


then follow €2, €3, .--, €u) €wtly ++ Ew dy +++ > Ey2y Ew, 
wy Cegy ECegt)s sey Cegtws ++ +3 Eegtw%s «++ 9 Cegx2y very 
€epy eee y Cegy e204 Coys cory Elegy coer Elegy sees Ebay oer 


Eeegg tot (Conway and Guy 1996). 


see also AXIOM OF CHOICE, CANTOR’S EQUATION, 
CARDINAL NUMBER, ORDER STATISTIC, POWER SET, 
SURREAL NUMBER 
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Ordinary Differential Equation 
An ordinary differential equation (frequently abbrevi- 
ated ODE) is an equality involving a function and its 
DERIVATIVES. An ODE of order n is an equation of the 
form 

Peay ar) =O) (1) 


where y' = dy/dz is a first DERIVATIVE with respect 
to « and y™ = d"y/dx” is an nth DERIVATIVE with 
respect to z. An ODE of order n is said to be linear if 
it is of the form 


(I) 4 + ai(z)y! + ao(z)y 


= Q(z). (2) 


an(x)y™ + an—1(2)y 


A linear ODE where Q(x) = 0 is said to be homoge- 
neous. Confusingly, an ODE of the form 


dy _ u) 
dx f (2 (3) 
is also sometimes called “homogeneous.” 


Simple theories exist for first-order (INTEGRATING FAC- 
TOR) and second-order (STURM-LIOUVILLE THEORY) 
ordinary differential equations, and arbitrary ODEs 
with linear constant COEFFICIENTS can be solved when 
they are of certain factorable forms. Integral transforms 
such as the LAPLACE TRANSFORM can also be used 
to solve classes of linear ODEs. Morse and Feshbach 
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(1953, pp. 667-674) give canonical forms and solutions 
for second-order ODEs. 


While there are many general techniques for analyti- 
cally solving classes of ODEs, the only practical solution 
technique for complicated equations is to use numeri- 
cal methods (Milne 1970). The most popular of these 
is the RUNGE-KUTTA METHOD, but many others have 
been developed. A vast amount of research and huge 
numbers of publications have been devoted to the nu- 
merical solution of differential equations, both ordinary 
and PARTIAL (PDEs) as a result of their importance in 
fields as diverse as physics, engineering, economics, and 
electronics. 


The solutions to an ODE satisfy EXISTENCE and 
UNIQUENESS properties. These can be formally estab- 
lished by PICARD’S EXISTENCE THEOREM for certain 
classes of ODEs. Let a system of first-order ODE be 
given by 


dz; 
= fi prorygtnyb), 4 
i = fila... ast) (4) 
for i = 1,..., nm and let the functions fi(r1,...,2n, ¢), 
where i = 1, ..., , all be defined in a DOMAIN D of 


the (n+ 1)-D space of the variables 11, ..., Zn, t. Let 
these functions be continuous in D and have continuous 
first PARTIAL DERIVATIVES Of,/Ox; fori = 1, ..., 7 
and j =1,..., nin D. Let (z9,...,29) be in D. Then 
there exists a solution of (4) given by 


1 = @1(t),...,2n = In(t) (5) 


for to -5 <t < to +6 (where 6 > 0) satisfying the initial 
conditions 


ai(to) = 2},...,¢n(to) = x. (6) 


Furthermore, the solution is unique, so that if 
t= i (t),...,¢n = 27 (t) (7) 


is a second solution of (4) for tp — 6 < t < to + 6 sat- 
isfying (6), then 2:{t) = xzj(t) fortp -6 < t < to +6. 
Because every nth-order ODE can be expressed as a sys- 
tem of n first-order differential equations, this theorem 
also applies to the single nth-order ODE. 


In general, an nth-order ODE has n linearly indepen- 
dent solutions. Furthermore, any linear combination of 
LINEARLY INDEPENDENT FUNCTIONS solutions is also a 
solution. 


An exact FIRST-ORDER ODEs is one of the form 


p(z,y) dz + q(z,y) dy = 0, (8) 
where a a 
OP. 2 
Oy Ox (9) 
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An equation of the form (8) with 


oq 
oe #5 (10) 
is said to be nonexact. If 
Se _ 84 
oars = f(z) (11) 


i 
= ¥ = f(x 12 
ep ad f(xy) (12) 


= =F) (13) 


in (8), it has a y-dependent integrating factor. 


Other special first-order types include cross multiple 
equations 


yf (xy) da + xg(xy) dy = 0, (14) 
homogeneous equations 
(4) 
oe A (15) 


linear equations 


= + p(z)y = 4(2), (16) 
and separable equations 


oY = X(2)¥(y). (17) 


Special classes of SECOND-ORDER ODEs include 


2 
= iy,y') (18) 
(x missing) and 
d’y ! 
da? f(z,y) (19) 


(y missing). A second-order linear homogeneous ODE 


d? 


Ys P(e) + Q@y= (20) 


for which 


Q'(x) + 2P(2)Q(z) 
2[Q(x)]°/? 


can be transformed to one with constant coefficients. 


= [constant] (21) 
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The undamped equation of SIMPLE HARMONIC MOTION 
is 


dy 
de? + wo*y = 0, (22) 
which becomes 
d*y 
f+ it Y + uo?y =0 (23) 
when damped, and 
dy 
ot + att aa wo’y = Acos(wt) (24) 


when both forced and damped. 


SYSTEMS WITH CONSTANT COEFFICIENTS are of the 
form d 

x 
— = Ax(t) + p(t). (25) 
dt 
The following are examples of important ordinary dif- 
ferential equations which commonly arise in problems 
of mathematical physics. 


AIRY DIFFERENTIAL EQUATION 
oY _ sy = 0, (26) 
BERNOULLI DIFFERENTIAL EQUATION 


“ + p(x)y = g(x)y”. (27) 


BESSEL DIFFERENTIAL EQUATION 


2 
(1-27) $4 2 4 oty = 0. (29) 


CONFLUENT HYPERGEOMETRIC DIFFERENTIAL EQUA- 
TION 

oe 
” da? 


EULER DIFFERENTIAL EQUATION 


+(y-2) 2 tay =0. (30) 


dy Ag 
are + by = S(z). (31) 


HERMITE DIFFERENTIAL EQUATION 


@y , dy 


Pe eee + Ay = 0. (32) 


HILL’s DIFFERENTIAL EQUATION 


dy 
an? O95 +2 a On cos(2nz) 0. (33) 


n=1 
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HYPERGEOMETRIC DIFFERENTIAL EQUATION 


2 
d 
o(e- 154 + [tat poo + aBy=0. (34) 


JACOBI DIFFERENTIAL EQUATION 


(1—27)y" +[B-a— (a+6+2)z]y'+tn(nt+a+84+1)y =0. 


(35) 
LAGUERRE DIFFERENTIAL EQUATION 
Pe ae eee (36) 
dx? dx : 
LANE-EMDEN DIFFERENTIAL EQUATION 
ld 2 dé a 
= = 6” =0. 37 
@ dé ( z) - (87) 
LEGENDRE DIFFERENTIAL EQUATION 
dy 
(1- oye eae a(a+1)y=0. (38) 


dx 


LINEAR CONSTANT COEFFICIENTS 


12) 


gp ae, - + Qn-15- 


y 
oe cH tany=plz). (39) 


MALMSTEN’S DIFFERENTIAL EQUATION 
r s 
y+ -y' = (42" + =) y. (40) 
2 z 
RIcCATI DIFFERENTIAL EQUATION 


ae = qo(a) + au(a)w + g2(a)w?. (41) 


RIEMANN P-DIFFERENTIAL EQUATION 


zZ-G z—b Z-C dz 


. ore ~b)(a=c) | BB'(b — c)(b — a) 
z-a z-6 


fee [ece ee re 


z mite~ ohe=2) u =0. (42) 


z—c z—a)(z—b)(z—c) 


see also ADAMS’ METHOD, GREEN’S FUNCTION, 
ISOCLINE, LAPLACE TRANSFORM, LEADING ORDER 
ANALYSIS, MAJORANT, ORDINARY DIFFERENTIAL 
EQUATION—FIRST-ORDER, ORDINARY DIFFERENTIAL 
EQUATION—SECOND-ORDER, PARTIAL DIFFERENTIAL 
EQUATION, RELAXATION METHODS, RUNGE-KUTTA 
METHOD, SIMPLE HARMONIC MOTION 
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Ordinary Differential Equation—First-Order 
Given a first-order ORDINARY DIFFERENTIAL EQUA- 
TION 


dy _ 
dz = F(z,y), (1) 
if F(x, y) can be expressed using SEPARATION OF VARI- 
ABLES as 
F(a,y) = X(2)¥(y), (2) 
then the equation can be expressed as 


Yy) > X (x) dx (3) 


and the equation can be solved by integrating both sides 


to obtain 
[5 Y(y) = [ xe) ee 4) 


Any first-order ODE of the form 


& + pl(a)y = a(2) (5) 


can be solved by finding an INTEGRATING FACTOR p = 
p(x) such that 


a dy ou 
da (uy) = we da t de = pq(z). (6) 


Dividing through by py yields 


1dy , 1du _ a(z) is 
ydx pdx y 
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However, this condition enables us to explicitly deter- 
mine the appropriate yz for arbitrary p and g. To ac- 
complish this, take 


p(z) = — = (8) 


in the above equation, from which we recover the origi- 
nal equation (5), as required, in the form 


2H + pe) = 1). (9) 


But we can integrate both sides of (8) to obtain 


[omar= | =inure (10) 


ied Pelde. (11) 


Now integrating both sides of (6) gives 


By = [vse dz +c (12) 


(with 4 now a known function), which can be solved for 
y to obtain 


_ fva(z)da +e _ fed moran ag a)de te 


13 
BM ed PCa!) an! 03) 


where c is an arbitrary constant of integration. 


Given an nth-order linear ODE with constant COEFFI- 
CIENTS 


d™ d™-1 
eats + Qn-1 ss 


dy = 
dan t Ont ggaat te bags +a0y= Ole), (14) 


first solve the characteristic equation obtained by writ- 
ing 

=e" (15) 
and setting Q(x) = 0 to obtain the nm COMPLEX ROOTS. 


ere 


r +ay_ir” te" +... 4+ a,re™* +ae"* =0 (16) 
r? 4 @n-ir™ 1 +...+air+a9 = 0. (17) 

Factoring gives the ROOTS r;, 
(r—1ri)(r —1r2)+++(r — rn) = 0. (18) 


For a nonrepeated REAL ROOT r, the corresponding so- 


lution is 
ye. (19) 


If a REAL ROOT r is repeated k times, the solutions are 
degenerate and the linearly independent solutions are 


yaa te", (20) 
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Complex ROOTS always come in COMPLEX CONJUGATE 
pairs, rs = a+ib. For nonrepeated COMPLEX ROOTS, 
the solutions are 

y =e” cos(br),y = e°” sin(br). (21) 
If the COMPLEX ROOTS are repeated k times, the lin- 
early independent solutions are 


y= Be iesae, y = e** sin(bz),. 
y = 2*-*e** cos(br), y = ah *e** sin(br). (22) 


Linearly combining solutions of the appropriate types 
with arbitrary multiplicative constants then gives the 
complete solution. If initial conditions are specified, the 
constants can be explicitly determined. For example, 
consider the sixth-order linear ODE 


(D -1)(D-2)3(0? + B+1)y=0, — (23) 


which has the characteristic equation 
(r —1)(r - 2)°(r? +r +1) =0. (24) 


The roots are 1, 2 (three times), and (—1 + V3%)/2, so 
the solution is 


y = Ae* + Be” + Cxe™* + Dx?e** + Ee” */? cos(i V3.2) 
+Fe~*sin(,V3a). (25) 


If the original equation is nonhomogeneous (Q(x) # 0), 
now find the particular solution y* by the method of 
VARIATION OF PARAMETERS. The general solution is 
then 


n 
u(x) = >> cyi(z) + 9" (2), (26) 

t=1 
where the solutions to the linear equations are yi(z), 
y2(z),..., yn(x), and y*(x) is the particular solution. 
see also INTEGRATING FACTOR, ORDINARY DIFFEREN- 
TIAL EQUATION—FIRST-ORDER EXACT, SEPARATION 
OF VARIABLES, VARIATION OF PARAMETERS 
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Ordinary Differential Equation—First-Order 


Exact 
Consider a first-order ODE in the slightly different form 


p(x, y) dx + q(x, y) dy = 0. (1) 
Such an equation is said to be exact if 


Op _ oq 


oy. On (2) 
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This statement is equivalent to the requirement that a 
CONSERVATIVE FIELD exists, so that a scalar potential 
can be defined. For an exact equation, the solution is 


{z,y) 
ih seat = (3) 
(zo,v0) 


where c is a constant. 


A first-order ODE (1) is said to be inexact if 
— ¢# >. (4) 


For a nonexact equation, the solution may be obtained 
by defining an INTEGRATING FACTOR 4 of (6) so that 
the new equation 


up(2, y) dz + uq(x, y) dy = 0 (5) 


satisfies e P 
By (HP) = 9, (#9: (6) 
or, written out explicitly, 


Ou, Op _ Ou, Op 
Pa Hen lon Hage (7) 


This transforms the nonexact equation into an exact 
one. Solving (7) for » gives 


age — poe 
Fo SA nt (8) 
B= Sp oq ° 

dy ox 


Therefore, if a function py satisfying (8) can be found, 
then writing 


P(z,y) = up (9) 
Q(x, y) = va (10) 


in equation (5) then gives 
P(z,y) dx + Q(z, y) dy = 0, (11) 


which is then an exact ODE. Special cases in which pu 
can be found include z-dependent, ry-dependent, and 
y-dependent integrating factors. 


Given an inexact first-order ODE, we can also look for 
an INTEGRATING FACTOR p(x) so that 


ZH =0. (12) 


For the equation to be exact in zp and jq, the equation 
for a first-order nonexact ODE 


Op Op _ On op 
Pa, © He ~ Son has (13) 
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becomes 
bs =a5- tun (14) 


oh a! p(x) “2 = f(z, y)u(z), (15) 


which will be integrable if 


op _ 9¢ 
f(x,y) = a = f(z), (16) 
in which case d 
e = f(x) de, (17) 


so that the equation is integrable 
pa) = ef £24, (18) 
and the equation 


[up(x, y)]dx + [ug(x, y)|dy = 0 (19) 


with known p(«z) is now exact and can be solved as an 
exact ODE. 


Given in an exact first-order ODE, look for an INTE- 
GRATING FACTOR p(x, y) = g(xy). Then 


ee 20 

Ox Oa" (20) 

Ou ag 

— = St 21 

rae ig (21) 
Combining these two, 

Ou y Op 

pall sc 2 

Or «x Oy (22) 


For the equation to be exact in wp and pq, the equation 
for a first-order nonexact ODE 


] Op Ou 3) 


iv Pp 
= 3 
Pay | May 19, + Oe 28) 
becomes 
Op ( y ) Op Op 
— _—_ — = ee ae . 24 
By Pat Be aye (24) 
Therefore, 
a a 
10u _ 35 (25) 
zcOy xwp—yg 
Define a new variable 
t(z,y) = zy, (26) 
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then Ot/dy = z, so 


On Ody aa ~ By = 
BE Gee aang u(t) = f(@,y)u(t). (27) 


Now, if 
oq _ op 
f(ey) = = few =FfO, (28) 
if BH = F(t)u(?) (29) 
Ot . 
so that 
peel 1% (30) 
and the equation 
[up(z, y)| dx + [ug(zx,y)] dy = 0 (31) 


is now exact and can be solved as an exact ODE. 


Given an inexact first-order ODE, assume there exists 
an integrating factor 


L= fly), (32) 


so Ou/Ox = 0. For the equation to be exact in wp and 
pq, equation (7) becomes 


On gt - 3 
ox 
a = oa ra = f(x, y)u(y). (33) 
Now, if 
dq _ op 
Ox a 
f(z,y) = << = fly), (34) 
then d 
- = f(y) dy, (35) 
so that 
By) = ed Fu) as (36) 
and the equation 
up(x,y) dz + yq(x,y) dy = 0 (37) 


is now exact and can be solved as an exact ODE. 


Given a first-order ODE of the form 


yf (xy) dz + xg(xy) dy = 0, (38) 


define 
v= ry. (39) 
Then the solution is 


ae =f aety=Fay te for (~) AF) (4p) 
ry=e for g(v) = f(v). 
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If 4 
oY os = 
# — F(e,y) = Gv), (41) 
where ‘i 
v= a (42) 
then letting 
y= xv (43) 
gives 4 
Y _ 
a adu/dz+v (44) 
® y= Glo) (45) 
es tu = G(r). 


This can be integrated by quadratures, so 


ny ieee c r f(v v 
ne = f 7 + for f(v) (46) 


y=cr forf(v) = v. (47) 
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Ordinary Differential Equation—Second- 
Order 
An ODE 

y" + P(x)y’ + Q(z)y = 0 (1) 


has singularities for finite x = xo under the following 
conditions: (a) If either P(x) or Q(x) diverges as x > 
zo, but (x — 2o)P(x) and (x — zo)?Q(z) remain finite 
as Z —> £o, then Zo is called a regular or nonessential 
singular point. (b) If P(x) diverges faster than (x — 
xo)’ so that (x — 9)P(x) + 00 as 2 > 20, or Q(z) 
diverges faster than (x — zo) ~* so that (4 — z0)’Q(z) 7 
oo as Z —+ Zo, then zy is called an irregular or essential 
singularity. 


Singularities of equation (1) at infinity are investigated 


by making the substitution « = z~!, so dx = —z~* dz, 
giving 
dy 2 dy 
a2 = —z* 2 2 
dz * dz (2) 


d?y 72 d (-2%) Sanat (-2% - #93) 


dx? dz dz dz dz? 
sdy  ad’y 
aot tf 3 
she aaah (3) 


Then (1) becomes 


4 Z 4 d: 
AFH 4 [228 — 27 P(2)JH%4Q@)y=0. (A) 


1280 Ordinary Differential Equation... 
Case (a): If 
a(2) = =P) (5) 
a(z) = 22) (6) 


remain finite at x = too (y = 0), then the point is ordi- 
nary. Case (b): If either a(z) diverges no more rapidly 
than 1/z or @(z) diverges no more rapidly than 1/2”, 
then the point is a regular singular point. Case (c): 
Otherwise, the point is an irregular singular point. 


Morse and Ieshbach (1953, pp. 667-674) give the canon- 
ical forms and solutions for second-order ODEs classified 
by types of singular points. 


For special classes of second-order linear ordinary differ- 
ential equations, variable COEFFICIENTS can be trans- 
formed into constant COEFFICIENTS. Given a second- 
order linear ODE with variable COEFFICIENTS 


+ p(x) Z% + a(z)y = 0. (7) 


Define a function z = y(z), 


ay ode dy 


dx dz dz (8) 
fy (ayy fi 
dz? \dx/ dz? * dx? dz 

dz\? dy [dz dz| dy = 
(=) 72 + |a + (=) = at q(z)y=0 (10) 


dy. fr a dy | | g(z) |» 


dz? (#2)? dz (2)? 
nA tnd Scaf a 
= 2 t Ay +By=0. (11) 


This will have constant COEFFICIENTS if A and B are 
not functions of z. But we are free to set B to an ar- 
bitrary POSITIVE constant for q(x) > 0 by defining z 
as 


re Bt fron” dz. (12) 
Then F 
az 1/2 1/2 
ee) (13) 
Pat -1 = ’ 
nae fq(2)|-*7 (2), (14) 
and 
A= 3B */?[q(#))*/?q'(«) + B7*/?p(@)[q(x)}?/? 
B-1q(x) 
Pe '(z) + 2p(a)q(z) Bile. (15) 


2[q(x)}8/? 
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Equation (11) therefore becomes 


Py | g(x) + 2p(z)a(a) p1/2dy 
dz? 2[q(a)|9/2 B dz +By=0, (16) 


which has constant COEFFICIENTS provided that 


a= 1@)+20(2)4@) p2/2 


Mata)}?/2 = [constant]. (17) 
Eliminating constants, this gives 
ated (2) + 2p(z)a(e) = [constant]. (18) 


[a(x)]8/? 


So for an ordinary differential equation in which A’ is 
a constant, the solution is given by solving the second- 
order linear ODE with constant COEFFICIENTS 


d*y 


<1 4 AH + By=0 (19) 


for z, where z is defined as above. 


A linear second-order homogeneous differential equation 
of the general form 


y" (x) + P(x)y’ + Q(x)y = 0 (20) 
can be transformed into standard form 
2" (x) + ¢(x)z = 0 (21) 


with the first-order term eliminated using the substitu- 
tion 


Iny = Inz — 5 | Playa (22) 
Then ; ; 
y z 
Goo 5 P(x) (23) 
uw = 12 zz" ee zl? : 
wy y2 v= ze — 3P"(2) (24) 


” \ 2 ” 12 72 
¥ ¥ z z Zz ; 
eG) <a Pe) Oe) 


72 z! 2 
Z 2’ 


= 7 = P(2) +iP'\(c)+—--43P (2), (26) 


z2 


© + Pe) + Qe) = —Z P(e) 


+1P?(2)+ 2 — 1 P(x) + P(x) E _ 1P(e)| 


+Q(2) = = — 4P (2) — {P?(x) + Qe) =0. (27) 


Ordinary Differential Equation. . 


Therefore, 


2" + (Q(x) — $P'(2) ~ $P*(2)]z 


where 


q(x) = Q(2) — 5 P'(x) ~ 3 P*(2). (29) 


If Q(z) = 0, then the differential equation becomes 
y + P(z)y' = 0, (30) 


which can be solved by multiplying by 


exp if P(z’) as' (31) 
0= es {exp / P(z’) a aul (32) 


c1 = exp if P(2') ae a (33) 


to obtain 


‘ dz 
y=a f nlf Pada (34) 


If one solution (yi) to a second-order ODE is known, 
the other (y2) may be found using the REDUCTION OF 
ORDER method. From the ABEL’S IDENTITY 


7 = —P(x) dz, (35) 

where 
Ws yiY2 = Yiye (36) 
af : a = [Paya (37) 
In Hal = | P(x") dx! (38) 
W (2) = W(a)exp \- [Pe ae'| : (39) 

But 

W = yy — vive =e (#). (40) 


Combining (39) and (40) yields 


2 


dx \yl y? 
P a dx" 
inte) = n(aywta) [= card )do"| 


(42) 
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Disregarding W(a), since it is simply a multiplicative 
constant, and the constants a and b, which will con- 
tribute a solution which is not linearly independent of 


Ys 


sila) =no fo as) (43) 


If P(x) = 0, this simplifies to 


x dx! 
yo(x) = ne) [ fie)" (44) 


For a nonhomogeneous second-order ODE in which the 
z term does not appear in the function f(z, y, y’), 


d?y 
da? = =fyy ‘), (45) 
let v = y’, then 
dv _ _ dv dy _ du 
So the first-order ODE 
du 
“dy = fy, v); (47) 


if linear, can be solved for v as a linear first-order ODE. 
Once the solution is known, 


wv = ay) (48) 


ld eh =) da. (49) 


On the other hand, if y is missing from f(z, y, y’), 
2 


EY 29). (50) 


dx? 


let v = y’, then v' = y”’, and the equation reduces to 
v' = f(z,v), (51) 


which, if linear, can be solved for v as a linear first-order 
ODE. Once the solution is known, 


y= [vera (52) 


see also ABEL’S IDENTITY, ANJOINT OPERATOR 
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Ordinary Differential Equation—System 
with Constant Coefficients 
To solve the system of differential equations 


& — Ax(t) + p(t), (1) 


where A is a MATRIX and x and p are VECTORS, first 
consider the homogeneous case with p = 0. Then the 


solutions to d 
* = Ax(t) (2) 


are given by 
x(t) = e'x(t). (3) 


But, by the MATRIX DECOMPOSITION THEOREM, the 
MATRIX EXPONENTIAL can be written as 


et = uDun?, (4) 
where the EIGENVECTOR MATRIX is 
u=[ur ++ un] (5) 


and the EIGENVALUE MATRIX is 


et Q -- 0 
0 ed ... Q 
D=]. ae 4 (6) 
: 0 
0 0 ernt 
Now consider 
A -1 
eu = uDu-*u = uD 
Ui1 U2 Uni et 0 0 
wiz U22 Un2 0 et 0 
: : 0 
Uin U2n Unn 0 0 2s ernt 
tye tunern* 
ure? uU gern? 
Si , (7) 
Unter" nner”? 
The individual solutions are then 
A 2 5 
> (e tu) “a= ujer**, (8) 


so the homogeneous solution is 


n 
x= So ciuie™*, (9) 
4=1 
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Ordinary Double Point 


where the cis are arbitrary constants. 


The general procedure is therefore 


1. Find the EIGENVALUES of the MATRIX A (Ai, ..., 
An) by solving the CHARACTERISTIC EQUATION. 


2. Determine the corresponding EIGENVECTORS wi, 
Sige Us 


3. Compute 
x, =e'u; (10) 


fori = 1, ..., n. Then the VECTORS x; which are 
REAL are solutions to the homogeneous equation. If 
A is a 2 x 2 matrix, the COMPLEX vectors x; corre- 
spond to REAL solutions to the homogeneous equa- 
tion given by #(x,;) and G(x;). 

4. If the equation is nonhomogeneous, find the partic- 
ular solution given by 


(=x [X*PHa, (aD 
where the MATRIX X is defined by 


X(t) =[x1 ++: xn]. (12) 


If the equation is homogeneous so that p(t) = 0, 
then look for a solution of the form 


x = €e™*. (13) 
This leads to an equation 
(A- ANE = 0, (14) 


so € is an BIGENVECTOR and X an EIGENVALUE. 


5. The general solution is 


x(t) =x" (t)+ y CiXi. (15) 


t=1 


Ordinary Double Point 


A RATIONAL DOUBLE POINT of CONIC DOUBLE POINT 
type, known as “A;.” An ordinary Doua.e PoInT is 
called a NODE. The above plot shows the curve «? — 
z? + y? = 0, which has an ordinary double point at the 
ORIGIN. 


Ordinary Double Point 


A surface in complex 3-space admits at most finitely 
many ordinary double points. The maximum possi- 
ble number of ordinary double points u(d) for a sur- 
face of degree d = 1, 2, ..., are 0, 1, 4, 16, 31, 65, 
93 < u(7) < 104, 168 < p(8) < 174, 216 < (8) < 246, 
345 < p(10) < 360, 425 < p(1l) < 480, 576 < 
p(12) < 645 ... (Sloane’s A046001; Chmutov 1992, En- 
dra8 1995). The fact that (5) = 31 was proved by 
Beauville (1980), and (6) = 65 was proved by Jaffe 
and Ruberman (1994). For d > 3, the following inequal- 
ity holds: 
u(d) < }[d(d - 1) - 3] 


(Endra8 1995). Examples of ALGEBRAIC SURFACES 
having the maximum (known) number of ordinary dou- 
ble points are given in the following table. 


d_ u(d) 
3 4 Cayley cubic 


Surface 


4 16 Kummer surface 
5 31 dervish 
6 65 Barth sextic 
8 168 Endra®8 octic 
10 345 Barth decic 


see also ALGEBRAIC SURFACE, BARTH DECIC, BARTH 
SEXTIC, CAYLEY CUBIC, CUSP, DERVISH, ENDRASS 
OcTIC, KUMMER SURFACE, RATIONAL DOUBLE POINT 
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Ordinary Line 

Given an arrangement of n > 3 points, a LINE contain- 
ing just two of them is called an ordinary line. Moser 
(1958) proved that at least 3n/7 lines must be ordinary 
(Guy 1989, p. 903). 


see also GENERAL POSITION, NEAR-PENCIL, ORDINARY 
POINT, SPECIAL POINT, SYLVESTER GRAPH 
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Ordinary Point 
A POINT which lies on at least one ORDINARY LINE. 


see also ORDINARY LINE, SPECIAL POINT, SYLVESTER 
GRAPH 


References 
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Ordinate 
The y- (vertical) axis of a GRAPH. 


see also ABSCISSA, x-AXIS, y-AXIS, z-AXIS 


Ore’s Conjecture 
Define the HARMONIC MEAN of the DIVISORS of n 


7(n) 
Dae 7 


where 7(n) is the TAU FUNCTION (the number of DI- 
VISORS of n). If n is a PERFECT NUMBER, H(n) is an 
INTEGER. Ore conjectured that if n is ODD, then H(n) 
is not an INTEGER. This implies that no ODD PERFECT 
NUMBERS exist. 


see also HARMONIC DIVISOR NUMBER, HARMONIC 
MEAN, PERFECT NUMBER, TAU FUNCTION 


H(n)= 


Ore Number 
see HARMONIC DIVISOR NUMBER 


Ore’s Theorem ; 

If a GRAPH G has n > 3 VERTICES such that every pair 
of the n VERTICES which are not joined by an EDGE has 
a sum of VALENCES which is > n, then G is HAMILTON- 
IAN. 


see also HAMILTONIAN GRAPH 


Orientable Surface 

A REGULAR SURFACE M C R?” is called orientable if 
each TANGENT SPACE M, has a COMPLEX STRUCTURE 
Jp : Mp — Mp, such that p + Jp is a continuous func- 
tion. 

see also NONORIENTABLE SURFACE, REGULAR SURFACE 
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Orientation (Plane Curve) 

A curve has positive orientation if a region R is on the 
left when traveling around the outside of R, or on the 
right when traveling around the inside of R. 


Orientation-Preserving 

A nonsingular linear Map A: R” > R” is orientation- 
preserving if det(A) > 0. 

see also ORIENTATION- REVERSING, ROTATION 


Orientation-Reversing 
A nonsingular linear Map A : IR” — R” is orientation- 
reversing if det(A) < 0. 


see also ORIENTATION- PRESERVING 


Orientation (Vectors) 

Let 6 be the ANGLE between two VECTORS. If 0 <6 < 
mw, the VECTORS are positively oriented. If 7 < 6 < 2n, 
the vectors are negatively oriented. 


Two vectors in the plane 


L2 Yy2 
are positively oriented IrFF the DETERMINANT 


Z1 Yt 


> 0, 
22 Y2 


and are negatively oriented IFF the DETERMINANT D < 
0. 


Origami 

The Japanese art of paper folding to make 3-dimensional 
objects. CUBE DUPLICATION and TRISECTION of an 
ANGLE can be solved using origami, although they can- 
not be solved using the traditional rules for GEOMETRIC 
CONSTRUCTIONS. 


see also FOLDING, GEOMETRIC CONSTRUCTION, STOM- 
ACHION, TANGRAM 
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Orthic Triangle 


Origin 
The central point (r = 0) in POLAR COORDINATES, or 
the point with all zero coordinates (0, ..., 0) in CARTE- 


SIAN COORDINATES. In 3-D, the z-AXIS, y-AXIS, and 
z-AXIS meet at the origin. 


see also OCTANT, QUADRANT, z-AXIS, y-AXIS, z-AXIS 


Ornstein’s Theorem 

An important result in ERGODIC THEORY. It states that 
any two “Bernoulli schemes” with the same MEASURE- 
THEORETIC ENTROPY are MEASURE-THEORETICALLY 
ISOMORPHIC. 


see also ERGODIC THEORY, ISOMORPHISM, MEASURE 
THEORY 


Orr’s Theorem 
If 


(1 — 2)*+847-1/? oF (2a, 28; 2452) = Sanz”, (1) 


where 2/4 (a,b; c;z) is a HYPERGEOMETRIC FUNCTION, 
then 


2Fi(a, Bi y3z)2Fi(y-a+h,y—-8+ 5374152) 


= os G@nz™. (2) 


(y+ $)n/(141)n 


Furthermore, if 


(1 = 2)°8-77 47? 9 (2a = 1, 28; 27 - 152) = Sanz”, 
(3) 


then 


2Fi(a, By; 2) (y¥ — a+ $,y-B- $3752) 


= ys anz”, (4) 
(y- n/n 
where I'(z) is the GAMMA FUNCTION. 
Orthic Triangle 
A; 
Aa A, 
A; H, Ag 

Given a TRIANGLE AAiA2A3, the TRIANGLE 


AH, H2H3 with VERTICES at the feet of the ALTITUDES 


Orthobicupola 


(perpendiculars from a point to the sides) is called the 
orthic triangle. The three lines A: H; are CONCURRENT 
at the ORTHOCENTER H of AA; A2 Az. 


The centroid of the orthic triangle has TRIANGLE CEN- 
TER FUNCTION 


a = a’ cos(B — C) 


(Casey 1893, Kimberling 1994). The ORTHOCENTER of 
the orthic triangle has TRIANGLE CENTER FUNCTION 


a = cos(2A) cos(B — C) 


(Casey 1893, Kimberling 1994). The SYMMEDIAN 
Point of the orthic triangle has TRIANGLE CENTER 
FUNCTION 

a = tan Acos(B —C) 


(Casey 1893, Kimberling 1994). 


see also ALTITUDE, FAGNANO’S PROBLEM, ORTHOCEN- 
TER, PEDAL TRIANGLE, SCHWARZ’S TRIANGLE PROB- 
LEM, SYMMEDIAN POINT 
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Orthobicupola 


A BICUPOLA in which the bases are in the same orien- 
tation. 

see also PENTAGONAL ORTHOBICUPOLA, SQUARE OR- 
THOBICUPOLA, TRIANGULAR ORTHOBICUPOLA 


Orthobirotunda 
A BIROTUNDA in which the bases are in the same orien- 
tation. 


Orthocenter 
A3 
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The intersection H of the three ALTITUDES of a TRIAN- 
GLE is called the orthocenter. Its TRILINEAR COORDI- 
NATES are 


cos BcosC': cosC cos A: cos Acos B. (1) 


If the TRIANGLE is not a RIGHT TRIANGLE, then (1) 
can be divided through by cos Acos BcosC to give 


secA:secB: secC. (2) 


If the triangle is ACUTE, the orthocenter is in the interior 
of the triangle. In a RIGHT TRIANGLE, the orthocenter 
is the VERTEX of the RIGHT ANGLE. 


The CIRCUMCENTER O and orthocenter H are IsoGo- 
NAL CONJUGATE points. The orthocenter lies on the 
EULER LINE. 


ay? + a2? +03? +AiH +A:H +A3H =12R? (3) 


A,H+A2H+A3H = 2(r +R), (4) 


Ai + 4,H’ +A3H = 4R? — 4Rr, (5) 


where r is the INRADIUS and R is the CIRCUMRADIUS 
(Johnson 1929, p. 191). 


Any HYPERBOLA circumscribed on a TRIANGLE and 
passing through the orthocenter is RECTANGULAR, and 
has its center on the NINE-POINT CIRCLE (Falisse 1920, 
Vandeghen 1965). 


see also CENTROID (TRIANGLE), CIRCUMCENTER, Eu- 
LER LINE, INCENTER, ORTHIC TRIANGLE, ORTHOCEN- 
TRIC COORDINATES, ORTHOCENTRIC QUADRILATERAL, 
ORTHOCENTRIC SYSTEM, POLAR CIRCLE 
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Orthocentric Coordinates 
Coordinates defined by an ORTHOCENTRIC SYSTEM. 


see also TRILINEAR COORDINATES 


Orthocentric Quadrilateral 

If two pairs of opposite sides of a COMPLETE QUADRI- 
LATERAL are pairs of PERPENDICULAR lines, the QUAD- 
RILATERAL is said to be orthocentric. In such a case, 
the remaining sides are also PERPENDICULAR. 


Orthocentric System 


A set of four points, one of which is the ORTHOCEN- 
TER of the other three. In an orthocentric system, each 
point is the ORTHOCENTER of the TRIANGLE of the 
other three, as illustrated above. The INCENTER and 
EXCENTERS of a TRIANGLE are an orthocentric system. 
The centers of the CIRCUMCIRCLES of an orthocentric 
system form another orthocentric system congruent to 
the first. The sum of the squares of any nonadjacent 
pair of connectors of an orthocentric system equals the 
square of the DIAMETER of the CIRCUMCIRCLE. Or- 
thocentric systems are used to define ORTHOCENTRIC 
COORDINATES. 


The four CIRCUMCIRCLES of points in an orthocentric 
system taken three at a time (illustrated above) have 
equal RADIUS. 


Orthogonal Basis 


The four triangles of an orthocentric system have a com- 
mon NINE-POINT CIRCLE, illustrated above. 


see also ANGLE BISECTOR, CIRCUMCIRCLE, CYCLIC 
QUADRANGLE, NINE-POINT CIRCLE, ORTHIC TRIAN- 
GLE, ORTHOCENTER, ORTHOCENTRIC SYSTEM, POLAR 
CIRCLE 
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Orthocupolarotunda 

A CUPOLAROTUNDA in which the bases are in the same 
orientation. 

see also GYROCUPOLAROTUNDA, PENTAGONAL OR- 
THOCUPOLARONTUNDA 


Orthodrome 
see GREAT CIRCLE 


Orthogonal Array 

An orthogonal array OA(k,s) is a k x s? ARRAY with 
entries taken from an s-set S having the property that 
in any two rows, each ordered pair of symbols from S$ 
occurs exactly once. 
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Orthogonal Basis 
A Basis of vectors x which satisfy 


LjLk = Cir 07k 


za, = CHSE, 


where C3,, CY are constants (not necessarily equal to 
1) and 6;, is the KRONECKER DELTA. 


see also BASIS, ORTHONORMAL BASIS 


Orthogonal Circles 


Orthogonal Circles 


Orthogonal circles are ORTHOGONAL CURVES, i.e., they 
cut one another at RIGHT ANGLES. Two CIRCLES with 
equations 


vty? +2gr+2fy+c=0 (1) 


ety? +2q'r+2f'ytc' =0 (2) 


are orthogonal if 


29g + 2f fi =c+e'. (3) 


A theorem of Euclid states that, for the orthogonal cir- 
cles in the above diagram, 


OP x OQ = OT? (4) 


(Dixon 1991, p. 65). 
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Orthogonal Curves 
Two intersecting curves which are PERPENDICULAR at 
their INTERSECTION are said to be orthogonal. 


Orthogonal Functions 
Two functions f(z) and g(x) are orthogonal on the in- 
tervala <a < bif 


(F(2)lo(@)) = [ foie 


see also ORTHOGONAL POLYNOMIALS, ORTHONORMAL 
FUNCTIONS 
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Orthogonal Group 


see GENERAL ORTHOGONAL GROUP, LIE-TYPE 
GROUP, ORTHOGONAL ROTATION GROUP, PROJECTIVE 
GENERAL ORTHOGONAL GROUP, PROJECTIVE SPECIAL 
ORTHOGONAL GROUP, SPECIAL ORTHOGONAL GROUP 
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Orthogonal Group Representations 
Two representations of a GROUP xi and x; are said to 
be orthogonal if 


>> xi(R)xi(R) = 0 
R 


for 1 # 3, where the sum is over all elements R of the 
representation. 


see also GROUP 


Orthogonal Lines 
Two or more LINES or LINE SEGMENTS which are PER- 
PENDICULAR are said to be orthogonal. 


Orthogonal Matrix 

Any ROTATION can be given as a composition of rota- 
tions about three axes (EULER’S ROTATION THEOREM), 
and thus can be represented by a 3x3 MATRIX operating 
on a VECTOR, 


ry Q@11 G12 ai3 Z1 
, 

Z2 = a2i a22 aes Z2t- (1) 
‘ 

£3 Q31 432 433 v3 


We wish to place conditions on this matrix so that it 
is consistent with an ORTHOGONAL TRANSFORMATION 
(basically, a ROTATION or ROTOINVERSION). 


In a ROTATION, a VECTOR must keep its original length, 
so it must be true that 


LL, = Ure (2) 


for 1 = 1, 2, 3, where EINSTEIN SUMMATION is being 
used. Therefore, from the transformation equation, 


(aij2j)(Gin@e) = revi. (3) 
This can be rearranged to 


Qiz (23 iz) = Gi; (Aine; )eR 


= QijQiktj Le = LiX;. (4) 
In order for this to hold, it must be true that 


GijQik = O5k (5) 
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for j,k = 1, 2, 3, where 6;; is the KRONECKER DELTA. 
This is known as the ORTHOGONALITY CONDITION, and 
it guarantees that 


A =A’, (6) 


and 
ATA=1, (7) 


where A™ is the MATRIX TRANSPOSE and | is the IDEN- 
TITY MATRIX. Equation (7) is the identity which gives 
the orthogonal matrix its name. Orthogonal matrices 
have special properties which allow them to be manip- 
ulated and identified with particular ease. 


Let A and B be two orthogonal matrices. By the Or- 
THOGONALITY CONDITION, they satisfy 


QijQik = 55k, (8) 


and 
bijbin = Ojk5 (9) 


where 6;; is the KRONECKER DELTA. Now 


CijCik = (ab)ij(ab) jk = Gisdsjaitber = aisditds; ber 
= Sstbsjbte = bejbdee = Ok, (10) 


so the product C = AB of two orthogonal matrices is 
also orthogonal. 


The EIGENVALUES of an orthogonal matrix must satisfy 
one of the following: 


1. All EIGENVALUES are 1. 
2. One EIGENVALUE is 1 and the other two are —1. 


3. One EIGENVALUE is 1 and the other two are COM- 
PLEX CONJUGATES of the form e® and e~*?. 


An orthogonal MATRIX A is classified as proper (corre- 
sponding to pure ROTATION) if 


det(A) = 1, (11) 


where det(A) is the DETERMINANT of A, or improper 
(corresponding to inversion with possible rotation; Ro- 
TOINVERSION) if 

det(A) = -1. (12) 


see also EULER’S ROTATION THEOREM, ORTHOGONAL 
TRANSFORMATION, ORTHOGONALITY CONDITION, Ro- 
TATION, ROTATION MATRIX, ROTOINVERSION 
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Orthogonal Polynomials 

Orthogonal polynomials are classes of POLYNOMIALS 
{pn(z)} over a range [a,b] which obey an ORTHOGO- 
NALITY relation 


b 
/ sie pide pate de Sac. a) 


where w(x) is a WEIGHTING FUNCTION and 6 is the 
KRONECKER DELTA. If cm = 1, then the POLYNOMIALS 
are not only orthogonal, but orthonormal. 


Orthogonal polynomials have very useful properties in 
the solution of mathematical and physical problems. 
Just as FOURIER SERIES provide a convenient method of 
expanding a periodic function in a series of linearly inde- 
pendent terms, orthogonal polynomials provide a natu- 
ral way to solve, expand, and interpret solutions to many 
types of important DIFFERENTIAL EQUATIONS. Orthog- 
onal polynomials are especially easy to generate using 
GRAM-SCHMIDT ORTHONORMALIZATION. Abramowitz 
and Stegun (1972, pp. 774-775) give a table of common 
orthogonal polynomials. 


Type Interval w(2) cy 
Chebyshev First [-1,1] (1 —2?)7?/? oF 
Kind forn = 0 
otherwise 
Chebyshev Second [~—1, 1] V1 — 2? tad 
Kind 
Hermite (—00, 00) en? Vr 2"n! 
Jacobi (-1,1) (l—2)*(1+2)® A, 
Laguerre 0, co) ene 1 
Laguerre 0, co) z*e™* fen 
(Associated) 
Legendre —1,1] 1 sa 
n2)-297r(n42a) 
Ultraspherical -1,1] (1 — 2?)*7*/2 Biinta)ihe)? 
ne 
fora #0 
fora =0 


In the above table, the normalization constant is the 
value of 


Te I w(x)[pn(x)]? dx (2) 
and 


ee aet841 = Pintati1(n+6+4+1) (3) 
" In+tatB+1 nT(nt+a+64+1) ’ 


where ['(z) is a GAMMA FUNCTION. 


The Roots of orthogonal polynomials possess many 
rather surprising and useful properties. For instance, 
let 21 < 22 <<... < Zn be the ROOTS of the p,(z) with 
@ =a and any, = 6. Then each interval [z,,z,+1] for 
y=0,1,..., contains exactly one ROOT of prii(z). 
Between two Roots of p,(z) there is at least one Roor 
of pm(x) for m > n. 


Orthogonal Polynomials 


Let c be an arbitrary REAL constant, then the POLy- 
NOMIAL 


Pn+1(£) — cpn(z) (4) 


has n+1 distinct REAL Roots. If c > 0 (c < 0), these 
ROOTS lie in the interior of [a,b], with the exception of 
the greatest (least) ROOT which lies in [a,b] only for 


e< Pots) (« > et . (5) 


The following decomposition into partial fractions holds 


Pn(x) = = l 
Deiia) ~ 2 . 


where {€,} are the ROOTS of pr+1(z) and 


lL = PnlEv) 
Pra (&) 
a Patil&v)Pn (€.) ~ pa (Ev)'Pn4i (Ev) 


(Pr41(€-)]? 


>0. (7) 


Another interesting property is obtained by letting 
{pn(z)} be the orthonormal set of POLYNOMIALS asso- 
ciated with the distribution da(z) on [a,b]. Then the 
CONVERGENTS R,/S, of the CONTINUED FRACTION 


seas hg ES 5 a 
Aiz+ By Agr + Bo A3z + B3 
Cn 
aes PES ae 
are given by 
R, = Rna(z) 
fy f° Pala) - pn(t) 
= cg 7 3/? coc2 — oP f ee da(t) (9) 
Sn _ Sn(x) = VCo pn(2), (10) 
where n = 0, 1, ... and 
b 
Cn af x” da(z). (11) 


Furthermore, the RoOoTS of the orthogonal polynomials 
p(x) associated with the distribution da(z) on the in- 
terval [a, 6] are REAL and distinct and are located in the 
interior of the interval {a, 8]. 

see also CHEBYSHEV POLYNOMIAL OF THE FIRST KIND, 
CHEBYSHEV POLYNOMIAL OF THE SECOND KIND, 
GRAM-SCHMIDT ORTHONORMALIZATION, HERMITE 
POLYNOMIAL, JACOBI POLYNOMIAL, KRAWTCHOUK 
POLYNOMIAL, LAGUERRE POLYNOMIAL, LEGENDRE 
POLYNOMIAL, ORTHOGONAL FUNCTIONS, SPHERICAL 
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HARMONIC, ULTRASPHERICAL POLYNOMIAL, ZERNIKE 
POLYNOMIAL 
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Orthogonal Projection 

A PROJECTION of a figure by parallel rays. In such a pro- 
jection, tangencies are preserved. Parallel lines project 
to parallel lines. The ratio of lengths of parallel segments 
is preserved, as is the ratio of areas. 


Any TRIANGLE can be positioned such that its shadow 
under an orthogonal projection is EQUILATERAL. Also, 
the MEDIANS of a TRIANGLE project to the MEDIANS 
of the image TRIANGLE. ELLIPSES project to ELLIPSES, 
and any ELLIPSE can be projected to form a CIRCLE. 
The center of an ELLIPSE projects to the center of the 
image ELLIPSE. The CENTROID of a TRIANGLE projects 
to the CENTROID of its image. Under an ORTHOGO- 
NAL TRANSFORMATION, the MIDPOINT ELLIPSE can be 
transformed into a CIRCLE INSCRIBED in an EQUILAT- 
ERAL TRIANGLE. 


SPHEROIDS project to ELLIPSES (or CIRCLE in the DE- 
GENERATE case), 


see also PROJECTION 


Orthogonal Rotation Group 

Orthogonal rotation groups are LIE GROUPS. The or- 
thogonal rotation group O3(n) is the set of n x n REAL 
ORTHOGONAL MATRICES. 


The orthogonal rotation group Oj (n) is the set of n x 
n REAL ORTHOGONAL MATRICES (having n(n — 1)/2 
independent parameters) with DETERMINANT —1. 


The orthogonal rotation group Of (n) is the set of n xn 
REAL ORTHOGONAL MATRICES, having n(n—1)/2 inde- 
pendent parameters, with DETERMINANT +1. Of (n) is 
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HOMEOMORPHIC with SU(2). Its elements can be writ- 
ten using EULER ANGLES and ROTATION MATRICES as 


1 0 0 
I=|0 1 0 (1) 
001 
1 0 0 
Rz(¢) = E cosg sing (2) 
0 -—sing cos¢d 
cos? 0 —sin#§ 
R,(@) = | 0 1 0 (3) 
sin? 0 cos@ 
cosy siny 0 
R.() = - siny cos 0]. (4) 
0 0 1 
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Orthogonal Tensors 
Orthogonal CONTRAVARIANT and COVARIANT satisfy 


ong” =o, 


where 6; is the KRONECKER DELTA. 


see also CONTRAVARIANT TENSOR, COVARIANT TEN- 
SOR 


Orthogonal Transformation 
Any linear transformation 


! 

© = 1121 + G12%2 + 71373 
ul 

Lp = A2171 + G22%2 + 2323 


© = A312 + a32%2 + asar3 
satisfying the ORTHOGONALITY CONDITION 
aijain = Osx, 


where EINSTEIN SUMMATION has been used and 4,; is 
the KRONECKER DELTA, is called an orthogonal trans- 
formation. 


Orthogonal transformations correspond to rigid ROTA- 
TIONS (or ROTOINVERSIONS), and may be represented 
using ORTHOGONAL MATRICES. If A: R” > R” is an 
orthogonal transformation, then det(A) = +1. 


see also AFFINE TRANSFORMATION, ORTHOGONAL Ma- 
TRIX, ORTHOGONALITY CONDITION, ROTATION, Ro- 
TOINVERSION 
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Orthographic Projection 


Orthogonal Vectors 

Two vectors u and v whose DoT PRODUCT is u-v = 0 
{i.e., the vectors are PERPENDICULAR) are said to be 
orthogonal. The definition can be extended to three or 
more vectors which are mutually PERPENDICULAR. 


see also DOT PRODUCT, PERPENDICULAR 


Orthogonality Condition 


A linear transformation 


i 

Ly = 1101 + Gi2X2 + ©13%3 
? 

Lg = 42141 + A22X2 + 42373 


a 
Lz = G31X1 + Gz2X2 + agaZz, 


is said to be an ORTHOGONAL TRANSFORMATION if it 
satisfies the orthogonality condition 


QijQik = Ojr, 


where EINSTEIN SUMMATION has been used and 6;; is 
the KRONECKER DELTA. 


see also ORTHOGONAL TRANSFORMATION 
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Orthogonality Theorem 
see GROUP ORTHOGONALITY THEOREM 


Orthographic Projection 


A projection from infinity which preserves neither AREA 
nor angle. 


xz =cos dsin(A — Ao) (1) 
y = cos ¢; sin @ — sin ¢; cos dcos(A — Ap). (2) 


The inverse FORMULAS are 


goat (cosesin Sate ysincces ts | (3) 


xsinc (4) 
pcos $1 cose — ysing; sinc }’ 


X= Ao + tan" ( 


Orthologic 
where 
paVorty? (5) 
c=sin™' p. (6) 
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Orthologic 

Two TRIANGLES A)BiCi and A2B2C2 are orthologic 
if the perpendiculars from the VERTICES Ai, Bi, Ci 
on the sides By2C2, A2C2, and A2B2 pass through one 
point. This point is known as the orthology center of 
TRIANGLE 1 with respect to TRIANGLE 2. 


Orthonormal Basis 
A BASIS of VECTORS x which satisfy 


LjL_ = oj 


and 


where 6;; is the KRONECKER DELTA. An orthonormal 
basis is a normalized ORTHOGONAL BASIS. 


see also BASIS, ORTHOGONAL BASIS 


Orthonormal Functions 

A pair of functions ¢; and ¢; are orthonormal if they 
are ORTHOGONAL and each normalized. These two con- 
ditions can be succinctly written as 


b 
/ $i(x)b; (x) w(x) dx = bi, 


where w(x) is a WEIGHTING FUNCTION and 4,; is the 
KRONECKER DELTA. 


see also ORTHOGONAL POLYNOMIALS 


Orthonormal Vectors 
UNIT VECTORS which are ORTHOGONAL are said to be 
orthonormal. 


see also ORTHOGONAL VECTORS 


Orthopole 

If perpendiculars are dropped on any line from the ver- 
tices of a TRIANGLE, then the perpendiculars to the 
opposite sides from their FEET are CONCURRENT at a 
point called the orthopole. 
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Orthoptic Curve 

An IsopTic CURVE formed from the locus of TAN- 
GENTS meeting at RIGHT ANGLES. The orthoptic of 
a PARABOLA is its DIRECTRIX. The orthoptic of a cen- 
tral CONIC was investigated by Monge and is a CIRCLE 
concentric with the CONIC SECTION. The orthoptic of 
an ASTROID is a CIRCLE. 


Curve Orthoptic 
astroid quadrifolium 
cardioid circle or limagon 
deltoid circle 
logarithmic spiral equal logarithmic spiral 
parabola directrix 
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Orthotomic 

Given a source S and a curve y, pick a point on y 
and find its tangent T. Then the Locus of reflections 
of S about tangents T is the orthotomic curve (also 
known as the secondary CAusTIC). The INVOLUTE of 
the orthotomic is the CAUSTIC. For a parametric curve 
(f(t), g(t)) with respect to the point (zo, yo), the ortho- 
tomic is 


_ 29'[F'(9 — yo) - 9'(f — 2o)] 


=k f+ 9" 
2f'Lf'(g — yo) — 9 (f ~ 
yw El Saal 


see also CAUSTIC, INVOLUTE 
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Orthotope 

A PARALLELOTOPE whose edges are all mutually PER- 
PENDICULAR. The orthotope is a generalization of the 
RECTANGLE and RECTANGULAR PARALLELEPIPED. 


see also RECTANGLE, RECTANGULAR PARALLELEPIPED 
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Osborne’s Rule 
The prescription that a TRIGONOMETRY identity can 
be converted to an analogous identity for HYPERBOLIC 
FUNCTIONS by expanding, exchanging trigonometric 
functions with their hyperbolic counterparts, and then 
flipping the sign of each term involving the product of 
two HYPERBOLIC SINES. For example, given the iden- 
tity 

cos(z — y) — cosrcosy + sinzgsiny, 
Osborne’s rule gives the corresponding identity 


cosh(z — y) = coshaecoshy ~ sinhzsinhy. 


see also HYPERBOLIC FUNCTIONS, TRIGONOMETRY 
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Oscillation 
The variation of a FUNCTION which exhibits SLOPE 
changes, also called the SALTUS of a function. 


Oscillation Land 
see CAROTID-KUNDALINI FUNCTION 


Osculating Circle 


The Circ_e which shares the same TANGENT as a curve 
at a given point. The RADIUS OF CURVATURE of the 
osculating circle is 


p(t) = Orr (1) 


where « is the CURVATURE, and the center is 


(f? +q'")g’ 
fig” = f'g' (2) 


(f’? +9'7)g' 
sgt hs, 3 
Y= 9+ "Fiore firg (3) 


z=f- 


i.e., the centers of the osculating circles to a curve form 
the EVOLUTE to that curve. 


In addition, let C(ti,to,t3) denote the CIRCLE passing 
through three points on a curve (f(t), g(t)) with t1 < 
tz < t3. Then the osculating circle C is given by 


C= lim C(t1, ta, ts) (4) 


ty ,tg,tg£t 


(Gray 1993). 


see also CURVATURE, EVOLUTE, RADIUS OF CURVA- 
TURE, TANGENT 
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Osculating Sphere 


Osculating Curves 


-1.5 -1 -0.5 0.5 1 1.5 
An osculating curve to f(x) at xo is tangent at that point 
and has the same CURVATURE. It therefore satisfies 


y") (co) = f (xo) 


for k = 0, 1, 2. The point of tangency is called a TAC- 
NODE. The simplest example of osculating curves are x” 
and 2*, which osculate at the point xo = 0. 


see also TACNODE 


Osculating Interpolation 


see HERMITE’S INTERPOLATING FUNDAMENTAL POLY- 
NOMIAL 


Osculating Plane 

The PLANE spanned by the three points x(t), x(¢ +h), 
and x(t+ha) on a curve as hy, hg > 0. Let z be a point 
on the osculating plane, then 


[(z = x), x sk | =, 0, 


where {A, B, C} denotes the SCALAR TRIPLE PRODUCT. 
The osculating plane passes through the tangent. The 
intersection of the osculating plane with the NORMAL 
PLANE is known as the PRINCIPAL NORMAL VECTOR. 
The Vectors T and N (TANGENT VECTOR and Nor- 
MAL VECTOR) span the osculating plane. 


see also NORMAL VECTOR, OSCULATING SPHERE, 
SCALAR TRIPLE PRODUCT, TANGENT VECTOR 


Osculating Sphere 

The center of any SPHERE which has a contact of (at 
least) first-order with a curve C at a point P lies in the 
normal plane to C at P. The center of any SPHERE 
which has a contact of (at least) second-order with C at 
point P, where the CURVATURE x > 0, lies on the polar 
axis of C corresponding to P. All these SPHERES inter- 


sect the OSCULATING PLANE of C at P along a circle of 
curvature at P. The osculating sphere has center 


VIS. 


a=x+pN+ B 


Osedelec Theorem 


where N is the unit NORMAL VECTOR, B is the unit 
BINORMAL VECTOR, p is the RADIUS OF CURVATURE, 
and 7 is the TORSION, and RapiIus 


-\ 2 
Re yeas): 
T 


and has contact of (at least) third order with C. 

see also CURVATURE, OSCULATING PLANE, RADIUS OF 
CURVATURE, SPHERE, TORSION (DIFFERENTIAL GE- 
OMETRY) 
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Osedelec Theorem 
For an n-D Map, the LYAPUNOV CHARACTERISTIC EX- 
PONENTS are given by 


— Nim in |Ai(V)| 


fori =1,..., m, where \; is the LYAPUNOV CHARAC- 
TERISTIC NUMBER. 


see also LYAPUNOV CHARACTERISTIC EXPONENT, LYA- 
PUNOV CHARACTERISTIC NUMBER 


Ostrowski’s Inequality 
Let f(x) be a monotonic function integrable on (a, 6] and 
let f(a), f(b) < 0 and |f(a)| > | f(0)], then if g isa REAL 


function integrable on [a, 5}, 
é 
i g(x) dx}. 
a 
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< |f(@)| — 


b 
/ f(e)g(2) de 


Ostrowski’s Theorem 

Let A = a;; be a MATRIX with POSITIVE COEFFICIENTS 
and Ao be the POSITIVE EIGENVALUE in the FROBENIUS 
THEOREM, then the n — 1 EIGENVALUES A; # Ao satisfy 
the INEQUALITY 


M? —m? 
|Aj| < Ao=3— 
M? +m? 
where 
M= Max Qi; 
t7 
m = mina; 
i,j 
and i,j = 1, 2,..., 7. 


see also FROBENIUS THEOREM 
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Otter’s Tree Enumeration Constants 
see TREE 


Outdegree 
The number of outward directed EDGES from a given 
VERTEX in a DIRECTED GRAPH. 


see also DIRECTED GRAPH, INDEGREE, LOCAL DEGREE 


Outer Automorphism Group 

A particular type of AUTOMORPHISM GROUP which 
exists only for Groups. For a Group G, the 
outer automorphism group is the QUOTIENT GROUP 
Aut(G)/Inn(G), which is the AUTOMORPHISM GROUP 
of G modulo its INNER AUTOMORPHISM GROUP. 


see also AUTOMORPHISM GROUP, INNER AUTOMOR- 
PHISM GROUP, QUOTIENT GROUP 


Outer Product 
see DIRECT PRopucT (TENSOR) 


Oval 


An oval is a curve resembling a squashed CIRCLE but, 
unlike the ELLIPSE, without a precise mathematical def- 
inition. The word oval derived from the Latin word 
“ovus” for egg. Unlike ellipses, ovals sometimes have. 
only a single axis of reflection symmetry (instead of two). 


Ovals can be constructed with a COMPASS by joining to- 
gether arcs of different radii such that the centers of the 
arcs lie on a line passing through the join point (Dixon 
1991). Albrecht Diirer used this method to design a 
Roman letter font. 


see also CARTESIAN OVALS, CASSINI OVALS, EGG, EL- 
LIPSE, OVOID, SUPERELLIPSE 
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Oval of Descartes 
see CARTESIAN OVALS 


Ovals of Cassini 
see CASSINI OVALS 
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Overlapping Resonance Method 
see RESONANCE OVERLAP METHOD 


Oversampling 

A signal sampled at a frequency higher than the 
NYQUIST FREQUENCY is said to be oversampled / times, 
where the oversampling ratio is defined as 


B — Vsampling 
UNyquist 


see also NYQUIST FREQUENCY, NYQUIST SAMPLING 


Ovoid 

An egg-shaped curve. Lockwood (1967) calls the NEGA- 
TIVE PEDAL CURVE of an ELLIPSE with ECCENTRICITY 
e < 1/2 an ovoid. 


see also OVAL 
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Ovoid 


p-adic Number 


P 


p-adic Number 

A p-adic number is an extension of the FIELD of Ra- 
TIONAL NUMBERS such that CONGRUENCES MODULO 
POWERS of a fixed PRIME p are related to proximity in 
the so called “p-adic metric.” 


Any NONZERO RATIONAL NUMBER z can be represented 
by 
aaFt (1) 


where p is a PRIME NUMBER, r and s are INTEGERS not 
DIVISIBLE by p, and a is a unique INTEGER. Then define 
the p-adic absolute value of x by 


|t]|p =p *. (2) 
Also define the p-adic value 


|O|p = 0. (3) 


As an example, consider the FRACTION 


140 = 27.379 .5.7-1177. (4) 


It has p-adic absolute values given by 


loe7l2 = 4 (5) 
|$gels = 27 (6) 
[a2 |s = 2 (7) 
[Ser l7 = 5 (8) 
[$30 jay = 11. (9) 


The p-adic absolute value satisfies the relations 

1. |z|p > 0 for all z, 

2. |z|p =O IFF r=0, 

3. |zy|p = |z|p ly|p for all x and y, 

4. |x + ylp < |zlp + lylp for all x and y (the TRIANGLE 

INEQUALITY), and 

5. |et+ylp < max((zlp, |y|p) for all 2 and y (the STRONG 
TRIANGLE INEQUALITY). 


In the above, relation 4 follows trivially from relation 5, 
but relations 4 and 5 are relevant in the more general 
VALUATION THEORY. 


The p-adics were probably first introduced by Hensel 
in 1902 in a paper which was concerned with the de- 
velopment of algebraic numbers in POWER SERIES. p- 
adic numbers were then generalized to VALUATIONS by 
Kurschak in 1913. In the early 1920s, Hasse formulated 
the LOCAL-GLOBAL PRINCIPLE (now usually called the 
HASSE PRINCIPLE), which is one of the chief applica- 
tions of LOCAL FIELD theory. Skolem’s p-adic method, 
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which is used in attacking certain DIOPHANTINE EQUA- 
TIONS, is another powerful application of p-adic num- 
bers. Another application is the theorem that the HAR- 
MONIC NUMBERS H,, are never INTEGERS (except for 
H,). <A similar application is the proof of the voN 
STAUDT-CLAUSEN THEOREM using the p-adic valuation, 
although the technical details are somewhat difficult. 
Yet another application is provided by the MAHLER- 
LECH THEOREM. 


Every RATIONAL z has an “essentially” unique p-adic 
expansion (“essentially” since zero terms can always be 
added at the beginning) 


c= S- asp’, (10) 
j=m 


with m an INTEGER, a; the INTEGERS between 0 and 
p — 1 inclusive, and where the sum is convergent with 
respect to p-adic valuation. If z 4 0 and a, # 0, then 
the expansion is unique. Burger and Struppeck (1996) 
show that for p a PRIME and n a POSITIVE INTEGER, 


\n!|p = por Ap(r))(p~1) (11) 


where the p-adic expansion of n is 
n=ao+apt+ap +...+arP”, (12) 


and 
A,(n) = ao tai +...+ ar. (13) 


For sufficiently large n, 


aie, (14) 


The p-adic valuation on Q gives rise to the p-adic metric 


d(x, y) ia Fa ~ ylps (15) 


which in turn gives rise to the p-adic topology. It can 
be shown that the rationals, together with the p-adic 
metric, do not form a COMPLETE METRIC SPACE. The 
completion of this space can therefore be constructed, 
and the set of p-adic numbers Q, is defined to be this 
completed space. 


Just as the REAL NUMBERS are the completion of the 
RATIONALS Q with respect to the usual absolute valu- 
ation |x — y|, the p-adic numbers are the completion of 
Q with respect to the p-adic valuation |x — y|p. The p- 
adic numbers are useful in solving DIOPHANTINE EQUA- 
TIONS. For example, the equation X? = 2 can easily be 
shown to have no solutions in the field of 2-adic numbers 
(we simply take the valuation of both sides). Because 
the 2-adic numbers contain the rationals as a subset, we 
can immediately see that the equation has no solutions 
in the RATIONALS. So we have an immediate proof of 
the irrationality of /2. 
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This is a common argument that is used in solving these 
types of equations: in order to show that an equation 
has no solutions in Q, we show that it has no solutions 
in a FIELD EXTENSION. For another example, consider 
X?41=0. This equation has no solutions in Q because 
it has no solutions in the reals R, and Q is a subset of 


R. 


Now consider the converse. Suppose we have an equa~ 
tion that does have solutions in R and in all the Q,. 
Can we conclude that the equation has a solution in Q? 
Unfortunately, in general, the answer is no, but there are 
classes of equations for which the answer is yes. Such 
equations are said to satisfy the HASSE PRINCIPLE. 


see also AX-KOCHEN ISOMORPHISM THEOREM, DIO- 
PHANTINE EQUATION, HARMONIC NUMBER, HASSE 
PRINCIPLE, LOCAL FIELD, LOCAL-GLOBAL PRINCIPLE, 
MAHLER-LECH THEOREM, PRODUCT FORMULA, VAL- 
UATION, VALUATION THEORY, VON STAUDT-CLAUSEN 
THEOREM 
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P-Circle 
see SPIEKER CIRCLE 


p-Element 
see SEMISIMPLE 


p-Good Path 
A LATTICE PATH from one point to another is p-good if 
it lies completely below the line 


y = (p—1)z. 


Hilton and Pederson (1991) show that the number of 
p-good paths from (1, g — 1) to (k, n — k) under the 
condition 2<k<n-—p+1< p(k—1) is 


é 3 
n-q m— Pj 
j=l J 
where (7) is a BINOMIAL COEFFICIENT, and 
_|n—k 
t= E i | 


where |x| is the FLOOR FUNCTION. 


P-Polynomial 


see also CATALAN NUMBER, LATTICE PATH, SCHRODER 
NUMBER 
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p-Group 

A FinITE Group of ORDER p® for p a PRIME is called 
a p-group. Sylow proved that every GROUP of this form 
has a POWER-commutator representation on n genera- 
tors defined by 


nm 
a= |] a” (1) 
ksi+1 
for 0 < B(i,k) <p, 1<i<nand 
sadl= TY af 0) 
k=jt+1 : 


for 0 < B(i,j,k) <p, 1<i<jg<on. If pis PRIME and 
f(p) the number of Groups of order p™, then 


2 
fe) =n", (3) 
where 
Jin A= 8 @ 


(Higman 1960a,b). 
see also FINITE GROUP 
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p'-Group 
X is a p’-group if p does not divide the ORDER of X. 


p-Layer 
The p-layer of H, L,:(H) is the unique minimal NORMAL 
SusGRoup of H which maps onto E(H/O,:(H)). 


see also Bp-THEOREM, L,/-BALANCE THEOREM, SIG- 
NALIZER FUNCTOR THEOREM 


P-Polynomial 
see HOMFLY POLYNOMIAL 


P-Problem 


P-Problem 

A problem is assigned to the P (POLYNOMIAL time) class 
if the number of steps is bounded by a POLYNOMIAL. 
see also COMPLEXITY THEORY, NP-COMPLETE PROB- 
LEM, NP-HARD PROBLEM, NP-PROBLEM 
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p-Series 
A shorthand name for a POWER SERIES with a NEGA- 
TIVE exponent, }),”., k~?, where p > 0. 


see also POWER SERIES, RIEMANN ZETA FUNCTION 


p-Signature 
Diagonalize a form over the rationals to 


diag[p* - A,p’ - B,...], 


where all the entries are INTEGERS and A, B, ...are 
RELATIVELY PRIME to p. Then the p-signature of the 
form (for p # —1, 2) is 


p’ +p? +...+4k (mod 8), 


where k is the number of ANTISQUARES. For p = —1, 
the p-signature is SYLVESTER’S SIGNATURE. 


see also SIGNATURE (QUADRATIC FORM) 


P-Symbol 
A symbol employed in a formal PROPOSITIONAL CAL- 
CULUS. 
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P-Value 

The PROBABILITY that a variate would assume a value 
greater than or equal to the observed value strictly by 
chance: P(z > Zobserved): 


see also ALPHA VALUE, SIGNIFICANCE 


Paasche’s Index 
The statistical INDEX 


Pp= >> pndn 


~ $3 pogn’ 


where pn is the price per unit in period n and gq, is the 
quantity produced in period n. 


see also INDEX 
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Packing 
The placement of objects so that they touch in some 
specified manner, often inside a container with specified 
properties. 


see also BOX-PACKING THEOREM, CIRCLE PACKING, 
GROEMER PACKING, HYPERSPHERE PACKING, KE- 
PLER PROBLEM, KISSING NUMBER PACKING DENSITY, 
POLYHEDRON PACKING, SPACE-FILLING POLYHEDRON, 
SPHERE PACKING 


References 
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Packing Density 
The fraction of a volume filled by a given collection of 
solids. 


see also HYPERSPHERE PACKING, PACKING, SPHERE 
PACKING 


Padé Approximant 

Approximants derived by expanding a function as a ra- 
tio of two POWER SERIES and determining both the 
NUMERATOR and DENOMINATOR COEFFICIENTS. Padé 
approximations are usually superior to TAYLOR EX- 
PANSIONS when functions contain POLES, because the 
use of RATIONAL FUNCTIONS allows them to be well- 
represented. 


The Padé approximant Rz,/o corresponds to the MAc- 
LAURIN SERIES. When it exists, the Rpjw = [L/M} 
Padé approximant to any POWER SERIES 


A(z) = So aja’ (1) 
j=0 


is unique. If A(x) is a TRANSCENDENTAL FUNCTION, 
then the terms are given by the TAYLOR SERIES about 
Zo 


1 ln 
Qn = = (ao). (2) 


The COEFFICIENTS are found by setting 


A(z) - £2) _ 9 (3) 
Qa (cz) 
and equating COEFFICIENTS. Q(x) can be multiplied 
by an arbitrary constant which will rescale the other 
COEFFICIENTS, so an addition constraint can be applied. 

The conventional normalization is 


Qmu(0) = 1. (4) 

Expanding (3) gives 
Pi(z)=potpitt+...+ pre” (5) 
Qu(#)=ltqmet+...+qua™. (6) 
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These give the set of equations 


ay = Po (7) 
ai + a0q1 = Pi (8) 
a2 + a1q1 + 2092 = pa (9) 


an+ear-ig1+...+ a09z =PL (10) 
Q@r4i1+ arg +...+az—-m+i9gm =0 (11) 


quim + @b+mM-191+.-..+aLgm =0, (12) 


where a, = 0 for n < 0 and gq; = 0 for 7 > M. Solving 
these directly gives 


Qpb—-m+41 @p—m+2 oe Qni 
arn Qn41 re QAL4+M 
L i L 
a;.uai > Q;_myitF + YS a;zi 
j=M j=M-1 j=0 
Ch SS SS 
Qp—-M+1 Q@p—-mM42 “''* Grin 
arn QLr+1 ses QL+M 
gM eM~i Sete 1 
(13) 


where sums are replaced by a zero if the lower index 
exceeds the upper. Alternate forms are 


Em ME 
j L-M T -1 
[L/M] = oy asx’ + & Swim Wz jm W/m 
j=0 
L+n 
j EB4+n4+1_T -1 
= ys aja? + 0 win My/MWrjmW(L+n)/M 
j=0 


for 


Wim 


QL-M+1 — T@L—-M+2 Qn — TA@L+1 


QL+M-1— LAL4+M 
(14) 


Qn — ©aL41 


aL-M+41 
@L—-M+2 
Wi/M = : , (15) 


ar 


andOQ<n<M. 


Padé Approximant 
The first few Padé approximants for e® are 


eXPo/o(z) = 1 


€xPo/1 (2) a 


cg PS 
2—-22+ x? 

a 6 
©xPo/a(z) ~ 6 — 6a + 32? — 23 


eXPo/2(z) = 


expyjo(a) = 1 +2 


2+2 
exp, /i(z) = ee 
6+ 22 
expral®) = Ga at 
a 24+ 6x 
exPi/a(@) = 29 Fen 4 6a? 
2+227 + 27 
EXP /o(Z) = —_py 
6+4c4+ 27 
exp2/1(2) = 7 a ee 
12+ 62 +27 
exP2/2(t) = Tyga pat 
- 60 + 24x + 32x? 
exPa/a(t) = 55 — gen 4 00? aS 
6+ 624+ 32? + 2° 
EXP3/o(Z) = ge 
24+ 182 + 162? + 2° 
exp3/,(z) = 24 — 6x 
_ 60+ 362 + 927 + 2° 
exPs/a(t) = gq gana Bat 


_ 1204 602 + 1227+ 2° 
exPs/a(®) = 159 — 60a 4 ide? — 28 


Two-term identities include 


Prai(z) — Pr(z) _ Casrnsoeny et (16) 
Quii(z)  Q4¢(z) Qu +1(2)Qy¢(2) 
Prii(t)  Pr(z) _ Cirtn/m Curse 
Qu (x) m(@) Qa (x)Q'y (x) 
Pr(z) P(e) _ CrpmayCinsysmaeye™ tht 
Qu+i(2) m (2) Qo (2)Q'y (2) 
Pr(z) — Phai(®) — Cwtrsumtay?2e tt? (19) 
Qu4+i(z) Qu Qm+iQy 
Pry — Pr_s() 2 
Qu (z) ‘ue (#) 
CrymsiryCir4iypm eM + Cry C(r4iys(mgi1yee tM tt 
Qe (x) O'y4 (2) 


(20) 


Padé Approximant 


Pr(z) — —Pr(z) 
Quai(®) Qiy_1 (2) 
Cremer C(n41) (Me™ — Chym Cir 41) /(m 4 


Quii(z)Qh,_1 (2) 


L+M+1 


(21) 


where C' is the C-DETERMINANT. Three-term identities 
can be derived using the FROBENIUS TRIANGLE IDEN- 
TITIES (Baker 1975, p. 32). 


A five-term identity is 


Siraty)m S(w-1yym — Syim41y)Snj(m—1) = Sujm’. 


(22) 
Cross ratio identities include 

(Riya — Rxjom41))(Reo41y/m — Ro4iy/(m4iy) 

(Riya — Rer41y/m)(Roj(m4i) — Ri41)/(at41)) 
_ Cus sy C442) /(41) (23) 

O(141)/M C(L41)/(M 42) 

(Rijm — Rir4y (41) )(Rae+1ysm — Rrycus1) 

(Riym — Roymd1)(Riaesyym — Rar4y/(M41)) 
= Cir4ayy(m gay’ 2 (24) 

Crom 41) C(n42)/(M +41) 

(Roy ~ Runs sty )(Rit4n/m — Royce) 

(Riya — Rio+1)/m)(Rasom4iy — Rin+1)/(m41)) 
= Cirsay (mgt) 2 (25) 

Con41)/M C(141)/(M42) 

(Riym — Rur+1y/(m—1))(Rxj(m4iy — Rin+1)/m) 

(Riya — Rejom+iy) (Ries s(mty — Rw+1/m) 
Cir41y/mC 141) /(m 41) (26) 


Crj(m+1)C(L4+2)/M 


(Riya — Roz-1/(m41))(Rio41y/m — Rossy) 
(Rijm — Rizsi1y/m)(Re-1 (mex) ~— Roja) 
= CupoaryOuryimey® (97) 
Cir41)/mMCL/(M +42) 


see also C-DETERMINANT, ECONOMIZED RATIONAL 
APPROXIMATION, FROBENIUS TRIANGLE IDENTITIES 
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Padé Conjecture 

If P(z) is a POWER series which is regular for |z| < 1 
except for m POLES within this CIRCLE and except for 
z = +1, at which points the function is assumed contin- 
uous when only points |z| < 1 are considered, then at 
least a subsequence of the [N, N] PADE APPROXIMANTS 
are uniformly bounded in the domain formed by remov- 
ing the interiors of small circles with centers at these 
POLES and uniformly continuous at z = +1 for |z| < 1. 


see also PADE APPROXIMANT 
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Padovan Sequence 
The INTEGER SEQUENCE defined by the RECURRENCE 
RELATION 


P(n) = P(n — 2)+ P(n— 3) 


with the initial conditions P(0) = P(1) = P(2) = 1. 
The first few terms are 1, 1, 2, 2, 3, 4, 5, 7, 9, 12,... 
(Sloane’s A000931). The ratio limn—.o. P(n)/P(n — 1) 
is called the PLASTIC CONSTANT. 


see also PERRIN SEQUENCE, PLASTIC CONSTANT 
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Painlevé Property 

Following the work of Fuchs in classifying first-order 
ORDINARY DIFFERENTIAL EQUATIONS, Painlevé stud- 
ied second-order ODEs of the form 


2 

os = F(y',y,2), 

where F is ANALYTIC in x and rational in y and y’. 
Painlevé found 50 types whose only movable SINGULAR- 
ITIES are ordinary POLES. This characteristic is known 
as the Painlevé property. Six of the transcendents de- 
fine new transcendents known as PAINLEVE TRANSCEN- 
DENTS, and the remaining 44 can be integrated in terms 
of classical transcendents, quadratures, or the PAINLEVE 
TRANSCENDENTS. 


see also PAINLEVE TRANSCENDENTS 


Painlevé Transcendents 


y’ =6y +2 (1) 
y" =2y°+ayta (2) 
12 
tf 3 B Y 6 
y 7 yp oe a eg (3) 
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Transcendents 4-6 do not have known first integrals, but 
all transcendents have first integrals for special values of 
their parameters except (1). Painlevé found the above 
transcendents (1) to (3), and the rest were investigated 
by his students. The sixth transcendent was found by 
Gambier and contains the other five as limiting cases. 


see also PAINLEVE PROPERTY 


Pair 

A SET of two numbers or objects linked in some way are 
said to be a pair. The pair a and b are usually denoted 
(a, b). In certain circumstances, pairs are also called 
BROTHERS or TWINS. 


see also AMICABLE PAIR, AUGMENTED AMICABLE 
PaIR, BROWN NUMBERS, FRIENDLY PAIR, HEXAD, 
HOMOGENEOUS NUMBERS, IMPULSE PAIR, IRREGU- 
LAR PAIR, LAX PAIR, LONG EXACT SEQUENCE OF A 
Pair AXIOM, MONAD, ORDERED PAIR, PERKO PAIR, 
QUADRUPLET, QUASIAMICABLE PAIR, QUINTUPLET, 
REDUCED AMICABLE PAIR, SMITH BROTHERS, TRIAD, 
TRIPLET, TWIN PEAKS, TWIN PRIMES, TWINS, UNI- 
TARY AMICABLE PAIR, WILF-ZEILBERGER PAIR 


Pair Sum 
Given an AMICABLE PAIR (m,n), the quantity 


o(m) = o(n) = s(m) + s(n) =m+n 


is called the pair sum, where o(7) is the DivisoR FUNC- 
TION and s(n) is the RESTRICTED DIVISOR FUNCTION. 


see also AMICABLE PAIR 


Paired t-Test 

Given two paired sets X; and Y; of n measured values, 
the paired t-test determines if they differ from each other 
in a significant way. Let 


This statistic has n — 1 DEGREES OF FREEDOM. 


A table of STUDENT’s t-DISTRIBUTION confidence in- 
terval can be used to determine the significance level at 
which two distributions differ. 


see also FISHER SIGN TEST, HYPOTHESIS TESTING, 
STUDENT’S t-DISTRIBUTION, WILCOXON SIGNED RANK 
TEST 
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Paley Class 

The Paley class of a POSITIVE INTEGER m = 0 (mod 4) 
is defined as the set of all possible QUADRUPLES 
(k,e,g,n) where 


m = 2°(q” +1), 


q is an ODD PRIME, and 


0 ifg=0 
pa if gq” ~ 3 =0 (mod 4) 
2 if g’ ~1=0 (mod 4) 


undefined otherwise. 


see also HADAMARD MATRIX, PALEY CONSTRUCTION 


Paley Construction 

HADAMARD MatTRICES H,, can be constructed using 
GALOIS FIELD GF(p™) when p = 41 — 1 and m is Opp. 
Pick a representation r RELATIVELY PRIME to p. Then 
by coloring white |(p — 1)/2] (where |x} is the FLOOR 
FUNCTION) distinct equally spaced RESIDUES mod p (r°, 
r,r?,...; 7°, 77, r4, ...; etc.) in addition to 0, a HAD- 
AMARD MATRIX is obtained if the POWERS of r (mod 
p) run through < |(p — 1)/2]. For example, 


n=12=11'+1=2(54+1) = 27(2+1) 
is of this form with p = 11=4x 3-1 and m = 1. Since 


m = 1, we are dealing with GF(11), so pick p = 2 and 
compute its RESIDUES (mod 11), which are 


i=) 
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Picking the first [11/2] = 5 RESIDUES and adding 0 
gives: 0, 1, 2, 4, 5, 8, which should then be colored 
in the MATRIX obtained by writing out the RESIDUES 
increasing to the left and up along the border (0 through 
p—1, followed by oo), then adding horizontal and vertical 
coordinates to get the residue to place in each square. 


Paley’s Theorem 


00 00 © © WW GC Cc C CO C& C& 
10 0 1 2 3 4 5 6 7 8 9Y @w 
9 10 0 1 2 3 4 5 6 7% 8 &w 
8 9 10 0 1 2 3 4 5 6 7 @&w 
7 8 9 10 0 1 2 3 4 5 6 @w 
6 7 8 9 10 0 1 2 3 4 5 
5 6 7 8 9 10 0 1 2 3 4 @w 
4 5 6 7 8 9 10 0 1 2 3 @ 
38 4 5 6 7 8 9 10 0 1 2 @w 
2 3 4 5 6 7 8 9 10 0 1 ow 
1 2 3 4 5 6 7 8 9 10 0 @w 
0 1 2 3 4 5 6 7 8 9 10 @&w 


His can be trivially constructed from Ha @ Ha. Heo 
cannot be built up from smaller MATRICES, so use n = 
20 = 19+1 = 2(37 +1) = 27(2? +1). Only the first 
form can be used, with p= 19 =4x5—landm=1. 
We therefore use GF(19), and color 9 RESIDUES plus 0 
white. Hza can be constructed from Hz @ Hig. 


Now consider a more complicated case. For n = 28 = 
3° +1 = 2(13+1), the only form having p = 41-1 is the 
first, so use the GF(3°) field. Take as the modulus the 
IRREDUCIBLE POLYNOMIAL 2° +22+1, written 1021. A 
four-digit number can always be written using only three 
digits, since 1000 — 1021 = 0012 and 2000 — 2012 = 0021. 
Now look at the moduli starting with 10, where each 
digit is considered separately. Then 


2 = 1 ai = 10 2=100 
az? = 1000 = 12 += 120 5 = 1200 = 212 
2° = 2120=111 7 = 1100 = 122 § = 1220 = 202 


x 
x x 
x x 
a® = 2020 =11 219 = 110 211 = 1100 = 112 
12 —=—1120=102 21° = 1020 =2 ai4 = 20 
x xz 
zx 
2 
xz 


20 = 2220 = 211 
= 220 


x 
x = 

218 = 2100 = 121 19 = 1210 = 222 
x 23 

x 76 = 2010=1 


a 
21=2110=101 2? =101 = 22 
24 = 2200 = 221 2?> = 2210 = 201 


Taking the alternate terms gives white squares as 000, 
001, 020, 021, 022, 100, 102, 110, 111, 120, 121, 202, 
211, and 221. 
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Paley’s Theorem 

Proved in 1933. If gis an ODD PRIMF or q = O.and n 
is any POSITIVE INTEGER, then there is a HADAMARD 
MATRIX of order 


m = 2°(q” +1), 
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where e is any POSITIVE INTEGER such that m = 
0 (mod 4). If m is of this form, the matrix can be 
constructed with a PALEY CONSTRUCTION. If m is di- 
visible by 4 but not of the form (1), the PALEY CLASS is 
undefined. However, HADAMARD MATRICES have been 
shown to exist for all m = 0 (mod 4) for m < 428. 


see also HADAMARD MATRIX, PALEY CLASS, PALEY 
CONSTRUCTION 


Palindrome Number 
see PALINDROMIC NUMBER 


Palindromic Number 

A symmetrical number which is written in some base b 
aS @] G2... @2 a). The first few are 0, 1, 2, 3, 4, 5, 6, 7, 
8, 9, 11, 22, 33, 44, 55, 66, 77, 88, 99, 101, 111, 121,... 
(Sloane’s A002113). 


The first few n for which the PRONIC NUMBER FP, is 
palindromic are 1, 2, 16, 77, 538, 1621, ... (Sloane’s 
A028336), and the first few palindromic numbers which 
are PRONIC are 2, 6, 272, 6006, 289982, ... (Sloane’s 
A028337). The first few numbers whose squares are 
palindromic are 1, 2, 3, 11, 22, 26, ... (Sloane’s 
A002778), and the first few palindromic squares are 1, 
4, 9, 121, 484, 676, ... (Sloane’s A002779). 


see also DEMLO NUMBER, PALINDROMIC NUMBER CON- 
JECTURE, REVERSAL 
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Palindromic Number Conjecture 

Apply the 196-ALGORITHM, which consists of taking 
any POSITIVE INTEGER of two digits or more, revers- 
ing the digits, and adding to the original number. Now 
sum the two and repeat the procedure with the sum. 
Of the first 10,000 numbers, only 251 do not produce a 
PALINDROMIC NUMBER in < 23 steps (Gardner 1979). 


It was therefore conjectured that all numbers will even- 
tually yield a PALINDROMIC NUMBER. However, the 
conjecture has been proven false for bases which are a 
POWER of 2, and seems to be false for base 10 as well. 
Among the first 100,000 numbers, 5,996 numbers appar- 
ently never generate a PALINDROMIC NUMBER (Gruen- 
berger 1984). The first few are 196, 887, 1675, 7436, 
13783, 52514, 94039, 187088, 1067869, 10755470, ... 
(Sloane’s A006960). 


It is conjectured, but not proven, that there are an infi- 
nite number of palindromic PRIMES. With the exception 


1302 Pancake Cutting 


of 11, palindromic PRIMES must have an ODD number 

of digits. 

see also 196-ALGORITHM 
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Pancake Cutting 
see CIRCLE CUTTING 


Pancake Theorem 
The 2-D version of the HAM SANDWICH THEOREM. 


Pandiagonal Square 

see PANMAGIC SQUARE 

Pandigital 

A decimal INTEGER which contains each of the digits 
from 0 to 9. 


Panmagic Square 


If all the diagonals (including those obtained by “wrap- 
ping around” the edges) of a MAGIC SQUARE, as well 
as the usual rows, columns, and main diagonals sum 
to the MAGIC CONSTANT, the square is said to be a 
PANMAGIC SQUARE (also called DIABOLICAL SQUARE, 
NASIK SQUARE, or PANDIAGONAL SQUARE). No pan- 
magic squares exist of order 3 or any order 4k+2 for k an 
INTEGER. The Siamese method for generating MAGIC 
SQUARES produces panmagic squares for orders 6k + 1 
with ordinary vector (2, 1) and break vector (1, —1). 


Papal Cross 


The Lo SHU is not panmagic, but it is an ASSOCIATIVE 
Macic SQUARE. Order four squares can be panmagic or 
ASSOCIATIVE, but not both. Order five squares are the 
smallest which can be both ASSOCIATIVE and panmagic, 
and 16 distinct ASSOCIATIVE panmagic squares exist, 
one of which is illustrated above (Gardner 1988). 


The number of distinct panmagic squares of order 1, 
2,... are 1, 0, 0, 384, 3600, 0, ... (Sloane’s A027567, 
Hunter and Madachy 1975). Panmagic squares are re- 
lated to HYPERCUBES. 


see also ASSOCIATIVE MAGIC SQUARE, HYPERCUBE, 
FRANKLIN MAGIC SQUARE, MAGIC SQUARE 
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Pantograph 


A LINKAGE invented in 1630 by Christoph Scheiner for 
making a scaled copy of a given figure. The linkage 
is pivoted at O; hinges are denoted ©. By placing a 
PENCIL at P (or P’), a DILATED image is obtained at 
P’ (or P). 


see also LINKAGE 


Papal Cross 


see also CROSS 


Pappus’s Centroid Theorem 


Pappus’s Centroid Theorem 
The SURFACE AREA of a SURFACE OF REVOLUTION is 
given by 


Ssolid of rotation 


= [perimenter] x [distance traveled by centroid], 


and the VOLUME of a SOLID OF REVOLUTION is given 
by 


Veolia of rotation 


= [cross-section area] x [distance traveled by centroid]. 


see also CENTROID (GEOMETRIC), CROSS-SECTION, 
PERIMETER, SOLID OF REVOLUTION, SURFACE AREA, 
SURFACE OF REVOLUTION, TOROID, TORUS 
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Pappus Chain 


In the ARBELOS, construct a chain of TANGENT CIRCLES 
starting with the CIRCLE TANGENT to the two small 
interior semicircles and the large exterior one. Then the 
distance from the center of the first INSCRIBED CIRCLE 
to the bottom line is twice the CIRCLE’S RADIUS, from 
the second CIRCLE is four times the RADIUS, and for the 
nth CIRCLE is 2n times the RADIUS. The centers of the 
CIRCLES lie on an ELLIPSE, and the DIAMETER of the 
nth CIRCLE C, is (1/n)th PERPENDICULAR distance to 
the base of the SEMICIRCLE. This result was known to 
Pappus, who referred to it as an ancient theorem (Hood 
1961, Cadwell 1966, Gardner 1979, Bankoff 1981). The 
simplest proof is via INVERSIVE GEOMETRY. 


If r = AB/AC, then the radius of the nth circle in the 


pappus chain is 


(l-—r)r 
2[n2(1—r)? +r] 


Tr. = 


This equation can be derived by iteratively solving the 
QUADRATIC FORMULA generated by DESCARTES CIR- 
CLE THEOREM for the radius of the SODDY CIRCLE. 
This general result simplifies to rn = 1/(6 +n?) for 
r = 2/3 (Gardner 1979). Further special cases when 
AC = 1+ AB are considered by Gaba (1940). 


Pappus’s Hexagon Theorem 1303 


If B divides AC in the GOLDEN Ratio @, then the cir- 
cles in the chain satisfy a number of other special prop- 
erties (Bankoff 1955). 


see also ARBELOS, COXETER’S LOXODROMIC SEQUENCE 
OF TANGENT CIRCLES, SODDY CIRCLES, STEINER 
CHAIN 
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Pappus-Guldinus Theorem 
see PAPPUS’S CENTROID THEOREM 


Pappus’s Harmonic Theorem 
Z 


A W B Y 


AW, AB, and AY in the above figure are in a HAR- 
MONIC RANGE. 


see also CEVA’S THEOREM, MENELAUS’ THEOREM 
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Pappus’s Hexagon Theorem 


If A, B, and C are three points on one LINE, D, EF, and 
F are three points on another LINE, and AF meets BD 
at X, AF meets CD at Y, and BF meets CE at Z, then 
the three points X, Y, and Z are COLLINEAR. Pappus’s 
hexagon theorem is essentially its own dual according to 
the DuALIry PRINCIPLE of PROJECTIVE GEOMETRY. 
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see also CAYLEY-BACHARACH THEOREM, DESARGUES’ 
THEOREM, DUALITY PRINCIPLE, PASCAL’S THEOREM, 
PROJECTIVE GEOMETRY 
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Pappus’s Theorem 
There are several THEOREMS that generally are known 
by the generic name “Pappus’s Theorem.” 


see also PAPPUS’S CENTROID THEOREM, PaPppPpus 
CHAIN, PAPPUS’S HARMONIC THEOREM, PAPPUS’S 
HEXAGON THEOREM 


Parabiaugmented Dodecahedron 
see JOHNSON SOLID 


Parabiaugmented Hexagonal Prism 
see JOHNSON SOLID 


Parabiaugmented Truncated Dodecahedron 
see JOHNSON SOLID 


Parabidiminished Rhombicosidodecahedron 
see JOHNSON SOLID 


Parabigyrate Rhombicosidodecahedron 
see JOINSON SOLID 


Parabola 


: _ = : directrix 
The set of all points in the PLANE equidistant from a 
given LINE (the DIRECTRIX) and a given point not on 
the line (the Focus). 


The parabola was studied by Menaechmus in an attempt 
to achieve CUBE DUPLICATION. Menaechmus solved the 
problem by finding the intersection of the two parabolas 
x? = y and y? — 22. Euclid wrote about the parabola, 
and it was given its present name by Apollonius. Pascal 
considered the parabola as a projection of a CIRCLE, and 
Galileo showed that projectiles falling under uniform 
gravity follow parabolic paths. Gregory and Newton 
considered the CATACAUSTIC properties of a parabola 
which bring parallel rays of light to a focus (MacTutor 
Archive). 


Parabola 


For a parabola opening to the right, the equation in 
CARTESIAN COORDINATES is 


V(e-p)+y=x2+p (1) 


(a —p)? +y? =(z+p)" (2) 
x? Qpe +p? +y? = 2 + Ipe tp” (3) 
y” = Ape. (4) 


If the VERTEX is at (ro, yo) instead of (0, 0), the equa- 
tion is 
(y — yo)” = 4p(a — 20). (5) 
If the parabola opens upwards, 
x” = 4py (6) 
(which is the form shown in the above figure at left). 


The quantity 4p is known as the Latus REcTum. In 
POLAR COORDINATES, 


r=.- AG (7) 


In PEDAL COORDINATES with the PEDAL POINT at the 
Focus, the equation is 


p =ar. (8) 
The parametric equations for the parabola are 


xv = 2at (9) 
y = at’. (10) 


phi(t) 


| 
| 
t © | t 


The CURVATURE, ARC LENGTH, and TANGENTIAL AN- 
GLE are 


1 


n(t) = 504 BRP (11) 
s(t) =t\/1+t?+sinh"'t (12) 
o(t) = tan” *t. (13) 


The TANGENT VECTOR of the parabola is 


1 
xr (t) = +8 (14) 
ur(t) = as (15) 


The plots bclow show the normal and tangent vectors 
to a parabola. 


Parabola Caustic 


see also CONIC SECTION, ELLIPSE, HYPERBOLA, QUAD- 
RATIC CURVE, REFLECTION PROPERTY, TSCHIRN- 
HAUSEN CuBIC PEDAL CURVE 
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Parabola Caustic 

The Caustic of a PARABOLA with rays PERPENDICU- 
LAR to the axis of the PARABOLA is TSCHIRNHAUSEN 
CuBIC. 


Parabola Evolute 
Given a PARABOLA 


y=’, (1) 


the parametric equation and its derivatives are 


z=t ai=t 74; 
y= P W 0 Mt =2 (2) 
The RADIUS OF CURVATURE is 
12 12\3/2 2\3/2 
r= & ni oie) . (3) 
aly" —x"'y 2 
The TANGENT VECTOR is 
* 1 1 
. ¢ 4 
V1 + 4 | (4) 
so the parametric equations of the evolute are 
g=~40° (5) 


y= 24+ 3¢?, (6) 
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and 

—76=0 (7) 
3(n- 3) =e (8) 
$(n — $) = (- 46)" (9) 
bn—n) = (8) = 30697, (a0) 

The EVOLUTE is therefore 
n= $(28)"" + 5. (11) 


This is known as NEILE’S PARABOLA and is a SEMICU- 
BICAL PARABOLA. From a point above the evolute three 
normals can be drawn to the PARABOLA, while only one 
normal can be drawn to the PARABOLA from a point 
below the EVOLUTE. 

see also NEILE’S PARABOLA, PARABOLA, SEMICUBICAL 
PARABOLA 


Parabola Inverse Curve 
The INVERSE CURVE for a PARABOLA given by 


x = at? (1) 
y = 2at (2) 


with INVERSION CENTER (Zo, yo) and INVERSION Ra- 
DIUS k is 


_ k(at? — x0) 
oS atrayroasee 
y= k(2at = yo) (4) 


1 es ee 
a (at? + 20)? + (2at — yo)? 


| 4 
Bye 


For (xo, yo) = (a,0) at the Focus, the INVERSE CURVE 
is the CARDIOID 

k(t? 1) 
a(1 + £2)? 
2kt 
a(1 + t?)2° 


sat (5) 


y= (6) 
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For (xo, yo) = (0,0) at the VERTEX, the INVERSE CURVE 
is the CISSOID OF DIOCLES 


k 
as a(4 + t?) (7) 
2k 
y= G44) e) 
Parabola Involute 
dr 1 
dt vee (1) 
: 1 1 
ee 2 
so || (2) 
ds? = |dr|? = (1 + 4t”) dt? (3) 
ds = V/1+ 4t? dt (4) 


$= / V1 + 4t? dt = $t,/14 4t? + §sinh™*(2t). (5) 


So the equation of the INVOLUTE is 


7 eel £t/1 + 4? + 3 sinh” *(2t) [1 

BOE SIES pl aaa ae 
= 1 t ~ ¢ sinh” *(2t) (6) 
~ 2/1 +4 | —sinh7*(2t) |” 


Parabola Pedal Curve 
2 / 


i 


On the DIRECTRIX, the PEDAL CURVE of a PARABOLA is 
a STROPHOID (top left). On the foot of the DIRECTRIX, 
it is a RIGHT STROPHOID (top middle). On reflection of 
the Focus in the DIRECTRIX, it is a MACLAURIN TRI- 
SECTRIX (top right). On the VERTEX, it is a CISSOID OF 
DIOCLES (bottom left). On the Focus, it is a straight 
line (bottom right). 

References 


Lawrence, J. D. A Catalog of Special Plane Curves. New 
York: Dover, pp. 94-97, 1972. 


Parabolic Coordinates 


Parabolic Coordinates 


A system of CURVILINEAR COORDINATES in which two 
sets of coordinate surfaces are obtained by revolving the 
parabolas of PARABOLIC CYLINDRICAL COORDINATES 
about the x-AXIS, which is then relabeled the z-AXIs. 
There are several notational conventions. Whereas 
(u, v, @) is used in this work, Arfken (1970) uses (£, 7, 7). 


The equations for the parabolic coordinates are 


xz = uvcosé (1) 
y = uvsing (2) 
z= i(u?—v’*), (3) 


where u € [0, 00), v € [0,00), and @ € (0,27). To solve 
for u, v, and 6, examine 


ety? $2? = ue? + 1(y4 — 2u2y? + vf) 
= }(u* + 2u?v? + 0%) 
= hu 407), (4) 
so 
V2? + y? +2? = }(u? +07) (5) 
and 


Verty+242=v (6) 

fx? ty? +22-z=0v". (7) 
We therefore have 

w=vf/ertyr+2%7+z (8) 

ver uty? +22-2z (9) 


@=tan (¢) : (10) 


x 


The SCALE FACTORS are 


hy = fu? +0? (11) 
hy = Vu? + v? (12) 


he = uv. (13) 


Parabolic Cyclide 
The LINE ELEMENT is 
ds” = (u? + v?)(du? + dv?) + u?v? dé?, (14) 
and the VOLUME ELEMENT is 
dV = uv(u? + v7) dud dé. (15) 


The LAPLACIAN is 


Vt= Saray Loe (moe) + we (30) 


de ie PG (OE (pat 
~ u2 + y2 Lu du \ du v Ov \ Av urv2 062 

2 1 2 1 2 
1 (2364545 194 SF) af 


u? + v2 


udu Ou? ov dvs BV? uzy2 062° 


(16) 


The HELMHOLTZ DIFFERENTIAL EQUATION is SEPARA- 
BLE in parabolic coordinates. 


see also CONFOCAL PARABOLOIDAL COORDINATES, 
HELMHOLTZ DIFFERENTIAL EQUATION—PARABOLIC 
COORDINATES, PARABOLIC CYLINDRICAL COORDI- 
NATES 
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Parabolic Cyclide 
A CYCLIDE formed by inversion of a STANDARD TORUS 
when the sphere of inversion is tangent to the torus. 


see also PARABOLIC HORN CYCLIDE, PARABOLIC RING 
CYCLIDE, PARABOLIC SPINDLE CYCLIDE 


Parabolic Cylinder 


Fe ae aT Oe age 
ZR 


Q 


A QUADRATIC SURFACE given by the equation 


xz? +2rz—0. 


Parabolic Cylinder Function 1307 
Parabolic Cylinder Function 

These functions are sometimes called WEBER FUNC- 
TIONS. Whittaker and Watson (1990, p. 347) define the 
parabolic cylinder functions as solutions to the WEBER 
DIFFERENTIAL EQUATION 


@? Dn(z) 


ae 127) Dn(z) = 0. (1) 


+(n+3- 


The two independent solutions are given by D,(z) and 
Daze" *), where 


Dy(z) = BFA p91 pa,—1a(22") (2) 
bo) alte at a 

T(4 — in) 
T(—4)27/2tt/4z-4/2 


T(-3n) 


Mpa j241/4,-1/4(42") 
1.2 
Mnjo+i/aisa(sz ). (3) 


Here, Wa .»(z) is a WHITTAKER FUNCTION and 
Ma,o(z) = 1F1(a;b; z) are CONFLUENT HYPERGEOMET- 
RIC FUNCTIONS. 


Abramowitz and Stegun (1972, p. 686) define the para- 
bolic cylinder functions as solutions to 


y" + (az? + ba +c) =0. (4) 


This can be rewritten by COMPLETING THE SQUARE, 


Now letting 


b 
= — 6 
uU=xrt+ a (6) 
du = dz (7) 
gives 
d’y 2 _ 
daz + (au +d)y=0 (8) 
where 
_? 9 


Equation (4) has the two standard forms 


a 


y" —(}x> +a)y=0 (10) 
y” +(42" —a)jy=0. (11) 


For a general a, the EVEN and ODD solutions to (10) 
are 
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where 1 F(a; 0; z) is a CONFLUENT HYPERGEOMETRIC 
FuNcTION. If y(a, z) is a solution to (10), then (11) has 
solutions 


y(tia, ze**"/*), y(tia, —zet**/*), (14) 


Abramowitz and Stegun (1972, p. 687) define standard 
solutions to (10) as 


U(a,x) = cos[r(4 + 4a)]¥i — sin[r(4 + 4a)]¥2 (15) 
Vee sin{r(4 + 20/41 + cos[x(4 + 29)]¥2 (16) 
T(3 ~ a) 
where 
I GSsa) 
Y= = 9/241/4 Yl 
1 T(3-}3¢) 22/4 2 
= fg afative ene? 1Fi(ja+ 435592) (17) 
= 2 FG = 90) 
Y= FE past fa y2 
1 rr ae 3a) —a?/4 2 
~ Vi IEESYE od ’ Fi(ga+ $555 92 ) 
(18) 
In terms of Whittaker and Watscn’s functions, 
U(a,z) = D_g-1/2(#) (19) 
V(a,z) 
= I + a)(sin(wa)D_o-1/2(z) + D_a-1/2(—-2)] (20) 


Tw 


For NONNEGATIVE INTEGER n, the solution D, reduces 
to 


—n —2* x —27/4 
D,(x) =2 /2—-2°/4 Fr, (S =e*/ He, (x), 
v2 
(21) 


where H,(x) is a HERMITE POLYNOMIAL and He,, is a 
modified HERMITE POLYNOMIAL. 


The parabolic cylinder functions D, satisfy the RECUR- 
RENCE RELATIONS 


Dy4i(z) — zDi(z) + vDy-1(z) = 0 (22) 


Di (z) + $2D.(z) — vDy-1(z) = 0. (23) 


The parabolic cylinder function for integral n can be 
defined in terms of an integral by 


Dr(z) = 2f sin(n@ — zsin@) dé (24) 
oO 


Parabolic Cylindrical Coordinates 


(Watson 1966, p. 308), which is similar to the ANGER 
FUNCTION. The result 


| Dm(2)Dn(x) dz = dmnntV2r, (25) 


where 6;; is the KRONECKER DELTA, can also be used 
to determine the COEFFICIENTS in the expansion 


f(z) => anDn (26) 
n=0 
as oO 
es aT / Dn(t) f(t) dt. (27) 
For v real, 
i 2 ae = ll? 3/2 0(5 = 5V) = bo(— $v) 
if [D.(t)}* dt = 2 eas 3 Sy) aera 
(28) 


(Gradshteyn and Ryzhik 1980, p. 885, 7.711.3), where 
T(z) is the GAMMA FUNCTION and ¢o(z) is the POoLy- 
GAMMA FUNCTION of order 0. 


see also ANGER FUNCTION, BESSEL FUNCTION, DAR- 
WIN’S EXPANSIONS, HH FUNCTION, STRUVE FUNCTION 
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Parabolic Cylindrical Coordinates 


Parabolic Fixed Point 


A system of CURVILINEAR COORDINATES. There are 
several different conventions for the orientation and des- 
ignation of these coordinates. Arfken (1970) defines co- 
ordinates (€,7,2) such that 


r= tn . (1) 
y = k(n? - &) (2) 
eee (3) 


In this work, following Morse and Feshbach (1953), the 
coordinates (u,v, z) are used instead. In this convention, 
the traces of the coordinate surfaces of the ry-PLANE 
are confocal PARABOLAS with a common axis. The u 
curves open into the NEGATIVE z-AxIs; the v curves 
open into the PosiTIVE z-AXIS. The u and v curves 
intersect along the y-AXIS. 


p= Hu? — v2) (a 
y = uv (5) 
z= 42, (6) 


where u € {0,00), v € [0,00), and z € (—co, 00). The 
SCALE FACTORS are 


hy = Vv? +0? (7) 
ho = Vu? +0? (8) 


hg = 1. (9) 


LAPLACE’S EQUATION is 
1 Of af 0" f 
= ta (FE + Byr" (10) 


The HELMHOLTZ DIFFERENTIAL EQUATION is SEPARA- 
BLE in parabolic cylindrical coordinates. 


see also CONFOCAL PARABOLOIDAL COORDINATES, 
HELMHOLTZ DIFFERENTIAL EQUATION-—-PARABOLIC 
CYLINDRICAL COORDINATES, PARABOLIC COORDI- 
NATES 
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Parabolic Fixed Point 
A FIXED POINT of a LINEAR TRANSFORMATION for 
which the rescaled variables satisfy 


(6 — a)? +467 = 0. 


see also ELLIPTIC FIXED POINT (Map), HYPERBOLIC 
FIXED PoINT (MAP), LINEAR TRANSFORMATION 


Parabolic Point 1309 


Parabolic Geometry 
see EUCLIDEAN GEOMETRY 


Parabolic Horn Cyclide 


AY 


di 
, 


A PARABOLIC CYCLIDE formed by inversion of a HORN 
Torus when the inversion sphere is tangent to the 
TORUS. 


see also CYCLIDE, PARABOLIC RING CYCLIDE, PARA- 
BOLIC SPINDLE CYCLIDE 


Parabolic Partial Differential Equation 
A PARTIAL DIFFERENTIAL EQUATION of second-order, 
i.e., one of the form 


Autzz + 2Buzy + Cuyy + Due + Fuy+F=0, (1) 


is called parabolic if the MATRIX 


A B 
z=(% A (2) 


satisfies det(Z) = 0. The HEAT CONDUCTION EQua- 
TION and other diffusion equations are examples. Initial- 
boundary conditions are used to give 


u(z,t) =g(z,t) forr€0N,t>0 (3) 
u(z,0) = v(x) force Q, (4) 
where 
Ure = f (ue, Uy, U; LZ, y) (5) 
holds in 9. 


see also ELLIPTIC PARTIAL DIFFERENTIAL EQUATION, 
HYPERBOLIC PARTIAL DIFFERENTIAL EQUATION, PAR- 
TIAL DIFFERENTIAL EQUATION 


Parabolic Point 

A point p on a REGULAR SURFACE M € R? is said to 
be parabolic if the GAUSSIAN CURVATURE K(p) = 0 
but S(p) # 0 (where S is the SHAPE OPERATOR), or 
equivalently, exactly one of the PRINCIPAL CURVATURES 
K1 and ke is 0. 

see also ANTICLASTIC, ELLIPTIC POINT, GAUSSIAN 
CURVATURE, HYPERBOLIC POINT, PLANAR POINT, 
SYNCLASTIC 

References 


Gray, A. Modern Differential Geometry of Curves and Sur- 
faces. Boca Raton, FL: CRC Press, p. 280, 1993. 


1310 Parabolic Ring Cyclide 


Parabolic Ring Cyclide 


A PARABOLIC CYCLIDE formed by inversion of a RING 
ToRuS when the inversion sphere is tangent to the 
TORUS. 


see also CYCLIDE, PARABOLIC HORN CYCLIDE, PARA- 
BOLIC SPINDLE CYCLIDE 


Parabolic Rotation 
The Map 


ge=2+l (1) 
y =2t+y+l, (2) 


which leaves the PARABOLA 
oe? —y! =(2+1)?-(Qe+y+1)=2°-y (3) 


invariant. 
see also PARABOLA, ROTATION 


Parabolic Segment 


The ARC LENGTH of the parabolic segment shown above 


is given by 
4x? + y? 
- (1) 


2 2a + 
= Vere Lin( 7 


The AREA contained between the curves 


yaa (2) 
y=art+b (3) 


can be found by climinating y, 
z? —ax—b=0, (4) 
so the points of intersection are 


wt = 3 (at Va? | 4b). (5) 


Parabolic Segment 


Therefore, for the AREA to be NONNEGATIVE, a? +46 > 
0, and 


at = }(a? + 2arv/a? + b? +07 + 4b) 
= }(2a” + 4b + 2av/a? + 4b) 
; . 
= $(a” + 2b+av/a? + 4b), (6) 


so the AREA is 
T+ 
a~f [(aa + b) — a7) dx 


‘58 _ 1,3 (a++/a?+4b)/2 
[ax Bc td le veaaue (7) 


Now, 


gy? —27= i G + 2a,/a? + 4b + a? + 4b) 
— (a — 2av/a? + 4b + a” +4b)] 
=; [4av/o? +46 =avVa?+4b (8) 
v43 —¢_* = (24 —a_)(4? +2 24 + 2~7) 
= Vat + 4b { 2a? +20 a? + 4b + a? + 4b) 
+1[a? — (a? + 4b)] + 1(a? — 2a,/a? + 4b + @? +4b)} 
= 1y/a? + 4b (4a + 4b) = v/a? + 4b(a? +4). (9) 
So 
A= ia? Ja? + 4b + by/a? + 4b = 2 (a? +)? + 4b 
= Va? + 4b [(4 — 4)a? + 0(1 - 3) 
= (Za° + 2b)y/a? + 4b 
= }(a? + 4b)\/a? + 4b = 3 (a? + 4b)°”?. (10) 


We now wish to find the maximum AREA of an inscribed 
TRIANGLE. This TRIANGLE will have two of its VER- 
TICES at the intersections, and AREA 


Ag = 3 (x—Yys — @ey- — By ye t eye + eyy- — 2-y+). 
(11) 


But ys. = 2.”, so 


1 2 2 
5(@-@." — @ey- — 242s 

+ ays + 2+y- — Z-y+) 
ate (te — ay) + ese = ye) 

+ (w-y- — z-y+)]- (12) 


The maximum AREA will occur when 


0Aa 


Ora. = $(—-2 (24 ae r_)x. + (y+ = y-)] = 0. (13) 


Parabolic Segment 


But 

vy —a- = v/a? +4b (14) 

ys —y- = ava? + 48, (15) 
- ly+7—¥y- _ 41 

te = Pee = 3a (16) 
and 


Aa = }[-(4a)? (a4. — 2) + (4a)(y4 — y-) 
+(zyy- —2-y+)}. (17) 
Working on the third term 


z+y- = 4(a+ \/a? + 4b)(a? + 2b — av/a? + 4b) 

1 [a? + 2ab — a? a2 + 4b + a?./a? + 4b 
+ 2by/a? + 4b— a(a? + 46)| 

—2ab + 2by/a? + 4b] (18) 
a — »/a? + 4b)(a? + 2b + av/a? + 4b) 
fa? + 20b + a? v/a? + 4b — a? a + 4b 
— 2by/a? + 4b— a(a’ + 4b)| 


= 1[-2ab — 2by/a? + 4b], (19) 


Il 


8 
| 
vd 
+ 
il 
Bie Bie Bin 
aioe 


rey — ©_yy = §(4byV/a? + 4b) = ba? + 4b (20) 


Aa = 3(—4a? /a? + 4b + 207 y/a? + 4b + bya? +B?) 
= $/a? + 4b [($ — $)a" +b] = $a? + 40(fa" + b) 
= 3 4/a? + 4b (a? + 4b) = 2(a? + .40)°/?, (21) 


which gives the result known to Archimedes in the third 
century BC that 


4 


ole | OIE 


The AREA of the parabolic segment of height h opening 
upward along the y-AXIS is 


h 
anf Vy dy = 1n3/?. (23) 
0 


The weighted mean of y is 


h h 
w)=2 | wady=2 | yl? dy = anF??. (24) 
0 0 
The CENTROID is then given by 


] 
7s ww = $h, (25) 
see also CENTROID (GEOMETRIC), PARABOLA, SEG- 
MENT 
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Parabolic Spindle Cyclide 


5 
yy 


A PARABOLIC CYCLIDE formed by inversion of a SPIN- 
DLE TORUS when the inversion sphere is tangent to the 
TORUS. 


see also CYCLIDE, PARABOLIC HORN CYCLIDE, PARA- 
BOLIC RING CYCLIDE 


Parabolic Spiral 
see FERMAT’S SPIRAL 


Parabolic Umbilic Catastrophe 


A CATASTROPHE which can occur for four control fac- 
tors and two behavior axes. 


Paraboloid 


The SURFACE OF REVOLUTION of the PARABOLA. It is 
a QUADRATIC SURFACE which can be specified by the 
Cartesian equation 


z=a(2’+y’), (1) 


or parametrically by 


z(u,v) = fu cosy (2) 
y(u,v) = Vu sinu (3) 
z(u,v) =u, (4) 


where u € [0,A], v € [0, 27), and h is the height. 
The VOLUME of the paraboloid is 


h 
ven f zdz= Lah’. (5) 
o 
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The weighted mean of z over the paraboloid is 


kh 
(z) = wf z? dz = tah’. (6) 
i) 

The CENTROID is then given by 

-— &) 

z= vy = 2h (7) 
(Beyer 1987). 
see also ELLIPTIC PARABOLOID, HYPERBOLIC 


PARABOLOID, PARABOLA 
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Paraboloid Geodesic 
A GEODESIC on a PARABOLOID has differential param- 
eters defined by 


_ (dx? dy\? dz\? 
p=(5,) +(5,) +) 
sin? v 1 


cos? v 
=] =i1 —_— 1 
5 4u i 4u + 4u (1) 


Ox Oy az 


hs dudv * dudv * Budo 
=0+ucos?v+usin? v =u (2) 
Raps es oS : (cosy —sinv). (3) 
u 


2J/u Af/u—_2/ 


The GEODESIC is then given by solving the EULER- 
LAGRANGE DIFFERENTIAL EQUATION 


oP 18Q 120R 
Ov +20 ou +4u ou d 


2,/P4+2Qv'+ Rv’? du 


Q+ Ru’ 


VP 4+ 2Qv!' + Rv? 


(4) 
As given by Weinstock (1974), the solution simplifies to 
u-c 
= u(1 + 4c”) sin? {v — 2cIn[k(2/u — c? + V4u + 1)]}. 


(5) 


see also GEODESIC 
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Paraboloidal Coordinates 
see CONFOCAL PARABOLOIDAL COORDINATES 


Paradox 


Paracompact Space 

A paracompact space is a HAUSDORFF SPACE such that 
every open COVER has a LOCALLY FIN’'rr open REFINE- 
MENT. Paracompactness is a very common property 
that TOPOLOGICAL SPACES satisfy. Paracompactness is 
similar to the compactness property, but generalized for 
slightly “bigger” SPACES. All MANIFOLDS (e.g, second 
countable and Hausdorff) are paracompact. 


see also HAUSDORFF SPACE, LOCALLY FINITE SPACE, 
MANIFOLD, TOPOLOGICAL SPACE 


Paracycle 
see ASTROID 


Paradox 

A statement which appears self-contradictory or con- 
trary to expectations, also known as an ANTINOMY. 
Bertrand Russell classified known logical paradoxes into 
seven categories. 


Ball and Coxeter (1987) give several examples of geo- 
metrical paradoxes. 


see also ALIAS’ PARADOX, ARISTOTLE’S WHEEL PARA- 
pox, ARROW’S PARADOX, BANACH-TARSKI PARA- 
DOX, BARBER PARADOX, BERNOULLI’S PARADOX, 
BERRY PARADOX, BERTRAND’S PARADOX, CANTOR’S 
PARADOX, COASTLINE PARADOX, COIN PARADOX, 
ELEVATOR PARADOX, EPIMENIDES PARADOX, Ev- 
BULIDES PARADOX, GRELLING’S PARADOX, HAus- 
DORFF PARADOX, HEMPEL’S PARADOX, HETERO- 
LOGICAL PARADOX, LEONARDO’S PARADOX, LIAR’S 
PARADOX, LOGICAL PARADOX, POTATO PARADOX, 
RICHARD’S PARADOX, RUSSELL’S PARADOX, SAINT PE- 
TERSBURG PARADOX, SIEGEL’S PARADOX, SIMPSON’S 
PARADOX, SKOLEM PARADOX, SMARANDACHE PARA- 
DOX, SOCRATES’ PARADOX, SORITES PARADOX, THOM- 
SON LAMP PARADOX, UNEXPECTED HANGING PARA- 
DOX, ZEEMAN’S PARADOX, ZENO’S PARADOXES 
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Paradromic Rings 


Paradromic Rings 

Rings produced by cutting a strip that has been given 
m half twists and been re-attached into n equal strips 
(Ball and Coxeter 1987, pp. 127-128). 


see also MOBIUS STRIP 


References 

Ball, W. W. R. and Coxeter, H. 5. M. Mathematical Recre- 
ations and Essays, 13th ed. New York: Dover, pp. 127- 
128, 1987. 


Paragyrate Diminished Rhombicosidodeca- 
hedron 
see JOHNSON SOLID 


Parallel 


Two lines in 2-dimensional EUCLIDEAN SPACE are said 
to be parallel if they do not intersect. In 3-dimensional 
EUCLIDEAN SPACE, parallel lines not only fail to inter- 
sect, but also maintain a constant separation between 
points closest to each other on the two lines. (Lines in 
3-space which are not parallel but do not intersect are 
called SKEW LINES.) 


In a NON-EUCLIDEAN GEOMETRY, the concept of par- 
allelism must be modified from its intuitive meaning. 
This is accomplished by changing the so-called PARAL- 
LEL POSTULATE. While this has counterintuitive re- 
sults, the geometries so defined are still completely self- 
consistent. 

see also ANTIPARALLEL, HYPERPARALLEL, LINE, NON- 
EUCLIDEAN GEOMETRY, PARALLEL CURVE, PARALLEL 
POSTULATE PERPENDICULAR, SKEW LINES 


Parallel Axiom 
see PARALLEL POSTULATE 


Parallel Class 

A set of blocks, also called a RESOLUTION CLASS, that 
partition the set V, where (V,B) is a balanced incom- 
plete BLOCK DESIGN. 

see also BLOCK DESIGN, RESOLVABLE 
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Parallel Curve 


Parallel Postulate 1313 


The two branches of the parallel curve a distance k away 
from a parametrically represented curve (f(t), g(t)) are 


__ky___ 
/fl2 + g!2 
k i 
y= OF af 2° 

V FP +9! 


The above figure shows the curves parallel to the EL- 
LIPSE. 


g2=ft 
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Parallel Postulate 

Given any straight line and a point not on it, there “ex- 
ists one and only one straight line which passes” through 
that point and never intersects the first line, no matter 
how far they are extended. This statement is equivalent 
to the fifth of EUCLID’s POSTULATES, which Euclid him- 
self avoided using until proposition 29 in the Elements. 
For centuries, many mathematicians believed that this 
statcment was not a truc postulate, but rather a theorem 
which could be derived from the first. fonr of EUCLIN’S 
POSTULATES. (That part of geometry which could be 
derived using only postulates 1-4 came to be known as 
ABSOLUTE GEOMETRY.) 


Over the years, many purported proofs of the parallel 
postulate were published. However, none were correct, 
including the 28 “proofs” G. S. Kliigel analyzed in his 
dissertation of 1763 (Hofstadter 1989). In 1823, Janos 
Bolyai and Lobachevsky independently realized that en- 
tirely self-consistent “NON-EUCLIDEAN GEOMETRIES” 
could be created in which the parallel postulate did not 
hold. (Gauss had also discovered but suppressed the 
existence of non-Euclidean geometries.) 


As stated above, the parallel postulate describes the 
type of geometry now known as PARABOLIC GEOME- 
TRY. If, however, the phrase “exists one and only one 
straight line which passes” is replace by “exist no line 
which passes,” or “exist at least two lines which pass,” 
the postulate describes equally valid (though less intu- 
itive) types of geometries known as ELLIPTIC and Hy- 
PEKBOLIC GEOMETRIES, respectively. 


The parallel postulate is equivalent to the EQUuIDIS- 
TANCE POSTULATE, PLAYFAIR’S AXIOM, PROCLUS’ AX- 
10M, TRIANGLE POSTULATE. There is also a single par- 
allel axiom in HILBERT’s AXIOMS which is equivalent to 
Euclid’s parallel postulate. 
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see also ABSOLUTE GEOMETRY, EUCLID’S AXIOMS, 
EUCLIDEAN GEOMETRY, HILBERT’S AXIOMS, NON- 
EUCLIDEAN GEOMETRY, PLAYFAIR’S AXIOM, TRIAN- 
GLE POSTULATE 
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Parallel (Surface of Revolution) 

A parallel of a SURFACE OF REVOLUTION is the inter- 
section of the surface with a PLANE orthogonal to the 
axis of revolution. 


see also MERIDIAN, SURFACE OF REVOLUTION 
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Parallelepiped 

In 3-D, a parallelepiped is a PRISM whose faces are all 
PARALLELOGRAMS. The volume of a 3-D parallelepiped 
is given by the SCALAR TRIPLE PRODUCT 


Vparallelepiped = |B . (B x C)| 
=|C-(A x B)|=|B-(C x A)|. 


In n-D, a parallelepiped is the POLYTOPE spanned by 
mn VECTORS v1, ..-, Wn in a VECTOR SPACE over the 
reals, 
span(Vi,...,Vn) = tivi t+... +tnVn, 
where ¢; € [0,1] fori = 1, ..., n. In the usual inter- 
pretation, the VECTOR SPACE is taken as KUCLIDEAN 
SPACE, and the CONTENT of this parallelepiped is given 
by 
abs(det(vi,...,vn)); 


where the sign of the determinant is taken to be the 
“orientation” of the “oriented volume” of the parallele- 
piped. 

see also PRISMATOID, RECTANGULAR PARALLELE- 
PIPED, ZONOHEDRON 
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Parallelism 
see ANGLE OF PARALLELISM 


Parallelogram 


Parallelizable 

Asphere S” is parallelizable if there exist n cuts contain- 
ing linearly independent tangent vectors. There exist 
only three parallelizable spheres: S’, S*®, and S’ (Adams 
1962, Le Lionnais 1983). 


see also SPHERE 
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Parallelogram 
D b C 


h a 

A b B 

A QUADRILATERAL with opposite sides parallel (and 
therefore opposite angles equal). A quadrilateral with 
equal sides is called a RHOMBUS, and a parallelogram 


whose ANGLES are all RIGHT ANGLES is called a RECT- 
ANGLE. 


A parallelogram of base } and height h has ARBA 
A = bh = absin A = absin B. (1) 
The height of a parallelogram is 
h=asin A = asin B, (2) 


and the DIAGONALS are 


p= Va? + 6? — 2abcos A (3) 
q= Va? + b? — 2abcosB (4) 
= Va? + b? + 2abcos A (5) 


(Beyer 1987). 


The AREA of the parallelogram with sides formed by the 
VECTORS (a,c) and (6, d) is 


Azaet([2 AR, {hed bep (6) 


Given a parallelogram P with area A(P) and linear 
transformation T, the AREA of T(P) is 


A(T(P)) = 


b 
- | A(P). (7) 


Parallelogram Illusion 


_ 
- Ay 
— 


As shown by Euclid, if lines parallel to the sides are 
drawn through any point on a diagonal of a parallelo- 
gram, then the parallelograms not containing segments 
of that diagonal are equal in AREA (and conversely), so 
in the above figure, A1 = Az (Johnson 1929). 


see also DIAMOND, LOZENGE, PARALLELOGRAM ILLU- 
SION, RECTANGLE, RHOMBUS, VARIGNON PARALLELO- 
GRAM, WITTENBAUER’S PARALLELOGRAM 
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L</ 


The sides a and b have the same length, appearances to 
the contrary. 


Parallelogram Illusion 


Parallelogram Law 
Let |-| denote the NoRM of a quantity. Then the quan- 
tities z and y satisfy the parallelogram law if 


lle + yll? + ile — yl]? = lial? + 2ltyll. 


If the NorM is defined as |f| = 4/(f|f) (the so-called 
L2-NORM), then the law will always hold. 


see also L2-NORM, NORM 


Parallelohedron 

A special class of ZONOHEDRON. There are five par- 
allelohedra with an infinity of equal and similarly sit- 
uated replicas which are SPACE-FILLING POLYHEDRA: 
the CUBE, ELONGATED DODECAHEDRON, hexagonal 
PRISM, RHOMBIC DODECAHEDRON, and TRUNCATED 
OCTAHEDRON. 


see also PARALLELOTOPE, SPACE-FILLING POLYHE- 
DRON 


References 
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Parallelotope 

Move a point Tip along a LINE for an initial point to a 
final point. It traces out a LINE SEGMENT Ili. When 
IJ; is translated from an initial position to a final po- 
sition, it traces out a PARALLELOGRAM II2. When I 
is translated, it traces out a PARALLELEPIPED II3. The 
generalization of II, to n-D is then called a parallelo- 
tope. II, has 2” vertices and 


nr) 


IIs, where (2) is a BINOMIAL COEFFICIENT and k = 0, 
1, ..., 2 (Coxeter 1973). These are also the coefficients 
of (2k +1)”. 

see also HONEYCOMB, HYPERCUBE, ORTHOTOPE, PAR- 
ALLELOHEDRON 
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Paralogic Triangles 

At the points where a line cuts the sides of a TRIAN- 
GLE 4A, A2A3, perpendiculars to the sides are drawn, 
forming a TRIANGLE 4B;B2B3 similar to the given 
TRIANGLE. The two triangles are also in perspective. 
One point of intersection of their CIRCUMCIRCLEs is the 
SIMILITUDE CENTER, and the other is the PERSPECTIVE 
CENTER. The CIRCUMCIRCLES meet ORTHOGONALLY. 


see also CIRCUMCIRCLE, ORTHOGONAL CIRCLES, PER- 
SPECTIVE CENTER, SIMILITUDE CENTER 
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Parameter 

A parameter m used in ELLIPTIC INTEGRALS defined 
to be m = k?, where k is the MopuLus. An ELLIPTIC 
INTEGRAL is written I(¢|m) when the parameter is used. 
The complementary parameter is defined by 


m' =1-™Mm, (1) 


where m is the parameter. Let g be the NOME, k the 
MODULUS, and m = k? the PARAMETER. Then 

g(r) = eo MEM) /Kem) (2) 
where K({m) is the complete ELLIPTIC INTEGRAL OF 
THE FIRST KIND. Then the inverse of g(m) is given by 


024(q) (3) 


m(q) = 9s4(q) , 


1316 Parameter (Quadric) 


where #3; is a THETA FUNCTION. 


see also AMPLITUDE, CHARACTERISTIC (ELLIPTIC IN- 
TEGRAL), ELLIPTIC INTEGRAL, ELLIPTIC INTEGRAL OF 
THE First KIND, MODULAR ANGLE, MODULUS (EL- 
LIPTIC INTEGRAL), NOME, PARAMETER, THETA FUNC- 
TION 
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Parameter (Quadric) 
The number @ in the QUADRIC 


x? y? z? 


eroteietaroe} 


is called the parameter. 
see also QUADRIC 


Parameterization 

The specification of a curve, surface, etc., by means of 
one or more variables which are allowed to take on values 
in a given specified range. 

see also ISOTHERMAL PARAMETERIZATION, REGULAR 
PARAMETERIZATION, SURFACE PARAMETERIZATION 


Parametric Latitude 

An AUXILIARY LATITUDE also called the REDUCED 
LATITUDE and denoted 7 or @. It gives the LATITUDE 
on a SPHERE of RADIUS a for which the parallel has the 
same radius as the parallel of geodetic latitude ¢ and 
the ELLIPSOID through a given point. It is given by 


n = tan~*(./1—e? tang). 


In series form, 


n = ¢ — e1sin(2¢) + 4e1” sin(4d) — te1° sin(6¢) +..., 


where 
a 1-— V1-e? 
4 ren ———————— 
1+V1—e? 


see also AUXILIARY LATITUDE, ELLIPSOID, LATITUDE, 
SPHERE 
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Parametric Test 
A STATISTICAL TEST in which assumptions are made 
about the underlying distribution of observed data. 


Parodi’s Theorem 


Pareto Distribution 
The distribution 


ra (3). 


References 
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Parity 

The parity of a number n is the sum of the bits in BI- 
NARY representation (mod 2). The parities of the first 
few integers (starting with 0) are 0, 1, 1, 0, 1, 0, 0, 1, 1, 
0, 0,... (Sloane’s AQ010060) summarized in the following 
table. 


N Binary Parity LN Binary Parity 


1 1 1 1011 1 
2 10 1 1100 0 
3 11 0 1101 1 
4 100 1 1110 1 
5 101 0 1111 0 
6 110 0 10000 1 
7 111 1 10001 0 
8 1000 1 10010 0 
9 1001 0 10011 1 
10 1010 0 10100 0 


The constant generated by the sequence of parity digits 
is called the THUE-MORSE CONSTANT. 


see also BINARY, THUE-MORSE CONSTANT 
References 


Sloane, N. J. A. Sequence A010060 in “An On-Line Version 
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Parity Constant 
see THUE-MORSE CONSTANT 


Parking Constant 
see RENYI’S PARKING CONSTANTS 


Parodi’s Theorem 
The EIGENVALUES X satisfying P(A) = 0, where P(,) is 
the CHARACTERISTIC POLYNOMIAL, lie in the unions of 
the DISks 

Jz, <1 


Tt 


Jz + bi] < > dil. 


g=1 
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Parry Circle 


Parry Circle 

The CIRCLE passing through the ISODYNAMIC POINTS 
and the CENTROID of a TRIANGLE (Kimberling 1998, 
pp. 227-228). 

see also CENTROID (TRIANGLE), ISODYNAMIC POINTS, 
PARRY POINT 


References 
Kimberling, C. “Triangle Centers and Central Triangles.” 
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Parry Point 

The intersection of the PARRY CIRCLE and the CIRCUM- 
CIRCLE of a TRIANGLE. The TRILINEAR COORDINATES 
of the Parry point are 


a ; b ; c 
2a2 — b2 — c? © 2b? — c2? — a? © Qc? — a? — Bb? 


(Kimberling 1998, pp. 227-228). 


see also PARRY CIRCLE 
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Parseval]’s Integral 
The POISSON INTEGRAL with n = 0. 


Jo(z) = : rE i cos(z cos 6) dé, 
) 


[P(n + 3) 


where Jo(z) is a BESSEL FUNCTION OF THE First KIND 
and ['(z) is a GAMMA FUNCTION. 


Parseval’s Relation 
Let F(v) and G(v) be the FourrER TRANSFORMS of 
f(t) and g(t), respectively. Then 


/ F(t)g* (t) dt 
= 2 if F(vje~?"*** dv ie arcuate du’ 
| ew | G*(v')d(v' — v) dv’ dv 


= / F(v)G" (v) dv. 


see also FOURIER TRANSFORM, PARSEVAL’S THEOREM 


It 
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Parseval’s Theorem 

Let E(t) be a continuous function and E(é) and E, be 
FOURIER TRANSFORM pairs so that 


E(t)= i Bye? dy. (1) 
E"(tj)= / Byte ay! (2) 
Then 
[- |E(t)|? dt = ia E(t)E*(t) dt 


-/ | E,e?™™ av | Roter"* iv dt 
= j J i BB ett tO'-") ay du! dt 
ones +3 
= ii / i EVE, * 2") dt dy dv' 
—oo J —0o9 ¥Y —00 
foe} fo =} 
= i / 6(v' — v) EVE,” dv dv’ 


oo 
=| BBs dy = [ |E,|? dv. (3) 


where 6(xz — zo) is the DELTA FUNCTION. 


For finite FOURIER TRANSFORM pairs fh; and Hn, 


\H|?. (4) 


If a function has a FOURIER SERIES given by 


f(x) = $a0+ Ss Gn cos(nz) + ys basin(nz), (5) 


then BESSEL’S INEQUALITY becomes an equality known 
as Parseval’s theorem. From (5), 


[f(z)]” = ja0° + a0 lan cos(nz) + bp sin(nz)| 
n=l 
+ so S° [a@n@m cos(nz) cos(mz) 


n=lm=1 
+anbm cos(nz) sin(mz) + ambn sin(nz) cos(mz) 


+brbm sin(nz) sin(mz)]. (6) 
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Integrating 


[cyt ae = ja” ie dz 


+ao i; [an cos(nz) + by sin(nz)] dx 


—T n=l 
+f S- S [anam cos(nx) cos(ma) 
—® n=1m=1 


+anbm cos(nz) sin(mz) + @mbn sin(nz) cos(mz) 
tbnbm sin(nx) sin(mz)] dx = 4ao7(2m) + 0 


oOo oo 


+ S- S- [@n@mAOnm + 0 + 0 + brbmTnm), (7) 


n=1m=1 


so 


: / (f(a)? dx = da? + So (an? + ba) (8) 


n=1 


For a generalized FOURIER SERIES with a COMPLETE 
Basis {@:}f21, an analogous relationship holds. For a 
COMPLEX FOURIER SERIES, 


x | W(@)Pde= S$ lanl’. (9) 
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Part Metric 
A METRIC defined by 


In u(z) 


u(w) 


d(z,w) = sup | 


ven", 


where H+ denotes the POSITIVE HARMONIC FUNC- 
TIONS on a DOMAIN. The part metric is invariant under 
CONFORMAL Maps for any DOMAIN. 
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Partial Derivative 

Partial derivatives are defined as derivatives of a func- 
tion of multiple variables when all but the variable of 
interest are held fixed during the differentiation. 


of _ 

Ofm 

lim F(ta, 2m +h, .--,@n) — F(@1,--- 1 Bm ++ Bn) 
h—0 h 


(1) 


Partial Derivative 


The above partial derivative is sometimes denoted fz,, 
for brevity. For a “nice” 2-D function f(z,y) (ie., one 
for which f, fc, fy, fey, fye exist and are continuous 
in a NEIGHBORHOOD (a,6)), then fzy(a,b) = fyz(a, b). 
Partial derivatives involving more than one variable are 
called MIXED PARTIAL DERIVATIVES. 


For nice functions, mixed partial derivatives must be 
equal regardless of the order in which the differentiation 
is performed so, for example, 


fey = fye (2) 
facy = faye = fyes- (3) 


For an EXACT DIFFERENTIAL, 


so 


If the continuity requirement for MIXED PARTIALS is 
dropped, it is possible to construct functions for which 
MIXED PARTIALS are not equal. An example is the func- 
tion 


ay(2?—y?) = 
fey) = rae EDO (18) 
for (x,y) = 0, 
which has fz,{0,0) = —1 and fyz(0,0) = 1 (Wagon 


1991). This function is depicted above and by Fischer 
(1986). 


Abramowitz and Stegun (1972) give FINITE DIFFER- 
ENCE versions for partial derivatives. 


see also ABLOWITZ~RAMANI-SEGUR CONJECTURE, DE- 
RIVATIVE, MIXED PARTIAL DERIVATIVE, MONKEY SAD- 
DLE 
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Partial Differential Equation 


Partial Differential Equation 

A partial differential equation (PDE) is an equation in- 
volving functions and their PARTIAL DERIVATIVES; for 
example, the WAVE EQUATION 


pilot (1) 


In general, partial differential equations are much more 
difficult to solve analytically than are ORDINARY DIF- 
FERENTIAL EQUATIONS. They may sometimes be solved 
using a BACKLUND TRANSFORMATION, CHARACTERIS- 
TIC, GREEN’S FUNCTION, INTEGRAL TRANSFORM, LAX 
PAIR, SEPARATION OF VARIABLES, or—when all else 
fails (which it frequently does)—numerical methods. 


Fortunately, partial differential equations of second- 
order are often amenable to analytical solution. Such 
PDEs are of the form 


Ates + 2Busy + Cuyy + Duz + Euy+F=0. (2) 


Second-order PDEs are then classified according to the 
properties of the MATRIX 


A B 
Z= E al (3) 
as ELLIPTIC, HYPERBOLIC, or PARABOLIC. 


If Z is a POSITIVE DEFINITE MaTRIX, i.e., det(Z) > 0, 
the PDE is said to be ELLIPTIC. LAPLACE’S EQUATION 
and POISSON’S EQUATION are examples. Boundary con- 
ditions are used to give the constraint u(z,y) = g(x,y) 
on 002, where 


Ure + Uyy = f(us, Uy; U, Zz, y) (4) 


holds in 2. 


If det(Z) < 0, the PDE is said to be HYPERBOLIC. The 
WAVE EQUATION is an example of a hyperbolic par- 
tial differential equation. Initial-boundary conditions 
are used to give 


u(z,y,t) =g(a,y,t) forc€d2,t>0 (5) 


u(z,y,0) =vo(z,y) nQ (6) 
u(z,y,0) =wu(z,y) in, (7) 
where 
Uny = f (uz, Ut, Z,Y) (8) 
holds in 2. 


If det(Z) = 0, the PDE is said to be parabolic. The 
HEAT CONDUCTION EQUATION equation and other dif- 
fusion equations are examples. Initial-boundary condi- 
tions are used to give 


u(z,t) = g(#,t) forz €d0,t>0 (9) 
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u(z,0)= v(x) forr EQ, (10) 
where 
Use = f (ua, Uy, U, 2, Y) (11) 
holds in 2. 


see also BACKLUND TRANSFORMATION, BOUNDARY 
CONDITIONS, CHARACTERISTIC (PARTIAL DIFFEREN- 
TIAL EQUATION), ELLIPTIC PARTIAL DIFFERENTIAL 
EQUATION, GREEN’S FUNCTION, HYPERBOLIC PAR- 
TIAL DIFFERENTIAL EQUATION, INTEGRAL TRANS- 
FORM, JOHNSON’S EQUATION, LAX PAIR, MONGE- 
AMPERE DIFFERENTIAL EQUATION, PARABOLIC PAR- 
TIAL DIFFERENTIAL EQUATION, SEPARATION OF VARI- 
ABLES 
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Partial Fraction Decomposition 

A RATIONAL FUNCTION P(zx)/Q(az) can be rewritten 
using what is known as partial fraction decomposition. 
This procedure often allows integration to be performed 
on each term separately by inspection. For each factor 
of Q(x) the form (az + 6)™, introduce terms 


Ar + _ Ar + + Am (1) 
ar+b  (ax+b)? 7" (ax +b)" 

For each factor of the form (az + br + c)™, introduce 
terms 


Ayx+ By Azz + Ba Amt+ Bn 
az?+br+c (az?+br4+c)? “°° (ax? +bu+c)™" 
(2) 
Then write 
P(z) = At Agr + Bo (3) 
Q(z)” az+b "az? +br+c 


and solve for the A;s and B;s. 
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Partial Latin Square 

In a normal nxn LATIN SQUARE, the entries in each row 
and coluimu are chosen from a “global” set of n objects. 
Like a Latin square, a partial Latin square has no two 
rows or columns which contain the same two symbols. 
However, in a partial Latin square, each cell is assigned 
one of its own set of n possible “local” (and distinct) 
symbols, chosen from an overall set of more than three 
distinct symbols, and these symbols may vary from lo- 
cation to location. For cxample, given the possible sym- 
bols {1, 2, ..., 6} which must. be arranged as 


{1,2,3} {1,3,4} {2,5,6} 
{2,3,5} {1,2,3} {4,5,6} 
{4, 3, 6} {3, 5,6} {2, 3, 5}, 


the 3 x 3 partial Latin square 


On = 
om Ww 
w oh 


can be constructed. 
see also DINITZ PROBLEM, LATIN SQUARE 
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Partial Order 

A RELATION “<” is a partial order on a SET S if it has: 
1. Reflexivity: a < a for allac S. 

2. Antisymmetry: a < b and b < a implies a = b. 


3. Transitivity: a <b and b<c implies a<c 


For a partial order, the size of the longest CHAIN (AN- 
TICHAIN) is called the LENGTH (WIDTH). A partially 
ordered set is also called a POSET. 

see also ANTICHAIN, CHAIN, FENCE POSET, IDEAL 
(PARTIAL ORDER), LENGTH (PARTIAL ORDER), LIN- 
EAR EXTENSION, PARTIALLY ORDERED SET, TOTAL 
OrnpeR, WIDTH (PARTIAL ORDER) 
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Partial Quotient 
If the SIMPLE CONTINUED FRACTION of a REAL NuM- 
BER 2 is given by 


x = a9 + ———_—____—_, 


then the quantities a; are called partial quotients. 


see also CONTINUED FRACTION, CONVERGENT, SIMPLE 
CONTINUED FRACTION 


Partition 


Partially Ordered Set 

A partially ordered set (or PoSET) is a SET taken to- 
gether with a PARTIAL ORDER on it. Formally, a par- 
tially ordered set is defined as an ordered pair P = 
(X,<), where X is called the GROUND SET of P and 
< is the PARTIAL ORDER of P. 


see also CIRCLE ORDER, COVER RELATION, DomMI- 
NANCE, GROUND SET, HASSE DIAGRAM, INTERVAL OrR- 
DER, ISOMORPHIC POSETS, PARTIAL ORDER, POSET 
DIMENSION, REALIZER, RELATION 
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Particularly Well-Behaved Functions 
Functions which have DERIVATIVES of all orders at all 
points and which, together with their DERIVATIVES, fall 
off at least as rapidly as |z|~” as |z| - oo, no matter 
how large n is. 


see also REGULAR SEQUENCE 


Partisan Game 

A GAME for which each player has a different set of 
moves in any position. Every position in an IMPARTIAL 
GAME has a NIM- VALUE. 


Partition 

A partition is a way of writing an INTEGER n as a sum 
of POSITIVE INTEGERS without regard to order, possibly 
subject to one or more additional constraints. Particu- 
lar types of partition functions include the PARTITION 
FuNCTION P, giving the number of partitions of a num- 
ber without regard to order, and PARTITION FUNCTION 
Q, giving the number of ways of writing the INTEGER n 
as a sum of POSITIVE INTEGERS without regard to order 
with the constraint that all INTEGERS in each sum are 
distinct. 


see also AMENABLE NUMBER, DURFEE SQUARE, EL- 
DER’S THEOREM, FERRERS DIAGRAM, GRAPHICAL 
PARTITION, PARTITION FUNCTION P, Partition Func- 
tion Q, PERFECT PARTITION, PLANE PARTITION, SET 
PARTITION, SOLID PARTITION, STANLEY’S THEOREM 
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Partition Function P 


Partition Function P 

P(n) gives the number of ways of writing the INTEGER 
nas a sum of POSITIVE INTEGERS without regard to 
order. For example, since 4 can be written 


4=4 

=3+41 

=242 

=2+1+1 

=1+1+1+1, (1) 


so P(4) = 5. P(n) satisfies 

P(n) < 3[P(n+ 1) + P(n- 1)] (2) 
(Honsberger 1991). The values of P(n) for n = 1, 2, 
.., are 1, 2, 3, 5, 7, 11, 15, 22, 30, 42, ... (Sloane’s 


A000041). The following table gives the value of P(n) 
for selected small n. 


a 


n P(n) 
50 204226 
100 190569292 
200 3972999029388 
300 9253082936723602 
400 6727090051741041926 
500 2300165032574323995027 
600 458004788008144308553622 
700 60378285 202834474611028659 
800 5733052172321422504456911979 
900 415873681190459054784114365430 
1000 | 24061467864032622473692149727991 


n for which P(n) is PRIME are 2, 3, 4, 5, 6, 13, 36, 
77, 132, 157, 168, 186, ... (Sloane’s A046063). Num- 
bers which cannot be written as a PRODUCT of P(n) are 
13, 17, 19, 23, 26, 29, 31, 34, 37, 38, 39, ... (Sloane’s 
A046064), corresponding to numbers of nonisomorphic 
ABELIAN GROUPS which are not possible for any group 
order. 


When explicitly listing the partitions of a number n, 
the simplest form is the so-called natural representation 
which simply gives the sequence of numbers in the rep- 
resentation (e.g., (2, 1, 1) for the number 4 = 2+1+1). 
The multiplicity representation instead gives the number 
of times each number occurs together with that number 
(e.g., (2, 1), (1, 2) for 4 = 2-1+4+1-2). The FERRERS 
DIAGRAM is a pictorial representation of a partition. 


Euler invented a GENERATING FUNCTION which gives 
rise to a POWER SERIES in P(n), 


P(n) = S0(-1)"™"[P(n 3m(3m 1) 


+P(n —4m(3m+1))). (3) 
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A RECURRENCE RELATION is 
n—-l 
P(n) = — Yo o(n—m)P(m), (4) 
m=0 


where a(n) is the DivisoR FUNCTION (Berndt 1994, 
p. 108). Euler also showed that, for 


oO oo 


[esr j= Ss" ere? (5) 


m=1 n=—0o 


=l-g-a' tao ta’ —o? 2 407% 407% 4+..., (6) 


Ill 


f(z) 


where the exponents are generalized PENTAGONAL 
NuMBERS 0, 1, 2, 5, 7, 12, 15, 22, 26, 35, ... (Sloane’s 
A001318) and the sign of the kth term (counting 0 as 
the Oth term) is (—1)!**1)/2) (with [a| the FLoor 
FUNCTION), the partition numbers P(n) are given by 
the GENERATING FUNCTION 


co 
1 
= P(n)zx”. 7 
Fa) X (n) (7) 
MacMahon obtained the beautiful RECURRENCE RELA- 


TION 


P(n) - P(n- 1) - P(n-2)+ P(n-5)+P(n—-7) 
—P(n—12) — P(n—15)+...=0, (8) 


where the sum is over generalized PENTAGONAL NUM- 
BERS <n and the sign of the kth term is (—1)!(#+1)/21 , 
as above. 


In 1916-1917, Hardy and Ramanujan used the CIRCLE 
METHOD and elliptic MODULAR FUNCTIONS to obtain 
the approximate solution 


1 nr /2n/3 
P(n)~ e f 9 
(n) ie (9) 
Rademacher (1937) subsequently obtained an exact se- 
ries solution which yields the Hardy-Ramanujan FOR- 
MULA (9) as the first term: 


oO 
P(n) = 5 La (n)v4(n), (10) 
ql 
where 
2 
K=n/= 1 
nf? (11) 
Li(ny=). age (12) 
p 
Wpg Serre (13) 
i 1 
ae 2d Sa os) NO 
Spa (2 || x) (14) 
p=1 
An =4/n-— 4% (15) 


va J a | sinh (*") 
1-412 ra : , (16) 
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[2] is the FLOOR FUNCTION, and p runs through the 
INTEGERS less than and RELATIVELY PRIME to q (when 
q=1,p=0). The remainder after Q terms is 


R(Q) < CQ 4 Dy/ sian (4) : (17) 


where C and D are fixed constants. 


With f(x) as defined above, Ramanujan also showed 
that 


ae 


Fis 2 P(5m+4)a™. (18) 


Ramanujan also found numerous CONGRUENCES such as 


P(5m + 4) =0 (mod 5) (19) 
P(7m +5) =0 (mod 7) (20) 
P(11m +6) =0 (mod 11). (21) 


RAMANUJAN’S IDENTITY gives the first of these. 


Let Po(n) be the number of partitions of n containing 
ODD numbers only and Pp(n) be the number of parti- 
tions of n without duplication, then 


fo. 2) 
Po(n)=Pr(n)= [TT (tak+a% +a +...) 
k=1,3,... 
fo 2) 
2 3 4 5 
= TI l+a*)=1l+e+e7+20°+207+32°+..., (22) 


as discovered by Euler (Honsberger 1985). The first few 
values of Po = Pp are 1, 1, 1, 2, 2, 3, 4, 5, 6, 8, 10,... 
(Sloane’s A000009). 


Let Pe(n) be the number of partitions of EVEN num- 
bers only, and let Pgo({n) (Ppo(n)) be the number of 
partitions in which the parts are all EVEN (ODD) and 
all different. The first few values of Poo(n) are 1, 1, 0, 
1, 1, 1,1, 1, 2, 2, 2, 2, 3, 3, 3, 4,... (Sloane’s A000700). 
Some additional GENERATING FUNCTIONS are given by 
Honsberger (1985, pp. 241-242) 


oo 
P n 
no even part repeated (n)a 
nol 
ai Te - g?k-1) 
on) 


n 
y Pao part occurs more than 3 times(N)& 


n=1 


“(14 27") (23) 


=[[at+et+2%+e0%) (24) 


k=1 
Ph gitk 
=|] = (25) 
k=1 


[ove] 


7 
> Pras part divisible by a(n)x 


n=l 
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fos} 
S Pas part occurs more than d times(7)z” 
n=1 
d 
7 Ass gltt hk 
=[12" =| 4-2 & 
k=1 i=0 k=1 
oo 
Pevery part occurs 2, 3, or 5 times(n)2™ 
n=1 
= [Ja + g7* +4 23* + 2°*) 
k=1 
4k 6k 
a 2k Bky _ 1-2" l-2x 
= Lore \Q+tea as aT (27) 
°° 
} Pao part occurs exactly once() x” 
n=1 


=(1+27* + 2%* = II eet sc leeeere 2” (28) 
: (1 — x?*)(1 — 23%)" 

Some additional interesting theorems following from 

these (Honsberger 1985, pp. 64-68 and 143-146) are: 


1. The number of partitions of n in which no EVEN part 
is repeated is the same as the number of partitions of 
n in which no part occurs more than three times and 
also the same as the number of partitions in which 
no part is divisible by four. 


2. The number of partitions of n in which no part oc- 
curs more often than d times is the same as the num- 
ber of partitions in which no term is a multiple of 
d+1. 

3. The number of partitions of n in which each part ap- 
pears either 2, 3, or 5 times is the same as the number 
of partitions in which each part is CONGRUENT mod 
12 to either 2, 3, 6, 9, or 10. 

4. The number of partitions of n in which no part ap- 
pears exactly once is the same as the number of par- 
titions of n in which no part is CONGRUENT to 1 or 
5 mod 6. 


5. The number of partitions in which the parts are all 
EVEN and different is equal to the absolute differ- 
ence of the number of partitions with ODD and EVEN 
parts. 


P(n,k), also written P,(n), is the number of ways of 
writing n as a sum of k terms, and can be computed 
from the RECURRENCE RELATION 


P(n,k) = P(n—1,k —1) + P(n—k,k) (29) 


(Ruskey). The number of partitions of n with largest 
part k is the same as P(n,k). 


The function P(n, k) can be given explicitly for the first 
few values of k, 


P(n,2) = | in| (30) 
P(n,3) = [4n7], (31) 


Partition Function Q 


where [| is the FLOOR FUNCTION and [2] is the NINT 
function (Honsberger 1985, pp. 40-45). 


see also ALCUIN’S SEQUENCE, ELDER’S THEOREM, BU- 
LER’S PENTAGONAL NUMBER THEOREM, FERRERS DI- 
AGRAM, PARTITION FUNCTION Q, PENTAGONAL NUM- 
BER, rx{n), ROGERS-RAMANUJAN IDENTITIES, STAN- 
LEY’S THEOREM 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Unrestricted 
Partitions.” §24.2.1 in Handbook of Mathematical Func- 
tions with Formulas, Graphs, and Mathematical Tables, 
9th printing. New York: Dover, p. 825, 1972. 

Adler, H. “Partition Identities—From Euler to the Present.” 
Amer. Math. Monthly 76, 733-746, 1969. 

Adler, H. “The Use of Generating Functions to Discover and 
Prove Partition Identities.” Two-Year College Math. J. 
10, 318-329, 1979. 

Andrews, G. Encyclopedia of Mathematics and Its Applica- 
tions, Vol. 2: The Theory of Partitions. Cambridge, Eng- 
land: Cambridge University Press, 1984. 

Berndt, B. C. Ramanujan’s Notebooks, Part IV. New York: 
Springer-Verlag, 1994. 

Conway, J. H. and Guy, R. K. The Book of Numbers. New 
York: Springer-Verlag, pp. 94-96, 1996. 

Honsberger, R. Mathematical Gems III. Washington, DC: 
Math. Assoc. Amer., pp. 40-45 and 64-68, 1985. 

Honsberger, R. More Mathematical Morsels. Washington, 
DC: Math. Assoc. Amer., pp. 237-239, 1991. 

Jackson, D. and Goulden, I. Combinatorial Enumeration. 
New York: Academic Press, 1983. 

MacMahon, P. A. Combinatory Analysis. 
Chelsea, 1960. 

Rademacher, H. “On the Partition Function p(n).” Proc. 
London Math. Soc, 43, 241-254, 1937. 

Ruskey, F. “Information of Numerical Partitions.” http:// 
sue.csc.uvic.ca/-cos/inf/nump/NumPartition. html. 
Sloane, N. J. A. Sequences A000009/M0281, A000041/ 
M0663, and A000700/M0217 in “An On-Line Version of 

the Encyclopedia of Integer Sequences.” 


New York: 


Partition Function Q 

Q(n) gives the number of ways of writing the INTEGER n 
as asum of POSITIVE INTEGERS without regard to order 
with the constraint that all INTEGERS in each sum are 
distinct. The values for n = 1, 2,... are 1, 1, 2, 2, 3, 4, 
5, 6, 8, 10, ... (Sloane’s A000009). The GENERATING 
FUNCTION for Q(n) is 


foe] 


1 
i bese (1 = g2mtt) 


=l+ot+e?4+2r°+2274+32°+.... 


(1+2”) = 


m=1 


The values of n for which Q(n) is PRIME are 3, 4, 5, 
7, 22, 70, 100, 495, 1247, 2072, ... (Sloane’s A046065), 
with no others for n < 15,000. 


The number of PARTITIONS of n with < k summands is 
denoted g(n,k) or g.({n). Therefore, gn(n) = P(n) and 


qx(m) = gqe—i(n) + gx(nm — k). 


see also PARTITION FUNCTION P 
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Party Problem 

Also known as the MAXIMUM CLIQUE PROBLEM. Find 
the minimum number of guests that must be invited so 
that at least m will know each other or at least n will not 
know each other. The solutions are known as RAMSEY 
NUMBERS. 


see also CLIQUE, RAMSEY NUMBER 


Parzen Apodization Function 
An APODIZATION FUNCTION similar to the BARTLETT 
FUNCTION. 


see also APODIZATION FUNCTION, BARTLETT FUNC- 
TION 
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Pascal Distribution 
see NEGATIVE BINOMIAL DISTRIBUTION 


Pascal’s Formula 

Each subsequent row of PASCAL’S TRIANGLE is obtained 
by adding the two entries diagonally above. This follows 
immediately from the BINOMIAL COEFFICIENT identity 


n\ _ n! _ (n-1)!n 
é ~(n—ryir! (n—r)ir! 


_(n-I)i(n-r) , (n—-1)!r 
~  (n—rylr! (n—r)!r! 
_  (n—1)! (n-1)! 
~ (n-r—1yir! ) (n—r)'(r—-1)! 


_fn-1 + n-1 
- r an 
see also BINOMIAL COEFFICIENT, PASCAL’S TRIANGLE 


Pascal’s Hexagrammum Mysticum 
see PASCAL’S THEOREM 


Pascal’s Limagon 
see LIMAGON 


Pascal Line 
The line containing the three points of the intersection 
of the three pairs of opposite sides of two TRIANGLES. 


see also PASCAL’S THEOREM 


1324 Pascal’s Rule 


Pascal’s Rule 
see PASCAL’S FORMULA 


Pascal’s Theorem 


The dual of BRIANCHON’S THEOREM. It states that, 
given a (not necessarily REGULAR, or even CONVEX) 
HEXAGON inscribed in a CONIC SECTION, the three 
pairs of the continuations of opposite sides meet on a 
straight LINE, called the PASCAL LINE. There are 6! 
(6! means 6 FACTORIAL, where 6! = 6-5-4-3-2-1) 
possible ways of taking all VERTICES in any order, but 
among these are six equivalent CYCLIC PERMUTATIONS 
and two possible orderings, so the total number of dif- 
ferent hexagons (not all simple) is 


6! 720 
6° 


There are therefore a total of 60 PASCAL LINES created 
by connecting VERTICES in any order. These intersect 
three by three in 20 STEINER POINTS. 


see also BRAIKENRIDGE-MACLAURIN CONSTRUCTION, 
BRIANCHON’S THEOREM, CAYLEY-BACHARACH THEO- 
REM, CONIC SECTION, DUALITY PRINCIPLE, HEXAGON, 
PAPPuS’S HEXAGON THEOREM, PASCAL LINE, STEINER 
POINTS 
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Pascal’s Triangle 
A TRIANGLE of numbers arranged in staggered rows 


such that 
n! _f[n 
ri(n—r)i Co QQ) 


where (") is a BINOMIAL COEFFICIENT. The trian- 
gle was studied by B. Pascal, although it had been 
described centuries earlier by Chinese mathematician 


dar = 


Pascal’s Triangle 


Yanghui (about 500 years earlier, in fact) and the Ara- 
bian poet-mathematician Omar Khayyam. It is there- 
fore known as the YANGHU1 TRIANGLE in China. Start- 
ing with n = 0, the TRIANGLE is 


13 3 1 
146441 
1 5 10 10 5 1 
1 6 15 20 15 6 1 


(Sloane’s A007318). PascAL’s FORMULA shows that 
each subsequent row is obtained by adding the two en- 
tries diagonally above, 


n n} n-1 n-1 
(Joma (+2) ® 


1 


In addition, the “SHALLOW DIAGONALS” of Pascal’s tri- 
angle sum to FIBONACCI NUMBERS, 


- ky (—1)"9F2(1,2,1 — nj 3(3 — n),2 — 3n;-3) 
pa is n(2 — 3n +n?) 
= £n4+1) (3) 


where 3F2(a, b,c; d,e; z) is a GENERALIZED HYPERGEO- 
METRIC FUNCTION. 


Pascal’s triangle contains the FIGURATE NUMBERS 
along its diagonals. It can be shown that 


m+ 
So ais = Fs = Unt.) (4) 


(pm (Fe 


eae (27) oe= (4 vlm tay” =u, (5) 


Mm 


Pascal’s Triangle 


The “shallow diagonals” sum to the FIBONACCI SE- 
QUENCE, i.e., 


1=1 
1=1 

2=14+1 

3=241 

5=1+3+1 

8=34+441. (6) 


In addition, 


i 


Soa = 2-1. (7) 


j=l 


It is also true that the first number after the 1 in each 
row divides all other numbers in that row IFF it is a 
PRIME. If P, is the number of ODD terms in the first n 
rows of the Pascal triangle, then 


0.812... < Pan7'7?2/P3 <4 (8) 


(Harborth 1976, Le Lionnais 1983). 


The BINOMIAL COEFFICIENT (™) mod 2 can be com- 
puted using the XOR operation n XOR m, making Pas- 
cal’s triangle mod 2 very easy to construct. Pascal’s tri- 
angle is unexpectedly connected with the construction 
of regular POLYGONS and with the SIERPINSKI SIEVE. 


see alsv BELL TRIANGLE, BINOMIAL COEFFICIENT, BI- 
NOMIAL THEOREM, BRIANCHON’S THEOREM, CATA- 
LAN’S TRIANGLE, CLARK’S TRIANGLE, EULER’S TRI- 
ANGLE, FIBONACCI NUMBER, FIGURATE NUMBER 
TRIANGLE, LEIBNIZ HARMONIC TRIANGLE, NUMBER 
TRIANGLE, PASCAL’S FORMULA, POLYGON, SEIDEL- 
ENTRINGER-ARNOLD TRIANGLE, SIERPINSKI SIEVE, 
TRINOMIAL TRIANGLE 
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Pascal’s Wager 

“God is or He is not... Let us weigh the gain and the 
loss in choosing... ‘God is.’ If you gain, you gain all, if 
you lose, you lose nothing. Wager, then, unhesitatingly, 
that He is.” 


Pasch’s Axiom 

In the plane, if a line intersects one side of a TRIANGLE 
and misses the three VERTICES, then it must intersect 
one of the other two sides. This is a special case of the 
generalized MENELAUS’ THEOREM with n = 3. 


see also HELLY’S THEOREM, MENELAUS’ THEOREM, 
PASCH’S THEQREM 


Pasch’s Theorem 

A theorem stated in 1882 which cannot be derived from 
BUCLID’S POSTULATES. Given points a, 6, c, and d on 
a LINE, if:it is ‘known that the points are ordered as 
(a, b,c) and (6, c, d); it is also true that (a,b, d). 

see also KUGLIN’S POSTULATES, LINE, PASCH’S AXIOM 


Pass Equivalent 

Two KNOTS are pass equivalent if there exists a sequence 
of pass moves taking one to the other. Every KNOT 
is either pass equivalent to the UNKNOT or TREFOIL 
Knot. These:two'knots are not pass equivalent to each 
other, but the: ENANTIOMERS of the TREFOIL KNOT are 
pass equivalent. A KNoT has ARF INVARIANT 0 if the 
KNOT is pass equivalent to the UNKNOT and 1 if it is 
pass equivalent to the TREFOIL KNOT. 


see also ARF INVARIANT, KNOT, PASS MOVE, TREFOIL 
KNOT, UNKNOT 
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Pass Move 

A change in a knot projection such that a pair of oppo- 
sitely oricnted strands are passed through another pair 
of oppositely oriented strands. 


see also PASS EQUIVALENT 


Patch 

A patch (also called a LOCAL SURFACE) is a differen- 
tiable mapping x : U — IR”, where U is an open subset 
of R?. More generally, if A is any Susser of R?, then 
a map x: A - R” is a patch provided that x can be 
extended to a differentiable map from U/ into IR”, where 
U is an open set containing A. Here, x(U) (or more 
generally, x(A)) is called the TRACE of x. 

see also Gauss Map, INJECTIVE PATCH, MONGE 
PATCH, REGULAR PATCH, TRACE (Map) 
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Path 

A path ¥ is a continuous mapping 7 : [a,b] 4 C, where 
y(a) is the initial point and (0) is the final point. It is 
often written parametrically as o(t). 


Path Graph 

The path P,, is a TREE with two nodes of valency 1, and 
the other n — 2 nodes of valency 2. Path graphs P, are 
always GRACEFUL for n > 4. 


see also CHAIN (GRAPH), GRACEFUL GRAPH, HAMIL- 
TONIAN PATH, TREE 


Path Integral 
Let y be a PATH given parametrically by a(t). Let s 
denote ARC LENGTH from the initial point. Then 


/ 1e)\ai= ; f(o(t)) jo'(e)|at 
= / Fla(t), y(t), 2(t)) |o’ (t)| at. 


see also LINE INTEGRAL 
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Pathwise-Connected 

A TOPOLOGICAL SPACE X is pathwise-connected IFF 
for every two points z,y € X, there is a CONTINUOUS 
FUNCTION f from [0,1] to X such that f(0) = x and 
f(1) = y. Roughly speaking, a SPACE X is pathwise- 
connected if, for every two points in X, there is a path 
connecting them. For LOCALLY PATHWISE-CONNECTED 
SPACES (which include most “interesting spaces” such as 
MANIFOLDS and CW-COMPLEXES), being CONNECTED 
and being pathwise-connected are equivalent, although 
there are connected spaces which are not pathwise con- 
nected. Pathwise-connected spaces are also called 0- 
connected. 


see also CONNECTED SPACE, CW-COMPLEX, LOCALLY 
PATHWISE-CONNECTED SPACE, TOPOLOGICAL SPACE 


Patriarchal Cross 
see GAULLIST CROSS 


Pauli Matrices 
Matrices which arise in Pauli’s treatment of spin in 
quantum mechanics. They are defined by 


O10, = Pig le | (1) 
oy =0y=P2= Ee s| (2) 
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Peacock’s Tail 
The Pauli matrices plus the 2 x 2 IDENTITY MATRIX 
| form a complete set, so any 2 x 2 matrix A can be 


expressed as 


A = colt ci01 + coo2 + €303. (4) 


The associated matrices 


22/5 | (5) 
c=? | (6) 
eal) | (7) 


can also be defined. The Pauli spin matrices satisfy the 
identities 
aio; = diz + €ijnion (8) 


010; + 0;0; = 20:4; (9) 


OzP2 + CyPy + OzPz2 = \/ Da*® + Py? + pe. (10) 


see also DIRAC MATRICES, QUATERNION 
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Pauli Spin Matrices 
see PAULI MATRICES 


Payoff Matrix 

A m xn MATRIX which gives the possible outcome of a 
two-person ZERO-SUM GAME when player A has m pos- 
sible strategies and player B n strategies. The analysis of 
the MATRIX in order to determine optimal strategies is 
the aim of GAME THEORY. The so-called “augmented” 
payoff matrix is defined as follows: 


Po P; Py +++ Py Pasi Pata +t Prim 
0 1 1 os: 0 i) 0 re 0 
=1 “Giz. Gi, 8? ayy 1 0 ee 0 
G= -1 an Gaz Gan 0 1 0 
—1 Gm. Ome *** Gmn 0 O te 1 


see also GAME THEORY, ZERO-SUM GAME 


Peacock’s Tail 
One name for the figure used by Euclid to prove the 
PYTHAGOREAN THEOREM. 


see also BRIDE’S CHAIR, WINDMILL 


Peano Arithmetic 


Peano Arithmetic 

The theory of NATURAL NUMBERS defined by the five 
PEANO’S AXIOMS. Any universal statement which is 
undecidable in Peano arithmetic is necessarily TRUE. 
Undecidable statements may be either TRUE or FALSE. 
Paris and Harrington (1977) gave the first “natural” ex- 
ample of a statement which is true for the integers but 
unprovable in Peano arithmetic (Spencer 1983). 


see also KREISEL CONJECTURE, NATURAL INDEPEN- 
DENCE PHENOMENON, NUMBER THEORY, PEANO’S AX- 
IOMS 
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Peano’s Axioms 


1. Zero is a number. 


= 


If a is a number, the successor of a is a number. 


3. ZERO is not the successor of a number. 


sa 


Two numbers of which the successors are equal are 
themselves equal. 


5. (INDUCTION AXIOM.) Ifa set S of numbers contains 
ZERO and also the successor of every number in S, 
then every number is in S. 


Peano’s axioms are the basis for the version of NUMBER 
THEORY known as PEANO ARITHMETIC. 


see also INDUCTION AXIOM, PEANO ARITHMETIC 


Peano Curve 


A FRACTAL curve which can be written as a LINDEN- 
MAYER SYSTEM. 


see also DRAGON CURVE, HILBERT CURVE, LINDEN- 
MAYER SYSTEM, SIERPINSKI CURVE 
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Peano-Gosper Curve 


Sy 
5 SS 


A PLANE-FILLING CURVE originally called a FLOw- 
SNAKE by R. W. Gosper and M. Gardner. Mandel- 
brot (1977) subsequently coined the name Peano-Gosper 
curve. The GOSPER ISLAND bounds the space that the 
Peano-Gosper curve fills. 


see also DRAGON CURVE, EXTERIOR SNOWFLAKE, 
GOSPER ISLAND, HILBERT CURVE, KOCH SNOWFLAKE, 
PEANO CURVE, SIERPINSKI ARROWHEAD CURVE, SIER- 
PINSKI CURVE 
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Peano Surface 


The function 


f(x,y) = (2x? - y)(y — 2”) 


which does not have a LOCAL MAXIMUM at (0, 0), de- 
spite criteria commonly touted in the second half of the 
1800s which indicated the contrary. 


see also LOCAL MAXIMUM 
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1328 Pear-Shaped Curve 


The LEMNISCATE JL in the iteration towards the MAN- 
DELBROT SET. In CARTESIAN COORDINATES with a 
constant r, the equation is given by 

r? = (2? +y")(1+ 2a +52” + 62° + 6a* + 4a + 2° — 3y? 
—2ay? + 8a7y? + 82> x? + 3a4y? + 2y* + Acy* 
+3744 + y?). 


see also PEAR-SHAPED CURVE 


Pear-Shaped Curve 


A curve given by the Cartesian equation 
by? = 2*(a— 2). 


see also PEAR CURVE, TEARDROP CURVE 
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Pearson’s Correlation 
see CORRELATION COEFFICIENT 


Pearson-Cunningham Function 
see CUNNINGHAM FUNCTION 


Pearson’s Function 


st, ee aXe ae) 
2k—-1)) 2 fF P(e) 


where ['(z) is the GAMMA FUNCTION. 
see also CHI-SQUARED TEST, GAMMA FUNCTION 


Pearson Kurtosis 

Let psa be the fourth MOMENT of a DISTRIBUTION and 
o its VARIANCE. Then the Pearson kurtosis is defined 
by 


see also FISHER KURTOSIS, KURTOSIS 


Pearson System 


Pearson Mode Skewness 
Given a DISTRIBUTION with measured MEAN, MODE, 
and STANDARD DEVIATION s, the Pearson mode skew- 


ness is 
mean — mode 


s 


see also MEAN, MODE, PEARSON SKEWNESS, PEAR- 
SON’S SKEWNESS COEFFICIENTS, SKEWNESS 


Pearson Skewness 

Let a DISTRIBUTION have third MOMENT ys and STAN- 
DARD DEVIATION a, then the Pearson skewness is de- 
fined by 


see also FISHER SKEWNESS, PEARSON’S SKEWNESS Co- 
EFFICIENTS, SKEWNESS 


Pearson’s Skewness Coefficients 

Given a DISTRIBUTION with measured MEAN, MEDIAN, 
Mopg, and STANDARD DEVIATION s, Pearson’s first 
skewness coefficient is 


3[mean] — [mode] 
8 % 
and the second coefficient is 


3[mean] — {median] 
es 


see also FISHER SKEWNESS, PEARSON SKEWNESS, 
SKEWNESS 


Pearson System 
Generalizes the differential equation for the GAUSSIAN 
DISTRIBUTION 


dy _ y(m— 2x) 
7 arr @) 
to 
dy = y(m a L) (2) 


dz a+br+ cz?" 


Let ci, co be the roots of a+bx+cz?. Then the possible 
types of curves are 


0.b=c=0,a>0. E.g., NORMAL DISTRIBUTION. 


I. b?/dac < 0, c1 < & < cg. E.g., BETA DISTRIBU- 
TION. 


Il. b?/4ac = 0, ¢ < 0, -cr < @ < cy where cy = 
4/—c/a. 

Til. b? /4ac =o,c = 0,c1 < x < o where cy = 
~—a/b. E.g., GAMMA DISTRIBUTION. This case is 
intermediate to cases I and VI. 

IV. 0 < b?/4ac < 1, -co <2 < @w. 


V. 6?/4ac = 1, 1 < & < co where cx = ~6/2a. 
Intermediate to cases IV and VI. 


Pearson System 


VI. b?/4ac > 1, c1 < 2 < 00 where c; is the larger 
root. E.g., BETA PRIME DISTRIBUTION. 

VII. b?/4dac = 0, ¢ > 0, ~0o < x < oo Eg., STU- 
DENT’S t-DISTRIBUTION. 


Classes IX—XII are discussed in Pearson (1916). See also 
Craig (in Kenney and Keeping 1951). If a Pearson curve 
possesses a MODE, it will be at x = m. Let y(x) = 0 at 
ci and c2, where these may be —oo or oo. If yx"*? also 
vanishes at ci, C2, then the rth MOMENT and (r+ 1)th 
MOMENTS exist. 


C1 


oe dy r r+1 r42 - r r+1 
in (Ot +ba"'°+c2r"'") da = y(mz"—2""") dz 
cy 
(3) 
giving 
[y(ax” + bat! + ca" t*)) <2 


c2 
- / ylara”™—? + b(r + 1)2” 4+ e(r + 2)x"*"] dr 


cl 


=f oor —2"t!)dx (4) 


ec. 


cg 
0- / ylara”™* + b(r + 1)a” + c(r + 2)2"**] dr 


1 


also, 


©2 
we [ime 
C1 


arv,-1+d(r+1)y, + e(r + 2)ur41 = —my, + p41. (7) 


so 


For r= 0, 
b+ 22cm, = —-m +11, (8) 
so 4b 
m 
ea 1-—2¢ (9) 
For r= 1, 
a+ 2b + 3cr2 = —mv, + V2, (10) 
sO 


_@ os (m + 26)14 
vy2Z4= 1_ 3c . (11) 


Now let t = (a —1)/o. Then 


wy 0 (12) 
v2 = 2 > 1 (13) 
Or = Ur =p. (14) 
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Hence b = —m, and a=1-—cso 
(1 ~ 3c)rar_-1 — mra, + [e(r + 2) — llarg1 = 0. (15) 


For r = 2, 
2m + (1 — 4c)a3 = 0. (16) 


For r = 3, 


3(1 — 3c) — 3maz3 — (1 — 5c)ag = 0. (17) 


So the SKEWNESS and KURTOSIS are 


N1 = a3 = Pain (18) 
meee 8= ee ya 
So the parameters a, b, and c can be written 
a=1-3c (20) 
b= —m = aH 1) 
= EE OT (22) 
where 5 an 
é= re ae (23) 
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Pearson Type III Distribution 
A skewed distribution which is similar to the BINOMIAL 


DISTRIBUTION when p # gq (Abramowitz and Stegun 
1972, p. 930). 


y = h(t + A)" —te74*, (1) 


for t € [0,00) where 


A= 2/7 (2) 
- At’ e~ 4” 
K= apy (3) 


T(z) is the GAMMA FUNCTION, and ¢ is a standardized 
variate. Another form is 


1 a-—a\?* wr O 
Pe) = as (25°) exp ( B ). (4) 
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For this distribution, the CHARACTERISTIC FUNCTION 
is 


o(t) = e***(1 — iBt)~”, (5) 


and the MEAN, VARIANCE, SKEWNESS, and KuRrTosis 
are 


H=at pp (6) 
a” = pf” (7) 
met (3) 

VP 
6 
72 = p (9) 
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Pearls of Sluze 


y™ =ke"(a—2)?. 


The curves with integral n, p, and m were studied by 
de Sluze between 1657 and 1698. The name “Pearls 
of Sluze” was given to these curves by Blaise Pascal 
(MacTutor Archive). 
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Peaucellier Cell 
see PEAUCELLIER INVERSOR 


Peaucellier Inversor 


A LINKAGE with six rods which draws the inverse of a 
given curve. When a pencil is placed at #, the inverse 
is drawn at P’ (or vice versa). If a seventh rod (dashed) 
is added (with an additional pivot), P is kept on a circle 
and the lacus traced out by P’ is a straight line. It there- 
fore converts circular motion to linear motion without 


Pedal Circle 


sliding, and was discovered in 1864. Another LINKAGE 
which performs this feat using hinged squares had been 
published by Sarrus in 1853 but ignored. Coxeter (1969, 
p. 428) shows that 


OP x OP' = OA? — PA’. 


see also HART’S INVERSOR, LINKAGE 
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Peaucellier’s Linkage 
gee PEAUCELLIER INVERSOR 


Pedal 

The pedal of a curve with respect to a point P is the 
locus of the foot of the PERPENDICULAR from P to 
the TANGENT to the curve. When a CLOSED CURVE 
rolls on a straight line, the AREA between the line and 
ROULETTE after a complete revolution by any point on 
the curve is twice the AREA of the pedal (taken with 
respect to the generating point) of the rolling curve. 


Pedal Circle 

The pedal CIRCLE of a point P in a TRIANGLE is the 
CIRCLE through the feet of the perpendiculars from P 
to the sides of the TRIANGLE (the CIRCUMCIRCLE about 
the PEDAL TRIANGLE). When P is on a side of the 
TRIANGLE, the line between the two perpendiculars is 
called the PEDAL LINE. Given four points, no three of 
which are COLLINEAR, then the four PEDAL CIRCLES of 
each point for the TRIANGLE formed by the other three 
have a common point through which the NINE-POINT 
CIRCLES of the four TRIANGLES pass. The radius of the 
pedal circle of a point P is 


(Johnson 1929, p. 141). 


see also MIQUEL POINT, NINE-POINT CIRCLE, PEDAL 
TRIANGLE 
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Pedal Coordinates 


Pedal Coordinates 

The pedal coordinates of a point P with respect to the 
curve C and the PEDAL POINT O are the radial distant 
r from O to P and the PERPENDICULAR distance p from 
O to the line L tangent to C' at P. 
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Pedal Curve 

Given a curve C, the pedal curve of C with respect to 
a fixed point O (the PEDAL POINT) is the locus of the 
point P of intersection of the PERPENDICULAR from O 
to a TANGENT to C. The parametric equations for a 
curve (f(t), g(t)) relative to the PEDAL POINT (0, yo) 
are 


xof + fg + (yo — 9)f'g' 


f” + g” 
42 12 roy 
y= of +9" + (wo Af 9 
f? + g'2? 
Curve Pole Pedal 
astroid center quadrifolium 
cardioid cusp Cayley’s sextic 
central conic focus circle 
circle any point limacgon 
circle on circumference cardioid 


circle involute center of circle Archimedean spiral 


cissoid of Diocles focus cardioid 
deltoid center trifolium 
deltoid cusp simple folium 
deltoid on the curve unsymmetrical 


double folium 


deltoid vertex double folium 
epicycloid center rose 
hypocycloid center rose 
line any point point 
logarithmic spiral pole logarithmic spiral 
parabola focus line 
parabola foot of directrix right strophoid 
parabola on directrix strophoid 
parabola refl. of focus by dir. Maclaurin trisectrix 
parabola vertex cissoid of Diocles 
sinusoidal spiral pole sinusoidal spiral 
Tschirnhausen focus of pedal parabola 

cubic 


see also NEGATIVE PEDAL CURVE 
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Pedal Line 

Mark a point P on a side of a TRIANGLE and draw the 
perpendiculars from the point to the two other sides. 
The line between the feet of these two perpendiculars is 
called the pedal line. 


see also PEDAL TRIANGLE, SIMSON LINE 


Pedal Point 
The fixed point with respect to which a PEDAL CURVE 
is drawn. 


Pedal Triangle 


A3 


A, P3 


Given a point P, the pedal triangle of P is the TRIANGLE 
whose VERTICES are the feet of the perpendiculars from 
P to the side lines. The pedal triangle of a TRIANGLE 
with TRILINEAR COORDINATES a: @: y and angles A, 
B, and C has VERTICES with TRILINEAR COORDINATES 


0:8+acosC:y+acosB (1) 
a+ BcosC:0:y7+fcosA (2) 
a+ycosB:8+-7cosA:0. (3) 


The third pedal triangle is similar to the original one. 
This theorem can be generalized to: the nth pedal n- 
gon of any n-gon is similar to the original one. It is also 
true that 

PoP; = AiPsinai (4) 


(Johnson 1929, pp. 135-136). The AREA A of the pedal 
triangle of a point P is proportional to the POWER of P 
with respect to the CIRCUMCIRCLE, 


2_ 7p? 
A= i(R’ - OP’)sin ay sin a2 sinas = aoa 
(5) 


(Johnson 1929, pp. 139-141). 


see also ANTIPEDAL TRIANGLE, FAGNANO’S PROBLEM, 
PEDAL CIRCLE, PEDAL LINE, SCHWARZ’S TRIANGLE 
PROBLEM 
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Peg Knot 
see CLOVE HITCH 


Peg Solitaire 


le 2, 3 
eo@e8 
4. 5. 6 

@ee 
9 10 IL 12, 13 
@eeoeee 8 
4 {5 [6 IT, 18. I9. 20 

@eeoe#ee 
21 22 23 24 «25 26 27 
e @eeese ® 


it 


28 29. 30 
@@e 6 


31 32. 33 
: e@@ 
A game played on a cross-shaped board with 33 holes. 
All holes but the middle one are initially filled with pegs. 
The goal is to remove all pegs but one by jumping pegs 
from one side of an occupied peg hole to an empty space, 
removing the peg which was jumped over. Strategies 
and symmetries are discussed in Beeler et al. (1972, Item 
75). A triangular version called H1-Q also exists (Beeler 
et al. 1972, Item 76). Kraitchik (1942) considers a board 
with one additional hole placed at the vertices of the 
central right angles. 


see also HI-Q 
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Peg Top 
see PIRIFORM 


Peirce’s Theorem 

The only linear associative algebra in which the coor- 
dinates are REAL NUMBERS and products vanish only 
if one factor is zero are the FIELD of REAL NUMBERS, 
the FIELD of COMPLEX NUMBERS, and the algebra of 
QUATERNIONS with REAL COEFFICIENTS. 


see also WEIERSTRAB’S THEOREM 


Pell Equation 
A special case of the quadratic DIOPHANTINE EQUATION 
having the form 

x? — Dy? =1, (1) 


where D is a nonsquare NATURAL NUMBER. Dorrie 
(1965) defines the equation as 
a’? — Dy =4 (2) 


and calls it the FERMAT DIFFERENCE EQUATION. The 
general Pell equation was solved by the Indian mathe- 
matician Bhaskara. 


Pell Equation 


Pell equations, as well as the analogous equation with 
a minus sign on the right, can be solved by finding the 
CONTINUED FRACTION [a1,@2,...] for VD. (The triv- 
ial solution z = 1, y = 0 is ignored in all subsequent 
discussion.) Let pn/gqn denote the nth CONVERGENT 
([a1,@2,...,@n], then we are looking for a convergent 
which obeys the identity 


on" = Dan” = (=1)", (3) 


which turns out to always be possible since the CONTIN- 
UED FRACTION of a QUADRATIC SURD always becomes 
periodic at some term a,41, where a,41 = 2a), Le., 


VD = (a1, a2, 0) Bai J). (4) 
Writing n = rk gives 
Prk’ — Dark” = (-1)™, (5) 
for k anPOSITIVE INTEGER. If r is ODD, solutions to 
a? — Dy? = +1 (6) 


can be obtained if k is chosen to be EVEN or ODD, but 
if r is EVEN, there are no values of k which can make 
the exponent ODD. 


If r is EVEN, then (—1)" is POsITIVE and the solution 
in terms of smallest INTEGERS is © = p, and y = qr, 
where p;/gr is the rth CONVERGENT. If r is ODD, then 
(-—1)" is NEGATIVE, but we can take k = 2 in this case, 
to obtain 


Por? = Daor* =1, (7) 


so the solution in smallest INTEGERS is x = por, y = Qar- 
Summarizing, 


_ J @r.@r) for r even 
a)= { (per,Ppar) for r odd. (8) 


Given one solution (x, y) = (p,q) (which can be found 
as above), a whole family of solutions can be found by 
taking each side to the nth POWER, 
x? — Dy? = (p® — Dq?)" =1. (9) 
Factoring gives 
(w+ VD y)(x«-VDy) = (p+ VDq)"(p—VDq)” (10) 
and 


c+VDy=(p | VDq)” (11) 
z—VDy=(p~VDq)", (12) 


Pell Equation 


which gives the family of solutions 


oe Sia NEZDEE onl (13) 
y = PtavDy" ~(p-avD)" (14) 
2VD 
These solutions also hold for 
zg? — Dy? = —1, (15) 


except that n can take on only ODD values. 


The following table gives the smallest integer solutions 
(x, y) to the Pell equation with constant D < 102 (Beiler 
1966, p. 254). SQUARE D = d? are not included, since 
they would result in an equation of the form 


x? = ay? =. Pi (dy)? -_ a? y? we! 1, (16) 


which has no solutions (since the difference of two 
SQUARES cannot be 1). 
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Pell Equation 


D x y| D z y 
2 3 2 54 485 66 
3 2 1} 55 89 12 
5 9 4] 56 15 2 
6 5 2 | 57 151 20 
7 8 3 | 58 19603 2574 
8 3 1 | 59 530 69 
10 19 6 | 60 31 4 
11 10 3 | 61 1766319049 226153980 
12 7 2 | 62 63 8 
13 649 180} 63 8 1 
14 15 4} 65 129 16 
15 4 1 | 66 65 8 
17 33 8 | 67 48842 5967 
18 17 4 | 68 33 4 
19 170 39] 69 7775 936 
20 9 21 70 251 30 
21 55 12] 71 3480 413 
22 197 42 72 17 2 
23 24 5 | 73 2281249 267000 
24 5 1 | 74 3699 430 
26 51 10 | 75 26 3 
27 26 5 | 76 57799 6630 
28 127 244 77 351 40 
29 9801 1820 | 78 53 6 
30 11 2 | 79 80 9 
31 1520 273 | 80 9 1 
32 17 3 | 82 163 18 
33 23 4] 83 82 9 
34 35 6 | 84 55 6 
35 6 1 | 85 285769 30996 
37 73 12) 86 10405 1122 
38 37 6 | 87 28 3 
39 25 4 | 88 197 21 
40 19 3 | 89 500001 . 53000 
41 2049 320] 90 19 2 
42 13 2] 91 1574 165 
43 3482 531 92 1151 120 
44 199 30] 93 12151 1260 
45 161 24] 94 2143295 221064 
46 24335 3588 | 95 39 4 
47 48 7) 96 49 5 
48 7 1 | 97 62809633 6377352 
50 99 14] 98 99 10 
51 50 7 | 99 10 1 
52 649 90 | 101 201 20 
53 66249 9100 | 102 101 10 


The first few minimal values of z and y for nonsquare D 
are 3, 2, 9, 5, 8, 3, 19, 10, 7, 649, ... (Sloane’s A033313) 
and 2, 1, 4, 2, 3, 1, 6, 3, 2, 180, ... (Sloane’s A033317), 
respectively. The values of D having z = 2, 3,... are 
3, 2, 15, 6, 35, 12, 7, 5, 11, 30, ... (Sloane’s A033314) 
and the values of D having y = 1, 2, ... are 3, 2, 7, 5, 
23, 10, 47, 17, 79, 26, ... (Sloane’s A033318). Values 
of the incrementally largest minimal z arc 3, 9, 19, 649, 
9801, 24335, 66249, ... (Sloane’s A033315) which occur 
at D = 2,5, 10, 13, 29, 46, 53, 61, 109, 181, ... (Sloane’s 
A033316). Values of the incrementally largest minimal 
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y are 2, 4, 6, 180, 1820, 3588, 9100, 226153980, ... 
(Sloane’s A033319), which occur at D = 2, 5, 10, 13, 29, 
46, 53, 61, ... (Sloane’s A033320). 


see also DIOPHANTINE EQUATION, DIOPHANTINE 
EQUATION—QUADRATIC, LAGRANGE NUMBER (DIO- 
PHANTINE EQUATION) 


References 

Beiler, A. H. “The Pellian.” Ch. 22 in Recreations in the The- 
ory of Numbers: The Queen of Mathematics Entertains. 
New York: Dover, pp. 248-268, 1966. 

Degan, C. F. Canon Pellianus. Copenhagen, Denmark, 1817. 
Dorrie, H. 100 Great Problems of Elementary Mathematics: 
Their History and Solutions. New York: Dover, 1965. 
Lagarias, J. C. “On the Computational Complexity of De- 
termining the Solvability or Unsolvability of the Equation 
X?—DY? = -1.” Trans. Amer. Math. Soc. 260, 485-508, 

1980. 

Smarandache, F. “Un metodo de resolucion de la ecuacion 
diofantica.” Gaz. Math. 1, 151-157, 1988. 

Smarandache, F. “ Method to Solve the Diophantine Equa- 
tion az? — by? +c = 0.” In Collected Papers, Vol. 1. 
Lupton, AZ: Erhus University Press, 1996. 

Stillwell, J. C. Mathematics and Its History. New York: 
Springer-Verlag, 1989. 

Whitford, E. E. Pell Equation. New York: Columbia Uni- 
versity Press, 1912. 


Pell-Lucas Number 
see PELL NUMBER 


Pell-Lucas Polynomial 
see PELL POLYNOMIAL 


Pell Number 

The numbers obtained by the Uns in the Lucas SE- 
QUENCE with P = 2 and Q = —1. They and the Pell- 
Lucas numbers (the V,s in the LUCAS SEQUENCE) sat- 
isfy the recurrence relation 


Pa = 2Pn-1 + Pr—2. (1) 


Using P; to denote a Pell number and Q; to denote a 
Pell-Lucas number, 


Prin PaPeaa + Pacis (2) 

Prin = 2PmQn — (-1)" Pm-n; (3) 

Potm = Pm(2Qm)(2Q2m)(2Qam)-+-(2Q2t-1m) (4) 
Qm? = 2Pm? + (-1)™ (5) 

Qam = 2Qm’ - (-1)™. (6) 

The Pell numbers have Po = 0 and P; = 1 and are 0, 
1, 2, 5, 12, 29, 70, 169, 408, 985, 2378, ... (Sloane’s 


A000129). The Pell-Lucas numbers have Qo = 2 and 
Q, = 2 and are 2, 2, 6, 14, 34, 82, 198, 478, 1154, 2786, 
6726, ... (Sloane’s A002203). 


The only TRIANGULAR Pell number is 1 (McDaniel 
1996). 


Pell Sequence 


see also BRAHMAGUPTA POLYNOMIAL, PELL POLYNOM- 
IAL 


References 

McDaniel, W. L. “Triangular Numbers in the Pell Sequence.” 
Fib. Quart. 34, 105-107, 1996. 

Sloane, N. J. A. Sequences A000129/M1413 and A002203/ 
M0860 in “An On-Line Version of the Encyclopedia of In- 
teger Sequences.” 


Pell Polynomial 

The Pell polynomials P(z) and Lucas-Pell polynomi- 
als Q(x) are generated by a LUCAS POLYNOMIAL SE- 
QUENCE using generator (2z,1). This gives recursive 
equations for P(x) from Po(x) = P,(z) = 1 and 


Pas2(x) = 2e2Pn4i(x) + Pa(x). (1) 


The first few are 


Pyo=1 
P, = 22 
P; = 42? —1 
Py = 82° — 4x 


Ps = 1604 — 1227 +1. 


The Pell-Lucas numbers are defined recursively by 
qo(z) = 1, m1 (2) = @ and 


Qn+2(t) = 2rgn41(2) + Qn(z), (2) 
together with 
Qn(x) = 2gn(z). (3) 
The first few are 
Q1 = 22 
Qe = 4x” -—2 
Q3 = 8a" — 6z 


Qa = 162* — 1627 + 2 
Qs = 32a° — 40a* + 102. 


see also LUCAS POLYNOMIAL SEQUENCE 
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Pell Sequence 
see PELI, NUMBER 


Pencil 


Pencil 
The sel of all Lines through a point. Woods (1961), 
however, uses this term as a synonym for RANGE. 


see also NEAR-PENCIL, PERSPECTIVITY, RANGE (LINE 
SEGMENT), SECTION (PENCIL), SHEAF (GEOMETRY) 
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Penrose Stairway 


An IMPOSSIBLE FIGURE (also called the SCHROEDER 
Stairs) in which a stairway in the shape of a square 
appears to circulate indefinitely while still possessing 
normal steps. The Dutch artist M. C. Escher included 
Penrose stairways in many of his mind-bending illustra- 
tions. 


see also IMPOSSIBLE FIGURE 
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Penrose Tiles 


A pair of shapes which tile the plane only aperiodically 
(when the markings are constrained to match at bor- 
ders). The two tiles, illustrated above, are called the 
“KITE” and “DART.” 


To see how the plane may be tiled aperiodically using 
the kite and dart, divide the kite into acute and obtuse 


Pentacle 1335 
tiles, shown above. Now define “deflation” and “infla- 
tion” operations. The deflation operator takes an acute 
TRIANGLE to the union of two ACUTE TRIANGLES and 
one ORTUSE, and the OBTUSE TRIANGLE goes to an 
ACUTE and an OBTUSE TRIANGLE. These operations 
are illustrated below. 


When applied to a collection of tiles, the deflation op- 
erator leads to a more refined collection. The operators 
do not respect tile boundaries, but do respect the half 
tiles defined above. There are two ways to obtain aperi- 
odic TILINGS with 5-fold symmetry about a single point. 
They are known an the “star” and “sun” configurations, 
and are show below. 


Higher order versions can then be obtained by deflation. 
For example, the following are third-order deflations: 
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Penrose Triangle 
see TRIBAR 


Penrose Tribar 
see TRIBAR 


Pentabolo 
A 5-POLYABOLO. 


Pentacle 
see PENTAGRAM 
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Pentacontagon 
A 50-sided POLYGON. 


Pentad 
A group of five elements. 


see also MONAD, PAIR, QUADRUPLET, QUINTUPLET, 
TETRAD, TRIAD, TRIPLET, TWINS 


Pentadecagon 


A 15-sided POLYGON, sometimes also called the PEN- 
TAKAIDECAGON. 


see also POLYGON, REGULAR POLYGON, TRIGONOME- 
TRY VALUES—7/15 


Pentaflake 


A FRACTAL with 5-fold symmetry. As illustrated above, 
five PENTAGONS can be arranged around an identical 
PENTAGON to form the first iteration of the pentaflake. 
This cluster of six pentagons has the shape of a pentagon 
with five triangular wedges removed. This construction 
was first noticed by Albrecht Diirer (Dixon 1991). 


For a pentagon of side length 1, the first ring of pen- 
tagons has centers at RADIUS 


d, = 2r = 4(1+ V5)R=4R, (1) 


Pentaflake 


where ¢ is the GOLDEN RATIO. The INRADIUS r and 
CIRCUMRADIUS BR are related by 


r= Roos(in) = (V5 +1)R, (2) 


and these are related to the side length s by 


5 = 2\/R? — 1? = 1 RV 10 - 2V5. (3) 


The height A is 


h = ssin(2?m) = $sv 10+ 2V5 = iV5R, (4) 
giving a RADIUS of the second ring as 
do = 2(R+h) = (24+ V5)R=@°R. (5) 
Continuing, the nth pentagon ring is located at 


d,=¢""". (6) 


Now, the length of the side of the first pentagon com- 
pound is given by 


82 = 2,/(2r + R)? —(h+ R)? = RV54+2V5, (7) 


so the ratio of side lengths of the original pentagon to 
that of the compound is 


sz R 


5+2/5 


S  1RV/10-2V5 


=1+¢. (8) 


We can now calculate the dimension of the pentaflake 
fractal. Let N, be the number of black pentagons and 
L,, the length of side of a pentagon after the n iteration, 


N, = 6" (9) 
In =(1+ 9)”. (10) 


The CAPACITY DIMENSION is therefore 


d lim InN, In6 — n2+In3 
ep nsoolnEn In(1+¢)  In(i+¢) 
= 1.861715... (11) 


see also PENTAGON 
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Pentagon 


Pentagon 


The regular convex 5-gon is called the pentagon. By 
SIMILAR TRIANGLES in the figure on the left, 


=> =4, (1) 
¢ 


where d is the diagonal distance. But the dashed vertical 
line connecting two nonadjacent VERTICES is the same 
length as the diagonal one, so 


e=145 (2) 
o—g¢-1 (3) 
14V14+4 145 


This number is the GOLDEN RATIO. The coordinates of 
the VERTICES relative to the center of the pentagon with 
unit sides, starting at the right VERTEX and moving 
clockwise, are (cos(n7),sin(n7)) forn =0,1,..., 4, 
or 

(1,0), (e1, 81), (cz, 82), (c2, —82), (cx, —81), (5) 


where 
a = 00s (F) = H(v5+1) (6) 
ca = cos (=) = 1(75 -1) (7) 
$1 = sin (z) = 1/10 -2V5 (8) 


5) 
82 = sin (=) = 1710+ 2v5. (9) 


For a regular POLYGON, the CIRCUMRADIUS, INRADIUS, 
SAGITTA, and AREA are given by 


Rn = $acsc (=) (10) 
n 
Fi 1 
n= 5 t | — 11 
r 5aCO (=) (11) 
= Stn RL oe 
In = Ra -Tr = Satan (=) (12) 
An = jna’? cot (=) ; (13) 
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Plugging in n = 5 gives 


R= hacse(in) = 5avV50 + 10V5 (14 
r = tacot(tm) = Lav 25 + 10V5 (15 


Five pentagons can be arranged around an identical pen- 
tagon to form the first iteration of the “PENTAFLAKE,” 
which itself has the shape of a pentagon with five trian- 
gular wedges removed. For a pentagon of side length 1, 
the first ring of pentagons has centers at radius ¢, the 
second ring at $°, and the nth at ¢?"~!. 


In proposition IV.11, Euclid showed how to inscribe a 
regular pentagon in a CIRCLE. Ptolemy also gave a 
RULER and COMPASS construction for the pentagon in 
his epoch-making work The Almagest. While Ptolemy’s 
construction has a SIMPLICITY of 16, a GEOMETRIC 
CONSTRUCTION using CARLYLE CIRCLES can be made 
with GEOMETROGRAPHY symbol 2S) + Sz +8C +0C2+ 
4C3, which has SIMPLICITY 15 (De Temple 1991). 


Pentagon 


The following elegant construction for the pentagon is 
due to Richmond (1893). Given a point, a CIRCLE may 
be constructed of any desired RADIUS, and a DIAM- 
ETER drawn through the center. Call the center O, 
and the right end of the DIAMETER Py. The DIAME- 
TER PERPENDICULAR to the original DIAMETER may be 
constructed by finding the PERPENDICULAR BISECTOR. 
Call the upper endpoint of this PERPENDICULAR DIAM- 
ETER B. For the pentagon, find the MIDPOINT of OB 
and call it D. Draw DPo, and BISEcT ODP», calling 
the intersection point with OPy Ni. Draw NifP; PAR- 
ALLEL to OB, and the first two points of the pentagon 
are Py and P, (Coxeter 1969). 


Madachy (1979) illustrates how to construct a pentagon 
by folding and knotting a strip of paper. 
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see also CYCLIC PENTAGON, DECAGON, DISSECTION, 
FIvE Disks PROBLEM, HOME PLATE, PENTAFLAKE, 
PENTAGRAM, POLYGON, TRIGONOMETRY VALUES— 
w/5 
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Pentagonal Antiprism 


An ANTIPRISM and UNIFORM POLYHEDRON U77 whose 
DUAL POLYHEDRON is the PENTAGONAL DELTAHE- 
DRON. 


Pentagonal Cupola 


Pentagonal Dipyramid 


JOHNSON SOLID Js. The bottom 10 VERTICES are 


Gt v5)V5 + v5 roe 
4/2 SS 2? 


? 


, 


+ v5)V5- V5 34+Vv5 | 
4/2 ’ 9 , 


(0,+3(1+ V5),0) 


and the top five VERTICES are 


Vb+V5 4 V5—-V5 


v¥10 *" Vio}? 
(V5-1)V5+VvV5 4 V5 - v5 
gg »£i(1+ V5), Fae a 


—(VB+1V5+V5 51 V5—-V5 
4/10 "2" V/10 


Pentagonal Deltahedron 
A DELTAHEDRON which is the DUAL POLYHEDRON of 
the PENTAGONAL ANTIPRISM. 


Pentagonal Dipyramid 


The pentagonal dipyramid is one of the convex DELTA- 
HEDRA, and JOHNSON SOLID Ji3. It is also the DUAL 
POLYHEDRON of the PENTAGONAL PRISM. The distance 
between two adjacent VERTICES on the base of the PEN- 
TAGON is 


di,” = [1 — cos(27)]? + sin? (27) 
2 
2 ae 2 (1 + V5) V5 — V5 
(’— $(V¥5-1)P? + caveys— ] 
3(5— V5), (1) 


Pentagonal Gyrobicupola 


and the distance between the apex and one of the base 
points is 


din? = (0-1)? + (0-0)? +(h-0)? =1+h?. (2) 


But 
do” = di.” (3) 
115 V5) =1+h? (4) 
h? = $(3 - v5), (5) 
and 


3-— V5 
h=4/ — (6) 


This root is of the form ,/a + b/c, so applying SQUARE 
Root simplification gives 


h=1(¥5-1)=¢-1, (7) 


where ¢ is the GOLDEN MEAN. 


see also DELTAHEDRON, DIPYRAMID, GOLDEN MEAN, 
ICOSAHEDRON, JOHNSON SOLID, TRIANGULAR DIPYR- 
AMID 


Pentagonal Gyrobicupola 
see JOHNSON SOLID 


Pentagonal Gyrocupolarotunda 
see JOHNSON SOLID 


Pentagonal Hexecontahedron 


The DuaL POLYHEDRON of the SNUB DODECAHEDRON. 
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Pentagonal Icositetrahedron 


The DUAL POLYHEDRON of the SNUB CUBE. 


Pentagonal Number 


A POLYGONAL NuMBER of the form n(3n — 1)/2. The 
first few are 1, 5, 12, 22, 35, 51, 70, ... (Sloane’s 
A000326). The GENERATING FUNCTION for the pen- 
tagonal numbers is 


Qa +1 
w(2e +1) 4 52? 4 190° + 29044... 
(1 — 2) 


Every pentagonal number is 1/3 of a TRIANGULAR 
NUMBER. 


The so-called generalized pentagonal numbers are given 
by n(3n — 1)/2 with n = 0, +1, +2, ..., the first few of 
which are 0, 1, 2, 5, 7, 12, 15, 22, 26, 35, ... (Sloane’s 
A001318). 


see also EULER’S PENTAGONAL NUMBER THEOREM, 
PARTITION FUNCTION P, POLYGONAL NUMBER, TRI- 
ANGULAR NUMBER 
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Pentagonal Orthobicupola 
see JOHNSON SOLID 


Pentagonal Orthobirotunda 
see JOHNSON SOLID 


Pentagonal Orthocupolarontunda 
see JOHNSON SOLID 


Pentagonal Prism 


A PRISM and UNIFORM POLYHEDRON U7,g whose DUAL 
POLYHEDRON is the PENTAGONAL DIPYRAMID. 


see also PENTAGRAMMIC PRISM 


Pentagonal Pyramid 
see JOHNSON SOLID 


Pentagonal Pyramidal Number 

A PYRAMIDAL NUMBER of the form n?(n + 1)/2. The 
first few are 1, 6, 18, 40, 75,... (Sloane’s A002411). The 
GENERATING FUNCTION for the pentagonal pyramidal 
numbers is 


1 
ee =a +60" + 182° + 4024+... 
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Pentagonal Rotunda 


Half of an ICOSIDODECAHEDRON, denoted R;. It has 10 
triangular and five pentagonal faces separating a PEN- 
TAGONAL ceiling and a DODECAHEDRAL floor. It is 
JOHNSON SOLID Jg, and the only true ROTUNDA. 

see also ICOSIDODECAHEDRON, JOIINSON SOLID, Ro- 
TUNDA 


Pentagrammic Crossed Antiprism 


Pentagonal Tiling 
see TILING 


Pentagram 


The STAR Potycon {3}, also called the PENTACLE, 
PENTALPHA, or PENTANGLE. 


see also DISSECTION, HEXAGRAM, HOEHN’S THEOREM, 
PENTAGON, STAR FIGURE, STAR OF LAKSHMI 


References 

Ogilvy, C. S. Excursions in Geometry. New York: Dover, 
pp. 122-125, 1990. 

Pappas, T. “The Pentagon, the Pentagram & the Golden 
Triangle.” The Joy of Mathematics. San Carlos, CA: Wide 
World Publ./Tetra, pp. 188-189, 1989. 

Schwartzman, 8. The Words of Mathematics: An Etymolog- 
ical Dictionary of Mathematical Terms Used in English. 
Washington, DC: Math. Assoc. Amer., 1994. 


Pentagrammic Antiprism 


An ANTIPRISM and UNIFORM POLYHEDRON U7 g whose 
DUAL POLYHEDRON is the PENTAGRAMMIC DELTAHE- 
DRON. 


Pentagrammic Concave Deltahedron 
The DUAL POLYHEDRON of the PENTAGRAMMIC 
CROSSED ANTIPRISM. 


Pentagrammic Crossed Antiprism 


< 
{\\; 
m\ 


Pentagrammic Deltahedron 


An ANTIPRISM and UNIFORM POLYHEDRON Ugo whose 
DUAL POLYHEDRON is the PENTAGRAMMIC CONCAVE 
DELTAHEDRON. 


Pentagrammic Deltahedron 
The DUAL POLYHEDRON of the PENTAGRAMMIC ANTI- 


PRISM. 


Pentagrammic Dipyramid 
The DUAL POLYHEDRON of the PENTAGRAMMIC PRISM. 


Pentagrammic Prism 


A PRISM and UNIFORM POLYHEDRON U7zg whose DUAL 
POLYHEDRON is the PENTAGRAMMIC DIPYRAMID. 


see also PENTAGONAL PRISM 


Pentakaidecagon 
see PENTADECAGON 


Pentakis Dodecahedron 


The DUAL POLYHEDRON of the TRUNCATED ICOSAHE- 
DRON. 

see also ARCHIMEDEAN SOLID, DUAT. POLYHEDRON, 
TRUNCATED ICOSAHEDRON 
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Pentalpha 
see PENTAGRAM 


Pentangle 
see PENTAGRAM 


Pentatope 
The simplest regular figure in 4-D. 


Pentatope Number 
A FIGURATE NUMBER which is given by 


Ptop,, = 4 Ten(n + 3) = An(n+ 1)(n + 2)(n +3), 


where Te, is the nth TETRAHEDRAL NUMBER. The 
first few pentatope numbers are 1, 5, 15, 35, 70, 126, 
... (Sloane’s A000332). The GENERATING FUNCTION 
for the pentatope numbers is 


Goa = Pte +150" + 85a! +... 


sce also FIGURATE NUMBER, TETRAHEDRAL NUMBER 
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Pentomino 
f TL N P T UV W xX y Z 


Ene H ! HH peck = 


J 
The twelve 5-POLYOMINOES illustrated above and 
known by the letters of the alphabet they most 
closely resemble: f,7,L,N,P,T,U,V,W, X,y,Z (Gard- 
ner 1960). 
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Pépin’s Test 

A test for the PRIMALITY of FERMAT NUMBERS Fy, = 
pias e 1, with n > 2 and k > 2. Then the two following 
conditions are equivalent: 


1. F, is PRIME and k/F, = —-1. 
2. kFa-/2 = _1 (mod Fy). 


k is usually taken as 3 as a first test. 
see also FERMAT NUMBER, PEPIN’S THEOREM 
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Pépin’s Theorem 
The FERMAT NUMBER F,, is PRIME IFF 


n 
g2"-1 


=-1 (mod F,). 


see also FERMAT NUMBER, PEPIN’S TEST, SELFRIDGE- 
HURWITZ RESIDUE 


Percent 

The use of percentages is a way of expressing RATIOS in 
terms of whole numbers. Given a RATIO or FRACTION, 
it is converted to a percentage by multiplying by 100 
and appending a “percentage sign” %. For example, 
if an investment grows from a number P = 13.00 to 
a number A = 22.50, then A is 22.50/13.00 = 1.7308 
times as much as P, or 173.08%, and the investment 
has grown by 73.08%. 


see also PERCENTAGE ERROR, PERMIL 


Percentage Error 
The percentage error is 100% times the RELATIVE ER- 
ROR. 


see also ABSOLUTE ERROR, ERROR PROPAGATION, 
PERCENT, RELATIVE ERROR 
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Percolation Theory 


bond percolation site percolation 


Percolation theory deals with fluid flow (or any other 


similar process) in random media. If the medium is a set 
of regular LATTICE POINTS, then there are two types of 


Perfect Box 


percolation. A SITE PERCOLATION considers the lattice 
vertices as the relevant entities; a BOND PERCOLATION 
considers the lattice edges as the relevant entities. 


see also BOND PERCOLATION, CAYLEY TREE, CLUS- 
TER, CLUSTER PERIMETER, LATTICE ANIMAL, PERCO- 
LATION THRESHOLD, POLYOMINO, s-CLUSTER, s-RUN, 
SITE PERCOLATION 
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Percolation Threshold 
The critical fraction of lattice points which must be filled 
to create a continuous path of nearest neighbors from 
one side to another. The following table is from Stauffer 
and Aharony (1992, p. 17). 


Lattice 
Cubic (Body-Centered) 
Cubic (Face-Centered) 
Cubic (Simple) 
Diamond 
Honeycomb 
4-Hypercubic 
5-Hypercubic 
6-Hypercubic 
7-Hypercubic 
Square 
Triangular 


Bond 
0.1803 
0.119 
0.2488 
0.388 
0.65271 
0.1601 
0.1182 
0.0942 
0.0787 
0.592746 | 0.50000 
0.50000 0.34729 


The square bond value is 1/2 exactly, as is the triangu- 
lar site. pe = 2sin(7/18) for the triangular bond and 
Pc = 1—2sin(7/18) for the honeycomb bond. An exact 
answer for the square site percolation threshold is not 
known. 


see also PERCOLATION THEORY 


0.246 
0.198 
0.3116 
0.43 
0.6962 
0.197 
0.141 
0.107 
0.089 
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Perfect Box 
see EULER BRICK 


Perfect Cubic 


Perfect Cubic 
A perfect cubic POLYNOMIAL can be factored into a lin- 
ear and a quadratic term, 


(a® — b*) = (a — b)(a? + ab +8") 
(a? +b®) = (a +b)(a? — ab +b”). 


see also CUBIC EQUATION, PERFECT SQUARE, POLY- 
NOMIAL 


Perfect Cuboid 
see KULER BRICK 


Perfect Difference Set 

A SET of RESIDUES {a1, @2,...,@%+41} (mod m) such that 
every NONZERO RESIDUE can be uniquely expressed in 
the form a; — a;. Examples include {1, 2, 4} (mod 7) 
and {1, 2, 5, 7} (mod 13). A NECESSARY condition for a 
difference set to exist is that n be of the form k? +k+1. 
A SUFFICIENT condition is that k be a PRIME POWER. 
Perfect sets can be used in the construction of PERFECT 
RULERS. 


see also PERFECT RULER 
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Perfect Digital Invariant 
see NARCISSISTIC NUMBER 


Perfect Information 

A class of GAME in which players move alternately and 
each player is completely informed of previous moves. 
FINITE, ZERO-SUM, two-player GAMES with perfect in- 
formation (including checkers and chess) have a SADDLE 
POINT, and therefore one or more optimal strategies. 
However, the optimal strategy may be so difficult to 
compute as to be effectively impossible to determine (as 
in the game of CHESS). 


see also FINITE GAME, GAME, ZERO-SUM GAME 


Perfect Magic Cube 

A perfect magic cube is a MAGIC CUBE for which the 
cross-section diagonals, as well as the space diagonals, 
sum to the MAGIC CONSTANT. 


see also MAGIC CUBE, SEMIPERFECT MAGIC CUBE 
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Perfect Number 
Perfect numbers are INTEGERS n such that 


n = s(n), (1) 


where s(n) is the RESTRICTED Divisor FUNCTION (ice., 
the SuM of PROPER Divisors of n), or equivalently 


a(n) = 2n, (2) 


where a(n) is the DivisOR FUNCTION (i.e., the SUM of 
DIVISORS of n including n itself). The first few perfect 
numbers are 6, 28, 496, 8128, ... (Sloane’s A000396). 
This follows from the fact that 


6=)-1,2,3 
28= 5° 1,2,4,7,14 


496 = > 1, 2, 4, 8, 16, 31, 62, 124, 248, 


etc. 


Perfect numbers are intimately connected with a class 
of numbers known as MERSENNE PRIMES. This can be 
demonstrated by considering a perfect number P of the 
form P = q2?~* where g is PRIME. Then 


o(P) = 2P, (3) 
and using 
o(q)=q+1 (4) 
for q prime, and 
o(2*) =277* 41 (5) 


gives 


o(q2”-*) = o(g)o(2?-*) = (q + 1)(2? - 1) 


= g2h* Se g2" (6) 
q(2? — 1) + 2” —1 = q2? (7) 
q= 2? —-1., (8) 


Therefore, if M, = g = 2? — 1 is PRIME, then 
P = 3(Mp + 1)Mp = 2?-*(2? - 1) (9) 


is a perfect number, as was stated in Proposition IX.36 
of Euclid’s Elements (Dunham 1990). The first few per- 
fect numbers are summarized in the following table. 


# | P P 
1 | 2 6 
2 3 28 
315 496 
417 8128 
5 113 33550336 
6 |17 8589869056 
7 }19 137438691328 
8 


31 | 2305843008139952128 
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All EVEN perfect numbers are of this form, as was proved 
by Euler in a posthumous paper. The only even perfect 
number of the form x* + 1 is 28 (Makowski 1962). 


It is not known if any ODD perfect, numbers exist, al- 
though numbers up to 10°°° have been checked (Brent 
et al. 1991, Guy 1994) without success, improving the 
result of Tuckerman (1973), who checked odd numbers 
up to 10°°. Euler showed that an ODD perfect number, 
if it exists, must be of the form 


m = pg? (10) 


where p is an ODD PRIME RELATIVELY PRIME to Q. 
In 1887, Sylvester conjectured and in 1925, Gradshtein 
proved that any ODD perfect number must have at least 
six different prime aliquot factors (or eight if it is not 
divisible by 3; Ball and Coxeter 1987). Catalan (1888) 
proved that if an ODD perfect number is not divisible 
by 3, 5, or 7, it has at least 26 distinct prime aliquot 
factors. Stuyvaert (1896) proved that an OpD perfect 
number must be a sum of squares. All EVEN perfect 
numbers end in 16, 28, 36, 56, or 76 (Lucas 1891) and, 
with the exception of 6, have DIGITAL Root 1. 


Every perfect number of the form 2?(2?+! — 1) can be 


written 
p/2 


2P(2?* 1) = S$ °(2k - 1°. (11) 
k=1 
All perfect numbers are HEXAGONAL NUMBERS and 
therefore TRIANGULAR NUMBERS. It therefore follows 
that perfect numbers are always the sum of consecutive 
POSITIVE integers starting at 1, for example, 


6= on (12) 


7 
2= Son (13) 
n=1 
31 
496 = Son (14) 
n=1 


(Singh 1997). All EVEN perfect numbers P > 6 are of 
the form 
P+14+97;, (15) 


where T, is a TRIANGULAR NUMBER 
Tn = 3n(n +1) (16) 


such that n = 8j + 2 (Eaton 1995, 1996). The sum of 
reciprocals of all the divisors of a perfect number is 2, 
since 


n+...te+b+a—2n (17) 
———_ 
noon 


Ee ee (18) 


Perfect Number 
Be asa as 


If s(n) > n, n is said to be an ABUNDANT NUMBER. If 
s(n) <n, nis said to be a DEFICIENT NUMBER. And if 
s(n) = kn for a POSITIVE INTEGER k > 1, n is said to 
be a MULTIPERFECT NUMBER of order k. 


see also ABUNDANT NUMBER, ALIQUOT SEQUENCE, 
AMICABLE NUMBERS, DEFICIENT NUMBER, DIVISOR 
FUNCTION, e-PERFECT NUMBER, HARMONIC NUMBER, 
HYPERPERFECT NUMBER, INFINARY PERFECT NUM- 
BER, MERSENNE NUMBER, MERSENNE PRIME, MULTI- 
PERFECT NUMBER, MULTIPLICATIVE PERFECT NuM- 
BER, PLUPERFECT NUMBER, PSEUDOPERFECT NuUM- 
BER, QUASIPERFECT NUMBER, SEMIPERFECT NUM- 
BER, SMITH NUMBER, SOCIABLE NUMBERS, SUBLIME 
NUMBER, SUPERPERFECT NUMBER, UNITARY PER- 
FECT NUMBER, WEIRD NUMBER 
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Perfect Partition 


Tuckerman, B. “A Search Procedure and Lower Bound for 
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Perfect Partition 
A PARTITION of n which can generate any number 1, 2, 
+). 


see also PARTITION 
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Perfect Proportion 


Since 9 San 
a a 
a+b (a+6)d’ (1) 
it follows that ae 
a am: y 
= , (2) 
af = % 
so H 
a 
A 3 @) 


where A and H are the ARITHMETIC MEAN and HAR- 
MONIC MEAN of a and b. This relationship was purport- 
edly discovered by Pythagoras. 


see also ARITHMETIC MEAN, HARMONIC MEAN 


Perfect Rectangle 

A RECTANGLE which cannot be built up of SQUARES 
all of different sizes is called an imperfect rectangle. A 
RECTANGLE which can be built up of SQUAREs all of 
different sizes is called perfect. 


11 
12 67 
13 213 
14 744 
15 2609 


Perfect Ruler 


A type of RULBR considered by Guy (1994) which has k 
distinct marks spaced such that the distances between 
marks can be used to measure all the distances 1, 2, 3, 4, 
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. up to some maximum distance n > k. Such a ruler 
can be constructed from a PERFECT DIFFERENCE SET 
by subtracting one from each element. For example, the 
PERFECT DIFFERENCE SET {1, 2, 5, 7} gives 0, 1, 4, 
6, which can be used to measure 1—0 = 1, 6-4 = 2, 
4-1=3,4-0=4,6—1=5, 6—G=6 (so we get. 6 
distances with only four marks). 


see also PERFECT DIFFERENCE SET 
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Perfect Set 
A Set P is called perfect if P = P’, where P’ is the 
DERIVED SET of P. 


see also DERIVED SET, SET 


Perfect Square 

The term perfect square is used to refer to a SQUARE 
NUMBER, a PERFECT SQUARE DISSECTION, or a fac- 
torable quadratic polynomial of the form a? — 0? = 
(a — b)(a +b). 

see also PERFECT SQUARE DISSECTION, QUADRATIC 
EQUATION, SQUARE NUMBER, SQUAREFREE 


Perfect Square Dissection 


$e 


50 


25 
29 4 


33 


A SQUARE which can be DISSECTED into a number of 
smaller SQUARES with no two equal is called a PERFECT 
SQUARE DISSECTION (or a SQUARED SQUARE). Square 
dissections in which the squares need not be different 
sizes are called MRS. PERKINS’ QUILTS. If no subset 
of the SQUARES forms a RECTANGLE, then the perfect 
square is called “simple.” Lusin claimed that perfect 
squares were impossible to construct, but this assertion 


was proved erroneous when a 55-SQUARE perfect square 
was published by R. Sprague in 1939 (Wells 1991). 


There is a unique simple perfect square of order 21 
(the lowest possible order), discovered in 1978 hy 
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A. J. W. Duijvestijn (Bouwkamp and Duijvestijn 1992). 
It is composed of 21 squares with total side length 112, 
and is illustrated above. There is a simple notation 
(sometimes called Bouwkamp code) used to describe 
perfect squares. In this notation, brackets are used to 
group adjacent squares with flush tops, and then the 
groups are sequentially placed in the highest (and left- 
most) possible slots. For example, the 21-square illus- 
trated above is denoted [50, 35, 27], [8, 19], [15, 17, 11], 
(6, 24], (29, 25, 9, 2], [7, 18], [16], [42], [4, 37], [33]. 


The number of simple perfect squares of order n for 
n > 21 are 1, 8, 12, 26, 160, 441, ... (Sloane’s A006983). 
Duijvestijn’s Table I gives a list of the 441 simple perfect 
squares of order 26, the smallest with side length 212 and 
the largest with side length 825. Skinner (1993) gives 
the smallest possible side length (and smallest order for 
each) as 110 (22), 112 (21), 120 (24), 139 (22), 140 (23), 
... for simple perfect squared squares, and 175 (24), 
235 (25), 288 (26), 324 (27), 325 (27), ... for compound 
perfect squared squares. 


There are actually three simple perfect squares having 
side length 110. They are (60, 50], (23, 27], (24, 22, 14], 
(7, 16}, (8, 6], [12, 15], [13], [2, 28], [26], (4, 21, 3], [18], 
[17] (order 22; discovered by A. J. W. Duijvestijn); [60, 
50}, (27, 23], (24, 22, 14], [4, 19}, (8, 6], [3, 12, 16], [9], 
(2, 28], [26], [21], [1, 18], [17] (order 22; discovered by 
T. H. Willcocks); and [44, 29, 37], [21, 8], [13, 32], [28, 
16], (15, 19], [12,4], [3, 1], (2, 14], [5], (10, 41], (38, 7], 
[31] (order 23; discovered by A. J. W. Duijvestijn). 


D. Sleator has developed an efficient ALGORITHM for 
finding non-simple perfect squares using what he calls 
rectangle and “ell” grow sequences. This algorithm finds 
a slew of compound perfect squares of orders 24-32. 
Weisstein gives a partial list of known simple and com- 
pound perfect squares (where the number of simple per- 
fect squares is exact for orders less than 27) as well as 
Mathematica® (Wolfram Research, Champaign, IL) al- 
gorithms for drawing them. 


Order # Simple # Compound 
21 1 0 
22 8 0 
23 12 0 
24 26 1 
25 160 1 
26 441 2 
27 ? 2 
28 ? 4 
29 ? 2 
30 £ 3 
31 Es 2 
32 ? 2 
38 1 0 
69 i 0 


see also MRS. PERKINS’ QUILT 


Periapsis 
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Periapsis 


The smallest radial distance of an ELLIPSE as measured 
from a Focus. Taking v = 0 in the equation of an 
ELLIPSE 
— a(1 — e?) 
~ 1+ecosv 


gives the periapsis distance 
r. =a(l—e). 


Periapsis for an orbit around the Earth is called perigee, 
and periapsis for an orbit around the Sun is called per- 
ihelion. 


Perigon 
see also APOAPSIS, ECCENTRICITY, ELLIPSE, Focus 


Perigon 
An ANGLE of 27 radians = 360° corresponding to the 
CENTRAL ANGLE of an entire CIRCLE. 


Perimeter 

The Arc LENGTH along the boundary of a closed 2-D 
region. The perimeter of a CIRCLE is called the CiR- 
CUMFERENCE. 


see also CIRCUMFERENCE, CLUSTER PERIMETER, 


SEMIPERIMETER 


Perimeter Polynomial 
A sum over all CLUSTER PERIMETERS. 


Period Doubling 

A characteristic of some systems making a transition 
to CHAOS. Doubling is followed by quadrupling, etc. 
An example of a map displaying period doubling is the 
LoGIsTIc MAP. 


see also CHAOS, LOGISTIC MAP 


Period Three Theorem 

Li and Yorke (1975) proved that any 1-D system which 
exhibits a regular CYCLE of period three will also dis- 
play regular CYCLES of every other length as well as 
completely CHAOTIC CYCLES. 


see also CHAOS, CYCLE (Map) 
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Periodic Function 


A FUNCTION f(z) is said to be periodic with period p 
if f(z) = f(e+np) for n= 1, 2,.... For example, the 
SINE function sinz is periodic with period 27 (as well 
as with period —2z7, 47, 6m, etc.). 


The CONSTANT FUNCTION f(x) = 0 is periodic with 
any period FR for all NONZERO REAL NUMBERS R, so 
there is no concept analogous to the LEAST PERIOD of 
a PERIODIC POINT for functions. 


see also PERIODIC POINT, PERIODIC SEQUENCE 
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Periodic Point 

A point 29 is said to be a periodic point of a FUNCTION 
f of period n if f”(zo) = zo, where fo(z) = z and f”(«) 
is defined recursively by f"(x) = f(f”~"(2)). 

see also LEAST PERIOD, PERIODIC FUNCTION, PERI- 
ODIC SEQUENCE 


Periodic Sequence 

A SEQUENCE {a;} is said to be periodic with period p 
with if it satisfies a; = Qitnp for n = 1, 2,.... For 
example, {1, 2, 1, 2, 1, 2, 1, 2, 1, 2,1, 2,1, 2,...}isa 
periodic sequence with LEAST PERIOD 2. 

see also EVENTUALLY PERIODIC, PERIODIC FUNCTION, 
PERIODIC POINT 


Perkins’ Quilt 
see MRS. PERKINS’ QUILT 


Perko Pair 


The KNOTS 10161 and 10i¢2 illustrated above. They 
are listed as separate knots in the pictorial enumeration 
of Rolfsen (1976, Appendix C), but were identified as 
identical by Perko (1974). 
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Permanence of Algebraic Form 

All ELEMENTARY FUNCTIONS can be extended to the 
COMPLEX PLANE. Such definitions agree with the REAL 
definitions on the z-AXIS and constitute an ANALYTIC 
CONTINUATION. 


see also ANALYTIC CONTINUATION, ELEMENTARY 
FUNCTION, PERMANENCE OF MATHEMATICAL RELA- 
TIONS PRINCIPLE 
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Permanence of Mathematical Relations 
Principle 

The metric properties discovered for a primitive fig- 
ure remain applicable, without modifications other than 
changes of signs, to all correlative figures which can be 
considered to arise from the first. 


This principle was formulated by Poncelet, and amounts 
to the statement that if an analytic identity in any finite 
number of variables holds for all real values of the vari- 
ables, then it also holds by ANALYTIC CONTINUATION 
for all complex values (Bell 1945). This principle is also 
called PONCELET’S CONTINUITY PRINCIPLE. 


see also ANALYTIC CONTINUATION, CONSERVATION OF 
NUMBER PRINCIPLE, DUALITY PRINCIPLE, PERMA- 
NENCE OF ALGEBRAIC FORM 
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Permanent 

An analog of a DETERMINANT where all the signs in 
the expansion by MINORS are taken as POSITIVE. The 
permanent of a MATRIX A is the coefficient of 21 --- ay 


im 
n 


[tea + ai2gt2 +... + QinEn) 
i=1 


(Vardi 1991). Another equation is the RySER FORMULA 


perm(ais)=(-1)"  S* (1)! TT So ais, 


sC{1,.-.,7} ti—1 jes 


where the SUM is over all SUBSETS of {1, ..., n}, and 
js is the number of elements in s (Vardi 1991). 


If M is a UNITARY MATRIX, then 
|perm(M)} <1 


(Minc 1978, p. 25; Vardi 1991). 


see also DETERMINANT, FROBENIUS-KONIG THEOREM, 
IMMANAN'T, RYSER FORMULA, SCHUR MATRIX 
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Permil 

The use of percentages is a way of expressing RATIOS in 
terms of whole numbers. Given a RATIO or FRACTION, 
it is converted to a permil-age by multiplying by 1000 
and appending a “mil sign” %o. For example, if an 
investment grows from a number P = 13.00 to a number 
A = 22.50, then A is 22.50/13.00 = 1.7308 times as 
much as P, or 1730.8 %o. 


see also PERCENT 


Permanence of Mathematical Relations Principle 


Permutation 


Permutation 

The rearrangement of elements in a set into a ONE- 
TO-ONE correspondence with itself, also called an AR- 
RANGEMENT or ORDER. The number of ways of obtain- 
ing r ordered outcomes from a permutation of n elements 


Pea n(") (1) 


where n! is n FACTORIAL and Gy is a BINOMIAL Co- 
EFFICIENT. The total number of permutations for n 
elements is given by n!. 


A representation of a permutation as a product of Cy- 
CLES is unique (up to the ordering of the cycles). An 
example of a cyclic decomposition is ({1, 3, 4}, {2}), cor- 
responding to the permutations (1 > 3, 3 > 4, 4-1) 
and (2 — 2), which combine to give {4, 2, 1, 3}. 


Any permutation is also a product of TRANSPOSI- 
TIONS. Permutations are commonly denoted in LEX- 
ICOGRAPHIC or TRANSPOSITION ORDER. There is a 
correspondence between a PERMUTATION and a pair of 
YOUNG TABLEAUX known as the SCHENSTED CORRE- 
SPONDENCE. 


The number of wrong permutations of n objects is [n!/e] 
where [z] is the NINT function. A permutation of n 
ordered objects in which no object is in its natural place 
is called a DERANGEMENT (or sometimes, a COMPLETE 
PERMUTATION) and the number of such permutations is 
given by the SUBFACTORIAL !n. 


(e+y)"=>> (") ary” (2) 


with z = y = 1 gives 


Ee 


Using 


r=0 
so the number of ways of choosing 0, 1, ..., or n at a 
time is 2”. 
The set of all permutations of a set of elements 1, ...,n 


can be obtained using the following recursive procedure 


1 2 
/ (4) 
2/4 
1 2 3 
/ 
t 2°29 
/ 
3.41 2 
| (5) 
3 2 1 
\ 
2° 4 
\ 
2 1 3 


Permutation Group 


Let the set of INTEGERS 1, 2, ..., n be permuted and 
the resulting sequence be divided into increasing RUNS. 
As n approaches INFINITY, the average length of the nth 
RwN is denoted L,. The first few values are 


L; =e —1=1.7182818... (6) 
Lz =e” — 2e = 1.9524... (7) 
Lz = €° — 3e” + 2e = 1.9957..., (8) 


where e is the base of the NATURAL LOGARITHM (Knuth 
1973, Le Lionnais 1983). 


see also ALTERNATING PERMUTATION, BINOMIAL Co- 
EFFICIENT, CIRCULAR PERMUTATION, COMBINATION, 
COMPLETE PERMUTATION, DERANGEMENT, DISCOR- 
DANT PERMUTATION, EULERIAN NUMBER, LINEAR 
EXTENSION, PERMUTATION MATRIX, SUBFACTORIAL, 
TRANSPOSITION 
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Permutation Group 

A finite GRouP of substitutions of elements for each 
other. For instance, the order 4 permutation group {4, 
2, 1, 3} would rearrange the elements {A, B, C, D} in 
the order {D, B, A, C}. A SUBSTITUTION GrRouP of 
two elements is called a TRANSPOSITION. Every SUB- 
STITUTION GROUP with > 2 elements can be written as 
a product of transpositions. For example, 


(abc) = (ab)(ac) 
(abcde) = (ab)(ac)(ad)(ae). 


CONJUGACY CLASSES of elements which are inter- 
changed are called CYCLES (in the above example, the 
CYCLES are {{1, 3, 4}, {2}}). 

see also CAYLEY’S GROUP THEOREM, CYCLE (PERMU- 


TATION), GRouP, SUBSTITUTION GROUP, TRANSPOSI- 
TION 
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Permutation Matrix 

A MATRIX p,, obtained by permuting the zth and jth 
rows of the IDENTITY MATRIX with i < j. Every row 
and column therefore contain precisely a single 1, and 
every permutation corresponds to a unique permutation 
matrix. The matrix is nonsingular, so the DETERMI- 
NANT is always NONZERO. It satisfies 


where | is the IDENTITY MATRIX. Applying to another 
MATRIX, p,,;A gives A with the ith and jth rows inter- 
changed, and Ap,, gives A with the ith and jth columns 
interchanged. 


Interpreting the 1s in an n xX n permutation matrix as 
ROOKS gives an allowable configuration of nonattacking 
ROOKS on an n x n CHESSBOARD. 


see also ELEMENTARY MATRIX, IDENTITY, PERMUTA- 
TION, ROOK NUMBER 


Permutation Pseudotensor 
see PERMUTATION TENSOR 


Permutation Symbol 
A three-index object sometimes called the LEVI-CIVITA 
SYMBOL defined by 


0 fori=j,j =k, ork =i 


€ijk = § +1 for (2,7,k) € {(1, 2, 3), (2,3, 1), (3,1, 2)} 
—1 for (i,j,k) € {(1,3, 2), (3, 2,1), (2,1,3)}. 
(1) 

The permutation symbol satisfies 

diz€igk = 0 (2) 
€ipg€jpg = 26i5 (3) 
€ijkeigk = 6 (4) 
€ijk€pgk = Sipdjq — Siqdjp, (5) 


where 6;; is the KRONECKER DELTA. The symbol can be 
defined as the SCALAR TRIPLE PRODUCT of unit vectors 
in a right-handed coordinate system, 


Cijk = X; * (x; x Xx). (6) 


The symbol can also be interpreted as a TENSOR, in 
which case it is called the PERMUTATION TENSOR. 


see also PERMUTATION TENSOR 
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Permutation Tensor 

A PSEUDOTENSOR which is ANTISYMMETRIC under the 
interchange of any two slots. Recalling the definition 
of the PERMUTATION SYMBOL in terms of a SCALAR 
TRIPLE PrRopucrtT of the Cartesian unit vectors, 


Cijk = x . (%; x Xx) = [Ki, Xj, Xe, (1) 


the pseudotensor is a generalization to an arbitrary BA- 
sis defined by 


éap-n = V/\g| (a, 8,--- +4] (2) 
Fae as [a, B,.. _ v7 3 
war _ 
where 
[a, B,...,p] = 


1 the arguments are an even permutation 
—1 the arguments are an odd permutation 
0 two or more arguments are equal, 


(4) 


and g = det(gag), where gag is the METRIC TENSOR. 
€(x1,...,Xn) is NONZERO IFF the VECTORS are LIN- 
EARLY INDEPENDENT. 


see also PERMUTATION SYMBOL, SCALAR TRIPLE 
PRODUCT 


Peron Integral 
see DENJOY INTEGRAL 


Perpendicular 


A D B 
Two lines, vectors, planes, etc., are said to be perpen- 
dicular if they meet at a RIGHT ANGLE. In R”, two 
Vectors A and B are PERPENDICULAR if their DoT 
PRODUCT 
A-B=0. 


In R?, a LINE with SLOPE mz = —1/m; is PERPENDIC- 
ULAR to a LINE with SLOPE m,. Perpendicular objects 
are sometimes said to be “orthogonal.” 


In the above figure, the LINE SEGMENT AB is perpen- 
dicular to the LINE SEGMENT C'D. This relationship is 
commonly denoted with a small SQUARE at the vertex 
where perpendicular objects meet, as shown above. 

see also ORTHOGONAL VECTORS, PARALLEL, PERPEN- 
DICULAR BISECTOR, PERPENDICULAR FoOoT, RIGHT 
ANGLE 


Perrin Pseudoprime 


Perpendicular Bisector 
A3 


Ay , Ay 


The perpendicular bisectors of a TRIANGLE AA; A2A3 
are lines passing through the MIDPOINT M, of each side 
which are PERPENDICULAR to the given side. A TRIAN- 
GLE’s three perpendicular bisectors meet at a point C 
known as the CIRCUMCENTER (which is also the center 
of the TRIANGLE’S CIRCUMCIRCLE). 


see also CIRCUMCENTER, MIDPOINT, PERPENDICULAR, 
PERPENDICULAR FOOT 


Perpendicular Foot 


perpendicular 

foot 
The Foor of the PERPENDICULAR is the point on the 
leg opposite a given vertex of a TRIANGLE at which the 
PERPENDICULAR passing through that vertex intersects 
the side. The length of the LINE SEGMENT front ver- 
tex to perpendicular foot is called the ALTITUDE of the 
TRIANGLE. 


see also ALTITUDE, Foot, PERPENDICULAR, PERPEN- 
DICULAR BISECTOR 


Perrin Pseudoprime 

If p is PRIME, then p|P(p), where P(p) is a member of 
the PERRIN SEQUENCE 0, 2, 3, 2, 5, 5, 7, 10, 12, 17, ... 
(Sloane’s A001608). A Perrin pseudoprime is a COM- 
POSITE NUMBER n such that n|P(n). Several “unre- 
stricted” Perrin pseudoprimes are known, the smallest 
of which are 271441, 904631, 16532714, 24658561, ... 
(Sloane’s A013998). 


Adams and Shanks (1982) discovered the smallest unre- 
stricted Perrin pseudoprime after unsuccessful searches 
by Perrin (1899), Malo (1900), Escot (1901), and Jar- 
den (1966). (Stewart’s 1996 article stating no Perrin 
pseudoprimes were known was in error.) 


Grantham (1996) generalized the definition of Perrin 
pseudoprime with parameters (r,s) to be an ODD Com- 
POSITE NUMBER n. for which either 


Perrin Sequence 


1. (A/n) = 1 and n has an S-SIGNATURE, or 
2. (A/n) = —1 and n has a Q-SIGNATURE, 


where (a/b) is the JACOBI SYMBOL. All the 55 Perrin 
pseudoprimes less than 50 x 10° have been computed 
by Kurtz et al. (1986). All have S-SIGNATURE, and 
form the sequence Sloane calls “restricted” Perrin pseu- 
doprimes: 27664033, 46672291, 102690901, ... (Sloane’s 
A018187). 


see also PERRIN SEQUENCE, PSEUDOPRIME 
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Perrin Sequence 
The INTEGER SEQUENCE defined by the recurrence 


P(n) = P(n — 2) + P(n - 3) (1) 
with the initial conditions P(0) = 3, P(1) = 0, P(2) = 
2. The first few terms are 0, 2, 3, 2, 5, 5, 7, 10, 12, 
17, ... (Sloane’s A001608). P(n) is the solution of a 


third-order linear homogeneous DIFFERENCE EQUATION 
having characteristic equation 


2 —2-1=0, (2) 


discriminant —23, and Roots 


a © 1.324717957 (3) 
8 & —0.6623589786 + 0.56227951214 (4) 
“y &% —0.6623589786 — 0.56227951214. (5) 


The solution is then 


A(n) = a®+ pB" +7", (6) 
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where 


A(n) ~ a”. (7) 


Perrin (1899) investigated the sequence and noticed that 
if n is PRIME, then n|P(n). The first statement of this 
fact is attributed to E. Lucas in 1876 by Stewart (1996). 
Perrin also searched for but did not find any COMPOs- 
ITE NUMBER n in the sequence such that n|P(n). Such 
numbers are now known as PERRIN PSEUDOPRIMES. 
Malo (1900), Escot (1901), and Jarden (1966) subse- 
quently investigated the series and also found no PER- 
RIN PSEUDOPRIMES. Adams and Shanks (1982) subse- 
quently found that 271,441 is such a number. 


see also PADOVAN SEQUENCE, PERRIN PSEUDOPRIME, 
SIGNATURE (RECURRENCE RELATION) 
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Perron-Frobenius Operator 
An OPERATOR which describes the time evolution of 
densities in PHASE SPACE. The OPERATOR can be de- 
fined by . 

Pnt+i = Lpn, 


where p, are the NATURAL DENSITIES after the nth 
iter: ‘on of a map f. This can be explicitly written as 


L(y) = > Tae ‘ 


re f—4(y) 
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Perron-Frobenius Theorem 

If all elements a;; of an IRREDUCIBLE Matrix A are 
NONNEGATIVE, then R = min M) is an EIGENVALUE of 
A and all the EIGENVALUES of A lie on the Disk 


lz < R, 


where, if A = (Au, A2,...,An) is a set of NONNEGATIVE 
numbers (which are not all zero), 


M) = inf {+ 2 pry > So lass|Ay,1 <si< “| 


jul 


1352 Perron’s Theorem 


and R = minM). Furthermore, if A has exactly p 
EIGENVALUES (p < n) on the CIRCLE |z| = R, then the 
set of all its EIGENVALUES is invariant under rotations 
by 27/p about the ORIGIN. 


see also WIELANDT’S ‘THEOREM 
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Perron’s Theorem 

If pe = (p41, -2,..., fn) is an arbitrary set of POSITIVE 
numbers, then all EIGENVALUES \ of the n x n MATRIX 
A = ai; lie on the Disk |z| < M,, where 
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Persistence 


see ADDITIVE PERSISTENCE, MULTIPLICATIVE PERSIS- 
TENCE, PERSISTENT NUMBER, PERSISTENT PROCESS 


Persistent Number 

An n-persistent number is a POSITIVE INTEGER k which 
contains the digits 0, 1, ..., 9, and for which 2k,..., nk 
also share this property. No oo-persistent numbers exist. 
However, the number k = 1234567890 is 2-persistent, 
since 2k = 2469135780 but 3k = 3703703670, and 
the number k = 526315789473684210 is 18-persistent. 
There exists at least one k-persistent number for each 
POSITIVE INTEGER k. 

see also ADDITIVE PERSISTENCE, MULTIPLICATIVE 
PERSISTENCE 
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Persistent Process 
A FRACTAL PROCESS for which H > 1/2, sor > 0. 


see also ANTIPERSISTENT PROCESS, FRACTAL PROCESS 


Perspective 
vanishing points 
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Perspective Collineation 


Perspective is the art and mathematics of realistically 
depicting 3-D objects in a 2-D plane. The study of the 
projection of objects in a plane is called PROJECTIVE 
GEOMETRY. The principles of perspective drawing were 
elucidated by the Florentine architect F. Brunelleschi 
(1377-1446). These rules are summarized by Dixon 
(1991): 

1. The horizon appears as a line. 


2. Straight lines in space appear as straight lines in the 
image. 
3. Sets of PARALLEL lines meet at a VANISHING POINT. 


4. Lines PARALLEL to the picture plane appear PARAL- 
LEL and therefore have no VANISHING POINT. 


There is a graphical method for selecting vanishing 
points so that a CUBE or box appears to have the correct 
dimensions (Dixon 1991). 


see also. LEONARDO’S PARADOX, PERSPECTIVE AXIS, 
PERSPECTIVE CENTER, PERSPECTIVE COLLINEATION, 
PERSPECTIVE TRIANGLES, PERSPECTIVITY, PROJEC- 
TIVE GEOMETRY, VANISHING POINT, ZEEMAN’S PARA- 
DOX 
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Perspective Axis 

The line joining the three collinear points of intersection 
of the extensions of corresponding sides in PERSPECTIVE 
TRIANGLES. 


see also PERSPECTIVE CENTER, PERSPECTIVE TRIAN- 
GLES, SONDAT’S THEOREM 


Perspective Center 

The point at which the three LINES connecting the VER- 
TICES of PERSPECTIVE TRIANGLES (from a point) CoNn- 
CUR. 


Perspective Collineation 

A perspective collineation with center O and axis o is 
a COLLINEATION which leaves all lines through O and 
points of o invariant. Every perspective collineation is a 
PROJECTIVE COLLINEATION. 


see also COLLINEATION, ELATION, HOMOLOGY (GEOM- 
ETRY), PROJECTIVE COLLINEATION 
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Perspective Triangles 


Perspective Triangles 

Two TRIANGLES are perspective from a line if the ex- 
tensions of their three pairs of corresponding sides meet 
in COLLINEAR points. The line joining these points is 
called the PERSPECTIVE AXIS. Two TRIANGLES are per- 
spective from a point if their three pairs of correspond- 
ing VERTICES are joined by lines which meet in a point 
of CONCURRENCE. This point is called the PERSPEC- 
TIVE CENTER. DESARGUES’ THEOREM guarantees that 
if two TRIANGLES are perspective from a point, they are 
perspective from a line. 


see also DESARGUES’ THEOREM, HOMOTHETIC TRI- 
ANGLES, PARALOGIC TRIANGLES, PERSPECTIVE AXIS, 
PERSPECTIVE CENTER 


Perspectivity 
A correspondence between two RANGES that are sec- 
tions of one PENCIL by two distinct lines. 


see also PENCIL, PROJECTIVITY, RANGE (LINE SEG- 
MENT) 


Pesin Theory 
A theory of linear HYPERBOLIC MAPS in which the lead- 
ing constants do depend on the variable z. 


Peter-Weyl Theorem 
Establishes completeness for a REPRESENTATION. 
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Peters Projection 
A CYLINDRICAL equal-area projection that. shifts the 
standard parallels to 45° or 47°. 


see also CYLINDRICAL PROJECTION 
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Petersen Graphs 


ve" 


“The” Petersen graph is the GRAPH illustrated above 
possessing ten VERTICES all of whose nodes have DE- 
GREE 3 (Saaty and Kainen 1986). The Petersen graph 
is the only smallest-girth graph which has no Tait col- 
oring. 


Petrie Polygon 1353 


©O®o@ 
Ose 


The seven graphs obtainable from the COMPLETE 
GRAPH Ke by repeated triangle-Y exchanges are also 
called Petersen graphs, where the three EDGES forming 
the TRIANGLE are replaced by three EDGES and a new 
VERTEX that form a Y, and the reverse operation is also 
permitted. A GRAPH is intrinsically linked IFF it con- 
tains one of the seven Petersen graphs (Robertson e¢ al. 
1993). 


see also HOFFMAN-SINGLETON GRAPH 
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Petersen-Shoute Theorem 


1. If AABC and AA'B'C’ are two directly similar tri- 
angles, while AAA’A", ABB'B”, and ACC’C” are 
three directly similar triangles, then AA’ B"C” is 
directly similar to AABC. 


2. When all the points P on AB are related by a SIM- 
ILARITY TRANSFORMATION to all the points P’ on 
A’B’, the points dividing the segment PP’ in a given 
ratio are distant and collinear, or else they coincide. 
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Petrie Polygon 
{3,3} {3,4} (3,5) (4,3) {5.3} 


S2E@$ 


A skew POLYGON such that every two consecutive sides 
(but no three) belong to a face of a regular POLYHE- 
DRON. Every finite POLYHEDRON can be orthogonally 
projected onto a plane in such a way that one Petrie 
polygon becomes a REGULAR POLYGON with the re- 
mainder of the projection interior to it. The Petrie poly- 
gon of the POLYHEDRON {p,q} has h sides, where 


cos? (£) = cos? (£) + cos? (£). 


1354 Petrov Notation 
The Petrie polygons shown above correspond to the 
PLATONIC SOLIDS. 


see also PLATONIC SOLID, REGULAR POLYGON 
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Petrov Notation 
A TENSOR notation which considers the RIEMANN TEN- 
SOR Roy. asa matrix Ry,)(V%) with indices Ay and ve. 
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Pfaffian Form 


A 1-FORM st 
w= > ai(x) dx; 
i=l 
such that 
w = 0. 
References 
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Phase 
The angular position of a quantity. For example, the 
phase of a function cos(wt + 0) as a function of time is 


o(t) = wt + do. 


The ARGUMENT of a COMPLEX NUMBER is sometimes 
also called the phase. 


see also ARGUMENT (COMPLEX NUMBER), COMPLEX 
NUMBER, PHASOR, RETARDANCE 


Phase Space 

For a function or object with n DEGREES OF FREEDOM, 
the n-D SPACE which is accessible to the function or 
object is called its phase space. 


see also WORLD LINE 


Phase Transition 
see RANDOM GRAPH 


Phasor 


Phasor 
The representation, beloved of engineers and physicists, 
of a COMPLEX NUMBER in terms of a COMPLEX expo- 
nential 

x +iy = |z\le, (1) 


where i (called 7 by engineers) is the IMAGINARY NUM- 
BER and the MODULUS and ARGUMENT (also called 


PHASE) are 
l= Vay? (2) 
= tan (4) : (3) 


Here, ¢ is the counterclockwise ANGLE from the Posi- 
TIVE REAL axis. In the degenerate case when x = 0, 


-inr ify <0 
o@=< undefined if y=0 (4) 
$0 if y > 0. 


It is trivially true that 


S- Rv] = # »» “| (5) 


Now consider a SCALAR FUNCTION = yoe*?. Then 
T= (RO)? =((d4+ 0 )P = Fb4vy 
= i (v" + aby" +b"). (6) 
Look at the time averages of each term, 
(yp?) = (ho7e*”) = by? (a9) =0 (7) 
(p") = (doe’Pyoe”*) = Yo? = |v? (8) 
(Ww) = (doe?) = wo" (e™*) = 0. (8) 


Therefore, 


(1) = 3 lvl’. (10) 

Consider now two scalar functions 
dr = pre Ate) (11) 
eo = V2,0e hr? ta), (12) 


Then 
I = [R(v1) + R(W2)]? = Elda + Ya") + (Wo + ge")? 
= F(t + dr")? + (2 + 2")? 
+ 2(di 2 + Yide” + pide + Yi" y2")] (13) 
(I) = F[2didi* + 2pope” + 2hrve* + 21" yp] 
5 [di(pi* + Wo") + We(yr* + H2")] 
= 3 (1 + ho) (da + v2") = 3dr + dol”. (14) 


In general, 


2 


= 5 (15) 


yu 
t=1 


see also AFFIX, ARGUMENT (COMPLEX NUMBER), 
COMPLEX MULTIPLICATION, COMPLEX NUMBER, 
Moputus (COMPLEX NUMBER), PHASE 


Phi Curve 


Phi Curve 
An ADJOINT CURVE which bears a special relation to 
the base curve. 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York: Dover, p. 310, 1959. 


Phi Number System 
For every POSITIVE INTEGER n, there is a corresponding 
finite sequence of distinct INTEGERS ki, ..., km such 
that 

n=¢" ES oy ued 


where ¢ is the GOLDEN MEAN. 


References 

Bergman, G. “A Number System with an Irrational Base.” 
Math. Mag. 31, 98-110, 1957. 

Knuth, D. The Art of Computer Programming, Vol. 1: Fun- 
damental Algorithms, 2nd ed. Reading, MA: Addison- 
Wesley, 1973. 

Rousseau, C. “The Phi Number System Revisited.” Math. 
Mag. 68, 283-284, 1995. 


Phragmén-Lindél6f Theorem 

Let f(z) be an ANALYTIC FUNCTION in an angular do- 
main W : |argz| < am/2. Suppose there is a constant 
M such that for each € > 0, each finite boundary point 
has a NEIGHBORHOOD such that |f(z)| < M+. on the 
intersection of D with this NEIGHBORHOOD, and that 
for some POSITIVE number @ > a for sufficiently large 
|z|, the INEQUALITY |f(z)| < exp({z|?/*) holds. Then 
lf(2)| <M in D. 


References 
Iyanaga, S. and Kawada, Y. (Eds.). Encyclopedic Dictionary 
of Mathematics. Cambridge, MA: MIT Press, p. 160, 1980. 


Phyllotaxis 

The beautiful arrangement of leaves in some plants, 
called phyllotaxis, obeys a number of subtle mathemat- 
ical relationships. For instance, the florets in the head 
of a sunflower form two oppositely directed spirals: 55 
of them clockwise and 34 counterclockwise. Surpris- 
ingly, these numbers are consecutive FIBONACCI NUM- 
BERS. The ratios of alternate FIBONACCI NUMBERS are 
given by the convergents to ¢~”, where ¢ is the GOLDEN 
RATIO, and are said to measure the fraction of a turn 
between successive leaves on the stalk of a plant: 1/2 
for elm and linden, 1/3 for beech and hazel, 2/5 for 
oak and apple, 3/8 for poplar and rose, 5/13 for willow 
and almond, etc. (Coxeter 1969, Ball and Coxeter 1987). 
A similar phenomenon occurs for DAISIES, pineapples, 
pinecones, cauliflowers, and so on. 


Lilies, irises, and the trillium have three petals; col- 
umbines, buttercups, larkspur, and wild rose have five 
petals; delphiniums, bloodroot, and cosmos have eight 
petals; corn marigolds have 13 petals; asters have 21 
petals; and daisies have 34, 55, or 84 petals—all Fi- 
BONACCI NUMBERS. 
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see also DAISY, FIBONACCI NUMBER, SPIRAL 
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A REAL NUMBER denoted 2 which is defined as the 
ratio of a CIRCLE’s CIRCUMFERENCE C' to its DIAMETER 
d= 2r, 


Pi 


n=S>>> (1) 
It is equal to 


WH = 3.141592653589793238462643383279502884197... 

(2) 
(Sloane’s A000796). m has recently (August 1997) been 
computed to a world record 51,539, 600,000 = 3-274 
DECIMAL Dicirs by Y. Kanada. This calculation 
was done using Borwein’s fourth-order convergent al- 
gorithm and required 29 hours on a massively parallel 
1024-processor Hitachi $R2201 supercomputer. It was 
checked in 37 hours using the BRENT-SALAMIN FoR- 
MULA on the same machine. 


The SIMPLE CONTINUED FRACTION for 7, which gives 
the “best” approximation of a given order, is [3, 7, 15, 


1356 Pi 


sap ie Des eas > eV se os De i se 
(Sloane’s A001203). The very large term 292 means 
that the CONVERGENT 


[3, 7, 15,1] = [3,7, 16] = 283 = 3.14159292... (3) 


is an extremely good approximation. The first few CON- 
VERGENTS are 22/7, 333/106, 355/113, 103993/33102, 
104348/33215, ... (Sloane’s A002485 and A002486). 
The first occurrences of n in the CONTINUED FRAC- 
TION are 4, 9, 1, 30, 40, 32, 2, 44, 130, 100, ... (Sloane’s 
032523). 


Gosper has computed 17,001,303 terms of 7’s CONTIN- 
UED FRACTION (Gosper 1977, Ball and Coxeter 1987), 
although the computer on which the numbers are stored 
may no longer be functional (Gosper, pers. comm., 
1998). According to Gosper, a typical CONTINUED 
FRACTION term carries only slightly more significance 
than a decimal DiGIT. The sequence of increasing terms 
in the CONTINUED FRACTION is 3, 7, 15, 292, 436, 
20776, ... (Sloane’s A033089), occurring at positions 
1, 2, 3, 5, 308, 432, ... (Sloane’s A033090). In the first 
26,491 terms of the CONTINUED FRACTION (counting 3 
as the Oth), the only five-DIGIT terms are 20,776 (the 
431st), 19,055 (15,543rd), and 19,308 (23,398th) (Beeler 
et al. 1972, Item 140). The first 6-DIGIT term is 528,210 
(the 267,314th), and the first 8-DIGIT term is 12,996,958 
(453,294th). The term having the largest known value 
is the whopping 9-DIGIT 87,878,3625 (the 11,504,931st 
term). 


The SIMPLE CONTINUED FRACTION for 7 does not show 
any obvious patterns, but clear patterns do emerge in 
the beautiful non-simple CONTINUED FRACTIONS 


4 i 


~=1+ (4) 


2+ 


2+... 


(Brouckner), giving convergents 1, 3/2, 15/13, 105/76, 
315/263, ... (Sloane’s A025547 and A007509) and 


Ww 1 
+ =1-——_________________ 5) 


(Stern 1833), giving convergents 1, 2/3, 4/3, 16/15, 
64/45, 128/105, ... (Sloane’s A001901 and A046126). 


Pi 


mw crops up in all sorts of unexpected places in mathe- 
matics besides CIRCLES and SPHERES. For example, it 
occurs in the normalization of the GAUSSIAN DISTRI- 
BUTION, in the distribution of PRIMES, in the construc- 
tion of numbers which are very close to INTEGERS (the 
RAMANUJAN CONSTANT), and in the probability that 
a pin dropped on a set of PARALLEL lines intersects a 
line (BUFFON’S NEEDLE PROBLEM). Pi also appears as 
the average ratio of the actual length and the direct dis- 
tance between source and mouth in a meandering river 
(Stgllum 1996, Singh 1997). 


A brief history of NOTATION for pi is given by Castel- 
lanos (1988). 7 is sometimes known as LUDOLPH’S COn- 
STANT after Ludolph van Ceulen (1539-1610), a Dutch 
x calculator. The symbo] 7 was first used by William 
Jones in 1706, and subsequently adopted by Euler. In 
Measurement of a Circle, Archimedes (ca. 225 BC) ob- 
tained the first rigorous approximation by INSCRIBING 
and CIRCUMSCRIBING 6-2”-gons on a CIRCLE using the 
ARCHIMEDES ALGORITHM. Using n = 4 (a 96-gon), 
Archimedes obtained 


3+ <r<3+h (6) 


(Shanks 1993, p. 140). 


The Bible contains two references (I Kings 7:23 and 
Chronicles 4:2) which give a value of 3 for w. It should 
be mentioned, however, that both instances refer to 
a value obtained from physical measurements and, as 
such, are probably well within the bounds of experi- 
mental uncertainty. I Kings 7:23 states, “Also he made 
a molten sea of ten Cubits from brim to brim, round 
in compass, and five cubits in height thereof; and a line 
thirty cubits did compass it round about.” This implies 
m = C/d = 30/10 = 3. The Babylonians gave an esti- 
mate of 7 as 3+ 1/8 = 3.125. The Egyptians did better 
still, obtaining 2°/3* = 3.1605... in the Rhind papyrus, 
and 22/7 elsewhere. The Chinese geometers, however, 
did best of all, rigorously deriving 7 to 6 decimal places. 


A method similar to Archimedes’ can be used to esti- 
mate 7 by starting with an n-gon and then relating the 
AREA of subsequent 2n-gons. Let @ be the ANGLE from 
the center of one of the POLYGON’s segments, 


B= i(n-3)n. (7) 
Then 


$nsin(28) 


(8) 


; ad 


(Beckmann 1989, pp. 92-94). Viéte (1593) was the first 
to give an exact expression for 7 by taking n = 4 in the 
above expression, giving 


cos 8 = sinf = 


1 1 
a 3V2, (9) 


Pi 


which leads to an INFINITE PRODUCT of CONTINUED 
SQUARE ROOTS, 


ze fiyatyayityitye co) 


(Beckmann 1989, p. 95). However, this expression was 
not rigorously proved to converge until Rudio (1892). 
Another exact FORMULA is MACHIN’S FORMULA, which 
is Hs 
=I =1 

q a 4tan (2) — tan™"(s35). (11) 
There are three other MACHIN-LIKE FORMULAS, as well 
as other FORMULAS with more terms. An interesting 
INFINITE PRODUCT formula due to Euler which relates 
nw enck the nth PRIME p, is 


2 


wT (12) 


71 
ih es gE mG | 


2 


— (-1)(pn-1)/2 
| aa E oP Pn 


(Blatner 1997, p. 119), plotted below as a function of 
the number of terms in the product. 
3.16 


(13) 


1000 2000 3000 4000 5000 


The AREA and CIRCUMFERENCE of the UNIT CIRCLE 
are given by 


1 
A=n=4/ 1—a2dz (14) 
0 

= ili 4y 2 _ k2 15 
ser a ee 8) 

k=0 

and 
1 
dz 
C=2n=4 ——— 1 

cg i ar (16) 


a4 fis (Zvi-#) ae. (17) 


Pi 1357 


The SURFACE AREA and VOLUME of the unit SPHERE 
are 


S=4n (18) 
Y= $n. (19) 


m is known to be IRRATIONAL (Lambert 1761, Legendre 
1794) and even TRANSCENDENTAL (Lindemann 1882). 
Incidentally, Lindemann’s proof of the transcendence 
of 7 also proved that the GEOMETRIC PROBLEM OF 
ANTIQUITY known as CIRCLE SQUARING is impossible. 
A simplified, but still difficult, version of Lindemann’s 
proof is given by Klein (1955). 


It is also known that a is not a LIOUVILLE NUMBER 
(Mahler 1953). In 1974, M. Mignotte showed that 


<q” (20) 


has only a finite number of solutions in INTEGERS (Le 
Lionnais 1983, p. 50). This result was subsequently 
improved by Chudnovsky and Chudnovsky (1984) who 
showed that 

Pp 
q 


Weiee > ge (21) 


although it is likely that the exponent can be reduced to 
2+, where e€ is an infinitesimally small number (Bor- 
wein et al. 1989). It is not known if 7 is NORMAL (Wagon 
1985), although the first 30 million DIGITS are very UNI- 
FORMLY DISTRIBUTED (Bailey 1988). The following dis- 
tribution is found for the first n Digits of r—-3. It shows 
no statistically SIGNIFICANT departure from a UNIFORM 
DISTRIBUTION (technically, in the CHI-SQUARED TEST, 
it has a value of x,” = 5.60 for the first 5 x 10!° terms). 


5 x 10 


99,959 599,963,005 5,000,012,647 
99,758 600,033,260 4,999,986,263 
100,026 599,999,169 5,000,020,237 
10,025 100,229 600,000,243 4,999,914,405 
9,971 100,230 599,957,439 5,000,023,598 
10,026 100,359 600,017,176 4,999,991,499 
10,029 99,548 600,016,588 4,999,928,368 
10,025 99,800 600,009,044 5,000,014,860 
9,978 99,985 599,987,038 5,000,117,637 
2.902 100,106 600,017,038' 4,999,990,486 


digit 1x 10° 1x10® 6x 10° 


9,999 
10,137 
9,908 


DOONAN RW Mr © 


The ligits =f 1/m are also very uniformly distributed 
(xs? = 7.04 — shown in the following table. 
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5 x 10% 


4,999,969,955 
5,000,113,699 
4,999,987,893 
5,000,040,906 
4,999,985,863 
4,999,977,583 
4,999,990,916 
4,999,985,552 
4,999,881,183 
5,000,066,450 


Qe 
oe 
i*jc} 
=n 
ct 


CMAN Ooh WBN eH © 


It is not known if 7 + e, w/e, or Inm are IRRATIONAL. 
However, it is known that they cannot satisfy any POLY- 
NOMIAL equation of degree < 8 with INTEGER COEFFI- 
CIENTS of average size 10° (Bailey 1988, Borwein et al. 
1989). 


nm satisfies the INEQUALITY 


1 am+1 
(1 re -) ~ 3.14097 < 7. (22) 


Beginning with any POSITIVE INTEGER n, round up to 
the nearest multiple of n ~ 1, then up to the nearest 
multiple of n — 2, and so on, up to the nearest multiple 
of 1. Let f(n) denote the result. Then the ratio 


2 


tim oT = (23) 


(Brown). David (1957) credits this result to Jabotinski 
and Erdés and gives the more precise asymptotic result 


f(n) = _ +O0(n*/?), (24) 


The first few numbers in the sequence {f(n)} are 1, 2, 
4, 6, 10, 12, 18, 22, 30, 34, ... (Sloane’s A002491). 


A particular case of the WALLIS FORMULA gives 


i-T (2n)? _2:24-46-6 
A | (Qn —1)(2n+1)]  1-33-55-7 
(25) 
This formula can also be written 
4n 2 
lim =e = lim ul =, (26) 


where () denotes a BINOMIAL COEFFICIENT and [(z) 
is the GAMMA FUNCTION (Knopp 1990). Euler obtained 


i 1 
n= /6(14+54 


which follows from the special value of the RIEMANN 
ZETA FUNCTION ¢(2) = 77/6. Similar FORMULAS follow 


tat), @7 


Pi 


from ¢(2n) for all POSITIVE INTEGERS n. Gregory and 
Leibniz found 


-_ 


T i 
—=1l-—-i+s54... 28 
Fel-gteten, (28) 


on 


which is sometimes known as GREGORY’S FORMULA. 
The error after the nth term of this series in GREGORY’S 
FORMULA is larger than (2n)~! so this sum converges 
so slowly that 300 terms are not sufficient to calculate 
nm correctly to two decimal places! However, it can be 
transformed to 


oo 


ke 
r= cet, (29) 


k=1 


where ¢(z) is the RIEMANN ZETA FUNCTION (Vardi 
1991, pp. 157-158; Flajolet and Vardi 1996), so that 
the error after k terms is + (3/4)*. Newton used 


1/4 
n= 3/3424 Va — x? dz (30) 
8] 
3V3 1 1 1 l 
Pegi cee, (Ee 
af (35 5-28 28-27 72-29 ) 


(31) 


(Borwein et al. 1989). Using Euler’s CONVERGENCE Im- 
PROVEMENT transformation gives 


i 1s (n!)?72"+1 2 . ni 
G9 Qn+1)! Cy (Qn41)il 
n=0 n=0 
1 1-2 1-2-3 
1+3+ gg tgg7t 82) 
1 2 3 4 
a1t5(t+5 (147 (145 04--9))) 
(33) 


(Beeler et al. 1972, Item 120). This corresponds to plug- 
ging = 1/\/2 into the Power SERIES for the HYPER- 
GEOMETRIC FUNCTION 2F (a, b;c; 2), 


(2x (2x)?*¥? (al)? 
=> Gaie 2(2i+1)! 


Despite the convergence improvement, series (33) con- 
verges at only one bit/term. At the cost of a SQUARE 
Root, Gosper has noted that x = 1/2 gives 2 bits/term, 


ete = 2F,(1,1;3;2 *)a, (34) 


a es (31)? 
sVon= 5 7) we Q+DP (36) 


and x = sin(7/10) gives almost 3.39 bits/term, 


wT _i1 (i!)? 
B/o+2 2 DB f#+1(2i +1)!’ Ge) 
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where ¢ is the GOLDEN RaTIO. Gosper also obtained 


1 2-3 3-5 
Saale (8+ 595 (8+ Gas 
4-7 


x (18 + mig ps )))) . (37) 
An infinite sum due to Ramanujan is 
oo 3 
1 2n\ 42n+5 
are = @ Zimnt4 (38) 
n=0 


(Borwein et al. 1989). 
manujan (1913-14), 


Further sums are given in Ra- 


~1)"(1123 + 21460n)(2n — 1)!!(4n — 1)! 
882274132" (n!)3 


(39) 


__ es (1103 + 26390n)(2n — 1)!!(4n ~ 1)! 
ia v8S° 9947 +232” (n!)3 


(4n)!(1103 + 26390n) 
~ 9801 oD (n!)43964" 20) 


(Beeler et al. 1972, Item 139; Borwein et al. 1989). 
Equation (40) is derived from a modular identity of or- 
der 58, although a first derivation was not presented 
prior to Borwein and Borwein (1987). The above series 
both give 


nm 2e0bv2 
~~ 9801 


= 3,14159273001... (41) 


as the first approximation and provide, respectively, 
about 6 and 8 decimal places per term. Such series exist 
because of the rationality of various modular invariants. 
The general form of the series is 


— (6n)! 1 v-5) 
dl) + OE AR GOR 


n=0 


where ¢ is a QUADRATIC FORM DISCRIMINANT, j(é) is 
the j-FUNCTION, 


b(t) = Vt[1728 — 7(¢)] (43) 


a(t) = U- EG ao- Sal} “a 


and the &; are RAMANUJAN-EISENSTEIN SERIES. A 
CLASS NUMBER p field involves pth degree ALGEBRAIC 
INTEGERS of the constants A = a(t), B = b(t), and 
C = c(t). The fastest converging series that uses only 
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INTEGER terms corresponds to the largest CLASS NUM- 


BER 1 discriminant of d = —163 and was formulated 
by the Chudnovsky brothers (1987). The 163 appearing 
arJ/163 


here is the same one appearing in the fact that e 
(the RAMANUJAN CONSTANT) is very nearly an INTE- 
GER. The series is given by 

1 ss (—1)"(6n)!(13591409 + 545140134n) 


— = 12 
7 4 (n!)3(3n)!(6403203) "14/2 
n= 


_ 163-8-27-7-11-19-127 
~ 6403203/2 


— 13591409 
«> Gaspar +") 


- _(6n)!__(-1)" 
(3n)!(n!)3 6403208" 


(45) 


(Borwein and Borwein 1993). This series gives 14 digits 
accurately per term. The same equation in another form 
was given by the Chudnovsky brothers (1987) and is 
used by Mathematica® (Wolfram Research, Champaign, 
IL) to calculate r (Vardi 1991), 


pics 426880 V 10005 
A[sF2(é; 3) 8; 1,1; B) a C3Fi(Z, 2, 35 2,2; B)]’ 
(46) 
where 
A = 13591409 (47) 
B=- TETUSTS7SOEGOTO (48) 


= 30285563 
C= 16519691449085407 23200 ° (49) 


The best formula for CLASS NUMBER 2 (largest discrim- 
inant —427) is 
ch SCO (A+ Bn) 
= =F 8(3n)tCnrt1/2 ? 


(50) 


where 


A = 212175710912 V61 + 1657145277365 (51) 
B = 13773980892672V/61 + 107578229802750 (52) 
C = [5280(236674 + 3030361 ]° (53) 


(Borwein and Borwein 1993). This series adds about 25 
digits for each additional term. The fastest converging 
series for CLASS NUMBER 3 corresponds to d = —907 
and gives 37-38 digits per term. The fastest converging 
CLASS NUMBER 4 series corresponds to d = —1555 and 
is 
A+nB 
Cc3n 


V-C? _(6n)! 
ro a (3 


n)!i(n!)8 (2) 


where 
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A = 63365028312971999585426220 
+ 28337702140800842046825600V5 
+ 384,/5(108917285511711782004674 - - - 
- - 36212395209160385656017 + 487902908657881022 - - - 
- 5077338534541688721351255040V'5 )*/? (55) 
B = 7849910453496627210289749000 
+ 3510586678260932028965606400V5 
+ 2515968V3110(62602083237890016 - - - 
- 3699332265 1444020882161 + 2799650273060444296 - - - 
- -577206890718825190235V5 )*/” (56) 
C = —214772995063512240 — 96049403338648032V'5 
— 1296-V5(109852345794635503237 13318473 
+ 4912746253692362754607395912V5 )*/. (57) 


This gives 50 digits per term. Borwein and Borwein 
(1993) have developed a general ALGORITHM for gener- 
ating such series for arbitrary CLASS NUMBER. Bellard 
gives the exotic formula 


Sd =. 3P(n) 
~ 740025 ys (7)an-1 
n=] \2n 


— 20379280|, (58) 


where 


P(n) = —885673181n* + 3125347237n* — 2942969225n? 
+1031962795n? — 196882274n + 10996648. (59) 


A complete listing of Ramanujan’s series for 1/7 found 
in his second and third notebooks is given by Berndt 
(1994, pp. 352-354), 


hl . 

-_ (Ain OE (61) 
= (avn SVE + Soe NCB 

, (45 " (62) 

a ae 


(11n +.1)(2)a(2)n(B)n / 4)" 
ae -> (ane (35) S) 
BBYEE _ a (138n + 8)(2)n(B)a(B)m /4\" 
ica => wis (a5) (68) 
4 eC A2On + 3)Da(Dal2)e 
<= > 


(n!)822n41 


(67) 
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—_ y (-1)” So iss 
fF Cwm AA 
Serene e 
wig SO, 
=i = » aon +E Iola do(de (74) 
c= SANDRA 
ih >> ae (76) 


These equations were first proved by Borwein and 
Borwein (1987, pp. 177-187). Borwein and Borwein 
(1987b, 1988, 1993) proved other equations of this type, 
and Chudnovsky and Chudnovsky (1987) found similar 
equations for other transcendental constants. 


A SPIGOT ALGORITHM for 7 is given by Rabinowitz 
and Wagon (1995). Amazingly, a closed form expression 
giving a digit extraction algorithm which produces digits 
of 7 (or 7”) in base-16 was recently discovered by Bailey 
et al. (Bailey et al. 1995, Adamchik and Wagon 1997), 


(<< - @ - 5-5) (=) 

8n+1 8n+4 Bn+5 8n+6/ \16/ ’ 

(77) 

which can also be written using the shorthand notation 
co 


as Di 
= 2 161/81; 


i=l 


{pi} = {4, 0,0, —2, -1, -1, 0, 0 }, 

(78) 
where {p;} is given by the periodic sequence obtained by 
appending copies of {4,0,0,—2,—1,—1,0,0} (in other 
words, pi = Pi(i—1) (mod 8)]+1 for i > 8) and [ar] is the 
FLooR FUNCTION. This expression was discovered us- 
ing the PSLQ ALGORITIIM and is equivalent to 


1 
_ 16y — 16 
n= f rae A (79) 
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A similar formula was subsequently discovered by Fergu- 
son, leading to a 2-D lattice of such formulas which can 
be generated by these two formulas. A related integral 


is 
1 
r= 2 | 
10) 
(Le Lionnais 1983, p. 22). F. Bellard found the more 


rapidly converging digit-extraction algorithm (in HEX- 
ADECIMAL) 


oo 
1 —1)" 25 1 28 
w= oe S (=1) + 
26 Qidn 4n+1  4n+3 °° 10n+1 


x4(1—2)* 


a de (80) 


n=0 
26 2? 2? 1 
-—— - + . (81) 
10n+3 10n+5 10n+7 10n+9 


More amazingly still, S. Plouffe has devised an algo- 
rithm to compute the nth DiciT of 7 in any base in 
O(n3(logn)*) steps. 


Another identity is 
nx = 36 Li2(4) —36Liz(1) —12Lie(4)+6Lie(4), (82) 


where Ly, is the POLYLOGARITHM. (82) is equivalent to 


{ai} = [1, —3, -2,—3,1,0] (83) 


and 
nm = 12L2(4) + 6(In2)? (84) 


(Bailey et al. 1995). Furthermore 


gest 1 144.0216 Ss 
~ 8 64k | (6k+1)? (6k+2)? (6k+3)? 
54 9 
(6k +4)? * (6k+ =| Ba 
and 


1 16 8 
= DS 16* ce + -_ (8k+2)? (8k +3)? 


k=0 
ee oe ere 
(8k+4)? (8k+5)?  (8k+6)? | (8k+7)? 


(86) 


(Bailey et al. 1995, Bailey and Plouffe). 


A slew of additional identities due to Ramanujan, Cata- 
lan, and Newton are given by Castellanos (1988, pp. 86-— 
88), including several involving sums of FIBONACCI 
NUMBERS. 


Gashper quotes the result 


16 2,7? 
r= a [2 lim a @1F2(352, 3; “x )| ? (87) 
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where 1 F> is a GENERALIZED HYPERGEOMETRIC FUNC- 
TION, and transforms it to 


m= lim 401 F2(4; 8,3; -a”). (88) 


zr-+00O 272 


Fascinating results due to Gosper include 


2n 
a v Que 
tim U stem 4 1.554682275... (89) 
and 
ee 
ae n? nn + J/n?r? —9 
ee 
= ~j553 = ~0.040048222.... (90) 


Gosper also gives the curious identity 


‘a 


3.31/24, /(Z)I 
V3 V301(4) 2¢/(2) 
28/6 exp |g — 548 + Ta) _ 20) 1 98/ 


12x 


= 1.012378552722912.... (91) 
Another curious fact is the ALMOST INTEGER 
e” — x = 19.999099979..., (92) 
which can also be written as 
(7 +20)' = —0.9999999992 — 0.0000388927i = —1 (93) 
cos(In(m + 20)) + —0.9999999992. (94) 
Applying COSINE a few more times gives 


cos(7 cos(m cos(In(a + 20)))) 
® —1+ 3.9321609261 x 107*°. (95) 


zw may also be computed using iterative ALGORITHMS. 
A quadratically converging ALGORITHM due to Borwein 
is 


to = V2 (96) 
mo =2+ V2 (97) 
yi = 2/4 (98) 
and 
Pa eee eee (99) 
n+1™ 2 nr Jin 
UnVEn + Fz 
Yn4+1 Yn + 1 (100) 
In+1 


(101) 
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, decreases monotonically to 7 with 


gntl 


Tn —7< 10 (102) 
for n > 2. The BRENT-SALAMIN FORMULA is another 
quadratically converging algorithm which can be used 
to calculate a. A quadratically convergent algorithm 
for 7/In2 based on an observation by Salamin is given 
by defining 


oS 2 
f(k) = K27-*/4 3 re) (103) 
n=1 


then writing 


— f(r) 
J= Flan) a (104) 
Now iterate 
1 1 

9 = 4/5 (a + =.) (105) 

to obtain fe 
mn = 2(In 2) f(n) I] 9k: (106) 

k=1 


A cubically converging ALGORITHM which converges to 
the nearest multiple of 7 to fo is the simple iteration 


fr — fr-1 + sin( f,-1) (107) 


(Beeler et al. 1972). For example, applying to 23 gives 
the sequence 


{23, 22.1537796, 21.99186453, 21.99114858,...}, (108) 


which converges to 77 ¥ 21.99114858. 


A quartically converging ALGORITHM is obtained by let- 
ting 


yo = V2-1 (109) 
a =6—4y2, (110) 


then defining 


1 = (1 ynt)}/4 


be ee 111 
Yn+1 1+ al = yn4)i/4 ( ) 


Ong = (1+ yngi)*an — 27°78 yn gi (1 + yagi + Yagi’): 


(112) 
Then i 
x= lim — (113) 
nc On 
and a, converges to 1/m quartically with 
ys ee 16.4% 288" (114) 
wT 
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(Borwein and Borwein 1987, Bailey 1988, Borwein et al. 
1989). This ALGORITHM rests on a MODULAR EQua- 
TION identity of order 4. 


A quintically converging ALGORITHM is obtained by let- 
ting 


89 = 5(V5 — 2) (115) 
ay = 5. (116) 
Then let 25 
sett = CPEs ian (117) 
where 
2 = 2 =4 (118) 
y=(e-1)?+7 (119) 


z= [baly + /y? — 423). (120) 
Finally, let 


8n(8n?2 — 2s, + 5)], 
(121) 


Ong = Sn On — 5"[3(8n7 — 5) + 


then i 
0<an-—<16- i al (122) 


(Borwein et al. 1989). This ALGORITHM rests on a 
MODULAR EQUATION identity of order 5. 


Another ALGORITHM is due to Woon (1995). Define 
a(0) =1 and 


n-1 2 
sme [Sow] : (123) 


k=0 


It can be proved by induction that 
Sy 
a(n) = ese (sar) ; (124) 


For n = 0, the identity holds. If it holds for n < t, then 


t 


2 
a(t+1)=,}1+ Som (s)| ; (125) 


k=0 
but 
T T TT 
csc (sez) = cot (sas) — cot (=) 5 (126) 
so 
t 
“is Tv 
So csc (sax) = cot (ss) . (127) 
k=0 
‘Therefore, 
a(t + 1) = ese (sas) ; (128) 


Py 


so the identity holds for n = +1 and, by induction, for 
all NONNEGATIVE n, and 


co 
B 
II 
-" 
5 
iw) 
a 
+ 
w 
-_ 
ie] 
GI, 
tN 
3 
+ 
~ 
eee” 


Il 
F 
S) 


n-¥0o geri yay 
. sind 


Other iterative ALGORITHMS are the ARCHIMEDES AL- 
GORITHM, which was derived by Pfaff in 1800, and the 
BRENT-SALAMIN FORMULA. Borwein et al. (1989) dis- 
cuss pth order iterative algorithms. 


KOCHANSKY’S APPROXIMATION is the RooT of 
9x* — 240x? + 1492. (130) 
given by 
mm 4/49 — V12 = 


An approximation involving the GOLDEN MEAN is 


2 
ne o£ (Et) = 3(34+ V5) = 3.14164... 


3.141533. (131) 


2 
(132) 
Some approximations due to Ramanujan 
_ 19v7 
TA “Té (133) 
= £(1+ 1V3) (134) 
mw P+4/2 (135) 
a\ 1/4 1/4 
~ G + =) = (102 = =) (136) 
w(97+2~2)4 = (974 2)" (137) 
~ 63 (17+ 155 
25 ( 7+ Tee) os 
355 0.0003 
eee ( ~ “3533 ) ae 
wm 12_), | B+v13 v8 + V10) 
re al 5 | (140) 
- 10+11V2 = 10 +7 
ae “| 4 (141) 
12 
te Frag lls + V10)(v8 + v10)] (142) 
12 ' 
ew yaa ™ [3(3 + V5)(2 + V2) (5 + 2V10 
+V61+ 20/10 )| (143) 
_ 4 5+ V29 
© Tess in (He F a (5V29 + 11V6) 


6 
. ( pees [S298 ) |. (144) 
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which are accurate to 3, 4, 4, 8, 8, 9, 14, 15, 15, 18, 23, 
31 digits, respectively (Ramanujan 1913-1914; Hardy 
1952, p. 70; Berndt 1994, pp. 48-49 and 88-89). 


Castellanos (1988) gives a slew of curious formulas: 


mr (2e* + e®)1/7 (145) 
553. (\? 
= (a + i) (146) 
= (%)*(488)? (147) 
- 2 
me (288 (148) 
66° + 86? \* 
~ Grn (149) 
= 1.09999901 - 1.19999911 - 1.39999931 - 1.69999961 
(150) 
47° + 20° 
aa cae 1 (151) 
a 2+4/1+ (#8)? (152) 
sah ( z2z29 1/5 (153) 
/3 
62? +14\* 
me (x as rd (154) 
1700° + 82° — 10% — 93 — 63 — 33 
Sa oy Oe Oe (155) 
934 + 344 +174 +88 \*/4 
ny (0s a et tS) (156) 


3 3 3 2\ 1/4 
2 (00 ~ 2225 + 214° + 30 +) . as 


825 


which are accurate to 3, 4, 4, 5, 6, 7, 7, 8, 9, 10, 11, 
12, and 13 digits, respectively. An extremely accurate 
approximation due to Shanks (1982) is 


6 
350 


In(2u) + 7.37 x 107%, (158) 


T~ 


: 


where u is the product of four simple quartic units. A 
sequence of approximations due to Plouffe includes 


mr 437/28 (159) 
wy 12198 (160) 
V6 
Zs Gas) SL iaie (161) 
4 
689 
689 (162) 
~ 396 In (£82) 
my (2248 )2/4 (163) 
2 
~ 4] az In 5280 (164) 
pe (a3) +3+3(v5+1) (165) 
_ 48 1, (60318 
Pas (Gass aa 
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a! i In (Se) (168) 
a PUES ASTUTE SPOS NITE 19 (169) 
we se (170) 


which are accurate to 4, 5, 7, 7, 8, 9, 10, 11, 11, 11, 23, 
and 30 digits, respectively. 


Ramanujan (1913-14) and Olds (1963) give geomet- 


ric constructions for 355/113. Gardner (1966, pp. 92- 
93) gives a geometric construction for 3 + 16/113 = 


3.1415929.... Dixon (1991) gives constructions for 
6/5(1 + ¢) = 3.141640... and ,/4+ (3 — tan(30°)) = 
3.141533 .... Constructions for approximations of 7 are 


approximations to CIRCLE SQUARING (which is itself im- 
possible). 


A short mnemonic for remembering the first eight DEC- 
IMAL DiIGitTs of m is “May I have a large container of 
coffee?” giving 3.1415926 (Gardner 1959; Gardner 1966, 
p. 92; Eves 1990, p. 122, Davis 1993, p. 9). A more sub- 
stantial mnemonic giving 15 digits (3.14159265358979) 
is “How I want a drink, alcoholic of course, after the 
heavy lectures involving quantum mechanics,” originally 
due to Sir James Jeans (Gardner 1966, p. 92; Castellanos 
1988, p. 152; Eves 1990, p. 122; Davis 1993, p. 9; Blatner 
1997, p. 112). A slight extension of this adds the phrase 
“All of thy geometry, Herr Planck, is fairly hard,” giving 
24 digits in all (3.14159265358979323846264). 


An even more extensive rhyming mnemonic giving 31 
digits is “Now I will a rhyme construct, By chosen 
words the young instruct. Cunningly devised endeav- 
our, Con it and remember ever. Widths in circle here 
you see, Sketched out in strange obscurity.” (Note that 
the British spelling of “endeavour” is required here.) 


The following stanzas are the first part of a poem written 
by M. Keith based on Edgar Allen Poe’s “The Raven.” 
The entire poem gives 740 digits; the fragment below 
gives only the first 80 (Blatner 1997, p. 113). Words 
with ten letters represent the digit 0, and those with 11 
or more digits are taken to represent two digits. 


Poe, E.: Near a Raven. 


Midnights so dreary, tired and weary. 

Silently pondering volumes extolling all by-now obsolete 
lore. 

During my rather long nap-the weirdest tap! 

An ominous vibrating sound disturbing my chamber’s 
antedoor. 

‘This,’ I whispered quietly, ‘I ignore.’ 

Perfectly, the intellect remembers: the ghostly fires, a 
glittering ember. 

Inflamed by lightning’s outbursts, windows cast penum- 
bras upon this floor. 
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Sorrowful, as one mistreated, unhappy thoughts I heed- 
ed: 

That inimitable lesson in elegance—Lenore— 

is delighting, exciting... nevermore. 


An extensive collection of 7 mnemonics in many lan- 
guages is maintained by A. P. Hatzipolakis. Other 
mnemonics in various languages are given by Castellanos 
(1988) and Blatner (1997, pp. 112-118). 


In the following, the word “digit” refers to decimal digit 
after the decimal point. J. H. Conway has shown that 
there is a sequence of fewer than 40 FRACTIONS Fi, Fo, 

. with the property that if you start with 2” and re- 
peatedly multiply by the first of the F; that gives an 
integral answer, then the next POWER of 2 to occur will 
be the 2”th decimal digit of 7. 


The first occurrence of n Os appear at digits 32, 307, 
601, 13390, 17534, .... The sequence 9999998 occurs at 
decimal 762 (which is sometimes called the FEYNMAN 
POINT). This is the largest value of any seven digits 
in the first million decimals. The first time the BEAST 
NUMBER 666 appears is decimal 2440. The digits 314159 
appear at least six times in the first 10 million decimal 
places of 7 (Pickover 1995). In the following, “digit” 
means digit of 7 — 3. The sequence 0123456789 oc- 
curs beginning at digits 17,387,594 ,880, 26,852,899,245, 
30,243,957,439, 34,549,153,953, 41,952,536,161, and 
43,289,964,000. The sequence 9876543210 occurs 
beginning at digits 21,981,157,633, 29,832,636,867, 
39,232,573,648, 42,140,457,481, and 43,065,796,214. 
The sequence 27182818284 (the digits of e) occur be- 
ginning at digit 45,111,908,393. There are also in- 
teresting patterns for 1/m. 0123456789 occurs at 
6,214,876,462, 9876543210 occurs at 15,603,388,145 
and 61,507,034,812, and 999999999999 occurs at 
12,479,021,132 of 1/7. 


Scanning the decimal expansion of 7 until all n-digit 
numbers have occurred, the last 1-, 2-,... digit num- 
bers appearing are 0, 68, 483, 6716, 33394, 569540, ... 
(Sloane’s A032510). These end at digits 32, 606, 8555, 
99849, 1369564, 14118312, .... 


see also ALMOST INTEGER, ARCHIMEDES ALGORITHM, 
BRENT-SALAMIN FORMULA, BUFFON-LAPLACE NEE- 
DLE PROBLEM, BUFFON’S NEEDLE PROBLEM, CIR- 
CLE, DIRICHLET BETA FUNCTION, DIRICHLET ETA 
FUNCTION, DIRICHLET LAMBDA FUNCTION, e, EULER- 
MASCHERONI CONSTANT, GAUSSIAN DISTRIBUTION, 
MACLAURIN SERIES, MACHIN’S FORMULA, MACHIN- 
LIKE FORMULAS, RELATIVELY PRIME, RIEMANN ZETA 
FUNCTION, SPHERE, TRIGONOMETRY 
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Pi Heptomino 


A HEPTOMINO in the shape of the Greek character 7. 


Picard’s Theorem 


Piano Mover’s Problem 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Given an open subset U in n-D space and two compact 
subsets Cy and Ci of U, where C1 is derived from Co 
by a continuous motion, is it possible to move Co to C; 
while remaining entirely inside U? 


see also MOVING LADDER CONSTANT, MOVING SOFA 
CONSTANT 
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Picard’s Existence Theorem 
If f is a continuous function that satisfies the LIPSCHITZ 
CONDITION 


[f(a,t) — fly, t)| < Dlx — y| 


in a surrounding of (zo,to.) € 29 C Rx R® = {(z,t): 
|x — xo| < b, |¢ — to| < a}, then the differential equation 


f = #(2,2) 
x(to) = ©o 


has a unique solution z(t) in the interval |t — to| < d, 
where d = min(a,b/B), min denotes the MINIMUM, B = 
sup |f(t,z)|, and sup denotes the SUPREMUM. 


see also ORDINARY DIFFERENTIAL EQUATION 


Picard’s Little Theorem 
Any ENTIRE ANALYTIC FUNCTION whose range omits 
two points must be a constant. 


Picard’s Theorem 

An ANALYTIC FUNCTION assumes every COMPLEX 
NUMBER, with possibly one exception, infinitely often 
in any NEIGHBORHOOD of an ESSENTIAL SINGULARITY. 


see also ANALYTIC FUNCTION, ESSENTIAL SINGULAR- 
ITY, NEIGHBORHOOD 


Picard Variety 


Picard Variety 

Let V be a VARIETY, and write G(V) for the set of di- 
visors, G,(V) for the set of divisors linearly equivalent 
to 0, and Ga(V) for the group of divisors algebraically 
equal to 0. Then Ga(V)/G:(V) is called the Picard va- 
riety. The ALBANESE VARIETY is dual to the Picard 
variety. 

see also ALBANESE VARIETY 
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Pick’s Formula 
see PICK’S THEOREM 


Pick’s Theorem 

Let A be the AREA of a simply closed POLYGON whose 
VERTICES are lattice points. Let B denote the number 
of LATTICE POINTS on the EDGES and J the number of 
points in the interior of the POLYGON. Then 


A=I+}B-1. 


The FORMULA has been generalized to 3-D and higher 
dimensions using EHRHART POLYNOMIALS. 


see also BLICHFELDT’S THEOREM, EHRHART POLY- 
NOMIAL, LATTICE POINT, MINKOWSKI CONVEX BODY 
THEOREM 
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Picone’s Theorem 

Let f(x) be integrable in [—1, 1], let (1 — x?) f(a) be of 
bounded variation in (—1, 1], let 44’ denote the least up- 
per bound of |f(x)(1 —«?)| in [—1, 1], and let V’ denote 
the total variation of f(z)(1 — x”) in [-1,1]. Given the 
function 


F(2) = F(-1) + i “f@de, 


then the terms of its LEGENDRE SERIES 


F(z) ~ >> anPx(z) 


1 
Gn = §(2n+ » f F(a)Pn(x) dz, 
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where P,(x) is a LEGENDRE POLYNOMIAL, satisfy the 
inequalities 


2 M’s+v’_ | —-3/2 
lanPa(z)| < {ea for |u| <5<1 
2(M' + V')n7 for |z| <1 


for n > 1 (Sansone 1991). 
see also JACKSON’S THEOREM, LEGENDRE SERIES 
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Pie Cutting 


see CIRCLE CUTTING, CYLINDER CUTTING, PANCAKE 
THEOREM, P1zZA THEOREM 


Piecewise Circular Curve 

A curve composed exclusively of circular ARCS, e.g., the 
FLOWER OF LIFE, LENS, REULEAUX TRIANGLE, SEED 
OF LIFE, and YIN- YANG. 


see also ARC, REULEAUX TRIANGLE, YIN-YANG 
FLOWER OF LIFE, LENS, REULEAUX POLYGON, 
REULEAUX TRIANGLE, SALINON, SEED OF LIFE, TRI- 
ANGLE ARCS, YIN- YANG 
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Pigeonhole Principle 
see DIRICHLET’S BOX PRINCIPLE 


Pillai’s Conjecture 
For every k > 1, there exist only finite many pairs of 
POWERS (p,p') with p and p' PRIME and k = p' — p. 
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Pilot Vector 
see VECTOR SPHERICAL HARMONIC 


Pinch Point 

A singular point such that every NEIGHBORHOOD of the 
point intersects itself. Pinch points are also called Whit- 
ney singularities or branch points. 


Pinching Theorem 
Let g(x) < f(x) < h(x) for all x in some open interval 
containing a. If 


a eee 


then limaz a f(x) = L. 
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Pine Cone Number 
see FIBONACCI! NUMBER 


Piriform 


A plane curve also called the PEG Top and given by the 
CARTESIAN equation 


a’y*® = b’2* (2a — 2) (1) 
and the parametric curves 


x =a(1+sint) (2) 
y = bcost(1+sint) (3) 


for t € [-7/2, 2/2]. It was studied by G. de Longchamps 
in 1886. The generalization to a QUARTIC 3-D surface 


(x4 —e)+y? 42? =0, (4) 


is shown below (Nordstrand). 


see also BUTTERFLY CURVE, DUMBBELL CURVE, EIGHT 
CURVE, HEART SURFACE, PEAR CURVE 
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Pisot- Vijayaraghavan Constants 
Let @ be a number greater than 1, \ a POSITIVE number, 


and 
(c) =2z—-|a] (1) 


denote the fractional part of x. Then for a given A, the 
sequence of numbers (\6”) for n = 1, 2, ... is uniformly 
distributed in the interval (0, 1) when @ does not be- 
long to a A-dependent exceptional set S of MEASURE 
zero (Koksma 1935). Pisot (1938) and Vijayaraghavan 
(1941) independently studied the exceptional values of 
@, and Salem (1943) proposed calling such values Pisot- 
Vijayaraghavan numbers. 


Pisot- Vijayaraghavan Constants 


Pisot (1938) proved that if @ is such that there exists 
a 4 4 O such that the series $*°°_, sin?(7A@)” con- 
verges, then 6 is an ALGEBRAIC INTEGER whose conju- 
gates all (except for itself) have modulus < 1, and A is 
an algebraic INTEGER of the FIELD K(@). Vijayaragha- 
van (1940) proved that the sct of Pisot-Vijayaraghavan 
numbers has infinitely many limit points. Salem (1944) 
proved that the set of Pisot-Vijayaraghavan constants is 
closed. The proof of this theorem is based on the LEMMA 
that for a Pisot-Vijayaraghavan constant 6, there always 
exists a number A such that 1 < A < 6 and the following 
inequality is satisfied, 


Non 2 2 
>see) S ae (2) 


The smallest Pisot-Vijayaraghavan constant is given by 
the POSITIVE ROOT 6 of 


2? —a2—1=0. (3) 
This number was identified as the smallest known by 
Salem (1944), and proved to be the smallest possible by 


Siegel (1944). Siegel also identified the next smallest 
Pisot-Vijayaraghavan constant 61 as the root of 


a —2®-1=0, (4) 


showed that 0; and @2 are isolated in S, and showed that 
the roots of each POLYNOMIAL 


x" (2? —2—1)+a7-1 n=1,2,3,... (5) 
“i amti_y 
xv ane Sar n = 3,5,7,... (6) 
Pee = 3.5.7 (7) 
maa n= 3,5,7,... 


belong to S, where 4) = ¢@ (the GOLDEN MEAN) is the 
accumulation point of the set (in fact, the smallest; Le 
Lionnais 1983, p. 40). Some small Pisot-Vijayaraghavan 
constants and their POLYNOMIALS are given in the fol- 
lowing table. The latter two entries are from Boyd 
(1977). 


k Number Order Polynomial 
1.3247179572 3 10-1-1 
1 1.3802775691 4 1-100-1 
1.6216584885 16 1-22-32-21001 
-12-22-21-1 
1.8374664495 20 1-201-101-10 
10-101-101-1 
01-1 


All the points in S less than ¢ are known (Dufresnoy 
and Pisot 1955). Each point of S is a limit point from 
both sides of the set T of SALEM CONSTANTS (Salem 
1945). 


Pistol 


see also SALEM CONSTANTS 
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Pistol 


A 4-POLYHEX. 


References 

Gardner, M. Mathematical Magic Show: More Puzzles, 
Games, Diversions, Illusions and Other Mathematical 
Sleight-of-Mind from Scientific American. New York: 
Vintage, p. 147, 1978. 


Pitchfork Bifurcation 
Let f : R x R > R be a one-parameter family of C* 
map satisfying 


f(—w,n) = — f(a, n) (1) 
Eee ae (2) 
eels 2 fe adie (3) 
Ea ir (4) 
Se ce es (5) 


Then there are intervals having a single stable fixed 
point and three fixed points (two of which are stable 
and one of which is unstable). This BIFURCATION is 
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called a pitchfork bifurcation. An example of an equa- 
tion displaying a pitchfork bifurcation is 


f=pr—x° (6) 


(Guckenheimer and Holmes 1997, p. 145). 
see also BIFURCATION 
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Pivot Theorem 

If the VERTICES A, B, and C of TRIANGLE AABC lie 
on sides QR, RP, and PQ of the TRIANGLE APQR, 
then the three CIRCLES CBP, ACQ, and BAR have a 
common point. In extended form, it is MIQUEL’S THE- 
ORFM. 


see also MIQUEL’S THEOREM 
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Pivoting 

The element in the diagonal of a matrix by which other 
elements are divided in an algorithm such as GAUSS- 
JORDAN ELIMINATION is called the pivot element. Par- 
tial pivoting is the interchanging of rows and full piv- 
oting is the interchanging of both rows and columns in 
order to place a particularly “good” element in the di- 
agonal position prior to a particular opcration. 


see also GAUSS-JORDAN ELIMINATION 
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Pizza Theorem 

If a circular pizza is divided into 8, 12, 16, ...slices by 
making cuts at equal angles from an arbitrary point, 
then the sums of the areas of alternate slices are equal. 


Place (Digit) 
see DIGIT 


Place (Field) 

A place v of a number FIELD k is an ISOMORPHISM class 
of field maps k onto a dense subfield of a nondiscrete 
locally compact FIELD ky. 


In the function field case, let F be a function field of al- 
gebraic functions of one variable over a FIELD K. Then 
by a place in F’, we mean a subset p of F which is the 
IDEAL of nonunits of some VALUATION RING O over K. 
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Place (Game) 

For n players, n—1 games are needed to fairly determine 
first place, and n — 1 + lg(n — 1) are needed to fairly 
determine first and second place. 


Planar Bubble Problem 
see BUBBLE 


Planar Distance 
For n points in the PLANE, there are at least 


2s = Su 
NM =4/n- 5-35 


different DISTANCES. The minimum DISTANCE can oc- 
cur only < 3n — 6 times, and the MAXIMUM DISTANCE 
can occur < n times. Furthermore, no DISTANCE can 
occur as often as 


; yap ge 
Ng = 4n(1+ V8n-7)< v2 4 


times. No set of n > 6 points in the PLANE can deter- 
mine only ISOSCELES TRIANGLES. 


see also DISTANCE 
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Planar Graph 

A GRAPH is planar if it can be drawn in a PLANE 
without EDGES crossing (i.e., it has CROSSING NUM- 
BER 0). Only planar graphs have DUALS. If G is pla- 
nar, then G has VERTEX DEGREE < 5. COMPLETE 
GRAPHS are planar only for n < 4. The complete BI- 
PARTITE GRAPH K(3,3) in nonplanar. More generally, 
Kuratowski proved in 1930 that a graph is planar IFF it 
does not contain within it any graph which can be CON- 
TRACTED to the pentagonal graph K(5) or the hexago- 
nal graph K (3,3). Ks can be decomposed into a union of 
two planar graphs, giving it a “DEPTH” of E(Ks) = 2. 
Simple CRITERIA for determining the depth of graphs 
are not known. Beineke and Harary (1964, 1965) have 
shown that if n # 4 (mod 6), then 


E(Kn) = |} (n+7)]. 


The DEPTHs of the graphs A,, for n = 4, 10, 22, 28, 34, 
and 40 are 1, 3, 4, 5, 6, and 7 (Meyer 1970). 

see also COMPLETE GRAPH, FABRY IMBEDDING, INTE- 
GRAL DRAWING, PLANAR STRAIGHT LINE GRAPH 


Planar Space 
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Planar Point 

A point p on a REGULAR SURFACE M € R? is said to 
be planar if the GAUSSIAN CURVATURE K(p) = 0 and 
S(p) = 0 (where S is the SHAPE OPERATOR), or equiv- 
alently, both of the PRINCIPAL CURVATURES «1 and ke 
are 0. 

see also ANTICLASTIC, ELLIPTIC POINT, GAUSSIAN 
CURVATURE, HYPERBOLIC POINT, PARABOLIC POINT, 
SYNCLASTIC 
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Planar Space 
Let (£1, 2) be a locally EUCLIDEAN coordinate system. 
Then 

ds” = dé,” + d&,”. (1) 


Now plug in 


dé; = ~~~-dz1 + =—dz2 (2) 
Ly 2 


déz = — dz, + —~dz2 (3) 
1 2 
to obtain 
2_ | (26)" oy, 2 
oS fe * (2 Gai 


+2 [96 96 , 962 56 
Oz, 0x2 O21 Ox 


(B+) er « 


Reading off the COEFFICIENTS from 


dx, dzx2 


ds? = gis dx,” + 2912 day dr2 + gaz (dx2)” (5) 


gives 
= (%)*, (88)? 
aS (je) a (i (8) 
_ 88 AE, AEs OE 
9° =~ Ge; Aaa | Axi Oxo (7) 


oa= (58) + (Ber) - 6) 


Planar Straight Line Graph 


Making a change of coordinates (21,22) > (x4, 22) gives 


, _ fd&\*? (ab \? 
ao (5) : (SE) 


_ ( 86 8x1 , Es x2)” 
~ \ Oa, Ox, © Ox2 Ox 
+ (Fe of San 


Ox; Ox}, Oz Or’, 


2 2 
= Ox, Ox, Ox Oz2 
ae (32) PM og og oP (32) (9) 
, _ O& Ox, O&; Oz2 4 0&2 6x1 O€2 Ox2 
93 * O21 Ox, Ox2 Ox, = O21, Ox}, Ozx2 Ox} 


Ox: 0x2 
I? Ba! Ba, 


2 2 
po Oz, 0x1 Ox2 0x2 
922 = 911 (#2) + 2912 Da', Ox + g22 dn} . 


Planar Straight Line Graph 

A PLANAR GRAPH in which only straight line segments 
are used to connect the VERTICES, where the EDGES 
may intersect. 


see also PLANAR GRAPH 
Plancherel’s Theorem 
[fers teyae= [Reser (eas, 


where F(s) = F[f(x)] and F denotes a FOURIER 
TRANSFORM. If f and g are real 


he f(x)g(—2) dx =f F(s)G(s) ds. 


—co 
see also FOURIER TRANSFORM, PARSEVAL’S THEOREM 


Planck’s Radiation Function 


The function 


1 
z>(et/* — 4)" 


f(z) = 
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It has a MAXIMUM at zx ~ 0.201405, where 


5x — e*/*(5a — 1) 2% 
x7 (el/= = 1)? ad 


f(t) = 


and inflection points at z = 0.11842 and x = 0.283757, 
where 


f'(z) 
e/*(1 +4 el/*) + 6a(e!/* — 1)[e!/* (5x — 2) — 5a] _ 


(el/= — 1)329 o 
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Plane 

A plane is a 2-D SURFACE spanned by two linearly in- 
dependent vectors. The generalization of the plane to 
higher DIMENSIONS is called a HYPERPLANE. 


In intercept form, a plane passing through the points 
(a,0,0), (0,6,0) and (0,0,c) is given by 


a a 
rr Gat (1) 


x 


The equation of a plane PERPENDICULAR to the NON- 
ZERO VECTOR h = (a,b,c) through the point (zo, yo, 20) 
is 


| ; fra | = a(x — £9) + b(y — yo) +e(z— 20) = 0, 


c zZ— 2 
(2) 
so 
at+by+ez+d=0, (3) 
where 
d = —azxo — byo — cz. (4) 
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A plane specified in this form therefore has z-, y-, and 
z-intercepts at 


n=—S (5) 
y=-§ (6) 
2=-f, (7) 
and lies at a DISTANCE 
TS ®) 


from the ORIGIN. 


The plane through P,; and parallel to (a1,b1,c:) and 
(a2, be, ¢2) is 


@r-T1 y-Yyi zZ— 21 
a1 bi C1 = 0. (9) 
ag bo c2 


The plane through points P; and P2 parallel to direction 
(a,b,c) is 


E-T yy 2-2 
2-21 yo-yr 2-2 /=0. (10) 
a b c 
The three-point form is 
a a u-Z - zZ-—2z 
a mom 1|_ 1 YT 1 a 
=|%2-%1 Yo-Yy 22-2) =O0. 
Boe Ua Ae T3-Z1 Y3-Yi 23-21 
z3 «ys «62z3~C«d‘“ 
(11) 
The DISTANCE from a point (21, yi, 21) to a plane 
Ax + By+Cz+D=0 (12) 
- Ati +Byi+CatD 
d= See (13) 
tVA* + B24 C? 
The DIHEDRAL ANGLE between the planes 
Aie+ Biy+ Ciz+Di =0 (14) 
A2t + Boy + Coz+ D2 =0 (15) 


is 


ae oe Ai Ao + Bi B2 + CiC2 - (16) 


VJ Ai? +B? Cy? Ao? + Bo? + C2? 


In order to specify the relative distances of n > 1 points 
in the plane, 1 + 2(n — 2) = 2n — 3 coordinates are 
needed, since the first can always be placed at (0, 0) 
and the second at (z,0), where it defines the z-AXIs. 


Plane Cutting 


The remaining n — 2 points need two coordinates each. 
However, the total number of distances is 


nC2 = & = Foe Th = zn(n = 1), (17) 


where (z) is a BINOMIAL COEFFICIENT, so the distances 
between points are subject to m relationships, where 


m = 5n(n— 1) — (2n— 3) = $(n-2)(n—3). (18) 


For n = 2 and n = 3, there are no relationships. How- 
ever, for a QUADRILATERAL (with n = 4), there is one 
(Weinberg 1972). 


It is impossible to pick random variables which are uni- 
formly distributed in the plane (Eisenberg and Sullivan 
1996). In 4-D, it is possible for four planes to intersect in 
exactly one point. For every set of n points in the plane, 
there exists a point O in the plane having the property 
such that every straight line through O has at least 1/3 
of the points on each side of it (Honsberger 1985). 


Every RIGID motion of the plane is one of the following 
types (Singer 1995): 

1. ROTATION about a fixed point P. 

2. TRANSLATION in the direction of a line lL. 

3. REFLECTION across a line 1. 

4. Glide-reflections along a line I. 


Every RIGID motion of the hyperbolic plane is one of 
the previous types or a 


5. Horocycle rotation. 


see also ARGAND PLANE, COMPLEX PLANE, DIHEDRAL 
ANGLE, ELLIPTIC PLANE, FANO PLANE, HYPERPLANE, 
MOUFANG PLANE, NIRENBERG’S CONJECTURE, NOR- 
MAL SECTION, POINT-PLANE DISTANCE, PROJECTIVE 
PLANE 
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Plane Curve 
see CURVE 


Plane Cutting 
see CIRCLE CUTTING 


Plane Division 


Plane Division 

Consider n intersecting CIRCLES and ELLIPSES. The 
maximal number of regions in which these divide the 
PLANE are 


Neircie = n? —~n+2 
Neuipse = Qn? — 2n+ 2. 


see also ARRANGEMENT, CIRCLE, CUTTING, ELLIPSE, 
SPACE DIVISION 


Plane-Filling Curve 
see PLANE-FILLING FUNCTION 


Plane-Filling Function 


A SPACE-FILLING FUNCTION which maps a 1-D INTER- 
VAL into a 2-D area. Plane-filling functions were thought 
to be impossible until Hilbert discovered the HILBERT 
CURVE in 1891. 


Plane-filling functions are often (imprecisely) defined to 
be the “limit” of an infinite sequence of specified curves 
which “fill” the PLANE without “HOLES,” hence the 
more popular term PLANE-FILLING CURVE. The term 
“plane-filling function” is preferable to “PLANE-FILLING 
CURVE” because “curve” informally connotes “GRAPH” 
(i-e., range) of some continuous function, but the GRAPH 
of a plane-filling function is a solid patch of 2-space with 
no evidence of the order in which it was traced (and, for 
a dense set, retraced). Actually, all that is needed to 
rigorously define a plane-filling function is an arbitrar- 
ily refinable correspondence between contiguous subin- 
tervals of the domain and contiguous subareas of the 
range. 


True plane-filling functions are not ONE-TO-ONE. In 
fact, because they map closed intervals onto closed ar- 
eas, they cannot help but overfill, revisiting at least 
twice a dense subset of the filled area. Thus, every point 
in the filled area has at least one inverse image. 


see also HILBERT CURVE, PEANO CURVE, PEANO- 
GOSPER CURVE, SIERPINSKI CURVE, SPACE-FILLING 
FUNCTION, SPACE-FILLING POLYHEDRON 


References 

Bogemolny, A. “Plane Filling Curves.” http: //www.cut- 
the-knot.com/do-_you_know/hilbert .html. 

Wagon, S. “A Space-Filling Curve.” §6.3 in Mathematica in 
Action. New York: W. H. Freeman, pp. 196-209, 1991. 


Plane Partition 1373 


Plane Geometry 

That portion of GEOMETRY dealing with figures in a 
PLANE, as opposed to SOLID GEOMETRY. Plane geom- 
etry deals with the CIRCLE, LINE, POLYGON, etc. 


see also CONSTRUCTIBLE POLYGON, GEOMETRIC CON- 
STRUCTION, GEOMETRY, SOLID GEOMETRY, SPHERI- 
CAL GEOMETRY 
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Plane Partition 

A two-dimensional array of INTEGERS nonincreasing 
both left to right and top to bottom which add up to a 
given number, ie., mij > nicj41) and nij > NG41);- For 


example, a planar partition of 2 is given by 


The GENERATING FUNCTION for the number PL(n) of 
planar partitions of n is 


= ii 5: 1 
Das — l=.a-2) (ia) 


=1l+2+32? +62°+4132* 4+ 242° 4+... 
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(Sloane’s A000219, MacMahon 1912b, Beeler et al. 1972, 
Bender and Knuth 1972). The concept of planar parti- 
tions can also be generalized to cubic partitions. 


see also PARTITION, SOLID PARTITION 
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Plane Symmetry Groups 
see WALLPAPER GROUPS 


Planted Planar Tree 

A planted plane tree (V,E,v,a) is defined as a vertex 
set V, edges set LE, ROOT v, and order relation a on V 
which satisfies 


1. For z,y € V if p(x) < p(y), then ray, where p(z) is 
the length of the path from v to 2, 

2. If {r,s}, {z,y} € E, p(r) = p(x) = p(s)-1= ply)—-1 
and raz, then say 

(Klarner 1969, Chorneyko and Mohanty 1975). The 

CATALAN NUMBERS give the number of planar trivalent 

planted trees. 


see also CATALAN NUMBER, TREE 
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Plastic Constant 
The limiting ratio of the successive terms of the PADO- 
VAN SEQUENCE, P = 1.32471795.... 


see also PADOVAN SEQUENCE 
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Plat 
A BRalp in which strands are intertwined in the center 
and are free in “handles” on cither side of the diagram. 


Plateau’s Problem 


Plateau Curves 


A curve studied by the Belgian physicist and mathe- 
matician Joseph Plateau. It has Cartesian equation 


_ asin[(m + n)é] 

~ sin{(m — n)t] 

_ 2a sin(mt) sin(nt) 
sin[(m — n)t] 


If m = 2n, the Plateau curve degenerates to a CIRCLE 
with center (1,0) and radius 2. 
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Plateau’s Laws 

BUBBLES can meet only at ANGLES of 120° (for two 
BUBBLES) and 109.5° (for three BUBBLES), where the 
exact value of 109.5° is the TETRAHEDRAL ANGLE. This 
was proved by Jean Taylor using MEASURE THEORY 
to study AREA minimization. The DOUBLE BUBBLE is 
AREA minimizing, but it is not known the triple BUBBLE 
is also AREA minimizing. It is also unknown if empty 
chambers trapped inside can minimize AREA for n > 3 
BUBBLES. , 


see also BUBBLE, CALCULUS OF VARIATIONS, DOUBLE 
BUBBLE, PLATEAU’S PROBLEM 
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Plateau’s Problem 

The problem in CALCULUS OF VARIATIONS to find the 
MINIMAL SURFACE of a boundary with specified con- 
straints. In general, there may be one, multiple, or no 
MINIMAL SURFACES spanning a given closed curve in 
space. 


see also CALCULUS OF VARIATIONS, MINIMAL SURFACE 
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Plato’s Number 


Plato’s Number 
A number appearing in The Republic which involves 216 
and 12,960,000. 
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Platonic Solid 


A solid with equivalent faces composed of congruent reg- 
ular convex POLYGONS. There are exactly five such 
solids: the CUBE, DODECAHEDRON, ICOSAHEDRON, 
OCTAHEDRON, and TETRAHEDRON, as was proved by 
Euclid in the last proposition of the Elements. 


The Platonic solids were known to the ancient Greeks, 
and were described by Plato in his Timaeus ca. 350 BC. 
In this work, Plato equated the TETRAHEDRON with the 
“element” fire, the CUBE with earth, the ICOSAHEDRON 
with water, the OCTAHEDRON with air, and the DODEC- 
AHEDRON with the stuff of which the constellations and 
heavens were made (Cromwell 1997). 


The Platonic solids are sometimes also known as the 
REGULAR POLYHEDRA of COSMIC FIGURES (Cromwell 
1997), although the former term is sometimes used to re- 
fer collectively to both the Platonic solids and KEPLER- 
POINSOT SOLIDS (Coxeter 1973). 


If P is a POLYHEDRON with congruent (convex) regular 
polygonal faces, then Cromwell (1997, pp. 77-78) shows 
that the following statements are equivalent. 


1. The vertices of P all lie on a SPHERE. 
All the DIHEDRAL ANGLES are equal. 
All the VERTEX FIGURES are REGULAR POLYGONS. 
All the SOLID ANGLES are equivalent. 


oe ww 


All the vertices are surrounded by the same number 
of FACES. 


Let v (sometimes denoted No) be the number of VER- 
TICES, e (or Ni) the number of EDGES, and f (or N2) 
the number of Faces. The following table gives the 
SCHLAFLI SYMBOL, WYTHOFF SYMBOL, and C&R sym- 
bol, the number of vertices v, edges e, and faces f, and 
the PoINT Groups for the Platonic solids (Wenninger 
1989). 


Platonic Solid 
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cube 


dodecahedron IT, 
icosahedron In 
octahedron {3,4} |4|23 On 


tetrahedron {3,3} |3|23 
Let r be the INRADIUS, p the MIDRADIUS, and R the 
CIRCUMRADIUS. The following two tables give the ana- 
lytic and numerical values of these distances for Platonic 
solids with unit side length. 


Tr 
1 i 
3 2 iv3 


cube 


dodecahedron | 3 4/250 + 110/58 | 3(3+ V5) | 3(V15 + V3) 
icosahedron 3 (83V3 + VI5) | 3(14+ V8) | 4/104 2V5 
octahedron 16 3 2/2 
tetrahedron 3 V6 3 v2 iV6 


Solid 
cube 0.5 
dodecahedron | 1.11352 
icosahedron 0.75576 
octahedron 0.40825 
tetrahedron | 0.20412 


0.70711 
1.30902 
0.80902 
0.5 

0.35355 


0.86603 
1.40126 
0.95106 
0.70711 
0.61237 


Finally, let A be the AREA of a single FACE, V be the 
VOLUME of the solid, the EDGES be of unit length on 
a side, and a be the DIHEDRAL ANGLE. The following 
table summarizes these quantities for the Platonic solids. 


cube 1 1 5 
dodecahedron | 44/25 + 10V5 | $(15 + 7V5) | cos~*(—2 V5) 
icosahedron i V3 (3+ V5) | cos-*(—275) 
octahedron iv3 a J2 cos~!(—2) 

1 


tetrahedron 1/3 + V2 
RAO As ee ea 


The number of EDGES meeting at a VERTEX is 2e/v. 
The SCHLAFLI SYMBOL can be used to specify a Platonic 
solid. For the solid whose faces are p-gons (denoted {p}), 
with g touching at each VERTEX, the symbol is {p, g}. 
Given p and q, the number of VERTICES, EDGES, and 
faces are given by 


_ 4p 
No= 4— p= 2@-2) 
st 2pq 
Mt = 4 @-2)@=2) 
N= za 


4—(p—2)(q- 2) 


MINIMAL SURFACES for Platonic solid frames are illus- 
trated in Isenberg (1992, pp. 82-83). 

see also ARCHIMEDEAN SOLID, CATALAN SOLID, JOHN- 
SON SOLID, KEPLER-POINSOT SOLID, QUASIREGULAR 
POLYHEDRON, UNIFORM POLYHEDRON 
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Platykurtic 
A distribution with FISHER KURTOSIS yo < 0 (and 
therefore having a flattened shape). 


see also FISHER KURTOSIS 


Playfair’s Axiom 

Through any point in space, there is exactly one straight 
line PARALLEL to a given straight line. This AXIOM is 
equivalent to the PARALLEL AXIOM. 


see also PARALLEL AXIOM 
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Plouffe’s Constant 


Plethysm 

A group theoretic operation which is useful in the study 
of complex atomic spectra. A plethysm takes a set of 
functions of a given symmetry type {} and forms from 
them symmetrized products of a given degree r and 
other symmetry type {v}. A plethysm 


{u} @ {} = SL} 


satisfies the rules 
A@®(BC)=(ASB)(ASC)=ABBAGC, 


A@(Bt£C)=A@BLAQC 
(A®B)®C=A®@(BEQC) 


(A+B) @Q}= SY TwalA @ {u})(B @ {¥}), 


where I',,,, is the coefficient of {\} in {p}{v}, 


(A-B)@{\} =o (-1)Pywa(A @ {u})(B @ {7}), 


where {i} is the partition of r conjugate to {v}, and 


(AB) {A} = Jo gua(A ® {u})(B@ {v}), 


where 9,1. is the coefficient of {A} in the inner product 
{u} 0 {v} (Wybourne 1970). 


References 

Littlewood, D. E. “Polynomial Concomitants and Invariant 
Matrices.” J. London Math. Soc. 11, 49-55, 1936. 

Wybourne, B. G. “The Plethysm of S-Functions” and 
“Plethysm and Restricted Groups.” Chs. 6-7 in Symme- 
try Principles and Atomic Spectroscopy. New York: Wiley, 
pp. 49-68, 1970. 


Plot 
see GRAPH (FUNCTION) 


Plouffe’s Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Define the function 


_ fl forz<0 
Mee 0 forz>0. (1) 
Let 
sin 1 forn =0 
Gn = sin(2”) = { 2agV1 — ay? forn=1 (2) 
2an,—-1(1 — 2an 2?) forn> 2, 
then os 
> plan) _ 1 : 
x gntl ~~ 27° (3) 


Plouffe’s Constant 


For 
n, _ J[cosl forn =0 
bn = cos(2”) = Ob AP, tore Ss (4) 
and es 
p(bn) _ 
do Ste = 0.4756260767.... (5) 
n=O 
Letting 
Pe tanl forn=0 
Co = tan") =) 2-1 fern >i, (6) 
then 2 
Set = = (7 
nti y 
n=0 


Plouffe asked if the above processes could be “inverted.” 
He considered 


an = sin(2”sin~* 2) 


3 for n= 
= $Vv3 forn=1 (8) 
2an-1(1 — 2an—2”) for n > 2, 
giving 
foo] 
oe = 4 (9) 
gntl ~ 12? 
n=0 
and 
1 
= n “11 = 2 for n= 0 
Bn = cos(2” cos 3) ee hoe nS is 
(10) 
giving 
= p(Bn) ee 
ogee (11) 
n=0 
and 
han Meee $ for n = 0 
Yn = tan(2” tan™" 5) = 2ynn1 for n> (12) 
1-¥n-1 = 
giving 
— p(n) 1 -1/1 
> rt ; tan (5). (13) 


The latter is known as Plouffe’s constant (Plouffe 1997). 
The positions of the 1s in the BINARY expansion of this 
constant are 3, 6, 8, 9, 10, 13, 21, 23, ... (Sloane’s 
A004715). 
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Borwein and Girgensohn (1995) extended Plouffe’s yn 
to arbitrary REAL x, showing that if 


x forn=0 
pets forn >1 

én = tan(2" tan * x) = and |én-1| #1 
—oo forn>1 

and |€,-1| = 1, 


then 


-1 
fan = for xz >0 


fo =] 
> p(En) = 7 (15) 
i anti 1+ tanta for z <0. 


Borwein and Girgensohn (1995) also give much more 
general recurrences and formulas. 
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Pliicker Characteristics 

The CLASS m, ORDER n, number of NODES 6, number of 
CusPs k&, number of STATIONARY TANGENTS (INFLEC- 
TION POINTS) 2, number of BITANGENTS 7, and GENUS 
Pp. 

see also ALGEBRAIC CURVE, BITANGENT, CUSP, GENUS 
(SURFACE), INFLECTION POINT, NODE (ALGEBRAIC 
CURVE), STATIONARY TANGENT 


Pliicker’s Conoid 


A RULED SURFACE sometimes also called the CYLIN- 
DROID. von Seggern (1993) gives the general functional 
form as 

ax? + by? — zx? — zy? = 0, (1) 


whereas Fischer (1986) and Gray (1993) give 


2ry 


2=>5-- 2 
@+¥) os 
A polar parameterization therefore gives 
z(r,@) = rcosé (3) 
y(r,@) = rsing (4) 


z(r,8) = 2cos@sin@. (5) 


1378 


Pliicker’s Equations 


A generalization of Plicker’s conoid to n folds is given 
by 


x(r,0) = rcosé (6) 
y(r, 8) =rsin®é (7) 
z(r,@) = sin(né@) (8) 


(Gray 1993). The cylindroid is the inversion of the 
Cross-CaP (Pinkall 1986). 


see also CROSS-CAP, RIGHT CONOID, RULED SURFACE 
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Plitcker’s Equations 
Relationships between the number of SINGULARITIES of 
plane algebraic curves. Given a PLANE CURVE, 


m= n(n — 1) — 26 — 3x (1) 
n= m(m — 1) — 27 — 3e (2) 
t= 8n(n — 2) — 66 — 8 (3) 
& = 38m(m — 2) — 6r — &, (4) 


where m is the CLASS, n the ORDER, 6 the number of 
NODES, « the number of CuSPS, c the number of STA- 
TIONARY TANGENTS (INFLECTION POINTS), and 7 the 
number of BITANGENTS. Only three of these equations 
are LINEARLY INDEPENDENT. 


see also ALGEBRAIC CURVE, BIOCHE’S THEOREM, 
BITANGENT, CuSP, GENUS (SURFACE), INFLEC- 
TION POINT, KLEIN’S EQUATION, NODE (ALGEBRAIC 
CURVE), STATIONARY TANGENT 
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Pliicker Relations 


see PLUCKER’S EQUATIONS 


Plus Sign 


Plumbing 

The plumbing of a p-sphere and a q-sphere is defined 
as the disjoint union of S? x S? and D? x S? with their 
common J)? x ID‘, identified via the identity homeomor- 
phism. 

see also HYPERSPHERE 
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Pluperfect Number 
see MULTIPLY PERFECT NUMBER 


Plurisubharmonic Function 

An upper semicontinuous function whose restrictions to 
all COMPLEX lines are subharmonic (where defined). 
These functions were introduced by P. Lelong and Oka 
in the early 1940s. Examples of such a function are the 
logarithms of moduli of holomorphic functions. 
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Plus 

The ADDITION of two quantities, i.e., a plus 6. The 
operation is denoted a+ b, and the symbol + is called 
the PLus SIGN. Floating point ADDITION is sometimes 
denoted 6. 


see also ADDITION, MINUS, PLUS OR MINUS, TIMES 


Plus or Minus 

The symbol + is used to denote a quantity which should 
be both added and subtracted, as in a+b. The symbol 
can be used to denote a range of uncertainty, or to de- 
note a pair of quantities, such as the roots given by the 
QUADRATIC FORMULA 


—b+ Vb? — 4ac 
tL = a 


When order is relevant, the symbol a ¥ 6 is also used, 
so an expression of the form z + y F z is interpreted as 
xz+y—zorx—y+z. In contrast, the expression zty+z 
is interpreted to mean the set of four quantities r+y+z, 
e@-yt+z,r+y-—2z,andz—y-z. 

see also MINUS, MINUS SIGN, PLUS, PLUS SIGN, SIGN 


Plus Perfect Number 
see ARMSTRONG NUMBER 


Plus Sign 
The symbol “+” which is used to denote a POSITIVE 
number or to indicate ADDITION. 


see also ADDITION, MINUS SIGN, SIGN 


Plutarch Numbers 


Plutarch Numbers 

In Moralia, the Greek biographer and philosopher 
Plutarch states “Chrysippus says that the number of 
compound propositions that can be made from only ten 
simple propositions exceeds a million. (Hipparchus, to 
be sure, refuted this by showing that on the affirmative 
side there are 103,049 compound statements, and on the 
negative side 310,952.)” These numbers are known as 
the Plutarch numbers. 103,049 can be interpreted as 
the number $19 of BRACKETINGS on ten letters (Stan- 
ley 1997), Habsieger et al. 1998). Similarly, Plutarch’s 
second number is given by (sio+511)/2 = 310, 954 (Hab- 
sieger et al. 1998). 
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Stanley, R. P. “Hipparchus, Plutarch, Schréder, and Hough.” 
Amer. Math. Monthly 104, 344-350, 1997. 


Pochhammer Symbol 
A.k.a. RISING FACTORIAL. For an INTEGER n > 0, 


—T(atk) _ 
= Tey ee ren ly, (1) 


where ['(z) is the GAMMA FUNCTION and 


(2)n 


(a)o = 1. (2) 


The NOTATION conflicts with both that for g-SERIES and 
that for GAUSSIAN COEFFICIENTS, so context usually 
serves to distinguish the three. Additional identities are 


<(a)n = (a)ao[F(atn—1)-F(a-1)] (8) 


(@)ntk = (a+ n)k(@)n, (4) 


where F is the DIGAMMA FUNCTION. The Pochhammer 
symbol arises in series expansions of HyPERGEOMET- 
RIC FUNCTIONS and GENERALIZED HYPERGEOMETRIC 
FUNCTIONS. 

see also FACTORIAL, GENERALIZED HYPERGEOMETRIC 
FUNCTION, HARMONIC LOGARITHM, HYPERGEOMET- 
RIC FUNCTION 
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Pocklington’s Criterion 
Let p be an ODD PRIME, k be an INTEGER such that 
ptk and 1<k < 2(p+1), and 


N = 2kp+1. 


Then the following are equivalent 

1. N is PRIME. 

2. GCD(a* + 1,N) =1. 

This is a modified version of the original theorem due to 


Lehmer. 


References 
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Pocklington-Lehmer Test 
see POCKLINGTON’S THEOREM 


Pocklington’s Theorem 
Let n—1 = FR where F is the factored part of a number 


F= pi +++ pp, (1) 
where (R, F) = 1, and R < \/n. If there exists a b; for 
i=1,...,7r such that 

b:" 1 =1 (mod n) (2) 

GCD(b:"—?/?! —1,n) = 1, (3) 


then n is a PRIME. 


Poggendorff Ilusion 


The illusion that the two ends of a straight LINE SEG- 
MENT passing behind an obscuring RECTANGLE are off- 
set when, in fact, they are aligned. 


see also ILLUSION, MULLER-LYER ILLUSION, PONZO’S 
ILLUSION, VERTICAL-HORIZONTAL ILLUSION 
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Pohlke’s Theorem 

The principal theorem of AXONOMETRY. It states that 
three segments of arbitrary length a’z’, a’y', and a’z’ 
which are drawn in a PLANE from a point a’ under arbi- 
trary ANGLES form a parallel projection of three equal 
segments az, ay, and az from the ORIGIN of three PER- 
PENDICULAR coordinate axes. However, only one of the 
segments or one of the ANGLES may vanish. 


see also AXONOMETRY 


Poincaré-Birkhoff Fixed Point Theorem 

For the rational curve of an unperturbed system with 
ROTATION NUMBER r/s under a map T (for which ev- 
ery point is a FIXED POINT of T*), only an even number 
of FIXED POINTS 2ks (k = 1, 2, ...) will remain under 
perturbation. These FIXED POINTS are alternately sta- 
ble (ELLIPTIC) and unstable (HYPERBOLIC). Around 
each elliptic fixed point there is a simultaneous appli- 
cation of the Poincaré-Birkhoff fixed point theorem and 
the KAM THEOREM, which leads to a self-similar struc- 
ture on all scales. 


The original formulation was: Given a CONFORMAL 
ONE-TO-ONE transformation from an ANNULUS to it- 
self that advances points on the outer edge positively 
and on the inner edge negatively, then there are at least 
two fixed points. 


It was conjectured by Poincaré from a consideration 
of the three-body problem in celestial mechanics and 
proved by Birkhoff. 


Poincaré Conjecture 

A SIMPLY CONNECTED 3-MANIFOLD is HOMEOMOR- 
PHIC to the 3-SPHERE. The generalized Poincaré con- 
jecture is that a COMPACT n-MANIFOLD is HOMOTOPY 
equivalent to the n-sphere IFF it is HOMEOMORPHIC to 
the n-SPHERE. This reduces to the original conjecture 
for n = 3. 


The n = 1 case of the generalized conjecture is trivial, 
the n = 2 case is classical, n = 3 remains open, n = 
4 was proved by Freedman (1982) (for which he was 
awarded the 1986 FIELDS MEDAL), n = 5 by Zeeman 
(1961), n = 6 by Stallings (1962), and n > 7 by Smale in 
1961 (Smale subsequently extended this proof to include 
n > 5.) 

see also COMPACT MANIFOLD, HOMEOMORPHIC, Ho- 
MOTOPY, MANIFOLD, SIMPLY CONNECTED, SPHERE, 
THURSTON’S GEOMETRIZATION CONJECTURE 


Poincaré-Hopf Index Theorem 
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Poincaré Duality 
The BETTI NUMBERS of a compact orientable n- 
MANIFOLD satisfy the relation 


see also BETTI NUMBER 


Poincaré Formula 
The POLYHEDRAL FORMULA generalized to a surface of 
GENUS p. 

V-EiF=2-2p 


where V is the number of VERTICES, E is the number 
of EDGES, F is the number of faces, and 


X =2-—2p 


is called the EULER CHARACTERISTIC. 
see also KULER CHARACTERISTIC, GENUS (SURFACE), 
POLYHEDRAL FORMULA 
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Eppstein, D. “Fourteen Proofs of Buler’s Formula: V - B+ 
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Poincaré-Fuchs-Klein Automorphic Function 


Gar Gawd 


f(z) = 


where S(z) > 0. 


see also AUTOMORPHIC FUNCTION 


Poincaré Group 
see LORENTZ GROUP 


Poincaré’s Holomorphic Lemma 

Solutions to HOLOMORPHIC differential equations are 
themselves HOLOMORPHIC FUNCTIONS of time, initial 
conditions, and parameters. 


Poincaré-Hopf Index Theorem 

The index of a VECTOR FIELD with finitely many zeros 
on a compact, oriented MANIFOLD is the same as the 
EULER CHARACTERISTIC of the MANIFOLD. 


see also GAUSS-BONNET FORMULA 


Poincaré Hyperbolic Disk 


Poincaré Hyperbolic Disk 

A 2-D space having HYPERBOLIC GEOMETRY defined 
as the 2-BALL {a € R? : |x| < 1}, with HYPERBOLIC 
METRIC 
dx* + dy? 


The Poincaré disk is a model for HYPERBOLIC GEOME- 
TRY, and there is an isomorphism between the Poincaré 
disk model and the KLEIN-BELTRAMI MODEL. 


see also ELLIPTIC PLANE, HYPERBOLIC GEOMETRY, 
HYPERBOLIC METRIC, KLEIN-BELTRAMI MODEL 


Poincaré’s Lemma 
Let A denote the WEDGE PRODUCT and D the EXTE- 
RIOR DERIVATIVE. Then 


Bp Og fe if OL ee = 
Dt = 5. A( At) = (5% 9g) Mt= 


see also DIFFERENTIAL FORM, EXTERIOR DERIVATIVE, 
POINCARE’S HOLOMORPHIC LEMMA, WEDGE PROD- 
ucT 


Poincaré Manifold 
A nonsimply connected 3-manifold also called a DODEC- 
AHEDRAL SPACE. 
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Poincaré Metric 
The METRIC 3 
2 dx? + dy 

~ (1—|2/?)? 
of the POINCARE HYPERBOLIC DISK. 
see also POINCARE HYPERBOLIC Disk 


ds 


Poincaré Separation Theorem 
Let {y*} be a set of orthonormal vectors with k = 1, 


2,..., K, such that the INNER Probuct (y*,y*) = 1. 
Then set 
K 
x= So ury* (1) 
k=1 


so that for any SQUARE MATRIX A for which the product 
Ax is defined, the corresponding QUADRATIC FORM is 


K 
(x, Ax) = SS uru(y*, Ay’). (2) 
k,l=1 
. Then if 
Bi = (y", Ay’) (3) 
for k,l = 1, 2,..., K, it follows that 


Ai{Bxr) < A1(A) (4) 


Point 1381 
AKx-j(Bx) > An-;(A) (5) 
fori =1,2,...,K andj =0,1,..., K-11. 
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Poinsot Solid 
see KEPLER-POINSOT SOLID 


Poinsot’s Spirals 


rsinh(n6) = a. 


resch(n@) = a. 
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Point 


®, 


A 0-DIMENSIONAL mathematical object which can be 
specified in n-D space using n coordinates. Although the 
notion of a point is intuitively rather clear, the mathe- 
matical machinery used to deal with points and point- 
like objects can be surprisingly slippery. This difficulty 
was encountered by none other than Euclid himself who, 
in his Elements, gave the vague definition of a point as 
“that which has no part.” 


The basic geometric structures of higher DIMEN- 
SIONAL geometry—the LINE, PLANE, SPACE, and 
HYPERSPACE—are all built up of infinite numbers of 
points arranged in particular ways. 

see also ACCUMULATION POINT, ANTIGONAL POINTS, 
ANTIHOMOLOGOUS POINTS, APOLLONIUS POINT, 
BOUNDARY POINT, BRANCH POINT, BRIANCHON 
PoINT, BROCARD MIDPOINT, BROCARD POINTS, 
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CANTOR-DEDEKIND AXIOM, CENTER, CIRCLE LAT- 
TICE POINTS, CONCUR, CONCURRENT, CONGRU- 
ENT INCIRCLES POINT, CONGRUENT ISOSCELIZERS 
POINT, CONJUGATE POINTS, CRITICAL POINT, CRU- 
CIAL POINT, CUBE POINT PICKING, CuSsP POINT, 
DE LONGCHAMPS POINT, DOUBLE POINT, ECKARDT 
POINT, ELKIES POINT, ELLIPTIC FIXED POINT (DIF- 
FERENTIAL EQUATIONS), ELLIPTIC FIXED POINT 
(Map), ELLIPTIC POINT, EQUAL DETOUR POINT, 
EQUAL PARALLELIANS POINT, EQUICHORDAL POINT, 
EQUILIBRIUM POINT, EQUIPRODUCT POINT, EQUIRE- 
CIPROCAL POINT, EVANS POINT, EXETER POINT, EX- 
MEDIAN POINT, FAGNANO’S POINT, FAR-OUT POINT, 
FEJES TOTH’S PROBLEM, FERMAT POINT, FEUERBACH 
POINT, FEYNMAN POINT, FIXED POINT, FLETCHER 
POINT, GERGONNE POINT, GREBE POINT, GRIFFITHS 
POINTS, HARMONIC CONJUGATE POINTS, HERMIT 
POINT, HOFSTADTER POINT, HOMOLOGOUS POINTS, 
HYPERBOLIC FIXED POINT (DIFFERENTIAL EQua- 
TIONS), HYPERBOLIC FIXED POINT (Map), HYPER- 
BOLIC Point, IDEAL PoINT, IMAGINARY POINT, 
INVARIANT POINT, INVERSE POINTS, ISODYNAMIC 
POINTS, ISOLATED POINT, ISOPERIMETRIC POINT, ISO- 
TOMIC CONJUGATE POINT, LATTICE POINT, LEMOINE 
Point, Limit POINT, MALFATTI POINTS, MEDIAN 
PoINT, Mip-ARC POINTS, MIDPOINT, MIQUEL POINT, 
NAGEL POINT, NAPOLEON POINTS, NOBBS POINTS, 
OLDKNOW POINTS, ONLY CRITICAL POINT IN TOWN 
TEST, ORDINARY POINT, PARABOLIC POINT, PARRY 
POINT, PEDAL POINT, PERIODIC POINT, PLANAR 
POINT, POINT AT INFINITY, POINT-LINE DISTANCE— 
2-D, PoInt-LINE DISTANCE—3-D, POINT-QUADRATIC 
DISTANCE, POINT-PLANE DISTANCE, POINT-SET To- 
POLOGY, POINTWISE DIMENSION, POLICEMAN ON 
POINT DuTY CURVE, POWER POINT, RADIAL POINT, 
RADIANT POINT, RATIONAL POINT, RIGBY POINTS, 
SADDLE PoINT (GAME), SADDLE POINT (FUNC- 
TION), SALIENT POINT, SCHIFFLER POINT, SELF- 
HOMOLOGOUS POINT, SIMILARITY POINT, SINGULAR 
POINT (ALGEBRAIC CURVE), SINGULAR POINT (FUNC- 
TION), SODDY POINTS, SPECIAL POINT, STATIONARY 
POINT, STEINER POINTS, SYLVESTER’S FOUR-POINT 
PROBLEM, SYMMEDIAN POINT, SYMMETRIC POINTS, 
TARRY POINT, TORRICELLI POINT, TRISECTED PER- 
IMETER POINT, UMBILIC POINT, UNIT POINT, VAN- 
ISHING POINT, VISIBLE POINT, WEIERSTRAS POINT, 
WILD POINT, YFF POINTS 
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Point Estimator 
An ESTIMATOR of the actual values of population. 


Point-Line Distance——-2-D 


Point Groups 

The symmetry groups possible in a crystal lattice with- 
out the translation symmetry element. Although an iso- 
lated object may have an arbitrary SCHONFLIES SYM- 
BOL, the requirement that symmetry be present in a lat- 
tice requires that only 1, 2, 3, and 6-fold symmetry axes 
are possible (the CRYSTALLOGRAPHY RESTRICTION), 
which restricts the number of possible point groups to 
32: Ci; Cs, Ci, C2, C3, C4, Cs, Con, Csn, Can, Con, 
Cav, Cav, Cav, Cov, D2, Ds, Da, De (the DIHEDRAL 
Groups), Don, Dsn, Dan, Den, D2a, Daa, O, On (the. 
OCTAHEDRAL Group), Sa, Se, T, T,, and Ta (the TET- 
RAHEDRAL GROUP). 


see also CRYSTALLOGRAPHY RESTRICTION, DIHE- 
DRAL GROUP, GROUP, GROUP THEORY, HERMANN- 
MAUGUIN SYMBOL, LATTICE GROUPS, OCTAHEDRAL 
GROUP, SCHONFLIES SYMBOL, SPACE GROUPS, TET- 
RAHEDRAL GROUP 


References 

Arfken, G. “Crystallographic Point and Space Groups.” 
Mathematical Methods for Physicists, $rd ed. Orlando, 
FL: Academic Press, p. 248-249, 1985. 

Cotton, F. A. Chemical Applications of Group Theory, 3rd 
ed. New York: Wiley, p. 379, 1990. 

Lomont, J. S. “Crystallographic Point Groups.” §4.4 in Ap- 
plications of Finite Groups. New York: Dover, pp. 132— 
146, 1993. 


Point at Infinity 
P is the point on the line AB such that PA/PB = 1. 
It can also be thought of as the point of intersection of 
two PARALLEL lines. 


see also LINE AT INFINITY 
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Point-Line Distance—2-D 


Given a line ar + by +c = 0 and a point (20, yo), in 
slope-intercept form, the equation of the line is 


y=-Ge-5 (1) 


so the line has SLOPE —a/b. Points on the line have the 
vector coordinates 


[-se-a]=[4]- 


Therefore, the VECTOR 
—b 


is PARALLEL to the line, and the VECTOR 


(i ° 


Point-Line Distance—2-D 
is PERPENDICULAR to it. Now, a VECTOR from the 
point to the line is given by 


@&—- zo 
r= F 5 
k — Yo (6) 
Projecting r onto v, 


lv-r| 


|proj,r| = 1 = |¥v-rl= la(w — £o) + b(y — yo)| 


Vato 
jaz + by — azo — byo| 
TT Var 
lazo + byo + ¢| 
Va? +R 
If the line is represented by the endpoints of a VECTOR 


(x1, yi) and (z2, y2), then the PERPENDICULAR VECTOR 
is 


(6) 


_ y2- Yi 
ce een (7) 
ot | wr-m 
Raper) 6) 
where 
s=|v| = V (#2 — 21)? + (y2 — y1)?, (9) 


so the distance is 


I(yo — y1)(zo — 21) — 
s 


(x2 — #1) (yo — yl 


(10) 
The distance from a point (21,yi) to the line y = a+ bz 
can be computed using VECTOR algebra. Let L be a 
VECTOR in the same direction as the line 


[iel-E-Ee] © 


a od 1 
has Ve r+1 ate (2) 


A given point on the line is 


“Gl 


so the point-line distance is 


d=|¥-rl= 


r=(x-L)L—x 


= 1 Z1 . 1 1 = Z1 

~ 1+ 6? yi—a v 6 ya 

_ @1+ b(yi — a) | 1 = L1 

~ 1+ 6? b y—a 

_ te by, b(y — a) — ai 
146? | bai + 0?y, — ab? —y ta— by + ab? 
1 b[(yi — a) — bzy] 

1+6? | —[(w — a@) — bz] 


#5655! 4). ia 
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Therefore, 
_ i ly — (a+ bas)| ly: — (a + bas)| 
OSS aap. Ye ge 
(15) 


This result can also be obtained much more simply by 
noting that the PERPENDICULAR distance is just cos@ 


times the vertical distance |yi ~ (a + bxi)|. But the 
SLOPE 6 is just tan @, so 
sin? @ + cos? @ = 1=> tan?9+1=—__, (16) 
cos? 6 
and 
cos 9 = 2 ash (17) 
Vit+tan?@ VJV1+0? 
The PERPENDICULAR distance is then 
ly. — (a + br1)| 
d= 18 
Vite “ 


the same result as before. 
see also LINE, POINT, POINT-LINE DisTaNCE—3-D 


Point-Line Distance—3-D 
A line in 3-D is given by the parametric VECTOR 


Zo + at 
v=|yo+bt |. (1) 
zo + ct 


The distance between a point on the line with parameter 
t and the point (71, y1, 21) is therefore 


r? = (1 —a9 —at)? +(y1 — yo —bt)? + (21 —z0 —ctt)”. (2) 
To minimize the distance, take 


O(r?) 
ot 


= ~—2a(z1 — Zo — at) — 2b(y1 — yo — bt) 
—2c(z1 —z —ct)=0 (3) 


a(x1—29)+b(y1 —yo) +e(z1 —20)—t(a’ +b’ +e”) = 0 (4) 


ale: = 20) +n — yo) bela = 20) (gy 


as a? + 6? +c? 


so the minimum distance is found by plugging (5) into 
(2) and taking the SQUARE ROOT. 


see also LINE, POINT, PoInT-LINE DISTANCE—2-D 


Point Picking 
see 18-POINT PROBLEM, BALL TRIANGLE PICKING, 
CUBE POINT PICKING, CUBE TRIANGLE PICKING, DIS- 
CREPANCY THEOREM, ISOSCELES TRIANGLE, OBTUSE 
TRIANGLE, PLANAR DISTANCE, SYLVESTER’S FOUR- 
POINT PROBLEM 
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Point-Plane Distance 
Given a PLANE 


ax+by+ez+d=0 (1) 


and a point (xo, yo, 20), the NORMAL to the PLANE is 


given by 
a 
v= I) ; (2) 
c 


and a VECTOR from the plane to the point is given by 


&— Lo 
w= [yon]. (3) 
z— 2 


Projecting w onto v, 


v-w| 
lv| 
a(x — Zo) + b(y — yo) + e(z — 20) + dl 
\/ a2 + p2 + ¢3 
az + by + cz ~ ato — byo — czZo| 
Vetere 
azo + byo + czo + d| 


ear are rar a (4) 


|proj, w| 


Point-Point Distance—1-D 

Given a unit LINE SEGMENT [0,1], pick two points at 
random on it. Call the first point x1 and the second 
point z2. Find the distribution of distances d between 
points. The probability of the points being a (POSI- 
TIVE) distance d apart (i.e., without regard to ordering) 
is given by 


So fe d(d = |zo es! 21|) dz, dro 
Ne i, dx dx2 
= (1 - d)[H(1 - d) - H(d- 1) + H(d) — H(—d)| 
= eats for0<d<1 Ay 
0 otherwise, 


P(d) = 


where 6 is the DIRAC DELTA FUNCTION and H is the 
HEAVISIDE STEP FUNCTION. The MOMENTS are then 


1 ak 
w= f a P(ayaa—2 | d™ (1 — d)dd 
0 0 


qmtt qt? 1 
0 


mt+1 m4+2 
= 1 1 _ ,[(m+2)— (m+ 1) 
=2(s- ats) -?| (m + 1)(m + 2) 
2 


~ (+ 1)(m +2) 
for m = 2n 
for m = 2n +1, 


= { coacoeay (2) 


(m+1)(2n+3) 


Point-Point Distance—1-D 


giving MOMENTS about 0 


w= 3 (3) 
M2 = § (4) 
3 = 35 (5) 
la =. (6) 


The MOMENTS can also be computed directly without 
explicit knowledge of the distribution 


iit _ fi fe |x2 = £1| dz, dz2 
: de 5 dx, dzr2 


1 pl 
— t i |z2 — 1| dx dx 
o Jo 


1 pl 
= So Sa (a2 — £1) dai dx2 


z2—21>0 


5 1 
+ So Jo (1 ~ v2) dxi dx2 


t2-21<0 


1 pl 
= | / (2 — 21) dai dx2 
0 wy 
1 L1 
+ / i (xq ~ 21) dai dra 
o Jo 


1 
2 1 
=) Ee — 2122] dz; 
0 a 


1 
= (3 —a1 +017) dar = [$1 -§ 
0 


=(}-1+1)-(0-0+0)=3 (7) 


1 1 
[lo = [ | (|z2 — 21|)? daz dri 
o Jo 
1 1 
= | a (x2 — 21)° dry dx2 
0 0 


I 1 
= i / (x27 — 241272 + a1”) dz, dx2 
0 0 


1 
1 3 2 2 1 
-[ [$@2" — @122° + 21° @2]9 dxy 
0 


1 
= ) (§ —a1+ ai”) da. = [321° _ dey? + ta1]o 


S22 4224, (8) 


Point-Point Distance—2-D 
The MOMENTS about the MEAN are therefore 


2 
we =u — Hw = §-(G) =H (9) 
bs = Ms — 32H, + 2(u4)? = (10) 
ha = Ha rors Auspy + 6p (441)? a 3(n4)* = T35? (11) 


peo 


so the MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 


ad (12) 

o = a= Hs (13) 

n= 5 = }v2 (14) 
. [A ns 238 

oases Viees Saati (15) 


The probability distribution of the distance between two 
points randomly picked on a LINE SEGMENT is germane 
to the problem of determining the access time of com- 
puter hard drives. In fact, the average access time for a 
hard drive is precisely the time required to seek across 
1/3 of the tracks (Benedict 1995). 


see also POINT-POINT DISTANCE—2-D, POINT-POINT 

DISTANCE—3-D, POINT-QUADRATIC DISTANCE, TET- 

RAHEDRON INSCRIBING, TRIANGLE INSCRIBING IN A 

CIRCLE 

References 

Arfken, G. Mathematical Methods for Physicists, 8rd ed. Or- 
lando, FL: Academic Press, pp. 930-931, 1985. 


Benedict, B. Using Norton Utilities for the Macintosh. Indi- 
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Point-Point Distance—2-D 
Given two points in the PLANE, find the curve which 


minimizes the distance between them. The LINE ELE- 
MENT is given by 


ds = \/dz? + dy’, (1) 


so the ARC LENGTH between the points 71 and 722 is 
x2 
b= fas= f V1l+y"? da, (2) 
wy 


where y’ = dy/dz and the quantity we are minimizing 


18 
f=vVi+y”. (3) 


Finding the derivatives gives 


Of _ 
By =o (4) 
Ep = elt ty (5) 


so the EULER-LAGRANGE DIFFERENTIAL EQUATION be- 
comes 


of d Of _d y ue (6) 
dy dxdy dz [1+ y’? : 


Point-Point Distance—2-D 1385 
Integrating and rearranging, 
i 
a ae Se: =c (7) 
/1 + y'? 
r 72 
yP=c(1+y") (8) 
ya-e)=e (9) 
; c 
= ——— =a. 10 
ree (10) 
The solution is therefore 
y=ar+b, (11) 


which is a straight LINE. Now verify that the ARC 
LENGTH is indeed the straight-line distance between the 
points. a and b are determined from 


yi = ari +b (12) 
y2 = ane +b. (13) 


Writing (12) and (13) as a MATRIX EQUATION gives 


i ~ be i A (14) 


[ pe | 
oa 8 
us 
i 

| eee paren | 
8 8 
noe 
ae 
ss 

7 
Paar | 
ee 
Roe 
aoe 


so 
a= BTR _ BTW (16) 
v1 — Xz T2—-T1 
hs T1Y2 — T2Y1 (17) 
fit —- 22 
= 
b= [ JYity? dy = (x2 - 21) 14+ a? 
ry 
os 2 
= (x2 — 21)4/14+ (#=*) 
Z2—-f1 
= V (22-21)? + (y2—m1)?, (18) 


as expected. 


The shortest distance between two points on a SPHERE 
is the so-called GREAT CIRCLE distance. 


see also CALCULUS OF VARIATIONS, GREAT CIR- 
CLE, POINT-POINT DISTANCE—1-D, POoINT-POINT 
DISTANCE—-3-D, POINT-QUADRATIC DISTANCE, TET- 
RAHEDRON INSCRIBING, TRIANGLE INSCRIBING IN A 
CIRCLE 


References 
Arfken, G. Mathematical Methods for Physicists, 8rd ed. Or- 
lando, FL: Academic Press, pp. 930-931, 1985. 
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Point-Point Distance—3-D 
The LINE ELEMENT is 


ds = 4/dx? + dy? + dz?, Q) 


so the ARC LENGTH between the points z; and 22 is 
re 
b= fas= [ l+y?+2? dz (2) 
wy 


and the quantity we are minimizing is 
1+y? + 2/2, (3) 


Finding the derivatives gives 


OF _ 

By 9 (4) 

af _ 

= =0 (5) 

and 

a (6) 
By finytae® 
Oe (7) 


Oz' = [T+ yl? $ z!2” 


so the EULER-LAGRANGE DIFFERENTIAL EQUATIONS 
become 


d 2 

= (8) 
dz J1 + y!? + 2/2 
¢ ( e =0. (9) 
dz /1 ty” + 22 


These give 
U 
eeene eee Fc (10) 
/1 +y" + 2/2 
2! 
= 2. (11) 
/1 +y!? + 2/2 
Taking the ratio, 
! C2 4 
=— 12 
Seoy (12) 
y' 
= cj (13) 


2 
1+y?+ (2) y’”? 
12 2 12 C2 2 12 2 12 z 2 
yore” jlity + (2) yo | sean ty" (cr +02"), 
1 
(14) 


which gives 


=a,’ (15) 


Point-Quadratic Distance 


2 2 
gi? an (2) y” _ c2 = 617. (16) 


C1 


Therefore, y’ = ai and z’ = by, so the solution is 


Ee 


which is the parametric representation of a straight line 
with parameter x € [21,22]. Verifying the ARC LENGTH 


gives 
L=V1+ai? + bi? (2 — 21) (18) 
y | ja 1 a1 
priate). « 
Z1 a #1 by 
Pelee allio: 


see also POINT-POINT DISTANCE—1-D, POINT-POINT 
DISTANCE—2-D, POINT-QUADRATIC DISTANCE 


x 
ajxr+ao], (17) 
by x + bo 


where 


Point Probability 
The portion of the probability distribution which has a 
P-VALUE equal to the observed P-VALUE. 


see also TAIL PROBABILITY 


Point-Quadratic Distance 
Find the minimum distance between a point in the plane 
(x0, yo) and a quadratic PLANE CURVE 


y=ajp + az + azz. (1) 
The square of the distance is 


r? = (x — 20)” +(y— yo)” 
=(«— 29)? + (a9 + aie +a2z7 — yo)’. (2) 
Minimizing the distance squared is the equivalent to 


minimizing the distance (since r? and |r| have minima 
at the same point), so take 


= 2(x—29)+2(ao+a1t+a22" —yo)(a1+2a2x) = 0 
(3) 


O(r?) 
Oz 


£—- Xp + agai + ay? + aya22" — a1yo + 2apaez 
4+2a1a22" + Qa27 2° _ 2a2yor =0 (4) 


Qa272? + 3aaen" + (ay? + 2agaz — 2azyo + 1)x 
+(aoa1 = die = xo) = 0. (5) 
Minimizing the distance therefore requires solution of a 


CUBIC EQUATION. 


see also POINT-POINT DIsTANCE—1-D, PoInt-PoINnT 
DISTANCE—-2-D, PoOINT-PoInT DISTANCE—3-D 


Point-Set Topology 


Point-Set Topology 

The low-level language of TOPOLOGY, which is not really 
considered a separate “branch” of TOPOLOGY. Point-set 
topology, also called set-theoretic topology or general 
topology, is the study of the general abstract nature of 
continuity or “closeness” on SPACES. Basic point-set 
topological notions are ones like CONTINUITY, DIMEN- 
SION, COMPACTNESS, and CONNECTEDNESS. The IN- 
TERMEDIATE VALUE THEOREM (which states that if a 
path in the real line connects two numbers, then it passes 
over every point between the two) is a basic topological 
result. Others are that EUCLIDEAN n-space is HOMEO- 
MORPHIC to EUCLIDEAN m-space IFF m = n, and that 
REAL valued functions achieve maxima and minima on 
COMPACT SETS. 


Foundational point-set topological questions are ones 
like “when can a topology on a space be derived from 
a metric?” Point-set topology deals with differing no- 
tions of continuity and compares them, as well as deal- 
ing with their properties. Point-set topology is also the 
ground-level of inquiry into the geometrical properties 
of spaces and continuous functions between them, and 
in that sense, it is the foundation on which the remain- 
der of topology (ALGEBRAIC, DIFFERENTIAL, and Low- 
DIMENSIONAL) stands. 


see also ALGEBRAIC TOPOLOGY, DIFFERENTIAL TO- 
POLOGY, LOW-DIMENSIONAL TOPOLOGY, TOPOLOGY 


References 
Sutherland, W. A. An Introduction to Metric & Topological 
Spaces. New York: Oxford University Press, 1975. 


Points Problem 
see SHARING PROBLEM 


Pointwise Dimension 


Dp(x) = lim melee) 
e-> Ne 


b) 


where B.(x) is an n-D BALL of RADIUS € centered at x 
and y is the PROBABILITY MEASURE. 

see also BALL, PROBABILITY MEASURE 

References 

Nayfeh, A. H. and Balachandran, B. Applied Nonlinear 


Dynamics: Analytical, Computational, and Experimental 
Methods. New York: Wiley, pp. 541-545, 1995. 


Poisson’s Bessel Function Formula 
For R{v] > —1/2, 


a n/2 
Ji(z) = (5) ae 5 | cos(z cost) sin’” ¢ dt, 


where J,(z) is a BESSEL FUNCTION OF THE FIRST 
KIND, and I'(z) is the GAMMA FUNCTION. 


References 

Iyanaga, S. and Kawada, Y. (Eds.). Encyclopedic Dictionary 
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Poisson Bracket 
Let F and G be infinitely differentiable functions of z 
and p. Then the Poisson bracket is defined by 


“(OF 8G OG OF 
(FIO (ae bar Oe ba) 


If F and G are functions of x and p only, then the La- 
GRANGE BRACKET [F,G] collapses the Poisson bracket 
(PF, G). 

see also LAGRANGE BRACKET, LIE BRACKET 


References 

Iyanaga, S. and Kawada, Y. (Eds.). Encyclopedic Dictionary 
of Mathematics. Cambridge, MA: MIT Press, p. 1004, 
1980. 


Poisson-Charlier Function 


(ltv—n)n 
Vnizn 
where (a)n is a POCHHAMMER SYMBOL and 1F (a; };z) 
is a CONFLUENT HYPERGEOMETRIC FUNCTION. 

see also POISSON-CHARLIER POLYNOMIAL 


Prlv, Zz) = 1Fi(—n;l+u—n;2), 


Poisson-Charlier Polynomial 
Polynomials pn(z) which belong to the distribution 
da{z) where a(x) is a STEP FUNCTION with JUMP 


j(z) = e7*a"(a!)™* (1) 


at z=0,1,...fora>0. 


pale) = a"/(nt)-¥? (1) (") a” @ (2) 


= a"/?(n!)-¥/(—1)"[j(@)] 2A" G(@—n) (3) 
= a7"/*Vnl L2-(a), ”) 


where ({) is a BINOMIAL COEFFICIENT, Li(x) is an 


associated LAGUERRE POLYNOMIAL, and 
Af(z) = f(x +1) — f(z) (5) 
A® f(z) = A[A"™’ f(z) 


= f(e+n)- (t) s+ n=) +..4(-1)"F(e)- (6) 


see also POISSON-CHARLIER FUNCTION 


References 
Szeg6, G. Orthogonal Polynomials, 4th ed. Providence, RI: 
Amer. Math. Soc., pp. 34-35, 1975. 
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Poisson Distribution 


A Poisson distribution is a distribution with the follow- 

ing properties: 

1. The number of changes in nonoverlapping intervals 
are independent. for all intervals. 

2. The probability of exactly one change in a sufficiently 
small interval h = 1/n is P = vh = v/n, where v is 
the probability of one change and n is the number of 
TRIALS. 

3. The probability of two or more changes in a sufh- 
ciently small interval h is essentially 0. 

The probability of k changes in a given interval is then 

given by the limit of the BINOMIAL DISTRIBUTION 


DS iw ()" (= 2 (1) 


as the number of trials becomes very large, 


This should be normalized so that the sum of probabil- 
ities equals 1. Indeed, 


oo coo k 
> Ptr) =e% S on =e’e ” =1, (3) 
k=0 k=0 


as required. The ratio of probabilities is given by 


. pitle-v 
PR=t+)) _ “eye (4) 
Phk=it) 0 4 il 


The MOMENT-GENERATING FUNCTION of this distribu- 
tion is 


= uke7” 2% . (vet)® 
MO ae yy a 
=e Mer = Ml“) (5) 
M'(t)= veter(e-) (6) 
M"(t) = (ve* Bgte a) 4. peter (2-0) (7) 
R(t) = In M(t) = v(e — 1) (8) 
R'(t) = vet (9) 


R'(t) = ve’," (10) 


Poisson Distribution 
so 


p=R(O)=v (11) 
o SR’ O)=u (12) 


The MOMENTS about zero can also be computed directly 


py =v(1+v) (13) 
ps = v(14+3v+v") (14) 
pi, = v(1+ 7 + br? + v*), (15) 


as can the MOMENTS about the MEAN. 


pi =v (16) 
p2=V (17) 
U3 =v (18) 
pa = v(1 + 3v), (19) 


so the MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 


=v (20) 
o=y (21) 
— 43 _ VY _,-1/2 
Ss aa =v (22) 
a a 3 v(1 + 3v) 3 
om V 
v+3v*—3v? 
= = ye =v t (23) 


The CHARACTERISTIC FUNCTION is 
p(t) = emo (24) 
and the CUMULANT-GENERATING FUNCTION is 
K(h) = v(e" —1) = v(ht+ Ah? + dhe +...), (25) 


so 
Kp =U (26) 


The Poisson distribution can also be expressed in terms 


of 


v 
the rate of changes, so that 
he Roar 
pay = Oate™. eo 


The MOMENT-GENERATING FUNCTION of a Poisson dis- 
tribution in two variables is given by 


M(t) = evitva(e’—1) (29) 


Poisson’s Equation 


If the independent variables 21, zo, ..., zw have Poisson 


distributions with parameters 11, p12, ..., nw, then 
N 
x= >a; (30) 
j=l 
has a Poisson distribution with parameter 
N 
L= > Hy. (31) 
j=l 


This can be seen since the CUMULANT-GENERATING 
FUNCTION is 
h 
K;(h) = w;(e" — 1), (32) 


K = ¥°K;(h) = (e? — 1) S05 = ule" — 1). (33) 
3 j 
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Poisson’s Equation 
A second-order PARTIAL DIFFERENTIAL EQUATION 
arising in physics: 


Vy = —4xp. 


If p = 0, it reduces LAPLACE’S EquaTION. It is also 
related to the HELMHOLTZ DIFFERENTIAL EQUATION 


Vp +k’y =0. 
see also HELMHOLTZ DIFFERENTIAL EQUATION, LA- 
PLACE’S EQUATION 
References 
Arfken, G. “Gauss’s Law, Poisson’s Equation.” §1.14 in 


Mathematical Methods for Physicists, 3rd ed. Orlando, 
FL: Academic Press, pp. 74-78, 1985. 


Poisson’s Harmonic Function Formula 
Let ¢(z) be a HARMONIC FUNCTION. Then 


1 an ; 
wlzo) = =f K(r,0)6(z0 + re*’) ad, (1) 
0 


where R = |zo| and K(r,@) is the PoIssON KERNEL. 
For a CIRCLE, 


1 Qn 
u(@,y) = =f u(acos ¢, asin) 
0 


a? — R? 
a? + R? — 2ar cos(@ — $) 


dd. (2) 
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For a SPHERE, 

a® — R? 
d 
ez) = 4ra aif (a? + R? — 2aR cos 6)8/? 
(3) 
where 

cosd=x-€. (4) 


see also CIRCLE, HARMONIC FUNCTION, POISSON KER- 
NEL, SPHERE 


References 
Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, pp. 373-374, 1953. 


Poisson Integral 
A.k.a. BESSEL’S SECOND INTEGRAL. 


+) 


oe cos(z cos @) sin?” 6d, 
2)T(3) iA 


Jn(z) = Tint 


where J,(z) is a BESSEL FUNCTION OF THE FIRST KIND 
and ['(z) isa GAMMA FUNCTION. It can be derived from 
SONINE’S INTEGRAL. With n = 0, the integral becomes 
PARSEVAL’S INTEGRAL. 


see also BESSEL FUNCTION OF THE FIRST KIND, PAR- 
SEVAL’S INTEGRAL, SONINE’S INTEGRAL 


Poisson Integral Representation 
2” . 2n+1 
jn(z) = atin [ cos(z cos 8) sin 6 dé, 


where jn(z) is a SPHERICAL BESSEL FUNCTION OF THE 
First KIND. 


Poisson Kernel 
In 2-D, 


K(r,6) = n( fee ) 


rei8 


_—R (R+re")(R-re™) re’)(R~ re *°) 
(R — re®®)(R — re-#) ee — re—%#) 
=" R? ~ rR(e Re the ee ae _r 
R?—rR ere R? — rR(e® + e-#) + 7? +r? 
_—R R? + 2irRsin@ — r? 
R? — 2Rrcos@ +r? 
mg 1 
ate (1) 
In 3-D, 
R. R?2 2 
u(y) = RA 2) 


43 >= (" —-£(6,.) sin dO do (2) 
o 6dp 6((R? + a? — 2aRcosy)3/?’ 
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where a = |y| and 


Reos@sing 
cosy=y- | Rsin#sing (3) 
Rceos¢d 
The Poisson kernel for the n-BALL is 
P(x, 2) = sy (Paw)(2), (4) 


where D,, is the outward normal derivative at point z 
on a unit n-SPHERE and 


v(z) = |z—x|?-" — jx?" 


(5) 


|x|? 


see also POISSON’S HARMONIC FUNCTION FORMULA 
References 
Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 


ries, and Products, 5th ed. San Diego, CA: Academic 
Press, p. 1090, 1979. 


Poisson Manifold 
A smooth MANIFOLD with a POISSON BRACKET defined 
on its FUNCTION SPACE. 


Poisson Sum Formula 
A special case of the general result 


> f (2 +n) = s ute |: f(a en 2tike dz, 
n=—0o k=-—060 
(1) 
with x = 0, yielding 


dS fn) = 


NSO 


a ie f(aije?"™"** day. (2) 


k=-~00 


An alternate form is 


2th (na)? _ ae +ye —(nx/2) i; (3) 


Another formula called the Poisson summation formula 
is 
Va [59(0) + O(a) + G(2a) +...] 

= /B[3v(0) + ¥(B) + ¥(28) +..], (4) 


i= 2 - (8) cos(xt) dt (5) 


af = Qn. (6) 


where 


References 
Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
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Poke Move 


Poisson Trials 

A number s TRIALS in which the probability of success 
pi varies from trial to trial. Let 2 be the number of 
successes, then 


var(x) = spg— sop’, (1) 


where gp” is the VARIANCE of p; and g = (1—p). Us- 
pensky has shown that 


P(s,2) = ame (2) 
where 
B = [1 — 6g(2)e% (3) 
gz) = Go. (4) 
a(e) = ™ — P(e 2) - He 


and @ € (0,1). The probability that the number of suc- 
cesses is at least x is given by 


oo 


ania) = 3 


(6) 


Uspensky gives the true probability that there are at 
least x successes in s trials as 


Pins(x) fs Qm(z) + A, (7) 
where 
IA| < (eX — 1)Qm(x + 1) for Qm(x +1) > 
(eX —1)[1-Qm(z+1)] for Qm(x@+1) < : 
(8) 
14m 
se Se i (9) 
Poke Move 
<<. Pp 
oe ae 
pore unpoke 


The REIDEMEISTER MOVE of type II. 
see also REIDEMEISTER MOVES 


Poker 


Poker 

Poker is a CARD game played with a normal deck of 
52 CARDS. Sometimes, additional cards called “jokers” 
are also used. In straight or draw poker, each player is 
normally dealt a hand of five cards. Depending on the 
variant, players then discard and redraw CARDS, trying 
to improve their hands. Bets are placed at each discard 
step. The number of possible distinct five-card hands is 


N= (*) = 2,598,960, 


where (7) is a BINOMIAL COEFFICIENT. 


There are special names for specific types of hands. A 
royal flush is an ace, king, queen, jack, and 10, all of 
one suit. A straight flush is five consecutive cards all of 
the same suit (but not a royal flush), where an ace may 
count as either high or low. A full house is three-of-a- 
kind and a pair. A flush is five cards of the same suit 
(but not a royal flush or straight flush). A straight is 
five consecutive cards (but not a royal flush or straight 
flush), where an ace may again count as either high or 
low. 


The probabilities of being dealt five-card poker hands of 
a given type (before discarding and with no jokers) on 
the initial deal are given below (Packel 1981). As usual, 
for a hand with probability P, the ODDs against being 
dealt it are (1/r) —1:1. 


Hand Exact Probability 
4 1 
royal flush NS $49,740 
: -4_ 3 
straight flush ae = 376 E50 
four of a kind N, a Ti8s 
full house ae = aie 
4(13)—36-4 1,277 
flush = 5 = 649,740 
straight 1G La 36—4 = eH 
: 13($) Sy 88 
three of a kind aca = Ties 
13 2 12 2 
two pair es 
: 13(3) (48}{44)(40) as 
one pair 2 = = 333 
Hand Probability Odds 
$< 
royal flush 1.54 x 10 649,739.0:1 
straight flush 1.39x107° 72,192.3:1 
four ofakind 2.40 x 107+ 4,164.0:1 
full house 1.44 x 107% 693.2:1 
flush 1.97 x 1078 507.8:1 
straight 3.92 x 1073 253.8:1 
three of a kind 0.0211 46.3:1 
two pair 0.0475 20.0:1 
one pair 0.423 1.366:1 


Gadbois (1996) gives probabilities for hands if two jokers 
are included, and points out that it is impossible to rank 
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hands in any single way which is consistent with the 
relative frequency of the hands. 


see also BRIDGE CARD GAME, CARDS 
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Polar 


polar 
a 


If two points A and A’ are INVERSE with respect to a 
CIRCLE (the INVERSION CIRCLE), then the straight line 
through A’ which is PERPENDICULAR to the line of the 
points AA’ is called the polar of A with respect to the 
CIRCLE, and A is called the POLE of the polar. 


see also APOLLONIUS’ PROBLEM, INVERSE POINTS, IN- 
VERSION CIRCLE, POLARITY, POLE, TRILINEAR POLAR 


References 

Dorrie, H. 100 Great Problems of Elementary Mathematics: 
Their History and Solutions. New York: Dover, p. 157, 
1965. 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 100-106, 1929. 


Polar Angle 
The ANGLE a point makes from the ORIGIN as measured 
from the z-AXxIs. 


see also POLAR COORDINATES 


Polar Circle 

Given a TRIANGLE, the polar circle has center at the 
ORTHOCENTER H. Call H; the FEET of the ALTITUDE. 
Then the RADIUS is 


r? = HA,-HH, = HA2-HH; = HA2-HHs (1) 
= —4R? cos ai cos a2 cos a3 (2) 
= £(a,” + a2” + a3”) — 4R?, (3) 


where # is the CIRCUMRADIUS, a; the VERTEX angles, 
and a; the corresponding side lengths. 
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A TRIANGLE is self-conjugate with respect to its polar 
circle. Also, the RADICAL AXIS of any two polar circles 
is the ALTITUDE from the third VERTEX. Any two po- 
lar circles of an ORTHOCENTRIC SYSTEM are orthogonal. 
The polar circles of the triangles of a COMPLETE QUAD- 
RILATERAL constitute a COAXAL SYSTEM conjugate to 
that of the circles on the diagonals. 


see also COAXAL SYSTEM, ORTHOCENTRIC SYSTEM, 
PoLAR, POLE, RADICAL AXIS 


References 

Coxeter, H. S. M. and Greitzer, S. L. Geometry Revisited. 
Washington, DC: Math. Assoc. Amer., pp. 136-138, 1967. 
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Polar Coordinates 
The polar coordinates r and 6 are defined by 


x =rcos0 (1) 


y=rsiné. (2) 
In terms of x and y, 


ra Vert+y? (3) 
6=tan* (4) ‘ (4) 


1 


The ARC LENGTH of a polar curve given by r = r(6) is 


92 a 
dr 
= 2 mi 
s [ Tr? + (S) dé. (5) 


The LINE ELEMENT is given by 

ds* = r* dé”, (6) 
and the AREA element by 

dA =rdr dé. (7) 


The AREA enclosed by a polar curve r = r(6) is 


82 
A=} | r dO. (8) 
Oy 
The SLOPE of a polar function r = r(@) at the point 
(r, ?) is given by 


tand% 
m=— SESE aa (9) 


—rtan@+ a 


The ANGLE between the tangent and radial line at the 


point (r,@) is 
aw = tan~* (=) : (10) 


Polar Line 


A polar curve is symmetric about the z-axis if replacing 
@ by —@ in its equation produces an equivalent equation, 
symmetric about the y-axis if replacing 6 by x — @ in its 
equation produces an equivalent equation, and symmet- 
ric about the origin if replacing r by —r in its equation 
produces an equivalent equation. 


In Cartesian coordinates, the POSITION VECTOR and its 
derivatives are 


r= 22 +y’f (11) 
Pato? +y? +8 (a? +y?) 7 (ae + yy) (12) 
Le + yy (13) 


ety 


> 
| 


=p. 
| 


— 3(0? +?) 7/7 (2) (we + yo) (w% + YF) 


Sea 0 


In polar coordinates, the UNIT VECTORS and their 
derivatives are 


_ |rcos@ 
= | (15) 
ae cos @ 
t= de = Fed (16) 
a 36 —sin@ 
o> Tae ar (17) 
8 
& — sin 06 ae 
re | cos 68 ee Ue) 
; — cos 66 ve 
a= Bey ae ?) 
._ [—rsind6+cosé#| ona. 
= r cos 00 + sin 6r meee y) 
# = 700+ 160 + 60+ #8 + #8 
= 760 + 760 + r6(—6t) + Ff + 760 
= (# — r6?)B + (276 + r6)0 
ae ee eee 
= (F —r6*)F + rr 6)6. (21) 


see also CARDIOID, CIRCLE, CISSOID, CONCHOID, 
CURVILINEAR COORDINATES, CYLINDRICAL COORDI- 
NATES, EQUIANGULAR SPIRAL, LEMNISCATE, LIMACON, 
ROSE 


Polar Line 
see POLAR 


Polarity 


Polarity 
A projective CORRELATION of period two. In a polarity, 
a is called the POLAR of A, and A the POLE a. 


see also CHASLES’S THEOREM, CORRELATION, POLAR, 
POLE (GEOMETRY) 


Pole 

A COMPLEX function f has a pole of order m at zo if, in 
the LAURENT SERIES, a, — 0 forn < —m and am £ 0. 
Equivalently, f has a pole of order n at zo if n is the 
smallest POSITIVE INTEGER for which (z — 20)” f(z) is 
differentiable at zo. If f(-too) # tow, there is no pole 
at oo. Otherwise, the order of the pole is the greatest 
POSITIVE COEFFICIENT in the LAURENT SERIES. 


This is equivalent to finding the smallest n such that 


(z — 20)” 


f(z) 


is differentiable at 0. 


see also LAURENT SERIES, RESIDUE (COMPLEX ANAL- 
YSIS) 
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Pole (Geometry) 


polar 
a 


If two points A and A‘ are INVERSE with respect to a 
CIRCLE (the INVERSION CIKCLE), then the straight line 
through A’ which is PERPENDICULAR to the line of the 
points AA’ is called the Potar of the A with respect to 
the CIRCLE, and A is called the pole of the POLAR. 


see also INVERSE POINTS, INVERSION CIRCLE, POLAR, 
POLARITY, TRILINEAR POLAR 
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Pole (Origin) 
see ORIGIN 
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Policeman on Point Duty Curve 
see CRUCIFORM 


Polignac’s Conjecture 
see DE POLIGNAC’S CONJECTURE 


Polish Space 

The HOMEOMORPHIC image of a so-called “complete 
separable” METRIC SPACE. The continuous image of 
a Polish space is called a SOUSLIN SET. 


see also DESCRIPTIVE SET THEORY, STANDARD SPACE 
Pollaczek Polynomial 
Let a > |b|, and write 


acos6+ 6 

—_——. 1 
2sin@ Y 

Then define P,,(x;a,b) by the GENERATING FUNCTION 


A(8) = 


f(z, w) = f(cos0,w) = 3 P, (x; a, b)w™ 
n=0 


= ql ra: we? pada = wei? )~1/2-1h(8) (2) 
The GENERATING FUNCTION may also be written 
f(v,w) = (1 — 2aw + w?)7 1? 


oo 


exp | (az + b) 2" Um-a(2) » (3) 


m=1 
where Um(zx) is a CHEBYSHEV POLYNOMIAL OF THE 
SECOND KIND. They satisfy the RECURRENCE RELA- 
TION 
nPp (x; a,b) = [(Q2n — 1+ 2a)ax + 2b] Pr_1 (x; a, b) 
—(n —1)Pn-2(zj;a,b) (4) 

for n = 2, 3,...with 

Po =1 (5) 

P, = (2a + 1)a + 2b. (6) 


In terms of the HYPERGFOMETRIC FUNCTION 


2Fi (a,b; ¢; 2), 


P,, (cos 0;a;b) = ei? (—n, 4+ih(0); 1; fer o (7) 


They obey the orthogonality relation 


“1 
| Pr (2; a,b) Pn (x; a, b)a(x; a, b) dx 


=[nt+}(at1)) Gam, (8) 


where édnm is the KRONECKER DELTA, for n,m = 0, 1, 
..., with the WEIGHT FUNCTION 


w(cos 6; a,b) = e?8-™* feosh[rh(@)]}7!. (9) 


References 
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1394 


Pollard Monte Carlo Factorization Method 
see POLLARD p FACTORIZATION METHOD 


Pollard p — 1 Factorization Method 

A PRIME FACTORIZATION ALGORITHM which can be 
implemented in a single-step or double-step form. In 
the single-step version, PRIMES p are found if p— lisa 
product of small PRIMES by finding an m such that 


m=c? 


(mod n), 

where p — 1|g, with q a large number and (c,n) = 1. 
Then since p — 1\g, m = 1 (mod p), so p|m—1. There 
is therefore a good chance that n{m — 1, in which case 
GCD(m-—1,n) (where GCD is the GREATEST COMMON 
Divisor) will be a nontrivial divisor of n. 


In the double-step version, a PRIMES p can be factored 
if p— 1 is a product of small PRIMES and a single larger 
PRIME. 


see also PRIME FACTORIZATION ALGORITHMS, WIL- 
LIAMS p+ 1 FACTORIZATION METHOD 
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Pollard p Factorization Method 

A PRIME FACTORIZATION ALGORITHM also known as 
POLLARD MONTE CARLO FACTORIZATION METHOD. 
Let vo = 2, then compute 


Zig = 2" — a +1 (mod n). 


If GCD(v2i — v:,n) > 1, then n is COMPOSITE and its 
factors are found. In modified form, it becomes BRENT’S 
FACTORIZATION METHOD. In practice, almost any un- 
factorable POLYNOMIAL can be used for the iteration 
(x? — 2, however, cannot). Under worst conditions, the 
ALGORITHM can be very slow. 


see also BRENT’S FACTORIZATION METHOD, PRIME 
FACTORIZATION ALGORITHMS 
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Poloidal Field 

A VECTOR FIELD resembling a magnetic multipole 
which has a component along the z-AXIS of a SPHERE 
and continues along lines of LONGITUDE. 


see also DIVERGENCELESS FIELD, TOROIDAL FIELD 
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Pélya-Burnside Lemma 
see POLYA ENUMERATION THEOREM 


Polya Conjecture 

Let n be a POSITIVE INTEGER and r(m) the number of 
(not necessarily distinct) PRIME FACTORS of n (with 
r(1) = 0). Let O(m) be the number of POSITIVE INTE- 
GERS < m with an ODD number of PRIME factors, and 
E(m) the number of POSITIVE INTEGERS < m with an 
EVEN number of PRIME factors. Pélya conjectured that 


L(m) = E(m) — O(m) = S~ X(n) 


n=l 


is < 0, where X(n) is the LIOUVILLE FUNCTION. 


The conjecture was made in 1919, and disproven by 
Haselgrove (1958) using a method due to Ingham (1942). 
Lehman (1960) found the first explicit counterexample, 
L(906,180,359) = 1, and the smallest counterexample 
m. = 906,150,257 was found by Tanaka (1980). The first 
n for which L(n) = 0 are n = 2, 4, 6, 10, 16, 26, 40, 96, 
586, 906150256, ... (Tanaka 1980, Sloane’s A028488). It 
is unknown if L(x) changes sign infinitely often (Tanaka 
1980). 


see also ANDRICA’S CONJECTURE, LIOUVILLE FUNC- 
TION, PRIME FACTORS 
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Pélya Distribution 
see NEGATIVE BINOMIAL DISTRIBUTION 


Polya Enumeration Theorem 


Pélya Enumeration Theorem 

A very general theorem which allows the number of dis- 
crete combinatorial objects of a given type to be enu- 
merated (counted) as a function of their “order.” The 
most common application is in the counting of the num- 
ber of GRAPHS of n nodes, TREES and ROOTED TREES 
with n branches, GROUPS of order n, etc. The theorem 
is an extension of BURNSIDE’S LEMMA and is sometimes 
also called the POLYA-BURNSIDE LEMMA. 


see also BURNSIDE’S LEMMA, GRAPH (GRAPH THE- 
oRY), GROUP, ROOTED TREE, TREE 
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Pélya Polynomial 

The POLYNOMIAL giving the number of colorings, with 
m colors, of a structure defined by a PERMUTATION 
GROUP. 


see also PERMUTATION GrouP, P6LYA ENUMERATION 
THEOREM : 


Pélya’s Random Walk Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let p(d) be the probability that a RANDOM WALK on 
a d-D lattice returns to the origin. Pélya (1921) proved 
that 

p(1) = p(2) = 1, (1) 


but 
p(d) <1 (2) 


for d > 2. Watson (1939), McCrea and Whipple (1940), 
Domb (1954), and Glasser and Zucker (1977) showed 


that 
1 


(8) = 1 ~ Tegy = 03405373206 ..., (3) 
where 
_ 38 " f" [* dx dy dz 
a (27)8 ‘en [ 3 — cos x — cosy — cos z 
(4) 
= <5 (18 + 12V3 - 10V3 — 7V6) 
x {K[(2 — V3)(v3 — v2)]} (5) 
= 3(18 + 12/2 — 1073 — 7V6) 
i 4 
x + 2 SoH v8) (6) 
= ws (4 ws W( G wr) (7) 


= 1.5163860592..., (8) 
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where K(k) is a complete ELLIPTIC INTEGRAL OF THE 
FIRST KIND and ['(z) is the GAMMA FUNCTION. Closed 
forms for d > 3 are not known, but Montroll (1956) 
showed that 

p(d) = 1- [u(d)]~*, (9) 


where 


«o- aba Lo BS) 
- k=1 

ss xX dx; dx2 +++ dq 

-| [Zo (£) |" erat, (10) 


and Ip(z) is a MODIFIED BESSEL FUNCTION OF THE 
FIRST KIND. Numerical values from Montroll (1956) 
and Flajolet (Finch) are 


d@ p(d) 
4 0.20 

5 0.136 
6 0.105 
7 0.0858 
8 0.0729 


see also RANDOM WALK 
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Polya- Vinogradov Inequality 
Let x be a nonprincipal character (mod q). Then 


M+N 


SY) x(n) « Vang, 


n=M+1 


where < indicates MUCH LEss than. 
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Polyabolo 

An analog of the POLYOMINO composed of n ISOSCE- 
LES RIGHT TRIANGLES joined along edges of the same 
length. The number of polyaboloes composed of n trian- 
gles are 1, 3, 4, 14, 30, 107, 318, 1106, 3671, ... (Sloane’s 
A006074). 

see also DIABOLO, HEXABOLO, PENTABOLO, TETRA- 
BOLO, TRIABOLO 
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Polyconic Projection 


r= cot dsin £ (1) 
y = (¢— $0) + cot P(1 — cos B), (2) 

where 
E = (A-— Ao) sing. (3) 


The inverse FORMULAS are 


sin ‘(x tan ¢) 


aS sing 


+ Xo, (4) 


and ¢ is determined from 


_ A(gtang + 1) —d— 1(g? +B) tand 


Ag= =a (5) 
tang 
where ¢o = A and 
A=¢ot+y (6) 
B=2'+ A’, (7) 
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Polygamma Function 


Polycube 


~ 
wy a 
wus 


3-D generalization of the POLYOMINOES to n-D. The 
number of polycubes N(n) composed of n CUBES are 1, 
1, 2, 8, 29, 166, 1023, ... (Sloane’s A000162, Ball and 
Coxeter 1987). 


see also CONWAY PUZZLE, CUBE DISSECTION, DIABOL- 
ICAL CUBE, SLOTHOUBER-GRAATSMA PUZZLE, SOMA 
CUBE 
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Polydisk 
Let c = (ci,...,¢n) be a point in C”, then the open 
polydisk is defined by 


0 
S = {z: |z3 —¢| < |z; — ¢|} 

for j=1,..., 7. 

see also DISK, OPEN DISK 
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Polygamma Function 
The polygamma function is sometimes denoted F(z), 
and sometimes Wm(z). In Fm(z) notation, 


m+1 


a 
Fin(z) = aemqi na! (1) 


= (ttt 5 Cent (2) 


= (-1)"t*mié(m + 1, 2), (3) 


Polygamma Function 


where ¢(a,z) is the Hurwitz ZETA FUNCTION. 
In the wn NOTATION (the form returned by the 
PolyGamma[m,z] function in Mathematica®; Wolfram 
Research, Champaign, IL), 


me 1 


Um(2) = 2 In(P(2)] 


ym+i 
d™ I"(z) _ d™ 
~ dzm T(z) ~ dgm H(z); (4) 


where I'(z) is the GAMMA FUNCTION and W(z) is the 
DIGAMMA FUNCTION. wgm(z) is therefore related to 
Fin(z) by 

Ym (2) = Fm(z — 1). (5) 
The function %o(z) is equivalent to the DIGAMMA FUNC- 
TION G(z). Note that Morse and Feshbach (1953) adopt 
a notation no longer in standard use in which Morse and 
Feshbach’s wm(z) is equal to the above ~m_1(z). 


The polygamma function obeys the RECURRENCE RE- 
LATION 


Wn(z +1) = Ya(z) + (-1)*nlze-™}, (6) 


the reflection FORMULA 


Ua(L— 2) + (-2)"*dn(2) = (-1)"" ZS cot(n2), (7) 
and the multiplication FORMULA, 
oe k 
ba(mz) = dno lnm + —> Sdn (2 + ) . (8) 


m 
k=1 


where dmn is the KRONECKER DELTA. 


In general, special values for integral indices are given 
by 


Yn (1) = (-1)"**nke(n + 1) (9) 
$n (3) = (-1)"**nt(2"F* —1)¢(n +1), (10) 
giving 
wi(4) = 49°? (11) 
wbi(1) = (2) = Ba? (12) 
wa(1) — —2¢(3), (13) 
ba) = (14) 
and so on. 


R. Manzoni has shown that the polygamma function 
can be expressed in terms of CLAUSEN FUNCTIONS for 
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RATIONAL arguments and integer index. Special cases 
are given by 


da(3) = 3m” + $V3[Cl(Fm) — Cla($n) (15) 
Wi(2) = 2x? — 2V3[(Clo(2m) — Clo(47) (16) 
a(t) =m? + 4[Ch(}7) — Ch(37)] (17) 
W(2) =n? — 4[Cla(47) — Cla(2x))]. (18) 
(4) = —8[Cls(0) — Cls(x)). (19) 
yo(t) = -* — 18Cl3(0) + 9[Cls (27) + Cla(47)] 
(20) 
yo(2) = & — 18 Cls(0) + 9[Cls(2m) + Cls(47)] 
(21) 
2(4) = —2n* — 32[Cls (0) — Cls(x)] (22) 
pa(3) = 2x? — 32[Cl3(0) — Cla(m)] (23) 
3(4) = 0° + 81V3[Cla(27) - Cla(277)] (24) 
s(2) = 8* — 81V3[Cla(2m) — Cla($7)] (25) 
W3(4) = 8n* + 384[Cla(47) — Cla(371)] (26) 
wa(2) = 8n* — 384[(Clu(22) — Cla(3m)]. (27) 


see also CLAUSEN FUNCTION, DIGAMMA FUNCTION, 
GAMMA FUNCTION, STIRLING’S SERIES 
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Polygenic Function 
A function which has infinitely many DERIVATIVES at a 
point. If a function is not polygenic, it is MONOGENIC. 


see also MONOGENIC FUNCTION 
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Polygon 

A closed plane figure with n sides. If all sides and angles 
are equivalent, the polygon is called regular. Regular 
polygons can be CONVEX or STAR. The word derives 
from the Greek poly (many) and gonu (knee). 
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The AREA of a polygon with VERTICES (21,41), ---; 
(in, Yn) is 


A= 1 tT Yi r2 Y2 In Yn 
2\|z2 ye t3 Ys a yls’ 
(1) 
which can be written 
A= d(riyo t+ toy +... 4+ En-1Yn + Enyi — Y1E2 
—Y2L3 — «6 — Yn410ln — Yn21), (2) 


where the signs can be found from the following diagram. 


+ + + + + + 


The AREA of a polygon is defined to be POSITIVE if 
the points are arranged in a counterclockwise order, and 
NEGATIVE if they are in clockwise order (Beyer 1987). 


V4 


By 


The sum J of internal angles in the above diagram of a 
dissected PENTAGON is 


I= Sila + Bi) = Soa + B+) - en (3) 


i=1 


a 


But n 
> = 360° (4) 
i=1 


and the sum of ANGLES of the n TRIANGLES is 


Sola: + 6 + 74) = }0(180") = n(180°). (5) 


Therefore, 


T = n(180°) — 360° = (n — 2)180°. (6) 


Let n be the number of sides. The regular n-gon is then 
denoted {n}. 


Polygon 


{nr} 
digon 
equilateral triangle (trigon) 
square (quadrilateral, tetragon) 
pentagon 
hexagon 
heptagon 
octagon 
nonagon (enneagon) 
10 decagon 
11 undecagon (hendecagon) 
12 dodecagon 
13 tridecagon (triskaidecagon) 
14 tetradecagon (tetrakaidecagon) 
15 pentadecagon (pentakaidecagon) 
16 hexadecagon (hexakaidecagon) 
17 heptadecagon (heptakaidecagon) 
18 octadecagon (octakaidecagon) 
19 enneadecagon (enneakaidecagon) 
20 icosagon 
30 triacontagon 
40 tetracontagon 
50 pentacontagon 
60 hexacontagon 
70 heptacontagon 
80 octacontagon 
90 enneacontagon 
100 hectogon 
10000 myriagon 


OoNIA op w ~]] 3 


n=5 
Let s be the side length, r be the INRADIUS, and R the 
CIRCUMRADIUS. Then 


2 = 2rtan (=) = 2Rsin (=) (7) 
r = scot (=) (8) 
R = Lscsc (=) (9) 
A= ins* cot (*) (10) 
= nr* tan (=) (11) 
= inR*sin (=). (12) 


If the number of sides is doubled, then 


2R2-—R 
= 4rA, 
Qr + /4r2? + s,7- 


4R2 — s,? (13) 


$2n = 


(14) 


Polygon 


Furthermore, if p, and P, are the PERIMETERS of the 
regular polygons inscribed in and circumscribed around 
a given CIRCLE and a, and A, their areas, then 


Pa, = 15 
mn = (15) 


Par = ¥V PnPan; (16) 


and 
a2n = VanAn (17) 
2a2nAn 
Azan = ————— 1 
: Qan + An ( a) 


(Beyer 1987, p. 125). 


COMPASS and STRAIGHTEDGE constructions dating 
back to Euclid were capable of inscribing regular poly- 
gons of 3, 4, 5, 6, 8, 10, 12, 16, 20, 24, 32, 40, 48, 64, ..., 
sides. However, this listing is not a complete enumera- 
tion of “constructible” polygons. In fact, a regular n-gon 
is constructible only if d(n) is a POWER of 2, where ¢ 
is the TOTIENT FUNCTION (this is a NECESSARY but. 
not SUFFICIENT condition). More specifically, a regular 
n-gon (n > 3) can be constructed by STRAIGHTEDGE 
and COMPASS (i.e., can have trigonometric functions of 
its ANGLES expressed in terms of finite SQUARE ROOT 
extractions) IFF 


n= 2*pipo-+'Ds, (19) 


where & is in INTEGER > 0 and the p; are distinct FER- 
MAT PRIMES. FERMAT NUMBERS are of the form 


Fm = 2?” +1, (20) 


where m is an INTEGER > 0. The only known PRIMES 
of this form are 3, 5, 17, 257, and 65537. 


The fact that this condition was SUFFICIENT was first 
proved by Gauss in 1796 when he was 19 years old, and 
it relies on the property of IRREDUCIBLE POLYNOMIALS 
that Roots composed of a finite number of SQUARE 
Root extractions exist only if the order of the equation 
is of the form 2”. That this condition was also NECES- 
SARY was not explicitly proven by Gauss, and the first 
proof of this fact is credited to Wantzel (1836). 


Constructible values of n for n < 300 were given by 
Gauss (Smith 1994), and the first few are 2, 3, 4, 5, 6, 
8, 10, 12, 15, 16, 17, 20, 24, 30, 32, 34, 40, 48, 51, 60, 
64, 68, 80, 85, 96, 102, 120, 128, 136, 160, 170, 192, 

. (Sloane’s A003401). Gardner (1977) and indepen- 
dently Watkins (Conway and Guy 1996) noticed that 
the number of sides for constructible polygons with an 
ODD number of sides is given by the first 32 rows of PAS- 
CAL’S TRIANGLE (mod 2) interpreted as BINARY num- 
bers, giving 1, 3, 5, 15, 17, 51, 85, 255, ... (Sloane’s 
A004729, Conway and Guy 1996, p. 140). 
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1 1 i 
11 11 3 
1, 24 101 5 
13°31 1111 15 
14641 10001 17 
15101051 110011 51 


1010101 85 
LLLitbtiddi 255 
100000001 257 


16 15 20 1561 
17 21 35 35 2171 
1 8 28 56 70 56 28 8 1 


Although constructions for the regular TRIANGLE, 
SQUARE, PENTAGON, and their derivatives had been 
given by Euclid, constructions based on the FERMAT 
PRIMES > 17 were unknown to the ancients. The 
first explicit construction of a HEPTADECAGON (17-gon) 
was given by Erchinger in about 1800. Richelot and 
Schwendenwein found constructions for the 257-GON in 
1832, and Hermes spent 10 years on the construction 
of the 65537-GON at Géttingen around 1900 (Coxeter 
1969). Constructions for the EQUILATERAL TRIANGLE 
and SQUARE are trivial (top figures below). Elegant con- 
structions for the PENTAGON and HEPTADECAGON are 
due to Richmond (1893) (bottom nen below). 


Val 


0 


Square 


(Te 


NFOE Py 
Pentagon 17-gon 


Given a point, a CIRCLE may be constructed of any 
desired RADIUS, and a DIAMETER drawn through the 
center. Call the center O, and the right end of the D1- 
AMETER Po. The DIAMETER PERPENDICULAR to the 
original DIAMETER may be constructed by finding the 
PERPENDICULAR BISECTOR. Call the upper endpoint 
of this PERPENDICULAR DIAMETER B. For the PEN- 
TAGON, find the MIDPOINT of OB and call it D. Draw 
DP, and BisecT ZODP), calling the intersection point 
with OPo Ni. Draw N:P; PARALLEL to OB, and the 
first two points of the PENTAGON are Pp and P,. The 
construction for the HEPTADECAGON is more compli- 
cated, but can be accomplished in 17 relatively simple 
steps. The construction problem has now been auto- 
mated (Bishop 1978). 


see also 257-GON, 65537-GON, ANTHROPOMORPHIC 
POLYGON, BICENTRIC POLYGON, CARNOT’S POLY- 
GON THEOREM, CHAOS GAME, CONVEX POLYGON, 
CYCLIC POLYGON, DE MOIVRE NUMBER, DIAGONAL 
(POLYGON), EQUILATERAL TRIANGLE, EULER’S POLY- 
GON DIVISION PROBLEM, HEPTADECAGON, HEXAGON, 
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HEXAGRAM, ILLUMINATION PROBLEM, JORDAN POLY- 
GON, LOZENGE, OCTAGON, PARALLELOGRAM, PAS- 
CAL’S THEOREM, PENTAGON, PENTAGRAM, PETRIE 
POLYGON, POLYGON CIRCUMSCRIBING CONSTANT, 
POLYGON INSCRIBING CONSTANT, POLYGONAL KNOT, 
POLYGONAL NUMBER, POLYGONAL SPIRAL, POLYGON 
TRIANGULATION, POLYGRAM, POLYHEDRAL FORMULA, 
POLYHEDRON, POLYTOPE, QUADRANGLE, QUADRI- 
LATERAL, REGULAR POLYGON, REULEAUX POLY- 
GON, RHOMBUS, ROTOR, SIMPLE POLYGON, SIMPLIC- 
ITY, SQUARE, STAR POLYGON, TRAPEZIUM, TRAPE- 
ZOID, TRIANGLE, VISIBILITY, VORONOI POLYGON, 
WALLACE-BOLYAI-GERWEIN THEOREM 
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Polygon Circumscribing Constant 


Polygon Circumscribing Constant 


If a TRIANGLE is CIRCUMSCRIBED about a CIRCLE, an- 
other CIRCLE around the TRIANGLE, a SQUARE outside 
the CIRCLE, another CIRCLE outside the SQUARE, and 
so on. From POLYGONS, the CIRCUMRADIUS and INRA- 
DIUS for an n-gon are 


te Ak a 
R= 5scse (=) (1) 
ai ba 
r= }scot (=), (2) 
where s is the side length. Therefore, 
== =sec(2), (3) 
r cos (2) n 


and an infinitely nested set of circumscribed polygons 
and circles has 


Tfinal circle Tw , a 
K = —— _ =se (=) (5) (EZ). 4 
Tinitial circle 1 3 sec 4 sec 5 ( i 


Kasner and Newman (1989) and Haber (1964) state that 
K = 12, but this is incorrect. Write 


1 
K= —_- 5 
IT cos (z) (5) 
n=8 n 
InK = —$/In(cosz). (6) 
n=3 
Define 
yo(z) = —In(cosx) = $27 + 4a*+ boo + Boa*H.... 
(7) 
Now define 
yi(z) = pax’, (8) 
with 
yi(Z) = yo(Z) (9) 
2 
da (5) = 1n2, (10) 


In 


Polygon Circumscribing Constant 


ane 9In2 
n 
ya(z) = —~2” (12) 
T 
But y2(z) > yi(«) for x € (0, 7/3), so 
os CO 
Sow (=) = -Soin [cos (=)] (13) 
n=3 n=3 
~— m\ 9ln2 wr /r\? a 
nk < Sow (=) 72 Ss; (=) =9In25> 72 
n=3 n=3 n=3 
i ee 
=9ln2 (>: is oe 5) = 9In 2{¢(2) - §] 
n=l n=l 
2 
T 5 
serge i tae (15) 
If the next term is included, 
yo(2) = a(}2” + 2°). (16) 
As before, 
y2(Z) = yo(F) (17) 
972 In2 
OF Gay: (18) 
i 972 1n2 
n 
y2(x) = Gian) (19) 


72(54 + 1°) 


972In2 1 

K < n?(54 + 1?) p= HE (= )* 12 
9721n2 7 1 

~ 72(54 + 12) (I 62) - + 12 [<¢a) a x} 


9721n 2 nt 5 = Pg 
~ 12(54 + 7?) 6 4 12 \ 90 24 
9(8n° — feed —5400)In2 _ 
SO(n? 4 54) = 9255, (20) 
and 
Kee? = 0 538: (21) 


The process can be automated using computer algebra, 
and the first few bounds are 11.7485, 9.53528, 8.98034, 
8.8016, 8.73832, 8.71483, 8.70585, 8.70235, 8.70097, and 
8.70042. In order to obtain this accuracy by direct mul- 
tiplication of the terms, more than 10,000 terms are 
needed. The limit is 


K — 8.700036625.... (22) 
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Bouwkamp (1965) produced the following INFINITE 
PRODUCT formulas 


s2 

p I I js ae (23) 
= 6 exp {5 [A(2k) — 1]2° (ee) Ss ele, | 
: (24) 


where ¢(z) is the RIEMANN ZETA FUNCTION and A(z) is 
the DIRICHLET LAMBDA FUNCTION. Bouwkamp (1965) 
also produced the formula with accelerated convergence 


K= i V6nr*(1 - in? 4 am )(1 ~ 


nr 
xcs | 
( 6+2 


=| CSC (=| B, (25) 


1,2 1 4 
a7 + gqq7 ) 


where 


(cited in Pickover 1995). 
see also POLYGON INSCRIBING CONSTANT 
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Polygon Construction 


see GEOMETRIC CONSTRUCTION, GEOMETROGRAPHY, 
POLYGON, SIMPLICITY 


Polygon Division Problem 
see EULER’S POLYGON DIVISION PROBLEM 


Polygon Fractal 
see CHAOS GAME 
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If a TRIANGLE is inscribed in a CIRCLE, another CIiR- 
CLE inside the TRIANGLE, a SQUARE inside the CIRCLE, 
another CIRCLE inside the SQUARE, and so on, 


+ Pinal circle “is as wv 
K' = ——— = cos(=}cos{—])cos{—]}---. 
Tinitial circle 3 4 5 


Numerically, 


1 1 


i 
ale K _-8.7000366252... 


= 0.1149420448..., 


where K is the POLYGON CIRCUMSCRIBING CONSTANT. 
Kasner and Newman’s (1989) assertion that K = 1/12 
is incorrect. 


Let a convex POLYGON be inscribed in a CIRCLE and 
divided into TRIANGLES from diagonals from one VER- 
TEX. The sum of the RADII of the CIRCLES inscribed in 
these TRIANGLES is the same independent of the VER- 
TEX chosen (Johnson 1929, p. 193). 


see also POLYGON CIRCUMSCRIBING CONSTANT 
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Polygon Triangulation 
see EULER’S POLYGON DIVISION PROBLEM 


Polygonal Knot 

A KNOT equivalent to a POLYGON in R?°, also called 

a TAME KNOT. For a polygonal knot K, there exists 

a PLANE such that the orthogonal projection 7 on it 

satisfies the following conditions: 

1. The image 7(K) has no multiple points other than 
a FINITE number of double points. 


2. The projections of the vertices of K are not double 
points of 7(K). 

Such a projection 7(K) is called a regular knot projec- 

tion. 
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Polygonal Number 


Polygonal Number 


ED 


A type of FIGURATE NUMBER which is a generalization 
of TRIANGULAR, SQUARE, etc., numbers to an arbitrary 
n-gonal number. The above diagrams graphically illus- 
trate the process by which the polygonal numbers are 
built up. Starting with the nth TRIANGULAR NUMBER 
Tr, then 

n+ Tr-1=Th. (1) 


Now note that 
n+2T,-1 =n? = Sp (2) 
gives the nth SQUARE NUMBER, 
n+ 3Tn—-1 = $n(3n—-1) = Ph, (3) 


gives the nth PENTAGONAL NUMBER, and so on. The 
general polygonal number can be written in the form 


pr = $r((r—1)n—2(r—2)] = ir[(n—2)r—(n—4)], (4) 


where p; is the rth n-gonal number. For example, tak- 
ing n = 3 in (4) gives a TRIANGULAR NUMBER, n = 4 
gives a SQUARE NUMBER, etc. 


Fermat proposed that every number is expressible as at 
most k k-gonal numbers (FERMAT’S POLYGONAL NuM- 
BER THEOREM). Fermat claimed to have a proof of this 
result, although this proof has never been found. Ja- 
cobi, Lagrange (1772), and Euler all proved the square 
case, and Gauss proved the triangular case in 1796. In 
1813, Cauchy proved the proposition in its entirety. 


An arbitrary number N can be checked to see if it is a 
n-gonal number as follows. Note the identity 


8(n — 2)pr, + (n — 4)? = 4r(n ~ 2)[(r — 1)n — 2(r — 2)] 
+(n ~— 4)? = 4r(r — 1)n? + r[—8(r — 1) — 8(r — 2))n 
+16r(r — 2) + (n? — 8n + 16) 
= (4r? — 4r +. 1)n? + (~16r? + 24r — 8)n 
+(16r? ~ 32r + 16) 
= (2r —1)?n? — 8(2r? — 3r + 1)n 4 16(r? ~ 2r +1) 
= (2rn — 4r —n+4)*, (5) 
so 8(n — 2)N + (n ~ 4)? = S? must be a PERFECT 
SQUARE. Therefore, if it is not, the number cannot be 


n-gonal. If it is a PERFECT SQUARE, then solving 


S=2rn—4r—n+A4 (6) 


Polygonal Spiral 


for the rank r gives 


Stn-4 
=. 7 

2(n — 2) (7) 
An n-gonal number is equal to the sum of the (n — 1)- 
gonal number of the same RANK and the TRIANGULAR 
NUMBER of the previous RANK. 


see also CENTERED POLYGONAL NUMBER, DECAGONAL 
NUMBER, FERMAT’S POLYGONAL NUMBER THEOREM, 
FIGURATE NUMBER, HEPTAGONAL NUMBER, HEXAG- 
ONAL NUMBER, NONAGONAL NUMBER, OCTAGONAL 
NUMBER, PENTAGONAL NUMBER, PYKAMIDAL NUM- 
BER, SQUARE NUMBER, TRIANGULAR NUMBER 
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Polygonal Spiral 


V f= 


= 


The length of the polygonal spiral is found by noting 
that the ratio of INRADIUS to CIRCUMRADIUs of a regu- 
lar POLYGON of n sides is 


F = SAB} — coo (2). (1) 
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The total length of the spiral for an n-gon with side 
length s is therefore 


VN 
( ©) 
Zz 


Consider the solid region obtained by filling in subse- 
quent triangles which the spiral encloses. The AREA of 
this region, illustrated above for n-gons of side length s, 
is 


A= 167 cot (=) : (3) 
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Polygram 
A self-intersecting STAR FIGURE such as the PENTA- 
GRAM or HEXAGRAM. 

n symbol polygram 


5 {5/2} pentagram 
6 {6/2} hexagram 
7 {7/2}  heptagram 
8 {8/3} octagram 
{8/4} star of Lakshmi 
10 {10/3} decagram 


Polyhedral Formula 

A formula relating the number of VERTICES, Faces, and 
EDGEs of a POLYHEDRON (or POLYGON). It was discov- 
ered independently by Huler and Descartes, so it is also 
known as the DESCARTES-EULER POLYHEDRAL F'orR- 
MULA. The polyhedron need not be CONVEX, but the 
FORMULA does not hold for STELLATED POLYHEDRA. 


V+F-E=2, (1) 


1404 Polyhedral Graph 


where V = No is the number of VERTICES, EF = Nj is 
the number of EDGES, and F' = Nz, is the number of 
Faces. For a proof, see Courant and Robbins (1978, 


pp. 239-240). The FORMULA can be generalized to n-D 
POLYTOPES. 


Tl, : No =2 (2) 
Tz: No — Ni =0 (3) 
TIs : No - Ni+ No =2 (4) 
TI, : No — Ni + No — N3 =0 (5) 
Tn: No—NitNo—...+(-1)""*Na_1 = 1-(-1)". 

(6) 


For a proof of this, see Coxeter (1973, pp. 166-171). 


see also DEHN INVARIANT, DESCARTES TOTAL ANGU- 
LAR DEFECT 
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Polyhedral Graph 


Av 
AN 


The graphs corresponding to the skeletons of PLATONIC 
So.ips. They are special cases of SCHLEGEL GRAPHS. 
see also CUBICAL GRAPH, DODECAHEDRAL GRAPH, 
ICOSAHEDRAL GRAPH, OCTAHEDRAL GRAPH, SCHLE- 
GEL GRAPH, TETRAHEDRAL GRAPH 


‘ 


Polyhedron 

A 3-D solid which consists of a collection of POLYGONS, 
usually joined at their EDGES. The word derives from 
the Greek poly (many) plus the Indo-European hedron 
(seat). A polyhedron is the 3-D version of the more 
general POLYTOPE, which can be defined on arbitrary 
dimensions. 


Polyhedron 


A CONVEX POLYHEDRON can be defined as the set of 
solutions to a system of linear inequalities 


mx <b, 


where m is a real sx 3 MATRIX and bisa real s- VECTOR. 
An example is illustrated above. The more simple Do- 
DECAHEDRON is given by a system with s = 12. In gen- 
eral, given the MATRICES, the VERTICES (and FACEs) 
can be found using VERTEX ENUMERATION. 


A polyhedron is said to be regular if its FACES and 
VERTEX FIGURES are REGULAR (not necessarily CON- 
VEX) polygons (Coxeter 1973, p. 16). Using this defi- 
nition, there are a total of nine REGULAR POLYHEDRA, 
five being the CONVEX PLATONIC SOLIDS and four be- 
ing the CONCAVE (stellated) KEPLER-POINSOT SOLIDS. 
However, the term “regular polyhedra” is sometimes 
also used to refer exclusively to the PLATONIC SOLIDS 
(Cromwell 1997, p. 53). The DUAL POLYHEDRA of the 
PLATONIC SOLIDS are not new polyhedra, but are them- 
selves PLATONIC SOLIDS. 


A CONVEX polyhedron is called SEMIREGULAR if its 
Faces have a similar arrangement of nonintersecting 
regular plane CONVEX polygons of two or more dif- 
ferent types about each VERTEX (Holden 1991, p. 41). 
These solids are more commonly called the ARCHIMED- 
EAN SOLIDS, and there are 13 of them. The DUAL 
POLYHEDRA of the ARCHIMEDEAN SOLIDS are 13 new 
(and beautiful) solids, sometimes called the CATALAN 
SOLIDS. 


A QUASIREGULAR POLYHEDRON is the solid region inte- 
rior to two DUAL REGULAR POLYHEDRA (Coxeter 1973, 
pp. 17-20). There are only two CONVEX QUASIREGU- 
LAR POLYHEDRA: the CUBOCTAHEDRON and ICOSIDO- 
DECAHEDRON. There are also infinite families of PRISMS 
and ANTIPRISMS. 


There exist exactly 92 CONVEX POLYHEDRA with REG- 
ULAR POLYGONAL faces (and not necessary equivalent 
vertices). They are known as the JOHNSON SOLIDS. 
Polyhedra with identical VERTICES related by a sym- 
metry operation are known as UNIFORM POLYHEDRA. 
There are 75 such polyhedra in which only two faces 
may meet at an EDGE, and 76 in which any EVEN num- 
ber of faces may meet. Of these, 37 were discovered 
by Badoureau in 1881 and 12 by Coxeter and Miller 
ca. 1930. 


Polyhedra can be superposed on each other (with the 
sides allowed to pass through each other) to yield ad- 
ditional POLYHEDRON COMPOUNDS. Those made from 
REGULAR POLYHEDRA have symmetries which are espe- 
cially aesthetically pleasing. The graphs corresponding 
to polyhedra skeletons are called SCHLEGEL GRAPHS. 


Behnke et al. (1974) have determined the symmetry 
groups of all polyhedra symmetric with respect to their 
VERTICES. 


Polyhedron 


see also ACOPTIC POLYHEDRON, APEIROGON, ARCHI- 
MEDEAN SOLID, CANONICAL POLYHEDRON, CATALAN 
SOLID, CUBE, DICE, DIGON, DODECAHEDRON, DUAL 
POLYHEDRON, ECHIDNAHEDRON, FLEXIBLE POLY- 
HEDRON, HEXAHEDRON, HYPERBOLIC POLYHEDRON, 
ICOSAHEDRON, ISOHEDRON, JOHNSON SOLID, KEPLER- 
POINso?T SOLID, NOLID, OCTAHEDRON, PETRIE POLY- 
GON, PLATONIC SOLID, POLYHEDRON COLORING, 
POLYHEDRON COMPOUND, PRISMATOID, QUADRICORN, 
QUASIREGULAR POLYHEDRON, RIGIDITY THEOREM, 
SEMIREGULAR POLYHEDRON, SKELETON, TETRAHE- 
DRON, UNIFORM POLYHEDRON, ZONOHEDRON 
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Polyhedron Coloring 

Define a valid “coloring” to occur when no two faces 
with a common EDGE share the same color. Given two 
colors, there is a single way to color an OCTAHEDRON. 
Given three colors, there is one way to color a CUBE and 
144 ways to color an ICOSAHEDRON. Given four-colors, 
there are two distinct ways to color a TETRAHEDRON 
and 4 ways to color a DODECAHEDRON. Given five col- 
ors, there are four ways to color an ICOSAHEDRON. 


see also COLORING, POLYHEDRON 
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Polyhedron Compound 


Solid Vertices Symbol 
cube-octahedron both 

dodec.+icos. both 

two cubes 


three cubes 
four cubes 
dodecahedron 2{5,3}(5{4, 3}] 
five octahedra icosidodeca. {5{3, 4}]2{3, 5} 
five tetrahedra dodecahedron {5,3}[5{3, 3}]2{3, 5} 
two dodecahedra both 
great dodecahedron- 
small stellated dodec. 
great icosahedron- both 
great stcllated dodec. 
stella octangula cube {4, 3}[2{3, 3}]{3, 4} 
dodecahedron 2{5, 3}[10{3, 3}]2{3, 5} 


five cubes 


ten tetrahedra 


The above table gives some common polyhedron com- 
pounds. In Coxeter’s NOTATION, d distinct VERTICES 
of {m,n} taken c times are denoted 


c{m,n}|d{p, q}], 


or faces of {s,t} e times 


[d{p, a}lets, t}, 


or both 


e{m, n}[d{p, g}Je{s, t}. 


The five TETRAHEDRA can be arranged in a laevo or 
dextro configuration. 


see also CUBE-OCTAHEDRON COMPOUND, DODECA- 
HEDRON-ICOSAHEDRON COMPOUND, OCTAHEDRON 5- 
COMPOUND, STELLA OCTANGULA, TETRAHEDRON 5- 
COMPOUND 
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Polyhedron Dissection 
A DISSECTION of one or more polyhedra into other 


shapes. 

see also CUBE DISSECTION, DIABOLICAL CUBE, POLY- 
CUBE, SOMA CUBE, WALLACE-BOLYAI-GERWEIN THE- 
OREM 
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Polyhedron Dual 
see DUAL POLYHEDRON 


Polyhedron Hinging 
see RIGIDITY THEOREM 


Polyhedron Packing 


see KELVIN’S CONJECTURE, SPACE-FILLING POLYHE- 
DRON 


Polyhex 


3 BAP 


An analog of the POLYOMINOES and POLYIAMONDS in 
which collections of regular hexagons are arranged with 
adjacent sides. They are also called HEXES and HEXAS. 
The number of polyhexes of mn hexagons are 1, 1, 2, 
7, 22, 82, 333, 1448, 6572, 30490, 143552, 683101, ... 
(Sloane’s A014558). For the 4-hexes (tetrahexes), the 
possible arrangements are known as the BEE, BAR, PIs- 
TOL, PROPELLER, WORM, ARCH, and WAVE. 
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Polyiamond 

LA 

2 47 

ee AVA 

4 ay FPA 

° OMA iy A © 
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carn Ory hoy Kin 5h? KX) 
ch’ BY & AY ® XX 


A generalization of the POLYOMINOES using a collec- 
tion of equal-sized EQUILATERAL TRIANGLES (instead of 
SQUARES) arranged with coincident sides. Polyiamonds 
are sometimes simply known as IAMONDS. 


The number of two-sided (i.e., can be picked up and 
flipped, so MIRROR IMAGE pieces are considered iden- 
tical) polyiamonds made up of n triangles are 1, 1, 1, 
3, 4, 12, 24, 66, 160, 448, ... (Sloane’s A000577). The 
number of one-sided polyiamonds composed of n trian- 
gles are 1, 1, 1, 4, 6, 19, 43, 121, ... (Sloane’s A006534). 
No HOLES are possible with fewer than seven triangles. 


The top row of 6-polyiamonds in the above figure are 
known as the BAR, CROOK, CROWN, SPHINX, SNAKE, 
and YACHT. The bottom row of 6-polyiamonds are 
known as the CHEVRON, SIGNPOST, LOBSTER, HOOk, 
HEXAGON, and BUTTERFLY. 


see also POLYABOLO, POLYHEX, POLYOMINO 
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Polyking 


see POLYPLET 


Polylogarithm 
Polylogarithm 
The function 
ok 
Lin(2) =) iw (1) 


Also known as JONQUIERE’S FUNCTION. (Note that the 
NOTATION Li(z) is also used for the LOGARITHMIC IN- 
TEGRAL.) The polylogarithm arises in Feynman Dia- 
gram integrals, and the special case n = 2 is called the 
DILOGARITHM. The polylogarithm of NEGATIVE INTE- 
GER order arises in sums of the form 


n 


ee = Li_n(r) = Gone Se oS Res (2) 


i=1 


where ae is an EULERIAN NUMBER. 


The polylogarithm satisfies the fundamental identities 
—In(1 — 27") = Liy(2-”) (3) 


Lig(—1) = —(1 — 2'~*)¢(s), (4) 


where ¢(s) is the RIEMANN ZETA FUNCTION. The de- 
rivative is therefore given by 


rs Lig(—1) = —2°-*¢(s)In2—(1~2'™*)¢"(s), (5) 


or in the special case s = 0, by 


d.. 1 
|= Li,(-1)] =In2+¢'(0) = In2 —- § In(27) 


-»( 2). (6) 


This latter fact provides a remarkable proof of the WAL- 
LIS FORMULA. 


The polylogarithm identities lead to remarkable expres- 
sions. Ramanujan gave the polylogarithm identities 


) — # Lie($) = An? - £(n3)? (7) 


Lig(—}) + § Lia(5) 
=~? +n21n3 — }(In2)? — 4(In3)? (8) 


Lig(4) +2} Lie(4) = 4a? +21n2In3—2(In2)? — 2(In3)? 


(9) 
Lis(-})- $LR()=— ahr? + hna)? (1) 
Lie(—}) + Lie(}) = —} (In 2)? isi 


(Berndt 1994), and Bailey et al. show that 
x? = 36 Lio(4) — 36 Li2(+) — 12 Lig(}) +6 Lie( 4X) (12) 


12Li2(3) = x? — 6(In2)? (13) 
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32¢(3) - x? In2 


= 36 Lis(5) — 18 Lis(3) — 4Lis(Z) + Lis(Z) (14) 


2(In 2)° — 7¢(3) 
= —24Lis(4) + 18Lis(Z) + 4Lis(2) — Lis(4) (15) 


10(In 2)° — 2m? In2 = —48 Lis(4) + 54Lis(4) 
+12 Lis(<) — 3Lis(z4), (16) 


and 
Lim(d) Lim(4) _ 2Lim(3) , 4Lim(3) _ 6(—1n2)" 
6™-1 gmat Qm=1 9 9m! 
n(—In2)™-? x4#(—In2)™"* = 403¢(5)(—In 2)" 
54(m ~ 2)! 486(m — 4)! 1296(m — 5)! 
=0. (17) 


No general ALGORITHM is know for the integration of 
polylogarithms of functions. 


see also DILOGARITHM, EULERIAN NUMBER, LEG- 
ENDRE’S CHI-FUNCTION, LOGARITHMIC INTEGRAL, 
NIELSEN-RAMANUJAN CONSTANTS 
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Polymorph 

An INTEGER which is expressible in more than one way 
in the form x?+4 Dy? or 2?— Dy? where x? is RELATIVELY 
PRIME to Dy’. If the INTEGER is expressible in only one 
way, it is called a MONOMORPH. 


see also ANTIMORPH, IDONEAL NUMBER, MONOMORPH 


Polynomial 

A POLYNOMIAL is a mathematical expression involving 
a series of POWERS in one or more variables multiplied 
by COEFFICIENTS. A POLYNOMIAL in one variable with 
constant COEFFICIENTS is given by 


Ont" +...+ 092" +0124 ao. (1) 
The highest POWER in a one-variable POLYNOMIAL is 
called its ORDER. A POLYNOMIAL in two variables with 


constant COEFFICIENTS is given by 


nom 2,2 2 2 
QnmX& Y +aee8 y + aq1r y+ aiary 


taixty+ainx+aniy+aoo- (2) 
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Exchanging the COEFFICIENTS of a one-variable POLY- 
NOMIAL end-to-end produces a POLYNOMIAL 
age” +ayn"~'4+...+an-1% +a, =0 (3) 


whose ROOTS are RECIPROCALS 1/z; of the original 
ROOTS 2. 


The following table gives special names given to poly- 
nomials of low orders. 
Order Polynomial Name 


linear equation 
quadratic equation 
cubic equation 
quartic equation 
quintic equation 
sextic equation 


aw»b WN 


Polynomials of fourth degree may be computed using 
three multiplications and five additions if a few quanti- 
ties are calculated first (Press et al. 1989): 

ao + aie + a2x* + a3a° + asx" 
= [(Ac + B)? + Ax + Cl[(Ar+ B)?+D]+E, (4) 


where 
A= (a4)'/4 (5) 
_ a3 — AS 
B= TA (6) 
ai A — 2a2B 
Dash’ eee: ha (7) 
a 
C24, 2B 6B =D (8) 
E = ay — B* — B°?(C + D) ~CD. (9) 


Similarly, a POLYNOMIAL of fifth degree may be com- 
puted with four multiplications and five additions, and 
a POLYNOMIAL of sixth degree may be computed with 
four multiplications and seven additions. 


Polynomials of orders 1 to 4 are solvable using only 
algebraic functions and finite square root extraction. 
A first-order equation is trivially solvable. A second- 
order equation is soluble using the QUADRATIC EQUA- 
TION. A third-order equation is solvable using the Cu- 
BIC EQuaTION. A fourth-order equation is solvable us- 
ing the QUARTIC EQUATION. It was proved by Abel 
using GROUP THEORY that higher order equations can- 
not be solved by finite root extraction. 


However, the general QUINTIC EQUATION may be given 
in terms of the THETA FUNCTIONS, or HYPERGEOMET- 
RIC FUNCTIONS in one variable. Hermite and Kronecker 
proved that higher order POLYNOMIALS are not soluble 
in the same manner. Klein showed that the work of 
Hermite was implicit in the GRouP properties of the 
ICOSAHEDRON. Klein’s method of solving the quintic 
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in terms of HYPERGEOMETRIC FUNCTIONS in one vari- 
able can be extended to the sextic, but for higher order 
POLYNOMIALS, either HYPERGEOMETRIC FUNCTIONS in 
several variables or “Siegel functions” must be used. In 
the 1880s, Poincaré created functions which give the so- 
lution to the nth order POLYNOMIAL equation in finite 
form. These functions turned out to be “natural” gen- 
eralizations of the ELLIPTIC FUNCTIONS. 


Given an nth degree POLYNOMIAL, the Roots can be 
found by finding the EIGENVALUES of the MaTRIX 


—ao/an —ai/an —a2/an -*- —1 
1 0 0 - 0 
0 1 0 0 (10) 
1 ena | 
0 0 0 0 


This method can be computationally expensive, but is 
fairly robust at finding close and multiple roots. 


Polynomial identities involving sums and differences of 
like POWERS include 


2? —y’ =(2—y)(rt+y) (11) 
a —y° = (a —y)(2? + 2y+y") (12) 
a +y° = (@+y)(a? — cy+y") (13) 
at —y* = (2—y)(x@+y)(2" +”) (14) 
at + 4y* = (x? + 2ay + 2y?)(a? — 2ay + 2y”) (15) 


yr =(e-y)(ai+a%ytay? +ay>+y*) (16) 

5 ‘oo 4 3 2,2 3 4 

ge+ys(r+y)(e-xytey —rzy +y) (17) 
6 

= ( 


a ~y =(x—-y)(xt+y)(2* +ayt+y’)(a? ~2y+y’) 
(18) 
a® +y® = (2? +y")(a* — ay? +y"). 
(19) 


Further identities include 


ai pa’y t+y* = (a? +2y+y")(2-2y+y’) (20) 
(x1? — Dys*)(x2” ~ Dy2”) 

= (4122 + Dyiy2)? — D(xiy2+22y1)? (21) 
(a1? + Dy1*)(w2” + Dy2”) 

= (4122 + Dy1y2)? + D(xiye F roy)’. (22) 


The identity 


(X4+Y4Z) -(X74+Y742") = 7(X4+Y)\(X4+Z)(V4+Z) 
x [CNA YA SPX V EX ZAY ZY 4XYZ(X4Y42)] 
(23) 


was used by Lamé in his proof that FERMAT’S LAST 
THEOREM was true for n = 7. 


Polynomial Bar Norm 


see also APPELL POLYNOMIAL, BERNSTEIN POLY- 
NOMIAL, BESSEL POLYNOMIAL, BEZOUT’S THEO- 
REM, BINOMIAL, BOMBIERI INNER PRODUCT, BOM- 
BIERI NORM, CHEBYSHEV POLYNOMIAL OF THE 
First KIND, CHEBYSHEV POLYNOMIAL OF THE SEC- 
OND KIND, CHRISTOFFEL-DARBOUX FORMULA, CHRIS- 
TOFFEL NUMBER, COMPLEX NUMBER, CYCLOTOMIC 
POLYNOMIAL, DESCARTES’ SIGN RULE, DISCRIMI- 
NANT (POLYNOMIAL), DURFEE POLYNOMIAL, EHR- 
HART POLYNOMIAL, EULER FOUR-SQUARE IDENTITY, 
FIBONACCI IDENTITY, FUNDAMENTAL THEOREM OF 
ALGEBRA, FUNDAMENTAL THEOREM OF SYMMETRIC 
FUNCTIONS, GAUuSS-JACOBI MECHANICAL QUADRA- 
TURE, GEGENBAUER POLYNOMIAL, GRAM-SCHMIDT 
ORTHONORMALIZATION, GREATEST LOWER BOUND, 
HERMITE POLYNOMIAL, HILBERT POLYNOMIAL, IRRE- 
DUCIBLE POLYNOMIAL, ISOBARIC POLYNOMIAL, ISO- 
GRAPH, JENSEN POLYNOMIAL, KERNEL POLYNOMIAL, 
KRAWTCHOUK POLYNOMIAL, LAGUERRE POLYNOMIAL, 
LEAST UPPER BOUND, LEGENDRE POLYNOMIAL, LIOU- 
VILLE POLYNOMIAL IDENTITY, LOMMEL POLYNOM- 
IAL, LuKACS THEOREM, MONOMIAL, ORTHOGONAL 
POLYNOMIALS, PERIMETER POLYNOMIAL, POISSON- 
CHARLIER POLYNOMIAL, POLLACZEK POLYNOMIAL, 
POLYNOMIAL BAR NORM, QUARTER SQUARES RULE, 
RAMANUJAN 6-10-8 IDENTITY, ROOT, RUNGE-WALSH 
THEOREM, SCHLAFLI POLYNOMIAL, SEPARATION THE- 
OREM, STIELTJES-WIGERT POLYNOMIAL, TRINOMIAL, 
TRINOMIAL IDENTITY, WEIERSTRA8’S POLYNOMIAL 
THEOREM, ZERNIKE POLYNOMIAL 
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Polynomial Bar Norm 
For p = >. a;2z’, define 
[Phi = 5° |as| 


an 
win= [Penge 


ie \P(er)9 Pe = [> lal? 
6 27 j 


maxjzj=1|P(z)| [Ploo = max;|a;|, 


|Pli2 


ll 


I|P{]oo 
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where the ||P||; norms are functions on the UNIT CIRCLE 
and the |P|; norms refer to the COEFFICIENTS ao, ..., 
Qn- 


see also BOMBIERI NORM, NORM, UNIT CIRCLE 
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Polynomial Bracket Norm 
see BOMBIERI NORM 


Polynomial Curve 


A curve obtained by fitting POLYNOMIALS to each ordi- 
nate of an ordered sequence of points. The above plots 
show POLYNOMIAL curves where the order of the fitting 


POLYNOMIAL varies from p — 3 to p — 1, where p is the 
number of points. 


Polynomial curves have several undesirable features, in- 
cluding a nonintuitive variation of fitting curve with 
varying COEFFICIENTS, and numerical instability for 
high orders. SPLINES such as the BEZIER CURVE are 
therefore used more commonly. 


see also BEZIER CURVE, POLYNOMIAL, SPLINE 


Polynomial Factor 

A FACTOR of a POLYNOMIAL P(z) of degree n is a POLY- 
NOMIAL Q(a) of degree less than n which can be multi- 
plied by another POLYNOMIAL R(«) of degree less than 
n to yield P(x), i.e., a POLYNOMIAL Q(z) such that 


P(x) = Q(z) R(z). 
For example, since 
x? —1=(x+4+1)(x—-1), 


both z—1 and «+1 are FAcTors of «* —1. The CoEF- 
FICIENTS of factor POLYNOMIALS are often required to 
be REAL NUMBERS or INTEGERS but could, in general, 
be COMPLEX NUMBERS. ~ 


see also FACTOR, FACTORIZATION, PRIME FACTORIZA- 
TION 


Polynomial Norm 


see BOMBIERI NORM, MATRIX NORM, POLYNOMIAL 
BAR NORM, VECTOR NORM 
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Polynomial Remainder Theorem 
If the COEFFICIENTS of the POLYNOMIAL 


daw” + dypiz” +...+do =0 (1) 


are specified to be INTEGERS, then integral ROOTS must 
have a NUMERATOR which is a factor of do and a DE- 
NOMINATOR which is a factor of dn (with either sign 
possible). This follows since a POLYNOMIAL of ORDER 
n with k integral RooTs can be expressed as 


—k 


(aiz + b1)(@ox + b2)+ ++ (ape + be)(Cn—-ne” +... +0) 
=0, (2) 
where the ROOTS are 1 = —bi/ai, 2 = —b2/az, ..., 
and x, = —b,/a,. Factoring out the a;s, 
(2-2) @-2)--@-2) 
Q142°'* Ar Ct—— zn-oom eee c-— 
ai ag ak 
X(Cn-~w” * +... +00) = (3) 


Now, multiplying through, 
@102°**AkCn—Ke”™ +...+bib2---beco = 0, (4) 


where we have not bothered with the other terms. Since 
the first and last COEFFICIENTS are d, and dp, all the in- 
tegral roots of (1) are of the form [factors of do] /[factors 
of dn]. 


Polynomial Ring 
The RING R[x] of POLYNOMIALS in a variable z. 


see also POLYNOMIAL, RING 


Polynomial Root 
If the COEFFICIENTS of the POLYNOMIAL 


dp” + dnt” * +...+do =0 (1) 


are specified to be INTEGERS, then integral roots must 
have a NUMERATOR which is a factor of do and a DE- 
NOMINATOR which is a factor of d, (with either sign 
possible). This is known as the POLYNOMIAL REMAIN- 
DER THEOREM. 


Let the RooTs of the polynomial 
P(2) = ane” +an-12"714+...+aiz+a9 (2) 


be denoted 71, r2, ..., fn. Then NEWTON’S RELATIONS 
are 


Yon= ~ Saat (3) 
Soins ik (4) 
Sorina ++ Te = eyes. 7) 


an 


Polynomial Root 


These can be derived by writing 


(«—a)(x —b) =0 (6) 
ee 
Po 


Similarly, 


x x 
SJE 


4 
x 2 1 1 
sant (+5) t+1=0. (10) 
Any POLYNOMIAL can be numerically factored, al- 
though different ALGORITHMS have different strengths 


and weaknesses. 


If there are no NEGATIVE ROOTS of a POLYNOMIAL (as 
can be determined by DESCARTES’ SIGN RULE), then 
the GREATEST LOWER BOUND is 0. Otherwise, write 
out the COEFFICIENTS, let n = —1, and compute the 
next line. Now, if any COEFFICIENTS are 0, set them to 
minus the sign of the next higher COEFFICIENT, starting 
with the second highest order COEFFICIENT. If all the 
signs alternate, n is the greatest lower bound. If not, 
then subtract 1 from n, and compute another line. For 
example, consider the POLYNOMIAL 


= 2e* + 22° — 727+ 2-7. (11) 


Performing the above ALGORITHM then gives 


so the greatest lower bound is —3. 


If there are no POSITIVE ROOTS of a POLYNOMIAL (as 
can be determined by DESCARTES’ SIGN RULE), the 
LEAST UPPER BOUND is 0. Otherwise, write out the 
COEFFICIENTS of the POLYNOMIALS, including zeros as 
necessary. Let n = 1. On the line below, write the 
highest order COEFFICIENT. Starting with the second- 
highest COEFFICIENT, add n-times the number just writ- 
ten to the original second COEFFICIENT, and write it be- 
low the second COEFFICIENT. Continue through order 
zero. If all the COEFFICIENTS are NONNEGATIVE, the 
least upper bound is n. If not, add one to x and repeat 
the process again. For example, take the POLYNOMIAL 


y = 204 ~ 2? — 72? +2 -7. (12) 


Performing the above ALGORITHM gives 


Polynomial Series 


Ca ee 
2 1 -6 -5 
2 3 -1 -1 = -9 


3 [2 5 8 25 68 


0 
1 
a 


so the LEAST UPPER BOUND is 3. 


see also. BAIRSTOW’S METHOD, DESCARTES’ 
SIGN RULE, JENKINS-TRAUB METHOD, LAGUERRE’S 
METHOD, LEHMER-SCHUR METHOD, MAEHLY’sS PRO- 
CEDURE, MULLER’S METHOD, ROOT, ZASSENHAUS- 
BERLEKAMP ALGORITHM 


Polynomial Serics 
see MULTINOMIAL SERIES 


Polyomino 

A generalization of the DOMINO. An n-omino is defined 
as a collection of n squares of equal size arranged with 
coincident sides. FREE polyominoes can be picked up 
and flipped, so mirror image pieces are considered iden- 
tical, whereas FIXED polyominoes are distinct if they 
have different chirality or orientation. FIXED polyomi- 
noes are also called LATTICE ANIMALS. 


Redelmeier (1981) computed the number of FREE and 
FIXED polyominoes for n < 24, and Mertens (1990) gives 
a simple computer program. The sequence giving the 
number of FREE polyominoes of each order (Sloane’s 
A000105, Ball and Coxeter 1987) is shown in the second 
column below, and that for FIXED polyominoes in the 
third column (Sloane’s A014559). 


| 


, Pos. Holes 
1 0 
2 0 
3 0 
4 19 0 
5 12 63 0 
6 35 216 0 
7 108 760 1 
8 369 2725 6 
9 1285 9910 37 
10 4655 39446 384 
11 17073 135268 
12 63600 505861 
13 238591 1903890 
14 901971 7204874 
15 3426576 27394666 
16 13079255 104592937 
17 50107909 400795844 
18 192622052 1540820542 
19 742624232 5940738676 
20 2870671950 22964779660 
21 11123060678 88983512783 
22 345532572678 
23 1344372335524 


24 


43191857688 
168047007728 


654999700403 | 5239988770268 
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The best currently known bounds on the number of n- 
polyominoes are 


3.72” < P(n) < 4.65" 


(Fden 1961, Klarner 1967, Klarner and Rivest 1973, Ball 
and Coxeter 1987). For n = 4, the quartominoes are 
called STRAIGHT, L, T, SQUARE, and SKEw. For n = 5, 
the pentominoes are called f, J, L, N, P, T, U, V, W, 
X,y, and Z (Golomb 1995). 

1 oO 

2 


| 


; HoH Sth 
oP Sa GRRE. & 


Fac 


OT 


see also DOMINO, HEXOMINO, MONOMINO, PEN- 
TOMINO, POLYABOLO, POLYCUBE, POLYHEX, POLYIA- 
MOND, POLYKING, POLYPLET, TETROMINO, TRIOMINO 
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Polyomino Tiling 

A TILING of the PLANE by specified types of POLYOMI- 
NOES. Interestingly, the FIBONACCI NUMBER F;,+1 gives 
the number of ways for 2 x 1 dominoes to cover a2 x n 
checkerboard. 


see also FIBONACCI NUMBER 
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Polyplet 


A POLYOMINO-like object made by attaching squares 
joined either at sides or corners. Because neighboring 
squares can be in relation to one another as KINGS may 
move on a CHESSBOARD, polyplets are sometimes also 
called POLYKINGS. The number of n-polyplets (with 
holes allowed) are 1, 2, 5, 22, 94, 524, 3031, ... (Sloane’s 
A030222). The number of n-polyplets having bilateral 
symmetry are 1, 2, 4, 10, 22, 57, 131, ... (Sloane’s 
A030234). The number of n-polyplets not having bilat- 
eral symmetry are 0, 0, 1, 12, 72, 467, 2900, ... (Sloane’s 
A030235). The number of fixed n-polyplets are 1, 4, 20, 
110, 638, 3832, ... (Sloane’s A030232). The number 
of one-sided n-polyplets are 1, 2, 6, 34, 166, 991, ... 
(Sloane’s A030233). 


see also POLYIAMOND, POLYOMINO 


References 

Sloane, N. J. A. Sequences AQ30222, A030232, A030233, 
A030234, and A030235 in “An On-Line Version of the En- 
cyclopedia of Integer Sequences.” 


Polytope 


Polytope 

A convex polytope may be defined as the CONVEX HULL 
of a finite set of points (which are always bounded), or as 
the intersection of a finite set of half-spaces. Explicitly, 
a d-dimensional polytope may be specified as the set of 
solutions to a system of linear inequalities 


mx <b, 


where m is a real sx d MATRIX and b is a real s- VECTOR. 
The positions of the vertices given by the above equa- 
tions may be found using a process called VERTEX ENU- 
MERATION. 


A regular polytope is a generalization of the PLATONIC 
SOLIDS to an arbitrary DIMENSION. The NECESSARY 
condition for the figure with SCHLAFLI SYMBOL {p, q,r} 
to be a finite polytope is 


cos (2) < sin (=) sin (=) ; 


SUFFICIENCY can be established by consideration of the 
six figures satisfying this condition. The table below 
enumerates the six regular polytopes in 4-D (Coxeter 
1969, p. 414). 


Schlafli 
Symbol 

regular simplex | {3, 3,3} 5 10 10 5 
hypercube {4,3,3} | 16 32 24 8 
16-cell {3, 3, 4} 8 24 32 | 16 
24-cell {3,4,3} | 24 96 96 | 24 
120-cell {5,3,3} |600 | 1200 | 720 | 120 
600-cell {3,3,5} [120 | 720 | 1200 | 600 


Here, No is the number of VERTICES, Ni the number of 
EDGES, N2 the number of FACES, and N3 the number 
of cells. These quantities satisfy the identity 


No —- Ni + Ne — N3 = 0, 


which is a version of the POLYHEDRAL FORMULA. 


For n-D with n > 5, there are only three regular poly- 
topes, the MEASURE POLYTOPE, CROSS POLYTOPE, 
and regular SIMPLEX (which are analogs of the CUBE, 
OCTAHEDRON, and TETRAHEDRON). 


see also 16-CELL, 24-CELL, 120-CELL, 600-CELL, 
Cross POLYTOPE, EDGE (POLYTOPE), FACE, FACET, 
HYPERCUBE, INCIDENCE MATRIX, MEASURE POLY- 
TOPE, RIDGE, SIMPLEX, TESSERACT, VERTEX (POLY- 
HEDRON) 
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Poncelet’s Closure Theorem 


Poncelet’s Closure Theorem 

If an n-sided PONCELET TRANSVERSE constructed for 
two given CONIC SECTIONS is closed for one point of 
origin, it is closed for any position of the point of origin. 
Specifically, given one ELLIPSE inside another, if there 
exists one CIRCUMINSCRIBED (simultaneously inscribed 
in the outer and circumscribed on the inner) n-gon, then 
any point on the boundary of the outer ELLIPSE is the 
VERTEX of some CIRCUMINSCRIBED n-gon. 
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Dérrie, H. 100 Great Problems of Elementary Mathematics: 
Their History and Solutions. New York: Dover, p. 193, 
1965. 


Poncelet’s Continuity Principle 


see PERMANENCE OF MATHEMATICAL RELATIONS 
PRINCIPLE 


Poncelet-Steiner Theorem 

All Euclidean GEOMETRIC CONSTRUCTIONS can be car- 
ried out with a STRAIGHTEDGE alone if, in addition, 
one is given the RADIUS of a single CIRCLE and its cen- 
ter. The theorem was suggested by Poncelet in 1822 
and proved by Steiner in 1833. A construction using 
STRAIGHTEDGE alone is called a STEINER CONSTRUC- 
TION. 


see also GEOMETRIC CONSTRUCTION, STEINER CON- 
STRUCTION 
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Poncelet’s Theorem 
see PONCELET’S CLOSURE THEOREM 


Poncelet Transform 
see PONCELET TRANSVERSE 


Poncelet Transverse 

Let a CIRCLE C} lie inside another CIRCLE C2. From 
any point on C2, draw a tangent to Ci and extend it 
to Cz. From the point, draw another tangent, etc. For 
n tangents, the result is called an n-sided PONCELET 
TRANSFORM. 
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Pong Hau K’i 
A Chinese Tic-Tac-ToE-like game. 


see also TIC-TAC-TOE 
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Pons Asinorum 

An elementary theorem in geometry whose name means 
“ass’s bridge.” The theorem states that the ANGLES 
at the base of an ISOSCELES TRIANGLE (defined as a 
TRIANGLE with two legs of equal length) are equal. 


see also ISOSCELES TRIANGLE, PYTHAGOREAN THEO- 
REM 
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Pontryagin Class 

The ith Pontryagin class of a VECTOR BUNDLE is (—1)* 
times the ith CHERN CLASS of the complexification of 
the VECTOR BUNDLE. It is also in the 4ith cohomology 
group of the base SPACE involved. 


see also CHERN CLASS, STIEFEL- WHITNEY CLASS 


Pontryagin Duality 

Let G be a locally compact ABELIAN GROUP. Let G* 
be the group of all homeomorphisms G > R/Z, in the 
compact open topology. Then G” is also a locally com- 
pact ABELIAN GROUP, where the asterisk defines a con- 
travariant equivalence of the category of locally com- 
pact Abelian groups with itself. The natural mapping 
G — (G")*, sending g to G, where G(f) = f(g), is 
an isomorphism and a HOMEOMORPHISM. Under this 
equivalence, compact groups are sent to discrete groups 
and vice versa. 


see also ABELIAN GROUP, HOMEOMORPHISM 


Pontryagin Maximum Principle 
A result is CONTROL THEORY. Define 


H(y},2,u) = (¥, f(z,u)) = D> paf*(2,u). 


a=0 


Then in order for a control u(t) and a trajectory z(t) 

to be optimal, it is NECESSARY that there exist NON- 

ZERO absolutely continuous vector function p(t) = 

(wo(t), 21 (t),..-, on (t)) corresponding to the functions 

u(t) and x(t) such that 

1. The function H (y(t), (t), u) attains its maximum at 
the point u = u(t) almost everywhere in the interval 
to < t < ti, 


H(v(t), c(t), u(t) = max H(p(é), 2(), u). 
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2. At the terminal time f1, the relations qo(t1) < 0 and 
A((ti), e(t1), u(t1)) = 0 are satisfied. 
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Pontryagin Number 

The Pontryagin number is defined in terms of the PON- 
TRYAGIN CLASS of a MANIFOLD as follows. For any 
collection of PONTRYAGIN CLASSES such that their cup 
product has the same DIMENSION as the MANIFOLD, 
this cup product can be evaluated on the MANIFOLD’s 
FUNDAMENTAL CLASS. The resulting number is called 
the Pontryagin number for that combination of Pontrya- 
gin classes. The most important aspect of Pontryagin 
numbers is that they are COBORDISM invariant. To- 
gether, Pontryagin and STIEFEL-WHITNEY NUMBERS 
determine an oriented manifold’s oriented COBORDISM 
class. 


see also CHERN NUMBER, STIEFEL- WHITNEY NUMBER 


Ponzo’s Illusion 


The upper HORIZONTAL line segment in the above figure 
appears to be longer than the lower line segment despite 
the fact that both are the same length. 


see also ILLUSION, MULLER-LYER ILLUSION, POGGEN- 
DORFF ILLUSION, VERTICAL-HORIZONTAL ILLUSION 
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Pop 

An action which removes a single element from the top 
of a QUEUE or STACK, turning the LIsT (a1, az, ..., an) 
into (a2, ..., @n) and yielding the element a1. 


see also PusH, STACK 


Population Comparison 
Let x1 and x2 be the number of successes in variates 
taken from two populations. Define 


“ £1 

= 1 
r=, (1) 
A en SOD 
a= (2) 


The EsTIMATOR of the difference is then 1 — p2. Doing 
a z-TRANSFORM, 


2 = Paha) — = 2) (3) 


Of1—f2 


Population Growth 


where 
= a en be 
Cpi-b2 = V [Fi Op2"- (4) 


The STANDARD ERROR is 


pill — pi po (1 — po 
SB -t = yf a 8 Be) (5) 
$1? $2? 
SEz,-a. = 4/— + — 
ee ane (6) 
2 (m1 — 1)s1? + (m2 — 1)82? 
Spool = nh + as 3 . (7) 


see also z-TRANSFORM 


Population Growth 
The differential equation describing exponential growth 
is 


dN N 
cee (1) 
This can be integrated directly 
NaN _ fiat (2) 
No N o 7 
N t 
In{(—jJ=-. 
” (x ) T (3) 
Exponentiating, 
N(t) = Noe’’’. (4) 
Defining N(t = 1) = Noe® gives r = 1/a in (4), so 
N(t) = Noe™. (5) 


The quantity a in this equation is sometimes known as 
the MALTHUSIAN PARAMETER. 


Consider a more complicated growth law 


Wi (HNy, 


where a > 1 is a constant. This can also be integrated 
directly 


Wie a 
InN =at—Int+C (8) 
nw = 2. (9) 


Note that this expression blows up at t = 0. We are 
given the INITIAL CONDITION that N(t = 1) = Noe, 
so C= No. 


at 


N(t) = No=. (10) 


The ¢ in the DENOMINATOR of (10) greatly suppresses 
the growth in the long run compared to the simple 
growth law. 


Porism 
The LoGisTIC GROWTH CURVE, defined by 


dN _ r(K —N) 
= HN (11) 


is another growth law which frequently arises in biology. 
It has a rather complicated solution for N(¢). 


see also GOMPERTZ CURVE, LIFE EXPECTANCY, LOGIS- 
TIC GROWTH CURVE, LOTKA-VOLTERRA EQUATIONS, 
MAKEHAM CURVE, MALTHUSIAN PARAMETER, SUR- 
VIVORSHIP CURVE 


Porism 

An archaic type of mathematical proposition whose pur- 
pose is not entirely known. 

see also AXIOM, LEMMA, POSTULATE, PRINCIPLE, 
STEINER’S PORISM, THEOREM 


Porter’s Constant 

N.B. A detailed on-line essay by S. Finch wus the start- 
ing point for this entry. 

The constant appearing in FORMULAS for the efficiency 
of the EUCLIDEAN ALGORITHM, 


6In2 24, 
c="5 [sin2+ 4y— “3¢'(2) - 2] - 


= 1.4670780794..., 


Nile 


where ¥ is the EULER- MASCHERONI CONSTANT and ¢(z) 

is the RIEMANN ZETA FUNCTION. 

see also EUCLIDEAN ALGORITHM 
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Pésa’s Theorem 
Let G be a SIMPLE GRAPH with n VERTICES. 


1. If, for every k in 1 < k < (n —1)/2, the number of 
VERTICES of VALENGY not. exceeding k is less than 
k, and 


2. If, for n ODD, the number of VERTICES with VaA- 
LENCY not exceeding (n — 1)/2 is less than or equal 
to (n — 1)/2, 

then G contains a HAMILTONIAN CIRCUIT. 

see also HAMILTONIAN CIRCUIT 


Poset 
see PARTIALLY ORDERED SET 
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Poset Dimension 
The DIMENSION of a POSET P = (X, <) is the size of the 
smallest REALIZER of P. Equivalently, it is the smallest 


INTEGER d such that P is ISOMORPHIC to a DOMINANCE 
order in R?. 


see also DIMENSION, 
POSETS, REALIZER 


DOMINANCE, ISOMORPHIC 
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Position Four-Vector 
The CONTRAVARIANT FOUR-VECTOR arising in special 
and general relativity, 


eo nb CO 
lll 
ne eg 


where c is the speed of light and t is time. Multiplication 
of two four-vectors gives the spacetime interval 


I = gut"2” = (2°)? — (e!)? — (2)? ~ (2°)? 
= (ct)? — (a")? — (2)? - (2*/? 


see also FOUR-VECTOR, LORENTZ TRANSFORMATION, 
QUATERNION 


Position Vector 
see RADIUS VECTOR 


Positive 
A quantity z > 0, which may be written with an explicit 
Pus SIGN for emphasis, +2. 


see also NEGATIVE, NONNEGATIVE, PLUS SIGN, ZERO 


Positive Definite Function 

A POSITIVE definite FUNCTION f on a GRouP G is a 
FUNCTION for which the MATRIX { f(xiv;~*)} is always 
POSITIVE SEMIDEFINITE HERMITIAN. 


References 
Knapp, A. W. “Group Representations and Harmonic Anal- 
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Positive Definite Matrix 
A Matrix A is positive definite if 


(Av)-v>0 (1) 


for all VecTorS v # 0. All EIGENVALUES of a posi- 
tive definite matrix are POSITIVE (or, equivalently, the 
DETERMINANTS associated with all upper-left SUBMA-_ 
TRICES are POSITIVE). 
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The DETERMINANT of a positive definite matrix is Pos- 
ITIVE, but the converse is not necessarily true (ie., a 
matrix with a POSITIVE DETERMINANT is not necessar- 
ily positive definite). 


A REAL SYMMETRIC MatTRIX A is positive definite IFF 
there exists a REAL nonsingular MATRIX M such that 


A= MM?™. (2) 


A 2x 2 SYMMETRIC MATRIX 
a b 
b | (3) 


av? + 2bviv2 + cv2” > 0 (4) 


is positive definite if 


for all v = (v1, v2) # 0. 


A HERMITIAN MaTRIX A is positive definite if 

1. ay > 0 for all z, 

2. aiaij > |asj|? for iF J, 

3. The element of largest modulus must lie on the lead- 
ing diagonal, 

4. |A] > 0. 

see also DETERMINANT, EIGENVALUE, HERMITIAN MA- 

TRIX, MATRIX, POSITIVE SEMIDEFINITE MATRIX 
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Positive Definite Quadratic Form 

A QUADRATIC FORM Q(x) is said to be positive definite 
if Q(x) > 0 for x #0. A REAL QUADRATIC FORM inn 
variables is positive definite IFF its canonical form is 


Q(z) = 217 + 2a? +... 4207. (1) 


A BINARY QUADRATIC FORM 
F(a, y) = ax" + 2arery + ary’ (2) 


of two REAL variables is positive definite if it is > 0 for 
any (z, y) 4 (0,0), therefore if a1; > 0 and the DISCRIM- 
INANT @ = 411422 — @12” > 0. A BINARY QUADRATIC 
Foro is positive definite if there exist NONZERO z and 
y such that 


(aa? + 2bay + cy*)? < 4lac —b?| (3) 


(Le Lionnais 1983). 


A QUADRATIC FORM (x,Ax) is positive definite Irr 
every EIGENVALUE of A is POSITIVE. A QUADRATIC 
FORM Q = (x,Ax) with A a HERMITIAN MATRIX is 


Postage Stamp Problem 


positive definite if all the principal minors in the top- 
left corner of A are POSITIVE, in other words 


ay1 > 0 (4) 
Q41 412 >0 (5) 
a21 22 


411 Gi2 413 
Q21 G22 a@23| > 0. (6) 
@31 432 433 


see also INDEFINITE QUADRATIC FORM, POSITIVE 
SEMIDEFINITE QUADRATIC FORM 
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Positive Definite Tensor 
A TENSOR g whose discriminant satisfies 


9 = 911922 — 912” > 0. 


Positive Integer 
see Z* 


Positive Semidefinite Matrix 
A Matrix A is positive semidefinite if 


(Av): v >0 


for all v £0. 
see also POSITIVE DEFINITE MATRIX 


Positive Semidefinite Quadratic Form 

A QUADRATIC FORM Q(x) is positive semidefinite if it 
is never < 0, but is 0 for some x # 0. The QUADRATIC 
ForRM, written in the form (x, Ax), is positive semidefi- 
nite IFF every EIGENVALUE of A is NONNEGATIVE. 


see also INDEFINITE QUADRATIC FORM, POSITIVE DEF- 
INITE QUADRATIC FORM 
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Postage Stamp Problem 

Consider a SET Ax = {@1,@2,...,a%} of INTEGER de- 
nomination postage stamps with 1 = ai < az <...< 
a,;. Suppose they are to be used on an envelope with 
room for no more than h stamps. The postage stamp 
problem then consists of determining the smallest INTE- 
GER N(h, Ai.) which cannot be represented by a linear 
combination }>*_, ziai with 2; > 0 and eae ti <h. 


Posterior Distribution 


Exact solutions exist for arbitrary A, for k = 2 and 3. 
The k = 2 solution is 


n(h, A2) = (A +3— a2)a2 —2 
for h > a2 — 2. The general problem consists of finding 


n(h,k) = maxn(h, Ag). 
Ax 


It is known that 
n(h, 2) = |$(A? + 6h+1)], 


(Stéhr 1955, Guy 1994), where |x| is the FLOOR FuNC- 
TION, the first few values of which are 2, 4, 7, 10, 14, 18, 
23, 28, 34, 40, ... (Sloane’s A014616). 


see also HARMONIOUS GRAPH, STAMP FOLDING 
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Posterior Distribution 
see BAYESIAN ANALYSIS 


Postnikov System 

An iterated FIBRATION of EILENBERG-MAC LANE 
SPACES. Every TOPOLOGICAL SPACE has this HOMO- 
TOPY type. 


see also EILENBERG-MAC LANE SPACE, FIBRATION, 
HOMOTOPY 


Postulate 

A statement, also known as an AXIOM, which is taken 
to be true without PRooFr. Postulates are the basic 
structure from which LEMMAS and THEOREMS are de- 
rived. The whole of EUCLIDEAN GEOMETRY, for ex- 
ample, is based on five postulates known as EUCLID’S 
POSTULATES. 


see also ARCHIMEDES’ POSTULATE, AXIOM, BER- 
TRAND’S POSTULATE, CONJECTURE, EQUIDISTANCE 
POSTULATE, EUCLID’S FIFTH POSTULATE, EUCLID’S 
POSTULATES, LEMMA, PARALLEL POSTULATE, PORISM, 
PROOF, THEOREM, TRIANGLE POSTULATE 


Potato Paradox 

You buy 100 pounds of potatoes and are told that they 
are 99% water. After leaving them outside, you discover 
that they are now 98% water. The weight of the dehy- 
drated putatoes is then a surprising 50 pounds! 


References 
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Potential Function 

The term used in physics and engineering for a HAR- 
MONIC FUNCTION. Potential functions are extremely 
useful, for example, in electromagnetism, where they re- 
duce the study of a 3-component VECTOR FIELD to a 
1-component SCALAR FUNCTION. 


see also HARMONIC FUNCTION, LAPLACE’S EQUATION, 
SCALAR POTENTIAL, VECTOR POTENTIAL 


Potential Theory 
The study of HARMONIC FUNCTIONS (also called Po- 
TENTIAL FUNCTIONS). 


see also HARMONIC FUNCTION, SCALAR POTENTIAL, 
VECTOR POTENTIAL 
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Pothenot Problem 
see SNELLIUS-POTHENOT PROBLEM 


Poulet Number 
A FERMAT PSEUDOPRIME to base 2, denoted psp(2), 
ie., a COMPOSITE ODD INTEGER such that 


2”-' =1 (mod n). 


The first few Poulet numbers are 341, 561, 645, 1105, 
1387, ... (Sloane’s AQ001567). Pomerance et al. (1980) 
computed all 21,853 Poulet numbers less than 25 x 10°. 


Pomerance has shown that the number of Poulet num- 
bers less than z for sufficiently large x satisfy 


Ae - aga) 
exp[(Inz)°’""] < P(x) < xexp ( sine 


(Guy 1994). 


A Poulet number all of whose Drvisors d satisfy d|2?—2 
is called a SUPER-POULET NUMBER. There are an in- 
finite number of Poulet numbers which are not SUPER- 
POULET NUMBERS. Shanks (1993) calls any integer sat- 
isfying 2"~' = 1 (mod n) (i-e., not limited to ODD com- 
posite numbers) a FERMATIAN. 


see also FERMAT PSEUDOPRIME, PSEUDOPRIME, SU- 
PER-POULET NUMBER 
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Power 


The exponent to which a given quantity is raised is 
known as its POWER. The expression x° is therefore 
known as “a to the ath POWER.” The rules for com- 
bining quantities containing powers are called the Ex- 
PONENT LAWS. 


Special names given to various powers are listed in the 
following table. 


Power Name 


1/2 square root 
1/3 cube root 

2 squared 

3 cubed 


The Sum of pth POWERS of the first n POSITIVE INTE- 
GERS is given by FAULHABER’S FORMULA, 


n 1 pt1 +1 
Soe = pt+l yo-1)* ‘ k ) Boes-ant, 
k=1 


k=1 


where dxp is the KRONECKER DELTA, (z) is a BINOMIAL 
COEFFICIENT, and B, is a BERNOULLI NUMBER. 


Let s, be the largest INTEGER that is not the SUM of 
distinct nth powers of POSITIVE INTEGERS (Guy 1994). 
The first few values for n = 2, 3, ... are 128, 12758, 
5134240, 67898771, ... (Sloane’s A001661). 


CATALAN’S CONJECTURE states that 8 and 9 (2° and 
3") are the only consecutive Powers (excluding 0 and 
1), ie., the only solution to CATALAN’S DIOPHANTINE 
PROBLEM. This CONJECTURE has not yet been proved 
or refuted, although R. Tijdeman has proved that there 
can be only a finite number of exceptions should the 
CONJECTURE not hold. It is also known that 8 and 9 are 
the only consecutive CUBIC and SQUARE NUMBERS (in 
either order). Hyyré and Makowski proved that there do 
not exist three consecutive POWERS (Ribenboim 1996). 


’ Very few numbers of the form n” + 1 are PRIME (where 
composite powers p = kb need not be considered, since 
n'kb) + 1 = (n*)’ +1). The only PRIME NUMBERS of 
the form n? — 1 for n < 100 and PRIME 2 < p < 10 
correspond to n = 2, ie, 27-1 = 3, 22-1 = 7, 
2° —] = 31,.... The only PRIME NUMBERS of the form 


Power (Circle) 


n? +1 for n < 100 and PRIME 2 < p < 10 correspond 
to p = 2 with n = 1, 2, 4, 6, 10, 14, 16, 20, 24, 26,... 
(Sloane’s A005574). 


There are no nontrivial solutions to the equation 
1” +2" 4+...+m" =(m+1)" 


for m < 107:°9°:909 (Guy 1994, p. 153). 


see also APOCALYPTIC NUMBER, BIQUADRATIC NuM- 
BER, CATALAN’S CONJECTURE, CATALAN’S DIOPHAN- 
TINE PROBLEM, CUBE ROOT, CUBED, CUBIC NuM- 
BER, EXPONENT, EXPONENT LAWS, FAULHABER’S For- 
MULA, FIGURATE NUMBER, MOESSNER’S THEOREM, 
NARCISSISTIC NUMBER, POWER RULE, SQUARE NUM- 
BER, SQUARE ROOT, SQUARED, SUM, WARING’S PROB- 
LEM 
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Power Center 
see RADICAL CENTER 


Power (Circle) 


The POWER of the two points P and Q with respect to 
a CIRCLE is defined by 


p=OP x PQ. 


Let R be the RADIUS of a CIRCLE and d be the distance 
between a point P and the circle’s center. Then the 
POWER of the point P relative to the circle is 


p= d* — R?. 


Power Curve 


If P is outside the CIRCLE, its POWER is POSITIVE and 
equal to the square of the length of the segment from P 
to the tangent to the CIRCLE through P. If P is inside 
the CIRCLE, then the POWER is NEGATIVE and equal to 
the product of the DIAMETERS through P. 


The Locus of points having POWER k with regard toa 
fixed CIRCLE of RADIUS r is a CONCENTRIC CIRCLE of 
Rapius Vr? +k. The CHORDAL THEOREM states that 
the Locus of points having equal POWER with respect 
to two given nonconcentric CIRCLES is a line called the 
RADICAL LINE (or CHORDAL; Dorrie 1965). 


see also CHORDAL THEOREM, COAXAL CIRCLES, IN- 
VERSE POINTS, INVERSION CIRCLE, INVERSION RA- 
DIUS, INVERSIVE DISTANCE, RADICAL LINE 
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Power Curve 
The curve with TRILINEAR COORDINATES a‘ : b° : ct for 
a given POWER t. 


see also POWER 
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Power Line 
see RADICAL AXIS 


Power Point 

TRIANGLE centers with TRIANGLE CENTER FUNCTIONS 
of the form a@ = a” are called nth POWER points. The 
Oth power point is the INCENTER, with TRIANGLE CEN- 
TER FUNCTION a= 1. 


see also INCENTER, TRIANGLE CENTER FUNCTION 
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Power Rule 
The DERIVATIVE of the POWER z” is given by 


Le.) =nz"', 


see also CHAIN RULE, DERIVATIVE, EXPONENT LAWS, 
PRoDuUCT RULE 
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Power Series 
A power series in a variable z is an infinite SuM of the 


form 
co 


Saiz’, (1) 


n 


where n > 0 and a; are INTEGERS, REAL NUMBERS, 
COMPLEX NUMBERS, or any other quantities of a given 


type. 


A CONJECTURE of Pélya is that if a FUNCTION has a 
POWER series with INTEGER COEFFICIENTS and RaA- 
DIUS OF CONVERGENCE 1, then either the FUNCTION is 
RATIONAL or the UNIT CIRCLE is a natural boundary. 


A generalized POWER sum a(h) for h = 0,1,... 
by 


is given 


m 
a(h) = S> Ai(h)ax", (2) 

i=1 
with distinct NONZERO ROOTS ai, COEFFICIENTS Ai(h) 
which are POLYNOMIALS of degree n; — 1 for POSITIVE 
INTEGERS ni, and i € [1,m]. The generalized POWER 


sum has order 
n= S> Nis (3) 


For any power series, one of the following is true: 
1. The series converges only for x = 0. 
2. The series converges absolutely for all z. 


3. The series converges absolutely for all x in some finite 
open interval (—R,R) and diverges if x < —R or 
x > R. At the points c = R and « = —R, the series 
may converge absolutely, converge conditionally, or 
diverge. 


To determine the interval of convergence, apply the Ra- 
TIO TEST for ABSOLUTE CONVERGENCE and solve for 
z. A POWER series may be differentiated or integrated 
within the interval of convergence. Convergent power 
series may be multiplied and divided (if there is no di- 


vision by zero). 
be (4) 
k=1 


CONVERGES if p > 1 and DIVERGES if 0 < p < 1. 


1420 Power Set 

see also BINOMIAL SERIES, CONVERGENCE TESTS, 
LAURENT SERIES, MACLAURIN SERIES, MULTINO- 
MIAL SERIES, p-SERIES, POLYNOMIAL, POWER SET, 
QUOTIENT-DIFFERENCE ALGORITHM, RECURRENCE 
SEQUENCE, SERIES, SERIES REVERSION, TAYLOR SE- 
RIES 
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Power Set 

Given a SET S, the POWER SET of S is the SET of all 
SUBSETS of S. The order of a POWER set of a SET 
of order n is 2”. Power sets are larger than the SETS 
associated with them. 


see also SET, SUBSET 


Power Spectrum 

For a given signal, the power spectrum gives a plot of the 
portion of a signal’s power (energy per unit time) falling 
within given frequency bins. The most common way 
of generating a power spectrum is by using a FOURIER 
‘TRANSFORM, but other techniques such as the MAXI- 
MUM ENTROPY METHOD can also be used. 
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Power (Statistics) 
The probability of getting a positive result for a given 
test which should produce a positive result. 


see also PREDICTIVE VALUE, SENSITIVITY, SPECI- 
FICITY, STATISTICAL TEST 


Power Tower 


attk=a’ , 
k 


where f is Knuth’s (1976) ARROW NOTATION. 


at®n=at*"' [at* (n—-1)). 


The infinite power tower z Tt co = at converges IFF 
e-? <a<e'/* (0.0659 < x < 1.4446). 


Powerful Number 


see also ACKERMANN FUNCTION, FERMAT NUMBER, 
MILLS’ CONSTANT 
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Power (Triangle) 
The total POWER of a TRIANGLE is defined by 


P= 1(a;" + a2” +43), (1) 


where a; are the side lengths, and the “partial power” 
is defined by 


p= a2” + a3? — ax”). (2) 
Then 
P, = aza3 cos a (3) 
P=pi + po+ ps3 (4) 
P? + pi? + po? + ps” = ar* + a2* + 434 (5) 
A = 5 Vp2ps + pspi + pspr (6) 
pi = Ai Hp - Ai As (7) 
coon =a ,a2a3 = 4AR (8) 
pitana, = pztanaz = p;tanas, (9) 


where A is the AREA of the TRIANGLE and H; are the 
FEET of the ALTITUDES. Finally, if a side of the TRIAN- 
GLE and the value of any partial power are given, then 
the Locus of the third VERTEX is a CIRCLE or straight 
line. 


see also ALTITUDE, FOOT, TRIANGLE 
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Powerfree 


see BIQUADRATEFREE, CUBEFREE, PRIME NUMBER, 
SQUAREFREE 


Powerful Number 

An INTEGER ™m such that if pjm, then p?|m, is called a 
powerful number. The first few are 1, 4, 8, 9, 16, 25, 27, 
32, 36, 49, ... (Sloane’s A001694). Powerful numbers 
are always of the form ab? for a,b > 1. 


Not every NATURAL NUMBER is the sum of two powerful 
numbers, but Heath-Brown (1988) has shown that every 
sufficiently large NATURAL NUMBER is the sum of at 
most three powerful numbers. There are infinitely many 
pairs of consecutive powerful numbers, but Erdés has 


Practical Number 


conjectured that there do not exist three consecutive 
powerful numbers. The CONJECTURE that there are no 
powerful number triples implies that there are infinitely 
many Wieferich primes (Granville 1986, Vardi 1991). 


A separate usage of the term powerful number is for 
numbers which are the sums of the positive powers of 
their digits. The first few are 1, 2, 3, 4, 5, 6,.7, 8, 9, 24, 
43, 63, 89, ... (Sloane’s A007532). 
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Practical Number 

A number n is practical if for all k < n, k is the sum 
of distinct proper divisors of n. Defined in 1948 by 
A. K. Srinivasen. All even PERFECT NUMBERS are prac- 
tical. The number 


m= 27-7(2" : 1) 


is practical for all n = 2, 3,.... The first: few practical 
numbers are 1, 2, 4, 6, 8, 12, 16, 18, 20, 24, 28, 30, 32, 
36, 40, 42, 48, 54, 56, ... (Sloane’s A005153). G. Melfi 
has computed twins, triplets, and 5-tuples of practical 
numbers. The first few 5-tuples are 12, 18, 30, 198, 306, 
462, 1482, 2550, 4422, .... 
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Pratt Certificate 

A primality certificate based on FERMAT’S LITTLE THE- 
OREM CONVERSE. Although the general idea had been 
well-established for some time, Pratt became the first to 
prove that the certificate tree was of polynomial size and 
could also be verified in polynomial time. He was also 
the first to observe that the tree implies that PRIMES 
are in the complexity class NP. 


To generate a Pratt certificate, assume that n is a Pos- 
ITIVE INTEGER and {pi} is the set of PRIME FACTORS 
of n — 1. Suppose there exists an INTEGER z (called a 
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“WITNESS”) such that 27-1 = 1 (mod n) but 2° # 1 
(mod n) whenever e is one of (n — 1)/p;. Then FER- 
MAT’S LITTLE THEOREM CONVERSE states that n is 
PRIME (Wagon 1991, pp. 278-279). 


By applying FERMAT’S LITTLE THEOREM CONVERSE 
to n and recursively to each purported factor of n~1,a 
certificate for a given PRIME NUMBER can be generated. 
Stated another way, the Pratt certificate gives a proof 
that a number a is a PRIMITIVE ROOT of the multiplica- 
tive GROUP (mod p) which, along with the fact that a 
has order p — 1, proves that p is a PRIME. 


7919 7 
2 
31-2 
2 
32 
2 
107 —— 2 
2 
53.-— 2 
2 
13 —2 
2 
32 


2 

The figure above gives a certificate for the primality of 
n = 7919. The numbers to the right of the dashes are 
WITNESSES to the numbers to left. The set {p;} for 
n—~1 = 7918 is given by {2,37,107}. Since 77°18 = 
1 (mod 7919) but 77918/2, 7718/37, 77918/107 2 4 (mod 
7919), 7 is a WITNESS for 7919. The PRIME divisors of 
7918 = 7919 — 1 are 2, 37, and 107. 2 is a so-called 
“self-WITNESS” (i.e., it is recognized as a PRIME with- 
out.further:‘ado), and the remainder of the witnesses are 
shown asa nested tree. Together, they certify that 7919 
is indeed PRIME. Because it requires the FACTORIZA- 
TION of n ~ 1,'the METHOD of Pratt certificates is best 
applied to small numbers (or those numbers 7 known to 
have easily factorable n — 1). 


A '‘Pratt.certificate is quicker to generate for small 
numbers than are other types of primality certificates. 
The Mathematica® (Wolfram Research, Champaign, IL) 
task ProvablePrime[n] therefore generates an ATKIN- 
GOLDWASSER-KILIAN-MORAIN CERTIFICATE only for 
numbers above a certain limit (10'° by default), and 
a Pratt certificate for smaller numbers. 


see also ATKIN-GOLDWASSER-KILIAN-MORAIN CER- 
TIFICATE, FERMAT’S LITTLE THEOREM CONVERSE, 
PRIMALITY CERTIFICATE, WITNESS 
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Pratt-Kasapi Theorem 
see HOEHN’S THEOREM 
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Precedes 

The relationship z precedes y is written x < y. The 
relation z precedes or is equal to y is written x < y. 


see also SUCCEEDS 


Precession 
see CURVE OF CONSTANT PRECESSION 


Precisely Unless 

If A is true precisely unless B, then B implies not-A and 
not-B implies A. J. H. Conway has suggested the term 
“UNLESSS” for this state of affairs, by analogy with IFF. 


see also IFF, UNLESS 


Predicate 
A function whose value is either TRUE or FALSE. 


see also AND, FALSE, OR, PREDICATE CALCULUS, 
TRUE, XOR 


Predicate Calculus 

The branch of formal Locic dealing with representing 
the logical connections between statements as well as 
the statements themselves. 

see also GODEL’S INCOMPLETENESS THEOREM, LOGIC, 
PREDICATE 


Predictability 
Predictability at a time 7 in the future is defined by 


R(a(t), c(t +7)) 
H(zx(t)) : 


and linear predictability by 


L(a(t), e(t + 7) 
H(z(t))  * 


where R and LE are the REDUNDANCY and LINEAR RE- 
DUNDANCY, and H is the ENTROPY. 


Prediction Paradox 
see UNEXPECTED HANGING PARADOX 


Predictive Value 

The POSITIVE predictive value is the probability that a 
test gives a true result for a true statistic. The negative 
predictive value is the probability that a test gives a 
false result for a false statistic. 


see also POWER (STATISTICS), SENSITIVITY, SPECI- 
FICITY, STATISTICAL TEST 
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Predictor-Corrector Methods 

A general method of integrating ORDINARY DIFFEREN- 
TIAL EQUATIONS. It proceeds by extrapolating a poly- 
nomial fit to the derivative from the previous points to 
the new point (the predictor step), then using this to 
interpolate the derivative (the corrector step). Press 
et al. (1992) opine that predictor-corrector methods 
have been largely supplanted by the BULIRSCH-STOER 
and RUNGE-KUTTA METHODS, but predictor-corrector 
schemes are still in common use. 


see also ADAMS’ METHOD, GILL’S METHOD, MILNE’S 
METHOD, RUNGE-KUTTA METHOD 
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Pretzel Curve 
see KNOT CURVE 


Pretzel Knot 


A KNOT obtained from a TANGLE which can be repre- 
sented by a FINITE sequence of INTEGERS. 


see also TANGLE 
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Primality Certificate 

A short set of data that proves the primality of a num- 
ber. A certificate can, in general, be checked much 
more quickly than the time required to generate the 
certificate. Varieties of primality certificates include 
the PRATT CERTIFICATE and ATKIN-GOLDWASSER- 
KILIAN-MORAIN CERTIFICATE. 


see also ATKIN-GOLDWASSER-KILIAN-MORAIN CER- 
TIFICATE, COMPOSITENESS CERTIFICATE, PRATT CER- 
TIFICATE 
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Primality Test 

A test to determine whether or not a given number is 
PRIME. The RABIN-MILLER STRONG PSEUDOPRIME 
TEST is a particularly efficient ALGORITHM used by 
Mathematica® version 2.2 (Wolfram Research, Cham- 
paign, IL). Like many such algorithms, it is a proba- 
bilistic test using PSEUDOPRIMES, and can potentially 
(although with very small probability) falsely identify 
a COMPOSITE NUMBER as PRIME (although not vice 
versa). Unlike PRIME FACTORIZATION, primality test- 
ing is believed to be a P-PROBLEM (Wagon 1991). In 
order to guarantee primality, an almost certainly slower 
algorithm capable of generating a PRIMALITY CERTIFI- 
CATE must be used. 


see also ADLEMAN-POMERANCE-RUMELY PRIMALITY 
TEST, FERMAT’S LirrLE THEOREM CONVERSE, FER- 
MAT’S PRIMALITY TEST, FERMAT’S THEOREM, LUCAS- 
LEHMER TEST, MILLER’s PRIMALITY TEST, PEPIN’S 
TEST, POCKLINGTON’S THEOREM, PROTH’S THEOREM, 
PSEUDOPRIME, RABIN-MILLER STRONG PSEUDOPRIME 
TEST, WARD’S PRIMALITY TEST, WILSON’S THEOREM 
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Primary 
Each factor p;*? in an INTEGER’s PRIME DECOMPOSI- 
TION is called a primary. 


Primary Representation 

Let 7 be a unitary REPRESENTATION of a GROUP G on 
a separahle HILBERT SPACE, and let R(m) be the small- 
est weakly closed algebra of bounded linear operators 
containing all m(g) for g € G. Then z is primary if the 
center of R(a) consists of only scalar operations. 
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Prime 

A symbol used to distinguish one quantity 2’ (“ac 
prime”) from another related z. Primes are most com- 
monly used to denote transformed coordinates, conju- 
gate points, and DERIVATIVES. 


see also PRIME ALGEBRAIG NUMBER, PRIME NUMBER 
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Prime Algebraic Number 

An irreducible ALGEBRAIC INTEGER which has the 
property that, if it divides the product. of two algebraic 
INTEGERS, then it DIVIDES at least one of the factors. 
1 and —1 are the only INTEGERS which DIVIDE every 
INTEGER. They are therefore called the PRIME UNITS. 


see also ALGEBRAIC INTEGER, PRIME UNIT 


Prime Arithmetic Progression 
Let the number of PRIMES of the form mk +n less than 
zx be denoted m4,,.(2). Then 


im a,b(2) = at, 
zoo Li(x) p(a)’ 


where Li(z) is the LOGARITHMIC INTEGRAL and ¢(z) is 
the TOTIENT FUNCTION. 


Let P be an increasing arithmetic progression of n 
PRIMES with minimal difference d > 0. If a PRIME 
p <n does not divide d, then the elements of P must 
assume all residues modulo p, specifically, some element 
of P must be divisible by p. Whereas P contains only 
primes, this element must be equal to p. 


If d < n# (where n# is the PRIMORIAL of n), then some 
prime p < n does not divide d, and that prime p is in P. 
Thus, in order to determine if P has d < n#, we need 
only check a finite number of possible P (those with d < 
n# and containing prime p < n) to see if they contain 
only primes. If not, then d > n#. If d = n#, then 
the elements of P cannot be made to cover all residues 
of any prime p. The PRIME PATTERNS CONJECTURE 
then asserts that there are infinitely many arithmetic 
progressions of primes with difference d. 


A computation shows that the smallest possible common 
difference for a set of nm or more PRIMES in arithmetic 
progression for n = 1, 2, 3,... is 0, 1, 2, 6, 6, 30, 150, 
210, 210, 210, 2310, 2310, 30030, 510510, ... (Sloane’s 
A033188, Ribenboim 1989, Dubner and Nelson 1997, 
Wilson). The values up to n = 13 are rigorous, while the 
remainder are lower bounds which assume the validity 
of the PRIME PATTERNS CONJECTURE and are simply 
given by pn_7#, where p; is the ith PRIME. The smallest 
first terms of arithmetic progressions of n primes with 
minimal differences are 2, 2, 3, 5, 5, 7, 7, 199, 199, 
199, 60858179, 147692845283, 14933623, ... (Sloane’s 
A033189; Wilson). 


Smaller first terms are possible for nonminimal n-term 
progressions. Examples include the 8-term progression 
11 + 1210230h for k = 0, 1, ..., 7, the 12-term pro- 
gression 23143 + 30030k for k = 0, 1, ..., 11 (Golubev 
1969, Guy 1994), and the 14-term arithmetic progres- 
sion 766439 + 510510k fur k = 0, 1,..., 12 (Guy 1994). 


The largest known set of primes in ARITHMETIC SE- 
QUENCE is 22, 


11, 410, 337, 850, 553 + 4, 609, 098, 694, 200k 
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fork = 0, 1,..., 21 (Pritchard et al. 1995, UTS School 


of Mathematical Sciences). 


The largest known sequence of consecutive PRIMES in 
ARITHMETIC PROGRESSION (i.e., all the numbers be- 
tween the first and last term in the progression, except 
for the members themselves, are composite) is ten, given 
by 


100, 996, 972, 469, 714, 247, 637, 786, 655, 587, 969, 
840, 329, 509, 324, 689, 190, 041, 803, 603, 417, 758, 
904, 341, 703, 348, 882, 159, 067, 229, 719 + 210k 


fork = 0,1, ..., 9, discovered by Harvey Dubner, Tony 
Forbes, Manfred Toplic, et al. on March 2, 1998. This 
beats the record of nine set on January 15, 1998 by the 
same investigators, 


99, 679, 432, 066, 701, 086, 484, 490, 653, 695, 853, 
561, 638, 982, 364, 080, 991, 618, 395, 774, 048, 585, 
529, 071, 475, 461, 114, 799, 677, 694,651 + 210k 


for k = 0, 1, ..., 8 (two sequences of nine are now 
known), the progression of eight consecutive primes 
given by 


43, 804, 034, 644, 029, 893, 325, 717, 710, 709, 965, 
599, 930, 101, 479, 007, 432, 825, 862, 362, 446, 333, 
961, 919, 524, 977, 985, 103, 251, 510, 661 + 210k 


fork = 0, 1,..., 7, discovered by Harvey Dubner, Tony 
Forbes, et al. on November 7, 1997 (several are now 
known), and the progression of seven given by 


1, 089, 533, 431, 247, 059, 310, 875, 780, 378, 922, 957, 732, 
908, 036, 492, 993, 138, 195, 385, 213, 105, 561, 742, 150, 
447, 308, 967, 213, 141, 717, 486, 151 + 210k, 


for k = 0, 1, ..., 6, discovered by H. Dubner and 
H. K. Nelson on Aug. 29, 1995 (Peterson 1995, Dubner 
and Nelson 1997). The smallest sequence of six consec- 
utive PRIMES in arithmetic progression is 


121, 174, 811 + 30k 


for k = 0, 1,..., 5 (Lander and Parkin 1967, Dubner and 
Nelson 1997). According to Dubner et al., a trillion-fold 
increase in computer speed is needed before the search 
for a sequence of 11 consecutive primes is practical, so 
they expect the ten-primes record to stand for a long 
time to come. 


It is conjectured that there are arbitrarily long sequences 
of PRIMES in ARITHMETIC PROGRESSION (Guy 1994). 


see also ARITHMETIC PROGRESSION, CUNNINGHAM 
CHAIN, DIRICHLET’S THEOREM, LINNIK’S THEOREM, 


Prime Array 


PRIME CONSTELLATION, PRIME-GENERATING POLY- 
NOMIAL, PRIME NUMBER THEOREM, PRIME PATTERNS 
CONJECTURE, PRIME QUADRUPLET 
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Prime Array 

Find the m x nm ARRAY of single digits which contains 
the maximum possible number of PRIMES, where allow- 
able PRIMES may lie along any horizontal, vertical, or 
diagonal line. For m = n = 2, 11 PRIMES are maximal 
and are contained in the two distinct arrays 


sen=[) 3}-[} 3) 


Prime Array 


giving the PRIMEs (3, 7, 13, 17, 31, 37, 41, 43, 47, 71, 73) 
and (3, 7, 13, 17, 19, 31, 37, 71, 73, 79, 97), respectively. 
For the 3 x 2 array, 18 PRIMES are maximal and are 
contained in the arrays 


1 1 3 1 7 2 a ape 2 
Als ays E 7 BE 5 a 3 ae 
1 7 5 1 7 9 17 9 
4 3 9/°/3 2 5)/’|4 3 2)’ 
7 1 
3 


9 3 6 3.7 6 
41’|4 7 9]/’|4 1 9]° 


The best 3x 3, 4x4, and 5 x 5 prime arrays known were 
found by C. Rivera and J. Ayala in 1998. They are 


11 8 
A(3,3)=|7 5 4], 
9 3 7 
which contains 30 PRIMES, 


113 9 
6 4 5 1 
A(4,4) = 7 3 9 7’ 
3 9 2 9 
which contains 63 PRIMES, and 
119 3 8 
9 9 5 6 3 
A(5,5)=]8 9 4 1 TY], 
3 3 7 3 1 
3 29 3 9 
which contains 116 PRIMES. S. C. Root found the a6 x6 
array containing 187 primes: 
3 17 3 3 3 
9 9 5 6 3 9 
11 8 1 4 2 
AG66=|1, 36373 
3 4 9 19 9 
3.79 3 7 9 
In 1998, M. Oswald found five new 6 x 6 arrays with 187 
primes: 
13 919 9 13 9 19 9 
3.17 23 «4 917 23 4 
99479 3 6 9 47 9 3 
915 7 1 37]? 7 15 7 1 3)’ 
9 8 3 61 7 9 8 3 61 7 
9 17 3 3 3 9 17 3 3 3 
3 1 7 3 3 3 3 1 7 3 3 ~3 
9 9 5 63 9 9 9 5 63 9 
118 1 4 2 118414 2 
13 63 7 8’ 13 63 7 3]° 
349 19 9 3 49 19 9 
3 79 9 3 9 9 7 9 3 7 9 
3°91 7 3 3 3 
9 9 5 6 3 9 
11 8 1 4 5 
13 6 3 7 3 
3.4 9 19 9 
9 9 9 2 3 3 
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Rivera and Ayala conjecture that the 30-prime solution 
for A(3,3) is maximal and unique. The following in- 
tervals have been completely searched without finding 
another 30-prime or better 3 x 3 array: [1, 67 x 10°], 
{100 x 10°, 133 x 10°], [200 x 10°, 228 x 10°], [300 x 10°, 
325 x 10°], and [400 x 10°, 418 x 10°]. 


Heuristic arguments by Rivera and Ayala suggest that 
the maximum possible number of primes in 4 x 4, 5 x 
5, and 6 x 6 arrays are 58-63, 112-121, and 205-218, 
respectively. 


see also ARRAY, PRIME ARITHMETIC PROGRESSION, 
PRIME CONSTELLATION, PRIME STRING 


References 

Dewdney, A. K. “Computer Recreations: How to Pan for 
Primes in Numerical Gravel.” Sci. Amer. 259, 120-123, 
July 1988. 

Lee, G. “Winners and Losers.” Dragon User. May 1984. 

Lee, G. “Gordon’s Paradoxically Perplexing Primesearch 


Puzzle.” http://www. geocities.com/MotorCity/7983/ 
primesearch.html. 
Rivera, C. “Problems & Puzzles (Puzzles): The Gor- 


don Lee Puzzle.” http://www.sci.net.mx/-crivera/ppp/ 
puzz_001. htm. 

% Weisstein, E. W. “Prime Arrays.” http://www.astro. 
virginia. edu/~eww6n/math/notebooks/PrimeArray .m. 


Prime Circle 

A prime circle of order 2m is a CIRCULAR PERMUTA- 
TION of the numbers from 1 to 2m with adjacent PAIRS 
summing to a PRIME. The number of prime circles for 
m=1,2,...,are1,1, 1, 2, 48,.... 
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Prime Cluster 
see PRIME CONSTELLATION 


Prime Constellation 

A prime constellation, also called a PRIME k-TUPLE or 
PRIME k-TUPLET, is a sequence of k consecutive num- 
bers such that the difference between the first and last 
is, in some sense, the least possible. More precisely, 
a prime k-tuplet is a sequence of consecutive PRIMES 
(pi, po, ..., Pe) with per — p1 = s{k), where s(k) is 
the smallest number s for which there exist k integers 
bi < bo <... < bg, bg — by = ¢ and, for every PRIME gq, 
not all the residues modulo qg are represented by bi, be, 
..., 6% (Forbes). For each k, this definition excludes a 
finite number of clusters at the beginning of the prime 
number sequence. For example, (97, 101, 103, 107, 109) 
satisfies the conditions of the definition of a prime 5- 
tuplet, but (3, 5, 7, 11, 13) does not because all three 
residues modulo 3 are represented (Forbes). 


A prime double with s(2) = 2 is of the form (p, p + 2) 
and is called a pair of TWIN PRIMES. Prime doubles of 
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the form (p, p +6) are called SEXY PRIMES. A prime 
triplet has s(3) = 6. However, the constellation (p, p+2, 
p+ 4) cannot exist, since both p + 2 and p+ 4 cannot 
be PRIME. However, there are several types of prime 
triplets which can exist: (p, p+ 2, p+ 6), (p, p+ 4, 
p+6), (p, p+6, p+12). A PRIME QUADRUPLET is 
a constellation of four successive PRIMES with minimal 
distance s(4) = 8, and is of the form (p, p+ 2, p+ 6, 
p+ 8). The sequence s(n) therefore begins 2, 6, 8, and 
continues 12, 16, 20, 26, 30, ... (Sloane’s A008407). 
Another quadruplet constellation is (p, p + 6, p + 12, 
p+ 18). 

The first First HarDY-LITTLEWOOD CONJECTURE 
states that the number of constellations < x are asymp- 
totically given by 


ee 2) dz' 

P,(p,p +2) ~ 2 
(p,p Nir (p—1) |, Gna’) 
~ 1320323632 f 22" (1) 
ai 2 (Inz')? 

p(p * da! 
4 
P2(p,p +4) ~ IG =H ff (In «')? 
— 1320323632 [| —22'_ (2) 
AS > (linve’)? 
rp — 2) dx’ 

P.(p,p + 8) ‘IG 1? J, (nz)? 

= 2640647264 y mer (3) 
Pp wip 8) 9) 

P.(p,p + 2,p + 6) ~ rll Ga» ? f aos 
— 2.858248506 | da (4) 
Fi , (Inz!)® 

9 TT] PP’ (p — 3) dx 
P, ? 4, 7 
(pp + 4,p + 6) Fl oar J (In 2’) 
prs 
— 2.assoagsoe [| 22 (5) 
AN 2 (Inz')§ ‘ 
ata | p’(p — 4) 

P.(p,p + 2,p + 6,p + 8) ~ 22 Gone Ge ina 
~41si1sosea | 2%. (6) 
aie > (Ina')4 

p(p-4) [* _ da’ 
P, 4,p+6,p+10) ~ Hf 
(p,p+4,p+6,p+10) ~ 27] ] ae f (Ina’)4 
p>s 
xz dz' 
= asozsor72e | ney (7) 


These numbers are sometimes called the HARDy- 
LITTLEWOOD CONSTANTS. (1) is sometimes called the 
extended TWIN PRIME CONJECTURE, and 


Cp,p+2 — 2Te, (8) 


Prime Constellation 


where I, is the TWIN PRIMES CONSTANT. Riesel (1994) 
remarks that the HARDY-LITTLEWOOD CONSTANTS can 
be computed to arbitrary accuracy without needing the 
infinite sequence of primes. 


The integrals above have the analytic forms 


* dz’ . 2 n 
[ Tee 2) Pgs > an (9) 
dg ee 2{1+Inz) 1 1 
i: Gage 27)? na” Gaye 
(10) 


* de’ _1f,, 2[2 + In2 + (In 2)?] 
i: (nz)? 6 {rice = (In 2)3 
_nf2+inn+ (Inn)?] 

(In n)3 : 


(11) 


where Li(z) is the LOGARITHMIC INTEGRAL. 


The following table gives the number of prime constel- 
lations < 10°, and the second table gives the values pre- 
dicted by the Hardy-Littlewood formulas. 


Count 10° 10° 10” 10° 
(p,p + 2) 1224 8169 58980 440312 
(p,p +4) 1216 8144 58622 440258 
(p,p + 6) 2447 16386 117207 879908 
(p,p + 2,p + 6) 259 1393 8543 55600 
(p,p + 4,p+6) 248 1444 8677 55556 
(p,p + 2,p+6,p+ 8) 38 ©1166 899 4768 
(p,p+6,p+12,p+18) | 75 325 1695 9330 
Hardy-Littlewood 10° 10° 10 10° 
(p,p + 2) 1249 8248 58754 440368 
(p,p + 4) 1249 8248 58754 440368 
(p, p + 6) 2497 16496 117508 880736 
(p,p + 2,p +6) 279 1446 8591 55491 
(p,.p+4,p +6) 279 1446 8591 55491 
(p,p + 2,p+6,p +8) 53-184 863 4735 
(p,p + 6,p + 12,p + 18) 


Consider prime constellations in which each term is of 
the form n? +1. Hardy and Littlewood showed that the 
number of prime constellations of this form < x is given 
by 


P(e) ~ CYe(Inz)"?, (12) 
where 
_ (-1)?-0? = 
c= |] ser rim i 1.3727... (13) 
p>2 = 
p prime 


(Le Lionnais 1983). 


Forbes gives a list of the “top ten” prime k-tuples for 
2<k < 17. The largest known 14-constellations are 
(11319107721272355839 + 0, 2, 8, 14, 18, 20, 24, 30, 
32, 38, 42, 44, 48, 50), (10756418345074847279 + 0, 
2, 8, 14, 18, 20, 24, 30, 32, 38, 42, 44, 48, 50), 
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(6808488664768715759 + 0, 2, 8, 14, 18, 20, 24, 30, 
32, 38, 42, 44, 48, 50), (6120794469172998449 + 0, 
2, 8, 14, 18, 20, 24, 30, 32, 38, 42, 44, 48, 50), 
(5009128141636113611 + 0, 2, 6, 8, 12, 18, 20, 26, 30, 
32, 36, 42, 48, 50). 


The largest known prime 15-constellations are 
(84244343639633356306067 + 0, 2, 6, 12, 14, 20, 24, 26, 
30, 36, 42, 44, 50, 54, 56), (8985208997951457604337+0, 
2, 6, 12, 14, 20, 26, 30, 32, 36, 42, 44, 50, 54, 56), 
(3594585413466972694697 + 0, 2, 6, 12, 14, 20, 26, 30, 
32, 36, 42, 44, 50, 54, 56), (3514383375461541232577 +0, 
2, 6, 12, 14, 20, 26, 30, 32, 36, 42, 44, 50, 54, 56), 
(3493864509985912609487 + 0, 2, 6, 12, 14, 20, 24, 26, 
30, 36, 42, 44, 50, 54, 56). 


The largest known prime 16-constellations are 
(3259125690557440336637+0, 2, 6, 12, 14, 20, 26, 30, 32, 
36, 42, 44, 50, 54, 56, 60), (1522014304823128379267+0, 
2, 6, 12, 14, 20, 26, 30, 32, 36, 42, 44, 50, 54, 56, 60), 
(47710850533373130107 + 0, 2, 6, 12, 14, 20, 26, 30, 32, 
36, 42, 44, 50, 54, 56, 60), (13, 17, 19, 23, 29, 31, 37, 41, 
43, 47, 53, 59, 61, 67, 71, 73). 


The largest known prime 17-constellations are 
(3259125690557440336631 + 0, 6, 8, 12, 18, 20, 26, 32, 
36, 38, 42, 48, 50, 56, 60, 62, 66), (17, 19, 23, 29, 31, 37, 
41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83) (13, 17, 19, 23, 
29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79). 


see also COMPOSITE RUNS, PRIME ARITHMETIC PRO- 
GRESSION, k-TUPLE CONJECTURE, PRIME k-TUPLES 
CONJECTURE, PRIME QUADRUPLET, SEXY PRIMES, 
TWIN PRIMES 
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of 


0 “so. 100 150, 200 
The function x(n) giving the number of PRIMES less 
than n (Shanks 1993, p. 15). The first few values are 0, 1, 
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2, 2, 3, 3, 4, 4, 4, 4, 5, 5, 6, 6, 6, ... (Sloane’s A000720). 
The following table gives the values of m(n) for powers 
of 10 (Sloane’s A006880; Hardy and Wright 1979, p. 4; 
Shanks 1993, pp. 242-243; Ribenboim 1996, p. 237). 
Deleglise and Rivat (1996) have computed (107°). 


n(10°) = 168 

x(10*) = 1,229 

x(10°) = 9,592 

(10°) = 78, 498 

1(10") = 664,579 

m(10°) = 5, 761, 455 

m(10°) = 50, 847,534 

m(10°°) = 455, 052,511 

n(10*") = 4,118, 054, 813 
n(10°”) = 37, 607, 912, 018 

n(10'*) = 346, 065, 536, 839 
n(10'*) = 3, 204, 941, 750, 802 
m(10'°) = 29, 844,570, 422, 669 
n(10°°) = 279, 238, 341, 033, 925 
m(10'") = 2,623, 557, 157, 654, 233 
n(107*) = 24, 739, 954, 287, 740, 860 
x(10*°) = 234, 057, 667, 276, 344, 607, 


m(10°) is incorrectly given as 50,847,478 in Hardy and 
Wright (1979). The prime counting function can be 
expressed by LEGENDRE’S FORMULA, LEHMER’S FoR- 
MULA, MAPES’ METHOD, or MEISSEL’S FORMULA. A 
brief history of attempts to calculate a(n) is given by 
Berndt (1994). The following table is taken from Riesel 
(1994). 


Method Time | Storage 
Legendre O(a) O(21/?) 
Meissel O(x/(Inzx)*) | O(21/?/Inx) 
Lehmer O(z/(Inz)*) | O(a'/3/Inz) 
Mapes’ Oia?) O(x°7) 
Lagarias-Miller-Odlyzko | O(2?/3**) O(a'/3**) 
Lagarias-Odlyzko 1 O(a3/5+¢) O{z*) 
Lagarias-Odlyzko 2 O(a1/2+) O(a'/4t) 


A modified version of the prime counting function is 
given by 


_ J m(p) 
to(p) = ee _ 1 


for p composite 
for p prime 


= x) f(a!” 
mo(p) =) HORE) 


n=1 


where p(n) is the MOBIUS FUNCTION and f(z) is the 
RIEMANN-MANGOLDT FUNCTION. 


The notation 7,,5 is also used to denote the number of 
PRIMES of the form ak + 6 (Shanks 1993, pp. 21-22). 
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Groups of EQUINUMEROUS values of ma,p include (73,1, 
13,2)5 (waa, 14,3), (75,1, 5,2, 75,35 75,4); (t6,1, 6,5 )s 
(17,1, 17,2, 77,3, 17,4, 17,5, 77,6), (78,1, 78,3, 78,8, 78,7), 
(19,1, 79,2, 79,4, 79,5, 9,7, 79,8), and so on. The values 
of 7n,x for small n are given in the following table for 
the first few powers of ten (Shanks 1993). 


Tt 7™3,1(n) 7™3,2(n) ™4,1(7) 74,3(n) 
10! 1 2 1 2 
10? 11 13 11 13 
10° 80 87 80 87 


104 611 617 609 619 
105 4784 4807/1 4783 4808 


LO® | 39231 39266 | 39175 39322 
10” | 332194 332384 | 332180 332398 
nm Ts,1(n) 75,2(7) 75,3(n) 15,4(n) 
10° 0 2 1 0 
10? 5 7 7 5 
103 40 AT 42 38 


104 306 309 310 303 
10° 2387 2412 2402 2390 


10° | 19617 19622 19665 19593 
10’ | 166104 166212 166230 166032 
if) | m6,1(n) 16,5(N) 
107 1 1 
10? 11 12 
10° 80 86 
104 611 616 
105 4784 4806 
10° | 39231 39265 
n | N71 17,2 17,3 17,4 A756 A746 
1 0 1 
10? 3 4 5 3 5 4 
10° 28 27 30 26 29 27 


10* 203 203 209 202 211 200 
10° | 1593 1584 1613 1601 1604 1596 
10° | 13063 13065 13105 13069 13105 13090 


nm |mei(n) 73,3(n) 78,5(n) 78,7(n) 


“107 0 i 1 1 
10? 5 7 6 6 
10° 37 44 43 43 
101 295 311 314 308 
105 2384 2409 2399 2399 
10° | 19552 19653 19623 19669 
10” | 165976 166161 166204 166237 


sect tninteehncnacoahieatenn acento aches aspects 
Note that since 73,1(7), 18,3(7), 7s,5(n), and 7e,7(7) are 
EQUINUMEROUS, 


m4,1(n) = 78,1(n) + 78,5 


74,3(7) = 78,3(72) + 78,7 


are also equinumerous. 


Erdés proved that there exist at least one PRIME of the 
form 4k + 1 and at least one PRIME of the form 4k + 3 
between n and 2n for all n > 6. 


Prime Cut 


The smallest x such that c > na(x) for n = 2, 3, ... 
are 2, 27, 96, 330, 1008, ... (Sloane’s A038625), and the 
corresponding (2) are 1, 9, 24, 24, 66, 168, ... (Sloane’s 
A038626). The number of solutions of x > n(x) for 
n = 2,3,... are 4, 3, 3, 6, 7, 6,... (Sloane’s A038627). 


see also BERTELSEN’S NUMBER, EQUINUMEROUS, 
PRIME ARITHMETIC PROGRESSION, PRIME NuUM- 
BER THEOREM, RIEMANN WEIGHTED PRIME-POWER 
COUNTING FUNCTION 
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Prime Cut 

Find two numbers such that 2? = y? (mod n). If you 
know the GREATEST COMMON DIVISOR of n and x — y, 
there exists a high probability of determining a PRIME 
factor. Taking small numbers x which additionally give 
small PRIMES x? = p (mod 7) further increases the 
chances of finding a PRIME factor. 


Prime Decomposition 


Prime Decomposition 
Given an INTEGER n, the prime decomposition is written 


a a a 
n= pipe"? +++ pn", 


where p; are the n PRIME factors, each of order a;. Each 
factor p;“? is called a PRIMARY. 


see also PRIMARY, PRIME FACTORIZATION ALGO- 
RITHMS, PRIME NUMBER 


Prime Difference Function 
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dn = Pn+1 — Dn. 


The first few values are 1, 2, 2, 4, 2, 4, 2, 4, 6, 2, 6, 4, 2, 
4, 6, 6, ... (Sloane’s A001223). Rankin has shown that 


cloninInnInIinInInn 


an (In In In n)? 


for infinitely many n and for some constant c (Guy 
1994). 


An integer n is called a JUMPING CHAMPION if n is the 
most frequently occurring difference between consecu- 
tive primes n < N for some N (Odlyzko et al. ). 


see also ANDRICA’S CONJECTURE, GOOD PRIME, JUMP- 
ING CHAMPION, POLYA CONJECTURE, PRIME GAPS, 
SHANKS’ CONJECTURE, TWIN PEAKS 
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Prime Diophantine Equations 
k+2 is PRIME IFF the 14 DIOPHANTINE EQUATIONS in 
26 variables 


wzt+th+j—q=0 (1) 
(gk+2g+k+1)(h+j)+th-z=0 (2) 
16(k + 1)°(k+2)(n+1)?+1-f? =0 (3) 
2n+p+q+z-q=0 (4) 
e'(e+2)(a+1)?+1-0° =0 (5) 
(a? —1)y?+1-27=0 (6) 
16r?y*(a? —1)+1—u? =0 (7) 
n+l+v—y=0 (8) 
(a? —- 1)? +1-—m? =0 (9) 
ai+k+1-—-l-i=0 (10) 
{[a + u?(u? — a)]? — 1}(n + 4dy)? +1— (a +cu)? =0 

(11) 
p+Ua—n—1)+b(2an + 2a —n? —2n—2)—-m=0 

(12) 
q+y(a—p-—1)+s(2ap+ 2a — p* — 2p— 2) -z =0 

(13) 
z+ pl(a — p) + t(2ap — p? — 1) — pm=0 (14) 


have a POSITIVE integral solution. 
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Prime Factorization 


see FACTORIZATION, PRIME DECOMPOSITION, PRIME 
FACTORIZATION ALGORITHMS, PRIME FACTORS 


Prime Factorization Algorithms 

Many ALGORITHMS have been devised for determining 
the PRIME factors of a given number. They vary quite a 
bit in sophistication and complexity. It is very difficult 
to build a general-purpose algorithm for this computa- 
tionally “hard” problem, so any additional information 
which is known about the number in question or its fac- 
tors can often be used to save a large amount of time. 


The simplest method of finding factors is so-called “D1- 
RECT SEARCH FACTORIZATION” (a.k.a. TRIAL DIvI- 
SION). In this method, all possible factors are system- 
atically tested using trial division to see if they actually 
DIVIDE the given number. It is practical only for very 
small numbers. 


see also BRENT’S FACTORIZATION METHOD, CON- 
TINUED FRACTION FACTORIZATION ALGORITHM, DI- 
RECT SEARCH FACTORIZATION, DIXON’S FACTOR- 
IZATION METHOD, ELLIPTIC CURVE FACTORIZATION 
METHOD, EULER’S FACTORIZATION METHOD, EX- 
CLUDENT FACTORIZATION METHOD, FERMAT’S Fac- 
TORIZATION METHOD, LEGENDRE’S FACTORIZATION 
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METHOD, LENSTRA ELLIPTIC CURVE METHOD, NuM- 
BER FIELD SIEVE FACTORIZATION METHOD, POLLARD 
p — 1 FACTORIZATION METHOD, POLLARD p FACTOR- 
IZATION ALGORITHM, QUADRATIC SIEVE FACTORIZA- 
TION METHOD, TRIAL DIVISION, WILLIAMS p+ 1 FAc- 
TORIZATION METHOD 
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The number of DISTINCT PRIME FACTORS of a number 
n is denoted w(n). The first few values for n = 1, 2, 

. are 0, 1, 1, 1, 1, 2, 1, 1, 1, 2, 1, 2, 1, 2, 2, 1, 1, 2, 
1, 2,... (Sloane’s A0U1221; top figure). The number of 
not necessarily distinct prime factors of a number n is 
denoted r(n). The first few values for n = 1, 2,... are 
0,15. 2325--05..25°4 33.2323 1s 351, 2),-2545. 183 Te Spee 
(Sloane’s A001222; bottom figure). 


Prime Gaps 


see also DISTINCT PRIME FACTORS, DIVISOR FUNC- 
TION, GREATEST PRIME FACTOR, LEAST PRIME Fac- 
TOR, LIOUVILLE FUNCTION, POLYA CONJECTURE, 
PRIME FACTORIZATION ALGORITHMS 
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Prime Field 
A GALOIS FIELD GF(p) where p is PRIME. 


Prime Gaps 
Letting 
dn = Pni1— Pn 
be the PRIME DIFFERENCE FUNCTION, Rankin has 
showed that 


clnnInInnInInIninn 


dn 
e (In In Inn)? 


for infinitely many n are for some constant c (Guy 1994). 


Let p(d) be the smallest PRIME following d or more con- 
secutive COMPOSITE NUMBERS. The largest known is 


p(804) = 90, 874, 329, 412, 297. 


The largest known prime gap is of length 4247, occur- 
ring following 10*!4 — 1929 (Baugh and O’Hara 1992), 
although this gap is almost certainly not maximal (i.e., 
there probably exists a smaller number having a gap of 
the same length following it). 


Let c(n) be the smallest starting INTEGER c(n) for a 
run of n consecutive COMPOSITE NUMBERS, also called 
a COMPOSITE Run. No general method other than ex- 
haustive searching is known for determining the first oc- 
currence for a maximal gap, although arbitrarily large 
gaps exist (Nicely 1998). Cramér (1937) and Shanks 
(1964) conjectured that a maximal gap of length n ap- 
pears at approximately exp(./n ). Wolf conjectures that 
the maximal gap of length n appears approximately at 


m(n)[2 In a(n) — Inn + In(2C2)]’ 


where 7(n) is the PRIME COUNTING FUNCTION and C2 
is the TWIN PRIMES CONSTANT. 


The first few c(n) for n = 1, 2, ... are 4, 8, 8, 24, 
24, 90, 90, 114, ... (Sloane’s A030296). The following 
table gives the same sequence omitting degenerate runs 
which are part of a run with greater n, and is a complete 
list of smallest maximal runs up to 10!°. c(n) in this 
table is given by Sloane’s A008950, and n by Sloane’s 
AOQU8996. The ending integers for the run corresponding 
to c(m) are given by Sloane’s AQ08995. Young and Potler 
(1989) determined the first occurrences of prime gaps up 
to 72,635,119,999,997, with all first occurrences found 


Prime Gaps 


between 1 and 673. Nicely (1998) extended the list of 
maximal prime gaps to a length of 915, denoting gap 
lengths by the difference of bounding PRIMES, c{n) — 1. 


n c(n) n c(n) 

I 4 ]319 2,300,942,550 
3 8 | 335 3,842,610,774 
5 24 |353 4,302,407,360 
7 90 | 381 10,726,904,660 
13 114 | 383 20,678,048,298 
17 524 |393 22,367,084,960 
19 888 | 455 25 056,082,088 
21 1,130 | 463 42,652,618,344 
33 1,328 | 467 127,976,334,672 
35 9,552 | 473 182,226,896,240 
43 15,684 | 485 241,160,024,144 
51 19,610 | 489 297,501,075,800 
71 31,398 | 499 303,371,455,242 
85 155,922 |513 304,599,508,538 
95 360,654 |515 416,608,695,822 
111 370,262 |531 461,690,510,012 
113 492,114 1533 614,487,453,424 
117 1,349,534 | 539 738,832,927,928 
131 1,357,202 | 581 1,346,294,310,750 
147 2,010,734 | 587 1,408,695 ,493,610 
153 4,652,354 | 601 1,968,188,556,461 
179 17,051,708 | 651 2,614,941,710,599 
209 20,831,324 | 673 7,177,162,611,713 
219 47,326,694 | 715 13,828,048 ,559,701 
221 122,164,748 | 765 19,581,334,192,423 
233 189,695,660 | 777 42,842,283,925,352 
247 191,912,784 | 803 90,874,329,411,493 
249 387,096,134 1805 —«171,231,342,420,521 
281 436,273,010 |905 218, 209,405,436,543 
287 1,204,268,492 |915 1,189,459,969,825,483 
291 1,453,168,142 


see also JUMPING CHAMPION, PRIME CONSTELLATION, 
PRIME DIFFERENCE FUNCTION, SHANKS’ CONJECTURE 
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Prime-Generating Polynomial 

Legendre showed that there is no RATIONAL algebraic 
function which always gives PRIMES. In 1752, Goldbach 
showed that no POLYNOMIAL with INTEGER COEFFI- 
CIENTS can give a PRIME for all integral values. How- 
ever, there exists a POLYNOMIAL in 10 variables with 
INTEGER COEFFICIENTS such that the set of PRIMES 
equals the set of POSITIVE values of this POLYNOMIAL 
obtained as the variables run through all NONNEGATIVE 
INTEGERS, although it is really a set of DIOPHANTINE 
EQUATIONS in disguise (Ribenboim 1991). 


Reference 
Fung and Ruby 
Fung and Ruby 
Euler 

Legendre 
Legendre 


36n — 810n + 2753 
47n? — 1701n + 10181 
wn + 41 

2n? +29 

n+nt+17 

Qn? +11 


ne tn? +17 


The above table gives some low-order polynomials which 
generate only PRIMES for the first few NONNEGATIVE 
values (Mollin and Williams 1990). The best-known of 
these formulas is that due to Euler (Euler 1772, Ball 
and Coxeter 1987). Le Lionnais (1983) has christened 
numbers p such that the Euler-like polynomial 


n—ntp (1) 


is PRIME for p = 0, 1, ..., p— 2 as LUCKY NUMBERS 
OF EULER (where the case p = 41 corresponds to Eu- 
ler’s formula). Rabinovitch (1913) showed that for a 
PRIME p > O, Euler’s polynomial represents a PRIME 
for n € [0,p — 2] (excluding the trivial case p = 3) IFF 
the FIELD Q(,/1 — 4p) has CLASS NUMBER h = 1 (Rabi- 
nowitz 1913, Le Lionnais 1983, Conway and Guy 1996). 
As established by Stark (1967), there are only nine num- 
bers ~—d such that h(—d) = 1 (the HEEGNER NUMBERS 
—2, —8, —7, —11, —19, —43, —67, and —163), and of 
these, only 7, 11, 19, 43, 67, and 163 are of the re- 
quired form. Therefore, the only LUCKY NUMBERS OF 
EULER are 2, 3, 5, 11, 17, and 41 (Le Lionnais 1983, 
Sloane’s AQ14556), and there does not exist a better 
prime-generating polynomial of Euler’s form. 


Euler also considered quadratics of the form 


227 + p (2) 
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and showed this gives PRIMES for z € [0,p—1] for PRIME 
p > 0 IFF Q(./—2p) has CLass NUMBER 2, which per- 
mits only p = 3, 5, 11, and 29. Baker (1971) and Stark 
(1971) showed that there are so such FIELDS for p > 29. 
Similar results have been found for POLYNOMIALS of the 


form 
pr’ +pr+n (3) 


(Hendy 1974). 


see also CLASS NUMBER, HEEGNER NUMBER, LUCKY 
NUMBER OF EULER, PRIME ARITHMETIC PROGRES- 
SION, PRIME DIOPHANTINE EQUATIONS, SCHINZEL’S 
HYPOTHESIS 
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Prime Group 

When the ORDER A of a finite GROUP is a PRIME num- 
ber, there is only one possible GROUP of ORDER h. Fur- 
thermore, the GROUP is CYCLIC. 


see also p-GROUP 


Prime Ideal 
An IDEAL Tf such that if ab € J, then either a € I or 
bel. 


see also DEDEKIND RING, IDEAL, KRULL DIMENSION, 
MAXIMAL IDEAL, STICKELBERGER RELATION, STONE 
SPACE 


Prime Knot 

A KNOT other than the UNKNOT which cannot be ex- 
pressed as a sum of two other KNOTS, neither of which 
is unknotted. A KNOT which is not prime is called a 
COMPOSITE KNOT. It is often possible to combine two 
prime knots to create two different COMPOSITE KNOTS, 
depending on the orientation of the two. 


There is no known FORMULA for giving the number of 
distinct prime knots as a functions of number of cross- 
ings. For the first few n crossings, the numbers of prime 
knots are 0, 0, 1, 2, 3, 7, 21, 49, 165, 552, 2176, 9988, 
... (Sloane’s A002863). 


see also COMPOSITE KNOT, KNOT 
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Prime k-Tuple 
see PRIME CONSTELLATION 


Prime k-Tuples Conjecture 
see also k-TUPLE CONJECTURE 


Prime k-Tuplet 
see PRIME CONSTELLATION 


Prime Manifold 
An n-MANIFOLD which cannot be “nontrivially” decom- 
posed into other n-MANIFOLDS. 


Prime Number 

A prime number is a POSITIVE INTEGER p which has 
no DIvisors other than 1 and p itself. Although the 
number 1 used to be considered a prime, it requires spe- 
cial treatment in so many definitions and applications 
involving primes greater than or equal to 2 that it is 
usually placed into a class of its own. Since 2 is the 
only EVEN prime, it is also somewhat special, so the set 
of all primes excluding 2 is called the “ODD PRIMES.” 
The first few primes are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 
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31, 37, ... (Sloane’s A000040, Hardy and Wright 1979, 
p. 3). PosiTIvE INTEGERS other than 1 which are not 
prime are called COMPOSITE. 


The function which gives the number of primes less than 
a number n is denoted a(n) and is called the PRIME 
COUNTING FUNCTION. The theorem giving an asymp- 
totic form for m(n) is called the PRIME NUMBER THE- 
OREM. 


Prime numbers can be generated by sieving processes 
(such as the ERATOSTHENES SIEVE), and Lucky NuM- 
BERS, which are also generated by sieving, appear to 
share some interesting asymptotic properties with the 
primes. 


Many PRIME FACTORIZATION ALGORITHMS have been 
devised for determining the prime factors of a given IN- 
TEGER. They vary quite a bit in sophistication and com- 
plexity. It is very difficult to build a general-purpose 
algorithm for this computationally “hard” problem, so 
any additional information which is known about the 
number in question or its factors can often be used to 
save a large amount of time. The simplest method of 
finding factors is so-called “DIRECT SEARCH FACTOR- 
IZATION” (a.k.a. TRIAL DIVISION). In this method, all 
possible factors are systematically tested using trial di- 
vision to see if they actually DIVIDE the given number. 
It is practical only for very small numbers. 


Because of their importance in encryption algorithms 
such as RSA ENCRYPTION, prime numbers can be 
important commercial commodities. In fact, Roger 
Schlafly has obtained U.S. Patent 5,373,560 (12/13/94) 
on the following two primes (expressed in hexadecimal 
notation): 


98A3DF52AEAE9799325CB258D767EBD1F4630E9B 
9E21732A4AFB1624BA6DF911466AD8DA960586F4 
AODSE3C36AFOS9660BDDC1577E54A9F 402334433 
ACB14BCB 


and 


93E8965DAFDODFECFDOOB466B68F90EA68AF5DC9 
FED915278D1B3A13747 1E65596C37FED0C7829FF 
8F8331F81A2700438ECDCC09447DC397C685F397 
294F7 22BCC484AEDF 28BED25AAAB35D35A65DB1F 
D62C9D7BA55844FEB1F9401E67 1340933EE43C54 
E4DC459400D7AD61248B83A2624835B31FFF2D95 
95A5B90B276E44F9. 


The FUNDAMENTAL THEOREM OF ARITHMETIC states 
that any PosiTIVE INTEGER can be represented in ex- 
actly one way as a PRobDuUCT of primes. EUCLID’s SEc- 
OND THEOREM demonstrated that there are an infinite 
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number of primes. However, it is not known if there are 
an infinite number of primes of the form x? +1, whether 
there are an INFINITE number of TWIN PRIMES, or if a 
prime can always be found between n? and (n+ 1)?. 


Prime numbers satisfy many strange and wonderful 
properties. For example, there exists a CONSTANT 
6 = 1.3064 known as MILLS’ CONSTANT such that 


"| 


where |x| is the FLOOR FUNCTION, is prime for all n > 
1. However, it is not known if @ is IRRATIONAL. There 
also exists a CONSTANT w & 1.9287800 such that 


le | (2) 


(Ribenboim 1996, p. 186) is prime for every n > 1. 


Explicit FORMULAS exist for the nth prime both as a 
function of n and in terms of the primes 2, ..., Pn-1 
(Hardy and Wright 1979, pp. 5-6; Guy 1994, pp. 36- 
41). Let 


F(j)= cos jp Zao'+2| (3) 


for integral 7 > 1, and define F(1) = 1, where |z| is 
again the FLOOR FUNCTION. Then 


‘ 2” 1/n 
moder! | 
2” 1/n 
-+3-|[ 2m] i (5) 


where 7(m) is the PRIME COUNTING FUNCTION. It is 
also true that 


Pn41 = 1 + Pn + F(pn a 1) 


+F(pn + 1)F(pn +2) + ][ Flpn +i) (6) 
j=l 


(Ribenboim 1996, pp. 180-182). Note that the number 

of terms in the summation to obtain the nth prime is 

2”, so these formulas turn out not to be practical in 

the study of primes. An interesting INFINITE PRODUCT 

formula due to Euler which relates 7 and the nth PRIME 
Dn is 

rag SEES a 

i, 4 sin "Pn 
2 
= (8) 


oo [1+ (-1)(@@n-D)/2 


i=n Pn 
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(Blatner 1997). Conway (Guy 1983, Conway and Guy 
1996, p. 147) gives an algorithm for generating primes 
based on 14 fractions, but it is actually just a concealed 
version of a SIEVE. 


Some curious identities satisfied by primes p are 


(p—1)(p—2) 
S> | (kp)? | = $(8p-5)(P- 2)(p—1) (10) 


k=1 
(Doster 1993), 


2 
pt+l_ 5 
p12 On) 


p prime 


(Le Lionnais 1983, p. 46), 


ye Ink = » es ere (12) 


p prime k=1 


and 


co 
DG eee 


=m) aay a) Me Pa (13) 


pan 
odd prime 


(Berndt 1994, p. 114). 


It has been proven that the set of prime numbers is 
a DIOPHANTINE SET (Ribenboim 1991, pp. 106-107). 
Ramanujan also showed that 


dn(z) Lun) ayn 
dx Bees wet (14) 


n=1 


where r(x) is the PRIME COUNTING FUNCTION and 
p(n) is the MOBius FUNCTION (Berndt 1994, p. 117). 
B. M. Bredihin proved that 


f(eyar+y tl (15) 


takes prime values for infinitely many integral pairs 
(x, y) (Honsberger 1976, p. 30). In addition, the func- 
tion 


f(z, y) = dy = 1) ||B? (a, y) = 1 == (B?(2,y) = 1)| + 2, 
(16) 


where 


B(x, y) = e(y+1)—(y!+1), (17) 
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y! is the FACTORIAL, and [z| is the FLOOR FUNCTION, 
generates only prime numbers for POSITIVE integral ar- 
guments. It not only generates every prime number, but 
generates ODD primes exactly once each, with all other 
values being 2 (Honsberger 1976, p. 33). For example, 


f(1,2) =3 (18) 
f(5,4) =5 (19) 
f (103, 6) = 7, (20) 


with no new primes generated for x, y < 1000. 


For n an INTEGER > 2, n is prime IFF 
n-1 = k 
k = (-1)* (mod n) (21) 


fork = 0, 1,..., n — 1 (Deutsch 1996). 


Cheng (1979) showed that for z sufficiently large, there 
always exist at least two prime factors between (x — 2°) 
and zx for a > 0.477... (Le Lionnais 1983, p. 26). Let 
f(n) be the number of decompositions of n into two or 
more consecutive primes. Then 


lim = >» f(n) =In2 (22) 


@w+oo £ 


(Moser 1963, Le Lionnais 1983, p. 30). Euler showed 
that the sum of the inverses of primes is infinite 


S ae (23) 


p prime 


(Hardy and Wright 1979, p. 17), although it diverges 
very slowly. The sum exceeds 1, 2, 3, ... after 3, 59, 
361139, ... (Sloane’s A046024) primes, and its asymp- 
totic equation is 


Zz 


> 5 =InlInz+ B, + o(1), (24) 


p=2 
p prime 


where B, is MERTENS CONSTANT (Hardy and Wright 
1979, p. 351). Dirichlet showed the even stronger result 


that 1 
-=>c 25 
5 (25) 


prime p=b (mod a) 
{a,b)=1 


(Davenport 1980, p. 34). 
Despite the fact that 5~ 1/p diverges, Brun showed that 


SD 5B <m (26) 


Pp 
pt+2 prime 
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where B is BRUN’S CONSTANT. The function defined by 
_ 1 
P(ny= >> 7m (27) 
P 


taken over the primes converges for n > 1 and is a gen- 
eralization of the RIEMANN ZETA FUNCTION known as 
the PRIME ZETA FUNCTION. 


The probability that the largest prime factor of a RAN- 
DOM NUMBER a is less than /Z is In 2 (Beeler et al. 
1972, Item 29). The probability that two INTEGERS 
picked at random are RELATIVELY PRIME is [¢(2)]77 = 
6/7x*, where ¢(z) is the RIEMANN ZETA FUNCTION (Ce- 
saro and Sylvester 1883). Given three INTEGERS chosen 
at random, the probability that no common factor will 
divide them all is 


[¢(3)]~* = 1.20277 = 0.832..., (28) 


where ¢(3) is APERY’S CONSTANT. In general, the prob- 
ability that n random numbers lack a pth POWER com- 
mon divisor is [¢(np)]~* (Beeler et al. 1972, Item 53). 


Large primes include the large MERSENNE PRIMES, 
FERRIER’S PRIME, and 391581 (271619 —1) (Cipra 1989). 
The largest known prime as of 1998, is the MERSENNE 
PRIME 29071877 _ 7, 


Primes consisting of consecutive DIGITS (counting 0 as 
coming after 9) include 2, 3, 5, 7, 23, 67, 89, 4567, 78901, 
... (Sloane’s A006510). 


see also ADLEMAN-POMERANCE-RUMELY PRIMAL- 
Iry Test, ALMOST PRIME, ANDRICA’S CONJEC- 
TURE, BERTRAND’S POSTULATE, BROCARD’S CONJEC- 
TURE, BRUN’S CONSTANT, CARMICHAEL’S CONJEC- 
TURE, CARMICHAEL FUNCTION, CARMICHAEL NUM- 
BER, CHEBYSHEV FUNCTION, CHEBYSHEV-SYLVESTER 
CONSTANT, CHEN’S THEOREM, CHINESE HYPOTHESIS, 
COMPOSITE NUMBER, COMPOSITE RUNS, COPELAND- 
ERDOS CONSTANT, CRAMER CONJECTURE, CUNNING- 
HAM CHAIN, CYCLOTOMIC POLYNOMIAL, DE POLIG- 
NAC’S CONJECTURE, DIRICHLET’S THEOREM, DIvI- 
sor, ERDOs-Kac THEOREM, EUCLID’s THEOREMS, 
FEIT-THOMPSON CONJECTURE, FERMAT NUMBER, 
FERMAT QUOTIENT, FERRIER’S PRIME, FORTUNATE 
PRIME, FUNDAMENTAL THEOREM OF ARITHMETIC, 
GIGANTIC PRIME, GIUGA’S CONJECTURE, GOLDBACH 
CONJECTURE, GOOD PRIME, GRIMM’S CONJECTURE, 
HARDY-RAMANUJAN THEOREM, IRREGULAR PRIME, 
KUMMER’S CONJECTURE, LEHMER’S PROBLEM, LIN- 
NIK’S THEOREM, LONG PRIME, MERSENNE NUMBER, 
MERTENS FUNCTION, MILLER’S PRIMALITY TEST, MI- 
RIMANOFF’S CONGRUENCE, MOBIUS FUNCTION, PALIN- 
DROMIC NUMBER, PEPIN’s TEST, PILLAI’S CONJEC- 
TURE, POULET NUMBER, PRIMARY, PRIME ARRAY, 
PRIME CIRCLE, PRIME FACTORIZATION ALGORITHMS, 
PRIME NUMBER OF MEASUREMENT, PRIME NUMBER 
THEOREM, PRIME POWER SYMBOL, PRIME STRING, 
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PRIME TRIANGLE, PRIME ZETA FUNCTION, PRIMI- 
TIVE PRIME FACTOR, PRIMORIAL, PROBABLE PRIME, 
PSEUDOPRIME, REGULAR PRIME, RIEMANN FUNCTION, 
ROTKIEWICZ THEOREM, SCHNIRELMANN’S THEOREM, 
SELFRIDGE’S CONJECTURE, SEMIPRIME, SHAH- WILSON 
CONSTANT, SIERPINSKI’S COMPOSITE NUMBER THE- 
OREM, SIERPINSKI’S PRIME SEQUENCE THEOREM, 
SMOOTH NUMBER, SOLDNER’S CONSTANT, SOPHIE 
GERMAIN PRIME, TITANIC PRIME, TOTIENT FUNC- 
TION, TOTIENT VALENCE FUNCTION, TWIN PRIMES, 
TWIN PRIMES CONSTANT, VINOGRADOV’S THEOREM, 
VON MANGOLDT FUNCTION, WARING’S CONJECTURE, 
WIEFERICH PRIME, WILSON PRIME, WILSON QUO- 
TIENT, WILSON’S THEOREM, WITNESS, WOLSTEN- 
HOLME’S THEOREM, ZSIGMONDY THEOREM 
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Prime Number of Measurement 

The set of numbers generated by excluding the SUMS of 
two or more consecutive earlier members is called the 
prime numbers of measurement, or sometimes the SEG- 
MENTED NUMBERS. The first few terms are 1, 2, 4, 5, 
8, 10, 14, 15, 16, 21, ... (Sloane’s A002048). Excluding 
two and three terms gives the sequence 1, 2, 4, 5, 8, 10, 
14, 15, 16, 19, 20, 21, ... (Sloane’s A005242). 


References 

Guy, R. K. “MacMahon’s Prime Numbers of Measurement.” 
§E30 in Unsolved Problems in Number Theory, 2nd ed. 
New York: Springer-Verlag, pp. 230-231, 1994. 

Sloane, N. J. A. Sequence A0Q02048/M0972 in “An 
On-Line Version of the Encyclopedia of Integer Se- 
quences.”0052420971 


Prime Number Theorem 
175f° Z| 


1501 i 
125 


= 100; 


0 200 400 600 800 1000 


The theorem giving an asymptotic form for the PRIME 
COUNTING FUNCTION x(n) for number of PRIMES less 
than some INTEGER n. Legendre (1808) suggested that, 
for large n, 


n 
n)~ ———;,» 1 
OS Dene (1) 
with A = 1 and B = —1.08366 (where B is sometimes 


called LEGENDRE’S CONSTANT), a formula which is cor- 
rect in the leading term only (Wagon 1991, pp. 28-29). 
In 1791, Gauss became the first to suggest instead 


n(n) ~ —— (2) 


Inn’ 


Prime Number Theorem 
Gauss later refined his estimate to 
a(n) ~ Li(n), (3) 


where Li(n) is the LOGARITHMIC INTEGRAL. This func- 
tion has n/ Inn as the leading term and has been shown 
to be a better estimate than n/Inn alone. The state- 
ment (3) is often known as “the” prime number theorem 
and was proved independently by Hadamard and Vallée 
Poussin in 1896. A plot of a(n) (lower curve) and Li(n) 
is shown above for n < 1000. 


For small n, it has been checked and always found that 
a(n) < Li(n). However, Skewes proved that the first 


crossing of a(n) — Li(n) = 0 occurs before 19" (the 
SKEWES NUMBER). The upper bound for the crossing 
has subsequently been reduced to 10°”. Littlewood 
(1914) proved that the INEQUALITY reverses infinitely 
often for sufficiently large n (Ball and Coxeter 1987). 
Lehman (1966) proved that at least 10°°° reversals oc- 
cur for numbers with 1166 or 1167 DECIMAL DIGITs. 


Chebyshev (Rubinstein and Sarnak 1994) put limits on 
the RATIO 


7 n(n) _9 
g< me <R (4) 


Inn 


and showed that if the LIMIT 


lim a(n) (5) 


n—-cco > 
Inn 


existed, then it would be 1. This is, in fact, the prime 
number theorem. 


Hadamard and Vallée Poussin proved the prime number 
theorem by showing that the RIEMANN ZETA FUNCTION 
¢(z) has no zeros of the form 1+ it (Smith 1994, p. 128). 
In particular, Vallée Poussin showed that 


_T: _& (-avinz 
n(x) = Li(x) + O (=e ) (6) 
for some constant a. A simplified proof was found by 


Selberg and Erdés (1949) (Ball and Coxeter 1987, p. 63). 


Riemann estimated the PRIME COUNTING FUNCTION 
with 
m(n) ~ Li(n) — 3 Li(n/*), (7) 


which is a better approximation than Li(n) for n < 10’. 
Riemann (1859) also suggested the RIEMANN FUNCTION 


Rays wn) Li(a’/"), (8) 


where yu is the MOBIUS FUNCTION (Wagon 1991, p. 29). 
An even better approximation for small n (by a factor 
of 10 for n < 10°) is the GRAM SERIES. 


Prime Number Theorem 


The prime number theorem is equivalent to 


jee cep (9) 


zoo z& 


where w(x) is the SUMMATORY MANGOLDT FUNCTION. 


The RIEMANN HYPOTHESIS is equivalent to the asser- 
tion that 
| Li(z) — r(x)| < e/z Ing (10) 


for some value of c (Ingham 1932, Ball and Coxeter 
1987). Some limits obtained without assuming the RIE- 
MANN HYPOTHESIS are 


n(x) = Li(x) + O[ve~(#)"/?/15) (11) 
a(x) = Li(x) + O[e™ 00% #)°/F/Gnin2)"/) (yg) 


Ramanujan showed that for sufficiently large z, 
n(x) < ital (=) : (13) 


The largest known PRIME for which the inequality fails is 
38,358,837,677 (Berndt 1994, pp. 112-113). The related 
inequality 


Li%(2) < Li (=) (14) 


is true for x > 2418 (Berndt 1994, p. 114). 


see also BERTRAND’S POSTULATE, DIRICHLET’S THE- 
OREM, GRAM SERIES, PRIME COUNTING FUNCTION, 
RIEMANN’S FORMULA, RIEMANN FUNCTION, RIE- 
MANN-MANGOLDT FUNCTION, RIEMANN WEIGHTED 
PRIME-POWER COUNTING FUNCTION, SKEWES Num- 
BER 
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Prime Pairs 
see TWIN PRIMES 


Prime Patterns Conjecture 
see k-TUPLE CONJECTURE 


Prime Polynomial 
see PRIME-GENERATING POLYNOMIAL 


Prime Power Conjecture 

An Abelian planar DIFFERENCE SET of order n exists 
only for n a PRIME POWER. Gordon (1994) has verified 
it to be true for n < 2,000,000. 


see also DIFFERENCE SET 
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Prime Power Symbol 
The symbol p*||n means, for p a PRIME, that p°|n, but 


pet in. 


Prime Quadratic Effect 

Let 1m,n(z) denote the number of PRIMES < x which 
are congruent to n modulo m. Then one might expect 
that 


A(a) = 74,3(%) — 74,1(x) ~ 1a (gh/?) >0 


(Berndt 1994). Although this is true for small numbers, 
Hardy and Littlewood showed that A(z) changes sign 
infinitely often. (The first number for which it is false is 
26861.) The effect was first noted by Chebyshev in 1853, 
and is sometimes called the CHEBYSHEV PHENOMENON. 
It was subsequently studied by Shanks (1959), Hudson 
(1980), and Bays and Hudson (1977, 1978, 1979). The 
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effect was also noted by Ramanujan, who incorrectly 
claimed that limg-,+2. A(x) = oo (Berndt 1994). 
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Prime Quadruplet 

A PRIME CONSTELLATION of four successive PRIMES 
with minimal distance (p,p+ 2,p+6,p+8). The quad- 
ruplet (2, 3, 5, 7) has smaller minimal distance, but it 
is an exceptional special case. With the exception of 
(5, 7, 11, 13), a prime quadruple must be of the form 
(30n + 11, 30n + 13, 30n +17, 30n +19). The first few 
values of n which give prime quadruples are n = 0, 3, 6, 
27, 49, 62, 69, 108, 115, ... (Sloane’s A014561), and the 
first few values of p are 5 (the exceptional case), 11, 101, 
191, 821, 1481, 1871, 2081, 3251, 3461, .... The asymp- 
totic FORMULA for the frequency of prime quadruples is 
analogous to that for other PRIME CONSTELLATIONS, 


27 3(p—4) [” da 
Po(p,pt+2,p+6,p+8)~ > IT? . df (ina! 
p2s 2 


p- 1) 
= 4151180804 / a, 
2 (nz) 


where c = 4.15118... is the Hardy-Littlewood con- 
stant for prime quadruplets. Roonguthai found the large 
prime quadruplets with 


p = 10°" + 349781731 

p = 10'°? + 21156403891 

p = 107°° + 140159459341 
p = 10°°° +. 34993836001 

p = 10°°° + 883750143961 
p = 10°°° + 1394283756151 
p = 10°°° + 547634621251 


(Roonguthai). 

see also PRIME ARITHMETIC PROGRESSION, PRIME 
CONSTELLATION, PRIME &-TUPLES CONJECTURE, 
SEXY PRIMES, TWIN PRIMES 


Prime Ring 


References 

Hardy, G. H. and Wright, E. M. An Introduction to the The- 
ory of Numbers, 5th ed. New York: Oxford University 
Press, 1979. 

Forbes, T. “Prime k-tuplets.” http://www.ltkz.demon.co. 
uk/ktuplets.htm. 

Rademacher, H. Lectures on Elementary Number Theory. 
New York: Blaisdell, 1964. 

Riesel, H. Prime Numbers and Computer Methods for Fac- 
torization, 2nd ed. Boston, MA: Birkhauser, pp. 61-62, 
1994. 

Roonguthai, W. “Large Prime Quadruplets.” http://www. 
mathsoft .com/asolve/constant/hrdyltl/roonguth. html. 

Sloane, N. J. A. Sequence A014561 in “An On-Line Version 
of the Encyclopedia of Integer Sequences.” 


Prime Representation 
Let a # 6, A, and B denote POSITIVE INTEGERS satis- 
fying 


(a,b)=1 (A,B) =1, 


(i.e., both pairs are RELATIVELY PRIME), and suppose 
every PRIME p = B (mod A) with (p, 2ab) = 1 is expres- 
sible if the form az? — by? for some INTEGERS « and y, 
Then every PRIME qg such that g = —B (mod A) and 
(q,2ab) = 1 is expressible in the form 6X? — aY® for 
some INTEGERS X and Y (Halter-Koch 1993, Williams 
1991). 


Prime Form Representation 
4n+1 z+ y 
8n+1,8n4+3 x? + 2y? 
8r+1 x? — Qy? 
6n+1 x* + 3y* 
12n+1 x — 3y? 

20n + 1,20n +9 a? + 5y” 

10n + 1,10n +9 a” — Sy? 


14n+1,14n+9,14n+25 224 7y? 
28n + 1,28n+9,28n +25 x? — Ty? 


30n + 1,30n + 49 x? + 15y? 
60n + 1,60n + 49 x? — 15y? 
30n — 7,30n +17 5a? + 3y? 
60n — 7,60n +17 5a? — 3y* 
24n +1,24n+7 x” + 6y? 

24n+1,24n+ 19 x” — 6y? 

24n +5,24n4+11 227 + 3y? 
24n+5,24n—1 2x? — 3y’ 
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Prime Ring 

A RING for which the product of any pair of IDEALS is 
zero only if one of the two IDEALS is zero. All SIMPLE 
RINGS are prime. 


see also IDEAL, RING, SEMIPRIME RING, SIMPLE RING 


Prime Sequence 


Prime Sequence 


see PRIME ARITHMETIC PROGRESSION, PRIME AR- 
RAY, PRIME-GENERATING POLYNOMIAL, SIERPINSKI’S 
PRIME SEQUENCE THEOREM 


Prime Spiral 


The numbers arranged in a SPIRAL 


AO 
Or 
On Ww 


with PRIMES indicated in black, as first drawn by 

S. Ulam. Unexpected patterns of diagonal lines are ap- 

parent in such a plot, as illustrated in the above 199x199 

grid. 
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Prime String 

Call a number n a prime string from the left if n and all 
numbers obtained by successively removing the right- 
most DIGIT are PRIME. There are 83 left prime strings 
in base 10. The first few are 2, 3, 5, 7, 23, 29, 31, 37, 
53, 59, 71, 73, 79, 233, 239, 293, 311, 313, 317, 373, 
379, 593, 599, ... (Sloane’s A024770), the largest being 
73,939,133. Similarly, call a number n a prime string 
from the right if n and all numbers obtained by suc- 
cessively removing the left-most DIGIT are PRIME. The 
first few are 2, 3, 5, 7, 13, 17, 23, 37, 43, 47, 53, 67, 
73, 83, 97, 103, 107, 113, 137, 167, 173, ... (Sloane’s 
A033664). A large right prime string is 933,739,397. 


see also PRIME ARRAY, PRIME NUMBER 
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Prime Sum 
Let 


x(n) = Sop 


be the sum of the first n PRIMES. The first few terms 
are 2, 5, 10, 17, 28, 41, 58, 77, ... (Sloane's A007504). 
Bach and Shallit (1996) show that 


2 


X(n) 


~ 2logn’ 


and provide a general technique for estimating such 
sums. 


see also PRIMORIAL 
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Prime Theta Function 
The prime theta function is defined as 


O(n) = y Inpi, 
i=l 


where p; is the ith PRIME. As shown by Bach and Shalit 
(1996), 
O(n) ~ n. 
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Prime Triangle 


1 2 3 
12 3 4 
143 2 5 
143 2 5 6 


This triangle has rows beginning with 1 and ending with 
n, with the SuM of each two consecutive entries being a 
PRIME. 


see also PASCAL’S TRIANGLE 
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Prime Unit 
1 and —1 are the only INTEGERS which divide every 
INTEGER. They are therefore called the prime units. 


see also INTEGER, PRIME NUMBER, UNIT 


Prime Zeta Function 
The prime zeta function 


Pa) = =: (1) 


where the sum is taken over PRIMES is a generalization 
of the RIEMANN ZETA FUNCTION 


Ve (2) 
k=1 


where the sum is over all integers. The prime zeta func- 
tion can be expressed in terms of the RIEMANN ZETA 
FUNCTION by 


¢(n) 


eae —kn 
In¢(n) = — So in(t—p™) = DOP 
p>2 p>2 k=1 
k=1 p22 k=1 
Inverting then gives 
= p(k 
Pin) = SH ince), (4) 


k=1 


where p(k) is the MOBIUS FUNCTION. The values for 
the first few integers starting with two are 


P(2) = 0.452247 (5) 
P(3) = 0.174763 (6) 
P(4) = 0.0769931 (7) 
P(5) = 0.035755. (8) 


see also MOBIUS FUNCTION, RIEMANN ZETA FUNC- 
TION, ZETA FUNCTION 
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Primequad 
see PRIME QUADRUPLET 


Primitive Recursive Function 


Primitive Abundant Number 

An ABUNDANT NUMBER for which all PROPER DI- 
VISORS are DEFICIENT is called a primitive abundant 
number (Guy 1994, p. 46). The first few ODD primi- 
tive abundant numbers are 945, 1575, 2205, 3465, ... 
(Sloane’s A006038). 


see also ABUNDANT NUMBER, DEFICIENT NUMBER, 
HIGHLY ABUNDANT NUMBER, SUPERABUNDANT NUM- 
BER, WEIRD NUMBER 
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Primitive Function 
see INTEGRAL 


Primitive Irreducible Polynomial 

An IRREDUCIBLE POLYNOMIAL which generates all ele- 
ments of an extension field from a base field. For any 
PRIME or PRIME POWER q and any POSITIVE INTEGER 
n, there exists a primitive irreducible POLYNOMIAL of 
degree n over GF(q). 


see also GALOIS FIELD, IRREDUCIBLE POLYNOMIAL 


Primitive Polynomial Modulo 2 

A special type of POLYNOMIAL of which a subclass has 
COEFFICIENTS of only 0 or 1. Such POLYNOMIALS define 
a RECURRENCE RELATION which can be used to obtain 
a new RANDOM bit from the n preceding ones. 


Primitive Prime Factor 
If n > 1 is the smallest INTEGER such that pla” ~ b” (or 
a” +b”), then p is a primitive prime factor. 


Primitive Pseudoperfect Number 
see PRIMITIVE SEMIPERFECT NUMBER 


Primitive Recursive Function 

For-loops (which have a fixed iteration limit) are a spe- 
cial case of while-loops. A function which can be imple- 
mented using only for-loops is called primitive recursive. 
(In contrast, a COMPUTABLE FUNCTION can be coded 
using a combination of for- and while-loops, or while- 
loops only.) 


The ACKERMANN FUNCTION is the simplest example of 
a well-defined TOTAL FUNCTION which is COMPUTABLE 
but not primitive recursive, providing a counterexample 
to the belief in the early 1900s that every COMPUTABLE 
FUNCTION was also primitive recursive (Détzel 1991). 
see also ACKERMANN FUNCTION, COMPUTABLE FUNC- 
TION, TOTAL FUNCTION 
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Primitive Root 
A number g is a primitive root of m if 


ge (mod m) (1) 
for 1 <k< mand 
g” =1 (mod m). (2) 


Only m = 2, 4, p*, and 2p* have primitive roots (where 
p > 2 and a is an INTEGER). For composite m, there 
may be more than one primitive root (both 3 and 7 
are primitive roots mod 10), but for prime p, there is 
only one primitive root. It is the INTEGER g satisfying 
1 <g<p-—1such that g (mod p) has ORDER p — 1. 


The primitive root of m can also be defined as a cyclic 
generator of the multiplicative group (mod m) when m 
is a prime POWER or twice a PRIME POWER. Let p be 
any ODD PRIME k > 1, and let 


p-1l 
s= Sa (3) 
j=l 
Then 
_ J -1 (mod p) for p—1|k (4) 
®=)0(mod p) for p— 1k. 


For numbers m with primitive roots, all y satisfying 
(p,y) = 1 are representable as 


y=g' (mod m), (5) 


where ¢t = 0,1, ..., 6(m)—1, t is known as the index, and 
yis an INTEGER. Kearnes showed that for any POSITIVE 
INTEGER m, there exist infinitely many PRIMES p such 
that 

™ < gp <p—m. (6) 


Call the least primitive root gp. Burgess (1962) proved 
that 
eon (7) 


for C and ¢ POSITIVE constants and p sufficiently large. 


The table below gives the primitive roots (for prime 
m = p; Sloane’s A001918) and least primitive roots (for 
composite m) for the first few INTEGERS 
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m_g 
21] 53 2 7 
3 2) 54 5 3 
43) 58 3 2 
5 2] 59 2 7 
65] 61 2 5 
73 | 62 3 2 
92) 67 2 6 
10 3 | 71 7 5 
11 2); 73 5 |158 3 
13.2] 74 5 |162 5 
143] 79 3/163 2 
17 3] 81 2/166 5 
18 5 | 82 7 /|167 5 
19 2; 83 2/169 2 
22 7} 86 3/173 2 
23 5 | 89 3/178 3 
25 2) 94 5 |179 2 
26 7) 97 5 |181 2 
27 2; 98 3/191 19 
29 2 )101 2/1938 5 
31 3 |103 5 /}194 5 
34 3 }106 31/197 2 
37 2 )107 21199 3 
38 3 {109 6 |202 3 
41 6 {113 3 |206 5 
43 3 {118 11 |211 2 
46 5 |121 2/214 5 
47 5 {122 7 |218 11 
49 3 |125 2 |223 3 
50 3/127 3 |226 3 
131 2 |227 2 
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Primitive Root of Unity 

A number r is an nth ROOT OF UNITY if r® = 1 and 
a primitive nth root of unity if, in addition, n is the 
smallest INTEGER of k = 1, ..., 2 for which r* = 1. 


see also ROOT OF UNITY 


Primitive Semiperfect Number 

A SEMIPERFECT NUMBER for which none of its PROPER 
DIVISORS are pseudoperfect (Guy 1994, p. 46). The first 
few are 6, 20, 28, 88, 104, 272 ... (Sloane’s A006036). 
Primitive pseudoperfect numbers are also called IRRE- 
DUCIBLE SEMIPERFECT NUMBERS. There are infinitely 
many primitive pseudoperfect numbers which are not 
HARMONIC DivisoR NUMBERS, and infinitely many 
ODD primitive semiperfect numbers. 
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see also HARMONIC DIvIsOR NUMBER, SEMIPERFECT 
NUMBER 
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Primitive Sequence 
A SEQUENCE in which no term DIVIDES any other. 
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Primorial 
For a PRIME p, 


primorial(p:;) = pi#t = Ez 
j=l 


where p; is the ith PRIME. The first few values for pi#, 
are 2, 6, 30, 210, 2310, 30030, 510510, ... (Sloane’s 
A002110). 


p# — 1 is PRIME for PRIMES p = 3, 5, 11, 41, 89, 317, 
337, 991, 1873, 2053, 2377, 4093, 4297, ... (Sloane’s 
A014563; Guy 1994), or p, for n = 2, 3, 5, 13, 24, 66, 
68, 167, 287, 310, 352, 564, 590, .... p#+1 is known 
to be PRIME for the PRIMES p = 2, 3, 5, 7, 11, 31, 379, 
1019, 1021, 2657, 3229, 4547, 4787, 11549, ... (Sloane’s 
A005234; Guy 1994, Mudge 1997), or p, for n = 1, 2, 3, 
4,5, 11, 75, 171, 172, 384, 457, 616, 643, 1391, .... Both 
forms have been tested to p = 25000 (Caldwell 1995). It 
is not known if there are an infinite number of PRIMES 
for which p# + 1 is PRIME or COMPOSITE (Ribenboim 
1989). 


see also FACTORIAL, FORTUNATE PRIME, PRIME 
SUM SMARANDACHE NEAR-TO-PRIMORIAL FUNCTION, 
TWIN PEAKS 
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Prince Rupert’s Cube 

The largest CUBE which can be made to pass through 
a given CUBE. (In other words, the CUBE having 
a side length equal to the side length of the largest 
HOLE of a SQUARE CROSS-SECTION which can be cut 
through a unit CUBE without splitting it into two 
pieces.) The Prince Rupert’s cube has side length 
3./2/4 = 1.06065..., and any CuBE this size or smaller 
can be made to pass through the original CUBE. 


see also CUBE, SQUARE 
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Principal 
The original amount borrowed or lent on which INTER- 
EST is then paid or given. 


see also INTEREST 


Principal Curvatures 

The MAXIMUM and Minimum of the NORMAL CuRva- 
TURE «1 and «2 at a given point on a surface are called 
the principal curvatures. The principal curvatures mea- 
sure the MAXIMUM and MINIMUM bending of a REG- 
ULAR SURFACE at each point. The GAUSSIAN CURVA- 
TURE K and MEAN CURVATURE H are related to «; and 
K2 by 


K= KiK2 (1) 
H = 3(ki + ka). (2) 


This can be written as a QUADRATIC EQUATION 
kK? —2Hn + K =0, (3) 


which has solutions 


Ki =H+/H?-K (4) 


Ko = H-V/H?-K. (5) 


see also GAUSSIAN CURVATURE, MEAN CURVATURE, 
NORMAL CURVATURE, NORMAL SECTION, PRINCIPAL 
DIRECTION, PRINCIPAL RADIUS OF CURVATURE, RO- 
DRIGUES’S CURVATURE FORMULA 
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Principal Curve 


Principal Curve 

A curve @ on a REGULAR SURFACE M is a principal 
curve IFF the velocity a’ always points in a PRINCIPAL 
DIRECTION, ice., 


S(a’) = Kia’, 


where S is the SHAPE OPERATOR and ki is a PRINCI- 
PAL CURVATURE. If a SURFACE OF REVOLUTION gener- 
ated by a plane curve is a REGULAR SURFACE, then the 
MERIDIANS and PARALLELS are principal curves. 
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Principal Direction 
The directions in which the PRINCIPAL CURVATURES oc- 
cur. 


see also PRINCIPAL DIRECTION 
References 


Gray, A. Modern Differential Geometry of Curves and Sur- 
faces. Boca Raton, FL: CRC Press, p. 270, 1993. 


Principal Ideal 
An IDEAL I of a RING R is called principal if there is an 
element a of R such that 


I=aR= {ar:ré R}. 


In other words, the IDEAL is generated by the element 
a. For example, the IDEALS nZ of the RING of INTE- 
GERS Z are all principal, and in fact all IDEALS of Z are 
principal. 

see also IDEAL, RING 


Principal Normal Vector 
see NORMAL VECTOR 


Principal Quintic Form 
A general QUINTIC EQUATION 


asx” +agx*+aga*+agz*+aer+a9=0 (1) 
can be reduced to one of the form 
y? + boy’ + bry + bo = 0, (2) 


called the principal quintic form. 


NEWTON’sS RELATIONS for the Roots y; in terms of 
the b;s is a linear system in the 6,, and solving for the 
b;s expresses them in terms of the POWER sums s,(y;). 
These POWER sums can be expressed in terms of the 
a;s, so the 6;s can be expressed in terms of the a;s. For 
a quintic to have no quartic or cubic term, the sums of 
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the ROOTS and the sums of the SQUARES of the Roots 
vanish, so 


si(y;) =0 (3) 
so(y;) = 0. (4) 


Assume that the ROOTS y; of the new quintic are related 
to the ROOTS «x; of the original quintic by 


Y3 =2;? +02; + 2. (5) 


Substituting this into (1) then yields two equations for 
a and @ which can be multiplied out, simplified by us- 
ing NEWTON’S RELATIONS for the POWER sums in the 
xj, and finally solved. Therefore, a and (§ can be ex- 
pressed using RADICALS in terms of the COEFFICIENTS 
a;. Again by substitution into (4), we can calculate 
s3(y;), sa(y;) and s5(y;) in terms of a and @ and the 
z;. By the previous solution for a and @ and again by 
using NEWTON’S RELATIONS for the POWER sums in 
the z;, we can ultimately express these POWER sums in 
terms of the a;. 


see also BRING QUINTIC FORM, NEWTON’S RELATIONS, 
QUINTIC EQUATION 


Principal Radius of Curvature 

Given a 2-D SURFACE, there are two “principal” RADII 
OF CURVATURE. The larger is denoted Ri, and the 
smaller Ro. These are PERPENDICULAR to each other, 
and both PERPENDICULAR to the tangent PLANE of the 
surface. 


see also GAUSSIAN CURVATURE, MEAN CURVATURE, 
RADIUS OF CURVATURE 


Principal Value 
see CAUCHY PRINCIPAL VALUE 


Principal Vector 
A tangent vector vp = v1Xu + U2Xy is a principal vector 
IFF 


v2" —V1VU2 vy? 
det | EB F G | =0, 
e i g 


where e, f, and g are coefficients of the first FUNDAMEN- 
TAL FORM and E, F, G of the second FUNDAMENTAL 
FORM. 


see also FUNDAMENTAL FORMS, PRINCIPAL CURVE 
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Principal Vertex 

A VERTEX 2; of a SIMPLE POLYGON P is a princi- 
pal VERTEX if the diagonal [r;1,z:41] intersects the 
boundary of P only at z;-1 and 741. 


see also EAR, MOUTH 
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Principle 
A loose term for a true statement which may be a POS- 
TULATE, THEOREM, etc. 


see also AREA PRINCIPLE, ARGUMENT PRINCIPLE, AX- 
IOM, CAVALIERI’S PRINCIPLE, CONJECTURE, CONTI- 
NUITY PRINCIPLE, COUNTING GENERALIZED PRINCI- 
PLE, DIRICHLET’S BOX PRINCIPLE, DUALITY PRIN- 
CIPLE, DUHAMEL’S CONVOLUTION PRINCIPLE, Evu- 
CLID’S PRINCIPLE, FUBINI PRINCIPLE, HASSE PRIN- 
CIPLE, INCLUSION-EXCLUSION PRINCIPLE, INDIFFER- 
ENCE PRINCIPLE, INDUCTION PRINCIPLE, INSUFFI- 
CIENT REASON PRINCIPLE, LEMMA, LOCAL-GLOBAL 
PRINCIPLE, MULTIPLICATION PRINCIPLE, PERMA- 
NENCE OF MATHEMATICAL RELATIONS PRINCIPLE, 
PONCELET’S CONTINUITY PRINCIPLE, PONTRYAGIN 
MAXIMUM PRINCIPLE, PORISM, POSTULATE, SCHWARZ 
REFLECTION PRINCIPLE, SUPERPOSITION PRINCI- 
PLE, SYMMETRY PRINCIPLE, THEOREM, THOMSON’S 
PRINCIPLE, TRIANGLE TRANSFORMATION PRINCIPLE, 
WELL-ORDERING PRINCIPLE 


Pringsheim’s Theorem 

Let C“ (I) be the set of real ANALYTIC FUNCTIONS on J. 
Then C“(J) is a SUBALGEBRA of C(I). A NECESSARY 
and SUFFICIENT condition for a function f € C(I) to 
belong to C(I) is that 


[f° (a)| < kn! 
for n = 0,1, ... for a suitable constant k. 
see also ANALYTIC FUNCTION, SUBALGEBRA 
References 


lyanaga, S. and Kawada, Y. (Eds.). Encyclopedic Dictionary 
of Mathematics. Cambridge, MA: MIT Press, p. 207, 1980. 


Printer’s Errors 

Typesetting “errors” in which exponents or multiplica- 
tion signs are omitted but the resulting expression is 
equivalent to the original one. Examples include 


2°9? = 2592 


37425 = 34425 
317325 = 312325 


Prismatic Ring 
5 25 _ 9p 25 
2° - a7 = 2557, 
where a whole number followed by a fraction is inter- 
preted as addition (e.g., 13 =1+ $= 3), 
see also ANOMALOUS CANCELLATION 
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Dudeney, H. E. Amusemenis in Mathematics. New York: 
Dover, 1970. 
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Prior Distribution 
see BAYESIAN ANALYSIS 


Prism 


A POLYHEDRON with two congruent POLYGONAL faces 
and all remaining faces PARALLELOGRAMS. The 3- 
prism is simply the CUBE. The simple prisms and an- 
tiprisms include: decagonal antiprism, decagonal prism, 
hexagonal antiprism, hexagonal prism, octagonal anti- 
prism, octagonal prism, pentagonal antiprism, pentago- 
nal prism, square antiprism, and triangular prism. The 
DUAL POLYHEDRON of a simple (Archimedean) prism is 
a BIPYRAMID. 


The triangular prism, square prism (cube), and hexag- 
onal prism are all SPACE-FILLING POLYHEDRA. 


see also ANTIPRISM, AUGMENTED HEXAGONAL PRISM, 
AUGMENTED PENTAGONAL PRISM, AUGMENTED TRI- 
ANGULAR PRISM, BIAUGMENTED PENTAGONAL PRISM, 
BIAUGMENTED TRIANGULAR PRISM, CUBE, METABI- 
AUGMENTED HEXAGONAL PRISM, PARABIAUGMENTED 
HEXAGONAL PRISM, PRISMATOID, PRISMOID, TRAPE- 
ZOHEDRON, TRIAUGMENTED HEXAGONAL PRISM, TRI- 
AUGMENTED TRIANGULAR PRISM 
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Prismatic Ring 
A MOBIUvS STRIP with finite width. 


see also MOBIUS STRIP 
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Prismatoid 


Prismatoid 

A POLYHEDRON having two POLYGONS in PARALLEL 
planes as bases and TRIANGULAR or TRAPEZOIDAL lat- 
eral faces with one side lying in one base and the oppo- 
site VERTEX or side lying in the other base. Examples 
include the CUBE, PYRAMIDAL FRUSTUM, RECTANGU- 
LAR PARALLELEPIPED, PRISM, and PYRAMID. Let Ay 
be the AREA of the lower base, Az the AREA of the 
upper base, M the AREA of the midsection, and h the 
ALTITUDE. Then 


see also GENERAL PRISMATOID, PRISMOID 
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Prismoid 

A PRISMATOID having planar sides and the same num- 
ber of vertices in both of its parallel planes. The faces 
of a prismoid are therefore either TRAPEZOIDS or PAR- 
ALLELOGRAMS. Ball and Coxeter (1987) use the term 
to describe an ANTIPRISM. 


see also ANTIPRISM, PRISM, PRISMATOID 
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Prisoner’s Dilemma 

A problem in GAME THEORY first discussed by 
A. Tucker. Suppose each of two prisoners A and B, 
who are not allowed to communicate with each other, 
is offered to be set free if he implicates the other. If 
neither implicates the other, both will receive the usual 
sentence. However, if the prisoners implicate each other, 
then both are presumed guilty and granted harsh sen- 
tences. 


A DILEMMA arises in deciding the best course of action 
in the absence of knowledge of the other prisoner’s deci- 
sion. Each prisoner’s best strategy would appear to be 
to turn the other in (since if A makes the worst-case as- 
sumption that B will turn him in, then B will walk free 
and A will be stuck in jail if he remains silent). How- 
ever, if the prisoners turn each other in, they obtain the 
worst possible outcome for both. 

see also DILEMMA, TIT-FOR-TAT 
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Prizes 
see MATHEMATICS PRIZES 
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Probability 

Probability is the branch of mathematics which studies 
the possible outcomes of given events together with their 
relative likelihoods and distributions. In common usage, 
the word “probability” is used to mean the chance that 
a particular event (or set of events) will occur expressed 
on a linear scale from 0 (impossibility) to 1 (certainty), 
also expressed as a PERCENTAGE between 0 and 100%. 
The analysis of events governed by probability is called 
STATISTICS. 


There are several competing interpretations of the ac- 
tual “meaning” of probabilities. Frequentists view prob- 
ability simply as a measure of the frequency of out- 
comes (the more conventional interpretation), while 
BAYESIANS treat probability more subjectively as a sta- 
tistical procedure which endeavors to estimate parame- 
ters of an underlying distribution based on the observed 
distribution. 


A properly normalized function which assigns a proba- 
bility “density” to each possible outcome within some 
interval is called a PROBABILITY FUNCTION, and its cu- 
mulative value (integral for a continuous distribution or 
sum for a discrete distribution) is called a DISTRIBUTION 
FUNCTION. 


Probabilities are defined to obey certain assumptions, 
called the PROBABILITY AXIOMS. Let a SAMPLE SPACE 
contain the UNION (U) of all possible events E;, so 


N 
s=|(U), (1) 
wl 
and let E and F denote subsets of S. Further, let F’ = 
not-F be the complement of F’, so that 
FUF'=S. (2) 
Then the set & can be written as 
E=ENS=EN(FUF’) =(ENF)U(ENF), (3) 
where M denotes the intersection. Then 


P(E) = P(ENF)+ P(ENF’) — P(ENF)N(ENF’) 
= P(ENF)+ P(EN F’)— Pl FOF’) N(ENE)] 
= P(ENF)+P(ENF')—- P(S@NE) 
= P(ENF)+ P(ENF’) — P(®) 
= P(ENF)+ P(ENF’), (4) 


where @ is the Empty SET. 
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Let P(E|F) denote the CONDITIONAL PROBABILITY of 
FE given that F has already occurred, then 


P(E) = P(EIF)P(F) + P(BIF')P(F’) (5) 
= P(E|F)P(F) + P(E|F')[1 - PCF) (6) 
P(AMB) = P(A)P(BIA) (7) 


= P(B)P(A|B) (8) 
P(A’ NB) = P(A’)P(B\A’) (9) 
Pier) = 2 (10) 


A very important result states that 
P(EU F)= P(E)+ P(F)- P(ENF), (11) 


which can be generalized to 


P (U) = > P(Ai) ~~ P(AiU Aj) 
t1 t 


ij 


+ > P(ALN. As Ak) — + (-1)" EP Gs 


ijk i=l 


(12) 


see also BAYES’ FORMULA, CONDITIONAL PROBABIL- 
ITY, DISTRIBUTION, DISTRIBUTION FUNCTION, LIKE- 
LIHOOD, PROBABILITY AXIOMS, PROBABILITY FUNC- 
TION, PROBABILITY INEQUALITY, STATISTICS 


Probability Axioms 

Given an event FE in a SAMPLE SPACE S which is either 
finite with N elements or countably infinite with N = oo 
elements, then we can write 


as) 


and a quantity P(E), called the PROBABILITY of event 
&;, is defined such that 


1. 0< P(Ei) <1. 

2. P(S) =1. 

3. Additivity: P(E, U E2) = P(E£,)+P(E2), where Fi 
and £, are mutually exclusive. 


4. Countable additivity: P (U1 Ei) = S07, P(E:) for 
nm = 1, 2,..., N where Fy, Eo, ...are mutually 
exclusive (i.e., Ey MN E2 = @). 


see also SAMPLE SPACE, UNION 


Probability Density Function 
see PROBABILITY FUNCTION 


Probability Distribution Function 
see PROBABILITY FUNCTION 


Probability Function 


Probability Function 

The probability density function P(x) (also called the 
PROBABILITY DENSITY FUNCTION) of a continuous dis- 
tribution is defined as the derivative of the (cumulative) 
DISTRIBUTION FUNCTION D(z), 


D'(«) = [P(2)|2. = P(z) — P(-0) = P(z), (1) 


so 


x 


Day=P(X<e)= [Pedy — @) 


OO 


A probability density function satisfies 
P(xé B= / P(x) dz (3) 
B 
and is constrained by the normalization condition, 
P(-00 < £ < oo) = P(r) dz =1. (4) 
Special cases are 
b 
Pia<a<by= / P(x) dx (5) 
seas 
P(a<«x<a+da)= i P(a) dz =~ P(a) da (6) 
a 


P(t =a)= [ P(x) dz =0. (7) 


If u = u(x, y) and v = v(z, y), then 


a(x, y) 


Puy (u,v) = Poy (x, y) Saal 


(8) 


Given the MOMENTS of a distribution (uu, oa, and the 
GAMMA STATISTICS 7,), the asymptotic probability 
function is given by 


P(2) = Z(2) 
~[gnZ (2)) + [eZ (a) + An? 2 (2)] 
[57s 2 (2) + GannZ™(@) + ren? ZO (2)] 
+751 Z (2) + (G52? + VN) ZO (a) 


+ den? Z (a) + ghgntZ™(a)]+..., (9) 
where i tes 
Z(a) = —ee (4) 2 10 
(2) aV/an ve) 
is the NORMAL DISTRIBUTION, and 
Kr 
ye grt (11) 


Probability Inequality 


for r > 1 (with «, CUMULANTS and o the STANDARD 
DEVIATION; Abramowitz and Stegun 1972, p. 935). 


see also CONTINUOUS DISTRIBUTION, CORNISH-FISHER 
ASYMPTOTIC EXPANSION, DISCRETE DISTRIBUTION, 
DISTRIBUTION FUNCTION, JOINT DISTRIBUTION FUNC- 
TION 
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Probability Inequality 
If B > A (B is a superset of A), then P(A) < P(B). 


Probability Integral 


Re{ProbabilityIntegral z] Im{ProbabilityIntegral z) |ProbabilityIntegral z| 


<2 


Re[z? 2 


1 f* -’n 
a(z)= ore ae dt (1) 
ay ~# 72 ap (2) 
™ Jo 
= 2(z) (3) 
= erf ($) F (4) 


where ®(z) is the NORMAL DISTRIBUTION FUNCTION 
and ERF is the error function. 


see also ERF, NORMAL DISTRIBUTION FUNCTION 


Probability Measure 

Consider a PROBABILITY SPACE (5,S, P) where (5,S) 
is a MEASURABLE SPACE and P is a MEASURE on S 
with P(S) = 1. Then the MEaASuRE P is said to be 
a probability measure. Equivalently, P is said to be 
normalized. 

see also MEASURABLE SPACE, MEASURE, PROBABILITY, 
PROBABILITY SPACE, STATE SPACE 
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Probability Space 
A triple (S,S,P), where (S,S) is a measurable space 
and P is a MEASURE on S with P(S) = 1. 


see also MEASURABLE SPACE, MEASURE, PROBABILITY, 
PROBABILITY MEASURE, RANDOM VARIABLE, STATE 
SPACE 


Probable Error 
The first QUARTILE of a standard NORMAL DISTRIBU- 


TION occurs when 
t 
/ @(z)dz= ie 
0 


The solution is t = 0.6745.... The value of ¢ giving 
1/4 is known as the probable error of a NORMALLY DIs- 
TRIBUTED variate. However, the number 6 correspond- 
ing to the 50% CONFIDENCE INTERVAL, 


15) 
P(6)=1-2 o(t) dt = i, 


ie] 


is sometimes also called the probable error. 
see also SIGNIFICANCE 


Probable Prime 

A number satisfying FERMAT’S LITTLE THEOREM (or 
some other primality test) for some nontrivial base. A 
probable prime which is shown to be COMPOSITE is 
called a PSEUDOPRIMF (otherwise, of course, it is a 
PRIME). 


see also PRIME NUMBER, PSEUDOPRIME 


Problem 
An exercise whose solution is desired. 


see also ALHAZEN’S BILLIARD PROBLEM, ALHAZEN’S 
PROBLEM, ANDRE’S PROBLEM, APOLLONIUS’ PROB- 
LEM, APOLLONIUS PURSUIT PROBLEM, ARCHIMEDES’ 
CATTLE PROBLEM, ARCHIMEDES’ PROBLEM, BALLOT 
PROBLEM, BASLER PROBLEM, BERTRAND’S PROR- 
LEM, BILLIARD TABLE PROBLEM, BIRTHDAY PROB- 
LEM, BISHOPS PROBLEM, BOLZA PROBLEM, Book 
STACKING PROBLEM, BOUNDARY VALUE PROBLEM, 
BOVINUM PROBLEMA, BRACHISTOCHRONE PROBLEM, 
BRAHMAGUPTA’S PROBLEM, BROCARD’S PROBLEM, 
BuUFFON-LAPLACE NEEDLE PROBLEM, BUFFON’S NEBE- 
DLE PROBLEM, BURNSIDE PROBLEM, BUSEMANN- 
PETTY PROBLEM, CANNONBALL PROBLEM, CASTIL- 
LON’S PROBLEM, CATALAN’S DIOPHANTINE PROB- 
LEM, CATALAN’S PROBLEM, CATTLE PROBLEM OF 
ARCHIMEDES, CAUCHY PROBLEM, CHECKER-JUMPING 
PROBLEM, CLOSED CURVE PROBLEM, COIN PROB- 
LEM, COLLATZ PROBLEM, CONDOM PROBLEM, CON- 
GRUUM PROBLEM, CONSTANT PROBLEM, COUPON 
COLLECTOR’S PROBLEM, CROSSED LADDERS PROB- 
LEM, CUBE DOVETAILING PROBLEM, DECISION PROB- 
LEM, DEDEKIND’S PROBLEM, DELIAN PROBLEM, DE 
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MERE’S PROBLEM, DIAGONALS PROBLEM, DIDO’S 
PROBLEM, DILEMMA, DINITZ PROBLEM, DIRICHLET 
DIVISOR PROBLEM, DISK COVERING PROBLEM, EQUI- 
CHORDAL PROBLEM, EXTENSION PROBLEM, Fac- 
NANO’S PROBLEM, FEJES TOTH’S PROBLEM, FER- 
MAT’S PROBLEM, FERMAT’S SIGMA PROBLEM, FISHER- 
BEHRENS PROBLEM, FIVE DISKS PROBLEM, FOUR 
CoINsS PROBLEM, FOUR TRAVELERS PROBLEM, FUSS’S 
PROBLEM, GAUSS’S CIRCLE PROBLEM, GAUSS’S CLASS 
NUMBER PROBLEM, GLOVE PROBLEM, GUTHRIE’S 
PROBLEM, HABERDASHER’S PROBLEM, HADWIGER 
PROBLEM, HALTING PROBLEM, HANSEN’S PROBLEM, 
HEESCH’S PROBLEM, HEILBRONN TRIANGLE PROBLEM, 
HILBERT’S PROBLEMS, ILLUMINATION PROBLEM, INDE- 
TERMINATE PROBLEMS, INITIAL VALUE PROBLEM, IN- 
TERNAL BISECTORS PROBLEM, ISOPERIMETRIC PROB- 
LEM, ISOVOLUME PROBLEM, JEEP PROBLEM, JOSEPHUS 
PROBLEM, KAKEYA NEEDLE PROBLEM, KAKUTANI’S 
PROBLEM, KATONA’S PROBLEM, KEPLER PROBLEM, 
KINGS PROBLEM, KIRKMAN’S SCHOOLGIRL PROB- 
LEM, KISSING CIRCLES PROBLEM, KNAPSACK PROB- 
LEM, KNOT PROBLEM, KONIGSBERG BRIDGE PROB- 
LEM, KURATOWSKI’S CLOSURE-COMPONENT PROB- 
LEM, LAM’S PROBLEM, LANGFORD’S PROBLEM, LEBES- 
GUE MEASURABILITY PROBLEM, LEBESGUE MINIMAL 
PROBLEM, LEHMER’S PROBLEM, LEMOINE’S PROB- 
LEM, LIFTING PROBLEM, LUCAS’ MARRIED COUPLES 
PROBLEM, MALFATTI’S RIGHT TRIANGLE PROBLEM, 
MALFATTI’S TANGENT TRIANGLE PROBLEM, MAR- 
RIED COUPLES PROBLEM, MATCH PROBLEM, MAx- 
IMUM CLIQUE PROBLEM, MENAGE PROBLEM, MET- 
RIC EQUIVALENCE PROBLEM, MICE PROBLEM, MI- 
KUSINSKI’S PROBLEM, MOsIuSs PROBLEM, MONEY- 
CHANGING PROBLEM, MONKEY AND COCONUT PROB- 
LEM, MONTY HALL PROBLEM, MORTALITY PROB- 
LEM, MOSER’S CIRCLE PROBLEM, NAPOLEON’S PROB- 
LEM, NAVIGATION PROBLEM, NEAREST NEIGHBOR 
PROBLEM, NP-COMPLETE PROBLEM, NP-PROBLEM, 
ORCHARD-PLANTING PROBLEM, ORCHARD VISIBIL- 
ITY PROBLEM, P-PROBLEM, PARTY PROBLEM, PI- 
ANO MOVER’S PROBLEM, PLANAR BUBBLE PROBLEM, 
PLATEAU’S PROBLEM, POINTS PROBLEM, POSTAGE 
STAMP PROBLEM, POTHENOT PROBLEM, PROUHET’S 
PROBLEM, QUEENS PROBLEM, RAILROAD TRACK 
PROBLEM, RIEMANN’S MODULI PROBLEM, SATISFI- 
ABILITY PROBLEM, SCHOOLGIRL PROBLEM, SCHUR’S 
PROBLEM, SCHWARZ’S TRIANGLE PROBLEM, SHAR- 
ING PROBLEM, SHEPHARD’S PROBLEM, SINCLAIR’S 
Soap FILM PROBLEM, SMALL WORLD PROBLEM, 
SNELLIUS-POTHENOT PROBLEM, STEENROD’S REAL- 
IZATION PROBLEM, STEINER’S PROBLEM, STEINER’S 
SEGMENT PROBLEM, SURVEYING PROBLEMS, SYL- 
VESTER’S FOUR-POINT PROBLEM, SYLVESTER’S LINE 
PROBLEM, SYLVESTER’S TRIANGLE PROBLEM, SYRA- 
CUSE PROBLEM, SYZYGIES PROBLEM, TARRY-ESCOTT 
PROBLEM, TAUTOCHIRONE PROBLEM, THOMSON PROB- 
LEM, THREE JUG PROBLEM, TRAVELING SALESMAN 
PROBLEM, TRAWLER PROBLEM, ULAM’S PROBLEM, 


Problem 


UTILITY PROBLEM, VIBRATION PROBLEM, WALLIS’S 
PROBLEM, WARING’S PROBLEM 
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Procedure 

A specific prescription for carrying out a task or solving 
a problem. Also called an ALGORITHM, METHOD, or 
TECHNIQUE 


see also BISECTION PROCEDURE, MAEHLY’S PROCE- 
DURE 


Proclus’ Axiom 
If a line intersects one of two parallel lines, it must in- 
tersect the other also. This AXIOM is equivalent to the 
PARALLEL AXIOM. 
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Procrustian Stretch 
see HYPERBOLIC ROTATION 


Product 

The term “product” refers to the result of one or more 
MULTIPLICATIONS. For example, the mathematical 
statement a x b= c would be read “a TIMES 6 EQUALS 
c,” where c is the product. 


The product symbol is defined by 


Useful product identities include 


In Ne = 3 
i=1 


i=l 


Il 4 = exp Son fi 
i=l i=1 


For 0 < a; < 1, then the products jee (1+ a@;) and 
2,0 ;) converge and di as [I~ 

j=1\4 — ai) converge and diverge jai M- 
sce also Cross PrRopucT, DoT PropuctT, INNER 
Pronuct, MATRIX PRODUCT, MULTIPLICATION, NON- 
ASSOCIATIVE PRODUCT, OUTER PRODUCT, SUM, TEN- 
soR PropuctT, TIMES, VECTOR TRIPLE PRODUCT 
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Product Formula 

Let a be a NONZERO RATIONAL NUMBER @ = 
+pi™po*? ---pr*, where pi, ..., pz are distinct 
PRIMES, a; € Z and a, #0. Then 


lal [] lolp = pip ---pi°* 
p prime 


a1, —a2 | 


Xpi "pe “pr, %2 =1. 
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Product-Moment Coefficient of Correlation 
see CORRELATION COEFFICIENT 


Product Neighborhood 
see TUBULAR NEIGHBORHOOD 


Product Rule 
The DERIVATIVE identity 


4 f(e)g(2)| = jim, Le + Male +) — fe)ale) 
2 tne (Le ele) Pletal) 
h-+0 h 


, fat h)g(e) - fteieta)| 


see also CHAIN RULE, EXPONENT LAWS, QUOTIENT 
RULE 
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Product Space 

A Cartesian product equipped with a “product topol- 
ogy” is called a product space (or product topological 
space, or direct product). 
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Projection Operator 


Program 

A precise sequence of instructions designed to accom- 
plish a given task. The implementation of an ALGO- 
RITHM on a computer using a programming language is 
an example of a program. 


see also ALGORITHM 


Projection 


A projection is the transformation of POINTS and LINES 
in one PLANE onto another PLANE by connecting corre- 
sponding points on the two planes with PARALLEL lines. 
This can be visualized as shining a (point) light source 
(located at infinity) through a translucent sheet of paper 
and making an image of whatever is drawn on it on a 
second sheet of paper. The branch of geometry dealing 
with the properties and invariants of geometric figures 
under projection is called PROJECTIVE GEOMETRY. 


The projection of a VECTOR a onto a VECTOR u is given 
by 


proj,a = u, 


Jul? 
and the length of this projection is 


iprajgale al 
wl = TG 


General projections are considered by Foley and Van- 
Dam (1983). 


see also MAP PROJECTION, POINT-PLANE DISTANCE, 
PROJECTIVE GEOMETRY, REFLECTION 
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Projection Operator 
B= |Oi(2)) (Oi (t)| 
BY, cslb5(t)) = cilds(x)) 


Projective Collineation 


S~ |@i(a))(er(2)| = 1. 


a 


see also BRA, KET 


Projective Collineation 

A COLLINEATION which transforms every 1-D form pro- 
jectively. Any COLLINEATION which transforms one 
range into a projectively related range is a projective 
collineation. Every PERSPECTIVE COLLINEATION is a 
projective collineation. 


see also COLLINEATION, ELATION, HOMOLOGY (GEOM- 
ETRY), PERSPECTIVE COLLINEATION 
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Projective General Linear Group 

The projective general linear group PGL,(q) is the 
Group obtained from the GENERAL LINEAR GROUP 
GL,.(q) on factoring the scalar MATRICES contained in 
that group. 


see also GENERAL LINEAR GROUP, PROJECTIVE GEN- 
ERAL ORTHOGONAL GROUP, PROJECTIVE GENERAL 
UNITARY GROUP 
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Projective General Orthogonal Group 

The projective gencral orthogonal group PGOn(q) is 
the Group obtained from the GENERAL ORTHOGONAL 
GROUP GO,(q) on factoring the scalar MATRICES con- 
tained in that group. 


see also GENERAL ORTHOGONAL GROUP, PROJECTIVE 
GENERAL LINEAR GROUP, PROJECTIVE GENERAL UNI- 
TARY GROUP 
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Projective General Unitary Group 

The projective general unitary group PGU,,(g) is the 
GROUP obtained from the GENERAL UNITARY GROUP 
GU,,(q) on factoring the scalar MATRICES contained in 
that group. 


see also GENERAL UNITARY GROUP, PROJECTIVE GEN- 
ERAL LINEAR GROUP, PROJECTIVE GENERAL OR- 
THOGONAL GROUP, PROJECTIVE GENERAL UNITARY 
Group 
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Projective Geometry 

The branch of geometry dealing with the properties and 
invariants of geometric figures under PROJECTION. The 
most amazing result arising in projective geometry is 
the DUALITY PRINCIPLE, which states that a duality 
exists between theorems such as PASCAL’S THEOREM 
and BRIANCHON’S THEOREM which allows one to be in- 
stantly transformed into the other. More generally, all 
the propositions in projective geometry occur in dual 
pairs, which have the property that, starting from ei- 
ther proposition of a pair, the other can be immediately 
inferred by interchanging the parts played by the words 
“POINT” and “LINE.” 


The AXIOMS of projective geometry are: 


1. If A and B are distinct points on a PLANE, there is 
at least one LINE containing both A and B. 


2. If A and B are distinct points on a PLANE, there is 
not more than one LINE containing both A and B. 


3. Any two LINES on a PLANE have at least one point 
of the PLANE in common. 


4, There is at least one LINE on a PLANE. 


5. Every LINE contains at least three points of the 
PLANE. 


6. All the points of the PLANE do not belong to the 
same LINE 


(Veblin and Young 1910-18, Kasner and Newman 1989). 


see also COLLINEATION, DESARGUES’ THEOREM, FUN- 
DAMENTAL THEOREM OF PROJECTIVE GEOMETRY, IN- 
VOLUTION (LINE), PENCIL, PERSPECTIVITY, PROJEC- 
TIVITY, RANGE (LINE SEGMENT), SECTION (PENCIL) 
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Projective Plane 

A projective plane is derived from a usual PLANE by 
addition of a LINE aT INFINITY. A projective plane of 
order. n is a set of n? +n+1 POINTS with the properties 
that: 


1. Any two POINTS determine a LINE, 
2. Any two LINES determine a POINT, 
3. Every POINT has n+ 1 LINES on it, and 
4. Every LINE contains n+ 1 POINTS. 


(Note that some of these properties are redundant.) A 
projective plane is therefore a SYMMETRIC (n?+n+1, 
n+1, 1) BLock Design. An AFFINE PLANE of order 
n exists IFF a projective plane of order n exists. 


A finite projective plane exists when the order n is a 
POWER of a PRIME, i.e., n = p® for a > 1. It is conjec- 
tured that these are the only possible projective planes, 
but proving this remains one of the most important un- 
solved problems in COMBINATORICS. The first few or- 
ders which are not of this form are 6, 10, 12, 14, 15, 


It has been proven analytically that there are no pro- 
jective planes of order 6. By answering LAM’S PROB- 
LEM in the negative using massive computer calculations 
on top of some mathematics, it has been proved that 
there are no finite projective planes of order 10 (Lam 
1991). The status of the order 12 projective plane re- 
mains open. The remarkable BRUCK-RYSER-CHOWLA 
THEOREM says that if a projective plane of order n ex- 
ists, and n = 1 or 2 (mod 4), then n is the sum of two 
SQUARES. This rules out n = 6. 


The projective plane of order 2, also known as the FANO 
PLANE, is denoted PG(2, 2). It has INCIDENCE MATRIX 


oo 0 0 KF Se 
SFCOrrF CO OrH 
emt OOO Oe 
OF OF O ee © 
HF OrFOOrF © 
mH OD mt ms OO 
D tnt bet CD ht CD 


Every row and column contains 3 1s, and any pair of 
rows/columns has a single 1 in common. 


The projective plane has EULER CHARACTERISTIC 1, 
and the HEAWOOD CONJECTURE therefore shows that 


Projective Special Linear Group 


any set of regions on it can be colored using six colors 
only (Saaty 1986). 


see also AFFINE PLANE, BRUCK-RYSER-CHOWLA THE- 
OREM, FANO PLANE, LAM’S PROBLEM, MAP COL- 
ORING, MOUFANG PLANE, PROJECTIVE PLANE PK”, 
REAL PROJECTIVE PLANE 
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Projective Plane PK? 
The 2-D SPACE consisting of the set of TRIPLES 


{(a, b,c): a,b,c € K, not all zero}, 


where triples which are SCALAR multiples of each other 
are identified. 


Projective Space 

A SPACE which is invariant under the GROUP G of 
all general LINEAR homogeneous transformation in the 
SPACE concerned, but not under all the transformations 
of any GROUP containing G as a SUBGROUP. 


A projective space is the space of 1-D VECTOR SUB- 
SPACES of a given VECTOR SPACE. For REAL VECTOR 
SPACES, the NoTaTION RP” or P” denotes the REAL 
projective space of dimension 7n (i.e., the SPACE of 1- 
D Vector Supspaces of R”**) and CP” denotes the 
COMPLEX projective space of COMPLEX dimension n 
(ie., the space of 1-D COMPLEX VECTOR SUBSPACES 
of C"**). P” can also be viewed as the set consisting of 
R” together with its POINTS AT INFINITY. 


Projective Special Linear Group 

The projective special linear group PSLIn(q) is the 
Group obtained from the SPECIAL LINEAR GROUP 
SL,(q) on factoring by the SCALAR MATRICES contained 
in that Group. It is SIMPLE for n > 2 except for 


PSL2(2) = S3 
PSDI2(3) = Aa, 


and is therefore also denoted L,(Q). 

see also PROJECTIVE SPECIAL ORTHOGONAL GROUP, 
PROJECTIVE SPECIAL UNITARY GROUP, SPECIAL LIN- 
EAR GROUP 


Projective Special Orthogonal Group 


References 

Conway, J. H.; Curtis, R. T.; Norton, S. P.; Parker, R. A.; 
and Wilson, R. A. “The Groups GI,.(q), Slin(q), PGL,(q), 
and PSL,(q) = Ln(q).” §2.1 in Atlas of Finite Groups: 
Mazimal Subgroups and Ordinary Characters for Simple 
Groups. Oxford, England: Clarendon Press, p. x, 1985. 


Projective Special Orthogonal Group 

The projective special orthogonal group PSO,(q) is 
the Group obtained from the SPECIAL ORTHOGONAL 
GRouP SO,(qg) on factoring by the SCALAR MATRICES 
contained in that GRoupP. In general, this GROUP is not 
SIMPLE. 


see also PROJECTIVE SPECIAL LINEAR Group, PRo- 
JECTIVE SPECIAL TINITARY GROUP, SPECIAL ORTHOG- 
ONAL GROUP 


References 

Conway, J. H.; Curtis, R. T.; Norton, S. P.; Parker, 
R. A.; and Wilson, R. A. “The Groups GOn(q), SO.(q), 
PGO,(q), and PSOn(q), and On(q).” §2.4 in Atlas of 
Finite Groups: Mazimal Subgroups and Ordinary Char- 
acters for Simple Groups. Oxford, England: Clarendon 
Press, pp. xi-xii, 1985. 


Projective Special Unitary Group 

The projective special unitary group PSU,n(q) is the 
Group obtained from the SPECIAL UNITARY GROUP 
SU,n(q) on factoring by the SCALAR MATRICES con- 
tained in that GROUP. PSU,,(g) is SIMPLE except for 


PSU2(2) = Ss 
PSU2(3) = Aa 
PSU3(2) = 37 : Qs, 


so it is given the simpler name U,(qg), with U2(g) = 
D2(q). 

see also PROJECTIVE SPECIAL LINEAR GROUP, PRO- 
JECTIVE SPECIAL ORTHOGONAL GROUP, SPECIAL UNI- 
TARY GROUP 


References 

Conway, J. H.; Curtis, R. T.; Norton, S. P.; Parker, 
R, A.; and Wilson, R. A. “The Groups GU,(q), SUx(q); 
PGU,(q), and PSUn(q) = Un(q).” §2.2 in Atlas of Finite 
Groups: Mazimal Subgroups and Ordinary Characters for 
Simple Groups. Oxford, England: Clarendon Press, p. x, 
1985, 


Projective Symplectic Group 

The projective symplectic group PSp,,(g) is the GROUP 
obtained from the SYMPLECTIC GROUP Sp,,(q) on fac- 
toring by the SCALAR MATRICES contained in that 
Group. PSp,,,(q) is SIMPLE except for 


PSp,(2) = S3 
PSp,(3) = Aa 
PSp,(2) — Se, 


so it is given the simpler name S2m(q), with So(q) = 
£2(q). 
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References 

Conway, J. H.; Curtis, R. T.; Norton, S. P.; Parker, R. A.; 
and Wilson, R. A. “The Groups Sp,,(q) and PSp,(q) = 
Sn(q).” §2.3 in Atlas of Finite Groups: Mazimal Sub- 
groups and Ordinary Characters for Simple Groups. Ox- 
ford, England: Clarendon Press, pp. x—xi, 1985. 


Projectivity 
The product of any number of PERSPECTIVITIES. 


see also INVOLUTION (TRANSFORMATION), PERSPEC- 
TIVITY 


Prolate Cycloid 


The path traced out by a fixed point at a RADIUS 6 > a, 
where a is the RADIUS of a rolling CIRCLE, also some- 
times called an EXTENDED CYCLOID. The prolate cy- 
cloid contains loops, and has parametric equations 


ad — bsing (1) 
y =a-—bcos®¢. (2) 


il 


The ARC LENGTH from ¢ = 0 is 


8 = 2(a+ d)E(u), (3) 
where 
sin(3¢) = snu (4) 
2  4ab 
k* = Got (5) 


see also CURTATE CYCLOID, CYCLOID 


References 
Wagon, S. Mathematica in Action. New York: W. H. Free- 
man, pp. 46—50, 1991. 
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Prolate Cycloid Evolute 


The EVOLUTE of the PROLATE CYCLOID is given by 
Pa a[—2b¢ + 2a¢cos ¢ — 2asin d + bsin(2¢)] 
~ 2(acos ¢ — b) 
_ a(a— bcos ¢)? 
Y= b(acos¢ — b) 


Prolate Spheroid 


A SPHEROID which is “pointy” instead of “squashed,” 
i.e., one for which the polar radius c is greater than the 
equatorial radius a, so c > a. A prolate spheroid has 
Cartesian equations 


arty cae (1) 


The ELLIPTICITY of the prolate spheroid is defined by 


c2 <= a? /c2 = a2 a 
Boe Oy ee 


e 


so that P 
a 
1-e= x (3) 
Then 
e : ~1/2 
r=a 1+ 7a sin’ 6 ; (4) 
The SURFACE AREA and VOLUME are 
S =2na? + ane sine (5) 
Voss frac. (6) 


see also DARWIN-DE SITTER SPHEROID, ELLIPSOID, 
OBLATE SPHEROID, PROLATE SPHEROIDAL COORDI- 
NATES, SPHERE, SPHEROID 


References 
Beyer, W. H. CRC Standard Mathematical Tables, 28th ed. 
Boca Raton, FL: CRC Press, p. 131, 1987. 
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Prolate Spheroidal Coordinates 


A system of CURVILINEAR COORDINATES in which two 
sets of coordinate surfaces are obtained by revolving 
the curves of the ELLIPTIC CYLINDRICAL COORDI- 
NATES about the x-AxXIS, which is relabeled the z-AXIs. 
The third set of coordinates consists of planes passing 
through this axis. 


xz = asinh€sinncos¢ (1) 
y = asinh€sin7nsing (2) 
z = acosh€ cos 7, (3) 


where € € [0,00), 7 € (0,7), and @ © [0,27). Arf- 
ken (1970) uses (u,v, y) instead of (£,7,z). The SCALE 
FACTORS are 


he = av/sinh? € + sin? 7 (4) 
hy = av/sinh? € + sin? n (5) 


he = asinh €sin 7. (6) 


The LAPLACIAN is 


2 ee 1 1 @ , of 
Yi Sake ata) | a ae (sinh eSF 


1 06 . OF orf 
+ sandy (958) + 5} ” 
Ee? 
og? 


1 2 2 
ain? y fain) (es ay cscke'e) 


o 2 8 o? 
+cotn— + }— > + coth£—=4+ |. (8 
on i E (8) 


An alternate form useful for “two-center” problems is 
defined by 


é1 = coshé (9) 
€2 = cosy (10) 
£3 = ¢, (11) 
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where &: € [l,oo], & € [-1,1], and 3 € [0,27) 
(Abramowitz and Stegun 1972). In these coordinates, 


Z= abilo (12) 
a = av/ (E17 — 1)(1 — £2”) cosés (13) 
y = ar (é17 — 1)(1 — &2”) sings. (14) 


In terms of the distances from the two FOCI, 


i= Da (15) 
T1 —7T 
2 = rae (16) 
2a = T12- (17) 
The SCALE FACTORS are 
2 ¢.2 
he, = 0y/ (18) 
fi” — £2” 
hen = 19 
é2 =a 1 £2? (19) 


hes = av/ (Er? — 1)(1 - &2”), (20) 


and the LAPLACIAN is 


Goalie a. don) a) gE 
Nee a? 1z — €27 0&1 G v3e| 
I 20 ajucoe 

+ £7 _ b2? O€o E £2 se | 


1 of 
"@ —1)(1- &?) aA = Say) 


The HELMHOLTZ DIFFERENTIAL EQUATION is separable 
in prolate spheroidal coordinates. 


see also HELMHOLTZ DIFFERENTIAL EQUATION— 
PROLATE SPHEROIDAL COORDINATES, LATITUDE, LON- 
GITUDE, OBLATE SPHEROIDAL COORDINATES, SPHERI- 
CAL COORDINATES 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Definition 
of Prolate Spheroidal Coordinates.” §21.2 in Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 752, 1972. 

Arfken, G. “Prolate Spheroidal Coordinates (u, v, ¢).” §2.10 
in Mathematical Methods for Physicists, 2nd ed. Orlando, 
FL: Academic Press, pp. 103-107, 1970. 

Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, p. 661, 1953. 


Prolate Spheroidal Wave Function 
The WAVE EQUATION in PROLATE SPHEROIDAL COOR- 
DINATES is 


2 24, 9. 2 4,98 fe) 2, OP 
V@+ Ke = e 32] +5 la & se | 
ES £17 — €2° are 
(17 — 1)(1 — x2?) O¢? 


+7(6:7 —-€2*)@=0, (1) 
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where 
c = hak. (2) 
Substitute in a trial solution 
cos 
rey = Rinle, &y \Smn(e, £2) sin (m@) (3) 


d 2 d 
i G 7 1) gE Ranlerés)| 


2 
- (ans — 7&7 + ae :) Rinn(C,€1) = 0. (4) 


The radial differential equation is 


d 2 d 
ais le - 1) Fg Smale ea) 


me 
2,7 -1 


= (Ame _ ey? + ) Rinn(c, 2) = 0, (5) 


and the angular differential equation is 
d 2, d 

— |l- = Smn(c, 

ie [ &2?) Fez Smal en) 


2p 2 m 
— [Amn — C £2" + — zy | Rmn(c,€2) =0. (6) 
1-—&2 
Note that these are identical (except for a sign change). 
The prolate angular function of the first kind is given 
by 
5® = n13,...dr(c)Pm+r(n) for n ~m odd 
eld oo... dr(c)Pmtr(n) for n—m even, 
(7) 
where P* (7) is an associated LEGENDRE POLYNOMIAL. 
The prolate angular function of the second kind is given 
by 
for n — m odd 


SS de()Q%4-(n) 


g@) — J tee chhs... 
Py d-(c)Qmir(n) for n —m even, 
P15 2,0,2500 


(8) 
where Q;'(n) is an associated LEGENDRE FUNCTION OF 
THE SECOND KIND and the COEFFICIENTS d, satisfy 
the RECURRENCE RELATION 


ardg+e2 + (Br = Amn) dk + yrdn—2 = 0, (9) 
with 


(Qm+k+2)(Qm+k+1)c? 


* ~ (2m + 2k + 3)(2m + 2k +5) 10) 
Be =(m+k)(m+k+1) 
2m +k)(m+k+1)—2m?—-1 2 (11) 
(2m + 2k - 1)(2m + 2k + 3) 
k(k — 1)c? 
1 = eae ok Sen ok 1) (2) 
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Various normalization schemes are used for the ds 
(Abramowitz and Stegun 1972, p. 758). Meixner and 
Schafke (1954) use 


, iene ee ay 


7 2n+1(n-—m)! 


Stratton et al. (1956) use 


(n+m)! ame Luo for n — m odd 
(n—m)! ae (rtam)t gq, for m — m even. 
(14) 
Flammer (1957) uses 
Seo) = { P™*1(Q) for n —m odd (15) 
: Py(0) for n — m even. 


see also OBLATE SPHEROIDAL WAVE FUNCTION 
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Pronic Number 

A FIGURATE NUMBER of the form Py, = 2Tn = n(n+1), 
where J, is the nth TRIANGULAR NUMBER. The first 
few are 2, 6, 12, 20, 30, 42, 56, 72, 90, 110,... (Sloane’s 
A002378). The GENERATING FUNCTION of the pronic 
numbers is 


ye = 22 +62" + 120" + 2008 +... 


The first few m for which P, are PALINDROMIC are 1, 2, 
16, 77, 538, 1621, ... (Sloane’s A028336), and the first 
few PALINDROMIC NUMBERS which are pronic are 2, 6, 
272, 6006, 289982, ... (Sloane’s A028337). 


References 

De Geest, P. “Palindromic Products of Two Consecutive In- 
tegers.” http: //www.ping.be/~ping6758/consec.htm. 

Sloane, N. J. A. Sequences A028336, A028337, and A002378/ 
M1581 in “An On-Line Version of the Encyclopedia of In- 
teger Sequences.” 
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Proof 

A rigorous mathematical argument which unequivocally 
demonstrates the truth of a given PROPOSITION. A 
mathematical statement which has been proven is called 
a THEOREM. 


There is some debate among mathematicians as to just 
what constitutes a proof. The FOUR-COLOR THEOREM 
is an example of this debate, since its “proof” relies on 
an exhaustive computer testing of many individual cases 
which cannot be verified “by hand.” While many mathe- 
maticians regard computer-assisted proofs as valid, some 
purists do not. 


see also PARADOX, PROPOSITION, THEOREM 


References 

Garnier, R. and Taylor, J. 100% Mathematical Proof. New 
York: Wiley, 1996. 

Solow, D. How to Read and Do Proofs: An Introduction to 
Mathematical Thought Process. New York: Wiley, 1982. 


Proofreading Mistakes 

lf proofreader A finds a mistakes and proofreader B 
finds 6 mistakes, c of which were also found by A, how 
many mistakes were missed by both A and B? Assume 
there are a total of m mistakes, so proofreader A finds a 
FRACTION a/m of all mistakes, and also a FRACTION c/b 
of the mistakes found by B. Assuming these fractions 
are the same, then solving for m gives 


The number of mistakes missed by both is therefore ap- 
proximately 


(a—c)(b—- ¢) 


c 


N=m-a-—-b+c= 


References 
Pélya, G. “Probabilities in Proofreading.” 
Monthly, 83, 42, 1976. 


Amer. Math. 


Propeller 


A 4-POLYHEX. 


References 

Gardner, M. Mathematical Magic Show: More Puzzles, 
Games, Diversions, Illusions and Other Mathematical 
Sleight-of-Mind from Scientific American. New York: 
Vintage, p. 147, 1978. 
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Proper Divisor 

A DIVvISOR of a number n excluding n itself. 

see also ALIQUANT Divisor, ALIQUOT DIvisor, DIVI- 
SOR 


Proper Fraction 
A FRACTION p/g < 1. 


see also FRACTION, REDUCED FRACTION 


Proper Integral 

An INTEGRAL which has neither limit INFINITE and from 
which the INTEGRAND does not approach INFINITY at 
any point in the range of integration. 


see also IMPROPER INTEGRAL, INTEGRAL 


Proper k-Coloring 
see k-COLORING 


Proper Subset 

A SUBSET which is not the entire SET. For example, 
consider a SET {1, 2, 3, 4, 5}. Then {1, 2, 4} and {1} 
are proper subsets, while {1, 2, 6} and {1, 2, 3, 4, 5} 
are not. 


see also SET, SUBSET 


Proper Superset 
A SuPERSET which is not the entire SET. 


see also SET, SUPERSET 


Proportional 
If a is proportional to 6, then a/b is a constant. The 
relationship is written a « b, which implies 


a= cb, 
for some constant c. 


Proposition 
A statement which is to be proved. 


Propositional Calculus 

The formal basis of Locic dealing with the notion and 
usage of words such as “Not,” “Or,” “AND,” and “IM- 
PLIES.” Many systems of propositional calculus have 
been devised which attempt to achieve consistency, com- 
pleteness, and independence of AXIOMS. 


see also LoGiIc, P-SYMBOL 


References 

Cundy, H. and Rollett, A. Mathematical Models, 8rd ed. 
Stradbroke, England: Tarquin Pub., pp. 254-255, 1989. 

Nidditch, P. H. Propositional Calculus. New York: Free 
Press of Glencoe, 1962. 


Prosthaphaeresis Formulas 
TRIGONOMETRY formulas which convert a product of 
functions into a sum or difference. 
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Proth’s Theorem 

For N = h- 2” +1 with Opp h and 2” > A, if there 
exists an INTEGER a such that 


ria kale ae (mod N), 


then N is PRIME. 


Protractor 
A ruled SEMICIRCLE used for measuring and drawing 
ANGLES. 


Prouhet’s Problem 
A generalization of the TARRY-ESCOTT PROBLEM to 
three or more sets of INTEGERS. 


see also TARRY-ESCOTT PROBLEM 


References 

Wright, E. M. “Prouhet’s 1851 Solution of the Tarry-Escott 
Problem of 1910.” Amer. Math. Monthly 102, 199-210, 
1959. 


Priifer Ring 

A metric space Z in which the closure of a congruence 

class B(j,m) is the corresponding congruence class {x € 

Z\x = 7 (mod m)}. 

References 

Fried, M. D. and Jarden, M. Field Arithmetic. New York: 
Springer-Verlag, pp. 7-11, 1986. 


Postnikov, A. G. Introduction to Analytic Number Theory. 
Providence, RI: Amer. Math. Soc., 1988. 


Prussian Hat 
A device used in the Cornwell smoothness stabilized 
modification of the CLEAN ALGORITHM. 


see also CLEAN ALGORITHM 


Pseudoanalytic Function 

A pseudoanalytic function is a function defined using 
generalized CAUCHY-RIEMANN EQUATIONS. Pseudo- 
analytic functions come as close as possible to having 
COMPLEX derivatives and are nonsingular “quasiregu- 
lar” functions. 

see also ANALYTIC FUNCTION, SEMIANALYTIC, SUBAN- 
ALYTIC 
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A surface constructed by placing a family of figure-eight 
curves into R® such that the first and last curves reduce 
to points. The surface has parametric equations 


z(u,v) = (1—u’)sinv 
y(u,v) = (1 — vu?) sin(2v) 


z(u,v) =u. 


References 
Gray, A. Modern Differential Geometry of Curves and Sur- 
faces. Boca Raton, FL: CRC Press, pp. 247-248, 1993. 


Pseudocylindrical Projection 
A projection in which latitude lines are parallel but 
meridians are curves. 


see also CYLINDRICAL PROJECTION, ECKERT IV PRo- 
JECTION, ECKERT VI PROJECTION, MOLLWEIDE PRO- 
JECTION, ROBINSON PROJECTION, SINUSOIDAL PRO- 
JECTION 


References 
Dana, P. H. “Map Projections.” http://www.utexas.edu/ 
depts/grg/gcraft/notes/mapproj/mapproj.html. 


Pseudogroup 

An algebraic structure whose elements consist of se- 
lected HOMEOMORPHISMS between open subsets of a 
SPACE, with the composition of two transformations de- 
fined on the largest possible domain. The “germs” of the 
elements of a pseudogroup form a GROUPOID (Weinstein 
1996). 

see also GROUP, GROUPOID, INVERSE SEMIGROUP 
References 


Weinstein, A. “Groupoids: Unifying Internal and External 
Symmetry.” Not. Amer. Math. Soc. 43, 744-752, 1996. 


Pseudolemniscate Case 
The case of the WEIERSTRA8 ELLIPTIC FUNCTION with 
invariants g. = —1 and g3 = 0. 


see also EQUIANHARMONIC CASE, LEMNISCATE CASE 


References 
Abramowitz, M. and Stegun, C. A. (Eds.). “Pseudo- 
Lemniscate Case (g2 = —1, gs = 0).” §18.15 in Hand- 


book of Mathematical Functions with Formulas, Graphs, 
and Mathematical Tables, 9th printing. New York: Dover, 
pp. 662-663, 1972. 


Pseudoperfect Number 
see SEMIPERFECT NUMBER 


Pseudorandom Number 


Pseudoprime 

A pseudoprime is a COMPOSITE number which passes a 
test or sequence of tests which fail for most COMPOSITE 
numbers. Unfortunately, some authors drop the “Com- 
POSITE” requirement, calling any number which passes 
the specified tests a pseudoprime even if it is PRIME. 
Pomerance, Selfridge, and Wagstaff (1980) restrict their 
use of “pseudoprime” to ODD COMPOSITE numbers. 
“Pseudoprime” used without qualification means FER- 
MAT PSEUDOPRIME. 


CARMICHAEL NUMBERS are ODD COMPOSITE numbers 
which are pseudoprimes to every base; they are some- 
times called ABSOLUTE PSEUDOPRIMES. The follow- 
ing table gives the number of FERMAT PSEUDOPRIMES 
psp, EULER PSEUDOPRIMES epsp, and STRONG PSEU- 
DOPRIMES spsp to the base 2, as well as CARMICHAEL 
NUMBERS CN which are less the first few powers of 10 
(Guy 1994). 


{105 104 10° 10° 107 108 10% = 107° 
3 22 78 245 750 2057 5597 14884 

12 36 114 375 1071 2939 7706 
46 162 488 1282 3291 
43 105 255 646 1547 


psp(2) 

epsp(2) 
spsp(2) 
CN 


see also CARMICHAEL NUMBER, ELLIPTIC PSEUDO- 
PRIME, EULER PSEUDOPRIME, EULER-JACOBI PSEU- 
DOPRIME, EXTRA STRONG LUCAS PSEUDOPRIME, 
FERMAT PSEUDOPRIME, FIBONACCI PSEUDOPRIME, 
FROBENIUS PSEUDOPRIME, LUCAS PSEUDOPRIME, 
PERRIN PSEUDOPRIME, PROBABLE PRIME, SOMER- 
LuCAS PSEUDOPRIME, STRONG ELLIPTIC PSEUDO- 
PRIME, STRONG FROBENIUS PSEUDOPRIME, STRONG 
LUCAS PSEUDOPRIME, STRONG PSEUDOPRIME 


References 

Grantham, J. “Frobenius Pseudoprimes.” 
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http://www. 


Pseudorandom Number 

A slightly archaic term for a computer-generated RAN- 
DOM NUMBER. The prefix pseudo- is used to distinguish 
this type of number from a “truly” RANDOM NUMBER 
generated by a random physical process such as radioac- 
tive decay. 


see also RANDOM NUMBER 


References 

Luby, M. Pseudorandomness and Cryptographic Applica- 
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Pseudorhombicuboctahedron 


Scientific Computing, 2nd ed. Cambridge, England: Cam- 
bridge University Press, p. 266, 1992. 


Pseudorhombicuboctahedron 
see ELONGATED SQUARE GYROBICUPOLA 


Pseudoscalar 
A SCALAR which reverses sign under inversion is called 
a pseudoscalar. The SCALAR TRIPLE PRODUCT 


A-(BxC) 
is a pseudoscalar. Given a transformation MATRIX A, 
S' = det [A|S, 


where det is the DETERMINANT. 

see also PSEUDOTENSOR, PSEUDOVECTOR, SCALAR 
References 

Arfken, G. “Pseudotensors, Dual Tensors.” §3.4 in Mathe- 


matical Methods for Physicists, 8rd ed. Orlando, FL: Aca- 
demic Press, pp. 128-137, 1985. 


Pseudosmarandache Function 
The pseudosmarandache function Z(n) is the smallest 
integer such that 


Z(n) 
k = 42Z(n)[Z(n) +1] 
k=1 
is divisible by n. The values for n = 1, 2, ... 
2, 7, 4, 3, 6, 15, 8, 4, ... (Sloane’s AQ11772). 
see also SMARANDACHE FUNCTION 


are 1, 3, 
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Pseudosphere 


Half the SURFACE OF REVOLUTION generated by a 
TRACTRIX about its ASYMPTOTE to form a TRAC- 
TROID. The Cartesian parametric equations are 


zx = sechucosv (1) 
y = sechusinu (2) 
z=u-—tanhu (3) 
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for u > 0. 


It has constant NEGATIVE CURVATURE, and so is called 
a pseudosphere by analogy with the SPHERE, which has 
constant POSITIVE curvature. An equation for the GEO- 
DESICS is 

cosh” u-+ (uv +c)? =k’. (4) 


see also FUNNEL, GABRIEL’S HORN, TRACTRIX 
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Pseudosquare 

Given an ODD PRIME p, a SQUARE NUMBER n satisfies 
(n/p) = 0 or 1 for all p < n, where (n/p) is the LEG- 
ENDRE SYMBOL. A number n > 2 which satisfies this 
relationship but is not a SQUARE NUMBER is called a 
pseudosquare. The only pseudoprimes less than 10° are 
3 and 6. 


see also SQUARE NUMBER 


Pseudotensor 
A TENSOR-like object which reverses sign under inver- 
sion. Given a transformation MaTRIXx A, 


Ais’ = det | Alainaj1 Anz, 


where det is the DETERMINANT. A pseudotensor is 
sometimes also called a TENSOR DENSITY. 


see also PSEUDOSCALAR, PSEUDOVECTOR, SCALAR, 
TENSOR DENSITY 
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Pseudovector 

A typical VECTOR is transformed to its NEGATIVE un- 
der inversion. A VECTOR which is invariant under in- 
version is called a pseudovector, also called an AXIAL 
VECTOR in older literature (Morse and Feshbach 1953). 
The CROoss PRODUCT 


AxB (1) 
isa pseudovector, whereas the VECTOR TRIPLE PROD- 


UCT 
Ax (Bx C) (2) 


is a VECTOR. 


[pseudovector] x [pseudovector] = [pseudovector] (3) 
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[vector] x [pseudovector] = [vector]. (4) 


Given a transformation MATRIX A, 
Cc! = det|Alaij;C;. (5) 


see also PSEUDOSCALAR, TENSOR, VECTOR 
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Psi Function 


W(z,s,v) = S- way 


n=0 


for jz| < 1 and v 4 0,-—1, ... (Gradshteyn and Ryzhik 
1980, pp. 1075-1076). 


see also HURWITZ ZETA FUNCTION, RAMANUJAN PSI 
SUM, THETA FUNCTION 
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PSLQ Algorithm 
An ALGORITHM which finds INTEGER RELATIONS be- 
tween real numbers 71, ..., Zn such that 


41%, + 272 +... + Gntrn = 0, 


with not all a; = 0. This algorithm terminates after 
a number of iterations bounded by a polynomial in n 
and uses a numerically stable matrix reduction proce- 
dure (Ferguson and Bailey 1992), thus improving upon 
the FERGUSON-FORCADE ALGORITHM. It is based on 
a partial sum of squares scheme (like the PSOS ALGo- 
RITHM) implemented using LQ decomposition. A much 
simplified version of the algorithm was developed by Fer- 
guson et al. and extended to complex numbers. 


see also FERGUSON-FORCADE ALGORITHM, INTEGER 
RELATION, LLL ALGORITHM, PSOS ALGORITHM 
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Public-Key Cryptography 


PSOS Algorithm 
An INTEGER-RELATION algorithm which is based on a 
partial sum of squares approach, from which the algo- 
rithm takes its name. 


see also FERGUSON-FORCADE ALGORITHM, HJLS AL- 
GORITHM, INTEGER RELATION, LLL ALGORITHM, 
PSLQ ALGORITHM 
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Ptolemy Inequality 


For a QUADRILATERAL which is not CYCLIC, PTOL- 
EMY’S THEOREM becomes an INEQUALITY: 


ABxCD+BC x DA>AC~x BD. 


see also PTOLEMY’S THEOREM, QUADRILATERAL 


Ptolemy’s Theorem 


B 


> 


D 


If a QUADRILATERAL is inscribed in a circle (i.e., for 
a cyclic quadrilateral), the sum of the products of the 
two pairs of opposite sides equals the product of the 
diagonals 


AB xCD+BC x DA=AC x BD. 


This fact can be used to derive the TRIGONOMETRY ad- 
dition formulas. 


see also FUHRMANN’S THEOREM, PTOLEMY INEQUAL- 
ITY 
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Public-Key Cryptography 

A type of CRYPTOGRAPHY in which the encoding key 
is revealed without compromising the encoded message. 
The two best-known methods are the KNAPSACK PROB- 
LEM and RSA ENCRYPTION. 


see also KNAPSACK PROBLEM, RSA ENCRYPTION 
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Puiseaux’s Theorem 


Puiseaux’s Theorem 

The whole neighborhood of any point y; of an alge- 
braic PLANE CURVE may be uniformly represented by 
a certain finite number of convergent developments in 
POWER SERIES, 


Ci = Pvyi + Aviity + Qviaty” See 
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Pullback Map 

A pullback is a general CATEGORICAL operation appear- 
ing in a number of mathematical contexts, sometimes 
going under a different name. If T : V ~ W isa 
linear transformation between VECTOR SPACES, then 
T* : W* — V* (usually called TRANSPOSE MAP or 
DuAL Map because its associated matrix is the MATRIX 
TRANSPOSE of T) is an example of a pullback map. 


In the case of a DIFFEOMORPHISM and DIFFERENTIABLE 
MANIFOLD, a very explicit definition can be formu- 
lated. Given an r-form a on a MANIFOLD M2, de- 


fine the r-form T*(a) on Mj by its action on an r- 


tuple of tangent vectors (Xi,...,X,) as the number 
T*(a)(X1,...,Xr) = a(T. X1,...,T.X,). This defines 
a map on r-forms and is the pullback map. 


see also CATEGORY 


Pulse Function 
see RECTANGLE FUNCTION 


Purser’s Theorem 


Let t, u, and v be the lengths of the tangents to a CIRCLE 
C from the vertices of a TRIANGLE with sides of lengths 
a, b, and c. Then the condition that C is tangent to the 
CIRCUMCIRCLE of the TRIANGLE is that 


tat + butcv=0. 
The theorem was discovered by Casey prior to Purser’s 


independent discovery. 
see also CASEY’S THEOREM, CIRCUMCIRCLE 
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Pursuit Curve 


If A moves along a known curve, then P describes a pur- 
suit curve if P is always directed toward A and A and P 
move with uniform velocities. These were considered in 
general by the French scientist Pierre Bouguer in 1732. 
The case restricting A to a straight line was studied by 
Arthur Bernhart (MacTutor Archive). It has CARTE- 
SIAN COORDINATES equation 


y=cx—Inz. 


see also APOLLONIUS PURSUIT PROBLEM, MICE PROB- 
LEM 
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Push 

An action which adds a single element to the top of a 
STACK, turning the STACK (a1, az, ..., dn) into (ao, a1, 
Q2,..., Qn). 

see also POKE MOVE, PoP, STACK 


Puzzle 

A mathematical PROBLEM, usually not requiring ad- 
vanced mathematics, to which a solution is desired. 
Puzzles frequently require the rearrangement of exist- 
ing pieces (e.g., 15 PUZZLE) or the filling in of blanks 
(e.g., crossword puzzle). 


see also 15 PUZZLE, BAGUENAUDIER, CALIBAN PUZZLE, 
Conway PUZZLE, CRYPTARITHMETIC, DISSECTION 
PUZZLES, ICOSIAN GAME, PYTHAGOREAN SQUARE 
PuzzLeE, RUBIK’S CUBE, SLOTHOUBER-GRAATSMA 
PUZZLE, T-PUZZLE 
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Pyramid 

A POLYHEDRON with one face a POLYGON and all the 
other faces TRIANGLES with a common VERTEX. An n- 
gonal regular pyramid (denoted Y,,) has EQUILATERAL 
TRIANGLES, and is possible only for n = 3, 4, 5. These 
correspond to the TETRAHEDRON, SQUARE PYRAMID, 
and PENTAGONAL PYRAMID, respectively. A pyramid 
therefore has a single cross-sectional shape in which the 
length scale of the CROSS-SECTION scales linearly with 
height. The AREA at a height z is given by 


aly= a (3), (1 


where A, is the base AREA and h is the pyramid height. 
The VOLUME is therefore given by 


h h 2 Ap ‘ 
v= | A(z)dz = Av | pad = Fa (sh) = gAoh. 
(2) 


These results also hold for the CONE, TETRAHEDRON 
(triangular pyramid), SQUARE PYRAMID, etc. 


The CENTROID is the same as for the CONE, given by 


z= 


h. (3) 


aie 


The SURFACE AREA of a pyramid is 
S= PS, (4) 


where s is the SLANT HEIGHT and p is the base PERI- 
METER. Joining two PYRAMIDS together at their bases 
gives a BIPYRAMID, also called a DIPYRAMID. 


see also BIPYRAMID, ELONGATED PYRAMID, GYRO- 
ELONGATED PYRAMID, PENTAGONAL PYRAMID, PYRA- 
MID, PYRAMIDAL FRUSTUM, SQUARE PYRAMID, TET- 
RAHEDRON, TRUNCATED SQUARE PYRAMID 
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Pyramidal Number 


Pyramidal Frustum 


Let s be the slant height, p; the top and bottom base 
PERIMETERS, and A; the top and bottom AREAS. Then 
the SURFACE AREA and VOLUME of the pyramidal frus- 
tum are given by 


S = $(pi + p2)s 
V= RR(At + Ao+VAi1A2 ). 


see also CONICAL FRUSTUM, FRUSTUM, PYRAMID, 
SPHERICAL SEGMENT, TRUNCATED SQUARE PYRAMID 
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Pyramidal Number 

A FIGURATE NUMBER corresponding to a configuration 
of points which form a pyramid with r-sided REGULAR 
POLYGON bases can be thought of as a generalized pyra- 
midal number, and has the form 


Ph = §(n+1)(2p, +n) = in(n+ 1)[(r — 2)n+ (5-7). 


The first few cases are therefore 


Py = §n(n +1)(n + 2) (2) 
Pp = in(n+1)(2n +1) (3) 
Pr = $n?(n+1), (4) 


so r = 3 corresponds to a TETRAHEDRAL NUMBER Ten, 
and r = 4 to a SQUARE PYRAMIDAL NUMBER P,,. 


The pyramidal numbers can also be generalized to 4-D 
and higher dimensions (Sloane and Plouffe 1995). 


see also HEPTAGONAL PYRAMIDAL NUMBER, HEXAGO- 
NAL PYRAMIDAL NUMBER, PENTAGONAL PYRAMIDAL 
NUMBER, SQUARE PYRAMIDAL NUMBER, TETRAHE- 
DRAL NUMBER 
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Pyritohedron 


Pyritohedron 


An irregular DODECAHEDRON composed of identical ir- 
regular PENTAGONS. 


see also DODECAHEDRON, RHOMBIC DODECAHEDRON, 
TRIGONAL DODECAHEDRON 
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Pythagoras’s Constant 
The number 


V2 = 1.4142135623..., 


which the Pythagoreans proved to be IRRATIONAL. The 
Babylonians gave the impressive approximation 


24 51 | 10 
Quit —+—> +, = 1.41421296296296... 
V2 we ot oe + G53 96296296 


(Guy 1990, Conway and Guy 1996, pp. 181-182). 


see also IRRATIONAL NUMBER, OCTAGON, PYTHAGO- 
RAS’S THEOREM, SQUARE 
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Pythagoras’s Theorem 

Proves that the DIAGONAL d of a SQUARE with sides of 
integral length s cannot be RATIONAL. Assume d/s is 
rational and equal to p/q where p and qg are INTEGERS 
with no common factors. Then 


@=s' +s? = 2s”, 


so 


and p* = 2q’, so p* is even. But if p? is EVEN, then p 
is EVEN. Since p/g is defined to be expressed in lowest 
terms, g must be ODD; otherwise p and g would have the 
common factor 2. Since p is EVEN, we can let. p = 2r, 
then 4r? = 2q’. Therefore, gq? = 2r’, and q?, so q must 
be EVEN. But g cannot be both EVEN and ODD, so 
there are no d and s such that d/s is RATIONAL, and 
d/s must be IRRATIONAL. 


Pythagorean Fraction 1463 


In particular, PYTHACORAS’S CONSTANT /2 is IRRA- 
TIONAL. Conway and Guy (1996) give a proof of this 
fact using paper folding, as well as similar proofs for ¢ 
(the GOLDEN RATIO) and V3 using a PENTAGON and 
HEXAGON. 


see also IRRATIONAL NUMBER, PYTHAGORAS’S CON- 
STANT, PYTHAGOREAN THEOREM 
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Pythagoras Tree 
A FRACTAL with symmetric 


forms. 
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Pythagorean Fraction 

Given a PYTHAGOREAN TRIPLE (a,b,c), the fractions 
a/b and b/a are called Pythagorean fractions. Diophan- 
tus showed that the Pythagorean fractions consist pre- 
cisely of fractions of the form (p* — qg*)/(2pq). 


References 

Conway, J. H. and Guy, R. K. “Pythagorean Fractions.” 
In The Book of Numbers. New York: Springer-Verlag, 
pp. 171-173, 1996. 


1464 Pythagorean Quadruple 
Pythagorean Quadruple 
POSITIVE INTEGERS a, 6, c, and d which satisfy 


+P t+e=a. (1) 


For POSITIVE EVEN a and }, there exist such INTEGERS 
c and d; for POSITIVE ODD a and 8, no such INTEGERS 
exist (Oliverio 1996). Oliverio (1996) gives the following 
generalization of this result. Let S = (a1,...,@n-2), 
where a; are INTEGERS, and let T be the number of 
Opp INTEGERS in S. Then Irr T 4 2 (mod 4), there 
exist INTEGERS @n-1 and a, such that 


a1” +497 +...+@n—-17 = an’. (2) 


A set of Pythagorean quadruples is given by 


a= 2mp (3) 
b= 2np (4) 
c= p’ —(m’ +n’) (5) 
d=p*?+(m? +n’), (6) 


where m, n, and p are INTEGERS, 
m+n+p=1 (mod 2), (7) 


and 
(m,n,p)=1 (8) 


(Mordell 1969). This does not, however, generate all so- 
lutions. For instance, it excludes (36, 8, 3, 37). Another 
set of solutions can be obtained from 


a = 2mp + 2ng (9) 
b = 2np — 2mgq (10) 
c=p +q —(m? +n’) (11) 
d=p'+q° +(m* +n’) (12) 


(Carmichael 1915). 
see also EULER BRICK, PYTHAGOREAN TRIPLE 
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Pythagorean Square Puzzle 


Ea 


Combine the two above squares on the left into the single 
large square on the right. 


see also DISSECTION, T-PUZZLE 


Pythagorean Theorem 


Pythagorean Theorem 
For a RIGHT TRIANGLE with legs a and b and Hy- 
POTENUSE ¢, 

a’ +b? =e’. (1) 


Many different proofs exist for this most fundamental of 
all geometric theorems. 


A clever proof by DISSECTION which reassembles two 
small squares into one larger one was given by the Ara- 
bian mathematician Thabit Ibn Qurra (Ogilvy 1994, 
Frederickson 1997). 


Another proof by DISSECTION is due to Perigal (Pergial 
1873, Dudeney 1970, Madachy 1979, Ball and Coxeter 
1987). 


The Indian mathematician Bhaskara constructed a 
proof using the following figure. 


b-a 


a b-a a 
Several similar proofs are shown below. 
a b b 


b ee 7 lis 
5 acre 


ra + 4(4ab) = (a+b)? (2) 
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c* + 2ab = a? + 2ab+ 0? (3) 
=a? +b . (4) 


In the above figure, the AREA of the large SQUARE is 
four times the AREA of one of the TRIANGLES plus the 
AREA of the interior SQUARE. From the figure, d = b—a, 
so 


A = 4(1ab) + d? = 2ab + (b— a)? = 2ab + b? — 2ab+ a” 
=a? +67 = ce. (5) 


Perhaps the most famous proof of all times is Euclid’s 
geometric proof. Euclid’s proof used the figure below, 
which is sometimes known variously as the BRIDE’S 
CHAIR, PEACOCK’S TAIL, or WINDMILL. 


Let AABC be a RIGHT TRIANGLE, LICAFG, 
DOICBKH, and OABED be squares, and CL||BD. The 
TRIANGLES AF AB and ACAD are equivalent except 
for rotation, so 


2AFAB = 2ACAD. (6) 


Shearing these TRIANGLES gives two more equivalent 
TRIANGLES 
2ACAD =(IADLM. (7) 


Therefore, 
CUACGF =CIADLM. (8) 
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Similarly, 
OBC = 2AABK =2ABCE=(CIBL (9) 


so 
a+ =cr+c(e—2) =c?. (10) 


Heron proved that AK, CL, and BF intersect in a point 
(Dunham 1990, pp. 48-53). 


HERON’S FORMULA for the AREA of the TRIANGLE, con- 
tains the Pythagorean theorem implicitly. Using the 
form 


K = 1,/207b? + 2020? + ab?c? — (at +4 + c4) (11) 
and equating to the AREA 
K = hab (12) 
gives 
1076? = 2a7b? + 2a7c? + ab?c? — (a* + b* +.c*). (13) 
Rearranging and simplifying gives 
a? +h? =’, (14) 
the Pythagorean theorem, where K is the AREA of 


a TRIANGLE with sides a, b, and c (Dunham 1990, 
pp. 128-129). 


A novel proof using a TRAPEZOID was discovered by 
James Garfield (1876), later president of the United 
States, while serving in the House of Representatives 
(Pappas 1989, pp. 200-201; Bogomolny). 


a 


Atrapezoid = 7 > [bases] : [altitude] 
= $(a+ b)(a+b) 


= hab+ dab+ 3c’. (15) 

Rearranging, 
1(q? 4 2ab +b?) = ab+ ie? (16) 
a” + 2ab+b? = 2ab+c (17) 


a+b? =c’. (18) 
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An algebraic proof (which would not have been accepted 
by the Greeks) uses the EULER FORMULA. Let the sides 
of a TRIANGLE be a, b, and c, and the PERPENDICULAR 
legs of RIGHT TRIANGLE be aligned along the real and 
‘imaginary axes. Then 

at+biz=ce’. (19) 
Taking the COMPLEX CONJUGATE gives 

a~bi=ce™. (20) 
Multiplying (19) by (20) gives 

+P =e, (21) 


Another algebraic proof proceeds by similarity. 


It is a property of RIGHT TRIANGLES, such as the one 
shown in the above left figure, that the RIGHT TRIAN- 
GLE with sides x, a, and d (small triangle in the lIcft 
figure; reproduced in the right figure) is similar to the 
RIGHT TRIANGLE with sides d, b, and y (large trian- 
gle in the left figure; reproduced in the middle figure), 
giving 


za yb 
tee “Pes 22 
aoe b oe (22) 
a? v? 
se re (23) 
ne 2 2 2, 72 
a b a’ +b 
= =—4+-—-= 24 
c=a+y a . (24) 
=a? +d". (25) 


Because this proof depends on proportions of poten- 
tially IRRATIONAL NUMBERS and cannot be translated 
directly into a GEOMETRIC CONSTRUCTION, it was not 
considered valid by Euclid. 


see also BRIDE’S CHAIR, COSINES LAW, PEACOCK’S 
TAIL, PYTHAGORAS’S THEOREM, WINDMILL 
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Pythagorean Triad 
see PYTHAGOREAN TRIPLE 


Pythagorean Triangle 
see PYTHAGOREAN TRIPLE, RIGHT TRIANGLE 


Pythagorean Triple 

A Pythagorean triple is a TRIPLE of POSITIVE INTE- 
GERS a, b, and c such that a RIGHT TRIANGLE exists 
with legs a,b and HYPOTENUSE c. By the PYTHAGO- 
REAN THEOREM, this is equivalent to finding POSITIVE 
INTEGERS a, b, and c satisfying 


a+b =c’. (1) 


The smallest and best-known Pythagorean triple is 
(a, b,c) = (3,4, 5). 


It is usual to consider only “reduced” (or “primitive”) 
solutions in which a and 6 are RELATIVELY PRIME, since 
other solutions can be generated trivially from the prim- 
itive ones. For primitive solutions, one of a or 6 must be 
EVEN, and the other ODD (Shanks 1993, p. 141), with 
c always ODD. In addition, in every primitive Pythag- 
orean triple, one side is always DiVISIBLE by 3 and one 
by 5. 
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Given a primitive triple (ao, bo, co), three new primitive 
triples are obtained from 


(a1, 61, ¢1) al (a0, bo, co)U (2) 
(a2, b2,c2) = (ao, bo, co)A (3) 
(a3, bs, c3) = (do, bo, co)D, (4) 
where 
1 2 2 
U= E —-l -2 (5) 
2 2 3 
1 2 2 
AE 2 1 | (6) 
2 2 8 
ot 228. 9 
D=|2 1 2 | , (7) 
2 2 3 


Roberts (1977) proves that (a,b,c) is a primitive Py- 
thagorean triple IFF 


(a, b,c) = (3,4,5)M, (8) 


where M is a FINITE PRODUCT of the MATRICES U, A, 
D. It therefore follows that every primitive Pythagorean 
triple must be a member of the INFINITE array 


( 7, 24, 25) 
(5, 12, 13) (55, 48, 73) 
(45, 28, 53) 
(39, 80, 989) 
(3, 4, 5) (21, 20, 29) (119, 120, 169). (9) 
(77, 36, 85) 
( 33, 56, 65) 
(15, 8, 17) (65, 72, 97) 
(35, 12,° 87) 


For any Pythagorean triple, the PRopucT of the two 
nonhypotenuse LEGS (i.e., the two smaller numbers) is 
always DIVISIBLE by 12, and the Probuct of all three 
sides is DIVISIBLE by 60. It is not known if there are 
two distinct triples having the same PRODUCT. The 
existence of two such triples corresponds to a NONZERO 
solution to the DIOPHANTINE EQUATION 


ay(a* — y*) = zw(z* — w*) (10) 


(Guy 1994, p. 188). 


Pythagoras and the Babylonians gave a formula for gen- 
erating (not necessarily primitive) triples: 


(2m, (m? — 1),(m? +1)), (11) 
and Plato gave 


(2m?, (m? — 1)’, (m? + 1)*). (12) 
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A general reduced solution (known to the early Greeks) 


is 
(v? —u", 2uv,u? + v”), (13) 


where u and v are RELATIVELY PRIME (Shanks 1993, 
p. 141). Let F, be a FIBONACCI NUMBER. Then 


(Fn F nes; 2F 41 F nie, Fas? Pas) (14) 


is also a Pythagorean triple. 


For a Pythagorean triple (a, 6, c), 
P3(a) + P3(b) = Ps(c), (15) 


where P3 is the PARTITION FUNCTION P (Garfunkel 
1981, Honsberger 1985). Every three-term progression 
of SQUARES r”, s”, t? can be associated with a Pythag- 
orean triple (X,Y, Z) by 


r=xX-Y (16) 
s=Z (17) 
t=X+4+Y (18) 


(Robertson 1996). 


The AREA of a TRIANGLE corresponding to the Pythag- 
orean triple (u? — v?, 2uv, u? + v7) is 


A= $(u" — v’)(2uv) = wo(u? — v?). (19) 


Fermat proved that a number of this form can never be 
a SQUARE NUMBER. 


To find the number L,(s) of possible primitive TRI- 
ANGLES which may have a LEG (other than the Hy- 
POTENUSE) of length s, factor s into the form 


$= pfs pr”. (20) 


The number of such TRIANGLES is then 


0 for s = 2 (mod 4 
els) = { gnc ca (21) 
i.e., 0 for SINGLY EVEN s and 2 to the power one less 
than the number of distinct prime factors of s otherwise 
(Beiler 1966, pp. 115-116). The first few numbers for 
s=1, 2,..., are 0, 0,1, 1, 1, 0, 1, 1, 1, 0, 1, 2, 1, 0, 
2,... (Sloane’s A024361). To find the number of ways 
E(s) in which a number s can be the LEG (other than 
the HYPOTENUSE) of a primitive or nonprimitive RIGHT 
TRIANGLE, write the factorization of s as 


Ss = 2° p91. py. (22) 


Then 
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$((2a1 + 1)(2a2 +. 1)--+ (2a, +1) - 1) 
Lis for ag = 0 
£((2a9 — 1)(2a; + 1)(2a2 + 1)--- (2a, +1) — 1] 
for ap > 2 


(23) 
(Beiler 1966, p. 116). The first few numbers for s = 1, 
2,... are 0, 0, 1,1, 1, 1,1, 2, 2,1,1,4,1,... (Sloane’s 
046079). 


To find the number of ways H,(s) in which.a number s 
can be the HYPOTENUSE of a primitive RIGHT TRIAN- 
GLE, write its factorization as 

$= 2°°(py*? --- pa") (gi? +++ gn"), (24) 
where the ps are of the form 4x — 1 and the qs are of the 


form 4x + 1. The number of possible primitive RIGHT 
TRIANGLES is then 


27-1 for n = 0 and ap = 0 
H, = : 
(s) { 0 otherwise, 


The first few PRIMES of the form 4x + 1 are 5, 13, 17, 
29, 37, 41, 53, 61, 73, 89, 97, 101, 109, 113, 137, ... 
(Sloane’s A002144), so the smallest side lengths which 
are the hypotenuses of 1, 2, 4, 8, 16, ... primitive right 
triangles are 5, 65, 1105, 32045, 1185665, 48612265, ... 
(Sloane’s A006278). The number of possible primitive 
or nonprimitive RIGHT TRIANGLES having s as a Hy- 
POTENUSE is 


(25) 


H(s) = $[(2b1 + 1)(2b2 +1)-+-(2bp+1)—1] (26) 


(Beiler 1966, p. 117). The first few numbers for s = 1, 
2,... are 0, 0, 0, 0, 1, O, 0, 0, O, 1, 0, 0, 1, 0, 1, 0, 1, 0, 
0,... (Sloane’s A046080). 


Therefore, the total number of ways in which s may be 
either a LEG or HYPOTENUSE of a RIGHT TRIANGLE is 
given by 

T(s) = L(s) + H(s). (27) 


The values for s = 1, 2,... are 0, 0, 1, 1, 2, 1, 1, 2, 2, 
2, 1, 4, 2, 1, 5, 3,... (Sloane’s A046081). The smallest 
numbers s which may be the sides of T general RIGHT 
TRIANGLES for T = 1, 2,... are 3, 5, 16, 12, 15, 125, 
24, 40, ... (Sloane’s A006593; Beiler 1966, p. 114). 


There are 50 Pythagorean triples with HyPOTENUSE 
less than 100, the first few of which, sorted 
by increasing c, are (3,4,5), (6,8,10), (5,12,13), 
(9, 12,15), (8, 15, 17), (12, 16, 20), (15, 20, 25), (7, 24, 25), 


(10,24,26),  (20,21,29), (18,24,30), (16, 30,34), 
(21, 28, 35), (Sloane’s A0Q46083, A046084, and 
A046085). Of these, only 16 are primitive triplets. 


with HYPOTENUSE less than 100: (3,4,5), (5,12, 13), 
(8,15,17), (7,24, 25), (20, 21, 29), (12, 35, 37), (9, 40, 41), 
(28,45,53),  (11,60,61),  (33,56,65), (16,63,65), 
(48,55,73), (36,77,85), (13,84,85), (39,80,89), and 
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(65, 72,97) (Sloane’s A046086, A046087, and A046088). 
Of these 16 primitive triplets, seven are twin triplets (de- 
fined as triplets for which two members are consecutive 
integers). The first few twin triplets, sorted by increas- 
ing c, are (3,4,5), (5,12,13), (7,24,25), (20, 21, 29), 
(9,40, 41), (11,60, 61), (13,84, 85), (15, 112,113), .... 


Let the number of triples with HYPOTENUSE less than N 
be denoted A(N), and the number of twin triplets with 
HYPOTENUSE less than N be denoted A2(N). Then, as 
the following table suggests and Lehmer (1900) proved, 
the number of primitive solutions with HYPOTENUSE 
less than N satisfies 


_ A(N) 1 
lim / = — =0. ban 
jim a * = g= = 0.159155 (28) 


Considering twin triplets in which the LEGS are consecu- 
tive, a closed form is available for the rth such pair. Con- 
sider the general reduced solution (u? ~v?, 2uv, u? +"), 
then the requirement that the LEGS be consecutive in- 
tegers is 

wu? — vy? = Quy +1. (29) 


Rearranging gives 


(u—v)? — 2v? = +1. (30) 
Defining 
u=xt+y (31) 


then gives the PELL EQUATION 
a? — vy? =1. (33) 
Solutions to the PELL EQUATION are given by 


z= ea (34) 
ya V3)" (1~ vI" 


2/2 


(35) 
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so the lengths of the legs X, and Y, and the Hy- 
POTENUSE Z, are 


X,=W vax? + Qry 
m V2 he 1j?71? = (V2 = 1y?7"? 
4 
Y,; = Quv = 2ey + 2y? 
J/2 +1)27t) — J2 —1)?7+ 
= ASU (9 I — 3(-1)" (87) 
Zp=w4+u? =2? + 2ry 4 2y’ 
2r+1 aa 2r+1 
_ (v2 +1)" + (v2 = (38) 


2/2 


Denoting the length of the shortest LEG by A, then gives 


+ 4(-1)” (36) 


Ap = (V2 + Dest? 77 (V2 = dae t= i (39) 
af (V2 + 1)?7+t + (2 — 1)?7+2 
ox a8 (40) 


(Beiler 1966, pp. 124-125 and 256-257), which cannot be 
solved exactly to give r as a function of Z,. However, the 
approximate number of leg-leg twin triplets AZ(N) =r 
less than a given value of Z, = N can be found by noting 
that the second term in the DENOMINATOR of Z, is a 
small number to the power 1 + 2r and can therefore be 
dropped, leaving 


N > (1+ 2r) In(V2 + 1) — In(2v2). (42) 


(/2 + {4 
2 


Solving for r = Af(n) gives 


InN + In(2V2) — In(V2 + 1) 


L 
AS 2In(./2 + 1) 
InN 
a | = 
= 0.567 In N. (44) 


The first few LEG-LEG triplets are (3, 4, 5), (20, 21, 29), 
(119, 120, 169), (696, 697, 985), ... (Sloane’s A046089, 
A046090, and A046091). 


LEG-HYPOTENUSE twin triples (a,b,c) = (v? — 
u?, 2uv,u? + v?) occur whenever 

wy? =Quvt1 (45) 

=v = 1, (46) 


that is to say when v = u+1, in which case the Hy- 
POTENUSE exceeds the EVEN LEG by unity and the twin 
triplet is given by (1+ 2x, 2u(1+u),1+2u(1+4%)). The 
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number of leg-hypotenuse triplets with hypotenuse less 
than N is therefore given by 


Az(N) = |$(V2N—-1-1)], (47) 


where |x| is the FLOOR FUNCTION. The first few LEc- 
HYPOTENUSE triples are (3, 4, 5), (5, 12, 13), (7, 24, 
25), (9, 40, 41), (11, 60, 61), (13, 84, 85), ... (Sloane’s 
A005408, A046092, and A046093). 


The total number of twin triples A2(NV) less than N is 
therefore approximately given by 


Aa(N) = Ay(N)+A7(N)-1 (48) 
w |¢V2N—1+0.567In.N —1.5], (49) 


where one has been subtracted to avoid double counting 
of the leg-leg-hypotenuse double-twin (3,4,5). 


There is a general method for obtaining triplets of Py- 
thagorean triangles with equal AREAS. Take the three 
sets of generators as 


m =r? +rs+s* (50) 
m=r—s? (51) 
2 2 
m2=r +rs+s (52) 
ng = 2rs+s* (53) 
m3 =r" + 2rs (54) 
ng=r?+rs+s*. (55) 


Then the RIGHT TRIANGLE generated by each triple 
(m:? — ni?, 2mini, m:? + n;”) has common AREA 


A=rs(2r+s)(r +2s)(r+s)(r — s)(r? +rs+ s*) (56) 


(Beiler 1966, pp. 126-127). The only EXTREMUM of this 
function occurs at (r,s) = (0,0). Since A(r,s) = 0 for 
r = s, the smallest AREA shared by three nonprimitive 
RIGHT TRIANGLES is given by (r,s) = (1,2), which re- 
sults in an area of 840 and corresponds to the triplets 
(24, 70, 74), (40, 42, 58), and (15, 112, 113) (Beiler 1966, 
p. 126). The smallest AREA shared by three primitive 
RIGHT TRIANGLES is 13123110, corresponding to the 
triples (4485, 5852, 7373), (1380, 19019, 19069), and 
(3059, 8580, 9109) (Beiler 1966, p. 127). 


One can also find quartets of RIGHT TRIANGLES with 
the same AREA. The QUARTET having smallest known 
area is (111, 6160, 6161), (231, 2960, 2969), (518, 1320, 
1418), (280, 2442, 2458), with AREA 341,880 (Beiler 
1966, p. 127). Guy (1994) gives additional information. 


It is also possible to find sets of three and four Pythago- 
rean triplets having the same PERIMETER (Beiler 1966, 
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pp. 131-132). Lehmer (1900) showed that the number 
of primitive triples N({p) with PERIMETER less than p is 


lim N(p) =? = 0.070230... (57) 
po W 


In 1643, Fermat challenged Mersenne to find a Pythag- 
orean triplet whose HYPOTENUSE and Sum of the LEGS 
were SQUARES. Fermat found the smallest such solu- 
tion: 


X = 4565486027761 (58) 
Y = 1061652293520 (59) 
Z = 4687298610289, (60) 
with 
Z = 21650177 (61) 
X +Y = 23721597. (62) 


A related problem is to determine if a specified INTEGER 
N can be the AREA of a RIGHT TRIANGLE with rational 
sides. 1, 2, 3, and 4 are not the AREAS of any RATIONAL- 
sided RIGHT TRIANGLES, but 5 is (3/2, 20/3, 41/6), as 
is 6 (3, 4, 5). The solution to the problem involves the 
ELLIPTIC CURVE 


y =2° — N’z. (63) 


A solution (a, b, c) exists if (63) has a RATIONAL solu- 
tion, in which case 


r= ie (64) 
y= 5(a’ —b’)c (65) 


(Koblitz 1993). There is no known general method for 
determining if there is a solution for arbitrary N, but a 
technique devised by J. Tunnell in 1983 allows certain 
values to be ruled out (Cipra 1996). 


see also HERONIAN TRIANGLE, PYTHAGOREAN QUAD- 
RUPLE, RIGHT TRIANGLE 
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q-Analog 

A q-analog, also called a g-EXTENSION or 4q- 
GENERALIZATION, is a mathematical expression param- 
eterized by a quantity q which generalizes a known ex- 
pression and reduces to the known expression in the 
limit g —> 1. There are g-analogs of the FACTORIAL, 
BINOMIAL COEFFICIENT, DERIVATIVE, INTEGRAL, FI- 
BONACCI NUMBERS, and so on. Koornwinder, Suslov, 
and Bustoz, have even managed some kind of g-Fourier 
analysis. 


The g-analog of a mathematical object is generally called 
the “q-object”, hence g-BINOMIAL COEFFICIENT, q- 
FACTORIAL, etc. There are generally several g-analogs 
if there is one, and there is sometimes even a multibasic 
analog with independent qi, q2,.... 


see also d-ANALOG, g-BETA FUNCTION, g-BINOMIAL 
COEFFICIENT, g-BINOMIAL THEOREM, g-COSINE, q- 
DERIVATIVE, g-FACTORIAL, g-GAMMA FUNCTION, g- 
SERIES, g-SINE, g- VANDERMONDE SUM 
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g-Beta Function 
A q-ANALOG of the BETA FUNCTION 


1 


where I'(z) is a GAMMA FUNCTION, is given by 


1 
= T,(b)T4(a) 
B,(a,b) = t?~*(qt;q)a-1d(a,t) = —,", 
a(o.t) =f O*atiae-ralant) = OEE 
where I',(a) is a g9-GAMMA FUNCTION and (a;¢)n is a 
q-SERIES coefficient (Andrews 1986, pp. 11-12). 


see also g-FACTORIAL, g-GAMMA FUNCTION 
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q-Binomial Coefficient 
A q-ANALOG for the BINOMIAL COEFFICIENT, also 
called the GAUSSIAN COEFFICIENT. It is given by 


where a 
= 1— q™ 
(q)k = II [— qetm" (2) 
m=1 
For example, the first few g-binomial coefficients are 
2 1—q 
=if =14+4q (3) 
1 1-@q 
q 
3\ _ (3\ _1-¢@ _ 2 
Q)-Oeeae 


4\ (4 1—qt _ 2 

().-Q-Hhariee 0 
(5) AUSq Gea) 
27, (1-4)(1— 4?) 


From the definition, it follows that 


()-(2)-Ee 


In the LIMIT g — 1, the g-binomial coefficient collapses 
to the usual BINOMIAL COEFFICIENT. 


see also CAUCHY BINOMIAL THEOREM, GAUSSIAN 
POLYNOMIAL 


=(1+q)(1+q+q’). (6) 


g-Binomial Theorem 
The g-ANALOG of the BINOMIAL THEOREM 


n(n—1) 2 n(n—1)(n—-2) 5 
ee ii 7 


(l—z)” =1—nz+ 


is given by 


Ce) Og) 0-3) 


1-— q q” 1-— q 1. q@? grt} 
zm 


qrinth/2 ‘ 


Written as a q-SERIES, the identity becomes 


(a; q)n ae 
> (Gia)n 


(423 q)oo 
(23 Q)co ” 
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where 
Ila _(1—ag™) 
(i@= = Lh GQ agnr) 


(Heine 1847, p. 303; Andrews 1986). The CAUCHY BI- 
NOMIAL THEOREM is a special case of this general the- 
orem. 


see also BINOMIAL SERIES, BINOMIAL THEOREM, CAU- 
CHY BINOMIAL THEOREM, HEINE HYPERGEOMETRIC 
SERIES, RAMANUJAN PSI SUM 
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q-Cosine 
The g-ANALOG of the COSINE function, as advocated by 
R. W. Gosper, is defined by 


92(z,p) 
cosq_q(z,qg) = ———"—, 
a( ’ q) 92 (0, p) 
where 02(z,p) is a THETA FUNCTION and p is defined 
via 
(In p)(Ing) = 7”. 

This is a period 27, EVEN FUNCTION of unit ampli- 
tude with double and triple angle formulas and addition 
formulas which are analogous to ordinary SINE and Co- 
SINE. For example, 


cosq{2z,q) = cosq?(z, q’) ~ sing*(z, q); 


where sing(z,a) is the g-SINE, and 7 is q-PI. The gq- 
cosine also satisfics 


lS 1)"q (n+a)? 


cos, (7a) = = (niyrgm? 


see also g-FACTORIAL, g-SINE 
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q-Derivative 
The g-ANALOG of the DERIVATIVE, defined by 


(Ge), 7 a f(x) - F(qe) 


dz. n~ gr 


qg-Dimension 


For example, 
_ sing — sin(qz) 


x— qr 


(<) ips In x — In(qz) = 
q 


In (3) 


dz xz Qu (1-q)z 
d x? — q?a? 

sisi =e ee 

(a3). xz — qx Gras 


d 3 «—q*z* 2,2 
pads = ——— = (1 

@ x — qz er g)e 

In the LIMIT g + 1, the g-derivative reduces to the usual 


DERIVATIVE. 
see also DERIVATIVE 


q-Dimension 
‘" 1 |. InI(q,e€) 
D, = —— lim —-— 1 
q 1 — gq e-+0 In (2), (1) 
where 
N 
1(q,€) = D> as", (2) 
i=1 


e is the box size, and pi is the NATURAL MEASURE. If 
qi > gz, then 

Day S Da: (3) 
The CAPACITY DIMENSION (a.k.a. BOX COUNTING DI- 
MENSION) is given by g = 0, 


N(e) 
hee (Si03) mn NO 
1—0 e-s0 —Ine be Ine 
If all is are equal, then the CAPACITY DIMENSION is 
obtained for any g. The INFORMATION DIMENSION is 
defined by 


Do = 


N({e) og 
In pa ok 


lim. 
D, = lim Dg = lim = —ine 
ql l-q 
(ea) 
Toe Inelg— a) ” 


But 


N(e) N(e) 
lim 1 |) =1 ;]=m1=0, (6 
ee 2H n + 0, (6) 


so use L’HOSPITAL’S RULE 


q-1 
D, = lim eee (7) 
e+0 in art => ue 
Therefore, 
Nie) inti 
Dy = lim 2 Mele (3) 
«30 Ine 
Dz is called the CORRELATION DIMENSION. The g- 
dimensions satisfy 
Dg+i < Dy. (9) 


see also FRACTAL DIMENSION 


Q.E.D. 


Q.E.D. 

An abbreviation for the Latin phrase “quod erat demon- 
strandum” (“that which was to be demonstrated”), a 
NOTATION which is often placed at the end of a mathe- 
matical proof to indicate its completion. 


q-Extension 
see g- ANALOG 


q-Factorial 
The g-ANALOG of the FACTORIAL (by analogy with the 
q-GAMMA FUNCTION). For a an integer, the g-factorial 
is defined by 


faq(a,g) = 1(1+q)(l+q+q7)---(l+q+...+q@7"). 


A reflection formula analogous to the GAMMA FUNC- 
TION reflection formula is given by 
cosq(7a) = sing[m(4 — a)| 

mq q(tn at) 


~ faq(a — 3,9?) faq(—(a + 5), 47)’ 


where cos,(z) is the g-COSINE, sin,(z) is the g-SINE, and 
Tq is q-Pl. 

see also g-BETA FUNCTION, g-COSINE, g-GAMMA 
FUNCTION, q-P1, q-SINE 
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Q-Function 
Let : ; 
q= e7 tk /K = et, (1) 
then 
Qo = | [a-4"") (2) 
Q=[[G+¢") (3) 
Qz = [[a+?") (4) 
Qs = [[a-¢""’). (5) 


The Q-functions are sometimes written using a lower- 
case q instead of a capital @. The Q-functions also sat- 
isfy the identities 


QoQ: = Qo(q’) (6) 
QoQs = Qo(q"’”) (7) 
Q2Qs = Qa(q’) (8) 


Q1Q2 = Qi(q’’”). (9) 


Q-Matrix 1473 


see also JACOBI IDENTITIES, g-SERIES 
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q-Gamma Function 
A g-ANALOG of the GAMMA FUNCTION defined by 


P4(2,4) = ete (1 — g)*, (1) 


where (7,@)oo is a g-SERIFES. The q-gamma. fimction 
satisfies 
lim T,(z) = T(x) (2) 
qi 


(Andrews 1986). 


A curious identity for the functional equation 


f(a — 8) f(a—e) f(a — d) f(a — e) — f(b) fle) F(a) Fle) 


=’ f(a)f(a—b-c)f(a—b—d)f(a—b—e), (3) 
where 
b+et+d+e=2a (4) 
is given by 
sin(ka) forg=1 
f(a) = { Total tial for 0 < q< 1, (5) 
for any k. 


see also q-BETA FUNCTION, q-FACTORIAL 
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q-Generalization 
see g- ANALOG 


q-Hypergeometric Series 
see HEINE HYPERGEOMETRIC SERIES 


Q-Matrix 
see FIBONACCI Q-MATRIX 
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Q-Number 
see HOFSTADTER’S Q-SEQUENCE 


qg-Pi 
The g-ANALOG of PI xq can be defined by taking a = 0 
in the g-FACTORIAL 


faq(a,g) = 1(1+q4)(1+q+q°):-(ltq+...+q°), 


giving 
™q 


~ fag?(—2, q2)qh/4’ 
where sin,(z) is the g-SINE. Gosper has developed an 


iterative algorithm for computing 7 based on the alge- 
braic RECURRENCE RELATION 


1 = sin, (47) 


Anas - (q? +1)°x,? (qt + 1)7,2? 
g4+l1 Tq? Tq : 


Q-Polynomial 
see BLM/HoO POLYNOMIAL 


qg-Product 
see Q-FUNCTION 


q-Series 
A SERIES involving coefficients of the form 


hard — agk 

(n= (wae = ]] (1) 

k=0 
= [[G- a9") (2) 

k=0 

(Andrews 1986). The symbols 

ee ea ta geet sal (3) 
[n]! = [n]{fn — 1) --- [1] (4) 


are sometimes also used when discussing q-series. 


There are a great many beautiful identities involving 
q-series, some of which follow directly by taking the q- 
ANALOG of standard combinatorial identities, e.g., the 
g-BINOMIAL THEOREM 


(q3q)n (23 @) co 


s (ajq)nz" _ (225 q)o0 (5) 


(jz| < 1, lg] < 1; Andrews 1986, p. 10) and q- 
VANDERMONDE SUM 


a"(¢/a,4)n % 


2¢1(a,g° "3¢39,9) = Gna 
7Y}n 


q-Sine 


where 241 (a, b;c;g, z) is a HEINE HYPERGEOMETRIC SE- 
RIES. Other g-series identities, e.g., the JacoBI IDEN- 
TITIES, ROGERS-RAMANUJAN IDENTITIES, and HEINE 
HYPERGEOMETRIC IDENTITY 


(8; )co(@zZ; q)co 


(c; q) (z; q) 291 (c/b, a; Gz; q, b), 


(7) 


261(a, b; ¢;q,z) = 


seem to arise out of the blue. 


see also BORWEIN CONJECTURES, FINE’S EQUATION, 
GAUSSIAN COEFFICIENT, HEINE HYPERGEOMETRIC 
SERIES, JACKSON’s IDENTITY, JACOBI IDENTITIES, 
Mock THETA FUNCTION, g-ANALOG, q-BINOMIAL 
THEOREM, g-COSINE, g-FACTORIAL, Q-FUNCTION, q- 
GAMMA FUNCTION, q-SINE, RAMANUJAN PsI Sum, Ra- 
MANUJAN THETA FUNCTIONS, ROGERS-RAMANUJAN 
IDENTITIES 
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Q-Signature 
see SIGNATURE (RECURRENCE RELATION) 


qg-Sine 
The g-ANALOG of the. SINE function, as advocated by 
R. W. Gosper, is defined by 


: ai(z, 
snag) = 220), 
2") 


where 71(z,p) is a THETA FUNCTION and p is defined 
via 


(In p)(In q) = 7. 


This is a period 27, ODD FUNCTION of unit amplitude 
with double and triple angle formulas and addition for- 
mulas which are analogous to ordinary SINE and Co- 
SINE. For example, 


sin, (2z, q) = (q + ij cos, (z, q’) sing(z, q°), 
q@ 


where cos,(z,a) is the g-COSINE, and 7 is q-PI. 
see also g-COSINE, g- FACTORIAL 
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q- Vandermonde Sum 


q- Vandermonde Sum 


a"(c/a,q)n 
(c; q)n 

where 2¢1(a, b; c;g, z) is a HEINE HYPERGEOMETRIC SE- 

RIES. 

see also CHU- VANDERMONDE IDENTITY, HEINE HYPER- 

GEOMETRIC SERIES 


2¢1(a,¢ "3¢59,9) = 


1 
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QR Decomposition 
Given a Matrix A, its QR-decomposition is of the form 


A=QR, 


where R is an upper TRIANGULAR MATRIX and Q is an 
ORTHOGONAL MATRIX, i.e., one satisfying 


Q7Q = I, 


where | is the IDENTITY MATRIX. This matrix decom- 
position can be used to solve linear systems of equations. 


see also CHOLESKY DECOMPOSITION, LU DECOMPOSI- 
TION, SINGULAR VALUE DECOMPOSITION 


References 

Householder, A. S. The Numerical Treatment of a Single 
Non-Linear Equations. New York: McGraw-Hill, 1970. 

Nash, J. C. Compact Numerical Methods for Computers: 
Linear Algebra and Function Minimisation, 2nd ed. Bris- 
tol, England: Adam Hilger, pp. 26-28, 1990. 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vet- 
terling, W. T. “QR Decomposition.” §2.10 in Numerical 
Recipes in FORTRAN: The Art of Scientific Computing, 
2nd ed. Cambridge, England: Cambridge University Press, 
pp. 91-95, 1992. 

Stewart, G. W. “A Parallel Implementation of the QR Al- 
gorithm.” Parallel Comput. 5, 187-196, 1987. ftp:// 
thales.cs.umd.edu/pub/reports/piqra.ps. 


Quadrable 
A plane figure for which QUADRATURE is possible is said 
to be quadrable. 


Quadrangle 


A plane figure consisting of four points, each of which is 
joined to two other points by a LINE SEGMENT (where 
the line segments may intersect). A quadrangle may 
therefore be CONCAVE or CONVEX; if it is CONVEX, it 
is called a QUADRILATERAL. 

see also COMPLETE QUADRANGLE, CYCLIC QUADRAN- 
GLE, QUADRILATERAL 


Quadratic Curve 1475 
Quadrant 
x<0,y>0 x>0,y>0 
Quadrant 2 Quadrant | 
Quadrant 3 Quadrant 4 
x<O0,y<0 x>0,y<0 


One of the four regions of the PLANE defined by the four 
possible combinations of SIGNS (+,+), (+,—), (-, +), 
and (~,—) for (z,y). 

see also OCTANT, &-AXIS, y-AXIS 
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Quadratfrei 
see SQUAREFREE 


Quadratic Congruence 
A CONGRUENCE of the form 


ax? + ba +c=0 (mod m), 
where a, 6, and c are INTEGERS. A general quadratic 
congruence can be reduced to the congruence 


a” = q (mod p) 


and can be solved using EXCLUDENTS, although solution 
of the general polynomial congruence 


ame” +... +a927 + a12 +a9 =0 (mod n) 


is intractable. 


see also CONGRUENCE, EXCLUDENT, LINEAR CONGRU- 
ENCE 


Quadratic Curve 
The general 2-variable quadratic equation can be writ- 
ten 

ax” + 2bxy + cy? + 2Wde + 2fy+g=0. (1) 


Define the following quantities: 


a b ad 
A=|b c f (2) 
d f g 
a 6 
os boe (3) 
f=a+e (4) 
_jad ef 
ce[p [sie 4] 
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Then the quadratics are classified into the types sum- 
marized in the following table (Beyer 1987). The real 
(nondegenerate) quadratics (the ELLIPSE, HYPERBOLA, 
and PARABOLA) correspond to the curves which can be 
created by the intersection of a PLANE with a (two- 
NApPES) CONE, and are therefore known as CONIC SEC- 
TIONS. 


Curve A J A/I K 
coincident lines 0 0 0 
ellipse (imaginary) #0 >0 >0 
ellipse (real) #0 >0 <0 
hyperbola #0 <0 

intersecting lines (imaginary) 0 >0 
intersecting lines (real) 0 <0 

parabola #0 0 

parallel lines (imaginary) 0 0 >0 
parallel lines (real) 0 0 <0 


It is always possible to eliminate the ry cross term by a 
suitable ROTATION of the axes. To see this, consider ro- 
tation by an arbitrary angle 8. The ROTATION MATRIX 


is 
z| | cos@ sin@| | 2’ 
y| | —sin@ cosé} | y’ 


_ | a’ cosé+y' sind (6) 
~ | —a' sind + y'cos@ |’ 
so 
z=2'cos6+y’sin8 (7) 
y = —2'sin@ + y' cos (8) 
ay = —2'* cos @sin@ + 2'y'(cos* @ — sin? 6) 
+ y” cos @sin 0 (9) 
x” = x” cos’ 6 + 2a’y' cos@sin@+y"sin?@ (10) 
y? = —2” sin? @ — 22'y' sin @ cos@ + y” cos” @. (11) 
Plugging these into (1) gives 
a(x” cos” 6 + 22'y' cos 6 + y” sin? @) 
+2b(a' cos@ + y' sin @)(—2’ sin@ + y’ cos 6) 
+e(2” sin? 6 — 22'y' cos 6 sin @ + y’* cos? 8) 
+2d(2' cos + y' sin 8) 
+2f(—-2' sin@ + y'cosé) +g =0. (12) 


Rewriting, 


a(x’ cos” 6+ 22'y' cos 6 + y” sin? @) 

+26(—2? cos” 6 sin @—ay sin? 6+ zy cos” 6+y” cos @ sin 6) 
+e(a2” sin? @ — 22'y' cos 4 sin 6 + y” cos? 6) 
+2d(z' cos 6 + y’ sin 8) 
+2f(—a' sin@ +y' cos@) +g = 0. (13) 


Quadratic Curve 
Grouping terms, 


z’*(acos* @ + csin? 6 — 2bcos 6 sin 8) 
+2'y'[2a cos 6 sin 9 —~ 2csin 6 cos 6 + 2b(cos” @ — sin? @)] 
+y’ (asin? @ + ccos” 6 + 2bcos@ sin 0) 
+z'(2dcos @ — 2f sin@) + y'(—2dsin@ + 2f cos@) 
+g =0. (14) 


Comparing the COEFFICIENTS with (1) gives an equa- 
tion of the form 


| iia Soe 


ac + 2b'a2'y’ + cy”? + Qd'a' + 2f'y’ +g’ =0, (15) 


where the new COEFFICIENTS are 


a’ = acos’ 6 — 2bcos@sin@ + csin? 6 (16) 
b’ = b(cos* 6 — sin? 9) + (a—c)sin@cos@ (17)- 
c’ = asin? 6 + 2bsin@ cos 6 + ccos* 0 (18) 
d' = dcos6 — f sin@ (19) 
f' =—dsin6 + f cos@ (20) 
g =9: (21) 


The cross term 2b'z'y’ can therefore be made to vanish 
by setting 


b’ = b(cos” 6 — sin” 6) — (c — a) sin 8 cos @ 
= bcos(20) ~ $(c — a) sin(20) = 0. (22) 


For b’ to be zero, it must be true that 


c—-@a@ 


cot(20) = 3b 


= K. (23) 


The other components are then given with the aid of the 
identity 


cos[cot~*(a)] = ere (24) 
by defining 
fae (25) 
1+ Kk? 
so 
sin @ = 1 (26) 
cos @ = +e (27) 
Rotating by an angle 
a= 3 cot? (<5) (28) 


therefore transforms (1) into 


aa + cy” + 2d'a' +2f'y' +9’ = 0. (29) 


Quadratic Curve 


COMPLETING THE SQUARE, 


U i 
a’ G + 7s) +e (v + 2f i) +9 =0 (30) 


fou 


i\ 2 1\ 2 42 12 
a (2+ 5) +e (v' +2) ee ee eee) 


c! e 


Defining «” = a2’ + d'/a’', yy" = y' + f'/c, and g” = 
—g' +d? /a' + f?/c' gives 


1 2 td 


aa? + ly!” = g". (32) 


If g’ 4 0, then divide both sides by g”. Defining a” = 
a’/g" and c' =c'/g" then gives 


alg"? + ely!” = 1. (33) 


Therefore, in an appropriate coordinate system, the 
general CoNIC SECTION can be written (dropping the 
primes) as 


ax*+cy?=1 a,c,g #0 (34) 
2 2 a 
ax’ +cy° =0 ayc#0,g=0. 


Consider an equation of the form ax? + 2bzy + cy? =1 
where b 4 0. Re-express this using t; and tz in the form 
ax? + 2bry + cy” = tie” + toy”. (35) 


Therefore, rotate the COORDINATE SYSTEM 


a! cos@ sin@| |z 
H = bey Z| A : (36) 


so 


ax? + Qbey + cy*® = ta’? + tey” 
= t1(a” cos” 0 + 2xy cos sin + y’ sin’ 6) 
+ te(x? sin? 6 — 2zry sin 6 cos @ + y cos” 0) 
= £°(t1 cos’ 6 + tz sin” 0) + 2xy cos @ sin A(t, — tz) 


+ y? (ti sin? 6 + te cos” 6) (37) 
and 

a = t, cos” @ + tz sin” 8 (38) 

b= (t1 - ta) cos @sin@ = 3 (tr _ tz) sin(26) (39) 

c = tisin® 6 + tz cos” 6. (40) 
Therefore, 


atc=(t cos? 6 + t2 sin” 6) + (ti sin? 6 + tg cos” 6) 
=t)+te (41) 
a—c=t1 cos’ 6 + tesin® 6 — ti sin? 8 + t2 cos’ 6 
= (ti — tz)(cos” @ — sin? @) = (t1 — t2) cos(28). 
(42) 
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From (41) and (42), 


a-—c _ (ti — tz) cos(20) 
6 E(t, — t2) sin(20) 


= 2 cot(28), (43) 


the same angle as before. But 


= cos |tan )| 
a-e 
= : (44) 
1+ (2%)" 
so ' t 
a-c= fa (45) 
1+ (2%)’ 


Rewriting and copying (41), 


9 2 
ti — te = (a—c) 1+( Z 
a-—c 


= /(a-—c)? + 4b? (46) 


ti +t2 =art+e. (47) 


Adding (46) and (47) gives 


th = d[a+c+ /(a—c)? + 407] (48) 
te =ate-—t) = t{lat+c-— V/(a—c)? + 407]. 


Note that these ROOTS can also be found from 


(t—ti)(t— te) =#? —t(t1 +t2)+titz=0 (50) 


#?~t(a +c) + 4{(a +c)? — [(a — c)? + 407]} 
=t?-t(a+c) 
+ 3[a? + 2ac + ¢* ~ a? + 2ac — c” ~ 4”) 
= t? —t(a +c) + (ac — b*) = (a —t)(e—t) -— 0? 


a-—t b 


aie ae =(a—t)(e—t)-b=0. (51) 


The original problem is therefore equivalent to looking 


for a solution to 
a b xr 
boc y 


ax ba | lea x? 
iy altel le] 


which gives the simultaneous equations 


II 
oh 
—_—_— 
<8 
[aint 
=> 
Oo 
bo 
SS 


ax® + bry = tx? (54) 
bay + cy? = ty’. 
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Let X be any point (x,y) with old coordinates and 
(z', y’') be its new coordinates. Then 


az” + 2bay + cy? =tye"" + ty? =1 (55) 


and 
eae & /;| (56) 
y =X. BE (57) 


If t; and t_ are both > 0, the curve is an ELLIPSE. If 
t, and ¢_ are both < 0, the curve is empty. If t; and 
t_ have opposite SIGNS, the curve is a HYPERBOLA. If 
either is 0, the curve is a PARABOLA. 


To find the general form of a quadratic curve in POLAR 
COORDINATES (as given, for example, in Moulton 1970), 
plug « = rcos@ and y = rsin@ into (1) to obtain 


ar” cos? @ | 2br? cos @sin 6 + er’ sin? @ 


+2drcos?+2frsind+g=0 (58) 
(acos’ 6 + 2bcos @ sin @ + csin’ @) 
+2(dcos6 + fsind) + = =0. (59) 
Define u = 1/r. For gy # 0,we can divide through by 2g, 
Ly? + ldcoss + fsin@)u 
t = (acos” @ + 2bcos @sin@ + esin?6)=0. (60) 
Applying the QUADRATIC FORMULA gives 
u=—Scos@~ 4 sino VR, (61) 


where 


_. (deos@ + f sin 6)? 


R - 
1 1 2 ° «2 
-4(5) (%) (acos’ 6 + 2bcos@sin@ + csin’ @) 
: 2d ; ; 
= © cos? 0 + 2oF cos sin 8 + — sin” 6 
g 9 g 
- *(acos” 8 + 2bc0s8sin@ + csin” 8). (62) 


Using the trigonometric identities 


sin? 6 = 1 ~ cos? 0 (63) 
sin(2@) = 2sin@ cos 6, (64) 


Quadratic Curve 


it follows that 


2 _ f2 
=i ees(eny ts 8 


7 
+ sin(26@) (4%) + f 
a? - “if at eg cos(26) + # A 9 sin(28) 
‘ d? — ag — f? *<9 + 2f? — 2cg° (65) 
Defining 
AS “5 (66) 
B= ar (67) 
C= t bg (68) 
D= oie — ag (69) 
E= Ctl was (70) 


then gives the equation 


u= = = Asin 8+ Boos + y/Csin(28) + Dcos(28) + E 
(71) 
{Moulton 1970). If g = 0, then (59) becomes instead 


_acos’ @ + 2bcos 6 sin @ + csin” 0 


2(dcos 6 + f sin@) 2) 


eee | 
“t=- = 
r 


Therefore, the general form of a quadratic curve in polar 
coordinates is given by 


Asin@ + Bcos@ for g #0 
ee 4 be sin(26) + D eon) +E 
acos” 04+2bcos @ sin #+csin® 6 
i dacs 64+f ain) : for fee 0. 
(73) 


see also CONIC SECTION, DISCRIMINANT (QUADRATIC 
CuRVE), ELLIPTIC CURVE 


References 

Beyer, W. H. CRC Standard Mathematical Tables, 28th ed. 
Boca Raton, FL: CRC Press, pp. 200-201, 1987. 

Casey, J. “The General Equation of the Second Degree.” 
Ch. 4 in A Treatise on the Analytical Geometry of the 
Point, Line, Circle, and Conic Sections, Containing an 
Account of Its Most Recent Extensions, with Numerous 
Examples, 2nd ed., rev. enl. Dublin: Hodges, Figgis, & 
Co., pp. 151-172, 1893. 

Moulton, F. R. “Law of Force in Binary Stars” and “Geo- 
metrical Interpretation of the Second Law.” §58 and 59 in 
An Introduction to Celestial Mechanics, 2nd rev. ed. New 
York: Dover, pp. 86 89, 1970. 


Quadratic Effect 


Quadratic Effect 
see PRIME QUADRATIC EFFECT 


Quadratic Equation 
A quadratic equation is a second-order POLYNOMIAL 


az* +be+c=0, (1) 


with a 40. The roots z can be found by COMPLETING 
THE SQUARE: 


2 b c 
elas ie SS 2 
a + a . (2) 
b\? c b? b? — 4ac 
(« ss =) “a 4a? 4a? (3) 
b +V/b? — 4ac 
a 2a 2a (4) 
Solving for x then gives 
—bt Vb? — 4ac 
ei aa (5) 


This is the QUADRATIC FORMULA. 


An alternate form is given by dividing (1) through by 


x: 


b c 
a a ae ea (6) 
1 b 
c(G+t)+e=0 (7) 
e(2+2) =c(2) -a=%- Me = hee 
gz 2%/ ~ ~“\2e ~4e 4c °° &444c © 
(8) 
Therefore, 
bo? — 4 
1 4 b ay. ac (9) 
x 2c 2c 
1 —b+ Vb? — 4ac 
== (10) 
x 2c 
2c 
= 11 
ier dae uy 


This form is helpful if 6? >> 4ac, in which case the usual 
form of the QUADRATIC FORMULA can give inaccurate 
numerical results for one of the Roots. This can be 
avoided by defining 


q=-} |o+ sgn (b)1/b? — dac | (12) 


so that 6 and the term under the SQUARE ROOT sign 
always have the same sign. Now, if b > 0, then 


q= —3(b+ Vb? — 4ac) (13) 


—2 b- Vb? —4ac  —2(b— Vb? — 4ac) 
b+ Vb? — 4ac b — Vb? — 4ac b? — (6? — 4ac) 
Cicer en ern 


4dac 2ac 


Qik 


(14) 


Quadratic Field 1479 
so 
m= 4 = ee eee = Aa ee (15) 
Pep nee J a A se (16) 
qd 2a 


Similarly, if b < 0, then 


q = —3(b— »/b? — 4ac) = $(-b + Vb? —4ac) (17) 


1 2 b+ Vb? —4ac  2(b+ Vb? — 4ac) 


q —b+Vb?—4acb+ Vb2—4ac —b? + (6? — ac) 
_ b+ Vt? —4ac  —b— Vb? — 4ac 


—2ac = 2ac : (18) 
so 
a 7 Ta 
ge q_ b+vVb 4ac (19) 
a 2a 
c —b— Vb? — 4ac 
T2= a = =—=—— 45.2" (20) 


Therefore, the ROOTS are always given by x1 = q/a and 
r2 = c/q.- 

see also CARLYLE CIRCLE, CONIC SECTION, CUBIC 
EQUATION, QUARTIC EQUATION, QUINTIC EQUATION, 
SEXTIC EQUATION 
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Quadratic Field 

An ALGEBRAIC INTEGER of the form a+ 6D where D 
is SQUAREFREE forms a quadratic field and is denoted 
Q(VD). If D > 0, the field is called a REAL QUAD- 
RATIC FIELD, and if D < 0, it is called an IMAGINARY 
QUADRATIC FIELD. The integers in Q(./1) are sim- 
ply called “the” INTEGERS. The integers in Q(/—1) 
are called GAUSSIAN INTEGERS, and the integers in 
Q(W—3) are called EISENSTEIN INTEGERS. The AL- 
GEBRAIC INTEGERS in an arbitrary quadratic field do 
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not necessarily have unique factorizations. For exam- 


ple, the fields Q(/—5) and Q(/—6) are not uniquely 
factorable, since 


21=3-7=(1+2V—5)(1 — 2V-5) (1) 
6 = —V6(V-6) = 2-3, (2) 


although the above factors are all primes within these 
fields. All other quadratic fields Q(WD ) with |D| < 7 
are uniquely factorable. 


Quadratic fields obey the identities 
(a+bVD) +(c+dVD) = (atc) +(btd)VD, (3) 


(a+bVD)(c+dVD) = (ac + bdD) + (ad+be)VD, (4) 


and 


A cae bc — ad VD. (5) 
et+td/VD @2-@D = c?—dD 


The INTEGERS in the real field Q(VD) are of the form 
rT + sp, where 


_ {VD for D = 2 or D = 3 (mod 4) (6 
p= 4(-1+ VD) for D = 1 (mod 4). ) 


There exist 22 quadratic fields in which there is a Evu- 
CLIDEAN ALGORITHM (Inkeri 1947). 


see also ALGEBRAIC INTEGER, EISENSTEIN INTEGER, 
GAUSSIAN INTEGER, IMAGINARY QUADRATIC FIELD, 
INTEGER, NUMBER FIELD, REAL QUADRATIC FIELD 
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Quadratic Form 
A quadratic form involving n REAL variables 21, 22,..., 
fn associated with the n x n MATRIX A = aj; is given 
by 

Q(z1,72,.-- 
where EINSTEIN SUMMATION has been used. Letting 


x be a VECTOR made up of 7, ..., Zn and x" the 
TRANSPOSE, then 


5A) = AijLitj, (1) 


Q(x) = x" Ax, (2) 


equivalent to 

Q(x) = (x, Ax) (3) 
in INNER PRODUCT notation. A BINARY QUADRATIC 
FORM has the form 


Q(x, y) = aia” + 2arzwy + az2y’. (4) 


Quadratic Formula 


It is always possible to express an arbitrary quadratic 
form 

Q(x) = aijxia; (5) 
in the form 


Q(x) = (x, Ax), (6) 


where A = ai; is a SYMMETRIC MATRIX given by 


On t=j 
ga hed 7 
ee ee +a) tj. (7) 


Any REAL quadratic form in n variables may be reduced 
to the diagonal form 


Q(x) = Arai? + Awe? +... 4+ AnTn? (8) 


with A, > A2 > ... > An by a suitable orthogonal 
point-transformation. Also, two real quadratic forms 
are equivalent under the group of linear transformations 
IFF they have the same RANK and SIGNATURE. 


see also DISCONNECTED FORM, INDEFINITE QUAD- 
RATIC FORM, INNER PRODUCT, INTEGER-MATRIX 
FORM, POSITIVE DEFINITE QUADRATIC FORM, POSI- 
TIVE SEMIDEFINITE QUADRATIC FORM, RANK (QUAD- 
RATIC FORM), SIGNATURE (QUADRATIC FORM), SYL- 
VESTER’S INERTIA LAW 
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Quadratic Formula 
The formula giving the Roots of a QUADRATIC Equa- 
TION 


az? +br+c=0 (1) 
as 
—b + Vb? — 4ac 
z=. (2) 
2a 
An alternate form is given by 
2c 
z=. 3 
—b + Vb? — 4ac (3) 


see also QUADRATIC EQUATION 


Quadratic Integral 


Quadratic Integral 
To compute integral of the form 


dz 
late (1) 


COMPLETE THE SQUARE in the DENOMINATOR to ob- 
tain 


i dz =if dz (2) 
areata 2} eed)" +(@-B) 


Let u = «z+ b/2c. Then define 


b? 1 1 
afta fo. =] dese ye 
c 4c? 4c? (ee ) 4c2 7 (3) 
where 
q = 4ac — 0? (4) 


is the NEGATIVE of the DISCRIMINANT. If g < 0, then 
A=2/~4 (5) 
~ Qe q 
Now use PARTIAL FRACTION DECOMPOSITION, 


ef wana ef Fat aa) 
6 


( Ay 4 A2 ) = Men As ete) 
utA u—-A u2 — A? 
_ {Al + Aa)u+ A(A2 — Ai) 7 
- Jus At iG) 


so Ag + Ai =O0-> Aa | —Aj and A(A2 — A1) — 
-2AA; =1=> A) = —1/(2A). Plugging these in, 


1 ( 1 1 4 1 1 ) du 
c 2AutA 2AU-A 


1 
= 5g, [-In(u + A) + In(u — A)] 


= so (44) 
2Ac utA 

1 m (Zig cee 
2(+) V-ae a+ez+iV-a 
1 n (Foti) 


7 /-@ 2cr +6+/-@ 


(8) 


for gq < 0. Note that this integral is also tabulated in 
Gradshteyn and Ryzhik (1979, equation 2.172), where 
it is given with a sign flipped. 
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Quadratic Invariant 
Given the BINARY QUADRATIC FORM 
2 2 
az” + 2bry + cy (1) 
with DISCRIMINANT b? — ae, let 
c= pX +qY (2) 
y=rxX +syY. (3) 


Then 


a(pX + qY)? + 2b(pX + qY)(rX + sY)+c(rX +sY)? 
= AX? 42BXY+CY", (4) 


where 
A = ap? + 2bpr +er? (5) 
B = apq + b(ps + gr) + ers (6) 
C = aq’ + 2bgs + cs’, (7) 
so 


B? — AC = [a?p*q? + b°(ps + qr)? + c?r’s? 
+ 2abpq(ps + gr) + 2acpgrs + 2bers(ps + qr)] 
— (ap’ + 2bpr + cr?)(aq’ + 2bgs + cs”) 
= a2p2q? + b? p's? + 2b? pgrs + b2q?r? + c?r?s? 
+ 2abp*qs + 2abpq’r + 2acpgrs + 2beprs” + 2beqr®s 
—a*p*q’ — 2abp*gs — acp’s* — 2abpq’r — 4b’ pars 


— Qbeprs* — acq’r® — 2begr*s — c*r*s” 
= b’p’s — 2b?pgrs + b’q?r” + 2acpgrs — acps” 
- acq’r” 


= p’s*(b — ac) + q’r?(b? — ac) — 2pqrs(b’ — ac) 
= (b” — ac)(p’s” — 2pqrs + q’r? 
= (ps — rq)*(b? — ac). (8) 


Surprisingly, this is the same discriminant as before, but 
multiplied by the factor (ps —rg)?. The quantity ps —rq 
is called the MODULUS. 


see also ALGEBRAIC INVARIANT 


Quadratic Irrational Number 
An IRRATIONAL NUMBER of the form 


P+VD 
Q 3 


where P and @ are INTEGERS and D is a SQUARE- 
FREE INTEGER. Quadratic irrational numbers are some- 
times also called QUADRATIC SURDS. In 1770, Lagrange 
proved that that any quadratic irrational has a CONTIN- 
UED FRACTION which is periodic after some point. 


see also CONTINUED FRACTION, QUADRATIC SURD 
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Quadratic Map 
A 1-D Map often called “the” quadratic map is defined 
by 

Inti = Zn’ +c. (1) 


This is the real version of the complex map defining 
the MANDELBROT SET. The quadratic map is called 
attracting if the JACOBIAN J < 1, and repelling if J > 1. 
FIXED POINTS occur when 


a = fa)? +e (2) 
(e™)? —2 +ce=0 (3) 
oP) = 2104+ V1—4e). (4) 


Period two FIXED POINTS occur when 


Ln+2 = Busi? +e- (2,.” + c)? +e 
= an* + 2can? + (c? +c) =an (5) 


av? +20 —24+(cx? +c) = (2? -—2+e)(2? +2+1+c) =0 
; (6) 
1-—4(1+c)] = $(14 V-3- 4c). (7) 


Period three FIXED POINTS occur when 


oc? =1a+ 


xo + 2° + (3c + 1a* + (2c+1)2° + (ce? +3c41)2” 
t(e+ 1)? a+(F4+2c? +ce4+1)=0. (8) 


The most general second-order 2-D MAP with an elliptic 
fixed point at the origin has the form 


az’ =xcosa—ysina+agoz” + airy +ao2y’ (9) 
y = axsina+ ycosat+ boon? + brizy + bozy?. (10) 
The map must have a DETERMINANT of 1 in order to be 
AREA preserving, reducing the number of independent 


parameters from seven to three. The map can then be 
put in a standard form by scaling and rotating to obtain 


zr = 2cosa— ysina+2’ sina (11) 


y' = xsina+ ycosa— 2x’ cosa. (12) 
The inverse map is 


gz=2 cosat+y sina (13) 


y = —2'sina+y' cosa +t (z2’ cosa + y' sina)’. (14) 
‘The FIXED POINTS are given by 
zi sin a + 2x; cosa — %-1 — %141 = 0 (15) 
fori=0,...,n-—1. | 


see also BOGDANOV Map, HENON Map, LOGISTIC 
Map, Lozi MAP, MANDELBROT SET 


Quadratic Reciprocity Theorem 


Quadratic Mean 
see ROOT-MEAN-SQUARE 


Quadratic Reciprocity Law 
see QUADRATIC RECIPROCITY THEOREM 


Quadratic Reciprocity Relations 


(+) =n (a) 


(2) = (-1)8?-D/8 (2) 


Pp 


Q\ _ { P \ ¢_yyl@-1)/2ia-1)/2] 
() (5) - ®) 


where (2) is the LEGENDRE SYMBOL. 
see also QUADRATIC RECIPROCITY THEOREM 


Quadratic Reciprocity Theorem 

Also called the AUREUM THEOREMA (GOLDEN THEO- 
REM) by Gauss. If p and gq are distinct ODD PRIMES, 
then the CONGRUENCES 


x* =q (mod p) 
x” = p (mod q) 


are both solvable or both unsolvable unless both p and q 
leave the remainder 3 when divided by 4 (in which case 
one of the CONGRUENCES is solvable and the other is 
not). Written symbolically, 


P\ (a) _ ¢_y)\@-@-v/4 
OC ee game 


p\_Jjl for 2? = p (mod q) solvable for x 
—1 for 2? =p (mod q) not solvable for z 


is known as a LEGENDRE SYMBOL. Legendre was the 
first to publish a proof, but it was fallacious. Gauss 
was the first to publish a correct proof. The quadratic 
reciprocity theorem was Gauss’s favorite theorem from 
NUMBER THEORY, and he devised many proofs of it over 
his lifetime. 


see also JACOBI SYMBOL, KRONECKER SYMBOL, LEG- 
ENDRE SYMBOL, QUADRATIC RESINUE, RECIPROCITY 
THEOREM 
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Quadratic Recurrence 


Quadratic Recurrence 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


A quadratic recurrence is a RECURRENCE RELATION on 
a SEQUENCE of numbers {z,,} expressing r, as a second 
degree polynomial in 2, with k <n. For example, 


En = Ln-1Ln-2 (1) 
is a quadratic recurrence. Another simple example is 
fn = (2n-1)" (2) 


with 2p = 2, which has solution z, = 2?" Another ex- 
ample is the number of “strongly” binary trees of height 
<n, given by 


Yn = (yn—1)° +1 (3) 
with yo = 1. This has solution 
Yn = |<?" ’ (4) 


where 


e= exp bs 2-9 in(a + | = 1.502836801... 


j=0 

(5) 
and || is the FLOOR FUNCTION (Aho and Sloane 1973). 
A third example is the closest strict underapproximation 
of the number 1, 


“<1 
n= a) (6) 
i=l 
where 1 < 21 < ... < Zn are integers. The solution is 
given by the recurrence 
Zn = (2n-1)? — 2n-1 +1, (7) 


with z1 = 2. This has a closed solution as 


Zn = |e + | (8) 
where 
, fone] 
d = 5V6 exp a In[1 + (22; — wah 
jel 
= 1.2640847353... (9) 


(Aho and Sloane 1973). A final example is the well- 
known recurrence 


a(e4iy =A (10) 


with co = O used to generate the MANDELBROT SET. 
see also MANDELBROT SET, RECURRENCE RELATION 
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Quadratic Residue 
If there is an INTEGER 2 such that 

x” =q (mod p), (1) 


then g is said to be a quadratic residue of x mod p. If 
not, g is said to be a quadratic nonresidue of « mod 
p. For example, 47 = 6 (mod 10), so 6 is a quadratic 
residue (mod 10). The entire set of quadratic residues 
(mod 10) are given by 1, 4, 5, 6, and 9, since 

2? =4 (mod 10) 


1? =1 (mod 10) 3? = 9 (mod 10) 


?=6 (mod 10) 5*=5 (mod 10) 6? =6 (mod 10) 


4 
77 =9 (mod 10) 8? =4 (mod 10) 9? =1 (mod 10) 


making the numbers 2, 3, 7, and 8 the quadratic non- 
residues (mod 10). 


A list of quadratic residues for p < 29 is given below 
(Sloane’s A046071), with those numbers < p not in the 
list being quadratic nonresidues of p. 


p Quadratic Residues 
1 (none) 
2 1 
3 1 
4 1 
5 1,4 
6 1,3,4 
7 1,2,4 
8 1,4 
9 1,4,7 
10 1,4, 5, 6,9 
11 1, 3,4, 5,9 
12 1,4,9 
13 1, 3, 4, 9, 10, 12 
14 1,2,4,7,8,9,11 
15 1,4, 6,9, 10 
16 1,4,9 
17 1, 2, 4, 8, 9, 13, 15, 16 
18 1,4, 7, 9, 10, 13, 16 
19 1,4, 5, 6,7, 9, 11, 16,17 
20 1,4, 5, 9, 16 


The UNiTs in the integers (mod n), Zn, which are 
SQUARES are the quadratic residues. 


Given an ODD PRIME p and an INTEGER a, then the 
LEGENDRE SYMBOL is given by 


a\ fl if a is a quadratic residue mod p (2) 
pj  \-1 otherwise. 


r'P-2)/2 = +1 (mod p), (3) 
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then r is a quadratic residue (+) or nonresidue (—). This 
can be seen since if r is a quadratic residue of p, then 
there exists a square x” such that r = x? (mod p), so 

pP-V/? = (q?)(P-1)/? = gP-) (mod p), (4) 


and x?! is congruent to 1 (mod p) by FERMAT’S LITTLE 
THEOREM. z is given by 


q*** (mod p) 


for p= 4k +83 

grit (mod p) (5) 
for p= 8k + 5 and q?*+1 =1 (mod p) 

(4q)*** (?3+) (mod p) 
for p = 8k +5 and qg***' = —1 (mod p). 


More generally, let g be a quadratic residue modulo an 
ODD PRIME p. Choose A such that the LEGENDRE SYM- 
BOL (h? — 4qg/p) = —1. Then defining 


WYW=h (6) 
Ve = h? = 2q (7) 
Vi = hVi-1 — QVi-2 for i > 3, (8) 
gives 
Vai = Vi? — 2q° (9) 
Vai4r = ViVier — hn’, (10) 


and a solution to the quadratic CONGRUENCE is 
p+l 
& = Vip+1)/2 =57 (mod p). (11) 


The following table gives the PRIMEs which have a given 
number d as a quadratic residue. 


d Primes 
—6 24k +1,5,7,11 
—5 20k+4+1,3,7,9 


-3 6k+1 
a ee) om 
-~1 4k+1 
2 8k+1 
3 12k+1 
5 10k+1 
6 24k+1,5 


Finding the CON TINUED FRACTION of a SQUARE RooT 
VD and using the relationship 


_ D-P,? 
Qn = Ont 


for the nth CONVERGENT P,,/Qn gives 


(12) 


Pi? = —Q,Qu—1 (mod D). (13) 


Quadratic Sieve Factorization Method 


Therefore, —QnQn-1 is a quadratic residue of D. But 
since Q1 = 1, —Q2 is a quadratic residue, as must be 
—Q2Q3. But since —Qz is a quadratic residue, so is Qs, 
and we see that (—1)"~'Q, are all quadratic residues 
of D. This method is not guaranteed to produce all 
quadratic residues, but can often produce several small 
ones in the case of large D, enabling D to be factored. 


The number of SQUARES s(n) in Zy is related to the 
number q{n) of quadratic residues in Z, by 


q(p") = s(p") — s(p"~”) (14) 


for n > 3 (Stangl 1996). Both g and s are MULTIPLICA- 
TIVE FUNCTIONS. 


see also EULER’S CRITERION, MULTIPLICATIVE FUNC- 
TION, QUADRATIC RECIPROCITY THEOREM, RIEMANN 
HYPOTHESIS 
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Quadratic Sieve Factorization Method 
A procedure used in conjunction with DIXON’sS FACTOR- 
IZATION METHOD to factor large numbers. The rs are 


chosen as 
[Vn] +, (1) 


where k = 1, 2,... and |x] is the FLOOR FUNCTION. 
We are then looking for factors p such that 


n=r’ (mod p), (2) 


which means that only numbers with LEGENDRE SyM- 
BOL (n/p) = 1 (less than N = w(d) for trial divisor d) 
need be considered. The set of PRIMES for which this 
is true is known as the Facror Base. Next, the Con- 
GRUENCES 

x? =n (mod p) (3) 
must be solved for each p in the FACTOR BASE. Fi- 
nally, a sieve is applied to find values of f(r) = r? —n 


Quadratic Surd 


which can be factored completely using only the FAc- 
TOR BASE. GAUSSIAN ELIMINATION is then used as in 
Drxon’s FACTORIZATION METHOD in order to find a 
product of the f(r)s, yielding a PERFECT SQUARE. 


The method requires about exp(./log n log logn ) steps, 
improving on the CONTINUED FRACTION FACTORIZA- 
TION ALGORITHM by removing the 2 under the SQUARE 
Root (Pomerance 1996). The use of multiple POLYNO- 
MIALS gives a better chance of factorization, requires a 
shorter sieve interval, and is well-suited to parallel pro- 
cessing. 


see also PRIME FACTORIZATION ALGORITHMS, SMOOTH 
NUMBER 
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Quadratic Surd 
see QUADRATIC IRRATIONAL NUMBER 


Quadratic Surface 
There are 17 standard-form quadratic surfaces. The 
general quadratic is written 


ax* + by? + cz? + 2fyz + 2gzx + 2haey 
4+2p2 + 2qgyt+2rz+d=0. (1) 


Define 

ah g 

e=|h b f (2) 
9 fe 
ah gp 
h b 

Beet oe (3) 
paq*frd 

pa = rank e (4) 

pa = rank EF (5) 

A = det EZ, (6) 
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and ki, ke, as k3 are the roots of 
a-Z h g 
h b-az f = 0. (7) 
9 f ca 
Also define 
KE 1 if the signs of nonzero ks are the same (8) 
~ LO otherwise. 
sgn 
Surface Equation Ps pa (A) k 
coincident planes 2? =0 1 1 
ellipsoid ($) e4e¢ee-13 4 4+ 1 
ellipsoid (R) s+H+e=1 384 - 1 
elliptic cone ($) iyu-4=0 3 3 1 
elliptic cone (R) Z2= x + v 3.3 0 
elliptic cylinder (S) 2 + we =-1 2 3 1 
elliptic cylinder (R) 3 + ut = 2 3 1 
elliptic paraboloid 2= 3 + v 2 4 — 1 
hyperbolic cylinder 3 = v =-l1 2 3 0 
hyperbolic paraboloid z2=8-8 24 + 0 
hyperboloid of one sheet a + a - 4 =1 3 4 + O 
hyperboloid of two sheets 5 a & = a =-13 4 - 0 
intersecting planes (S) = + S =0 2 2 1 
intersecting planes (R) s - ¥ =0 2 2 0 
parabolic cylinder 2’+2rz=0 1 3 
parallel planes (S) za? = —a? 1 2 
parallel planes (R) 2’ =a? 1 2 


see also CUBIC SURFACE, ELLIPSOID, ELLIPTIC CONE, 
ELLIPTIC CYLINDER, ELLIPTIC PARABOLOID, HYPER- 
BOLIC CYLINDER, HYPERBOLIC PARABOLOID, HYPER- 
BOLOID, PLANE, QUARTIC SURFACE, SURFACE 
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Quadratrix of Hippias 


The quadratrix was discovered by Hippias of Elias in 430 
BC, and later studied by Dinostratus in 350 BC (Mac- 
Tutor Archive). It can be used for ANGLE TRISECTION 
or, more generally, division of an ANGLE into any inte- 
gral number of equal parts, and CIRCLE SQUARING. In 
POLAR COORDINATES, 


ap = 2récsc@, 


so ae 
7 sin 
p= Omsing 


6 
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which is proportional to the COCHLEOID. 
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Quadrature 

The word quadrature has (at least) three incompati- 
ble meanings. Integration by quadrature either means 
solving an INTEGRAL analytically (i-e., symbolically in 
terms of known functions), or solving of an integral 
numerically (e.g., GAUSSIAN QUADRATURE, QUADRA- 
TURE FORMULAS). The word quadrature is also used 
to mean SQUARING: the construction of a square using 
only COMPASS and STRAIGHTEDGE which has the same 
AREA as a given geometric figure. If quadrature is pos- 
sible for a PLANE figure, it is said to be QUADRABLE. 


For a function tabulated at given values x; (so the AB- 
SCISSAS cannot be chosen at will), write the function @ 
as a sum of ORTHONORMAL FUNCTIONS p; satisfying 


b 
i: pi(2)p;(2)W(a) de = & (1) 
as oo 
$(2) = S° a;p;(2), (2) 
j=0 


and plug into 


b 
i $(x)W (a) dz = if Le = een ee de f(a) 


= Sw; f(a) (3) 
giving 
b oo n foe} 
/ So asp; (2)W (2) de = So wi >> aip;(2:) . (4) 
2 j=0 t=1 j=0 


But we wish this to hold for ail degrees of approximation, 
so 


a; | rs(e)W(a)de=0; wsle) 6) 


t=1 
b n 
if AW Gide Saas (20. (6) 


Setting 7 — 0 in (1) gives 


b&b 
Fl po(x)ps(2)W (x) dae = Sos. (7) 


Quadricorn 


The zeroth order orthonormal function can always be 
taken as po(x) = 1, so (7) becomes 


) pj(2)W (2) de = bo; 8) 
=> wip; (ei), (9) 


where (6) has been used in the last step. We therefore 
have the MATRIX equation 


po(r1) po(tn) wi 1 

pi(x1) Pi(zn) W2 0 
f= ].], @o) 

pn-1(21) Sees Wn 0 


which can be inverted to solve for the wis (Press et al. 
1992). 


see also CALCULUS, CHEBYSHEV-GAUSS QUADRATURE, 
CHEBYSHEV QUADRATURE, DERIVATIVE, FUNDAMEN- 
TAL THEOREM OF GAUSSIAN QUADRATURE, GAUSS- 
JACOBI MECHANICAL QUADRATURE, GAUSSIAN QUAD- 
RATURE, HERMITE-GAUSS QUADRATURE, HERMITE 
QUADRATURE, JACOBI-GAUSS QUADRATURE, JACOBI 
QUADRATURE, LAGUERRE-GAUSS QUADRATURE, LA- 
GUERRE QUADRATURE, LEGENDRE-GAUSS QUADRA- 
TURE, LEGENDRE QUADRATURE, LOBATTO QUADRA- 
TURE, MECHANICAL QUADRATURE, MEHLER QUADRA- 
TURE, NEWTON-COTES FORMULAS, NUMERICAL INTE- 
GRATION, RADAU QUADRATURE, RECURSIVE MONO- 
TONE STABLE QUADRATURE 
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Quadrature Formulas 
see NEWTON-COTES FORMULAS 


Quadric 
An equation of the form 
2 2 2 
— + ane + ~ =1, 
a®t+6@ b+0 c+ 


where @ is said to be the parameter of the quadric. 


Quadricorn 

A FLEXIBLE POLYHEDRON duc to C. Schwabe (with the 
appearance of having four horns) which flexes from one 
totally flat configuration to another, passing through in- 
termediate configurations of positive VOLUME. 


see also FLEXIBLE POLYHEDRON 


Quadrifolium 


Quadrifolium 


| 


The ROSE with n = 2. It has polar equation 
r = asin(26), 

and Cartesian form 

(2? + y’)? = 4a72y’. 


see also BIFOLIUM, FOLIUM, ROSE, TRIFOLIUM 


Quadrilateral 


B 


A four-sided POLYGON sometimes (but not very often) 
also known as a TETRAGON. If not explicitly stated, all 
four VERTICES are generally taken to lie in a PLANE. If 
the points do not lie in a PLANE, the quadrilateral is 
called a SKEW QUADRILATERAL. 


For a planar convex quadrilateral (left figure above), 
let the lengths of the sides be a, 6, c, and d, the 
SEMIPERIMETER s, and the DIAGONALS p and g. The 
DIAGONALS are PERPENDICULAR IFF a? +c? = b? +d’. 
An equation for the sum of the squares of side lengths 
is 

a® |b? | c? 1d? =p? 1 g? | 42, (1) 
where z is the length of the line joining the MIDPOINTS 
of the DIAGONALS. The AREA of a quadrilateral is given 
by 


K = jpqsin@ (2) 
= 1(b? + d? — a? — c”) tan (3) 
= }/4p?q? — (0? + d? — a? — c#)? (4) 


= [ls a)(s — b)(s — c)(s — d) — abedcos?[2(A + B)], 
(5) 
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where (4) is known as BRETSCHNEIDER’S FORMULA 
(Beyer 1987). 


A special type of quadrilateral is the CYCLIC QUADRI- 
LATERAL, for which a CIRCLE can be circumscribed so 
that it touches each VERTEX. For BICENTRIC quadri- 
laterals, the CIRCUMCIRCLE and INCIRCLE satisfy 


2r?(R? — 5?) = (R? — 57)? — 4r?5?, (6) 


where R is the CIRCUMRADIUS, r in the INRADIUS, and 
s is the separation of centers. A quadrilateral with two 
sides PARALLEL is called a TRAPEZOID. 


There is a relationship between the six distances diz, 
dis, dia, doz, doa, and daa between the four points of a 
quadrilateral (Weinberg 1972): 


O = dig*dga” + dis*doa” + dia*da3” + das *dia” 
+ d4di3 + dgadi2 
+ dyad33dgi + dizdzadar + digd3ada1 
+ digd3adi2 — dizd3gd3q — disd3z2doq 
— dindaadas — digdandog — di3d3ada2 
— Gadisd3o — dosdsidia — dardisdaa 
= d3adaidia ra da1diadag = d3idyoda4 


— d3pd31dy4. (7) 


see also BIMEDIAN, BRAHMAGUPTA’S FORMULA, BRET- 
SCHNEIDER’S FORMULA, COMPLETE QUADRILATERAL, 
CYCLIC-INSCRIPTABLE QUADRILATERAL, CYCLIC 
QUADRILATERAL, DIAMOND, EIGHT-POINT CIRCLE 
THEOREM, EQUILIC QUADRILATERAL, FANO’S AXIOM, 
LEON ANNE’S THEOREM, LOZENGE, ORTHOCENTRIC 
QUADRILATERAL, PARALLELOGRAM, PTOLEMY’S THE- 
OREM, RATIONAL QUADRILATERAL, RHOMBUS, SKEW 
QUADRILATERAL, TRAPEZOID, VARIGNON’S THEOREM, 
VON AUBEL’S THEOREM, WITTENBAUER’S PARALLEL- 
OGRAM 
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Quadrillion 
In the American system, 107°. 


see also LARGE NUMBER 


Quadriplanar Coordinates 
The analog of TRILINEAR COORDINATES for TETRAHE- 
DRA. 


see also TETRAHEDRON, TRILINEAR COORDINATES 
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Quadruple 

A group of four elements, also called a QUADRUPLET or 
TETRAD. 

see also AMICABLE QUADRUPLE, DIOPHANTINE QUAD- 
RUPLE, MONAD, PAIR, PRIME QUADRUPLET, Py- 
THAGOREAN QUADRUPLE, QUADRUPLET, QUINTUPLET, 
TETRAD, TRIAD, TRIPLE, TWINS, VECTOR QUADRU- 
PLE PRODUCT 


Quadruple Point 


A point where a curve intersects itself along four arcs. 
The above plot shows the quadruple point at the ORIGIN 
of the QUADRIFOLIUM (2x? + y*)® — 427y? = 0. 


see also DOUBLE POINT, TRIPLE POINT 
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Quadruplet 
see QUADRUPLE 


Quadtree 

A TREE having four branches at each node. Quadtrees 
are used in the construction of some multidimensional 
databases (e.g., cartography, computer graphics, and 
image processing). For a d-D tree, the expected num- 
ber of comparisons over all pairs of integers for success- 
ful and unsuccessful searches are given analytically for 
d = 2 and numerically for d > 3 by Finch. 
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Quarter 


Quantic 

An m-ary n-ic polynomial (i.e., a HOMOGENEOUS POLy- 
NOMIAL with constant COEFFICIENTS of degree n in m 
independent variables). 


see also ALGEBRAIC INVARIANT, FUNDAMENTAL SYS- 
TEM, p-ADIC NUMBER, SYZYGIES PROBLEM 


Quantifier 
One of the operations EXISTS 3 or FOR ALL V. 


see also BOUND, EXISTS, FoR ALL, FREE 


Quantization Efficiency 

Quantization is a nonlinear process which generates ad- 
ditional frequency components (Thompson et al. 1986). 
This means that the signal is no longer band-limited, so 
the SAMPLING THEOREM no longer holds. If a signal is 
sampled at the NYQUIST FREQUENCY, information will 
be lost. Therefore, sampling faster than the NYQUIST 
FREQUENCY results in detection of more of the signal 
and a lower signal-to-noise ratio [SNR]. Let 6 be the 
OVERSAMPLING ratio and define 


nen SNRauant 
NG SNRunquant ; 


Then the following table gives values of ng for a number 
of parameters. 


Quantization nQ nQ 
Levels (8 =1) | (6 =2) 
2 


’ The Very Large Array of 27 radio telescopes in Socorro, 


New Mexico uses three-level quantization at 8 = 1, so 
ne = 0.81. 
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Quantum Chaos 
The study of the implications of CHAOS for a system 
in the semiclassical (i.e., between classical and quantum 
mechanical) regime. 
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Quarter 
The UNIT FRACTION 1/4, also called one-fourth. It is 
the value of KOEBE’S CONSTANT. 


see also HALF, QUARTILE 


Quarter Squares Rule 


Quarter Squares Rule 
a+b\? a—b\? _ 
( 2 ) ~ ( 2 ) = 
Quartet 


A SET of four, also called a TETRAD. 
see also HEXAD, MONAD, QUINTET, TETRAD, TRIAD 


Quartic Curve 
A general plane quartic curve is a curve of the form 
Ax* + By? + Cx®y + Dz’y’? + Exy® + Far® + Gy?® 
+Ho’y+Iey’ + Je’? +Ky +Ley+Mr+Ny+O=0. 
(1) 
The incidence relations of the 28 bitangents of the gen- 
eral quartic curve can be put into a ONE-TO-ONE cor- 
respondence with the vertices of a particular POLYTOPE 
in 7-D space (Coxeter 1928, Du Val 1931). This fact is 
essentially similar to the discovery by Schoutte (1910) 
that the 27 SOLOMON’s SEAL LINES on a CUBIC SUR- 
FACE can be connected with a POLYTOPE in 6-D space 
(Du Val 1931). A similar but less complete relation ex- 
ists between the tritangent planes of the canonical curve 
of genus 4 and an 8-D PoLyTOPE (Du Val 1931). 


The maximum number of DOUBLE POINT's for a nonde- 
generate quartic curve is three. 


A quartic curve of the form 
y” = (@ — a)(z - €)(@ — y)(a - 6) (2) 
can be written 


(ag) ae Oe) 


(3) 
and so is CUBIC in the coordinates 
1 
= 4 
en (4) 
_ ¥y 
= re a2 7 (5) 


This transformation is a BIRATIONAL TRANSFORMA- 
TION. 


(a) 


(c) (d) 
Ww w 
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Let P and Q be the INFLECTION POINTS and RA and S 


the intersections of the line PQ with the curve in Figure 
(a) above. Then 


A=C (6) 
B=2A. (7) 


In Figure (b), let UV be the double tangent, and T the 
point on the curve whose z coordinate is the average of 
the x coordinates of U and V. Then UV||PQ||RS and 


D=F (8) 
E=vV2D. (9) 


In Figure (c), the tangent at P intersects the curve at 
W. Then 
G = 8B. (10) 


Finally, in Figure (d), the intersections of the tangents 
at P and Q are W and X. Then 


H =27B (11) 


(Honsberger 1991). 


see also CUBIC SURFACE, PEAR-SHAPED QOURVF, 
SOLOMON’S SEAL LINES 
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Quartic Equation 
A general quartic equation (also called a BIQUADRATIC 
EQuaATION) is a fourth-order POLYNOMIAL of the form 


24 + agz? + agz” +a1z+ag9 = 0. (1) 


The Roots of this equation satisfy NEWTON’S RELA- 
TIONS: 


vi +a@g+23+44=-a3 (2) 
122+ %1%3 4+ 2184+ Ler3 + eot4 + 3x4 =a2 (3) 
L1L2L3 + Lat3eq + TieL4 + T1T3ea = —a, (4) 


L1L2r3%4 = a0, (5) 


where the denominators on the right side are all a4 = 1. 


Ferrari was the first to develop an algebraic technique 
for solving the general quartic. He applied his technique 
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(which was stolen and published by Cardano) to the 
equation 
z* + 62° —60r+ 36=0 (6) 


(Smith 1994, p. 207). 


The x term can be eliminated from the general quartic 
(1) by making a substitution of the form 


z=2-,X, (7) 
so 


az’ + (a3 — 4A)2* + (a2 — 3a3d + 6A?) 2? 
+(a1 — 2a. + 3a3d7 — 4A*)a 
+(ao — a@1A + ard? — a3d* 4 A*). (8) 


Letting \ = a3/4 so 


Z=a@2- iA (9) 
then gives 
zt + pa? +qet+r, (10) 
where 
p=ar- Sa” (11) 
g =a, — $a2az + tas° (12) 
rT = a0 — 44143 + yya2a3” — 33543". (13) 


Adding and subtracting zu + u?/4 to (10) gives 
a* 4+ 27u+ 4u? —2?u— ju + pe? +qr+r=0, (14) 
which can be rewritten 
(x? — du)? — [(u— p)x” — qa + (jw —r)]=0 (15) 
(Birkhoff and Mac Lane 1965). The first term is a per- 


fect square P?, and the second term is a perfect square 
Q? for those u such that 


g =4(u p)(4u? r). (16) 


This is the resolvent CuBIC, and plugging a solution uz 
back in gives 


PQ =(P+Q)(P-Q), (17) 
so (15) becomes 
(2? + dur + Q)(2? + dm — Q), (18) 
where 
Q=Ar-B (19) 
A= Vu1 —p (20) 
B= = (21) 


Quartic Equation 


Let y, be a REAL Root of the resolvent CuBIc Equa- 
TION 


y a aay’ + (a1a3 = 4dao)y + (4a2a0 = ay" _ a3” a9) = 0. 

(22) 
The four RooTS are then given by the ROOTS of the 
equation 


x? + 4 (a3 + »/as? — 4az + 4y:) 


+3(u FV yi? — 4a0) =0, (23) 


which are 
zi = —fa3+4R+ 5D (24) 
z2 = —fa3 + sR -iD (25) 
z3 = —ja3—4R+3E (26) 
nee ee ees (27) 
where 
R= 1/793? -a+y (28) 
D= _ 7 
4/ $as2 — 2a2 + 24/1? — 4ao 
R=0 
(29) 
2 a3? ~ R? — 2a — + (dagaz — 8a; — a3*)R-1 
R+~0 
E= 
4/ Sas? — 2az2 — 24/41? — 4a 
R=0. 


(30) 


Another approach to solving the quartic (10) defines 


a = (#1 + 22)(a3 + ea) = —(a1 +22)? — (31) 
GB = (a1 + @3)(ao + 24) = —(21 + £3)? (32) 
y = (a1 + £4)(a2 + 23) = —(a2 + 23)’, (33) 


where use has been made of 
@ji+2%2+2%3+24=—0 (34) 


(which follows since as = 0), and 


A(z) = (x ~ a)(x — 8) (x — 7) (35) 
= 2° ~(a+6+7)2" + (a8 + ay + By)x - aBy. 
(36) 


Quartic Reciprocity Theorem 
Comparing with 


P(x) = 2° + px? +qu+r (37) 
= (@ - 21)(@ — we){w —23)(r — 24) (38) 


4 
x + | | Lik; x 


ifj 
ae (x1 + £2)(x1 + 3)(r_e + 23)z 
— £12903(r1 + £2 + 23), (39) 
gives 
h(x) = 2° — 2pe? = (p? —r)z+q’. (40) 


Solving this CUBIC EQUATION gives a, 3, and y, which 
can then be solved for the roots of the quartic 2; 
(Faucette 1996). 


see also CUBIC EQUATION, DISCRIMINANT (POLYNOM- 
IAL), QUINTIC EQUATION 
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Quartic Reciprocity Theorem 
Gauss stated the case n = 4 using the GAUSSIAN INTE- 
GERS. 


see also RECIPROCITY THEOREM 
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Quartic Surface 

An ALGEBRAIC SURFACE of ORDER 4. Unlike CUBIC 
SURFACES, quartic surfaces have not been fully classi- 
fied. 


see also BOHEMIAN DOME, BURKHARDT QUARTIC, 
CASSINI SURFACE, CUSHION, CYCLIDE, DESMIC SuR- 
FACE, KUMMER SURFACE, MITER SURFACE, PIRI- 
FORM, ROMAN SURFACE, SYMMETROID, TETRAHE- 
DROID, TOOTH SURFACE 
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Quartile 

One of the four divisions of observations which have 
been grouped into four equal-sized sets based on their 
RANK. The quartile including the top RANKED mem- 
bers is called the first quartile and denoted Qi. The 
other quartiles are similarly denoted Q2, Q3, and Qa. 
For N data points with N of the form 4n+5 (for n = 0, 
1, ...), the HINGES are identical to the first and third 
quartiles. 


see also HINGE, INTERQUARTILE RANGE, QUARTILE 
DEVIATION, QUARTILE VARIATION COEFFICIENT 


Quartile Deviation 


QD = $(Qs a Q1), 
where @1 and Qz are INTERQUARTILE RANGES. 
see also QUARTILE VARIATION COEFFICIENT 


Quartile Range 
see INTERQUARTILE RANGE 


Quartile Skewness Coefficient 
see BOWLEY SKEWNESS 


Quartile Variation Coefficient 


aan wa Qt 
te oe! 


where Q; and Qz are INTERQUARTILE RANGES. 


Quasiamicable Pair 
Let o(m) be the DIVISOR FUNCTION of m. Then two 
numbers m and n are a quasiamicable pair if 


o(m) =o(n)=m+n41. 


The first few are (48, 75), (140, 195), (1050, 1925), 
(1575, 1648), ... (Sloane’s A005276). Quasiamicable 
numbers are sometimes called BETROTHED NUMBERS 
or REDUCED AMICABLE PAIRS. 


see also AMICABLE PAIR 
References 


Beck, W. E. and Najar, R. M. “More Reduced Amicable 
Pairs.” Fib. Quart. 15, 331-332, 1977. 


1492 Quasiconformal Map 


Guy, R. K. “Quasi-Amicable or Betrothed Numbers.” §B5 in 
Unsolved Problems in Number Theory, 2nd ed. New York: 
Springer-Verlag, pp. 59-60, 1994. 

Hagis, P. and Lord, G. “Quasi-Amicable Numbers.” Math. 
Comput. 31, 608-611, 1977. 

Sloane, N. J. A. Sequence A005276/M5291 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Quasiconformal Map | 
A generalized CONFORMAL Map. 


see also BELTRAMI DIFFERENTIAL EQUATION 
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Quasigroup 
A GROUPOID S such that for all a,b € S, there exist 
unique x,y € S such that 


ar = 


ya = 


No other restrictions are applied; thus a quasigroup need 
not have an IDENTITY ELEMENT, not be associative, etc. 
Quasigroups are precisely GROUPOIDS whose multiplica- 
tion tables are LATIN SQUARES. A quasigroup can be 
empty. 

see also BINARY OPERATOR, GROUPOID, LATIN 
SQUARE, Loop (ALGEBRA), MONOID, SEMIGROUP 
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Quasiperfect Number 
A least ABUNDANT NUMBER, i.e., one such that 


a(n) = 2n+4+1. 


Quasiperfect numbers are therefore the sum of their non- 
trivial Divisors. No quasiperfect numbers are known, 
although if any exist, they must be greater than 10*° 
and have seven or more DIVISORS. Singh (1997) called 
quasiperfect numbers SLIGHTLY EXCESSIVE NUMBERS. 


see also ABUNDANT NUMBER, ALMOST PERFECT NUM- 
BER, PERFECT NUMBER 
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Quasiperiodic Function 


see WEIERSTRAB SIGMA FUNCTION, WEIERSTRAB 
ZETA FUNCTION 


Quasiregular Polyhedron 


Quasiperiodic Motion 
The type of motion executed by a DYNAMICAL SYSTEM 
containing two incommensurate frequencies. 


Quasirandom Sequence 

A sequence of n-tuples that fills n-space more uniformly 
than uncorrelated random points. Such a sequence is 
extremely useful in computational problems where num- 
bers are computed on a grid, but it is not known in ad- 
vance how fine the grid must be to obtain accurate re- 
sults. Using a quasirandom sequence allows stopping at 
any point where convergence is observed, whereas the 
usual approach of halving the interval between subse- 
quent computations requires a huge number of compu- 
tations between stopping points. 


see also PSEUDORANDOM NUMBER, RANDOM NUMBER 
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Quasiregular Polyhedron 

A quasiregular polyhedron is the solid region inte- 
rior to two DUAL regular polyhedra with SCHLAFLI 
SyYMBOLS{p, g} and {g,p}. Quasiregular polyhedra are 
denoted using a SCHLAFLI SYMBOL of the form {?}, 


with 
ata ® 


Quasiregular polyhedra have two kinds of regular faces 
with each entirely surrounded by faces of the other kind, 
equal sides, and equal dihedral angles. They must sat- 
isfy the Diophantine inequality 


Or ae 
=4+=+4+=>1 (2) 
pPoq 


But p,q > 3, so r must be 2. This means that the possi- 
ble quasiregular polyhedra have symbols { ie { : hs and 


{2}. Now 
{3} = 14 (3) 


is the OCTAHEDRON, which is a regular PLATONIC SOLID 
and not considered quasiregular. This leaves only two 
convex quasiregular polyhedra: the CUBOCTAHEDRON 
{3} and the IcosIDODECAHEDRON {3}. 


If nonconvex polyhedra are allowed, then additional 
quasiregular polyhedra are the GREAT DODECAHEDRON 
{5,2} and the GREAT ICOSIDODECAHEDRON {3, 3} 
(Hart). 


For faces to be equatorial {h}, 


h=V/4N,4+1 —1. (4) 


Quasirhombicosidodecahedron 


The EDGES of quasiregular polyhedra form a system 
of GREAT CIRCLES: the OCTAHEDRON forms three 
SQUARES, the CUBOCTAHEDRON four HEXAGONS, and 
the ICOSIDODECAHEDRON six DECAGONS. The VER- 
TEX FIGURES of quasiregular polyhedra are RHOMBUSES 
(Hart). The EDGES are also all equivalent, a prop- 
erty shared only with the completely regular PLATONIC 
SOLIDS. 


see also CUBOCTAHEDRON, GREAT DODECAHEDRON, 
GREAT ICOSIDODECAHEDRON, ICOSIDODECAHEDRON, 
PLATONIC SOLID 
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Quasirhombicosidodecahedron 
see GREAT RHOMBICOSIDODECAHEDRON (UNIFORM) 


Quasirhombicuboctahedron 
see GREAT RHOMBICUBOCTAHEDRON (UNIFORM) 


Quasisimple Group 
A FINITE Group L is quasisimple if L = [L,L] and 
L/Z(ZL) is a SIMPLE GROUP. 


see also COMPONENT, FINITE GROUP, SIMPLE GROUP 


Quasithin Theorem 

In the classical quasithin case of the QUASI-UNIPOTENT 
PROBLEM, if G does not have a “strongly embedded” 
SUBGROUP, then G is a Group of LIE-TYPE in charac- 
teristic 2 of Lie RANK 2 generated by a pair of parabolic 
SUBGROUPS P; and P2, or G is one of a short list of 
exceptions. 


see also LIE-TYPE GROUP, QUASI-UNIPOTENT PROB- 
LEM 


Quasitruncated Cuboctahedron 
see GREAT TRUNCATED CUBOCTAHEDRON 


Quasitruncated Dodecadocahedron 
see TRUNCATED DODECADODECAHEDRON 


Quasitruncated Dodecahedron 
see TRUNCATED DODECAHEDRON 


Quasitruncated Great Stellated 
Dodecahedron 


see GREAT STELLATED TRUNCATED DODECAHEDRON 
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Quasitruncated Hexahedron 
see STELLATED TRUNCATED HEXAHEDRON 


Quasitruncated Small Stellated 
Dodecahedron 
see SMALL STELLATED TRUNCATED DODECAHEDRON 


Quasi-Unipotent Group 

A Group G is quasi-unipotent if every element of G of 
order p is UNIPOTENT for all PRIMES p such that G has 
p-RANK > 3. 


Quasi-Unipotent Problem 
see QUASITHIN THEOREM 


Quaternary 

The BaSE 4 method of counting in which only the Dic- 
Its 0, 1, 2, and 3 are used. These DIGITS have the 
following multiplication table. 


see also BASE (NUMBER), BINARY, DECIMAL, HEXA- 
DECIMAL, OCTAL, TERNARY 
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Quaternary Tree 
see QUADTREE 


Quaternion 

A member of a noncommutative DIVISION ALGEBRA 
first invented by William Rowan Hamilton. The quater- 
nions are sometimes also known as HYPERCOMPLEX 
NUMBERS and denoted H. While the quaternions are 
not commutative, they are associative. 


The quaternions can be represented using complex 2 x 2 
MATRICES 


z w a+ib c+tid 
u=| 5. meas soe (1) 


where z and w are COMPLEX NUMBERS, a, 5, c, and 
d are REAL, and z* is the COMPLEX CONJUGATE of 
z. By analogy with the COMPLEX NUMBERS being rep- 
resentable as a sum of REAL and IMAGINARY PARTS, 
a-1+ 02, a quaternion can also be written as a linear 
combination 


H=aU+bl+cJ+dK (2) 
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of the four matrices 


“B] 
=) 2) (4) 
122 9] (5) 
k=? ahi (6) 


(Note that here, U is used to denote the IDENTITY Ma- 
TRIX, not I.) The matrices are closely related to the 
PAULI SPIN MATRICES oz, oy, Gz, combined with the 
IDENTITY MATRIX. From the above definitions, it fol- 
lows that 


= —-U (7) 
= -U (8) 
K? = -U. (9) 


Therefore 1, J, and K are three essentially different so- 
lutions of the matrix equation 


yee 1 (10) 


which could be considered the square roots of the nega- 
tive identity matrix. 


In R*, the basis of the quaternions can be given by 


0 1 0 0 
21S 1: 20> 80 
SG. tr. at G1) 
0 0 tO 
6.0 <0: 4 
J. | 0 Os 20 
a te Oe a) 
1 Oy OS 40 
Oo 4s oi! 0 
J POO 201 
ats ips "to 20 G3) 
0-1 0 0 
1000 
_{0 1 0 0 
2) ee (14) 
0001 


The quaternions satisfy the following identities, some- 
times known as HAMILTON’S RULES, 


f= =k? =-1 (15) 


ij=—ji=k (16) 
jk=—-kj =i (17) 


Quaternion 


ki = —ik = j. (18) 


They have the following multiplication table. 


1 i fj k 
1/1 i j k 
@[¢@ -1 k —j 
j |g —-k -1 a 
k |k j -—i -1 


The quaternions +1, +i, +j, and +k form a non-Abelian 
Group of order eight (with multiplication as the group 
operation) known as Qs. 


The quaternions can be written in the form 
@= 414+ a2i+ a3j + aak. (19) 
The conjugate quaternion is given by 
a” = a1 — Q2i — asj — aak. (20) 
The sum of two quaternions is then 
a+b = (ai +b1)+(a2+b2)i+(a3+bs)j+(aat+ba)k, (21) 
and the product of two quaternions is 


ab = (a1bi — azb2 — agb3 — agba) 
+ (aib2 + a@2b1 + a3b4 — aabs)i 
+ (a1b3 — azb4 + agb] + agbe)j 
+ (a1b4 + a2b3 — ag3b2 + a4by)k, (22) 


so the norm is 


n(a) = Vaa* = Vata = Vai? + a2? +432 + 442. 

(23) 
In this notation, the quaternions are closely related to 
Four-VECTORS. 


Quaternions can be interpreted as a SCALAR plus a VEC- 
TOR by writing 


a= a, + a2i+a3j + ask = (a1, a), (24) 


where a = [a2 a3 44]. In this notation, quaternion mul- 
tiplication has the particularly simple form 


q1qz2 = (si, V1) 7 (s2, v2) 


= ($182 — V1 + V2,$1V2 + $2V1 + V1 X V2). (25) 


Division is uniquely defined (except by zero), so quater- 
nions form a DIVISION ALGEBRA. The inverse of a 
quaternion is given by 


* 


aT: a 
= —<—<$—. 2 
=, (26) 
and the norm is multiplicative 
n{ab) = n(a)n(b). (27) 


Quaternion 


In fact, the product of two quaternion norms immedi- 
ately gives the EULER FOUR-SQUARE IDENTITY. 


A rotation about the UNIT VECTOR fi by an angle @ can 
be computing using the quaternion 


q — (8, v) = (cos(46), asin(34)) (28) 


(Arvo 1994, Hearn and Baker 1996). The components of 
this quaternion are called EULER PARAMETERS. After 
rotation, a point p = (0, p) is then given by 


p' = qpq' = 4979"; (29) 


since n(q) = 1. A concatenation of two rotations, first 
qi and then gz, can be computed using the identity 


g2(qipqi)a2 = (q291)p(qia2) = (a291)P(qeqi)" (30) 


(Goldstein 1980). 


see also BIQUATERNION, CAYLEY-KLEIN PARAMETERS, 
COMPLEX NUMBER, DIVISION ALGEBRA, EULER PaA- 
RAMETERS, FOUR- VECTOR, OCTONION 
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Quattuordecillion 
In the American system, 10*°. 


see also LARGE NUMBER 


Queens Problem 


What is the maximum number of queens which can be 
placed on an n Xn CHESSBOARD such that no two attack 
one another? The answer is n queens, which gives eight 
queens for the usual 8 x 8 board (Madachy 1979). The 
number of different ways the n queens can be placed on 
an n X n chessboard so that no two queens may attack 
each other for the first few n are 1, 0, 0, 2, 10, 4, 40, 92, 
... (Sloane’s A000170, Madachy 1979). The number of 
rotationally and reflectively distinct solutions are 1, 0, 
0, 1, 2, 1, 6, 12, 46, 92, ... (Sloane’s A002562; Dudeney 
1970; p. 96). The 12 distinct solutions for n = 8 are 
illustrated above, and the remaining 80 are generated 
by ROTATION and REFLECTION (Madachy 1979). 


1496 Queens Problem 


The minimum number of queens needed to occupy or 
attack all squares of an 8 x 8 board is 5. Dudeney (1970, 
pp. 95-96) gave the following results for the number of 
distinct arrangements N,(k,n) of k queens attacking or 
occupying every square of an n xn board for which every 
queen is attacked (“protected”) by at least one other. 


k Queens nxn N,(k,n) 


2 4 3 
3 5 37 
3 6 1 
4 7 5 


Dudeney (1970, pp. 95-96) also gave the following re- 
sults for the number of distinct arrangements N,(k,n) 
of k queens attacking or occupying every square of an 
nxn board for which no two queens attack one another 


(they are “not protected”). 
k Queens nxn WN.i(k,n) 
1 2 1 
1 3 1 
3 4 2 
3 5 2 
4 6 17 
4 7 1 
5 8 91 


Vardi (1991) generalizes the problem from a square 
chessboard to one with the topology of the Torus. The 
number of solutions for n queens with n ODD are 1, 0, 
10, 28, 0, 88, ... (Sloane’s A007705). Vardi (1991) also 
considers the toroidal “semiqueens” problem, in which 
a semiqueen can move like a rook or bishop, but only on 
PosITIvE broken diagonals. The number of solutions to 
this problem for n queens with n ODD are 1, 3, 15, 133, 
2025, 37851, ... (Sloane’s A006717), and 0 for EVEN n. 


Chow and Velucchi give the solution to the question, 
“How many different arrangements of k queens are pos- 
sible on an order n chessboard?” as 1/8th of the COEF- 


2 . 
FICIENT of a*6” —* in the POLYNOMIAL 


(a +b)" + 2(a + d)"(a? + B?)(m*- 99/2 
+3(a? + 62)"7/2 + 2(a4 + of)n?/4 
nm even 
(a +b)” + 2(a + d)(at + BA)? -Y/4 
+(at b)(a? + B2)i*-1)/2 
+4(a t+ 6)" (a? + B2)0"-"/? xn odd. 


p(a, b, n) = 


Velucchi also considers the nondominating queens prob- 
lem, which consists of placing n queens on an order 
n chessboard to leave a maximum number U(n) of 
unattacked vacant cells. The first few values are 0, 0, 0, 
1, 3, 5, 7, 11, 18, 22, 30, 36, 47, 56, 72, 82,... (Sloane’s 
A001366). The results can be generalized to k queens 
on an n X n board. 


Queue 


see also BISHOPS PROBLEM, CHESS, KINGS PROBLEM, 
KNIGHTS PROBLEM, KNIGHT’S TOUR, ROOKS PROB- 
LEM 
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Queue 

A queue is a special kind of LisT in which elements 
may only be removed from the bottom by a POP action 
or added to the top using a PUSH action. Examples 
of queues include people waiting in line, and submitted 
jobs waiting to be printed on a printer. The study of 
queues is called QUEUING THEORY. 


see also LIST, QUEUING THEORY, STACK 


Queuing Theory 


Queuing Theory 
The study of the waiting times, lengths, and other prop- 
erties of QUEUES. 
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Quicksort 

The fastest known SORTING ALGORITHM (on average, 
and for a large number of elements), requiring O(n lg n) 
steps. Quicksort is a recursive algorithm which first 
partitions an array {a:}%., according to several rules 
(Sedgewick 1978): 


1. Some key v is in its final position in the array (i.e., 
if it is the jth smallest, it is in position a;). 
2. All the elements to the left of a; are less than or equal 


to a;. The elements ai, a2, ..., @j~1 are called the 
“left subfile.” 


3. All the elements to the right of a; are greater than 
or equal to a;. The elements aj41, ..., @n are called 
the “right subfile.” 


Quicksort was invented by Hoare (1961, 1962), has 
undergone extensive analysis and scrutiny (Sedgewick 
1975, 1977, 1978), and is known to be about twice as 
fast as the next fastest SORTING algorithm. In the worst 
case, however, quicksort is a slow n? algorithm (and for 
quicksort, “worst case” corresponds to already sorted). 


see also HEAPSORT, SORTING 
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Quillen-Lichtenbaum Conjecture 

A technical CONJECTURE which connects algebraic k- 
THEORY to Etale cohomology. The conjecture was made 
more precise by Dwyer and Friedlander (1982). Thoma- 
son (1985) established the first half of this conjecture, 
but the entire conjecture has not yet been established. 
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Quincunx 

The pattern $+? of dots on the “5” side of a 6-sided DIE. 
The word derives from the Latin words for both one and 
five. 


see also DICE 
References 


Conway, J. H. and Guy, R. K. The Book of Numbers. New 
York: Springer-Verlag, pp. 9 and 22, 1996. 


Quindecillion 
In the American system, 104°. 


see also LARGE NUMBER 


Quintet 
A SET of five. 


see also HEXAD, MONAD, QUARTET, TETRAD, TRIAD 


Quintic Equation 

A general quintic cannot be solved algebraically in terms 
of finite additions, multiplications, and root extractions, 
as rigorously demonstrated by Abel and Galois. 


Euler reduced the general quintic to 
x” —10gx” —~p=0. (1) 


A quintic also can be algebraically reduced to PRINCIPAL 
QUINTIC FORM 


go +agz’ +ai2+ a9 =0. (2) 


By solving a quartic, a quintic can be algebraically re- 
duced to the BRING QUINTIC FORM 


2 —2-—a=0, (3) 


as was first done by Jerrard. 


Consider the quintic 


4 
[[ le - wu + wu2)] = 0, (4) 
j=0 

where w = e?7*/5 and uy and ue are COMPLEX NUM- 


BERS. This is called DE MOIVRE’S QUINTIC. Generalize 
it to 


4 
[I — (wir +w%u2 + wus +w*ug)}=0. (5) 


j=0 
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Expanding, 


(wir + wus + wuz + w*7u4)° 
—5U (wlur + wus + wus + w*u4)4 
—5V (wir + wus + we ug + ws)? 
+5W (war + ww ug + wus + wu) 
+(5(X —Y)—Z]=0, (6) 


where 
U = wiv, + u2us (7) 
V = uiue? + ugua? + usui? + uses” (8) 


2 2. 2 3 3 
WwW = ta? us + u2° Ug” — U1 U2 — U2 U4 — us? U4 
3 
— U4 U3 — U1U2U3U4 (9) 
3 3 3 3 
X = ur ugugs + ue uius + us’ ueta + us urue (10) 


2. 2 2. 2 2. 2 2.2 
Y = uruz ua + ue ug” + uguea ua” + Ua” U2 


(11) 

Z = ur? + u2® +u3° + ua. (12) 
The us satisfy 

Uuzu4g + UQuU3 = 0 (13) 

uu2? + usua? + ugur? + usus” = 0 (14) 


2. 2 2. 3 3 3 3 3 
Ul U4 + U2 UZ — U1 Ug — U2 U4 — UZ UL — U4 UZ 


— U1uz2U3u4 = ta (15) 
5[(ui°usua + u2°uius + us ugua + U4 Uta) 

— (uru3?ua? + tot us” + ugu2 Us? + Uats U2")] 

— (ur® + u2® + ug” + u4®) = b. (16) 


Spearman and Williams (1994) show that an irreducible 
quintic 
zr +axr+b=0 (17) 


with RATIONAL COEFFICIENTS is solvable by radicals 
IrF there exist rational numbers « = +1, c > 0, and 
e # 0 such that 


4 
es 5e’ (3 — dec) 


1 
ee (18) 
—4e°(1le + 2c) 
6 = 19 
een (19) 
The ROOTS are then 
aj = e(wlur + ww u2 + wus + wu), (20) 
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where 
. 1/5 
w= ( os) (21) 
us? ue 1/5 
a= (2534) (22) 
1/5 
us = es (23) 
va? 1/5 
ug = ( mw) (24) 


v1 =VD+VD-eVvD (25) 
m =-VD-VD+eVD (26) 
v3 = -VD+VD+eVD (27) 
ve —-VD-VD-eVD (28) 


D=c? +1. (29) 
The general quintic can be solved in terms of THETA 
FUNCTIONS, as was first done by Hermite in 1858. Kron- 
ecker subsequently obtained the same solution more sim- 


ply, and Brioshi also derived the equation. To do so, 
reduce the general quintic 


asx” + agx* + agx* + aor” + aiz+ao =0 (30) 


into BRING QUINTIC FORM 


2 —2r+p=0. (31) 
Then define 
= zee 16 

k= tan E sin (4) (32) 

—_ J —sgn(S[p]) for Rip] = 0 
{ sen(R[p]) for Rip] zo 9) 
a 34 
~ 2-58/4,/k(1 — k?) ae 
q= q(k?) = et 1 (k2)/ K(k?) | (35) 


where k is the MopuLUS, m = k? is the PARAMETER, 
and q is the NOME. Solving 


q(m) = eit K'(m)/K(m) (36) 


for m gives the inverse parameter 


24 (q) (37) 


m(a) = Faq) 


Quintic Equation 
The ROOTS are then given by 


eon (—1)9/4b{[m(e7 27/8 gh 5/8 
+i[m(e27#/5 g1/5))2/8} 


—4ni/5 gl®yy/8 + Ani/S G/B) 11/84 


x {[m(e + [m(e 
x{[m(q q°/°(q?)~*/? tm(q?)]*/?} (38) 
Baez b{ —[m(qh/5)}*/8 4 88/4 ey ( e245 gi/5y1/8y 
x {e737/4[m(e~ 274/58 gt/8y 1/8 a i[m(e47#/5gi/8))1/8} 
x {ifm(e 47/5 q2/® 9/8 4 g?/2(q?) */8 Img? )]*/9} 
(39) 


1/5 yi1/8 


<= bfe~27#/4 yn (e2*4/5 gh/8y]1/8 


— ifn (e485 gh) )78) }{—[n(qh/® 8 
~i[m(et™*/5 q)/*)}/8} 
x {e87/4[m(e?*#/5gl/8)]1/8 q?/®(q° = 1/8 fn (q>))*/8} 
(40) 
wa = b{lmn(q'/®)]!/* — sfrn(en*"*/%ql/*)/8)} 
Smi/4 Fy (271/58 gi/8)]1/8 * i[m(e4**/5 g!/8)]2/8} 
xf{e me 27#/5 gh/5 11/8 
9° (4)- f(a? 9} (41) 
5 = b{[m(qh/5)}1/8 4 St  (e7 2787/5 g1/5y 11/84 
x {—28 4m (e248 gh /8)]1/8 4 i[m(e~47#/8 q1/® 13/84 
%{(—afma]ef 12g? /P YE + G78 (q?) 2m? ))"/}.- 
(42) 


x{-e 
mia | 


Felix Klein used a TSCHIRNHAUSEN TRANSFORMATION 
to reduce the general quintic to the form 


z° +5az” +5bz2+c=0. (43) 
He then solved the related ICOSAHEDRAL EQUATION 


I(z,1,Z) = 2°(-14 112° + z'°)§ 
—(1 + 2° — 10005(z?° + 27°) + 522(—z° + 2*)]?Z = 0, 
(44) 


where Z is a function of radicals of a, 6, and c. The 
solution of this equation can be given in terms of Hy- 
PERGEOMETRIC FUNCTIONS as 
1/60 1 29 4 
Z-/° F(A, B®, 4,1728Z) 


Z11/605 Fy (24, 2, $,1728Z) 


(45) 


Another possible approach uses a series expansion, 
which gives one root (the first one in the list below) 
of 

&—t—p. (46) 
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All five roots can be derived using differential equations 
(Cockle 1860, Harley 1862). Let 


F,(p) = Fo(p) (47) 
Fa (0) = aFs(§. 9581553) a 43 gee?) (48) 


Pole) = «(o> 3: e335, 8; B28 ot ) (49) 


4 
F4(p) = aF3(3 Io? 2,34, 388,37; 8p ), (50) 


then the ROOTS are 


t= —paPslgy§s $55) 9) 40a) gee) (51) 
te = —Fi(p) + $pFo(p) + &p’ Fa(p) + 30° Fa(p) 
(52) 
ts = —Fi(p) + GeF2(e) — He’ Fs(p) + He Fale) 
(53) 
ts = —iFi(p) + 4pF2(p) — Sip’ Fs(p) — He’ Fao) 
(54) 
ts = iFi(p) + 4pF2(0) + Sip’ Fs(p) — Xp° Fa(p). 
(55) 


This technique gives closed form solutions in terms of 
HYPERGEOMETRIC FUNCTIONS in one variable for any 
POLYNOMIAL equation which can be written in the form 


ze? +bri +e. (56) 


Cadenhad, Young, and Runge showed in 1885 that all 


irreducible solvable quintics with COEFFICIENTS of z*, 


z*, and z* missing have the following form 


5 , 5u*(4v + 3) AyP(2v + 1)(4v +3) _ 
ie eae re aa ve +1 pehey) 


where yp and v are RATIONAL. 


see also BRING QUINTIC FORM, BRING-JERRARD QUIN- 
Tic FORM, CUBIC EQUATION, DE MOIVRE’S QUIN- 
TIC, PRINCIPAL QUINTIC FORM, QUADRATIC EQUA- 
TION, QUARTIC EQUATION, SEXTIC EQUATION 
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Quintic Surface 

A quintic surface is an ALGEBRAIC SURFACE of degree 
5. Togliatti (1940, 1949) showed that quintic surfaces 
having 31 ORDINARY DOUBLE POINTS exist, although 
he did not explicitly derive equations for such surfaces. 
Beauville (1978) subsequently proved that 31 double 
points was the maximum possible, and quintic surfaces 
having 31 ORDINARY DOUBLE POINTS are therefore 
sometimes called TOGLIATTI SURFACES. van Straten 
(1993) subsequently constructed a 3-D family of solu- 
tions and in 1994, Barth derived the example known as 
the DERVISH. 


see also ALGEBRAIC SURFACE, DERVISH, KISS SUR- 
FACE, ORDINARY DOUBLE POINT 
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Astérisque 


Quintillion 
In the American system, 10?°. 
see also LARGE NUMBER 


Quintuple 
A group of five elements, also called a QUINTUPLET or 
PENTAD. 


see also MONAD, PAIR, PENTAD, QUADRUPLE, QUAD- 
RUPLET, QUINTUPLET, TETRAD, TRIAD, TRIPLET, 
TWINS 


Quintuplet 


Quintuple Product Identity 
A.k.a. the WATSON QUINTUPLE PRODUCT IDENTITY. 


[]@- aa - 2a") - 27a) 2a") 


n=l 
oo 
x(1 =, gag) = > (2 = gt geet ys: 
m=—0o 
(1) 
It can also be written 
Tle an _ gg" *z)(1 = get) 
x(l1-—q 4n-—3 2)(1—- ge 4 z?) 


3 go?” —27((,88 4 2-8ny _ (289-24 2-2-4) yy (2) 


n=—oo 


or 


oo 
aL2 
S ayy —*)/223k (1 +. 2g") 


k=— oo 


= TI 1-_)(1t+z _ q@)(1+2q~*) 


j=l 
x(1+ 277g" )(1 +2791). (3) 


Using the NOTATION of the RAMANUJAN THETA FUNC- 
TION (Berndt, p. 83), 


B? f (q/B*, B’q°) 
as 2 f(—B?, —q?/B?) 
=e) f(Ba,q/B) — (4) 


f(B°/q,¢°/B*) - 


see also JACOBI TRIPLE PRODUCT, RAMANUJAN THETA 
FUNCTIONS 
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Quintuplet 
A group of five elements, also called a QUINTUPLE or 
PENTAD. 


see also MONAD, PAIR, PENTAD, QUADRUPLE, QUAD- 
RUPLET, QUINTUPLET, TETRAD, TRIAD, TRIPLET, 
TWINS 


Quota Rule 


Quota Rule 
A RECURRENCE RELATION between the function Q aris- 
ing in QUOTA SYSTEMS, 


Q(n,r) = Q(n —1,r —-1) + Q(n— 1,7). 
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Quota System 

A generalization of simple majority voting in which a list 
of quotas {qo,..., qn} specifies, according to the number 
of votes, how many votes an alternative needs to win 
(Taylor 1995). The quota system declares a tie unless 
for some k, there are exactly k tie votes in the profile 
and one of the alternatives has at least g, votes, in which 
case the alternative is the choice. 


Let Q(n) be the number of quota systems for n voters 
and Q(n,r) the number of quota systems for which go = 
r+1,so 


Qny= So aian= (2th): 


r=[n/2]| 


where |x| is the FLOOR FUNCTION. This produces the 
sequence of CENTRAL BINOMIAL COEFFICIENTS 1, 2, 3, 
6, 10, 20, 35, 70, 126, ... (Sloane’s A001405). It may 
be defined recursively by Q(0) = 1 and 


_ J 2Q(n) for n even 
Qn l= { 2Q(n) —Cin+iy/2 for n odd, 


where Cy is a CATALAN NUMBER (Young e¢ al. 1995). 
The function Q(n,r) satisfies 


: _f{nt+ti\ {n+l 
atme) = (PT 1) - (Ca) 
for r > n/2—1 (Young et al. 1995). Q(n,r) satisfies the 
QUOTA RULE. 


see also BINOMIAL COEFFICIENT, CENTRAL BINOMIAL 
COEFFICIENT 
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Quotient 
The ratio g = r/s of two quantities r and s, where s # 0. 


see also DIVISION, QUOTIENT GROUP, QUOTIENT RING, 
QUOTIENT SPACE 
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Quotient-Difference Algorithm 

The ALGORITHM of constructing and interpreting a 
QUOTIENT-DIFFERENCE TABLE which allows intercon- 
version of CONTINUED FRACTIONS, POWER SERIES, and 
RATIONAL FUNCTIONS approximations. 


see also QUOTIENT-DIFFERENCE TABLE 


Quotient-Difference Table 


” 
ul 
od 
t 
FAT 
= 
lt 
Pp 
-|s 
It 
| 


bf] 4-4 se ees ee 
3 5 3 


ae ea ae 


dee Ded b-- dod 

“212 «3 57 “1 1 £2 3 55° 
“11 1" 1 o1 <1" 
eta oe 
A quotient-difference table is a triangular ARRAY of 
numbers constructed by drawing a sequence of n num- 
bers in a horizontal row and placing a 1 above each. An 
additional “1” is then placed at the beginning and end 
of the row of 1s, and the value-of rows underneath the 
original row is then determined by looking at groups of 
adjacent numbers 


and computing 
S — 


for the elements falling within a triangle formed by the 
diagonals extended from the first and last “1,” as illus- 
trated above. 


Os in quotient-difference tables form square “windows” 
which are bordered by GEOMETRIC PROGRESSIONS. 
Quotient-difference tables eventually yield a row of Os 
IFF the starting sequence is defined by a linear RECUR- 
RENCE RELATION. For example, continuing the above 
example generated by the FIBONACCI NUMBERS 


11 1212 71 £1éi%1d2 
1 1 2 3 5 
-1 1 -1 
0 
11 1 212 1 2121421 
1 i 2 3 5 8 
-1 1 -1 1 
0 0 
11 21 1 1 21 21 1 1 
1 1 2 3 5 8 13 
-1 1 -1 1 -1 
0 0 90 
0 
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11 1 721é231é«21@é«21 1 1 1 
1 1 2 3 5 8 13 21 
11 11 1 1 
0 0 0 90 
0 0 


and it can be seen that a row of Os emerges (and fur- 
thermore that an attempt to extend the table will result 
in division by zero). This verifies that the FIBONACCI 
NUMBERS satisfy a linear recurrence, which is in fact 
given by the well-known formula 


Fy = Fr-1 + Fy 2. 


However, construction of a quotient-difference table for 
the CATALAN NUMBERS, MOTZKIN NUMBERS, etc., does 
not lead to a row of zeros, suggesting that these numbers 
cannot be generated using a linear recurrence. 


see also DIFFERENCE TABLE, FINITE DIFFERENCE 
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Quotient Group 

The quotient group of G with respect to a SUBGROUP H 
is denoted G/H and is read “G modulo H.” The slash 
NOTATION conflicts with that for a FIELD EXTENSION, 
but the meaning can be determined based on context. 


see also ABHYANKAR’S CONJECTURE, FIELD EXTEN- 
SION, OUTER AUTOMORPHISM GROUP, SUBGROUP 


Quotient Ring 

The quotient ring of R with respect to a RING modulo 
some INTEGER n is denoted R/nR and is read “the ring 
R modulo n.” If n is a PRIME p, then Z/pZ is the 
FINITE FIELD F,. For COMPOSITE 


k 
r= [> 
w=1 


with distinct pi, Z/pZ is ISOMORPHIC to the DIRECT 
SUM 
Z[p@ = Fy, ® Fp, @::- @F,,. 


see also FINITE FIELD, RING 


Quotient Rule 
The DERIVATIVE rule 


a [)] — oenrted = fete 
dz | g(x) [g(x)]? ; 


see also CHAIN RULE, DERIVATIVE, POWER RULE, 
PropucT RULE 
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Quotient Space 


Quotient Space 

The quotient space X/~ of a TOPOLOGICAL SPACE X 
and an EQUIVALENCE RELATION ~ on X is the set 
of EQUIVALENCE CLASSES of points in X (under the 
EQUIVALENCE RELATION ~) together with the topol- 
ogy given by a SuBSET U of X/~. U of X/~ is open 
IFF Useva is open in X. 


This can be stated in terms of MAPS as follows: if q : 
X — X/~ denotes the Map that sends each point to 
its EQUIVALENCE CLASS in X/~, the topology on X/~ 
can be specified by prescribing that a subset of X/~ is 
open IFF q~*[the set] is open. 


In general, quotient spaces are not well behaved, and lit- 
tle is known about them. However, it is known that any 
compact metrizable space is a quotient of the CANTOR 
SET, any compact connected n-dimensional MANIFOLD 
for n > 0 is a quotient of any other, and a function out 
of a quotient space f : X/~-— Y is continuous IFF the 
function fog: X > Y is continuous. 


Let D” be the closed n-D Disk and S"~* its bound- 
ary, the (n — 1)-D sphere. Then D*/S"~* (which is 
homeomorphic to S"), provides an example of a quo- 
tient space. Here, D”/S”~" is interpreted as the space 
obtained when the boundary of the n-DISK is collapsed 
to a point, and is formally the “quotient space by the 
equivalence relation generated by the relations that all 
points in S*~? are equivalent.” 


see also EQUIVALENCE RELATION, 
SPACE 


TOPOLOGICAL 
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R 


R 
The FIELD of REAL NUMBERS. 


see also C, C*, 1, N,Q, R°, R',Z 


R- 
The REAL NEGATIVE numbers. 
see also R, Rt 


Rt 
The REAL POSITIVE numbers. 
see also R, R™ 


a) 

The number of representations of n by k squares is de- 
noted rx(n). The Mathematica® (Wolfram Research, 
Champaign, IL) function NumberTheory ‘NumberTheory 
Functions ‘Sum0fSquaresR [k,n] gives 7; (7). 


r2(n) is often simply written r(n). Jacobi solved the 
problem for k = 2, 4, 6, and 8. The first cases k = 
2, 4, and 6 were found by equating COEFFICIENTS of 
the THETA FUNCTION 03(x), 337(z), and 93*(z). The 
solutions for k = 10 and 12 were found by Liouville and 
Eisenstein, and Glaisher (1907) gives a table of r, (7) for 
k = 2s = 18. r3(n) was found as a finite sum involving 
quadratic reciprocity symbols by Dirichlet. rs(n) and 
r7(n) were found by Eisenstein, Smith, and Minkowski. 


r(n) = r2(n) is 0 whenever n has a PRIME divisor of the 
form 4k+3 to an ODD POWER; it doubles upon reaching 
a new PRIME of the form 4k + 1. It is given explicitly 


So (-1P?? = 4fdi(n) — da(n)], (1) 


d=1,3,...|n 


where dx(n) is the number of Divisors of n of the form 
4m-+k. The first few values are 4, 4, 0, 4, 8, 0, 0, 4, 
4, 8, 0, 0, 8, 0, 0, 4, 8, 4, 0, 8, 0, 0, 0, 0, 12, 8, 0, 
0, ... (Sloane’s A004018). The first few values of the 
summatory function 


n 


R(n) = Do r(n), (2) 


k=1 


where are 0, 4, 8, 8, 12, 20, 20, 20, 24, 28, 36, 
... (Sloane’s A014198). Shanks (1993) defines instead 
R'(n) = 1+ R(n), with R’(0) = 1. A LAMBERT SERIES 
for r(n) is 


» i Sree" (3) 


(Hardy and Wright 1979). 


. 


1000 + 2006 3000 4000 5000 500 2000 1500 2000 
Asymptotic results include 


Tt 


So ra(k) = mn + O(Vn) (4) 
k=1 
ss £(8) =K+arlnn+ O(n-*/?), (5) 


where K is a constant known as the SIERPINSKI CON- 
STANT. The left plot above 


p> n0| — rn, (6) 


k=1 


with +,/n illustrated by the dashed curve, and the right 


plot shows 
bs ne —alnn, (7) 


k=1 
with the value of K indicated as the solid horizontal line. 


The number of solutions of 
etyt2=n (8) 


for a given n without restriction on the signs or rela- 
tive sizes of x, y, and z is given by rg(n). If n > 4 is 
SQUAREFREE, then Gauss proved that 


24h(—n) for n=3 (mod 8) 
r3(n) = 4 12h(—4n) for n=1,2,5,6 (mod 8) (9) 
0 for n = 7 (mod 8) 


(Arno 1992), where h(x) is the CLASS NUMBER of z. 


Additional higher-order identities are given by 


ra(n) = 8 Sd = 80(n) (10) 
djn 
=24 S > d=2400(n) (11) 
d=1,3,...[n 
rio(n) = 2[E4(n) + 16E4(n) + 8xa(n)] (12) 


T24(n) = pea(n) 
+ #8[(-1)"~12597(n) — 512r(4n)}, (13) 


691 
where 

Rifny= Seer (14) 
d=1,3,...|n 

Bas >) Eye rd (15) 
d/=1,3,...|n 

xa(r)= 3 SO (a+ bi)4, (16) 
a24b2=n 
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d’ = n/d, dx(n) is the number of divisors of n of the 
form 4m +k, pea(n) is a SINGULAR SERIES, o(n) is the 
DIVISOR FUNCTION, oo(n) is the DivisoR FUNCTION of 
order 0 (i.e., the number of Divisors), and 7 is the Tau 
FUNCTION. 


Similar expressions exist for larger EVEN k, but they 
quickly become extremely complicated and can be writ- 
ten simply only in terms of expansions of modular func- 
tions. 


see also CLASS NUMBER, LANDAU-RAMANUJAN CON- 
STANT, PRIME FACTORS, SIERPINSKI CONSTANT, TAU 
FUNCTION 
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R-Estimate 

A ROBUST ESTIMATION based on RANK tests. Ex- 
amples include the statistic of the KOLMOGOROV- 
SMIRNOV TEST, SPEARMAN RANK CORRELATION, and 
WILCOXON SIGNED RANK TEST. 


see also L-ESTIMATE, M-ESTIMATE, ROBUST ESTIMA- 
TION 
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Raabe’s Test 
Given a SERIES of POSITIVE terms u; and a SEQUENCE 
of POSITIVE constants {a;}, use KUMMER’S TEST 


toy: Un 
p = lm [an — Gn41)- 
1-00 Un+1 


Rabbit Constant 


with an = n, giving 


p = lim (» = -(n+1)) 


n->co 


= lim In ( 26 -1) =a}. 
n-co Un+1 
p=p +1= lim > ( ei -1)], 
n->+Co Un4+1 


then gives Raabe’s test: 

1. If p > 1, the SERIES CONVERGES. 

2. If p< 1, the SERIES DIVERGES. 

3. If p= 1, the SERIES may CONVERGE or DIVERGE. 


Defining 


see also CONVERGENT SERIES, CONVERGENCE TESTS, 
DIVERGENT SERIES, KUMMER’S TEST 
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Rabbit Constant 

The limiting RABBIT SEQUENCE written as a BINARY 
FRACTION 0.1011010110110...2 (Sloane’s A005614), 
where bz denotes a BINARY number (a number in base- 
2). The DECIMAL value is 


R = 0.7098034428612913146... 


(Sloane’s A014565). 


Amazingly, the rabbit constant is also given by the CON- 
TINUED FRACTION (0, 27°, 27, 272, 2%3, ...], where Fn 
are FIBONACCI NUMBERS with Fo taken as 0 (Gard- 
ner 1989, Schroeder 1991). Another amazing connec- 
tion was discovered by S. Plouffe. Define the BEATTY 
SEQUENCE {ai} by 


a= lid] ’ 


where |] is the FLOOR FUNCTION and @ is the GOLDEN 
RaTIO. The first few terms are 1, 3, 4, 6, 8, 9, 11, ... 
(Sloane’s A000201). Then 


i=1 


see also RABBIT SEQUENCE, THUE CONSTANT, THUE- 
MORSE CONSTANT 
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Rabbit-Duck Illusion 


Gardner, M. Penrose Tiles and Trapdoor Ciphers... and the 
Return of Dr. Matrix, reissue ed. New York: W. H. Free- 
man, pp. 21-22, 1989. 

Plouffe, S. “The Rabbit Constant to 330 Digits.” http:// 
lacim.uqam.ca/piDATA/rabbit .txt. 

Schroeder, M. Fractals, Chaos, Power Laws: Minutes from 
an Infinite Paradise. New York: W. H. Freeman, p. 55, 
1991. 

Sloane, N. J. A. Sequences A005614, A014565, and A000201/ 
M2322 in “An On-Line Version of the Encyclopedia of In- 
teger Sequences.” 


Rabbit-Duck Illusion 


A perception ILLUSION in which the brain switches be- 
tween seeing a rabbit and a duck. 


see also YOUNG GIRL-OLD WOMAN ILLUSION 


Rabbit Sequence 

A SEQUENCE which arises in the hypothetical repro- 
duction of a population of rabbits. Let the SUBSTITU- 
TION MAP 0 — 1 correspond to young rabbits grow- 
ing old, and 1 —> 10 correspond to old rabbits produc- 
ing young rabbits. Starting with 0 and iterating using 
STRING REWRITING gives the terms 1, 10, 101, 10110, 
10110101, 1011010110110, .... The limiting sequence 
written as a BINARY FRACTION 0.1011010110110...2 
(Sloane’s A005614), where b2 denotes a BINARY number 
(a number in base-2) is called the RABBIT CONSTANT. 


see also RABBIT CONSTANT, THUE-MORSE SEQUENCE 
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Rabdology 
see NAPIER’S BONES 


Rabin-Miller Strong Pseudoprime Test 

A PRIMALITY TEST which provides an efficient proba- 
bilistic ALGORITHM for determining if a given number is 
PRIME. It is based on the properties of STRONG PSEu- 
DOPRIMES. Given an ODD INTEGER n, let n = 27s +1 
with s ODD. Then choose a random integer a with 
1<a<n-1. Ifa’ =1 (mod n) ora” * = ~1 (mod n) 
for some 0 < 7 < r—1, then n passes the test. A PRIME 
will pass the test for all a. 
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The test is very fast and requires no more than (1 + 
o(1)) lg n multiplications (mod n), where Lc is the Loc- 
ARITHM base 2. Unfortunately, a number which passes 
the test is not necessarily PRIME. Monier (1980) and 
Rabin (1980) have shown that a COMPOSITE NUMBER 
passes the test for at most 1/4 of the possible bases a.. 


The Rabin-Miller test (combined with a Lucas PSEu- 
DOPRIME test) is the PRIMALITY TEST used by 
Mathematica® versions 2.2 and later (Wolfram Re- 
search, Champaign, IL). As of 1991, the combined test 
had been proven correct for all n < 2.5 x 107°, but not 
beyond. The test potentially could therefore incorrectly 
identify a large COMPOSITE NUMBER as PRIME (but not 
vice versa). STRONG PSEUDOPRIME tests have been sub- 
sequently proved valid for every number up to 3.4x 10". 


see also LUCAS-LEHMER TEST, MILLER’S PRIMALITY 
TEST, PSEUDOPRIME, STRONG PSEUDOPRIME 
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Rabinovich-Fabrikant Equation 
The 3-D Map 


é=y(z—-1l+2")+ 42 
y= 2(3z+1—27)+-y 
2= —2z(a+ zy) 


(Rabinovich and Fabrikant 1979). The parameters are 
most commonly taken as y = 0.87 and a = 1.1. It has 
a CORRELATION EXPONENT of 2.19 + 0.01. 
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Racah V-Coefficient 
The Racah V-COEFFICIENTS are written 


V(j1j2j; mimzm) (1) 


and are sometimes expressed using the related 
CLEBSCH-GORDON COEFFICIENTS 


Chaymg = (jij2mima|jijojm), (2) 
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or WIGNER 3j-SYMBOLS. Connections among the three 
are 


(jij2mimaljijam) 


ae (—1)7 2-27 41 ( jr Ja j ) (3) 


™m, ™m2 —m™m 


(jrj2mime|jijojm) 


= (-1)?t™" 4/27 +1V(j1jej;mim2 —m) (4) 


me my m2 
(5) 
see also CLEBSCH-GORDON COEFFICIENT, RACAH 


W-COEFFICIENT, WIGNER 37-SYMBOL, WIGNER 6j- 
SYMBOL, WIGNER 9j-SYMBOL 


V(j1j2j3 mamam) = (—1) 7147249 ( Oe te xe ) . 
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Racah W-Coefficient 
Related to the CLEBSCH-GORDON COEFFICIENTS by 


(Sr Jo[J']Ja|Ji, JoJs[J"]) 


= Jf(2J'+1)(2I" +1) WS JoT Ja; J' J") 


and 


(Ji J2[J"|J3| Ji Js[J"]J2) 


= J(2I' + 1)(2I" +1) W( St Js Jo"; Ss). 


see also CLEBSCH-GORDON COEFFICIENT, RACAH 
V-COEFFICIENT, WIGNER 37-SYMBOL, WIGNER 67- 
SYMBOL, WIGNER 9j-SYMBOL 
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Radau Quadrature 

A GAUSSIAN QUADRATURE-like formula for numerical 
estimation of integrals. It requires m+ 1 points and 
fits all POLYNOMIALS to degree 2m, so it effectively fits 
exactly all POLYNOMIALS of degree 2m — 1. It uses a 
WEIGHTING FUNCTION W(x) = 1 in which the end- 
point —1 in the interval [~1,1] is included in a total 
of n ABSCISSAS, giving r = n — 1 free abscissas. The 
general formula is 


[ t@ae=wt—y+ used. @ 
= i=2 


Radau Quadrature 


The free abscissas x; for i = 2, ..., n are the roots of 


the POLYNOMIAL 


Pr—1(x) + P,, (x) 
l+¢f2 : 


(2) 


where P(x) is a LEGENDRE POLYNOMIAL. The weights 
of the free abscissas are 


1-7; 1 


“= Pa@P G-wPaer © 
and of the endpoint 
2 
W= Bee (4) 
The error term is given by 
2?"-I1nl(n a 1)!]4 (2n-1) 
for € € (—1, 1). 
Li Wi 
2 -1 0.5 
0.333333 1.5 
3-1 0.222222 
—0.289898 1.02497 
0.689898 0.752806 
4 -1 0.125 
—0.575319 0.657689 
0.181066 0.776387 
0.822824 0.440924 
5 —1 0.08 
—0.72048 0.446208 
—0.167181 0.623653 
0.446314 0.562712 
0.885792 0.287427 


The ABSCISSAS and weights can be computed analyti- 
cally for small n. 


nm Li Wi 

2 -1 3 
1 3 
3 2 

3-1 2 
177-V6) 4(16+ v6) 
g(i+V6) 4(16- V6) 


see also CHEBYSHEV QUADRATURE, LOBATTO QUAD- 
RATURE 
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Rademacher Function 


Rademacher Function 
see SQUARE WAVE 


Radial Curve 

Let C be a curve and let O be a fixed point. Let P be 
on C and let Q be the CURVATURE CENTER at P. Let 
P, be the point with P,O a line segment PARALLEL and 
of equal length to PQ. Then the curve traced by P, is 
the radial curve of C. It was studied by Robert Tucker 
in 1864. The parametric equations of a curve (f,g) with 
RADIAL POINT (Zo, yo) are 


, 12 12 
+ 
n= 2 — OF g ) 
fig! = F"9 
7 42 12 
+ 
y=y+ i +9) 
fig" — f"'9 
Curve Radial Curve 
astroid quadrifolium 
catenary kampyle of Eudoxus 
cycloid circle 
deltoid trifolium 
logarithmic spiral logarithmic spiral 
tractrix kappa curve 
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Radial Point 
The point with respect to which a RADIAL CURVE is 
computed. 


see also RADIANT POINT 


Radian 

A unit of angular measure in which the ANGLE of an 
entire CIRCLE is 27 radians. There are therefore 360° 
per 27 radians, equal to 180/z or 57.29577951° /radian. 
A Ricut ANGLE is 7/2 radians. 


see also ANGLE, ARC MINUTE, ARC SECOND, DEGREE, 
GRADIAN, STERADIAN 


Radiant Point 
The point of illumination for a CAUSTIC. 


see also CAUSTIC, RADIAL POINT 


Radical 

The symbol °/z used to indicate a root is called a radi- 
cal. The expression Yz is therefore read “zx radical n,” 
or “the nth Root of x.” n = 2 is written ./z and is 
called the SQUARE ROOT of x. n = 3 corresponds to 
the CUBE Root. The quantity under the root is called 
the RADICAND. 
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Some interesting radical identities are due to Ramanu- 
jan, and include the equivalent forms 


(2'/3 4 1)(21/8 — 11/3 = 3/8 
and 
(21/8 —1)¥3 = (a)1/3 = (2)/3 + (4)/8, 
Another such identity is 


(5*/8 - 4i/sy1/2 _ 4 (2/8 + 2901/3 _ 2561/3), 


see also CUBE ROOT, NESTED RADICAL, POWER, RAD- 
ICAL INTEGER, RADICAND, ROOT (RADICAL), SQUARE 
ROoT, VINCULUM 


Radical Axis 
see RADICAL LINE 


Radical Center 


The RADICAL LINES of three CIRCLES are CONCURRENT 
in a point known as the radical center (also called the 
POWER CENTER). This theorem was originally demon- 
strated by Monge (Dorrie 1965, p. 153). 


see also APOLLONIUS’ PROBLEM, 
MONGE’S PROBLEM, RADICAL LINE 


CONCURRENT, 
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Radical Integer 

A radical integer is a number obtained by closing the IN- 
TEGERS under ADDITION, DIVISION, MULTIPLICATION, 
SUBTRACTION, and ROOT extraction. An example of 
such a number is 9/7 + /—2 — 34+ V14 V2. The 
radical integers are a subring of the ALGEBRAIC INTE- 
GERS. If there are ALGEBRAIC INTEGERS which are not 
radical integers, they must at least be cubic. 


see also ALGEBRAIC INTEGER, ALGEBRAIC NUMBER, 
EUCLIDEAN NUMBER 
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Radical Line 


AN 7 
The Locus of points of equal POWER with respect to 
two nonconcentric CIRCLES which is PERPENDICULAR 
to the line of centers (the CHORDAL THEOREM; Dorrie 
1965). Let the circles have RADII ri and r2 and their 
centers be separated by a distance d. If the CIRCLES 
intersect in two points, then the radical line is the line 
passing through the points of intersection. If not, then 
draw any two CIRCLES which cut each original CIRCLE 
twice. Draw lines through each pair of points of inter- 
section of each CIRCLE. The line connecting their two 
points of intersection is then the radical line. 


The radical line is located at distances 


2 
@ +71? — 79? 


a as () 
d? + r2? - ry? 
ama eae @) 


along the line of centers from C; and C2, respectively, 
where 
d=d, — dz. (3) 


The radical line of any two POLAR CIRCLES is the AL- 
TITUDE from the third vertex. 


see also CHORDAL THEOREM, COAXAL CIRCLES, IN- 
VERSE POINTS, INVERSION, POWER (CIRCLE), RADI- 
CAL CENTER 
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Radicand 
The quantity under a RADICAL sign. 


see also RADICAL, VINCULUM 


Radius 


Radius of Gyration 


The distance from the center of a CIRCLE to its PERI- 
METER, or from the center of a SPHERE to its surface. 
The radius is equal to half the DIAMETER. 

see also BERTRAND’S PROBLEM, CIRCLE, CIRCUMFER- 
ENCE, DIAMETER, EXTENT, INVERSION RADIUS, KIN- 
NEY’S SET, P1, RADIUS OF CONVERGENCE, RADIUS OF 
CURVATURE, RADIUS (GRAPH), RADIUS OF GYRATION, 
RADIUS OF TORSION, RADIUS VECTOR, SPHERE 


Radius of Convergence 
The Rapius (or 1-D distance in the 1-D case) over which 
series expansion CONVERGES. 


Radius of Curvature 
The radius of curvature is given by 


— (1) 


K 
where « is the CURVATURE. At a given point on a curve, 
FR is the radius of the OSCULATING CIRCLE. The symbol 
p is sometimes used instead of HK to denote the radius of 
curvature. 


Let x and y be given parametrically by 


t= x(t) (2) 
y = y(t), (3) 

then (ei? 4 yin? 
R= (4) 


xy! +! yal ’ 

where z’ = da/dt and y’ = dy/dt. Similarly, if the 
curve is written in the form y = f(a), then the radius 
of curvature is given by 


E 4 (4) 


dz 


a 


R= (5) 


see also BEND (CURVATURE), CURVATURE, OSCULAT- 
ING CIRCLE, TORSION (DIFFERENTIAL GEOMETRY) 
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Radius (Graph) 
The minimum ECCENTRICITY of any VERTEX of a 
GRAPH. 


Radius of Gyration 
A function quantifying the spatial extent of the structure 
of a curve. It is defined by 


fy” r2p(r) dr 
af, paar * 


where p(r) is the LENGTH DISTRIBUTION FUNCTION. 
Small compact patterns have small Rg. 


Rg= 
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Radius of Torsion 


Radius of Torsion 


where 7 is the TORSION. The symbol ¢ is also sometimes 
used instead of oc. 


see also TORSION (DIFFERENTIAL GEOMETRY) 
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Radius Vector 

The VECTOR r from the ORIGIN to the current position. 
It is also called the POSITION VECTOR. The derivative 
of r satisfies 


dr _l1ld = bd g, ocr e 
i a r) = (r°) =r— =rv, 


where v is the magnitude of the VELOCITY (i.e., the 
SPEED). 


Radix 

The BASE of a number system, i.e., 2 for BINARY, 8 
for OCTAL, 10 for DECIMAL, and 16 for HEXADECIMAL. 
The radix is sometimes called the BASE or SCALE. 


see also BASE (NUMBER) 


Rado’s Sigma Function 
see BUSY BEAVER 


Radon-Nikodym Theorem 

A THEOREM which gives NECESSARY and SUFFICIENT 
conditions for a countably additive function of sets can 
be expressed as an integral over the set. 
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Radon Transform 

An INTEGRAL TRANSFORM whose inverse is used to re- 
construct images from medical CT scans. A technique 
for using Radon transforms to reconstruct a map of a 
planet’s polar regions using a spacecraft in a polar orbit 
has also been devised (Roulston and Muhleman 1997). 


The Radon transform can be defined by 
Rowse) =f fer + ne) de 
=f [ sewstu-(r+p2)\dvae = U(r), (0) 


where p is the SLOPE of a line and 7 is its intercept. The 
inverse Radon transform is 


Haw) = = | 5 HU (py ~ pe)] dp, (2) 
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where H is a HILBERT TRANSFORM. The transform can 
also be defined by 


R'(r,a)l F(x, ¥)] 
= i. / f(x, y)6(r — rcosa — ysina)dzdy, (3) 


where r is the PERPENDICULAR distance from a line to 
the origin and @ is the ANGLE formed by the distance 
VECTOR. 


Using the identity 


FIRS (w, a)]] = F?[f (u,v), (4) 


where F is the FOURIER TRANSFORM, gives the inver- 
sion formula 


f(x, y) = 
cf / FLR[F (w, a)]] wits cos et 49%) day da. 
0 —00 
(5) 


The FOURIER TRANSFORM can be eliminated by writing 
fan =f" [™ Risnanw(nazy)drda, (6) 
0 —o0o 


where W is a WEIGHTING FUNCTION such as 


W(r,a,2,y) = h(xcosa+ysina —r) =F *|\w|]. (7) 
Nievergelt (1986) uses the inverse formula 


f(x,y) = — lim 


1 
TW c70 
f | Rif(r + xcosa + ysina,a)|G.(r)drda, (8) 
i] oO 
where 
for |r| <c 


oy 
G(r) =< "y 9 
(r) a (2 - sas) for |r| > c. (9) 


LUDWIG’s INVERSION FORMULA expresses a function in 
terms of its Radon transform. R’(r,a) and R(p,T) are 
related by 


p=cota T= Pesca (10) 
somes = -1 
VEG zy a=cot "p. (11) 


The Radon transform satisfies superposition 


Rip, T)[ fila, y) + fa(z,y)] = Ui (p, T) + U2(p, T), (12) 


1510 Radon Transform 
linearity 

R(p,r)[af(z,y)] = aU(p, 7), (13) 
scaling 


Qa T 


Ren ls(Z§)|= me (Pps), aM 


ROTATION, with Rg ROTATION by ANGLE ¢ 


R(p, 7) [Ref (z,y)] = ceOs penal 


p—tang T 
1 
o (2525. mea pace] x (48) 


and skewing 


R(p, 7)[f (aa + by, cx + dy)| 


1 c+dp d—b(c+bd) 
=U | (a6 
la + bp| ste,» a+ bp (18) 
(Durrani and Bisset 1984). 
The line integral along p,7 is 
I= J/1+p?U(p,7). (17) 


The analog of the 1-D CONVOLUTION THEOREM is 


R(p,7) (f(x,y) * 9(y)] =U(p, 7) * 9(7), (18) 


the analog of PLANCHEREL’S THEOREM is 


[ venar= rhe f(z,y)dedy, (19) 


and the analog of PARSEVAL’S THEOREM is 


i. R(p.r)LF(@.w)]? dr = / i: PGided: 
—90 —00 ¥—oo (20) 


If f is a continuous function on C, integrable with re- 
spect to a plane LEBESGUE MEASURE, and 


[se =0 (21) 


for every (doubly) infinite line 1 where s is the length 
measure, then f must be identically zero. However, if 


the global integrability condition is removed, this result 
fails (Zaleman 1982, Goldstein 1993). 


see also TOMOGRAPHY 
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Radon Transform—Cylinder 


Let the 2-D cylinder function be defined by 


1 forr<R (1) 


f(z,y)= 0 forr>R. 


Then the Radon transform is given by 
oo foo) 
ror)= ff sev\dly- (r+ re)ldyde, 02) 
—o —oo 


where 


(2) = / eit (3) 


fo <] 


is the DELTA FUNCTION. 


1 an a a ~—ik(r sin 6~pr cos 8) 
R(p,r) = = e r dr dO dk 
0 Jo J-co 


1 co 20 R 
= = | em f i e tkr(sin 8—p cos 9), an dO dh. 
2a 
—oco Qo o 


(4) 


Radon Transform—Cylinder 


Now write 


/1+ p? cosé’, 
(5) 


sin@ — pcos@ = \/1+ p? cos(@ + ¢) = 


with ¢ a phase shift. Then 


R(p,T) = 


oO R Qn 
1 i Pa ( 
Pog e€ 
® Juice 0 0 


foe) R 
ral ae} InJo(ks/1 + p? r)r dr dk 
a —o 0 
o R 
=| of Jo(kx/1+p?r)rdrdk. (6) 
oO 0 


e ik V 1+p? 8 cos 6! as’) radrdk 


Then use 
/ t?t1 J, (t) dt = 2°" In41(z), (7) 
0 


which, with n = 0, becomes 


z 

¥, tJo(t) dt = zJi(z). (8) 
0 
Define 
t=kV/1+p?r (9) 
dt = k,/1+p? dr (10) 
tdt 

rdr (+ py’ (11) 


so the inner integral is 
Jo) Gao 
0 a + p*) 
puapy +p? Ji(kRv/1-+ p?) 
_ SA(kRy/1 + p? ys 


ky/1 +p? 


a al tdt 
ea +? 
(12) 


and the Radon transform becomes 


e*** Ih (kR4/1 + p? ) re 
k 


R(p,T) = 


ee | 
14+ p? Jc 
2R © cos(kr)Ji(kR 
JV1+p? k 
=| oe CM ee) 7? for r? < R*(14 p*) 


for 7? > R?(1 +p’). 
(13) 


1+p?) 


dk 


Radon Transform—Gaussian 1511 


Converting to R! using p = cota, 


= vO + cot? a)R? — r2 csc? a 
co 


2 
a v/ ese? al? — r2 csc? a 
csc & 


= 2\/ R? -r?, (14) 
which could have been derived more simply by 


Ja 
R'(r,a) = dy. 15 
= fe (15) 


R’(r, a) 


Radon Transform—Delta Function 
For a DELTA FUNCTION at (20, yo), 


Rr) = f [- 5(a—20)5(y—yo)5[y—(r-+px)] dy dx 


= = i j } eW Hly-(r+P2)1 5( 5 — x0)5(y — yo) 


x dk dy dz 
1 rc ikr ra ~t 
=o e* ff e**¥§(y — yo) dy 


x i ce — 20) de| dk 


co 
1 oe ikr —tkyg ikpzrg 
=— ee e dk 
2m Joo 
1 teteepeg see) 
so e PrO~¥YO) dk = §(r + pao — yo). 


—oO 


a 1 (22 +y?)/2o? 
nowri= [7 [0 [geen] 
—o0 J -o0 


xd[y — (7 + px)] dy dz 
ee. fr ee? 4(rt+p2)71/207) a 


oV2nr 
a= 2-8? /(2(1+p)0?]_ 
1l+p? 


1512 Radon Transform—Square 


Radon Transform—Square 


ror= ff f(z, y)ély — (r + pz)|)dydz, (1) 


where — [ 
= or z,y € [—a,a 2 
f(x,y) = 0 otherwise (2) 
and , os 
d(a) = x | oe tke (3) 
27 J_ oo 


is the DELTA FUNCTION. 


x | a i ce kly— (+ | pe) dk dy dz 

1 r . ra k Pg 

= — ol f et dy | cr aa| dk 
an —o —a -a 


R(p,7) 


— 1 tkr 1 ~tky a 1 ikpxr)a 
~~ Oe ag a [era dk 
1 oo 


oe | 
Pana tkr _O 03 - 
ie deus e Rp! 27 sin(ka)][22 sin(kpa)| dk 


2 sin(ka) sin(kpa)e*** dk 


Tp k? 
_ 4 [® sin(ka) sin(kpa) cos(kr) 
= [ K2 dk 

2  sin{k(7 + a)] — sin[k(r —a)] . 
= =e) [*( 1 [e( ) sin(kpa) dk 
_ 2 if sin[k(7 + a)] sin(kpa) dk 
~ rp - kK? 

°° sin{k(r — a)] sin(kpa) 
i e an F (4) 


From Gradshteyn and Ryzhik (1979, equation 3.741.3), 


| smlce ene dx = 4msgn(ab) min(jal, ||), (5) 
R(p,r) = = {sgnl(r + 4)pa] min{|r + a}, jpal) 
— sgn[{(r — a)pa] min(|r — a], |pal)}. (6) 
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Railroad Track Problem 


Railroad Track Problem 
SU+AD 


Given a straight segment of track of length 1, add a small 
segment Al so that the track bows into a circular ARC. 
Find the maximum displacement d of the bowed track. 
‘The PYTHAGOREAN THEOREM gives 


R? = 2? + (21), (1) 
But # is simply x2 + d, so 
R? =(24+d)? =a? +2xd+d’. (2) 


Solving (1) and (2) for x gives 


s= i. (3) 


Expressing the length of the ARC in terms of the central 
angle, 


17,2 _ g? 
HU+A) =6(4+2)=0(a4 “) 


ad? + 11? — d? a? 437 
-0(2 oes =e <<). (4) 


But @ is given by 


tang=2 = 2S" = (5) 


zl z1(2d) dl 
£ iP — d? $0 — qd 


so plugging @ in gives 


da? +i? dl 
1 — | A ~1 
3(1+ Al) = (a ) tan (aa) (6) 


d(l+ Al) = (a? + 40) tan™? (pte (7) 
4 
For 1 > d, 
dl _ Ad (: oy a 2048) 
2 = 3 = sa es 
ips). I l i 2 6 
‘Therefore, 
d(l+ Al) 


4d 4d? 1 [4d 4d?\]° 
w(t) 3 (+4)! 


~ (q2 12, | 4d, 16d° x (“¢)" 4d? 
~ (+ 3) | 4 ag 143-5 }I. 


Ramanujan 6-10-8 Identity 


Keeping only terms to order (d/1)*, 


3 Ad? a 
phe pa es (10) 
i 1 3 1 
ad 24-16d°> 8d? 
~ (2 _ 16 _ = 
PEE) a ee oe aD) 
sO 
d’ = 31Al (12) 
and 
d= 44/31Al= iV6IAl. (13) 


If we take 1 = 1 mile = 5280 feet and Al = 1 foot, then 
d = 44.450 feet. 


Ramanujan 6-10-8 Identity 
Let ad = bc, then 


64[(a + b+c)®§ + (b+c+d)® —(c+d+a)® 
~(d+a+b)® + (a—d)® — (b—c)*] 
x[(a+b+c)? + (b+c4d) — (c+d+a)*° 
—(d+a+b)"° + (a—d)”° - (b-c)"*] 
= 45[(a+b+4+c)® 4+ (b+e4d)® —(c+d+a)® 


~(d+a+b)* + (a —d)® —(b—c)*]?. (1) 
This can also be expressed by defining 


Fam(a,b,c,d) = (a+b+c)?" 4 (b+e+d)™ 
—(ct+d+a)" —(d+a+b)’"+(a—d)’™—(b-c)?™ (2) 


fom(x,y) = (1+e+y)?™ +(x+y+ay)™—(ytaey+1)?™ 
~(zy +142)?" + (1— ay)?" -— (2-9). (3) 
Then 
Fom(a, b, cy d) = a” fam(2, y)s (4) 
and identity (1) can then be written 
64 fe(z,y)fio(z,y) = 45fe° (x,y). (5) 
Incidentally, 
fa(x,y) =0 (6) 
fa(z,y) = 0. (7) 
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Ramanujan Constant 
The IRRATIONAL constant 
R= e™¥1® — 262537412640768743.99999999999925. .. 
which is very close to an INTEGER. Numbers such as the 
Ramanujan constant can be found using the theory of 
MODULAR FUNCTIONS. A few rather spectacular exam- 
ples are given by Ramanujan (1913-14), including the 
one above, and can be generated using some amazing 
properties of the j7-F UNCTION. 


M. Gardner (Apr. 1975) played an April Fool’s joke on 
the readers of Scientific American by claiming that this 
number was exactly an INTEGER. He admitted the hoax 
a few months later (Gardner, July 1975). 


see also ALMOST INTEGER, CLASS NUMBER, j- 
FUNCTION 
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Ramanujan Continued Fraction 
Let f(a,b) be a RAMANUJAN THETA FUNCTION. Then 


f(-a-@) la? ¢ 


f(—q@,—@3) — -14+.141414...’ 


where the quantity on the right is a CONTINUED FRAC- 
TION. 


see also RAMANUJAN THETA FUNCTIONS 


Ramanujan Cos/Cosh Identity 


-2 
os(nO cosh(n@ 
f ii 3 ae [) me = ee 
_ wt(’) 


where ['(z) is the GAMMA FUNCTION. 


1514 Ramanujan-Lisenstein Series 


Ramanujan-Eisenstein Series 
Let ¢ be a discriminant, 


aa —nJt (1) 
then 


(2k + 1)q?**? 


E2(q) = L(q) =1-24)- 


1 — ght 
2K \? 
= (=) a -2’) (2) 
Ea(q) = M(q)=1 +209 as 
= (7E)" we”) (3) 
a 2k 
Ee(q) = N(q) =1- son — 


= (24)" (1 — 2k? 


see also KLEIN’S ABSOLUTE INVARIANT, PI 


)(1 + 37k”), (4) 
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Ramanujan Function 


k=l 


(a) Jim, o(a, n) =1+2 S> GR Iak’ 
k=1 


The values of ¢(n) for n = 2, 3, ... are 


$(2) = 2In2 
o(3) = 1n3 
$(4) = 21n2 


o(6) = $1n34 $ln4. 


Ramanujan g- and G-Functions 
Following Ramanujan (1913-14), write 


(1+e7*"*) =2 


k=1,3,5,..- 


ll (l—e7**¥™) =2 


k=1,3,5,... 


1/4,-"Yn/2q (1) 


LA ens a4 (2) 


Ramanujan g- and G-Functions 


These satisfy the equalities 


Gi OY ge, (3) 
Gn =Giyn (4) 
gn = Ga/n (5) 
_ (9nGn)*(Gn® = gn*). (6) 


Gr and gn can be derived using the theory of MODULAR 
FUNCTIONS and can always be expressed as roots of al- 
gebraic equations when n is RATIONAL. For simplicity, 
Ramanujan tabulated gn for n EVEN and G,, for n ODD. 
However, (6) allows G, and gy, to be solved for in terms 
of gn and Gn, giving 


1 8 16 -8 a8 

Qn = 3 (Gn + Gn’ — Ga ) (7) 
1/8 

3 (on + Vgnt6 + Gan * ) . (8) 


Using (3) and the above two equations allows gan to be 
computed in terms of gn or Gn 


1/8 8 16 —8 pas 
2 gn (gn + +/gni® + gn 


for n even (9) 


21/8G, (Gn° + /Gin 18 = Gav? ie 


for n odd. 


In terms of the PARAMETER k and complementary Pa- 
RAMETER k’, 


Gn = 


g4n = 


Gn = (2knki,)~*/? (10) 
ki? 1/12 
Here, 
kn = A*(n) (12) 


is the ELLIPTIC LAMBDA FUNCTION, which gives the 
value of k for which 
K'(k) 
K(k) 
Solving for A*(n) gives 


M(n) = 3[V1+Ga7?-V1-Ga7] (14) 

A*(n) = gn°[>/gn!? + gn-!? — gn°}- (15) 
Analytic values for small values of n can be found in Ra- 
manujan (1913-1914) and Borwein and Borwein (1987), 
and have been compiled in Weisstein (1996). Ramanu- 
jan (1913-1914) contains a typographical error labeling 
Gaes as Goes. 
see also G-FUNCTION 


=n. (13) 
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Ramanujan’s Hypergeometric Identity 


Ramanujan’s Hypergeometric Identity 


m™(3) 
“PQ: 
where 2F(a,6;c; xz) is a HYPERGEOMETRIC FUNCTION, 


3F2(a, b,c; d;e;z) is a GENERALIZED HYPERGEOMETRIC 
FUNCTION, and ['(z) is a GAMMA FUNCTION. 
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Ramanujan’s Hypothesis 
see TAU CONJECTURE 


Ramanujan’s Identity 


sO) - Ee P(5m + 4)e 


where “ 
(x) = [J a-2”) 
m1 


and P(n) is the PARTITION FUNCTION P. 
see also RAMANUJAN’S SUM IDENTITY 


Ramanujan’s Integral 


gute y yee 


a Fuse () Jv—e(y) ite dé 


z 2cos (4t) 


(uty) /2 
ex cad 


XJute 2cos (5t) (x2e~tt/2 + per?) | ety H)/2 | 


where J,(z) is a BESSEL FUNCTION OF THE FIRST 
KIND. 


References 

Watson, G.N. A Treatise on the Theory of Bessel Functions, 
2nd ed. Cambridge, England: Cambridge University Press, 
1966. 


Ramanujan Psi Sum 1515 


Ramanujan’s Interpolation Formula 


(kde THO 


sin(s7) 


ie ie oe 
i eo Be 


where X(z) is the DIRICHLET LAMBDA FUNCTION and 
T(z) is the GAMMA FUNCTION. Equation (2) is obtained 
from (1) by defining 


ae) dz =T[(s)A(—s), (2) 


A(u) 


aaa 


(3) 


These formulas give valid results only for certain classes 
of functions. 
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Ramanujan’s Master Theorem 
Suppose that in some NEIGHBORHOOD of x = 0, 


F(z) = Sao ae ok ei 


Then 


co 


2”) F(a) dx = T(n)¢(—n). 
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Ramanujan-Petersson Conjecture 
A CONJECTURE for the EIGENVALUES of modular forms 
under HECKE OPERATORS. 


Ramanujan Psi Sum 

A sum which includes both the JACOBI TRIPLE PROD- 
UCT and the g-BINOMIAL THEOREM as special cases. 
Ramanujan’s sum is 


(a)n mn _ (a#)00(9/a)o0(¥)00(b/) 00 
3 (Bn (2) co (b/at)co(b)oo (9/4) ’ 


n=—oo 


where the NOTATION (gq), denotes g-SERIES. For b = q, 
this becomes the g- BINOMIAL THEOREM. 


see also JACOBI TRIPLE PRODUCT, g-BINOMIAL THEO- 
REM, g-SERIES 


1516 Ramanujan’s Square Equation 


Ramanujan’s Square Equation 
It has been proved that the only solutions to the DIo- 
PHANTINE EQUATION 


27a _" 
are n = 3, 4, 5, 7, and 15 (Beeler et al. 1972, Item 31). 
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Ramanujan’s Sum 


The sum 
Cq(m) = SS ertinm/d (1) 
h*(q) 
where fh runs through the residues RELATIVELY PRIME 
to q, which is important in the representation of numbers 
by the sums of squares. If (g,q') = 1 (i-e., g and q’ are 
RELATIVELY PRIME), then 


€qq'(™) = Cq(m)cqr(m). (2) 
For argument 1, 
co(1) = (0), (3) 
where pz is the MOBIUS FUNCTION, and for general m, 
7) b 
eslm) =u (5) _ (b) (4) 


(cm) 


see also MOBIUS FUNCTION, WEYL’S CRITERION 
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Ramanujan’s Sum Identity 


If ss 

1453¢+907 ” 
1 _— 822 — 8227+ 23 a (1) 

n= 

2 — 26x — 12x? on 
1— 822 — 8227 +23 2 oa (2) 

2482 — 102? ae 
= as 3 3 
1 — 82a — 8227 + «3 Le (8) 

then 

: an* + be = Cn? + (-1)”. (4) 


Hirschhorn (1995) showed that 


an = &[(64 + 8V85 Ja” + (64 — 8V'85 )B” — 43(—1)"] 


(5) 
bn = &[(77 + 7V85 Ja” + (77 — 7785 8” + 16(—1)”] 
(6) 


Cn = 2 [(93 + 9V85 Ja” + (93 — 985) 8” — 16(-1)"], 
(7) 


Ramanujan Theta Functions 


where 
a = (83 + 9V85) (8) 
B = 1(83 — 9V85). (9) 


Hirschhorn (1996) showed that checking the first seven 
cases n = 0 to 6 is sufficient to prove the result. 
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Ramanujan’s Tau-Dirichlet Series 
see TAU-DIRICHLET SERIES 


Ramanujan’s Tau Function 
see TAU FUNCTION 


Ramanujan Theta Functions 
Ramanujan’s one-variable theta function is defined by 


p(x) = Ds a” (1) 


It is equal to the function in the JACOBI TRIPLE PRoD- 
UCT with z= 1, 


y(z) = G1) = [[a+27""4)?(1 - 2) 


n=1 
= 3 g™ =1+42 os ze (2) 
m=—00 m=0 


v( T(8) V 28/47 (3) 
see: qil4 
ple") = TG) (4) 
2m) _ Vv 2 + V2 v 
ple") = 2 F) (5) 


Ramanujan’s two-variable theta function is defined by 


Co 


f(a,b) = so grrth)/2pn(n-1)/2 (6) 


T= —- CO 
for |ab| < 1. It satisfies 
f(-1,a)=0 (7) 


f(a, 6) = f(b, a) = (—a; ab).0(—b; ab) (ab; ab)o0 (8) 


Ramp Function 
f(-@) = f(-a-@) 

aD co 

= So 1ygher ne ae Seger 
=0 k=1 
= (q; qx; (9) 

where (q)o. are g-SERIES. 
see also JACOBI TRIPLE PRODUCT, SCHROTER’S FOR- 


MULA, g-SERIES 


Ramp Function 


R(x) = cH(z) (1) 
=f Heya’ (2) 
= [- A(2')H(2 — 2') dz’ (3) 
= H(x) * H(2), (4) 


where H(z) is the HEAVISIDE STEP FUNCTION and + is 
the CONVOLUTION. The DERIVATIVE is 


R' (x) = —H(z). (5) 


The FOURIER TRANSFORM of the ramp function is given 
by 


1 

477 k2? 

(6) 
where 5(z) is the DELTA FUNCTION and 6'(x) its DE- 
RIVATIVE. 
see also FOURIER TRANSFORM-—-RAMP FUNCTION, 
HEAVISIDE STEP FUNCTION, RECTANGLE FUNCTION, 
SGN, SQUARE WAVE 


F(R(2)] = / ~ e ?"'**® R(x) dx = wid’ (20k) — 


oO 


Ramphoid Cusp 
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A type of Cusp as illustrated above for the curve z* + 
gy? — Qa*y — ay? + y? = 0. 
see also CUSP 
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Ramsey Number 
The Ramsey number R(m,n) gives the solution to the 
PaRTY PROBLEM, which asks the minimum number of 
guests R(m,n) that must be invited so that at least m 
will know each other (i.e., there exists a CLIQUE of order 
m) or at least n will not know each other (i.e., there 
exists an independent set of order n). By symmetry, it 
is true that 

R(m,n) = R(n,m). (1) 


It also must be true that 
R(2,m) =m. (2) 
A generalized Ramsey number is written 


R(mi,..-,™xj37) (3) 
and is the smallest INTEGER R such’ that, no matter 
how each n-element SUBSET of an r-element SET are 
colored with k colors, there exists an 7 such that there is 
a SUBSET of size mj, all of whose n-element SUBSETS are 
color 7. The usual Ramsey numbers are.then equivalent 
to R(m,n) = R(m,n;2). 


Bounds are given by 


R(k—1,1) + R(k,l—1)-1 
for R(k —1,l) and 


R(k,l) < ¢. R(k,l ~ 1) even (4) 
R(k — 1,1) + R(k,l — 1) 
otherwise 
and 
R(k,k) < 4R(k — 2,k) +2 (5) 


(Chung and Grinstead 1983). Erdés proved that for 
diagonal Ramsey numbers R(k, k), 


kgk/2 
eV/2 


This result was subsequently improved by a factor of 2 
by Spencer (1975). R(3,k) was known since 1980 to be 
bounded from above by c2k?/Ink, and Griggs (1983) 
showed that cz = 5/12 was an acceptable limit. J.-H. 
Kim (Cipra 1995) subsequently bounded R(3,k) by a 


similar expression from below, so 


< R(k,k). (6) 


2 


ge eRe eek (7) 
‘ike 
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Burr (1983) gives Ramsey numbers for all 113 graphs 
with no more than 6 EDGES and no isolated points. 


A summary of known results up to 1983 for R(m,n) 
is given in Chung and Grinstead (1983). Radziszowski 
maintains an up-to-date list of the best current bounds, 
reproduced in part in the following table for R(m,n; 2). 


m | n | R(m,n) 
3 3 6 
3] 4 9 
3 5 14 
3 6 18 
3] 7 23 
3 8 28 
3) 9 36 
3 |10 | [40, 43] 
3 |11 | [46, 51] 
3 |12 | (52, 60} 
3 |13 | (60, 69] 
3/14 | (66, 78} 
3 715 | [73, 89] 
3 4/16 | [79, co] 
3 [17 | [92, co] 
3 |18 | [98, co] 
3 |19 | [106, oo] 
3 | 20 | [109, oo] 
3 | 21 | [122, oo] 
3 | 22 | [125, oo] 
3 | 23 | [136, co] 


m 

4 

4 

4 | 
4 [49, 62] 
4 [55, 85] 
4| 9 | (69, 116] 
4/10 | [80, 151] 
4 |11 | (93, 191] 
4 |12 | (98, 238] 
4 |13 | (112, 291 
4 [119, 349] 
4 (128, 417] 


[43, 49 
[58, 87 


[95, 216 
(116, 371 
[1, 445 


5 ] 
6 ] 
7 | [80, 143] 
8 ] 
9 ] 
0 ] 


R(m,n) | 
(102, 165] 
[109, 300] 
(122, 497] 
ie 


153, 784 
[167, 1180 
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[205, 545] 
[1, 1035] 
[1, 1724] 
[1, 2842] 


(282, 1874] 
{1, 3597] 
[1, 6116] 


> 
[565, 6680] 
(1, 12795] 


[522, co] 


Known values for generalized Ramsey numbers are given 
in the following table. 


R(3, 3, 3; 2) it 
R(3, 3, 452) [30, 32] 
R(3, 3, 5; 2) [45, 59] 
R(3, 4, 4; 2) [55, 81] 
R(3, 4, 5; 2) > 80 
R(4, 4, 4; 2) [128, 242] 
R(3, 3, 3, 3; [51, 64] 
R(3, 3, 3, 4; [87, 159] 
R(3, 3, 3,3 [162, 317] 
R(3, 3, 3,3 (1, 500] 
R33) 
R(4,4;3) | (14, 15] 


see also CLIQUE, COMPLETE GRAPH, EXTREMAL 
GRAPH, IRREDUNDANT RAMSEY NUMBER, SCHUR 
NUMBER 
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Ramsey’s Theorem 

A generalization of DILWORTH’s LEMMA. For each 
m,n € N with m,n > 2, there exists a least INTEGER 
R(m,n) (the RAMSEY NUMBER) such that no matter 
how the COMPLETE GRAPH KR(m,n) is two-colored, it 


Random Distribution 1519 


will contain a green SUBGRAPH K,, or a red subgroup 
K,,. Furthermore, 


R(m,n) < R(m—1,n)+ R(m,n—- 1) 


if m,n > 3. The theorem can be equivalently stated 
that, for all € N, there exists an n € N such that any 
complete DIGRAPH on nm VERTICES contains a complete 
transitive SUBGRAPH of m VERTICES. Ramsey’s theo- 
rem is a generalization of the PIGEONHOLE PRINCIPLE 
since 
R(2,2,...,2)=t4+1. 
— ee” 


t 


see also DILWORTH’S LEMMA, NATURAL INDEPEN- 
DENCE PHENOMENON, PIGEONHOLE PRINCIPLE, RAM- 
SEY NUMBER 
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Randelbrot Set 


The FRACTAL-like figure obtained by performing the 
same iteration as for the MANDELBROT SET, but adding 
a random component R, 


2nt1 = 2n72?+c+R. 


In the above plot, R = Rz + iRy, where Rz,Ry € 
[—0.05, 0.05]. 

see also MANDELBROT SET 
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Random Distribution 

A DISTRIBUTION in which the variates occur with PROB- 
ABILITIES asymptotically matching their “true” under- 
lying DISTRIBUTION is said to be random. 


see also DISTRIBUTION, RANDOM NUMBER 
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Random Dot Stereogram 
see STEREOGRAM 


Random Graph 

A random graph is a GRAPH in which properties such 
as the number of NODES, EDGES, and connections be- 
tween them are determined in some random way. Erdés 
and Rényi showed that for many monotone-increasing 
properties of random graphs, graphs of a size slightly 
less than a certain threshold are very unlikely to have 
the property, whereas graphs with a few more EDGES 
are almost certain to have it. This is known as a PHASE 
TRANSITION. 


see also GRAPH (GRAPH THEORY), GRAPH THEORY 
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Random Matrix 

A random matrix is a MATRIX of given type and size 
whose entries consist of random numbers from some 
specified distribution. 


see also MATRIX 


Random Number 

Computer-generated random numbers are sometimes 
called PSEUDORANDOM NUMBERS, while the term “ran- 
dom” is reserved for the output of unpredictable physi- 
cal processes. It is impossible to produce an arbitrarily 
long string of random digits and prove it is random. 
Strangely, it is very difficult for humans to produce a 
string of random digits, and computer programs can be 
written which, on average, actually predict some of the 
digits humans will write down based on previous ones. 


The LINEAR CONGRUENCE METHOD is one algorithm 
for generating PSEUDORANDOM NUMBERS. The initial 
number used as the starting point in a random number 
generating algorithm is known as the SEED. The good- 
ness of random numbers generated by a given ALGO- 
RITHM can be analyzed by examining its NOISE SPHERE. 


see also BAYS’ SHUFFLE, CLIFF RANDOM NUMBER 
GENERATOR, QUASIRANDOM SEQUENCE, SCHRAGE’S 
ALGORITHM, STOCHASTIC 
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Random Percolation 
see PERCOLATION THEORY 


Random Polynomial 
A POLYNOMIAL having random COEFFICIENTS. 


see also KAC FORMULA 


Random Variable 

A random variable is a measurable function from a 
PROBABILITY SPACE (S,S,P) into a MEASURABLE 
SPACE (S’,S') known as the STATE SPACE. 


see also PROBABILITY SPACE, RANDOM DISTRIBUTION, 
RANDOM NUMBER, STATE SPACE, VARIATE 
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Random Walk 

A random process consisting of a sequence of discrete 
steps of fixed length. The random thermal perturba- 
tions in a liquid are responsible for a random walk phe- 
nomenon known as Brownian motion, and the collisions 
of molecules in a gas are a random walk responsible for 
diffusion. Random walks have interesting mathematical 
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properties that vary greatly depending on the dimension 
in which the walk occurs and whether it is confined to 
a lattice. 


see also RANDOM WALK—1-D, RANDOM WaLk—2-D, 
RANDOM WALK—3-D, SELF-AVOIDING WALK 
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Random Walk—1-D 
Let N steps of equal length be taken along a LINE. Let 
p be the probability of taking a step to the right, q the 
probability of taking a step to the left, ni the number 
of steps taken to the right, and n2 the number of steps 
taken to the left. The quantities p, q, n1, n2, and N are 
related by 

p+q=1 (1) 


and 
TL + nz= N, (2) 


Now examine the probability of taking exactly ni steps 
out of N to the right. There are Su ) = (a) ways 
of taking ni steps to the right and nz to the left, where 
(7) is a BINOMIAL COEFFICIENT. The probability of 
taking a particular ordered sequence of n; and ne steps 
is p"!q"?. Therefore, 


~_ (m1 +72)! nine __ N! ny,N-n 
Pim) = ning! a nil(N — ma)! q i 
(3) 
where n! is a FACTORIAL. This is a BINOMIAL DISTRI- 
BUTION and satisfies 


N 


So P(r) = (p +a)” = 


ny=0 


1% =1. (4) 
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The MEAN number of steps n, to the right is then 


N N 
=< = N! ny N-n 
(m)= S> mP(m) = ys WON ony? *@ ni, 
n,=0 ny=0 
(5) 
but 
rey a) m4 
i aa a a (6) 
sO 


11> 


(e] = 

= Pa, (P+ q)’ =pN(p+q)*"*=pN. (7) 
From the BINOMIAL THEOREM, 

(no) = N —(m) = N(1—p) =4qQN. (8) 


The VARIANCE is given by 


on = (ny?) — (ni)?. (9) 
But 
N 
2 N! ny N-n 2 
=D tae tn 00 
ni ,=0 
so 


= (»Z.) (p+q)* = PNP + aN - 1] 


= p[N(p + q)X-} + pN(N - 1)(p +9) 7] 
= p{[N + pN(N — 1)] 


= pN[1+pN — p] = (Np)? + Nog 
= (ni)” + Npq. (11) 
Therefore, 
= (n1*) — (ni)? = Npa, (12) 


and the ROOT-MEAN-SQUARE deviation is 


On, = /\ Nog. (13) 
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For a large number of total steps N, the BINOMIAL DIs- 
TRIBUTION characterizing the distribution approaches a 
GAUSSIAN DISTRIBUTION. 


100 5 150 20 
ul ane _2d 6 100 15 fy) 
60 -2.5 50 gi00 zoo. 4 
40 -§ 69 


20 -7.5 +80 
fons ane -10 -100) 
50 100 150 200 


Consider now the distribution of the distances dy trav- 
eled after a given number of steps, 


dn =n, — ng = 2n1 — N, (14) 


as opposed to the number of steps in a given direction. 
The above plots show dy(p) for N = 200 and three val- 
ues p = 0.1, p = 0.5, and p = 0.9, respectively. Clearly, 
weighting the steps toward one direction or the other in- 
fluences the overall trend, but there is still a great deal of 
random scatter, as emphasized by the plot below, which 
shows three random walks all with p = 0.5. 


Surprisingly, the most probable number of sign changes 
in a walk is 0, followed by 1, then 2, etc. 


For a random walk with p = 1/2, the probability Pn (d) 
of traveling a given distance d after N steps is given in 
the following table. 


ran 


1 
2 
0 
3 
8 
0 


Ogle Oawo Blo 
Sle CO ele O sm 


mm 
Io 


e 
tc 


In this table, subsequent rows are found by adding HALF 
of each cell in a given row to each of the two cells diago- 
nally below it. In fact, it is simply PASCAL’S TRIANGLE 
padded with intervening zeros and with each row multi- 
plied by an additional factor of 1/2. The COEFFICIENTS 
in this triangle are given by 


Pu(d) = se atu) (15) 
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The expectation value of the distance after N steps is 


therefore 


N 


(dvy)= DD 


d=—N,—(N-2),... 
N 


|d| Pr (d) 


Ea \d| N! 
COC 


d=—N,~—(N-—2),... 2 7 


(16) 


This sum can be done symbolically by separately con- 
sidering the cases N EVEN and N ODD. First, consider 
EVEN WN so that N = 2J/. Then 


-2 


N!} d 


d=—2J, 

=2(F-L) yee 

Id| = Id| 
a a 
2 a) (Hi * 2 ED 


—1 


N! |2d| 


d=—J,—(J—1),... 2 : 


“ |2d| 
ae eeattaay 


d=1,2,... 
ni [| 2d 
~ QN Ds (J+d)\(J— dy! 
Nt < d 
ia Serr ters me 


But this sum can be evaluated analytically as 


J 


d J 
2» (J+d)"J—d)! 262004 J)’ ue) 


d=1 


which, when combined with N = 2J and plugged back 


in, gives 


__TQs+i1sJ _ Pv) 
(doz) = 22J-1P2(1 4 J) 224-2727)" my 


But the LEGENDRE DUPLICATION FORMULA gives 


2?7-1/2P(7)P(J + 4) 


re = Fiz : (20) 
so 
aL A Es 4S 1 
(do) = 2 (ATC 2) 2 (J+ 5 


225-272 (J) vr T(J) 


Random Walk—1-D 


Now consider N ODD, so N = 2J —1. Then 


-1 


> 
BY | eas ee 
~(2I+1) 0. 


25-1 sl 


d=1,3,. 


d=1,3,. 


(day—1) = 


-1 
mie 1 Mies rd (2 ss Teal 


_ T(2J) 2d—1 
= 327-2 bs (F+d—iiJ =| 


ro 14+ J-2Fi(1,—J;J;1) 1 
ae feccenemeam 7 an | 
g2J- 224 r(J)r(S + 1/2) 
223-272 (J) J [1+ J—2Fi(1,-J;J;-1)}+1 
2 T(J +3) = 
=e ray tI 2G, —HIi-Y] +1. (22) 


But the HYPERGEOMETRIC FUNCTION 2F; has the spe- 
cial value 


aE ON A ess 


F,(1,—-J; J; —-1 
amt 2 T(J +3) 


so 2 Ts4 1) 
vax T(J) 


Summarizing the EVEN and ODD solutions, 


(dzy-1) = (24) 


T(J + 3) 


(dn) = (25) 


where 
for N even 


J=iN 
fe =4(N+1) for N odd. (26) 


Written explicitly in terms of N, 


for N even 


(dv) = Wea (27) 


json for N odd. 


Vv" (SN+ 
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The first few values of (dy) are then 


(do) = 0 
(di) = (dz) = 1 
(d3) = (da) = 3 
(ds) = (de) = 
(dz) = (de) = 3 


(dg) = (dio) = i533 
(di1) = (diz) = $33 


(diz) = (dia) = 3098. 


Now, examine the asymptotic behavior of (dw). The 
asymptotic expansion of the GAMMA FUNCTION ratio is 


T(J +3) | 1 
TH =VI(1- stat) (28) 


(Graham et al. 1994), so plugging in the expression for 
(dn) gives the asymptotic series 


2N 1 1 5 
So Ae emg (a * an + 35N2 * Tana 
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~ 20484 7 ) s, (28)} 
where the top signs are taken for N EVEN and the bot- 
tom signs for N OpDD. Therefore, for large N, 


(dw) ~ 4/ 2s , (30) 


which is also shown in Mosteller et al. (1961, p. 14). 


see also BINOMIAL DISTRIBUTION, CATALAN NUMBER, 
p-GooD PATH, P6LYA’s RANDOM WALK CONSTANTS, 
RANDOM WALK—2-D, RANDOM WALK—3-D, SELF- 
AVOIDING WALK 
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Random Walk—2-D 


In a PLANE, consider a sum of N 2-D VECTORS with 
random orientations. Use PHASOR notation, and let the 
phase of each VECTOR be RANDOM. Assume N unit 
steps are taken in an arbitrary direction (i.e., with the 
angle 6 uniformly distributed in [0,27) and not on a 
LATTICE), as illustrated above. The position z in the 
COMPLEX PLANE after N steps is then given by 


N 
z= ye, (1) 
j=l 


which has ABSOLUTE SQUARE 


N N N N 
P= Soe oer = Seto 
j=l k=1 


j=l k=1 


N 
= N+ ye a Le (2) 
jk=1 
kAj 


Therefore, 


N 
eos ( ms ae : (3) 


jyk=1 

KAZ 
Each step is likely to be in any direction, so both 6; 
and 6, are RANDOM VARIABLES with identical MEANS 
of zero, and their difference is also a random variable. 
Averaging over this distribution, which has equally likely 
POSITIVE and NEGATIVE values yields an expectation 
value of 0, so 


(lz?) = N. (4) 


The root-mean-square distance after N unit steps is 
therefore 


|z|rms = VN, (5) 


so with a step size of I, this becomes 
dims =1VN. (6) 


In order to travel a distance d 


v= (t) m 


Range (Image) 


steps are therefore required. 
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Amazingly, it has been proven that on a 2-D LATTICE, 
a random walk has unity probability of reaching any 
point (including the starting point) as the number of 
steps approaches INFINITY. 


see also POLYA’S RANDOM WALK CONSTANTS, RAN- 
DOM WALK—1-D, RANDOM WALK—3-D 


Random Walk—3-D 
68 


On a 3-D LATTICE, a random walk has less than unity 
probability of reaching any point (including the start- 
ing point) as the number of steps approaches infinity. 
The probability of reaching the starting point again 
is 0.3405373296.... This is one of POLYA’s RANDOM 
WALK CONSTANTS. 


see also POLYA’Ss RANDOM WALK CONSTANTS, RAN- 
DOM WALK—1-D, RANDOM WALK-——2-D 


Range (Image) 
If T is MAP over a DOMAIN D, then the range of T is 
defined as 

Range(T) = T(D) = {T(X) : KX € D}. 


The range T'(D) is also called the IMAGE of D under T. 
see also DOMAIN, MAP 


Range (Line Segment) 


Range (Line Segment) 

The set of all points on a LINE SEGMENT, also called a 
PENCIL. 

see also PERSPECTIVITY, SECTION (PENCIL) 
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Range (Statistics) 


R= max(z;) — min(z:). (1) 


For small samples, the range is a good estimator of the 
population STANDARD DEVIATION (Kenney and Keep- 
ing 1962, pp. 213-214). For a continuous UNIFORM DIs- 
TRIBUTION 


for0d<a2<C 
for |x| < C, 


P(2) = {3 (2) 


the distribution of the range is given by 


C 


D(R) = N ()- ina) ee (3) 


Given two samples with sizes m and n and ranges Ry 
and Re, let u= Ri/R2. Then 


m(m—1)n(n—-1) 
(m+n)(m+n-1)(m+n—2) 
x[(m + n)u™~? — (m+n—2)u"—*] 


— forO<u<1l 
D(u) x, m(m—-1)n(n-1) — (4) 
(m+n)(m+n—1)(m+n—2) 
x[(m+ n)u-” — (m+n — 2)u-"~*) 
for 1 < u < oo. 
The MEAN is 


(m—1)n 


“= Gat In 2)’ ©) 


Lb 


and the MODE is 


(m= 2)(mtn) = 
ac) Tecientn—2) OP mn Se ‘e 
(eti(mtn=2) fo a en > 2 
n{(mtn) 2 4. 
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Rank 

In a total generality, the “rank” of a mathematical ob- 
ject is defined whenever that object is FREE. In gen- 
eral, the rank of a FREE object is the CARDINALITY of 
the FREE generating SUBSET G. The word “rank” also 
refers to several unrelated concepts in mathematics in- 
volving groups, quadratic forms, sequences, statistics, 
and tensors. 


see also RANK (GROUP), RANK (QUADRATIC FORM), 
RANK (SEQUENCE), RANK (STATISTICS), RANK (TEN- 
SOR) 
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Rank (Group) 

For an arbitrary finitely generated ABELIAN GROUP G, 
the rank of G is defined to be the rank of the FREE 
generating SUBSET G modulo its TORSION SUBGROUP. 
For a finitely generated GROUP, the rank is defined to 
be the rank of its “Abelianization.” 


see also ABELIAN GROUP, BETTI NUMBER, BURNSIDE 
PROBLEM, QUASITHIN THEOREM, QUASI-UNIPOTENT 
Group, TORSION (GROUP THEORY) 


Rank (Quadratic Form) 
For a QUADRATIC FORM Q in the canonical form 


Q=y? tye? +... 4+ yp? — ypsr” — Yea” — 1 — ye’, 


the rank is the total number r of square terms (both 
POSITIVE and NEGATIVE). 


see also SIGNATURE (QUADRATIC FORM) 
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Rank (Sequence) 

The position of a RATIONAL NUMBER in the SEQUENCE 
1, 3, 2, 4, 3, §, 2, 3, 4, 2, ..., ordered in terms of 
increasing NUMERATOR+DENOMINATOR. 


see also ENCODING, FAREY SERIES 


Rank (Statistics) 
The ORDINAL NUMBER of a value in a list arranged in 
a specified order (usually decreasing). 


see also SPEARMAN RANK CORRELATION, WILCOXON 
RANK SUM TEST, WILCOXON SIGNED RANK TEST, 
ZIPF’S LAW 


Rank (Tensor) 

The total number of CONTRAVARIANT and COVARIANT 
indices of a TENSOR. The rank of a TENSOR is indepen- 
dent of the number of DIMENSIONS of the SPACE. 


Rank Object 


0 scalar 
1 vector 
>2 tensor 


see also CONTRAVARIANT TENSOR, COVARIANT TEN- 
SOR, SCALAR, TENSOR, VECTOR 


Ranunculoid 
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An EPICYCLOID with n = 5 cusps, named after the but- 
tercup genus Ranunculus (Madachy 1979). 


see also EPICYCLOID, 
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RAT-Free Set 

A RAT-free set is a set of points, no three of which 
determine a RIGHT TRIANGLE. Let f(n) be the smallest 
RAT-free subset guaranteed to be contained in a planar 
set of n points, then the function f(n) is bounded by 


Vn < f(n) < 2Vn. 
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Ratio 

The ratio of two numbers r and s is written r/s, where 
r is the NUMERATOR and s is the DENOMINATOR. The 
ratio of r to s is equivalent to the QUOTIENT r/s. Bet- 
ting ODDS written as r: s correspond to s/(r+s). A 
number which can be expressed as a ratio of INTEGERS 
is called a RATIONAL NUMBER. 


see also DENOMINATOR, FRACTION, NUMERATOR, 
ODDS, QUOTIENT, RATIONAL NUMBER 


Ratio Distribution 

Given two distributions Y and X with joint probabil- 
ity density function f(x,y), let U = Y/X be the ratio 
distribution. Then the distribution function of u is 


D(u) = P(U <u) 
= P(Y <uX|X > 0)+P(Y > uX|X <0) 


oo UL 0 0 
-/ if Flew) dyae+ [ f(x,y) dy dz. 

0 0 —oo Juz 
(1) 


The probability function is then 


Pw) =Diw)= f xf(eua)as— [ zf(z,uz) dz 


—oo 


= [ teis(aus) a. (2) 


Loa) 


Rational Approximation 


For variates with a standard NORMAL DISTRIBUTION, 
the ratio distribution is a CAUCHY DISTRIBUTION. For 
a UNIFORM DISTRIBUTION 


1 for z,y € [0,1] 


Flz.u)= 0 otherwise, (3) 
0 ; u<0 
P(u) = ¢ fy cde = [527] = 3 forO<u<l 
lg cdxz = [327]5/* = sty foru> 1. 
(4) 


see also CAUCHY DISTRIBUTION 


Ratio Test 
Let u, be a SERIES with POSITIVE terms and suppose 


Then 

1. If p < 1, the SERIES CONVERGES. 

2. Ifp > 1 or p= ow, the SERIES DIVERGES. 

3. If p = 1, the SERIES may CONVERGE or DIVERGE. 


The test is also called the CAUCHY RATIO TEST or 
D’ALEMBERT RATIO TEST. 


see also CONVERGENCE TESTS 
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Rational Approximation 
If r is any number and n is any INTEGER, then there is 
a RATIONAL NUMBER m/n for which 
joc eS (1) 
nn 
If r is IRRATIONAL and k is any WHOLE NUMBER, there 
is a FRACTION m/n with n < k and for which 
m 1 
0O<r-— —. 2 
aaa n = nk 2) 
Furthermore, there are an infinite number of FRACTIONS 
m/n for which 


1 


Hurwitz has shown that for an IRRATIONAL NUMBER ¢ 
h 1 
IS-El< ae (4) 


there are infinitely RATIONAL NUMBERS h/k ifO0<ec< 
V5, but if c > V5, there are some ¢ for which this 
approximation holds for only finitely many h/k. 


Rational Canonical Form 


Rational Canonical Form 
There is an invertible matrix Q such that 


Q7*TQ = diag[L(y1), L(y2),..-, L(v)], 


where L(f) is the companion MATRIX for any MONIC 
POLYNOMIAL 


fA) = fot firt+...+ far” 


with f, = 1. The POLYNOMIALS y; are called the “in- 
variant factors” of T, and satisfy wi41|yi for i = s — 1, 
..., 1 (Hartwig 1996). 
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Rational Cuboid 
see EULER BRICK 


Rational Distances 

It is possible to find six points in the PLANE, no three on 
a LINE and no four on a CIRCLE (i.e., none of which are 
COLLINEAR or CONCYCLIC), such that all the mutual 
distances are RATIONAL. An example is illustrated by 
Guy (1994, p. 185). 


It is not known if a TRIANGLE with INTEGER sides, ME- 
DIANS, and AREA exists (although there are incorrect 
PRooFsS of the impossibility in the literature). How- 
ever, R. L. Rathbun, A. Kemnitz, and R. H. Buchholz 
have showed that there are infinitely many triangles with 
RATIONAL sides (HERONIAN TRIANGLES) with two Ra- 
TIONAL MEDIANS (Guy 1994, p. 188). 


see also COLLINEAR, CONCYCLIC, CYCLIC QUADRILAT- 
ERAL, EQUILATERAL TRIANGLE, EULER BRICK, HERO- 
NIAN TRIANGLE, RATIONAL QUADRILATERAL, RATIO- 
NAL TRIANGLE, SQUARE, TRIANGLE 
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Rational Domain 
see FIELD 
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Rational Double Point 

There are nine possible types of ISOLATED SINGULARI- 
TIES on a CUBIC SURFACE, eight of them rational double 
points. Each type of ISOLATED SINGULARITY has an as- 
sociated normal form and COXETER-DYNKIN DIAGRAM 
(Ai, Az, As, As, As, Da, Ds, Ee and Es). 


The eight types of rational double points (the Eg type 
being the one excluded) can occur in only 20 combi- 
nations on a CUBIC SURFACE (of which Fischer 1986 
gives 19): Ai, 2A1, 3A1, 4A1, Ao, (A2,A1), 2Aa2, 
(2A2,A1), 3A2, As, (As, Ai), (As,2A1), Aa, (Aa, Ar), 
As, (As,A1), Da, Ds, and Es (Looijenga 1978, Bruce 
and Wall 1979, Fischer 1986). 


In particular, on a CUBIC SURFACE, precisely those con- 
figurations of rational double points occur for which the 
disjoint union of the COXETER-DYNKIN DIAGRAM is 
a SUBGRAPH of the COXETER-DYNKIN DIAGRAM Eg. 
Also, a surface specializes to a more complicated one 
precisely when its graph is contained in the graph of the 
other one (Fischer 1986). 


see also COXETER-DYNKIN DIAGRAM, CUBIC SURFACE, 
ISOLATED SINGULARITY 
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Rational Function 
A quotient of two polynomials P(z) and Q(z), 


— Pz) 
~ Q(z)’ 


is called a rational function. More generally, if P and Q 
are POLYNOMIALS in multiple variables, their quotient 
is a rational function. 


see also ABEL’S CURVE THEOREM, CLOSED ForRM, 
FUNDAMENTAL THEOREM OF SYMMETRIC FUNCTIONS, 
QUOTIENT- DIFFERENCE ALGORITHM, RATIONAL INTE- 
GER, RATIONAL NUMBER, RIEMANN CURVE THEOREM 


Riz) 


Rational Integer 

A synonym for INTEGER. The word “rational” is some- 
times used for emphasis to distinguish it from other 
types of “integers” such as CYCLOTOMIC INTEGERS, 
EISENSTEIN INTEGERS, and GAUSSIAN INTEGERS. 


see also CYCLOTOMIC INTEGER, EISENSTEIN INTEGER, 
GAUSSIAN INTEGER, INTEGER, RATIONAL NUMBER 
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Rational Number 

A number that can be expressed as a FRACTION p/g 
where p and g are INTEGERS, is called a rational num- 
ber with NUMERATOR p and DENOMINATOR g. Num- 
bers which are not rational are called IRRATIONAL NuUM- 
BERS. Any rational number is trivially also an ALGE- 
BRAIC NUMBER. 


For a, 6, and c any different rational numbers, then 


1 1 1 
(a—by? + Gc? * (cap 


is the SQUARE of a rational number (Honsberger 1991). 
The probability that a random rational number has an 
EVEN DENOMINATOR is 1/3 (Beeler et al. 1972, Item 
54). 

see also ALGEBRAIC INTEGER, ALGEBRAIC NUMBER, 
ANOMALOUS CANCELLATION, DENOMINATOR, DIRICH- 
LET FUNCTION, FRACTION, INTEGER, IRRATIONAL 
NUMBER, NUMERATOR, QUOTIENT, TRANSCENDENTAL 
NUMBER 
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Rational Point 
A K-rational point is a point (X,Y) on an ALGEBRAIC 
CURVE, where X and Y are ina FIELD K. 


The rational point may also be a POINT AT INFINITY. 
For example, take the ELLIPTIC CURVE 


Y?=X*4+Xx+4+42 


and homogenize it by introducing a third variable Z so 
that each term has degree 3 as follows: 


ZY? = X°*4+XZ? + 42Z°. 


Now, find the points at infinity by setting Z = 0, ob- 
taining 
G2 X*, 


Solving gives X = 0, Y equal to any value, and (by 
. definition) Z = 0. Despite freedom in the choice of Y, 
there is only a single Point aT INFINITY because the 
two triples (X1, ¥i, Z1), (X2, Yo, Ze) are considered 
to be equivalent (or identified) only if one is a scalar 


Ray 


multiple of the other. Here, (0, 0, 0) is not considered 
to be a valid point. The triples (a, b, 1) correspond 
to the ordinary points (a, 6), and the triples (a, b, 0) 
correspond to the POINTS AT INFINITY, usually called 
the LINE AT INFINITY. 


The rational points on ELLIPTIC CURVES over the GA- 
LOIS FIELD GF(q) are 5, 7, 9, 10, 13, 14, 16,... (Sloane’s 
A005523). 


see also ELLIPTIC CURVE, LINE AT INFINITY, POINT AT 
INFINITY 
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Rational Quadrilateral 

A rational quadrilateral is a QUADRILATERAL for which 
the sides, DIAGONALS, and AREA are RATIONAL. The 
simplest case has sides a = 52, b = 25, c = 39, and 
d = 60 and DIAGONALS of length p = 63 and q = 56. 
see also AREA, DIAGONAL (POLYGON), RATIONAL 
QUADRILATERAL 


Rational Triangle 

A rational triangle is a TRIANGLE all of whose sides are 
RATIONAL NUMBERS and all of whose ANGLES are RA- 
TIONAL numbers of DEGREES. The only such triangle is 
the EQUILATERAL TRIANGLE (Conway and Guy 1996). 


see also EQUILATERAL TRIANGLE, FERMAT’S RIGHT 
TRIANGLE THEOREM, RIGHT TRIANGLE 
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RATS Sequence 

A sequence produced by the instructions “reverse, add, 
then sort the digits,” where zeros are suppressed. For 
example, after 668 we get 


668 + 866 = 1534, 


so the next term is 1345. Applied to 1, the sequence 
gives 1, 2, 4, 8, 16, 77, 145, 668, 1345, 6677, 13444, 
55778, ... (Sloane’s A004000) 

see also 196-ALGORITHM, KAPREKAR ROUTINE, RE- 
VERSAL, SORT-THEN-ADD SEQUENCE 
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Ray 

oo 

A B 
A Vector AB from a point A to a point B. In GEom- 
ETRY, a ray is usually taken as a half-infinite LINE with 
one of the two points A and B taken to be at INFINITY. 


see also LINE, VECTOR 


Rayleigh Distribution 


Rayleigh Distribution 
| 


P(x) 
D(x} 


v r 


The distribution with PROBABILITY FUNCTION 
2 2 
re" /28 
P(r) = Sar as (1) 


for r € [0,00). The MOMENTS about 0 are given by 
oO oo 2 2 
Bin =| r” P(r) dr = of pitt enn (28° dp 
0 0 
2 1 
Sg Tes ( a (2) 


2s? 


where I(x) is a GAUSSIAN INTEGRAL. The first few of 
these are 


Ii(a~*) = ka (3) 
h(a") = Lavaw (4) 
Ij(a*) = ia? (5) 
Iy(a~?) = 30? Var (6) 
Is(a—*) = a’, (7) 
so 
Ho = 875 (28") = 1 (8) 
wy = 87 3(28")V289m = 1sVIn = s 5 (9) 
py = 972 (287)* = 20” (10) 
pg = s 73 (28°)? V282a = 88° V20 = 38° / (11) 
[4 = s~7(287)? = 8s". (12) 
The MOMENTS about the MEAN are 
Ha = M2 — (Hi) = a= 75? (13) 


vie 9 
Bs = Ws — Suge + (Hi)? = Jac — 3)s° (14) 
ba = py — Suge, + 6yua("1)” — 3(u — 1’)" 
32 — 31? 
= ——— 3, (15) 


so the MEAN, VARIANCRF, SKEWNESS, and KURTOSIS are 


wT 
B= = oft (16) 


v = fl = 8 (17) 
ws _ (mn — 3) Vr 

Te ga (4— 7)8/2 (18) 
Ha __ 2(—3n? + 127 — 8) 

2 GA oe (a — 4)? a 


Rayleigh-Ritz Variational Technique 
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Rayleigh Differential Equation 


y" — wl — gy")y' +y =0, 
where > U. Differentiating and setting y = y’ gives 
the VAN DER POL EQUATION. 
see also VAN DER POL EQUATION 


Rayleigh’s Formulas 
The formulas 


(z) = n (i gyi me 
POMEL S zdz z 
wae (sym 
ou zdz z 
for n = 0,1, 2,..., where j,(z) is a SPHERICAL BESSEL 


FUNOTION OF THE First KIND and yp(z) is a SPHERI- 
CAL BESSEI, FUNCTION OF THE SECOND KIND. 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 439, 1972. 


Rayleigh-Ritz Variational Technique 
A technique for computing EIGENFUNCTIONS and 
EIGENVALUES. It proceeds by requiring 


b 
v2 pais satay ide (1) 


to have a STATIONARY VALUE subject to the normaliza- 
tion condition 


y’w(x) dr =1 (2) 


a 


and the boundary conditions 


pyey|, = 0. (3) 


This leads to the STURM-LIOUVILLE EQUATION 


d dy = 
aa (o) + qy + Awy — 0, (4) 


which gives the stationary values of 


b 
J. (pys” — ay?) dz 
.. y?w dz 


Fly(2)| = (5) 


Flyn(x)] = An, (6) 


where 4, are the EIGENVALUES corresponding to the 
EIGENFUNCTION Yn: 


References 


Artken, G. “Rayleigh-Ritz Variational Technique.” §17.8 in 
Mathematical Methods for Physicists, 8rd ed. Orlando, 
FL: Academic Press, pp. 957-961, 1985. 
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Rayleigh’s Theorem 
see PARSEVAL’S THEOREM 


Re-Entrant Circuit 

A CYCLE in a GRAPH which terminates at the starting 
point. 

see also CYCLE (GRAPH), EULERIAN CIRCUIT, HAMIL- 
TONIAN CYCLE 


Real Analysis 

That portion of mathematics dealing with functions of 
real variables. While this includes some portions of To- 
POLOGY, it is most commonly used to distinguish that 
portion of CALCULUS dealing with real as opposed to 
COMPLEX NUMBERS. 


Real Axis 
see REAL LINE 


Real Function 
A FUNCTION whose RANGE is in the REAL NUMBERS is 
said to be a real function. 


see also COMPLEX FUNCTION, SCALAR FUNCTION, 
VECTOR FUNCTION 


Real Line 
-4724V2 1 


-10123 4 


A LINE with a fixed scale so that every REAL NUMBER 
corresponds to a unique POINT on the LINE. The gen- 
eralization of the real line to 2-D is called the COMPLEX 
PLANE. 


see also ABSCISSA, COMPLEX PLANE 


References 

Courant, R. and Robbins, H. What is Mathematics?: An El- 
ementary Approach to Ideas and Methods, 2nd ed. Oxford, 
England: Oxford University Press, p. 57, 1996. 


Real Matrix 
A MATRIX whose elements consist entirely of REAL 
NUMBERS. 


Real Number 

The set of all RATIONAL and IRRATIONAL numbers is 
called the real numbers, or simply the “reals,” and de- 
noted R. The set of real numbers is also called the 
CONTINUUM, denoted C. 


The real numbers can be extended with the addition of 
the IMAGINARY NUMBER i, equal to \/—1. Numbers of 
the form z+ ty, where z and y are both real, are then 
called COMPLEX NUMBERS. Another extension which 
includes both the real numbers and the infinite ORDINAL 
NUMBERS of Georg Cantor is the SURREAL NUMBERS. 


Real Part 


Pick two real numbers z and y at random in (0,1) with 
a UNIFORM DISTRIBUTION. What is the PROBABILITY 
Peven that [z/y], where [r] denotes NINT, the nearest 
INTEGER to r, is EVEN? The answer may be found as 
follows (Putnam Exam). 


x Play < x < by) 

P a<—<b = x xz 

( y ) aes 
forO<a<b<1 


So See dyde = -& fort<a<d 


oo 
zx xz 
Powe =P(0<2<}) +) P(an-}<2<mm+3) 


<i ea ee 
2(2n—4) 2(2n+ 4) 


ll 
Nie 

r adai.t 
dNlR 

| 

OQ 
: 
+ 
iM 


n=1 
le 1 it 
= a a 
-1 
=}+(}-b4+}-44...) =}4+(1-tan 1) 


we | OF BIE 


c = 1(5 — m) = 46.460%. (2) 


Plouffe’s “Inverse Symbolic Calculator” includes a huge 
database of 54 million real numbers which are algebraic- 
ally related to fundamental mathematical constants and 
functions. 


see also COMPLEX NUMBER, CONTINUUM, i, IMAGI- 
NARY NUMBER, INTEGER RELATION, RATIONAL NuM- 
BER, REAL PART, SURREAL NUMBER 
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Putnam Exam. Problem B-3 in the 54th Putnam Exam. 


Real Part 

The real part R of a COMPLEX NUMBER z = z + iy is 
the REAL NUMBER not multiplying 7, so R[z + ty] = zx. 
In terms of z itself, 


R[z] = 3(z +2"), 


where z* is the COMPLEX CONJUGATE of z. 


see also ABSOLUTE SQUARE, COMPLEX CONJUGATE, 
IMAGINARY PART 
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p. 16, 1972. 


Real Polynomial 


Real Polynomial 
A POLYNOMIAL having only REAL NUMBERS as COEF- 
FICIENTS. 


see also POLYNOMIAL 


Real Projective Plane 

The closcd topological MANIFOLD, denoted RP?, which 
is obtained by projecting the points of a plane E from 
a fixed point P (not on the plane), with the addition 
of the LINE AT INFINITY, is called the real projective 
plane. There is then a one-to-one correspondence be- 
tween points in #& and lines through P. Since each line 
through P intersects the sphere S’ centered at P and 
tangent to E in two ANTIPODAL POINTS, RP? can be 
described as a QUOTIENT SPACE of S” by identifying any 
two such points. The real projective plane is a NONORI- 
ENTABLE SURFACE. 


The Boy SURFACE, Cross-CAP, and ROMAN SURFACE 
are all homeomorphic to the real projective plane and, 
because RP? is nonorientable, these surfaces contain 
self-intersections (Kuiper 1961, Pinkall 1986). 


see also BOY SURFACE, Cross-CaPp, NONORIENTABLE 
SURFACE, PROJECTIVE PLANE, ROMAN SURFACE 
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Real Quadratic Field 
A QuapRATIC FIELD Q(VD) with D > 0. 


see also QUADRATIC FIELD 


Realizer 

A SET of R of LINEAR EXTENSIONS of a POSET P = 
(X, <) is a realizer of P (and is said to realize P) pro- 
vided that for all c,y € X, « < y IFF z is below y in 
every member of R. 


see also DOMINANCE, LINEAR EXTENSION, PARTIALLY 
ORDERED SET, PosSET DIMENSION 


Rearrangement Theorem 

Each row and each column in the GROUP multiplication 
table lists each of the GROUP elements once and only 
once. From this, it follows that no two elements may 
be in the identical location in two rows or two columns. 
Thus, each row and each column is a rearranged list of 
the Group elements. Stated otherwise, given a GROUP 


Reciprocation 1531 
of n distinct elements (J,a,},c,...,n), the set of prod- 
ucts (aI,a?, ab,ac,...,an) reproduces the n original dis- 


tinct elements in a new order. 
see also GROUP 


Reciprocal 

The reciprocal of a REAL or COMPLEX NUMBER z is 
its MULTIPLICATIVE INVERSE 1/z. The reciprocal of a 
COMPLEX NUMBER z — z + ty is given by 


Dn A 
atiy «+4? ~ 22 + y? gz? + y? 


Reciprocal Difference 
The reciprocal differences are closely related to the DI- 
VIDED DIFFERENCE. The first few are explicitly given 


by 


To —- Ty 
fo-fi 
Lo — £2 
p(o, £1) — p(x1, 22) 


(1) 


p(zo0, 21) = 


p2(@o, 21,22) = +fi (2) 
To — rg 
p2(£0, 21, £2) ar f2(x1, 22,23) 
+p(r1,22) (3) 


p3{@o, 21, 22,23) = 


Pn(o, T1,--. En) 
_ to —~ In 
Pn—1(@0,--+)2n—-1) — Pn-1(@1,..-,n) 
+pn-2(n1, eee )@n-1)- (4) 


see also BACKWARD DIFFERENCE, CENTRAL DIFFER- 
ENCE, DIVIDED DIFFERENCE, FINITE DIFFERENCE, 
FORWARD DIFFERENCE 
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Reciprocal Polyhedron 
see DUAL POLYHEDRON 


Reciprocating Sphere 
see MIDSPHERE 


Reciprocation 

An incidence-preserving transformation in which points 
and lines are transformed into their poles and polars. 
A PROJECTIVE GEOMETRY-like DUALITY PRINCIPLE 
holds for reciprocation. 
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Reciprocity Theorem 
If there exists a RATIONAL INTEGER z such that, when 
n, p, and q are POSITIVE INTEGERS, 


xz” =q (mod p), 


then gq is the n-adic reside of p, i.e., g is an n-adic residue 
of p IrFF x” =q (mod p) is solvable for z. 


The first case to be considered was n = 2 (the QUADRA- 
TIC RECIPROCITY THEOREM), of which Gauss gave the 
first correct proof. Gauss also solved the case n = 3 
(CUBIC RECIPROCITY THEOREM) using INTEGERS of 
the form a+ bp, when p is a root if z27+2+1 = 0 
and a, b are rational INTEGERS. Gauss stated the case 
n = 4 (QUARTIC RECIPROCITY THEOREM) using the 
GAUSSIAN INTEGERS. 


Proof of n-adic reciprocity for PRIME n was given by 
Bisenstein in 1844-50 and by Kummer in 1850-61. 
In the 1920s, Artin formulated ARTIN’S RECIPROCITY 
THEOREM, a general reciprocity law for all orders. 


see also ARTIN RECIPROCITY, CUBIC RECIPROCITY 
THEOREM, LANGLANDS RECIPROCITY, QUADRATIC 
RECIPROCITY THEOREM, QUARTIC RECIPROCITY THE- 
OREM, ROOK RECIPROCITY THEOREM 


Rectangle 


a 


A closed planar QUADRILATERAL with opposite sides of 
equal lengths a and 6, and with four RIGHT ANGLES. 
The AREA of the rectangle is 


A= ab, 


and its DIAGONALS are of length 


DqQ=Va+b . 


A SQUARE is a degenerate rectangle with a = b. 


see also GOLDEN RECTANGLE, PERFECT RECTANGLE, 
SQUARE 
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Rectangle Squaring 


Rectangle Function 

The rectangle function I(x) is a function which is 0 
outside the interval [—1,1] and unity inside it. It is 
also called the GATE FUNCTION, PULSE FUNCTION, or 
WINDOW FUNCTION, and is defined by 


0 for |x| > 
I(z)=¢ 2 for |x| = 


2 
1 for |z| < 


(1) 


NIRNIPN IE 


The function f(x) = AII((x — c)/b) has height h, center 
ce, and full-width b. Identities satisfied by the rectangle 
function include 


I(x) = H(a+ 3) — H(a— 3) 
= HA(¢+2)+H($—2)-1 


where H(z) is the HEAVISIDE STEP FUNCTION. The 
FOURIER TRANSFORM of the rectangle function is given 
by 


F(N(2)] = ‘i ~ e ?™*** (2) dx =sinc(rk), (6) 


co 


where sinc(x) is the SINC FUNCTION. 


see also FOURIER TRANSFORM--RECTANGLE FUNC- 
TION, HEAVISIDE STEP FUNCTION, RAMP FUNCTION 


Rectangle Squaring 


Cc D 


Given a RECTANGLE LIBCDE, draw EF = DE onan 
extension of BE. Bisect BF and call the MIDPOINT G. 
Now draw a SEMICIRCLE centered at G, and construct 
the extension of £D which passes through the SEMI- 
CIRCLE at H. Then LIEK LH has the same AREA as 
CIBCDE. This can be shown as follows: 


A(CIBCDE) = BE- ED = BE- EF 
= (a+b)(a—b) =a? — 8? =’. 
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Rectangular Coordinates 


Rectangular Coordinates 
see CARTESIAN COORDINATES 


Rectangular Distribution 
see UNIFORM DISTRIBUTION 


Rectangular Hyperbola 


A RIGHT HYPERBOLA of the special form 
zy = ab, 


so that the ASYMPTOTES are the lines x = 0 and y = 0. 
The rectangular hyperbola is sometimes also called an 
EQUILATERAL HYPERBOLA. 


see also HYPERBOLA, RIGHT HYPERBOLA 


References 

Courant, R. and Robbins, H. What is Mathematics?: An El- 
ementary Approach to Ideas and Methods, 2nd ed. Oxford, 
England: Oxford University Press, pp. 76-77, 1996. 


Rectangular Parallelepiped 


A closed box composed of 3 pairs of rectangular faces 
placed opposite each other and joined at RIGHT AN- 
GLES to each other. This PARALLELEPIPED therefore 
corresponds to a rectangular “box.” If the lengths of 
the sides are denoted a, 6, and c, then the VOLUME is 


V = abc, (1) 
the total SURFACE AREA is 
A= 2(ab+ bc+ ca), (2) 


and the length of the “space” DIAGONAL is 


date = Va? +b? + c?. (3) 


Ifa = b = c, then the rectangular parallelepiped is a 
CUBE. 

see also CUBE, EULER BRICK, PARALLELEPIPED 
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Rectangular Projection 
see EQUIRECTANGULAR PROJECTION 


Rectifiable Current 

The space of currents arising from rectifiable sets by in- 
tegrating a differential form is called the space of 2-D 
rectifiable currents. For C' a closcd boundcd rectifiable 
curve of a number of components in R*, C bounds a rec- 
tifiable current of least AREA. The theory of rectifiable 
currents generalizes to m-D surfaces in R”. 


see also INTEGRAL CURRENT, REGULARITY THEOREM 
References 


Morgan, F. “What is a Surface?” Amer. Math. Monthly 108, 
369-376, 1996. 


Rectifiable Set 

The rectifiable sets include the image of any LIPSCHITZ 
FuNCTION f from planar domains into R*. The full set 
is obtained by allowing arbitrary measurable subsets of 
countable unions of such images of Lipschitz functions as 
long as the total AREA remains finite. Rectifiable sets 
have an “approximate” tangent plane at almost every 
point. 

References 
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Rectification 
Rectification is the determination of the length of a 
curve. 


see also QUADRABLE, SQUARING 


Rectifying Latitude 

An AUXILIARY LATITUDE which gives a sphere having 
correct distances along the meridians. It is denoted pu 
(or w) and is given by 


pi 2M, (1) 


M,j is evaluated for M at the north pole (¢ = 90°), and 
M is given by 


@ do 
a _ pe? ek EES 
M=a(l-—e ) | (i — e? sin? $)3/2 


=a ie V1—e?sin? ddd — 2 ag oo a, 
is) 


1—e?sin?¢ 


(2) 
A series for M is 


M =a((1- 46? — Ze - ee —...)¢ 
~ (2c? + Se* + e* +...) sin(2d) 
+ (ph e* + ape’ +...) sin(4d) 
_ ie +..,)sin(6¢) +...], (3) 
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and a series for y is 


w= - (Ze1 - 2e° +...) sin(2¢) 


+ (28¢,? — 1814+...) sin(4¢) 


— (%e1° —...)sin(6¢) + (2814 —...) sin(8¢) +..., 
(4) 
where 
P _i-vi-e (5) 
14 Ve 


The inverse formula is 


b= pt (Ze, — %e1° +...) sin(2p) 


a Ci = $8 e,4 +...) sin(4y) 
+ (43213 — ...) sin(6y) 
+ (42% ey4 —...) sin(8u) +... (6) 


see also LATITUDE 
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Rectifying Plane 
The PLANE spanned by the TANGENT VECTOR T and 
BINORMAL VECTOR B. 


see also BINORMAL VECTOR, TANGENT VECTOR 


Recurrence Relation 

A mathematical relationship expressing f, as some com- 
bination of f; with i <n. The solutions to linear recur- 
rence can be computed straightforwardly, but QUAD- 
RATIC RECURRENCES are not so well understood. The 
sequence generated by a recurrence relation is called a 
RECURRENCE SEQUENCE. Perhaps the most famous ex- 
ample of a recurrence relation is the one defining the 
FIBONACCI NUMBERS, 


Fn = L'n-2 + Fa-1 


for n > 3 and with Fy = Fz = 1. 


see also ARGUMENT ADDITION RELATION, ARGU- 
MENT MULTIPLICATION RELATION, CLENSHAW RECUR- 
RENCE FORMULA, QUADRATIC RECURRENCE, RECUR- 
RENCE SEQUENCE, REFLECTION RELATION, TRANSLA- 
TION RELATION 
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Recurrence Sequence 

A sequence of numbers generated by a RECURRENCE 
RELATION is called a recurrence sequence. Perhaps 
the most famous recurrence sequence is the FIBONACCI 
NUMBERS. 


If a sequence {z,} with z1 = x2 = 1 is described by a 
two-term linear recurrence relation of the form 


Ln = Atn-1+ Ban_-2 (1) 


for n > 3 and A and B constants, then the closed form 
for rn is given by 


ne OB” a 


a-p 


where a and G are the ROOTS of the QUADRATIC EQUA- 
TION 
2? — Ar — B=0, (3) 


a= 5(A+ VA? +4B) (4) 
B=i(A- VA? +4B). (5) 


The general second-order linear recurrence 


Ln = Afn-1 + Ban-2 (6) 


for constants A and B with arbitrary 11 and 2x2 has 
terms 


T= 21 

r2 = £2 

v3 = Br, + Azo 

24 = Bro + ABx; + A? x2 

a5 = B’z, + 2ABar2 + A’ Ba + A®ze 

ag = Br. + 2AB721 + 3A? Bar + A> Ba + A*zo. 


Dropping 21, £2, and A, this can be written 


1 

1 

Bool 

B B 1 

B? 2B Bil 
B? 2B? 3B B 1, 


which is simply PASCAL’s TRIANGLE on its side. An 
arbitrary term can therefore be written as 


6 = 3 ce i = aN) athe to 


Xa tk (mod Diggintk+1 {mod 2)) (7) 


n—2 
s- k 
ots A 2kh—n+2 p—kt+n—2 
= (Azy x2) A B e em 


k=0 


n-1 
aa s- A2k—n+l poktn=1 € 7 : 7 ip (8) 


k=0 


Recurrence Sequence 


The general linear third-order recurrence 
En = A&n-1 + Ban-2 + Crn_-3 (9) 


has solution 


aot B7" 
Perret (ark + sat + AP DBB + 3RC 


Pees See 
A+ 2yB + 377C 


ait” gi-? 


a (3 $2aB + 30°C * AF 2BB + 3PB 


l-n 
Pe eras: ok eens 
A+2yC + a) 
a?-”? 
(Bar + Aza — 23) | 7790 4 3080 
p?-" yor 
+A + 28B + 362C +] +2yB + 37?C ]’ (20) 


where a, (@, and y are the roots of the polynomial 
Cz* + Ba? + Ax = 1. (11) 
A QUOTIENT-DIFFERENCE TABLE eventually yields a 


line of Os Irr the starting sequence is defined by a linear 
recurrence relation. 


A linear second-order recurrence 


fnti = Ufnt+yfn-1 (12) 


can be solved rapidly using a “rate doubling,” 


fat2 = (a* + 2y) fn - ¥ faa) (13) 
“rate tripling” 


faz3 = (e° + 30y)fn + y* fn-s, (14) 


or in general, “rate k-tupling” formula 


fntk = Prfnt+ Wfn—ks (15) 
where 
Po = 2 (16) 
P= (17) 
Pr = 2(—y)*/?Te(w/(2iVy)) (18) 
Prti = Tpke + YPr-1 (19) 


(here, T(x) is a CHEBYSHEV POLYNOMIAL OF THE 
First KIND) and 


go =—1 (20) 
mn =y (21) 
qx = —(-y)* (22) 


Gk+1 = ~YG (23) 
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(Beeler et al. 1972, Item 14). 
Let 
s(X) = ]](Q-aix)™ =1- 9X -...-5nX", (24) 
i=1 


where the generalized POWER sum a(h) forh = 0,1,... 
is given by 


m 
a(h) = S> Ai(h)ai™, (25) 
i=1 
with distinct NONZERO roots ai, COEFFICIENTS A;(h) 
which are POLYNOMIALS of degree n; — 1 for POSITIVE 
INTEGERS ni, and i € [1,m]. Then the sequence {a;,} 
with a, = a(h) satisfies the RECURRENCE RELATION 


Qhtn = $iGh4n—-1 +... + SnQn (26) 
(Meyerson and van der Poorten 1995). 


The terms in a general recurrence sequence belong to a 
finitely generated RING over the INTEGERS, so it is im- 
possible for every RATIONAL NUMBER to occur in any 
finitely generated recurrence sequence. If a recurrence 
sequence vanishes infinitely often, then it vanishes on 
an arithmetic progression with a common difference 1 
that depends only on the roots. The number of values 
that a recurrence sequence can take on infinitely often 
is bounded. by some INTEGER | that depends only on 
the roots. There is no recurrence sequence in which 
each INTEGER occurs infinitely often, or in which ev- 
ery GAUSSIAN INTEGER occurs (Myerson and van der 
Poorten 1995). 


Let y(n) be a bound so that a nondegenerate INTEGER 
recurrence sequence of order n takes the value zero at 
least x(n) times. Then (2) = 1, u(3) = 6, and p(4) > 9 
(Myerson and van der Poorten 1995). The maximal case 
for (3) is 


Gn+3 = 2Qn+42 — 44n41 + dan (27) 

with 
ao = a, = 0 (28) 
aq= Ts (29) 


The zeros are 
ao = a1 = a4 = a6 = 413 = O52 = O (30) 


(Beukers 1991). 


see also BINET FORMS, BINET’S FORMULA, FAST FL 
BONACCI TRANSFORM, FIBONACCI SEQUENCE, LUCAS 
SEQUENCE, QUOTIENT-DIFFERENCE TABLE, SKOLEM- 
MAHLER-LERCH THEOREM 
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Recurring Digital Invariant 

To define a recurring digital invariant of order k, com- 
pute the sum of the kth powers of the digits of a number 
n. If this number n’ is equal to the original number n, 
then n = n’ is called a k-NARCISSISTIC NUMBER. If 
not, compute the sums of the kth powers of the digits 
of n’, and so on. If this process eventually leads back 
to the original number n, the smallest number in the se- 
quence {n,n',n",...} is said to be a k-recurring digital 
invariant. For example, 


55 :5°+5° = 250 
250: 2° +5°+0° = 133 
133 : 19 + 33 + 3° = 55, 
so 55 is an order 3 recurring digital invariant. The fol- 


lowing table gives recurring digital invariants of orders 
2 to 10 (Madachy 1979). 


Order RDIs Cycle Lengths 
2 4 8 
3 55, 136, 160, 919 3, 2, 3, 2 
4 1138, 2178 7,2 
5 244, 8294, 8299, 9044, 9045, 28, 10, 6, 10, 22, 
10933,24584, 58618, 89883 4, 12, 2,2 
6 17148, 63804, 93531, 239459, 30, 2, 4, 10, 3 


282595 

7 80441, 86874, 253074, 376762, 92, 56, 27, 30, 14, 21 
922428, 982108, five more 

8 6822, 7973187, 8616804 

9 322219, 2274831, 20700388, 
eleven more 

10 20818070, five more 


see also 196-ALGORITHM, ADDITIVE PERSISTENCE, 
DIGITAL RooT, DIGITADITION, HAPPY NUMBER, 
KAPREKAR NUMBER, NARCISSISTIC NUMBER, VAM- 
PIRE NUMBER 


References 
Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, pp. 163-165, 1979. 


Recursion 

A recursive process is one in which objects are defined in 
terms of other objects of the same type. Using some sort 
of RECURRENCE RELATION, the entire class of objects 
can then be built up from a few initial values and a small 
number of rules. The FIBONACCI NUMBERS are most 
commonly defined recursively. Care, however, must be 
taken to avoid SELF-RECURSION, in which an object is 
defined in terms of itself, leading to an infinite nesting. 


see also ACKERMANN FUNCTION, PRIMITIVE RECUR- 
SIVE FUNCTION, RECURRENCE RELATION, RECUR- 
RENCE SEQUENCE, RICHARDSON’S THEOREM, SELF- 
RECURSION, SELF-SIMILARITY, TAK FUNCTION 


References 
Buck, R. C. “Mathematical Induction and Recursive Defini- 
tions.” Amer. Math. Monthly 70, 128-135, 1963. 


Red-Black Tree 


Knuth, D. E. “Textbook Examples of Recursion.” In Ar- 
tificial Intelligence and Mathematical Theory of Compu- 
tation, Papers in Honor of John McCarthy (Ed. V. Lif- 
schitz). Boston, MA: Academic Press, pp. 207-229, 1991. 

Péter, R. Rekursive Funktionen. Budapest: Akad. Kiado, 
1951. 


Recursive Function 

A recursive function is a function generated by (1) ADDI- 
TION, (2) MULTIPLICATION, (3) selection of an element 
from a list, and (4) determination of the truth or fal- 
sity of the INEQUALITY a < 6 according to the technical 
rules: 


1. If F and the sequence of functions Gi, ..., Gn are 


recursive, then so is F(Gi,...,Gn). 


2. If F is a recursive function such that there is an x 
for each a with H(a,z) = 0, then the smallest x can 
be obtained recursively. 


A TURING MACHINE is capable of computing recursive 
functions. 


see also TURING MACHINE 


References 
Kleene, S. C. Introduction to Metamathematics. Princeton, 
NJ: Van Nostrand, 1952. 


Recursive Monotone Stable Quadrature 
A QUADRATURE (NUMERICAL INTEGRATION) algorithm 
which has a number of desirable properties. 


References 

Favati, P.; Lotti, G.; and Romani, F. “Interpolary Integration 
Formulas for Optimal Composition.” ACM Trans. Math. 
Software 17, 207-217, 1991. 

Favati, P.; Lotti, G.; and Romani, F. “Algorithm 691: Im- 
proving QUADPACK Automatic Integration Routines.” 
ACM Trans. Math. Software 17, 218-232, 1991. 


Red-Black Tree 

An extended BINARY TREE satisfying the following con- 

ditions: 

1. Every node has two CHILDREN, each colored either 
red or black. 


2. Every LEAF node is colored black. 


3. Every red node has both of its CHILDREN colored 
black. 


4. Every path from the RooT to a LEAF contains the 
same number (the “black-height”) of black nodes. 


Let n be the number of internal nodes of a red-black 
tree. Then the number of red-black trees for n = 1, 
2,... is 2, 2, 3, 8, 14, 20, 35, 64, 122, ... (Sloane’s 
A001131). The number of trees with black roots and 
red roots are given by Sloane’s A001137 and Sloane’s 
A001138, respectively. 


Let T, be the GENERATING FUNCTION for the number of 
red-black trees of black-height h indexed by the number 
of LEAVES. Then 


Tr+i(x) = [Ta(x)]? + [Ta(x)]*, (1) 


Red Net 


where Ti(x) = r+x”. If T(x) is the GENERATING FUNC- 
TION for the number of red-black trees, then 


T(x) =2+274+T(27(1+2)?) (2) 


(Ruskey). Let rd(n) be the number of red-black trees 
with n LEAVES, r(n) the number of red-rooted trees, 
and b(n) the number of black-rooted trees. All three of 
the quantities satisfy the RECURRENCE RELATION 


2m 
Rn)= >> he ) R(m), (3) 
n/a<cn<n/2 
where (2) is a BINOMIAL COEFFICIENT, rb(1) = 1, 


rb(2) = 2 for R(n) = rb(n), r(1) = r(3) = 0, r(2) = 1 
for R(n) = r(n), and b(1) = 1 for R(n) = b(n) (Ruskey). 


References 

Beyer, R. “Symmetric Binary B-Trees: Data Structures and 
Maintenance Algorithms.” Acta Informat. 1, 290-306, 
1972. 

Rivest, R. L.; Leiserson, C. E.; and Cormen, R. H. Introduc- 
tion to Algorithms. New York: McGraw-Hill, 1990. 

Ruskey, F. “Information on Red-Black Trees.” http://sue. 
esc.uvic.ca/~cos/inf/tree/RedBlackTree. html. 

Sloane, N. J. A. Sequences A001131, A001137, and A001138 
in “An On-Line Version of the Encyclopedia of Integer Se- 
quences.” 


Red Net 

The coloring red of two COMPLETE SUBGRAPHS of n/2 
points (for EVEN rn) in order to generate a BLUE~-EMPTY 
GRAPH. 


see also BLUE-EMPTY GRAPH, COMPLETE GRAPH 


Reduced Amicable Pair 
see QUASIAMICABLE PAIR 


Reduced Fraction 

A FRACTION a/b written in lowest terms, i.e., by divid- 
ing NUMERATOR and DENOMINATOR through by their 
GREATEST COMMON Divisor (a, 6). For example, 2/3 
is the reduced fraction of 8/12. 


see also FRACTION, PROPER FRACTION 


Reduced Latitude 
see PARAMETRIC LATITUDE 


Reducible Crossing 

A crossing in a LINK projection which can be removed 
by rotating part of the LINK, also called REMOVABLE 
CROSSING. 


see also ALTERNATING KNOT 


Reducible Representation 
see IRREDUCIBLE REPRESENTATION 
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Reducible Matrix 
A SQUARE n X n matrix A = ai; is called reducible if 
the indices 1, 2, ..., n can be divided into two disjoint 
nonempty sets 71, to, ..., tj. and 71, jo, ..-, jv (with 
p+yv =n) such that 


Qinig =0 


fora =1,2,..., wand B = 1, 2,..., v. A SQUARE Ma- 
TRIX which is not reducible is said to be IRREDUCIBLE. 


see also SQUARE MATRIX 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Diego, CA: Academic 
Press, p. 1103, 1979. 


Reduction of Order 


see ORDINARY DIFFERENTIAL EQUATION—SECOND- 
ORDER 


Reduction Theorem 
If a fixed point is added to each group of a special com- 
plete series, then the resulting series is complete. 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York: Dover, p. 253, 1959. 


Redundancy 


nr 
R(X1,...Xn) = D> W(X) — H(Xi,..-, Xn); 
i=l 
where H(z;) is the ENTROPY and H(Xi,...,Xn) is the 
joint ENTROPY. Linear redundancy is defined as 


L(X1,...,Xa) =-} > nai, 
i=1 


where o; are EIGENVALUES of the correlation matrix. 
see also PREDICTABILITY 


References 

Fraser, A. M. “Reconstructing Attractors from Scalar Time 
Series: A Comparison of Singular System and Redundancy 
Criteria.” Phys. D 34, 391-404, 1989. 

Palus, M. “Identifying and Quantifying Chaos by Using 
Information-Theoretic Functionals.” In Time Series Pre- 
diction: Forecasting the Future and Understanding the 
Past (Ed. A. S. Weigend and N. A. Gerschenfeld). Proc. 
NATO Advanced Research Workshop on Comparative 
Time Series Analysis held in Sante Fe, NM, May 14~-17, 
1992. Reading, MA: Addison-Wesley, pp. 387-413, 1994. 


Reeb Foliation 

The Reeb foliation of the HYPERSPHERE S° is a FOLIA- 
TION constructed as the UNION of two solid TORI with 
common boundary. 

see also FOLIATION 

References 


Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
Perish Press, pp. 287-288, 1976. 
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Reef Knot 
see SQUARE KNOT 


Refinement 
A refinement X of a COVER Y is a COVER such that 
every element « € X is a SUBSET of an element y € Y. 


see also COVER 


Reflection 

The operation of exchanging all points of a mathemati- 
cal object with their MIRROR IMAGES (i.e., reflections in 
a mirror). Objects which do not change HANDEDNESS 
under reflection are said to be AMPHICHIRAL; those that 
do are said to be CHIRAL. 


If the PLANE of reflection is taken as the yz-PLANE, 
the reflection in 2- or 3-D SPACE consists of making the 
transformation x — — 2 for each point. Consider an ar- 
bitrary point xo and a PLANE specified by the equation 


ax+by+az+d=0. (1) 


This PLANE has NORMAL VECTOR 


and the POINT-PLANE DISTANCE is 


_ |awo + byo + czo + d| 


The position of the point reflected in the given plane is 
therefore given by 


D (3) 


a a 
Xp = Xo — 2DNn 


zo a 
= | yo} — 2jaro + byo+czo+d|}b]. (A) 
20 c 


see also AMPHICHIRAL, CHIRAL, DILATION, ENAN- 
TIOMER, EXPANSION, GLIDE, HANDEDNESS, IMPROPER 
ROTATION, INVERSION OPERATION, MIRROR IMAGE, 
PROJECTION, REFLECTION PROPERTY, REFLECTION 
RELATION, REFLEXIBLE, ROTATION, ROTOINVERSION, 
TRANSLATION 


Reflection Property 
In the plane, the reflection property can be stated as 
three theorems (Ogilvy 1990, pp. 73-77): 


1. The Locus of the center of a variable CIRCLE, tan- 
gent to a fixed CIRCLE and passing through a fixed 
point inside that CIRCLE, is an ELLIPSE. 


2. If a variable CIRCLE is tangent to a fixed CIRCLE 
and also passes through a fixed point outside the 
CIRCLE, then the Locus of its moving center is a 
HYPERBOLA. 


Reflection Property 


3. Ifa variable CIRCLE is tangent to a fixed straight line 
and also passes through a fixed point not on the line, 
then the Locus of its moving center is a PARABOLA. 


Let a : I - R? be a smooth regular parameterized 
curve in R? defined on an OPEN INTERVAL I, and let 
F, and F» be points in P?\a(I), where P” is an n-D 
PROJECTIVE SPACE. Then a has a reflection property 
with Foc F,; and F? if, for each point P € a(J), 


1. Any vector normal to the curve a at P lies in the 
SPAN of the vectors FP and Fo P. 


2. The line normal to a at P bisects one of the pairs of 
opposite ANGLES formed by the intersection of the 
lines joining F, and F2 to P. 

A smooth connected plane curve has a reflection 

property IFF it is part of an ELLIPSE, HYPERBOLA, 

PARABOLA, CIRCLE, or straight LINE. 


Foci Sign Both foci finite One focus Both foci 
finite fore) 
distinct + confocal ellipses confocal || lines 
parabolas 
distinct — confocal hyperbola confocal || lines 
and .L bisector parabolas 
of interfoci line 
segment 
equal concentric circles || lines 


Let S € R® be a smooth connected surface, and let Fy 
and F»2 be points in P*\S, where P” is an n-D PRo- 
JECTIVE SPACE. Then S has a reflection property with 
Foc! F; and F if, for each point P € S, 


1. Any vector normal to S at P lies in the SPAN of the 
vectors F, P and FP. 


2. The line normal to S at P bisects one of the pairs 
of opposite angles formed by the intersection of the 
lines joining F, and F2 to P. 

A smooth connected surface has a reflection property 

IFF it is part of an ELLIPSOID of revolution, a HYPER- 

BOLOID of revolution, a PARABOLOID of revolution, a 

SPHERE, or PLANE. 


Foci Sign Both foci finite One focus Both foci 
finite fo) 
distinct + confocal ellipsoids confocal || planes 
paraboloids 
distinct — confocal hyperboloids confocal || planes 
and plane 1 bisector paraboloids 
of interfoci line 
segment 
equal concentric spheres || planes 


see also BILLIARDS 
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Reflection Relation 
A mathematical relationship relating f(—x) to f(z). 


see also ARGUMENT ADDITION RELATION, ARGUMENT 
MULTIPLICATION RELATION, RECURRENCE RELATION, 
TRANSLATION RELATION 


Reflexible 


An object is reflexible if it is superposable with its image 
in a plane mirror. Also called AMPHICHIRAL. 


see also AMPHICHIRAL, CHIRAL, ENANTIOMER, HAND- 
EDNESS, MIRROR IMAGE, REFLECTION 


References 

Ball, W. W. R. and Coxeter, H. S. M. “Polyhedra.” Ch. 5 in 
Mathematical Recreations and Essays, 18th ed. New York: 
Dover, p. 130, 1987. 


Reflexible Map 

An AUTOMORPHISM which interchanges the two vertices 
of a regular map at each edge without interchanging the 
vertices. 


see also EDMONDS’ MAP 


Reflexive Closure 

The reflexive closure of a binary RELATION R on a SET 
X is the minimal REFLEXIVE RELATION R’ on X that 
contains R. Thus aR’a for every element a of X and 
aR’'b for distinct elements a and 6, provided that aRb. 


see also REFLEXIVE REDUCTION, REFLEXIVE RELA- 
TION, RELATION, TRANSITIVE CLOSURE 


Reflexive Graph 
see DIRECTED GRAPH 


Reflexive Reduction 

The reflexive reduction of a binary RELATION R on a 
SET X is the minimum relation R’ on X with the same 
REFLEXIVE CLOSURE as R. Thus aR’b for any elements 
a and 6 of X, provided that a and 6 are distinct and 
aRb. 


see also REFLEXIVE CLOSURE, RELATION, TRANSITIVE 
REDUCTION 


Reflexive Relation 
A RELATION RF on a SET S is reflexive provided that 
zRz for every x in S. 


see also RELATION 
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Reflexivity 
A REFLEXIVE RELATION. 


Region 
An open connected set is called a region (sometimes also 
called a DOMAIN). 


Regression 

A method for fitting a curve (not necessarily a straight 
line) through a set of points using some goodness-of- 
fit criterion. The most common type of regression is 
LINEAR REGRESSION. 

see also LEAST SQUARES FITTING, LINEAR REGRES- 
SION, MULTIPLE REGRESSION, NONLINEAR LEAST 
SQUARES FITTING, REGRESSION COEFFICIENT 


References 

Kleinbaum, D. G. and Kupper, L. L. Applied Regression 
Analysis and Other Multivariable Methods. North Scit- 
uate, MA: Duxbury Press, 1978. 


Regression Coefficient 
The slope 6 of a line obtained using linear LEAST 
SQUARES FITTING is called the regression coefficient. 


see also CORRELATION COEFFICIENT, LEAST SQUARES 
FITTING 


References 
Kenney, J. F. and Keeping, E. S. Mathematics of Statistics, 
Pt. 2, 2nd ed. Princeton, NJ: Van Nostrand, p. 254, 1951. 


Regula Falsi 
see FALSE POSITION METHOD 


Regular Function 
see HOLOMORPHIC FUNCTION 


Regular Graph 
A GRAPH is said to be regular of degree r if all LOCAL 
DEGREES are the same number r. Then 


_ i 
E = g5nr, 


where E is the number of EDGES. The connected 3- 
regular graphs have been determined by G. Brinkman 
up to 24 VERTICES. 


see also COMPLETE GRAPH, COMPLETELY REGULAR 
GRAPH, LOCAL DEGREE, SUPERREGULAR GRAPH 


References 
Chartrand, G. Introductory Graph Theory. 
Dover, p. 29, 1985. 


New York: 


Regular Isotopy 

The equivalence of MANIFOLDS under continuous defor- 
mation within the embedding space. KNOTS of opposite 
CHIRALITY have AMBIENT ISOTOPY, but not regular 
isotopy. 

see also AMBIENT ISOTOPY 
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Regular Isotopy Invariant 
see BRACKET POLYNOMIAL 


Regular Local Ring 

A regular local ring is a LOCAL RING R with MAXIMAL 
IDEAL m so that m can be generated with exactly d ele- 
ments where d is the KRULL DIMENSION of the RING R. 
Equivalently, R is regular if the VECTOR SPACE m/m? 
has dimension d. 


see also KRULL DIMENSION, LOCAL RING, REGULAR 
RING, RING 


References 

Eisenbud, D. Commutative Algebra with a View Toward Al- 
gebraic Geometry. New York: Springer-Verlag, p. 242, 
1995. 


Regular Number 
A number which has a finite DECIMAL expansion. A 
number which is not regular is said to be nonregular. 


see also DECIMAL EXPANSION, REPEATING DECIMAL 


Regular Parameterization 
A parameterization of a SURFACE x(u,v) in u and v is 
regular if the TANGENT VECTORS 


are always LINEARLY INDEPENDENT. 


Regular Patch 

A regular patch is a PATCH x : U + R” for which 
the JACOBIAN J({x)(u,v) has rank 2 for all (u,v) € U. 
A PATGH is said to be regular at a point (uo,vo) € U 
providing that its JACOBIAN has rank 2 at (uo, vo). For 
example, the points at ¢ = t7/2 in the standard param- 
eterization of the SPHERE (cos @sin ¢, sin @ sin ¢, cos ¢) 
are not regular. 


An example of a PATCH which is regular but not IN- 
JECTIVE is the CYLINDER defined parametrically by 
(cos u, sin u, v) with u € (—00, oo) and v € (—2, 2). How- 
ever, if x : U — R” is an injective regular patch, then x 
maps U diffeomorphically onto x(U). 


see also INJECTIVE PATCH, PATCH, REGULAR SURFACE 


References 
Gray, A. Modern Differential Geometry of Curves and Sur- 
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Regular Point 
see ORDINARY POINT 


Regular Polyhedron 


Regular Polygon 

An n-sided POLYGON in which the sides are all the same 
length and are symmetrically placed about a common 
center. The sum of PERPENDICULARS from any point 
to the sides of a regular polygon of n sides is n times 
the APOTHEM. Only certain regular polygons are “Con- 
STRUCTIBLE” with RULER and STRAIGHTEDGE. 


nm Regular Polygon 


3 equilateral triangle 
4 square 

5 pentagon 

6 hexagon 

7 heptagon 

8 octagon 

9 nonagon 

10 decagon 

12 dodecagon 

15 pentadecagon 
16 hexadecagon 
17 heptadecagon 
18 octadecagon 
20 icosagon 

30 triacontagon 


see also CONSTRUCTIBLE POLYGON, GEOMETROGRA- 
PHY, HEPTADECAGON, POLYGON 


References 
Bishop, W. “How to Construct a Regular Polygon.” Amer. 
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Regular Polyhedron 

A polyhedron is said to be regular if its FACES and VER- 
TEX FIGURES are REGULAR (not necessarily CONVEX) 
polygons (Coxeter 1973, p. 16). Using this definition, 
there are a total of nine regular polyhedra, five being 
the CONVEX PLATONIC SOLIDS and four being the CON- 
CAVE (stellated) KEPLER-POINSOT SOLIDS. However, 
the term “regular polyhedra” is sometimes used to refer 
exclusively to the CONVEX PLATONIC SOLIDS. 


It can be proven that only nine regular solids (in the 
Coxeter sense) exist by noting that a possible regular 
polyhedron must satisfy 


cos” (=) + cos” (=) + cos” (=) =1. 
Pp q r 


Gordon showed that the only solutions to 
1 + cos ¢i + cos d2 + cos d3 = 0 


of the form ¢; = am;/n; are the permutations of 
(3x, 20,37) and (37,27,2m). This gives three per- 
mutations of (3, 3, 4) and six of (3, 5, 3) as possible 
solutions to the first equation. Plugging back in gives 
the SCHLAFLI SYMBOLS of possible regular polyhedra as 
{3,3}, {3,4}, {4,3}, (3, 5}, {5,3}, (3, £}, (2,3), (5, $F, 
and {2,5} (Coxeter 1973, pp. 107-109). The first five of 


Regular Prime 


these are the PLATONIC SOLIDS and the remaining four 
the KEPLER-POINSOT SOLIDS. 


Every regular polyhedron has e + 1 axes of symmetry, 
where e is the number of EDGES, and 3h/2 PLANES of 
symmetry, where h is the number of sides of the corre- 
sponding PETRIE POLYGON. 


see also CONVEX POLYHEDRON, KEPLER-POINSOT 
SOLID, PETRIE POLYGON, PLATONIC SOLID, POLy- 
HEDRON, POLYHEDRON COMPOUND, SPONGE, VERTEX 
FIGURE 
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Regular Prime 

A PRIME which does not DIVIDE the CLASS NUMBER 
h(p) of the CYCLOTOMIC FIELD obtained by adjoining 
a PRIMITIVE pTH ROOT of unity to the rational FIELD. 
A PRIME p is regular IFF p does not divide the Nu- 
MERATORS of the BERNOULLI NUMBERS Bio, Bia, ...,; 
Bop-2. A PRIME which is not regular is said to be an 
IRREGULAR PRIME. 


In 1915, Jensen proved that there are infinitely many 
IRREGULAR PRIMES. It has not yet been proven that 
there are an INFINITE number of regular primes (Guy 
1994, p. 145). Of the 283,145 PRIMES < 4x 10°, 171,548 
{or 60.59%) are regular (the conjectured FRACTION is 
e~1/? = 60.65%). The first few are 3, 5, 7, 11, 13, 17, 
19, 23, 29, 31, 41, 43, 47, ... (Sloane’s A007703). 


see also BERNOULLI NUMBER, FERMAT’S THEOREM, IR- 
REGULAR PRIME 
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Regular Ring 

In the sense of von Neumann, a regular ring is a RING 
R such that for all a € #, there exists a 6 € R satisfying 
a = aba. 


see also REGULAR LOCAL RING, RING 
References 
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Regular Sequence 
Let there be two PARTICULARLY WELL-BEHAVED 
FUNCTIONS F(z) and p-(z). If the limit 


lim i pr(x) F(x) dz 
r0 ae 


exists, then p;(z) is a regular sequence of PARTICU- 
LARLY WELL-BEHAVED FUNCTIONS. 


Regular Singular Point 
Consider a second-order ORDINARY DIFFERENTIAL 
EQUATION 


y + P(z)y’ + Q(z)y = 0. 


If P(x) and Q(x) remain FINITE at x = 2, then zo 
is called an ORDINARY POINT. If either P(x) or Q(x) 
diverges as x —> 20, then zo is called a singular point. If 
either P(x) or Q(z) diverges as z —> xo but (x—20)P(z) 
and (# — 2o)’Q(a) remain FINITE as 2 > Zo, then x = 
Zo is called a regular singular point (or NONESSENTIAL 
SINGULARITY). 


see also IRREGULAR SINGULARITY, SINGULAR POINT 
(DIFFERENTIAL EQUATION) 
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Regular Singularity 
see REGULAR SINGULAR POINT 


Regular Surface 

A SuBseT M c R?” is called a regular surface if for each 
point p € M, there exists a NEIGHBORHOOD V of p in 
R” and a Map « : U + R” of a OPEN SET U c R® 
onto VM M such that 


1. x is differentiable, 
2. 2:U-+VMOM is a HOMEOMORPHISM, 
3. Each map «: U > M is a REGULAR PATCH. 


Any open subset of a regular surface is also a regular 
surface. 


see also REGULAR PATCH 


References 

Gray, A. “The Definition of a Regular Surface in R”.” §10.4 
in Modern Differential Geometry of Curves and Surfaces. 
Boca Raton, FL: CRC Press, pp. 195-200, 1993. 
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Regular Triangle Center 

A TRIANGLE CENTER is regular IFF there is a TRIANGLE 
CENTER FUNCTION which is a POLYNOMIAL in A, a, 0, 
and c (where A is the AREA of the TRIANGLE) such that 
the TRILINEAR COORDINATES of the center are 


f (a,b,c) : f(b, c, a): f(c,a, d). 


The ISOGONAL CONJUGATE of a regular center is a regu- 
lar center. Furthermore, given two regular centers, any 
two of their HARMONIC CONJUGATE POINTS are also 
regular centers. 

see also ISOGONAL CONJUGATE, TRIANGLE CENTER, 
TRIANGLE CENTER FUNCTION 


Regularity Theorem 

An AREA-minimizing surface (RECTIFIABLE CURRENT) 
bounded by a smooth curve in R? is a smooth subman- 
ifold with boundary. 


see also MINIMAL SURFACE, RECTIFIABLE CURRENT 
References 
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Regularized Beta Function 
The regularized beta function is defined by 


B(z; a,b) 


I(z;a, 6) = “B(a,b) ’ 


where B(z;a,b) is the incomplete BETA FUNCTION and 
B(a, b) is the complete BETA FUNCTION. 


see also BETA FUNCTION, REGULARIZED GAMMA 
FUNCTION 


Regularized Gamma Function 
The regularized gamma functions are defined by 


P(a,z) =1- Q(a,z)= se 
and 
Q(a,z) =1- P(a,z)= ee), 


where y(a, z) and (a, z) are incomplete GAMMA FUNC- 
TIONS and I'(a) is a complete GAMMA FUNCTION. Their 
derivatives are 

d 


wm B72 whl 
ai (a2) =e z 


£9(a, 2) ew ge. 


see also GAMMA FUNCTION, REGULARIZED BETA 
FUNCTION 
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Relation 


Regulus 

The locus of lines meeting three given SKEW LINES. 
(“Regulus” is also the name of the brightest star in the 
constellation Leo.) 


Reidemeister Moves 


L <D++ 


twist untwist 
enna 
Il D) ae 2 
“—_— 
pers unpoke 


| slide 
In the 1930s, Reidemeister first rigorously proved that 
KNOTS exist which are distinct from the UNKNOT. He 
did this by showing that all KNOT deformations can be 
reduced to a sequence of three types of “moves,” called 
the (I) Twist MOVE, (II) POKE MOVE, and (III) SLIDE 
MOVE. 


REIDEMEISTER’S THEOREM guarantees that moves I, II, 
and III correspond to AMBIENT ISOTOPY (moves II and 
IfI alone correspond to REGULAR IsoTopy). He then 
defined the concept of COLORABILITY, which is invariant 
under Reidemeister moves. 


see also AMBIENT ISOTOPY, COLORABLE, MARKOV 
MOVES, REGULAR IsOTOPY, UNKNOT 


Reidemeister’s Theorem 

Two LINKS can be continuously deformed into each 
other IFF any diagram of one can be transformed into 
a diagram of the other by a sequence of REIDEMEISTER 
MOVES. 


see also REIDEMEISTER MOVES 


Reinhardt Domain 

A Reinhardt domain with center ¢ is a DOMAIN D in 
C” such that whenever D contains zo, the DOMAIN D 
also contains the closed POLYDISK. 
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Relation 

A relation is any SUBSET of a CARTESIAN PRODUCT. 
For instance, a SUBSET of A x B, called a (binary) “re- 
lation from A to B,” is a collection of ORDERED PAIRS 
(a,b) with first components from A and second compo- 
nents from B, and, in particular, a SUBSET of A x A is 
called a “relation on A.” For a binary relation R, one 
often writes aRb to mean that (a,b) is in R. 


Relative Error 


see also ADJACENCY RELATION, ANTISYMMETRIC RE- 
LATION, ARGUMENT ADDITION RELATION, ARGU- 
MENT MULTIPLICATION RELATION, COVER RELATION, 
EQUIVALENCE RELATION, IRREFLEXIVE, PARTIAL OR- 
DER, RECURRENCE RELATION, REFLECTION RELA- 
TION, REFLEXIVE RELATION, SYMMETRIC RELATION, 
TRANSITIVE, TRANSLATION RELATION 


Relative Error 
Let the true value of a quantity be 2 and the measured 
or inferred value xo. Then the relative error is defined 
by 

Ar 2“-xr & 

pfareade k eee 8 

x x x 
where Az is the ABSOLUTE ERROR. The relative error 
of the QUOTIENT or PRODUCT of a number of quantities 
is less than or equal to the SuM of their relative errors. 
The PERCENTAGE ERROR is 100% times the relative 
error. 


see also ABSOLUTE ERROR, ERROR PROPAGATION, 
PERCENTAGE ERROR 
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Relative Extremum 
A RELATIVE MAXIMUM or RELATIVE MINIMUM, also 
called a LOCAL EXTREMUM. 


see also EXTREMUM, GLOBAL EXTREMUM, RELATIVE 
MAXIMUM, RELATIVE MINIMUM 


Relative Maximum 
A MAXIMUM within some NEIGHBORHOOD which need 
not be a GLOBAL MAXIMUM. 


see also GLOBAL MAXIMUM, MAXIMUM, RELATIVE 
MINIMUM 


Relative Minimum 
A MINIMUM within some NEIGHBORHOOD which need 
not be a GLOBAL MINIMUM. 


see also GLOBAL MINIMUM, MINIMUM, RELATIVE MAX- 
IMUM 


Relatively Prime 

Two integers are relatively prime if they share no com- 
mon factors (divisors) except 1. Using the notation 
(m,n) to denote the GREATEST COMMON DIVISOR, 
two integers m and n are relatively prime if (m,n) = 
1. Relatively prime integers are sometimes also called 
STRANGERS or COPRIMF and are denoted m | n. 


The probability that two INTEGERS picked at random 
are relatively prime is [¢(2)]~! = 6/2”, where ¢(z) is 
the RIEMANN ZETA FUNCTION. This result is related 
to the fact that the GREATEST COMMON DIVISOR of m 
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and n, (m,n) = k, can be interpreted as the number of 
LATTICE POINTS in the PLANE which lie on the straight 
LINE connecting the VEcTors (0,0) and (m,n) (exclud- 
ing (m,n) itself). In fact 6/7? the fractional number of 
LATTICE POINTS VISIBLE from the ORIGIN (Castellanos 
1988, pp. 155-156). 


Given three INTEGERS chosen at random, the probabil- 
ity that no common factor will divide them all is 


[¢(3)]~* = 1.2027* = 0.832..., 


where ¢(3) is APERY’s CONSTANT. This generalizes to 
k random integers (Schoenfeld 1976). 


see also DIVISOR, GREATEST COMMON Divisor, VISI- 
BILITY 
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Relaxation Methods 

Methods of solving an ORDINARY DIFFERENTIAL EqQua- 
TION by replacing it with a FINITE DIFFERENCE equa- 
tion on a regular grid spanning the domain of interest. 
The finite difference equations are then solved using an 
n-D NEWTON’S METHOD or other similar algorithm. 
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Remainder 

In general, a remainder is a quantity “left over” after 
performing a particular algorithm. The term is most 
commonly used to refer to the number left over when two 
integers are divided by each other in INTEGER DIvISsION. 
For example, 55\7 = 7, with a remainder of 6. Of course 
in real division, there is no such thing as a remainder 


since, for example, 55/7 = 7+ 6/7. 
The term remainder is also sometimes to the RESIDUE 
of a CONGRUENCE. 


see also DIVISION, INTEGER DIVISION, RESIDUE (CON- 
GRUENCE) 


Remainder Theorem 
see POLYNOMIAL REMAINDER THEOREM 
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Rembs’ Surfaces 

A special class of ENNEPER’S SURFACES which can be 
given parametrically by 


xz = a(Ucosu—U'sinu) (1) 
y = —a(U sinu + U' cosu) (2) 
z=v-—av’', (3) 
where 
U= cosh(uV/C ) (4) 
~ Ve 
Ve cos(v/C +1) (5) 
~  VE#I 
= 2V 
o> (Ca l(t = V3) (8) 
The value of v is restricted to 
cs 
< = —— 7 
|| S vo 2/C+4+1 ( ) 


(Reckziegel 1986), and the values v = +vo correspond 
to the ends of the cleft in the surface. 


see also ENNEPER’S SURFACES, KUEN SURFACE, SIEV- 
ERT’S SURFACE 
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Removable Crossing 
see REDUCIBLE CROSSING 


Removable Singularity 

A SINGULAR POINT zo of a FUNCTION f(z) for which 
it is possible to assign a COMPLEX NUMBER in such a 
way that f(z) becomes ANALYTIC. A more precise way 
of defining a removable singularity is as a SINGULARITY 
zo of a function f(z) about which the function f(z) is 
bounded. For example, the point r9 = 0 is a removable 
singularity in the SINC FUNCTION sinc x = sin x/z, since 
this function satisfies sinc 0 = 1. 


Rencontres Number 
see DERANGEMENT, SUBFACTORIAL 


Rendezvous Values 
see MAGIC GEOMETRIC CONSTANTS 


Rényi’s Parking Constants 


Rényi’s Parking Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Given the CLOSED INTERVAL [0,2] with x > 1, let 1-D 
“cars” of unit length be parked randomly on the interval. 
The MEAN number M(z) of cars which can fit (without 
overlapping!) satisfies 


0 forO<a<1 
M(z) = { se ee es M(y)dy fora > 1. (1) 


z~—1 JO 


The mean density of the cars for large zx is 


coo zz = —Yy 
m= lim M(z) =| exp (-2 1=** wy) dx 
=—00 x 0 re) y 


= 0.7475979203.... (2) 
Furthermore, 
M(rc)=mre+m—-1+O0(x") (3) 


for all nm (Rényi 1958), which was strengthened by 
Dvoretzky and Robbins (1964) to 


M(e)=marm—140[(%) 0"). (4) 


Dvoretzky and Robbins (1964) also proved that 


a<t<e41 t+1 ~ = 


M(t)+1 
a<t<et1 t+] : 


(5) 


Let V(x) be the variance of the number of cars, then 
Dvoretzky and Robbins (1964) and Mannion (1964) 
showed that 


200 xz 


= f {=| e~*" Ra(y) dy + 2? if erat) \ 


*“1-e7¥ 
x exp (-2 / ; ts) dz = 0.038156..., (6) 
Oo 
where 
Ri(x) = M(x) —mz-—m+i (7) 
(1—m-— mz)? forO<a<l 
4(1 —m)? for z= 1 
Ro(z)= 4 3 ie Ra(y) dy for z > 1 


+ fo7* Ri(y)Ra(z — y—1) dy| ; 
(8) 


Rep-Tile 


and the numerical value is due to Blaisdell and Solomon 
(1970). Dvoretzky and Robbins (1964) also proved that 


V(@) Vit) 
ow cy< pee 
ecteetit+l ~~ scpeegi tt’ ®) 
and that 
de z-4 
V(a2) =ve+v+0 (=) : (10) 


Palasti (1960) conjectured that in 2-D, 


ity PD) ee (11) 


£L,y 00 ry 


but this has not yet been proven or disproven (Finch). 
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Rep-Tile 

A POLyGon which can be divided into smaller copies of 
itself. 

see also DISSECTION 
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Repartition 
see ADELE 


Repdigit 

A number composed of a single digit is called a repdigit. 
If the digits are all Is, the repdigit is called a REPUNIT. 
The BEAST NUMBER 666 is a repdigit. 


see also KEITH NUMBER, REPUNIT 
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Repeating Decimal 

A number whose decimal representation eventually be- 
comes periodic (i.e., the same sequence of digits repeats 
indefinitely) is called a repeating decimal. Numbers 
such as 0.5 can be regarded as repeating decimals since 
0.5 = 0.5000... = 0.4999.... All RATIONAL NUMBERS 
have repeating decimals, e.g., 1/11 = 0.09. However, 
TRANSCENDENTAL NUMBERS, such as 7 = 3.141592... 
do not. 


see also CYCLIC NUMBER, DECIMAL EXPANSION, FULL 
REPTEND PRIME, IRRATIONAL NUMBER, MIDyY’S THE- 
OREM, RATIONAL NUMBER, REGULAR NUMBER 
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Repfigit Number 
see KEITH NUMBER 


Replicate 
One out of a set of identical observations in a given 
experiment under identical conditions. 


Reptend Prime 
see FULL REPTEND PRIME 


Representation 

The representation of a GROUP G on a COMPLEX VEC- 
TOR SPACE V is a group action of G on V by linear 
transformations. Two finite dimensional representations 
mon V and 7’ on V’ are equivalent if there is an invert- 
ible linear map E : V ++ V’ such that m'(g)E = Enx(g) 
for all g € G. 7m is said to be irreducible if it has no 
proper NONZERO invariant SUBSPACES. 


see also CHARACTER (MULTIPLICATIVE), PETER- WEYL 
THEOREM, PRIMARY REPRESENTATION, SCHUR’S 
LEMMA 
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Repunit 
A (generalized) repunit to the base 6 is a number of the 


form eS 

M; = ——. 
7 b-1 

The term “repunit” was coined by Beiler (1966), who 

also gave the first tabulation of known factors. Repunits 

M, = MZ = 2” —1 with b = 2 are called MERSENNE 
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NUMBERS. If 6 = 10, the number is called a repunit 
(since the digits are all 1s). A number of the form 


10” —1 
sia (= ele a oa 


is therefore a (decimal) repunit of order n. 


Sloane 


000225 
003462 
002450 
003463 
003464 
023000 
023001 
002452 
10 002275 
11 016123 
12 016125 


b-Repunits 


1, 3, 7, 15, 31, 63, 127, ... 

1, 4, 13, 40, 121, 364, ... 

1, 5, 21, 85, 341, 1365, ... 

1, 6, 31, 156, 781, 3906, ... 

1, 7, 43, 259, 1555, 9331, ... 

1, 8, 57, 400, 2801, 19608, ... 

1, 9, 73, 585, 4681, 37449, ... 

, 10, 91, 820, 7381, 66430, .. 

tb VE, HVT: 

, 12, 133, 1464, 16105, 177156, ... 
, 13, 157, 1885, 22621, 271453, ... 


WOMAN Oh & pllo 


See 


Williams and Seah (1979) factored generalized repunits 
for 3 < b < 12 and 2 < n < 1000. A (base-10) re- 
punit can be PRIME only if n is PRIME, since other- 
wise 10° — 1 is a BINOMIAL NUMBER which can be fac- 
tored algebraically. In fact, if n = 2a is EVEN, then 
10?* — 1 = (10% —1)(10° +. 1). The only base-10 repunit 
PRIMES Ff, for n < 16,500 are n = 2, 19, 23, 317, and 
1031 (Sloane’s A004023; Madachy 1979, Williams and 
Dubner 1986, Ball and Coxeter 1987). The number of 
factors for the base-10 repunits for n = 1, 2,... are 1, 
1, 2, 2, 2, 5, 2, 4, 4, 4, 2, 7, 3, ... (Sloane’s A046053). 


6 Sloane _ n of Prime b-Repunits 

2 000043 2, 3, 5, 7, 13, 17, 19, 31, 61, 89, 107, ... 
3 028491 3, 7, 13, 71, 103, 541, 1091, 1367, ... 

5 004061 3, 7, 11, 13, 47, 127, 149, 181, 619, ... 

6 004062 2, 3, 7, 29, 71, 127, 271, 509, 1049, ... 

7 004063 5, 13, 131, 149, 1699, ... 
10 004023 2,19, 23, 317, 1031, ... 
11 005808 17, 19, 73, 139, 907, 1907, 2029, 4801, ... 
12 004064 2, 3, 5, 19, 97, 109, 317, 353, 701, ... 


A table of the factors not obtainable algebraically 
for generalized repunits (a continuously updated ver- 
sion of Brillhart e¢ al. 1988) is maintained on- 
line. These tables include factors for 10” — 1 
(with n < 209 odd) and 10° +1 (for n < 210 
EvEN and Opp) in the files ftp://sable.ox.ac.uk/ 
pub/math/cunningham/i0- and ftp://sable.ox.ac. 
uk/pub/math/cunningham/10+. After algebraically fac- 
toring Ry, these are sufficient for complete factoriza- 
tions. Yates (1982) published all the repunit factors for 
m < 1000, a portion of which are reproduced in the 
Mathematica® notebook by Weisstein. 


A SMITH NUMBER can be constructed from every fac- 
tored repunit. 


Residual vs. Predictor Plot 


see also CUNNINGHAM NUMBER, FERMAT NUMBER, 
MERSENNE NUMBER, REPDIGIT, SMITH NUMBER 
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Residual 
The residual is the sum of deviations from a best-fit 
curve of arbitrary form. 


R=) lui — f(ei,a1,.--,00)]”. 


The residual should not be confused with the CORRE- 
LATION COEFFICIENT. 


Residual vs. Predictor Plot 

A plot of y; vs. ec = yi — yi. Random scatter indicates 
the model is probably good. A pattern indicates a prob- 
lem with the model. If the spread in e; increases as y; 
increases, the errors are called HETEROSCEDASTIC. 


Residue Class 


Residue Class 

The residue classes of a function f(x) mod n are all pos- 
sible values of the RESIDUE f(x) (mod n). For example, 
the residue classes of x? (mod 6) are {0, 1,3, 4}, since 


07 =0 (mod 6) 


1” =1 (mod 6) 
3? = 3 (mod 6) 
4? = 4 (mod 6) 


are all the possible residues. A COMPLETE RESIDUE 
SYSTEM is a set of integers containing one element from 
each class, so in this case, {0,1,9,4} would be a Com- 
PLETE RESIDUB SYSTEM. 


The ¢(m) residue classes prime to m form a GROUP un- 
der the binary multiplication operation (mod 1m), where 
¢(m) is the TOTIENT FUNCTION (Shanks 1993) and the 
Group is classed a MODULO MULTIPLICATION GROUP. 


see also COMPLETE. RESINUE SYSTEM, CONGRUENCE, 
CuBIC NUMBER, QUADRATIC ReEcipRoCcIry THEO- 
REM, QUADRATIC RESIDUE, RESIDUE (CONGRUENCB), 
SQuARFE NUMBER 
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Residue (Complex Analysis) 
The constant a_, in the LAURENT SERIES 


eo 


f(z)= S5 an(z- 20)" 


n=-Co 


of f(z) is called the residue of f(z). The residue is a 
very important property of a complex function and ap- 
pears in the amazing RESIDUE THEOREM of CONTOUR 
INTEGRATION. 


see also CONTOUR INTEGRATION, LAURENT SERIES, 
RESIDUE THEOREM 
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Residue (Congruence) 

The number b in the CONGRUENCE a = b (mod m) is 
called the residue of a (mod m). The residue of large 
numbers can be computed quickly using CONGRUENCES. 
For example, to find 37'* (mod 17), note that 


37 =3 
37 = 37 =9=-8 
B7¢= 81 = 4 


Residue Theorem (Complex Analysis) 


1547 


so 


$78 S378 * = 3(=4\(—1) = 12 Ged 17): 


see also COMMON RESIDUE, CONGRUENCE, MINIMAL 
RESIDUE 
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Residue Index 
p~1 divided by the HAUPT-EXPONENT of a base 6 mod 
p for a given PRIME p. 


see also JIAUPT-EEXXPONENT 


Residue Theorem (Complex Analysis) 
Given a complex function f(z), consider the LAURENT 
SERIES 


oo 


F(2)= D7 an(z - 20)". (1) 


n=—-oO 


Integrate term by term using a closed contour y encir- 
cling zo, 


The CaucHY INTEGRAL THEOREM requires that the 
first and last terms vanish, so we have 


[1 gs anf - =. (3) 


But we can evaluate this fimction (which has a POLE at 
zo) using the CAUCHY INTEGRAL FORMULA, 


1 f(z) dz 
ni a z— zo : (4) 


f(z) = 


This equation must also hold for the constant function 
f(z) = 1, in which case it is also true that f(zo) = 1, so 


(5) 


/ a ey A (6) 
¥ zZ-— 2 
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and (3) becomes 
[ie dz = 2ria_1. (7) 
% 


The quantity a_1 is known as the RESIDUE of f(z) at zo. 
Generalizing to a curve passing through multiple poles, 
(7) becomes 


[re dz = 2ni 


where n is the WINDING NUMBER and the (2) superscript 
denotes the quantity corresponding to POLE i. 


poles in y 


S> ny eh?)a%, (8) 


i=l 


If the path does not completely encircle the RESIDUE, 
take the CAUCHY PRINCIPAL VALUE to obtain 


;, f(z) dz = (02 — 61)ia-1. (9) 


If f has only ISOLATED SINGULARITIES, then 


So ar =0. (10) 


eC 


The residues may be found without explicitly expanding 
into a LAURENT SERIES as follows. 


co 


F(z)= S© an(z—- 20)”. (11) 


n=-—ooO 


If f(z) has a POLE of order m at zo, then an = 0 for 
n<-—mand a—m #0. Therefore, 


F(z) = > an(z- 20)" = > a-mtn(z - 20)" 
:- res (12) 
(z - 20)" F(z) = So a-min(z— 20)" (18) 
Elz — 20)" $2) = J na-min(e = 20)" 
n=O 
= So na-min(z — %)""? 
nal 
= Som + 1l)a—~minyi(z — 20)” (14) 
2 foe) 
lle - 0) 2) = D> nln + 1)a_mangs (2 = 20)" 
n=0 
= Si n(n + 1)a—-mtnti(z — 20)" 
= Soa + 1)(n + 2)a_min42(z = zo)”. (15) 


n=0 


Residue Theorem (Complex Analysis) 


Resolution 
Iterating, 
m—1 
Srl(2 - 20)" F2) 
= > (n+1)(n+ 2)(n +m — l)an-1(z — 20)” 
n=0 


+o (n+1)(n + 2)(n +m = I)an-1(z = 20)". (16) 


n=l 


So 


m—t1 


ae SSP 


z+zg dzm-1 


= lim (m—-1)!a-1+0=(m-—1)!a-1, (17) 


ZZ 
and the RESIDUE is 


an ty Peale 20)" Fenn (18) 


This amazing theorem says that the value of a CONTOUR 
INTEGRAL in the COMPLEX PLANE depends only on the 
properties of a few special points inside the contour. 


see also CAUCHY INTEGRAL FORMULA, CAUCHY INTE- 
GRAL THEOREM, CONTOUR INTEGRAL, LAURENT SE- 
RIES, POLE, RESIDUE (COMPLEX ANALYSIS) 


Residue Theorem (Group) 

If two groups are residual to a third, every group residual 
to one is residual to the other. The Gambier extension of 
this theorem states that if two groups are pseudoresidual 
to a third, then every group pseudoresidual to the first 
with an excess greater than or equal to the excess of the 
first minus the excess of the second is pseudoresidual to 
the second, with an excess > 0. 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York: Dover, pp. 30-31, 1959. 


Resolution 

Resolution is a widely used word with many different 
meanings. It can refer to resolution of equations, reso- 
lution of singularities (in ALGEBRAIC GEOMETRY), reso- 
lution of modules or more sophisticated structures, etc. 
In a BLocK DESIGN, a PARTITION R of a BIBD’s set 
of blocks B into PARALLEL CLASSES, each of which in 
turn partitions the set V, is called a resolution (Abel 
and Furino 1996). 


A resolution of the MODULE M over the RING R is a 
complex of R-modules C; and morphisms d; and a Mor- 
PHISM e such that 


vip le EO. ge at SIGS” MM Hy § 


Resolution Class 


satisfying the following conditions: 


1. The composition of any two consecutive morphisms 
is the zero map, 


2. For all i, (ker d:)/(im di41) = 0, 
3. Co/(kere) ~ M, 
where ker is the kernel and im is the image. Here, the 
quotient 
(ker d;) 
(im di+1) 
is the ith HOMOLOGY GROUP. 


If all modules C; are projective (free), then the resolu- 
tion is called projective (free). There is a similar concept 
for resolutions “to the right” of M, which are called in- 
jective resolutions. 


see also HOMOLOGY GROUP, MODULE, MORPHISM, 
RING 


References 

Abel, R. J. R. and Furino, S. C. “Resolvable and Near Re- 
solvable Designs.” §1.6 in The CRC Handbook of Combi- 
natorial Designs (Ed. C. J. Colbourn and J. H. Dinitz). 
Boca Raton, FL: CRC Press, p. 4 and 87-94, 1996. 

Jacobson, N. Basic Algebra HI, 2nd ed. New York: W. H. 
Freeman, p. 339, 1989. 


Resolution Class 
see PARALLEL CLASS 


Resolution Modulus 
The least POSITIVE INTEGER m* with the property that 
x(y) = 1 whenever y = 1 (mod m”) and (y,m) = 1. 


Resolvable 

A balanced incomplete BLOCK DESIGN (B,V) is called 
resolvable if there exists a PARTITION R of its set of 
blocks B into PARALLEL CLASSES, each of which in turn 
partitions the set V. The partition FR is called a RESoO- 
LUTION. 


see also BLOCK DESIGN, PARALLEL CLASS 


References 

Abel, R. J. R. and Furino, S$. C. “Resolvable and Near Re- 
solvable Designs.” §1.6 in The CRC Handbook of Combi- 
natorial Designs (Ed. C. J. Colbourn and J. H. Dinitz). 
Boca Raton, FL: CRC Press, p. 4 and 87~94, 1996. 


Resolving Tree 

A tree of LINKS obtained by repeatedly choosing a cross- 
ing, applying the SKEIN RELATIONSHIP to obtain two 
simpler LINKS, and repeating the process. The DEPTH 
of a resolving tree is the number of levels of links, not in- 
cluding the top. The DEPTH of the LINK is the minimal 
depth for any resolving tree of that LINK. 
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Resonance Overlap 

Isolated resonances in a DYNAMICAL SYSTEM can 
cause considerable distortion of preserved TORI in their 
NEIGHBORHOOD, but they do not introduce any CHAOS 
inte a system. However, when two or more resonances 
are simultaneously present, they will render a system 
nonintegrable. Furthermore, if they are sufficiently 
“close” to each other, they will result in the appearance 
of widespread (large-scale) CHAOS. 


To investigate this problem, Walker and Ford (1969) 
took the integrable Hamiltonian 


Koh, hb) =ht+h-R-3hh+I? 


and investigated the effect of adding a 2:2 resonance and 
a 3:2 resonance 


A(I, 6) = Ho(1) + aly I cos(201 = 262) 
+8I1*/? Iz cos(201 — 362). 


At low energies, the resonant zones are well-separated. 
As the energy increases, the zones overlap and a “macro- 
scopic zone of instability” appears. When the overlap 
starts, many higher-order resonances are also involved 
so fairly large areas of PHASE SPACE have their TORI 
destroyed and the ensuing CHAOS is “widespread” since 
trajectories are now free to wander between regions that 
previously were separated by nonresonant TORI. 


Walker and Ford (1969) were able to numerically pre- 
dict the energy at which the overlap of the resonances 
first occurred. They plotted the 02-axis intercepts of 
the inner 2:2 and the outer 2:3 separatrices as a func- 
tion of total energy. The energy at which they crossed 
was found to be identical to that at which 2:2 and 2:3 
resonance zones began to overlap. 


see also CHAOS, RESONANCE OVERLAP METHOD 


References 

Walker, G. H. and Ford, J. “Amplitude Instability and Er- 
godic Behavior for Conservative Nonlinear Oscillator Sys- 
tems.” Phys. Rev. 188, 416-432, 1969. 


Resonance Overlap Method 
A method for predicting the onset of widespread CHAOS. 


see also GREENE’S METHOD 


References 

Chirikov, B. V. “A Universal Instability of Many- 
Dimensional Oscillator Systems.” Phys. Rep. 52, 264-379, 
1979. 

Tabor, M. Chaos and Integrability in Nonlinear Dynamics: 
An Introduction. New York: Wiley, pp. 154-163, 1989. 
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Restricted Divisor Function 


7 pr hill lil | j \ | 


100 150 200 250 300 


The sum of the ALIQUOT DivIsoRS of n, given by 
s(n) =o(n)—n, 


where o(n) is the DIvIsoOR FUNCTION. The first few 
values are 0, 1, 1, 3, 1, 6, 1, 7, 4, 8, 1, 16, ... (Sloane’s 
A001065). 


see also DIVISOR FUNCTION 


References 
Sloane, N. J. A. Sequence A001065/M2226 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Restricted Growth Function 
see RESTRICTED GROWTH STRING 


Restricted Growth String 

For a SET PARTITION of n clements, the n-character 
string a@1d2...dn in which each character gives the 
BLOCK (Bo, Bi, ...) into which the corresponding el- 
ement belongs is called the restricted growth string (or 
sometimes the RESTRICTED GROWTH FUNCTION). For 
example, for the SET PARTITION {{1}, {2}, {3,4}}, the 
restricted growth string would be 0122. If the BLOCKS 
are “sorted” so that ai = 0, then the restricted growth 
string satisfies the INEQUALITY 


ai41 < 1+ max{ai,a2,...,ai} 


fori =1, 2,...,n—1. 


References 
Ruskey, F. “Info About Set Partitions.” http://sue.csc. 
uvic.ca/-cos/inf/setp/SetPartitions html. 


Resultant 

Given a POLYNOMIAL p(x) of degree n with roots aj, 
i=1,...,m and a POLYNOMIAL q(z) of degree m with 
roots 8;, 7 =1,..., m, the resultant is defined by 


R(p,q) = I =i). 


i=1 j=1 


There exists an ALGORITHM similar to the EUCLID- 
EAN ALGORITHM for computing resultants (Pohst and 
Zassenhaus 1989). The resultant is the DETERMINANT 


Reuleaux Triangle 


of the corresponding SYLVESTER MATRIX. Given p and 
q, then 
A(z) = R(g(t), p(z — t)) 


is a POLYNOMIAL of degree mn, having as its roots all 
sums of the form a; | §;. 


see also DISCRIMINANT (POLYNOMIAL), SYLVESTER 
MATRIX 


References 

Pohst, M. and Zassenhaus, H. Algorithmic Algebraic Num- 
ber Theory. Cambridge, England: Cambridge University 
Press, 1989. 

Wagon, S. Mathematica in Action. New York: W. H. Free- 
inan, p. 348, 1991. 


Retardance 
A shift in PHASE. 


see also PHASE 


Reuleaux Polygon 

A curvilinear polygon built up of circular ARcS. The 
Reuleaux polygon is a generalization of the REULEAUX 
TRIANGLE. 


see also CURVE OF CONSTANT WIDTH, REULEAUX TRI- 
ANGLE 


References 
Wagon, S. Mathematica in Action. New York: W. H. Free- 
man, pp. 52-54, 1991. 


Reuleaux Triangle 


EXO 


A CURVE OF CONSTANT WIDTH constructed by drawing 
arcs from each VERTEX of an EQUILATERAL TRIANGLE 
between the other two VERTICES. It is the basis for the 
Harry Watt square drill bit. It has the smallest AREA 
for a given width of any CURVE OF CONSTANT WIDTH. 


The AREA of each meniscus-shaped portion is 
A=inr?—hr (2. = (F - @) r’, (1) 


where we have subtracted the AREA of the wedge from 
that of the EQUILATERAL TRIANGLE. The total AREA 
is then 


ana(Z B14 Be x—vV3 2 


3 Z —r* = ——— r*. (2) 


4 2 


When rotated in a square, the fractional AREA covered 
is 


Acovered = 2V3 + 4m = 0.9877700392.... (3) 


Reversal 


The center does not stay fixed as the TRIANGLE is ro- 
tated, but moves along a curve composed of four arcs of 
an ELLIPSE (Wagon 1991). 


see also CURVE OF CONSTANT WIDTH, FLOWER OF 
LIFE, PIECEWISE CIRCULAR CURVE, REULEAUX POLyY- 
GON 


References 

Bogomolny, A. “Shapes of Constant Width.” http://www. 
cut-the-knot .com/do-you_know/cwidth. html. 

Eppstein, D. “Reuleaux Triangles.” http://www.ics.uci. 
edu/~eppstein/junkyard/reuleaux.html. 

Reuleaux, F. The Kinematics of Machinery. New York: 
Dover, 1963. 

Wagon, 8. Mathematica in Action. New York: W. H. Free- 
man, pp. 52-54 and 381-383, 1991. 

Yaglom, I. M. and Boltyansky, B. G. Conver Shapes. Mos- 
cow: Nauka, 1951. 


Reversal 

The reversal of a decimal number abc--- is ---cba. 
Ball and Coxeter (1987) consider numbers whose re- 
versals are integral multiples of themselves. PALIN- 
DROMIC NUMBER and numbers ending with a ZERO 
are trivial examples. The first few nontrivial examples 
are 8712, 9801, 87912, 98901, 879912, 989901, 8799912, 
9899901, 87128712, 87999912, 98019801, 98999901, 
... (Sloane’s A0Q31877). The pattern continues for 
large numbers, with numbers of the form 879---912 


equal to 4 times their reversals and numbers of the 
form 989---901 equal to 9 times their reversals. In 


addition, runs of numbers of either of these forms 

can be concatenated to yield numbers of the form 

879---912---879---912, equal to 4 times their rever- 
— —— 


sals, and 989---901---989---901, equal to 9 times 
V—— ——/ 


their reversals. 


The product of a 2-digit number and its reversal is never 
a SQUARE NUMBER except when the digits are the same 
(Ogilvy 1988). Numbers whose product is the reversal 
of the products of their reversals include 


312 x 221 = 68952 


213 x 122 = 25986 


(Ball and Coxeter 1987, p. 14). 
see also RATS SEQUENCE 


References 

Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recre- 
ations and Essays, 13th ed. New York: Dover, pp. 14-15, 
1987. 

Ogilvy, C. S. and Anderson, J. T. Excursions in Number 
Theory. New York: Dover, pp. 88-89, 1988. 

Sloane, N. J. A. Sequence A031877 in “An On-Line Version 
of the Encyclopedia of Integer Sequences.” 


Reverse Greedy Algorithm 
An algorithm for computing a UNIT FRACTION. 


see also GREEDY ALGORITHM, UNIT FRACTION 


Rhombic Dodecahedral Number 1551 


Reversion of Series 
see SERIES REVERSION 


Reverse-Then-Add Sequence 
An integer sequence produced by the 196- ALGORITHM. 


see also 196- ALGORITHM, SORT-THEN-ADD SEQUENCE 


Reznik’s Identity 
For P and Q POLYNOMIALS in n variables, 


|P -Ql2” 
= SS |Pit =) (Di,..., Da) Q(21,...,2n)|2” 
a oe iyl-- an! : 
Uy tn 2 


where D; = 0/02;, |X|2 is the BOMBIERI NORM, and 
Pitre sin) — pe ae - Di" P. 


BOMBIERI’S INEQUALITY follows from this identity. 
see also BEAUZAMY AND DEGOT’S IDENTITY 


Rhodonea 
see ROSE 


Rhomb 
see RHOMBUS 


Rhombic Dodecahedral Number 

A FIGURATE NUMBER which is constructed as a cen- 
tered CUBE with a SQUARE PYRAMID appended to each 
face, 


RhoDody = CCubn + 6Pn—1 = (2n —1)(2n? — 2n +1), 


where CCub,, is a CENTERED CUBE NUMBER and P, is 
a PYRAMIDAL NUMBER. The first few are 1, 15, 65, 175, 
369, 671, ... (Sloane’s A005917). The GENERATING 
FUNCTION of the rhombic dodecahedral numbers is 


x2(1+ 1124112? + 2°) 


2 3 4 
= 175 sehen 
(e—1) z+152°4+652" 4+ xot+ 


see also OCTAHEDRAL NUMBER 


References 

Conway, J. H. and Guy, R. K. The Book of Numbers. New 
York: Springer-Verlag, pp. 53-54, 1996. 
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Rhombic Dodecahedron 


The DUAL POLYHEDRON of the CUBOCTAHEDRON, also 
sometimes called the RHOMBOIDAL DODECAHEDRON 
(Cotton 1990). Its 14 vertices are joined by 12 RHOM- 
BUSES, and one possible way to construct it is known as 
the BAUSPIEL. The rhombic dodecahedron is a ZONO- 
HEDRON and a SPACE-FILLING POLYHEDRON. The ver- 
tices are given by (+1, +1, +1), (+2, 0, 0), (0, +2, 0), 
(0, 0, +2). 


The edges of the CUBE-OCTAHEDRON COMPOUND in- 
tersecting in the points plotted above are the diagonals 
of RHOMBUSES, and the 12 RHOMBUSES form a rhombic 
dodecahedron (Ball and Coxeter 1987). 


see also BAUSPIEL, CUBE-OCTAHEDRON COMPOUND, 
DODECAHEDRON, PYRITOHEDRON, RHOMBIC TRIA- 
CONTAHEDRON, RHOMBUS, TRIGONAL DODECAHE- 
DRON, ZONOHEDRON 


References 

Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recre- 
ations and Essays, 13th ed. New York: Dover, p. 137, 
1987. 

Cotton, F. A. Chemical Applications of Group Theory, 3rd 
ed. New York: Wiley, p. 62, 1990. 


Rhombic Icosahedron 

A ZONOHEDRON which can be derived from the TRIA- 
CONTAHEDRON by removing any one of the zones and 
bringing together the two pieces into which the remain- 
der of the surface is thereby divided. 


References 

Ball, W. W. R. and Coxeter, H.S. M. Mathematical Recre- 
ations and Essays, 18th ed. New York: Dover, p. 143, 
1987. 
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Rhombicosacron 


Rhombic Polyhedron 
A POLYHEDRON with extra square faces, given by the 
ScHLAFLI Sympot r{?}. 


see also RHOMBIC DODECAHEDRON, RHOMBIC Icosa- 
HEDRON, RHOMBIC TRIACONTAHEDRON, SNUB POLY- 
HEDRON, TRUNCATED POLYHEDRON 


Rhombic Triacontahedron 


A ZONOHEDRON which is the DUAL POLYHEDRON of 
the ICOSIDODECAHEDRON. It is composed of 30 RHOM- 
BUSES joined at 32 vertices. Ede (1958) enumerates 
13 basic series of stellations of the rhombic triaconta- 
hedron, the total number of which is extremely large. 
Messer (1995) describes 226 stellations. The intersect- 
ing edges of the DODECAHEDRON-ICOSAHEDRON COM- 
POUND form the diagonals of 30 RHOMBUSES which com- 
prise the TRIACONTAHEDRON. The CUBE 5-COMPOUND 
has the 30 facial planes of the rhombic triacontahedron 
(Ball and Coxeter 1987). 


see also CUBE 5-COMPOUND, DODECAHEDRON-ICOSA- 
HEDRON COMPOUND, ICOSIDODECAHEDRON, RHOMBIC 
DODECAHEDRON, RHOMBUS, ZONOHEDRON 


References 

Ball, W. W. R. and Coxeter, H. 8S. M. Mathematical Recre- 
ations and Essays, 13th ed. New York: Dover, p. 137, 
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Ede, J. D. “Rhombic Triacontahedra.” Math. Gazette 42, 
98-100, 1958. 

Messer, P. W. “Les étoilements du rhombitricontaédre et 
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Rhombicosacron 
The DUAL POLYHEDRON of the RHOMBICOSAHEDRON. 


Rhombicosahedron 


Rhombicosahedron 


The UNIFORM POLYHEDRON Usg whose DUAL POLY- 
HEDRON is the RHOMBICOSACRON. It has WYTHOFF 


SYMBOL 23 :. Its faces are 20{6} + 30{4}. The Cir- 
3 


CUMRADIUS for unit edge length is 


R=iv7. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 149-150, 1971. 


Rhombicosidodecahedron 


see BIGYRATE DIMINISHED RHOMBICOSIDODEC- 
AHEDRON, DIMINISHED RHOMBICOSIDODECAHEDRON, 
GREAT RHOMBICOSIDODECAHEDRON (ARCHIMEDEAN), 
GREAT RHOMBICOSIDODECAHEDRON (UNIFORM), Gy- 
RATE BIDIMINISHED RHOMBICOSIDODECAHEDRON, 
GYRATE RHOMBICOSIDODECAHEDRON, METABIDIMIN- 
ISHED RHOMBICOSIDODECAHEDRON, METABIGYRATE 
RHOMBICOSIDODECAHEDRON, METAGYRATE DIMIN- 
ISHED RHOMBICOSIDODECAHEDRON, PARABIDIMIN- 
ISHED RHOMBICOSIDODECAHEDRON, PARABIGYRATE 
RHOMBICOSIDODECAHEDRON, PARAGYRATE DIMIN- 
ISHED RHOMBICOSIDODECAHEDRON, SMALL RHOMB- 
ICOSIDODECAHEDRON, TRIDIMINISHED RHOMBICOSI- 
DODECAHEDRON, TRIGYRATE RHOMBICOSIDODECAHE- 
DRON 


Rhombicuboctahedron 


see GREAT RHOMBICUBOCTAHEDRON (ARCHIMEDEAN), 
GREAT RHOMBICUBOCTAHEDRON (UNIFORM), SMALL 
RHOMBICUBOCTAHEDRON 


Rhombidodecadodecahedron 


The UNIFORM POLYHEDRON U3g whose DUAL POLYHE- 
DRON is the MEDIAL DELTOIDAL HEXECONTAHEDRON. 


Rhombus 1553 


5 
It has SCHLAFLI SYMBOL rf 2 \ and WYTHOFF SYM- 


BOL 25|2. Its faces are 12{3} + 30{4} + 12{5}. The 
CIRCUMRADIUS for unit edge length is 


R=iv7. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 116-117, 1989. 


Rhombihexacron 


see GREAT RHOMBIHEXACRON, SMALL RHOMBIHEX- 
ACRON 


Rhombihexahedron 


see GREAT RHOMBIHEXAHEDRON, SMALL RHOMBIHEX- 
AHEDRON 


Rhombitruncated Cuboctahedron 
see GREAT RHOMBICUBOCTAHEDRON (ARCHIMEDEAN) 


Rhombitruncated Icosidodecahedron 


see GREAT RHOMBICOSIDODECAHEDRON (ARCHIMED- 
EAN) 


Rhombohedron 
A PARALLELEPIPED bounded by six congruent RHOMBS. 


see also PARALLELEPIPED, RHOMB 
References 
Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recre- 


ations and Essays, 13th ed. New York: Dover, pp. 142 and 
161, 1987. 


Rhomboid 
A PARALLELOGRAM in which angles are oblique and ad- 
jacent sides are of unequal length. 


see also DIAMOND, LOZENGE, PARALLELOGRAM, 
QUADRILATERAL, RHOMBUS, SKEW QUADRILATERAL, 
TRAPEZIUM, TRAPEZOID 


Rhomboidal Dodecahedron 
see RHOMBIC DODECAHEDRON 


Rhombus 


a 
A QUADRILATERAL with both pairs of opposite sides 
PARALLEL and all sides the same length, i.e., an equilat- 
eral PARALLELOGRAM. The word RHOMB is sometimes 


1554 Rhumb Line 
used instead of rhombus. The DIAGONALS p and g of a 
rhombus satisfy 


and the AREA is 
A= 3pq. 


A rhombus whose ACUTE ANGLES are 45° is called a 
LOZENGE. 


see also DIAMOND, LOZENGE, PARALLELOGRAM, 
QUADRILATERAL, RHOMBIC DODECAHEDRON, RHOM- 
BIC ICOSAHEDRON, RHOMBIC TRIACONTAHEDRON, 
RHOMBOID, SKEW QUADRILATERAL, TRAPEZIUM, 
TRAPEZOID 


References 
Beyer, W. H. (Ed.) CRC Standard Mathematical Tables, 
28th ed. Boca Raton, FL: CRC Press, p. 123, 1987. 


Rhumb Line 
see LOXODROME 


Ribbon Knot 

If the KNoT K is the boundary K = f(S') of a singular 
disk f : D > S*® which has the property that each self- 
intersecting component is an arc A C f(D”) for which 
f~1(A) consists of two arcs in D?, one of which is inte- 
rior, then K is said to be a ribbon knot. Every ribbon 
knot is a SLICE KNOT, and it is conjectured that every 
SLICE KNOT is a ribbon knot. 


see also SLICE KNOT 


References 
Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
Perish Press, p. 225, 1976. 


Ribet’s Theorem 

If the TANIYAMA-SHIMURA CONJECTURE holds for all 
semistable ELLIPTIC CURVES, then FERMAT’s LAST 
THEOREM is true. Before its proof by Ribet in 1986, 
the theorem had been called the epsilon conjecture. It 
had its roots in a surprising result of G. Frey. 


see also ELLIPTIC CURVE, FERMAT’S . .St THEOREM, 
MODULAR FORM, MODULAR FUNCTIZ2N, TANIYAMA- 
SHIMURA CONJECTURE 


Riccati-Bessel Functions 


$222 fe sera?) 


Cr(z) = -2n,(z) = - 5 


Nn+1/2(2), 


where jn(z) and n,\7) are SPHERICAL BESSEL FUNC- 
TIONS OF THE FIRST and SECOND KIND. 
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Rice Distribution 


Riccati Differential Equation 


y' = P(z) + Q(z)y + R(z)y’, (1) 
where y’ = dy/dz. The transformation 


eee 
eam 75 (2) 


leads to the second-order linear homogeneous equation 
R(z)y" —[R'(z) + Q(z) R(z)]y' + [R(z)]? P(z)y = 0. (3) 


Another equation sometimes called the Riccati differen- 
tial equation is 


zw" + [27 — n(n + 1)Jw =0, (4) 
which has solutions 
w= Azjn(z) + Bzyn(z). (5) 


Yet another form of “the” Riccati differential equation 
is 

dy n 2 

—=—=az’ +b 6 
dz 7] ’ ( ) 


which is solvable by algebraic, exponential, and logarith- 

mic functions only when n = —4m/(2m + 1), for m = 0, 

5 he eee 
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Ricci Curvature 
The mathematical object which controls the growth rate 
of the volume of metric balls in a MANIFOLD. 


see also BISHOP’S INEQUALITY, MILNOR’S THEOREM 
Ricci Tensor 


— pr 
Run => R BAK) 
where R*,,.< is the RIEMANN TENSOR. 
see also CURVATURE SCALAR, RIEMANN TENSOR 


Rice Distribution 


Z Z? + /V/ Z2\V| 
PZ) = Foxe (-Z EVE) 1, (AM), 


where Jo(z) is a MODIFIED BESSEL FUNCTION OF THE 
First KIND and Z > 0. For a derivation, see Papoulis 
(1962). For |V| = 0, this reduces to the RAYLEIGH DIs- 
TRIBUTION. 


see also RAYLEIGH DISTRIBUTION 


References 
Papoulis, A. The Fourier Integral and Its Applications. New 
York: McGraw-Hill, 1962. 


Richard’s Paradox 


Richard’s Paradox 

It is possible to describe a set of Positive INTEGERS 
that cannot be listed in a book containing a set of count- 
ing numbers on each consecutively numbered page. 


Richardson Extrapolation 

The consideration of the result of a numerical calculation 
as a function of an adjustable parameter (usually the 
step size). The function can then be fitted and evaluated 
at h = 0 to yield very accurate results. Press et al. 
(1992) describe this process as turning lead into gold. 
Richardsou extrapolation is one of the key ideas used in 
the popular and robust BULIRSCH-STOER ALGORITHM 
of solving ORDINARY DIFFERENTIAL EQUATIONS. 


see also BULIRSCH-STOER ALGORITHM 
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Richardson’s Theorem 
Let R be the class of expressions generated by 


1. The RATIONAL NUMBERS and the two REAL NuM- 
BERS 7 and In2, 


2. The variable z, 


3. The operations of ADDITION, MULTIPLICATION, and 
composition, and 


4. The SINE, EXPONENTIAL, and ABSOLUTE VALUE 
functions. 


Then if E € R, the predicate “EH = 0” is recursively 
UNDECIDABLE. 


see also RECURSION, UNDECIDABLE 


References 

Caviness, B. F. “On Canonical Forms and Simplification.” J. 
Assoc. Comp. Mach. 17, 385-396, 1970. 

Petkovéek, M.; Wilf, H. S.; and Zeilberger, D. A=B. Welles- 
ley, MA: A. K. Peters, 1996. 

Richardson, D. “Some Unsolvable Problems Involving Ele- 
mentary Functions of a Real Variable.” J. Symbolic Logic 
33, 514-520, 1968. 


Ridders’ Method 

A variation of the FALSE POSITION METHOD for find- 
ing Roots which fits the function in question with an 
exponential. 


see also FALSE POSITION METHOD 
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Ridge 
An (n — 2)-D FACE of an n-D POLYTOPE. 


see also POLYTOPE 


Riemann-Christoffel Tensor 
see RIEMANN TENSOR 


Riemann Curve Theorem 

If two algebraic plane curves with only ordinary singular 
points and CusPs are related such that the coordinates 
of a point on either are RATIONAL FUNCTIONS of a cor- 
responding point on the other, then the curves have the 
same GENUS (CURVF). This can be stated equivalently 
as the GENUS of a curve is unaltered by a BIRATIONAL 
TRANSFORMATION. 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York: Dover, p. 120, 1959. 


Riemann Differential Equation 
see RIEMANN P-DIFFERENTIAL EQUATION 


Riemann’s Formula 


om dt 
xz 


J(z) = Li(x) — 52 Li(a’) + in2 f i —1yint’ 


where Li(x) is the LOGARITHMIC INTEGRAL, the sum is 
taken over all nontrivial zeros p (i.e., those other than 
—2, —4,...) of the RIEMANN ZETA FUNCTION ¢(s), and 
J(a) is RIEMANN WEIGHTED PRIME-POWER COUNT- 
ING FUNCTION. 


see also LOGARITHMIC INTEGRAL, PRIME NuM- 


BER THEOREM, RIEMANN WEIGHTED PRIME-POWER 
COUNTING FUNCTION, RIEMANN ZETA FUNCTION 


Riemann Function 
The function obtained by approximating the RIEMANN 
WEIGHTED PRIME-POWER COUNTING FUNCTION J2 in 


rte) — EP sate () 
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by the LOGARITHMIC INTEGRAL Li(z). This gives 


oe = 1 (nr \* 
Pint Sepa) (2) 
= 3 ui) Li(n’/™), (3) 


where €(z) is the RIEMANN ZETA FUNCTION, p(n) is 
the MOBIUS FUNCTION, and Li(z) is the LOGARITHMIC 
INTEGRAL. Then 


n(x) = R(x) — )> R(z”), (4) 
P 


where 7 is the PRIME COUNTING FUNCTION. Ramanu- 
jan independently derived the formula for R{n), but 
nonrigorously (Berndt 1994, p. 123). 


see also MANGOLDT FUNCTION, PRIME NUMBER THE- 
OREM, RIEMANN-MANGOLDT FUNCTION, RIEMANN 
ZETA FUNCTION 
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Riemann Hypothesis 

First published in Riemann (1859), the Riemann hy- 
pothesis states that the nontrivial ROOTS of the RIE- 
MANN ZETA FUNCTION 


(= o5, (1) 


where s € C (the COMPLEX NUMBERS), all lie on the 
“CRITICAL LINE” #{s] = 1/2, where R[z] denotes the 
REAL PART of z. The Riemann hypothesis is also known 
as ARTIN’S CONJECTURE. 


In 1914, Hardy proved that an INFINITE number of val- 
ues for s can be found for which ¢(s) = 0 and R[s] = 1/2. 
However, it is not known if all nontrivial roots s satisfy 
R{s] = 1/2, so the conjecture remains open. André Weil 
proved the Riemann hypothesis to be true for field func- 
tions (Weil 1948, Eichler 1966, Ball and Coxeter 1987). 
In 1974, Levin showed that at least 1/3 of the Roots 
must lie on the CRITICAL LINE (Le Lionnais 1983), a 
result which has since been sharpened to 40% (Vardi 
1991, p. 142). It is known that the zeros are symmetri- 
cal placed about the line S[s] = 0. 


The Riemann hypothesis is equivalent to A < 0, where 
A is the DE BRUIJN-NEWMAN CONSTANT (Csordas et 
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al. 1994). It is also equivalent to the assertion that for 
some constant c, 


| Li(z) — x(x)| < eVa Ing, (2) 


where Li(z) is the LOGARITHMIC INTEGRAL and 7 is the 
PRIME COUNTING FUNCTION (Wagon 1991). 


The hypothesis was computationally tested and found to 
be true for the first 2 x 108 zeros by Brent et al. (1979), 
a limit subsequently extended to the first 1.5 x 10° +1 
zeros by Brent e¢ al. (1979). Brent’s calculation covered 
zeros o + it in the region 0 < t < 81, 702, 130.19. 


There is also a finite analog of the Riemann hypothe- 
sis concerning the location of zeros for function fields 
defined by equations such as 


ay' +bz™+c=0. (3) 


This hypothesis, developed by Weil, is analogous to the 
usual Riemann hypothesis. The number of solutions for 
the particular cases (I,m) = (2,2), (3,3), (4,4), and (2,4) 
were known to Gauss. 


see also CRITICAL LINE, EXTENDED RIEMANN Hy- 
POTHESIS, GRONWALL’S THEOREM, MERTENS CONJEC- 
TURE, MILLS’ CONSTANT, RIEMANN ZETA FUNCTION 
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Riemann Integral 


Riemann Integral 

The Riemann integral is the INTEGRAL normally en- 
countered in CALCULUS texts and used by physicists and 
engineers. Other types of integrals exist (e.g., the LEB- 
ESGUE INTEGRAL), but are unlikely to be encountered 
outside the confines of advanced mathematics texts. 


The Riemann integral is based on the JORDAN MEA- 
SURE, and defined by taking a limit of a RIEMANN SUM, 


f(z)dz= = iim S- f(ap)Aze (1) 


[frends tm oretwmaae © 
k=1 


[ff tevsay = te So Sein uis28) AV, 
(3) 


where a < x < band zj, y;,, and z; are arbitrary points 
in the intervals Azz, Ay,, and Az,, respectively. The 
value max Az, is called the MESH SIZE of a partition of 
the interval (a, b] into subintervals Avg. 


As an example of the application of the Riemann integral 
definition, find the AREA under the curve y = x” from 0 
to a. Divide (a,b) into n segments, so Az, = 2=* =h, 
then 


f(x1) = f(0) =0 (4) 
f(x2) = f(Are) =h" (5) 
f(xs) = f(2Aax) = (2h)". (6) 


By induction 
f(a) = f (fk - Are) = [(k — 1h)" = h'(k— 1)", (7) 


F(a) Ar, = atk — 1)” (8) 


mr 


Do flee)Ace = SR-Y (9) 
k=1 


k=1 


For example, take r = 2. 


5 flen)der =h sik =)? 
k=1 k=1 
=h* (s¥ 2S +3] 
k=1 k=1 k=1 


3 | n(n +1)(2n+1) n(n +1) 
=h | - 2a +n], (10) 
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so 


 — lim | f(te")Ace = lim S> (an) Are 
k=1 k=1 


ages ae +1)(2n+1) n(n +1) x n| 
n—00 6 2 
Leh te n(n+1)(Qn+1) n(n+1) Wad 
n—00 6n3 ns n3 
= ta®. (11) 


see also INTEGRAL, RIEMANN SUM 
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Riemann’s Integral Theorem 

Associated with an irreducible curve of GENUS (CURVE) 
p, there are p LINEARLY INDEPENDENT integrals of the 
first sort. The Roots of the integrands are groups of 
the canonical series, and every such group will give rise 
to exactly one integral of the first sort. 
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Riemann-Lebesgue Lemma 
Sometimes also called MERCER’S THEOREM. 


noo 


b 
lim / K(),z)C sin(nz) dz = 0 


for arbitrarily large C and “nice” K(A,z). Gradshteyn 
and Ryzhik (1979) state the lemma as follows. If f(a) 
is integrable on [7, 7], then 


t-300 


lim i f(x) sin(tz) dx + 0 


and 
Tv 


lim f(x) cos(tx) dx + 0. 
too =F. 
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Riemann-Mangoldt Function 


ad To 1/n 
fa) =) Be) 
n>1 


=Li(z)- So 


nontrivial po 


<(e)=0 


el dt 
+f ( — lint’ (1) 


ei(pInz) — In2 
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where ¢(z) is the RIEMANN ZETA FUNCTION, Li(z) is 
the LOGARITHMIC INTEGRAL and ei(z) is the EXPONEN- 
TIAL INTEGRAL. The MANGOLD?T FUNCTION is given by 


A(n) = Lae if n = p™ for (m > 1) and p prime 


otherwise 
(2) 
¢(z) _ ya A(n) 
areola a ~ 
for R[s] > 1. 
J(z) = Ae) (4) 


The SUMMATORY Riemann-Mangoldt function is defined 
by 
¥(z) = S> A(n) = (x) + (x) +.... (5) 


nsx 


see also PRIME NUMBER THEOREM, RIEMANN FUNC- 
TION 
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Riemann Mapping Theorem 

Let zo be a point in a simply connected region R 4 C. 
Then there is a unique ANALYTIC FUNCTION w = f(z) 
mapping R one-to-one onto the DISK |w| < 1 such that 
f{(zo) = 0 and f'(zo) = 0. The CoROLLARY guarantees 
that any two simply connected regions except IR? can be 
mapped CONFORMALLY onto each other. 


Riemann’s Moduli Problem 
Find an ANALYTIC parameterization of the compact 
RIEMANN SURFACES in a fixed HOMOMORPHISM class. 
The AHLFORS-BERS THEOREM proved that RIEMANN’S 
MODULI SPACE gives the solution. 


see also AHLFORS-BERS THEOREM, RIEMANN’S MOD- 
ULI SPACE 


Riemann’s Moduli Space 

Riemann’s moduli space Rp, is the space of ANALYTIC 
EQUIVALENCE CLASSES of RIEMANN SURFACES of fixed 
GENUS p. 

see also AHLFORS-BERS THEOREM, RIEMANN’S MOD- 
ULI PROBLEM, RIEMANN SURFACE 


Riemann P-Differential Equation 


aa’ (a ~ b)(a — c) BB'(b — c)(b — a) 
z-a z—b 


y7'(c — a)(c — b) u = 
to Bee | —eetuess >° 


Riemann-Roch Theorem 


where 


ata’+B+h'+y4+7 =1. 


Solutions are RIEMANN P-SERIES (Abramowitz and Ste- 
gun 1972, pp. 564-565). 
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Riemann P-Series 
The solutions to the RIEMANN P-DIFFERENTIAL EQUA- 
TION 


a bee 
z=Pia B y32 
a! Bp’ 7’ 


Solutions are given in terms of the HYPERGEOMETRIC 
FUNCTION by 


z—-a\% fz—c\7 
m = (224) (=) 
x2Fi(at+B+yat hs +ylta—a’';)) 
_ ({%-a a’ ¢z—e\7 
w= (25) Gar) 
x Fila’ + B+7,0' +B +7;14+ a’ — a; A) 
w= (4) aa 
z—b z—b 
x2Fi(at+B+y',a+f'+7;1+a-';2) 
way" (ey 
z—b z—b 


x2Fi(a'+B+7',0°+8'+7';1+a' -—a;d), 


where 
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Riemann-Roch Theorem 

The dimension of a complete series is equal to the sum 
of the order and index of specialization of any group, 
less the GENUS of the base curve 


r=N+i+p. 
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Riemann Series Theorem 


Riemann Series Theorem 

By a suitable rearrangement of terms, a conditionally 
convergent SERIES may be made to converge to any de- 
sired value, or to DIVERGE. 
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Riemann-Siegel Functions 


Re(RiemannSiegelz z! Im[RiemannSiegelZ z] 


For a REAL POSITIVE t, the Riemann-Siegel Z function 
is defined by 


Z(t) = PCL + it). 


The top plot superposes Z(t) (thick line) on |¢(4 + #é)|, 
where ¢(z) is the RIEMANN ZETA FUNCTION. 


, ‘ RiemannSiegelTheta z 
Re[RiemannSiegelTheta z] Im{RiemannSiegelTheta z] ! id | 


The Riemann-Siegel theta function appearing above is 
defined by 


% 
Ill 


Sn (4 + Sit) — tina] 
arg['($ + 42t)] — dtlnz. 
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These functions are implemented in Mathematica® 
(Wolfram Research, Champaign, IL) as RiemannSiegelZ 
[z] and RiemannSiegelTheta[z], illustrated above. 


see also RIEMANN ZETA FUNCTION 
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Riemann Space 
see METRIC SPACE 


Riemann Sphere 

A 1-D CoMPLEX MANIFOLD C”, which is the one-point 
compactification of the COMPLEX numbers C U {oo}, 
together with two charts. For all points in the Com- 
PLEX PLANE, the chart is the IDENTITY MAP from 
the SPHERE (with infinity removed) to the COMPLEX 
PLANE. For the point at infinity, the chart neighbor- 
hood is the sphere (with the ORIGIN removed), and the 
chart is given by sending infinity to 0 and all other points 
z to l/z. 


Riemann-Stieltjes Integral 
see STIELTJES INTEGRAL 


Riemann Sum 


| : 
Let a CLOSED INTERVAL [a, b] be partitioned by points 
a< @ < 2 <... < dn-1 < 6, the lengths of the 
resulting intervals between the points are denoted Az, 
Azg2,..., Axv,. Then the quantity 


do Flat) Az 


k=1 


is called a Riemann sum for a given function f(x) and 
partition. The value max Az, is called the MESH SIZE 
of the partition. If the LIMIT max Az, -> 0 exists, this 
limit is known as the Riemann INTEGRAL of f{x) over 
the interval [a,b]. The shaded areas in the above plots 
show the LOWER and UPPER SuMs for a constant MESH 
SIZE. 


see also LOWER SUM, RIEMANN INTEGRAL, UPPER SUM 


Riemann Surface 

The Riemann surface S of the ALGEBRAIC FUNCTION 
FIELD K is the set of nontrivial discrete valuations on 
K. Here, the set S corresponds to the IDEALS of the 
RING A of INTEGERS of K over C(z). (A consists of the 
elements of K that are RooTS of MONIC POLYNOMIALS 
over C[z].) 
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see also ALGEBRAIC FUNCTION FIELD, IDEAL, RING 
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Riemann Tensor 
A TENSOR sometimes known as the RIEMANN- 
CHRISTOFFEL TENSOR. Let 


where the quantity inside the is a CHRISTOF- 


U 
l 
FEL SYMBOL OF THE SECOND KIND. Then 


~ r ~ |T 
Roos = Bal, haf ae (2) 
s s 
Broken down into its simplest decomposition in N-D, 
1 
Wang Gav Ru =a Drax Ayp = Guv ern + Gur Ryv) 
A ) 
(N ae 1)(N cs 2) Dav Jur Jrn Gur 


Ryn = 
+ CO rpvn- (3) 


Here, Ryv is the Ricct TENSOR, FR is the CURVATURE 
SCALAR, and Cy... is the WEYL TENSOR. In terms of 
the JACOBI TENSOR J* ag, 


R* avg = (Jp a JBav) (4) 
The Riemann tensor is the only tensor that can be con- 


structed from the METRIC TENSOR and its first and 
second derivatives, 


R76 = UG, — U8y,6 + Tal gs — Tas —Tayuers", (5) 


where I are CONNECTION COEFFICIENTS and c are 
COMMUTATION COEFFICIENTS. The uumber of inde- 
pendent coordinates in n-D is 


Ca = an? (n? — 1), (6) 


12 


and the number of SCALARS which can be constructed 
from Rypux and gyv is 


oS 1 for n = 2 
"=| dn(n—-1)(n—-2)(n+3) forn=1,n>2. 
(7) 
In 1-D, Riis = 0. 


see also BIANCHI TNDENTITIFS, CHRISTOFFEL SYM- 
BOL OF THE SECOND KIND, COMMUTATION Co- 
EFFICIENT, CONNECTION COEFFICIENT, CURVATURE 
SCALAR, GAUSSIAN CURVATURE, JACOBI TENSOR, 
PETROV Novation, Ricci TENSOR, WEYL TENSOR 
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Riemann Theta Function 

Let the IMAGINARY PART of a g x y MATRIX F be Pos- 
ITIVE DEFINITE, and m = (m,...,m,) be a row VEC- 
TOR with coefficients in Z Then the Riemann theta 
function is defined by 


O(u) = S- exp[2ri(m™u | 1F?m)]. 


m 


see also RAMANUJAN THETA FUNCTIONS, THETA 
FUNCTION 
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Riemann Weighted Prime-Power Counting 
Function 

The Riemann weighted prime-power counting function 
is defined by 


m(x) + tn(x'/?) + bar(e*8) +...- 
for p™ with pa primey) 
(a) + 3a(2'/?) + gn(x'/5) +... 
otherwise 


J2(zx) — 


24+iT os 
re In C(s) ds. (2) 


t-+00 271 2-iT 


The PRIME COUNTING FUNCTION is given in terms of 
Jo(x) by 


co 
= un) ijn 
n(x) = yS ee Jo(z’"). (3) 
n=1 
The function also satisfies the identity 


In¢(s) _ - Jo(x)a~*~} dr. (4) 
: 1 


see also MANGOLDT FUNCTION, PRIME COUNTING 
FUNCTION, RIEMANN’S FORMULA 


Riemann Xi Function 
see XI FUNCTION 
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Riemann Zeta Function 


The Riemann zeta function can be defined by the inte- 


gral : 
_ ol Ou 
((x) = rai oy a (1) 


where x > 1. If x is an INTEGER n, then 


n-1 —u,n—1 bond 
u _& ¥ _ p7u,n—-1 —ku,n-1 2 
= u e > (2) 
ev —1 1—e-¥ 
k=1 
sO 
oo yr} oo oo k 
du = e Su"! du. (3) 
o al 0 
k=1 


Let y = ku, then dy = kdu and 


eae ee 
= ay Df oe da 


= 1 a i a -—y, n-1 . 
“ra ef e ¥y"" dy, (4) 


where (7) is the GAMMA FUNCTION. Integrating the fi- 
nal expression in (4) gives '(n), which cancels the factor 
1/T(n) and gives the most common form of the Riemann 
zeta function, 


n)= 0. (5) 
k=1 


At n = 1, the zeta function reduces to the HARMONIC 
SERIES (which diverges), and therefore has a singularity. 
In the COMPLEX PLANE, trivial zeros occur at —2, —4, 
—6,..., and nontrivial zeros at 


s=oa+it (6) 


for 0 <o <1. The figures below show the structure of 
¢(z) by plotting |¢(z)| and 1/|¢(z)]. 


OMrNYS 


aorPnw 
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10 20 30 40 50 60 
The RIEMANN HYPOTHESIS asserts that the nontrivial 
Roots of ¢(s) all have REAL PART o = R[s] = 1/2, a 
line called the “CRITICAL STRIP.” This is known to be 
true for the first 1.5 x 10"? roots (Brent et al. 1979). The 
above plot shows |¢(1/2+-2t)| for ¢ between 0 and 60. As 
can be seen, the first few nontrivial zeros occur at t = 
14.134725, 21.022040, 25.010858, 30.424876, 32.935062, 
37.586178, ... (Wagon 1991, pp. 361 362 and 367 368). 


The Riemann zeta function can also be defined in terms 
of MULTIPLE INTEGRALS by 


cin) = pap ee (7) 


The Riemann zeta function can be split up into 
C(g + at) = z(t", (8) 


where z(t) and W(t) are the RIEMANN-SIEGEL FUNC- 
TIONS. An additional identity is 


lim ¢(s) - —~ =7, (9) 


sl s-l1 


where + is the EULER-MASCHERONI CONSTANT. 


The Riemann zeta function is related to the DIRICHLET 
LAMBDA FUNCTION A(v) and DIRICHLET ETA FUNC- 
TION 7(v) by 


Cv) __ Av) _ nl) 
a am ee a ee) 


and 
C(v) + nv) = 2A(v) (11) 


(Spanier and Oldham 1987). It is related to the Liou- 
VILLE FUNCTION A(n) by 


¢(2s) _ y> An) 
ce) = ne 
(Lehman 1960, Hardy and Wright 1979). Furthermore, 


Cs) 
Cree (ts) 


(12) 


a 
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where w(n) = go(n) is the number of different prime 


factors of n (Hardy and Wright 1979). 


A generalized Riemann zeta function ¢(s,a) known as 
the HURWITZ ZETA FUNCTION can also be defined such 
that 

¢(s) = ¢(s, 0). (14) 


The Riemann zeta function may be computed analyti- 
cally for EVEN n using either CONTOUR INTEGRATION 
or PARSEVAL’S THEOREM with the appropriate FOuR- 
IER SERIES. An interesting formula involving the prod- 
uct of PRIMES was first discovered by Euler in 1737, 


-(+dtde.J-(Erdsd+-) oo 
¢(#)(— 27*)(1 — 37) 


=(145+5+5+ \-(S+H+ ee ) 
. Be Dest Fes, Cee eee © ee a 
(16) 


Coe es bape re 


= ¢(2) [[Q@-p*)=1. (17) 


n=2 


Here, each subsequent multiplication by the next PRIME 
p leaves only terms which are POWERS of p *. There- 


fore, 
oo 


¢(z) = he --] (18) 


p=2 


where p runs over all PRIMES. Euler’s product formula 
can also be written 


¢(s)= (1-279)? JJ G@-a*y? J] @-r*)7. 


(mod 4) ned 4) 
(19) 
A few sum identities involving ¢(n) are 
len) - 1) =1 (20) 
n=2 
So(-1)"e(n) - 1] = 3. (21) 


n=2 


The Riemann zeta function is related to the GAMMA 
FUNCTION [(z) by 


r (5) n*/e(g) =F (- 5 *) a -)/2¢(1 — 9). (22) 


¢(n) was proved to be transcendental for all even n by 
Euler. Apéry (1979) proved (73) to De IRRATIONAL with 
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the aid of the k~* sum formula below. As a result, ¢(3) 
is sometimes called APERY’S CONSTANT. 


ee | 
6(2) =3 - (23) 
2 ae 
2 7 4y\k-1 
¢(3) = 3 oe Pay (24) 
=F ae (25) 


(Guy 1994, p. 257). A relation of the form 


fo <] 


6(5) = Zs) aay (26) 


has been searched for with Zs a RATIONAL or ALGE- 
BRAIC NUMBER, but if Zs is a RooT of a POLYNOMIAL 
of degree 25 or less, then the Euclidean norm of the co- 
efficients must be larger than 2 x 10°” (Bailey, Bailey 
and Plouffe). Therefore, no such sums are known for 
¢(n) are known for n > 5. 


The zeta function is defined for R[s] > 1, but can be 
analytically continued to R[s] > 0 as follows 


Sieytn t+ Sone =2 SY ne 
n=1 n=1 n=2,4,... 
oO oO 
=2) Qn So") a? 0 
k=1 k=1 


SOE Y"n* + e(s) = 247 °C(s) (28) 


(0) = pars Wc (29) 


The DERIVATIVE of the Riemann zeta function is defined 
by 


¢(s)=-s } ok Ink = - ae. (30) 
k=1 k=2 
Ass-—0, 
¢'(0) = —3 In(2z). (31) 


For EVEN n = 2k, 


2°" 1B, |r” 
((n) =a (32) 
where B, is a BERNOULLI NUMBER. Another intimate 
connection with the BERNOULLI NUMBERS is provided 

by 
By = (-1)"**n¢(1 — n). (33) 
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No analytic form for ¢(n) is known for ODD n = 2k +1, 
but ¢(2k + 1) can be expressed as the sum limit 


¢(2k + 1) 


oO 
1 4 2k+1 
71 _\2k41 4: 
=(99) jn ae mS [cot (5 +1 ) (34) 


i= 


(Stark 1974). The values for the first few integral argu- 
ments are 


CQOSs5 
¢(1) = 00 
2 
(2)= 5 
¢(3) = 1.2020569032... 
4 
rT 
¢(4) = 00 
¢(5) = 1.0369277551... 
6 
Tv 
¢(6) = 345 
¢(7) = 1.0083492774... 
8 
Ww 
¢(8) = 9450 
¢(9) = 1.0020083928... 
ai? 
¢(10) = 93 eas: 


Euler gave ¢(2) to ¢(26) for EVEN n, and Stieltjes (1993) 
determined the values of ¢(2), ..., ¢(70) to 30 digits of 
accuracy in 1887. The denominators of ¢(2n) for n = 
1, 2, ... are 6, 90, 945, 9450, 93555, 638512875, ... 
(Sloane’s A002432). 


Using the LLL ALGORITHM, Plouffe (inspired by Zucker 
1979, Zucker 1984, and Berndt 1988) has found some 
beautiful infinite sums for ¢(n) with ODD n. Let 


Sa(0) =) RFE (35) 
then 
¢(3) = gn* — 25_(3) (36) 
¢(5) = gga — HS-(5) — FS+(5) (37) 
(7) = xA8gn’ — 2S_(7) (38) 
¢(9) = sonTE™ ane S_(9) ne S+(9) (39) 
¢(11) = go@tSaga? - 28_(11) (40) 
¢(13) = sree See S_(13) - gaxg 5+(13) 
(41) 
(15) = soqpeeeca 7? — 28_(15) (42) 
¢(17) < Tee = i orere S_(17) 
~ q3énrg 5+(17) (43) 
C(19) = sppqg bee eg? — 25_(19) (44) 
¢(21) = FEEULEE GPE me = ODETTE S. (21) 


— g503i76 5+(21) (45) 


Oe -----------~- 


i 

I 

I 
2 4 8 10 
The inverse of the RIEMANN ZETA FUNCTION 1/€(p) is 
the asymptotic density of pth-powerfree numbers (i.e., 
SQUAREFREE numbers, CUBEFREE numbers, etc.). The 
following table gives the number Q,(n) of pth-powerfree 
numbers < n for several values of n. 


p_1/¢(p) 10 100 10° 10% 10° 10° 
2 0.607927 7 61 608 6083 60794 607926 
3 0.831907 9 85 833 8319 83190 831910 
4 0.923938 10 93 925 9240 92395 923939 
5 0.964387 10 97 965 9645 96440 964388 


6 0.982953 10 99 984 9831 98297 982954 


The value for ¢(2) can be found using a number of dif- 
ferent techniques (Apostol 1983, Choe 1987, Giesy 1972, 
Holme 1970, Kimble 1987, Knopp and Schur 1918, Kor- 
tram 1996, Matsuoka 1961, Papadimitriou 1973, Sim- 
mons 1992, Stark 1969, Stark 1970, Yaglom and Yaglom 
1987). The problem of finding this value analytically 
is sometimes known as the BASLER PROBLEM (Castel- 
lanos 1988). Yaglom and Yaglom (1987), Holme (1970), 
and Papadimitrou (1973) all derive the result from DE 
MOIVRE’s IDENTITY or related identities. 


Consider the FOURIER SERIES of f(x) = 2?” 


f(z) = fa0+ » am cos(m2z) + De bm sin(ma), (46) 


m1 m=1 


which has coefficients given by 


aot (aye = 2 f x" dx 
—% ® Jo 
Qn+1 17 2n 
= 2/2 z 27 (47) 
mi} antl P 2n+1 
am = = ‘| x?" cos(ma) dx 
a, nv 
2 ‘J 2n 
= 2 xz” cos(mz) dz (48) 
™ Jo 
bm = | az?” sin(ma) dx = 0, (49) 


where the latter is true since the integrand is ODD. 
Therefore, the FOURIER SERIES is given explicitly by 


2n asc 
2n wT 
ies matey + +> Gm cos(mz). (50) 


mal 
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Now, Gm is given by the COSINE INTEGRAL 


k 
=(~1 1)"**(2n)! | sin(ma) 3 Skye 


an = 


n 


(-1)**1 


+ cos(mz) BS (2k — 3)lm2-—2e2 | _ (61) ‘ 


i?) 


But cos(m7) = (—1)™, and sin(mz) = sin0 = 0, so 


py (= Ayes? 2k-1 
(2k — 3)!m2n—2k42 “ 


= (-1)"*"2(2n)! 3 Pita (52) 
k=1 


Qm = 2(- ay"? (an 


Now, ifn = 1, 


m+1 1 2k-2 
an = = (- 1) 5s 209 (2k i 2k 
4(-1)™ 


= 4(-1)™*? fn. n= ae (53) 
so the FOURIER SERIES is 
pee yay CU ee gH 
m=1 
Letting « = m gives cos(m7) = (—1)”, so 
4 y : (55) 
gr hs = 3r 
mal " 
and we have 
1 x 
()= are (56) 


Higher values of n can be obtained by finding a, and 
proceeding as above. 


The value ¢(2) can also be found simply using the ROOT 
LINEAR COEFFICIENT THEOREM. Consider the equa- 
tion sin z = 0 and expand sin in a MACLAURIN SERIES 


3 5 
. z z 2 
sinz = z a tat: =9 (57) 
2? zt w w" 
=1- ord =1l-s+—t+... 
0 Br ie Bi +. 31 + BI Heeey (58) 
where w = z”. But the zeros of sin(z) occur at x, 27, 37, 


., 50 the zeros of sin w = sin /z occur at 4, (27)*,.... 
Therefore, the sum of the roots equals the COEFFICIENT 
of the leading term 


1 1 1 1 1 
a 59 
Tonya Gay © ge «O9) 
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which can be rearranged to yield 


2 


¢(2) = = (60) 


Yet another derivation (Simmons 1992) evaluates the 
integral using the integral 


-[f ee =f forsysers ..) dedy 
1~ zy ocd 
= [e+ da?y 4 Lory? + ...)]b dy 
= [ate +...)dy 
yy ‘ 11 
= [p+ Babe. | attgtgt (61) 


To evaluate the integral, rotate the coordinate system 


by 7/4 so 


x = ucos@ —vsind = £V2(u—v) (62) 
y = using + vcosé = V2 (u+) (63) 
and 
ay = 4(u? — v”) (64) 
1l—ay=2(2-w? +0’). (65) 
Then 
oe Nava du dv 
2—u2 +0? 
Vi-u d 
+4 Bak ee mee Ty Tg. (66) 
V2 /2 2-uetu 
Now compute the integrals I; and Ip. 
V2 /2 u 
ey a ee ee 
a 59 2-ur+v 
V22 1 v u 
=4 ——— tan=? — di 
fle" (Gee) 
V2 /2 
1 -1 Uu 
=4 = —=— } du. (67 
0 2—u2 (zs) (67) 
Make the substitution 
u= v2 sind (68) 
J2—u? = V2 cos (69) 
du = V2 cos6d6, (70) 
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so 


= es /2 sin 6 
tan7? { 4 ) =tan7?(*2*"*)=6 (71 
te ( 2 =) (4 cos 6 Wy) 


and 


h=4 ——— 6/2 cos 6 d6 = 2[67]7/* = 
' f° Fend ("lo i 


(72) 
Iz can also be computed analytically, 


vi [ pvi-u 
d 
=a | / od 
vz/2 | Jo 2-—u*+u 


“a 1 v nee 
= | nese (ats)! du, 
V3 /2 |W2— uv? V2-u?/}, 


v2 
1 = a) 
=4 ee hn a... 078) 
ie. V2 —u? ( 


V2 —u? 
But 
tan? (M2=%) = pane? (2 =v? sine 
V2—-ue V2 cos 6 


_ 1—sin@\ _ -1 cos 8 
= tan ( cos 6 ) mee Ga) 
ee sin(im — 6) 
ea ; + cos($m — @) 
Sa ceet 2sin(} (fa — ebepel, la 6)] 
2cos*[5 ($m — 6)] 
= $($7 — 9), (74) 


so 


n/2 
1 
In =4/ Fe cog ('™ ~ 16)V/2 cos 6 dé 
x/6 
= 1 2717/2 


7? nr? a? 1? pad 
-4|(= =)\-(& =)|-5 ot) 


Combining J; and I2 gives 


2 2 2 

Tv “8 “us 
2VQ=L Ibp=-—+—-—=—. 76 
(2)=ht+h iat 6 (76) 
see also ABEL’S FUNCTIONAL EQUATION, DEBYE 
FUNCTIONS, DIRICHLET BETA FUNCTION, DIRICH- 


LET Eta FUNCTION, DIRICHLET LAMBDA FUNC- 
TION, HARMONIC SkERlES, HuRwirz ZETA FuNc- 
TION, KHINTCHINE’S CONSTANT, LEHMER’S PHENOME- 
NON, Pst FUNCTION, RIEMANN HYPOTHESIS, RIEMANN 
P-SERIES, RIEMANN-SIEGEL FUNCTIONS, STIELTJES 
CONSTANTS, XI FUNCTION 
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Riemannian Geometry 

The study of MANIFOLDS having a complete RIEMAN- 
NIAN METRIC. Riemannian geometry is a general space 
based on the LINE ELEMENT 

ds = F(x',...,x";dz',...,dxz”), 

with F(z, y) > 0 for y 4 0 a function on the TANGENT 
BUNDLE TM. In addition, F' is homogeneous of degree 
lin y and of the form 


F? = gi;(x) dx* dz? 


(Chern 1996). If this restriction is dropped, the resulting 
geometry is called FINSLER GEOMETRY. 


Riesel Number 
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Riemannian Geometry (Non-Euclidean) 


see ELLIPTIC GEOMETRY 


Riemannian Manifold 

A MANIFOLD possessing a METRIC TENSOR. For a com- 
plete Riemannian manifold, the METRIC d(z,y) is de- 
fined as the length of the shortest curve (GEODESIC) 
between z and y. 


see also BISHOP’S INEQUALITY, CHEEGER’S FINITENESS 
THEOREM 


Riemannian Metric 

Suppose for every point z in a COMPACT MANIFOLD 
M, an INNER PRODUCT (-,-), is defined on a TANGENT 
SPACE T,M of M at x. Then the collection of all these 
INNER PRODUCTS is called the Riemannian metric. In 
1870, Christoffel and Lipschitz showed how to decide 
when two Riemannian metrics differ by only a coordi- 
nate transformation. 


see also COMPACT MANIFOLD, LINE ELEMENT, METRIC 
TENSOR 


Riesel Number 

There exist infinitely many ODD INTEGERS k such that 
k-2”—1 is COMPOSITE for every n > 1. Numbers k with 
this property are called RiESEL NUMBERS, and anal- 
ogous numbers with the minus sign replaced by a plus 
are called SIERPINSKI NUMBERS OF THE SECOND KIND. 
The smallest known Riesel number is k = 509,203, but 
there remain 963 smaller candidates (the smallest of 
which is 659) which generate only composite numbers for 
all n which have been checked (Ribenboim 1996, p. 358). 


Let a(k) be smallest n for which (2k—1)-2"—1 is PRIME, 
then the first few values are 2, 0, 2, 1, 1, 2, 3, 1, 2, 1, 1, 
4, 3,1, 4,1, 2, 2, 1, 3, 2, 7,... (Sloane’s A046069), and 
second smallest n are 3, 1, 4, 5, 3, 26, 7, 2, 4, 3, 2, 6, 9, 
2, 16, 5, 3, 6, 2553, ... (Sloane’s A046070). 

see also CUNNINGHAM NUMBER, MERSENNE NUMBER, 


SIERPINSKI’S COMPOSITE NUMBER THEOREM, SIER- 
PINSKI NUMBER OF THE SECOND KIND 
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Riesz-Fischer Theorem 
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of the Encyclopedia of Integer Sequences.” 


Riesz-Fischer Theorem 

A function is L2- (square-) integrable Irr its FOURIER 
SERIES is L2-convergent. The application of this theo- 
rem requires use of the LEBESGUE INTEGRAL. 


see also LEBESGUE INTEGRAL 


Riesz Representation Theorem 

Let f be a bounded linear FUNCTIONAL on a HILBERT 
SPACE H. Then there exists exactly one ro € H such 
that f(x) = (x, 20) for all z € H. Also, ||f|] = |[zoll. 


see also FUNCTIONAL, HILBERT SPACE 
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Riesz’s Theorem 
Every continuous linear functional U[f] for f € C[a,}] 
can be expressed as a STIELTJES INTEGRAL 


vif = / f(x) dw(2), 


where w(x) is determined by U and is of bounded vari- 
ation on [a, 5]. 
see also STIELTJES INTEGRAL 
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Riffle Shuffle 

A SHUFFLE, also called a FARO SHUFFLE, in which a 
deck of 2n cards is divided into two HALVES which are 
then alternatively interleaved from the left and right 
hands (an “in-shuffle”) or from the right and left hands 
(an “out-shuffle”). Using an “in-shuffle,” a deck origi- 
nally arranged as 1 23 456 7 8 would become 51627 
384. Using an “out-shuffle,” the deck order would be- 
come 15263748. Riffle shuffles are used in card tricks 
(Marlo 1958ab, Adler 1973), and also in the theory of 
parallel processing (Stone 1971, Chen et ai. 1981). 


In general, card k moves to the position originally oc- 
cupied by the 2kth card (mod 2n +1). Therefore, in- 
shuffling 2n cards 2n times (where 2n + 1 is PRIME) re- 
sults in the original card order. Similarly, out-shuffling 
2n cards 2n — 2 times (where 2n — 1 is PRIME) results 
in the original order (Diaconis et al. 1983, Conway and 
Guy 1996). Amazingly, this means that an ordinary 
deck of 52 cards is returned to its original order after 8 
out-shuffes. 
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Morris (1994) further discusses aspects of the perfect 
riffle shuffle (in which the deck is cut exactly in half 
and cards are perfectly interlaced). Ramnath and Scully 
(1996) give an algorithm for the shortest sequence of in- 
and out-shuffles to move a card from arbitrary position 
i to position j. This algorithm works for any deck with 
an EVEN number of cards and is O(logn). 


see also CARDS, SHUFFLE 
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Rigby Points 

The PERSPECTIVE CENTERS of the TANGENTIAL and 
CONTACT TRIANGLES of the inner and outer SODDY 
Points. The Rigby points are given by 


Ri=1I+4Ge 


Ri' =I — 4Ge, 


where J is the INCENTER and Ge is the GERGONNE 
POINT. 


see also CONTACT TRIANGLE, GERGONNE POINT, 
GRIFFITHS POINTS, INCENTER, OLDKNOW POINTS, 
SoppbyY POINTS, TANGENTIAL TRIANGLE 
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1568 Right Angle 

Right Angle 

An ANGLE equal to half the ANGLE from one end of a 
line segment to the other. A right angle is 7/2 radians 
or 90°. A TRIANGLE containing a right angle is called a 
RIGHT TRIANGLE. However, a TRIANGLE cannot con- 
tain more than one right angle, since the sum of the two 
right angles plus the third angle would exceed the 180° 
total possessed by a TRIANGLE. 


see also ACUTE ANGLE, OBLIQUE ANGLE, OBTUSE AN- 
GLE, RIGHT TRIANGLE, SEMICIRCLE, STRAIGHT AN- 
GLE, THALES’ THEOREM 


Right Conoid 

A RULED SURFACE is called a right conoid if it can be 
generated by moving a straight LINE intersecting a fixed 
straight LINE such that the LINES are always PERPEN- 
DICULAR (Kreyszig 1991, p. 87). Taking the PERPEN- 
DICULAR plane as the xy-plane and the line to be the 
z-AXIS gives the parametric equations 


z(u,v) = vcos B(u) 
y(u,v) = vsin J(u) 
z(u,v) = h(u) 


(Gray 1993). Taking h(u) = 2u and J(u) = u gives the 
HELICOID. 


see also HELICOID, PLUCKER’S CONOID, WALLIS’S 
CONICAL EDGE 
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Right Hyperbola 

A HYPERBOLA for which the ASYMPTOTES are PER- 
PENDICULAR. This occurs when the SEMIMAJOR and 
SEMIMINOR AXES are equal. Taking a = 6 in the equa- 
tion of a HYPERBOLA with SEMIMAJOR AXIS parallel to 
the z-AXIS and SEMIMINOR AXIS parallel to the y-AXIs 
(i.e., vertical DIRECTRIX), 


therefore gives 
(x — wo)” — (y— yo)” =a’. 


A special type of right hyperbola is the so-called RECT- 
ANGULAR HYPERBOLA, which has equation zy = ab. 


see also HYPERBOLA, RECTANGULAR HYPERBOLA 


Right Line 
see LINE 


Right Strophoid 


Right Strophoid 


The STROPHOID of a line L with pole O not on LD and 

fixed point O’ being the point where the PERPENDICU- 

LAR from O to LE cuts L is called a right strophoid. It is 

therefore a general STROPHOID with a = 7/2. 

The right strophoid is given by the Cartesian equation 
2 c—Z 2 


Uae ae (1) 


or the polar equation 
r = ccos(26) sec 0. (2) 


The parametric form of the strophoid is 


a(t) = Pa (3) 
t(t? —1 
y(t) = 2 (4) 
The right strophoid has CURVATURE 
4(1 + 3t”) 
“=~ Gye sar (5) 
and TANGENTIAL ANGLE 
fe 33 at 
g(t) = —2tan™*¢— tan (5). (6) 


The right strophoid first appears in work by Isaac Bar- 
row in 1670, although Torricelli describes the curve in 
his letters around 1645 and Roberval found it as the Lo- 
cus of the focus of the conic obtained when the plane 
cutting the CONE rotates about the tangent at its vertex 
(MacTutor Archive). The AREA of the loop is 


Aloop = 207(4 —) (7) 
(MacTutor Archive). 


Let C be the CIRCLE with center at the point where 
the right strophoid crosses the z-axis and radius the 
distance of that point from the origin. Then the right 
strophoid is invariant under inversion in the CIRCLE C’ 
and is therefore an ANALLAGMATIC CURVE. 


see also STROPHOID, TRISECTRIX 
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Right Strophoid Inverse Curve 


Right Strophoid Inverse Curve 


The INVERSE CURVE of a right strophoid is the same 
strophoid. 


Right Triangle 


b 
A TRIANGLE with an ANGLE of 90° (7/2 radians). The 
sides a, b, and c of such a TRIANGLE satisfy the Py- 
THAGOREAN THEOREM. The largest side is convention- 
ally denoted c and is called the HYPOTENUSE. 


For any three similar shapes on the sides of a right tri- 
angle, 
Ay + Az = A3, (1) 


which is equivalent to the PYTHAGOREAN THEOREM. 
For a right triangle with sides a, b, and HYPOTENUSE c, 
let r be the INRADIUS. Then 


gab = drat $rb+ $re= gr(a+b+c). (2) 


Solving for r gives 


ab 
= —_—_ _., 3 
"atb+e iS) 
But any PYTHAGOREAN TRIPLE can be written 
a=m’? —n? (4) 
b = 2mn (5) 
c=m +n’, (6) 


so (5) becomes 


(m? ~ n?)2mn 
m? —n?+ 2mn+m?+n? 


T= 


=n(m-—n), (7) 


which is an INTEGER when m and n are integers. 


Cc 


Rigid 1569 
Given a right triangle AABC, draw the ALTITUDE AH 
from the RIGHT ANGLE A. Then the triangles AAHC 
and ABHA are similar. 


B 


Cc A 


In a right triangle, the MIDPOINT of the HYPOTENUSE 
is equidistant from the three VERTICES (Dunham 1990). 
This can be proved as follows. Given AABC, let M 
be the MippoinT of AB (so that AM = BM). Draw 
DM||CA, then since ABDM is similar to ABCA, it 
follows that BD = DC. Since both ABDM and 
ACDM are right triangles and the corresponding legs 
are equal, the HYPOTENUSES are also equal, so we have 
AM = BM =CM and the theorem is proved. 


see also ACUTE TRIANGLE, ARCHIMEDES’ MIDPOINT 
THEOREM, BROCARD MIDPOINT, CIRCLE-POINT MID- 
POINT THEOREM, FERMAT’S RIGHT TRIANGLE THEO- 
REM, ISOSCELES TRIANGLE, MALFATTI’S RIGHT TRI- 
ANGLE PROBLEM, OBTUSE TRIANGLE, PYTHAGOREAN 
TRIPLE, QUADRILATERAL, RAT-FREE SET, TRIANGLE 
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Rigid 

A FRAMEWORK is rigid IFF continuous motion of the 
points of the configuration maintaining the bar con- 
straints comes from a family of motions of all EUCLID- 
EAN SPACE which are distance-preserving. A GRAPH G 
is (generically) d-rigid if, for almost all (ie., an open 
dense set of) CONFIGURATIONS of p, the FRAMEWORK 
G(p) is rigid in R®. 


One of the first results in rigidity theory was the RIGID- 
Ity THEOREM by Cauchy in 1813. Although rigidity 
problems were of immense interest to engineers, inten- 
sive mathematical study of these types of problems has 
occurred only relatively recently (Connelly 1993, Graver 
et al. 1993). 


see also BAR (EDGE), FLEXIBLE POLYHEDRON, FRAME- 
WORK, LAMAN’S THEOREM, LIEBMANN’S THEOREM, 
RIGIDITY THEOREM 
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1570 Rigid Motion 


Graver, J.; Servatius, B.; and Servatius, H. Combinatorial 
Rigidity. Providence, RI: Amer. Math. Soc., 1993. 


Rigid Motion 
A transformation consisting of ROTATIONS and TRANS- 
LATIONS which leaves a given arrangement unchanged. 


see also EUCLIDEAN MOTION, PLANE, ROTATION 
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Rigidity Theorem 

If the faces of a conver POLYHEDRON were made of 
metal plates and the EDGES were replaced by hinges, 
the POLYHEDRON would be RIGID. The theorem was 
stated by Cauchy (1813), although a mistake in this pa- 
per went unnoticed for more than 50 years. An example 
of a concave “FLEXIBLE POLYHEDRON” (with 18 trian- 
gular faces) for which this is not true was given by Con- 
nelly (1978), and a FLEXIBLE POLYHEDRON with only 
14 triangular faces was subsequently found by Steffen 
(Mackenzie 1998). 


see also FLEXIBLE POLYHEDRON, RIGID 
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Ring 
A ring is a set together with two BINARY OPERATORS 
S(4+, *) satisfying the following conditions: 


1. Additive associativity: For all a,b,c € S, (a+b)+c= 
a+(b+c), 


2. Additive commutativity: For all a,b € S,;a+b= 
b+a, 

3. Additive identity: There exists an element 0 € S 
such that for alae S,0+a=a+4+0=a, 


4. Additive inverse: For every a € S there exists —ainS 
such that a + (—a) = (-a)+a=0, 
5. Multiplicative associativity: For all a,b,c € S, (a* 
b)*c=ax (bc), 
6. Left and right distributivity: For all a,b,c €¢ S, a+ 
(b+c) = (a*b)+(a*c) and (b+c)*a = (6*a)+(cxa). 
A ring is therefore an ABELIAN GROUP under addition 
and a SEMIGROUP under multiplication. A ring must 
contain at least one element, but need not contain a 
multiplicative identity or be commutative. The number 
of finite rings of n elements for n = 1, 2,..., are 1, 2, 2, 
11, 2, 4, 2, 52, 11, 4, 2, 22, 2,4, 4,... (Sloane’s A027623 
and A037234; Fletcher 1980). In general, the number of 


Ring Cyclide 


rings of order p® for p an ODD PRIME is 3p + 50 and 52 
for p — 2 (Ballieu 1947, Gilmer and Mott 1973). 


A ring with a multiplicative identity is sometimes called 
a UNIT RING. Fraenkel (1914) gave the first abstract 
definition of the ring, although this work did not have 
much impact. 


A ring that is COMMUTATIVE under multiplication, has 
a unit element, and has no divisors of zero is called an 
INTEGRAL DOMAIN. A ring which is also a COMMUTA- 
TIVE multiplication group is called a FIELD. The sim- 
plest rings are the INTEGERS Z, POLYNOMIALS R[z] and 
R[z, y} in one and two variables, and SQUARE nxn REAL 
MATRICES. 


Rings which have been investigated and found to be of 
interest are usually named after one or more of their in- 
vestigators. This practice unfortunately leads to names 
which give very little insight into the relevant properties 
of the associated rings. 


see also ABELIAN GROUP, ARTINIAN RING, CHOW 
RING, DEDEKIND RING, DIVISION ALGEBRA, FIELD, 
GORENSTEIN RING, GROUP, GROUP RING, IDEAL, 
INTEGRAL DOMAIN, MODULE, NILPOTENT ELEMENT, 
NOETHERIAN RING, NUMBER FIELD, PRIME RING, 
PRUFER RING, QUOTIENT RING, REGULAR RING, 
RINGOID, SEMIPRIME RING, SEMIRING, SEMISIMPLE 
RING, SIMPLE RING, UNIT RING, ZERO DIVISOR 
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Ring Cyclide 


The inversion of a RING Torus. If the inversion center 
lies on the torus, then the ring cyclide degenerates to a 
PARABOLIC RING CYCLIDE. 


Ring Function 


see also CYCLIDE, PARABOLIC CYCLIDE, RING Cy- 
CLIDE, RING Torus, SPINDLE CYCLIDE, TORUS 


Ring Function 
see TOROIDAL FUNCTION 


Ring Torus 


One of the three STANDARD TORI given by the para- 
metric equations 


x2 = (ec + acosv) cosu 
y = (c+acosv)sinu 


z= asinuv 


with c > a. This is the TORUS which is generally meant 
when the term “torus” is used without qualification. 
The inversion of a ring torus is a RING CYCLIDE if the 
INVERSION CENTER does not lie on the torus and a PAR- 
ABOLIC RING CYCLIDE if it does. The above left figure 
shows a ring torus, the middle a cutaway, and the right 
figure shows a CROSS-SECTION of the ring torus through 
the xz-plane. 


see also CYCLIDE, HORN TORUS, PARABOLIC RING Cy- 
CLIDE, RING CYCLIDE, SPINDLE Torus, STANDARD 
TorRI, TORUS 
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Ringoid 

A ringoid R is a set (R, +, x) with two binary operators, 
conventionally denoted addition (+) and multiplication 
(x), where x distributes over + left and right: 


a(b+c) = ab+ acand(b+ c)a = ba + ca. 


A ringoid can be empty. 
see also BINARY OPERATOR, RING, SEMIRING 
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Risch Algorithm 
An ALGORITHM for indefinite integration. 


see also INDEFINITE INTEGRAL 
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Rising Factorial 
see POCHHAMMER SYMBOL 


Rivest-Shamir-Adleman Number 
see RSA NUMBER 


RMS 
see ROOT-MEAN-SQUARE 


Robbin Constant 


R= 44+ dv2- 2V3+3mn(14+ v2) 
+2In(2+ V3) — 4a = 0.661707182.... 


see also TRANSFINITE DIAMETER 


References 
Plouffe, S. “The Robbin Constant.” http: //lacim. uqam.ca/ 
piDATA/robbin. txt. 


Robbin’s Inequality 
If the fourth MOMENT pq ¥ 0, then 


F +3(N — 1)o* 
P(|a— wal > A) < MASE Ue 


where a” is the VARIANCE. 


Robbins Algebra 

Building on work of Huntington (1933), Robbins con- 
jectured that the equations for a Robbins algebra, com- 
mutivity, associativity, and the ROBBINS EQUATION 


n(n(z+y) + n(x + n(y))) = 2, 


imply those for a BOOLEAN ALGEBRA. The conjecture 
was finally proven using a computer (McCune 1997). 
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Robbins Equation 


n(n(z + y) + n(x + n{y))) = 2. 


see also ROBBINS ALGEBRA 
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Robertson Condition 

For the HELMHOLTZ DIFFERENTIAL EQUATION to be 
SEPARABLE in a coordinate system, the SCALE FACTORS 
hy in the LAPLACIAN 


3 
De es 1 fe] hihehs fe] 
MS 2X, hihehs Oui ( h,? =) (2) 


and the functions f;(u;) and ®,; defined by 


1 0 OXn 
Fa Oita (m5) + (ki? Bai the? Ono +h3?On3)Xn = 0 
(2) 


must be of the form of a STACKEL DETERMINANT 


$1, Pi2 ig 

Bee el Gs. 3B5y ys |S 

Bey Sb. Ses fi(ur) fo(u2) fs (us) 

(3) 

see also HELMHOLTZ DIFFERENTIAL EQUATION, LA- 

PLACE’S EQUATION, SEPARATION OF VARIABLES, 
STACKEL DETERMINANT 
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Robertson Conjecture 

A conjecture due to M. S. Robertson (1936) which treats 
a UNIVALENT POWER SERIES containing only ODD pow- 
ers within the UNIT DISK. This conjecture IMPLIES the 
BIEBERBACH CONJECTURE and follows in turn from the 
MILIN CONJECTURE. de Branges’ proof of the BIEBER- 
BACH CONJECTURE proceeded by proving the MILIN 
CONJECTURE, thus establishing the Robertson conjec- 
ture and hence implying the truth of the BIEBERBACH 
CONJECTURE. 


see also BIEBERBACH CONJECTURE, MILIN CONJEC- 
TURE 
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Robertson-Seymour Theorem 

A generalization of the KURATOWSKI REDUCTION THE- 
OREM by Robertson and Seymour, which states that the 
collection of finite graphs is well-quasi-ordered by minor 
embeddability, from which it follows that Kuratowski’s 
“forbidden minor” embedding obstruction generalizes to 
higher genus surfaces. 


Formally, for a fixed INTEGER g > 0, there is a finite 
list of graphs L(g) with the property that a graph C 
embeds on a surface of genus g IFF it does not. contain, 
as a minor, any of the graphs on the list L. 
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Rogers-Ramanujan Continued Fraction 


Robin Boundary Conditions 

PARTIAL DIFFERENTIAL EQUATION BOUNDARY CONDI- 
TIONS which, for an elliptic partial differential equation 
in a region 2, specify that the sum of au and the normal 
derivative of u = f at all points of the boundary of 2, 
a and f being prescribed. 


Robin’s Constant 


see TRANSFINITE DIAMETER 


Robinson Projection 

A PSEUDOCYLINDRICAL MAP PROJECTION which dis- 
torts shape, AREA, scale, and distance to create attrac- 
tion average projection properties. 
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Robust Estimation 

An estimation technique which is insensitive to small 
departures from the idealized assumptions which have 
been used to optimize the algorithm. Classes of 
such techniques include M-ESTIMATES (which fol- 
low from maximum likelihood considerations), L- 
ESTIMATES (which are linear combinations of ORDER 
STATISTICS), and R-ESTIMATES (based on RANK tests). 


see also L-ESTIMATE, M-ESTIMATE, R-ESTIMATE 
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Rodrigues’s Curvature Formula 


dN + «i dr =0, 
where N is the unit NORMAL VECTOR and 4; is one of 
the two PRINCIPAL CURVATURES. 
see also NORMAL VECTOR, PRINCIPAL CURVATURES 


Rodrigues Formula 
An operator definition of a function. A Rodrigues for- 
mula may be converted into a SCHLAFLI INTEGRAL. 


see also SCHLAFLI INTEGRAL 


Rogers-Ramanujan Continued Fraction 
see RAMANUJAN CONTINUED FRACTION 


Rogers-Ramanujan Identities 


Rogers-Ramanujan Identities 
For |q| < 1 and using the NOTATION of the RAMANUJAN 
THETA FUNCTION, the Rogers-Ramanujan identities are 


f(i-@) wg 

fea 49) ~ 2s oh 
fh —q°) gh (ett) 
f(—@, —4) —q3) ge Darr (q)k ? (2) 


where (q)x are g-SERIES. Written out explicitly (Hardy 
1959, p. 13), 
4 9 
i+ z 2) 4 2 3) 
1-~q (1—q)(l—-@) (1—a)(1- 9?) — 4%) 
1 


1+ 


“d-o0-#)-G-aa-@) 

q? q° g?? 
“7-97 0-o0-@) G-90a-@0a-@) 
= y . (4) 


= @ 0-9) Gael) 
The identities can also be written succinctly as 


hoa gh tak 
1+ 2 Ga -e) 


co 


1 
-lla-aemacerey ©) 
j=0 


where a = 0, 1. 


Other forms of the Rogers-Ramanujan identities include 


q* _ (-1)¥g@*?-#)/2 
X (aq)e(Qsq)n—k 2 (93 9)n—K(93 ntk 9) 
and 
(=) a dean )ar as 
v eaeac ae (93 @)n—K (439) n+k 
(7) 


(PetkovSek et al. 1996). 
see also ANDREWS-SCHUR IDENTITY 
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Rolle’s Theorem 

Let f be differentiable on (a,b) and continuous on [a, 5]. 
If f(a) = f(b) = O, then there is at least one point 
c € (a,b) where f'(c) = 0. 

see also FIXED POINT THEOREM, MEAN- VALUE THEO- 
REM 


Roman Coefficient 
A generalization of the BINOMIAL COEFFICIENT whose 
NOTATION was suggested by Knuth, 


n] __ __|nl! 
7 | = Rie ar (1) 


The above expression is read “Roman n choose k.” 
Whenever the BINOMIAL COEFFICIENT is defined (i.e., 
n>k>0Oork>0>7n), the Roman coefficient agrees 
with it. However, the Roman coefficients are defined for 
values for which the BINOMIAL COEFFICIENTS are not, 


e€.g., 


an 1 
& am |n+1] (2) 
0 a (—1)**+*>9) 
where 1 £ oa 
ae orn 
SSeS 0 forn>O. (4) 


The Roman coefficients also satisfy properties like those 
of the BINOMIAL COEFFICIENT, 


Li] = |." © 
ELE T- ETL] 


an analog of PASCAL’S FORMULA 


BI=[*e']+ [a], ® 
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and a curious rotation/reflection law due to Knuth 


1 qykt(k>0) | —7% | _ 7 _4\nt(n>0) | —k 
(Roman 1992). 
see also BINOMIAL COEFFICIENT, ROMAN FACTORIAL 
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Roman Factorial 


forn > 0 
for n <0. (1) 


The Roman factorial arises in the definition of the HAR- 
MONIC LOGARITHM and ROMAN COEFFICIENT. It obeys 
the identities 


[n}! = [n] [n- 11! (2) 
a = |n] [n—1]---[n-k41] (3) 
[n]![—n — ats (-yrte<, (4) 
where f #0 
_ fn forn 
im={% forn =0 (6) 
and 1 f <0 
a orn 
nets 0 forn> 0. (6) 


see also HARMONIC LOGARITHM, HARMONIC NUMBER, 
ROMAN COEFFICIENT 
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Roman Numeral : 

A system of numerical notations used by the Romans. It 
is an additive (and subtractive) system in which letters 
are used to denote certain “base” numbers, and arbi- 
trary numbers are then denoted using combinations of 
symbols. 


Character Numerical Value 


1 

5 

10 
50 
100 
500 
1000 


BUQR eK < eH 


For example, the number 1732 would be denoted MD- 
CCXXXII. One additional rule states that, instead of 
using four symbols to represent a 4, 40, 9, 90, etc., such 
numbers are instead denoted by preceding the symbol 


Roman Surface 


for 5, 50, 10, 100, etc., with a symbol indicating subtrac- 
tion. For example, 4 is denoted IV, 9 as IX, 40 as XL, 
etc. However, this rule is generally not followed on the 
faces of clocks, where IIII is usually encountered instead 
of IV. 


Roman numerals are encountered in the release year for 
movies and occasionally on the numerals on the faces of 
watches and clocks, but in few other modern instances. 
They do have the advantage that ADDITION can be done 
“symbolically” (and without worrying about the “place” 
of a given DiciT) by simply combining all the symbols 
together, grouping, writing groups of 5 Is as V, groups 
of 2 Vs as X, etc. 


Roman Surface 


A QUARTIC NONORIENTABLE SURFACE, also known as 
the STEINER SURFACE. The Roman surface is one of 
the three possible surfaces obtained by sewing a MOBIUS 
STRIP to the edge of a Disk. The other two are the Boy 
SURFACE and Cross-CapP, all of which are homeomor- 
phic to the REAL PROJECTIVE PLANE (Pinkall 1986). 


The center point of the Roman surface is an ordi- 
nary TRIPLE POINT with (+1,0,0) = (0,+1,0) = 
(0,0,+1), and the six endpoints of the three lines of 
self-intersection are singular PINCH POINTS, also known 
as WHITNEY SINGULARITIES. The Roman surface is es- 
sentially six CROSS-CAPs stuck together and contains a 
double INFINITY of CONICS. 


The Roman surface can given by the equation 
(2? +y? +2? —k*)* = [(z—k)? —227][(2 +k)? —2y"]. (1) 


Solving for z gives the pair of equations 


RY ae) te? 9) VP? @) 


2(x? + y?) 


If the surface is rotated by 45° about the z-AxIs via the 
ROTATION MATRIX 


7 ee 
Rast) = | 1 | (3) 


A : es [a] , (4) 


to give 


Roman Surface 
then the simple equation 
gry? + 272? + y?2* + Qkayz =0 (5) 
results. The Roman surface can also be generated us- 
ing the general method for NONORIENTABLE SURFACES 
using the polynomial function 
(x,y,z) = (xy, yz, zx) (6) 


(Pinkall 1986). Setting 


x= cosusiny (7) 
y = sinusinv (8) 
z= cosu (9) 
in the former gives 
z(u,v) = }sin(2u) sin? v (10) 
y(u,v) = 4 sin ucos(2v) (11) 
z(u,v) = } cos usin(2v) (12) 


for u © (0,27) and v € [—7/2,7/2]. Flipping sinv 
and cosv and multiplying by 2 gives the form shown 
by Wang. 


A Homotopy (smooth deformation) between the Ro- 
man surface and BOY SURFACE is given by the equa- 
tions 


2 cos(2u) cos? v + cos usin(2v) 


etl 2 — a2 sin(3u) sin(2v) ) 
y(u, v) = 2 avsin(Bu) sin(20) (14) 
z(u,v) = 3.cos? v (15) 


2 — av2sin(3u) sin(2v) 


for u € [—7/2, 7/2] and v € [0,7] as @ varies from 0 to 
1. a = 0 corresponds to the Roman surface and a = 1 
to the Boy SURFACE (Wang). 


see also BOY SURFACE, CRoOSS-CAP, HEPTAHEDRON, 
MOBIUS STRIP, NONORIENTABLE SURFACE, QUARTIC 
SURFACE, STEINER SURFACE 
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Roman Symbol 


—_Jfn forn40 
nl 'S 1 forn=0. 


see also ROMAN FACTORIAL, HARMONIC LOGARITHM 
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Romberg Integration 

A powerful NUMERICAL INTEGRATION technique which 
uses k refinements of the extended TRAPEZOIDAL RULE 
to remove error terms less than order O(N~?*). The 
routine advocated by Press et al. (1992) makes use of 
NEVILLE’s ALGORITHM. 
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Rook Number 

The rook numbers r? of an n x n BOARD B are the 
number of subsets of size n such that no two elements 
have the same first or second coordinate. In other word, 
it is the number of ways of placing n rooks on B such 
that none attack each other. The rook numbers of a 
board determine the rook numbers of the complemen- 
tary board B, defined to be d x d\B. This is known 
as the ROOK RECIPROCITY THEOREM. The first few 
rook numbers are 1, 2, 7, 23, 115, 694, 5282, 46066, ... 
(Sloane’s A000903). For an n x n board, each n x n 


1576 Rook Reciprocity Theorem 


PERMUTATION MATRIX corresponds to an allowed con- 
figuration of rooks. 


see also ROOK RECIPROCITY THEOREM 
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Rook Reciprocity Theorem 


d 


Sore (d- k)ic* = So (-1)*r8 (d — k)!n*(@ + 1)2*. 
k=0 


k=0 
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Rooks Problem 


The rook is a CHESS piece which may move any num- 
ber of spaces either horizontally or vertically per move. 
The maximum number of nonattacking rooks which may 
be placed on an n x n CHESSBOARD is n. This arrange- 
ment is achieved by placing the rooks along the diagonal 
(Madachy 1979). The total number of ways of placing 
n nonattacking rooks on an n x n board is n! (Madachy 
1979, p. 47). The number of rotationally and reflectively 
inequivalent ways of placing n nonattacking rooks on 
an n x n board are 1, 2, 7, 23, 115, 694, ... (Sloane’s 
A000903; Dudeney 1970, p. 96; Madachy 1979, pp. 46- 
54). 


Room Square 


The minimum number of rooks needed to occupy or at- 
tack all spaced on an 8 x 8 CHESSBOARD is 8, illustrated 
above (Madachy 1979). 


Consider an n x 7 chessboard with the restriction that, 
for every subset of {1, ..., n}, a rook may not be put 
in column s+ J (mod n) when on row j, where the rows 
are numbered 0, 1, ..., 7 — 1. Vardi (1991) denotes 
the number of rook solutions so restricted as rook(s,n). 
rook({1},n) is simply the number of DERANGEMENTS 
on n symbols, known as a SUBFACTORIAL. The first few 
values are 1, 2, 9, 44, 265, 1854, ... (Sloane’s A000166). 
rook({1,2},n) is a solution to the MARRIED COUPLES 
PROBLEM, sometimes known as MENAGE NUMBERS. 
The first few MENACE NUMBERS are —1, 1, 0, 2, 13, 
80, 579, ... (Sloane’s A000179). 


Although simple formulas are not known for general {1, 

.; p}, RECURRENCE RELATIONS can be used to com- 
pute rook({1,...,p},n) in polynomial time for p = 3, 
..., 6 (Metropolis et al. 1969, Minc 1978, Vardi 1991). 


see also CHESS, MENAGE NUMBER, ROOK NUMBER, 
ROOK RECIPROCITY THEOREM 
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Room Square 

A Room square (named after T. G. Room) of order n 
(for n ODD) is an arrangement in an n x n SQUARE 
MATRIX of n+ 1 objects such that each cell is either 
empty or holds exactly two different objects. Further- 
more, each object appears once in each row and column 
and each unordered pair occupies exactly one cell. The 
Room square of order 2 is shown below. 


1,2 


The Room square of order 8 is 


Root 


References 

Dinitz, J. H. and Stinson, D. R. In Contemporary Design 
Theory: A Collection of Surveys (Ed. J. H. Dinitz and 
D. R. Stinson). New York: Wiley, 1992. 

Gardner, M. Time Travel and Other Mathematical Bewil- 
derments. New York: W. H. Freeman, pp. 146-147 and 
151-152, 1988. 

Mullin, R. C. and Nemeth, E. “On Furnishing Room 
Squares.” J. Combin. Th. 7, 266-272, 1969. 

Mullin, R. D. and Wallis, W. D. “The Existence of Room 
Squares.” Aequationes Math. 13, 1-7, 1975. 

O’Shaughnessy, C. D. “On Room Squares of Order 6m + 2.” 
J. Combin. Th. 18, 306-314, 1972. 

Room, T. G. “A New Type of Magic Square” (Note 2569). 
Math. Gaz. 39, 307, 1955. 

Wallis, W. D. “Solution of the Room Square Existence Prob- 
lem.” J. Combin. Th. 17, 379-383, 1974. 


Root 
The roots of an equation 


f(z) =0 (1) 


are the values of x for which the equation is satisfied. 
The FUNDAMENTAL THEOREM OF ALGEBRA states that 
every POLYNOMIAL equation of degree n has exactly n 
roots, where some roots may have a multiplicity greater 
than 1 (in which case they are said to be degenerate). 


To find the nth roots of a COMPLEX NUMBER, solve the 
equation z” = w. Then 


2” = |z|"[cos(n@) +zsin(n6)] = |w|(cos@+ising), (2) 


sO 
lz] = |w|?/” (3) 
and 
arg(z) = f. (4) 


Rolle proved that any number has n nth roots (Boyer 
1968, p. 476). Householder (1970) gives an algorithm for 
constructing root-finding algorithms with an arbitrary 
order of convergence. Special root-finding techniques 
can often be applied when the function in question is a 
POLYNOMIAL. 


see also BAILEY’S METHOD, BISECTION PROCEDURE, 
BRENT’S METHOD, CROUT’S METHOD, DESCARTES’ 
SIGN RULE, FALSE POSITION METHOD, FUNDAMEN- 
TAL THEOREM OF SYMMETRIC FUNCTIONS, GRAEFFE’S 
METHOD, HALLEY’S IRRATIONAL FORMULA, HAL- 
LEY’S METHOD, HALLEY’s RATIONAL FORMULA, 
HORNER’S METHOD, HOUSEHOLDER’S METHOD, HUT- 
TON’S METHOD, ISOGRAPH, JENKINS-TRAUB METHOD, 
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LAGUERRE’S METHOD, LAMBERT’S METHOD, LEHMER- 
ScHUR METHOD, LIN’Ss METHOD, MAEHLY’S PROCE- 
DURE, MULLER’S METHOD, NEWTON’S METHOD, RID- 
DERS’ METHOD, ROOT DRAGGING THEOREM, SCHRO- 
DER’S METHOD, POLYNOMIAL, SECANT METHOD, 
STURM FUNCTION, STURM THEOREM, TANGENT Hy- 
PERBOLAS METHOD, WEIERSTRAS& APPROXIMATION 
THEOREM 
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Root Dragging Theorem 
If any of the ROOTS of a POLYNOMIAL are increased, 
then all of the critical points increase. 
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Root Linear Coefficient Theorem 

The sum of the reciprocals of RooTs of an equation 
equals the NEGATIVE COEFFICIENT of the linear term 
in the MACLAURIN SERIES. 


see also NEWTON’S RELATIONS 


Root-Mean-Square 

The root-mean-square (RMS) of a variate x, sometimes 
called the QUADRATIC MEAN, is the SQUARE Roort of 
the mean squared value of z: 


R(z) = J (a?) (1) 


/ Sater 
f P(2z)z? dx 


i P(2) dz 


Hoehn and Niven (1985) show that 


for a discrete distribution 


(2) 


for a continuous distribution. 


R(a1 + c,a2+¢,...,4n +e) <c+ R(ai,@2,...,4n) 


for any POSITIVE constant c. 


Physical scientists often use the term root-mean-square 
as asynonym for STANDARD DEVIATION when they refer 
to the SQUARE ROOT of the mean squared deviation of 
a signal from a given baseline or fit. 
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see also ARITHMETIC-GEOMETRIC MEAN, ARITH- 
METIC-HARMONIC MEAN, GENERALIZED MEAN, GE- 
OMETRIC MEAN, HARMONIC MEAN, HARMONIC- 
GEOMETRIC MEAN, MEAN, MEDIAN (STATISTICS), 
STANDARD DEVIATION, VARIANCE 


References 
Hoehn, L. and Niven, I. “Averages on the Move.” Math. 
Mag. 58, 151-156, 1985. 


Root (Radical) 

The nth root (or “RADICAL”) of a quantity z is a value 
r such that z = r”, and therefore is the INVERSE FUNC- 
TION to the taking of a POWER. The nth root is de- 
noted r = %/z or, using POWER notation, r = z//”. 
The special case of the SQUARE ROOT is denoted \/z. 
The quantities for which a general FUNCTION equals 0 
are also called ROOTS, or sometimes ZEROS. 


see also CUBE ROOT, ROOT, SQUARE ROOT, VINCULUM 


Root Test 
Let uz be a SERIES with POSITIVE terms, and let 


a 6 1/k 
p= lim u,'”. 
k-00 


1. If p< 1, the SERIES CONVERGES. 
2. If p > 1 or p = 00, the SERIES DIVERGES. 
3. If p = 1, the SERIES may CONVERGE or DIVERGE. 


This test is also called the CAUCHY ROOT TEST. 
see also CONVERGENCE TESTS 
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Root (Tree) 

A special node which is designated to turn a TREE into 
a ROOTED TREE. The root is sometimes also called 
“EVE,” and each of the nodes which is one EDGE fur- 
ther away from a given EDGE is called a CHILD. Nodes 
connected to the same node are then called SIBLINGS. 


see also CHILD, ROOTED TREE, SIBLING, TREE 


Root of Unity 
The nth Roots of UNITY are ROOTS ¢ = e?"**/? of 
the CYCLOTOMIC EQUATION 


z? = 1, 


which are known as the DE MOIVRE NUMBERS. 


see also CYCLOTOMIC EQUATION, DE MOIVRE’S IDEN- 
TITY, DE MOIVRE NUMBER, UNITY 
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Rooted Tree 


Rooted Tree 
1 ®@ 


24 
stv 
i 


A TREE with a special node called the “Root” or 
“EVE.” Denote the number of rooted trees with n nodes 
by T,, then the GENERATING FUNCTION is 


ww 


= root 


T(z) = Tre” = 2 +27 +20 + 4e* +905 + 200° 
n=0 


+480" + 1152° + 28629 + 719279 +... (1) 


(Sloane’s A000081). This POWER SERIES satisfies 


T(x) = xexp 3 *T(2") (2) 
t(w) = T(x) — $[T?(x) — T(x’)], (3) 


where t(z) is the GENERATING FUNCTION for unrooted 
TREES. A GENERATING FUNCTION for T, can be writ- 
ten using a product involving the sequence itself as 


The number of rooted trees can also be calculated from 
the RECURRENCE RELATION 


Ti = : > | D> at | B-s4: (5) 


j=l alj 


with Tp = 0 and T; = 1, where the second sum is over 
all d which DivipE j (Finch). 


see also ORDERED TREE, RED-BLACK TREE, WEAKLY 
BINARY TREE 
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Rosatti’s Theorem 


Rosatti’s Theorem 

There is a one-to-one correspondence between the sets 
of equivalent correspondences (not of value 0) on an ir- 
reducible curve of GENUS (CURVE) p, and the rational 
COLLINEATIONS of a projective space of 2p — 1 dimen- 
sions which leave invariant a space of p — 1 dimensions. 
The number of linearly independent correspondences 
will be that of linearly independent COLLINEATIONS. 
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Rose 


A curve which has the shape of a petalled flower. This 
curve was named RHODONEA by the Italian mathemati- 
cian Guido Grandi between 1723 and 1728 because it 
resembles a rose (MacTutor Archive). The polar equa- 
tion of the rose is 


r = asin(né), 


or 
r = acos(nég). 


If n is ODD, the rose is n-petalled. If n is EVEN, the 
rose is 2n-petalled. If n is IRRATIONAL, then there are 
an infinite number of petals. 


The QUADRIFOLIUM is the rose with n = 2. The rose is 
the RADIAL CURVE of the EPICYCLOID. 


see also DAISY, MAURER ROSE, STARR ROSE 
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Rosenbrock Methods 

A generalization of the RUNGE-KUTTA METHOD for so- 
lution of ORDINARY DIFFERENTIAL EQUATIONS, also 
called KAPS-RENTROP METHODS. 


see also RUNGE-KUTTA METHOD 
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Réssler Model 
The nonlinear 3-D MAP 


X=-(Y +2) 
Y=X+0.2Y 


2=0.2+ XZ — cZ. 


see also LORENZ SYSTEM 
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Rotation 

The turning of an object or coordinate system by an AN- 
GLE about a fixed point. A rotation is an ORIENTATION- 
PRESERVING ORTHOGONAL TRANSFORMATION. EU- 
LER’S ROTATION THEOREM states that an arbitrary ro- 
tation can be parameterized using three parameters. 
These parameters are commonly taken as the EULER 
ANGLES. Rotations can be implemented using RoTA- 
TION MATRICES. 


The rotation SYMMETRY OPERATION for rotation by 
360°/n is denoted “n.” For periodic arrangements of 
points (“crystals”), the CRYSTALLOGRAPHY RESTRIC- 
TION gives the only allowable rotations as 1, 2, 3, 4, and 
6. 


see also DILATION, EUCLIDEAN GROUP, EULER’S ROTA- 
TION THEOREM, EXPANSION, IMPROPER ROTATION, IN- 
FINITESIMAL ROTATION, INVERSION OPERATION, MIR- 
ROR PLANE, ORIENTATION-PRESERVING, ORTHOGO- 
NAL TRANSFORMATION, REFLECTION, ROTATION FOR- 
MULA, ROTATION GROUP, ROTATION MATRIX, ROTA- 
TION OPERATOR, ROTOINVERSION, SHIFT, TRANSLA- 
TION 
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Rotation Formula 


1580 Rotation Group 

A formula which relates the VECTOR r’ to the ANGLE 
@ in the above figure (Goldstein 1980). Referring to the 
figure, 


r =-ON+NViVO 


= Aa(a-r)+([r—fA(A-r)|cos®+(r x A) sin® 
=rcos®+n(n-r)(1 — cos) +(r x fi) sin ®. 


The ANGLE ® and unit normal f may also be expressed 
as EULER ANGLES. In terms of the EULER PARAME- 
TERS, 


rv’ = r(eo” — €1” — €2” — €3”) + 2e(e-r) + 2(r x fi) sin S. 


see also EULER ANGLES, EULER PARAMETERS 
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Rotation Group 

There are three representations of the rotation groups, 
corresponding to EXPANSION/DILATION, ROTATION, 
and SHEAR. 


Rotation Matrix 

When discussing a ROTATION, there are two possible 
conventions: rotation of the azes and rotation of the 
object relative to fixed axes. 


cS 


curve rotated by angle 8 


In R’, let a curve be rotated by a clockwise ANGLE @, so 
that the original axes of the curve are x and y, and the 
new axes of the curve are x’ and y’. The MATRIX trans- 
forming the original curve to the rotated curve, referred 
to the original x and y axes, is 


cos@ sin®@ 
a EY ea () 
ie., 
x = Rex’. (2) 
¥ yo y 


axes rotated by angle 8 
On the other hand, let the azes with respect to which 
a curve is measured be rotated by a clockwise ANGLE 


Roth’s Removal Rule 


6, so that the original axes are Xo and Yo, and the new 
axes are X and y. Then the MATRIX transforming the 
coordinates of the curve with respect to x and ¥ is given 
by the MATRIX TRANSPOSE of the above matrix: 


R), = bas | (3) 


sin@ cosé@ 


i.e., 
x = R6xo. (4) 


In R®, rotations of the z-, y-, and z-axes give the ma- 
trices 


1 0 0 
R.(a@) = E cos a sna | (5) 
0 -—sina cosa 
cosB 0 —sinZ 
Ry(B) = 0 1 0 (6) 
sin8 0 cos@ 
cosy siny 0 
R.(y7) = jase cosy 0]. (7) 
0 0 1 


see also EULER ANGLES, EULER’S ROTATION THEO- 
REM, ROTATION 


Rotation Number 

The period for a QUASIPERIODIC trajectory to pass 
through the same point in a SURFACE OF SECTION. If 
the rotation number is IRRATIONAL, the trajectory will 
densely fill out a curve in the SURFACE OF SECTION. If 
the rotation number is RATIONAL, it is called the WIND- 
ING NUMBER, and only a finite number of points in the 
SURFACE OF SECTION will be visited by the trajectory. 


see also QUASIPERIODIC FUNCTION, SURFACE OF SEC- 
TION, WINDING NUMBER (MAP) 


Rotation Operator 
The rotation operator can be derived from examining 
an INFINITESIMAL ROTATION 


(Se) ace = (Gi) aca, *™ 
dt apece- dt body : 


where d/dt is the time derivative, w is the ANGULAR 
VELOCITY, and x is the CRoss PRODUCT operator. 


see also ACCELERATION, ANGULAR ACCELERATION, IN- 
FINITESIMAL ROTATION 


Roth’s Removal Rule 
If the matrices A, X, B, and C satisfy 


AX — XB =C, 


then 


Roth’s Theorem 


where | is the IDENTITY MATRIX. 
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Roth’s Theorem 
For ALGEBRAIC @ 


1 
a 


a g@te ’ 


P 
q 


with e€ > 0, has finitely many solutions. Klaus Roth 
received a FIELDS MEDAL for this result. 


see also HURWITZ EQUATION, HURWIT2’S IRRATIONAL 
NUMBER THEOREM, LAGRANGE NUMBER (RATIO- 
NAL APPROXIMATION), LIOUVILLE’S RATIONAL AP- 
PROXIMATION THEOREM, LIOUVILLE-ROTH CONSTANT, 
MARKOV NUMBER, SEGRE’S THEOREM, THUE-SIEGEL- 
RoTH THEOREM 
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Rotkiewicz Theorem 
If n > 19, there exists a base-2 PSEUDOPRIME between 
n and n?. The theorem was proved in 1965. 


see also PSEUDOPRIME 
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Rotoinversion 
sec IMPROPER ROTATION 


Rotor 

A convex figure that can be rotated inside a POLy- 
GON (or POLYHEDRON) while always touching every side 
(or face). The least AREA rotor in a SQUARE is the 
REULEAUX TRIANGLE. The least AREA rotor in an 
EQUILATERAL TRIANGLE is a LENS with two 60° ARcS 
of CIRCLES and RADIUS equal to the TRIANGLE ALTI- 
TUDE. 


There exist nonspherical rotors for the TETRAHEDRON, 
OCTAHEDRON, and CUBE, but not for the DODECAHE- 
DRON and ICOSAHEDRON. 
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see also LENS, REULEAUX TRIANGLE 
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Rotunda 
A class of solids whose only true member is the PEN- 
TAGONAL ROTUNDA. 


see also ELONGATED ROTUNDA, GYROELONGATED Ro- 
TUNDA, PENTAGONAL ROTUNDA, TRIANGULAR HEBE- 
SPHENOROTUNDA 
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Rouché’s Theorem 

Given two functions f and g ANALYTIC in A with + 
a simple loop HOMOTOPIC to a point in A, if |g(z)| < 
\f(z)| for all z on y, then f and f +g have the same 
number of RoorTs inside +. 
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Roulette 

The curve traced by a fixed point on a closed convex 
curve as that curve rolls without slipping along a sec- 
ond curve. The roulcttes described by the Foci of CoNn- 
Ics when rolled upon a line are sections of MINIMAL 
SURFACES (i.e., they yield MINIMAL SURFACES when re- 
volved about the linc) known as UNDULOIDS. 


Curve 1 Curve 2 Pole Roulette 
circle exterior onc. epicycloid 
circle 
circle interior onc. hypocycloid 
circle 
circle line onc. cycloid 
circle same circle any point rose 
circle line center parabola 
involute 
cycloid line center ellipse 
ellipse line focus elliptic catenary 
hyperbola line focus hyperbolic catenary 
hyperbolic line origin tractrix 
spiral 
line any curve on line involute of curve 


logarithmic line any point line 


spiral 
parabola equal vertex cissoid of Diocles 
parabola 
parabola line focus catenary 


see also GLISSETTE, UNDULOID 
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Round 
see NINT 


Rounding 

The process of approximating a quantity, usually done 
for convenience or, in the case of numerical computa- 
tions, of necessity. If rounding is performed on each of 
a series of numbers in a long computation, round-off er- 
rors can become important, especially if division by a 
small number ever occurs. 


see also SHADOWING THEOREM 
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Routh-Hurwitz Theorem 
Consider the CHARACTERISTIC EQUATION 


[Al — A] =A 4+.biA"* 4... 4 bn-1A +b, = 0 
determining the n EIGENVALUES A of a REAL nxn 


MatTRIXx A, where | is the IDENTITY MATRIX. Then the 
EIGENVALUES A all have NEGATIVE REAL PARTs if 


Ai > 0,A2 >0,...,An > 0, 
where 
by 1 0 0 0 0 0 
bs bs by 1 0 0 0 
A, = bs by bs be by 0 0 
bon-1 bon—2 ban—3 bona bar—s bor-6 orece b, 
References 
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Routh’s Theorem 

If the sides of a TRIANGLE are divided in the ratios 4: 1, 
pe: 1, and vy: 1, the CEVIANS form a central TRIANGLE 
whose AREA is 


de (Apv — 1)? 
~ AwtaAt i(uy tpt l(vatu +1) 


4, (1) 


where A is the AREA of the original TRIANGLE. For 
A=P=VEN, 


pee (2) 
mt+n+l1 

For n = 2, 3, 4, 5, the areas are $, 3, and $$. The 

AREA of the TRIANGLE formed by connecting the divi- 

sion points on each side is 


Apv 


se (A+ 1)\(u+ 1) +1) 


A. (3) 


Routh’s theorem gives CEVA’s THEOREM and MENE- 
LAUS’ THEOREM as special cases. 


see also CEVA’S THEOREM, CEVIAN, MENELAUS’ THE- 
OREM 
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RSA Encryption 

A PuBLIC-KEY CRYPTOGRAPHY ALGORITHM which 
uses PRIME FACTORIZATION as the TRAPDOOR FUNC- 
TION. Define 


n= pq (1) 


for p and q PRIMES. Also define a private key d and a 
public key e such that 


de = 1 (mod ¢(n)) (2) 


(e, d(n)) = 1, (3) 
where $(n) is the TOTIENT FUNCTION. 


Let the message be converted to a number M. The 
sender then makes n and e public and sends 


E = M* (mod n). (4) 


To decode, the receiver (who knows d) computes 


Et = (M°*)? = M*4 = MN¢™+4+1 = Mf (mod n), (5) 


since N is an INTEGER. In order to crack the code, d 
must be found. But this requires factorization of n since 


o(n) = (p—-1)(q- 1). (6) 


RSA Number 


Both p and g should be picked so that p41 andq+1 
are divisible by large PRIMES, since otherwise the POL- 
LARD p-~-1 FACTORIZATION METHOD or WILLIAMS p+1 
FACTORIZATION METHOD potentially factor n easily. It 
is also desirable to have $(¢(pq)) large and divisible by 
large PRIMES. 


It is possible to break the cryptosystem by repeated en- 
cryption if a unit of Z/¢(n)Z has small ORDER (Sim- 
mons and Norris 1977, Meijer 1996), where Z/sZ is the 
RinG of INTEGERS between 0 and s — 1 under addition 
and multiplication (mod s). Meijer (1996) shows that 
“almost” every encryption exponent e is safe from break- 
ing using repeated encryption for factors of the form 


p=2pi,+1 (7) 

qg=2qa +1, (8) 
where 

pi = 2p2t+1 (9) 

qa = 2q2 +1, (10) 


and p, pi, p2, g, gi, and qe are all PRIMES. In this case, 


b(n) = 4pig (11) 
$(O(n)) = 8p2q2. (12) 


Meijer (1996) also suggests that po and g2 should be of 
order 10”. 


Using the RSA system, the identity of the sender can be 
identified as genuine without revealing his private code. 


see also PUBLIC-KEY CRYPTOGRAPHY 
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RSA Number 

Numbers contained in the “factoring challenge” of RSA 
Data Security, Inc. An additional number which is not 
part of the actual challenge is the RSA-129 number. The 
RSA numbers which have been factored are RSA-100, 
RSA-110, RSA-120, RSA-129, and RSA-130 (Cowie et 
al. 1996). 


RSA-129 is a 129-digit number used to encrypt one 
of the first public-key messages. This message was 
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published by R. Rivest, A. Shamir, and L. Adleman 
(Gardner 1977), along with the number and a $100 
reward for its decryption. Despite belief that the 
message encoded by RSA-129 “would take millions of 
years of break,” RSA-129 was factored in 1994 using 
a distributed computation which harnessed networked 
computers spread around the globe performing a mul- 
tiple polynomial QUADRATIC SIEVE FACTORIZATION 
METHOD. The effort was coordinated by P. Leylad, 
D. Atkins, and M. Graff. They received 112,011 full fac- 
torizations, 1,431,337 single partial factorizations, and 
8,881,138 double partial factorizations out of a factor 
base of 524,339 PRIMES. The final MATRIX obtained 
was 188, 346 x 188, 346 square. 


The text of the message was “The magic words are 
squeamish ossifrage” (an ossifrage is a rare, predatory 
vulture found in the mountains of Europe), and the Fac- 
TORIZATION (into a 64-DIGIT number and a 65-DIGIT 
number) is 


114381625757888867669235779976146612010218296: - - 
+++ 7212423625625618429357069352457338978305971 - - - 
++ + 23563958705058989075147599290026879543541 

= 3490529510847650949147849619903898133417764: - - 
- + -638493387843990820577 - 3276913299326 - - - 

++ 6709549961988190834461413177642967992 - - - 

+++ 942539798288533 


(Leutwyler 1994, Cipra 1995). 
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Rubik’s Clock 
A puzzle consisting of 18 small clocks. There are 121° 
possible configurations, although not all are realizable. 


see also RUBIK’S CUBE 
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Rubik’s Cube 


A 3x3x3 CUBE in which the 26 subcubes on the outside 
are internally hinged in such a way that rotation (by a 
quarter turn in either direction or a half turn) is possible 
in any plane of cubes. Each of the six sides is painted 
a distinct color, and the goal of the puzzle is to return 
the cube to a state in which each side has a single color 
after it has been randomized by repeated rotations. The 
PUZZLE was invented in the 1970s by the Hungarian 
Erno Rubik and sold millions of copies worldwide over 
the next decade. 


The number of possible positions of Rubik’s cube is 


' 1Q8512 
Bi12IS 2 = 43,252,003,274,489,856,000 

2:3-2 
(Turner and Gold 1985). Hoey showed using the POLYA- 
BURNSIDE LEMMA that there are 901,083,404,981,813,- 
616 positions up to conjugacy by whole-cube symme- 
tries. 


Algorithms exist for solving a cube from an arbitrary ini- 
tial position, but they are not necessarily optimal (i.e., 
requiring a minimum number of turns). The maximum 
number of turns required for an arbitrary starting po- 
sition is still not known, although it is bounded from 
above. Michael Reid (1995) produced the best proven 
bound of 29 turns (or 42 “quarter-turns”). The proof 
involves large tables of “subroutines” generated by com- 
puter. 


However, Dik Winter has produced a program based on 
work by Kociemba which has solved each of millions of 
cubes in at most 21 turns. Recently, Richard Korf (1997) 
has produced a different algorithm which is practical 
for cubes up to 18 moves away from solved. Out of 10 
randomly generated cubes, one was solved in 16 moves, 
three required 17 moves, and six required 18 moves. 


Rudvalis Group 


see also RUBIK’S CLOCK 
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Rudin-Shapiro Sequence 
The sequence of numbers given by 


k—1t 
an = (1) Dace 4, (1) 
where 7 is written in binary 
NM = €1€2...€p. (2) 


It is therefore the parity of the number of pairs of consec- 
utive ls in the BINARY expansion of n. The SUMMATORY 


sequence is 
n 
sn = 5 aj, (3) 
j=0 
which gives 


ites gk/2 44 if k is even (4) 
Q(k-1)/2 44 if k is odd 


(Blecksmith and Laud 1995). 
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Rudvalis Group 
The SPORADIC GROUP Ru. 


see also SPORADIC GROUP 
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Rule 


Rule 

A usually simple ALGORITHM or IDENTITY. The term is 
frequently applied to specific orders of NEWTON-COTES 
FORMULAS. 


see also ALGORITHM, BAC-CAB RULE, BODE’s RULE, 
CHAIN RULE, CRAMER’S RULE, DESCARTES’ SIGN 
RULE, DURAND’S RULE, ESTIMATOR, EULER’S RULE, 
EuLer’s TOTIENT RULE, GOLDEN RULE, HARDY’S 
RULE, HORNER’S RULE, IDENTITY, L’HOSPITAL’S 
RULE, LEIBNIZ INTEGRAL RULE, METHOD, OSBORNE’S 
RULE, PASCAL’S RULE, POWER RULE, PRoDUCT RULE, 
QUARTER SQUARES RULE, QUOTA RULE, QUOTIENT 
RULE, ROTH’S REMOVAL RULE, RULE OF 72, SIMP- 
SON’S RULE, SLIDE RULE, SUM RULE, TRAPEZOIDAL 
RULE, WEDDLE’S RULE, ZEUTHEN’S RULE 


Rule of 72 
70 4 
60 = 
a 50 a -0.5' 
6 40 Seed 
dy 20 2 
= -1.5 
40 20 4d 
10 -2 
2 5 10 15 20 0 5 10 15 20 
x (%) Yactual —Frute72 (%) 


The time required for a given PRINCIPAL to double (as- 
suming n = 1 CONVERSION PERIOD) for COMPOUND 
INTEREST is given by solving 


2P = P(1+r)‘, (1) 
or 
In2 
~ In(1 +r)’ (2) 


where LN is the NATURAL LOGARITHM. This function 
can be approximated by the so-called “rule of 72”: 


tz —. (3) 


The above plots show the actual doubling time ¢t (left 
plot) and difference between actual and time calculated 
using the rule of 72 (right plot) as a function of the 
interest rate r. 


see also COMPOUND INTEREST, INTEREST 
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Ruled Surface 
A SURFACE which can be swept out by a moving LINE in 
space and therefore has a parameterization of the form 


x(u,v) = b(u) + vd(u), (1) 


where b is called the DIRECTRIX (also called the BASE 
CURVE) and é is the DirEcTOR CurRVE. The straight 
lines themselves are called RULINGS. The rulings of a 
ruled surface are ASYMPTOTIC CURVES. Furthermore, 


Ruler 1585 


the GAUSSIAN CURVATURE on a ruled REGULAR SUR- 
FACE is everywhere NONPOSITIVE. 


Examples of ruled surfaces include the elliptic HyPER- 
BOLOID of one sheet {a doubly ruled surface) 


a(cosu F vsin u) acos u —acosu 
b(sinu+cosu) | = | bsinu| tv] bsinu |, (2) 
ev 0 c 


the HYPERBOLIC PARABOLOID (a doubly ruled surface) 


a(u+v) au a 
by =|0|{+v +b], (3) 
u? + 2uv ur 2u 


PLUCKER’S CONOID 


rcos@ 0 cos 6 
r sin @ = 0 +r|sin@}, (4) 
2cos@sin@ 2cos @ sin 6 0 


and the MOBIUS STRIP 


cos u+ vcos( pu) cos u 
a| sinu+ vcos(5u) sinu 


vsin(5w) 
Cos u cos( 54) COs u 
=a | sinu | + av | cos(5u)sinu (5) 
0 sin( $u) 


(Gray 1993). 


The only ruled MINIMAL SURFACES are the PLANE and 
HELICOID (Catalan 1842, do Carmo 1986). 


see also ASYMPTOTIC CURVE, CAYLEY’S RULED SuR- 
FACE, DEVELOPABLE SURFACE, DIRECTOR CURVE, 
DIRECTRIX (RULED SURFACE), GENERALIZED CONE, 
GENERALIZED CYLINDER, HELICOID, NONCYLINDRI- 
CAL RULED SURFACE, PLANE, RIGHT CONOID, RULING 
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Ruler 

A STRAIGHTEDGE with markings to indicate distances. 
Although GEOMETRIC CONSTRUCTIONS are sometimes 
said to be performed with a ruler and COMPASS, the 
term STRAIGHTEDGE is preferable to ruler since mark- 
ings are not allowed by the classical Greek rules. 

see also COASTLINE PARADOX, COMPASS, GEOMETRIC 
CONSTRUCTION, GEOMETROGRAPHY, GOLOMB RULER, 
PERFECT RULER, SIMPLICITY, SLIDE RULE, STRAIGHT- 
EDGE 


1586 Ruler Function 

Ruler Function 

The exponent of the largest POWER of 2 which DIVIDES 
a given number k. The values of the ruler function are 
1, 2,1, 3,1, 2,1, 4,1, 2,... (Sloane’s A001511). 
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Ruling 
One of the straight lines swccping out a RULED SUR- 
FACE. The rulings on a ruled surface are ASYMPTOTIC 
CURVES. 


see also ASYMPTOTIC CURVE, DIRECTOR CURVE, DI- 
RECTRIX (RULED SURFACE), RULED SURFACE 


Run 

A run is a sequence of more than one consecutive iden- 
tical outcomes, also known as a CLUMP. Given n BER- 
NOULLI TRIALS (say, in the form of COIN TOSSINGS), 
the probability P,(m) of a run of ¢ consecutive heads or 
tails is given by the RECURRENCE RELATION 


P,(n) — Pi(n —1)+27*[1-P(n—2)], (1) 


where P,(n) = 0 for n < t and P,(t) = 2?~* (Bloom 
1996). 


Let C:(m, k) denote the number of sequences of m indis- 
tinguishable objects of type A and k indistinguishable 
objects of type B in which no t-run occurs. The proba- 
bility that a t-run does occur is then given by 


P,(m,k) = 1~ coe (2) 


where (¢) is a BINOMIAL COEFFICIENT. Bloom (1996) 


gives the following recurrence sequence for C;(m,k), 


t-1 


Cr(m, k) = $> Ce(m - 1,k - 3) 
i=0 
t-1 


— 55 Oi(m — t,k — é) + ex(m,k), (3) 


i=l 
where 


1 ifm=OandO<k<t 
e(m,k)=4-1 ifm=tandO<k<t (4) 
0 otherwise. 


Another recurrence which has only a fixed number of 

terms is given by 

Ci(m, k) = Ci(m—1,k)+Ce(m, k-1)-Ci(m—t,k-1) 
—Ci(m—1,k-t)4+C,(m—t,k—t)+ef(m,k), (5) 


Run 


where 


1 if (m,k) = (0,0) or (#,t) 
e:(m,k) = —1 if (m,k) = (0,t) or (t,0) (6) 


0 otherwise 


(Goulden and Jackson 1983, Bloom 1996). These formu- 
las disprove the assertion of Gardner (1982) that “there 
will almost always be a clump of six or seven CARDS 
of the same color” in a normal deck of cards by giving 
Ps (26,26) = 0.46424. 


Given n RERNOULLI TRIALS with a probability of suc- 
cess (heads) p, the expected number of tails is n(1—p), 
so the expected number of tail runs > 1 is ~ n(1 — p)p. 
Continuing, 

Nr = n(1 — p)p™ (7) 


is the expected number of runs > R. The longest ex- 
pected run is therefore given by 


R = log, ,,[n(1 — p)] (8) 


(Gordon et al. 1986, Schilling 1990). Given m 0s and n 
1s, the number of possible arrangements with u runs is 


fx cet Ga) HER gy 
(R21) (22) + (ha) a) w= 2k +I 
for k an INTEGER, where (7) is a BINOMIAL COEFFI- 
CIENT. Then 


au! 


m™m 


u=2 


Bloom (1996) gives the expected number of noncontigu- 
ous ¢-runs in a sequence of m Os and n Is as 


E(n,m,t) = tees Des Cee De vis + int Dene (11) 


where (@)n is the POCHHAMMER SYMBOL. For m > 10, 
u has an approximately NORMAL DISTRIBUTION with 
MEAN and VARIANCE 


2mn 
m+n ta) 
_ 2mn(2mn — m — n) 
oul = (m+n)?(m+n-—1) Ue) 


fu = 1+ 


see also COIN TOSSING, EULERIAN NUMBER, PERMU- 
TATION, s-RUN 
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Runge-Kutta Method 
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Runge-Kutta Method 

A method of integrating ORDINARY DIFFERENTIAL 
EQUATIONS by using a trial step at the midpoint of 
an interval to cancel out lower-order error terms. The 
second-order formula is 


ki = hf (en, yn) 
ko = Af(an + $h, yn + $h1) 
Ynti = Yn + ke + O(n’), 


and the fourth-order formula is 


ky = hf(2n, Yn) 
ke =hf(an + $h, yn + $k) 
kg = hf(tn + $h, yn + $k2) 
ka = hf (tn + hy yn + ka) 
Ynti = Yn + gk + 3 ke + zks + aka + O(h*). 


(Press et al. 1992). This method is reasonably simple 
and robust and is a good general candidate for numerical 
solution of differential equations when combined with an 
intelligent adaptive step-size routine. 


see also ADAMS’ METHOD, GILL’S METHOD, MILNE’S 
METHOD, ORDINARY DIFFERENTIAL EQUATION, 
ROSENBROCK METHODS 
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Size Control for Runge-Kutta.” §16.1 and 16.2 in Numeri- 
cal Recipes in FORTRAN: The Art of Scientific Comput- 
ing, 2nd ed. Cambridge, England: Cambridge University 
Press, pp. 704-716, 1992. 


Runge-Walsh Theorem 

Let f(z) be an ANALYTIC FUNCTION which is REGULAR 
in the interior of a JORDAN CURVE C and continuous in 
the closed DOMAIN bounded by C. Then f(z) can be 
approximated with an arbitrary accuracy by POLYNO- 
MIALS. 


see also ANALYTIC FUNCTION, JORDAN CURVE 
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Running Knot 

A KNOT which tightens around an object when strained 
but slackens when the strain is removed. Running knots 
are sometimes also known as slip knots or nooses. 
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Russell’s Antinomy 
Let R be the set of all sets which are not members of 
themselves. Then BR is neither a member of itself nor not 
a member of itself. Symbolically, let R = {x : x ¢ x}. 
Then RE RIFFRE R. 


Bertrand Russell discovered this PARADOX and sent it 
in a letter to G. Frege just as Frege was completing 
Grundlagen der Arithmetik. This invalidated much of 
the rigor of the work, and Frege was forced to add a note 
at the end stating, “A scientist can hardly meet with 
anything more undesirable than to have the foundation 
give way just as the work is finished. I was put in this 
position by a letter from Mr. Bertrand Russell when the 
work was nearly through the press.” 


see also GRELLING’S PARADOX 
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Russell’s Paradox 
see RUSSELL’S ANTINOMY 


1588 Russian Multiplication 


Russian Multiplication 

Also called ETHIOPIAN MULTIPLICATION. To multiply 
two numbers a and b, write a9 = a and bb = b in 
two columns. Under ao, write |ao/2], where |x] is the 
FLOOR FUNCTION, and under bo, write 2b. Continue 
until a; = 1. Then cross out any entries in the 6 column 
which are opposite an EVEN NUMBER in the a column 
and add the b column. The result is the desired product. 
For example, for a = 27,b = 35 


27 35 
13 70 
6 140 
3 280° 
1 560 
945 


Russian Roulette 

Russian roulette is a GAME of chance in which one or 
more of the six chambers of a gun are filled with bullets, 
the magazine is rotated at random, and the gun is shot. 
The shooter bets on whether the chamber which rotates 
into place will be loaded. If it is, he loses not only his 
bet but his life. 


A modified version is considered by Blom et al. (1996) 
and Blom (1989). In this variant, the revolver is loaded 
with a single bullet, and two duelists alternately spin the 
chamber and fire at themselves until one is killed. The 
probability that the first duelist is killed is then 6/11. 
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Ryser Formula 
A formula for the PERMANENT of a MATRIX 


perm(aij;) = (—1)” >» (-1'"T] So ais, 
} 


sC{l,....7 i=l jes 


where the SUM is over all SUBSETS of {1, ..., n}, and 
|s| is the number of elements in s. The formula can be 
optimized by picking the SUBSETS so that only a single 
element is changed at a time (which is precisely a GRAY 
Copg), reducing the number of additions from n? to n. 


It turns out that the number of disks moved after the 
kth step in the TOWERS OF HANOI is the same as the 
element which needs to be added or deleted in the kth 
ADDEND of the RYSER FORMULA (Gardner 1988, Vardi 
1991, p. 111) 


see also DETERMINANT, GRAY CODE, PERMANENT, 
TOWERS OF HANOI 
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s-Additive Sequence 


S 


s-Additive Sequence 

A generalization of an ULAM SEQUENCE in which each 
term is the SUM of two earlier terms in exactly s ways. 
(s,t)-additive sequences are a further generalization in 
which each term has exactly s representations as the 
SuM of ¢ distinct earlier numbers. It is conjectured that 
0-additive sequences ultimately have periodic differences 
of consecutive terms (Guy 1994, p. 233). 


see also GREEDY ALGORITHM, STOHR SEQUENCE, 
ULAM SEQUENCE 
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s-Cluster 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let an n X n MATRIX have entries which are either 1 
{with probability p) or 0 (with probability g = 1 — p). 
An s-cluster is an isolated group of s adjacent (i.e., hori- 
zontally or vertically connected) 1s. Let C, be the total 
number of “SITE” clusters. Then the value 


(es 
<n (1) 


Kgs(p) = lim 

noo 

called the MEAN CLUSTER COUNT PER SITE or MEAN 

CLUSTER DENSITY, exists. Numerically, it is found that 
Ks(1/2) © 0.065770... (Ziff et al. 1997). 


Considering instead “BOND” clusters (where numbers 
are assigned to the edges of a grid) and letting C, be 
the total number of bond clusters, then 


Ka(p) = lim Cn) (2) 


noo 


exists. The analytic value is known for p = 1/2, 
Kx(3) = V3 — 42 (3) 


(Ziff et al. 1997). 


see also BOND PERCOLATION, PERCOLATION THEORY, 
s-RUN, SITE PERCOLATION 
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s-Run 

N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 

Let v be a n-VECTOR whose entries are each 1 (with 
probability p) or 0 (with probability gq = 1—p). An 
s-run is an isolated group of s consecutive 1s. Ignoring 
the boundaries, the total number of runs R,, satisfies 


(Rn) 


=(1-p)? 5 \p’ = p(1—p)(1-p"), 


s=1 


Kn = 
so 
K(p) = lim Kn = p(1—p), 


which is called the MEAN RUN COUNT PER SITE or 
MEAN RUN DENSITY in PERCOLATION THEORY. 


see also PERCOLATION THEORY, s-CLUSTER 
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S-Signature 
see SIGNATURE (RECURRENCE RELATION) 


Saalschiitzian 
For a GENERALIZED HYPERGEOMETRIC FUNCTION 


O1,2,. 


ane 
p+iFp Br Bo me Hae) + 
the Saalschiitzian S is defined if 


So 8= Sd oa41 


see also GENERALIZED HYPERGEOMETRIC FUNCTION 


Saalschiitz’s Theorem 


n+1—-e@-y-—z] M(ix+n+ 1 (yt+n+)) 
Eytztnt+etetn+)) 
T(z+n+ 1@tytzt+nt+1)’ 


ri —2,—-y,—z ecesenceeess 
32 


where 3F2({a, b,c; d, e; z) is a GENERALIZED HYPERGEO- 
METRIC FUNCTION and [(z) is the GAMMA FUNCTION. 


1590 Saddle 


It can be derived from the DOUGALL-RAMANUJAN 
IDENTITY and written in the symmetric form 


ogy - (4= ated = b)iet 
Sid Gli ac aaa aT RG 


for d+e = a+b6+c+1 with ca negative integer and (a)n 
the POCHHAMMER SYMBOL (PetkovSek et al. 1996). 
see also DOUGALL-RAMANUJAN IDENTITY, GENERAL- 
IZED HYPERGEOMETRIC FUNCTION 
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Saddle 
A SURFACE possessing a SADDLE POINT. 


see also HYPERBOLIC PARABOLOID, MONKEY SADDLE, 
SADDLE POINT (FUNCTION) 


Saddle-Node Bifurcation 
see FOLD BIFURCATION 


Saddle Point (Fixed Point) 


see HYPERBOLIC FIXED POINT (DIFFERENTIAL EQuA- 
TIONS), HYPERBOLIC FIXED POINT (MAP) 


Saddle Point (Function) 

A Point of a FUNCTION or SURFACE which is a STA- 
TIONARY POINT but not an EXTREMUM. An example 
of a 1-D FUNCTION with a saddle point is f(x) = 2°, 


which has 


fi@j= 32" 
f(a) =6e 
f'" (a) i 6. 


This function has a saddle point at zo = 0 by the Ex- 
TREMUM TEST since f"(ro) = 0 and f'’(ro) = 6 # O. 
An example of a SURFACE with a saddle point is the 
MONKEY SADDLE. 


Saddle Point (Game) 
For a general two-player ZERO-SUM GAME, 


min min aj; < min maxaj;. 
i<m jcn jgn i<m 


If the two are equal, then write 


min min aij = min ee aij=v, 
i<m g<n j<n i<m 


where v is called the VALUE of the GAME. In this case, 
there exist optimal strategies for the first and second 
players. 


Saint Andrew’s Cross 


A NECESSARY and SUFFICIENT condition for a saddle 
point to exist is the presence of a PAYOFF MATRIX ele- 
ment which is both a minimum of its row and a maxi- 
mum of its column. A GAME may have more than one 
saddle point, but all must have the same VALUE. 


see also GAME, PAYOFF MATRIX, VALUE 
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Safarevich Conjecture 
see SHAFAREVICH CONJECTURE 


Safe 


A position in a GAME is safe if the person who plays 
next will lose. 


see also GAME, UNSAFE 


VAI 
— 


The PERPENDICULAR distance s from an ARC’s MID- 
POINT to the CHORD across it, equal to the RADIUS r 
minus the APOTHEM a, 


Sagitta 


> 


s=T—a@. (1) 


For a regular POLYGON of side length a, 


R-r= ta [ese (7) — cot ()] 
= jotan (5) 
=rtan (7) tan (*) (3) 


2Rsin® (=) ; (4) 


Te 


& 
HII 


where R is the CIRCUMRADIUS, r the INRADIUS, a is the 
side length, and n is the number of sides. 


see also APOTHEM, CHORD, SECTOR, SEGMENT 


Saint Andrew’s Cross 


_ Saint Anthony’s Cross 


A GREEK CROSS rotated by 45°, also called the crux 
decussata. The MULTIPLICATION SIGN x is based on 
Saint Andrew’s cross (Bergamini 1969), 


see also CROSS, GREEK CROSS, MULTIPLICATION SIGN 
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Saint Anthony’s Cross 


A Cross also called the tau cross or crux commissa. 
see also CROSS 


Saint Petersburg Paradox 

Consider a game in which a player bets on whether a 
given Toss of a COIN will turn up heads or tails. If he 
bets $1 that heads will turn up on the first throw, $2 
that heads will turn up on the second throw (if it did 
not turn up on the first), $4 that heads will turn up on 
the third throw, etc., his expected payoff is 


21) + 4(2)4+ £(4)+...=$ +3434... =00. 


Apparently, the first player can be in the hole by any 
amount of money and still come out ahead in the end. 
This PARADOX was first proposed by Daniel Bernoulli. 


The paradox arises as a result of muddling the distinc- 
tion between the amount of the final payoff and the net 
amount won in the game. It is misleading to consider 
the payoff without taking into account the amount lost 
on previous bets, as can be shown as follows. At the 
time the player first wins (say, on the nth toss), he will 


have lost : 
ice = gr-} -1 
k=1 


dollars. In this toss, however, he wins 2"! dollars. This 
means that the net gain for the player is a whopping $1, 
no matter how many tosses it takes to finally win. As 
expected, the large payoff after a long run of tails is 
exactly balanced by the large amount that the player 
has to invest. 


In fact, by noting that the probability of winning on 
the nth toss is 1/2”, it can be seen that the probability 
distribution for the number of tosses needed to win is 
simply a GEOMETRIC DISTRIBUTION with p = 1/2. 


see also COIN TOSSING, GAMBLER’S RUIN, GEOMETRIC 
DISTRIBUTION, MARTINGALE 
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Sal 
see WALSH FUNCTION 


Salamin Formula 
see BRENT-SALAMIN FORMULA 


Salem Constants 

Each point of the PISOT- VIJAYARAGHAVAN CONSTANTS 
S is a LIMIT POINT from both sides of a set T known as 
the Salem constants (Salem 1945). The Salem constants 
are algebraic INTEGERS > 1 in which one or more of the 
conjugates is on the UNIT CIRCLE with the others inside 
(Le Lionnais 1983, p. 150). The smallest known Salem 
number was found! by: ehmer: (1933) as the largest REAL 
Root of 


oo 4e%— 27 — 2 — 2° —2t- 2? +2410, 


which is 
o1 = 1.176280818... 


(Le Lionnais 1983, p. 35). Boyd (1977) found the fol- 
lowing table of small Salem numbers, and suggested that 
Oi, 72, 03, and a4 are the smallest Salem numbers. The 
NOTATION 110 —1 —1 —1 is short for 1 10—-1-1-1 
~—1-101 1, the coefficients of the above polynomial. 
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or 
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WOOD on ® & YY I] x 


see 


1.1762808183 
1.1883681475 
1.2000265240 
1.2026167437 
1.2163916611 
1.2197208590 
1.2303914344 
1.2326135486 
1.2356645804 
1.2363179318 
1.2375048212 
1.2407264237 
1,2527759374 
1.2533306502 
1.2550935168 
1.2562211544 
1.2601035404 
1.2602842369 
1.2612309611 
1.2630381399 
1.2672964425 
1.2806381563 
1.2816913715 


1.2824955606 
1.2846165509 
1.2847468215 
1,.2850993637 


1.2851215202 


1.2851856708 
1.2851967268 
1.2851991792 


1.2852354362 
1.2854090648 


1.2863959668 
1.2867301820 
1.2917414257 
1.2920391602 
1.2934859531 
1.2956753719 


polynomial 


110-1-1-1 
1-11-100-11-11 
100-1-1001 
10-10000-1 
1000-1 -1 
1-1000000-11 
100-10-1 
1-1000-11900-11 
10-1-1000110-1-1 
1~-1000000-—1 
10-100-100-101001 
1-11-100-1 
100000-1-1-1-1 
10-100-100000 
10-1-1010-1 
1-100-11000-1 
1-100-110-11-101-1 
1-10-11000-11-11 
10-100-1 
1-10000-10000001 
1-10000-11 

100-1-1 

100000-1-—1 
-1-1-1-1-1-1 
1-22-22 -210-11-1 
1000-+10-1-10-1 
1-211-2100-110-11-1 
10000 -1-1-1-1~-1-1000 
01 

1-22-210-12 -2 
10-11-11-1 
1-1000000-1000-100-1 
10-1-100010-1-1011 
1-100000-1000-1 
00000001001 
10-100-1-100010010-1 
1-—-100-11-101-1 
LOQ-11--101-1 
1-22-22 -22 -33-3 
1-100-11-101-110-11 
1-10000-1000000 
10-100-100-101 
10-1-101 
1-100-11-101-1 


also PISOT-VIJAYARAGHAVAN CONSTANTS 
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Salesman Problem 
see TRAVELING SALESMAN PROBLEM 


Sample Proportion 


Salient Point 
A point at which two noncrossing branches of a curve 
meet with different tangents. 


see also CUSP 


Salinon 


The above figure formed from four connected SEMICIR- 
CLES. The word salinon is Greek for salt cellar, which 
the figure resembles. 


see also ARBELOS, PIECEWISE CIRCULAR CURVE, SEMI- 
CIRCLE 


Salmon’s Theorem 

Given a track bounded by two confocal ELLIPSES, if a 
ball is rolled so that its trajectory is tangent to the in- 
ner ELLIPSE, the ball’s trajectory will be tangent to the 
inner ELLIPSE following all subsequent caroms as well. 


References 
Salmon, G. A Treatise on Conic Sections. 
Chelsea, p. 182, 1954. 


New York: 


Saltus 
The word saltus has two different meanings: either a 
jump or an oscillation of a function. 


Sample Proportion 
Let there be x successes out of nm BERNOULLI TRIALS. 
The sample proportion is the fraction of samples which 


were SUCCESSES, SO 
x 


p= —. 1 
aan (1) 
For large n, p has an approximately NORMAL DISTRI- 
BUTION. Let RE be the RELATIVE ERROR and SE the 


STANDARD ERROR, then 


(p) =p (2) 


pl =p) (3) 


SE(p) = o(p) = 


RE() = f PUP ot(cn), (4) 


where Cl is the CONFIDENCE INTERVAL and erf z is the 
ERF function. The number of tries needed to determine 
p with RELATIVE ERROR RE and CONFIDENCE INTER- 
VAL CI is 

_ 2erf=*(Cl) 7 — 6) , 


Sample Space 


Sample Space 

Informally, the sample space for a given set of events 
is the set of all possible values the events may assume. 
Formally, the set of possible events for a given variate 
forms a SIGMA ALGEBRA, and sample space is defined 
as the largest set in the SIGMA ALGEBRA. 


see also PROBABILITY SPACE, RANDOM VARIABLE, 
SIGMA ALGEBRA, STATE SPACE 


Sample Variance 

To estimate the population VARIANCE from a sample 
of N elements with a priori unknown MEAN (i.e., the 
MEAN is estimated from the sample itself), we need an 
unbiased ESTIMATOR for o. This is the k-STATISTIC kz, 
where 


N 
ko = Wo” (1) 


and m2 = s? is the sample variance 


N 
— wD (2) 


Note that some authors prefer the definition 
1 2 
=} (ai - 8), (3) 


since this makes the sample variance an UNBIASED Es- 
TIMATOR for the population variance. 


see also k-STATISTIC, VARIANCE 


Sampling 

For infinite precision sampling of a band-limited signal 
at the NYQUIST FREQUENCY, the signal-to-noise ratio 
after Ng samples is 


(Too) po? 
SNR = = SS == V/ N, 
Tao o2N,71/? ftp owe: 


(1) 
where p is the normalized cross-correlation COEFFI- 
CIENT 

_ _ (a(t) w(t) a 
v (x?(t)) (y?(t)) 
For p <1, 
SNR & pv/Nq. (3) 


The identical result is obtained for oversampling. For 
undersampling, the SNR decreases (Thompson et al. 
1986). 


see also NYQUIST SAMPLING, OVERSAMPLING, QUANTI- 
ZATION EFFICIENCY, SAMPLING FUNCTION, SHANNON 
SAMPLING THEOREM, SINC FUNCTION 
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Sampling Function 
The 1-D sampling function is given by 


oo 


S(x) = s é(z —nAz), 


n=—0o 


where 6 is the DIRAC DELTA FUNCTION. The 2-D ver- 


sion is 
S2 5(u — un,v ~ Un); 


which can be weighted to 


S(u,v) = 


S(u,v) = S> Rn TnDn6(u — Un; V — Un), 


where Ry is a reliability weight, D,, is a density weight 
(WEIGHTING FUNCTION), and Tn is a taper. 


see also SHAH FUNCTION, SINC FUNCTION 


Sampling Theorem 

In order for a band-limited (i.e., one with a zero POWER 
SPECTRUM for frequencies f > B) baseband (f > 0) 
signal to be reconstructed fully, it must be sampled at a 
rate f > 2B. A signal sampled at f = 2B is said to be 
NYQUIST SAMPLED, and f = 2B is called the NYQUIST 
FREQUENCY. No information is lost if a signal is sam- 
pled at the NYQUIST FREQUENCY, and no additional 
information is gained by sampling faster than this rate. 


see also ALIASING, NYQUIST FREQUENCY, NYQUIST 
SAMPLING, OVERSAMPLING 


San Marco Fractal 


The FRACTAL J(—3/4,0), where J is the JULIA SET. It 
slightly resembles the MANDELBROT SET. 


see also DOUADY’S RABBIT FRACTAL, JULIA SET, 
MANDELBROT SET 
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Sandwich Theorem 
see HAM SANDWICH THEOREM, SQUEEZING THEOREM 
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Sard’s Theorem 

The set of “critical values” of a MAP u: R” > R” of 
Crass C! has LEBESGUE MEASURE 0 in R”. 


see also CLass (MAP), LEBESGUE MEASURE 
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Sarkovskii’s Theorem 
Order the NATURAL NUMBERS as follows: 


3~5<~7~9~K11K 13415 4...~4+2-3~2-5~2-7 
~2-9~...~2-2-3~2-2-5«2-2-7 
~2-2-9m6~...~2-2-2-3... 
eO? ay OF 9 '98 4 OF se Ded: 


Now let F’ be a CONTINUOUS FUNCTION from the REALS 
to the REALS and suppose p ~ q in the above ordering. 
Then if F has a point of LEAST PERIOD p, then F also 
has a point of LEAST PERIOD gq. 


A special case of this general result, also known as Sar- 
kovskii’s theorem, states that if a CONTINUOUS REAL 
function has a PERIODIC POINT with period 3, then 
there is a PERIODIC POINT of period n for every IN- 
TEGER n. : 


A converse to Sarkovskii’s theorem says that if p < q 
in the above ordering, then we can find a CONTINUOUS 
FUNCTION which has a point of LEAST PERIOD gq, but 
does not have any points of LEAST PERIOD p (Elaydi 
1996). For example, there is a CONTINUOUS FUNCTION 
with no points of LEAST PERIOD 3 but having points of 
all other LEAST PERIODS. 


see also LEAST PERIOD 
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Sark6zy’s Theorem 

A partial solution to the ERDOS SQUAREFREE CON- 
JECTURE which states that the BINOMIAL COEFFICIENT 
(c) is never SQUAREFREE for all sufficiently large n > 
no. Sarkézy (1985) showed that if s(n) is the square 
part of the BINOMIAL COEFFICIENT (*”), then 


In s(n) ~ (V2 — 2)¢(3) Vin, 


SAS Theorem 


where ¢(z) is the RIEMANN ZETA FUNCTION. An upper 
bound on no of 2%°°° has been obtained. 


see also BINOMIAL COEFFICIENT, ERDOS SQUAREFREE 
CONJECTURE 
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Sarrus Linkage 
A LINKAGE which converts circular to linear motion us- 
ing a hinged square. 


see also HART’S INVERSOR, LINKAGE, PEAUCELLIER IN- 
VERSOR 


Sarrus Number 
see POULET NUMBER 


SAS Theorem 


c 


Specifying two sides and the ANGLE between them 
uniquely determines a TRIANGLE. Let 6b be the base 
length and h be the height. Then the AREA is 


K = 5ch = facsin B. (1) 
The length of the third side is given by the LAW OF 


COSINES, 
b? = a? +c? — 2accos B, 


b= +/a? + c? — 2accos B. (2) 


Using the LAW OF SINES 


so 


a 6 c 
snA  sinB sinC (3) 


then gives the two other ANGLES as 


Fe ee dt (4) 
Va’ + c* — 2accos B 


C =sin ead (5) 
Va? + — 2accos B 


see also AAA THEOREM, AAS THEOREM, ASA THE- 
OREM, ASS THEOREM, SSS THEOREM, TRIANGLE 


Satellite Knot 


Satellite Knot 

Let K, be a knot inside a ToRUS. Now knot the Torus 
in the shape of a second knot (called the CoMPAN- 
ION KNOT) K2. Then the new knot resulting from 
Ky is called the satellite knot K3. COMPOSITE KNOTS 
are special cases of satellite knots. The only KNoTS 
which are not HYPERBOLIC KNOTS are TORUS KNOTS 
and satellite knots (including COMPOSITE KNoTs). No 
satellite knot is an ALMOST ALTERNATING KNOT. 


see also ALMOST ALTERNATING KNOT, COMPANION 
KNOT, COMPOSITE KNOT, HYPERBOLIC KNOT, TORUS 
KNOT 
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Satisfiability Problem 

Deciding whether a given Boolean formula in conjunc- 
tive normal form has an assignment that makes the for- 
mula “true.” In 1971, Cook showed that the problem is 
NP-COMPLETE. 


see also BOOLEAN ALGEBRA 
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Sausage Conjecture 

In n-D for n > 5 the arrangement of HYPERSPHERES 
whose CONVEX HULL has minimal CONTENT is always 
a “sausage” (a set of HYPERSPHERES arranged with 
centers along a line), independent of the number of n- 
spheres. The CONJECTURE was proposed by Fejes Téth, 
and solved for dimensions > 42 by Betke et al. (1994) 
and Betke and Henk (1998). 


see also CONTENT, CONVEX HULL, HYPERSPHERE, Hy- 
PERSPHERE PACKING, SPHERE PACKING 
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Savitzky-Golay Filter 
A low-pass filter which is useful for smoothing data. 


see also FILTER 
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Savoy Knot 
see FIGURE-OF-EIGHT KNOT 


Scalar 

A one-component quantity which is invariant under Ro- 
TATIONS of the coordinate system. 

see also PSEUDOSCALAR, SCALAR FIELD, SCALAR 
FUNCTION, SCALAR POTENTIAL, SCALAR TRIPLE 
PRODUCT, TENSOR, VECTOR 


Scalar Curvature 
see CURVATURE SCALAR 


Scalar Field 
A Map f : R” +» R which assigns each x a SCALAR 
FUNCTION f(x). 


see also VECTOR FIELD 
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Scalar Function 

A function f(xz1,...,2n) of one or more variables whose 
RANGE is one-dimensional, as compared to a VECTOR 
FUNCTION, whose RANGE is three-dimensional (or, in 
general, n-dimensional). 


see also COMPLEX FUNCTION, REAL FUNCTION, VEC- 
TOR FUNCTION 


Scalar Potential 
A conservative VECTOR FIELD (for which the CURL V x 
F = 0) may be assigned a scalar potential 


(x, y, z) — $(0, 0, 0) = -{ F.-ds 


Cc 


(x,0,0) (w,y,0) 
--f Fi(taode+ [ F(x, t,0) dt 
( 


0,0,0) (x,0,0) 


LsY,z 
+ i. Fa(x,y, ) dt, 
( 


z,y,0) 


where fF -ds is a LINE INTEGRAL. 
see also POTENTIAL FUNCTION, VECTOR POTENTIAL 


Scalar Triple Product 
The VECTOR product 


(A,B,C]=A-(Bx C)=B-(C~x A) 


A, Az As 
=C-(AxB)= By Be Bs\, 
C1 Co C3 


which yields a SCALAR (actually, a PSEUDOSCALAR). 
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The VOLUME of a PARALLELEPIPED whose sides are 
given by the vectors A, B, and C is 


Vparallelepiped _ |A : (B x C)|. 


see also CROSS PRODUCT, DoT PRODUCT, PARALLEL- 
EPIPED, VECTOR TRIPLE PRODUCT 
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Arfken, G. “Triple Scalar Product, Triple Vector Product.” 
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Scale 
see BASE (NUMBER) 


Scale Factor 
For a diagonal METRIC TENSOR gi; = giidij, where 6;; 
is the KRONECKER DELTA, the scale factor is defined by 


hi = J/g. (1) 


The LINE ELEMENT (first FUNDAMENTAL FORM) is then 
given by 


ds” = gi dxi1” + gaz dea.” + 933 des” (2) 
= hy? dx417 + he? dx.” + he? dz33°. (3) 


The scale factor appears in vector derivatives of coordi- 
nates in CURVILINEAR COORDINATES. 


see also CURVILINEAR COORDINATES, FUNDAMENTAL 
FORMS, LINE ELEMENT 


Scalene Triangle 
A TRIANGLE with three unequal sides. 


see also ACUTE TRIANGLE, EQUILATERAL TRIANGLE, 
ISOSCELES TRIANGLE, OBTUSE TRIANGLE, TRIANGLE 


Scaling 

Increasing a plane figure’s linear dimensions by a scale 
factor s increases the PERIMETER p’ + sp and the AREA 
A'— 87A, 

see also DILATION, EXPANSION, FRACTAL, SELF- 
SIMILARITY 


Scattering Operator 
An OPERATOR relating the past asymptotic state of a 
DYNAMICAL SYSTEM governed by the Schrédinger equa- 
tion 

if 

dt 

to its future asymptotic state. 
see also WAVE OPERATOR 


v(t) = HY(t) 


Schauder Fixed Point Theorem 


Scattering Theory 
The mathematical study of the SCATTERING OPERATOR 
and Schrédinger equation. 


see also SCATTERING OPERATOR 
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Schaar’s Identity 

A generalization of the GAUSSIAN SUM. For p and g 
of opposite PARITY (i.e., one is EVEN and the other is 
Opp), Schaar’s identity states 


—wi/4 Pa} 


q-1 
1 5 —wir?p/q _ © S nir?q/p 
— e = e . 
va r=0 vP r=0 


see also GAUSSIAN SUM 
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Schanuel’s Conjecture 

Let A1, ...; An € C be linearly independent over the 
RATIONALS Q, then 

QUAY ong Nee egee*) 

has TRANSCENDENCE degree at least n over Q. 
Schanuel’s conjecture is a generalization of the 
LINDEMANN-WEIERSTRAB THEOREM. If the conjecture 
is true, then it follows that e and 7 are algebraically 
independent. Mcintyre (1991) proved that the truth of 
Schanuel’s conjecture also guarantees that there are no 


unexpected exponential-algebraic relations on the INTE- 
GERS Z (Marker 1996). 


see also CONSTANT PROBLEM 
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Schauder Fixed Point Theorem 

Let A be a closed convex subset of a BANACH SPACE 
and assume there exists a continuous MAP T sending A 
to a countably compact subset T(A) of A. Then T has 
fixed points. 
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Scheme 


Scheme 
A local-ringed SPACE which is locally isomorphic to an 
AFFINE SCHEME. 


see also AFFINE SCHEME 


References 

Iyanaga, S. and Kawada, Y. (Eds.). “Schemes.” §18E in En- 
cyclopedic Dictionary of Mathematics. Cambridge, MA: 
MIT Press, p. 69, 1980. 


Schensted Correspondence 
A correspondence between a PERMUTATION and a pair 
of YOUNG TABLEAUX. 


see also PERMUTATION, YOUNG TABLEAU 
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Scherk’s Minimal Surfaces 


A class of MINIMAL SURFACES discovered by Scherk 
(1834) which were the first new surfaces discovered since 
Meusnier in 1776. Scherk’s first surface is doubly peri- 
odic. Scherk’s second surface, illustrated above, can be 
written parametrically as 


az — 2R(In(1 + re’’) ~ In(1 — re’’)] 
y = R[4itan™ (re’®)| 
zZ=aR {2i(- In{1 x 72 e%8) dh In{1 ne r2eri9)) 

for 6 € [0,2m), and r € (0,1). Scherk’s first surface 


has been observed to form in layers of block copolymers 
(Peterson 1988). 


von Seggern (1993) calls 


y= ln ey 


cos(272x) 


“Scherk’s surface.” Beautiful images of wood sculptures 
of Scherk surfaces are illustrated by Séquin. 
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Schiffer Point 


The CONCURRENCE S of the EULER LINES EF, of 
the TRIANGLES AX BC, AXCA, AXAB, and AABC 
where X is the INCENTER. The TRIANGLE CENTER 
FUNCTION is 


_ 1 _ bt+e-a 
~ cosB+cosC b+e ~ 
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Schinzel Circle 

A CIRCLE having a given number of LATTICE POINTS 
on its CIRCUMFERENCE. The Schinzel circle halving n 
lattice points is given by the equation 


for n = 2k even 
for n = 2k +1 odd. 


lek-1 

qo 

(2 — vry pa I n2k 
9 


ra, 
Jom 

8 

| 
alewle 
are) 

+ 
1X) 

q 


Note that these solutions do not necessarily have the 
smallest possible RADIUS. For example, while the 
Schinzel circle centered at (1/3, 0) and with radius 625/3 
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has nine lattice points on its circumference, so does the 
circle centered at (1/3, 0) with radius 65/3. 


see also CIRCLE, CIRCLE LATTICE POINTS, Ku- 
LIKOWSKI’S THEOREM, LATTICE POINT, SCHINZEL’S 
THEOREM, SPHERE 
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Schinzel’s Hypothesis 

If fi(x), ..., fs(a) are irreducible POLYNOMIALS with 
INTEGER COEFFICIENTS such that no INTEGER n > 1 
divides fi(z),..., fs(x) for all INTEGERS z, then there 
should exist infinitely many x such that fi(z),..., fs(x) 
are simultaneous PRIME. 
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Schinzel’s Theorem 

For every POSITIVE INTEGER n, there exists a CIRCLE 
in the plane having exactly n LATTICE POINTS on its 
CIRCUMFERENCE. The theorem is based on the number 
r(n) of integral solutions (zx, y) to the equation 


e+y =n, (1) 


given by 
r(n) = 4(di —- ds), (2) 


where d, is the number of divisors of n of the form 44+1 
and d3 is the number of divisors of the form 4k + 3. It 
explicitly identifies such circles (the SCHINZEL CIRCLES) 
as 


45*-? for n = 2k 


(x = 2)? +y? (3) 
57k for n = 2k +1. 


(@-3y += 


Note, however, that these solutions do not necessarily 
have the smallest possible radius. 


see also BROWKIN’S THEOREM, KULIKOWSKI’S THEO- 
REM, SCHINZEL CIRCLE 


Schlafli Function 
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Schisma 
The musical interval by which eight fifths and a major 
third exceed five octaves, 


(3)°(8) _ 38-5 32805 
25 215 32768 


see also COMMA OF DIDYMUS, COMMA OF PYTHAGO- 
RAS, DIESIS 


= 1.00112915.... 


Schlafli Double Six 
see DOUBLE SIXES 


Schlafli’s Formula 
For R[z] > 0, 


1 m/2 
J,(z) = = j cos(zsint — vt) dt 
™ Jo 
_ sin(v7) * -esinhe,—vt dt 
wT j ‘ 


where J,(z) is a BESSEL FUNCTION OF THE FIRST 
KIND. 
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Schlafli Function 
The function giving the VOLUME of the spherical 
quadrectangular TETRAHEDRON: 


where 


2 oo F ai m 
T w 7 D-—singsinz 
af & eo) -2) a pe (See) 


mal 
. cos(2mzx) — costa) + cos(2mz) — 1 a ee 2 
m 
and 
D= \/cos? x cos? z — cos? y. 


see also TETRAHEDRON 


Schlafli Integral 


Schlafli Integral 

A definition of a function using a CONTOUR INTEGRAL. 
Schlafli integrals may be converted into RODRIGUES 
FORMULAS. 


see also RODRIGUES FORMULA 


Schlafli’s Modular Form 
The MODULAR EQUATION of degree 5 can be written 


@) #G) 86 aa): 


see also MODULAR EQUATION 


Schlafli Polynomial 
A polynomial given in terms of the NEUMANN POLYNO- 
MIALS O,,(z) by 


Safa! 2xOn(x) — 2cos*(inm) . 


n 


see also NEUMANN POLYNOMIAL 
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Schlafli Symbol 

The symbol {p,q} is used to denote a TESSELLATION 
of regular p-gons, with gq of them surrounding each 
VERTEX. The Schlafli symbol can be used to de- 
scribe PLATONIC SOLIDS, and a generalized version de- 
scribes QUASIREGULAR POLYHEDRA and ARCHIMED- 
EAN SOLIDS. 

see also ARCHIMEDEAN SOLID, PLATONIC SOLID, 
QUASIREGULAR POLYHEDRON, TESSELLATION 


Schlegel Graph 
A GRAPH corresponding to POLYHEDRA skeletons. The 
POLYHEDRAL GRAPHS are special cases. 
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Schlémilch’s Function 


fo <] fone) 
S(v,z) = ‘i (14+ t)“e7** dt = 2’ 1e* / u “e “du 
9 z 


= 2"? 26 W_ aia awy/2(z)s 


where W,..(z) is the WHITTAKER FUNCTION. 
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Schli6milch’s Series 
A FOuRIER SERIES-like expansion of a twice continu- 
ously differentiable function 


f(x) = 340 + >) anJo(ne) 


n=1 


for 0 < x < a, where Jo(x) is a zeroth order BESSEL 
FUNCTION OF TII£ FIRST KIND and 


ao 


MI 


2 w a/2 
2f(0) +2 du f f' (usin 9) dé 


2 rT nf{2 
On = — | au f uf' (usin ¢) cos(n7) dd. 
0 0 


A special case gives the amazing identity 


1 = Jo(z) +2 $0 Jan(z) = [Jo(z)]? +2 [Jn(2)). 


see also BESSEL FUNCTION OF THE FIRST KIND, BES- 
SEL FUNCTION FOURIER EXPANSION, FOURIER SERIES 
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Schmitt-Conway Biprism 
A CONVEX POLYHEDRON which is SPACE-FILLING, but 
only aperiodically, was found by Conway in 1993. 


see also CONVEX POLYHEDRON, SPACE-FILLING POLy- 
HEDRON 


Schnirelmann Constant 
The constant sy in SCHNIRELMANN’S THEOREM. 


see also SCHNIRELMANN’S THEOREM 


Schnirelmann Density 

The Schnirelmann density of a sequence of natural num- 
bers is the greatest lower bound of the fractions A(n)/n 
where A(n) is the number of terms in the sequence < n. 
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Schnirelmann’s Theorem 

There exists a POSITIVE INTEGER s such that every suf- 
ficiently large INTEGER is the sum of at most s PRIMES. 
Tt follows that there exists a POSITIVE INTEGER go > s 
such that every INTEGER > 1 is a sum of at most so 
PRIMES, where sg is the SCHNIRELMANN CONSTANT. 
The best current estimate is so = 19. 


see also PRIME NUMBER, SCHNIRELMANN DENSITY, 
WARING’S PROBLEM 


References 


Khinchin, A. Y. “The Landau-Schnirelmann Hypothesis and 
Mann’s Theorem.” Ch. 2 in Three Pearls of Number The- 
ery. New York: Dover, pp. 18-36, 1998. 


1600 Schoenemann’s Theorem 
Schoenemann’s Theorem 

If the integral COEFFICIENTS Co, Ci, .. 
POLYNOMIAL 


., Cn_i of the 


f(x) =Co+Ciz+ Con? +...4+Cn_1a%7+ +20% 


are divisible by a PRIME NUMBER p, while the free term 
Co is not divisible by p*, then f(z) is irreducible in the 
natural rationality domain. 


see also ABEL’S IRREDUCIBILITY THEOREM, ABEL’S 
LEMMA, GAUSS’S POLYNOMIAL THEOREM, KRON- 
ECKER’S POLYNOMIAL THEOREM 
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Scholz Conjecture 
Let the minimal length of an ADDITION CHAIN for a 
number n be denoted [(n). Then the Scholz conjecture 
states that 

2” —1)<n-141U(n). 


The conjecture has been proven for a variety of special 
cases but not in general. 


see also ADDITION CHAIN 
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Schénflies Symbol 

One of the set of symbols C;, Cs, Ci, C2, C3, Ca, Cs, 
Ce, C7, Cs, Can, Can, Can, Con, Con, Cav, Cav, Cav, 
Csv, Cov, Coov, D2, D3, Da, Ds, De, Dan, Dan, Dan, 
Dsn, Den, Dar, Doon, Daa, Daa, Daa, Dsa, Dea, I, In, 
O, On, Sa, Se, Ss, T, Ta, and Tp, used to identify crys- 
tallographic symmetry GROUPS. 


Cotton (1990), gives a table showing the translations 
between Schénflies symbols and HERMANN-MAUGUIN 
SYMBOLS. Some of the Schénflies symbols denote dif- 
ferent sets of symmetry operations but correspond to 
the same abstract GROUP and so have the same CHAR- 
ACTER TABLE. 


see also CHARACTER TABLE, HERMANN-MAUGUIN 
SYMBOL, POINT GROUPS, SPACE GROUPS, SYMMETRY 
OPERATION 
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Sch6nflies Theorem 

If J is a simple closed curve in R’, the closure of one 
of the components of IR? — J is HOMEOMORPHIC with 
the unit 2-BALL. This theorem may be proved using the 
RIEMANN MAPPING THEOREM, but the easiest proof is 
via MORSE THEORY. 


Schrage’s Algorithm 


The generalization to n-D is called MAzuR’s THEO- 
REM. It follows from the Schénflies theorem that any 
two Knots of S! in S? or R? are equivalent. 


see also JORDAN CURVE THEOREM, MAzuR’sS THEO- 
REM, RIEMANN MAPPING THEOREM 
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Schoolgirl Problem 
see KIRKMAN’S SCHOOLGIRL PROBLEM 


Schoute Coaxal System 

The CIRCUMCIRCLE, BROCARD CIRCLE, LEMOINE 
LINE, and IsODYNAMIC POINTS belong to a COAXAL 
SYSTEM orthogonal to the the APOLLONIUS CIRCLES, 
called the Schoute coaxal system. In general, there are 
12 points whose PEDAL TRIANGLES with regard to a 
given TRIANGLE have a given form. They lie six by six 
on two CIRCLES of the Schoute coaxal system. 


References 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 297-299, 1929. 


Schoute’s Theorem 

In any TRIANGLE, the Locus of a point whose PEDAL 
TRIANGLE has a constant BROCARD ANGLE and is de- 
scribed in a given direction is a CIRCLE of the SCHOUTE 
COAXAL SYSTEM. 
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Schrage’s Algorithm 

An algorithm for multiplying two 32-bit integers modulo 
a 32-bit constant without using any intermediates larger 
than 32 bits. It is also useful in certain types of RANDOM 
NUMBER generators. 
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Schroder-Bernstein Theorem 


Schréder-Bernstein Theorem 
The Schroéder-Bernstein theorem for numbers states that 
if 

nom<cn, 


then m = n. For SETS, the theorem states that if there 
are INJECTIONS of the SET A into the SET B and of 
B into A, then there is a BIJECTIVE correspondence 
between A and B (i.e., they are EQUIPOLLENT). 


see also BIJECTION, EQUIPOLLENT, INJECTION 


Schréder’s Equation 


f(Az) = R(z), 


where R(z) = At + gz? +..., A = R’(0), |A] = 1, and 
\” #1 for alln€N. 


Schréder’s Method 

Two families of equations used to find roots of nonlin- 
ear functions of a single variable. The “B” family is 
more robust and can be used in the neighborhood of 
degenerate multiple roots while still providing a guar- 
anteed convergence rate. Almost all other root-finding 
methods can be considered as special cases of Schréder’s 
method. Householder humorously ¢laimed that papers 
on root-finding could be evaluated quickly by looking 
for a citation of Schréder’s paper; if the reference were 
missing, the paper probably consisted of a rediscovery 
of a result due to Schréder (Stewart 1993). 


One version of the “A” method is obtained by applying 
NEwTON’s METHOD to f/f’, 


f (an) f' (an) 
[f’(tn)]? — f(an) Ff" (en) 


(Scavo and Thoo 1995). 
see also NEWTON’S METHOD 


Ln+1 = Ln — 
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Schr6éder Number 


The Schréder number S, is the number of LATTICE 
PATHS in the Cartesian plane that start at (0, 0), end at 
(n,n), contain no points above the line y = a, and are 
composed only of steps (0, 1), (1, 0), and (1, 1), i-e., >, 
t, and . The diagrams illustrating the paths generat- 
ing Si, S2, and S3 are illustrated above. The numbers 
S, are given by the RECURRENCE RELATION 


n-1 


Sn = Sn-1 +) | SeSn-1-ky 


k=0 


where So = 1, and the first few are 2, 6, 22, 90, ... 
(Sloane’s A006318). The Schréder Numbers bear the 
same relation to the DELANNOY NUMBERS as the CATA- 
LAN NUMBERS do to the BINOMIAL COEFFICIENTS. 


see also BINOMIAL COEFFICIENT, CATALAN NUMBER, 
DELANNOY NUMBER, LATTICE PATH, MOTZKIN NUM- 
BER, p-GOOD PATH 
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Schroeder Stairs 
see PENROSE STAIRWAY 


Schroéter’s Formula 
Let a general THETA FUNCTION be defined as 


T(2,a)= >> aq”, 


nm=—0o 
then 


T(z,q°)T(2,q°) = 
a+tb-1 P 
y*q* T(ayg?®, q?t?)T(ytag?o®, grt"), 
k=0 


see also BLECKSMITH-BRILLHART-GERST THEOREM, 
JACOBI TRIPLE PRODUCT, RAMANUJAN THETA FUNC- 
TIONS 
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References 

Borwein, J. M. and Borwein, P. B. Pi & the AGM: A Study in 
Analytic Number Theory and Computational Complezity. 
New York: Wiley, p. 111, 1987. 

Tannery, J. and Molk, J. Elements de la Théorie des Fonc- 
tions Elliptiques, 4 vols. Paris: Gauthier-Villars et fils, 
1893-1902. 


Schur Algebra 

An Auslander algebra which connects the representation 
theories of the symmetric group of PERMUTATIONS and 
the GENERAL LINEAR GRouP GL(n,C). Schur algebras 
are “quasihereditary.” 

References 
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Schur Functor 

A FUNCTOR which defines an equivalence of module 
CATEGORIES. 
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Schur’s Inequalities 
Let A = ai; be an n x n MATRIX with COMPLEX (or 
REAL) entries and EIGENVALUES Ai, A2, .--, An, then 


wh 


7m 
Do? < SO las? 


ixl ij=l 


2 


n nr ue 4 a’. 
Sora? < 3) | 
4a=1 i,j=1 e 

n n ape a’. 2 
So isp? < $5 | 
i=1 i,j=l1 ‘ 
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Schur’s Lemma 

For each k € N there exists a largest INTEGER 3(k) 
(known as the SCHUR NUMBER) such that no matter 
how the set of INTEGERS less than |n!e| (where [2| 
is the FLOOR FUNCTION) is partitioned into k classes, 
one class must contain INTEGERS 2, y, z such that 
x+y = z, where z and y are not necessarily distinct. 
The upper bound has since been slightly improved to 
[nl(e — 1/24)]. 

see also COMBINATORICS, SCHUR NUMBER, SCHUR’S 
THEOREM 
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Guy, R. K. “Schur’s Problem. Partitioning Integers into 
Sum-Free Classes” and “The Modular Version of Schur’s 
Problem.” §E11 and E12 in Unsolved Problems in Number 
Theory, 2nd ed. New York: Springer-Verlag, pp. 209-212, 
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Schur Number 


Schur Matrix 

The p x p SQUARE MATRIX formed by setting s;; = €", 
where € is an pth Roor OF UNITY. The Schur matrix 
has a particularly simple DETERMINANT given by 


det S = epp”’?, 


where p is an ODD PRIME and 


_ Jl ifp=1 (mod 4) 

P= 14 ifp=s (mod 4). 
This determinant has been used to prove the QUADRA- 
TIC RECIPROCITY LAW (Landau 1958, Vardi 1991). The 
ABSOLUTE VALUES of the PERMANENTS of the Schur 
matrix of order 2p + 1 are given by 1, 3, 5, 105, 81, 

6765, ... (Sloane’s A003112, Vardi 1991). 


Denote the Schur matrix S, with the first row and first 
row column omitted by S,. Then 


perm S, = ppermS,, 


where perm denoted the PERMANENT (Vardi 1991). 
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Schur Multiplier 
A property of FINITE SIMPLE GROUPS which is known 
for all such GROUPS. 


see also FINITE GROUP, SIMPLE GROUP 


Schur Number 

The Schur numbers are the numbers in the partition- 
ing of a set which are guaranteed to exist by SCHUR’S 
LEMMA. Schur numbers satisfy the inequality 


s(k) > c(315)*/* 


for k > 5 and some constant c. SCHUR’S THEOREM also 
shows that 
s(n) < Rn), 


where R(n) is a RAMSEY NUMBER. The first few 
Schur numbers are 1, 4, 13, 44, (> 157), ... (Sloane’s 
A045652). 

see also RAMSEY NUMBER, RAMSEY’S THEOREM, 
ScHuR’s LEMMA, SCHUR’S THEOREM 
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Schur’s Problem 
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of the Encyclopedia of Integer Sequences.” 


Schur’s Problem 
see SCHUR’S LEMMA 


Schur’s Representation Lemma 

If t on V and wr’ on V’ are irreducible representations 
and E: V ++ V’ is a linear map such that a’(g)E = 
Ex(g) for all g € and group G, then E = 0 or E& is 
invertible. Furthermore, if V = V’, then E is a SCALAR. 
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Schur’s Theorem 
As shown by Schur in 1916, the SCHUR NUMBER s(n) 
satisfies 
a(n) < R(n) 
for n = 1, 2,..., where R(n) is a RAMSEY NUMBER. 


see also RAMSEY NUMBER, SCHUR’S LEMMA, SCHUR 
NUMBER 


Schwarz’s Inequality 


| (alte) |? < (ales) (Weir) . (1) 


Written out explicitly 


if va) de = [iv (x)]? dx [water eo 


(2) 
with equality IrF g(x) = af(z) with a a constant. To 
derive, let (x) be a COMPLEX function and A a Com- 
PLEX constant such that ~(x) = f(x) + Ag(z) for some 
f and g. Then 


[ova [rracraf roderx fotae 
tant [ g'gde > 0, (3) 


with equality when ~(z) = 0. Now, note that A and \* 
are LINEARLY INDEPENDENT (they are ORTHOGONAL), 
so differentiate with respect to one of them (say \*) and 
set to zero to minimize [ure dz. 


gf vvdr= [orpac+a f oodr=0 (4) 


fo fde 


po 
f o*gda 


(5) 
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which means that 
P f FT 'gdzx 
NM = -> 6 
f o*g dx (8) 


Plugging back in, 
dz 


[eves [ rac ors 
ffI® fg *fa+ SEL ILI® forge >0. 


f g*gda (f g*gdxr)? 
(7) 


Multiplying through by f 9g dz gives 
[rtac [oaae- fata f face 
~ [area faottaes fartae f raae > (8) 
[ore [reds [rsa foo (9) 
[ose = [| rae sf rrae f sede (10) 


| (fla)? < (FIF) (gla) - (11) 


BESSEL’S INEQUALITY can be derived from this. 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 11, 1972. 


Arfken, G. Mathematical Methods for Physicists, 8rd ed. Or- 


lando, FL: Academic Press, pp. 527-529, 1985. 


Schwarz-Pick Lemma 

If f is an analytic map of the Disk D into D and f pre- 
serves the hyperbolic distance between any two points, 
then f is a disk map and preserves all distance. 


References 
Busemann, H. The Geometry of Geodesics. New York: Aca- 
demic Press, p. 41, 1955. 
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Schwarz Reflection Principle 


Let if = 
a(z) = Yo(e— 0, (a) 
then 
& (nye. ]° 
a*(2) = | De - 0)" 
n=0 


_ = * * f™ (z0*) 
=S°G' - 2% n=. (2) 
n=0 
If zo is pure real, then zp = zo", so 
* = * n (») z * 
a'(2) = o(e" — 0)" = (2). (8) 
=0 


Therefore, if a function f(z) is ANALYTIC over some 
region including the REAL LINE and f(z) is REAL when 
z is real, then f*(z) = f(z*). 


Schwarz Triangle 

The Schwarz triangles are SPHERICAL TRIANGLES 
which, by repeated reflection in their indices, lead to 
a set of congruent SPHERICAL TRIANGLES covering the 
SPHERE a finite number of times. 


Schwarz triangles are specified by triples of numbers 
(p,q,7r). There are four “families” of Schwarz triangles, 
and the largest triangles from each of these families are 


(22 n'),(3 2 2),(3 = 9,3 & 9). 
The others can be derived from 
(par) =(pxri)+(eqr2), 


where 


and 


vis “is 
cos | — = — COS pay; 
i 64 z 

in 


see also COLUNAR TRIANGLE, SPHERICAL TRIANGLE 


References 

Coxeter, H. S. M. Regular Polytopes, 3rd ed. New York: 
Dover, pp. 112-113 and 296, 1973. 

Schwarz, H. A. “Zur Theorie der hypergeometrischen Reihe.” 
J. reine angew. Math. 75, 292-335, 1873. 


Schwarz’s Triangle Problem 
see FAGNANO’S PROBLEM 


Scientific Notation 


Schwarzian Derivative 
The Schwarzian derivative is defined by 


Dschwarzian = fi (x) 2 


The FEIGENBAUM CONSTANT is universal for 1-D MAPS 
if its Schwarzian derivative is NEGATIVE in the bounded 
interval (Tabor 1989, p. 220). 


see also FEIGENBAUM CONSTANT 
References 


Tabor, M. Chaos and Integrability in Nonlinear Dynamics: 
An Introduction. New York: Wiley, 1989. 


Schwenk’s Formula 

Let R+ B be the number of MONOCHROMATIC FORCED 
TRIANGLES (where & and B are the number of red and 
blue TRIANGLES) in an EXTREMAL GRAPH. Then 


ae = (:) — Lan Lan— 


where (7) is a BINOMIAL COEFFICIENT and [2] is the 
FLOOR FUNCTION (Schwenk 1972). 


see also EXTREMAL GRAPH, 
FORCED TRIANGLE 


MONOCHROMATIC 


References 
Schwenk, A. J. “Acquaintance Party Problem.” Amer. Math. 
Monthly 79, 1113-1117, 1972. 


Scientific Notation 
Scientific notation is the expression of a number n in the 
form a x 10”, where 


P = |logyo |r|] 


is the FLOOR of the base-10 LOGARITHM of n (the “order 
of magnitude”), and 


es n 
10? 


{ll 


is a REAL NUMBER Satisfying 1 < |a| < 10. For exam- 
ple, in scientific notation, the number n = 101,325 has 
order of magnitude 


p = |logy, 101, 325| = [5.00572] = 5, 


so n would be written 1.01325 x 10°. The special case 
of 0 does not have a unique representation in scientific 
notation, ie.,0=0x10°=0x10'=.... 

see also CHARACTERISTIC (REAL NUMBER), FIGURES, 
MANTISSA, SIGNIFICANT FIGURES 


Score Sequence 


Score Sequence 

The score sequence of a TOURNAMENT is a monotonic 
nondecreasing sequence of the OUTDEGREES of the VER- 
TICES. The score sequences for n = 1, 2,... are 1, 1, 
2,4, 9, 22, 59, 167, ... (Sloane’s A000571). 


see also TOURNAMENT 


References 

Ruskey, F. “Information on Score Sequences.” http://sue. 
esc.uvic.ca/~cos/inf/nump/ScoreSequence. html. 

Ruskey, F.; Cohen, R.; Eades, P.; and Scott, A. “Alley CATs 
in Search of Good Homes.” Congres. Numer. 102, 97-110, 
1994. 

Sloane, N. J. A. Sequence A000571/M1189 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Screw 
A TRANSLATION along a straight line L and a ROTATION 
about L such that the angle of ROTATION is proportional 
to the TRANSLATION at each instant. Also known as a 
TwIST. 


see also DINI’S SURFACE, HELICOID, ROTATION, SCREW 
THEOREM, SEASHELL, TRANSLATION 


Screw Theorem 

Any motion of a rigid body in space at every instant is 
a SCREW motion. This theorem was proved by Mozzi 
and Cauchy. 


see also SCREW 


Scruple 
An archaic UNIT FRACTION variously defined as 1/200 
(of an hour), 1/10 or 1/12 (of an inch), 1/12 (of a ce- 
lestial body’s angular diameter), or 1/60 (of an hour or 
DEGREE). 


see also CALCUS, UNCIA 


Sea Horse Valley 


A portion of the MANDELBROT SET centered around 
—1.25+4 0.0477 with width approximately 0.009 + 0.005. 


see also MANDELBROT SET 


us oe 
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Searching 

Searching refers to locating a given element or an el- 
ement satisfying certain conditions from some (usually 
ordered or partially ordered) table, list, TREE, etc. 


see also SORTING, TABU SEARCH, TREE SEARCHING: 


References 

Knuth, D. E. The Art of Computer Programming, 2nd ed, 
Vol. 3: Sorting and Searching. Reading, MA: Addison- 
Wesley, 1973. 

Press, W. H.; Flannery, B. P.; Teukolsky, 5. A.; and Vet- 
terling, W. T. “How to Search an Ordered Table.” §3.4 
in Numerical Recipes in FORTRAN: The Art of Scien- 
tific Computing, 2nd ed. Cambridge, England: Cambridge 
University Press, pp. 110-113, 1992. 


Search Tree 
see TREE SEARCHING 


Seashell 
see CONICAL SPIRAL 


Secant 


Re(Sec z) 


The function defined by seca = 1/cosz, where cosz is 
the COSINE. The MACLAURIN SERIES of the secant is 


Sempre oot MS a 
(2n)! 
= 1,2, 5,4, 61,6 , 277,8 
=1+ 52 + 5qt + 79% + goga% ae 


where Hon is an EULER NUMBER. 


see also ALTERNATING PERMUTATION, COSECANT, Co- 
SINE, EULER NUMBER, EXSECANT, INVERSE SECANT 
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Abramowitz, M. and Stegun, C. A. (Eds.). “Circular Func- 
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1606 Secant Line 


Secant Line 


tangent line 


secant line 


A line joining two points of a curve. In abstract math- 
ematics, the points which a secant line connects can be 
either REAL or COMPLEX CONJUGATE IMAGINARY. 


see also BITANGENT, TANGENT LINE, TRANSVERSAL 
LINE 


Secant Method 


A Root-finding algorithm which assumes a function to 
be approximately linear in the region of interest. Each 
improvement is taken as the point where the approxi- 
mating line crosses the axis. The secant method retains 
only the most recent estimate, so the root does not nec- 
essarily remain bracketed. When the ALGORITHM does 
converge, its order of convergence is 


lim Jex41| © Clel®, (1) 
k- 00 


where C is a constant and ¢ is the GOLDEN MEAN. 


f(@n-1) — f(€n—2) 


ZLn-1 — Ln-2 


f'(@n-1) © (2) 
fan) © f(tn-1) + f'(n)(tn —@n-1) = 0 (3) 
f(tn-1) =: f(tn-2) 


Le = Bau) =O; 4 
Pace. ( 1) (4) 


f(fn-1) + 


so 


f(@n-1)(@n-1 > Ln—2) 
fe yjGe CO 


see also FALSE POSITION METHOD 


In = Ln-1 
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Press, W. H.; Flannery, B. P.; Teukolsky, 5. A.; aud Vetter- 
ling, W. T. “Secant Method, False Position Method, and 
Ridders’ Method.” §9.2 in Numerical Recipes in FOR- 
TRAN: The Art of Scientific Computing, 2nd ed. Cam- 
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Second Fundamental Tensor 


Secant Number 

A number, more commonly called an EULER NUMBER, 
giving the number of ODD ALTERNATING PERMUTA- 
TIONS. The term ZAG NUMBER is sometimes also used. 
sce also ALTERNATING PERMUTATION, EULER NuMm- 
BER, EULER ZIGZAG NUMBER, TANGENT NUMBER 


Sech 
see HYPERBOLIC SECANT 


Second 
see ARC SECOND 


Second Curvature 
see TORSION (DIFFERENTIAL GEOMETRY) 


Second Derivative Test 
Suppose f(x) is a FUNCTION of x which is twice DIF- 
FERENTIABLE at a STATIONARY POINT Zo. 


1. If f" (zo) > 0, then f has a RELATIVE MINIMUM at 
Zo. 

2. If f" (ao) < 0, then f has a RELATIVE MAXIMUM at 
ZLo- 


The ExrkREMUM TES‘ gives slightly more general con- 
ditions under which functions with f"(zo) = 0. 


If f(z,y) is a 2-D FUNCTION which has a RELATIVE 
EXTREMUM at a point (zo,yo) and has CONTINUOUS 
PARTIAL DERIVATIVES at this point, then f.(%o, yo) = 0 
and fy(zo, yo) = 0. The second PARTIAL DERIVATIVES 
test classifies the point as a MAXIMUM or MINIMUM. 
Define the DisCRIMINANT as 


D= fazfyy — feyfyc = feefyy — fas: 


1.If D > 0, fez(zo,yo) > O and fee(r0,yo) + 
Suy(Zo, yo) > 0, the point is a RELATIVE MINIMUM. 


2. If D > 0, fex(Zo, Yo) < 0, and fax(X0, Yo) oF 
tuy(zo0, yo) < 0, the point is a RELATIVE MAXIMUM. 


3. If D < 0, the point is a SADDLE POINT. 
4. If D =0, higher order tests must be used. 


see also DISCRIMINANT (SECOND DERIVATIVE TEST), 

EXTREMUM, EXTREMUM TEST, First DERIVATIVE 

TEST, GLOBAL MAXIMUM, GLOBAL MINIMUM, HEs- 

SIAN DETERMINANT, MAXIMUM, MINIMUM, RELA- 

TIVE MAXIMUM, RELATIVE MINIMUM, SADDLE POINT 

(FUNCTION) 

References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 


Mathematical Tables, 9th printing. New York: Dover, 
p. 14, 1972. 


Second Fundamental Tensor 
see WEINGARTEN MAP 


Section (Graph) 


Section (Graph) 
A section of a GRAPH is obtained by finding its inter- 
section with a PLANE. 


Section (Pencil) 
The lines of a PENCIL joining the points of a RANGE to 
another POINT. 


see also PENCIL, RANGE (LINE SEGMENT) 


Section (Tangent Bundle) 

A VECTOR FIELD is a section of its TANGENT BUNDLE, 
meaning that to every point z in a MANIFOLD M, a 
VECTOR X(x) € TzM is associated, where T, is the 
TANGENT SPACE. 


see also TANGENT BUNDLE, TANGENT SPACE 


Sectional Curvature 
The mathematical object « which controls the rate of 
geodesic deviation. 


see also BISHOP’S INEQUALITY, CHEEGER’S FINITENESS 
THEOREM, GEODESIC 


Sector 


a R 

A WEDGE obtained by taking a portion of a CIRCLE 
with CENTRAL ANGLE 6 < = radians (180°), illustrated 
above as the shaded region. A sector of m radians would 
be a SEMICIRCLE. Let & be the radius of the CIRCLE, 
e the CHORD length, s the ARC LENGTH, A the height 
of the arced portion, and d the height of the triangular 
portion. Then 


Rake (1) 
s = RO (2) 
d = Rcos(36) (3) 
= hecot($6) (4) 
=} V4 - 2 (5) 
c = 2Rsin(36) (6) 
= Idtan(}@) (7) 
= 2./ R? — d? (8) 
=< /hOR =n): (9) 


The ANGLE @ obeys the relationships 


= 205" (R) = 20m * (35) 
O= F = 2008 (5 = 2tan od 
si 


=2sin™! (5)- (10) 
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The AREA of the sector is 
A=iRs = iR76 (11) 


(Beyer 1987). 
see also CIRCLE-CIRCLE INTERSECTION, LENS, OBTUSE 
TRIANGLE, SEGMENT 


References 
Beyer, W. H. (Ed.) CRC Standard Mathematical Tables, 
28th ed. Boca Raton, FL: CRC Press, p. 125, 1987. 


Sectorial Harmonic 
A SPHERICAL HARMONIC of the form 


sin(mé@) P7 (cos ¢) 


or 


cos(m0@) P7, (cos ¢). 


see also SPHERICAL HARMONIC 


Secular Equation 
see CHARACTERISTIC EQUATION 


Seed 
The initial number used as the starting point in a RAN- 
DOM NUMBER generating ALGORITHM. 


Seed of Life 


One of the beautiful arrangements of CIRCLES found at 
the Temple of Osiris:at Abydos, Egypt (Rawles 1997). 
The CIRCLES are ‘placed with 6-fold symmetry, forming 
a mesmerizing pattern of CIRCLES and LENSES. 


see also CIRCLE, FIVE DISKS PROBLEM, FLOWER OF 
LIFE, VENN DIAGRAM 
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Rawles, B. Sacred Geometry Design Sourcebook: Universal 
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Seek Time 
see POINT-POINT DISTANCE—1-D 


1608 Segment 
Segment 

h 

d 


R 


A portion of a CIRCLE whose upper boundary is a circu- 
lar ARC and whose lower boundary is a CHORD making 
a CENTRAL ANGLE @ < 7 radians (180°), illustrated 
above as the shaded region. Let R be the radius of the 
CIRCLE, c the CHORD length, s the ARC LENGTH, h 
the height of the arced portion, and d the height of the 
triangular portion. Then 


R=hdd (1) 
s= R68 (2) 
d = Rcos(3@) (3) 
= decot(46) (4) 
=1/4R?-2 (5) 
c = 2Rsin(36) (6) 
= 2dtan($@) (7) 
= 21/ R? — d? (8) 
= 2,/h(2R —h). (9) 


The ANGLE @ obeys the relationships 
22 geet 2) aoe (5) 
9 = B= 2008 () =2tan bd 
= 2sin7! (5) (10) 


The AREA of the segment is then 


A= Asector i= Aisosceles triangle (11) 
= LR? (@ — sin 6) (12) 
= R? cos™* (5) — dR? - ad? (14) 


= R? cos! (*37) — (R—h)s/2Rh — h?, (15) 


where the formula for the ISOSCELES TRIANGLE in terms 
of the VERTEX angle has been used (Beyer 1987). 

see also CHORD, CIRCLE-CIRCLE INTERSECTION, CYL- 
INDRICAL SEGMENT, LENS, PARABOLIC SEGMENT, 
SAGITTA, SECTOR, SPHERICAL SEGMENT 


References 
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Segmented Number 
see PRIME NUMBER OF MEASUREMENT 


Seidel-Entringer-Arnold Triangle 


Segner’s Recurrence Formula 
The recurrence FORMULA 


E, = Eoln-1+ EsEn-a+...+ En-i ko 


which gives the solution to EULER’S POLYGON DIVISION 
PROBLEM. 


see also CATALAN NUMBER, EULER’S POLYGON DIVI- 
SION PROBLEM 


Segre’s Theorem 

For any REAL NUMBER r > 0, an IRRATIONAL number 
a@ can be approximated by infinitely many RATIONAL 
fractions p/q in such a way that 


1 Pp 


i 
ee <  - tK —. 
V¥l+4rq? 4 ¥14+4r¢ 
If r = 1, this becomes HURWITZ’S IRRATIONAL NUMBER 

THEOREM. 
see also HURWITZ’S IRRATIONAL NUMBER THEOREM 


Seiberg-Witten Equations 


Day =0 
By ic —T(¥, v), 


where 7 is the sesquilinear map 7: Wt xWt + Ata@c. 
see also WITTEN’S EQUATIONS 
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Seiberg-Witten Invariants 
see WITTEN’S EQUATIONS 


Seidel-Entringer-Arnold Triangle 
The NUMBER TRIANGLE consisting of the ENTRINGER 
NUMBERS F,,,, arranged in “ox-plowing” order, 


Eoo 
Frio > Fur 
Eo. — Ea + Eoo 
Eso — E31 + Es2 -> Ess 
Eas «+ Ea3 + Ean «+ Ear «+ Eso 


giving 
1 
0-1 
1<+1+<+0 


0O>-~1->2-2 
5¢5¢+4+¢2¢0 


Seifert Circle 


see also BELL NUMBER, BOUSTROPHEDON TRANS- 
FORM, CLARK’S TRIANGLE, ENTRINGER NUMBER, Evu- 
LER’S TRIANGLE, LEIBNIZ HARMONIC TRIANGLE, NUM- 
BER TRIANGLE, PASCAL’S TRIANGLE 
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Seifert Circle 

Eliminate each knot crossing by connecting each of the 
strands coming into the crossing to the adjacent strand 
leaving the crossing. The resulting strands no longer 
cross but form instead a set of nonintersecting CIRCLES 
called Seifert circles. 


References 

Adams, C. C. The Knot Book: An Elementary Introduction 
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Seifert Conjecture 

Every smooth NONZERO VECTOR FIELD on the 3- 
SPHERE has at least one closed orbit. The conjecture 
was proposed in 1950, proved true for Hopf fibrations, 
but proved false in general by Kuperberg (1994). 
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Seifert Form 

For K a given Knot in S*, choose a SEIFERT SURFACE 
M? in S® for K and a bicollar M x {-1,1] in S?- K. 
If « € Hi(M) is represented by a 1-cycle in M, let xt 


Seifert’s Spherical Spiral 1609 


denote the homology cycle carried by z x 1 in the bi- 
collar. Similarly, let c~ denote x x —1. The function 
f : Hi(M) x Hi(M) > Z defined by 


f(x,y) =Ik(z,y"), 
where Ik denotes the LINKING NUMBER, is called a 
Seifert form for K. 
see also SEIFERT MATRIX 


References 
Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
Perish Press, pp. 200-201, 1976. 


Seifert Matrix 

Given a SEIFERT FORM f(x,y), choose a basis e1, 
.+5 €2q for Hi(M) as a Z-module so every element is 
uniquely expressible as 


nmye1 +... + Negl2g 


with n; integer, define the Seifert matrix V as the 2g x 2g 
integral MATRIX with entries 


viz = lk(ei,e; ). 


The right-hand TREFOIL KNOT has Seifert matrix 


-1 1 
v-[2 4] 
A Seifert matrix is not a knot invariant, but it can be 


used to distinguish between different SEIFERT SURFACES 
for a given knot. 


see also ALEXANDER MATRIX 
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Seifert’s Spherical Spiral 


i 


Is given by the CYLINDRICAL COORDINATES parametric 
equation 

r = sn(s) 

G6=ks 


z=cn(s), 


1610 Seifert Surface 


where k is a POSITIVE constant and sn(s) and cn(s) are 
JACOB! ELLIPTIC FUNCTIONS (Whittaker and Watson 
1990, pp. 527-528). 
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Seifert Surface 

An orientable surface with one boundary component 
such that the boundary component of the surface is a 
given KNoT K. In 1934, Seifert proved that such a sur- 
face can be constructed for any KNOT. The process of 
generating this surface is known as Seifert’s algorithm. 
Applying Seifert’s algorithm to an alternating projection 
of an alternating knot yields a Seifert surface of minimal 
GENUS. 


There are KNOTS for which the minimal genus Seifert 
surface cannot be obtained by applying Seifert’s algo- 
rithm to any projection of that KNOT, as proved by 
Morton in 1986 (Adams 1994, p. 105). 


see also GENUS (KNOT), SEIFERT MATRIX 
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Self-Adjoint Matrix 
A Matrix A for which 


Al = (A™)* =A, 


where the ADJOINT OPERATOR is denoted Al, A™ is 
the MATRIX TRANSPOSE, and * is the COMPLEX CON- 
JUGATE. If a MATRIX is self-adjoint, it is said to be 
HERMITIAN. 

see also ADJOINT OPERATOR, HERMITIAN MATRIX, 
MATRIX TRANSPOSE 


Self- Adjoint Operator 
Given a differential equation 


‘ du? d 
Lu(z) = Poss + pis + pou, (1) 


where p; = pi(z) and u = u(x), the ADJOINT OPERA- 
Tor L! is defined by 


Llu 


d d 
Gaz (Pou) = ay (Pte) + pou (2) 


du 


du , 
= Poss + (2p0' — Pi) = + (po" — pi'+pa)u. (3) 


Self-Adjoint Operator 
In order for the operator to be self-adjoint, i.e., 
£=L, (4) 
the second terms in (1) and (3) must be equal, so 
Po’ (x) = pi(z). (5) 
This also guarantees that the third terms are equal, since 
po (x) = pi(x) => po" (x) = pr'(z), (6) 


so (3) becomes 


2 


= x d du 
— ft,, — 
Lu=CLl u= Pore +P. + pou (7) 
d du 
ies (po) + pou = 0. (8) 


The LEGENDRE DIFFERENTIAL EQUATION and the 
equation of SIMPLE HARMONIC MOTION are self-adjoint, 
but the LAGUERRE DIFFERENTIAL EQUATION and HER- 
MITE DIFFERENTIAL EQUATION are not. 


A nonself-adjoint second-order linear differential oper- 
ator can always be transformed into a self-adjoint one 
using STURM-LIOUVILLE THEORY. In the special case 
p(x) = 0, (8) gives 


= [po(x)$] =0 (9) 
po(2)¢ = C (10) 
fe Co (11) 

u= o [ (12) 


where C is a constant of integration. 


A self-adjoint operator which satisfies the BOUNDARY 
CONDITIONS 


v" pU' |e=a = V"pU' |e=b (13) 


is automatically a HERMITIAN OPERATOR. 


see also ADJOINT OPERATOR, HERMITIAN OPERATOR, 
STURM-LIOUVILLE THEORY 


References 

Arfken, G. “Self-Adjoint Differential Equations.” §9.1 in 
Mathematical Methods for Physicists, 8rd ed. Orlando, 
FL: Academic Press, pp. 497-509, 1985. 


Self Avoiding Walk 


Self-A voiding Walk 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let the number of RANDOM WALKS on a d-D lattice 
starting at the ORIGIN which never land on the same 
lattice point twice in n steps be denoted ¢c(n). The first 
few values are 


ca(0) = 1 Q) 
ca(1) = 2d (2) 
ca(2) = 2d(2d = 1). (3) 


The connective constant 
— yt 1/n 
Ha = lim [ea(n)] (4) 


is known to exist and be FINITE. The best ranges for 
these constants are 


ja € (2.62002, 2.6939] (5) 
ps € [4.572140, 4.7476] (6) 
pa € (6.742945, 6.8179] (7) 
ps € (8.828529, 8.8602] (8) 
ps € [10.874038, 10.8886] (9) 


(Finch). 


For the triangular lattice in the plane, u < 4.278 (Alm 
1993), and for the hexagonal planar lattice, it is conjec- 
tured that 


p=vV21 72 (10) 
(Madras and Slade 1993). 


The following limits are also believed to exist and to be 
FINITE: 


limn +00 ar ford #4 (11) 
limn—oo aeris mila for d= A, 


where the critical exponent y = 1 for d > 4 (Madras 
and Slade 1993) and it has been conjectured that 


s for d= 2 
y= 41.162... ford=3 (12) 
1 for d = 4. 


Define the mean square displacement over all n-step self- 
avoiding walks w as 


os 2 1 2 
s(n) = (lo(n)I?) = 5 Silom). (13) 
The following limits are believed to exist and be FINITE: 


(14) 


limn—oo 


limn—oo an ford #4 
ford = 4, 


n2¥ (In n)i/4 
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where the critical exponent vy = 1/2 for d > 4 (Madras 
and Slade 1993), and it has been conjectured that 


3 for d= 2 
v= 0.59... ford=3 (15) 
3 for d= 4. 


see also RANDOM WALK 


References 

Alm, S. E. “Upper Bounds for the Connective Constant of 
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Self-Conjugate Subgroup 
see INVARIANT SUBGROUP 


Self-Descriptive Number 

A 10-DiciT number satisfying the following property. 
Number the DIGITS 0 to 9, and let DIGIT n be the num- 
ber of ns in the number. There is exactly one such 
number: 6210001000. 


References 
Pickover, C. A. “Chaos in Ontario.” Ch. 28 in Keys to In- 
finity. New York: W. H. Freeman, pp. 217-219, 1995. 


Self-Homologous Point 
see SIMILITUDE CENTER 


Self Number 

A number (usually base 10 unless specified otherwise) 
which has no GENERATOR. Such numbers were origi- 
nally called COLUMBIAN NUMBERS (S. 1974). There are 
infinitely many such numbers, since an infinite sequence 
of self numbers can be generated from the RECURRENCE 
RELATION 


Cy = 8- 10°77 + Cy-1 + 8, (1) 
for k = 2, 3, ..., where C; = 9. The first few self 


numbers are 1, 3, 5, 7, 9, 20, 31, 42, 53, 64, 75, 86, 97, 
... (Sleane’s A003052). 


An infinite number of 2-self numbers (i.e., base-2 self 
numbers) can be generated by the sequence 


Ce=2?+Cx-14+1 (2) 
for k = 1, 2, ..., where C, = 1 and 7 is the number 
of digits in C,_1. An infinite number of n-self numbers 


can be generated from the sequence 


Cy = (n — 2)n*~* + Cy_1 + (n — 2) (3) 


1612 Self-Reciprocating Property 


for k = 2, 3,..., and 


_ fn-1 for n even 
O={ro, for n odd. (4) 


Joshi (1973) proved that if k is ODD, then m is a k-self 
number IFF m is ODD. Patel (1991) proved that 2k, 
4k+2, and k? +2k+1 are k-self numbers in every EVEN 
base k > 4. 


see also DIGITADITION 
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Self-Reciprocating Property 
Let h be the number of sides of certain skew POLYGONS 
(Coxeter 1973, p. 15). Then 


h= 2(p+q+2) 
10-p-q_ 


References 
Coxeter, H. S. M. Regular Polytopes, 3rd ed. New York: 
Dover, 1973. 


Self-Recursion 
Self-recursion is a RECURSION which is defined in terms 
of itself, resulting in an ill-defined infinite regress. 


see SELF- RECURSION 


Self-Similarity 

An object is said to be self-similar if it looks “roughly” 
the same on any scale. FRACTALS are a particularly 
interesting class of self-similar objects. 


see also FRACTAL 
References 


Hutchinson, J. “Fractals and Self-Similarity.” Indiana Univ. 
J. Math. 30, 713-747, 1981. 


Selmer Group 


Self-Transversality Theorem 

Let j, r, and s be distinct INTEGERS (mod n), and let 
W;, be the point of intersection of the side or diagonal 
ViVi+; of the n-gon P = [Vi,..., Val with the transversal 
Vi+rVi+s. Then a NECESSARY and SUFFICIENT condi- 
tion for 


where AB||CD and 


(op 
CD)’ 
is the ratio of the lengths [A, B] and [C, D] with a plus or 


minus sign depending on whether these segments have 
the same or opposite direction, is that 


1. n = 2m is EVEN with 7 = m (mod n) and s = 
r+m (mod n), 

2. nis arbitrary and either s = 2r and j = 3r, or 

3. r =2s (mod n) and j = 3s (mod n). 


References 
Griinbaum, B. and Shepard, G. C. “Ceva, Menelaus, and the 
Area Principle.” Math. Mag. 68, 254-268, 1995. 


Selfridge’s Conjecture 

There exist infinitely many n > 0 with pn? > pa—iPnsi 
for all i < n. Also, there exist infinitely many n > 0 
such that 2pn < pn-i+ pn-i for alli <n. 


Selfridge-Hurwitz Residue 
Let the RESIDUE from PEPIN’s THEOREM be 


R, = 30-2 (mod F,), 


where F, isa FERMAT NUMBER. Selfridge and Hurwitz 
use 
Rn(mod 2°° — 1, 29°, 296 — 1), 


A nonvanishing Rn (mod 2*°) indicates that F, is Com- 
POSITE for n > 5. 


see also FERMAT NUMBER, PEPIN’S THEOREM 


References 


Crandall, R.; Doenias, J.; Norrie, C.; and Young, J. “The 
Twenty-Second Fermat Number is Composite.” Math. 
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Selmer Group 
A Group which is related to the TANIYAMA-SHIMURA 
CONJECTURE. 


see also TANIYAMA-SHIMURA CONJECTURE 


Semi-Integral 


Semi-Integral 
An INTEGRAL of order 1/2. The scmi-integral of the 
CONSTANT FUNCTION f(x) = c is 

d-W2_ = 


agai = 


see also SEMIDERIVATIVE 
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Semialgebraic Number 

A subset of IR” which is a finite Boolean combination 

of sets of the form {# = (21,...,2m): f(Z) > 0} and 

{z : g(Z) = 0}, where f,g € R[Xi,..., Xn]. 

References 

Bierstone, E. and Milman, P. “Semialgebraic and Subanalytic 
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Amer. Math. Soc. 43, 753-759, 1996. 


Semianalytic 

X C R” is semianalytic if, for all z € IR”, there is an 
open neighborhood U of x such that X NU is a finite 
Boolean combination of sets {£ € U.: f(%) = 0} and 
{z € U : g{) > 0}, where f,g: U — R are ANALYTIC, 


see also ANALYTIC FUNCTION, PSEUDOANALYTIC 
FUNCTION, SUBANALYTIC 


References 
Marker, D. “Model Theory and Exponentiation.” Not. 
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Semicircle 


<<. — 
Half a CIRCLE. The PERIMETER of the semicircle of 
RADIUS 7 is 


L=%rt+nr=r(24+7), (1) 


and the AREA is 
A=2f Jr? — y? dy = iar’. (2) 
oO 


The weighted mean of y is 


w=2[ yr? — y? dy = 3r°. (3) 
0 
The CENTROID is then given by 

a (y) 4r 

ar a cv 


The semicircle is the CROSS-SECTION of a HEMISPHERE 
for any PLANE through the z-AXIs. 


see also ARBELOS, ARC, CIRCLE, DISK, HEMISPHERE, 


LENS, RIGHT ANGLE, SALINON, THALES’ THEOREM, 
YIN- YANG 
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Semicolon Derivative 
see COVARIANT DERIVATIVE 


Semiconvergent Series 
see ASYMPTOTIC SERIES 


Semicubical Parabola 


A PARABOLA-like curve with Cartesian equation 


y= ax?! a (1) 

parametric equations 
r= t? (2) 
y=at’, (3) 


and POLAR COORDINATES, 


tan? @ sec 0 
r= ————. 
a 


(4) 


The semicubical parabola is the curve along which a par- 
ticle descending under gravity describes equal vertical 
spacings within equal times, making it an ISOCHRONOUS 
CurRVE. The problem of finding the curve having this 
property was posed by Leibniz in 1687 and solved by 
Huygens (MacTutor Archive). 


The Arc LENGTH, CURVATURE, and TANGENTIAL AN- 
GLE are 


s(t) = (4+ 947)? - & (5) 
6 

(0) = Fay ons (8) 

o(t) = tan” *(3t). (7) 


see also NEILE’S PARABOLA, PARABOLA INVOLUTE 
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1614 Semiderivative 


Semiderivative 
A DERIVATIVE of order 1/2. The semiderivative of the 
CONSTANT FUNCTION f(z) =c is 


@B/%¢ c 


dxi/2 — /az’ 


see also DERIVATIVE, SEMI-INTEGRAL 


References 
Spanier, J. and Oldham, K. B. An Atlas of Functions. Wash- 
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Semidirect Product 

The “split” extension G of GRouPS N and F which 
contains a SUBGROUP F isomorphic to F with G = FN 
and FQN = {e}. 


References 
Iyanaga, S. and Kawada, Y. (Eds.}. Encyclopedic Dictionary 
of Mathematics. Cambridge, MA: MIT Press, p. 613, 1980. 


Semiflow 
An ACTION with G = R*. 


see also FLOW 


Semigroup 

A mathematical object defined for a set and a BI- 
NARY OPERATOR in which the multiplication operation 
is ASSOCIATIVE. No other restrictions are placed on a 
semigroup; thus a semigroup need not have an IDEN- 
TITY ELEMENT and its elements need not have inverses 
within the semigroup. A semigroup is an ASSOCIATIVE 
GROUPOID. 


A semigroup can be empty. The total number of semi- 
groups of order n are 1, 4, 18, 126, 1160, 15973, 836021, 
... (Sloane’s A001423). The number of semigroups of 
order n with one IDEMPOTENT are 1, 2, 5, 19, 132, 3107, 
623615, ... (Sloane’s A002786), and with two IDEM- 
POTENTS are 2, 7, 37, 216, 1780, 32652, ... (Sloane’s 
A002787). The number a(n) of semigroups having n 
IDEMPOTENTS are 1, 2, 6, 26, 135, 875, ... (Sloane’s 
A002788). 


see also ASSOCIATIVE, BINARY OPERATOR, FREE SEMI- 
GROUP, GROUPOID, INVERSE SEMIGROUP, MONOID, 
QUASIGROUP 
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Semiperfect Number 


Semilatus Rectum 
Given an ELLIPSE, the semilatus rectum is defined as 
the distance L measured from a FOCUS such that 


1 1 1 1 
aera (eee eee ena 1 
L s(=+=): @) 


where ry = a(1+e) and r_ = a(1—e) are the APOAPSIS 
and PERIAPSIS, and e is the ELLIPSE’s ECCENTRICITY. 
Plugging in for r, and r_ then gives 


i=2( 1 1 )=pStorens 
L 2\l-e 1+e/ 2a 1—e? 
1 1 
a 2 
tae (2) 
sO 
L = a(1-e’). (3) 


see also ECCENTRICITY, ELLIPSE, Focus, Larus REc- 
TUM, SEMIMAJOR AXIS, SEMIMINOR AXIS 


Semimagic Square 

A square that fails to be a MAGIC SQUARE only because 
one or both of the main diagonal sums do not equal the 
MAGIC CONSTANT is called a SEMIMAGIC SQUARE. 


see also MAGIC SQUARE 


Semimajor Axis 
HALF the distance across an ELLIPSE along its long prin- 
cipal axis. 


see also ELLIPSE, SEMIMINOR AXIS 


Semiminor Axis 
Half the distance across an ELLIPSE along its short prin- 
cipal axis. 


see also ELLIPSE, SEMIMAJOR AXIS 


Semiperfect Magic Cube 

A semiperfect magic cube, also called an ANDREWS 
CUBE, is a MAGIC CUBE for which the cross-section di- 
agonals do not sum to the MAGIC CONSTANT. 


see also MAGIC CUBE, PERFECT MAGIC CUBE 
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Semiperfect Number 

A number such as 20 = 1+4+5-+10 which is the Sum 
of some (or all) its PRopER Divisors. A semiperfect 
number which is the SUM of all its PROPER DIVISORS is 
called a PERFECT NUMBER. The first few semiperfect 
numbers are 6, 12, 18, 20, 24, 28, 30, 36, 40,... (Sloane’s 
A005835). Every multiple of a semiperfect number is 
semiperfect, as are all numbers 2p for m > 1 and pa 
PRIME between 2™ and 2™+1 (Guy 1994, p. 47). 


Semiperimeter 


A semiperfect number cannot be DEFICIENT. Rare 
ABUNDANT NUMBERS which are not semiperfect are 
called WEIRD NUMBERS. Semiperfect numbers are 
sometimes also called PSEUDOPERFECT NUMBERS. 


see also ABUNDANT NUMBER, DEFICIENT NUMBER, 
PERFECT NUMBER, PRIMITIVE SEMIPERFECT NuM- 
BER, WEIRD NUMBER 
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Semiperimeter 
The semiperimeter on a figure is defined as 


s = ip, (1) 


where p is the PERIMETER. The semiperimeter of POLY- 
GONS appears in unexpected ways in the computation of 
their AREAS. The most notable cases are in the ALTI- 
TUDE, EXRADIUS, and INRADIUS of a TRIANGLE, the 
SODDY CIRCLES, HERON’S FORMULA for the AREA of a 
TRIANGLE in terms of the legs a, b, and c 


Aa = o/s(s— a)(s — 8)(s — 0), (2) 


and BRAHMAGUPTA’S FORMULA for the AREA of a 
QUADRILATERAL 


Aguadrilateral = 


(s — a)(s — b)(s — c)(s — d) — abcd cos? (4 
(3) 


The semiperimeter also appears in the beautiful 
L’HUILIER’S THEOREM about SPHERICAL TRIANGLES. 


LS 


a 
For a TRIANGLE, the following identities hold, 


s—-a=4(-at+b+c) (4) 
s—b=i(a+b-—c) (5) 
s—c= 4(at+b-—c). (6) 
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Now consider the above figure. Let I be the INCENTER 
of the TRIANGLE AABC, with D, E, and F the tan- 
gent points of the INCIRCLE. Extend the line BA with 
GA =CE. Note that the pairs of triangles (ADI, AFI), 
(BDI, BEI), (CFI,CEJ) are congruent. Then 


BG=BD+AD+AG=BD+AD+CE 
3(2BD + 2AD + 2CE) 
i[((BD + BE) + (AD + AF) + (CE+CF)] 
3[((BD + AD) + (BE+ CE) + (AF +CF)] 
= }(AB+ BC+AC)=j(at+b+c)=s. (7) 


Furthermore, 


s—a=BG-—BC 


=(BD+AD+ AG) -(BE+CE) 

=(BD+AD+CE) —(BD+CE) = AC (8) 
s—b=BG-AC 

= (BD + AD + AG) — (AF + CF) 

=(BD+AD+CE) -(AD+CE) = BD (9) 
s—c=BG-—AB=AG (10) 


(Dunham 1990). These equations are some of the build- 
ing blocks of Heron’s derivation of HERON’S FORMULA. 
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Semiprime 

A COMPOSITE number which is the PRODUCT of two 
PRIMES (possibly equal). They correspond to the 2- 
ALMOST PRIMES. The first few are 4, 6, 9, 10, 14, 15, 
21, 22,... (Sloane’s A001358). 


see also ALMOST PRIME, CHEN’S THEOREM, COMPOS- 
ITE NUMBER, PRIME NUMBER 
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Semiprime Ring 

Given an IDEAL A, a semiprime ring is one for which 
A” = 0 ImMpLiEs A = O for any POSITIVE n. Every 
PRIME RING is semiprime. 


see also PRIME RING 


Semiregular Polyhedron 

A POLYHEDRON or plane TESSELLATION is called 
semiregular if its faces are all REGULAR POLYGONS and 
its corners are alike (Walsh 1972; Coxeter 1973, pp. 4 
and 58; Holden 1991, p. 41). The usual name for a 
semiregular polyhedron is an ARCHIMEDEAN SOLIDS, of 
which there are exactly 13. 


1616 Semiring 
see also ARCHIMEDEAN SOLID, POLYHEDRON, TESSEL- 
LATION 
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Semiring 

A semiring is a set together with two BINARY OPERA- 

TORS S(+,*) satisfying the following conditions: 

1. Additive associativity: For all a,b,c € S, (at+6)+c= 
a+(b+c), 

2. Additive commutativity: For all a,b € S,a+b= 
b+ a, 

3. Multiplicative associativity: For all a,b,c € S, (a * 
b)*c= a (b*c), 

4. Left and right distributivity: For all a,b,c € S, ax 
(b+c) = (a+b)+(a*c) and (b+c)*a — (bea)+(c#a). 

Thus a semiring is therefore a commutative SEMIGROUP 

under addition and a SEMIGROUP under multiplication. 

A semiring can be empty. 

see also BINARY OPERATOR, RING, RINGOID, SEMI- 

GROUP 


References 
Rosenfeld, A. An Introduction to Algebraic Structures. New 
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Semisecant 
see TRANSVERSAL LINE 


Semisimple 

A p-ELEMENT x of a Group G is semisimple if 
E(Cg(z)) # 1, where E(#) is the commuting product 
of all components of H and Ce(r) is the CENTRALIZER 
of G. 


see also CENTRALIZER, p-ELEMENT 


Semisimple Algebra 

An ALGEBRA with no nontrivial nilpotent IDEALS. In 
the 1890s, Cartan, Frobenius, and Molien independently 
proved that any finite-dimensional semisimple algebra 
over the REAL or COMPLEX numbers is a finite and 
unique DIRECT SUM of SIMPLE ALGEBRAS. This re- 
sult was then extended to algebras over arbitrary fields 
by Wedderburn in 1907 (Kleiner 1996). 


see also IDEAL, NILPOTENT ELEMENT, SIMPLE ALGE- 
BRA 
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Separating Family 


Semisimple Lie Group 

A Lig Group which has a simply connected covering 
group HOMEOMORPHIC to R”. The prototype is any 
connected closed subgroup of upper TRIANGULAR Com- 
PLEX MATRICES. The HEISENBERG GROUP is such a 
group. 

see also HEISENBERG GROUP, LIE GROUP 


References 
Knapp, A. W. “Group Representations and Harmonic Anal- 
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Semisimple Ring 
A SEMIPRIME RING which is also an ARTINIAN RING. 
see also ARTINIAN RING 


Semistable 

When a PRIME 1 divides the DISCRIMINANT of a EL- 
LIPTIC CURVE E, two or all three roots of E become 
congruent mod !. An ELLIPTIC CURVE is semistable if, 
for all such PRIMES l, only two roots become CONGRU- 
ENT mod | (with more complicated definitions for p = 2 
or 3). 

see also DISCRIMINANT (ELLIPTIC CURVE), ELLIPTIC 
CURVE 


Sensitivity 

The probability that a STATISTICAL TEST will be posi- 
tive for a true statistic. 

see also SPECIFICITY, STATISTICAL TEST, TYPE I ER- 
ROR, TYPE II ERROR 


Sentence 
A Locic FORMULA with no FREE variables. 


Separating Edge 

An EDGE of a GRAPH is separating if a path from a point 
A toa point B must pass over it. Separating EDGES can 
therefore be viewed as either bridges or dead ends. 


see also EDGE (GRAPH) 


Separating Family 

A SEPARATING FAMILY is a SeT of SUBSETS in which 
each pair of adjacent. elements are found separated, each 
in one of two disjoint subsets. The 26 letters of the 
alphabet can be separated by a family of 9, 


(abcdefghi)  (jklmnopqr)  (stuvwzyz) 
(abcjkistu) (defmnovwr) (ghipgryz) . 
(adgjmpsvy) (behkngtwz) (cfilorur) 


The minimal size of the separating family for an n-set is 
0, 2, 3, 4, 5, 5, 6, 6, 6, 7, 7, 7,... (Sloane’s A007600). 
see also KATONA’S PROBLEM 
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Separation 


Separation 

Two distinct point pairs AC and BD separate each other 
if A, B, C, and D lie on a CIRCLE (or line) in such order 
that either of the arcs (or the line segment AC) contains 
one but not both of B and D. In addition, the point 
pairs separate each other if every CIRCLE through A and 
C intersects (or coincides with) every CIRCLE through 
B and D. If the point pairs separate each other, then 
the symbol AC//BD is used. 


Separation of Variables 

A method of solving partial differential equations in a 
function ® and variables x, y, ... by making a substi- 
tution of the form 


P(x, y,. 7 ) = X(z)Y (y) eg 


breaking the resulting equation into a set of independent 
ordinary differential equations, solving these for X(z), 
Y(y),..., and then plugging them back into the original 
equation. 


This technique works because if the product of functions 
of independent variables is a constant, each function 
must separately be a constant. Success requires choice 
of an appropriate coordinate system and may not be at- 
tainable at all depending on the equation. Separation of 
variables was first used by L’Hospital in 1750. It is espe- 
cially useful in solving equations arising in mathematical 
physics, such as LAPLACE’S EQUATION, the HELMHOLTZ 
DIFFERENTIAL EQUATION, and the Schrodinger equa- 
tion. 


see also HELMHOLTZ DIFFERENTIAL EQUATION, LA- 
PLACE’S EQUATION 
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Separation Theorem 
There exist numbers y1 < y2 <... < 2n-1, @ < Yn-1; 
Yn-1 <b, such that 


Av = aly) — a(y—1), 


where vy = 1, 2,...,7n, yo =a and y, = b. Furthermore, 
the zeros 21, ..., Zn, arranged in increasing order, al- 
ternate with the numbers y1, ..-Yn—1, SO 


Ly < yy < Lv41. 
More precisely, 


a(x, + €) — a(a) < a(y,) — afa) 
=Ai+...+AX. < a(zi41 — ©) — a(a) 
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forv=1,...,n—1. 


see also POINCARE SEPARATION THEOREM, STURMIAN 
SEPARATION THEOREM 
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Separatrix 

A phase curve (invariant MANIFOLD) which meets a Hy- 
PERBOLIC FIXED POINT (intersection of a stable and an 
unstable invariant MANIFOLD). A separatrix marks a 
boundary between phase curves with different proper- 
ties. For example, the separatrix in the equation of mo- 
tion for the pendulum occurs at the angular momentum 
where oscillation gives way to rotation. 


Septendecillion 
In the American system, 10°*. 


see also LARGE NUMBER 


Septillion 
In the American system, 10**. 


see also LARGE NUMBER 


Sequence 

A sequence is an ordered set of mathematical objects 
which is denoted using braces. For example, the symbol 
{2n}, denotes the infinite sequence of EVEN NuM- 
BERS {2,4,..., 2n, ... }. 

see also 196-ALGORITHM, A-SEQUENCE, ALCUIN’S SE- 
QUENCE, B2-SEQUENCE, BEATTY SEQUENCE, CAR- 
MICHAEL SEQUENCE, CAUCHY SEQUENCE, CONVER- 
GENT SEQUENCE, DEGREE SEQUENCE, DENSITY (SE- 
QUENCE), FRACTAL SEQUENCE, GIUGA SEQUENCE, IN- 
FINITIVE SEQUENCE, INTEGER SEQUENCE, ITERATION 
SEQUENCE, List, NONAVERAGING SEQUENCE, PRIM- 
ITIVE SEQUENCE, REVERSE-THEN-ADD SEQUENCE, 
SCORE SEQUENCE, SERIES, SIGNATURE SEQUENCE, 
SorT-THEN-ADD SEQUENCE, ULAM SEQUENCE 


Sequency 
The sequency k of a WALSH FUNCTION is defined as half 
the number of zero crossings in the time base. 


see also WALSH FUNCTION 


Sequency Function 
see WALSH FUNCTION 


Sequential Graph 

A CONNECTED GRAPH having e EDGES is said to be 
sequential if it is possible to label the nodes 7 with dis- 
tinct INTEGERS f; in{0, 1, 2,...,e@—1} such that when 
EDGE 7j is labeled f; + f;, the set of EDGE labels is 
a block of e consecutive integers (Grace 1983, Gallian 
1990). No HARMONIOUS GRAPH is known which cannot 
also be labeled sequentially. 
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see also CONNECTED GRAPH, HARMONIOUS GRAPH 
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Series 

A series is a sum of terms specified by some rule. If each 
term increases by a constant amount, it is said to be an 
ARITHMETIC SERIES. Tf each term equals the previous 
multiplied by a constant, it is said to be a GEOMET- 
RIC SERIES. A series usually has an INFINITE’ number 
of terms, but the phrase INFINITE SERIES is sometimes 
used for emphasis or clarity. 


If the sum of partial sequences comprising the first few 
terms of the series does not converge to a LIMIT (e.g., 
it oscillates or approaches too), it is said to diverge. 
An example of a convergent series is the GEOMETRIC 


SERIES 
foe) 
So)" = 2, 
n=0 


and an example of a divergent scrics is the HARMONIC 


SERIES 
fo +) 
1 
om OO. 
nr 
n=1 


A number of methods known as CONVERGENCE TESTS 
can be used to determine whether a given series con- 
verges. Although terms of a series can have either sign, 
convergence properties can often be computed in the 
“worst case” of all terms being POSITIVE, and then ap- 
plied to the particular series at hand. A series of terms 
Un is said to be ABSOLUTELY CONVERGENT if the series 
formed by taking the absolute values of the un, 


SS lunl, 


n 
converges. 


An especially strony type of convergence is called UN- 
IFORM CONVERGENCE, and series which are uniformly 
convergent have particularly “nice” properties. For ex- 
ample, the sum of a UNIFORMLY CONVERGENT series 
of continuous functions is continuous. A CONVERGENT 
SERIES can be DIFFERENTIATED term by term, provided 
that the functions of the series have continuous deriva- 
tives and that the series of DERIVATIVES is UNIFORMLY 
CONVERGENT. Finally, a UNIFORMLY CONVERGENT Se- 
ries of continuous functions can be INTEGRATED term by 
term. 


For a table listing the COEFFICIENTS for various series 
operations, see Abramowitz and Stegun (1972, p. 15). 


While it can be difficult to calculate analytical expres- 
sions for arbitrary convergent infinite series, many al- 
gorithms can handle a variety of common series types. 


Series Multisection 


The program Mi athematica® (Wolfram Research, Cham- 
paign, IL) implements many of these algorithms. Gen- 
eral techniques also exist for computing the numerical 


values to any but the most pathological series (Braden 
1992). 


see also ALTERNATING SERIES, ARITHMETIC SERIES, 
ARTISTIC SERIES, ASYMPTOTIC SERIES, BIAS (SERIES), 
CONVERGENCE IMPROVEMENT, CONVERGENCE TESTS, 
EULER-MACLAURIN INTEGRATION FORMULAS, GEO- 
METRIC SERIES, HARMONIC SERIES, INFINITE SERIES, 
MELODIC SERIES, g-SERIES, RIEMANN SERIES THEO- 
REM, SEQUENCE, SERIES EXPANSION, SERIFS REVER- 
SION 
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Series Expansion 


see LAURENT SERIES, MACLAURIN SERIES, POWER SE- 
RIES, SERIES REVERSION, TAYLOR SERIES 


Series Inversion 
see SERIES REVERSION 


Series Multisection 
If 
f(a) = fot fia t+ for? +...4 fat” +..., 


then 


S(n, 5) = fy? + firne?™” + fesanzi OP +... 


Series Reversion 


is given by 
1 n—-1 
ON ees —jt t 
S(n, 5) = = 8 f(w'2), 


where w = e27*/”. 


see also SERIES REVERSION 
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Series Reversion 

Series reversion is the computation of the COEFFICIENTS 
of the inverse function given those of the forward func- 
tion. For a function expressed in a series as 


y= aye +agz? +a3x2°4+..., (1) 
the series expansion of the inverse series is given by 
z= Aiy+ Aoy? + Asy®+.... (2) 


By plugging (2) into (1), the following equation is ob- 
tained 


y = a Ary + (a2 Ai” + a1 A2)y” 
+(a3A1° + 2a2A1A2 + a1 As)y* 
+(3a3A17Az + a2A2” + a2A1A3) +.... (3) 


Equating COEFFICIENTS then gives 


Ai =ai7? (4) 
Ay = Ay. = —a,~%az (5) 
Ag = a, °(2a2” — a1a3) (6) 
Ag = a,~ "(5010203 — a17a4 — 5a2°) (7) 
As = a1 ° (60174204 + 3a17a203 + 14a2* — ay%as 

_ 21414273) (8) 


~il 3 3 3 
Ag ay (7a1 a2a5 + 7a,°a3a4 + 84a142° a3 


2.2 
~ a1'a6 — 28a17a2a3" — 42a2° — 28a17a2 a4) 


(9) 
Ay = a, '?(8a1*a206 + 8a;7a3a5 + 4a1*a47 
+ 120a17a2%a4 + 180a17a27a3” + 132a2° 
— a1 a7 - 36a1°a27a5 - 72a17° 420304 
— 12a;°a3* — 330a1a2a3) (10) 


(Dwight 1961, Abramowitz and Stegun 1972, p. 16). A 
derivation of the explicit formula for the nth term is 
given by Morse and Feshbach (1953), 


1 
Ao Ss; (at leretete 


B,t,U,..- 


Mn+ (n-L+sttt+ut...) (2) (2) 


sitlu!--- 
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where 
s+2¢+3u+...=n-1. (12) 
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Serpentine Curve 


A curve named and studied by Newton in 1701 and con- 
tained in his classification of CUBIC CURVES. It had 
been studied earlier by L’Hospital and Huygens in 1692 
(MacTutor Archive). 


The curve is given by the CARTESIAN equation 


abz 
= 1 
u(t) = aa (1) 
and parametric equations 
x(t) = acott (2) 
y(t) = bsint cost. (3) 


The curve has a MAXIMUM at z = a and a MINIMUM at 
x = —a, where 


ab(a — z)(a+z) 


y'(z) = = 0, (4) 


and inflection points at c = +/3a, where 


_ 2abae(a? — 3a?) _ 


v"(e)= “Gara = (5) 
The CURVATURE is given by 
2ab 2 2 
K(x) = abz(x , 2s ae (6) 
(a? + a?) [2 =F (era | 
Se 4/2 ab[2 cos(2t) — 1] cot t csc? t (7) 
~  {b?[1 + cos(4t)] + 2a? csc4 t}3/2° 
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Serret-Frenet Formulas 
see FRENET FORMULAS 


Set 

A set is a FINITE or INFINITE collection of objects. Older 
words for set include AGGREGATE and CLASS. Russell 
also uses the term MANIFOLD to refer to a set. The 
study of sets and their properties is the object of SET 
THEORY. Symbols used to operate on sets include A 
(which denotes the Empty SET ©), V = (which denotes 
the POWER SET of a set), M (which means “and” or 
INTERSECTION), and U (which means “or” or UNION). 


The Notation A®, where A and B are arbitrary sets, 
is used to denote the set Maps from B to A. For 
example, an element of X°* would be a Map from the 
NATURAL NUMBERS N to the set X. Call such a func- 
tion f, then f(1), f(2), etc., are elements of X, so call 
them 21, £2, etc. This now looks like a SEQUENCE of el- 
ements of X, so sequences are really just functions from 
N to X. This NOTATION is standard in mathematics 
and is frequently used in symbolic dynamics to denote 
sequence spaces. 


Let E, F', and G be sets. Then operation on these sets 
using the M and U operators is COMMUTATIVE 


ENF=FNE (1) 
BUF=FUE, (2) 
ASSOCIATIVE 

(EN F)NG=EN(FNG) (3) 
an(Ua] =[ (ans) (4) 
(EUF)UG= EU(FUG), (5) 

and DISTRIBUTIVE 
(ENF)UG=(EUG)N(FUG) (6) 
(EUP)NG=(ENG)U(FNG). (7) 


The proofs follow trivially using VENN DIAGRAMS. 
P (U-) = >> P(A). (8) 
i=1 t=1 


The table below gives symbols for some common sets in 
mathematics. 


Set Theory 


Symbol Set 

BB” n-ball 

Cc complex numbers 
Cc”, C'™  n-differentiable functions 
ID” n-disk 

H quaternions 

I integers 

N natural numbers 

Q rational numbers 
R” real numbers in n-D 
S” n-sphere 

Z integers 

Zin integers (mod n) 

Z negative integers 

Zt positive integers 

Zz nonnegative integers 


see also AGGREGATE, ANALYTIC SET, BOREL Set, C, 
Cuiass (SET), COANALYTIC SET, DEFINABLE SET, DE- 
RIVED SET, DOUBLE-FREE SET, EXTENSION, GROUND 
SET, I, INTENSION, INTERSECTION, KINNEY’S SET, 
MANIFOLD, N, PERFECT SET, PoseET, Q, R, SET Dir- 
FERENCE, SET THEORY, TRIPLE-FREE SET, UNION, 
VENN DIAGRAM, WELL-ORDERED SET, Z, Z, Zt 
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Set Difference 
The set difference A\B is defined by 


A\B={x:c€Aand az ¢ B}. 
The same symbol is also used for QUOTIENT GROUPS. 


Set Partition 

A set partition of a SET S is a collection of disjoint 
SUBSETS Bo, Bi, ... of S whose UNION is S, where 
each B; is called a BLOCK. The number of partitions of 
the SET {k}‘_, is called a BELL NUMBER. 


see also BELL NUMBER, BLOCK, RESTRICTED GROWTH 
STRING, STIRLING NUMBER OF THE SECOND KIND 
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Set Theory 

The mathematical theory of SETS. Set theory is closely 
associated with the branch of mathematics known as 
LoGIc. 


There are a number of different versions of set the- 
ory, each with its own rules and AXIOMS. In or- 
der of increasing CONSISTENCY STRENGTH, several ver- 
sions of set theory include PEANO ARITHMETIC (or- 
dinary ALGEBRA), second-order arithmetic (ANALY- 
sis), ZERMELO-FRAENKEL SET THEORY, Mahlo, weakly 


Sexagesimal 


compact, hyper-Mahlo, ineffable, measurable, Ramsey, 
supercompact, huge, and n-huge set theory. 


Given a set of REAL NUMBERS, there are 14 versions of 
set theory which can be obtained using only closure and 
complement (Beeler et al. 1972, Item 105). 


see also AXIOMATIC SET THEORY, CONSISTENCY 
STRENGTH, CONTINUUM HYPOTHESIS, DESCRIPTIVE 
SET THEORY, IMPREDICATIVE, NAIVE SET THEORY, 
PEANO ARITHMETIC, SET, ZERMELO-FRAENKEL SET 
THEORY 
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Sexagesimal 

The base-60 notational system for representing REAL 
NUMBERS. A base-60 number system was used by the 
Babylonians and is preserved in the modern measure- 
ment of time (hours, minutes, and seconds) and ANGLES 
(DEGREES, ARC MINUTES, and ARC SECONDS). 

see also BASE (NUMBER), BINARY, DECIMAL, HEXA- 
DECIMAL, OCTAL, QUATERNARY, SCRUPLE, TERNARY, 
VIGESIMAL 
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Sexdecillion 
In the American system, 10°*. 


see also LARGE NUMBER 


Sextic Equation 
The general sextic polynomial equation 


6 5 4 3 2 
xz’ +asz” +aqn + azz” +aer +aixz+ac=0 


can be solved in terms of HYPERGEOMETRIC FUNCTIONS 
in one variable using Klein’s approach to solving the 
QUINTIC EQUATION. 

see also CUBIC EQUATION, QUADRATIC EQUATION, 
QUARTIC EQUATION, QUINTIC EQUATION 
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Sextic Surface 

An ALGEBRAIC SURFACE which can be represented im- 
plicitly by a polynomial of degree six in x, y, and z. 
Examples are the BARTH SEXTIC and Boy SURFACE. 


see also ALGEBRAIC SURFACE, BARTH SEXTIC, Boy 
SURFACE, CUBIC SURFACE, DECIC SURFACE, QUADRA- 
TIC SURFACE, QUARTIC SURFACE 
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Sextillion 
In the American system, 107?. 


see also LARGE NUMBER 


Sexy Primes 

Since a PRIME NUMBER cannot be divisible by 2 or 3, 
it must be true that, for a PRIME p, p = 6 (mod 1,5). 
This motivates the definition of sexy primes as a pair 
of primes (p,q) such that p — q = 6 (“sexy” since “sex” 
is the Latin word for “six.”). The first few sexy prime 
pairs are (5, 11), (7, 13), (11, 17), (13, 19), (17, 23), (23, 
29), (31, 37), (37, 43), (41, 47), (47, 53), ... (Sloane’s 
A023201 and A046117). 


Sexy constellations also exist. The first few sexy triplets 
(ie., numbers such that each of (p,p + 6,p + 12) is 
PRIME but p+ 18 is not PRIME) are (7, 13, 19), (17, 23, 
29), (31, 37, 43), (47, 53, 59), ... (Sloane’s A046118, 
A046119, and A046120). The first few sexy quadruplets 
are (11, 17, 23, 29), (41, 47, 53, 59), (61, 67, 73, 79), 
(251, 257, 263, 269), ... (Sloane’s A046121, A046122, 
A046123, A046124). Sexy quadruplets can only begin 
with a PRIME ending in a “1.” There is only a sin- 
gle sexy quintuplet, (5, 11, 17, 23, 29), since every fifth 
number of the form 6n+1 is divisible by 5, and therefore 
cannot be PRIME. 


see also PRIME CONSTELLATION, PRIME QUADRUPLET, 
TWIN PRIMES 
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1622 Seydewitz’s Theorem 
Seydewitz’s Theorem 

If a TRIANGLE is inscribed in a CONIC SECTION, any 
line conjugate to one side meets the other two sides in 
conjugate points. 

see also CONIC SECTION, TRIANGLE 


Sgn 


Also called SIGNUM. It can be defined as 


-1 «<0 
sgn=< 0 z=0 (1) 
1 z>0 
or 
sgn(x) = 2H(x) —1, (2) 


where H(x) is the HEAVISIDE STEP FUNCTION. For 
zx #0, this can be written 


sgn(z) = a for x # 0. (3) 


see also HEAVISIDE STEP FUNCTION, RAMP FUNCTION 


Shadow 

The SURFACE corresponding to the region of obscuration 
when a solid is illuminated from a point light source (lo- 
cated at the RADIANT PoINntT). A DIsK is the SHADOW 
of a SPHERE on a PLANE perpendicular to the SPHERE- 
RADIANT Point line. If the PLANE is tilted, the shadow 
can be the interior of an ELLIPSE or a PARABOLA. 


see also PROJECTIVE GEOMETRY 


Shadowing Theorem 

Although a numerically computed CHAOTIC trajectory 
diverges exponentially from the true trajectory with the 
same initial coordinates, there exists an errorless trajec- 
tory with a slightly different initial condition that stays 
near (“shadows”) the numerically computed one. There- 
fore, the FRACTAL structure of chaotic trajectories seen 
in computer maps is real. 


References 
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Shafarevich Conjecture 
A conjecture which implies the MORDELL CONJECTURE, 
as proved in 1968 by A. N. Parshin. 


see also MORDELL CONJECTURE 
References 
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Shallit Constant 


Shah Function 


IU (x) = S> 5(x —n) (1) 


where 6(z) is the DELTA FUNCTION, so III (x) = 0 for 
«a ¢ Z (ie., 2 not an INTEGER). The shah function obeys 
the identities 


wi (az)=2 S> 6(2-2) (2) 
Il (—x) = I (z) (3) 
I (a +n) =I (x), (4) 


for 2n € Z (i.e., n a half-integer). 
It is normalized so that 
n+1/2 
/ Il (x) dx = 1. (5) 
n-1/2 


The “sampling property” is 


UI (2) f(z) = S* f(n)5(e—n) (6) 
and the “replicating property” is 


oO 


I (x)* f(z)= S> f(z-n), (7) 
n=—co 
where * denotes CONVOLUTION. 


see also CONVOLUTION, DELTA FUNCTION, IMPULSE 
PAIR 


Shah-Wilson Constant 
see TWIN PRIMES CONSTANT 


Shallit Constant 
Define f(v1,22,...,@%n) with x; POSITIVE as 


n k 
F(miyta,..-,@n) = > e+ ey lz 
i=l 


1<i<k<n jmi 


Then 
min f = 3n — C+ o(1) 


as n increases, where the Shallit constant is 


C = 1.369451403937... 


(Shallit 1995). In their solution, Grosjean and De Meyer 
(quoted in Shallit 1995) reduced the complexity of the 
problem. 


References 
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Shallow Diagonal 


Shallow Diagonal 
see PASCAL’S TRIANGLE 


Shanks’ Algorithm 
An ALGORITHM which finds the least NONNEGATIVE 


value of ,/a (mod p) for given a and PRIME p. 


Shanks’ Conjecture 
Let p(g) be the first PRIME which follows a PRIME GaP 
of g between consecutive PRIMES. Shanks’ conjecture 


holds that 
In[p(9)] ~ V9. 
see also PRIME DIFFERENCE FUNCTION, PRIME GAPS 
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Shannon Entropy 
see ENTROPY 


Shannon Sampling Theorem 
see SAMPLING THEOREM 


Shape Operator 
The negative derivative 


S(v) = -DYN (1) 


of the unit normal N vector field of a SURFACE is called 
the shape operator (or WEINGARTEN Map or SECOND 
FUNDAMENTAL TENSOR). The shape operator S is 
an EXTRINSIC CURVATURE, and the GAUSSIAN CURVA- 
TURE is given by the DETERMINANT of S. Ifx: U > R® 
is a REGULAR PATCH, then 


S(xu) = —Nu (2) 
S(x,) = —N,. (3) 


At each point p on a REGULAR SURFACE M C R’*, the 
shape operator is a linear map 


S:Mp > Mp. (4) 


The shape operator for a surface is given by the WEIN- 
GARTEN EQUATIONS. 


see also CURVATURE, FUNDAMENTAL FORMS, WEIN- 
GARTEN EQUATIONS 
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Shapiro’s Cyclic Sum Constant 1623 


Shapiro’s Cyclic Sum Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Consider the sum 


%1 t2 
%1,22,...,;fn) = —— + ——— 
fr( ’ ’ , n) to +23 a3+274 
tn @. 
4 m1 Tre j (1) 
n+ Cit 


where the z;s are NONNEGATIVE and the DENOMINA- 
TORS are POSITIVE. Shapiro (1954) asked if 


fn(21,2,---,2n) > in (2) 


for all n. It turns out (Mitrinovic et al. 1993) that this 
INEQUALITY is true for all EVEN n < 12 and Opp n< 
23. Ranikin (1958) proved that for 


f(n) = inf fo(t1)@2,...,%n), (3) 


A= lim £0) = ing LO) <3 7 x 10°. (4) 


nm—-oco 7 n>1 


can be computed by letting ¢(x) be the CONVEX HULL 
of the functions 


yl=e” (5) 
2 
y2 = et + ex/2 . (6) 
Then 
A = $6(0) = 0.4945668... (7) 


(Drinfeljd 1971). 
A modified sum was considered by Elbert (1973): 


gales Pe ang ne m2+ 24 
BAM a + on 2 +23 
oo En + 22 (8) 
In-1 +2n In +2 
Consider 
w= lim gn) : (9) 
Rr OO nr 
where 
g(n) = inf gn(@1,€2,...,2n); (10) 
and let y(z) be the CONVEX HULL of 
yi = $(1 +7) (11) 
l+e* 
= ——. 2 
Y2 1 + ex/2 (1 ) 
Then 
p = ¥(0) = 0.978012... (13) 


see also CONVEX HULL 
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1624 Sharing Problem 


Sharing Problem 

A problem also known as the POINTS PROBLEM or UN- 
FINISHED GAME. Consider a tournament involving k 
players playing the same game repetitively. Each game 
has a single winner, and denote the number of games 
won by player 7 at some juncture w;. The games are in- 
dependent, and the probability of the ith player winning 
a game is p;. The tournament is specified to continue 
until one player has won n games. If the tournament is 
discontinued before any player has won n games so that 
wi <n fori = 1, ..., k, how should the prize money 
be shared in order to distribute it proportionally to the 
players’ chances of winning? 


For player i, call the number of games left to win r; = 
n—w; > Othe “quota.” For two players, let p = pi and 
q = pz = 1-p be the probabilities of winning a single 
game, and a = 11 = n— wi and b=r2 = n—- wz be 
the number of games needed for each player to win the 
tournament. Then the stakes should be divided in the 
ratio m:n, where 


ees [i+ fos Mee 


H 2 | 

fp Met ee | (1) 
n=q fi ap + meso 

+4 qo = “pt (2) 


(Kraitchik 1942). 


If i players have equal probability of winning (“cell prob- 
ability”), then the chance of player i winning for quotas 
T1, -++5 Tk IS 


Wy = DE (ri, ey Pinay Pita) TRETE) (3) 


where D is the DIRICHLET INTEGRAL of type 2D. Simi- 
larly, the chance of player 7 losing is 


Li = Ch (ri, - 0. Pinay PHA, TRIPE) (4) 


where C is the DIRICHLET INTEGRAL of type 2C. If the 
cell quotas are not equal, the general Dirichlet integral 
Da must be used, where 


a ery (5) 


If r; = r and a; = 1, then W; and L; reduce to 1/k 
as they must. Let P(ri,...,7rx) be the joint probability 
that the players would be RANKED in the order of the 
ris in the argument list if the contest were completed. 
For k = 3, 


P(ri, 72,73) = CD') (ry, re, 73). (6) 


Sheaf (Topology) 


For k = 4 with quota vector r = (r1,72,73,74) and A= 
P2+ps+ Ppa, 


rg3—lra-1 5 : 

= ra-Atitg (R)” (2) (&)’ 

(a) A) \A) XA 
i I= 


7 ; 1 : : 
as CM a(ri.ta Sa +5) DO 05 (ra —j,rs—t). (7) 


An expression for k = 5 is given by Sobel and Frankow- 
ski (1994, p. 838). 


see also DIRICHLET INTEGRALS 
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Sharkovsky’s Theorem 
see SARKOVSKII’S THEOREM 


Sharpe’s Differential Equation 
A generalization of the BESSEL DIFFERENTIAL EQUA- 
TION for functions of order 0, given by 


zy" +y' + (z+ A)y=0. 
Solutions are 
y= et? 1 Fy (3 -* 374; 1; F2iz) ) 


where 1 F;(a;b;x) is a CONFLUENT HYPERGEOMETRIC 
FUNCTION. 


see also BESSEL DIFFERENTIAL EQUATION, CONFLU- 
ENT HYPERGEOMETRIC FUNCTION 


Sharpe Ratio 

A risk-adjusted financial measure developed by Nobel 
Laureate William Sharpe. It uses a fund’s standard de- 
viation and excess return to determine the reward per 
unit of risk. The higher a fund’s Sharpe ratio, the better 
the fund’s “risk-adjusted” performance. 


see also ALPHA, BETA 


Sheaf (Geometry) 
The set of all PLANES through a LINE. 


see also LINE, PENCIL, PLANE 
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Sheaf (Topology) 
A topological GADGET related to families of ABELIAN 
Groups and Maps. 
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Shear 


Shear 


A transformation in which all points along a given LINE 
EL remain fixed while other points are shifted parallel to 
L by a distance proportional to their PERPENDICULAR 
distance from L. Shearing a plane figure does not change 
its AREA. The shear can also be generalized to 3-D, in 
which PLANES are translated instead of lines. 


Shear Matrix 
The shear matrix e7; is obtained from the IDENTITY 
MATRIX by inserting s at (i,j), e.g., 


1s 0 
@ei2= 10 1 0 
0 01 


see also ELEMENTARY MATRIX 


Shephard’s Problem 

Measurements of a centered convex body in Euclidean 
n-space (for n > 3) show that its brightness function 
(the volume of each projection) is smaller than that of 
another such body. Is it true that its VOLUME is also 
smaller? C. M. Petty and R. Schneider showed in 1967 
that the answer is yes if the body with the larger bright- 
ness function is a projection body, but no in general for 
every n. 


References 
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Sheppard’s Correction 

A correction which must be applied to the MOMENTS 
computed from NORMALLY DISTRIBUTED data which 
have been binned. The corrected versions of the second, 
third, and fourth moments are 


fa = po) — de? (1) 

bs = ps) (2) 
10) 0 2 

ta = pa — $y + sTee’, (3) 


where c is the CLASS INTERVAL. If «i. is the rth Cu- 
MULANT of an ungrouped distribution and «, the rth 
CUMULANT of the grouped distribution with CLass IN- 
TERVAL c, the corrected cumulants (under rather restric- 
tive conditions) are 


for r odd 
for r even, 


(4) 


Shi 1625 


where B, is the rth BERNOULLI NUMBER, giving 


Ky = K1 (5) 
Ky = Ko — oi ro (6) 
Kg = Kg (7) 
Ka = Ka + xh5c* (8) 
Ks = K5 (9) 
Ke = Ke — aac’. (10) 


For a proof, see Kendall et al. (1987). 
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Sherman- Morrison Formula 
A formula which allows the new MATRIX to be computed 
for a small change to a MATRIX A. If the change can be 
written in the form 

u@v 


for two vectors u and v, then the Sherman-Morrison 
formula is 


(A~*u) @ (v-A7*) 


—1_ a-t_ 
(A+u@v) =A ara , 


where 
NzZv-A™u. 


see also WOODBURY FORMULA 
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Shi 


-20 


Ref{Sinhintegral z] im{Sinhintegral z} |SiuhIntegzal 2] 


1626 Shift 


shiz) = f uae 
bee Re 


The function is given by the Mathematica® (Wolfram 
Research, Champaign, IL) command SinhIntegral [z]. 


see also CHI, COSINE INTEGRAL, SINE INTEGRAL 
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Shift 
A TRANSLATION without ROTATION or distortion. 


see also DILATION, EXPANSION, ROTATION, TRANSLA- 
TION, TWIRL 


Shift Property 
see DELTA FUNCTION 


Shimura-Taniyama Conjecture 
see TANIYAMA-SHIMURA CONJECTURE 


Shimura-Taniyama- Weil Conjecture 
see TANIYAMA-SHIMURA CONJECTURE 


Shoe Surface 


A surface given by the parametric equations 


z(u,v) =u 


y(u,v) =v 
2(u,v) = gue — 30". 
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Shoemaker’s Knife 
see ARBELOS 


Sibling 


Shortening 
A KNOT used to shorten a long rope. 


see also BEND (KNOT) 
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Shuffle 

The randomization of a deck of CARDS by repeated 
interleaving. More generally, a shuffle is a rearrange- 
ment of the elements in an ordered list. Shuffling by 
exactly interleaving two halves of a deck is called a RIF- 
FLE SHUFFLE. Normal shuffling leaves gaps of different 
lengths between the two layers of cards and so random- 
izes the order of the cards. 


A deck of 52 CARDS must be shuffled seven times for it 
to be randomized (Aldous and Diaconis 1986, Bayer and 
Diaconis 1992). This is intermediate between too few 
shuffles and the decreasing effectiveness of many shuf- 
fles. One of Bayer and Diaconis’s randomness CRITE- 
RIA, however, gives 3lgk/2 shuffles for a k-card deck, 
yielding 11-12 shuffles for 52 CARDS. Keller (1995) 
shows that roughly Ink shuffles are needed just to ran- 
domize the bottom card. 


see also Bays’ SHUFFLE, CARDS, FARO SHUFFLE, 
MONGE’S SHUFFLE, RIFFLE SHUFFLE 
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Siamese Dodecahedron 
see SNUB DISPHENOID 


Siamese Method 
A method for constructing MAGIC SQUARES of ODD or- 
der, also called DE LA LOUBERE’S METHOD. 


see also MAGIC SQUARE 


Sibling 
Two nodes connected to the same node in a ROOTED 
TREE are called siblings. 


see also CHILD, ROOTED TREE 


Sicherman Dice 


Sicherman Dice 


A pair of DicE which have the same ODDS for throwing 
every number as a normal pair of 6-sided DICE. They 
are the only such alternate arrangement. 


see also DICE, EFRON’S DICE 


Sici Spiral 


The spiral 


x2=ccit 


y = c(sit — $7), 


where ci(t) and si(t) are the COSINE INTEGRAL and SINE 
INTEGRAL and c is a constant. 


see also COSINE INTEGRAL, SINE INTEGRAL, SPIRAL 
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Side 
The edge of a POLYGON and face of a POLYHEDRON are 
sometimes called sides. 


Sidon Sequence 
see B2-SEQUENCE 


Siegel Disk Fractal 


A JULIA SET with ¢e = —0.390541 — 0.5867882. The 
FRACTAL somewhat resembles the better known MAN- 
DELBROT SET. 


Sierpinski Arrowhead Curve 1627 


see also DOUADY’S RABBIT FRACTAL, JULIA SET, 
MANDELBROT SET, SAN MARCO FRACTAL 
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Siegel Modular Function 

A T,-invariant meromorphic function on the space of 
all n x n complex symmetric matrices with POSITIVE 
IMAGINARY PART. In 1984, H. Umemura expressed the 
Roots of an arbitrary POLYNOMIAL in terms of elliptic 
Siegel functions. 
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Siegel’s Paradox 

If a fixed FRACTION & of a given amount of money P is 
lost, and then the same FRACTION z of the remaining 
amount is gained, the result is less than the original and 
equal to the final amount if a FRACTION z is first gained, 
then lost. This can easily be seen from the fact that 


[Pl —a)\(1+2)=P(1-27)<P 
[P(1+2)|(1—-2z) = P(1-2*) <P. 


Siegel’s Theorem 
An ELLIPTIC CURVE can have only a finite number of 
points with INTEGER coordinates. 


see also ELLIPTIC CURVE 
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Sierpinski Arrowhead Curve 


/ Os of 
A FRACTAL which can be written as a LINDENMAYER 
SYSTEM with initial string "YF", STRING REWRITING 
rules "K" -> "YF+XF+Y", "yY" -> "XF-YF-X", and an- 


gle 60°. 


see also DRAGON CURVE, HILBERT CURVE, KOCH 
SNOWFLAKE, LINDENMAYER SYSTEM, PEANO CURVE, 
PEANO-GOSPER CURVE, SIERPINSKI CURVE, SIERPIN- 
SKI SIEVE 


References 
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1628 Sierpiriski Carpet 


Sierpinski Carpet 


A FRACTAL which is constructed analogously to the 
SIERPINSKI SIEVE, but using squares instead of trian- 
gles. Let N, be the number of black boxes, Ln the 
length of a side of a white box, and A, the fractional 
AREA of black boxes after the nth iteration. Then 


n = 8" (1) 
Ln = (3)” =3™ (2) 
An = Ln? Nn = (8). (3) 


The CAPACITY DIMENSION is therefore 


fen antl ee 
Ser eohibg  ‘sseolata-*). Ind 
3ln2 
= aa = 1.892789261.... (4) 


see also MENGER SPONGE, SIERPINSKI SIEVE 
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Sierpinski’s Composite Number Theorem 
There exist infinitely many ODD INTEGERS k such that 
k-2" +1 is COMPOSITE for every n > 1. Numbers k with 
this property are called SIERPINSKI NUMBERS OF THE 
SECOND KIND, and analogous numbers with the plus 
sign replaced by a minus are called RIESEL NUMBERS. 
It is conjectured that the smallest SIERPINSKI NUMBER 
OF THE SECOND KIND is k = 78,557 and the smallest 
RIESEL NUMBER is k = 509,203. 


see also CUNNINGHAM NUMBER, SIERPINSKI NUMBER 
OF THE SECOND KIND 
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Sierpitiski Curve 


Sierpinski, W. “Sur un probléme concernant les nombres k - 
27 +1.” Elem. d. Math. 15, 73-74, 1960. 


see also COMPOSITE NUMBER, SIERPINSKI NUMBERS 
OF THE SECOND KIND, SIERPINSKI’S PRIME SEQUENCE 
THEOREM 


Sierpinski Constant 
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Let r,(n) denote the number of representations of n by 
k squares, then the SUMMATORY FUNCTION of r2(k)/k 
has the ASYMPTOTIC expansion 


5 ra(k) co K+ninn+O(n7'/), 


k 
k=1 


where K = 2.5849817596 is the Sierpiriski constant. The 
above plot shows 


. r2(k) 
> ae mlnn, 


k=1 


with the value of K indicated as the solid horizontal line. 
see also r;,(n) 
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Sierpinski Curve 


Ore 


There are several FRACTAL curves associated with Sier- 
pinski. The above curve is one example, and the SIER- 
PINSKI ARROWHEAD CURVE is another. The limit of the 
curve illustrated above has AREA 


The AREA for a related curve illustrated by Cundy and 
Rollett (1989) is 


A=i(7—4V2). 


Sierpinski Gasket 


see also EXTERIOR SNOWFLAKE, GOSPER ISLAND, 
HILBERT CURVE, KOCH ANTISNOWFLAKE, KOCH 
SNOWFLAKE, PEANO CURVE, PEANO-GOSPER CURVE, 
SIERPINSKI ARROWHEAD CURVE 
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Sierpinski Gasket 
see SIERPINSKI SIEVE 


Sierpinski-Menger Sponge 
see MENGER SPONGE 


Sierpifiski Number of the First Kind 

Numbers of the form S, =n" +1. The first few are 2, 
5, 28, 257, 3126, 46657, 823544, 16777217, ... (Sloane’s 
A014566). Sierpiriski proved that if S, is PRIME with 
n > 2, then S, = Fin+e™, where F,, isa FERMAT NUM- 
BER with m > 0. The first few such numbers are F; = 5, 
F3 = 257, Fe, Fii, Feo, and F37. Of these, 5 and 257 are 
PRIME, and the first unknown case is F37 > 102107". 


see also CULLEN NUMBER, CUNNINGHAM NUMBER, 
FERMAT NUMBER, WOODALL NUMBER 


References 

Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, p. 155, 1979. 

Ribenboim, P. The Book of Prime Number Records, 2nd ed. 
New York: Springer-Verlag, p. 74, 1989. 

Sloane, N. J. A. Sequence A014566 in “An On-Line Version 
of the Encyclopedia of Integer Sequences.” 


Sierpinski Number of the Second Kind 

A number k satisfying SIERPINSKI’S COMPOSITE NUM- 
BER THEOREM, i.e., such that k- 2” + 1 is COMPOSITE 
for every n > 1. The smallest known is k = 78,557, 
but there remain 35 smaller candidates (the smallest of 
which is 4847) which are known to generate only com- 
posite numbers for n < 18,000 or more (Ribenboim 
1996, p. 358). 


Let a(k) be smallest n for which (2k ~ 1) - 2" + 1 is 
PRIMB, then the first few values are 0, 1, 1, 2, 1, 1, 2, 1, 
3, 6, 1, 1, 2, 2, 1, 8,1, 1, 2, 1, 1, 2, 2, 583, ... (Sloane’s 
A046067). The second smallest n are given by 1, 2, 3, 
4, 2, 3, 8, 2, 15, 10, 4, 9, 4, 4, 3, 60, 6, 3, 4, 2, 11, 6, 
9, 1483, ... (Sloane’s A046068}. Quite large n can be 
required to obtain the first prime even for small k. For 
example, the smallest prime of the form 383-2” 4 1 is 
383-2693 4.1. There are an infinite number of Sierpinski 
numbers which are PRIME. 


Sierpinski Sieve 1629 


The smallest odd k such that k + 2” is COMPOSITE for 
all n < k are 773, 2131, 2491, 4471, 5101, . 


see also MERSENNE NUMBER, RIESEL NUMBER, SIER- 
PINSKI’S COMPOSITE NUMBER THEOREM 
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Sierpinski’s Prime Sequence Theorem 
For any M, there exists a t’ such that the sequence 


n +t’, 


.contains at least Mf PRIMES. 


see also DIRICHLET’S THEOREM, FERMAT 4n+ 1 THE- 
OREM, SIERPINSKI’S COMPOSITE NUMBER THEOREM 


where n = 1, 2,.. 
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Sierpinski Sieve 


A ba £4 2% £2 


A FRACTAL described by Sierpifski in 1915. It 
is also called the SIERPINSKI GASKET or SIER- 
PINSKI TRIANGLE. The curve can be written 
as a LINDENMAYER SYSTEM with initial string 
"FXF--FF--FF", STRING REWRITING rules "F" -> 
OFF", "X"~->"--FXF++FXF++FXF--", and angle 60°. 


Let N,, be the number of black triangles after iteration 
n, Ln the length of a side of a triangle, and A, the 
fractional AREA which is black after the nth iteration. 
Then 


1630 Sierpiriski Sponge 


The CAPACITY DIMENSION is therefore 


. mMNna . n(3”) In3 

= = 1 = = 

Bei eg as ata=B) 1a 
= 1.584962501.... (A) 


In PASCAL’S TRIANGLE, coloring all ODD numbers black 
and EVEN numbers white produces a Sierpiriski sieve. 


see also LINDENMAYER SYSTEM, SIERPINSKI ARROW- 
HEAD CURVE, SIERPINSKI CARPET, TETRIX 
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Sierpinski Sponge 
see TETRIX 


Sierpinski Tetrahedron 
see TETRIX 


Sierpinski’s Theorem 


see SIERPINSKI’S COMPOSITE NUMBER THEOREM, 
SIERPINSKI’S PRIME SEQUENCE THEOREM 


Sieve of Eratosthenes 


Sierpinski Triangle 
see SIERPINSKI SIEVE 


Sieve 

A process of successively crossing out members of a list 
according to a set of rules such that only some remain. 
The best known sieve is the ERATOSTHENES SIBVE for 
generating PRIME NUMBERS. In fact, numbers gener- 
ated by sieves seem to share a surprisingly large number 
of properties with the PRIME NUMBERS. 


see also HAPPY NUMBER, NUMBER FIELD SIEVE Fac- 
TORIZATION METHOD, PRIME NUMBER, QUADRATIC 
SIEVE FACTORIZATION METHOD, SIERPINSKI SIEVE, 
SIEVE OF ERATOSTHENES, WALLIS SIEVE 
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Sieve of Eratosthenes 

123 $5 § 7 $9 123 98M 7 g gp 
li ap 13 ap 15 is 17 ip 19 alo ci 4p 13 1a 4s ile a7 48 19 ae 
21 ae 23 aa 25 as 27 ap 29 ajo ap ap 23 4} 25 as a 2p 29 ab 
31 ap 33 34 35 a6 37 ae 39 Alo 31 p 3p 34 35 if 37 ae 3p 4p 


41 42 43 dja 45 4l6 47 ae 49 ste 41 4p 43 aja 4s 4s 47 4p 49 sp 


Debs Hh bth 22 dsr eed 
VOR E ST EOE aod dpe ho} 
ap a2 23 4 as ae a ale 29 Let 4h ae 23 48 as 24s 4 48 29 pd 
31 3p 3p 4 3s 45 37 ae ie 4p 31 ap ap 3 a ty 37 ap 3p 4b 
eee geo doe ahosh eo ged 
An ALGORITHM for making tables of PRIMES. Sequen- 
tially write down the INTEGERS from 2 to the highest 
number n you wish to include in the table. Cross out 
all numbers > 2 which are divisible by 2 (every second 
number). Find the smallest remaining number > 2. It 
is 3. So cross out all numbers > 3 which are divisible 
by 3 (every third number). Find the smallest remaining 
number > 3. It is 5. So cross out all numbers > 5 which 
are divisible by 5 (every fifth number). 


Continue until you have crossed out all numbers divisi- 
ble by |. /n|, where |x] is the FLOOR FUNCTION. The 
numbers remaining are PRIME. This procedure is illus- 
trated in the above diagram which sieves up to 50, and 
therefore crosses out PRIMES up to | 50| = 7. If the 
procedure is then continued up to n, then the number 
of cross-outs gives the number of distinct PRIME factors 
of each number. 


References 

Conway, J. H. and Guy, R. K. The Book of Numbers. New 
York: Springer-Verlag, pp. 127-130, 1996. 

Pappas, T. The Joy of Mathematics. San Carlos, CA: Wide 
World Publ./Tetra, pp. 100-101, 1989. 

Ribenboim, P. The New Book of Prime Number Records. 
New York: Springer-Verlag, pp. 20-21, 1996. 


Sievert Integral 


Sievert Integral 
The integral 


r) 
/ e? sec? dé. 
0 
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Sievert’s Surface 


A special case of ENNEPER’S SURFACES which can be 
given parametrically by 


2=rcosd (1) 
y=rsing (2) 
oe In[tan($v)] + a(C + 1) cos v 
Se a eye (3) 
where 
ea eee =i «fi 
o= Jeni +tan™ (tanuVC +1) (4) 


2 


= : 5 

‘a C +1 —Csin? vcos? u (5) 
aV/(C +1)(14+ Cain? u) sinv 

r= OSS (6) 


ve 
with |u| < 7/2 and 0 < v < w (Reckziegel 1986). 


see also ENNEPER’S SURFACES, KUEN SURFACE, 


REMBS’ SURFACES 
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Sifting Property 
The property 


; Fl onCe reries 


obeyed by the DELTA FUNCTION 6(x). 
see also DELTA FUNCTION 


Sigmoid Function 1631 

Sigma Algebra 

Let X be a SET. Then a o-algebra F is a nonempty 

collection of SUBSETS of X such that the following hold: 

1. The EMPTY SET is in F. 

2. If Ais in F’, then so is the complement of A. 

3. If An is a SEQUENCE of elements of F, then the 
UNION of the Ans is in F. 


If $ is any collection of subsets of X, then we can always 
find a o-algebra containing S, namely the POWER SET 
of X. By taking the INTERSECTION of all o-algebras 
containing S, we obtain the smallest such o-algebra. We 
call the smallest o-algebra containing S the o-algebra 
generated by S. 

see also BOREL SIGMA ALGEBRA, BOREL SPACE, MEA- 
SURABLE SET, MEASURABLE SPACE, MEASURE ALGE- 
BRA, STANDARD SPACE 


Sigma Function 
see DIVISOR FUNCTION 


Sigmoid Curve 
see SIGMOID FUNCTION 


Sigmoid Function 


4 -2 2 4 


|SigmoidFunction z| 


Re({SigmoidFunction z} 


The function 


which is the solution to the ORDINARY DIFFERENTIAL 
EQUATION 

dy 

—* = y(1—y). 

dg 7 Vl) 
It has an inflection point at z = 0, where 


e*(e* — 1 

y"(z) =~ O20. 
(e7 + 1) 

see also EXPONENTIAL FUNCTION, EXPONENTIAL 


RAMP 
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1632 Sign 

Sign 

The sign of a number, also called SGN, is —1 for a NEG- 
ATIVE number (i.e., one with a MINUS SIGN “—”), 0 for 


the number ZERO, or +1 for a POSITIVE number (i.e., 
one with a PLus SIGN “-+”). 


see also ABSOLUTE VALUE, MINUS SIGN, NEGATIVE, 
Pius SIGN, POSITIVE, SGN, ZERO 


Signalizer Functor Theorem 


O(G; A) = (@(a):a€ A-1) 


is an A-invariant solvable p'-subgroup of G. 


Signature (Knot) 
The signature s(K) of a KNoT K can be defined using 
the SKEIN RELATIONSHIP 


s(unknot) = 0 


(K+) — s(K_) € {0,2}, 


and 


4|s(K) «+ V(K)(2i) > 0, 


where V(K) is the ALEXANDER-CONWAY POLYNOMIAL 
and V(K)(2i) is an ODD NUMBER. 


Many UNKNOTTING NUMBERS can be determined using 
a knot’s signature. 


see also SKEIN RELATIONSHIP, UNKNOTTING NUMBER 
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Signature (Quadratic Form) 

The signature of the QUADRATIC FORM 

Q=y tye +... + Up — Ypti” — Ypta? — ee 

is the number s of POSITIVE squared terms in the re- 
duced form. (The signature is sometimes defined as 
2s —7r.) 

see also p-SIGNATURE, RANK (QUADRATIC FORM), 
SYLVESTER’S INERTIA LAW, SYLVESTER’S SIGNATURE 
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Signed Deviation 


Signature (Recurrence Relation) 
Let a sequence be defined by 


A_1l=s 
Ao =3 
Aj =r 


An = rAn-1 — 8sAn-2 + An-3- 
Also define the associated POLYNOMIAL 
f(z) = 2° —re?+4+sr4+1, 


and let A be its discriminant. The PERRIN SEQUENCE 

is a special case corresponding to A,(0,—1). The sig- 

nature mod m of an INTEGER n with respect to the 

sequence A,(r, s) is then defined as the 6-tuple (A_n-1, 

A_a,; A_n4i, An-1, An, An+1) (mod m). 

1. An INTEGER n has an S-signature if its signature 
(mod n) is (A_2, A-1, Ao, Ai, Aa). 

2. An INTEGER n has a Q-signature if its signature 
(mod n) is CONGRUENT to (A,s, B, B,r,C) where, 
for some INTEGER a with f(a) = 0 (mod n), A= 
a~* + 2a, B = —ra? + (r? — s)a, and C =a*+2a"*. 

3. An INTEGER n has an I-signature if its signature 
(mod n) is CONGRUENT to (r,s, D', D,r,s), where 
D'+D=rs—3and (D'—D)?=A. 


see also PERRIN PSEUDOPRIME 
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Signature Sequence 

Let 6 be an IRRATIONAL NUMBER, define S(@) = {c+ 
dé: c,d € N}, and let cn(6) + d,0(@) be the sequence 
obtained by arranging the elements of S(@) in increasing 
order. A sequence z is said to be a signature sequence if 
there EXISTS a POSITIVE IRRATIONAL NUMBER 6 such 
that z = {c,(@)}, and z is called the signature of 6. 


The signature of an IRRATIONAL NUMBER is a FRACTAL 
SEQUENCE. Also, if x is a signature sequence, then the 
LOWER-TRIMMED SUBSEQUENCE is V(x) = @. 
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Signed Deviation 
The signed deviation is defined by 


Au; = (ui - ia), 
so the average deviation is 
Avu=u-t=u-a—0. 


see also ABSOLUTE DEVIATION, DEVIATION, DISPER- 
SION (STATISTICS), MEAN DEVIATION, QUARTILE DE- 
VIATION, STANDARD DEVIATION, VARIANCE 


Significance 


Significance 

Let d = z < Zobservea. A value 0 < a < 1 such 
that P(d) < @ is considered “significant” (i.e., is not 
simply due to chance) is known as an ALPHA VALUE. 
The PROBABILITY that a variate would assume a value 
greater than or equal to the observed value strictly by 
chance, P(6), is known as a P-VALUE. 


Depending on the type of data and conventional prac- 
tices of a given field of study, a variety of different alpha 
values may be used. One commonly used terminology 
takes P(5) > 5% as “not significant,” 1% < P(d) < 5%, 
as “significant” (sometimes denoted *), and P(d) < 1% 
as “highly significant” (sometimes denoted **). Some 
authors use the term “almost significant” to refer to 
5% < P(6) < 10%, although this practice is not rec- 
ommended. 


see also ALPHA VALUE, CONFIDENCE INTERVAL, P- 
VALUE, PROBABLE ERROR, SIGNIFICANCE TEST, STA- 
TISTICAL TEST 


Significance Test 
A test for determining the probability that a given result 
could not have occurred by chance (its SIGNIFICANCE). 


see also SIGNIFICANCE, STATISTICAL TEST 
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Significant Digits 

When a number is expressed in SCIENTIFIC NOTATION, 
the number of significant figures is the number of Dic- 
ITS needed to express the number to within the uncer- 
tainty of measurement. For example, if a quantity had 
been measured to be 1.234 + 0.002, four figures would 
be significant. No more figures should be given than 
are allowed by the uncertainty. For example, a quantity 
written as 1.234 + 0.1 is incorrect; it should really be 
written as 1.2 + 0.1. 


The number of significant figures of a MULTIPLICATION 
or DIVISION of two or more quantities is equal to the 
smallest number of significant figures for the quantities 
involved. For ADDITION or MULTIPLICATION, the num- 
ber of significant figures is determined with the smallest 
significant figure of all the quantities involved. For ex- 
ample, the sum 10.234+4 5.2 + 100.3234 is 115.7574, but 
should be written 115.8 (with rounding), since the quan- 
tity 5.2 is significant only to +0.1. 


see also NINT, ROUND, TRUNCATE 


Significant Figures 
see SIGNIFICANT DIGITS 


Silverman Constant 1633 


Signpost 


A 6-POLYIAMOND. 
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Signum 
see SGN 


Silver Constant 
The REAL Root of the equation 


x —5a?+6r-1=0, 


which is 3.2469.... 
STANT. 


It is the seventh BERAHA CON- 


see also BERAHA CONSTANTS 
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Silver Mean 
see SILVER RATIO 


Silver Ratio 
The quantity defined by the CONTINUED FRACTION 


6s = [2,2,2,...J=2+ d 


2+ 


It follows that 
(5s — 1)? =2, 


so 
6s = V2+1=2.41421.... 


see also GOLDEN RATIO, GOLDEN RATIO CONJUGATE 
Silverman Constant 


co 1 oO 
2. aman = 


1 
1 
; P Pp 
p prime k=1 


1.786576459..., 


II 


where $({n) is the TOTIENT FUNCTION and a(n) is the 
DivisoR FUNCTION, 


References 


Finch, S. “Favorite Mathematical Constants.” http://www. 
mathsoft .com/asolve/constant/totient/totient .html. 

Zimmerman, P. http: // www. mathsoft . com / asolve / 
constant/totient/zimmermn.html. 


1634 Silverman’s Sequence 


Silverman’s Sequence 

Let f(1) = 1, and let f(m) be the number of occurrences 
of n in a nondecreasing sequence of INTEGERS. Then 
the first few values of f(n) are 1, 2, 2, 3, 3, 4, 4, 4, 5, 5, 
5, ... (Sloane’s A001462). The asymptotic value of the 
nth term is ¢7~¢n®~1, where ¢ is the GOLDEN RATIO. 
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Similar 


Sie mss, 


directly similar inversely similar 
Two figures are said to be similar when all corresponding 


ANGLES are equal. Two figures are DIRECTLY SIMILAR 
when all corresponding ANGLES are equal and described 
in the same rotational sense. This relationship is written 
A~ B. (The symbol ~ is also used to mean “is the same 
order of magnitude as” and “is ASYMPTOTIC to.”) Two 
figures are INVERSELY SIMILAR when all corresponding 
ANGLES are equal and described in the opposite rota- 
tional sense. 


see also DIRECTLY SIMILAR, INVERSELY SIMILAR, SIM- 
ILARITY TRANSFORMATION 
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Similarity Axis 
see D’ALEMBERT’S THEOREM 


Similarity Dimension 
To multiply the size of a d-D object by a factor a, c = a” 
copies are required, and the quantity 


_ine 
~ Ina 


is called the similarity dimension. 


Similarity Point 

External (or positive) and internal (or negative) simi- 
larity points of two CIRCLES with centers C and C’ and 
RADII r and r’ are the points E and J on the lines CC" 
such that 


CE fr 

CE a 
or 

CI or 

CT rt 


Similitude Ratio 


Similarity Transformation 
An ANGLE-preserving transformation. <A similarity 
transformation has a transformation MATRIX A’ of the 


form 
A' = BAB". 


If A is an ANTISYMMETRIC MATRIX (ai; = —aj;) and B 
is an ORTHOGONAL MATRIX, then 

(bab~*):; = Binanibj;* = —binaindj;* = —b' niarx(b')™* ,, 
= <b pianidjt = bjainby;. = —(bab~*) 54. 


Similarity transformations and the concept of SELF- 
SIMILARITY are important foundations of FRACTALS 
and ITERATED FUNCTION SYSTEMS. 


see also CONFORMAL TRANSFORMATION 
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Similitude Center 

Also called a SELF-HOMOLOGOUS POINT. If two SIM- 
ILAR figures lie in the plane but do not have parallel 
sides (they are not HOMOTHETIC), there exists a cen- 
ter of similitude which occupies the same homologous 
position with respect to the two figures. The Locus of 
similitude centers of two nonconcentric circles is another 
circle having the line joining the two homothetic centers 
as its DIAMETER. 


There are a number of interesting theorems regarding 
three CIRCLES (Johnson 1929, pp. 151-152). 


1. The external similitude centers of three circles are 
COLLINEAR. 


2. Any two internal similitude centers are COLLINEAR 
with the third external one. 


3. If the center of each circle is connected with the in- 
ternal similitude center of the other three [sic], the 
connectors are CONCURRENT. 


4. If one center is connected with the internal simil- 
itude center of the other two, the others with the 
corresponding external centers, the connectors are 
CONCURRENT. 


References 


Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 19-27 and 151-153, 1929. 


Similitude Ratio 

Two figures are HOMOTHETIC if they are related by a 
DILATION (a dilation is also known as a HOMOTHECY). 
This means that the connectors of corresponding points 
are CONCURRENT at a point which divides each connec- 
tor in the same ratio k, known as the similitude ratio. 


see also CONCURRENT, DILATION, HOMOTHECY, Ho- 
MOTHETIC 


Simple Algebra 


Simple Algebra 
An ALGEBRA with no nontrivial IDEALS. 


see also ALGEBRA, IDEAL, SEMISIMPLE ALGEBRA 


Simple Continued Fraction 
A CONTINUED FRACTION 


o=bo+ i (1) 
a2 
by + 
b 


See 
- bs +... 


in which the };s are all unity, leaving a continued fraction 
of the form 


o0=agt+ : (2) 


a2 + ——— 
agit... 


A simple continued fraction can be written in a compact 
abbreviated NOTATION as 


‘). (3) 


Bach and Shallit (1996) show how to compute the Ja- 
COBI SYMBOL in terms of the simple continued fraction 
of a RATIONAL NUMBER a/b. 


see also CONTINUED FRACTION 


c= [@0,@1,@2,43,.. 


References 

Bach, E. and Shallit, J. Algorithmic Number Theory, 
Vol. 1: Efficient Algorithms. Cambridge, MA: MIT Press, 
pp. 343-344, 1996. 


Simple Curve 
A curve is simple closed if it does not cross itself. 


see also JORDAN CURVE 


Simple Graph 
A GraPH for which at most one EDGE connects any two 
nodes. 


see also ADJACENCY MATRIX, EDGE (GRAPH) 


Simple Group 

A simple group is a GROUP whose NORMAL SUBGROUPS 
(INVARIANT SUBGROUPS) are ORDER one or the whole 
of the original GROUP. Simple groups include ALTER- 
NATING GROUPS, CYCLIC GROUPS, LIE-TYPE GROUPS 
(five varieties), and SPORADIC GROUPS (26 varieties, 
including the MONSTER GROUP). The CLASSIFICATION 
THEOREM of finite simple groups states that such groups 
can be classified completely into the three types: 


1. CycLic Groups of PRIME ORDER, 
2. ALTERNATING GROUPS of degree at least five 
3. LiE-TYPE CHEVALLEY GROUPS, 
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4. LIE-TYPE (TWISTED CHEVALLEY GROUPS or the 
Tits Group), and 


5. SPORADIC GROUPS. 


BURNSIDE’S CONJECTURE states that every non- 
ABELIAN SIMPLE GROUP has EVEN ORDER. 


see also ALTERNATING GROUP, BURNSIDE’S CONJEC- 
TURE, CHEVALLEY GROUPS, CLASSIFICATION THEO- 
REM, CYCLIC GROUP, FEIT-THOMPSON THEOREM, FI- 
NITE GRouP, GROUP, INVARIANT SUBGROUP, LIE- 
TYPE GROUP, MONSTER GROUP, SCHUR MULTIPLIER, 
SPORADIC GROUP, TITS GROUP, TWISTED CHEVALLEY 
GROUPS 


Simple Harmonic Motion 

Simple harmonic motion refers to the periodic sinusoidal 
oscillation of an object or quantity. Simple harmonic 
motion is executed by any quantity obeying the Dir- 
FERENTIAL EQUATION 


z+ wot = 0, (1) 


where £ denotes the second DERIVATIVE of z with re- 
spect tot, and wo is the angular frequency of oscillation. 
This ORDINARY DIFFERENTIAL EQUATION has an irreg- 
ular SINGULARITY at oo. The general solution is 


z = Asin(wot) + Bcos(wot) (2) 
= C'cos(wot + ), (3) 


where the two constants A and B (or C and ¢) are 
determined from the initial conditions. 


Many physical systems undergoing small displacements, 
including any objects obeying Hooke’s law, exhibit sim- 
ple harmonic motion. This equation arises, for example, 
in the analysis of the flow of current in an electronic 
CL circuit (which contains a capacitor and an induc- 


.tor). If a damping force such as Friction is present, an 


additional term Gz must be added to the DIFFERENTIAL 
EQUATION and motion dies out over time. 


Adding a damping force proportional to 2, the first de- 
rivative of x with respect to time, the equation of motion 
for damped simple harmonic motion is 


#+ Bi+wo’s =0, (4) 


where 3 is the damping constant. This equation arises, 
for example, in the analysis of the flow of current in 
an electronic CLR circuit, (which contains a capacitor, 
an inductor, and a resistor). This ORDINARY DIFFER- 


ENTIAL EQUATION can be solved by looking for trial 
rt 


solutions of the form x = e”*. Plugging this into (4) 
gives 

(r? + Br +wo*)e”™® =0 (5) 

r? + Br+u? =0. (6) 
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This is a QUADRATIC EQUATION with solutions 


r= }(-B+ VB? - 4w0?). (7) 


There are therefore three solution regimes depending on 
the SIGN of the quantity inside the SQUARE ROOT, 


a = B? — 4wo?. (8) 


The three regimes are 

1. a > 0 is POSITIVE: overdamped, 
2. a =O is ZERO: critically damped, 
3. a <0 is NEGATIVE: underdamped. 


If a periodic (sinusoidal) forcing term is added at angular 
frequency w, the same three solution regimes are again 
obtained. Surprisingly, the resulting motion is still pe- 
riodic (after an initial transient response, corresponding 
to the solution to the unforced case, has died out), but it 
has an amplitude different from the forcing amplitude. 


The “particular” solution z(t) to the forced second- 
order nonhomogeneous ORDINARY DIFFERENTIAL 
EQUATION 


%+ p(t)i+ q(t)x = Acos(wt) (9) 


due to forcing is given by the equation 


tp(t) = —a1 @ f 2Oe aa DY ew: @ f Hoe dt, 
(10) 


where x1 and x2 are the homogeneous solutions to the 
unforced equation 


#4 p(t)@ + q(t)x = 0 (11) 


and W(t) is the WRONSKIAN of these two functions. 
Once the sinusoidal case of forcing is solved, it can be 
generalized to any periodic function by expressing the 
periodic function in a FOURIER SERIES. 


Peete Tae 
7. 


5 10 15 20 
Critical damping is a special case of damped simple har- 
monic motion in which 


a = B? — 4w” = 0, (12) 
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so 
B = wo. (13) 


The above plot shows an underdamped simple harmonic 
oscillator with w = 0.3, @ = 0.15. The solid curve is for 
(A, B) = (1,0), the dot-dashed for (0, 1), and the dotted 
for (1/2, 1/2). In this case, a = 0 so the solutions of the 
form x = e” satisfy 


rs = }(—8) = -36 = -wv. (14) 
One of the solutions is therefore 
gy =e “08, (15) 


In order to find the other linearly independent solution, 
we can make use of the identity 


— f vitae 


alt) = a(t) f [zi]? dt. (16) 


Since we have p(t) = 2wo, e~ fees simplifies to e~ 20", 
P Pp 
Equation (16) therefore becomes 


x2(t) =e“ eae dt =e | dt = te™“°* 
2 = [e-wot]2 = — : 


(17) 
The general solution is therefore 


a= (A+ Bt)e™”. (18) 


In terms of the constants A and B, the initial values are 


a(0)=A (19) 
z'(0) = B— Aw, (20) 
so 
A= 2(0) (21) 
B= 2'(0) + wox(0). (22) 


For sinusoidally forced simple harmonic motion with 
critical damping, the equation of motion is 


# + 2woé + wo? = Acos(wt), (23) 
and the WRONSKIAN is 


W(t) = 2102 —- 4122 


—wot/,—wot —wot ~wot,,—wot 
Spr eeese a wots wo 


— wote + woe 
= e 081 — wot + wot) =e 7", (24) 
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Plugging this into the equation for the particular solu- 
tion gives 


te—wot A t 
zp(t) = —e7 0? ') fe A coset) dt 


e—2wot 


ig vee feet rn 
€ pecan cise eet 


en 2wvot 


= Ae~“st - i te”o* cos(wt) dt + t i e”°? cos(wt) a 


ewot 
— Ae wat {- 


(w? + wo?)? 
x cos(wt) + w(tw? ~ 2wy + two”) sin(wt)] 


wot 


[(w? + tw?wo — wo? + tw93) 


ou? wo? [wo cos(wt) + w sin(wt) } 

w ‘oO 

= ae “. a3 [(wo? ~ w?) cos(wt) + 2wwo sin(we)]. 
‘0 


(25) 


In order to put this in the desired form, note that we 
want to equate 


Ccos@+ Ssin§ = Qcos(6 + 4) 
= Q(cos6cosd —sin@sind). (26) 


This means 
C = Qcosd = wy? — wu (27) 
= —Qsind = 2wwo, (28) 
so 
Q= fC? +8? (29) 
§ =tan@? (-4) (30) 


Plugging in, 


Q= o/ wot — 2wo?2w? + wt + dw 2w? 


= 1/wot + 2wo2w? + wt = wo? +0. (31) 


-1 2wwo 
The solution in the requested form is therefore 
2 2 
Lp = (a? taney +w ) cos(wt + 6) 
A 
= Gag? cos(wt + 6), (33) 


where 6 is defined by (32). 
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Overdamped simple harmonic motion occurs when 
B? — Awe? > 0, (34) 


so 
a = B? — 4wo” > 0. (35) 


The above plot shows an overdamped simple harmonic 
oscillator with w = 0.3, 6 = 0.075. The solid curve is 
for (A,B) = (1,0), the dot-dashed for (0, 1), and the 
dotted for (1/2, 1/2). The solutions are 


tz, =e"-* (36) 
z= et’, (37) 


where 
Tr. = $(-B + / 8? — 4wo? ). (38) 


The general solution is therefore 
a = Ae’-* + Be’t?, - (39) 
where A and B are constants. The initial values are 


x(0)=A+B (40) 
z (0) = Ar_+ Bry, (41) 


so 


r42(0) — z’(0) 


A=2x(0)+ (42) 
T. — T+ 
B= _7+2(0) — 2'(0) (43) 
r- — T+ 


For a cosinusoidally forced overdamped oscillator with 
forcing function g(t) = Ccos(wt), the particular solu- 
tions are 
yi(é) =e" (44) 
yo(t) = e”?*, (45) 


where 


nehe+VPoae) 8 
r2 = 4(-6 — \/B? — 4uo?). (47) 
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These give the identities 


m+r.= —G (48) 
T1 —T2 >= B? a Aw? (49) 
and 
wo? = 2[8 — (m1 — r2)?] = 3[(ri + 72)? — (m1 — 2)? 
2 (2rire + 2rir2] = rire. (50) 


The WRONSKIAN is 


Wit= y1Y2 = yiy2 = eT ge?" — py e™ erat 
= (ro — ri)e(™ +72), (51) 
The particular solution is 
Yp = —Yiv1 + Y2va, (52) 


where 


a / yog{t) = C _wsin(wt) — r2 cos(wt) (53) 


W(t) re-n e72t (ro? + w?) 
yog(t)  §C  wesin(wt) — ri cos(wt) 


W(t) T2—-T1 


eTit(ro? + w?) 


(54) 
Therefore, 


cos(wt)(rir2 — w?) — sin(wt)w(ri + r2) 
(ri? + w?)(r2? + w?) 
(wo? — w?) cos(wt) + Bw sin(wt) 
w2B? + (Ww — wn?) 
Cc 
= pe 7 (w oz wo2)? (w? wo)? + Bw? 
x cos(wt + 6) 
Cc 


~ of Bw? + (w? — wo?)? 


yp =C 


=C 


cos(wt + 6), (55) 


where 


5 =tan7? (=) (56) 


— wo 
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Underdamped simple harmonic motion occurs when 
B” — 4u” <0, (57) 
so 
a = B? — duo? < 0. (58) 


The above plot shows an underdamped simple harmonic 
oscillator with w = 0.3, 8 = 0.4. The solid curve is for 
(A, B) = (1,0), the dot-dashed for (0, 1), and the dotted 
for (1/2, 1/2). Define 


y = V—a = 3 4/4u0? — 8, (59) 


then solutions satisfy 


where 
re = }(-B + y/G? — 4u?), (61) 


and are of the form 


aecat oe (B/2tiy)t (62) 


Using the EULER FORMULA 


i 


e* =coszx +isinz, (63) 
this can be rewritten 
a =e 9/2)t [eos (yt) + isin (7t)] . (64) 


We are interested in the real solutions. Since we are deal- 
ing here with a linear homogeneous ODE, linear sums 
of LINEARLY INDEPENDENT solutions are also solutions. 
Since we have a sum of such solutions in (64), it follows 
that the IMAGINARY and REAL PARTS separately satisfy 
the ODE and are therefore the solutions we seek. The 
constant in front of the sine term is arbitrary, so we can 
identify the solutions as 


zy = e 8/2) cos(yt) (65) 


ag = e 8/)* sin(yt), (66) 
so the general solution is 
a =e ‘8/2)*) 4 cos(yt) + Bsin(yt)]. (67) 


The initial values are 


z(0)=A (68) 
z'(0) = -36A+ B,y (69) 


so A and B can be expressed in terms of the initial 
conditions by 


A==2x(0) (70) 
Bx(0) , x'(0) 
Be Fae aa (71) 


Simple Harmonic Motion 


For a cosinusoidally forced underdamped oscillator with 
forcing function g(t) = C cos(w#), use 


Y= $4/4wo? — B? (72) 
a= 36 (73) 
to obtain 
Aw? — 8? = 4y? (74) 
we =y+ig=ayta? (75) 
B= 2a. (76) 


The particular solutions are 


y(t) = e ** cos(yt) (77) 
y2(t) = e~™* sin(yt). (78) 


The WRONSKIAN is 


W(t) = nya — ye 
= e~™ cos(7t)[-ae~@ sin(7t) + e~ **y cos(yt)] 
7ysin(y¢)] 
= e~ 7 {q[— sin(yt) cos(yt) + sin(yt) cos(yt)] 
+ -y[cos? (yt) + sin? (yt)]} 
= ye 7%, (79) 


—e * sin(yt)[—ae~ ** cos(yt) — e~** 


The particular solution is given by 
Yp = —Yivi + yore, (80) 


where 


w= y2g(t) = e pe cos(yt) cos(wt) dt (81) 


Wit) 
_ y2g(t) = Cc at 
v2 = Wie > c fe cos(yt) cos(wt) dt. (82) 


Using computer algebra to perform the algebra, the par- 
ticular solution is 


(a? + 7? — w”) cos(wt) + 2aw sin(wt) 
{a? + (y —w)?}[a? + (7 + w)?] 

(wo? — w?) cos(wt) + Bw sin(wt) 
(a? + y? + w?)? a 4y?w? 

(wo? — w?) cos(wt) + Bw sin(wt) 

(wo? + w?)? — 44 (4wo? — B?)w? 

(wo? — w?) cos(wt) + Bw sin(wt) 

(wo? eas w?)? “as w? (Aw? ) 87) 


CJ (wo? — w?)? + Bw? 


yp(t) = C 


=C 


=C 


=C 


(os? =)? = oh? = BD) cos(wt + 6) 
Cun? — w?)2 272 
=C or eee cos(wt + 4), 


(wo? — w2)? — w9(dup? — B2) 
(83) 
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where 


6 =tan? (=) : (84) 


wW — wy? 


If the forcing function is sinusoidal instead of cosinu- 
soidal, then 


6 =6-4n=tan2-—in= tan”? (-=) » (85) 


so 


fs, -1 wo? — w? 
6 = tan (“*). (86) 


Simple Harmonic Motion Quadratic 
Perturbation 

Given a simple harmonic oscillator with a quadratic per- 
turbation ez?, 


+ woe — aex” = 0, (1) 


find the first-order solution using a perturbation 
method. Write 


Zotent+..., (2) 


8 
Ill 


so 
B= fo + eX, +.... (3) 


Plugging (2) and (3) back into (1) gives 

(do + €#1) + (wo? ao +wo7er1) — ae(a9 + 2aor1€+...) = 0. 
(4) 

Keeping only terms of order € and lower and grouping, 

we obtain 


(%o + wo ao) + (#1 + wo2w1 — azo’ )e = 0. (5) 


Since this equation must hold for all POWERS of e«, we 
can separate it into the two differential equations 


%o + wo ro =0 (6) 


2B. +wo'21 = azo’. (7) 


The solution to (6) is just 
xo = Acos(wot + ¢). (8) 
Setting our clock so that ¢ = 0 gives 
Lo = Acos(wot). (9) 
Plugging this into (7) then gives 
i 2 2.2 
#1 + wo° 21 = aA“ cos“ (wot). (10) 
The two homogeneous solutions to (10) are 


21 = cos(wot) (11) 
rq = sin(wot). (12) 


1640 Simple Harmonic Motion 


The particular solution to (10) is therefore given by 


aad) fg raereto | AEG? at 
(13) 


where 
g(t) = aA? cos? (wot), (14) 


and the WRONSKIAN is 


W = 2442 —- @122 
= c08(wot)wo cos(wot) — [—wo sin(wot)] sin(wot) 
= Wo. (15) 


Plugging everything into (13), 
. 2 t 
eas - Sxleats sin(wot) cos*(wot) 4, 
wo 
3 
Santen’ i cos? (wot) a| 
Wo 


= oA {sin(unt) fo ~ sin? (wot)] cos(wot) dé 


— cos(wot) J satwoo cos” (wot) at} : (16) 
Now let 
u = sin(wot) (17) 
du = wo cos(wot) dé (18) 
v = cos(wot) (19) 
dv = —wpo sin(wot) dt. (20) 
Then 
2 
Lp = = sin(wot fe —u?)dut cos(uot) fo? av| 
wo 
aA, 3 3 
So [sin(wot)(1 — }u*) + cos(wot) $v" ] 
2 


[1 — $ sin 5 (wot)] 


+ § cos(wot) cos’ (wot)} 


= _ { 2 {cos* (wot) — sin*(wot)] + sin” (wot) } 

= of { $[cos” (wot) — sin? (wot)] + sin? (wot) } 

= of 3 [cos” (wot) + 2 sin? (wot)| 

= $2, (2— cos" (wot)) = $45 (2 — BLL + cos(2oot]} 
= of [3 — cos(2wot)]. eh 


Plugging xo(t) and (21) into (2), we obtain the solution 


2 


a(t) = Acos(wot) — 2 e[cos(2wot) — 3]. (22) 


Simplex 


Simple Harmonic Oscillator 
see SIMPLE HARMONIC MOTION 


Simple Interest 
INTEREST which is paid only on the PRINCIPAL and not 
on the additional amount generated by previous INTER- 
EST payments. A formula for computing simple interest 
is 

a(t) = a(0)(1+r¢), 
where a(t) is the sum of PRINCIPAL and INTEREST at 
time ¢ for a constant interest rate r. 


see also COMPOUND INTEREST, INTEREST 


References 
Kellison, S. G. Theory of Interest, 2nd ed. Burr Ridge, IL: 
Richard D. Irwin, 1991. 


Simple Polygon 

A POLYGON P is said to be simple (or JORDAN) if the 
only points of the plane belonging to two EDGES of P are 
the VERTICES of P. Such a polygon has a well-defined 
interior and exterior. 


see also POLYGON, REGULAR POLYGON, Two-EARS 
THEOREM 


References 
Toussaint, G. “Anthropomorphic Polygons.” 
Monthly 122, 31-35, 1991. 
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Simple Ring 

A NONZERO RING S whose only (two-sided) IDEALS are 
S itself and zero. Every commutative simple ring is a 
FIELD. Every simple ring is a PRIME RING. 


see also FIELD, IDEAL, PRIME RING, RING 


Simplex 
The generalization of a tetrahedral region of space to 
n-D. The boundary of a k-simplex has k + 1 0-faces 


(VERTICES), k(k + 1)/2 1-faces (EDGES), and (ff) + 


) is a BINOMIAL COEFFICIENT. 


nm 


faces, where G 


The simplex in 4-D is a regular TETRAHEDRON ABC'D 
in which a point EF along the fourth dimension through 
the center of ABCD is chosen so that EA = EB = 
EC = ED = AB. The 4-D simplex has SCHLAFLI SyM- 
BOL {3, 3, 3}. 


Simplex 

point 

line segment 

equilateral triangular plane region 
tetrahedral region 

4-simplex 


The only irreducible spherical simplexes generated by 
reflection are An (n > 1), Bn (n > 4), Cn (n > 2), 
dD (p = 5); Ee, E7, Eg, F4, G3, and G4. The only 
irreducible Euclidean simplexes generated by reflection 


Simplex Method 


are W2, Pm (m > 3), Qn (m > 5), Rm (m > 3), Sn 
(m > 4), Va, Tr, Ua, ‘12, and Us. 


The regular simplex in n-D with n > 5 is denoted an 


> 
and has SCHLAFLI SYMBOL {3,...,3}. 
—S 
gn-1 
see also COMPLEX, CROSS POLYTOPE, EQUILATERAL 
‘TRIANGLE, LINE SEGMENT, MEASURE POLYTOPE, 
NERVE, POINT, SIMPLEX METHOD, TETRAHEDRON 


References 
Eppstein, D. “Triangles and Simplices.” http://www.ics. 
uci.edu/-eppstein/junkyard/triangulation.html. 


” 


Simplex Method 

A method for solving problems in LINEAR PROGRAM- 
MING. This method, invented by G. B. Dantzig in 1947, 
runs along EDGES of the visualization SOLID to find the 
best answer. In 1970, Klee and Minty constructed ex- 
amples in which the simplex method required an expo- 
nential number of steps, but such cases seem never to 
be encountered in practical applications. 


A much more efficient (POLYNOMIAL-time) ALGORITHM 
was found in 1984 by N. Karmarkar. This method goes 
through the middle of the SOLID and then transforms 
and warps. It offers many advantages over the simplex 
method (Nemirovsky and Yudin 1994). 


see also LINEAR PROGRAMMING 


References 

Nemirovsky, A. and Yudin, N. Interior-Point Polynom- 
ial Methods in Convex Programming. Philadelphia, PA: 
SIAM, 1994. 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vet- 
terling, W. T. “Downhill Simplex Method in Multidi- 
mensions” and “Linear Programming and the Simplex 
Method.” §10.4 and 10.8 in Numerical Recipes in FOR- 
TRAN: The Art of Scientific Computing, 2nd ed. Cam- 
bridge, England: Cambridge University Press, pp. 402-406 
and 423-436, 1992. 

Tokhomirov, V. M. “The Evolution of Methods of Convex 
Optimization.” Amer. Math. Monthly 103, 65-71, 1996. 


Simplicial Complex 

A simplicial complex is a SPACE with a TRIANGULA- 
TION. Objects in the space made up of only the sim- 
plices in the triangulation of the space are called sim- 
plicial subcomplexes. When only simplicial complexes 
and subcomplexes are considered, defining HOMOLOGY 
is particularly easy (and, in fact, combinatorial because 
of its finite/counting nature). This kind of homology is 
called SIMPLICIAL HOMOLOGY. 


see also HOMOLOGY (TOPOLOGY), NERVE, SIMPLICIAL 
HOMOLOGY, SPACE, TRIANGULATION 


Simplicial Homology 

The type of HOMOLOGY which results when the spaces 
being studied are restricted to SIMPLICIAL COMPLEXES 
and subcomplexes. 


see also SIMPLICIAL COMPLEX 
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Simplicity 

The number of operations needed to effect a GEOMET- 
RIC CONSTRUCTION as determined in GEOMETROGRA- 
PHY. If the number of operations of the five GEOMET- 
ROGRAPHIC types are denoted mi, m2, 11, n2, and ns, 
respectively, then the simplicity is m1+m2+ni+ne+n3 
and the symbol miS; + m2S2 + 71Ci + neCo + n3C3. 
It is apparently an unsolved problem to determine if a 
given GBOMETRIC CONSTRUCTION is of smallest possi- 
bie simplicity. 

see also GEOMETRIC CONSTRUCTION, GEOMETROGRA- 
PHY 


References 

De Temple, D. W. “Carlyle Circles and the Lemoine Simplic- 
ity of Polygonal Constructions.” Amer. Math. Monthly 98, 
97-108, 1991. 

Eves, H. An Introduction to the History of Mathematics, 6th 
ed. New York: Holt, Rinehart, and Winston, 1976. 


Simply Connected 

A CONNECTED DOMAIN is said to be simply connected 
(also called 1-connected) if any simple closed curve can 
be shrunk to a point continuously in the set. If the 
domain is CONNECTED but not simply, it is said to be 
MULTIPLY CONNECTED. 


A SPACE S is simply connected if it is 0-connected and 
if every Map from the 1-SPHERE to S extends continu- 
ously to a MAP from the 2-D1sk. In other words, every 
loop in the SPACE is contractible. 


see also CONNECTED SPACE, MULTIPLY CONNECTED 


Simpson’s Paradox 

It is not necessarily true that averaging the averages of 
different populations gives the average of the combined 
population. 


References 
Paulos, J. A. A Mathematician Reads the Newspaper. New 
York: BasicBooks, p. 135, 1995. 


Simpson’s Rule 
Let h = (b—a)/n, and assume a function f(z) is defined 
at points f(a+ kh) = yx fork =0,...,n. Then 
b 

i f(x) dz = h(ys +4y2 + 2y3 + 4yat... 

+2yn-2 + 4yn-1 + Yn) - Rn, 
where the remainder is 

Rn = &(b- a)*fO(2*) 


for some 2x” € [a,b]. 
see also BODE’S RULE, NEWTON-COTES FORMULAS, 
SIMPSON’S 3/8 RULE, TRAPEZOIDAL RULE 


References 


Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 886, 1972. 
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Simpson’s 3/8 Rule 


i, ™ f(a) de = Bh(fi + 3f2 + Bfo + fe) — SA°f(C). 


see also BODE’S RULE, NEWTON-COTES FORMULAS, 
SIMPSON’S RULE 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
of Mathematical Functions with Formulas, Graphs, and 
Mathematical Tables, 9th printing. New York: Dover, 
p. 886, 1972. 


Simson Line 


The Simson line is the LINE containing the feet of the 
perpendiculars from a point on the CIRCUMCIRCLE of 
a TRIANGLE to the sides (or their extensions) of the 
TRIANGLE. The Simson line is sometimes known as the 
WALLACE-SIMSON LINE, since it does not appear in any 
work of Simson (Johnson 1929, p. 137). 


The ANGLE between the Simson lines of two points P 
and P’ is half the ANGLE of the arc PP’. The Simson 
line of any VERTEX is the ALTITUDE through that VER- 
TEX. The Simson line of a point opposite a VERTEX is 
the corresponding side. If 717273 is the Simson line of a 
point T of the CIRCUMCIRCLE, then the triangles TT; T>2 
and TA2Ai are directly similar. 


see also CIRCUMCIRCLE 
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Sinc Function 


Sinc Function 


A function also called the SAMPLING FUNCTION and de- 
fined by 

: _ fil for x =0 
sinc(x) = { 222 otherwise, (1) 
where sin z is the SINE function. Let I(x) be the RECT- 
ANGLE FUNCTION, then the FOURIER TRANSFORM of 
II(x) is the sinc function 


F{Il(x)] = sinc(rk). (2) 


The sinc function therefore frequently arises in physical 
applications such as Fourier transform spectroscopy as 
the so-called INSTRUMENT FUNCTION, which gives the 
instrumental response to a DELTA FUNCTION input. Re- 
moving the instrument functions from the final spectrum 
requires use of some sort of DECONVOLUTION algorithm. 


The sinc function can be written as a complex INTEGRAL 
by noting that 


: _sin(nz) 1 e™* —e7™ 
sinc(nz) = aie = => ae 2 
_ 1 [ weve = 1 i ett dt (3) 
Zing “7 2n , 


The sinc function can also be written as the INFINITE 
PRODUCT a 
sine x 
_ cos |-—-}. 4 
xr II (=) (4) 


Definite integrals involving the sinc function include 


[ since ae (5) 
Y) ~ aide’ @aea ee (6) 
i “ane Gyde sea (7) 
[P snct@)ae = bx (8) 


/ sinc’ (x) dx = H8r. (9) 
) 


Sinc Function 
These are all special cases of the amazing general result 


co sa 
sin® x 
g- dz = 
zx 
oO 


[a/2}—c 


x 3 (=1)" & (a — 2k)’~*[In(a — 2k)]*, (10) 


mi-¢(~1) L(a—b)/2] 
2a-<(b — 1)! 


where a and 6 are POSITIVE integers such thata > b> c, 
c=a-—b (mod 2), |x] is the FLOOR FUNCTION, and 0° 
is taken to be equal to 1 (Kogan). This spectacular for- 
mula simplifies in the special case when n is a POSITIVE 
EVEN integer to 


SO os an 
sin*” x w 2n-1 
sin'*s 4 = sn ( : 11 
i zm ~~ dn—1!\n-1 (iy) 


where (%) is an RULERIAN NUMBER (Kogan). The so- 
lution of the integral can also be written in terms of the 
RECURRENCE RELATION for the coefficients 


n ( a-l ) 
gati-6& 3 (a-1) 


c(a, b) = forb=lorb=2 (12) 
BaD Ezy l(a — 1ec(a — 2,b — 2) 
—a-c(a,b-2)] — otherwise 
(Zimmerman). 


R, RK, R, 
The half-infinite integral of sinc(z) can be derived using 
CONTOUR INTEGRATION. In the above figure, consider 
the path y = y1+712+72+721. Now write z = Re”. On 
an arc, dz = iRe’’ d@ and on the z-Axis, dz = e* dR. 


Write a ay 
/ Bt ge -9 | Sas, (13) 
2g 4 2 


where & denotes the IMAGINARY POINT. Now define 


te [Sas 
z 
m 


9 : 10 : 
—jim [| expe”) ion, ei ap 
Ry e? 


R2 ek 
li hi dR 
+ lm tlm / R 


R10 Rea co Ri 


wT . Ri |-iR 
+ lim / eHPC2) ie + lim ode 
0 


R200 
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where the second and fourth terms use the identities 
e*° = 1 and e’*” = —1. Simplifying, 


0 


exp(iRie'’)i0 dO + | 
” ot 


” exp(iz) Ov erik 
+ lim art) aes f (-dR) 
R200 Jo z er i 


Fl aa a ek 07 ek 
-—]| ido+ an+o+ [ <_ dR, 
0 o+ R —o0o R 
(15) 


where the third term vanishes by JORDAN’S LEMMA. 
Performing the integration of the first term and com- 
bining the others yield 


oo eF 
I= lim 
R,-70 


dR 


oo et 
r=-in+ f —dz=0. (16) 


CO 


Rearranging gives 


/ © dz = in, (17) 
—oco & 
50 oo : 

/ SS de Sn (18) 


The same result is arrived at using the method of 
RESIDUES by noting 


I =0+4 $2mniRes[f(z)]z=0 


e’? : 
= in E ~ | = ine” ]z=0 
# z=0 
=i4; (19) 
so 
SQ) =n. (20) 
Since the integrand is symmetric, we therefore have 
°° sin x 
/ dx = $f, (21) 
0 


giving the SINE INTEGRAL evaluated at 0 as 


HO; == j SDF dp = 4. (22) 
10) 


1644 Sinclair’s Soap Film Problem 


An interesting property of sinc(z) is that the set of Lo- 
CAL EXTREMA of sinc(z) corresponds to its intersections 
with the CosINE function cos(z), as illustrated above. 


see also FOURIER TRANSFORM, FOURIER TRANS- 
FORM—RECTANGLE FUNCTION, INSTRUMENT FUNC- 
TION, JINC FUNCTION, SINE, SINE INTEGRAL 
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Sinclair’s Soap Film Problem 

Find the shape of a soap film (i.e., MINIMAL SURFACE) 
which will fill two inverted conical FUNNELS facing each 
other is known as Sinclair’s soap film problem (Bliss 
1925, p. 121). The soap film will assume the shape of a 
CATENOID. 


see also CATENOID, FUNNEL, MINIMAL SURFACE 
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Sine 


Let 6 be an ANGLE measured counterclockwise from the 
z-AXIs along the arc of the UNIT CIRCLE. Then sin@ is 
the vertical coordinate of the arc endpoint. As a result of 
this definition, the sine function is periodic with period 
2x. By the PYTHAGOREAN THEOREM, sin @ also obeys 
the identity 

sin? 9 + cos” @ = 1. (1) 


Sine 


Re{Sin z] {Sin z] 


The sine function can be defined algebraically by the 
infinite sum 


gay eI aaa 
ee Dacre (2) 


and INFINITE PRODUCT 


sing = e|[ (: - J) : (3) 


n=1 


It is also given by the IMAGINARY PART of the complex 
exponential ; 
sing = S[e**]. (4) 


The multiplicative inverse of the sine function is the 
COSECANT, defined as 


(5) 


cscr= 7 . 
sin & 


Using the results from the EXPONENTIAL SUM FORMU- 
LAS 


oo foo} 
S| sin(nz) =% SS ee. 
n=0 n=0 
_« Sty oes 
= $|——;~e 
sin(5 2) 
sin(3Na) . 
= Shae sinfle(N—1)]. (6) 
sin(5x) 
Similarly, 
Sop sin(nx) = F So pre™* 
2=0 n=0 


a2 psing 
~ 1—2pcosa + p?" 


1— pe * | (7) 


= citi 
Other identities include 


sin(n@) = 2cos@ sin[(n — 1)6] — sin|[(n — 2)6] (8) 


: n Kae 3 n Lig 
sin(nz) = (7) cos” x sing — (3) cos"? sin? x 


Sine 


where (2) is a BINOMIAL COEFFICIENT. 


Cvijovié and Klinowski (1995) show that the sum 


sin(2k + l)a 
S.(a) = aay Ree (10) 
has closed form for vy = 2n + 1, 
F =1 anit p,, (2 
on+i(a@) = von an |— )}, (11) 


where EZ, (x) is an EULER POLYNOMIAL. 
A CONTINUED FRACTION representation of sin x is 


sing = 2 


ie ase 
2 
(2-3-—27)4 1-523 
7—a27)+... 
(12) 
The value of sin(27/n) is IRRATIONAL for all n except 4 
and 12, for which sin(7/2) = 1 and sin(z/6) = 1/2. 


The FOURIER TRANSFORM of sin(2rkox) is given by 


se er 


Fisin(2rkox)] = f e 77**0? sin(Qrkox) dr 


oo 


= 31[5(k + ko) — 5(k — ho)]. (13) 


Definite integrals involving sin z include 


Le sin(x*) dz = 1/2n (14) 

0 

_ sin(x*) dx = 31(4) (15) 
) 

i: sin(x*) dz = — cos(a)T(3) (16) 
0 


the: sin(z°) dx = 1(v5 — 1)T($), (17) 
0 


where I(x) is the GAMMA FUNCTION. 


see also ANDREW’S SINE, COSECANT, COSINE, FOURIER 
TRANSFORM-—SINE, HYPERBOLIC SINE, SINC FUNC- 
TION, TANGENT, TRIGONOMETRY 
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Sine-Gordon Equation 

A PARTIAL DIFFERENTIAL EQUATION which appears in 
differential geometry and relativistic field theory. Its 
name is a pun on its similar form to the KLEIN-GORDON 
EQUATION. The sine-Gordon equation is 


Vit — Ver + sinv = 0, (1) 


where vez and vez are PARTIAL DERIVATIVES. The equa- 
tion can be transformed by defining 


€= 3(@-1) (2) 
n= 3(@+t), (3) 

giving 
Ven = Sinv. (4) 


Traveling wave analysis gives 


—2Z9= Vcr — eee. See : 
ooze ; / ae 


For d= 0, 
z— 2 =+/1—¢? In[+ tan(? f)] (6) 
f(z) =+4tan™ Vet le 20)/(4—0)!/2) (7) 
Letting z = €n then gives 
zf +f’ =sinf. (8) 
Letting g = e* gives 


12 2q' — gq? 1 
gin 84 tee 
f 2z 


=0, (9) 


which is the third PAINLEVE TRANSCENDENT. Look for 
a solution of the form 


-1 | O(z) 
z,t)=4Ata pyr |, 10 
ee Ea oa 
Taking the partial derivatives gives 
Poe = —k' G4 + mg? +n? (11) 
De = k?p* + (m? - 1)? - n’, (12) 


which can be solved in terms of ELLIPTIC FUNCTIONS. 
A single SOLITON solution exists withk =n =0,m> 1: 


=4 +a — Bt 
v= 4tan exp | ———— j 1 


(14) 


where 


Ber) 
Ill 


1646 Sine Integral 


A two-SOLITON solution exists with k = 0, m> 1: 


= inh(Bmz) 
== dtan7* | ee 15 
ad ae a 
A SOLITON-antisoliton solution exists with k 4 0,n = 0, 
m > 1: 
-1 | sinh(@mz) 
ee 1 | Sin . 1 
7 - Bcosh(mt) Oe) 


A “breather” solution is 


m | 


(17) 


V1—m?_ cosh(mz) 


v= —Atan7! 
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Sine Integral 


Re(SinIntegral z} Im({SinIntegral z} {Sintntegral <] 


There are two types of “sine integrals’ commonly de- 
fined, 


Si(x) = i et dt (1) 
and 
si(x) = — / wn ap (2) 
= 4 gia — ei(—éa)] 
= sles (ir) ~ e:(-iz)| (3) 
= Si(z) — 4x, (4) 


where ei(z) is the EXPONENTIAL INTEGRAL and 


e1(x) = — ei(—z). (5) 


Sine Integral 


Si(x) is the function returned by the Mathematica® 
(Wolfram Research, Champaign, IL) command Sin 
Integral[x] and displayed above. ‘The half-infinite in- 
tegral of the SiInc FUNCTION is given by 


si(0) = -f{ sme da = —in. (6) 
0 Zz 


To compute the integral of a sine function times a power 


I= fo sin(mz) dz, (7) 
use INTEGRATION BY Parts. Let 
u=o2™ du = sin(mz) dz (8) 


du = 2nx?"—" dx v= ~+ cos(mz), (9) 
170 


so 
I= 1,» cos(mz) + an pee cos(mz) dz. (10) 
™m ™m 
Using INTEGRATION BY PARTS again, 
dv = cos(mz) dx (11) 


du = (2n ~ 1)x?"~* dz v= - sin(mz) (12) 


Te sin(mz) dz = — 2 cos(mz) 


2 1 ar 
ie [2 * cos(mz) 
m 


2?"~? sin(mz) az| 


2} sin(mz) 


1 Qn _- 2n 
ere sin(maz) + me 
- Gone) a Cag sin(max) dx 

m 


= _1 2 cos(m2) + 
m 


(2n)! 
mn 


2n 2an-1i 
zr 


me sin(ma) +... 


z° sin(ma) dx 
_ 1 Qn 2n 
== cos(ma) + mae 


(2n)! 
~ m2nti 


= cos(mz) yoy? __(2n)! an 2e 


(2n — 2k)!m2e+1 


2n-1 sin(ma) +... 


cos(mx) 


k=0 
n 


+ sin(mz) S( 8 ae 2) 


2n—2k+1 
ar (2k — 2n — 1)!m?* , 


(13) 


Sine-Tangent Theorem 


Letting k! =n—k, so 


je sin(ma) dx 
“ (2n)! 
7 —k+1 : 2k 
= cos(mz) So" (2k) lm2n— 2k 7 
k=0 
n-1 
: Pel 2n)! 
k=0 
‘i 1)* 
= (-1) **(2n)! cos( (ma) eaten 2k+1 a7 
(—1)**! tho} 
+ sin(mz) ps (Qk — 3)'men— 2K * 
(14) 
General integrals of the form 
* sink e 
(k,l) = i. =r de (15) 
0 


are related to the SINC FUNCTION and can be computed 
analytically. 


see also CHI, COSINE INTEGRAL, EXPONENTIAL IN- 
TEGRAL, NIELSEN’S SPIRAL, SHI, SICI SPIRAL, SINC 
FUNCTION 
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Sine-Tangent Theorem 


If 
sina =m 
sinB n’ 
then 
tan[3(a—8)] m-—n 
tan[$(a+8)} mtn 


Sines Law 
see LAW OF SINES 


Singular Point (Differential Equation) 


1647 


Singly Even Number 

An EVEN NUMBER of the form 4n + 2 (i.e., an INTEGER 
which is DIVISIBLE by 2 but not by 4). The first few 
for n = 0, 1, 2, ... are 2, 6, 10, 14, 18, ... (Sloane’s 
A016825) 


see also DOUBLY EVEN NUMBER, EVEN NUMBER, ODD 
NUMBER 
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Singular Homology 

The general type of HOMOLOGY which is what mathe- 
maticians generally mean when they say “homology.” 
Singular homology is a more general version than 
Poincaré’s original SIMPLICIAL HOMOLOGY. 


see also HOMOLOGY (TOPOLOGY), SIMPLICIAL Homo- 
LOGY 


Singular Point (Algebraic Curve) 

A singular point of an ALGEBRAIC CURVE is a point 
where the curve has “nasty” behavior such as a CUSP 
or a point of self-intersection (when the underlying field 
K is taken as the REALS). More formally, a point (a,b) 
on a curve f(x,y) = 0 is singular if the « and y PaR- 
TIAL DERIVATIVES of f are both zero at the point (a,b). 
(If the field K is not the REALS or COMPLEX NUMBERS, 
then the PARTIAL DERIVATIVE is computed formally us- 
ing the usual rules of CALCULUS.) 


Consider the following two examples. For the curve 


(0, 2) is a nonsingular point and this curve is nonsingular. 


see also ALGEBRAIC CURVE, CUSP 


Singular Point (Differential Equation) 
Consider a second-order ORDINARY DIFFERENTIAL 
EQUATION 


y + Pla)y' + Q(z)y = 0. 


If P(x) and Q(x) remain FINITE at z = zo, then zo 

is called an ORDINARY POINT. If either P(x) or Q(x) 

diverges as © — Zo, then Zo is called a singular point. 

Singular points are further classified as follows: 

1. If either P(x) or Q(x) diverges as z —-> zo but (x — 
xo) P(a) and (2—29)?Q(a) remain FINITE as x - 20, 
then z = zo is called a REGULAR SINGULAR POINT 
(or NONESSENTIAL SINGULARITY). 


1648 Singular Point (Function) 


2. If P(x) diverges more quickly than 1/(x — xo), so 
(x — 2o)P(xz) approaches INFINITY as x —> Zo, or 
Q(x) diverges more quickly than 1/(a — zo)?Q so 
that (x — 2o)*Q(z) goes to INFINITY as x — Zo, 
then zo is called an IRREGULAR SINGULARITY (or 
ESSENTIAL SINGULARITY). 


see also IRREGULAR SINGULARITY, REGULAR SINGU- 
LAR POINT, SINGULARITY 
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Singular Point (Function) 

Singular points (also simply called “singularities”) are 
points z9 in the DOMAIN of a FUNCTION f where f 
fails to be ANALYTIC. ISOLATED SINGULARITIES may 
be classified as ESSENTIAL SINGULARITIES, POLES, or 
REMOVABLE SINGULARITIES. 


ESSENTIAL SINGULARITIES are POLES of INFINITE or- 
der. 


A POLE of order n is a singularity zo of f(z) for which 
the function (z — zo)” f(z) is nonsingular and for which 
(z — 20)* f(z) is singular for k = 0, 1,...,n—1. 


REMOVABLE SINGULARITIES are singularities for which 
it is possible to assign a COMPLEX NUMBER in such a 
way that f(z) becomes ANALYTIC. For example, the 
function f(z) = z*/z has a REMOVABLE SINGULARITY 
at 0, since f(z) = z everywhere but 0, and f(z) can be 
set equal to 0 at z = 0. REMOVABLE SINGULARITIES are 
not POLES. 


The function f(z) = csc(1/z) has POLES at z = 
1/(27n), and a nonisolated singularity at 0. 


see also ESSENTIAL SINGULARITY, IRREGULAR SINGU- 
LARITY, ORDINARY POINT, POLE, REGULAR SINGULAR 
POINT, REMOVABLE SINGULARITY, SINGULAR POINT 
(DIFFERENTIAL EQUATION) 
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Singular Series 


2s 
ua s— S. repre 
p2e(n) = T(s) : 3 ( as ee AS 


Psq 


where S,,q is a GAUSSIAN SUM, and ['(s) is the GAMMA 
FUNCTION. 


Singular System 
A system is singular if the CONDITION NUMBER is IN- 
FINITE and ILL-CONDITIONED if it is too large. 


see also CONDITION NUMBER, ILL-CONDITIONED 


Singular Value Decomposition 


Singular Value 
A MODULUS k, such that 


where K(k) is a complete ELLIPTIC INTEGRAL OF THE 


First Kinp, and K'(k,) = K(./1— ky”). The ELLIP- 
TIC LAMBDA FUNCTION A*(r) gives the value of k,. 


Abel (quoted in Whittaker and Watson 1990, p. 525) 
proved that if r is an INTEGER, or more generally when- 


ever 
Ki). afin 
K(k) ~ e+dyn’ 


where a, b, c, d, and n are INTEGERS, then the MODULUS 
k is the Root of an algebraic equation with INTEGER 
COEFFICIENTS. 


see also ELLIPTIC INTEGRAL SINGULAR VALUE, ELLIP- 
TIC INTEGRAL OF THE FIRST KIND, ELLIPTIC LAMBDA 
FUNCTION, MODULUS (ELLIPTIC INTEGRAL) 
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Singular Value Decomposition 
An expansion of a REAL M x N MATRIX by ORTHOG- 
ONAL OUTER PRODUCTS according to 


K 
A= > seucvi, (1) 
k=1 
where s} > s2 >...>0, 
K = min{M, N} (2) 
and 
Uz Uy: = Vi vp = OgR (3) 


Here 6;; is the KRONECKER DELTA and A” is the Ma- 
TRIX TRANSPOSE. 


see also CHOLESKY DECOMPOSITION, LU DECOMPOSI- 
TION, QR DECOMPOSITION 
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Singularity 


Singularity 
In general, a point at which an equation, surface, etc., 
blows up or becomes DEGENERATE. 


see also ESSENTIAL SINGULARITY, ISOLATED SINGU- 
LARITY, SINGULAR POINT (ALGEBRAIC CURVE), SIN- 
GULAR POINT (DIFFERENTIAL EQUATION), SINGULAR 
POINT (FUNCTION), WHITNEY SINGULARITY 


Sinh 
see HYPERBOLIC SINE 


Sink (Directed Graph) 


source 


sink 
A vertex of a DIRECTED GRAPH with no exiting edges, 
also called a TERMINAL. 


see also DIRECTED GRAPH, NETWORK, SOURCE 
Sink (Map) 


A stable fixed point of a Map which, in a dissipative 
DYNAMICAL SYSTEM, is an ATTRACTOR. 


see also ATTRACTOR, DYNAMICAL SYSTEM 


Sinusoidal Projection 


An equal AREA MAP PROJECTION. 
w = (A— Ao) cosd (1) 
y = ¢. (2) 
The inverse FORMULAS are 


e=y (3) 


@ 
As dot 5: (4) 
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Sinusoidal Spiral 
A curve of the form 


r” = a” cos(n@) 


with n RATIONAL, which is not a true SPIRAL. Sinu- 
soidal spirals were first studied by Maclaurin. Special 
cases are given in the following table. 


Curve 

hyperbola 

line 

parabola 
Tschirnhausen cubic 
logarithmic spiral 


a 


To) Co od 


Cayley sextic 


cardioid 


circle 
Bernoulli lemniscate 


DR NIH wir © 
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Sinusoidal Spiral Inverse Curve 
The INVERSE CURVE of a SINUSOIDAL SPIRAL 


lj/n 


r= ait!) 


cos(nt)] 


with INVERSION CENTER at the origin and inversion ra- 
dius k is another SINUSOIDAL SPIRAL 


r = ka/™ [cos(nt)]'/". 
Sinusoidal Spiral Pedal Curve 
The PEDAL CURVE of a SINUSOIDAL SPIRAL 
r= a"/™) cos(nt)]1/" 


with PEDAL POINT at the center is another SINUSOIDAL 
SPIRAL 


a = cos't'/" (nt) cos[(n + 1)E] 
y = cos't!/" (nt) sin[(n + 1)4]. 


Sister Celine’s Method 


Sister Celine’s Method 

A method for finding RECURRENCE RELATIONS for hy- 
pergeometric polynomials directly from the series ex- 
pansions of the polynomials. The method is effec- 
tive and easily implemented, but usually slower than 
ZEILBERGER’S ALGORITHM. Given a sum f(n) = 
>>, F(n,k), the method operates by finding a recur- 
rence of the form 


1650 


I 


J 
S7 So ais (n)F(n - j,k — i) =0 


i=0 j=0 


by proceeding as follows (PetkovSek et al. 1996, p. 59): 
1. Fix trial values of IJ and J. 


2. Assume a recurrence formula of the above form 
where ai;(n) are to be solved for. 


3. Divide each term of the assumed recurrence by 
F(n,k) and reduce every ratio F(n—j,k—1)/F(n,k) 
by simplifying the ratios of its constituent factorials 
so that only RATIONAL FUNCTIONS in n and k re- 
main. 


4. Put the resulting expression over a common DENOM- 
INATOR, then collect the numerator as a POLYNOM- 
IAL in k. 


5. Solve the system of linear equations that results af- 
ter setting the coefficients of each power of k in the 
NUMERATOR to 0 for the unknown coefficients ai;. 


6. If no solution results, start again with larger J or J. 


Under suitable hypotheses, a “fundamental theorem” 
(Verbaten 1974, Wilf and Zeilberger 1992, PetkovSek et 
al. 1996) guarantees that this algorithm always succeeds 
for large enough J and J (which can be estimated in ad- 
vance). The theorem also generalizes to multivariate 
sums and to q- and multi-g-sums (Wilf and Zeilberger 
1992, Petkovéek et al. 1996). 


see also GENERALIZED HYPERGEOMETRIC FUNCTION, 
GOSPER’S ALGORITHM, HYPERGEOMETRIC IDENTITY, 
HYPERGEOMETRIC SERIES, ZEILBERGER’S ALGORITHM 
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Six-Color Theorem 


Site Percolation 


site percolation 


A PERCOLATION which considers the lattice vertices as 
the relevant entities (left figure). 


see also BOND PERCOLATION, PERCOLATION THEORY 


bond percolation 


Siteswap 

A siteswap is a sequence encountered in JUGGLING in 
which each term is a POSITIVE integer, encoded in BI- 
NARY. The transition rule from one term to the next 
consists of changing some 0 to 1, subtracting 1, and then 
dividing by 2, with the constraint that the DIVISION by 
two must be exact. Therefore, if a term is EVEN, the bit 
to be changed must be the units bit. In siteswaps, the 
number of 1-bits is a constant. 


Bach transition is characterized by the bit position of 
the toggled bit (denoted here by the numeral on top of 
the arrow). For example, 


111—-°510011—251011—°+10101 11011-75111 
—*,100011-2+10101 > 1110-°5 111 * 1011... 


The second term is given from the first as follows: 
000111 with bit 5 flipped becomes 100111, or 39. Sub- 
tract 1 to obtain 38 and divide by two to obtain 19, 
which is 10011. 


see also JUGGLING 
References 
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Six-Color Theorem 

To color any map on the SPHERE or the PLANE requires 
at most six-colors. This number can be easily be reduced 
to five, and the FOUR-COLOR THEOREM demonstrates 
that the NECESSARY number is, in fact, four. 


see also FOUR-COLOR THEOREM, HEAWOOD CONJEC- 
TURE, MAP COLORING 
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Skein Relationship 


Skein Relationship 

A relationship between KNOT POLYNOMIALS for links 
in different orientations (denoted below as Li, Lo, and 
L_). J. H. Conway was the first to realize that the 
ALEXANDER POLYNOMIAL could be defined by a rela- 
tionship of this type. 


x MX 


" Ee L_ 


see also ALEXANDER POLYNOMIAL, HOMFLY POLy- 
NOMIAL, SIGNATURE (KNOT) 


Skeleton 

The GRAPH obtained by collapsing a POLYHEDRON into 
the PLANE. The number of topologically distinct skele- 
tons N(n) with n VERTICES is given in the following 
table. 
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Skeleton Division 

A LONG DIVISION in which most or all of the digits 
are replaced by a symbol (usually asterisks) to form a 
CRYPTARITHM. 


see also CRYPTARITHM 


Skew Conic 

Also known as a GAUCHE CONIC, SPACE CONIC, 
TWISTED CONIC, or CUBICAL CONIC SECTION. A 
third-order SPACE CURVE having up to three points in 
common with a plane and having three points in com- 
mon with the plane at infinity. A skew cubic is deter- 
mined by six points, with no four of them COPLANAR. 
A line is met by up to four tangents to a skew cubic. 


A line joining two points of a skew cubic (REAL or con- 
jugate imaginary) is called a SECANT of the curve, and 
a line having one point in common with the curve is 
called a SEMISECANT or TRANSVERSAL. Depending on 
the nature of the roots, the skew conic is classified as 
follows: 

1. The three Roots are REAL and distinct (CUBICAL 

HYPERBOLA). 


2. One root is REAL and the other two are COMPLEX 
CONJUGATES (CUBICAL ELLIPSE). 


3. Two of the Roots coincide (CURICAL PARABOLIC 
HYPERBOLA). 


4. All three ROOTS coincide (CUBICAL PARABOLA). 


Skew Symmetric Matrix 1651 
sec also CONIC SECTION, CUBICAL ELLIPSE, CuUBI- 
CAL HYPERBOLA, CUBICAL PARABOLA, CUBICAL PAR- 
ABOLIC HyPERBOLA 


Skew Field 

A FIELD in which the commutativity of multiplication 
is not required, more commonly called a Division AL- 
GEBRA. 


see also DIVISION ALGEBRA, FIELD 


Skew Lines 

Two or more LINES which have no intersections but are 
not PARALLEL, also called AGONIC LINES. Since two 
LINES in the PLANE must intersect or be PARALLEL, 
skew lines can exist only in three or more DIMENSIONS. 


see also GALLUCCI’S THEOREM, REGULUS 


Skew Polyomino 


Hs be tr 


sce also L-POLYOMINO, SQUARE POLYOMINO, 
STRAIGHT POLYOMINO, T-POLYOMINO 


Skew Quadrilateral 

A four-sided QUADRILATERAL not contained in a plane. 
The problem of finding the minimum bounding surface 
of a skew quadrilateral was solved by Schwarz (1890) in 
terms of ABELIAN INTEGRALS and has the shape of a 
SADDLE. It is given by solving 


(1+ fy?) fer — 2fafyfey + (1+ fx") yy = 0. 


see also QUADRILATERAL 
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Skew Symmetric Matrix 
A Marrix A where 


with A™ denoting the MATRIX TRANSPOSE. 
see also MATRIX TRANSPOSE, SYMMETRIC MATRIX 


1652 Skewes Number 

Skewes Number 

The Skewes number (or first Skewes number) is the num- 
ber Ski above which x(n) < Li(n) must fail (assuming 
that the RIEMANN HYPOTHESIS is true), where 7(7) is 
the PRIME COUNTING FUNCTION and Li(n) is the Loc- 
ARITHMIC INTEGRAL. 


79 34 
Ski =e° ~& 10°"° 3 


7 27/4 
The Skewes number has since been reduced to e* ~) 


8.185 x 10°7° by te Riele (1987), although Conway and 
Guy (1996) claim that the best current limit is 10'1°’. 
In 1914, Littlewood proved that the inequality must, in 
fact, fail infinitely often. 


The second Skewes number Skz is the number above 
which m(n) < Li(n) must fail (assuming that the RIE- 
MANN HYPOTHESIS is false). It is much larger than the 
Skewes number Ski, 


3 
10 
10910 


Ske = 10 


see also GRAHAM’S NUMBER, RIEMANN HYPOTHESIS 
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Skewness 

The degree of asymmetry of a distribution. If the distri- 
bution has a longer tail less than the maximum, the 
function has NEGATIVE skewness. Otherwise, it has 
POSITIVE skewness. Several types of skewness are de- 
fined. The FISHER SKEWNESS is defined by 


_ 3s _ Bs 
7 23/2 ~ 03? (1) 


where pig is the third MOMENT, and pi2!/? = ao is the 


STANDARD DEVIATION. The PEARSON SKEWNESS is 


defined by 
2 
_ {us\* _ 2 
= (3) =", (2) 


The MOMENTAL SKEWNESS is defined by 


al™ = M1: (3) 


Sklar’s Theorem 


The PEARSON MODE SKEWNESS is defined by 


[mean] — [mode] 
o 


. (4) 
PEARSON’S SKEWNESS COEFFICIENTS are defined by 


3[mean] — [mode] 


(5) 


Ss 


and a 
3[mean] — [me ian} (6) 
s 
The BOWLEY SKEWNESS (also known as QUARTILE 
SKEWNESS COEFFICIENT) is defined by 


(Q3 — Q2) —-(Q2—-Qi) _ Q1 —2Q2+ Qs 


Op, Gee Ee 


where the Qs denote the INTERQUARTILE RANGES. The 
MOMENTAL SKEWNESS is 


m) _ H3 


An ESTIMATOR for the FISHER SKEWNESS 71 is 


ks 
9 = Fs? (9) 


where the ks are k-STATISTICS. The STANDARD DEVI- 
ATION of gi is 


(10) 


see also BOWLEY SKEWNESS, FISHER SKEWNESS, 
GAMMA STATISTIC, KURTOSIS, MEAN, MOMENTAL 
SKEWNESS, PEARSON SKEWNESS, STANDARD DEVIA- 
TION 
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Sklar’s Theorem 

Let H be a 2-D distribution function with marginal dis- 
tribution functions F and G. Then there exists a CoP- 
ULA C such that 


H(z,y) = C(F(z), G(y)). 


Conversely, for any univariate distribution functions F 
and G and any COPULA C, the function H is a two- 
dimensional distribution function with marginals F' and 
G. Furthermore, if F and G are continuous, then C is 
unique. 


Skolem-Mahler-Lerch Theorem 


Skolem-Mahler-Lerch Theorem 

If {ao,a1,...} is a RECURRENCE SEQUENCE, then the 
set of all k such that a, = 0 is the union of a finite 
(possibly EMPTY) set and a finite number (possibly zero) 
of full arithmetical progressions, where a full arithmetic 
progression is a set of the form {r,r+d,r+2d,...} with 
r € (0, d). 
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Skolem Paradox 
Even though ARITHMETIC is uncountable, it possesses 
a countable “model.” 


Skolem Sequence 

A Skolem sequence of order n is a sequence S = 

{s1,82,...,S2n} of 2n integers such that 

1. For every k € {1,2,...,n}, there exist exactly two 
elements s;i,5; € S such that s; = s; =k, and 


2. If s; = 8s; =k withz <j, then j -i =k. 
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Slant Height 
The height of an object (such as a CONE) measured 
along a side from the edge of the base to the apex. 


Slice Knot 

A Knot K in S® = OD‘ is a slice knot if it bounds 
a Disk A? in D* which has a TUBULAR NEIGHBOR- 
HOOD A? x D? whose intersection with S* is a TUBULAR 
NEIGHBORHOOD K ~x D? for K. 


Every RIBBON KNOT is aslice knot, and it is conjectured 
that every slice knot is a RIBBON KNOT. 
see also RIBBON KNOT, TUBULAR NEIGHBORHOOD 
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Slide Move 
Z L 
“Te +» i 
TO sige, 2 
The REIDEMEISTER MOVE of type III. 
see also REIDEMEISTER MOVES 


Slutzky- Yule Effect 1653 
Slide Rule 

A mechanical device consisting of a sliding portion and a 
fixed case, each marked with logarithmic axes. By lining 
up the ticks, it is possible to do MULTIPLICATION by tak- 
ing advantage of the additive property of LOGARITHMS. 
More complicated slide rules also allow the extraction of 
roots and computation of trigonometric functions. The 
development of the desk calculator (and subsequently 
pocket calculator) rendered slide rules largely obsolete 
beginning in the 1960s. 


see also ABACUS, RULER, STRAIGHTEDGE 
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Slightly Defective Number 
see ALMOST PERFECT NUMBER 


Slightly Excessive Number 
see QUASIPERFECT NUMBER 


Slip Knot 
see RUNNING KNOT 


Slope 

A quantity which gives the inclination of a curve or line 
with respect to another curve or line. For a LINE in the 
PLANE making an ANGLE @ with the z-AXIs, the SLOPE 
m is a constant given by 


A 
m= ie = tané, 
where Aw and Ay are changes in the two coordinates 
over some distance. It is meaningless to talk about the 


slope in 3-D unless the slope with respect to what is spec- 
ified. 


Slothouber-Graatsma Puzzle 
Assemble six 1 x 2 x 2 blocks and three 1 x 1 x 1 blocks 
into a 3 x 3 x 3 CUBE. 


see also BOX-PACKING THEOREM, CONWAY PUZZLE, 
CuBE DISSECTION, DE BRUIJN’S THEOREM, KLARNER’S 
THEOREM, POLYCUBE 
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Slutzky- Yule Effect 
A Movine AVERAGE may generate an irregular oscilla- 
tion even if none exists in the original data. 


see also MOVING AVERAGE 


1654 Sluze Pearls 


Sluze Pearls 
see PEARLS OF SLUZE 


Smale-Hirsch Theorem 

The SPaAcE of IMMERSIONS of a MANIFOLD in another 
MANIFOLD is HOMOTOPICALLY equivalent to the space 
of bundle injections from the TANGENT SPACE of the 
first to the TANGENT BUNDLE of the second. 


see also HOMOTOPY, IMMERSION, MANIFOLD, TAN- 
GENT BUNDLE, TANGENT SPACE 


Smale Horseshoe Map 

The basic topological operations for constructing an AT- 
TRACTOR consist of stretching (which gives sensitivity to 
initial conditions) and folding (which gives the attrac- 
tion). Since trajectories in PHASE SPACE cannot cross, 
the repeated stretching and folding operations result in 
an object of great topological complexity. 


The Smale horseshoe map consists of a sequence of op- 
erations on the unit square. First, stretch by a factor of 
2 in the x direction, then compress by 2a in the y direc- 
tion. Then, fold the rectangle and fit it back into the 
square. Repeating this generates the horseshoe attrac- 
tor. If one looks at a cross-section of the final structure, 
it is seen to correspond to a CANTOR SET. 


see also ATTRACTOR, CANTOR SET 
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Small Cubicuboctahedron 


UNIFORM POLYHEDRON Uj3 whose DUAL POLYHEDRON 
is the SMALL HEXACRONIC ICOSITETRAHEDRON. It has 
WYTHOFF SYMBOL 2 4|4. Its faces are 8{3} + 6{4} + 
6{8}. The CiRCUMRADIUS for the solid with unit edge 


length is 
R= iv5+2Vv2. 


FACETED versions include the GREAT RHOMBICUB- 


OCTAHEDRON (UNIFORM) and SMALL RHOMBIHEXAHE- 
DRON. 
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Small Dodecahemicosacron 


Small Ditrigonal Dodecacronic 


Hexecontahedron 
The DUAL POLYHEDRON of the SMALL DITRIGONAL 
DODECICOSIDODECAHEDRON. 


Small Ditrigonal Dodecicosidodecahedron 


The UNIFORM POLYHEDRON U43 whose DUAL POLYHE- 
DRON is the SMALL DITRIGONAL DODECACRONIC HEX- 
ECONTAHEDRON. It has WYTHOFF SYMBOL 38 |5. Its 
faces are 20{3} + 12{3} + 12{10}. Its CiRCUMRADIUS 


with a= 1 is 
R= 1V34+6v5. 
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Cambridge University Press, pp. 126-127, 1971. 


Small Ditrigonal Icosidodecahedron 


The UNIFORM POLYHEDRON U39 whose DUAL POLYHE- 
DRON is the SMALL TRIAMBIC ICOSAHEDRON. It has 
WYTHOFF SYMBOL 3|3 &. Its faces are 20{3} + 12{$}. 
A FACETED version is the DITRIGONAL DODECADODEC- 
AHEDRON. Its CIRCUMRADIUS with a = 1 is 


R= }v3. 
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Small Dodecacronic Hexecontahedron 
The DUAL POLYHEDRON of the SMALL DODECICOSIDO- 
DECAHEDRON. 


Small Dodecahemicosacron 
The DUAL POLYHEDRON of the SMALL DODECAHEMI- 
COSAHEDRON. 


Small Dodecahemicosahedron 


Small Dodecahemicosahedron 


The UNIFORM POLYHEDRON Ug2 whose DUAL POLY- 
HEDRON is the SMALL DODECAHEMICOSACRON. It has 
WYTHOFF SYMBOL & 3 (3. Its faces are 10{6} + 12{$}. 
It is a FACETED version of the ICOSIDODECAHEDRON. 
Its CIRCUMRADIUS with unit edge length is 


R=1. 
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Small Dodecahemidodecacron 
The DUAL POLYHEDRON of the SMALL DODECAHEMI- 
DODECAHEDRON. 


Small Dodecahemidodecahedron 


The UNIFORM POLYHEDRON Us, whose DUAL POLYHE- 
DRON is the SMALL DODECAHEMIDODECACRON. It has 


WYTHOFF SYMBOL 25 2 . Its faces are 30{4} + 12{10}. 
2 


Its CIRCUMRADIUS with a = 1 is 


R=iV11+4v5. 
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Small Dodecicosacron 
The DUAL POLYHEDRON of the SMALL DODECICOSA- 
HEDRON. 


Small Hexagrammic Hexecontahedron 


1655 


Small Dodecicosahedron 


The UNIFORM POLYHEDRON Us9 whose DUAL POLYHE- 
DRON is the SMALL DODECICOSACRON. It has WYTH- 


OFF SYMBOL 35 2 . Its faces are 20{6} + 12{10}. Its 
4 


CIRCUMRADIUS with a = 1 is 


$V 34+ 6V5. 


R 
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Small Dodecicosidodecahedron 


Cr 


The UNIFORM POLYHEDRON U33 whose DUAL POLY- 
HEDRON is the SMALL DODECACRONIC HEXECONTAHE- 
DRON. It has WYTHOFF SYMBOL 35|5. Its faces are 
20{3} + 12{5} + 12{10}. It is a FACETED version of 
the SMALL RHOMBICOSIDODECAHEDRON. Its CIRCUM- 
RADIUS with a = 1 is 


R=iV11+4V5. 
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Small Hexacronic Icositetrahedron 
The DUAL POLYHEDRON of the SMALL CUBICUBOCTA- 
HEDRON. 


Small Hexagonal Hexecontahedron 
The DUAL POLYHEDRON of the SMALL SNUB ICOSICOSI- 
DODECAHEDRON. 


Small Hexagrammic Hexecontahedron 
The DUAL POLYHEDRON of the SMALL RETROSNUB 
ICOSICOSIDODECAHEDRON. 


1656 


Small Icosacronic Hexecontahedron 
The DUAL POLYHEDRON of the SMALL IcosICcOosIDO- 
DECAHEDRON. 


Small Icosicosidodecahedron 


The UNIFORM POLYHEDRON U3, whose DUAL POLY- 
HEDRON is the SMALL ICOSACRONIC HEXECONTAHE- 
DRON. It has WYTHOFF SYMBOL $5(5. Its faces are 
12{5} + 6{10}. Its CIRCUMRADIUS with a = 1 is 


R=¢=}4(1+ v5), 


where ¢ is the GOLDEN RATIO. 
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Small Icosihemidodecacron 
The DUAL POLYHEDRON of the SMALL ICOSIHEMIDO- 
DECAHEDRON. 


Small Icosihemidodecahedron 


The UNIFORM POLYHEDRON U49 whose DUAL POLY- 
HEDRON is the SMALL ICOSIHEMIDODECACRON. It has 
WYTHOFF SYMBOL 3 3{5. Its faces are 20{3} + 6{10}. 
It is a FACETED version of the ICOSIDODECAHEDRON. 
Its CIRCUMRADIUS with @ = 1 is 


R= $= 3(1+ V5). 
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Small Inverted Retrosnub 
Icosicosidodecahedron 


see SMALL RETROSNUB ICOSICOSIDODECAHEDRON 


Small Icosacronic Hexecontahedron 


Small Rhombicosidodecahedron 


Small Multiple Method 
An algorithm for computing a UNIT FRACTION. 


Small Number 


* Guy’s “STRONG LAW OF SMALL NUMBERS” states that 


there aren’t enough small numbers to meet the many 
demands made of them. Guy (1988) also gives several 
interesting and misleading facts about small numbers: 


1. 10% of the first 100 numbers are SQUARE NUMBERS. 
2. A QUARTER of the numbers < 100 are PRIMES. 


3. All numbers less than 10, except for 6, are PRIME 
POWERS. 


4. Half the numbers less than 10 are FIBONACCI NUM- 
BERS. 


see also LARGE NUMBER, STRONG LAW OF SMALL 
NUMBERS 
References 


Guy, R. K. “The Strong Law of Small Numbers.” Amer. 
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Small Retrosnub Icosicosidodecahedron 


The UNIFORM POLYHEDRON Uv. also called the 
SMALL INVERTED RETROSNUB ICOSICOSIDODECAHE- 
DRON whose DUAL POLYHEDRON is the SMALL HEXA- 
GRAMMIC HEXECONTAHEDRON. It has WYTHOFF SYM- 
BOL | 2 3 3. Its faces are 100{3} + 12{2}. It has Crr- 
CUMRADIUS with a=1 


R=1V134+3V5— V 102 + 46V5 


4 
~ 0.580694800133921. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 194-199, 1971. 


Small Rhombicosidodecahedron 


Small Rhombicuboctahedron 


An ARCHIMEDEAN SOLID whose DUAL POLYHEDRON is 
the DELTOIDAL HEXECONTAHEDRON. It has SCHLAFLI 
SYMBOL a ee It is also UNIFORM POLYHEDRON 
Us7 with WYTHOFF SYMBOL 35/2. Its faces are 
20{3} + 30{4} + 12{5}. The SMALL DODECICOsIDO- 
DECAHEDRON and SMALL RHOMBIDODECAHEDRON are 
FACETED versions. The INRADIUS, MIDRADIUS, and 


CIRCUMRADIUS for a = 1 are 


2 (15 + 2V5)V 11+ 4v5 = 2.12099... 


p= 1/10 +4V5 = 2.17625... 


R=4V114 4Vv5 = 2.23295... 


see also GREAT RHOMBICOSIDODECAHEDRON (ARCHI- 
MEDEAN), GREAT RHOMBICOSIDODECAHEDRON (UNI- 
FORM) 


ll 


Small Rhombicuboctahedron 


L 


An ARCHIMEDEAN SOLID also (inappropriately) called 
the TRUNCATED ICOSIDODECAHEDRON. This name is 
inappropriate since truncation would yield rectangu- 
lar instead of square faces. Its DUAL POLYHEDRON 
is the DELTOIDAL ICOSITETRAHEDRON, also called the 
TRAPEZOIDAL ICOSITETRAHEDRON. It has SCHLAFLI 
SyMBoL r{3}. It is also UNIFORM POLYHEDRON 
Uio and has WYTHOFF SYMBOL 34/2. Its INRADIUS, 
MIDRADIUS, and CIRCUMRADIUS for a = 1 are 


r= 2(64+ V2)V5 4+ 2V2 = 1.22026... 


4+ 2/2 = 1.30656... 
5 + 2/2 = 1.39897.... 


Small Rhombihexahedron 1657 
A version in which the top and bottom halves are rotated 
with respect to each other is known as the ELONGATED 
SQUARE GYROBICUPOLA. 


see also ELONGATED SQUARE GYROBICUPOLA, GREAT 
RHOMBICUBOCTAHEDRON (ARCHIMEDEAN), GREAT 
RHOMBICUBOCTAHEDRON (UNIFORM) 


References 

Ball, W. W. R. and Coxeter, H. S. M. Mathematical Recre- 
ations and Essays, 18th ed. New York: Dover, pp. 137— 
138, 1987. 


Small Rhombidodecacron 
The DUAL POLYHEDRON of the SMALL RHOMBIDODEC- 
AHEDRON. 


Small Rhombidodecahedron 


The UNIFORM POLYHEDRON U39 whose DUAL POLY- 
HEDRON is the SMALL RHOMBIDODECACRON. It has 


3 
WYTHOFF SYMBOL 25 §. Its faces are 30{4} + 12{10}. 
2 


It is a FACETED version of the SMALL RHOMBICOSIDO- 
DECAHEDRON. Its CIRCUMRADIUS with a = 1 is 


R=iV11+4Vv5. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, pp. 113-114, 1971. 


Small Rhombihexacron 
The DUAL POLYHEDRON of the SMALL RHOMBIHEXA- 
HEDRON. 


Small Rhombihexahedron 


Me 


The UNIFORM POLYHEDRON Ujg whose DUAL POLYHE- 
DRON is the SMALL RHOMBIHEXACRON. It has WyYTH- 


OFF SYMBOL 24 3]. Its faces are 12{4} + 6{8}. It is 


2 


1658 Small Snub Icosicosidodecahedron 


a FACETED version of the SMALL RHOMBICUBOCTAHE- 
DRON. Its CIRCUMRADIUS with a = 1 is 


R= iV5+2v2. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, p. 134, 1971. 


Small Snub Icosicosidodecahedron 


The UNIFORM POLYHEDRON U32 whose DUAL POLYHE- 
DRON is the SMALL HEXAGONAL HEXECONTAHEDRON. 
It has WYTHOFF SYMBOL |33 3 (Har’El 1993 gives the 
symbol as |333.) Its faces are 100{3} + 12{3}. Its 
CIRCUMRADIUS for a = 1 is 


R= $V 134+3V5+ V 102 + 46V5 
1.4581903307387.... 
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ometriae Dedicata 47, 57-110, 1993. 
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Small Stellapentakis Dodecahedron 
The DUAL POLYHEDRON of the TRUNCATED GREAT 


DODECAHEDRON. 


Small Stellated Dodecahedron 


One of the KEPLER-POINSOT SOLIDS whose DUAL 
POLYHEDRON is the GREAT DODECAHEDRON. Its 


Small Stellated Truncated Dodecahedron 


SCHLAFLI SYMBOL is {3,5}. It is also UNIFORM POoLy- 
HEDRON U34 and has WYTHOFF SYMBOL 5([2 8. It was 
originally called the URCHIN by Kepler. It is composed 
of 12 PENTAGRAMMIC faces. Its faces are 12{$}. The 
easiest way to construct it is to build twelve pentagonal 
PYRAMIDS 


and attach them to the faces of a DODECAHEDRON. 
The CIRCUMRADIUS of the small stellated dodecahedron 
with a = 1 is 


R= 35*°/4g-1/3 — 15/4, /9(/5 — 1). 


see also GREAT DODECAHEDRON, GREAT ICOSAHE- 
DRON, GREAT STELLATED DODECAHEDRON, KEPLER- 
PoINnsoT SOLID 
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Small Stellated Triacontahedron 
see MEDIAL RHOMBIC TRIACONTAHEDRON 


Small Stellated Truncated Dodecahedron 


The UNIFORM POLYHEDRON Usg also called the 
QUASITRUNCATED SMALL STELLATED DODECAHEDRON 
whose DUAL POLYHEDRON is the GREAT PENTAKIS Do- 
DECAHEDRON. It has SCHLAFLI SYMBOL t’{2,5} and 
WYTHOFF SYMBOL 25| 2. Its faces are 12{5} + 12{42}. 
Its CIRCUMRADIUS with a = 1 is 


R= ivV34-10Vv5. 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 
Cambridge University Press, p. 151, 1971. 


Small Triakis Octahedron 


Small Triakis Octahedron 


The DUAL POLYHEDRON of the TRUNCATED CUBE. 
see also GREAT TRIAKIS OCTAHEDRON 


Small Triambic Icosahedron 
The DUAL POLYHEDRON of the SMALL DITRIGONAL 
ICOSIDODECAHEDRON. 


Small World Problem 

The small world problem asks for the probability that 
two people picked at random have at least one acquain- 
tance in common. 


see also BIRTHDAY PROBLEM 


Smarandache Ceil Function 

A SMARANDACHE-like function which is defined where 
S.(n) is defined as the smallest integer for which 
n|Sx(n)*. The Smarandache S,(n) function can there- 
fore be obtained by replacing any factors which are kth 
powers in n by their k roots. The functions S;,(n) for 
k = 2, 3, ..., 6 for values such that S,(n) # n are 
tabulated by Begay (1997). 


Si(n) = n, so the first few values of Si(n) are 1, 2, 3, 4, 
5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20,... 
(Sloane’s A000027). The first few values of S2(n) are 1, 
2, 3, 2, 5, 6, 7, 4, 3, 10, 11, 6, 13, 14, 15, 4, 17, 6, 19, 
10, ... (Sloane’s A019554) The first few values of S3(n) 
are 1, 2, 3, 2, 5, 6, 7, 2, 3, 10, 11, 6, 13, 14, 15, 4, 17, 
6, 19, 10, ... (Sloane’s A019555) The first few values of 
Sa4(n) are 1, 2, 3, 2, 5, 6, 7, 2, 3, 10, 11, 6, 13, 14, 15, 2, 
17, 6, 19, 10, ... (Sloane’s A007947). 

see also PSEUDOSMARANDACHE FUNCTION, SMARAN- 
DACHE FUNCTION, SMARANDACHE-KUREPA FUNC- 
TION, SMARANDACHE NEAR-TO-PRIMORIAL FUNC- 
TION, SMARANDACHE SEQUENCES, SMARANDACHE- 
WAGSTAFF FUNCTION, SMARANDACHE FUNCTION 
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Kishinev, 


Smarandache Constants 
The first Smarandache constant is defined as 


Si 


ol 

5 > 1.093111 
{ + 

< [S(n)}! 


where S(n) is the SMARANDACHE FUNCTION. Cojo- 
caru and Cojocaru (1996a) prove that Si exists and is 
bounded by 0.717 < S, < 1.253. The lower limit given 
above is obtained by taking 40,000 terms of the sum. 


Cojocaru and Cojocaru (1996b) prove that the second 
Smarandache constant 


S2 


oS 
De Stn) ~ 1.71400629359162 
n=2 “ 


is an IRRATIONAL NUMBER. 


Cojocaru and Cojocaru (1996c) prove that the series 
- 1 
S3 = =a «C& (0.719960700043708 
250 


converges to a number 0.71 < $3 < 1.01, and that 


(0) = ) TE 5 


converges for a fixed REAL NUMBER a > 1. The values 
for small a are 


S4(1) & 1.72875760530223 
S4(2) = 4.50251200619297 
S4(3) = 13.0111441949445 
S4(4) & 42.4818449849626 
Sa(5) © 158.105463729329. 


Sandor (1997) shows that the series 


 (=1)"718 
ss= So! ~ (n) 


n=1 
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converges to an IRRATIONAL. Burton (1995) and Du- 
mitrescu and Seleacu (1996) show that the series 


_ Oo _S(n) 
$= 2 Ga! 


converges. Dumitrescu and Seleacu (1996) show that 
the series 


S7,= 


lI 
M 
or 
3 


and 


converge for r a natural number (which must be nonzero 
in the latter case). Dumitrescu and Seleacu (1996) show 
that 


converges. Burton (1995) and Dumitrescu and Seleacu 
(1996) show that the series 


and 


= i 
— [S(n)]*/{5(n) + 1}! 


converge for a > 1. 
see also SMARANDACHE FUNCTION 
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Kishinev, 


Smarandache Function 


Smarandache Function 
500} 


400 


100 


100 200 300 400 500 
The smallest value S(n) for a given n for which n|S(n)! 
(n divides S(n) FACTORIAL). For example, the number 
8 does not divide 1!, 2!, 3!, but does divide 4! = 4-3-2-1 = 
8-3, so S(8) = 4. For a PRIME p, S(p) = p, and for an 
EVEN PERFECT NUMBER 7, S(r) is PRIME (Ashbacher 
1997). 


The Smarandache numbers for n = 1, 2,... are 1, 2, 3, 
4, 5, 3, 7, 4, 6, 5, 11, ... (Sloane’s A002034). Letting 
a(n) denote the smallest value of n for which S(n) = 1, 
2, ..., then a(n) is given by 1, 2, 3, 4, 5, 9, 7, 32, 
27, 25, 11, 243, ... (Sloane’s A046021). Some values 
of S(n) first occur only for very large n, for example, 
S(59,049) = 24, S(177,147) = 27, S(134, 217,728) = 
30, S(43,046,721) = 36, and S(9,765,625) = 45. 
D. Wilson points out that if we let 


n— X(n, p) 
I(n,p) = —_——, 
(n,p) BEd 
be the power of the PRIME p in n!, where D(n, p) is the 
sum of the base-p digits of n, then it follows that 


a(n) = minp?(™—1P) +1 


where the minimum is taken over the PRIMES p dividing 
n. This minimum appears to always be achieved when 
p is the GREATEST PRIME FACTOR of n. 


The incrementally largest values of S(n) are 1, 2, 3, 4, 5, 
7, 11, 13, 17, 19, 23, 29, ... (Sloane’s A046022), which 
occur for n = 1, 2, 3, 4, 5, 7, 11, 18, 17, 19, 23, 29, ..., 
i.e., the values where S(n) =n. 


Tutescu (1996) conjectures that the DIOPHANTINE 
EQUATION S(n) = S(n+ 1) has no solution. 


see also FACTORIAL, GREATEST PRIME FACTOR, PSEU- 
DOSMARANDACHE FUNCTION, SMARANDACHE CEIL 
FUNCTION, SMARANDACHE CONSTANTS, SMARAN- 
DACHE-KUREPA FUNCTION, SMARANDACHE NEAR- 
TO-PRIMORIAL FUNCTION, SMARANDACHE- WAGSTAFF 
FUNCTION 
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Smarandache-Kurepa Function 
Given the sum-of-factorials function 


X(n) = 3 ki, 


SK(p) is the smallest integer for p PRIME such that 1+ 
Xu[SK(p—1)] is divisible by p. The first few known values 
of SK(p) are 2, 4, 6, 6, 5, 7, 7, 12, 22, 16, 55, 54, 42, 
24,... for p= 2, 5, 7, 11, 17, 19, 23, 31, 37, 41, 61, 71, 
73, 89, .... The values for p = 3, 13, 29, 43, 47, 53, 67, 
79, 83, ..., if they are finite, must be very large (e.g., 
SK(3) > 100,000). 

see also PSEUDOSMARANDACHE FUNCTION, SMARAN- 
DACHE CEIL FUNCTION, SMARANDACHE FUNCTION, 
SMARANDACHE- WAGSTAFF FUNCTION, SMARANDACHE 
FUNCTION 
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Smarandache Near-to-Primorial Function 

SNTP(n) is the smallest PRIME such that p# — 1, p#, 

or p# +1 is divisible by n, where p# is the PRIMORIAL 

of p. Ashbacher (1996) shows that SNTP(n) only exists 

1. If there are no square or higher powers in the factor- 
ization of n, or 

2. If there exists a PRIME q < p such that nl(q# + 
1), where p is the smallest power contained in the 
factorization of n. 

Therefore, SNTP(n) does not exist for the SQUAREFUL 

numbers n = 4, 8, 9, 12, 16, 18, 20, 24, 25, 27, 28, ... 
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(Sloane’s A002997) The first few values of SNTP(n), 
where defined, are 2, 2, 2, 3, 3, 3, 5, 7, ... (Sloane’s 
A046026). 


see also PRIMORIAL, SMARANDACHE FUNCTION 
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Smarandache Paradox 

Let A be some attribute (e.g., possible, present, per- 
fect, etc.). If all is A, then the non-A must also be A. 
For example, “All is possible, the impossible too,” and 
“Nothing is perfect, not even the perfect.” 
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Smarandache Sequences 

Smarandache sequences are any of a number of simply 
generated INTEGER SEQUENCES resembling those con- 
sidered in published works by Smarandache such as the 
CONSECUTIVE NUMBER SEQUENCES and EUCLID NUM- 
BERS (Iacobescu 1997). Other Smarandache-type se- 
quences are given below. 


1. The concatenation of n copies of the INTEGER n: 
1, 22, 333, 4444, 55555, (Sloane’s A000461; 
Marimutha 1997), 


2. The concatenation of the first n FIBONACCI NUM- 
BERS: 1, 11, 112, 1123, 11235,... (Sloane’s A019523; 
Marimutha 1997), 


3. The smallest number that is the sum of squares of 
two distinct earlier terms: 1, 2, 5, 26, 29, 677, ... 
(Sloane’s A008318, Bencze 1997), 


4. The smallest number that is the sum of squares of 
any number of distinct earlier terms: 1, 1, 2, 4, 5, 6, 
16, 17, ... (Sloane’s A008319, Bencze 1997), 


5. The smallest number that is not the sum of squares 
of two distinct earlier terms: 1, 2, 3, 4, 6, 7, 8, 9, 11, 
... (Sloane’s A008320, Bencze 1997), 

6. The smallest number that is not the sum of squares 


of any number of distinct earlier terms: 1, 2, 3, 6, 7, 
8, 11, ... (Sloane’s A008321, Bencze 1997), 
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7. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Smarandache Sequences 


The smallest number that is a sum of cubes of two 
distinct earlier terms: 1, 2, 9, 730, 737, ... (Sloane’s 
A008322, Bencze 1997), 

The smallest number that is a sum of cubes of any 


number of distinct earlier terms: 1, 1, 2, 8, 9, 512, 
513, 514, ... (Sloane’s A008323, Bencze 1997), 


. The smallest number that is not a sum of cubes of 


two of distinct earlier terms: 1, 2, 3, 4, 5, 6, 7, 8, 10, 
... (Sloane’s A008380, Bencze 1997), 
The smallest number that is not a sum of cubes of 


any number of distinct earlier terms: 1, 2, 3, 4, 5, 6, 
7,10, 11,... (Sloane’s A008381, Bencze 1997), 


The number of PARTITIONS of a number n = 1, 2, 
. into SQUARE NUMBERS: 1, 1, 1, 1, 2, 2, 2, 2, 3, 

4, 4, 4, 5, 6, 6, 6, 8, 9, 10, 10, 12, 13, ... (Sloane’s 

A001156, Iacobescu 1997), 

The number of PARTITIONS of a number n = 1, 2, 
. into CuBic NuMBERS: 1, 1, 1, 1, 1, 1, 1, 1, 2, 

2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, ... (Sloane’s 

A003108, Iacobescu 1997), 

Two copies of the first n POSITIVE integers: 11, 1212, 

123123, 12341234, ... (Sloane’s A019524, Iacobescu 

1997), 


Numbers written in base of triangular numbers: 1, 
2, 10, 11, 12, 100, 101, 102, 110, 1000, 1001, 1002, 
... (Sloane’s A000462, Iacobescu 1997), 

Numbers written in base of double factorial numbers: 
1, 10, 100, 101, 110, 200, 201, 1000, 1001, 1010, ... 
(Sloane’s A019513, Iacobescu 1997), 


Sequences starting with terms {a1, a2} which contain 
no three-term arithmetic progressions starting with 
{1,2}: 1, 2, 4, 5, 10, 11, 13, 14, 28, ... (Sloane’s 
A033155, Iacobescu 1997, Mudge 1997, Weisstein), 

Numbers of the form (n!)? +1: 2, 5, 37, 577, 14401, 
518401, 25401601, 1625702401, 131681894401, ... 
(Sloane’s A020549, Iacobescu 1997), 


Numbers of the form (n!)* + 1: 2, 9, 217, 13825, 


1728001, 373248001, 128024064001, ... (Sloane’s 
A019514, Iacobescu 1997), 
Numbers of the form 1 + 1!2!3!---n!: 2, 3, 138, 289, 


34561, 24883201, 125411328001, 5056584744960001, 
... (Sloane’s A019515, Iacobescu 1997), 


Sequences starting with terms {a1, a2} which contain 
no three-term geometric progressions starting with 
{1,2}: 1, 2, 3, 5, 6, 7, 8, 10, 11, 13, 14, 15, 16, ... 
(Sloane’s A000452, Iacobescu 1997), 

Numbers repeating the digit 1 p, times, where py is 
the nth prime: 11,111, 11111, 1111111, ... (Sloane’s 
A031974, lacobescu 1997). These are a subset of the 
REPUNITS, 

Integers with all 2s, 3s, 5s, and 7s (prime digits) 
removed: 1, 4, 6, 8, 9, 10, 11, 1, 1, 14, 1, 16, 1, 18, 
19, 0,... (Sloane’s A019516, Iacobescu 1997), 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


Smarandache Sequences 


Integers with all 0s, 1s, 4s, and 9s (square digits) 
removed: 2, 3, 5, 6, 7, 8, 2, 3, 5, 6, 7, 8, 2, 2, 22, 23, 
... (Sloane’s A031976, Iacobescu 1997). 
(Smarandache-Fibonacci triples) Integers nm such 
that S(n) = S(n — 1) + S(n — 2), where S(k) is the 
SMARANDACHE FUNCTION: 3, 11, 121, 4902, 26245, 
... (Sloane’s A015047; Aschbacher and Mudge 1995; 
Ibstedt 1997, pp. 19-23; Begay 1997). The largest 
known is 19,448,047,080,036, 


(Smarandache-Radu triplets) Integers n such that 
there are no primes between the smaller and larger 
of S(n) and S(n + 1): 224, 2057, 265225, ... 
(Sloane’s A015048; Radu 1994/1995, Begay 1997, Ib- 
stedt 1997). The largest known is 270,329,975,921, 
205,253,634,707,051,822,848,570,391,313, 
(Smarandache crescendo sequence): Integers ob- 
tained by concatenating strings of the first n+1 inte- 
gers forn = 0, 1, 2,...: 1,1, 2,1, 2, 3, 1, 2,3, 4,... 
(Sloane’s A002260; Brown 1997, Brown and Castillo 
1997). The nth term is given by n—m(m+1)/2+1, 
where m = |(/8n+1— 1)/2], with |x| the FLOOR 
FUNCTION (Hamel 1997), 


(Smarandache descrescendo sequence): Integers ob- 
tained by concatenating strings of the first n inte- 
gers for n =..., 2, 1: 1, 2, 1, 3, 2, 1, 4, 3, 2, 1, 

(Sloane’s A004736; Smarandache 1997, Brown 
1997), 


(Smarandache crescendo pyramidal sequence): Inte- 
gers obtained by concatenating strings of rising and 
falling integers: 1, 1, 2, 1, 1, 2, 3, 2, 1, 1, 2, 3, 4, 3, 
2,1,... (Sloane’s A004737; Brown 1997, Brown and 
Castillo 1997, Smarandache 1997), 


(Smarandache descrescendo pyramidal sequence): 
Integers obtained by concatenating strings of falling 
and rising integers: 1, 2, 1, 2, 3, 2, 1, 2, 3, 4, 3, 2, 1, 
2, 3, 4,... (Brown 1997), 


(Smarandache crescendo symmetric sequence): 1, 1, 
1, 2, 2, 1, 1, 2, 3, 3, 2, 1, ... (Sloane’s A004739, 
Brown 1997, Smarandache 1997), 

(Smarandache descrescendo symmetric sequence): 1, 
1, 2,1, 1, 2, 3, 2,1, 1, 2, 3,... (Sloane’s A004740; 
Brown 1997, Smarandache 1997), 

(Smarandache permutation sequence): Numbers ob- 
tained by concatenating sequences of increasing 
length of increasing ODD NUMBERS and decreasing 
EVEN NUMBERS: 1, 2, 1, 3, 4, 2, 1, 3, 5, 6, 4, 2,... 
(Sloane’s A004741; Brown 1997, Brown and Castillo 
1997), 


(Smarandache pierced chain sequence): Numbers of 
the form c(n) = 1010101 for n = 0,1, ...: 101, 


Te 
1010101, 10101010101, ... (Sloane’s A031982; Ash- 
bacher 1997). In addition, c(n)/101 contains no 
PRIMES (Ashbacher 1997), 


Smarandache Sequences 


34. (Smarandache symmetric sequence): 1, 11, 121, 
1221, 12321, 123321, ... (Sloane’s A007907; Smaran- 
dache 1993, Dumitrescu and Seleacu 1994, sequence 
3; Mudge 1995), 


35. (Smarandache square-digital sequence): square 
numbers all of whose digits are also squares: 1, 4, 9, 
49, 100, 144, ... (Sloane’s A019544; Mudge 1997), 


36. (Square-digits): numbers composed of digits which 
are squares: 1, 4, 9, 10, 14, 19, 40, 41, 44, 49, ... 
(Sloane’s A066030), 


37. (Smarandache square-digital sequence): square-digit 
numbers which are themselves squares: 1, 4, 9, 49, 
100, 144, ... (Sloane’s A019544; Mudge 1997), 


38. (Cube-digits): numbers composed of digits which are 
cubes: 1, 4, 10, 11, 14, 40, 41, 44, 100, 101, ... 
(Sloane’s A046031), 


39. (Smarandache cube-digital sequence): cube-digit 
numbers which are themselves cubes: 1, 8, 1000, 
8000, 1000000, ... (Sloane’s A019545; Mudge 1997), 


40. (Prime-digits): numbers composed of digits which 
are primes: 2, 3, 5, 7, 22, 23, 25, 27, 32, 33, 35, ... 
(Sloane’s A046034), 


41. (Smarandache prime-digital sequence): prime-digit 
numbers which are themselves prime: 2, 3, 5, 7, 23, 
37, 53, ... (Smith 1996, Mudge 1997). 


see also ADDITION CHAIN, CONSECUTIVE NUMBER SE- 
QUENCES, CUBIC NUMBER, EUCLID NUMBER, EVEN 
NUMBER, FIBONACCI NUMBER, INTEGER SEQUENCE, 
Opp NUMBER, PARTITION, SMARANDACHE FUNCTION, 
SQUARE NUMBER 
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Smith Conjecture 1663 
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Kishinev, 


Smarandache- Wagstaff Function 
Given the sum-of-FACTORIALS function 


x(n) = kt, 
k=1 


SW(p) is the smallest integer for p PRIME such that 
X[SW(p)] is divisible by p. The first few known values 
are 2, 4, 5, 12, 19, 24, 32, 19, 20, 20, 20, 7, 57, 6,... for 
p = 3, 11, 17, 23, 29, 37, 41, 43, 53, 67, 73, 79, 97,.... 
The values for 5, 7, 13, 31, ..., if they are finite, must 
be very large. 


see also FACTORIAL, SMARANDACHE FUNCTION 
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Smith Brothers 
Consecutive SMITH NUMBERS. The first two brothers 
are (728, 729) and (2964, 2965). 


see also SMITH NUMBER 


Smith Conjecture 

The set of fixed points which do not move as a knot is 
transformed into itself is not a KNOT. The conjecture 
was proved in 1978. 
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1664 Smith’s Markov Process Theorem 


Smith’s Markov Process Theorem 
Consider 


P2(y1, tlys, ts) 
=f Patanstalvasts)Polanstas vs talus ts) dv. (1) 


If the probability distribution is governed by a MARKOV 
PROCESS, then 


P3(y1,t13 yo, t2lys, £3) = Pa(y2, telys, ts) 
= P2(y2|ys,t3 —t2). (2) 


Assuming no time dependence, so ¢; = 0, 


P2(yilys, ts) = J Pelaslans te) Pala) di (3) 


see also MARKOV PROCESS 


Smith’s Network Theorem 

In a NETWORK with three EDGES at each VERTEX, the 
number of HAMILTONIAN CIRCUITS through a specified 
EDGE is 0 or EVEN. 


see also EDGE (GRAPH), HAMILTONIAN Circuit, NET- 
WORK 


Smith Normal Form 
A form for INTEGER matrices. 


Smith Number 

A COMPOSITE NUMBER the SuM of whose DIGITS is 
the sum of the DiciTs of its PRIME factors (excluding 
1). (The PRIMES are excluded since they trivially satisfy 
this condition). One example of a Smith number is the 
BEAST NUMBER 


666 = 2-3-3 - 37, 
since 
64+64+6=24+343+4+(347) =18. 
Another Smith number is 
4937775 = 3-5-5 - 65837, 

since 

44+9434+74+7+74+5 = 34+54+54+(64+54+843+7) = 42. 
The first few Smith numbers are 4, 22, 27, 58, 85, 
94, 121, 166, 202, 265, 274, 319, 346, ... (Sloane’s 
A006753). There are 360 Smith numbers less than 104 


and 29,928 < 10°. McDaniel (1987a) showed that an 
infinite number exist. 


Smooth Number 


A generalized k-Smith number can also be defined as 
a number m satisfying S,(m) = kS(m), where S> is 
the sum of prime factors and S is the sum of digits. 
There are 47 1-Smith numbers, 21 2-Smith numbers, 
three 3-Smith numbers, and one 7-Smith, 9-Smith, and 
14-Smith number < 1000. 


A Smith number can be constructed from every factored 
REPUNIT R,. The largest known Smith number is 


9x Riggs (10°?* + 3 ve 107797 4 1)7°7? x 10899. 


see also MONICA SET, PERFECT NUMBER, REPUNIT, 
SMITH BROTHERS, SUZANNE SET 
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Smooth Manifold 

Another word for a C™ (infinitely differentiable) MAN- 
IFOLD. A smooth manifold is a TOPOLOGICAL MANI- 
FOLD together with its “functional structure” (Bredon 
1995) and so differs from a TOPOLOGICAL MANIFOLD 
because the notion of differentiability exists on it. Every 
smooth manifold is a TOPOLOGICAL MANIFOLD, but not 
necessarily vice versa. (The first nonsmooth TOPOLOG- 
ICAL MANIFOLD occurs in 4-D.) In 1959, Milnor showed 
that a 7-D HYPERSPHERE can be made into a smooth 
manifold in 28 ways. 


see also DIFFERENTIABLE MANIFOLD, HYPERSPHERE, 
MANIFOLD, TOPOLOGICAL MANIFOLD 
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Smooth Number 

An INTEGER is k-smooth if it has no PRIME FACTORS 
> k. The probability that a random POSITIVE INTEGER 
< nis k-smooth is y(n, k)/n, where o(n, k) is the num- 
ber of k-smooth numbers < n. This fact is important in 


Smooth Surface 


application of Kraitchik’s extension of FERMAT’S FAC- 
TORIZATION METHOD because it is related to the num- 
ber of random numbers which must be examined to find 
a suitable subset whose product is a square. 


Since about a(k) k-smooth numbers must be found 
(where w(k) is the PRIME COUNTING FUNCTION), the 
number of random numbers which must be examined 
is about w(k)n/w(n,k). But because it takes about 
x(k) steps to determine if a number is k-smooth using 
TRIAL DIVISION, the expected number of steps needed 
to find a subset of numbers whose product is a square 
is ~ [1(k)]?n/(n,k) (Pomerance 1996). Canfield et al. 
(1983) showed that this function is minimized when 


k ~ exp($VinnInInn) 


and that the minimum value is about 


exp(2VInnInInn). 


In the CONTINUED FRACTION FACTORIZATION ALGO- 
RITHM, n can be taken as 2,/n, but in FERMAT’S Fac- 
TORIZATION METHOD, it is n!/?+*. k is an estimate 
for the largest PRIME in the FACTOR BASE (Pomerance 
1996). 
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Smooth Surface 
A surface PARAMETERIZED in variables u and v is called 
smooth if the TANGENT VECTORS in the wu and v direc- 
tions satisfy 

T. x T, £0, 


where A x B is a CROSS PRODUCT. 


Snake 

A simple circuit in the d-HYPERCUBE which has no 
chords (i.e., for which all snake edges are edges of the 
HYPERCUBE). Klee (1970) asked for the maximum 
length s(d) of a d-snake. Klee (1970) gave the bounds 


7 s(d)1 1-12-..27¢ 


Md—1) = 24-3 7a(d—-1)? +2 (1) 


for d > 6 (Danzer and Klee 1967, Douglas 1969), as well 
as numerous references. Abbott and Katchalski (1988) 
show 

s(d) > 77-278, (2) 


Snake Polyiamond 1665 
and Snevily (1994) showed that 
n-l 1 
s(d) <2 (2 ~ 20n — ai) (3) 
for n < 12, and conjectured 
s(d)< 3-2" 742 (4) 


for n < 5. The first few values for s(d) for d= 1, 2, ..., 
are 2, 4, 6, 8, 14, 26,... (Sloane’s A000937). 


see also HYPERCUBE 
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Snake Eyes 

A roll of two 1s (the lowest roll possible) on a pair of 
six-sided DIcE. The probability of rolling snake eyes is 
1/36, or 2.777...%. 


see also BOXCARS 


Snake Oil Method 


The expansion of the two sides of a sum equality in terms 
of POLYNOMIALS in z™ and y", followed by closed form 
summation in terms of x and y. For an example of the 
technique, see Bloom (1995). 


References 

Bloom, D. M. “A Semi-Unfriendly Identity.” Problem 10206. 
Solution by R. J. Chapman. Amer. Math. Monthly 102, 
657-658, 1995. 

Wilf, H. S. Generatingfunctionology, 2nd ed. New York: 
Academic Press, 1993. 


Snake Polyiamond 


A 6-POLYIAMOND. 
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1666 Snedecor’s F-Distribution 
Snedecor’s F-Distribution 

If a random variable X has a CHI-SQUARED DISTRIBU- 
TION with m degrees of freedom (Xm?) and a random 
variable Y has a CHI-SQUARED DISTRIBUTION with n 
degrees of freedom (xn); and X and Y are independent, 
then 


Fz (1) 


is distributed as Snedecor’s F-distribution with m and 
n degrees of freedom 


r (mgs) (a)? Rem 
f(F(m,n)) = Fre) GBR (2) 
for 0 < F < oo. The MOMENTS about 0 are 
Mi= 5 (3) 
ae n2(m + 2) 
(a> aH eA) (4) 
, (m+ 2)(m4+4) 
= Tan — Din — Ain —6) 
, _ _n4(m+2)(m+ 4)(m+4 6) (6) 
Ba mi(n — 2)(n — 4)(n — 6)(n — 8)’ 


so the MOMENTS about the MEAN are given by 


_ 2n?(m+n—2) 
= nin — BP (n 4) a 

- 8n3(m +n — 2)(2m +n — 2) 
#3 = —2(n — 2)8(n — 4)(n — 6) 


12n4(m +n — 2) 


(8) 


yO »n), (9 
4 = Tan 2)4(n—-Ain= 6) Br ™ (9) 
where 
g(m,n) = mn? + 4n? + m?n + 8mn — 16n 


+10m? — 20m+16, (10) 


and the MEAN, VARIANCE, SKEWNESS, and KURTOSIS 
are 


or ne (11) 
2 2n? (m+n — 2) 
= ae et 12 
or = al = OES A) a2) 
Ls 2n—-4) %wt+n-2 
= ==2 i 
ns m(m+n—-2) n-6 Oe) 
— 4 
BS 


= 12h(m,n)} 
= ims a2 — eas)" a 


where 


h(m,n) = n° + 5mn? — 8n? + 5m?n — 32mn 
+20n — 22m? + 44m — 16. (15) 


Snub Cube 


Letting 
w= — (16) 


gives a BETA DISTRIBUTION. 


see also BETA DISTRIBUTION, CHI-SQUARED DISTRIBU- 
TION, STUDENT’S t-DISTRIBUTION 
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Snellius-Pothenot Problem 

A SURVEYING PROBLEM which asks: Determine the po- 
sition of an unknown accessible point P by its bearings 
from three inaccessible known points A, B, and C. 


see also SURVEYING PROBLEMS 
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Snowflake 


see EXTERIOR SNOWFLAKE, KOCH ANTISNOWFLAKE, 
KOCH SNOWFLAKE, PENTAFLAKE 


Snub Cube 


An ARCHIMEDEAN SOLID also called the SNUB CuUB- 
OCTAHEDRON whose VERTICES are the 24 points on the 
surface of a SPHERE for which the smallest distance be- 
tween any two is as great as possible. It has two ENAN- 
TIOMERS, and its DUAL POLYHEDRON is the PENTAG- 
ONAL ICOSITETRAHEDRON. It has SCHLAFLI SYMBOL 
s{{}. It is also UNIFORM POLYHEDRON Uj2 and has 
WYTHOFF SYMBOL [234. Its faces are 32{3} + 6{4}. 


Snub Cuboctahedron 


The INRADIUS, MIDRADIUS, and CIRCUMRADIUS for 
a= 1 are 


r = 1.157661791... 
p = 1.247223168... 


a? —8r+4 


R=} 
2V 22-5244 


— 1.3437133737446..., 


where 
a = (19+ 3V33)'/%, 


and the exact expressions for r and p can be computed 
using 


see also SNUB DODECAHEDRON 
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Snub Cuboctahedron 
see SNUB CUBE 


Snub Disphenoid 


A 


One of the convex DELTAIIEDRA also known as the 


SIAMESE DODECAHEDRON. It is JOHNSON SOLID Jga. 


(0, 1, 23) 


(0, -1, 23) 


(-X2, 0, Z2) (x, 0, Za) 


(0, -x2, 22) 


(-1, 0, 0) (1, 0, 0) 


Snub Dodecadodecahedron 1667 


‘The coordinates of the VERTICES may be found by solv- 
ing the set of four equations 


l+a2*+27=4 
(w2 — 1)? + (23 — 21)? =4 
wo” + (z3 — 22)? =4 


fo” +22" + (22-2)? =4 


for the four unknowns 2, 21, 22, and z3. Numerically, 


£2 = 1.28917 
zi = 1.15674 
z2 = 1.97898 
z3 = 3.13572. 


The analytic solution requires solving the CUBIC EQuUA- 
TION and gives 


ag =1-7-2-73(1 -iv8)a* — 2.2773 (14 v8) 


1.27*/?|_48 + 6B(1 + iV3) + 67(1 — iv3) 
+ 147By(V3 — i) + 4267 4( V3 +0)", 


23> 


@ = (12%/237 — 54)7/° 
GB = 3)/3(2i\/237 — 9)1/8 
¥ = (91 + 2V'237)7?. 


Snub Dodecadodecahedron 


The UNIFORM POLYHEDRON U49 whose DUAL POLY- 
HEDRON is the MEDIAL PENTAGONAL HEXECONTAHE- 
DRON. It has WYTHOFF SYMBOL |2$ 5. Its faces are 
12{8} + 60{3} + 12{5}. It has CIRCUMRADIUS for a = 1 
of 

R= 1.27443994. 


see also SNUB CUBE 
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1668 Snub Dodecahedron 


Snub Dodecahedron 


An ARCHIMEDEAN SOLID, also called the SNUB ICOS- 
IDODECAHEDRON, whose DUAL POLYHEDRON is the 
PENTAGONAL HEXECONTAHEDRON. It has SCHLAFLI 
SyMBOL s{?}. It is also UNIFORM POLYHEDRON U29 
and has WYTHOFF SYMBOL | 235. Its faces are 80{3} + 
12{5}. For a = 1, it has INRADIUS, MIDRADIUs, and 
CIRCUMRADIUS 


r = 2.039873155... 
p = 2.097053835... 


R=} 8 - 22/3 — 16x + 21/3y2 
~ 2Y 8. 22/3 — 102 4 21/3 z2 


= 2.15583737511564..., 


where 
1/3 
2= (49+ 27v5 + 8V6V'93 + 49V5 ) : 


and the exact expressions for r and p can be computed 
using 
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Snub Icosidodecadodecahedron 


Sociable Numbers 


The UNIFORM POLYHEDRON Uag whose DUAL POLY- 
HEDRON is the MEDIAL HEXAGONAL HEXECONTAHE- 
DRON. It has WYTHOFF SYMBOL |3 35. Its faces are 
12{3} + 80{3} + 12{5}. It has CIRCUMRADIUS for a = 1 


of 
R= 1 24/3 — 14a + 22/342 
~ 2 24/3 — 8g + 22/32 
= 1.12689791279994..., 
where 
a = (25+ 3V69)*/°. 
References 
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Snub Icosidodecahedron 
see SNUB DODECAHEDRON 


Snub Polyhedron 

A polyhedron with extra triangular faces, given by the 
SCHLAFLI SYMBOL s{ ie 

see also RHOMBIC POLYHEDRON, TRUNCATED POLYHE- 
DRON 


Snub Square Antiprism 
see JOHNSON SOLID 


Soap Bubble 


see BUBBLE 


Soccer Ball 
see TRUNCATED ICOSAHEDRON 


Sociable Numbers 

Numbers which result in a periodic ALIQUOT SE- 
QUENCE. If the period is 1, the number is called a PER- 
FECT NUMBER. If the period is 2, the two numbers are 
called an AMICABLE Parr. If the period is t > 3, the 
number is called sociable of order t. Only two sociable 
numbers were known prior to 1970, the sets of orders 
5 and 28 discovered by Poulet (1918). In 1970, Cohen 
discovered nine groups of order 4. 


The table below summarizes the number of sociable cy- 
cles known as given in the compilation by Moews (1995). 


Social Choice Theory 


see also ALIQUOT SEQUENCE, PERFECT NUMBER, UNI- 
TARY SOCIABLE NUMBERS 
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Social] Choice Theory 

The theory of analyzing a decision between a collection 
of alternatives made by a collection of n voters with sep- 
arate opinions. Any choice for the entire group should 
reflect the desires of the individual voters to the extent 
possible. 


Fair choice procedures usually satisfy ANONYMITY (in- 
variance under permutation of voters), DUALITY (each 
alternative receives equal weight for a singlc vote), and 
MONOTONICITY (a change favorable for X does not hurt 
X). Simple majority vote is anonymous, dual, and 
monotone. MAyY’s THEOREM states a stronger result. 


see also ANONYMOUS, DUAL VOTING, May’s THEO- 
REM, MONOTONIC VOTING, VOTING 
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Soddy Circles 1669 
Socrates’ Paradox 

Socrates is reported to have stated: “One thing I know 
is that I know nothing.” 


see also LIAR’S PARADOX 
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Soddy Circles 


Given three distinct points A, B, and C, let three Crr- 
CLES be drawn, one centered about each point and each 
one tangent to the other two. Call the RADII ri (r3 = a’, 
ry = b', ro = c’). Then the CIRCLES satisfy 


a’ +b'=c {1) 
a’ +c =b (2) 
b +c’ =a, (3) 


as shown in the diagram below. 
/ / 


B b c C 
ss 
Solving for the RADI then gives 


b 


a’ = 3(b+c~a) (4) 
b= i(at+c—b) (5) 
c = $(a+b—c). (6) 


The above TRIANGLE has sides a, 6, and c, and 
SEMIPERIMETER 


s = }(a+b+c). (7) 
Plugging in, 


2s = (a’+b')+(a' +c’) +(b' +e’) = 2(a' +b’ +c’), (8) 


1670 Soddy Circles 


giving 
a+b4+e=s. (9) 
In addition, 


a= +e =a’ +b 4 -a' =s-a’. (10) 


Switching a and a’ to opposite sides of the equation and 
noting that the above argument applies equally well to 
b' and c’ then gives 


a’ =s—a (11) 
bh=s—b (12) 
c=s-e. (13) 


As can be seen from the first figure, there exist exactly 
two nonintersecting C1RCLES which are TANGENT to all 
three CIRCLES. These are called the inner and outer 
Soddy circles (S and S’, respectively), and their centers 
are called the inner and outer SODDY POINTS. 


The inner Soddy circle is the solution to the Four 
COINS PROBLEM. The center S of the inner Soddy cir- 
cle is the EQUAL DETOUR POINT, and the center of 
the outer Soddy circle S’ is the ISOPERIMETRIC POINT 
(Kimberling 1994). 


Frederick Soddy (1936) gave the FORMULA for finding 
the Rapti of the Soddy circles (r4) given the RADII r; 
(i = 1, 2, 3) of the other three. The relationship is 


Q(er? + eo” + €5* + 4”) = (er ten tes tea)’, (14) 


where ¢; = +x; = +1/r; are the so-called BENDS, de- 
fined as the signed CURVATURES of the CIRCLES. If the 
contacts are all external, the signs are all taken as Pos- 
ITIVE, whereas if one circle surrounds the other three, 
the sign of this circle is taken as NEGATIVE (Coxeter 
1969). Using the QUADRATIC FORMULA to solve for €a, 
expressing in terms of radii instead of curvatures, and 
simplifying gives 


TiT2T3 
rears + ri(r2 +73) + 2./rirars(ri + 72 +73) 
(15) 
Here, the NEGATIVE solution corresponds to the outer 
Soddy circle and the POSITIVE one to the inner Soddy 
circle. 


r= 


This FORMULA is called the DESCARTES CIRCLE THE- 
OREM since it was known to Descartes. However, Soddy 
also extended it to SPHERES. Gosper has further ex- 
tended the result to n + 2 mutually tangent n-D Hy- 
PERSPHERES, whose CURVATURES satisfy 


ntl 2 ntl 
(S.) —n or? = 0. (16) 
7=0 


ix0 


Soddy’s Hexlet 


Solving for kn+1 gives 


Vn ( isk ni)” —(n—-1) 3 n+ oo, Ki 
AS oo . 
n—-1 
(17) 
For (at least) n = 2 and 3, the RADICAL equals 
f(n)Vkow1 +++ Kn, (18) 


where V is the CONTENT of the SIMPLEX whose vertices 
are the centers of the n+1 independent HYPERSPHERES. 
The RADICAND can also become NEGATIVE, yielding an 
IMAGINARY Kn41. For n = 3, this corresponds to a 
sphere touching three large bowling balls and a small 
BB, all mutually tangent, which is an impossibility. 


Bellew has derived a generalization applicable to a CiR- 
CLE surrounded by n CIRCLES which are, in turn, cir- 
cumscribed by another CIRCLE. The relationship is 


nr 
[n(en — 1)? +1] S- Ki? +n(3ncn? —2n—6)cen?(cn ~1)? = 


i=1 


Fea aap * tee Dm 
4+nen(en — 1)(nen? + (3 — n)en — 4])}, (19) 
where 
Cn = csc (=) : (20) 


For n = 3, this simplifies to the Soddy formula. 


see also APOLLONIUS CIRCLES, APOLLONIUS’ PROB- 
LEM, ARBELOS, BEND (CURVATURE), CIRCUMCIRCLE, 
DESCARTES CIRCLE THEOREM, Four Coins PRoB- 
LEM, HART’S THEOREM, PAPPUS CHAIN, SPHERE 
PACKING, STEINER CHAIN 
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Soddy’s Hexlet 
see HEXLET 


Soddy Line 


Soddy Line 

A LINE on which the INCENTER J, GERCONNE POINT 
Ge, and inner and outer SODDY POINTS S and S’ lie 
(the latter two of which are the EQUAL DETOUR POINT 
and the ISOPERIMETRIC POINT). The Soddy line can be 
given parametrically by 


I+AGe, 


where 4 is a parameter. It is also given by 


SUF - ea =0, 


where cyclic permutations of d, e, aud f are taken and 
the sum is over TRILINEAR COORDINATES a, @, and y. 


XX Center 


—4 outer Griffiths point Gr’ 

~2 outer Oldknow point Ol’ 

—= outer Rigby point Ri’ 
outer Soddy center S' 
incenter I 
inner Soddy center S$ 
inner Rigby point Riz 
inner Oldknow point Ol 
inner Griffiths point Gr 

co Gergonne point 

S', I, S, and Ge are COLLINEAR and form a HARMONIC 
RANGE (Vandeghen 1964, Oldknow 1996). There are a 
total of 22 HARMONIC RANGES for sets of four points 
out of these 10 (Oldknow 1996). 


The Soddy line intersects the EULER LINE in the DE 
LONGCHAMPS POINT, and the GERGONNE LINE in the 
FLETCHER POINT. 

see also DE LONGCHAMPS POINT, EULER LINE, 
FLETCHER POINT, GERGONNE POINT, GRIFFITHS 
POINTS, HARMONIC RANGE, INCENTER, OLDKNOW 
Points, RIGBY POINTS, SODDY POINTS 


PB OEE O Pw 
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Soddy Points 

Given three mutually tangent CIRCLES, there exist ex- 
actly two nonintersecting CIRCLES TANGENT to all three 
CIRCLES. These are called the inner and outer SODDY 
CIRCLES, and their centers are called the inner and outer 
Soddy points. The outer Soddy circle is the solution to 
the Four Coins PROBLEM. The center S of the inner 
Soddy circle is the EQUAL DETOUR POINT, and the cen- 
ter of the outer Soddy circle S’ is the ISOPERIMETRIC 
Point (Kimberling 1994). 


see also EQUAL DETOUR POINT, ISOPERIMETRIC 
PoINT, SODDY CIRCLES 
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Sofa Constant 
see Movine Sora CONSTANT 


Sol Geometry 

The GEOMETRY of the LIE GRouP R SEMIDIRECT 
PRODUCT with R?, where R acts on R? by (¢, (x, y)) > 
(e*z,e7*y). 

see also THURSTON’S GEOMETRIZATION CONJECTURE 


Soldner’s Constant 
Consider the following formulation of the PRIME NuM- 
BER THEOREM, 


1(™m. * dt 
royal ff 


where p(m) is the MOBius FUNCTION and c (some- 
times also denoted 4) is Soldner’s constant. Ramanujan 
found c = 1.45136380... (Hardy 1969, Le Lionnais 1983, 
Berndt 1994). Soldner (cited in Nielsen 1965) derived 
the correct value of c as 1.4513692346..., where c is the 


root of 
l-e foe} 
L(x) = tim at +/ at 
290 fo Int tie Int 


(Le Lionnais 1983). 
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Solenoidal Field 

A solenoidal VECTOR FIELD satisfies 

V-B=0 (1) 


for every VECTOR B, where V-B is the DIVERGENCE. If 
this condition is satisfied, there exists a vector A, known 
as the VECTOR POTENTIAL, such that 


B=VxA, (2) 
where V x A is the CURL. This fullows from the vector 


identity 
V-B=V-(VxA)=0. (3) 


If A is an IRROTATIONAL FIELD, then 
Axr (4) 
is solenoidal. If u and v are irrotational, then 


uxv (5) 


1672 Solid 


is solenoidal. The quantity 
(Vu) x (Vv), (6) 


where Vu is the GRADIENT, is always solenoidal. For a 
function ¢ satisfying LAPLACE’S EQUATION 


V7o=0, (7) 


it follows that V@ is solenoidal (and also IRROTA- 
TIONAL). 


see also BELTRAMI FIELD, CURL, DIVERGENCE, DIVER- 
GENCELESS FIELD, GRADIENT, IRROTATIONAL FIELD, 
LAPLACE’S EQUATION, VECTOR FIELD 
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Solid 

A closed 3-D figure (which may, according to some ter- 
minology conventions, be self-intersecting). Among the 
simplest solids are the SPHERE, CUBE, CONE, CYLIN- 
DER, and more generally, the POLYHEDRA. 


see also APPLE, ARCHIMEDEAN SOLID, CATALAN 
SOLID, CONE, CORK PLUG, CUBE, CUBOCTAHE- 
DRON, CYLINDER, CYLINDRICAL IIOOF, CYLINDRICAL 
WEDGE, DODECAHEDRON, GEODESIC DOME, GREAT 
DODECAHEDRON, GREAT ICOSAHEDRON, GREAT 
RHOMBICOSIDODECAHEDRON (ARCHIMEDEAN), GREAT 
RHOMBICUBOCTAHEDRON (ARCHIMEDEAN), GREAT 
STELLATED DODECAHEDRON, ICOSAHEDRON, ICOSI- 
DODECAHEDRON, JOHNSON SOLID, KEPLER-POINSOT 
SoLiIp, LEMON, MOsBius STRIP, OCTAHEDRON, PLA- 
TONIC SOLID, POLYHEDRON, PSEUDOSPHERE, 
RHOMBICOSIDODECAHEDRON, RHOMBICUBOCTAHE- 
DRON, SMALL STELLATED DODECAHEDRON, SNUB 
CUBE, SNUB DODECAHEDRON, SOLID OF REVOLUTION, 
SPHERE, STEINMETZ SOLID, STELLA OCTANGULA, 
SURFACE, TETRAHEDRON, TORUS, TRUNCATED CUBE, 
TRUNCATED DODECAHEDRON, TRUNCATED ICOSAHE- 
DRON, TRUNCATED OCTAHEDRON, TRUNCATED TET- 
RAHEDRON, UNIFORM POLYHEDRON, WULFF SHAPE 


Solid Angle 

Defined as the SURFACE AREA 2 of a UNIT SPHERE 
which is subtended by a given object S. Writing the 
SPHERICAL COORDINATES as @ for the COLATITUDE 
(angle from the pole) and 6 for the LONGITUDE (az- 


imuth), 
Q= Aprojected — I sin 6 d@ dd. 
Ss 


Solid angle is measured in STERADIANS, and the solid 
angle corresponding to all of space being subtended is 
4x STERADIANS. 


see also SPHERE, STERADIAN 


Solid of Revolution 


Solid Geometry 

That portion of GEOMETRY dealing with SOLIDS, as op- 
posed to PLANE GEOMETRY. Solid geometry is con- 
cerned with POLYHEDRA, SPHERES, 3-D SOLIDS, lines 
in 3-space, PLANES, and so on. 


see also GEOMETRY, PLANE GEOMETRY, SPHERICAL 
GEOMETRY 
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Solid Partition 

Solid partitions are generalizations of PLANE PARTI- 
TIONS. MacMohan (1960) conjectured the GENERATING 
FUNCTION for the number of solid partitions was 


1 
f= Gaya = AT A= 


but this was subsequently shown to disagree at n = 6 
(Atkin et al. 1967). Knuth (1970) extended the tabula- 
tion of values, but was unable to find a correct generat- 
ing function. The first few values are 1, 4, 10, 26, 59, 
140, ... (Sloane’s A000293). 
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Solid of Revolution 

To find the VOLUME of a solid of rotation by adding up 
a sequence of thin cylindrical shells, consider a region 
bounded above by y = f(x), below by y = g(x), on the 
left by the LINE z = a, and on the right by the LINE 
x = 6. When the region is rotated about the y-AXIs, 
the resulting VOLUME is given by 


V= am f zl f(x) — g(x)] da. 


Solidus 


To find the volume of a solid of rotation by adding up 
a sequence of thin flat disks, consider a region bounded 
above by y = f(x), below by y = g(z), on the left by the 
LINE z = a, and on the right by the LINE z = 6. When 
the region is rotated about the z-AxIs, the resulting 
VOLUME is 


Ver i; {[F(@)]? — f(a I} a. 
b 
see also SURFACE OF REVOLUTION, VOLUME 


Solidus 

The diagonal slash “/” used to denote DIVISION for in- 
line equations such as a/b, 1/(x — 1), etc. The solidus 
is also called a DIAGONAL. 


see also DIVISION, OBELUS 


Solitary Number 

A number which does not have any FRIENDS. Solitary 
numbers include all PRIMES and POWERS of PRIMES. 
More generally, numbers for which (n,o(n)) = 1 are 
solitary, where (a,b) is the GREATEST COMMON DIVvI- 
SOR of a and b and o(n) is the DIvISOR FUNCTION. The 
first few solitary numbers are 1, 2, 3, 4, 5, 7, 8, 9, 11, 
13, 16, 17, 19, 21, ... (Sloane’s A014567). 


see also FRIEND 
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Soliton 
A stable isolated (i.e., solitary) traveling wave solution 
to a set of equations. 


see also LAX PAIR, SINE-GORDON EQUATION 
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Solomon’s Seal Knot 
The (5,2) ToRUS KNOT 050901 with BRAID WorD 1°. 


Solomon’s Seal Lines 

The 27 REAL or IMAGINARY straight LINES which lie 
on the general CUBIC SURFACE and the 45 triple tan- 
gent PLANES to the surface. All are related to the 28 
BITANGENTS of the general QUARTIC CURVE. 


Schoutte (1910) showed that the 27 lines can be put into 
a ONE-TO-ONE correspondence with the vertices of a 
particular POLYTOPE in 6-D space in such a manner that 
all incidence relations between the lines are mirrored in 
the connectivity of the POLYTOPE and conversely (Du 
Val 1931). A similar correspondence can be made be- 
tween the 28 bitangents and a 7-D POLYTOPE (Coxeter 
1928) and between the tritangent planes of the canoni- 
cal curve of genus four and an 8-D POLYTOPE (Du Val 
1933). 


see also BRIANCHON’S THEOREM, CUBIC SURFACE, 
DOUBLE SIXES, PASCAL’S THEOREM, QUARTIC SuR- 
FACE, STEINER SET 
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Solomon’s Seal Polygon 
see HEXAGRAM 


Solvable Congruence 
A CONGRUENCE that has a solution. 


Solvable Group 

A solvable group is a group whose composition indices 
are all PRIME NUMBERS. Equivalently, a solvable is a 
Group having a “normal series” such that each “nor- 
mal factor” is ABELIAN. The term solvable derives from 
this type of group’s relationship to GALOIS’S THEOREM, 
namely that the SYMMETRIC GROUP Sy, is insoluble for 
n > 5 while it is solvable for n = 1, 2, 3, and 4. Asa 
result, the POLYNOMIAL equations of degree > 5 are not 
solvable using finite additions, multiplications, divisions, 
and root extractions. 


1674 Solvable Lie Group 


Every FINITE GROUP of order < 60, every ABELIAN 
GROUP, and every SUBGROUP of a solvable group is solv- 
able. 


see also ABELIAN GROUP, COMPOSITION SERIES, GA- 
LOIS’S THEOREM, SYMMETRIC GROUP 
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Solvable Lie Group 

The connected closed SUBGROUPS (up to an ISOMOR- 
PHISM) of COMPLEX MATRICES that are closed under 
conjugate transpose and have a discrete finite center. 
Examples include SPECIAL LINEAR GROUPS, SYMPLEC- 
TIC GROUPS, and certain isometry groups of QUADRA- 
TIC FORMS. 


see also LIE GROUP 
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Soma Cube 


waae 
wwe 


A solid DISSECTION puzzle invented by Piet Hein during 
a lecture on Quantum Mechanics by Werner Heisenberg. 
There are seven soma pieces composed of all the irregular 
face-joined cubes (POLYCUBES) with < 4 cubes. The 
object is to assemble the pieces into a CUBE. There are 
240 essentially distinct ways of doing so (Beeler et al. 
1972, Berlekamp et al. 1982), as first enumerated one 
rainy afternoon in 1961 by J. H. Conway and Mike Guy. 


A commercial version of the cube colors the pieces black, 
green, orange, white, red, and blue. When the 48 sym- 
metries of the cube, three ways of assembling the black 
piece, and 2° ways of assembling the green, orange, 
white, red, and blue pieces are counted, the total num- 
ber of solutions rises to 1,105,920. 


see also CUBE DISSECTION, POLYCUBE 
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Somos Sequence 
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Somer-Lucas Pseudoprime 

An ODD COMPOSITE NUMBER WN is called a Somer- 
Lucas d-pseudoprime (with d > 1) if there EXISTS a 
nondegenerate LUCAS SEQUENCE U(P,Q) with Uo = 0, 
U; = 1, D = P® — 4Q, such that (N,D) = 1 and 
the rank appearance of N in the sequence U(P,Q) is 
(1/a)(N — (D/N)), where (D/N) denotes the JACOBI 
SYMBOL. 


see also LUCAS SEQUENCE, PSEUDOPRIME 
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Sommerfeld’s Formula 
There are (at least) two equations known as Sommer- 
feld’s formula. The first is 


227 —N+t10co 
” (z) = 1 eit c08t piv(t—7/2) dt 
“ Qn are ; 


where J,(z) is a BESSEL FUNCTION OF THE FIRST 
KIND. The second states that under appropriate re- 
strictions, 


i —|zl/7r2—k2 Tdr e’* ¥ rath 
Jo(rr)e ——_= = Se _ 
0 Vr? — k2 Vré + 2? 


see also WEYRICH’S FORMULA 
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Somos Sequence 

The Somos sequences are a set of related symmetrical 
RECURRENCE RELATIONS which, surprisingly, always 
give integers. The Somos sequence of order k is defined 


by 
k/2 
Be : An~jAn—(k-j) 


an = , 
Qn—-k 


Sondat’s Theorem 


where |x| is the FLOOR FUNCTION and a; = 1 for 7 = 0, 
...,k—1. The 2- and 3-Somos sequences consist entirely 
of is. The k-Somos sequences for k = 4, 5, 6, and 7 are 


2 
Qan-18n-3 + An-2 


Qn = 
An—A 
An-14n—4 + Gn-2Gn-3 
an = 
Gn—-5 
1 2 
an = [Qn~1@n 5 + An-24n 4+ @n—3 ] 
an-6 
1 
an = [Qn~1@n—6 + Gn—2@n-5 + Gn—3Gn—a], 
Qn-7 
giving 1, 1, 1, 2, 3, 7, 23, 59, 314, 1529, ... (Sloane's 


A006720), 1, 1, 1, 1, 2, 3, 5, 11, 37, 83, 274, 1217, ... 
(Sloane’s A006721), 1, 1, 1, 1, 1, 3, 5, 9, 23, 75, 421, 
1108, ... (Sloane’s A006722), 1, 1, 1, 1, 1, 1, 3, 5, 9, 
17, 41, 137, 769, ... (Sloane’s A006723). Gale (1991) 
gives simple proofs of the integer-only property of the 
4-Somos and 5-Somos sequences. Hickerson proved 6- 
Somos generates only integers using computer algebra, 
and empirical evidence suggests 7-Somos is also integer- 
only. 


However, the k-Somcs sequences for k > 8 do not give 
integers. The values of n for which a, first becomes 
nonintegral for the k-Somos sequence for k = 8, 9, ... 
are 17, 19, 20, 22, 24, 27, 28, 30, 33, 34, 36, 39, 41, 42, 
44, 46, 48, 51, 52, 55, 56, 58, 60,... (Sloane’s A030127). 
see also GOBEL’S SEQUENCE, HERONIAN TRIANGLE 
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Sondat’s Theorem 

The PERSPECTIVE AXIS bisects the line joining the two 
ORTHOCENTERS. 

see also ORTHOCENTER, PERSPECTIVE AXIS 
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Sonine’s Integral 


Jm(z) 


1 


as dla (t= Py at, 


am—"T(m—n) Jo 
where J,(xz) is a BESSEL FUNCTION OF THE FIRST 
KIND and ['(z) is the GAMMA FUNCTION. 
see also HANKEL’S INTEGRAL, POISSON INTEGRAL 
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Sonine Polynomial 
A polynomial which differs from the associated La- 
GUERRE POLYNOMIAL by only a normalization constant, 


watt) = or (2) 


s 1 x -r d 
Sp(t) = Gere age (e x 


& s—l 


si(r+s)0! (s—Dir+s—1 


gt 2 


+ Gar ts — 2) 
1 


= gt th)/2 42/2 yy 
sl(r +s)! 


str /2+1/2,r/2(2), 


where Wk,m(z) is a WHITTAKER FUNCTION. 


see also LAGUERRE POLYNOMIAL, WHITTAKER FUNC- 
TION 


Sonine-Schafheitlin Formula 


| ? J, (at) Jy (bt)t* dt 
0 
_ a"T[( + v — + 1)/2] 
~ Abe AFIT (—p tv +4 1)/2|0(u + 1) 
x 2Fi((u+y—A+1)/2,(uw—v—A+1)/23 w+ 10"/0’), 


where Riu +v—A+1) > 0, RA] > -10<a< 
b, JL(xz) is a BESSEL FUNCTION OF THE FirsT KIND, 
T'(a) is the GAMMA FUNCTION, and 2F;(a,6;c;2) is a 
HYPERGEOMETRIC FUNCTION. 
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Sophie Germain Prime 

A PRIME pis said to be a Sophie Germain prime if both 
p and 2p+1 are PRIME. The first few Sophie Germain 
primes are 2, 3, 5, 11, 23, 29, 41, 53, 83, 89, 113, 131, 
... (Sloane’s A005384). 


Around 1825, Sophie Germain proved that the first case 
of FERMAT’s LAST THEOREM is true for such primes, 
i.e., if p is a Sophie Germain prime, there do not exist 
INTEGERS z, y, and z different from 0 and not multiples 
of p such that 

x+y? = 2”, 


Sophie Germain primes p of the form p = k- 2" — 
1 (which makes 2p + 1 a PRIME) are COMPOSITE 
MERSENNE NUMBERS. Since the largest known Com- 
POSITE MERSENNE NUMBER is M, with p = 39051 x 
29001 _ 1, pis the largest known Sophie Germain prime. 


see also CUNNINGHAM CHAIN, FERMAT’S LAST THEO- 
REM, MERSENNE NUMBER, TWIN PRIMES 
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Sorites Paradox 

Sorites paradoxes are a class of paradoxical arguments 
also known as little-by-little arguments. The name 
“sorites” derives from the Greek word soros, meaning 
“pile” or “heap”. Sorites paradoxes are exemplified by 
the problem that a single grain of wheat does not com- 
prise a heap, nor do two grains of wheat, three grains 
of wheat, etc. However, at some point, the collection 
of grains becomes large enough to be called a heap, but 
there is apparently no definite point where this occurs. 


see also UNEXPECTED HANGING PARADOX 


Sort-Then-Add Sequence 

A sequence produced by sorting the digits of a number 
and adding them to the previous number. The algorithm 
terminates when a sorted number is obtained. For n = 
1, 2,..., the algorithm terminates on 1, 2, 3, 4, 5, 6, 7, 
8, 9, 11, 11, 12, 13, 14, 15, 16, 17, 18, 19, 22, 33, ... 
(Sloane’s A033862). The first few numbers not known 
to terminate are 316, 452, 697, 1376, 2743, 5090, ... 
(Sloane’s A033861). The least numbers of sort-then-add 
persistence n = 1, 2,..., are 1, 10, 65, 64, 175, 98, 240, 
325, 302, 387, 198, 180, 550, ... (Sloane’s A033863). 


see also 196- ALGORITHM, RATS SEQUENCE 
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Sorting 

Sorting is the rearrangement of numbers (or other or- 
derable objects) in a list into their correct lexographic 
order. Alphabetization is therefore a form of sorting. 
Because of the extreme importance of sorting in almost 
all database applications, a great deal of effort has been 
expended in the creation and analysis of efficient sorting 
algorithms. 


see also HEAPSORT, ORDERING, QUICKSORT 
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Space 


Source 
source 


sink 
A vertex of a DIRECTED GRAPH with no entering edges. 


see also DIRECTED GRAPH, NETWORK, SINK (DI- 
RECTED GRAPH) 


Sous-Double 

A MULTIPERFECT NUMBER P3. Six sous-doubles are 
known, and these are believed to comprise all sous- 
doubles. 


see also MULTIPERFECT NUMBER, SOUS-TRIPLE 


Souslin’s Hypothesis 

Every dense linear order complete set without endpoints 
having at most w disjoint intervals is order isomorphic 
to the CONTINUUM of REAL NUMBERS, where w is the 
set of NATURAL NUMBERS. 
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Souslin Set 
The continuous image of a POLISH SPACE, also called 
an ANALYTIC SET. 


see also ANALYTIC SET, POLISH SPACE 


Sous-Triple 

A MULTIPERFECT NUMBER FP. 36 sous-triples are 
known, and these are believed to comprise all sous- 
triples. 


see also MULTIPERFECT NUMBER, SOUS-DOUBLE 


Space 

The concept of a space is an extremely general and im- 
portant mathematical construct. Members of the space 
obey certain addition properties. Spaces which have 
been investigated and found to be of interest are usually 
named after one or more of their investigators. ‘This 
practice unfortunately leads to names which give very 
little insight into the relevant properties of a given space. 


One of the most general type of mathematical spaces is 
the TOPOLOGICAL SPACE. 


see also AFFINE SPACE, BAIRE SPACE, BANACH 
SPACE, BASE SPACE, BERGMAN SPACE, BESOV SPACE, 
BOREL SPACE, CALABI- YAU SPACE, CELLULAR SPACE, 
CHU SPACE, DODECAHEDRAL SPACE, DRINFELD’S 
SYMMETRIC SPACE, EILENBERG-MAcC LANE SPACE, 
EUCLIDEAN SPACE, FIBER SPACE, FINSLER SPACE, 


Space of Closed Paths 


FIRST-COUNTABLE SPACE, FRECHET SPACE, FUNC- 
TION SPACE, G-SPACE, GREEN SPACE, HAUSDORFF 
SPACE, HEISENBERG SPACE, HILBERT SPACE, Hy- 
PERBOLIC SPACE, INNER PRODUCT SPACE, L2-SPACE, 
Lens SPACE, LINE SPACE, LINEAR Space, LIOu- 
VILLE SPACE, LOCALLY CONVEX SPACE, LOCALLY FI- 
NITE SPACE, Loop SPACE, MAPPING SPACE, MEASURE 
SPacE, METRIC SPACE, MINKOWSKI SPACE, MUNTz 
SPACE, NON-EUCLIDEAN GEOMETRY, NORMED SPACE, 
PARACOMPACT SPACE, PLANAR SPACE, POLISH SPACE, 
PROBABILITY SPACE, PROJECTIVE SPACE, QUOTIENT 
SPACE, RIEMANN’S MODULI SPACE, RIEMANN SPACE, 
SAMPLE SPACE, STANDARD SPACE, STATE SPACE, 
STONE SPACE, TEICHMULLER SPACE, TENSOR SPACE, 
TOPOLOGICAL SPACE, TOPOLOGICAL VECTOR SPACE, 
TOTAL SPACE, VECTOR SPACE 


Space of Closed Paths 
see LOOP SPACE 


Space Conic 
see SKEW CONIC 


Space Curve 

A curve which may pass through any region of 3-D space, 
as contrasted to a PLANE CURVE which must lie in a 
single PLANE. Von Staudt (1847) classified space curves 
geometrically by considering the curve 


o:13R° (1) 


at tj = 0 and assuming that the parametric functions 
$i(t) for i = 1, 2, 3 are given by POWER SERIES which 
converge for small ¢. If the curve is contained in no 
PLANE for small t, then a coordinate transformation 
puts the parametric equations in the normal form 


di(t) =ttt 4... (2) 
da(t) = e2tei they |, (3) 
s(t) me pthitkatks eo (4) 


for integers ki, ke, kz > 0, called the local numerical 
invariants. 


see also CURVE, CYCLIDE, FUNDAMENTAL THEOREM 
OF SPACE CURVES, HELIX, PLANE CURVE, SEIFERT’S 
SPHERICAL SPIRAL, SKEW CONIC, SPACE-FILLING 
FUNCTION, SPHERICAL SPIRAL, SURFACE, VIVIANI’S 
CURVE 
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Space Diagonal 

The LINE SEGMENT connecting opposite VERTICES (i.e., 
two VERTICES which do not share a common face) in a 
PARALLELEPIPED or other similar solid. 


see also DIAGONAL (POLYGON), DIAGONAL (POLYHE- 
DRON), EULER BRICK 


Space Distance 

The maximum distance in 3-D can occur no more than 
2n — 2 times. Also, there exists a fixed number c such 
that no distance determined by a set of n points in 3- 
D space occurs more than cn®/3 times. The maximum 
distance can occur no more than | in?| times in 4-D, 


4 
where |x| is the FLOOR FUNCTION. 
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Space Division 
The number of regions into which space can be divided 
by n SPHERES is 


N= én(n® — 3n + 8), 


giving 2, 4, 8, 16, 30, 52, 84, ... (Sloane’s A046127). 
see also PLANE DIVISION 
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Space-Filling Curve 
see SPACE-FILLING FUNCTION 


Space-Filling Function 

A “CURVE” (i.e., a continuous map of a 1-D INTERVAL) 
into a 2-D area {a PLANE-FILLING FUNCTION) or a 3-D 
volume. 

see also HILBERT CURVE, PEANO CURVE, PEANO- 


GOSPER CURVE, PLANE-FILLING CURVE, SIERPINSKI 
CURVE, SPACE-FILLING POLYHEDRON 
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Space-Filling Polyhedron 

A space-filling polyhedron is a POLYHEDRON which can 
be used to generate a TESSELLATION of space. There 
exists one 16-sided space-filling POLYHEDRON, but it 
is unknown if this is the unique 16-sided space-filler. 
The CUBE, RHOMBIC DODECAHEDRON, and TRUN- 
CATED OCTAHEDRON are space-fillers, as are the ELON- 
GATED DODECAHEDRON and hexagonal PRISM. These 
five solids are all “primary” PARALLELOHEDRA (Coxeter 
1973). 


P. Schmitt discovered a nonconvex aperiodic polyhedral 
space-filler around 1990, and a convex POLYHEDRON 
known as the SCHMITT-CONWAY BIPRISM which fills 
space only aperiodically was found by J. H. Conway in 
1993 (Eppstein). 


see also CUBE, ELONGATED DODECAHEDRON, 
KELLER’S CONJECTURE, PARALLELOHEDRON, PRISM, 
RHOMBIC DODECAHEDRON, SCHMITT-CONWAY BI- 
PRISM, TESSELLATION, TILING, TRUNCATED OCTAHE- 
DRON 
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Space Groups 

The space groups in 2-D are called WALLPAPER 
Groups. In 3-D, the space groups are the symmetry 
GROUPS possible in a crystal lattice with the translation 
symmetry element. There are 230 space groups in R’, 
although 11 are MIRROR IMAGES of each other. They 
are listed by HERMANN-MAUGUIN SYMBOL in Cotton 
(1990). 


see also HERMANN-MAUGUIN SYMBOL, LATTICE 
GROUPS, POINT GROUPS, WALLPAPER GROUPS 


Sparse Matrix 
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Span (Geometry) 
The largest possible distance between two points for a 
finite set of points. 


see also JUNG’S THEOREM 


Span (Link) 

The span of an unoriented LINK diagram (also called 
the SPREAD) is the difference between the highest and 
lowest degrees of its BRACKET POLYNOMIAL. The span 
is a topological invariant of a knot. If a KNOT K hasa 
reduced alternating projection of n crossings, then the 
span of K is 4n. 


see also LINK 


Span (Polynomial) 
The difference between the highest and lowest degrees 
of a POLYNOMIAL. 


Span (Set) 
For a SET S, the span is defined by max S—min S, where 
max is the MAXIMUM and min is the MINIMUM. 
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Span (Vectors) 
The span of SUBSPACE generated by VECTORS vi and 
v2 € Vis 


Span(vi, v2) = {rvi + sv2:7,8 € R}. 


Sparse Matrix 
A MATRIX which has only a small number of NONZERO 
elements. 
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Spearman Rank Correlation 


Spearman Rank Correlation 
The Spearman rank correlation is defined by 


ee d? 
“Teese (CL wway © 


The VARIANCE, KURTOSIS, and higher order MOMENTS 
are 


r 


Ca (2) 
1146 

= —35N~ BNB (3) 

a= 75=...=0. (4) 


Student was the first to obtain the VARIANCE. The 
Spearman rank correlation is an R-ESTIMATE. 
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Special Curve 
see PLANE CURVE, SPACE CURVE 


Special Function 
see FUNCTION 


Special Linear Group 

The special linear group SLI, (q) is the MATRIX GROUP 
corresponding to the set of n x n COMPLEX MATRI- 
CES having DETERMINANT +1. It is a SUBGROUP of 
the GENERAL LINEAR GROUP GL, (gq) and is also a LIE 
GROUP. 


see also GENERAL LINEAR GROUP, SPECIAL ORTHOG- 
ONAL GROUP, SPECIAL UNITARY GROUP 
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and Wilson, R. A. “The Groups GL,.(q), SEn(q), PGLn(Q@), 
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Special Matrix 
A matrix whose entries satisfy 


0 ifj >i+1 
a = 1 ifyj=i+1 
Oorl ifj <i. 


There are 2”~* special MINIMAL MATRICES of size nxn. 


References 
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Special Orthogonal Group 

The special orthogonal group SOn(q) is the SUBGROUP 
of the elements of GENERAL ORTHOGONAL GROUP 
GOn(q) with DETERMINANT 1. 


see also GENERAL ORTHOGONAL GROUP, SPECIAL LIN- 
EAR GROUP, SPECIAL UNITARY GROUP 


References 

Conway, J. H.; Curtis, R. T.; Norton, S. P.; Parker, 
R. A.; and Wilson, R. A. “The Groups GO,(q), SOn(q), 
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Press, pp. xi~xii, 1985. 


Special Point 
A POINT which does not lie on at least one ORDINARY 
LINE. 


sec also ORDINARY POINT 


References 
Guy, R. K. “Unsolved Problems Come of Age.” Amer. Math. 
Monthly 96, 903-909, 1989. 


Special Series Theorem 

If the difference between the order and the dimension of 
a series is less than the GENUS (CURVB), then the series 
is special. 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
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Special Unitary Group 

The special unitary group SUn(q) is the set of nx n 
UNITARY MATRICES with DETERMINANT +1 (having 
n? — 1 independent parameters). SU(2) is HOMEOMOR- 
PHIC with the ORTHOGONAL Group Of (2). It is also 
called the UNITARY UNIMODULAR GROUP and is a LIE 
GROUP. The special unitary group can be represented 
by the MATRIX 


vio=| 5. 2], () 


where a*a + 6*b = 1 and a,b are the CAYLEY-KLEIN 
PARAMETERS. The special unitary group may also be 
represented by the MATRIX 


_f[ e¥€cosn eS sinn 
UKE, 7, ¢) a | 8 sin es el , " 
or the matrices 
_ [ cos(id) isin(3¢) 
Uz(3¢) = ; sin(44) cos(2) | . 


wge= | SGP BT tw 


w=|9 oul: (5) 
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The order 27 + 1 representation is 


Una Da, B,7) 
= (-)" 9? SG + PIG — PIG + @)!(G — 4)! 
(j-p—m)\(j +q—m)!(m+ p—q)!m! 


iqa 


xe co 


ppt aah 3 628) gin? tT?" 4h Bye"? (6) 


The summation is terminated by putting 1/(—N)! = 0. 
The CHARACTER is given by 


Mg) = 1+2cosa+...+2cos(ja) 
ae 2[cos( $a) + cos(Za) + ... + cos(ja)] 
pita bie 
sin[(j+5)a] for 7 = 0,1,2,... 
2 sin( 9a) (7) 
re etre 
sin[(j+ 3 )al os 
for j = RB. greeee 
sin( 5a) 


see also ORTHOGONAL GROUP, SPECIAL LINEAR 
GROUP, SPECIAL ORTHOGONAL GROUP 
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Species 
A species of structures is a rule F which 
1. Produces, for each finite set U, a finite set F[U], 


2. Produces, for each bijection o : U > V, a function 
Flo] : FU] > FIV). 


The functions F[a] should further satisfy the following 
functorial properties: 


1. For all bijections 7: U > V and7:V — W, 


F[r 00] = F[r]o Flo], 


2. For the IDENTITY Map Idy :U 3 U, 


Fld] = Id . 


U F[U] 


An clement o ¢ F[U] is called an F-structure on U (or 
a structure of species F on U). The function Fla] is 
called the transport of F-structures along oc. 
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Bergeron, F.; Labelle, G.; and Leroux, P. Combinatorial 
Species and Tree-Like Structures. Cambridge, England: 
Cambridge University Press, p. 5, 1998. 


Spectral Rigidity 


Specificity 

The probability that a STATISTICAL TEST will be nega- 
tive for a negative statistic. 

see also SENSITIVITY, STATISTICAL TEST, TYPE I ErR- 
ROR, TYPE II ERROR 


Spectral Norm 

The NATURAL NORM induced by the L3-NorRM. Let 
A! be the ADJOINT of the SQUARE MATRIX A, so that 
Al= a*;, then 


|All = (maximum eigenvalue of A‘A)!/? 


is tate ||Ax||2 
lIzli2#0 | |x||2 


see also L2-NORM, MATRIX NORM 
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Spectral Power Density 


a 
P,{v) = jim, = z{ fw 
a 


no T/2 
fo Puerar= jim 2 ft art ae 


-7/2 


= (ly — y)*) _ Oy. 


2 
gle ?7""" dt 


? 


so 


see also POWER SPECTRUM 


Spectral Radius 
Let A be ann xn MATRIX with COMPLEX or REAL ele- 
ments with EIGENVALUES Ai, ..., An. Then the spectral 
radius p(A) of A is 


p(A) = gmax ul: 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
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Spectral Rigidity 

The mean square deviation of the best local fit straight 
line to a staircase cumulative spectral density over a 
normalized energy scale. 
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Spectral Theorem 


Spectral Theorem 

Let H be a HILBERT Space, B(H) the set of BOUNDED 
linear operators from H to itself, and o(T) the SPEC- 
TRUM of T. Then if T € B(A) and T is normal, there 
exists a unique resolution of the identity H on the Borel 
subsets of o(T) which satisfies 


T= int AdE(A). 
oa(T) 


Furthermore, every projection E(w) COMMUTES with 
every S € B(H) which COMMUTES with T. 


References 
Rudin, W. Theorem 12.23 in Functional Analysis, 2nd ed. 
New York: McGraw-Hill, 1991. 


Spectrum (Operator) 

Let T be an OPERATOR on a HILBERT SPACE. The 
spectrum o(T) of T is the set of X such that (T — AZ) 
is not invertible on all of the HILBERT SPACE, where 
the As are COMPLEX NUMBERS and / is the IDENTITY 
OPERATOR. The definition can also be stated in terms 
of the resolvent of an operator 


p(T) = {A: (T — AI) is invertible}, 


and then the spectrum is defined to be the complement 
of p(T) in the COMPLEX PLANE. The reason for doing 
this is that it is easy to demonstrate that p(T’) is an 
OPEN SET, which shows that the spectrum is closed. 


see also HILBERT SPACE 


Spectrum Sequence 

A spectrum sequence is a SEQUENCE formed by succes- 
sive multiples of a REAL NUMBER a rounded down to 
the nearest INTEGER s, = |na}. If a is IRRATIONAL, 
the spectrum is called a BEATTY SEQUENCE. 


see also BEATTY SEQUENCE, LAGRANGE SPECTRUM, 
MARKOV SPECTRUM 


Speed 
The SCALAR |v| equal to the magnitude of the VELOC- 
ITY v. 


see also ANGULAR VELOCITY, VELOCITY 


Spence’s Function 


F(z) = i mE ae 
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see also SPENCE’S INTEGRAL 
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Berestetskii, V. B.; Lifschitz, E. M.; and Ditaevskii, L. P. 
Quantum Electrodynamics, 2nd ed. Oxford, England: 
Pergamon Press, p. 596, 1982. 


Spence’s Integral 


F(x) = Liz(1- 2) = [ mOn) ay, 


where Lio{xz) is the DILOGARITHM. 
see also SPENCE’S FUNCTION 


Spencer’s 15-Point Moving Average 

A MOVING AVERAGE using 15 points having weights —3, 
—6, —5, 3, 21, 46, 67, 74, 67, 46, 21, 3, —5, —6, and —3. 
It is sometimes used by actuaries. 

see also MOVING AVERAGE 
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Sperner’s Theorem 
The MAXIMUM CARDINALITY of a collection of SUBSETS 
of a t-element SET T', none of which contains another, 


te/2)) 


is the BINOMIAL COEFFICIENT ( 
FLOOR FUNCTION. 


see also CARDINALITY 


, where |x] is the 


Sphenocorona 
see JOHNSON SOLID 


Sphenoid 
see DISPHENOID 


Sphenomegacorona 
see JOHNSON SOLID 


Sphere 


1682 Sphere 


A sphere is defined as the set of all points in IR* which 
are a distance r (the “RApIus”) from a given point (the 
“CENTER” ). Twice the RADIUS is called the DIAMETER, 
and pairs of points on opposite sides of a DIAMETER are 
called ANTIPODES. The term “sphere” technically refers 
to the outer surface of a “BUBBLE,” which is denoted S?. 
However, in common usage, the word sphere is also used 
to mean the UNION of a sphere and its INTERIOR (a 
“solid sphere”), where the INTERIOR is called a BALL. 
The SURFACE AREA of the sphere and VOLUME of the 
BALL of RADIUS r are given by 


S =4nr? (1) 
V= sar? (2) 


(Beyer 1987, p. 130). In On the Sphere and Cylinder 
(ca. 225 BC), Archimedes became the first to derive 
these equations (although he expressed 7 in terms of 
the sphere’s circular cross-section). The fact that 


4 
Vsphere 3 =-2 (3) 


Veircumscribed cylinder ~~ Vophere 2 
y Pp 


wo fra footn 


was also known to Archimedes. 


Any cross-section through a sphere is a CIRCLE (or, in 
the degenerate case where the slicing PLANE is tangent 
to the sphere, a point). The size of the CIRCLE is maxi- 
mized when the PLANE defining the cross-section passes 
through a DIAMETER. 


The equation of a sphere of RADIUS r is given in CARTE- 
SIAN COORDINATES by 


etyytetar’, (4) 
which is a special case of the ELLIPSOID 

Sp ed (5) 
and SPHEROID 

4 4. (6) 


A sphere may also be specified in SPHERICAL COORDI- 
NATES by 


x = pcosésing (7) 
y = psin@sing (8) 
z= pcos®@, (9) 


where @ is an azimuthal coordinate running from 0 to 27 
(LONGITUDE), ¢ is a polar coordinate running from 0 to 
nw (COLATITUDE), and p is the Rapius. Note that there 
are several other notations sometimes used in which the 
symbols for @ and ¢ are interchanged or where 7 is used 
instead of p. If p is allowed to run from 0 to a given 


Sphere 


RADIUS r, then a solid BALL is obtained. Converting 
to “standard” parametric variables a = p, u = 6, and 
v = @ gives the first FUNDAMENTAL FORMS 


E =asin? v (10) 
F=0 (11) 
G=a, (12) 


second FUNDAMENTAL FORMS 


e=a’sin’v (13) 

fxs (14) 

gaa, (15) 
AREA ELEMENT 

dA = asinv, (16) 


GAUSSIAN CURVATURE 
K=— (17) 
and MEAN CURVATURE 


H= (18) 


1 
a 
A sphere may also be represented parametrically by let- 
ting u = rcos¢@, so 


z= Vr? —u? cosé (19) 
y= Vr? —u? sind (20) 


z=4u, (21) 


where @ runs from 0 to 27 and u runs from —r to r. 


Given two points on a sphere, the shortest path on 
the surface of the sphere which connects them (the 
SPHERE GEODESIC) is an ARC of a CIRCLE known as a 
GREAT CIRCLE. The equation of the sphere with points 
(21, y1, 21) and (x2, y2, z2) lying on a DIAMETER is given 
by 


(e — @1)(@ — 22) + (y—y1)(y—y2) + (2 — 21) (z — 22) = 0. 
(22) 


Four points are sufficient to uniquely define a sphere. 
Given the points (ai, yi, zi) with i = 1, 2, 3, and 4, the 
sphere containing them is given by the beautiful DE- 
TERMINANT equation 


a? + y? +2? cr Yy 2 
re ty tz 
x2” + y2” + 22 
x3? + y3* + 23 
Ea7 + ya? +247 4 Ya 24 


(23) 


NHN NH NN WN 
8 
wo 
nd 
we 
R 
. 
Fh bh beh td 
it 
fom) 


(Beyer 1987, p. 210). 


Sphere 


The generalization of a sphere in n dimensions is called a 
HYPERSPHERE. An n-D HYPERSPHERE can be specified 
by the equation 


ay tae +... +2n? =r’. (24) 


The distribution of ANGLES for random rotation of a 
sphere is 


2. 
P(6) = — sin? (36), (25) 
giving a MEAN of 7/2 + 2/z. 


To pick a random point on the surface of a sphere, let u 
and v be random variates on [0,1]. Then 


0 = 2ru (26) 
¢ = cos” *(2v — 1). (27) 

This works since the SOLID ANGLE is 
dQ = sin ¢ dé dd = dé d(cos ¢). (28) 


Another easy way to pick a random point on a SPHERE 
is to generate three gaussian random variables zx, y, and 
z. Then the distribution of the vectors 


1 xz 
Vereie *] i 


is uniform over the surface S?. Another method is to 
pick z from a UNIFORM DISTRIBUTION over [—1, 1] and 
6 from a UNIFORM DISTRIBUTION over {0,27). Then 


the points 
V1 — z? cos@ 
V1 — z? sin@ 


z 


(30) 


are uniformly distributed over S’. 


Pick four points on a sphere. What is the probability 
that the TETRAHEDRON having these points as VER- 
TICES contains the CENTER of the sphere? In the 1-D 
case, the probability that a second point is on the oppo- 
site side of 1/2 is 1/2. In the 2-D case, pick two points. 
In order for the third to form a TRIANGLE containing 
the CENTER, it must lie in the quadrant bisected by a 
LINE SEGMENT passing through the center of the CIR- 
CLE and the bisector of the two points. This happens 
for one QUADRANT, so the probability is 1/4. Similarly, 
for a sphere the probability is one OCTANT, or 1/8. 


Pick two points at random on a unit sphere. The first 
one can be assigned the coordinate (0, 0, 1) without 
loss of generality. The second point can be given the 
coordinates (sing,0cos¢) with @ = 0 since all points 
with the same ¢ are rotationally identical. The distance 
between the two points is then 


r= /sin? e+ (1—cos¢)? = /2 —cos¢= 2sin($¢). 
(31) 
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Because the surface AREA element is 
dQ = sin ¢ dé dé, (32) 
the probability that two points are a distance r apart is 


J, 5(¢— 1) sin ddd 
vA sin @dd 


=i ihe d[r — 2sin(3¢)] sin ¢d¢. (33) 
) 


P3(r) = 


The DELTA FUNCTION contributes when 
a4 1 
ar = sin($¢) (34) 
¢ = 2sin7*(4r), (35) 
so 
P3(r) = 4 sin[2sin7*(4r)] = sin[sin~*(47)] cos{sin™*(4r)] 


a tri - (Gr? = Ln /4—r?. (36) 


However, we need 


P,(r) dr = Po(r) dr, (37) 
and 
idr = 4 cos(3) do = 44/ i= sin? (34) do 

= $4/1—($r)?de= 4V4-r2 do (38) 
7 OP DP, (39) 

dr V/4—7?” 

and 2 
P,(r) = trv/4— ae ea = ir (40) 

V4—7r 


for r € [0,2]. Somewhat surprisingly, the largest dis- 
tances are the most common, contrary to most people’s 
intuition. A plot of 15 random lines is shown below. 
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The MOMENTS about zero are 


2 grt 
Mn = (r") = | "dr = , (41) 
0 


giving the first. few as 


w= 4 (42) 
pp = 2 (43) 
w3 = 8 (44) 
py = #. (45) 
Moments about the MEAN are 
p= 4 (46) 
Ig=o =? (47) 
3 = - (48) 
4 = 7, (49) 
so the SKEWNESS and KURTOSIS are 
mm = $V2 (50) 
ya = —§. (51) 


see also BALL, BING’S THEOREM, BUBBLE, CIR- 
CLE, DANDELIN SPHERES, DIAMETER, ELLIPSOID, 
ExoTIC SPHERE, FEJES TOTH’S PROBLEM, Hy- 
PERSPHERE, LIEBMANN’S THEOREM, LIOUVILLE’S 
SPHERE-PRESERVING THEOREM, MIKUSINSKI’S PROB- 
LEM, Norsk SPHERE, OBLATE SPHEROID, OSCULAT- 
ING SPHERE, PARALLELIZABLE, PROLATE SPHEROID, 
RADIUS, SPACE DIVISION, SPHERE PACKING, TENNIS 
BALL THEOREM 
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Sphere-Cylinder Intersection 
see CYLINDER-SPHERE INTERSECTION 


Sphere Embedding 
A 4-sphere has POSITIVE CURVATURE, with 


Ravrtyt2iw? (1) 
dz dy dz 
2 2 2 w= 0. 
ci rae Yaw * a 0 (2) 
Since 
PEext+ yy + 22, (3) 
Pe rdzr+ydy+zdz _ r-dr (4) 


w Re _ 2 


Sphere Eversion 


To stay on the surface of the sphere, 
ds* = dx* + dy? + dz* + dw* 
r? dr? 
R?2 — r2 
dr? 


R2 
yl 


= dr? + dy®? +dz? 4+ 


= dr? +77 dd? + 


II 

Q. 

3 
(<) 


2 
= ——, + r* an. (5) 


With the addition of the so-called expansion parameter, 
this is the Robertson-Walker line element. 


Sphere Eversion 

Smale (1958) proved that it is mathematically possible 
to turn a SPHERE inside-out without introducing a sharp 
crease at any point. This means there is a regular homo- 
topy from the standard embedding of the 2-SPHERE in 
EUCLIDEAN 3-space to the mirror-reflection embedding 
such that at every stage in the homotopy, the sphere is 
being IMMERSED in EUCLIDEAN SPACE. This result is 
so counterintuitive and the proof so technical that the 
result remained controversial for a number of years. 


In 1961, Arnold Shapiro devised an explicit eversion but 
did not publicize it. Phillips (1966) heard of the result 
and, in trying to reproduce it, actually devised an inde- 
pendent method of his own. Yet another eversion was 
devised by Morin, which became the basis for the movie 
by Max (1977). Morin’s eversion also produced explicit 
algebraic equations describing the process. The origi- 
nal method of Shapiro was subsequently published by 
Francis and Morin (1979). 


see also EVERSION, SPHERE 
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Sphere Geodesic 


Sphere Geodesic 
see GREAT CIRCLE 


Sphere Packing 

Let 7 denote the PACKING DENSITY, which is the frac- 
tion of a VOLUME filled by identical packed SPHERES. 
In 2-D (CIRCLE PACKING), there are two periodic pack- 
ings for identical CIRCLES: square lattice and hexagonal 
lattice. Fejes Téth (1940) proved that the hexagonal lat- 
tice is indeed the densest of all possible plane packings 
(Conway and Sloane 1993, pp. 8-9). 


In 3-D, there are three periodic packings for identical 
spheres: cubic lattice, face-centered cubic lattice, and 
hexagonal lattice. It was hypothesized by Kepler in 1611 
that close packing (cubic or hexagonal) is the densest 
possible (has the greatest 7), and this assertion is known 
as the KEPLER CONJECTURE. The problem of finding 
the densest packing of spheres (not necessarily periodic) 
is therefore known as the KEPLER PROBLEM. The KE- 
PLER CONJECTURE is intuitively obvious, but the proof 
still remains elusive. However, Gauss (1831) did prove 
that the face-centered cubic is the densest lattice pack- 
ing in 3-D (Conway and Sloane 1993, p. 9). This result 
has since been extended to HYPERSPHERE PACKING. 


In 3-D, face-centered cubic close packing and hexagonal 
close packing (which is distinct from hexagonal lattice), 
both give 
T 
= —K & 74.048%. 1 
ae 6 (1) 


For packings in 3-D, C. A. Rogers (1958) showed that 
1 < V18(cos™" 3 — }m) = 77.96355700% (2) 


(Le Lionnais 1983). This was subsequently improved to 
77.844% (Lindsey 1986), then 77.836% (Muder 1988). 
However, Rogers (1958) remarks that “many mathe- 
maticians believe, and all physicists know” that the ac- 
tual answer is 74.05% (Conway and Sloane 1993, p. 3). 


“Random” close packing in 3-D gives only 7 ~ 64% 
(Jaeger and Nagel 1992). 


The PACKING DENSITIES for several packing types are 
summarized in the following table. 


Packing n (exact) | 7 (approx.) 
scare lattice (2-D) = 0.7854 
hexagonal lattice (2-D) na 0.9069 
cubic lattice a 0.5236 
hexagonal lattice Wi 0.6046 
face-centered cubic lattice as 0.7405 
random — 0.6400 
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For cubic close packing, pack six SPHERES together in 
the shape of an EQUILATERAL TRIANGLE and place an- 
other SPHERE on top to create a TRIANGULAR PYRA- 
MID. Now create another such grouping of seven 
SPHERES and place the two PYRAMIDS together facing 
in opposite directions. A CUBE emerges. Consider a 
face of the CUBE, illustrated below. 


The “unit cell” cube contains eight 1/8-spheres (one at 
each VERTEX) and six HEMISPHERES. The total VOL- 
UME of SPHERES in the unit cell is 


4n 
Voepheres in unit cell = (8 “ ‘ + 6 A at 
4 
ey, peclhles ee Warp? (3) 


“2: 
The diagonal of the face is 4r, so each side is 2/2r. The 
VOLUME of the unit cell is therefore 


Vanit cen = (2V2r)* = 16V2r°. (4) 


The PACKING DENSITY is therefore 
=-375-—5 (5) 


(Conway and Sloane 1993, p. 2). 


Hexagonal close packing must give the same values, since 
sliding one sheet of SPHERES cannot affect the volume 
they occupy. To verify this, construct a 3-D diagram 
containing a hexagonal unit cell with three layers. Both 
the top and the bottom contain six 1/6-SPHERES and 
one HEMISPHERE. The total number of spheres in these 
two rows is therefore 


2(64 +15) =3. (6) 


The VOLUME of SPHERES in the middle row cannot be 
simply computed using geometry. However, symmetry 
requires that the piece of the SPHERE which is cut off 
is exactly balanced by an extra piece on the other side. 
There are therefore three SPHERES in the middle layer, 
for a total of six, and a total VOLUME 


An 
Vopheres in unit cell = 6- aa 3 + 3) — 8rr*. (7) 
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The base of the HEXAGON is made up of 6 EQUILATERAL 
TRIANGLES with side lengths 2r. The unit cell base 
AREA is therefore 


Aunit cen = 6[2(2r)(V3r)] = 6V3 rr". (8) 


The height is the same as that of two TETRAHEDRA 
length 2r on a side, so 


2 
Aunit cell = 2 an/2 ’ (9) 


8rr? T 


(6/3 r?) (4r/7) : 3v2 


giving 


(10) 


HCP = 


(Conway and Sloane 1993, pp. 7 and 9). 


If we had actually wanted to compute the VOLUME of 
SPHERE inside and outside the HEXAGONAL PRISM, we 
could use the SPHERICAL CAP equation to obtain 


2 1 1 
Ve = $nh®(3r —h) = 30 a (2 5) 
= iar (s — 3) = dar*(9 — V3) (11) 
V5 = ar? [4 — £(9- V3)] = J ar?(36 - 9 + V3) 
= pear? (27 + V3). (12) 


The rigid packing with lowest density known has 7 ~ 
0.0555 (Gardner 1966). To be RIGID, each SPHERE must 
touch at least four others, and the four contact points 
cannot be in a single HEMISPHERE or all on one equator. 


If spheres packed in a cubic lattice, face-centered cu- 
bic lattice, and hexagonal lattice are allowed to expand, 
they form cubes, hexagonal prisms, and rhombic dodec- 
ahedra. Compressing a random packing gives polyhedra 
with an average of 13.3 faces (Coxeter 1958, 1961). 


For sphere packing inside a CUBE, see Goldberg (1971) 
and Schaer (1966). 

see also CANNONBALL PROBLEM, CIRCLE PACK- 
ING, DODECAHEDRAL CONJECTURE, HEMISPHERE, 
HERMITE CONSTANTS, HYPERSPHERE, HYPERSPHERE 
PACKING, KEPLER CONJECTURE, KEPLER PROBLEM, 
KIssSING NUMBER, LOCAL Drnsity, LOCAL DENSITY 
CONJECTURE, SPHERE 
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Sphere Point Picking 
see FEJES TOTH’S PROBLEM 


Sphere-Sphere Intersection 


Let two spheres of RADII R and r be located along the z- 
AXIS centered at (0,0,0) and (d,0,0), respectively. Not 
surprisingly, the analysis is very similar to the case of 


Sphere-Sphere Intersection 


the CIRCLE-CIRCLE INTERSECTION. The equations of 
the two SPHERES are 


2 +¥ +2? = R? (1) 
(2-—dP+y 42 =r". (2) 


Combining (1) and (2) gives 
(2 —d)? + (R? - 2?) =r’. (3) 
Multiplying through and rearranging give 
a? ~2de+d?—a2? =r? — R’. (4) 
Solving for x gives 


d@—r? + R? 


2d (6) 


c= 
The intersection of the SPHERES is therefore a curve 


lying in a PLANE parallel to the yz-plane at a single 
x-coordinate. Plugging this back into (1) gives 


2 
Pdant—atoRi- (foot) 


2d 
4d? R? — (d? —r? + R?)? 
Se ge 6) 
which is a CIRCLE with RADIUS 
a= oe 4d? R? — (d? — r? + R?)? 
2d 
1 
- at d+r-—R)(-d—r+R) 
x [(-d+r+R)(d+r+R)]'”’. (7) 


The VOLUME of the 3-D LENS common to the two 
spheres can be found by adding the two SPHERICAL 
Caps. The distances from the SPHERES’ centers to the 
bases of the caps are 
dy =z (8) 
d, =d—z, (9) 


so the heights of the caps are 


(r —-R+d)(r+ R-d) 


hy =R-dqh= 2d (10) 
Rize a, = Ror e athena) (11) 


The VOLUME of a SPHERICAL CAP of height h’ for a 
SPHERE of Rapius R’ is 


V(R',h’) = iwh’?(3R' — bh’). (12) 


Spherical Bessel Differential Equation 


1687 


Letting R; = R and R2 =r and summing the two caps 
gives 
V =V(Ri, hi) + V( Ro, h2) 
_ m(R+1r — d)?(d? + 2dr — 3r? + 2dR + 6rR — 3K”) 
— 12d 


(13) 


This expression gives V = 0 for d= 1r-+ F as it must. 
In the special case r = R, the VOLUME simplifies to 


V = 37(4R + d)(2R — d)’. (14) 


see also APPLE, CIRCLE-CIRCLE INTERSECTION, Dou- 
BLE BUBBLE, LENS, SPHERE 


Sphere with Tunnel 

Find the tunnel between two points A and B on a grav- 
itating SPHERE which gives the shortest transit time 
under the force of gravity. Assume the SPHERE to be 
nonrotating, of RADIUS a, and with uniform density p. 
Then the standard form EULER-LAGRANGE DIFFEREN- 
TIAL EQUATION in polar coordinates is 


reg(r® = ra”) + re? (2a? _ r?) +a?r? =0, (1) 


along with the boundary conditions r(¢ = 0) = ro, 
re(@ = 0) = 0, r(¢@ = ga) = a, and r(@ = gp) = a. 
Integrating once gives 

a tr? 7? — 79? 


Lous To2 a2 — r2 : (2) 


But this is the equation of a HYPOCYCLOID generated by 
a CIRCLE of RADIUS $(a—1o0) rolling inside the CIRCLE 
of RADIUS a, so the tunnel is shaped like an arc of a 
HYPOCYCLOID. The transit time from point A to point 
Bis 


T=7 ag (3) 
where GM 
Gat = énpGa (4) 


is the surface gravity with G the universal gravitational 
constant. 


Spherical Bessel Differential Equation 
Take the HELMHOLTZ DIFFERENTIAL EQUATION 


WF+kR?F=0 (1) 


in SPHERICAL COORDINATES. This is just LAPLACE’S 
EQUATION in SPHERICAL COORDINATES with an addi- 
tional term, 


aR 2dR 1 @#oO 
dr? or rdr | r?sin? ¢ dé? saa 
cos@ dd 1 ao 2 
sien aaa Sa eohonerT -0. 2 
ane as Bre age Pee 0. (2) 
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Multiply through by r?/R&O, 


rdR 2@rdR 22 1 @o 
Rae Ra ° * Gant a 
2 
cos ¢ d® id@_4 (3) 
@singddd dd? 


This equation is separable in R. Call the separation 
constant n(n + 1), 


Faz tg thr =nnt)). (4) 
Now multiply through by R, 


@R dR 
2 2,2 _ 


This is the SPHERICAL BESSEL DIFFERENTIAL EQUA- 
TION. It can be transformed by letting x = kr, then 
dR(r) dR(r) dR(r) dR(r) 
ar "kdr  d(kr) da ©) 


Similarly, : rer 
2d R(r) _ 2d*R(r) 
"ar? * “Ge? (7) 


so the equation becomes 


2 d’R dR 2 
dz? dz 


n(n +1)|R = 0. (8) 


Now look for a solution of the form R(r) = Z(x)x~1/?, 
denoting a derivative with respect to x by a prime, 
Rl = Z'g7'? — 47 279/? (9) 
2 
t mW 1/2 Lot. -3/2 lt ~3/2 
RU = Z" 7? _ gig 8/? _ 1 zig 3/ 
5/2 
~ 3(-3)40*! 


= Brg tl? — gle V8 4 8Z_ 9/7 (10) 
sO 


v(Z" 2! = Zig 3/? 4 8 Zn" */?) 
4+20(Z'e71/? — 1 Za7%/?) + [2? —n(n4+1))Z27'? =0 
(11) 


a*(Z" — Z'a~* + $Z2-*) + 2a(Z’ —- $Z2*) 
+2? -—n(n+1)]Z=0 (12) 
a Z" 4 (~2+2e)Z' +[3 -142?—n(n+1)]Z =0 (13) 


eZ" 4+2Z' +(x? —-(n?+n+2))Z=0 
a? Z" 4+ 0Z' +(e? —(n+4)*]Z=0. (14) 


Spherical Bessel Differential Equation 


Spherical Bessel Function 


But the solutions to this equation are BESSEL FUNC- 
TIONS of half integral order, so the normalized solutions 
to the original equation are 


R(r) =A tg 4+ a (15) 


which are known as SPHERICAL BESSEL FUNCTIONS. 
The two types of solutions are denoted j,,(2) (SPHERI- 
CAL BESSEL FUNCTION OF THE FIRST KIND) or nn(z) 
(SPHERICAL BESSEL FUNCTION OF THE SECOND KIND), 
and the general solution is written 


R(r) = A’jn(kr) + B'na(kr), (16) 
where 


T In+1/2(Z) 


jn(z) = a a (17) 
nn(z) = go) (18) 


see also SPHERICAL BESSEL FUNCTION, SPHERICAL 
BESSEL FUNCTION OF THE FIRST KIND, SPHERICAL 
BESSEL FUNCTION OF THE SECOND KIND 
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Spherical Bessel Function 

A solution to the SPHERICAL BESSEL DIFFERENTIAL 
EQUATION. The two types of solutions are denoted jn(2) 
(SPHERICAL BESSEL FUNCTION OF THE FIRST KIND) or 
nn(z) (SPHERICAL BESSEL FUNCTION OF THE SECOND 
KIND). 


see also SPHERICAL BESSEL FUNCTION OF THE FIRST 
KIND, SPHERICAL BESSEL FUNCTION OF THE SECOND 
KIND 
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Spherical Bessel Function 


Spherical Bessel Function of the First Kind 


jn(z) 


Ve tneva 


9” x” ( 1)* (s—n)! 2s 
a ae ‘a 


n 2 
a 
~ (Qn+ 1)! 1!(2n + 3) 
2 
ey 
2'(2n+3)(Q2n+5) 7 
_¢_4\n,n {_4a i sin x 
ad he ca x 
The first few functions are 
: sin z 
jo(x) = — 
: _ sing cosz 
ji(x) hea z2 _ ee 
jo(x) = (5 - -) sinz — ase 
POV & pace 


see also POISSON INTEGRAL REPRESENTATION, RAY- 
LEIGH’S FORMULAS 
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Spherical Bessel Function of the Second 
Kind 


a 


Spherical Cap 1689 


mn({z) = J 2 Yntrala) 


(i ee 1)*(s = n)t ae 


ar gnth 2s — 2n)! 
Gian ; iy? 
_ grtt 11(1 — 2n) 
1,2)? 
___ Ge") $e 


2!(1 — 2n)(3 — 2n) 


= (-1)""?, ix p ere 


The first few functions are 


COS Z 
no(x) = —— 

cosx sing 
mie) = me .)OU 

3 1 3, 
n2(x) = — ze yp) COS — Fa Sine. 


see also RAYLEIGH’S FORMULAS 
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Spherical Bessel Function of the Third Kind 


see SPHERICAL HANKEL FUNCTION OF THE FIRST 
KIND, SPHERICAL HANKEL FUNCTION OF THE SECOND 
KIND 


Spherical Cap 


A spherical cap is the region of a SPHERE which lies 
above (or below) a given PLANE. If the PLANE passes 
through the CENTER of the SPHERE, the cap is a HEMI- 
SPHERE. Let the SPHERE have RADIUS R, then the VOL- 
UME Of a spherical cap of height A and base RADIUS a is 


1690 Spherical Cap 


given by the equation of a SPHERICAL SEGMENT (which 
is a spherical cut by a second PLANE) 


Vepherical segment = E7h(3a" + 36° +h") (1) 
with 6 = 0, giving 
Veap = kmh(3a” +h”). (2) 
Using the PYTHAGOREAN THEOREM gives 
(R—h)? +07 = R’, (3) 
which can be solved for a? as 
a’ =2Rh-—h’, (4) 
and plugging this in gives the equivalent formula 
Veap = 47h?(3R — h). (5) 
In terms of the so-called CONTACT ANGLE (the angle 


between the normal to the sphere at the bottom of the 
cap and the base plane) 


R—h= Rsin@ (6) 
es He) 
asin ‘rn ; (7) 
so 
Veap = 47 R3(2 — 8sina + sin’ a). (8) 


Consider a cylindrical box enclosing the cap so that the 
top of the box is tangent to the top of the SPHERE. Then 
the enclosing box has VOLUME 


Voox = 7a°h = n(Reos a)(R(1 — sina)] 


= nR(1 sina — sin? a +sin* a), (9) 


so the hollow volume between the cap and box is given 
by 


Voox — Veap = $7R*(1—3sin?a+2sin?a). (10) 


If a second PLANE cuts the cap, the resulting SPHER- 
ICAL FRUSTUM is called a SPHERICAL SEGMENT. The 
SURFACE AREA of the spherical cap is given by the same 
equation as for a general ZONE: 


Scap = 2nRh. (11) 


see also CONTACT ANGLE, DOME, FRUSTUM, HEMI- 
SPHERE, SOLID OF REVOLUTION, SPHERE, SPHERICAL 
SEGMENT, TORISPHERICAL DOME, ZONE 


Spherical Coordinates 


Spherical Coordinates 


A system of CURVILINEAR COORDINATES which is nat- 
ural for describing positions on a SPHERE or SPHEROID. 
Define @ to be the azimuthal ANGLE in the zy-PLANE 
from the z-AXIs with 0 < @ < 2% (denoted A when re- 
ferred to as the LONGITUDE), ¢ to be the polar ANGLE 
from the z-AXIS with 0 < ¢ < mw (COLATITUDE, equal 
to @ = 90° — 6 where 6 is the LATITUDE), and r to be 
distance (RADIUS) from a point to the ORIGIN. 


Unfortunately, the convention in which the symbols @ 
and ¢ are reversed is frequently used, especially in phys- 
ics, leading to unnecessary confusion. The symbol p is 
sometimes also used in place of r. Arfken (1985) uses 
(r,¢,6), whereas Beyer (1987) uses (p,9,¢). Be very 
careful when consulting the literature. 


In this work, the symbols for the azimuthal, polar, and 
radial coordinates are taken as 6, ¢, and r, respectively. 
Note that this definition provides a logical extension of 
the usual POLAR COORDINATES notation, with @ re- 
maining the ANGLE in the zy-PLANE and ¢ becoming 
the ANGLE out of the PLANE. 


r= forty? +2? (1) 
6 = tan? (4) (2) 


¢@=sin™! () = cos! (=) ’ (3) 


T 


where r € [0,00), @ € [0, 27), and ¢ € [0,7]. In terms of 
CARTESIAN COORDINATES, 


z=rcos@sing (4) 
y=rsin@sing (5) 
z=rcos@. (6) 


The SCALE FACTORS are 


hy =1 (7) 
he =rsing (8) 
hg =T, (9) 


Spherical Coordinates 


so the METRIC COEFFICIENTS are 


Grr = 1 

gee = r? sin? @ 
2 

9o¢ =T . 


The LINE ELEMENT is 


ds = drt + rdpp+rsingdd6, 


the AREA element 
da =r’ singdédd?, 
and the VOLUME ELEMENT 
dV =r’ sing dé dédr. 
The JACOBIAN is 
A(z, y, 2) 
O(r, 8, ¢) 


The POSITION VECTOR is 
rcos@sin d 
r=|rsin@sing | , 


rcos@ 


= r*|singl. 


so the UNIT VECTORS are 


dr cos @ sing 
f= -2 = | sin@sing 


cos d 
: dr —sindé 
d= ae = | cos@ 
r 

a6 0 
7 a cos 6 cos @ 
G= de] = sin @ cos $ 

d¢ —sing 

Derivatives of the UNIT VECTORS are 


ar 9 
06 
oe 
a _ 
Or =0 
Z —sin@sing 7 
aa =~ cos @ sing | =sing@ 
0 
A — cos@ 
“ = | sno] = —cos¢@—singt 
0 
4 —sin@cos¢d 
oe — | cos 9 cos @ | = cos¢@ 
0 


cos@ , 
sin@cos¢ | =@ 


—sing 


30 

36 =0 
4 —cos@sin d 

oe [=sinesing | —f. 
? —cos@ 


(10) 
(11) 
(12) 


(13) 


(14) 


(15) 


(16) 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 


(23) 


(24) 


(25) 


(26) 


(27) 


(28) 


(29) 
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The GRADIENT is 


.0 140 1 340 
~ FOr 4 o rsing 06’ (30) 
so 
V,jr=0 (31) 
V.6=0 (32) 
Vo =6 (33) 
%e sin g@ ee 
vers rsing — (34) 
ae cosh +singé _ _cotds 2 Re 
Vel = — rsingd - ? rn ©) 
Ve@ = eee = ete. (36) 


rsingd r 


Now, since the CONNECTION COEFFICIENTS are given 
by Tj, = %e + (Ves), 


0 4+ 0 

r= ° 0 | (37) 
0 sett 9 
0 o 2 

r= [° — sete | (38) 
0 oOo 0 
0 0 

= ° -2 0 | 3 (39) 
0 o -2 


The DIVERGENCE is 


V-F=A,4+7%5,A' 
= [Ay + (U%,A" +19,4° +15, A*] 
+[A% + (igA” + 199A" +13 9A%)] 
+{A%, + (T8,A" + 13,4° +1$,A°)] 
190A" 10A® ~ 1 BAP 


~ 9. Or | ge 8” 96 OO 


+(=4" +04 cote at )+ (47 +0+0) 


me LO ip Ds pe. 1 Oo 19 4g, cotd ag 
= ae POA cane oe =F ae” 3 r “ 


+ (0+0+40) 


(40) 


or, in VECTOR notation, 


_ (2, 4 16 | cotd 1 OF6 

ee mre(s 86° + at ets 50 
1 2 1 OF 6 

= ——(r'F, F, . (Al 

r? Or ag +5 5 ag cine o)t ang OF: 06 ey) 

The COVARIANT DERIVATIVES are given by 
1 0A; i 
ik oo oa, — Vj, Ai, (42) 


1692 Spherical Coordinates 
so 
CA) pi, - ON, 
Bans or aE AeS Or 
Pepe ee eee me 
"19 Fsing 00 ro psind 06 
1 OA, Ae 
~ rsing d¢ r 
OAs o> 8 WAL 25 
Brig aa, hee piggy ore 
1 / OA, 
=; (3-4) 
a) eee 
ea Or Pee Or 
_ 1 dAg i 
Age = rsing 00 ~ Tee Ai 
1 r 
= rang 04008 —T%,A¢ —TeeAr 
_ 1 OAs , cote A, 
~ rsing 06 = Tr aot r 
1 OAg a OAo 
Ag ire a Peay ne 
00 Or or Ab 
OA F OA 
age or — Tori = ——= 
ee ee) ee eee Oe 
Aue rang oe. 7 = eeiny 08 
— 1 OAs | cot 4 
rsing 00 7 : 
10A 10A 
Ago = are ooAi ae -ToAr 
_10Ay | Ar 
~ r Ad r 


‘The COMMUTATION COEFFICIENTS are given 


ct g8u = (2a, Es] = Vabs — Veea 


a 


[#, #] = (4, 8] = [¢, ¢] = 0, 


SO Crr = Cog = CGg = 0, where a = 7,0, ¢. 


(¢, 8] = -[8,#] = V-8 - Vek = 0 - “8 = - 
80 Chg = cee = a epee ea 
a Y ee gk 1- 1; 
i, 4] = [6,7] = 0- 56 = -=4, 
@ o 
50 Cla = C4, t 


(43) 


—T,eAe 


(44) 


(45) 


(46) 


(47) 
(48) 


(49) 


6 
Ts 


by 


(6, d] = 10, 8] = = cot 8 — 0 = = cot 98, 


so 1 
Cbg = —che = —cot¢. 
T 


(50) 


(51) 


(52) 


(53) 


(54) 


(55) 


(56) 


(57) 
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Summarizing, 

0 0 0 

c= [° 4) | (58) 
0 0 0 
i) —t 0 

c= | 2 0 2 cot (59) 
0 —-tcot¢d 0 
oo -t 

cf = E 0 Oo | (60) 
+ 0 0 


Time derivatives of the POSITION VECTOR are 


sin Osing? +rcosOsin ¢6 +rsin@cos¢¢ 
cos@r—rsingd 


cos @ sind ~sin@] — 
=| sin@sind|7r+rsing| cos@ | @ 


snesings —rsin@sing) + rs gs 
r= 


cos @ 0 
cosOcos@] | 
+r |{sinOcos¢ | ¢ 
—sing 
=rt+rsingb0+rd@d. (61) 
The SPEED is therefore given by 
v= |t| = V?? +1? sin? 66? + r2¢?. (62) 


The ACCELERATION is 


& = (—sin @sin $67 + cos 6 cos dd + cos 0 sin G7) 
— (sin 6 sin ord + r cos @sin yd? + rsin@ cos ood 
+ rsin 6 sin 66) + (cos 6 cos ¢#¢ — r sin 8 cos 6 
— rcos@sin 6d” +r cos 8 cos o¢) 
= —2sin@sin o6r + 2cos # cos oro — 2rsin 6 cos b6d 
+ cos @ sin ¢# — rsin@ sin pb + r cos cos bh 
— rcos 6 sin 6(6” + $7) 
y = (sin O sin dr + rcos6 sin ¢6 + rcos ¢sin O¢) 
+ (cos @ sin oro — rsin@sin $6" ‘+ rcos 6 cos obo 
+ rcos @ sin ¢8) + (sin @ cos dr¢ + r cos 0 cos g0¢ 
—rsin@sin ¢¢” + rsin@ cos ¢¢) 
= 2cos@sin oor + 2sin @ cos ord + 2r cos @ cos ¢6¢ 
+ sin 0 sin ¢# + rcos@ sin 66 + rsin @ cos 6b 
—rsin@sin (6? + ¢*) (64) 
z = (cos dr — sin gr) — (Fsindd + rcosdd* + rsin gd) 
= —rcos ¢¢” + cos ¢# — 2sin gd? — rsin dd. (65) 


(63) 


Spherical Coordinates 


Plugging these in gives 
A cos @ sing 
# = (# —r¢’) | sinésing 


cos f 


.$ _ [-sine 
+ (2rcos 696+ rsing@) | cosd 
0 


: _ [cos@cos¢ _ [cosé 
+(2r + rg) | sin@cos¢ | — rsin 6? | sind | , 


—sing 0 
(66) 
but 
, cos 6 sin? ¢ + cos 6 cos? ¢ 
sin $f + cos¢@ = | sin sin? ¢+ sin 8 cos? d 
0 
cos 6 
= | siné | , (67) 
0 
so 


# = (# — r¢”)# + (2r-cos 66d + 2sin POF + rsin ¢6)0 
+(2°b + rb)\@ — rsin $67 (sin df? + cos oo) 
=(f-—r¢” —rsin? $67 )E 
+ (2sin 667 + 2r cos 666 + rsin 66) 
+(27b + rb — rsin ¢cos $6") d. (68) 
Time DERIVATIVES of the UNIT VECTORS are 
—sin @sing 6 + cosOcosh¢d 


cosOsing6 + sin cos oo | = sing 60+ do 
—singdd 


A 


r= 


(69) 


, — cos 06 _ [cos@ ; . 
G= [=sn9| =~-6 EY = —0(sin of + cos Gp) 


0 0 
(70) 
F —sin 4 cos $6 — cos@singd ‘ 
p= | cos Ocos $6 — sinOsingd d | = —f + cos d60. 
—cosd¢d 
(71) 
The CuRL is 
= Me PD fea Oe 
Nes E ag agin oF) 80 | 
1 1 OF. 20 » 110 OF, | 2 
r Ee 06 Or Fe] P+ r | Str 7 ie | e 


(72) 
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The LAPLACIAN is 


Ve= 


1 0 (2) 1 & 
ror \" Or r? sin? @ 06? 
doce eS eiigee: 
r? sin d 06 Og 
ee @ fe cis a 1 @ 
-3(r eee \+ ate 
1 a... , 
Tiga (cosa sind ga ) 
aca gees A 3 
~ Or? " r Or" r2 sin? 6 G62 


coop 8 1 
r2singdOd¢  r? Og?" 


(73) 


The vector LAPLACIAN is 


1 O?(rvr) 4 2 Ove 4 _ 1 OP vp 4 cots Ove 
rv Ort r2 6@2 r? gin? @ Op? re 6 
2 9ve _ 2 92g _ Bur _ 2eot ey, 
r? 66 ruin d O@ re ra 8 
1 9?(rvg) 4+ 4 o'r + 1 8? v9 + cot @ Ove 
V?v _ rv Ort r? 802 r? sin? @ 862 r2 86 
— 2 Zeote Ov 4 2 Ovp _ __ve _ 
r2 r2sin@ 0¢ r? 60 r? sin? 6 


87 (rug) 1 07 vga ey Ov 
at beet ote oat + Se 
r er r ae r2 sin? @ Od r oe 
+2 Guy A 2Zcot@ Ove __ i) 
r2 8D r? sin @ 80 r? sin? 6 
(74) 


To express PARTIAL DERIVATIVES with respect to Carte- 
sian axes in terms of PARTIAL DERIVATIVES of the spher- 
ical coordinates, 


xr rcos@sing 
| = [raisin (75) 


r cos @ 


sin@sinédr+rsindcos6 dé + rsin@cosddd 


[4 [Sindsin dae + rsin good sin cond | 
cosg@dr —rsingdd 


cos@sing —rsin@sing rcosdcos¢ dr 
= [snasing rsingcosé Paint [a]. 
cos @ 0 —rsing do 
(76) 
Upon inversion, the result is 
dr cos@sing sin@sing cos¢d dz 
sin 8 8 
dé | = rand ne 0 dy | . 
d¢ cos 8 cos ¢ sin @ cos ¢ sin gd dz 
b rT Tr 
(77) 
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The Cartesian PARTIAL DERIVATIVES in spherical coor- 
dinates are therefore 


a Or 8 % 069 8¢ 84 
Oz = =Ox Or S 06 «=(Ox OP 
sin? @  cosécos¢ Od 
= = cos sino — rangoe + 8 
(78) 
oe Or 0 _ 9090 | O69 
oy dy Or . 86° by Od 
cos§ 8 — sin@cos¢d O 
= = sin sin ds + rsngd0° + a 
(79) 
0 Ord , 00 as d¢ 0 
Oz Oz@r 8200 Oz dd 
= fe) sing O 
= cos oa, a Oe (80) 


(Gasiorowicz 1974, pp. 167-168). 


The HELMHOLTZ DIFFERENTIAL EQUATION is separable 
in spherical coordinates. 


see also COLATITUDE, GREAT CIRCLE, HELMHOLTZ 
DIFFERENTIAL EQUATION--SPHERICAL COORDINATES, 
LATITUDE, LONGITUDE, OBLATE SPHEROIDAL COOR- 
DINATES, PROLATE SPHEROIDAL COORDINATES 


References 

Arfken, G. “Spherical Polar Coordinates.” §2.5 in Mathe- 
matical Methods for Physicists, 3rd ed. Orlando, FL: 
Academic Press, pp. 102-111, 1985. 

Beyer, W. H. CRC Standard Mathematical Tables, 28th ed, 
Boca Raton, FL: CRC Press, p. 212, 1987. 

Gasiorowicz, S. Quantum Physics. New York: Wiley, 1974. 

Morse, P. M. and Feshbach, H. Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, p. 658, 1953. 


Spherical Design 

X is aspherical t-design in E IFF it is possible to exactly 
determine the average value on & of any POLYNOMIAL 
f of degree at most ¢ by sampling f at the points of X. 
In other words, 


volume mak |. f() dé = {X| 7S f(z). 


wEex 


References 

Colbourn, C. J. and Dinitz, J. H. (Eds.) “Spherical t- 
Designs.” Ch. 44 in CRC Handbook of Combinatorial De- 
signs. Boca Raton, FL: CRC Press, pp. 462-466, 1996. 


Spherical Excess 
The difference between the sum of the angles of a 
SPHERICAL TRIANGLE and 180°. 


see also ANGULAR DEFECT, DESCARTES TOTAL ANGU- 
LAR DEFECT, GIRARD’S SPHERICAL EXCESS FORMULA, 
L’HUILIER’S THEOREM, SPHERICAL TRIANGLE 


Spherical Hankel Function of the Second Kind 


Spherical Frustum 
see SPHERICAL SEGMENT 


Spherical Geometry 

The study of figures on the surface of a SPHERE (such as 
the SPHERICAL TRIANGLE and SPHERICAL POLYGON), 
as opposed to the type of geometry studied in PLANE 
GEOMETRY or SOLID GEOMETRY. 


see also PLANE GEOMETRY, SOLID GEOMETRY, SPHER- 
ICAL TRIGONOMETRY, THURSTON’S GEOMETRIZATION 
CONJECTURE 


Spherical Hankel Function of the First Kind 


n® (x) = (eH po = = jn(z) + inn(z), 


where H“) (gz) is the HANKEL FUNCTION OF THE FIRST 
KIND and jn(z) and n,(z) are the SPHERICAL BESSEL 
FUNCTIONS OF THE FIRST and SECOND KINDS. Explic- 
itly, the first few are 


a (x) =(sin a — icosz) = ——e* 
1 a 
A Pe (-= 7 =) 
1 (x) ae x2 
(2) in [2 3 32 
niP(@) =e" (5-5-5) 
References 


Abramowitz, M. and Stegun, C. A. (Eds.). “Spherical Bes- 
sel Functions.” §10.1 in Handbook of Mathematical Func- 


tions with Formulas, Graphs, and Mathematical Tables, 
9th printing. New York: Dover, pp. 437-442, 1972. 


Spherical Hankel Function of the Second 
Kind 


A (a) = yf =H, (2) = jalan) — inal), 


where H‘?)(x) is the HANKEL FUNCTION OF THE SEC- 
OND KIND and jn(z) and nn(xz) are the SPHERICAL BES- 
SEL FUNCTIONS OF THE FIRST and SECOND KINDS. Ex- 
plicitly, the first is 


1 L 
a) (a) = ; (Sing + tcosz) = “e 
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Abramowitz, M. and Stegun, C. A. (Eds.). “Spherical Bes- 
sel Functions.” §10.1 in Handbook of Mathematical Func- 
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Spherical Harmonic 


Spherical Harmonic 

The spherical harmonics Y/"(9,¢) are the angular por- 
tion of the solution to LAPLACE’S EQUATION in SPHER- 
ICAL COORDINATES where azimuthal symmetry is not 
present. Some care must be taken in identifying the no- 
tational convention being used. In the below equations, 
@ is taken as the azimuthal (longitudinal) coordinate, 
and ¢ as the polar (latitudinal) coordinate (opposite the 
notation of Arfken 1985). 


a 21+1(1—m)! 

Y;" (6 = 

OOO) = ae (Cm)! 
where m = —I1, -1+1,...,0,..., 
tion is chosen such that 


Qr n 
i i y;"y;""" sin dd dé 
(8) fa) 


an 1 
= / Yi" Yi" d(cos ¢) d9 = Simm5ur, (2) 
r8) we 1 


where bmn is the KRONECKER DELTA. Sometimes, the 
CONDON-SHORTLEY PHASE (—1)™” is prepended to the 
definition of the spherical harmonics. 


;Pi"(cosp)e"™", (1) 


l and the normaliza- 


Integrals of the spherical harmonics are given by 


oe an= (21, + Gis + 1)(213 + 1) 


h kl ls h bh ks 
«(5 0 ee ma a) ®) 


ho ok ks 
m1 =#™Me M3 
(which is related to the CLEBSCH-GORDON COEFFI- 
CIENTS). The spherical harmonics obey 


where ) is a WIGNER 3j-SYMBOL 


-1 (21 +1)! 1)! —il6 
es a An n’ ge (4) 
21+1 
¥P = Cas (5) 
yo" =(-)™YK"™", (6) 


where P;(x) is a LEGENDRE POLYNOMIAL. 


¥o(0, o) 


¥/(0, ) 


d) ¥i( 8, 9) ¥2(0, 9) 


¥3(8, @) 


(6, @) 


¥S(8, 9) ¥i(@, 9) 
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Cll aa 
*K 
ate 
re 
¢ 

5 


The above illustrations show |Y,"(6,¢)| (top) and 
RY," (6, d)| and S[Y,;"(6,¢)] (bottom). The first few 
spherical harmonics are 


Y= eV 5 x sin¢cos de” 
Y; == woe ¢-1) 
Yi = 34/5" sin cos ¢e” 

5 1 /15 ; 
y2 — +,/ 7 sin? de2¥? 
2 IV ox sin” de 
y;>3 3 / 35 ain? pe7? 
us 


j = sin? gcosde* 


= 1 /21 i 
ee eee j2i .. 24 4), ~10 
3 re fies sin @(5 cos’ ¢ — le 
Y; = 12 (eeos@ — 3cos¢) 
Y= ay = sin $(5 cos? ¢ — 1)e? 


105 
Y; =- sin? ¢cos ge? 


i on 


¥3=-3 35 sin? de, 
Vx 
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Written in terms of CARTESIAN COORDINATES, 


e? = x + Ly (7) 
af a? + y? 


ee / aw +y? 
@ = sin a ee | (8) 


Se ee (9) 
so 
Wa5z (19) 
Mi ii a + 2? ou 
vi = -5 3 x+y (12) 


"Jato ye pat 


ee Oe ke 327 
w=1/8 (sf35 1) (3) 


1. 1 /15 z(a + ity) 
= QV Qa xv? + y? + 2? a 
1/15 (x+ iy)? 
Ye = —4/ 
2 4V Qn at ty? 42? (15) 


These can be separated into their REAL and IMAGINARY 


PARTS 
y"° (8, 6) 
¥i"°(6, 6) 


Py" (cos ¢) sin(m@) (16) 
= P;"(cos ¢) cos(mé). (17) 


ttl 


The ZONAL HARMONICS are defined to be those of the 


form 
P, (cos 6). (18) 


The TESSERAL HARMONICS are those of the form 
sin(m@)P,,” (cos 8) (19) 


cos(md) P,,. (cos 8) (20) 
for n 4m. The SECTORIAL HARMONICS are of the form 
sin(m@) Pm (cos 8) (21) 
cos(m@)P (cos 6). (22) 
The spherical harmonics form a COMPLETE ORTHONOR- 


MAL BASIS, so an arbitrary REAL function f(@,¢) can 
be expanded in terms of COMPLEX spherical harmonics 


f09= >> SY) Ary7(6.4), (23) 


t=0 m=-1 


Spherical Harmonic Addition Theorem 


or REAL spherical harmonics 
F(6,0) 
for) t 
=o ler vi" @, @) sin(ms) + S”¥i""(8, 4). 


1=0 m=0 


(24) 


see also CORRELATION COEFFICIENT, SPHERICAL HAR- 
MONIC ADDITION THEOREM, SPHERICAL HARMONIC 
CLOSURE RELATIONS, SPHERICAL VECTOR HARMONIC 
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Spherical Harmonic Addition Theorem 

A FORMULA also known as the LEGENDRE ADDITION 
THEOREM which is derived by finding GREEN’S FUNC- 
TIONS for the SPHERICAL HARMONIC expansion and 
equating them to the generating function for LEGEN- 
DRE POLYNOMIALS. When 7 is defined by 


cos 7 = cos 6; cos 62 + sin 6; sin 92 cos gi — da, 


P,, (cosy) = “4 > (- 1)"¥;" (01, 61) Y"., (02, $2) 
= Et oy Yn (81,1) ¥m (82, $2) 


=P, aes 01)Pn (cos 62) 


+2 > amy a (m + myi Pm {008 91) Pm (cos G2) cos[n(gi —d2)]. 


Spherical Harmonic Closure Relations 
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Spherical Harmonic Closure Relations 
The sum of the absolute squares of the SPHERICAL HAR- 
mMonics Y,"(8,@) over all values of m is 


L 
a 2 +1 
> 76,4)? = =. 


m=-l 
The double sum over m and 1 is given by 


l 


oS > Yi" (61, 61) ¥r""* (02, 62) 


t=O m=-! 
= sy §l6s ~ &2)5(0r — 42) 
= 6(cos 61 — cos @2)d(o1 — 2), 


where 6(z) is the DELTA FUNCTION. 


Spherical Harmonic Tensor 
A tensor defined in terms of the TENSORS which satisfy 
the DOUBLE CONTRACTION RELATION. 


see also DOUBLE CONTRACTION RELATION, SPHERICAL 
HARMONIC 


Spherical Helix 

The TANGENT INDICATRIX of a CURVE OF CONSTANT 
PRECESSION is a spherical helix. The equation of a 
spherical helix on a SPHERE with RADIUS r making an 
ANGLE @ with the z-axis is 


z(w) = $r(1 + cos) cosy 


= $r(1 — cos 6) cos (72257 y) i 

u(y) = 4r(1 + cos 8) sing 
— $r(1 —cos@)sin (FS) eo 

cos@ 
z(w) = rsin@cos (2) ¢ (3) 


The projection on the zy-plane is an EPICYCLOID with 
RADII 


a=rcos@ (4) 
b=rsin”(46). (5) 


see also HELIX, LOXODROME, SPHERICAL SPIRAL 
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Spherical Point System 

How can n points be distributed on a SPHERE such that 
they maximize the minimum distance between any pair 
of points? This is FEJES TOTH’s PROBLEM. 


see also FEJES TOTH’S PROBLEM 


Spherical Polygon 

A closed geometric figure on the surface of a SPHERE 
which is formed by the Arcs of GREAT CIRCLES. The 
spherical polygon is a generalization of the SPHERICAL 
TRIANGLE. If @ is the sum of the RADIAN ANGLES of 
a spherical polygon on a SPHERE of RaDIUS r, then the 
AREA is 

S = (@ —(n—2)n]r’. 


see also GREAT CIRCLE, SPHERICAL TRIANGLE 


References 
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Spherical Ring 

A SPHERE with a CYLINDRICAL HOLE cut so that the 
centers of the CYLINDER and SPHERE coincide, also 
called a NAPKIN RING. 


The volume of the entire CYLINDER is 


Veyl = TLR’, (1) 
and the VOLUME of the upper segment is 
Veeg = ¢mh(3R? + h?), (2) 
where 
R= yr? - bu? (3) 
h=r-il, (4) 


so the VOLUME removed upon drilling of a CYLINDRICAL 
hole is 


Vee = Vegi + 2Vsey — m[LR? + 34(3R? + h?)] 

= m(LR? + AR? + 1h?) 

= m[L(r* — 3L?) + (r — $L)(r? - 317) 
+ (r — 31)9] 

= w[Lr? — 31° + (r° — gr? — 4 RE? + BL) 
+ (n° — 29° + $b? — EL7)| 

=m[gr + (1-3 — ght (-9 + a) RL 
+L(-a te aa) 

= Sar? — Lr? = 1 a(8r? — 1), (5) 


6 6 
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sO 


4 3 4 3 1 3 1 3 
Viett = Vophere a Viem = gar = (far = gal ) = g@L . 
(6) 


Sp 
GIT ae 


The VOLUME of a spherical sector, depicted above, is 
given by 

V = 2nR7h, 
where h is the vertical height of the upper and lower 
curves. 
see also CYLINDRICAL SEGMENT, SPHERE, SPHERICAL 
CAP, SPHERICAL SEGMENT, ZONE 
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Spherical Segment 


A spherical segment is the solid defined by cutting a 
SPHERE with a pair of PARALLEL PLANES. It can be 
thought of as a SPHERICAL CAP with the top truncated, 
and so it corresponds to a SPHERICAL FRUSTUM. The 
surface of the spherical segment (excluding the bases) is 
called a ZONE. 


Call the RapIuS of the SPHERE R and the height of 
the segment (the distance from the plane to the top of 
SPHERE) h. Let the RADII of the lower and upper bases 
be denoted a and b, respectively. Call the distance from 
the center to the start of the segment d, and the height 
from the bottom to the top of the segment h. Call the 


Spherical Spiral 


RADIUS parallel to the segment r, and the height above 
the center y. Then r? = R? — y?, 


d+h d+h 
v- | net dy =x [ (R? — y”) dy 
d d 


=n [Ry — jy] = {APA — B[(d+h)® — d*]} 


= n[R?h — 3 (d° + 3d7h + 3h7d + h® — d®)] 
= m(R?h — d’h —h?d — 2h®) 


= wh(R? — d? — hd — 2h’). (1) 

Using 
= R?-a@ (2) 
b? = R? —-(d+h)? = R?-d’?-2dh—h’, (3) 

gives 
a? +b” = 2R? — 2d? — 2dh — hr? (4) 
R? — d? —dh= }(a? +b? +h’), (5) 

so 


V = mh[5 (a? +b? +h’) — 3h?) = wh(5a? + 3b? + gh’) 
= ih(3a? + 367 +h’). (6) 


The surface area of the ZONE (which excludes the top 
and bottom bases) is given by 


S = 2rRh. (7) 


see also ARCHIMEDES’ PROBLEM, FRUSTUM, HEMI- 
SPHERE, SPHERE, SPHERICAL CAP, SPHERICAL SEC- 
TOR, SURFACE OF REVOLUTION, ZONE 
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Spherical Shell 

A generalization of an ANNULUS to 3-D. A spherical shell 
is the intersection of two concentric BALLS of differing 
RADII. 

see also ANNULUS, BALL, CHORD, SPHERE, SPHERICAL 
HELIX 


Spherical Spiral 


Spherical Symmetry 


The path taken by a ship which travels from the south 
pole to the north pole of a SPHERE while keeping a fixed 
(but not RIGHT) ANGLE with respect to the meridians. 
The curve has an infinite number of loops since the 
separation of consecutive revolutions gets smaller and 
smaller near the poles. It is given by the parametric 
equations 


x = costcosc 
y = sintcosc 
z= ~—sinc, 
where 
c = tan ‘(at) 


and a is a constant. 
see also MERCATOR PROJECTION, SEIFERT’S SPHERI- 
CAL SPIRAL 
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Spherical Symmetry 
Let A and B be constant VECTORS. Define 


Q=3(A-#)(B-#)—A-B. 


Then the average of Q over a spherically symmetric sur- 
face or volume is 


(Q) = (3cos” 6 — 1) (A- B) =0, 
since (3 cos? 6 — 1) = 0 over the sphere. 


Spherical Tessellation 
see TRIANGULAR SYMMETRY GROUP 


Spherical Triangle 


A spherical triangle is a figure formed on the surface of a 
sphere by three great circular arcs intersecting pairwise 
in three vertices. The spherical triangle is the spherical 
analog of the planar TRIANGLE. Let a spherical triangle 
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have ANGLES a, (3, and y and RADIUS r. Then the 
AREA of the spherical triangle is 


K=r'[(a+ 6+) —7). 


The sum of the angles of a spherical triangle is between 
180° and 540°. The amount by which it exceeds 180° is 
called the SPHERICAL EXCESS and is denoted E or A. 


The study of angles and distances of figures on a sphere 
is known as SPHERICAL TRIGONOMETRY. 


see also COLUNAR TRIANGLE, GIRARD’S SPHERICAL 
EXCESS FORMULA, L’HUILIER’S THEOREM, SPHERICAL 
POLYGON, SPHERICAL TRIGONOMETRY 
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Spherical Trigonometry 

Define a SPHERICAL TRIANGLE on the surface of a unit 
SPHERE, centered at a point O, with vertices A, B, 
and C. Define ANGLES a = BOC, b = LCOA, and 
c= ZAOB. Let the ANGLE between PLANES AOB and 
AOC be a, the ANGLE between PLANES BOC and AOB 
be G, and the ANGLE between PLANES BOC and AOC 
be y. Define the VECTORS 


a=O0A (1) 
b=O0B (2) 
c= OC. (3) 


Then 


(a x b) - (4 x &) = (|| |b] sin c)(|al |é| sin b) cos a 


= sinbsinccosa. (A) 
Equivalently, 


(ax b)-(&x é) = 4: [bx (4x 8] 


= 4-[a(b- é) - 6(a-b)] 
= (b-é) ~ (&- @)(a-B) 
= cosa — cosccosb. (5) 


Since these two expressions are equal, we obtain the 
identity 


cosa = cosbcosc + sinbsinccosa (6) 


The identity 


\a[b, a, é] + bla, a, é]} 
sin bsinc 


sina — (2X5) x (@x 8] _ 
|a x b]|a x | 
_ (a,b, é] 


sin bsinc’ 


(7) 
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where [a,b,c] is the SCALAR TRIPLE PRODUCT, gives a 
spherical analog of the LAW OF SINES, 


6 Vol(OABC) 


sinasinbsinc’ 


sina sin@_— siny 
sina sin b sine 


(8) 


where Vol(OABC) is the VOLUME of the TETRAHE- 
DRON. From (7) and (8), it follows that 


sinacos 8 = cosbsinc — sinbcosccosa (9) 

cos acos y = sinacotb — sin y cot G. (10) 
These are the fundamental equalities of spherical 
trigonometry. 


There are also spherical analogs of the LAW OF COSINES 
for the sides of a spherical triangle, 


cosa = cosbcosc + sinbsinecos A (11) 
cos b = cosccosa + sincsinacos B (12) 
cosc = cosacos6 + sinasinbcosC, (13) 


and the angles of a spherical triangle, 


cosA = —cosBcosC+sinBsinCcosa (14) 
cos B = ~—cosC' cos A+ sinC sin Acosb (15) 
cosC = —cosAcosB+sinAsinBcosc (16) 


(Beyer 1987), as well as the LAW OF TANGENTS 


tan[}(a—b)] _ tan[3(A — B)] (17) 
tan[3(a+6)]  tan[$(A+ B)]’ 
Let 
8s = $(a+b+c) (18) 
S=5(A+B+C), (19) 
then the half-angle formulas are 
tan(2.4) = =" — (20) 
a i sin(s — a) 
k 
i 5 ae 
tan(; 8B) mG) (21) 
k 
1p) — 
tan($C) = ane) (22) 
where 
= sin(s — a)sin(s — b)sin(s —c) _ tan?r, (23) 
sin s 2 : 
and the half-side formulas are 
tan(}a) = K cos($ — A) (24) 
tan(4b) = K cos(S — B) (25) 


tan(}c) = K cos(S — C), (26) 


Spherical Trigonometry 


where 


cos S$ agente 
(cos(S — A) cos(S — B) cos(S — C) : 
(27) 
where R is the RADIUS of the SPHERE on which. the 
spherical triangle lies. 


K?= 


Additional formulas include the HAVERSINE formulas 


hav a = hav(b —c) + sin bsincsin(s — c) (28) 
nay ale le) (29) 
sin bsine 
__ hava — hav(b — ¢) 
. sin bsinc (30) 


= hav[7 — (B+ C)]+sin BsinC hava, (31) 


GAUSS’S FORMULAS 


sin[}(a—b)] _ sin[}(A— B)] 


sin($c) cos(3C) (32) 
sin[j(a+)] _ cos[}(A — B)] 
sin(Ze) ~ sin(C) i) 
cos[$(a—b)} _ sin[}(A + B)] 
cos(ic) ———cos(3C) 4) 
cos[5(a+)] _ cos[}(A+ B)] 
ese) ~ sin(iC) ; kee) 
and NAPIER’S ANALOGIES 
sin[}(A—B)] _ tan[}(a—6)] 
sin[i(A +B)| aio 8) 
cos[}(A~ B)] _ tan[} (a+) (37) 
cos[3(A+B)] —_—_ tan(4c) 
sin[i(a — b)| _ tan[$(A — B)| 
aali(a +6)]  ——cot(4C) Ae) 
cos[3(a—6)] _ tan[3(A+ B)] 
cite bi Gol(SC) 2) 


(Beyer 1987). 


see also ANGULAR DEFECT, DESCARTES TOTAL ANGU- 
LAR DEFECT, GAUSS’S FORMULAS, GIRARD’S SPHER- 
ICAL EXCESS FORMULA, LAW OF COSINES, LAW OF 
SINES, LAW OF TANGENTS, L’HUILIER’S THEOREM, 
NAPIER’S ANALOGIES, SPHERICAL EXCESS, SPHERICAL 
GEOMETRY, SPHERICAL POLYGON, SPHERICAL TRIAN- 
GLE 
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Spherical Vector Harmonic 


Spherical Vector Harmonic 
see VECTOR SPHERICAL HARMONIC 


Spheroid 
A spheroid is an ELLIPSOID 


r? cos? 6 sin? i r? sin? 6 sin? ¢ a r? cos? d 


a 52 o 
with two SEMIMAJOR AXES equal. Orient the ELLIPSE 
so that the a and 6b axes are equal, then 


=1 (1) 


r? cos? @sin?@ — r* sin? @sin? d 4 r? cos? 


=1 (2) 


a? a? c? 
r? sin? 4 r* cos’ d 
a? c? 


=1, (3) 


where a is the equatorial RADIUS and c is the polar 
RapIus. Here ¢ is the colatitude, so take 6 = 7/2 —- ¢ 
to express in terms of latitude. 


2 2 22242 
Bea ee a, (4) 
a Cc 
Rewriting cos? 6 = 1 — sin? 6 gives 
ee aoe ee a ae 
+7? sin §(s-a)=1 (5) 


2 2 
5 vote) =a’, (6) 


ee a 
r=a{l1+sin ae ; (7) 


If a > c, the spheroid is OBLATE. If a < c, the spheroid 
is PROLATE. If @ = c, the spheroid degenerates to a 
SPHERE. 


see also DARWIN-DE SITTER SPHEROID, ELLIPSOID, 
OBLATE SPHEROID, PROLATE SPHEROID 


sO 


Spheroidal Harmonic 

A spheroidal harmonic is a special case of the ELLIP- 
SOIDAL HARMONIC which satisfies the differential equa- 
tion 


2 
# [o-oo $] + (0-20? - le z)S=0 


on the interval -l1<a< 1. 
see also ELLIPSOIDAL HARMONIC 
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Spider and Fly Problem 1701 


Spheroidal Wavefunction 
Whittaker and Watson (1990, p. 403) define the internal 
and external spheroidal wavefunctions as 


gM) = an rs TAPE (ir) PR (cos a (md) 


5) awe — : mean (ir)Qr (cos 6) < - (me $). 


see also ELLIPSOIDAL HARMONIC, OBLATE SPHEROIDAL 
WAVE FUNCTION, PROLATE SPHEROIDAL WAVE FUNC- 
TION, SPHERICAL HARMONIC 
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A 6-POLYIAMOND named for its resemblance to the 
Great Sphinx of Egypt. 


Sphinx 
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Spider and Fly Problem 


spider 


, 
5 


ee dence ecabeses see: 


In a rectangular room (a CUBOID) with dimensions 30’ x 
12’ x 12’, a spider is located in the middle of one 12’ x 12’ 
wall one foot away from the ceiling. A fly is in the middle 
of the opposite wall one foot away from the floor. If the 
fly remains stationary, what is the shortest distance the 
spider must crawl to capture the fly? The answer, 40’, 
can be obtained by “flattening” the walls as illustrated 
above. 
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1702 Spider Lines 


Spider Lines 
see EPITROCHOID 


Spiegeldrieck 
see FUHRMANN TRIANGLE 


Spieker Center 

The center of the SPIEKER CIRCLE. It is the CENTROID 
of the PERIMETER of the original TRIANGLE. The third 
BROCARD POINT is COLLINEAR with the Spieker center 
and the ISOTOMIC CONJUGATE POINT of its INCENTER. 


see also BROCARD POINTS, CENTROID (TRIANGLE), IN- 
CENTER, ISOTOMIC CONJUGATE POINT, PERIMETER, 
SPIEKER CIRCLE, TAYLOR CENTER 
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Spieker Circle 


The INCIRCLE of the MEDIAL TRIANGLE. The center of 
the Spieker circle is called the SPIEKER CENTER. 


see also INCIRCLE, MEDIAL TRIANGLE, SPIEKER CEN- 
TER 
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Spigot Algorithm 

An ALGORITHM which generates digits of a quantity one 
at a time without using or requiring previously com- 
puted digits. Amazingly, spigot ALGORITHMS are known 
for both PI and e. 


Spindle Torus 


Spijker’s Lemma 

The image on the RIEMANN SPHERE of any CIRCLE 
under a COMPLEX rational mapping with NUMERATOR 
and DENOMINATOR having degrees no more than n has 
length no longer than 2nz. 
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Spindle Cyclide 


The inversion of a SPINDLE TORUS. If the inversion cen- 
ter lies on the torus, then the spindle cyclide degenerates 
to a PARABOLIC SPINDLE CYCLIDE. 


see also CYCLIDE, HORN CYCLIDE, PARABOLIC Cy- 
CLIDE, RING CYCLIDE, SPINDLE TORuS, TORUS 


Spindle Torus 


One of the three STANDARD TORI given by the para- 
metric equations 


xz = (c+ acosv)cosu 
y = (c+ acosv)sinu 


zZ=asinv 


with c < a. The exterior surface is called an APPLE 
and the interior surface a LEMON. The above left figure 
shows a spindle torus, the middle a cutaway, and the 
right figure shows a cross-section of the spindle torus 
through the xz-plane. 


see also APPLE, CYCLIDE, HoRN Torus, LEMON, PAR- 
ABOLIC SPINDLE CYCLIDE, RING TORUS, SPINDLE Cy- 
CLIDE, STANDARD TORI, TORUS 
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Spinode 


Pinkall, U. “Cyclides of Dupin.” §3.3 in Mathematical Models 
from the Collections of Universities and Museums (Ed. 
G. Fischer). Braunschweig, Germany: Vieweg, pp. 28-30, 
1986. 


Spinode 
see also ACNODE, CRUNODE, CUSP, TACNODE 


Spinor 

A two-component COMPLEX column VECTOR. Spinors 
are used in physics to represent particles with half- 
integral spin (i.e., Fermions). 
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Spira Mirabilis 
see LOGARITHMIC SPIRAL 


Spiral 

In general, a spiral is a curve with r(s)/K(s) equal to a 
constant for all s, where 7 is the TORSION and & is the 
CURVATURE. 


see also ARCHIMEDES’ SPIRAL, CIRCLE INVOLUTE, 
CONICAL SPIRAL, CORNU SPIRAL, COTES’ SPI- 
RAL, DAisy, EPISPIRAL, FERMAT’S SPIRAL, HYPER- 
BOLIC SPIRAL, LOGARITHMIC SPIRAL, MICE PROBLEM, 
NIELSEN’S SPIRAL, PHYLLOTAXIS, POINSOT’S SPIRALS, 
POLYGONAL SPIRAL, SPHERICAL SPIRAL 
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Spiral Point 
A FIXED POINT for which the EIGENVALUES are COM- 
PLEX CONJUGATES. 


see also STABLE SPIRAL POINT, UNSTABLE SPIRAL 
POINT 
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Spirograph 1703 
Spiric Section 
rae lis a = \ [ or ) 
| a uke ij 
SS ea 7 Ne 
fo oS eta a ( a! \ 


A curve with Cartesian equation 
(r? 7 a a ce ne x te y’) = dr? (x? + c’). 


Around 150 BC, Menaechmus constructed CONIC SEc- 
TIONS by cutting a CONE by a PLANE. Two hundred 
years later, the Greek mathematician Perseus investi- 
gated the curves obtained by cutting a Torus by a 
PLANE which is PARALLEL to the line through the center 
of the HOLE of the Torus (MacTutor). 


In the FORMULA of the curve given above, the TORUS 
is formed from a CIRCLE of RADIUS a whose center is 
rotated along a CIRCLE of Rabius r. The value of c 
gives the distance of the cutting PLANE from the center 
of the Torus. 


When c = 0, the curve consists of two CIRCLES of 
RADIUS a whose centers are at (7,0) and (7,0). If 
c = r-+a, the curve consists of one point (the origin), 
while if c > r+a, no point lies on the curve. The above 
curves have (a,b,r) = (3,4, 2), (3, 1, 2) (3, 0.8, 2), (3, 
1, 4), (3, 1, 4.5), and (3, 0, 4.5). 


References 

MacTutor History of Mathematics Archive. “Spiric Sec- 
tions.” http: //www-groups.dcs.st-and.ac.uk/~history/ 
Curves/Spiric.html. 


Spirograph 

A HYPOTROCHOID generated by a fixed point on a CIR- 
CLE rolling inside a fixed CIRCLE. It has parametric 
equations, 


2 = (R+1) cos 6 — (r +p) cos (=e) (1) 


y= (R+r)sind ~ (r+ p)sin(=*"8), (2) 


where F is the radius of the fixed circle, r is the radius 
of the rotating circle, and p is the offset of the edge of 
the rotating circle. The figure closes only if R, r, and p 
are RATIONAL. The equations can also be written 


£ = xo|[mcost + acos(nt)] — yo[msint — asin(nt)] 
(3) 
y = yolmcost + acos(nt)] + zo[msint —~ asin(nt)], 


(4) 


1704 Spirograph 

where the outer wheel has radius 1, the inner wheel a 
radius p/q, the pen is placed a units from the center, 
the beginning is at 0 radians above the z-axis, and 


m= 47? (5) 
q 
q-p 
=a 6 
n - (6) 
to = cos@ (7) 
yo = siné. (8) 


i/10, with i =1,2,..., 


~ 


ss" 
5B 


(p,q) = 


Od 
$e 


(p,q) = 


Ort 
IP OPI a 
OS 


The following curves are for a = 
10, and 6 = 0. 


os 


Spirolateral 


apap 


oes 
ap 7h 


(p,q) = (2,5) 


G8 OS 


(p,q) = (2,7) 


By 
QAR BOK 


RAO wAO wLO 
AS BR 


BOS 


(p,q) = (3,7) 


Additional attractive designs such as the following can 
also be made by superposing individual spirographs. 


see also EPITROCHOID, MAURER 


ROSE, SPIROLATERAL 


HYPOTROCHOID, 


Spirolateral 

A figure formed by taking a series of steps of length 1, 2, 
..,7, with an angle @ turn after each step. The symbol 

for a spirolateral is °1’"**ng, where the ais indicate 

that turns are in the —@ direction for these steps. 


Spirolateral 


see also MAURER ROSE, SPIROGRAPH 
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Spline 

An interpolating POLYNOMIAL which uses information 
from neighboring points to obtain a degree of global 
smoothness. 


see also B-SPLINE, BEZIER SPLINE, CUBIC SPLINE, 
NURBS CURVE 
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Splitting 


A type B type 


Splitting Algorithm 
A method for computing a UNIT FRACTION. This 
method always terminates (Beeckmans 1993). 
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Sponge 
A sponge is a solid which can be parameterized by IN- 
TEGERS p, q, and n which satisfy the equation 


2sin (=) sin (=) = cos (Z) 


The possible sponges are {p,q|k} — {6,6/3}, {6, 4/4}, 
{4,64}, {3, 6|6}, and {4, 4|oo} (Ball and Coxeter 1987). 


see also HONEYCOMB, MENGER SPONGE, SIERPINSKI 
SPONGE, TETRIX 
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Sporadic Group 

One of the 26 finite SIMPLE GROUPS. The most com- 
plicated is the MONSTER GROUP. A summary, as given 
by Conway et al. (1985), is given below. 


Sym Name Order MA 
Mit Mathieu 2*.37.5-11 ee | 
Mi Mathieu 2°.35.5.11 2 2 
Ma. Mathieu 27-3?.5-7-11 12 2 
Mag Mathieu 27-3?.5-7-11-23 11 
Moa Mathieu 2'°.39.5.7-11-23 11 
J2= HJ Janko 27.35. 5?.7 2 2 
Suz Suzuki 2'3 ..37.57.7.11-13 6 2 
AS Higman-Sims 2° -3?-5°-7-11 2.°2 
McL McLaughlin 27.3°.5%-7-11 3 2 
Coz Conway 2'0 37.53 .7-11- 23 : Fee 
Coz Conway 238 .36.53.7.11- 23 11 
Coy, Conway 271. 39.54. 77-11-13. 23 2 #1 
He Held 22°. 38.5? .73 .17 1 2 
Fizz Fischer 2)7.39.57.7-11-13 6 2 
Fing Fischer 228.3. .5?.7.11-13-17- 23 11 
Fis, Fischer 272.318. 52.73.41 -13-17 3 2 
23.29 
HN Harada-Norton 2?* . 3°.5®.7-11-19 1 2 
Th Thompson Qt, 379.53 .72.13-19-31 11 
B Baby Monster 2*’-3**.5°-7?-11-13-17-19 2 1 
-23-31-47 
M Monster 246. 379.5%. 78.71? .137-17-19 1 1 


+23 --29-31-41-47-59-71 


Ji Janko 2°-3-5-7-11-19 11 
O'vN O’Nan 2° .34.79-5-11-19-31 3 2 
Js Janko 27.3°.5-17-19 3 2 
Ly Lyons 2° .37.5°.7-11-31-37-67 11 
Ru Rudvalis 2@.3°.53.7-13-29 201 
Js Janko 277..39.5.7-11%- 23-29-31 5 es | 


‘37 +43 


see also BABY MONSTER GROUP, CONWAY GROUPS, 
FISCHER GROUPS, HARADA-NORTON GROUP, HELD 
GrRouP, HIGMAN-SIMS GROUP, JANKO GROUPS, LYONS 
GROUP, MATHIEU GROUPS, MCLAUGHLIN GROUP, 
MONSTER GROUP, O’NAN GROUP, RUDVALIS GROUP, 
SUZUKI GROUP, THOMPSON GROUP 
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Sports 
see also BASEBALL, BOWLING, CHECKERS, CHESS, GO 


Sprague-Grundy Function 
see NIM- VALUE 


Sprague-Grundy Number 
see NIM- VALUE 


Square 


Sprague-Grundy Value 
see NIM- VALUE 


Spread (Link) 
see SPAN (LINK) 


Spread (Tree) 
A TREE having an infinite number of branches and 
whose nodes are sequences generated by a set of rules. 


see also FAN 


Spun Knot 

A 3-D KNOT spun about a plane in 4-D. Unlike Sus- 
PENDED KNOTS, spun knots are smoothly embedded at 
the poles. 


see also SUSPENDED KNOT, TWIST-SPUN KNOT 


Squarable 
An object which can be constructed by SQUARING is 
called squarable. 


Square 


a 
The term square is sometimes used to mean SQUARE 
NUMBER. When used in reference to a geometric figure, 
however, it means a convex QUADRILATERAL with four 
equal sides at RIGHT ANGLES to each other, illustrated 
above. 


The PERIMETER of a square with side length a is 
L=4a (1) 


and the AREA is 
A= a". (2) 


The INRADIUS r, CIRCUMRADIUS R, and AREA A can 
be computed directly from the formulas for a general 
regular POLYGON with side length @ and n = 4 sides, 


r = $acot (F) = ja (3) 
R= jacsc (5) =iV2a (4) 
A= ina? cot (4) =a’. (5) 


The length of the DIAGONAL of the UNIT SQUARE is V2, 
sometimes known as PYTHAGORAS’S CONSTANT. 


l-r r 
The AREA of a square inscribed inside a UNIT SQUARE 
as shown in the above diagram can be found as follows. 
Label x and y as shown, then 


ety =r (6) 


(Vitr—aP tea. (7) 


Plugging (6) into (7) gives 


(\/1 +r? — x)? + (r? — «?) = 1. (8) 


Expanding 


wo? —M/1lt+r2414+r%4r7?~2? —1 (9) 


and solving for z gives 
= = (10) 


Plugging in for y yields 


‘ 
Pe 7 
y= Vr a? = a, (11) 


The area of the shaded square is then 


Aa(Viet—e-yra Go ay 


l+r 


(Detemple and Harold 1996). 


B 


Po 


P3 Py 


Square 
The STRAIGHTEDGE and COMPASS construction of the 
square is simple. Draw the line OPp and construct a 
circle having OP) as a radius. Then construct the per- 
pendicular OB through O. Bisect PoOB and PjOB to 
locate P, and Pz, where Po is opposite Po. Similarly, 
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construct P,; and P, on the other SEMICIRCLE. Con- 
necting P, P2P3P, then gives a square. 


As shown by Schnirelmann, a square can be INSCRIBED 
in any closed convex planar curve (Steinhaus 1983). A 
square can also be CIRCUMSCRIBED about any closed 
curve (Steinhans 1983). 


An infinity of points in the interior of a square are known 
whose distances from three of the corners of a square are 
RATIONAL NUMBERS. Calling the distances a, b, and c 
where s is the side length of the square, these solutions 
satisfy 


(s? +0? — a”)? + (s? +b? — c?)? = (26s)? (13) 


(Guy 1994). In this problem, one of a, b, c, and s is 
DIVISIBLE by 3, one by 4, and one by 5. It is not known 
if there are points having distances from all four corners 
RATIONAL, but such a solution requires the additional 
condition 

ate =b' +d’. (14) 


In this problem, s is DIVISIBLE by 4 and a, b, c, and d 
are ODD. If s is not DIVISIBLE by 3 (5), then two of a, 
b, c, and d are DIVISIBLE by 3 (5) (Guy 1994). 


see also BROWKIN’S THEOREM, DISSECTION, DOUGLAS- 
NEUMANN THEOREM, FINSLER-HADWIGER THEOREM, 
LOZENGE, PERFECT SQUARE DISSECTION, PYTHAGO- 
RAS’S CONSTANT, PYTHAGOREAN SQUARE PUZ- 
ZLE, RECTANGLE, SQUARE CUTTING, SQUARE NuUM- 
BER, SQUARE PACKING, SQUARE QUADRANTS, UNIT 
SQUARE, VON AUBEL’S THEOREM 
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Square Bracket Polynomial 

A POLYNOMIAL which is not necessarily an invariant of 
a LINK. It is related to the DICHROIC POLYNOMIAL. It 
is defined by the SKEIN RELATIONSHIP 


Br, =@*/?vBry + Bra, (1) 
and satisfies 
Banknot = g? (2) 
and 
Bruunknct = 7’! Br. (3) 
References 


Adams, C. C. The Knot Book: An Elementary Introduction 
to the Mathematical Theory of Knots. New York: W. H. 
Freeman, pp. 235-241, 1994. 
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Square Cupola 


JOHNSON SOLID J4. The bottom eight VERTICES are 
(£3(1 + V2),+4,0),(£4,44(1+ V2), 0), 


and the top four VERTICES are 
1 1 1 1 
+—,0, = 0,+£—, = }. 
( J2 Fa) V2 3) 


Square Curve 
see SIERPINSKI CURVE 


Square Cutting 
The average number of regions into which N lines divide 
a SQUARE is 


i N(N-1)r+N41 


(Santald 1976). 
see also CIRCLE CUTTING 


References 

Finch, 8S. “Favorite Mathematical Constants.” http://www. 
mathsoft.com/asolve/constant/geom/geom.html. 

Santald, L. A. Integral Geometry and Geometric Probability. 
Reading, MA: Addison-Wesley, 1976. 


Square-Free 
see SQUAREFREE 


Square Gyrobicupola 
see JOHNSON SOLID 


Square Integrable 
A function f(x) is said to be square integrable if 


| f(a) |? da 
is finite. 


see also INTEGRABLE, L2-NORM, TITCHMARSH THEO- 
REM 


References 

Sansone, G. “Square Integrable Functions.” §1.1 in Orthogo- 
nal Functions, rev. English ed. New York: Dover, pp. 1-2, 
1991. 


Square Number 


Square Knot 


oo OR 


‘eteecomeeemtomeaanis 


A composite KNOT of six crossings consisting of a KNOT 
Sum of a TREFOIL KNOT and its MIRROR IMAGE. The 
GRANNY KNOT has the same ALEXANDER POLYNOMIAL 
(x? —x+1)? as the square knot. The square knot is also 
called the REEF KNOT. 


see also GRANNY KNOT, MIRROR IMAGE, TREFOIL 
KNOT 


References 
Owen, P. Knots. Philadelphia, PA: Courage, p. 50, 1993. 


Square Matrix 
A MATRIX for which horizontal and vertical dimensions 
are the same (i.e., an n X n MATRIX). 


see also MATRIX 


Square Number 


A FIGURATE NUMBER of the form m = n”, where n 
is an INTEGER. A square number is also called a PER- 
FECT SQUARE. The first few square numbers are 1, 4, 
9, 25, 36, 49, ... (Sloane’s A000290). The GENERATING 
FUNCTION giving the square numbers is 


Taye Te tet +90" 4 16et +... (1) 


The kth nonsquare number ax is given by 
adn=nt+|i+vn, (2) 


where |x| is the FLOOR FUNCTION, and the first few 
are 2, 3, 5, 6, 7, 8, 10, 11, ... (Sloane’s A000037). 


The only numbers which are simultaneously square and 
PYRAMIDAL (the CANNONBALL PROBLEM) are P; = 1 
and P24 = 4900, corresponding to S; = 1 and S7p = 
4900 (Dickson 1952, p. 25; Ball and Coxeter 1987, p. 59; 
Ogilvy 1988), as conjectured by Lucas (1875, 1876) and 
proved by Watson (1918). The CANNONBALL PROBLEM 
is equivalent to solving the DIOPHANTINE EQUATION 


y? = ie(x+1)(2z +1) (3) 


Square Number 


(Guy 1994, p. 147). 


The only numbers which are square and TETRAHEDRAL 
are Te, = 1, Tez = 4, and Teas = 19600 (giving S; = 1, 
Sq = 4, and Siao = 19600), as proved by Meyl (1878; 
cited in Dickson 1952, p. 25; Guy 1994, p. 147). In 
general, proving that only certain numbers are simulta- 
neously figurate in two different ways is far from elemen- 
tary. 


To find the possible last digits for a square number, write 
n = 10a+5 for the number written in decimal NOTATION 
as abio (a, b= 0, 1,..., 9). Then 


n? = 100a? + 20ab + b?, (4) 
so the last digit of n? is the same as the last digit of b?. 


The following table gives the last digit of b? for 6 = 0, 
1, ..., 9. As can be seen, the last digit can be only 0, 


1, 4, 5, 6, or 9. 
oj1{/2/3[4/5]6]7[8{9 
[0 {1 |4 [9 |-6 |-5 |-6 |-9 |-4 | -1 | 


We can similarly examine the allowable last two digits 
by writing abcip as 


n= 100a+ 106 +c, (5) 
so 


n? = (100a + 106+ c)? 
= 10%a” + 2(1000ab + 100ac + 10bc) + 1006” + ¢” 
= (10*a? + 2000ab + 100ac + 1006?) + 20be + c?, 
(6) 


so the last two digits are given by 20bc+c? = c(20b+c). 
But since the last digit must be 0, 1, 4, 5, 6, or 9, the 
following table exhausts all possible last two digits. 


The only possibilities are 00, 01, 04, 09, 16, 21, 24, 25, 
29, 36, 41, 44, 49, 56, 61, 64, 69, 76, 81, 84, 89, and 96, 
which can be summarized succinctly as 00, e1, e4, 25, 
06, and e9, where e stands for an EVEN NUMBER and o 
for an ODD NUMBER. Additionally, unless the sum of 
the digits of a number is 1, 4, 7, or 9, it cannot be a 
square number. 


The following table gives the possible residues mod n 
for square numbers for n = 1 to 20. The quantity s(n) 
gives the number of distinct residues for a given n. 


Square Number 1709 
n s(n) x (mod n) 
2 2 0,1 
3 2 0,1 
4 2 0,1 
5 3 0,1,4 
6 4 0,1,3,4 
7 4 0,1,2,4 
8 3 0,1,4 
9 4 0,1,4,7 
10 6 0,1,4,5,6,9 
11 6 0,1, 3,4,5,9 
12 4 0,1,4,9 
13 7 O, 1,3, 4, 9, 10, 12 
14 8 0,1, 2,4, 7, 8,9, 11 
15 6 0, 1, 4, 6, 9, 10 
16 4 0,1,4,9 
17 9 0,1, 2,4, 8, 9, 13, 15, 16 
18 8 0,1, 4, 7, 9, 10, 13, 16 
19 10 0, 1, 4, 5, 6, 7, 9, 11, 16, 17 
20 6 0,1, 4, 5, 9, 16 


In general, the ODD squares are congruent to 1 (mod 8) 
(Conway and Guy 1996). Stangl (1996) gives an explicit 
formula by which the number of squares s(n) in Zp, (i.e., 
mod n) can be calculated. Let p be an ODD PRIME. 
Then s(n) is the MULTIPLICATIVE FUNCTION given by 


s(p) =3(p+1) (pF 2) (8) 
s(p’) = $(p? —p+ 2) (p # 2) (9) 
ny __ J 4(2"7-144) for n even 
te { 3(2"-* +5) for n odd (10) 
n+l . 
s(p") = Sony ~=—s for n > 3 even ai) 
eet for n > 3 odd. 


s(n) is related to the number q(n) of QUADRATIC 
RESIDUES in Z, by 


q(p") = s(p") — s(p"~*) (12) 


for n > 3 (Stangl 1996). 


For a perfect square n, (n/p) = 0 or 1 for all ODD 
PRIMES p < n where (n/p) is the LEGENDRE SYMBOL. 
A number n which is not a perfect square but which 
satisfies this relationship is called a PSEUDOSQUARE. 


The minimum number of squares needed to represent 
the numbers 1, 2, 3,... are 1, 2, 3, 1, 2, 3, 4, 2,1, 2,... 
(Sloane’s A002828), and the number of distinct ways to 
represent the numbers 1, 2, 3, ... in terms of squares 
are 1, 1, 1, 2, 2, 2, 2, 3, 4, 4, ... (Sloane’s A001156). 
A brute-force algorithm for enumerating the square per- 
mutations of n is repeated application of the GREEDY 
ALGORITHM. However, this approach rapidly becomes 
impractical since the number of representations grows 
extremely rapidly with n, as shown in the following ta- 
ble. 
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n Square Partitions 


10 4 
50 104 
100 1116 
150 6521 
200 27482 


Every POSITIVE integer is expressible as a SUM of (at 
most) g(2) = 4 square numbers (WARING’S PROBLEM). 
(Actually, the basis set is {0, 1, 4, 9, 16, 25, 36, 64, 81, 
100, ... }, so 49 need never be used.) Furthermore, an 
infinite number of n require four squares to represent 
them, so the related quantity G(2) (the least INTEGER 
n such that every POSITIVE INTEGER beyond a certain 
point requires G(2) squares) is given by G(2) = 4. 


Numbers expressible as the sum of two squares are those 
whose PRIME FACTORS are of the form 4k — 1 taken to 
an EVEN POWER. Numbers expressible as the sum of 
three squares are those not of the form 4*(8! + 7) for 
k,l > 0. The following table gives the first few numbers 
which require N = 1, 2, 3, and 4 squares to represent 
them as a sum. 


N Sloane Numbers 

1 000290 1, 4, 9, 16, 25, 36, 49, 64, 81,... 

2 000415 2,5, 8, 10, 13, 17, 18, 20, 26, 29,... 

3 000419 3, 6,11, 12, 14, 19, 21, 22, 24, 27,... 
4 004215 7, 15, 23, 28, 31, 39, 47, 55, 60, 63,... 


The FERMAT 4n + 1 THEOREM guarantees that every 
PRIME of the form 4n+1 is a sum of two SQUARE NUM- 
BERS in only one way. 


There are only 31 numbers which cannot be expressed 
as the sum of distinct squares: 2, 3, 6, 7, 8, 11, 12, 15, 
18, 19, 22, 23, 24, 27, 28, 31, 32, 33, 43, 44, 47, 48, 60, 
67, 72, 76, 92, 96, 108, 112, 128 (Sloane’s A001422; Guy 
1994). All numbers > 188 can be expressed as the sum 
of at most five distinct squares, and only 


124=14449+425 + 36449 (13) 


and 
188 =1+4+4+9+25+49+4 100 (14) 


require six distinct squares (Bohman et al. 1979; Guy 
1994, p. 136). In fact, 188 can also be represented using 
seven distinct squares: 


188 = 1+4+4+9+425+4 364 49 + 64. (15) 


The following table gives the numbers which can be rep- 
resented in W different ways as a sum of S squares. For 
example, 

50 = 17 +77 = 57457 


can be represented in two ways (W = 2) by two squares 
(S = 2). 


Square Number 


= 


Sloane Numbers 


000290 1, 4, 9, 16, 25, 36, 49, 64, 81, 100,... 
025284 2,5, 8, 10, 13, 17, 18, 20, 25, 26, 29, ... 
025285 50, 65, 85, 125, 130, 145, 170, 185,... 
025321 3, 6, 9, 11, 12, 14, 17, 18, 19, 21, 22,... 
025322 27, 33, 38, 41, 51, 57, 59, 62, 69, 74,... 
025323 54, 66, 81, 86, 89, 99, 101, 110, 114, ... 
025324 129, 134, 146, 153, 161, 171, 189,... 
025357 4, 7, 10, 12, 13, 15, 16, 18, 19, 20,... 
025358 31, 34, 36, 37, 39, 43, 45, 47, 49, ... 
025359 28, 42, 55, 60, 66, 67, 73, 75, 78, ... 
025360 52, 58, 63, 70, 76, 84, 87, 91, 93, ... 


ARP RWW Ww DY R11] HD 
me CO DD me OR CO ND ODD et 


The number of INTEGERS < a which are squares or sums 
of two squares is 


N(x) ~ ka(Inz)7/?, (16) 


where 


1 

5 LL aes (17) 
r=4n+3 
r prime 


(Landau 1908; Le Lionnais 1983, p. 31). The product 
of four distinct NONZERO INTEGERS in ARITHMETIC 
PROGRESSION is square only for (—3, —1, 1, 3), giv- 
ing (—3)(—1)(1)(3) = 9 (Le Lionnais 1983, p. 53). It 
is possible to have three squares in ARITHMETIC PRO- 
GRESSION, but not four (Dickson 1952, pp. 435-440). If 
these numbers are r?, s”, and t?, there are POSITIVE 
INTEGERS p and g such that 


r = |p’ — 2pq — q°| (18) 
s=p +q (19) 
t =p" + 2pq-q’, (20) 


where (p,q) = 1 and one of r, s, or ¢ is EVEN (Dick- 
son 1952, pp. 437-438). Every three-term progression of 
squares can be associated with a PYTHAGOREAN TRIPLE 
(X,Y, Z) by 


X =1(r+t) (21) 
Y =i(t—r) (22) 
Z=s (23) 


(Robertson 1996). 


CATALAN’S CONJECTURE states that 8 and 9 (2° and 
37) are the only consecutive POWERS (excluding 0 and 
1), i.e., the only solution to CATALAN’s DIOPHANTINE 
PROBLEM. This CONJECTURE has not yet been proved 
or refuted, although R. Tijdeman has proved that there 
can be only a finite number of exceptions should the 
CONJECTURE not hold. It is also known that 8 and 9 
are the only consecutive CUBIC and square numbers (in 
either order). 


Square Number 


A square number can be the concatenation of two 
squares, as in the case 16 = 4° and 9 = 3? giving 
169 = 13°. 


It is conjectured that, other than 10°", 4 x 10?” and 
9 x 107", there are only a FINITE number of squares 
n® having exactly two distinct NONZERO DIGITS (Guy 
1994, p. 262). The first few such n are 4, 5, 6, 7, 8, 9, 
11, 12, 15, 21, ... (Sloane’s A016070), corresponding to 
n” of 16, 25, 36, 49, 64, 81, 121, ... (Sloane’s A016069). 


The following table gives the first few numbers which, 
when squared, give numbers composed of only certain 
digits. The only known square number composed only 
of the digits 7, 8, and 9 is 9. Vardi (1991) considers 
numbers composed only of the square digits: 1, 4, and 
9. 


Digits Sloane n, nv 


1,2,3 030175 1, 11, 111, 36361, 363639, ... 
030174 1, 121, 12321, 1322122321, ... 
1,4,6 027677 1, 2, 4, 8, 12, 31, 38, 108,... 
027676 1, 4, 16, 64, 144, 441, 1444,... 
1,4,9 027675 1, 2, 3, 7, 12, 21, 38, 107,... 
006716 1, 4, 9, 49, 144, 441, 1444, 11449, ... 
2, 4,8 027679 2, 22, 168, 478, 2878, 210912978, ... 
027678 4, 484, 28224, 228484, 8282884, ... 
4,5,6 030177 2, 8, 216, 238, 258, 738, 6742, ... 
030176 4, 64, 46656, 56644, 66564, ... 


BROWN NUMBERS are pairs (m,n) of INTEGERS satis- 
fying the condition of BROCARD’S PROBLEM, i.e., such 
that 

ni+l=m’, (24) 


where n! is a FACTORIAL. Only three such numbers are 
known: (5,4), (11,5), (71,7). Erdés conjectured that 
these are the only three such pairs. 


Either 52? +4 = y? or 52% — 4 = y” has a solution in 
POSITIVE INTEGERS IFF, for some n, (x,y) = (Fn, In), 
where F,, is a FIBONACCI NUMBER and Ln is a LUCAS 
NUMBER (Honsberger 1985, pp. 114-118). 


The smallest and largest square numbers containing the 
digits 1 to 9 are 


11,826? = 139, 854, 276, (25) 


30, 384” = 923, 187, 456. (26) 


The smallest and largest square numbers containing the 
digits 0 to 9 are 


32,043? = 1,026, 753, 849, (27) 


99,066? = 9, 814, 072, 356 (28) 


(Madachy 1979, p. 159). The smallest and largest square 
numbers containing the digits 1 to 9 twice each are 


335, 180, 1367 = 112, 345, 723, 568, 978, 496 (29) 
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999, 390, 4327 = 998, 781, 235,573, 146, 624, (30) 


and the smallest and largest containing 1 to 9 three 
times are 


10, 546, 200, 195, 312? 

= 111, 222, 338, 559, 598, 866, 946, 777,344 (31) 
31, 621, 017, 808, 182” 

= 999, 888, 767, 225, 363, 175, 346,145,124 (32) 


(Madachy 1979, p. 159). 


Madachy (1979, p. 165) also considers number which are 
equal to the sum of the squares of their two “halves” 
such as 


1233 = 12? + 33? ( 
8833 = 88" + 337 (34) 

10100 = 10? + 1007 ( 

5882353 = 588” + 2353’, ( 


in addition to a number of others. 


see also ANTISQUARE NUMBER, BIQUADRATIC NUM- 
BER, BROCARD’S PROBLEM, BROWN NUMBERS, CAN- 
NONBALL PROBLEM, CATALAN’S CONJECTURE, CEN- 
TERED SQUARE NUMBER, CLARK’S TRIANGLE, CUBIC 
NUMBER, DIOPHANTINE EQUATION, FERMAT 4n 4+ 1 
THEOREM, GREEDY ALGORITHM, GROSS, LAGRANGE’S 
FouR-SQUARE THEOREM, LANDAU-RAMANUJAN CON- 
STANT, PSEUDOSQUARE, PYRAMIDAL NUMBER, rz(7), 
SQUAREFREE, SQUARE TRIANGULAR NUMBER, WAR- 
ING’S PROBLEM 
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Square Orthobicupola 
see JOHNSON SOLID 


Square Packing 

Find the minimum size SQUARE capable of bounding n 
equal SQUARES arranged in any configuration. The only 
packings which have been proven optimal are 2, 3, 5, and 
SQUARE NUMBERS (4, 9, ...). If n = a? — a for some 
a, it is CONJECTURED that the size of the minimum 
bounding square is a for small n. The smallest n for 
which the CONJECTURE is known to be violated is 1560. 
The size is known to scale as k°®, where 


$(3 - V3) <b< §. 


1 1 1 
2 2 2 
3 2 2 
4 2 2 
5 | 24+ 32 | 2.707... 
6 3 3 
(3 3 3 
8 3 3 
9 3 3 
10 | 3+ $¥V2 | 3.707... 
11 3.877... 
12 4 4 
13 4 4 
14 4 4 
15 4 4 
16 4 4 
17 | 4+ $V2 | 4.707... 
18 |2(7+ V7) | 4.822... 
19 | 3+ $V2 | 4.885... 
20 5 5 
21 5 5 
22 5 5 
23 5 5 
24 5 5 
25 5 5 
26 5.650... 


Square Pyramid 


The best packing of a SQUARE inside a PENTAGON, il- 
lustrated above, is 1.0673.... 
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Square Polyomino 


(oa 


see also L-POLYOMINO, SKEW POLYOMINO, STRAIGHT 
POLYOMINO, T-POLYOMINO 


AS 


A square pyramid is a PYRAMID with a SQUARE base. 
If the top of the pyramid is cut off by a PLANE, a square 
PYRAMIDAL FRUSTUM is obtained. If the four TRI- 
ANGLES of the square pyramid are EQUILATERAL, the 
square pyramid is the “regular” POLYHEDRON known as 
JOHNSON SOLID J; and, for side length a, has height 


Square Pyramid 


h=3Vv2a. (1) 


Using the equation for a general PYRAMID, the VOLUME 
of the “regular” is therefore 


V = thAy = $vV2a°. (2) 


If the apex of the pyramid does not lie atop the center 
of the base, then the SLANT HEIGHT is given by 


s = 4/h? + $a?, (3) 


where h is the height and a is the length of a side of the 
base. 


Square Pyramid 


A AAA 


alN2 


(a) (b) 5 
Consider a HEMISPHERE placed on the base of a square 
pyramid (having side lengths a and height h). Further, 
let the hemisphere be tangent to the four apex edges. 
Then what is the volume of the HEMISPHERE which is 
interior the pyramid (Cipra 1993)? 


From Fig. (a), the CIRCUMRADIUS of the base is a/V/2. 
Now find A in terms of r and a. Fig. (b) shows a CROSS- 
SECTION cut by the plane through the pyramid’s apex, 
one of the base’s vertices, and the base center. This 
figure gives 
b = 4/4a? —r? (4) 
c= Vh? —-r?, (5) 


so the SLANT HEIGHT is 


s = 4/h? + $0? = b+e= 4/50? —r?4+/h? —1?. (6) 


Solving for h gives 


Tra 
h= oe (7) 


We know, however, that the HEMISPHERE must be tan- 
gent to the sides, so r = a/2, and 


hs —— a = 42a = 3 V2. (8) 


Fig. (c) shows a CROSS-SECTION through the center, 
apex, and midpoints of opposite sides. The PYTHAGO- 
REAN THEOREM once again gives 


l= fa? +h? = ta? + 2a? = 2 3a. (9) 


We now need to find z and y. 


4/ 70? — a? +d=1. (10) 


But we know / and h, and d is given by 


d= V/h? —2?, (11) 


so 


(4a? — 2? + [da — 2? =} 3a. (12) 


Square Pyramid 


Solving gives 
z= ivV6a, (13) 


so 


y= Vr?-2= i —ja= ee (14) 


We can now find the AREA of the SPHERICAL CAP as 


Veap = g7H(3A* +H”), (15) 
where 
a 
— 16 
3 ay) 
i> <4 
Her-v=ta-t=al(=-—), «7 
emai: (3 a) (17) 
so 


See as es 
= —,7a (3-<): (18) 


2,3 atid a apt 7 
Vinside = 377 —4Veap = 37g — 370 aa 


2 6V/6 
wpe hte! 6 0 Veet a8 
= 37a (3 2+s% qa (5 4) 

Oe Gn aan | 
= fe etl 19 
PE (x5 i) (19) 


This problem appeared in the Japanese scholastic apti- 
tude test (Cipra 1993). 


see also SQUARE PYRAMIDAL NUMBER 
References 
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Square Pyramidal Number 
A FIGURATE NUMBER of the form 


P, = §n(n + 1)(2n + 1), (1) 


corresponding to a configuration of points which form 
a SQUARE PYRAMID, is called a square pyramidal num- 
ber (or sometimes, simply a PYRAMIDAL NUMBER). The 
first few are 1, 5, 14, 30, 55, 91, 140, 204, ... (Sloane’s 
A000330). They are sums of consecutive pairs of TET- 
RAHEDRAL NUMBERS and satisfy 


Pp = 4(2n+1)Tn, (2) 


where T;,, is the nth TRIANGULAR NUMBER. 


The only numbers which are simultaneously SQUARE 
and pyramidal (the CANNONBALL PROBLEM) are P; = 1 
and Pe4 = 4900, corresponding to S$; = 1 and S7o = 
4900 (Dickson 1952, p. 25; Ball and Coxeter 1987, p. 59; 
Ogilvy 1988), as conjectured by Lucas (1875, 1876) and 
proved by Watson (1918). The proof is far from ele- 
mentary, and is equivalent to solving the DIOPHANTINE 
EQUATION 

y” = j2(@ + 1)(2¢ +1) (3) 


(Guy 1994, p. 147). However, an elementary proof has 
also been given by a number of authors. 


Numbers which are simultaneously TRIANGULAR and 
square pyramidal satisfy the DIOPHANTINE EQUATION 


3(2y +1)? = 84° + 1227 4 4 + 3. (4) 


The only solutions are x = —1, 0, 1, 5, 6, and 85 (Guy 
1994, p. 147). Beukers (1988) has studied the problem 
of finding numbers which are simultaneously TETRAHE- 
DRAL and square pyramidal via INTEGER points on an 
ELLIPTIC CURVE. He finds that the only solution is the 
trivial Te; = P, = 1. 

see also TETRAHEDRAL NUMBER 
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Square Root 


Square Quadrants 
P R) 
WAN | T 


Q R @Q R 
The areas of the regions illustrated above can be found 
from the equations 


A+4B+4C =1 (1) 


A+3B42C =n. (2) 


Since we want to solve for three variables, we need a 
third equation. This can be taken as 


A+2B+C=2E+D, (3) 
where 
D=iv3 (4) 
D+E= &T, (5) 
leading to 


A+2B+C = D+2E = 2(.D+E)—D = in-1V¥3. (6) 


Combining the equations (1), (2), and (6) gives the ma- 
trix equation 


1 4 4 A 
1 3 2 B\= 
121 C 


1 
aK | i (7) 
3 


ina} 
which can be inverted to yield 
A=1-V3-in (8) 
B=-1+}V3+i40 (9) 
C=1-}4V3+4 in. (10) 
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Square Root 


2 


Square Root 


Re[Sqrt z] 


Im(Sqrt z] 


2 
Re(2! 3 


A square root of z is a number r such that r? = z. This 
is written r = x'/? (x to the 1/2 Power) or r = Vz. 
The square root function f(z) = /z is the INVERSE 
FUNCTION of f(x) = x”. Square roots are also called 
RADICALS or SURDS. A general COMPLEX NUMBER z 
has two square roots. For example, for the real POSITIVE 
number «x = 9, the two square roots are V9 = +3, since 
3? = (—3)? = 9. Similarly, for the real NEGATIVE num- 
ber x = —9, the two square roots are /—9 = +3i, where 
iis the IMAGINARY NUMBER defined by 7? = —1. In 
common usage, unless otherwise specified, “the” square 
root is generally taken to mean the POSITIVE square 
root. 


The square root of 2 is the IRRATIONAL NUMBER V2 
1.41421356 (Sloane’s A002193), which has the simple 
periodic CONTINUED FRACTION 1, 2, 2, 2, 2, 2, .... 
The square root of 3 is the IRRATIONAL NUMBER V3 & 
1.73205081 (Sloane’s A002194), which has the simple 
periodic CONTINUED FRACTION 1, 1, 2, 1, 2, 1, 2,.... 
In general, the CONTINUED FRACTIONS of the square 
roots of all POSITIVE integers are periodic. 


The square roots of a COMPLEX NUMBER are given by 
1 = 
Yatiy=t/2r?+y? {cos [5 tan* (2)| 
sin [jean (FI 
+isin E tan 4. (1) 


As can be seen in the above figure, the IMAGINARY PART 
of the complex square root function has a BRANCH CUT 
along the NEGATIVE real axis. 


A NESTED RADICAL of the form /a+ b,c can some- 


times be simplified into a simple square root by equating 


JVatb/e= Vd+ ve. (2) 
Squaring gives 
atbfe=d+e+2Vde, (3) 
sO 
a=dte (4) 
bc = 4de. (5) 


Solving for d and e gives 


d,e= ——____—.. (6) 


Square Root 1715 


A sequence of approximations a/b to ./n can be derived 
by factoring 
a’? — nb? = +1 (7) 


(where —1 is possible only if —1 is a QUADRATIC 
RESIDUE of n). Then 


(a+ b/n)(a—-b/n) = +1 (8) 
(a+bJ/n)*(a-bYn)* = (+1) = 41, (9) 

and 
(1+ Vn)’ =14+ Vn (10) 
(1+ Jn)? =(1+n)+2/n (11) 


(1+ J/n)(at+tbV/n) = (a+bn)+JVn(atb). (12) 


Therefore, a and b are given by the RECURRENCE RE- 
LATIONS 


a; = @j-1+ Bj-1n (13) 
bi = ai-1 + Bi-1 (14) 


with a, = b} = 1. The error obtained using this method 


is e 
lg - ¥*| = 


1 1 
Bat bJn) ~ 26°" 


The first few approximants to ,/n are therefore given by 


(15) 


1+3n 14+6n+n? 1+410n+5n? 
34+n’ A(n+1) 7 5+10n+n??°°" 

(16) 
This ALGORITHM is sometimes known as the BHASKA- 
RA-BROUCKNER ALGORITHM. For the case n = 2, this 
gives the convergents to V2 as 1, 3/2, 7/5, 17/12, 41/29, 
99/70, .... 


1,3(i +n), 


Another general technique for deriving this sequence, 
known as NEWTON’S ITERATION, is obtained by letting 
z=J/n. Then s = n/z, so the SEQUENCE 


1 n 
== 7 1 
Tk = 5 (« i+ =) (17) 


converges quadratically to the root. The first few ap- 
proximants to ./n are therefore given by 


l+6n+7r? 
4(n+1) ’ 
1+ 26n + 70n? + 28n? + n4 
81 +n)\i+é6én+n2) * 


1,5(1+n), 


(18) 


For /2, this gives the convergents 1, 3/2, 17/12, 
577/408, 665857/470832, .... 


see also CONTINUED SQUARE RoOoT, CUBE Root, 
NESTED RADICAL, NEWTON’S ITERATION, QUADRATIC 
SURD, ROOT OF UNITY, SQUARE NUMBER, SQUARE 
TRIANGULAR NUMBER, SURD 


1716 Square Root Inequality 


References 

Sloane, N. J. A. Sequences A002193/M3195 and A002194/ 
M4326 in “An On-Line Version of the Encyclopedia of In- 
teger Sequences.” 

Spanier, J. and Oldham, K. B. “The Square-Root Func- 
tion bz +c and Its Reciprocal,” “The ba? — x? Func- 
tion and Its Reciprocal,” and “The b./z? + a Function.” 
Chs. 12, 14, and 15 in An Atlas of Functions. Washing- 
ton, DC: Hemisphere, pp. 91-99, 107-115, and 115-122, 
1987. 

Williams, H. C. “A Numerical Investigation into the Length 


of the Period of the Continued Fraction Expansion of VD.” 
Math. Comp. 36, 593-601, 1981. 


Square Root Inequality 


ant 2Vn < Se < 2m 2m T 


Square Root Method 
The square root method is an algorithm which solves 
the MATRIX EQUATION 


Au=g (1) 


for u, with A a p xX p SYMMETRIC MATRIX and g a 
given VECTOR. Convert A to a TRIANGULAR MATRIX 
such that 

T*T =A, (2) 


where T7 is the MATRIX TRANSPOSE. Then 


Tk=g (3) 
Tu=k, (4) 
so 
$11 $12 
0 822 wee wee 
ES a) vs Sarr eat as (5) 
0 O +++ Spp 
giving the equations 
g11° = a11 


§11512 = @12 
2 2 
S12° + 822° = G22 


2 2 2 
813 +$aj +...485;° = a5; 


$17 + S23 82k +... 4 855 Sjk = Ajk- (6) 
These give 
$11 = V411 
Q12 
aig 
Sil 


2_ —s; 2 
i168 8j-1,j 


w 

he, 

ta, 
\ 


ajk $1j 51k $27 52k 


87-1,585- 
J-1,9°3 =e. (7) 
$33 


Square Triangular Number 


giving T from A. Now solve for k in terms of the si;s 
and g, 


Siiki = gi 
812k, + 822k2 = go 
8igki + Sajko +... + 835k3 = 93, (8) 
which gives 
ae 
S11 
ko = 22 $i2k, 
$22 
Ke 9) — Sijhi — sasha 0 Sjouahint (9) 
3d 


Finally, find u from the s;;s and k, 


$11U1 + 812U2...+ SipUp = ki 


S22U2 +... + Sapp = ko 


SppUp = kp, (10) 
giving the desired solution, 
kp 
up = — 
Spp 
_ Kp-1 — 8p-1,pUp 
Up-1 = Oo 
Sp—1,p—1 
ig = RA SHItIUI+1 — $5,54+2Uj+2 — +++ — Sipe 
5 OE tt 
$35 
(11) 


see also LU DECOMPOSITION 
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Square Triangular Number 

A number which is simultaneously SQUARE and TRIAN- 
GULAR. The first few are 1, 36, 1225, 41616, 1413721, 
48024900, (Sloane’s A001110), corresponding to 
Ty = Si, Ts — Se, T49 aoa S35, T288 => S204, Ti681 => 
Si1a9, ... (Pietenpol 1962), but there are an infinite 
number, as first shown by Euler in 1730 (Dickson 1952). 


The general FORMULA for a square triangular number 
ST, is b*c*, where b/c is the nth convergent to the Con- 
TINUED FRACTION of /2 (Ball and Coxeter 1987, p. 59; 
Conway and Guy 1996). The first few are 


3 7 17 41 99 239 
2’5’ 12°29’ 70’ 169’ ~ 


1 
1’ (1) 


The NUMERATORS and DENOMINATORS give solutions 
to the PELL EQUATION 


a? — Qy? = 41, (2) 


Square Triangular Number 


but can also be obtained by doubling the previous FRAC- 
TION and adding to the FRACTION before that. The con- 
nection with the PELL EQUATION can be seen by letting 
N denote the Nth TRIANGULAR NUMBER and M the 
Mth SQUARE NUMBER, then 


AN(N +1) = MM’. (3) 

Defining 
c=2N+1 (4) 
y= 27M (5) 


then gives the equation 


zg —Qy?=1 (6) 


(Conway and Guy 1996). Numbers which are simul- 


taneously TRIANGULAR and SQUARE PYRAMIDAL also 
satisfy the DIOPHANTINE. EQUATION 


3(2y +1)? = 8x> + 122? + 4x + 3. (7) 


The only solutions are z = —1, 0, 1, 5, 6, and 85 (Guy 
1994, p. 147). 
A general FORMULA for square triangular numbers is 
(1+ /2)?" — (1 - /2)" 2 (8) 
4/2 
Ay[(17 + 1272)” + (17 — 122)" — 2]. (9) 


STn = 


i 


The square triangular numbers also satisfy the RECUR- 
RENCE RELATION 


ST, = 34ST,-1 — STn-2+2 (10) 
Un+2 = 6tn4+1 — Un; (11) 
with uo = 0, wu. = 1, where STn = un’. A curious 
product formula for ST, is given by 
Qn k 
ST, = 227-8 [3 (=)| 
Ul + cos : (12) 


An amazing GENERATING FUNCTION is 


1+2 
fe) = Gad - set 2) 


= 14362 + 122527 +... 


(13) 
(Sloane and Plouffe 1995). 


see also SQUARE NUMBER, SQUARE ROOT, TRIANGU- 
LAR NUMBER 
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Square Wave 


The square wave is a periodic waveform consisting of 
instantaneous transitions between two levels which can 
be denoted +1. The square wave is sometimes also called 
the RADEMACHER FUNCTION. Let the square wave have 
period 2L. The square wave function is ODD, so the 
FOURIER SERIES has ag = a, = O and 


ee ae ar 
nT a Pca L x 


Asie = A 0 neven 
nw 2 ~ mr lil nodd. 


The FOURIER SERIES for the square wave is therefore 


jer=$ 32 tan (2) 


n=1,3,5,... 


see also HADAMARD MATRIX, WALSH FUNCTION 
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Squared 
A number to the POWER 2 is said to be squared, so that 
x” is called “2 squared.” 


see also CUBED, SQUARE ROOT 


1718 Squared Square 


Squared Square 
see PERFECT SQUARE DISSECTION 


Squarefree 
6of 


POF 


20. 40 60 80 100 


A number is said to be squarefree (or sometimes 
QUADRATFREI; Shanks 1993) if its PRIME decomposi- 
tion contains no repeated factors. All PRIMES are there- 
fore trivially squarefree. The squarefree numbers are 1, 
2, 3, 5, 6, 7, 10, 11, 13, 14, 15, ... (Sloane’s A005117). 
The SQUAREFUL numbers (i.e., those that contain at 
least one square) are 4, 8, 9, 12, 16, 18, 20, 24, 25, ... 
(Sloane’s A013929). 


The asymptotic number Q(n) of squarefree numbers < n 


is given by : 
Q(n) = + O(Vn) (1) 


(Hardy and Wright 1979, pp. 269-270). Q(n) for n = 
10, 100, 1000, ... are 7, 61, 608, 6083, 60794, 607926, 
..., While the asymptotic density is 1/¢(2) = 6/m? = 
0.607927, where ¢(n) is the RIEMANN ZETA FUNCTION. 


The MOBIUS FUNCTION is given by 


h(n) = 
0 if n has one or more repeated prime factors 
1 ifn=1 


(=1)* if n is product of k distinct primes, 


(2) 


so p(n) # 0 indicates that n is squarefree. The asymp- 
totic formula for Q(z) is equivalent to the formula 


Yin) = SF + O(ve) (3) 


(Hardy and Wright 1979, p. 270) 


There is no known polynomial-time algorithm for recog- 
nizing squarefree INTEGERS or for computing the square- 
free part of an INTEGER. In fact, this problem may 
be no easier than the general problem of integer fac- 
torization (obviously, if an integer n can be factored 
completely, n is squarefree IFF it contains no dupli- 
cated factors). This problem is an important unsolved 
problem in NUMBER THEORY because computing the 


Squareful 


RING of integers of an algebraic number field is re- 
ducible to computing the squarefree part of an IN- 
TEGER (Lenstra 1992, Pohst and Zassenhaus 1997). 
The Mathematica® (Wolfram Research, Champaign, 
IL) function NumberTheory ‘NumberTheoryFunctions‘ 
SquareFreeQ{n] determines whether a number is 
squarefree. 


The largest known SQUAREFUL FIBONACCI NUMBER 
is F33g, and no SQUAREFUL FIBONACCI NUMBERS F, 
are known with p PRIME. All numbers less than 
2.5 x 10°° in SYLVESTER’S SEQUENCE are squarefree, 
and no SQUAREFUL numbers in this sequence are known 
(Vardi 1991). Every CARMICHAEL NUMBER is square- 
free. The BINOMIAL COEFFICIENTS (?"7") are square- 
free only for n = 2, 3, 4, 6, 9, 10, 12, 36, ..., with no 
others less than n = 1500. The CENTRAL BINOMIAL 
COEFFICIENTS are SQUAREFREE only for n = 1, 2, 3, 4, 
5, 7, 8, 11, 17, 19, 23, 71, ... (Sloane’s A046098), with 
no others less than 1500. 


see also BINOMIAL COEFFICIENT, BIQUADRATEFREE, 
COMPOSITE NUMBER, CUBEFREE, ERDOS SQUAREFREE 
CONJECTURE, FIBONACCI NUMBER, KORSELT’S CRITE- 
RION, MOBIUS FUNCTION, PRIME NUMBER, RIEMANN 
ZETA FUNCTION, SARKOZY’S THEOREM, SQUARE NUM- 
BER, SQUAREFUL, SYLVESTER’S SEQUENCE 
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Squareful 

A number is squareful, also called NONSQUAREFREE, if it 
contains at least one SQUARE in its prime factorization. 
Such a number is also called SQUAREFUL. The first few 
are 4, 8, 9, 12, 16, 18, 20, 24,.25,... (Sloane’s A013929). 
The greatest multiple prime factors for the squarcful 
integers are 2, 2,3, 2, 2, 3, 2, 2,5, 3, 2, 2, 3,... (Sloane’s 
A046028). The least multiple prime factors for squareful 
integers are 2, 2, 3, 2, 2, 3, 2, 2, 5, 3, 2, 2, 2,... (Sloane’s 
A046027). 


see also GREATEST PRIME FACTOR, LEAST PRIME FAc- 
TOR, SMARANDACHE NEAR-TO-PRIMORIAL FUNCTION, 
SQUAREFREE 


Squaring 
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Squaring 

Squaring is the GEOMETRIC CONSTRUCTION, using only 
COMPASS and STRAIGHTEDGE, of a SQUARE which has 
the same area as a given geometric figure. Squaring 
is also called QUADRATURE. An object which can be 
constructed by squaring is called SQUARABLE. 


see also CIRCLE SQUARING, COMPASS, CONSTRUCTIBLE 
NUMBER, GEOMETRIC CONSTRUCTION, RECTANGLE 
SQUARING, STRAIGHTEDGE, TRIANGLE SQUARING 


Squeezing Theorem 


Let there be two functions f_(z) and f;(2) such that 
f(z) is “squeezed” between the two, 


f-(z) < f(z) < f+(@). 


If 
r= lim f_(x) = lim f,(z), 


ria 
then limz+. f(z) = 7. In the above diagram the func- 
tions f(z) = —a? and f,(x) = 2? “squeeze” zx” sin(cx) 
at 0, so limg-,9 2? sin(cx) = 0. The squeezing theorem 
is also called the SANDWICH THEOREM. 


SSS Theorem 


c 


Specifying three sides uniquely determines a TRIANGLE 
whose ARFA is given by HERON’S FORMULA, 


A= y/s(s — a)(s — b)(s —c), (1) 


where 
s=$(a+b+c) (2) 


’ is the SEMIPERIMETER of the TRIANGLE. Let & be the 
CIRCUMRADIUS, then 


Aa. (3) 


Stability Matrix 1719 
Using the LAW OF COSINES 
a? = b? +c? — 2becos A (A) 
b? = a? + c* — 2accosB (5) 
c? = a? +b? — 2abcosC (6) 
gives the three ANGLES as 
ray bce Yar 
= 1 
A= cos (eens (7) 
_{P4+2-8? 
= l 
B=cos ( dae (8) 
2 2. 2 
= +b°—e 
Cae, 
cos ( os ) (9) 


see also AAA THEOREM, AAS THEOREM, ASA THE- 
OREM, ASS THEOREM, HERON’S FORMULA, SAS THE- 
OREM, SEMIPERIMETER, TRIANGLE 


Stability 

The robustness of a given outcome to small changes in 
initial conditions or small random fluctuations. CHAOS 
is an example of a process which is not stable. 


see also STABILITY MATRIX 


Stability Matrix 


Given a system of two ordinary differential equations 


y = g(x,y), (2) 


let zo and yo denote FIXED POINTS with « = y = 0, so 


f (0, yo) =0 (3) 
g(xo, yo) = 9. (4) 


Then expand about (20, yo) so 


bz = fz(x0, yo)dx + fy(xo, yo) dy 


+ fey(Zo, yo)drdy +... (5) 
5Y = gz(X0, yo)dx + Gy(Zo, yo)dy 


+ Gzy(Xo, yo)drdy+.... (6) 


To first-order, this gives 


d |éx} _ | fz(to,yo) fy(Zo, yo) | | x 

4 art , (7) 

dt | dy 9z(o, Yo) g9y(%o, yo) } | dy 
where the 2 x 2 MATRIX, or its generalization to higher 
dimension, is called the stability matrix. Analysis of 
the EIGENVALUES (and EIGENVECTORS) of the stability 
matrix characterizes the type of FIXED POINT. 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL EQUA- 
TIONS), FIXED POINT, HYPERBOLIC FIXED POINT 
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(DIFFERENTIAL EQUATIONS), LINEAR STABILITY, STA- 
BLE IMPROPER NODE, STABLE NODE, STABLE SPIRAL 
POINT, STABLE STAR, UNSTABLE IMPROPER NODE, 
UNSTABLE NODE, UNSTABLE SPIRAL POINT, UNSTA- 
BLE STAR 
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tegrability in Nonlinear Dynamics: An Introduction. New 


York: Wiley, pp. 20-31, 1989. 


Stabilization 


! 2 n-l 1 2 n-1 n 
——_P 


A type IIT MARKOvV MOVE. 
see also MARKOV MOVES 


Stable Equivalence 

Two VECTOR BUNDLES are stably equivalent Irr Iso- 
MORPHIC VECTOR BUNDLES are obtained upon WHIT- 
NEY SUMMING each VECTOR BUNDLE with a trivial 
VECTOR BUNDLE. 


see also VECTOR BUNDLE, WHITNEY SUM 


Stable Improper Node 
A FIxep POINT for which the STABILITY MATRIX has 
equal NEGATIVE EIGENVALUES. 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL EQua- 
TIONS), FIXED POINT, HYPERBOLIC FIXED POINT 
(DIFFERENTIAL EQUATIONS), STABLE NODE, STABLE 
SPIRAL POINT, UNSTABLE IMPROPER NODE, UNSTA- 
BLE NODE, UNSTABLE SPIRAL POINT, UNSTABLE STAR 


References 

Tabor, M. “Classification of Fixed Points.” §1.4.b in Chaos 
and Integrability in Nonlinear Dynamics: An Introduc- 
tion. New York: Wiley, pp. 22-25, 1989. 


Stable Node 
A FIXED POINT for which the STABILITY MATRIX has 
both EIGENVALUES NEGATIVE, so Ai < A2 < 0. 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL 
EQUATIONS), FIXED POINT, HYPERBOLIC FIXED 
POINT (DIFFERENTIAL EQUATIONS), STABLE Im- 
PROPER NODE, STABLE SPIRAL POINT, STABLE STAR, 
UNSTABLE IMPROPER NODE, UNSTABLE NODE, UNSTA- 
BLE SPIRAL POINT, UNSTABLE STAR 


References 

Tabor, M. “Classification of Fixed Points.” §1.4.b in Chaos 
and Integrability in Nonlinear Dynamics: An Introduc- 
tion. New York: Wiley, pp. 22-25, 1989. 


Stack 


Stable Spiral Point 
A FIXED POINT for which the STABILITY MATRIX has 
EIGENVALUES of the form A+ = —a tif (with a, 8 > 0). 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL 
EQUATIONS), FIXED POINT, HYPERBOLIC FIXED 
POINT (DIFFERENTIAL EQUATIONS), STABLE IM- 
PROPER NODE, STABLE NODE, STABLE STAR, UNSTA- 
BLE IMPROPER NODE, UNSTABLE NODE, UNSTABLE 
SPIRAL POINT, UNSTABLE STAR 


References 

Tabor, M. “Classification of Fixed Points.” §1.4.b in Chaos 
and Integrability in Nonlinear Dynamics: An Introduc- 
tion. New York: Wiley, pp. 22-25, 1989. 


Stable Star 

A FIXED POINT for which the STABILITY MATRIX has 
one zero EIGENVECTOR with NEGATIVE EIGENVALUE 
A<0. 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL 
EQUATIONS), FIXED POINT, HYPERBOLIC FIXED 
Point (DIFFERENTIAL EQUATIONS), STABLE Im- 
PROPER NODE, STABLE NODE, STABLE SPIRAL POINT, 
UNSTABLE IMPROPER NODE, UNSTABLE NODE, UNSTA- 
BLE SPIRAL POINT, UNSTABLE STAR 


References 

Tabor, M. “Classification of Fixed Points.” §1.4.b in Chaos 
and Integrability in Nonlinear Dynamics: An Introduc- 
tion. New York: Wiley, pp. 22-25, 1989. 


Stable Type 
A POLYNOMIAL equation whose ROOTS all have NEGA- 
TIVE REAL PARTS. For a REAL QUADRATIC EQUATION 


224+ Bzt+C=0, 


the stability conditions are B,C > 0. For a REAL CuBIC 
EQUATION 
z+ Az? +Bz+C=0, 


the stability conditions are A,B,C >O and AB>C. 


References 
Birkhoff, G. and Mac Lane, S. A Survey of Modern Algebra, 
8rd ed. New York: Macmillan, pp. 108-109, 1965. 


Stack 

A DaTa STRUCTURE which is a special kind of LIST in 
which elements may be added to or removed from the 
top only. These actions are called a PUSH or a POP, 
respectively. Actions may be taken by popping one or 
more values, operating on them, and then pushing the 
result back onto the stack. 


Stacks are used as the basis for computer languages such 
as FORTH, PostScript® (Adobe Systems), and the RPN 
language used in Hewlett-Packard® programmable cal- 
culators. 


see also LIST, POP, PUSH, QUEUE 


Stackel Determinant 


Stackel Determinant 

A DETERMINANT used to determine in which coordinate 
systems the HELMHOLTZ DIFFERENTIAL EQUATION is 
separable (Morse and Feshbach 1953). A determinant 


81, P12 ®y5 
S = |®mn| =| P21 P22 G23 (1) 
Dz1  Bgg B33 


in which ©,,; are functions of u; alone is called a Stackel 
determinant. A coordinate system is separable if it 
obeys the ROBERTSON CONDITION, namely that the 
SCALE FAcTors fh; in the LAPLACIAN 


hyhzh3 O 
( h;? x) (2) 


can be rewritten in terms of functions f,;(u;) defined by 


1 8 [hihehs 0 
hi hehs Ou; hi? Ou; 


_ gluis1, Wir2) O [y(es) a 


“Ente 
i = hihehs3 Ou; 


Aihshs Oui dui 
1 @ a) 
hE Ou (fan) ® 
such that S can be written 
hihohs 
s= 4 
fi (ur) fo(u2) fs (us) (4) 


When this is true, the separated equations are of the 
form 


10 OXn 2 2 2 
aT aay Pe tA ® nr nr n= 
7 bis (F Fan) +(e ni tke @n2tk3° On3)Xn = 0 
(5) 
The £,;s obey the minor equations 
Ss 
My = £22633 — Bo3 P32 = he (6) 
1 
Ss 
Mz = $13%31 — Pi2833 = he (7) 
2 
S 
Mz = 212023 — GisPe2 = Re’ (8) 
3 
which are equivalent to 
Mi@i1 + Moa. + M3%31 = S$ (9) 
Mi P12 + MoP22 + M3832 = 0 (10) 
Mi 813 + M2G23 + M333 = 0. (11) 


This gives a total of four equations in nine unknowns. 
Morse and Feshbach (1953, pp. 655-666) give not only 
the Stackel determinants for common coordinate sys- 
tems, but also the elements of the determinant (although 
it is not clear how these are derived). 


Standard Deviation 1721 
see also HELMHOLTZ DIFFERENTIAL EQUATION, LA- 
PLACE’S EQUATION, POISSON’S EQUATION, ROBERT- 
SON CONDITION, SEPARATION OF VARIABLES 
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Morse, P. M. and Feshbach, H. “Tables of Separable Coordi- 
nates in Three Dimensions.” Methods of Theoretical Phys- 
ics, Part I. New York: McGraw-Hill, pp. 509-511 and 655- 
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Stamp Folding 

The number of ways of folding a strip of stamps has 
several possible variants. Considering only positions of 
the hinges for unlabeled stamps without regard to orien- 
tation of the stamps, the number of foldings is denoted 
U(n). If the stamps are labelled and orientation is taken 
into account, the number of foldings is denoted N(n). 
Finally, the number of symmetric foldings is denoted 
S(n). The following table summarizes these values for 
the first n. 


n S(n) U(n) N(n) 
1 1 1 1 
2 1 1 1 
3 2 2 6 
4 4 5 16 
5 6 14 50 
6 8 39 144 
7 18 120 462 
8 20 358 1392 
9 56 1176 4536 
10 3572 


see also MAP FOLDING 
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Standard Deviation 
The standard deviation is defined as the SQUARE RooT 
of the VARIANCE, 


o = \/ (22) - (2)? = 1 (1) 


where yp = (x) is the MEAN and pp = (x?) is the sec- 
ond MOMENT about 0. The variance ¢? is equal to the 
second MOMENT about the MEAN, 


a” = po. (2) 


The square root of the SAMPLE VARIANCE is the “sam- 
ple” standard deviation, 


(3) 


1722 Standard Error 


It is a BIASED ESTIMATOR of the population standard 
deviation. As unbiased ESTIMATOR is given by 


(4) 


Physical scientists often use the term ROOT-MEAN- 
SQUARE as a synonym for standard deviation when they 
refer to the SQUARE ROOT of the mean squared devia- 
tion of a signal from a given baseline or fit. 

see also MEAN, MOMENT, ROOT-MEAN-SQUARE, SAM- 
PLE VARIANCE, STANDARD ERROR, VARIANCE 


Standard Error 
The square root of the ESTIMATED VARIANCE of a quan- 
tity. The standard error is also sometimes used to mean 


var(a) = > (2)? =D (2) =F. 


i= i= 


see also STANDARD DEVIATION 


Standard Map 

FP x boos oo eS 
° ra. 

F 1 i 

? ° ; x : 
i . a Y 
a pf Os; ° a iv 
0 r a y = 


A 2-D Map, also called the TAYLOR-GREENE-CHIRIKOV 
Map in some of the older literature. 


Tn+i = In + K sin On (1) 
On41 = On + In41 = Tn + On + K sin En, (2) 
where I and @ are computed mod 27 and K is a POsI- 


TIVE constant. An analytic estimate of the width of the 
CHAOTIC zone (Chirikov 1979) finds 


fone, (3) 


Numerical experiments give A ~ 5.26 and B = 240. 
The value of K at which global CHAOS occurs has been 


Standard Map 


bounded by various authors. GREENE’S METHOD is the 
most accurate method so far devised. 
Author Bound | Fraction | Decimal 
Hermann 0.029411764 
Italians 0.65 
0.971635406 
0.984375000 


1.333333333 


Greene 
MacKay and Pearson 


Mather 


FIXED POINTS are found by requiring that 


Ingi = In (4) 
On41 = On. (5) 


The first gives K sin 6, = 0, so sin, = 0 and 
6, = 0,7. (6) 
The second requirement gives 
In,+ Ksin@, = In = 0. (7) 
The FIXED PoInts are therefore (7,@) = (0,0) and 
(0,7). In order to perform a LINEAR STABILITY analy- 


sis, take differentials of the variables 


dIn41 = dIn + K cos 6, dO, (8) 
d6n41 = dIn + (1+ K 0089p) dOn. (9) 


In MATRIX form, 
6Insi1 | _ | 1 K cos 6p 6In (10) 
6On41 = 144+ K cos On bOn 7 


The EIGENVALUES are found by solving the CHARAC- 
TERISTIC EQUATION 


1-4 K cos On - 

| 1 eee ay 
so 

d? — A(K cos On +2) +1=0 (12) 


Az = 3[K cos On + 2+ /(K cos 6, + 2)? — 4]. (13) 


For the FIXED POINT (0,7), 


AO") — La- K+ ./(2-K)? —4] 
=1(2-K+./K?—4K). (14) 


The FIxeD Point will be stable if |R(A”)| < 2. Here, 
that means 


$\2—K| <1 (15) 
|2-—K|<2 (16) 
-2<2-K<2 (17) 


-4<-K<0 (18) 


Standard Normal Distribution 


so K € [0,4). For the Fixep Point (0, 0), the EIGEN- 
VALUES are 


MP) = 124+ Kt /(K + 2)? —4) 
= 4(2+ K+ V7 K?4+4K). (19) 


If the map is unstable for the larger EIGENVALUE, it is 
unstable. Therefore, examine aa We have 


5 |2+K+VK?+4K| <1, (20) 


sO 


-2<24K+4/K?+4+4K <2 (21) 
-4—K</K?+4K <—K. (22) 


But K > 0, so the second part of the inequality cannot 
be true. Therefore, the map is unstable at the FIXED 
Point (0, 0). 


References 

Chirikov, B. V. “A Universal Instability of Many- 
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Standard Normal Distribution 
A NORMAL DISTRIBUTION with zero MEAN (yp = 0) and 
unity STANDARD DEVIATION (a? = 1). 


see also NORMAL DISTRIBUTION 


Standard Space 

A SPACE which is ISOMORPHIC to a BOREL SUBSET B 
of a POLISH SPACE equipped with its SIGMA ALGEBRA 
of BOREL SETS. 


see also BOREL SET, POLISH SPACE, SIGMA ALGEBRA 


Standard Tori 
full view 


cutaway cross-section 


spindle 
torus 


One of the three classes of TORI illustrated above and 
given by the parametric equations 


xz = (c+acosv)cosu (1) 
y = (c+ acos v) sin u (2) 


z= asinv. (3) 
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The three different classes of standard tori arise from the 
three possible relative sizes of a and c. c > a corresponds 
to the RING TORUS shown above, ¢ = a corresponds to 
a Horn Torus which touches itself at the point (0, 0, 
0), and c < a corresponds to a self-intersecting SPIN- 
DLE TORUS (Pinkall 1986). If no specification is made, 
“torus” is taken to mean RING TORUS. 


The standard tori and their inversions are CYCLIDES. 


see also APPLE, CYCLIDE, HORN TORUS, LEMON, RING 
TORUuS, SPINDLE TORUS, TORUS 


References 

Pinkall, U. “Cyclides of Dupin.” §3.3 in Mathematical Models 
from the Collections of Universities and Museums (Ed. 
G. Fischer). Braunschweig, Germany: Vieweg, pp. 28~30, 
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Standardized Moment 
Defined for samples z;, i= 1,..., N by 


N 
1 
Pa ay. lars (1) 
where es 
2-2 
= 2 
oa} re ( ) 


The first few are 


ay= 0 (3) 
ag= 1 (4) 
a3 = S (5) 
agq= a (6) 


see also KURTOSIS, MOMENT, SKEWNESS 


Standardized Score 
see z-SCORE 


Stanley’s Theorem 

The total number of 1s that occur among all unordered 
PARTITIONS of a POSITIVE INTEGER is equal to the sum 
of the numbers of distinct parts of (i.e., numbers in) 
those PARTITIONS. 


see also ELDER’S THEOREM, PARTITION 
References 
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Star 

In formal geometry, a star is a set of 2n VECTORS +a, 
..-, tA which form a fixed center in EUCLIDEAN 3- 
SPACE. In common usage, a star is a STAR POLYGON 
(i.e., regular convex polygon) such as the PENTAGRAM 
or HEXAGRAM 


see also CROSS, EUTACTIC STAR, STAR OF GOLIATH, 
STAR POLYGON 


Star of David 
see HEXAGRAM 


Star Figure : 
A Star PotyGon-like figure {2} for which p and gq are 
not RELATIVELY PRIME. 


see also STAR POLYGON 


Star (Fixed Point) 
A FIXED POINT which has one zero EIGENVECTOR. 


see STABLE STAR, UNSTABLE STAR 


Star Fractal 


A FRACTAL composed of repeated copies of a PENTA- 
GRAM or other polygon. 


The above figure shows a generalization to different off- 
sets from the center. 


Star Number 


References 

Lauwerier, H. Fractals: Endlessly Repeated Geometric Fig- 
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77, 1991. 
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Star of Goliath 
see NONAGRAM 


Star Graph 

The k-star graph is a TREE on k + 1 nodes with one 
node having valency k and the others having valency 1. 
Star graphs S,, are always GRACEFUL. 


Star of Lakshmi 


‘ 


The STAR FIGURE {8/2}, which is used by Hindus to 
symbolize Ashtalakshmi, the eight forms of wealth. This 
symbol appears prominently in the Lugash national mu- 
seum portrayed in the fictional film Return of the Pink 
Panther. 


see also DISSECTION, HEXAGRAM, PENTAGRAM, STAR 
FIGURE, STAR POLYGON 
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Star Number 
The number of cells in a generalized Chinese checkers 
board (or “centered” HEXAGRAM). 


Sy = 6n(n+1)+1= S,-1+12(n — 1). (1) 


The first few are 1, 13, 37, 73, 121, ... (Sloane’s 
A003154). Every star number has DiciraL Root 1 or 
4, and the final digits must be one of: 01, 21, 41, 61, 81, 
13, 33, 53, 73, 93, or 37. 


The first TRIANGULAR star numbers are 1, 253, 49141, 


9533161, ... (Sloane’s A006060), and can be computed 
using 


_ 3{(7+4V3)?""* + (7 — 4V3)?""*] — 10 
- 32 
= 194TS,-1+60— TSn-2. (2) 


TSn 


The first few SQUARE star numbers are 1, 121, 11881, 
1164241, 114083761, ... (Sloane’s A006061). SQUARE 
star numbers are obtained by solving the DIOPHANTINE 
EQUATION 

227 +1 = 3y? (3) 


Star Polygon 


and can be computed using 
_ (8 +2v6)"(v6 — 2) ~ (5 ~2v6)"(V6 + 2)? 


4 
(4) 
see also HEX NUMBER, SQUARE NUMBER, TRIANGULAR 
NUMBER 


SSn 
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Star Polygon 


KX OD Fe 
£OG 


{$} {3} {3} 
{3} (3) {3} 


He OF Hk 


{3} 
A star ae {p/q}, with p,q aoe INTEGERS, is 
a figure formed by connecting with straight lines every 
gth point out of p regularly spaced points lying on a 
CIRCUMFERENCE. The number q is called the DENSITY 
of the star polygon. Without loss of generality, take 


q < p/2. 


The usual definition (Coxeter 1969) requires p and g to 
be RELATIVELY PRIME. However, the star polygon can 
also be generalized to the STAR FIGURE (or “improper” 
star polygon) when p and gq share a common divisor 
(Savio and Suryanaroyan 1993). For such a figure, if 
all points are not connected after the first pass, i.e., if 
(p,q) # 1, then start with the first unconnected point 
and repeat the procedure. Repeat until all points are 
connected. For (p,q) # 1, the {p/q} symbol can be 


factored as 
Pp P 
Pl and Ph 1 
(dasa © 


(2) 
(3) 


where 


3 
Mit 


Ww 
ill 


3 pa 3 [3s 
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to give n {p'/q'} figures, each rotated by 27/p radians, 
or 360°/p. 


If g = 1, a REGULAR POLYGON {p} is obtained. Spe- 
cial cases of {p/q} include {5/2} (the PENTAGRAM), 
{6/2} (the HEXAGRAM, or STAR OF Davip), {8/2} (the 
STAR OF LAKSHMI), {8/3} (the OcTAGRAM), {10/3} 
(the DECAGRAM), and {12/5} (the DODECAGRAM). 


The star polygons were first systematically studied by 
Thomas Bradwardine. 


see also DECAGRAM, HEXAGRAM, NONAGRAM, OCTA- 
GRAM, PENTAGRAM, REGULAR POLYGON, STAR OF 
LAKSHMI, STELLATED POLYHEDRON 
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Star Polyhedron 
see KEPLER-POINSOT SOLID 


Starr Rose 


a=8,b=16,c=16 
see also MAURER ROSE 


a= 6,b 


18,c= 18 
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State Space 

The measurable space (5’,S’) into which a RANDOM 
VARIABLE from a PROBABILITY SPACE is a measurable 
function. 


see also PROBABILITY SPACE, RANDOM VARIABLE 


Stationary Point 
f'Q) <0, fa) =0 


f"Q)>0 
f'x)<0 fi) >0 
foe \ Fuso FG) >0 Fe <0 
a <0 fH =0 
stationary point minimum maximum 


1726 Stationary Tangent 


A point xo at which the DERIVATIVE of a FUNCTION 
f(x) vanishes, 

f' (wo) = 0. 
A stationary point may be a MINIMUM, MAXIMUM, or 
INFLECTION POINT. 


see also CRITICAL POINT, DERIVATIVE, EXTREMUM, 
FIRST DERIVATIVE TEST, INFLECTION POINT, MAXI- 
MUM, MINIMUM, SECOND DERIVATIVE TEST 


Stationary Tangent 
see INFLECTION POINT 


Stationary Value 
The value at a STATIONARY POINT. 


Statistic 


A function of one or more random variables. 


see also ANDERSON-DARLING STATISTIC, 
STATISTIC, VARIATE 


KUIPER 


Statistical Test 
A test used to determine the statistical SIGNIFICANCE 
of an observation. Two main types of error can occur: 


1. A TYPE I ERROR occurs when a false negative result 
is obtained in terms of the NULL HYPOTHESIS by 
obtaining a false positive measurement. 


2. A TYPE II ERROR occurs when a false positive result 
is obtained in terms of the NULL HYPOTHESIS by 
obtaining a false negative measurement. 


The probability that a statistical test will be positive for 
a true statistic is sometimes called the test’s SENSITIV- 
Iry, and the probability that a test will be negative for 
a negative statistic is sometimes called the SPECIFICITY. 
The following table summarizes the names given to the 
various combinations of the actual state of affairs and 
observed test results. 


result | name | 
true positive result sensitivity 
false negative result | 1 — sensitivity 
true negative result specificity 


false positive result | 1 — specificity 


Multiple-comparison corrections to statistical tests are 
used when several statistical tests are being performed 
simultaneously. For example, let’s suppose you were 
measuring leg length in eight different lizard species and 
wanted to sce whether the MEANS of any pair were dif- 
ferent. Now, there are 8!/2!6! = 28 pairwise comparisons 
possible, so even if all of the population means are equal, 
it’s quite likely that at least one pair of sample means 
would differ significantly at the 5% level. An ALPHA 
VALUE of 0.05 is therefore appropriate for each individ- 
ual comparison, but not for the set of all comparisons. 


In order to avoid a lot of spurious positives, the ALPHA 
VALUE therefore needs to be lowered to account for the 


Statistics 


number of comparisons being performed. This is a cor- 
rection for multiple comparisons. There are many differ- 
ent ways to do this. The simplest, and the most conser- 
vative, is the BONFERRONI CORRECTION. In practice, 
more people are more willing to accept false positives 
(false rejection of NULL HYPOTHESIS) than false neg- 
atives (false acceptance of NULL HYPOTHESIS), so less 
conservative comparisons are usually used. 


see also ANOVA, BONFERRONI CORRECTION, CHI- 
SQUARED TEST, FISHER’S EXacT TEST, FISHER 
SIGN TEST, KOLMOGOROV-SMIRNOV TEST, LIKELI- 
HOOD RATIO, LOG LIKELIHOOD PROCEDURE, NEGA- 
TIVE LIKELIHOOD RATIO, PAIRED t-TEST, PARAMET- 
RIC TEST, PREDICTIVE VALUE, SENSITIVITY, SIGNIF- 
ICANCE TEST, SPECIFICITY, TYPE I ERROR, TYPE 
II Error, WILCOXON RANK SUM TEST, WILCOXON 
SIGNED RANK TEST 


Statistics 

The mathematical study of the LIKELIHOOD and PROB- 
ABILITY of events occurring based on known informa- 
tion and inferred by taking a limited number of sam- 
ples. Statistics plays an extremely important role in 
many aspects of economics and science, allowing edu- 
cated guesses to be made with a minimum of expensive 
or difficult-to-obtain data. 


see also BOX-AND-WHISKER PLOT, BUFFON-LAPLACE 
NEEDLE PROBLEM, BUFFON’S NEEDLE PROBLEM, 
CHERNOFF FACE, COIN FLIPPING, DE MERE’S PROB- 
LEM, DICE, DISTRIBUTION, GAMBLER’S RUIN, INDEX, 
LIKELIHOOD, MOVING AVERAGE, P-VALUE, POPULA- 
TION COMPARISON, POWER (STATISTICS), PROBABIL- 
ITY, RESIDUAL VS. PREDICTOR PLOT, RUN, SHARING 
PROBLEM, STATISTICAL TEST, TAIL PROBABILITY 
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Staudt-Clausen Theorem 
see VON STAUDT-CLAUSEN THEOREM 


Steenrod Algebra 

The Steenrod algebra has to do with the COHOMOL- 
OGY operations in singular COHOMOLOGY with INTE- 
GER mod 2 COFFICIENTS. For every n € Z and 
z € {0,1,2,3,...} there are natural transformations of 
FUNCTORS 


Sq: H"(e;Z2) + H"**(@; Zz) 


satisfying: 

1. Sq =O fori>n. 

2. Sq"(z) = « ~ @ for all « € H"(X,A;Zz2) and all 
pairs (X, A). 

o_. 

3. Sq = 1d iin(e;Zn)* 

4. The Sq‘ maps commute with the coboundary maps 
in the long exact sequence of a pair. In other words, 


Sq' : H*(e;Z.) + H***(e; Zz) 


is a degree 2 transformation of cohomology theories. 
5. (CARTAN RELATION) 


Sq (a ~ y) = Ej 4n=1Sq" (zx) ~ Sq*(y). 
6. (ADEM RELATIONS) For i < 2), 


Sq 0 sal(e) = Eh, (7 A ) sa pee: 


7. Sq'od = DoSq' where D is the cohomology suspen- 
sion isomorphism. 
The existence of these cohomology operations endows 
the cohomology ring with the structure of a MODULE 
over the Steenrod algebra A, defined to be ER Ve {Sq': 
z € {0,1,2,3,...}})/R, where Fy, (e) is the free mod- 
ule functor that takes any set and sends it to the free 
Z» module over that set. We think of F7 {Sq Li € 
{0,1,2,...}} as being a graded Z2 module, where the 
i-th gradation is given by Za - Sq’. This makes the 
tensor algebra T(Fz, {Sq' : i € {0,1,2,3,...}}) into a 
GRADED ALGEBRA over Zz. R is the IDEAL generated 
by the elements Sq'Sq? +35 la ‘¢ | Sq't7-*Sq* and 
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1+ Sq° for 0 <i < 2j. This makes A into a graded Ze 
algebra. 


By the definition of the Steenrod algebra, for any SPACE 
(X, A), H*(X, A; Zz) is a MODULE over the Steenrod al- 
gebra A, with multiplication induced by Sq*-z = Sq'(z). 
With the above definitions, cohomology with COEFFI- 
CIENTS in the RING Zz, H*(e;Z2) is a FUNCTOR from 
the category of pairs of TOPOLOGICAL SPACES to graded 
modules over A. 


see also ADEM RELATIONS, CARTAN RELATION, COHO- 
MOLOGY, GRADED ALGEBRA, IDEAL, MODULE, TOPO- 
LOGICAL SPACE 


Steenrod-Eilenberg Axioms 
see EILENBERG-STEENROD AXIOMS 


Steenrod’s Realization Problem 

When can homology classes be realized as the image 
of fundamental classes of MANIFOLDS? The answer is 
known, and singular BORDISM GROUPS provide insight 
into this problem. 


see also BORDISM GROUP, MANIFOLD 


Steepest Descent Method 

An ALGORITHM for calculating the GRADIENT Vf(P) 
of a function at an n-D point P. The steepest descent 
method starts at a point Po and, as many times as 
needed, moves from P; to Piii1 by minimizing along 
the line extending from P; in the direction of —-V f(Pi), 
the local downhill gradient. This method has the severe 
drawback of requiring a great many iterations for func- 
tions which have long, narrow valley structures. In such 
cases, a CONJUGATE GRADIENT METHOD is preferable. 


see also CONJUGATE GRADIENT METHOD, GRADIENT 
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Steffenson’s Formula 


fo = fo + $p(p + dia — 3 (Pp — 1)pd_-1/2 
+(S3 + Sa)8tjo + (Ss — Sa)Ogjo+..., (1) 


Steinbach Screw 


for p € [—5, 3], where 6 is the CENTRAL DIFFERENCE 


and 
Sansa = 3 (a 7) 
Sant = are 2 a) @) 
Santi — Sante = ee ‘) (4) 
Sines —Smia=— (24%), (5) 


mr 


where (7) is a BINOMIAL COEFFICIENT. 


see also CENTRAL DIFFERENCE, STIRLING’S FINITE 
DIFFERENCE FORMULA 
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Steffensen’s Inequality 
Let f(x) be a NONNEGATIVE and monotonic decreasing 
function in [a,b] and g(x) satisfy such that 0 < g(x) <1 
in [a, 6], then 

b 


b atk 
se)ae < [ sayate)ae < f POte 


b 
e~ f g(x) dz. 
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b-k 


where 


Steinbach Screw 


A SURFACE generated by the parametric equations 


z(u,v) = ucosv 
y(u,v) = usinv 
z(u,v) = vcosu. 
The above image uses u € [—4, 4] and v € [0, 6.25]. 
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Steiner Chain 


R@aBS 
DOD 


Given two nonconcentric CIRCLES with one interior to 
the other, if small TANGENT CIRCLES can be inscribed 
around the region between the two CIRCLES such that 
the final CIRCLE is TANGENT to the first, the CIRCLES 
form a Steiner chain. 


The simplest way to construct a Steiner chain is to per- 
form an INVERSION on a symmetrical arrangement on n 
circles packed between a central circle of radius 6 and an 
outer concentric circle of radius a. In this arrangement, 


sin (=) ae (1) 


a+b’ 


so the ratio of the radii for the small and large circles is 


Bos, 1 — sin (2) 
a 1+sin(#)’ @) 


To transform the symmetrical arrangement into a 
Steiner chain, find an INVERSION CENTER which trans- 
forms two centers initially offset by a fixed distance c to 
the same point. This can be done by equating 


ke — k(2@—c) 
a?—a@? (a —c)? — b?’ 


(3) 


giving the offset of the inversion center from the large 
circle’s center as 


a? — 6? +c? + \/(a? — b? + c?)? — 4a2c? 


2c 


r= (4) 
Plugging in a fixed value of a fixes 6, which therefore 
determines z for a given c. Equivalently, a Steiner chain 
results whenever the INVERSIVE DISTANCE between the 
two original circles is given by 


6=2In [sec (=) + tan (=)| (5) 
n n 
us vis 
(Coxeter and Greitzer 1967). The centers of the circles 


in a Steiner chain lie on an ELLIPSE (Ogilvy 1990, p. 57). 


STEINER’S PORISM states that if a Steiner chain is 
formed from one starting circle, then a Steiner chain 
is also formed from any other starting circle. 
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see also ARBELOS, COXETER’S LOXODROMIC SEQUENCE 
OF TANGENT CIRCLES, HEXLET, PAPPUS CHAIN, 
STEINER’S PORISM 
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Steiner Construction 

A construction done using only a STRAIGHTEDGE. The 
PONCELET-STEINER THEOREM proves that all construc- 
tions possible using a COMPASS and STRAIGHTEDGE are 
possible using a STRAIGHTEDGE alone, as long as a fixed 
CIRCLE and its center, two intersecting CIRCLES with- 
out their centers, or three nonintersecting CIRCLES. are 
drawn beforchand. 


see also GEOMETRIC CONSTRUCTION, MASCHER- 
ONI CONSTRUCTION, PONCELET-STEINER THEOREM, 
STRAIGHTEDGE 
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Steiner’s Ellipse 

Let a’ : B' : y' be the ISOTOMIC CONJUGATE POINT 
of a point with TRILINEAR COORDINATES a: @ : y¥. 
The isotomic conjugate of the LINE AT INFINITY having 
trilinear equation 


aa+bB+cy=0 


is 


known as Steiner’s ellipse (Vandeghen 1965). 


see also ISOTOMIC CONJUGATE POINT, LINE AT INFIN- 
ITY 
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Steiner’s Hypocycloid 
see DELTOID 


Steiner-Lehmus Theorem 

Any TRIANGLE that has two equal ANGLE BISEC- 
TORS (each measured from a VERTEX to the opposite 
sides) is an ISOSCELES TRIANGLE. This theorem is 
also called the INTERNAL BISECTORS PROBLEM and 
LEHMUS’ THEOREM. 


see also ISOSCELES TRIANGLE 
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Steiner Points 
There are two different types of points known as Steiner 
points. 


The point of CONCURRENCE of the three lines drawn 
through the VERTICES of a TRIANGLE PARALLEL to the 
corresponding sides of the first BROCARD TRIANGLE. It 
lies on the CIRCUMCIRCLE opposite the TARRY POINT 
and has TRIANGLE CENTER FUNCTION 


a = be(a? ~ b?)(a? —c?), 


The BRIANCHON POINT for KIEPERT’S PARABOLA is the 
Steiner point. The LEMOINE POINT K is the Steiner 
point of the first BROCARD TRIANGLE. The SIMSON 
LINE of the Steiner point is PARALLEL to the line OK, 
when O is the CIRCUMCENTER and # is the LEMOINE 
POINT. 


Steiner’s Porism 


If triplets of opposites sides on a CONIC SECTION in 
PASCAL’S THEOREM are extended for all permutations 
of VERTICES, 60 PASCAL LINES are produced. The 20 
points of their 3 by 3 intersections are called Steiner 
points. 


see also BRIANCHON POINT, BROCARD TRIAN- 
GLES, CIRCUMCIRCLE, CONIC SECTION, KIEPERT’S 
PARABOLA, LEMOINE POINT, PASCAL LINE, PASCAL’S 
THEOREM, STEINER SET, STEINER TRIPLE SYSTEM, 
TARRY POINT 
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If a STEINER CHAIN is formed from one starting cir- 
cle, then a STEINER CHAIN is formed from any other 
starting circle. In other words, given two nonconcen- 
tric CIRCLES, draw CIRCLES successively touching them 
and each other. If the last touches the first, this will 
also happen for any position of the first CIRCLE. 


see also HEXLET, STEINER CHAIN 
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Steiner’s Problem 


Steiner’s Problem 


seer 


2 4 6 8 10 


1/ex 


For what value of x is f(z) = 2*/* a MAXIMUM? The 


maximum occurs at x = e, where 
f'(z) =277*/*(1—Inz) = 0, 
which gives a maximum of 
lf/e 
e’° = 1.444667861.... 


The function has an inflection point at z = 0.581933..., 
where 


f(a) = 27 4**)/*[1 — 3x + (Inz)(22 — 24 Inz)] =0. 
see also FERMAT’S PROBLEM 


Steiner Quadruple System 

A Steiner quadruple system is a STEINER SYSTEM S(t = 
3,k = 4,v), where S is a v-set and B is a collection of 
k-sets of S such that every t-subset of S is contained 
in exactly one member of B. Barrau (1908) established 
the uniqueness of S(3, 4,8), 


12 4 8 3.5 6 7 

2 3 5 8 146 7 

3.4 6 8 125 7 

4 5 7 8 1 2 3 6 

1 5 6 8 2 3 4 7 

26 7 8 13 4 5 

13 7 8 2 4 5 6 

and 5(3,4,10) 

12 4 5 123 7 13 5 8 
2 3 5 6 2 3 4 8 2 4 6 9 
3 4 6 7 3.4 5 9 3.5 7 O 
4 5 7 8 4 5 6 0 1 4 6 8 
5 6 8 9 15 6 7 25 7 9 
6 7 9 O 26 7 8 3 6 8 0 
17 8 0 3.7 8 9 14 7 9 
12 8 9 4 8 9 0 2 5 8 0 
23 9 0 15 9 0 13 6 9 
13 4 0 12 6 0 24 7 0 


Fitting (1915) subsequently constructed the cyclic sys- 
tems S(3, 4,26) and S(3,4,34), and Bays and de Weck 
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(1935) showed the existence of at least one S(3, 4,14). 
Hanani (1960) proved that a NECESSARY and SUFFI- 
CIENT condition for the existence of an S(3, 4, v) is that 
v = 2 or 4 (mod 6). 


The number of nonisomorphic steiner quadruple systems 
of orders 8, 10, 14, and 16 are 1, 1, 4 (Mendelsohn 
and Hung 1972), and at least 31,021 (Lindner and Rosa 
1976). 


see also STEINER SYSTEM, STEINER TRIPLE SYSTEM 
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Steiner’s Segment Problem 

Given n points, find the line segments with the shortest 
possible total length which connect the points. The seg- 
ments need not necessarily be straight from one point 
to another. 


For three points, if all ANGLES are less than 120°, then 
the line segments are those connecting the three points 
to a central point P which makes the ANGLES (A) PB, 
(B) PC, and (C) PA all 120°. If one ANGLE is greater 
that 120°, then P coincides with the offending ANGLE. 


For four points, P is the intersection of the two diago- 
nals, but the required minimum segments are not nec- 
essarily these diagonals. 


A modified version of the problem is, given two points, 
to find the segments with the shortest total length con- 
necting the points such that each branch point may be 
connected to only three segments. There is no general 
solution to this version of the problem. 


Steiner Set 
Three sets of three LINES such that each line is incident 
with two from both other sets. 


see also SOLOMON’S SEAL LINES, STEINER POINTS, 
STEINER TRIPLE SYSTEM 


1732 Steiner Surface 


Steiner Surface 

A projection of the VERONESE SURFACE into 3-D (which 
must contain singularities) is called a Steiner surface. 
A classification of Steiner surfaces allowing complex 
parameters and projective transformations was accom- 
plished in the 19th century. The surfaces obtained by 
restricting to real parameters and transformations were 
classified into 10 types by Coffman et al. (1996). Ex- 
amples of Steiner surfaces include the ROMAN SURFACE 
(Coffman type 1) and Cross-Cap (type 3). 


The Steiner surface of type 2 is given by the implicit 
equation 


xy? — oz? + yr” — xyz =0, 


and can be transformed into the ROMAN SURFACE or 
Cross-CaP by a complex projective change of coordi- 
nates (but not by a real transformation). It has two 
pinch points and three double lines and, unlike the Ro- 
MAN SURFACE or CROSS-CaP, is not compact in any 
affine neighborhood. 


The Steiner surface of type 4 has the implicit equation 
y’ - Qay” — x2? + zy? +2727 — 24 =0, 


and two of the three double lines of surface 2 coincide 
along a line where the two noncompact “components” 
are tangent. 


see also CROSS-CAP, ROMAN SURFACE, VERONESE VA- 
RIETY 
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Steiner System 

A Steiner system is a set X of v points, and a collection 
of subsets of X of size k (called blocks), such that any 
t points of X are in exactly one of the blocks. The 
special case t = 2 and k = 3 corresponds to a so-called 
STEINER TRIPLE SYSTEM. For a PROJECTIVE PLANE, 
ven? +n+1,k =n+1, t = 2, and the blocks are 
simply lines. 

see also STEINER QUADRUPLE SYSTEM, STEINER 
TRIPLE SYSTEM. 
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Lady’s and 


Steiner Triple System 


Steiner’s Theorem 

Let LINES z and y join a variable point on a CONIC SEC- 
TION to two fixed points on the same CONIC SECTION. 
Then z and y are PROJECTIVELY related. 


see also CONIC SECTION, PROJECTION 


Steiner Triple System 

Let X be a set of v > 3 elements together with a set B 
of 3-subset (triples) of X such that every 2-SUBSET of 
X occurs in exactly one triple of B. Then B is called a 
Steiner triple system and is a special case of a STEINER 
SYSTEM with t = 2 and k = 3. A Steiner triple system 
S(v) = S{v,k = 3, = 1) of order v exists IFF v = 
1,3 (mod 6) (Kirkman 1847). In addition, if Steiner 
triple systerns S$; and S2 of orders vi and v2 exist, then 
so does a Steiner triple system S of order viv2 (Ryser 
1963, p. 101). 


Examples of Steiner triple systems S(v) of small orders 
v are 


S3 = {{1, 2, 3}} 
S7 = {{1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}, 


{5, 6, 1}, {6, 7, 2}, {7, 1, 3}} 
So = {{1, 2, 3}, {4,5, 6}, {7, 8, 9}, {1, 4, 7}, 
{2,5, 8}, {3, 6, 9}, {1,5, 9}, {2,6, 7}}. 


The number of nonisomorphic Steiner triple systems 
S(v) of orders v = 7, 9, 13, 15, 19, ... (ie., 6k + 1,3) 
are 1, 1, 20, 80, > 1.1 x 10°, ... (Colbourn and Dinitz 
1996, pp. 14-15; Sloane’s A030129). S(7) is the same 
as the finite PROJECTIVE PLANE of order 2. S(9) is a 
finite AFFINE PLANE which can be constructed from the 
array 
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One of the two $(13)s is a finite HYPERBOLIC PLANE. 
The 80 Steiner triple systems S(15) have been studied 
by Tonchev and Weishaar (1997). There are more than 
1.1 x 10° Steiner triple systems of order 19 (Stinson and 
Ferch 1985; Colbourn and Dinitz 1996, p. 15). 


see also HADAMARD MATRIX, KIRKMAN TRIPLE SyYS- 
TEM, STEINER QUADRUPLE SYSTEM, STEINER SYSTEM 
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Steinerian Curve 


Tonchev, V. D. and Weishaar, R. S. “Steiner Triple Systems 
of Order 15 and Their Codes.” J. Stat. Plan. Inference 
58, 207-216, 1997. 


Steinerian Curve 

The Locus of points whose first POLARS with regard to 
the curves of a linear net have a common point. It is also 
the LOCUS of points of CONCURRENCE of line POLARS 
of points of the JACOBIAN CURVE. It passes through 
all points common to all curves of the system and is of 
order 3(n — 1). 

see also CAYLEYIAN CURVE, JACOBIAN CURVE 
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Steinhaus-Moser Notation 
A NOTATION for LARGE NUMBERS defined by Steinhaus 


(1983, pp. 28-29). In this notation, iN denotes n”, [7] 


denotes “n in n TRIANGLES,” and @) denotes “n in n 
SQUARES.” A modified version due to Moser eliminates 
the circle notation, continuing instead with POLYGONS 
of ever increasing size, so n in a PENTAGON is n with n 
SQUARES around it, etc. 


see also CIRCLE NOTATION, LARGE NUMBER, MEGA, 
MOSER 
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Steinhaus, H. Mathematical Snapshots, 3rd American ed. 
New York: Oxford University Press, 1983. 


Steinitz’s Theorem 
A GRAPH G is the edge graph of a POLYHEDRON IFF G 
is a SIMPLE, PLANAR GRAPH which is 3-connected. 


see also PLANAR GRAPH, SIMPLE GRAPH 


Steinmetz Solid 


The solid common to two (or three) right circular 
CYLINDERS of equal RADII intersecting at RIGHT AN- 
GLES is called the Steinmetz solid. (Two CYLINDERS 
intersecting at RIGHT ANGLES are sometimes called a 
BICYLINDER, and three intersecting CYLINDERS a TRI- 
CYLINDER.) 


The VOLUME common to two intersecting right CYLIN- 
DERS of RADIUS r is 


Va(r,r) = 1873 (1) 


Steinmetz Solid 1733 


If the two right CYLINDERS are of different RADII a and 
b with a > b, then the VOLUME common to them is 


Va (a,b) = Za{(a® +b’) E(k) — (a” — B°)K(k)], (2) 
where K(k) is the complete ELLIPTIC INTEGRAL OF THE 


First KInp, E(k) is the complete ELLIPTIC INTEGRAL 
OF THE SECOND KIND, and k = b/a is the MODULUS. 


The curves of intersection of two cylinders of RADII a 
and b, shown above, are given by the parametric equa- 
tions 


x(t) = acost (3) 
y(t) = asint (4) 
z(t) = £V b? — a? sin? t (5) 


(Gray 1993). 


The VOLUME common to two ELLIPTIC CYLINDERS 


fe) ya y 2? 
ae 4 er ae (6) 
with c <c’ is 
1 8ab_, 42 2 12 2 
Ve2(a,c;b,c') = Fe lke +c")E(k)—(c'* —c*)K(k)}, (7) 


where k = c/c’ (Bowman 1961, p. 34). 


For three CYLINDERS of RADII r intersecting at RIGHT 
ANGLES, the VOLUME of intersection is 


V3(r,r,r) = 8(2 — V2)r’. (8) 


see also BICYLINDER, CYLINDER 
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Stella Octangula 


A POLYHEDRON COMPOUND composed of a TETRAHE- 
DRON and its RECIPROCAL (a second TETRAHEDRON 
rotated 180° with respect to the first). The stella oct- 
angula is also called a STELLATED TETRAHEDRON. It 
can be constructed using the following NET by cutting 
along the solid lines, folding back along the plain lines, 
and folding forward along the dotted lines. 


Another construction builds a single TETRAHEDRON, 
then attaches four tetrahedral caps, one to each face. 


The edges of the two tetrahedra form the 12 DIAGONALS 
of a CUBE. The solid common to both tetrahedra is an 
OCTAHEDRON (Ball and Coxeter 1987). 


see also CUBE, OCTAHEDRON, POLYHEDRON CoM- 
POUND, TETRAHEDRON 


Stellated Tetrahedron 
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Stella Octangula Number 
A FIGURATE NUMBER of the form, 


StOctn = On + 8Tn_-1 = n(2n? — 1). 


The first few are 1, 14, 51, 124, 245, ... (Sloane’s 
A007588). The GENERATING FUNCTION for the stella 
octangula numbers is 


z(x* + 102 + 1) 


iz 1 =2+l4z"+5le*+1242*+.... 
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Stellated Polyhedron 

A convex regular POLYHEDRON. Stellated polyhedra in- 
clude the KEPLER-POINSOT SOLIDS, which consist of 
three DODECAHEDRON STELLATIONS and one of the 
ICOSAHEDRON STELLATIONS. Coxeter (1982) shows 
that 59 ICOSAHEDRON STELLATIONS exist. The CUBE 
and the TETRAHEDRON cannot be stellated. The OctT- 
AHEDRON has only one stellation, the STELLA OCTAN- 
GULA which is a compound of two TETRAHEDRA. 


There are therefore a total of 3+ 1+ (59-—1)+1= 63 
stellated POLYHEDRA, although some are COMPOUND 
POLYHEDRA and therefore not UNIFORM POLYHEDRA. 
The set of all possible EDGES of the stellations can be 
obtained by finding all intersections on the facial planes. 


see also ARCHIMEDEAN SOLID STELLATION, DODEC- 
AHEDRON STELLATIONS, ICOSAHEDRON STELLATIONS, 
KEPLER-POINSOT SOLID, POLYHEDRON, STELLA Oc- 
TANGULA, STELLATED TRUNCATED HEXAHEDRON, 
STELLATION, UNIFORM POLYHEDRON 
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Stellated Tetrahedron 
see STELLA OCTANGULA 


Stellated Truncated Hexahedron 


Stellated Truncated Hexahedron 


The UNIFORM POLYHEDRON Ug, also called the QUASI- 
TRUNCATED HEXAHEDRON, whose DUAL POLYHEDRON 
is the GREAT TRIAKIS OCTAHEDRON. It has SCHLAFLI 
SYMBOL t’{4,3} and WYTHOFF SYMBOL 23| 4. Its 
faces are 8{3} + 6{$}. For a = 1, its CIRCUMRADIUS 


1s 
7-4/2. 
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Stellation 

The process of constructing POLYHEDRA by extending 
the facial PLANES past the EDGES of a given POLYHE- 
DRON. 


see also ARCHIMEDEAN SOLID STELLATION, DODEC- 
AHEDRON STELLATIONS, FACETING, ICOSAHEDRON 
STELLATIONS, KEPLER-POINSOT SOLID, POLYHEDRON, 
STELLA OCTANGULA, STELLATED POLYHEDRON, STEL- 
LATED TRUNCATED HEXAHEDRON, STELLATION TRUN- 
CATION, UNIFORM POLYHEDRON 
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Stem-and-Leaf Diagram 

The “stem” is a column of the data with the last digit 
removed. The final digits of each column are placed 
next to each other in a row next to the appropriate col- 
umn. Then each row is sorted in numerical order. This 
diagram was invented by John Tukey. 


References 
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Step 
1.5 times the H-SPREAD. 


see also FENCE, H-SPREAD 
References 
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Stereogram 1735 


Step Function 

A function on the REALS R is a step function if it can 
be written as-a finite linear combination of semi-open 
intervals [a,b) C R. Therefore, a step function f can be 
written as 


F(z) =arfi(z) +--+ +onfrlz), 


where a; € R, f(x) = 1 if x € [a;,b;) and 0 otherwise, 
fori=1,..., 7. 


see also HEAVISIDE STEP FUNCTION 


Step Polynomial 


see HERMITE’S INTERPOLATING FUNDAMENTAL POLY- 
NOMIAL 


Steradian 
The unit of SOLID ANGLE. The SOLID ANGLE corre- 
sponding to all of space being subtended is 47 steradian. 


see also RADIAN, SOLID ANGLE 


BGS ae ee See Ua 
A plane image or pair of 2-D image 
propriately viewed using both eyes, produces an image 
which appears to be three-dimensional. By taking a pair 
of photographs from slightly different angles and then al- 
lowing one eye to view each image, a stereogram is not 
difficult to produce. 


Amazingly, it turns out that the 3-D effect can be pro- 
duced by both eyes looking at a single image by defo- 
cusing the eyes at a certain distance. Such stereograms 
are called “random-dot stereograms.” 
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Stereographic Projection 
Ok aes 
a 3 => oy 


A MAP PROJECTION in which GREAT CIRCLES are CIR- 
CLES and LOXODROMES are LOGARITHMIC SPIRALS. 


rz = kcos@sin(A — Ao) (1) 
y = k[cos gi sing — sing: cos@cos(A — Ao)], (2) 
where 
k= ee (3) 
1+ sin di sin ¢ + cos ¢; cos gcos(A ~ Ao) 
The inverse FORMULAS are given by 
Stet : y sinccos gi 
g = sin coscsin ¢:; + eT aa (4) 


xsinc 


= -1 
Negi ee Cer e (5) 


where 


p= Vat (6) 


c= 2tan™*(4)). (7) 


see also GALL’S STEREOGRAPHIC PROJECTION 
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Stereology 
The exploration of 3-D space from 2-D sections of PRo- 
JECTIONS of solid bodies. 


see also AXONOMETRY, CORK PLUG, CROSS-SECTION, 
PROJECTION, TRIP-LET 


Stern-Brocot Tree 
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Stick Number 


A special type of BINARY TREE obtained by starting 
with the fractions ¢ and 4 and iteratively inserting (m+ 
m')/(n +n’) between each two adjacent fractions m/n 
and m'/n'. The result can be arranged in tree form as 
illustrated above. The FAREY SEQUENCE F,, defines a 
subtree of the Stern-Brocot tree obtained by pruning off 
unwanted branches (Vardi 1991, Graham et al. 1994). 


see also BINARY TREE, FAREY SEQUENCE, FORD CIR- 
CLE 
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Stevedore’s Knot 


The 6-crossing KNOT 0600: having CONWAY-ALEXAN- 
DER POLYNOMIAL 


A(t) = 2t? — 5t +2. 
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Stewart’s Theorem 


mon 
a(p? + mn) = b?m+e'n, 


where 
a=m+n. 
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Stick Number 
Let the stick number s(K) of a KNOT K be the least 
number of straight sticks needed to make a KNOT K. 
The smallest stick number of any KNOT is s(T) = 6, 
where T is the TREFOIL KNOT. If J and K are KNOTS, 
then 

s(J + K)< s(J)4+6(K)4+1. 


Stickelberger Relation 


For a nontrivial KNoT K, let c(K) be the CRossING 
NUMBER (i.e., the least number of crossings in any pro- 
jection of K). Then 


5 [5 + 1/25 + 8(c(K) — 2)] < s(K) < 2c(K). 


The following table gives the stick number for some com- 
mon knots. 

Knot s 

trefoil knot 6 

Whitehead link 8 


see also CROSSING NUMBER (LINK), TRIANGLE COUNT- 
ING 
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Stickelberger Relation 
Let P be a PRIME IDEAL in D,, not containing m. Then 


(6(P)) = PL, 


where the sum is over all 1 < t < m which are RELA- 
TIVELY PRIME to m. Here D,, is the RING of integers in 
Q(¢m), @(P) = g(P)™, and other quantities are defined 
by Ireland and Rosen (1990). 


see also PRIME IDEAL 
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Stiefel Manifold 

The Stiefel manifold of ORTHONORMAL k-frames in R™ 
is the collection of vectors (v1, ..., uz) where v; is in R” 
for all i, and the k-tuple (v1, ..., ve) is ORTHONORMAL. 
This is a submanifold of R”*, having DIMENSION nk — 
(k-+1)k/2. 


Sometimes the “orthonormal” condition is dropped in 
favor of the mildly weaker condition that the k-tuple (v1, 

.., Up) is linearly independent. Usually, this does not 
affect the applications since Stiefel manifolds are usually 
considered only during HOMOTOPY THEORETIC consid- 
erations. With respect to HOMOTOPY THEORY, the 
two definitions are more or less equivalent since GRAM- 
SCHMIDT ORTHONORMALIZATION gives rise to a smooth 
deformation retraction of the second type of Stiefel man- 
ifold onto the first. 


see also GRASSMANN MANIFOLD 
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Stiefel-Whitney Class 

The ith Stiefel-Whitney class of a REAL VECTOR BUN- 
DLE (or TANGENT BUNDLE or a REAL MANIFOLD) is in 
the ith cohomology group of the base SPACE involved. 
It is an OBSTRUCTION to the existence of (n — i+ 1) 
REAL linearly independent VECTOR FIELDS on that 
VECTOR BUNDLE, where n is the dimension of the 
FIBER. Here, OBSTRUCTION means that the ith Stiefel- 
Whitney class being NONZERO implies that there do not 
exist (n —i+ 1) everywhere linearly dependent VECTOR 
FIELDS (although the Stiefel-Whitney classes are not al- 
ways the OBSTRUCTION). 


In particular, the nth Stiefel-Whitney class is the ob- 
struction to the existence of an everywhere NONZERO 
VECTOR FIELD, and the first Stiefel-Whitney class of a 
MANIFOLD is the obstruction to orientability. 


see also CHERN CLASS, OBSTRUCTION, PONTRYAGIN 
CLASS, STIEFEL-WHITNEY NUMBER 


Stiefel-Whitney Number 

The Stiefel-Whitney number is defined in terms of the 
STIEFEL-WHITNEY CLASS of a MANIFOLD as follows. 
For any collection of STIEFEL-WHITNEY CLASSES such 
that their cup product has the same DIMENSION as 
the MANIFOLD, this cup product can be evaluated on 
the MANIFOLD’s FUNDAMENTAL CLASS. The result- 
ing number is called the PONTRYAGIN NUMBER for that 
combination of Pontryagin classes. 


The most important aspect of Stiefel-Whitney numbers 
is that they are COBORDISM invariant. Together, PON- 
TRYAGIN and Stiefel-Whitney numbers determine an ori- 
ented MANIFOLD’s COBORDISM class. 


see also CHERN NUMBER, PONTRYAGIN NUMBER, 
STIEFEL-WHITNEY CLASS 


Stieltjes Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Expanding the RIEMANN ZETA FUNCTION about z= 1 
gives 


¢(z) = 4 a > CP alt - 1}, (1) 
n=0 


where 


Kits (In m)rtt 


. > (In k)” 


k=1 


(2) 


An alternative definition is given by 


1738 Stieltjes Constants 

The case n = 0 gives the EULER-MASCHERONI CON- 
STANT -y. The first few numerical values are given in the 
following table. 


Yn 
0.5772156649 
—0.07281584548 
—0.009690363192 
0.002053834420 
0.002325370065 
0.0007933238173 


ao PWN OFS 


Briggs (1955-1956) proved that there infinitely many yn 
of each SIGN. Berndt (1972) gave upper bounds of 


4@=)! for n even 
< igs 4 
Ie { 2(n—U' for n odd. @) 


is 


Vacca (1910) proves that the EULER-MASCHERONI 
CONSTANT may be expressed as 


(=1)* 
k 


[Ig k] , (5) 


=) 
l| 


k=1 


where |z| is the FLOOR FUNCTION. Hardy (1912) gave 
the FORMULA 


oO ¢_4)k 
eps 2 [2lgk — |Ig(2k)]] [lgk}. (6) 


Kluyver (1927) gave similar series for y, with n > 1. 


A set of constants related to Yn is 


m m 
bn = lim Som k)” — / (Inz)” dr — $(Inm)” 


(7) 
(Sitaramachandrarao 1986, Lehmer 1988). 
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Stieltjes’ Theorem 


Stieltjes Integral 

The Stieltjes integral is a generalization of the RIEMANN 
INTEGRAL. Let f(x) and a(x) be real-values bounded 
functions defined on a CLOSED INTERVAL [a,b]. Take a 
partition of the INTERVAL 


a= Zo < 41 < Z2,...< @n-1 < In = B, (1) 


and consider the Riemann sum 


n-1 


> F(&)[o(zi+1) — a(as)] (2) 


t=0 


with &; € (ri, 2:41]. If the sum tends to a fixed number 
I as max(zi41 — 2;) — 0, then J is called the Stieltjes 
integral, or sometimes the RIEMANN-STIELTIJES INTE- 
GRAL. The Stieltjes integral of P with respect to F is 
denoted 


/ P(x) dF(e), (3) 


where 
[roare={LQe Brea 


If P and F have a common point of discontinuity, then 
the integral does not exist. However, if the Stieltjes 
integral exists and F' has a derivative F’, then 


[ro dF (2) = [Pore dz. (5) 


For enumeration of many of the integral’s properties, see 
Dresher (1981, p. 105). 


see also RIEMANN INTEGRAL 
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Stieltjes’ Theorem 

The m+ 1 ELLIPSOIDAL HARMONICS when fi, Ko, and 
K3 are given can be arranged in such a way that the 
rth function has r — 1 zeros between —a”? and —b? and 
the remaining m +r — 1 zeros between —b? and —c? 
(Whittaker and Watson 1990). 


see also ELLIPSOIDAL HARMONIC 
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Stieltjes-Wigert Polynomial 

Stieltjes-Wigert Polynomial 

Orthogonal POLYNOMIALS associated with WEIGHTING 
FUNCTION 


w(z) = 77+? kexp(—k? In? x) = note gk? ne (1) 


for x € (0,00) and k > 0. Using 


(2) 


2 | _ (i 2 q”)(1 Se gi?) eee (1 _ greets) 
° C= 90+) C=”) 


where 0 << yv <n, 


and 
q = exp[—(2k”)~*]. (4) 
Then 


pn(w) = (-1)"g”/?**/4((1 — g)(1— 9?) ---(1— a")? 


x» 4 q” (-a'*2)” (5) 


v=0 


for n > 0 and 
po(x) = q'/". (6) 
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Stirling’s Approximation 
Stirling’s approximation gives an approximate value for 
the FACTORIAL function n! or the GAMMA FUNCTION 
T'(n) for n >> 1. The approximation can most simply 
be derived for n an INTEGER by approximating the sum 
over the terms of the FACTORIAL with an INTEGRAL, so 
that 
his nr 
Inn! =Inil+In2+...+lnn= Sonex [ Ina dz 
k=1 4 
=[elng—-a]f=nlnn-n+1enInn—-n. (1) 


The equation can also be derived using the integral def- 
inition of the FACTORIAL, 


ni= if e "a" dz. (2) 
0 


Note that the derivative of the LOGARITHM of the inte- 
grand can be written 
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The integrand is sharply peaked with the contribution 
important only near « = n. Therefore, let rx =n+€ 
where £ < n, and write 


In(w"e"*) =nInzg -x=nln(n+é)—(n+&). (4) 
Now, 
In(n + &) =In [rn (1+ £)] =Inn+In (1+ £) 
=Innte-~See4..,, (5) 
so 


In(z"e~*) = nIn(n + €) — (n+ €) 
2 


=ninn+€- 5% -n~€+... 


2 
=ninn-n-=+t+.... 
ning Stir (6) 


Taking the EXPONENTIAL of each side then gives 
ze” my er inne nen? /2n = nrente 8, (7) 
Plugging into the integral expression for n! then gives 


foe} Co 
Nees 2 
ats [ nee © /7" dew n"e "| 
—n toe) 


=n", (8) 


ene /2n dé 


Evaluating the integral gives 


nl = ne "Varn, (9) 
mw Varn tte”, (10) 


Taking the LOGARITHM of both sides then gives 


Inn! = nInn—n+$ In(20n) = (n+ 3) Inn—n+ $ In(2z). 

(11) 

This is STIRLING’S SERIES with only the first term re- 

tained and, for large n, it reduces to Stirling’s approxi- 
mation 

Inn! = nilnn —n. (12) 

Gosper notes that a better approximation to n! (ie., 


one which approximates the terms in STIRLING’S SERIES 
instead of truncating them) is given by 


nl we 4/(2n+ g)rne™™. (13) 


This also gives a much closer approximation to the FAc- 
TORIAL of 0, 0! = 1, yielding ,/a/3 ~ 1.02333 instead 
of 0 obtained with the conventional Stirling approxima- 
tion. 


see also STIRLING’S SERIES 
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Stirling Cycle Number 
see STIRLING NUMBER OF THE FIRST KIND 


Stirling’s Finite Difference Formula 
fo = fot $P(b1/2 + d_1/2) + 19755 
+53(61 + 67 1)2) + S466 Pevarstecy 


for p € [-1/2,1/2], where 6 is the CENTRAL DIFFER- 


ENCE and 
s _lfptn 
ant B\an+] 


Care Pp pt+n 
ne 2n+2\2n4+1/)’ 


with (2) a BINOMIAL COEFFICIENT. 


see also CENTRAL DIFFERENCE, STEFFENSON’S FOR- 
MULA 
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Stirling’s Formula 
see STIRLING’S SERIES 


Stirling Number of the First Kind 

The definition of the (signed) Stirling number of the first 
kind is a number sh such that the number of permu- 
tations of n elements which contain exactly m CYCLES 
is 


Cay nsey, (1) 


This means that S&™ = 0 form > nand S\” =1. The 
GENERATING FUNCTION is 


a(x —1)---(e—n+ 1) = SD sMa™, (2) 


m=O 


This is the Stirling number of the first kind returned 
by the Mathematica® (Wolfram Research, Champaign, 
IL) command StirlingS1{m,m]. The triangle of signed 
Stirling numbers of the first kind is 


-6 11 61 
24 —5035 -101 


(Sloane’s A008275). 


The NONNEGATIVE version simply gives the number of 
PERMUTATIONS of n objects having m CYCLES (with 


Stirling Number of the First Kind 


cycles in opposite directions counted as distinct) and is 
obtained by taking the ABSOLUTE VALUE of the signed 


version. The nonnegative Stirling number of the first 
kind is denoted Si(n,m) = |S&| or Me . Diagrams 


illustrating $1(5,1) = 24, $1(5,3) = 35, S:(5,4) = 10, 
and $1(5,5) = 1 (Dickau) are shown below. 


QWLOLOOGOO® 
60 QOQOQGOODODOO 
QOOO 


OOOSOGEOOO®O 
55.3) GYVDOOVVDOSO 

VOOVQGOVDODOD 

OOOO 


5) OQOOOOOVDOO 
S,(5, 5) 


The nonnegative Stirling numbers of the first kind sat- 
isfy the curious identity 


co n—-2 x a k4+1 eo 
3 pee ce eee e-*" = Ina) 
k=0 
(3) 


n=) 
(Gosper) and have the GENERATING FUNCTION 
(1+ 2)(1+2x)---(1+nz) = S~ $i(n,m)z* (4) 
k=l 


and satisfy 
(n+ 1,k) =nSi(n,k) + Si(n,k — 1). (5) 


The Stirling numbers can be generalized to nonintegral 
arguments (a sort of “Stirling polynomial”) using the 
identity 


co 


TG +h) _ yr Sil, h — ) 
j*T (9) oe vig 
_, , (A-Dh , (h— 2)(3h—1)(h— 1h 
i Sn. ee 
4 (ha 3h=2h- IPR 6) 


4873 


which is a generalization of an ASYMPTOTIC SERIES for 
aratio of GAMMA FUNCTIONS ['(j+1/2)/T'(j) (Gosper). 


see also CYCLE (PERMUTATION), HARMONIC NUMBER, 
PERMUTATION, STIRLING NUMBER OF THE SECOND 
KIND 


Stirling Number of the Second Kind 
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Stirling Number of the Second Kind 

The number of ways of partitioning a set of n ele- 
ments into m nonempty SETS (i.e., m BLOCKS), also 
called a STIRLING SET NUMBER. For example, the SET 
{1, 2,3} can be partitioned into three SUBSETS in one 
way: {{1},{2},{3}}; into two SUBSETS in three ways: 
{{1, 2}, {3}}, {{1, 3}, {2}}, and {{1},{2,3}}; and into 


one SUBSET in one way: {{1, 2, 3}}. 


The Stirling numbers of the second kind are denoted 


( 


3), S2(n,m), s(n,m), or , so the Stirling num- 


bers of the second kind for three elements are 


s(3,1) =1 (1) 
s(3,2) =3 (2) 
s(3, 3) = 1. (3) 


Since a set of n elements can only be partitioned in a 
single way into 1 or n SUBSETS, 


s(n, 1) = s(n,n) = 1. (4) 


The triangle of Stirling numbers of the second kind is 


17 6 1 
1 15 25 10 1 
1 31 90 65 15 1 
(Sloane’s A008277). 


The Stirling numbers of the second kind can be com- 
puted from the sum 


k-1 
(nk) = 5D (-2) @k -)", 8) 


Stirling Number of the Second Kind 
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with (%) a BINOMIAL COEFFICIENT, or the GENERAT- 
ING FUNCTIONS 


nr 


eh a s(n,m)z(z~—1)--- 


m=0 


(2 ~m+1), (6) 


Sone = ale -y', (7) 


n>k 


and 


k 
i Th 
(1—a)(1—2z)---(1—ka) Do rtebe . (8) 


The following diagrams (Dickau) illustrate the definition 
of the Stirling numbers of the second kind s(n,m) for 
n = 3 and 4. 

Sz] SQ= 3 SH= 1 


> Peb> b 


5s 1 


S OHOS 
DOO 


SP=6 S= 1 
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Stirling numbers of the second kind obey the RECUR- 
RENCE RELATIONS 


s(n,k) = s(n-—1,k —1)+ks(n —1,k). (9) 


An identity involving Stirling numbers of the second 
kind is 


f(m,n) = Soe (—.) = 


(m+ 1) 5 kls(n, kyr? 


(10) 
It turns out that f(1,n) can have only 0, 2, or 6 as a 
last DicIT (Riskin 1995). 


see also BELL NUMBER, COMBINATION LOCK, LENG- 
YEL’S CONSTANT, MINIMAL COVER, STIRLING NUMBER 
OF THE FIRST KIND 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Stirling Numbers 
of the Second Kind.” §24.1.4 in Handbook of Mathemat- 
tcal Functions with Formulas, Graphs, and Mathematical 
Tables, 9th printing. New York: Dover, pp. 824-825, 1972. 


1742 Stirling’s Series 


Comtet, L. Advanced Combinatorics. Boston, MA: Reidel, 
1974. 

Conway, J. H. and Guy, R. K. In The Book of Numbers. New 
York: Springer-Verlag, pp. 91-92, 1996. 

Dickau, R. M. “Stirling Numbers of the Second Kind.” 
http:// forum . swarthmore . edu / advanced / robertd / 
stirling2.html. 

Graham, R. L.; Knuth, D. E.; and Patashnik, O. Concrete 
Mathematics: A Foundation for Computer Science, 2nd 
ed. Reading, MA: Addison-Wesley, 1994. 

Knuth, D. E. “Two Notes on Notation.” 
Monthly 99, 403-4122, 1992. 

Riordan, J. An Introduction to Combinatorial Analysis. New 
York: Wiley, 1958. 

Riordan, J. Combinatorial Identities. 
1968. 

Riskin, A. “Problem 10231.” Amer. Math. Monthly 102, 
175-176, 1995. 

Sloane, N. J. A. Sequence A008277 in “An On-Line Version 
of the Encyclopedia of Integer Sequences.” 

Stanley, R. P. Enumerative Combinatorics, Vol. 1. Cam- 
bridge, England: Cambridge University Press, 1997. 


Amer. Math. 


New York: Wiley, 


Stirling’s Series 
The ASYMPTOTIC SERIES for the GAMMA FUNCTION is 
given by 


= et * zg? 1/2 /9 + 1 = 139 
Bers" Om (1+ 35 z* 28822 5184023 


571 
~ 548832024 7 ) (v) 


(Sloane’s A001163 and A001164). The series for z! is 
obtained by adding an additional factor of z, 


=T(z+1)=e" AHA /ax (1 ate ee 


12z ' 28822 
139 571 
5184023 aes) (2) 


The expansion of InI'(z) is what is usually called Stir- 
ling’s series. It is given by the simple analytic expression 


oo 
- Ban 
Be) De 2n(2n — 1)z2"-1 (3) 
n=1 
1 1 1 
ag 1 
= 5 In(27)4+-(z4+ 5) nz—z+ (oe 36008 * ene 


(4) 


where B,, is a BERNOULLI NUMBER. 


see also BERNOULLI NUMBER, K-FUNCTION, STIR- 
LING’S APPROXIMATION 
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Stirling Set Number 
see STIRLING NUMBER OF THE SECOND KIND 


Stirrup Curve 


A plane curve given by the equation 
(x? — 1)? = y*(y — I(y ~ 2)(y + 5). 
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Stochastic 
see RANDOM VARIABLE 


Stochastic Calculus of Variations 
see MALLIAVIN CALCULUS 


Stochastic Group 

The Group of all nonsingular n x n STOCHASTIC MA- 
TRICES over a FIELD F’. It is denoted S(n,F). If p is 
PRIME and F is the GALOIS FIELD of ORDER g = p™, 
S(n,q) is written instead of S(n, F'). Particular exam- 
ples include 


S(2,2) = Za 
S(2,3) = Ss 
S(2,4) = Ag 
S(3,2) = S4 


S(2, 5) = La xe Zs, 


where Zz is an ABELIAN GROUP, Sp are SYMMETRIC 
GROUPS on n elements, and x» denotes the semidirect 
product with 6: Z, > Aut(Zs) {Poole 1995). 


see also STOCHASTIC MATRIX 
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Stochastic Matrix 


Stochastic Matrix 

A Stochastic matrix is the transition matrix for a finite 
MARKOV CHAIN, also called a MARKOV MATRIX. El- 
ements of the matrix must be REAL NUMBERS in the 
CLOSED INTERVAL [0, 1]. 


A completely independent type of stochastic matrix is 
defined as a SQUARE MATRIX with entries in a FIELD F 
such that the sum of elements in each column equals 1. 
There are two nonsingular 2 x 2 STOCHASTIC MATRICES 
over Ze (i.e., the integers mod 2), 


[et] om Lr al: 


There are six nonsingular stochastic 3 x 3 MATRICES 
over Zs, 


1 0 0 ol 2 1 2 0 0 2 Lf <2 

O 1;’7{1 OF7?}2 OF? 72 TI]7y1 2y’]o ay 
In fact, the set S of all nonsingular stochastic n x n ma- 
trices over a FIELD F forms a GROUP under MATRIX 


MULTIPLICATION. This GROUP is called the STOCHAS- 
TIC GROUP. 


see also MARKOV CHAIN, STOCHASTIC GROUP 
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Stochastic Process 

A stochastic process is a family of RANDOM VARI- 
ABLES {z(t,e),¢ € 7} from some PROBABILITY SPACE 
(S,S, P) into a STATE SPACE (S’,S’). Here, J is the 
INDEX SET of the process. 


see also INDEX SET, PROBABILITY SPACE, RANDOM 
VARIABLE, STATE SPACE 
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Stochastic Resonance 

A stochastic resonance is a phenomenon in which a non- 
linear system is subjected to a periodic modulated signal 
so weak as to be normally undetectable, but it becomes 
detectable due to resonance between the weak determin- 
istic signal and stochastic NOISE. The earliest definition 
of stochastic resonance was the maximum of the out- 
put signal strength as a function of NOISE (Bulsara and 
Gammaitoni 1996). 


see also KRAMERS RATE, NOISE 
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Stokes’ Theorem 1743 
St6hr Sequence 

Let ai = 1 and define ani to be the least INTEGER 
greater than an for n > k which cannot be written as 
the SuM of at most A addends among the terms au, a2, 

w+) Qn- 

see also GREEDY ALGORITHM, s-ADDITIVE SEQUENCE, 
ULAM SEQUENCE 
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Stokes Phenomenon 

The asymptotic expansion of the AIRY FUNCTION Ai(z) 
(and other similar functions) has a different form in dif- 
ferent sectors of the COMPLEX PLANE. 


see also AIRY FUNCTIONS 
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Stokes’ Theorem 
For w a DIFFERENTIAL (n—1)-FORM with compact sup- 
port on an oriented n-dimensional MANIFOLD M, 


nn 


where dw is the EXTERIOR DERIVATIVE of the differ- 
ential form w. This connects to the “standard” GRA- 
DIENT, CURL, and DIVERGENCE THEOREMS by the fol- 
lowing relations. If f is a function on R*, 


grad(f) =" df, (2) 


where c : R® —> R®** (the dual space) is the duality 
isomorphism between a VECTOR SPACE and its dual, 
given by the Euclidean INNER PRropucT on R’. If f is 
a VECTOR FIELD on a R®, 


div(f) = “d"e(f), (3) 


where * is the HODGE STAR operator. If f isa VECTOR 
FIELD on R®, 


curl(f) = c7*"de(f). (4) 


With these three identities in mind, the above Stokes’ 
theorem in the three instances is transformed into the 
GRADIENT, CURL, and DIVERGENCE THEOREMS re- 
spectively as follows. If f is a function on R® and y 
is a curve in R®, then 


/ grad(f)- dl = / df = F(y(1)) — F(y(0)), (8) 
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which is the GRADIENT THEOREM. If f : R® - R° 
is a VECTOR FIELD and M an embedded compact 3- 
manifold with boundary in R*, then 


paa= f ref = f axes = | div(f) dV, (6) 
OM OM M M 


which is the DIVERGENCE THEOREM. If f is a VEC- 
TOR FIELD and M is an oriented, embedded, compact 
2-MANIFOLD with boundary in R°, then 


sa f fm f acts) = [ curl(f)-dA, (7) 
aM OM M M 


which is the CURL THEOREM. 


Physicists generally refer to the CURL THEOREM 


[vxerda= ff Peds (8) 


as Stokes’ theorem. 


see also CURL THEOREM, DIVERGENCE THEOREM, 
GRADIENT THEOREM 


Stolarsky Array 
A INTERSPERSION array given by 


1 2 3 = =«65 8 13. 21 «(34 55 

4 6 10 16 26 42 68 110 178 
7 11 18 29 47 76 123 199 322 
9 15 24 39 63 102 165 267 432 
12 19 31 50 81 131 212 343 555 
14 23 37 60 97 157 254 411 665 
17 28 45 73 118 191 309 500 809 
20 32 52 84 136 220 356 576 932 
22 36 58 94 152 246 398 644 1042 


the first row of which is the FIBONACCI NUMBERS. 
see also INTERSPERSION, WYTHOFF ARRAY 
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Stolarsky-Harborth Constant 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let 6(&) be the number of 1s in the BINARY expression of 
k. Then the number of ODD BINOMIAL COEFFICIENTS 
(5) where 0 <j < kis 2°) (Glaisher 1899, Fine 1947). 


Stomachion 


The number of ODD elements in the first n rows of Pas- 
CAL’S TRIANGLE is 


{HS 2. (1) 
k=0 


This function is well approximated by n°, where 


— 
wo 


_ in a, 
6 = 75 = 1.58496... (2) 


Stolarsky and Harborth showed that 


0.812556 < limint £(”) 


TL—4 OO no 


< 0.812557 < limsup 1™ = 1, (3) 


6 
noo «Tt 


The value 


SH = liming £™) (4) 


n—+co né 


is called the Stolarsky-Harborth constant. 
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Stolarsky’s Inequality 
If 0 < g(x) < 1 and g is nonincreasing on the INTERVAL 
[0,1], then for all possible values of a and 6b, 


1 1 1 
fate ar> f a(etl*)ae [ afer)ae. 


0 0 0 


Stomachion 


A DISSECTION game similar to TANGRAMS described in 
fragmentary manuscripts attributed to Archimedes and 
was referred to as the LOCULUS OF ARCHIMEDES (Arch- 
imedes’ box) in Latin texts. The word Stomachion has 
as its root the Greek word for stomach. The game con- 
sisted of 14 flat pieces of various shapes arranged in the 
shape of a square. Like TANGRAMS, the object is to 
rearrange the pieces to form interesting shapes. 


see also DISSECTION, TANGRAM 


Stone Space 
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Stone Space 

Let P(L) be the set of all PRIME IDEALS of L, and define 
r(a) = {Pla ¢ P}. Then the Stone space of L is the 
TOPOLOGICAL SPACE defined on P({L) by postulating 
that the sets of the form r(a) are a subbase for the open 
sets. 


see also PRIME IDEAL, TOPOLOGICAL SPACE 
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Stone-von Neumann Theorem 

A theorem which specifies the structure of the generic 
unitary representation of the Weyl relations and thus 
establishes the equivalence of Heisenberg’s matrix me- 
chanics and Schrodinger’s wave mechanics formulations 
of quantum mechanics. 
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Stopper Knot 
A KNOT used to prevent the end of a string from slipping 
through a hole. 
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Stgrmer Number 

A Stgrmer number is a POSITIVE INTEGER n for which 
the largest PRIME factor p of n? +1 is at least 2n. Every 
GREGORY NUMBER ¢, can be expressed uniquely as a 
sum of tps where the ns are St¢rmer numbers. Conway 
and Guy (1996) give a table of Stormer numbers repro- 
duced below (Sloane’s A005529). In a paper on INVERSE 
TANGENT relations, Todd (1949) gives a similar compi- 
lation. 


n pin p {np |n__p [n__p 

1 21/10 101/19 181 |26 617 |35 613 
2 51/11 61/20 401 127 73/36 1297 
4 17{|12 29|22 97/28 157/37 137 
5 13114 197/23 53 29 421 |39 761 
6 37/15 113 |24 577 |33 109 |40 1601 
9 41116 257125 313/34 89/42 353 


see also GREGORY NUMBER, INVERSE TANGENT 
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Straight Angle 
An ANGLE of 180° = 7 RADIANS. 


see also DIGON, RIGHT ANGLE 


Straight Line 
see LINE 


Straight Polyomino 


.aHg 


The straight polyomino of order n is the n-POLYOMINO 
in which all squares are placed along a line. 


see also L-POLYOMINO, SKEW POLYOMINO, SQUARE 
POLYOMINO, T-POLYOMINO 


Straightedge 

An idealized mathematical object having a rigorously 
straight edge which can be used to draw a LINE SEG- 
MENT. Although GEOMETRIC CONSTRUCTIONS are 
sometimes said to be performed with a RULER and Com- 
PASS, the term straightedge is preferable to RULER since 
markings on the straightedge (usually assumed to be 
present on a RULER) are not allowed by the classical 
Greek rules. 


see also COMPASS, GEOMETRIC CONSTRUCTION, GE- 
OMETROGRAPHY, MASCHERONI CONSTANT, POLYGON, 
PONCELET-STEINER THEOREM, RULER, SIMPLICITY, 
STEINER CONSTRUCTION 


Strange Attractor 

An attracting set that has zero MEASURE in the em- 
bedding PHASE SPACE and has FRACTAL dimension. 
Trajectories within a strange attractor appear to skip 
around randomly. 


see also CORRELATION EXPONENT, FRACTAL 
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Strange Loop 

A phenomenon in which, whenever movement is made 
upwards or downwards through the levels of some heirar- 
chial system, the system unexpectedly arrives back 
where it started. Hofstadter (1987) uses the strange loop 
as a paradigm in which to interpret paradoxes in logic 
(such as GRELLING’S PARADOX and RUSSELL’S PARA- 
DOX) and calls a system in which a strange loop appears 
a TANGLED HIFRARCHY. 


see also GRELLING’S PARADOX, RUSSELL’S PARADOX, 
TANGLED HIERARCHY 
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Strangers 
Two numbers which are RELATIVELY PRIME. 


References 
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Strassen Formulas 

The usual number of scalar operations (i.e., the total 
number of additions and multiplications) required to 
perform n X n MATRIX MULTIPLICATION is 


M(n) = 2n3 — n? (1) 
(i.e., n? multiplications and n* — n? additions). How- 
ever, Strassen (1969) discovered how to multiply two 
MATRICES in 


S(n) =7-78" —6.4'8" (2) 
scalar operations, where lg is the LOGARITHM to base 2, 


which is less than M(n) for n > 654. For n a power of 
two (n = 2*), the two parts of (2) can be written 


7. qien ad 7. 7ie2" = 7.7% = 7. kis? = 7(2*)'87 ~ eo 


(3) 
6.48" — 6. 4ie2" = 6.426? —~ g. 4% — 6(2*)? = 6n?, 
(4) 
so (2) becomes 
S(2") = 7’? — 6n?. (5) 


Two 2 x 2 matrices can therefore be multiplied 


C=AB (6) 


Strassen Formulas 


C11 Ciz} _ fair ai2| | bu bia (7) 
C21 C22 @21 G22 bai bee 
with only 


6-27 = 49 


S(2) =7-2'87 24= 25 (8) 
scalar operations (as it turns out, seven of them are 
multiplications and 18 are additions). Define the seven 
products (involving a total of 10 additions) as 


Qi = (a11 + G22)(b11 + b22) (9) 
Qe = (a21 + a22)b11 (10) 
Qs = a1i(bi2 — be2) (11) 
Qs = a22(—bii + 621) (12) 
Qs = (a11 + @12)be2 (13) 
Qe = (—ai1 + a12)(b11 + biz) (14) 
Qzr = (ai2 — @22)(b21 + b22). (15) 


Then the matrix product is given using the remaining 
eight additions as 


C1 = Qi+Qa-Qs+Q7 (16) 
C21 = Q2 + Q4 (17) 
Cz = 93+ Qs (18) 
C22 = Q1 + Qs — Q2 + Os (19) 


(Strassen 1969, Press et al. 1989). 


Matrix inversion of a 2 x 2 matrix A to yield C = A7! 
can also be done in fewer operations than expected using 
the formulas 


Ri =an7* (20) 
R2 = anik, (21) 
R3 = Riaiz (22) 
Ra = aauRsz (23) 
Rs = Rg — ar2 (24) 
Re = Rs' (25) 
Ciz = R3 Re (26) 
ca1 = Re Ro (27) 
R7 = Rsea1 (28) 
C1. = Ri — Ry (29) 
C22 = —Re (30) 


(Strassen 1969, Press et al. 1989). The leading exponent 
for Strassen’s algorithm for a POWER of 2 is lg 7 = 2.808. 
The best leading exponent currently known is 2.376 
(Coppersmith and Winograd 1990). It has been shown 
that the exponent must be at least 2. 


see also COMPLEX MULTIPLICATION, KARATSUBA MUL- 
TIPLICATION 


Strassman’s Theorem 


References 

Coppersmith, D. and Winograd, S$. “Matrix Multiplication 
via Arithmetic Programming.” J. Symb. Comput. 9, 251- 
280, 1990. 

Pan, V. How to Multiply Matrices Faster. 
Springer-Verlag, 1982. 

Press, W. H.; Flannery, B. P.; Teukolsky, S. A.; and Vetter- 
ling, W. T. “Is Matrix Inversion an N* Process?” §2.11 
in Numerical Recipes in FORTRAN: The Art of Scien- 
tific Computing, 2nd ed. Cambridge, England: Cambridge 
University Press, pp. 95-98, 1989. 

Strassen, V. “Gaussian Elimination is Not Optimal.” Nu- 
merische Mathematik 13, 354-356, 1969. 


New York: 


Strassman’s Theorem 

Let (K,|- |) be a complete non-ARCHIMEDEAN VALU- 
ATED FIELD, with VALUATION RING R, and let f(X) be 
a POWER series with COEFFICIENTS in R. Suppose at 
least one of the COEFFICIENTS is NONZERO (so that f is 
not identically zero) and the sequence of COEFFICIENTS 
converges to 0 with respect to |-|. Then f(.X) has only 
finitely many zeros in R. 


see also ARCHIMEDEAN VALUATION, MAHLER-LECH 
THEOREM, VALUATION, VALUATION RING 


Strassnitzky’s Formula 
The MACHIN-LIKE FORMULA 


m= cot7'2+4 cot~'5+cot~'8. 


ale 


see also MACHIN’S FORMULA, MACHIN-LIKE FORMU- 
LAS 


Strategy 
A set of moves which a player plans to follow while play- 
ing a GAME. 


see also GAME, MIXED STRATEGY 


Stratified Manifold 

A set that is a smooth embedded 2-D MANIFOLD except 
for a subset that consists of smooth embedded curves, 
except for a set of ISOLATED POINTS. 


References 
Morgan, F. “What is a Surface?” Amer. Math. Monthly 103, 
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Strehl Identity 
The sum identity 


ys eee ae 


nr 


where ({) is a BINOMIAL COEFFICIENT. 
see also BINOMIAL COEFFICIENT 
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Striction Curve 

A NONCYLINDRICAL RULED SURFACE always has a pa- 
rameterization of the form 


x(u,v) = o(u) + vd(u), (1) 


where |6| = 1, o’ - 6’ — 0, and or is called the striction 
curve of x. Furthermore, the striction curve does not 
depend on the choice of the base curve. The striction 
and DIRECTOR CURVES of the HELICOID 


0 cos Uu 
x(u,v) = | 0 | +av] sinu (2) 
bu 0 
are 
0 
o(u) =| 0 (3) 
bu 
acosu 
d(u) = | asinu |} . (4) 
0 


For the HYPERBOLIC PARABOLOID 


u 0 
x(u,v)=]O} +] 1], (5) 
0 u 


the striction and DIRECTOR CURVES are 


(6) 


o(u) = 


d(u) = (7) 


e& KrFoooe 


see also DIRECTOR CURVE, DISTRIBUTION PARAME- 
TER, NONCYLINDRICAL RULED SURFACE, RULED SUR- 
FACE, 
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String Rewriting 

A SUBSTITUTION MapP in which rules are used to oper- 
ate on a string consisting of letters of a certain alpha- 
bet. String rewriting is a particularly useful technique 
for generating successive iterations of certain types of 
FRACTALS, such as the BOx FRACTAL, CANTOR DUST, 
CANTOR SQUARE FRACTAL, and SIERPINSKI CARPET. 


see also RABBIT SEQUENCE, SUBSTITUTION MAP 
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Strip 
see CRITICAL STRIP, MOBIUS STRIP 


Strong Convergence 
Strong convergence is the type of convergence usually 
associated with convergence of a SEQUENCE. More for- 
mally, a SEQUENCE {zn} of VECTORS in an INNER 
PRODUCT SPACE &£ is called convergent to a VECTOR «x 
in B if 

\ljzn —az|| 70 asn— oo. 


see also CONVERGENT SEQUENCE, INNER PRODUCT 
SPACE, WEAK CONVERGENCE 


Strong Elliptic Pseudoprime 

Let n be an ELLIPTIC PSEUDOPRIME associated with 
(E, P), and let n+1 = 2°k with k ODD and s > 0. Then 
n is a strong elliptic pseudoprime when either kP = 
0 (mod n) or 2°kP = 0 (mod n) for some r with 1 < 
r<s. 


see also ELLIPTIC PSEUDOPRIME 


References 
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Strong Frobenius Pseudoprime 

A PSEUDOPRIME which obeys an additional restriction 
beyond that required for a FROBENIUS PSEUDOPRIME. 
A number n with (n, 2a) = 1 is a strong Frobenius pseu- 
doprime with respect to z—a IFF n is a STRONG PSEU- 
DOPRIME with respect to f(z). Every strong Frobenius 
pseudoprime with respect to « — a is an EULER PSEU- 
DOPRIME to the base a. 


Every strong Frobenius pseudoprime with respect to 
f(x) = 2? — bx — ¢ such that ((b? + 4c)/n) = -lisa 
STRONG LUCAS PSEUDOPRIME with parameters (b,c). 
Every strong Frobenius pseudoprime n with respect to 
z? — bz +1 is an EXTRA STRONG Lucas PSEUDOPRIME 
to the base 5b. 


see also FROBENIUS PSEUDOPRIME 
References 
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Strong Law of Large Numbers 
For a set of random variates z; from a distribution hav- 
ing unit MEAN, 


P( lim atten) = P( lim (z)) =1. 
n> OO nm noo 


This result is due to Kolmogorov. 


see also LAW OF TRULY LARGE NUMBERS, STRONG 
LAW OF SMALL NUMBERS, WEAK LAW OF LARGE 
NUMBERS 


Strong Pseudoprime 


Strong Law of Small Numbers 
There aren’t enough small numbers to meet the many 
demands made of them. 
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Strong Lucas Pseudoprime 
Let U(P,Q) and V(P,Q) be LUCAS SEQUENCES gener- 
ated by P and Q, and define 


D=P?’ —4qQ. 


Let n be an ODD COMPOSITE NUMBER with (n, D) = 1, 
and n—(D/n) = 2°d with d Opp and s > 0, where (a/b) 
is the LEGENDRE SYMBOL. If 


Ua =0 (mod n) 


or 
Varg =0 (mod n) 


for some r with 0 < r < s, then n is called a strong 
Lucas pseudoprime with parameters (P,Q). 


A strong Lucas pseudoprime is a LUCAS PSEUDOPRIME 
to the same base. Arnault (1997) showed that any Com- 
POSITE NUMBER nis a strong Lucas pseudoprime for at 
most 4/15 of possible bases (unless n is the PRODUCT 
of TWIN PRIMES having certain properties). 


see also EXTRA STRONG LUCAS PSEUDOPRIME, LUCAS 
PSEUDOPRIME 
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Strong Pseudoprime 
A strong pseudoprime to a base a is an ODD COMPOSITE 
NUMBER n with n —1 = d- 2° (for d ODD) for which 
either 

a? =1 (mod n) (1) 


or ‘ 
at?" = —1 (mod n) (2) 


for some r € [0, s). 


The definition is motivated by the fact that a FERMAT 
PSEUDOPRIME n to the base b satisfies 


b”-! -1=0 (mod n). (3) 
But since n is ODD, it can be written n = 2m +1, and 


be" 1 =(b" —1)(b"4+1)=0(modn). (4) 


Strong Pseudoprime 


If n is PRIME, it must DIVIDE at least one of the Fac- 
TORS, but can’t DIVIDE both because it would then D1- 
VIDE their difference 


(b™ +1) —(b™ —1) =2. (5) 


Therefore, 
b™ = +1 (mod n), (6) 


so write n = 2°t +1 to obtain 
b°-? 1 = (bf — 1)(b +1)(b* +:1)--- (0 +1). (7) 


If n DIVIDES exactly one of these FACTORS but is ComM- 
POSITE, it is a strong pseudoprime. A COMPOSITE num- 
ber is a strong pseudoprime to at most 1/4 of all bases 
less than itself (Monier 1980, Rabin 1980). The strong 
pseudoprimes provide the basis for MILLER’S PRIMAL- 
ITY TEST and RABIN-MILLER STRONG PSEUDOPRIME 
TEST. 


A strong pseudoprime to the base a is also an EULER 
PSEUDOPRIME to the base a (Pomerance et al. 1980). 
The strong pseudoprimes include some EULER PSEu- 
DOPRIMES, FERMAT PSEUDOPRIMES, and CARMICHAEL 
NUMBERS. 


There are 4842 strong psp(2) less than 2.5x 101°, where a 
psp(2) is also known as a POULET NuMBER. The strong 
k-pseudoprime test for k = 2, 3, 5 correctly identifies all 
PRIMES below 2.5 x 10'° with only 13 exceptions, and if 
7 is added, then the only exception less than 2.5 x 10° 
is 315031751. Jaeschke (1993) showed that there are 
only 101 strong pseudoprimes for the bases 2, 3, and 
5 less than 10/7, nine if 7 is added, and none if 11 is 
added. Also, the bases 2, 13, 23, and 1662803 have no 
exceptions up to 1017. 


If n is COMPOSITE, then there is a base for which n is not 
a strong pseudoprime. There are therefore no “strong 
CARMICHAEL NUMBERS.” Let #%, denote the smallest 
strong pseudoprime to all of the first k PRIMES taken 
as bases (i.e, the smallest ODD NUMBER for which the 
RABIN-MILLER STRONG PSEUDOPRIME TEST on bases 
less than or equal to k fails). Jaeschke (1993) computed 
w, from k = 5 to 8 and gave upper bounds for k = 9 to 
11. 


ay = 2047 

ae = 1373653 

wz = 25326001 

wq = 3215031751 

as = 2152302898747 

we = 3474749660383 

wb, = 34155071728321 

wa = 34155071728321 

wo < 41234316135705689041 

io < 1553360566073143205541002401 
¥11 < 56897193526942024370326972321 
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(Sloane’s A014233). A seven-step test utilizing these 
results (Riesel 1994) allows all numbers less than 3.4 x 
10** to be tested. 


Pomerance et al. (1980) have proposed a test based on 
a combination of STRONG PSEUDOPRIMES and LUCAS 
PSEUDOPRIMES. They offer a $620 reward for discovery 
of a COMPOSITE NUMBER which passes their test (Guy 
1994, p. 28). 


see also CARMICHAEL NUMBER, MILLER’S PRIMAL- 
Iry TEST, POULET NUMBER, RABIN-MILLER STRONG 
PSEUDOPRIME TEST, ROTKIEWICZ THEOREM, STRONG 
ELLIPTIC PSEUDOPRIME, STRONG LUCAS PSEUDO- 
PRIME 
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Strong Pseudoprime Test 
see RABIN-MILLER STRONG PSEUDOPRIME TEST 


Strong Subadditivity Inequality 
O(A) + O(B) - (AUB) 2 G{ANB). 
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Strong Triangle Inequality 


lz + ylp < max(|z\p, |ylp) 


for all x and y. 
see also p-ADIC NUMBER, TRIANGLE INEQUALITY 


Strongly Connected Component 

A maximal subgraph of a DIRECTED GRAPH such that 
for every pair of vertices u, v in the SUBGRAPH, there is 
a directed path from u to v and a directed path from v 
to u. 


see also BI-CONNECTED COMPONENT 
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Strongly Embedded Theorem 

The strongly embedded theorem identifies all SIMPLE 
GROUPS with a strongly 2-embedded SUBGROUP. In 
‘particular, it asserts that no SIMPLE GROUP has a 
strongly 2-embedded 2’-local SUBGROUP. 


see also SIMPLE GROUP, SUBGROUP 


Strongly Independent 

An infinite sequence {aj} of POSITIVE INTEGERS is 
called strongly independent if any relation S~ e;a;, with 
eé; = 0, +1, or +2 and e; = 0 except finitely often, IM- 
PLIES €; = 0 for all z. 


see also WEAKLY INDEPENDENT 
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Strongly Triple-Free Set 
see TRIPLE-FREE SET 


Strophoid 

Let C be a curve, let O be a fixed point (the POLE), 
and let O’ be a second fixed point. Let P and P’ be 
points on a line through O meeting C at Q such that 
P'Q = QP = QO’. The Locus of P and P"” is called 
the strophoid of C with respect to the POLE O and 
fixed point O’. Let C be represented parametrically by 
(f(t), 9(€)), and let O = (xo, yo) and O’ = (x,y). Then 
the equation of the strophoid is 


(m1 — f)? + (ms — g)? 


zx=ft Thm (1) 
io (21 — f)? + (wi — 9)” 
y=gt 1+ m? ? (2) 
where 
mat. (3) 


The name strophoid means “belt with a twist,” and was 
proposed by Montucci in 1846 (MacTutor Archive). The 
polar form for a general strophoid is 


bsin(a — 26) 

Nee 4 

sin(a — 6) (4) 

If a = 7/2, the curve is a RIGHT STROPHOID. The 

following table gives the strophoids of some common 
curves. 


Curve Pole Fixed Point Strophoid 


line not on line on line 

line not on line foot of L 
origin to line 
on circumf. 


oblique strophoid 
right strophoid 


circle center Freeth’s nephroid 


see also RIGHT STROPHOID 


Struve Differential Equation 
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Structurally Stable 

A Map ¢@: M — M where M is a MANIFOLD is C” 
structurally stable if any C" perturbation is TOPOLOG- 
ICALLY CONJUGATE to ¢. Here, C” perturbation means 
a FUNCTION w such that w is close to ¢@ and the first r 
derivatives of x are close to those of ¢. 


see also TOPOLOGICALLY CONJUGATE 


Structure 
see LATTICE 


Structure Constant 

The structure constant is defined as ieij~, where €i5% 
is the PERMUTATION SYMBOL. The structure constant 
forms the starting point for the development of LIE AL- 
GEBRA. 


see also LIE ALGEBRA, PERMUTATION SYMBOL 


Structure Factor 

The structure factor Sp of a discrete set I is the FOUR- 
IER TRANSFORM of 6-scatterers of equal strengths on all 
points of T, 


Sr(k) = [dee _ aye tte dz’ = oo 


zéEr «cer 
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Struve Differential Equation 
The ordinary differential equation 


wW 4 $2 te 
2 


where ['(z) is the GAMMA FUNCTION. The solution is 
y = adi (z) + bY. (z) + H(z), 
where J,(z) and Y_(z) are BESSEL FUNCTIONS OF THE 


FIRST and SECOND KINDS, and H,(z) is a STRUVE 
FUNCTION (Abramowitz and Stegun 1972). 


Struve Function 


see also BESSEL FUNCTION OF THE FIRST KIND, BES- 

SEL FUNCTION OF THE SECOND KIND, STRUVE FUNC- 

TION 
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Struve Function 
Abramowitz and Stegun (1972, pp. 496-499) define the 
Struve function as 


_ sy = (—1)*(52)" 
He = 62)" cae hreeeaay 


where I'(z) is the GAMMA FUNCTION. Watson (1966, 
p. 338) defines the Struve function as 
(42z)” 


fee 5 )T'(5) 


H(z) = fo t?)”~1/? sin(zt) dt. (2) 


The series expansion is 


H(z) = So y™ 


(ezyeres 


Se = - 3 
coe! T(m+ 3)l(v+m-+ 3) 8) 
For half integral orders, 
Hn+1/2(2) 
7 1 am T(m+} Lyk z)7 2m+n—-1/2 
~ wnat Do a eee (4) 
H _(n+1/2)(2) = (—1)" Jns1/2(z). (5) 
The Struve function and its derivatives satisfy 
Hv-1(2) — Hy4i(z) = 2H (z) - iG (6) 
Re ae ° Vat(v + 8)’ 


see also ANGER FUNCTION, BESSEL FUNCTION, MODI- 
FIED STRUVE FUNCTION, WEBER FUNCTIONS 
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Student’s t-Distribution 


Pix) 
Dix) 


A DISTRIBUTION published by William Gosset in 1908. 
His employer, Guinness Breweries, required him to pub- 
lish under a pseudonym, so he chose “Student.” Given 
n independent measurements 2;, let 


ovr" a 


where p is the population MEAN, Z is the sample MEAN, 
and s is the ESTIMATOR for population STANDARD DE- 
VIATION (i.e., the SAMPLE VARIANCE) defined by 


— 4 be ~ 2)’. (2) 


Student’s ¢-distribution is defined as the distribution of 
the random variable ¢ which is (very loosely) the “best” 
that we can do not knowing o. If o = s, t = z and 
the distribution becomes the NORMAL DISTRIBUTION. 
As N increases, Student’s t-distribution approaches the 
NORMAL DISTRIBUTION. 


a 


Student’s t-distribution is arrived at by transforming to 
STUDENT’S z-DISTRIBUTION with 


east (3) 


Then define 
t=z/n-1. (4) 


The resulting probability and cumulative distribution 
functions are 


r (2) 
f(t) = 2 
vw? () (1+ 2) 
oe 
: r(sP) 
F=f VT) (a4 +e) dt 
1 
vaB (5,4) (1+ 2)” 
1 1 
= 55 [de —1(— eam), 
(6) 
where 


r=n-1 (7) 
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is the number of DEGREES OF FREEDOM, —oo < t < 00, 
T(z) is the GAMMA FUNCTION, B(a,6) is the BETA 
FUNCTION, and I(z;a,b) is the REGULARIZED BETA 
FUNCTION defined by 


Biz; a,b) 


I(z;a,0) = Bie (8) 


The MEAN, VARIANCE, SKEWNESS, and KuRTosIS of 
Student’s t-distribution are 


w=0 (9) 
a - * 5 (10) 
"n= (11) 

6 
baa (12) 


Beyer (1987, p. 514) gives 60%, 70%, 90%, 95%, 
97.5%, 99%, 99.5%, and 99.95% confidence intervals, 
and Goulden (1956) gives 50%, 90%, 95%, 98%, 99%, 
and 99.9% confidence intervals. A partial table is given 
below for small r and several common confidence inter- 
vals. 


The so-called A(¢}7) distribution is useful for testing if 
two observed distributions have the same MEAN. A(t|n) 
gives the probability that the difference in two observed 
MEANS for a certain statistic t with m DEGREES OF 
FREEDOM would be smaller than the observed value 
purely by chance: 


1 t xe? —(1+n)/2 
cd ae 91 E a (14 =| dz. 
(13) 
Let X be a NORMALLY DISTRIBUTED random variable 
with MEAN 0 and VARIANCE @”, let Y*/o? have a CHI- 
SQUARED DISTRIBUTION with n DEGREES OF FREE- 


DOM, and let X and Y be independent. Then 


Xn 
t=o¥ (14) 


is distributed as Student’s ¢ with n DEGREES OF FREE- 
DOM. 


P(z) = 


Student’s z-Distribution 


The noncentral Student’s t-distribution is given by 
nfm) 
2e/2T(in) 


( Pr 3 
V2 da(n + 2?)— 47/2), BY (1+ inj 3; xX) 
T[s(1+27)] 


feel?2?/[2 +27) (n ae ss ede! (-— 235) 
> 
re(i +n)] 


(15) 


where ['(z) is the GAMMA FUNCTION, 1F\(a; 6; z) is a 
CONFLUENT HYPERGEOMETRIC FUNCTION, and Lf’ (zr) 
is an associated LAGUERRE POLYNOMIAL. 


see also PAIRED t-TEST, STUDENT’S z-DISTRIBUTION 
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Student’s 2-Distribution 
The probability density function and cumulative distri- 
bution functions for Student’s z-distribution are given 


by 


D (3) 2\—-n/2 

2) =e (1 1 
f(z) Vat (#5) (1+ 2°) (1) 
_ 2 EG n) aFi(3(n— 2), 3s 3 + 1);-277) 
a 2/aT[i(n + 1)] 
(2) 

The MEAN is 0, so the MOMENTS are 

1 

is (4) 
3 = 0 (5) 
a : (6) 


Study’s Theorem 


The MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 


w=0 (7) 
1 
i n—3 (8) 
y1 =0 (9) 
mes (10) 
Letting Z 
Z2= ess, (11) 


where x is the sample MEAN and yp is the population 
MEAN gives STUDENT’S t-DISTRIBUTION. 


see also STUDENT’S t-DISTRIBUTION 


Study’s Theorem 

Given three curves ¢1, $2, ¢3 with the common group 
of ordinary points G (which may be empty), let their 
remaining groups of intersections g23, 931, and gi2 also 
be ordinary points. If ¢; is any other curve through 
gas, then there exist two other curves $4, $3 such that 
the three combined curves ¢;¢; are of the same order 
and LINEARLY DEPENDENT, each curve ¢; contains the 
corresponding group gi;, and every intersection of @; or 
¢; with oj or $j lies on Px or dp. 
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Sturm Chain 
The series of STURM FUNCTIONS arising in application 
of the STURM THEOREM. 


see also STURM FUNCTION, STURM THEOREM 


Sturm Function 
Given a function f(x) = fo(z), write fi = f'(x) and 
define the Sturm functions by 


Se, ‘as a) | e222) 
fate) =~ | frnate) - fale) [=], ay 


where [P(x)/Q(z)] is a polynomial quotient. Then con- 
struct the following chain of Sturm functions, 


fo = Gof — fa 
fi =anfe— fs 
fo = aofs— fa (2) 


fs—2 = qQs—2fs—1 ius fs, 


known as a STURM CHAIN. The chain is terminated 
when a constant —f,(z) is obtained. 


Sturm functions provide a convenient way for finding 
the number of real roots of an algebraic equation with 
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real coefficients over a given interval. Specifically, the 
difference in the number of sign changes between the 
Sturm functions evaluated at two points ¢ = @and x = b 
gives the number of real roots in the interval (a,b). This 
powerful result is known as the STURM THEOREM. 


As a specific application of Sturm functions toward find- 
ing POLYNOMIAL Roots, consider the function fo(z) = 
x ~ 3x — 1, plotted above, which has roots —1.21465, 
—0.334734, 0.0802951 + 1.328362, and 1.38879 (three of 
which are real). The DERIVATIVE is given by f'(z) = 
524 — 3, and the STURM CHAIN is then given by 


foxx? —3r-1 (3) 
fi =5a*-—3 (4) 
fe = £ (122 +5) (5) 
fa = Soh () 


The following table shows the signs of f; and the number 
of sign changes A obtained for points separated by Ax = 
2: 


z} fo | fi | fe | fs |A 
—2 |-1 1 |-1 1 3 
Q|}-1 ;-1 1 1 1 
2 1 1 1 1 0 


This shows that 3 — 1 = 2 real roots lie in (—2,0), and 
1-0 = 1 real root lies in (0,2). Reducing the spacing 
to Ax = 0.5 gives the following table. 


z | fo 


Jp ll 
eeererererar D> 


This table isolates the three real roots and shows that 
they lie in the intervals (—1.5,—1.0), (—0.5,0.0), and 
(1.0, 1.5). If desired, the intervals in which the roots fall 
could be further reduced. 


The Sturm functions satisfy the following conditions: 
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1. Two neighboring functions do not vanish simultane- 
ously at any point in the interval. 


2. At a null point of a Sturm function, its two neigh- 
boring functions are of different signs. 


3. Within a sufficiently small AREA surrounding a zero 
point of fo(z), f1(x) is everywhere greater than zero 
or everywhere smaller than zero. 


see also DESCARTES’ SIGN RULE, STURM CHAIN, 
STURM THEOREM 
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Sturm-Liouville Equation 
A second-order ORDINARY DIFFERENTIAL EQUATION 


< [p(a) $4] + ule) - a(z)ly = 0, 


where A is a constant and w{x) is a known function 
called either the density or WEIGHTING FUNCTION. The 
solutions (with appropriate boundary conditions) of 
are called EIGENVALUES and the corresponding u,(z) 
EIGENFUNCTIONS. The solutions of this equation satisfy 
important mathematical properties under appropriate 
boundary conditions (Arfken 1985). 


see also ADJOINT OPERATOR, SELF-ADJOINT OPERA- 
TOR 
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Sturm-Liouville Theory 
see STURM-LIOUVILLE EQUATION 


Sturm Theorem 

The number of REAL Roots of an algebraic equation 
with REAL COEFFICIENTS whose REAL ROOTS are sim- 
ple over an interval, the endpoints of which are not 
Roots, is equal to the difference between the number 
of sign changes of the STURM CHAINS formed for the 
interval ends. 


see also STURM CHAIN, STURM FUNCTION 
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Sturmian Separation Theorem 

Let A, = ai; be a SEQUENCE of N SYMMETRIC MATRI- 
CES of increasing order with i,j = 1, 2,..., randr=1, 
2,..., N. Let A4(A,) be the kth EIGENVALUE of A, for 
k = 1, 2,..., r, where the ordering is given by 


A) Sa Ae) Sa AG). 
Then it follows that 


Angi(Aiti) < An(Ai) < An (Ai+1)- 
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Sturmian Sequence 

If a SEQUENCE has the property that the BLOCK 
GROWTH function B(n) = n+ 1 for all n, then it is 
said to have minimal block growth, and the sequence is 
called a Sturmian sequence. An example of this is the 
sequence arising from the SUBSTITUTION Map 


0-01 
10, 


yielding 0 — 01 — 010 — 01001 — 01001010 — ..., 
which gives us the Sturmian sequence 01001010.... 


STURM FUNCTIONS are sometimes also said to form a 
Sturmian sequence. 


see also STURM FUNCTION, STURM THEOREM 


Subalgebra 
An ALGEBRA S’ which is part of a large ALGEBRA S$ 
and shares its properties. 


see also ALGEBRA 


Subanalytic 

X C R” is subanalytic if, for all x € R”, there is an 
open U and Y c R"*™ a bounded SEMIANALYTIC set 
such that X NU is the projection of Y into U. 


see also SEMIANALYTIC 
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Subfactorial 


Subfactorial 

The number of PERMUTATIONS of n objects in which no 
object appear in its natural place (i.e., so-called “DE- 
RANGEMENTS” ). 


nent >— iy (1) 
k=0 
or i 
ins [=]. (2) 


where k! is the usual FACTORIAL and [2] is the NINT 
function. The first few values are !1 = 0, !2 = 1, !3 = 2, 
4 = 9, 15 = 44, 16 = 265, !7 = 1854, 18 = 14833, 
... (Sloane’s A000166). For example, the only DE- 
RANGEMENTS of {1,2,3} are {2,3,1} and {3,1,2}, so 
!3 = 2. Similarly, the DERANGEMENTS of {1, 2,3, 4} are 
{2,1,4, 3}, {2,3, 4,1}, {2,4, 1, 3}, {3, 1,4, 2}, {3, 4,1, 2}, 
{3,4,2,1}, {4,1,2,3}, {4,3,1,2}, and {4,3,2,1}, so 
4=9, 


The subfactorials are also called the RENCONTRES NUM- 
BERS and satisfy the RECURRENCE RELATIONS 


In = n-H(n — 1) + (-1)” (3) 


Wn+1) = nf!ln4t(n . 1)). (4) 


The subfactorial can be considered a special case of a 
restricted ROOKS PROBLEM. 


The only number equal to the sum of subfactorials of its 
digits is 
148, 349 =!1+!4+!8+!3+14+!9 (5) 


(Madachy 1979). 


see also DERANGEMENT, FACTORIAL, MARRIED CoUu- 
PLES PROBLEM, ROOKS PROBLEM, SUPERFACTORIAL 


References 

Dorrie, H. §6 in 100 Great Problems of Elementary Mathe- 
matics: Their History and Solutions. New York: Dover, 
pp. 19-21, 1965. 

Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, p. 167, 1979. 

Sloane, N. J. A. Sequences A000166/M1937 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 

Sloane, N. J. A. and Plouffe, S. Extended entry in The Ency- 
clopedia of Integer Sequences. San Diego: Academic Press, 
1995. 

Stanley, R. P. Enumerative Combinatorics, Vol. 1. Cam- 
bridge, England: Cambridge University Press, p. 67, 1997. 


Subfield 

If a subset S of the elements of a FIELD F satisfies the 
FIELD AXIOMS with the same operations of F, then S$ 
is called a subfield of F. Let F be a FINITE FIELD of 
order p", then there exists a subfield of ORDER p™ for 
PRIME p IFF m DIVIDES n. 


see also FIELD, SUBMANIFOLD, SUBSPACE 
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Subgraph 

A GRAPH G’ whose VERTICES and EDGES form subsets 
of the VERTICES and EDGES of a given GRAPH G. If G’ 
is a subgraph of G, then G is said to be a SUPERGRAPH 
of G’. 

see also GRAPH (GRAPH THEORY), SUPERGRAPH 


Subgroup 

A subset of GRoupP elements which satisfies the four 
GROUP requirements. The ORDER of any subgroup of a 
GROUP ORDER Ah must be a Divisor of h. 


see also CARTAN SUBGROUP, COMPOSITION SERIES, 
FITTING SUBGROUP, GROUP 


Sublime Number 

Let r({n) and o(n) denote the number and sum of the di- 
visors of n, respectively (i.e., the zeroth- and first-order 
DIviIsoR FuNCTIONS). A number N is called sublime if 
7(N) and o(N) are both PERFECT NUMBERS. The only 
two known sublime numbers are 12 and 


60865556702383789896703717342431696 - - - 
+++ 22657830773351885970528324860512791691264. 


It is not known if any ODD sublime number exists. 
see also DIVISOR FUNCTION, PERFECT NUMBER 


Submanifold 

A C™ (infinitely differentiable) MANIFOLD is said to be 
a submanifold of a C° MANIFOLD M' if M is a Sus- 
SET of M' and the IDENTITY Map of M into M’ is an 
embedding. 


see also MANIFOLD, SUBFIELD, SUBSPACE 


Submatrix 

An p X gq submatrix of an m x n MATRIX (with p < m, 
nm <q) is a p X g MATRIX formed by taking a block of 
the entries of this size from the original matrix. 


see also MATRIX 


Subnormal 
Lis asubnormal SUBGROUP of H if there is aa “normal 
series” (in the sense of Jordan-Holder) from L to H. 


Subordinate Norm 
see NATURAL NORM 


Subscript 

A quantity displayed below the normal line of text (and 
generally in a smaller point size), as the “2” in ai, is 
called a subscript. Subscripts are commonly used to 
indicate indices (a;; is the entry in the ith row and jth 
column of a MaTRIX A), partial differentiation (yz is an 
abbreviation for @y/Ox), and a host of other operations 
and notations in mathematics. 


see also SUPERSCRIPT 
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Subsequence 

A subsequence of a SEQUENCE S = {z;}7_, is a derived 
sequence {yi}, = {xi4;} for some j > 0 and N <n— 
j. More generally, the word subsequence is sometimes 
used to mean a sequence derived from a sequence S by 
discarding some of its terms. 


see also LOWER-TRIMMED SUBSEQUENCE, UPPER- 
TRIMMED SUBSEQUENCE 


Subset 

A portion of a SET. B is a subset of A (written B C A) 
IrF every member of B is a member of A. If B is a 
PROPER SUBSET of A (i.e., a subset other than the set 
itself), this is written B C A. 


A SET of n elements has 2” subsets (including the set 
itself and the Empty Ser). For sets of n = 1, 2, ... 
elements, the numbers of subsets are therefore 2, 4, 8, 
16, 32, 64, ... (Sloane’s A000079). For example, the 
set {1} has the two subsets @ and {1}. Similarly, the 
set {1,2} has subsets @ (the EMPTY SET, {1}, {2}, and 
{1, 2}. 

see also EMPTY SET, IMPLIES, k-SUBSET, PROPER SUB- 
SET, SUPERSET, VENN DIAGRAM 
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Subspace 

Let V be a REAL VECTOR SPACE (e.g., the real con- 
tinuous functions C(I) on a CLOSED INTERVAL I, 2-D 
EUCLIDEAN SPACE R?, the twice differentiable real func- 
tions C®(I) on I, etc.). Then W is a real SUBSPACE 
of V if W is a SuBSET of V and, for every wi, w2 © W 
and t € R (the REALS), wi + we € W and tw: ¢ W. 
Let (H) be a homogeneous system of linear equations in 
21,..-, 2m. Then the SUBSET S of R” which consists of 
all solutions of the system (H) is a subspace of R”. 


More generally, let F, be a FIELD with g = p™, where p 
is PRIME, and let Fy,n denote the n-D VECTOR SPACE 
over F',. The number of k-D linear subspaces of Fy,n is 


N(Fq,n) = (7) ; 


where this is the g-BINOMIAL COEFFICIENT (Aigner 
1979, Exton 1983). The asymptotic limit is 


N( Fan) = coq” /*[1 +o({1)] for n even 
Coq” ae + o(1)] for n odd, 


Successes 


where 


2 


os ane 

. TE2.0 —q-/) 
pyaw g7(e+1/2)? 

-_ 1 een a q73) 


Co 


(Finch). The case g = 2 gives the g-ANALOG of the 
WALLIS FORMULA. 


see also q-BINOMIAL COEFFICIENT, SUBFIELD, SUB- 
MANIFOLD 
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Substitution Group 
see PERMUTATION GROUP 


Substitution Map 

A Map which uses a set of rules to transform ele- 
ments of a sequence into a new sequence using a set 
of rules which “translate” from the original sequence to 
its transformation. For example, the substitution map 
{1 — 0,0 + 11} would take 10 to 011. 


see also GOLDEN RATIO, MORSE-THUE SEQUENCE, 
STRING REWRITING, THUE CONSTANT 


Subtend 

Given a geometric object O in the PLANE and a point P, 
let A be the ANGLE from one edge of O to the other with 
VERTEX at P. Then O is said to subtend an ANGLE A 
from P. 


see also ANGLE, VERTEX ANGLE 


Subtraction 

Subtraction is the operation of taking the DIFFERENCE 
xz—y of two numbers z and y. Here, the symbol between 
the x and y is called the Minus SIGN and a — y is read 
“zy MINUS y.” 


see also ADDITION, DIVISION, MINUS, MINUS SIGN, 
MULTIPLICATION 


Succeeds 

The relationship 2 succeeds (or FOLLOWS) y is written 
xz > y. The relation x succeeds or is equal to y is written 
rn y. 


see also PRECEDES 


Successes 
see DIFFERENCE OF SUCCESSES 


Sufficient 


Sufficient 

A CONDITION which, if true, guarantees that a result 
is also true. (However, the result may also be true if 
the CONDITION is not met.) If a CONDITION is both 
NECESSARY and SUFFICIENT, then the result is said to 
be true IFF (“if and only if”) the CONDITION holds. 


For example, the condition that a decimal number n 
end in the DIGIT 2 is a sufficient but not NECESSARY 
condition that n be EVEN. 


see also IrF, IMPLIES, NECESSARY 


Suitable Number 
see IDONEAL NUMBER 


Sum 
A sum is the result of an ADDITION. For example, 
adding 1, 2, 3, and 4 gives the sum 10, written 


1+2+3+4=10. (1) 


The numbers being summed are called ADDENDS, or 
sometimes SUMMANDS. The summation operation can 
also be indicated using a capital sigma with upper and 
lower limits written above and below, and the index in- 
dicated below. For example, the above sum could be 


written 
Sk = 10. (2) 


A simple graphical proof of the sum aia k=n(n+ 
1)/2 can also be given. Construct a sequence of stacks of 
boxes, each 1 unit across and k units high, where k = 1, 
2, ..., n. Now add a rotated copy on top, as in the 
above figure. Note that the resulting figure has WIDTH 
n and HEIGHT n+ 1, and so has AREA n(n +1). The 
desired sum is half this, so the AREA of the boxes in the 
sum is n(n +1)/2. Since the boxes are of unit width, 
this is also the value of the sum. 


The sum can also be computed using the first EULER- 
MACLAURIN INTEGRATION FORMULA 


D106) = fo Flarae + 3700) + 34m) 
k=1 : 


+H Balf'(n)— f(D] +... (3) 
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with f(k) =k. Then 
n n 
yee f adz+$-1+$-n+2(1—-1)+... 
k=1 ¢ 


= i(n?-1)—-L+ht+3n=in(n+1). (4) 


The general finite sum of integral POWERS can be given 
by the expression 


aoa , (6) 


3 je Bie eS Bee 

k=1 
where the Notation B!*! means the quantity in ques- 
tion is raised to the appropriate POWER k and all terms 
of the form B™ are replaced with the corresponding 
BERNOULLI NUMBERS By. It is also true that the Co- 
EFFICIENTS of the terms in such an expansion sum to 1, 
as stated by Bernoulli without proof (Boyer 1943). 


An analytic solution for a sum of POWERS of integers is 
So? = C(-p) — ¢(-p,1 +2), (6) 
k=1 


where ¢(z) is the RIEMANN ZETA FUNCTION and ¢(z; a) 
is the HURWITZ ZETA FUNCTION. For the special case 
of p a POSITIVE integer, FAULHABER’S FORMULA gives 
the SUM explicitly as 


n 1 p+1 pt+l1 
kP = _—- \ (-1)*# Bysi-an", (7) 
k=1 Pee k=1 ‘ 


n 


where dxp is the KRONECKER DELTA, ({) is a BINO- 
MIAL COEFFICIENT, and By is a BERNOULLI NUMBER. 
Written explicitly in terms of a sum of POWERS, 


n Bxp! 
Pp kp- p—k+1 
=— eS 5 8 
yk ki(p—k+1)!" 8) 
k=1 
Computing the sums for p = 1, ..., 10 gives 
DOR= Hn? +0) (9) 
k=1 
Sok? = 2(2n* + 8n? +n) (10) 
k=1 
Sok — (n* + 2n° +n’) (11) 
k=1 
n 
S\ kA = 3 (6n* + 15n* + 10n? — n) (12) 
k=1 
Sk = B(2n' + 6n® + 5n4 — n”) (13) 
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Soe = §(6n7 + 21n* + 21n* — 7m? +n) 


(14) 


So kT = X(3n® + 12n" + 14n® — 7n* + 2n?) (15) 


aa (10n” + 45n° + 60n7 — 42n° 


i 
ee 
I 


+ 20n* — 3n) 

3 k° = X(2n" + 10n* + 15n® — 1408 
+10n* — 3n?) 

3 ko = 2 (6n** + 33n" + 55n® — 66n" 
+ 66n® — 33n® + 5n). 


Factoring the above equations results in 


nm 


Sok= $n(n +1) 


k=1 


Soe = in(n + 1)(2n + 1) 
n 
Sra = den +1) 
k= 
Soa = n(n+1)(Qn+ 1)(3n? + 3n — 1) 
ye = jn7(n + 1)*(2n? + 2n - 1) 


n 
SiR = Anr(nt 1(Qn4+ 1)(3n* + 6n? — 3n + 1) 
Sok = dn*(n + 1)?(3n* + 6n® — n® — 4n + 2) 


S k8 = An(n+1)(2n + 1)(5n® + 15n® + 5n4 
—15n? — n? + 9n — 3) 
Soe = ArvP(n$ 1)7(n? +n—- 1) 


x(2n4 + 4n? — n? — 3n + 3) 
Sore = An(n + 1)(2n4 1)(n? +n— 1) 
k=1 
x(3n° + 9n® + 2n* — 11n® + 3n? + 10n — 5). 


(16) 


(17) 


(18) 


(24) 


(25) 


(26) 


(27) 


(28) 


Sum 


From the above, note the interesting identity 
nm Tt 2 
ye = (>) (29) 
k=1 k=1 
Sums of the following type can also be done analytically. 


| 


(31) 


1 

Nie 

Ms 
= 
+ 
= 
‘2 
+ 
Lx 
8 


Pa 
ea: 
a. 
Nee” 
i 1 
Nie 8 
pa 
Paria 
py 
an, ~ 
ae 
oo > 
fe : 
cores a 
3 


n=U k=0 
1 co 
=5 Soin(n +1)(2n+1) 
n=0 


+ 3§n(n +1) + 2(n+1)J2” 


foo} 
5 Soin + 1)[n(2n + 1) + 9n + 12]a” 
n=0 


fo <} 
“ pD n+ 1)(2n? + 10n + 12)2” 


Ik 


Lyn taint 2)(n+3)e". (62) 


By INDUCTION, the sum for an arbitrary POWER p is 


Other analytic sums include 


Be) nt OE WER 
(>) a esie n—[n—kfe 


k=0 
(34) 
oO 2 fo a} oO 
(Ss0.2") = So ana" +2 .» aiajz”. (35) 
n=0 n=0 if jee 
i<j 


So cy samt aiyet... tay + e2ye +... 
= (21+ ¢a+...)y + (ar +22 +...)ye 


= (Sz) ty +...) = Soe >> ¥(86) 


so 


i= 


DS Ly; = (x= (s2»)] - (37) 


n+2 n+l 
57 ne —(n4+1)z +2 38 


forO<r<n-1 


‘ . 0 
) Pj =i 1 forr=n—-1 
[[k=1 (xj - zk) n 
j= kAJ 


1 4 wz; forr=n 
i (39) 
nm Bey (z + k = r) 
rtk = 
2 Teo0 1 (40) 
on Senta Fate (Eat) 


To minimize the sum of a set of squares of numbers {z;} 
about a given number zo 


8 = Yo(e— 20)? = Soa? are Woes Nat, (42) 


take the DERIVATIVE. 


d 
dag 5 = ~2 2% + 2Nao = 0. (43) 


Solving for zo gives 


il 


To 


2a 
=>) (44) 
i 


so S is maximized when zo is set to the MEAN. 


see also ARITHMETIC SERIES, BERNOULLI NUMBER, 
CLARK’S TRIANGLE, CONVERGENCE IMPROVEMENT, 
DEDEKIND SUM, DOUBLE SUM, EULER SUM, FACTO- 
RIAL SUM, FAULHABER’S FORMULA, GABRIEL’S STAIR- 
CASE, GAUSSIAN SUM, GEOMETRIC SERIES, GOSPER’S 
METHOD, HURWITZ ZETA FUNCTION, INFINITE PROD- 
UCT, KLOOSTERMAN’S SUM, LEGENDRE SUM, LERCH 
TRANSCENDENT, PASCAL’S TRIANGLE, PRODUCT, Ra- 
MANUJAN’S SUM, RIEMANN ZETA FUNCTION, WHITNEY 
SUM 
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Sum-Product Number 
A sum-product number is a number n such that the sum 
of n’s digits times the product of n’s digit is n itself, for 
example 

135 = (1+345)(1-3-5). 


The only sum-product numbers less than 10’ are 1, 135, 
and 144. 
see also AMENABLE NUMBER 


Sum Rule 


d ' ' 

<[f(2) + 9(@)] = f'(@) + 9'(@), 

where d/dz denotes a derivative and f'(x) and g'(x) are 
the derivatives of f and g, respectively. 


see also DERIVATIVE 


Summand 
see ADDEND 


Summatory Function 
For an discrete function f(n), the summatory function 
is defined by 


F(n)= >> f(k), 


kED 
where D is the DOMAIN of the function. 


see also DIVISOR FUNCTION, MANGOLDT FUNCTION, 
MERTENS FUNCTION, RUDIN-SHAPIRO SEQUENCE, TAU 
FUNCTION, TOTIENT FUNCTION 


Sup 
see SUPREMUM, SUPREMUM LIMIT 


Super-3 Number 

An INTEGER n such that 3n* contains three consecutive 
3s in its DECIMAL representation. The first few super- 
3 numbers are 261, 462, 471, 481, 558, 753, 1036, ... 
(Sloane’s A014569). A. Anderson has conjectured that 
all numbers ending in 471, 4710, or 47100 are super-3 
(Pickover 1995). 


For a digit d, super-3 numbers can be generalized to 
super-d numbers n such that dn? contains d ds in its 
DECIMAL representation. The following table gives the 
first few super-d numbers for small d. 


Sloane Super-d numbers 


032743 19, 31, 69, 81, 105, 106, 107, 119, ... 
014569 261, 462, 471, 481, 558, 753, 1036, ... 
032744 1168, 4972, 7423, 7752, 8431, 10267, ... 
032745 4602, 5517, 7539, 12955, 14555, 20137, ... 
032746 27257, 272570, 302693, 323576, ... 
032747 140997, 490996, 1184321, 1259609, ... 
032748 185423, 641519, 1551728, 1854230, ... 
032749 17546133, 32613656, 93568867, ... 


OM CON DM Ow & NIA 
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Super Catalan Number 

While the CATALAN NUMBERS are the number of p- 
Goop PATHS from (n,n) to (0,0) which do not cross 
the diagonal line, the super Catalan numbers count the 
number of LATTICE PATHS with diagonal steps from 
(n,n) to (0,0) which do not touch the diagonal line 


—4 y. 
The super Catalan numbers are given by the RECUR- 
RENCE RELATION 


3(2n — 3)S(n—1)—(n 
n 


S(n) = 3)S(n — 2) 


(Comtet 1974), with S(1) = S(2) = 1. (Note that the 
expression in Vardi (1991, p. 198) contains two errors.) 
A closed form expression in terms of LEGENDRE POLy- 
NOMIALS P,,(z) is 


re $Pa-1(8) — Pn2(3) 


(Vardi 1991, p. 199). The first few super Catalan num- 
bers are 1, 1, 3, 11, 45, 197, ... (Sloane’s A001003). 


see also CATALAN NUMBER 
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Super-Poulet Number 
A PouLetT NUMBER whose Divisors d all satisfy d|2?— 
2. 


see also POULET NUMBER 


Superabundant Number 
see HIGHLY COMPOSITE NUMBER 


Superellipse 


Superegg 
A superegg is a solid described by the equation 


x? + y? 
Va | 


Supereggs will balance on either end for any a, 6, and 
n. 


see also EGG, SUPERELLIPSE 


zg \|* 


b 


fi 
= 
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Superellipse 


oe 


A curve of the form 


where r > 2. “The” superellipse is sometimes taken as 
the curve of the above form with r = 5/2. Superellipses 
with a = b are also known as LAME CuRVES. The above 
curves are for a = 1, b = 2, and r = 2.5, 3.0, and 3.5. 


A degenerate superellipse is a superellipse with r < 2. 
The above curves are for a = 1, b = 2, and r = 0.5, 1.0, 
1.5, and 2.0. 


see also ELLIPSE, LAME CURVE, SUPEREGG 
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Superfactorial 


Superfactorial 
The superfactorial of n is defined by Pickover (1995) as 


unt! 
ng=ni 


n!} 


The first two values are 1 and 4, but subsequently grow 
so rapidly that 3$ already has a huge number of digits. 


Sloane and Plouffe (1995) define the superfactorial by 


which is equivalent to the integral values of the G- 
FUNCTION. The first few values are 1, 1, 2, 12, 288, 
34560, ... (Sloane’s A000178). 


see also FACTORIAL, G-FUNCTION, LARGE NUMBER, 
SUBFACTORIAL 
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Supergraph 

If G’ is a SUBGRAPH of G, then G is said to be a super- 
graph of G'. 

see also GRAPH (GRAPH THEORY), SUBGRAPH 


Supernormal 
Trials for which the LEXis RATIO 
Oo 


OB 


L 


satisfies L > 1, where o is the VARIANCE in a set of s 
Lexis TRIALS and og is the VARIANCE assuming BER- 
NOULLI TRIALS. 


see also BERNOULLI TRIAL, LEXIS TRIALS, SUBNORMAL 


Superperfect Number 
A number n such that 


a(n) = o(a(n)) = 2n, 


where o(n) is the DivisoR FUNCTION. EVEN superper- 
fect numbers are just 2?-', where M, = 2? —1 is a 
MERSENNE PRIME. If any ODD superperfect numbers 
exist, they are SQUARE NUMBERS and either n or o(n) 
is DIVISIBLE by at least three distinct PRIMES. 


More generally, an m-superperfect number is a number 
for which o™(n) = 2n. For m > 3, there are no EVEN 
m-superperfect numbers. 


see also MERSENNE NUMBER 
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Superposition Principle 
For a linear homogeneous ORDINARY DIFFERENTIAL 
EQUATION, if yi(x) and y2(x) are solutions, then so is 


yi (x) + yo(z). 


Superregular Graph 

For a VERTEX x of a GRAPH, let T, and A, denote the 
SUBGRAPHS of I — x induced by the VERTICES adjacent 
to and nonadjacent to x, respectively. The empty graph 
is defined to be superregular, and [ is said to be super- 
regular if [ is a REGULAR GRAPH and both T, and A, 
are superregular for all zx. 


The superregular graphs are precisely Cs, mK, (m,n > 
1), Gn (n > 1), and the complements of these graphs, 
where C, is a CYCLIC GRAPH, Ky is a COMPLETE 
GRAPH and mK, is m disjoint copies of K,, and G, 
is the Cartesian product of K, with itself (the graph 
whose VERTEX set consists of n? VERTICES arranged in 
an n X mn square with two VERTICES adjacent IFF they 
are in the same row or column). 


see also COMPLETE GRAPH, CYCLIC GRAPH, REGULAR 
GRAPH 
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Superscript 

A quantity displayed above the normal line of text (and 
generally in a smaller point size), as the “i” in z’, is 
called a superscript. Superscripts are commonly used 
to indicate raising to a POWER (x* means x-a@- <a or & 
CUBED), multiple differentiation (f(z) is an abbrevi- 
ation for f(x) = d° f /dx*), and a host of other opera- 
tions and notations in mathematics. 


see also SUBSCRIPT 


Superset 

A SET containing all elements of a smaller SET. If Bisa 
SUBSET of A, then A is a superset of B, written A D B. 
If Ais a PROPER SUPERSET of B, this is written A > B. 


see also PROPER SUBSET, PROPER SUPERSET, SUBSET 
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Supplementary Angle 
Two ANGLES @ and m — a@ which together form a 
STRAIGHT ANGLE are said to be supplementary. 


see also ANGLE, COMPLEMENTARY ANGLE, DIGON, 
STRAIGHT ANGLE 


Support 
The CLOSURE of the SET of arguments of a FUNCTION 
f for which f is not zero. 


see also CLOSURE 


Support Function 

Let M be an oriented REGULAR SURFACE in R® with 
normal N. Then the support function of M is the func- 
tion h: M — R defined by 


h(p) = p- N(p). 
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Supremum 
The supremum of a set is the least upper bound of the 
set. It is denoted 
sup. 
Ss 
On the REAL LINE, the supremum of a set is the same 
as the supremum of its CLOSURE. 


see also INFIMUM, SUPREMUM LIMIT 


Supremum Limit 
The limit supremum is used for sequences and nets (as 
opposed to sets) and is denoted 


lim sup. 
s 


see also SUPREMUM 


Surd 
An archaic term for a SQUARE ROOT. 


see also QUADRATIC SURD, SQUARE ROOT 


Surface 

The word “surface” is an important term in mathe- 
matics and is used in many ways. The most common 
and straightforward use of the word is to denote a 2-D 
SUBMANIFOLD of 3-D EUCLIDEAN SPACE. Surfaces can 
range from the very complicated (e.g., FRACTALS such 
as the MANDELBROT SET) to the very simple (such as 
the PLANE). More generally, the word “surface” can be 
used to denote an (n — 1)-D SUBMANIFOLD of an n-D 
MANIFOLD, or in general, any co-dimension 1 subob- 
ject in an object (like a BANACH SPACE or an infinite- 
dimensional MANIFOLD). 


Surface 


Even simple surfaces can display surprisingly counterin- 
tuitive properties. For example, the SURFACE OF REVO- 
LUTION of y = 1/z around the z-Axis for x > 1 (called 
GABRIEL’s HORN) has FINITE VOLUME but INFINITE 
SURFACE AREA. 


see also ALGEBRAIC SURFACE, BARTH DEcic, BARTH 
SEXTIC, BERNSTEIN MINIMAL SURFACE THEOREM, 
BOHEMIAN DOME, Boy SURFACE, CATALAN’S SUR~ 
FACE, CAYLEY’S RULED SURFACE, CHAIR, CLEB-~ 
SCH DIAGONAL CUBIC, COMPACT SURFACE, CONE, 
CONICAL WEDGE, CONOCUNEUS OF WALLIS, CORK 
PLUG, CORKSCREW SURFACE, CORNUCOPIA, COSTA 
MINIMAL SURFACE, CROSS-CAP, CROSSED TROUGH, 
CuBIC SURFACE, CYCLIDE, CYLINDER, CYLINDROID, 
DARWIN-DE SITTER SPHEROID, DECIC SURFACE, DEL 
PEZZO SURFACE, DERVISH, DESMIC SURFACE, DE- 
VELOPABLE SURFACE, DINI’S SURFACE, EIGHT SUR- 
FACE, ELLIPSOID, ELLIPTIC CONE, ELLIPTIC CYLIN- 
DER, ELLIPTIC HELICOID, ELLIPTIC HYPERBOLOID, 
ELLIPTIC PARABOLOID, ELLIPTIC TORUS, ENNEPER’S 
SURFACES, ENRIQUES SURFACES, ETRUSCAN VENUS 
SURFACE, FLAT SURFACE, FRESNEL’S ELASTICITY SUR- 
FACE, GABRIEL’S HORN, HANDKERCHIEF SURFACE, 
HELICOID, HENNEBERG’S MINIMAL SURFACE, HOFF- 
MAN’S MINIMAL SURFACE, HORN CYCLIDE, HORN 
Torus, HUNT’S SURFACE, HYPERBOLIC CYLINDER, 
HYPERBOLIC PARABOLOID, HYPERBOLOID, IDA SUR~ 
FACE, IMMERSED MINIMAL SURFACE, KISS SURFACE, 
KLEIN BOTTLE, KUEN SURFACE, KUMMER SUR- 
FACE, LICHTENFELS SURFACE, MAEDER’S OWL MIN- 
IMAL SURFACE, MANIFOLD, MENN’S SURFACE, MIN-~ 
IMAL SURFACE, MITER SURFACE, MOsius STRIP, 
MONGE’S FORM, MONKEY SADDLE, NONORIENTABLE 
SURFACE, NORDSTRAND’S WEIRD SURFACE, NURBS 
SURFACE, OBLATE SPHEROID, OCTIC SURFACE, ORI- 
ENTABLE SURFACE, PARABOLIC CYLINDER, PARABOLIC 
HORN CYCLIDE, PARABOLIC RING CYCLIDE, PARA- 
BOLIC SPINDLE CYCLIDE, PARABOLOID, PEANO SUR- 
FACE, PIRIFORM, PLANE, PLUCKER’S CONOID, POLY- 
HEDRON, PRISM, PRISMATOID, PROLATE SPHEROID, 
PSEUDOCROSSCAP, QUADRATIC SURFACE, QUARTIC 
SURFACE, QUINTIC SURFACE, REGULAR SURFACE, 
REMBS’ SURFACES, RIEMANN SURFACE, RING CyY- 
CLIDE, RING TORUS, ROMAN SURFACE, RULED SuUR- 
FACE, SCHERK’S MINIMAL SURFACES, SEIFERT SUR~- 
FACE, SEXTIC SURFACE, SHOE SURFACE, SIEVERT’S 
SURFACE, SMOOTH SURFACE, SOLID, SPHERE, SPHER- 
OID, SPINDLE CYCLIDE, SPINDLE TORUS, STEINBACH 
SCREW, STEINER SURFACE, SWALLOWTAIL CATASTRO- 
PHE, SYMMETROID, TANGLECUBE, TETRAHEDRAL SUR- 
FACE, TOGLIATTI SURFACE, TOOTH SURFACE, TRI- 
NOID, UNDULOID, VERONESE SURFACE, VERONESE VaA- 
RIETY, WALLIS’S CONICAL EDGE, WAVE SURFACE, 
WEDGE, WHITNEY UMBRELLA 
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Surface Area 

Surface area is the AREA of a given surface. Roughly 
speaking, it is the “amount” of a surface, and has units 
of distance squares. It is commonly denoted S for a 
surface in 3-D, or A for a region of the plane (in which 
case it is simply called “the” AREA). 


If the surface is PARAMETERIZED using u and v, then 
S= | |Tu x Ty{dudu, (1) 
Ss 


where T,, and T, are tangent vectors and a x b is the 
CROSS PRODUCT. 


The surface area given by rotating the curve y = f(z) 
from « = a to x = 6 about the z-axis is 


S- J "an fla)y/1 + Fal de. (2) 
b 


If z = f(x,y) is defined over a region R, then 


(3) 


where the integral is taken over the entire surface. 


The following tables gives surface areas for some com- 
mon SURFACES. In the first table, S denotes the lateral 
surface, and in the second, T denotes the total surface. 
In both tables, r denotes the Raptius, h the height, p 
the base PERIMETER, and s the SLANT HEIGHT (Beyer 
1987). 
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Surface Ss 
cone wryr? + h? 
conical frustum w(Ri + Ro) (Ri — Re)? + h? 
cube 6a? 
cylinder anrh 
lune 2r76 
oblate spheroid Qra? + xt In (22) 
prolate spheroid Qnb? + 272% sin-1 € 
pyramid ; ps 
pyramidal frustum $ps 
sphere 4nr? 
torus 4n® Rr 
zone 2arh 
Surface T 
cone ar(r + fr? +h?) 
conical frustum (Ri? + Re? 

+(Ri + R2)./(Ri — Ra)? + h?} 
cylinder 2ar(r +h) 


Even simple surfaces can display surprisingly counterin- 
tuitive properties. For instance, the surface of revolu- 
tion of y = 1/z around the «-AxIS for ~ > 1 is called 
GABRIEL’S HORN, and has FINITE VOLUME but INFI- 
NITE surface AREA. 

see also AREA, SURFACE INTEGRAL, SURFACE OF REv- 
OLUTION, VOLUME 
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Surface Integral 
For a SCALAR FUNCTION f over a surface parameterized 
by u and v, the surface integral is given hy 


w= [ tao= fr») [Tu x T,|dudv, = (1) 


where Ty, and T, are tangent vectors and a x b is the 
CROSS PRODUCT. 


For a VECTOR FUNCTION over a surface, the surface 
integral is given by 


o= [eaa= [Pada (2) 
Ss Ss 


= | fedyde fydede +f. dz dy, (3) 
s 


where a:b is a DoT PRODUCT and fi is a unit NORMAL 
VECTOR. If z = f(z, y), then da is given explicitly by 


da 24 (-$38- 5 +8) dx dy. (4) 


If the surface is SURFACE PARAMETERIZED using u and 
v, then 


a= fri x T,) dudv. (5) 


see also SURFACE PARAMETERIZATION 
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Surface Parameterization 
A surface in 3-SPACE can be parameterized by two vari- 
ables (or coordinates) u and v such that 


x= z(u,v) (1) 
y = y(u,v) (2) 
z= z(u,v). (3) 


If a surface is parameterized as above, then the tangent 
VECTORS 


Oz. Oy. Oz, 
tu= at Bu? © Dur (4) 

_ Ox, , Oy. , Oz, 
i= Bon? aot Bue (5) 


are useful in computing the SURFACE AREA and SUR- 
FACE INTEGRAL. 


see also SMOOTH SURFACE, SURFACE AREA, SURFACE 
INTEGRAL 


Surface of Revolution 

A surface of revolution is a SURFACE generated by rotat- 
ing a 2-D CURVE about an axis. The resulting surface 
therefore always has azimuthal symmetry. Examples of 
surfaces of revolution include the APPLE, CONE (exclud- 
ing the base), CONICAL FRUSTUM (excluding the ends), 
CYLINDER (excluding the ends), DARWIN-DE SITTER 
SPHEROID, GABRIEL’S HORN, HYPERBOLOID, LEMON, 
OBLATE SPHEROID, PARABOLOID, PROLATE SPHEROID, 
PSEUDOSPHERE, SPHERE, SPHEROID, and Torus (and 
its generalization, the TOROID). 


The standard parameterization of a surface of revolution 
is given by 


z(u,v) = o(v) cos u (1) 
y(u,v) = o(v) sinu (2) 
z(u,v) = Y(v). (3) 


For a curve so parameterized, the first FUNDAMENTAL 
ForM has 


=~ (4) 
0) (5) 
= g” ao py? . (6) 


Wherever ¢ and ¢’ +” are nonzero, then the surface 
is regular and the second FUNDAMENTAL FORM has 


lol’ r 
f=0 (8) 
g = SRG" = oy") (0) 


e=— 


Surface of Revolution 


Furthermore, the unit NORMAL VECTOR is 


N(u,v) = see) aes (10) 
? Vertu é ’ 


and the PRINCIPAL CURVATURES are 


Ki = a ae eee (11) 
<= v ; (12) 
Bo lel/or7 +9? 
The GAUSSIAN and MEAN CURVATURES are 
_ —y'¢" a gy y" 
R= ~ 0? + 0?) ve 
_ ogy — op") — v'(e? +0”) 
rT CLES UL a 


(Gray 1993). 


PAPPUS’S CENTROID THEOREM gives the VOLUME of a 
solid of rotation as the cross-sectional AREA times the 
distance traveled by the centroid as it is rotated. 


CALCULUS OF VARIATIONS can be used to find the curve 
from a point (21,41) to a point (x2, y2) which, when 
revolved around the z-AxXISs, yields a surface of smallest 
SURFACE AREA A (i.e., the MINIMAL SURFACE). This 
is equivalent to finding the MINIMAL SURFACE passing 
through two circular wire frames. The AREA element is 


dA = 2ryds = Qryy/1 + y? dz, (15) 
so the SURFACE AREA is 
Anan fy l+y” dz, (16) 
and the quantity we are minimizing is 
f=yv1ty”. (17) 


This equation has f, = 0, so we can use the BELTRAMI 
IDENTITY 


=a (18) 
to obtain 


Wy __¢ (19) 


y(l+y”?) —yy? =aV/1lt+y? (20) 
y=aV/lt+y? (21) 


Pe (22) 


Surface of Revolution 


y 2 
=—-1= 23 
- y (23) 

dz 1 a 
= = 24 
dy y’ /y2 ee: ( ) 


= acosh™* (4) +6 (25) 


dy 
r=a 
/y?2 — @? 
y = acosh (=) ; (26) 
a 
which is called a CATENARY, and the surface generated 


by rotating it is called a CATENOID. The two constants 
a and 6 are determined from the two implicit equations 


yi = acosh ("=") (27) 


ya = acosh ("2—*), (28) 


which cannot be solved analytically. 


The general case is somewhat more complicated than 
this solution suggests. To see this, consider the MINIMAL 
SURFACE between two rings of equal RADIUS yo. With- 
out loss of generality, take the origin at the midpoint of 
the two rings. Then the two endpoints are located at 
(—2o, yo) and (xo, yo), and 


—Zo =!) (= =2 
ee ma — * > s 2 
yo = acosh (= = acosh 4 (29) 


But cosh(—ax) = cosh(x), so 


cosh (==) = cosh (===) , (30) 
a a 
Inverting each side 
—2#9 —-b=-a29+ b, (31) 


so 6 = 0 (as it must by symmetry, since we have chosen 
the origin between the two rings), and the equation of 
the MINIMAL SURFACE reduces to 


x 
=acosh{—}. 2 
y = acosh (=) (32) 
At the endpoints 


yo = acosh (=) ; (33) 
a 


Surface of Revolution 1765 
but for certain values of ro and yo, this equation has 
no solutions. The physical interpretation of this fact is 
that the surface breaks and forms circular disks in each 
ting to minimize AREA. CALCULUS OF VARIATIONS can- 
not be used to find such discontinuous solutions (known 
in this case as GOLDSCHMIDT SOLUTIONS). The mini- 
mal surfaces for several choices of endpoints are shown 
above. The first two cases are CATENOIDS, while the 
third case is a GOLDSCHMIDT SOLUTION. 


To find the maximum value of xo/yo at which CATE- 
NARY solutions can be obtained, let p = 1/a. Then (31) 
gives 

yop = cosh(pzo). (34) 
Now, denote the maximum value of x9 as xj. Then it 
will be true that dxzo/dp = 0. Take d/dp of (34), 


yo = sinh(pzo) (= +p) . (35) 


Now set dxo/dp = 0 


yo = Zo sinh(pz9). (36) 
From (34), 

pyo” = cosh(pzo"). (37) 
Take (37) + (36), 

pxg = coth(pzo). (38) 


Defining u = pxo", 
u = cothu. (39) 


This has solution u = 1.1996789403.... From (36), 
yop = coshu. Divide this by (39) to obtain yo/ro = 
sinh u, so the maximum possible value of r9/yo is 


70 = esch u = 0.6627434193.... (40) 
Yo 


Therefore, only Goldschmidt ring solutions exist for 
zto/Yyo > 0.6627.... 


The SURFACE AREA of the minimal CATENOID surface 


is given by 
zo 
A= 2m) f y 
0 


y= Vi+y?a (42) 
y = acosh (=) : (43) 


1+y"? dz, (41) 


but since 
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zo zo 
A= a y’ dz = ana f cosh? (=) dx 
0 


zo 
= ara [ 3 [cosh (=) + 1] dx 
: a 


zo 
=a? [sin (=) + =] 
a alo 


= ra? {sinh (722) + *20] ‘ (44) 


Some caution is needed in solving (33) for a. If we take 
Zo = 1/2 and yo = 1 then (33) becomes 


1 
1 = acosh (=-) ‘ (45) 
which has two solutions: a, = 0.2350... (“deep”), and 
a2 = 0.8483... (“flat”). However, upon plugging these 
into (44) with zo = 1/2, we find Ai = 6.8456... and 
Ay = 5.9917.... So Ai is not, in fact, a local minimum, 
and A2 is the only true minimal solution. 


The SURFACE AREA of the CATENOID solution equals 
that of the GOLDSCHMIDT SOLUTION when (44) equals 
the AREA of two disks, 


ma” [sinh (22) + =| = Qryo” (46) 
a a 
a? [2 sinh (=) cosh (=) + =| — 2yo? = (47) 
a a a 
a’ eos (=) cosh? (=) -1+ =] — yo =0 
a a 
(48) 
Plugging in 
Yo ~ cosh (=) ; (49) 
a a 
2 2 
x (*) ~1+cosh™* (*) & (#) =0. (50) 
a a a a 
Defining 
=> Yo 
LS (51) 
gives 


ur/u? —1+ cosh? u—u? = 0. (52) 


Surface of Revolution 


This has a solution wu = 1.2113614259. The value of 
zto/yo for which 


Acatenary _ Ag disks (53) 
is therefore 


bo _ 32 _ cosh”? (I) _ coohty 


= 0.5276973967. 
(54) 


For to/yo € (0.52770, 0.6627), the CATENARY solution 
has larger AREA than the two disks, so it exists only as 
a RELATIVE MINIMUM. 


There also exist solutions with a disk (of radius r) be- 
tween the rings supported by two CATENOIDS of rev- 
olution. The AREa is larger than that for a simple 
CATENOID, but it is a RELATIVE MINIMUM. The equa- 
tion of the POSITIVE half of this curve is 


y = ci cosh (= + ca) : (55) 
cy 
At (0,7), 
r = ci cosh(cs3). (56) 
At (xo, yo); 
ro 
Yo = C1 cosh (= + ce) . (57) 
1 


The AREA of the two CATENOIDS is 


zg 4 £Q 
Acatenoids = 2(am) f y V 1 + yl"? dz = = ) y dz 
0 1 Jo 
20) 
= 4c, | cosh” (= + ca) dz. (58) 
0 C1 


Now let u = x/c1 +3, so du = dz/cy 


to/t1+c3 
A= anes? f cosh? udu 


£3 


- 
2 


2o/xy+c3 
i) [cosh(2u) + 1] du 


c3 
eo/it+e3 


= 2ne;” |} sinh(2u) + u] 


eg 
= Qn" {3 sinh [2 (2 + ca) _ 3 sinh(2c3) + =} 
Cl C1 
2 
= re {sinh [2 (= + ca) _ sinh(2c3)} + ca 
C1 Ci 
(59) 


The AREA of the central Disk is 


2 2 
Adisk = 7r? = mc," cosh? 3, (60) 


Surface of Revolution 


so the total AREA is 


A=" {sinh [2 (= + cs) 
C1 


ete (cosh? ca — sinh(2cs)| + “o\ ‘ (61) 
1 


By PLATEAU’s LAWS, the CATENOIDS meet at an AN- 
GLE of 120°, so 


tan 30° = #] = [sinh (= + cs) 
dz a2=0 C1 2x0 


= sinhe3; = —= 62 
ana, (62) 
and 
1 
c3 = sinh * ( —}. 63 
(Ga) 68) 
This means that 
cosh” cz — sinh(2c3) 
= (1 + sinh? cs] — 2 sinh cg V1 + sinh? cg 
1 i 
=(1 1)-2(4) 1+3 
4 2 2 
=> - mee =I, 64 
3” ava (64) 
so 
A= ne? {sinh [2 (22 +c0)] + 22}. (65) 
Ci C1 


Now examine 20/Yo, 


ie zo Zo 
0 cy e1 

== = = uscch({u + c3 66 
Yo e cosh (22 + cs) ( Jes A8) 


where u = ro/ci. Finding the maximum ratio of zo/yo 
gives 


i (2) = sech(u+c3)—utanh(u+cs) sech(u+c3) = 0 
du \ yo 
67) 
68) 


=~ 


utanh(u+ cs) = 1, 


with cz = sinh7'(1//3) as given above. The solu- 
tion is u = 1.0799632187, so the maximum value of 
zo/yo for two CATENOIDS with a central disk is yo = 
0.4078241702. 


If we are interested instead in finding the curve from a 
point (71, y1) to a point (x2, yz) which, when revolved 
around the y-AXIS (as opposed to the z-AxIs), yields 
a surface of smallest SURFACE AREA A, we proceed as 
above. Note that the solution is physically equivalent 
to that for rotation about the z-Ax1is, but takes on a 
different mathematical form. The AREA element is 


dA = 2nzds = Qna/1 + yl? dex (69) 


Surface of Revolution 1767 
Ante fs 14+ y? dz, (70) 
and the quantity we are minimizing is 
f=aeVit+y”. (71) 
Taking the derivatives gives 
of = 0 (72) 


Oy 


d Of _ 4 ay’ (73) 
dz Oy’ = dx [T+ yi?) 


so the EULER-LAGRANGE DIFFERENTIAL EQUATION be- 
comes 


Of dad Of _d zy’ wc (74) 
Oy dxdy' dz [V+ y? ; 


ry 

ee ae EE 75 

rar (75) 

ay”? = a? (1 ete y”) (76) 

y(a? — a?) = a (77) 
dy a 

i a (78) 


= dx = —~1 x 
yaa f 2 +b = acosh (=) +0. (79) 


Solving for z then gives 


x = acosh (X=) : (80) 


which is the equation for a CATENARY. The SURFACE 
AREA of the CATENOID product by rotation is 


/ 2 
A=tn fe TF vdeo =n f 2 1+—" de 
x? -a 


Lr 
=2n | Tatas caer i (2? — a?) + a? dx 
2 x* dz 
wae 

2 r2 

= [fv e + Sin(os a @)| 
21 
= ; [tev Te2 = a? —~ 711 a2 —a? 
iy | eS (81) 
ti + Vv212 - a? 


Isenberg (1992, p. 80) discusses finding the MINIMAL 
SURFACE passing through two rings with axes offset from 
each other. 
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see also APPLE, CATENOID, CONE CONICAL FRUSTUM, 
CYLINDER, DARWIN-DE SITTER SPHEROID, EIGHT 
SURFACE, GABRIEL’S HORN, HYPERBOLOID, LEMON, 
MERIDIAN, OBLATE SPHEROID, PAPPUS’S CENTROID 
THEOREM, PARABOLOID, PARALLEL (SURFACE OF 
REVOLUTION), PROLATE SPHEROID, PSEUDOSPHERE, 
SINCLAIR’S SOAP FILM PROBLEM, SOLID OF REVOLU- 
TION, SPHERE, SPHEROID, TOROID, TORUS 
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Surface of Section 

A surface (or “space”) of section is a way of presenting a 
trajectory in n-D PHASE SPACE in an (n — 1)-D SPACE. 
By picking one phase element constant and plotting the 
values of the other elements each time the selected el- 
ement has the desired value, an intersection surface is 
obtained. If the equations of motion can be formulated 
as a MAP in which an explicit FORMULA gives the values 
of the other elements at successive passages through the 
selected element value, the time required to compute the 
surface of section is greatly reduced. 


see also PHASE SPACE 


Surgery 

In the process of attaching a k-HANDLE to a MANI- 
FOLD M, the BOUNDARY of M is modified by a process 
called (k — 1)-surgery. Surgery consists of the removal 
of a TUBULAR NEIGHBORHOOD of a (k — 1)-SPHERE 
S*~? from the BOUNDARIES of M and the dim(M) — 1 
standard SPHERE, and the gluing together of these two 
scarred-up objects along their common BOUNDARIES. 
see also BOUNDARY, DEHN SURGERY, HANDLE, MANI- 
FOLD, SPHERE, TUBULAR NEIGHBORHOOD 


Surjection 
An ONTO (SURJECTIVE) Map. 


see also BIJECTION, INJECTION, ONTO 


Surjective 
see ONTO 


Surprise Examination Paradox 
see UNEXPECTED HANGING PARADOX 


Survivorship Curve 


Surreal Number 

The most natural collection of numbers which includes 
both the REAL NUMBERS and the infinite ORDINAL 
NUMBERS of Georg Cantor. They were invented by John 
H. Conway in 1969. Every REAL NUMBER is surrounded 
by surreals, which are closer to it than any REAL NUM- 
BER. Knuth (1974) describes the surreal numbers in a 
work of fiction. 


The surreal numbers are written using the NOTATION 
{a|b}, where {|} = 0, {0|} = 1 is the simplest number 
greater than 0, {1|} = 2 is the simplest number greater 
than 1, etc. Similarly, {|0} = —1 is the simplest number 
less than 1, etc. However, 2 can also be represented by 
{1]3}, {3/24}, {1|w}, ete. 

see also OMNIFIC INTEGER, ORDINAL NUMBER, REAL 
NUMBER 


References 

Berlekamp, E. R.; Conway, J. H.; and Guy, R. K. Winning 
Ways, For Your Mathematical Plays, Vol. 1: Games in 
General. London: Academic Press, 1982. 

Conway, J. H. On Numbers and Games. New York: Aca- 
demic Press, 1976. 

Conway, J. H. and Guy, R. K. The Book of Numbers. New 
York: Springer-Verlag, pp. 283-284, 1996. 

Conway, J. H. and Jackson, A. “Budding Mathematician 
Wins Westinghouse Competition.” Not. Amer. Math. Soc. 
43, 776-779, 1996. 

Gonshor, H. An Introduction to Surreal Numbers. Cam- 
bridge: Cambridge University Press, 1986. 

Knuth, D. Surreal Numbers: How Two Ezx-Students Turned 
on to Pure Mathematics and Found Total Happiness. 
Reading, MA: Addison-Wesley, 1974. http://www-cs- 
faculty.stanford.edu/-knuth/sn.html. 


Surrogate 

Surrogate data are artificially generated data which 
mimic statistical properties of real data. Isospectral 
surrogates have identical POWER SPECTRA as real data 
but with randomized phases. Scrambled surrogates have 
the same probability distribution as real data, but with 
white noise POWER SPECTRA. 


see also POWER SPECTRUM 
Surveying Problems 
see HANSEN’S PROBLEM, SNELLIUS-POTHENOT PROB- 


LEM 


Survivorship Curve 


1, dog scale) 


Suslin’s Theorem 


Plotting 1, from a LIFE EXPECTANCY table on a loga- 
rithmic scale versus x gives a curve known as a survivor- 
ship curve. There are three general classes of survivor- 
ship curves, illustrated above. 


1. Type I curves are typical of populations in which 
most mortality occurs among the elderly (e.g., hu- 
mans in developed countries). 


2. Type II curves occur when mortality is not depen- 
dent on age (e.g., many species of large birds and 
fish). For an infinite type II population, e9 = e1 = 
..., but this cannot hold for a finite population. 

3. Type III curves occur when juvenile mortality is ex- 
tremely high (e.g., plant and animal species produc- 
ing many offspring of which few survive). In type 
III populations, it is often true that ei41 > e; for 
small i. In other words, life expectancy increases for 
individuals who survive their risky juvenile period. 


see also LIFE EXPECTANCY 


Suslin’s Theorem 

A SET in a POLISH SPACE is a BOREL SET IFF it is both 
ANALYTIC and COANALYTIC. For subsets of w, a set is 
6} IrF it is “hyperarithmetic.” 

see also ANALYTIC SET, BOREL SET, COANALYTIC SET, 
POLISH SPACE 


Suspended Knot 

An ordinary KNOT in 3-D suspended in 4-D to create a 
knotted 2-sphere. Suspended knots are not smooth at 
the poles. 


see also SPUN KNOT, TWIST-SPUN KNOT 


Suspension 
The JOIN of a TOPOLOGICAL SPACE X and a pair of 
points S°, 5(X) = X « $°. 


see also JOIN (SPACES), TOPOLOGICAL SPACE 
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Suzanne Set 
The nth Suzanne set S,, is defined as the set of COMPOS- 
ITE NUMBERS 2 for which n|S(x) and n|S,(x), where 


z= ag +a1(10') +... + a4(10%) = pip2-+- Pn, 


and 


Swastika 1769 
Every Suzanne set has an infinite number of elements. 
The Suzanne set S, is a superset of the MONICA SET 
Mn. 


see also MONICA SET 
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Suzuki Group 
The SPORADIC GROUP Suz. 
References 


Wilson, R. A. “ATLAS of Finite Group Representation.” 
http: //for.mat.bham.ac.uk/atlas/Suz.html. 


Swallowtail Catastrophe 


A CATASTROPHE which can occur for three control fac- 
tors and one behavior axis. The equations 


= uv? + 3v* 
y= —2uv — Av® 


zZz=>U 


display such a catastrophe (von Seggern 1993, Nord- 
strand). The above surface uses u € [—2,2] and v € 


[—0.8, 0.8}. 
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Swastika 


An irregular ICOSAGON, also called the gammadion or 
fylfot, which symbolized good luck in ancient Arabic and 
Indian cultures. In more recent times, it was adopted as 
the symbol of the Nazi Party in Hitler’s Germany and 
has thence come to symbolize anti-Semitism. 


see also CROSS, DISSECTION 


1770 Swastika Curve 


Swastika Curve 


The plane curve with Cartesian equation 


y-v = zy 
and polar equation 


2 sin 0 cos 6 


sin* 9 — cos* 9 


References 
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Sweep Signal 


The general function 


y(a, b, c,d) = csin { = 


References 
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Swinnerton-Dyer Conjecture 

In the early 1960s, B. Birch and H. P. F. Swinnerton- 
Dyer conjectured that if a given ELLIPTIC CURVE has 
an infinite number of solutions, then the associated D- 
function has value 0 at a certain fixed point. In 1976, 
Coates and Wiles showed that elliptic curves with COM- 
PLEX multiplication having an infinite number of solu- 
tions have L-functions which are zero at the relevant 
fixed point (COATES-WILES THEOREM), but they were 
unable to prove the converse. V. Kolyvagin extended 
this result to modular curves. 


see also COATES-WILES THEOREM, ELLIPTIC CURVE 
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Sylow Theorems 


Swinnerton-Dyer Polynomial 

The minimal POLYNOMIAL Sp,(z) whose ROOTS are 
sums and differences of the SQUARE ROOTS of the first 
n PRIMES, 


Sa(z) = [[(@+ v24V382Ve2...+ Vpn). 
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Swirl 


A swirl is a generic word to describe a function having 
arcs which double back swirl around each other. The 
plots above correspond to the function 


f(r, 9) = sin(6 cos r — n@) 


forn=0,1,..., 5. 
see also DAISY, WHIRL 


Sylow p-Subgroup 

If p* is the highest POWER of a PRIME p dividing the 
ORDER of a finite GROUP G, then a SUBGROUP of G of 
OrpER p* is called a Sylow p-subgroup of G. 


see also ABHYANKAR’S CONJECTURE, SUBGROUP, Sy- 
LOW THEOREMS 


Sylow Theorems 
Let p be a PRIME NUMBER, G a GROUP, and |G| the 
order of G. 


1. If p divides |G|, then G has a SYLOW p-SUBGROUP. 


2. In a FINITE GROUP, all the SYLOW p-SUBGROUPS 
are isomorphic for some fixed p. 


3. The number of SYLOW p-SUBGROUPS for a fixed p is 
CONGRUENT to 1 (mod p). 


Sylvester Cyclotomic Number 


Sylvester Cyclotomic Number 

Given a LucAS SEQUENCE with parameters P and Q, 
discriminant D 4 0, and roots a and §, the Sylvester 
cyclotomic numbers are 


Qn = [[(e-¢"4), 


r 


¢ = cos (=) +isin (=) 


is a PRIMITIVE ROOT OF UNITY and the product is 
over all exponents r RELATIVELY PRIME to n such that 
r € [1,n). 

see also LUCAS SEQUENCE 


where 


References 
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Sylvester’s Determinant Identity 


[A] |Ars,pal = |Ay,p| jAs,q| — |Ara| |As,pl; 


where Au,w is the submatrix of A formed by the inter- 
section of the subset w of columns and wu of rows. 


Sylvester’s Four-Point Problem 

Let q(R) be the probability that four points chosen at 
random in a region R have a CONVEX HULL which is 
a QUADRILATERAL. For an open, convex subset of the 
PLANE of finite AREA, 


ae = 0.704. 


~w 2 fsx 
0.667 © § < a(R) 1-55 
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Sylvester Graph 
The Sylvester graph of a configuration is the set of OR- 
DINARY POINTS and ORDINARY LINES. 


see also ORDINARY LINE, ORDINARY POINT 
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Sylvester’s Inertia Law 

The numbers of EIGENVALUES that are POSITIVE, NEG- 
ATIVE, or 0 do not change under a congruence trans- 
formation. Gradshteyn and Ryzhik (1979) state it as 
follows: when a QUADRATIC FORM Q in n variables is 
reduced by a nonsingular linear transformation to the 
form 

Q= yn tye? +... 4+ Up) — Post” — Up, — 6 Ur 

the number p of POSITIVE SQUARES appearing in the 


reduction is an invariant of the QUADRATIC FORM Q 
and does not depend on the method of reduction. 


see also EIGENVALUE, QUADRATIC FORM 
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Sylvester’s Line Problem 

It is not possible to arrange a finite number of points so 
that a LINE through every two of them passes through 
a third, unless they are all on a single LINE. 


see also COLLINEAR, SYLVESTER’S FOUR-POINT PROB- 
LEM 


Sylvester Matrix 

For POLYNOMIALS of degree m and n, the Sylvester ma- 
trix is an (m+n) x (m+n) matrix whose DETERMINANT 
is the RESULTANT of the two POLYNOMIALS. 


see also RESULTANT 


Sylvester’s Sequence 
The sequence defined by eo = 2 and the RECURRENCE 
RELATION 


n—1 


€n =1+ Ile =en-17 —en-i t 1. (1) 

i=0 
This sequence arises in Euclid’s proof that there are an 
INFINITE number of PRIMES. The proof proceeds by 


constructing a sequence of PRIMES using the RECUR- 
RENCE RELATION 


Cnt1 = €€1++-en +1 (2) 
(Vardi 1991). Amazingly, there is a constant 
E = 1.264084735306 (3) 


such that 


es jer" ee Al (4) 
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(Vardi 1991, Graham et al. 1994). The first few numbers 
in Sylvester’s sequence are 2, 3, 7, 43, 1807, 3263443, 
10650056950807, ... (Sloane’s A000058). The en satisfy 


a =t (5) 


In addition, if 0 < z < 1 is an IRRATIONAL NUMBER, 
then the nth term of an infinite sum of unit fractions 
used to represent xz as computed using the GREEDY AL- 
GORITHM must be smaller than 1/en. 


The n of the first few PRIME e, are 0, 1, 2, 3, 5, .... 
Vardi (1991) gives a lists of factors less than 5 x 10” of 
en for n < 200 and shows that e, is COMPOSITE for 
6 <n < 17. Furthermore, all numbers less than 2.5 x 
1075 in Sylvester’s sequence are SQUAREFREE, and no 
SQUAREFUL numbers in this sequence are known (Vardi 
1991). 


see also EUCLID’S THEOREMS, GREEDY ALGORITHM, 
SQUAREFREE, SQUAREFUL 
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Sylvester’s Signature 
Diagonalize a form over the RATIONALS to 


diag[p* - A,p”- B,...], 


where all the entries are INTEGERS and A, B, ...are 
RELATIVELY PRIME to p. Then Sylvester’s signature is 
the sum of the —1-parts of the entries. 


see also p-SIGNATURE 


Sylvester’s Triangle Problem 
The resultant of the vectors represented by the three 
RADI from the center of a TRIANGLE’S CIRCUMCIRCLE 
to its VERTICES is the segment extending from the CIR- 
CUMCENTER to the ORTHOCENTER. 


see also CIRCUMCENTER, CIRCUMCIRCLE, ORTHOCEN- 
TER, TRIANGLE 


References 

Dorrie, H. 100 Great Problems of Eiementary Mathematics: 
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Symmetric Function 


Symbolic Logic 

The study of the meaning and relationships of state- 
ments used to represent precise mathematical ideas. 
Symbolic logic is also called FORMAL LOGIC. 


see also FORMAL Locic, LoGic, METAMATHEMATICS 


References 
Carnap, R. Introduction to Symbolic Logic and Its Applica- 
tions. New York: Dover, 1958. 


Symmedian Line 

The lines ISOGONAL to the MEDIANS of a TRIANGLE 
are called the triangle’s symmedian lines. The symme- 
dian lines are concurrent in a point called the LEMOINE 
POINT. 


see also ISOGONAL CONJUGATE, LEMOINE POINT, ME- 
DIAN (TRIANGLE) 


References 

Johnson, R. A. Modern Geometry: An Elementary Treatise 
on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 213-218, 1929. 


Symmedian Point 
see LEMOINE POINT 


Symmetric 

A quantity which remains unchanged in SIGN when in- 
dices are reversed. For example, Ai; = a; + a; is sym- 
metric since Ajj = Aji. 

see also ANTISYMMETRIC 


Symmetric Block Design 

A symmetric design is a BLOCK DESIGN (v, k, A, r, 6) 
with the same number of blocks as points, so b = v (or, 
equivalently, r = k). An example of a symmetric block 
design is a PROJECTIVE PLANE. 


see also BLOCK DESIGN, PROJECTIVE PLANE 


References 

Dinitz, J. H. and Stinson, D. R. “A Brief Introduction to 
Design Theory.” Ch. 1in Contemporary Design Theory: A 
Collection of Surveys (Ed. J. H. Dinitz and D. R. Stinson). 
New York: Wiley, pp. 1-12, 1992. 


Symmetric Design 
see SYMMETRIC BLOCK DESIGN 


Symmetric Function 

A symmetric function on n variables 41, ..., In is a 
function that is unchanged by any PERMUTATION of its 
variables. In most contexts, the term “symmetric func- 
tion” refers to a polynomial on 7 variables with this fea- 
ture (more properly called a “symmetric polynomial”). 
Another type of symmetric functions is symmetric ra- 
tional functions, which are the RATIONAL FUNCTIONS 
that are unchanged by PERMUTATION of variables. 


Symmetric Group 


The symmetric polynomials (respectively, symmetric ra- 
tional functions) can be expressed as polynomials (re- 
spectively, rational functions) in the ELEMENTARY SYM- 
METRIC FUNCTIONS. This is called the FUNDAMENTAL 
THEOREM OF SYMMETRIC FUNCTIONS. 


A function f(z) is sometimes said to be symmetric about 
the y-Axis if f(—z) = f(x). Examples of such func- 
tions include || (the ABSOLUTE VALUE) and 2? (the 
PARABOLA). 


see also ELEMENTARY SYMMETRIC FUNCTION, FUNDA- 
MENTAL THEOREM OF SYMMETRIC FUNCTIONS, Ra- 
TIONAL FUNCTION 


References 
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ric Function Identities.” §1.7 in A=B. Wellesley, MA: 
A. K. Peters, pp. 12-13, 1996. 


Symmetric Group 

The symmetric group S, of DEGREE n is the GROUP 
of all PERMUTATIONS on n symbols. S, is therefore of 
ORDER n! and contains as SUBGROUPS every GROUP of 
ORDER n. The number of CONJUGACY CLASSES of Sy 
is given by the PARTITION FUNCTION P. 


NETTO’S CONJECTURE states that the probability that 
two elements P, and P2 of a symmetric group generate 
the entire group tends to 3/4 as n — oo. This was 
proven by Dixon in 1967. 


see also ALTERNATING GROUP, CONJUGACY CLASS, 
FINITE GROUP, NETTO’S CONJECTURE, PARTITION 
FUNCTION P, SIMPLE GROUP 
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Symmetric Matrix 

A symmetric matrix is a SQUARE MATRIX which sat- 
isfiee AT = A where A’ denotes the TRANSPOSE, so 
Aig = Aji- This also implies 


A“tAT =I, (1) 


where | is the IDENTITY MATRIX. Written explicitly, 


@ii-- 12 Gin 
Q21 22 Q2n 

; (2) 
anl an2 set Onn 


The symmetric part of any MATRIX may be obtained 
from 


A, =i(A+A’). (3) 
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A Matrix A is symmetric if it can be expressed in the 
form 


A= QDQ’*, (4) 


where Q is an ORTHOGONAL MATRIX and D is a Dt- 
AGONAL MATRIX. This is equivalent to the MATRIX 


equation 
AQ=QD, (5) 


which is equivalent to 
AQn — AnQn (6) 


for all n, where An = Dnn. Therefore, the diagonal ele- 
ments of D are the EIGENVALUES of A, and the columns 
of Q are the corresponding EIGENVECTORS. 


see also ANTISYMMETRIC MATRIX, SKEW SYMMETRIC 
MATRIX 
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Symmetric Points 

Two points z and z* € C* are symmetric with respect to 
a CIRCLE or straight LINE L if all CIRCLES and straight 
LINES passing through z and z® are orthogonal to L. 
MOBIUS TRANSFORMATIONS preserve symmetry. Let a 
straight line be given by a point zo and a unit VECTOR 
e? then 


S _ 240 


2” =e" (z— 2)" + 20. 


Let a CIRCLE be given by center z and RADIUS r, then 


r2 


Ss 
z° =z + ——_. 
(z — 20)* 


see also MOBIUS TRANSFORMATION 


Symmetric Relation 
A RELATION R on a SET S is symmetric provided that 
for every x and y in S we have zRy IFF yRz. 


see also RELATION 


Symmetric Tensor 
A second-RANK symmetric TENSOR is defined as a TEN- 
sor A for which 

A eS A. (1) 


Any TENSOR can be written as a sum of symmetric and 
ANTISYMMETRIC parts 


Am ii 3(A™” +A"™) + 3(A™ ~ A") 
= 3(Bs™" + Ba™”). (2) 


The symmetric part of a TENSOR is denoted by paren- 
theses as follows: 


Tra,b) = 3 (Tas + Tha) (3) 
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1 
J Pepe rarer re = ni S 


permutations 


Tete, 1G) 


The product of a symmetric and an ANTISYMMETRIC 
TENSOR is 0. This can be seen as follows. Let a** be 
ANTISYMMETRIC, so 

a — a2? —0 (5) 

sere (6) 
Let bag be symmetric, so 

bi2 = ba. (7) 

Then 


a” bag = a'b,, + abi + a7 bat + a72be2 
=0+a)*bi2 — a'7bi2 +0 =0. (8) 


A symmetric second-RANK TENSOR Amn has SCALAR 
invariants 


81 = Ay. + Azz + Are (9) 
82 = Ago A33 + A33A11 + Ai1A22 ~— Aa3” 
+ Ag,” —Arg’: (10) 
Symmetroid 


A QUARTIC SURFACE which is the locus of zeros of the 
DETERMINANT of a SYMMETRIC 4 x 4 matrix of linear 
forms. A general symmetroid has 10 ORDINARY Dou- 
BLE POINTS (Jessop 1916, Hunt 1996). 
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Symmetry 

An intrinsic property of a mathematical object which 
causes it to remain invariant under certain classes of 
transformations (such as ROTATION, REFLECTION, IN- 
VERSION, or more abstract operations). The mathemat- 
ical study of symmetry is systematized and formalized 
in the extremely powerful and beautiful AREA of math- 
ematics called GROUP THEORY. 


Symmetry can be present in the form of coefficients of 
equations as well as in the physical arrangement of ob- 
jects. By classifying the symmetry of polynomial equa- 
tions using the machinery of GROUP THEORY, for ex- 
ample, it is possible to prove the unsolvability of the 
general QUINTIC EQUATION. 


Symmetry Operation 


In physics, an extremely powerful theorem of Noether 
states that each symmetry of a system leads to a phys- 
ically conserved quantity. Symmetry under TRANSLA- 
TION corresponds to momentum conservation, symme- 
try under ROTATION to angular momentum conserva- 
tion, symmetry in time to energy conservation, etc. 


see also GROUP THEORY 
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Symmetry Group 
see GROUP 


Symmetry Operation 

Symmetry operations include the IMPROPER ROTATION, 
INVERSION OPERATION, MIRROR PLANE, and ROTA- 
TION. ‘Together, these operations create 32 crystal 
classes corresponding to the 32 POINT GROUPS. 


The INVERSION OPERATION takes 


(z, y z) 7 (-2, —Y ~z) 


and is denoted i. When used in conjunction with a Ro- 
TATION, it becomes an IMPROPER ROTATION. An Im- 
PROPER ROTATION by 360°/n is denoted 7 (or S,). For 
periodic crystals, the CRYSTALLOGRAPHY RESTRICTION 
allows only the IMPROPER ROTATIONS 1, 2, 3, 4, and 6. 


The MIRROR PLANE symmetry operation takes 


(x,y; z) =e, (x, yy 2), (x, TY z) = (z, —~Yy z), 


etc., which is equivalent to 2. Invariance under reflection 
can be denoted no, or non. The ROTATION symmetry 
operation for 360°/n is denoted n (or C,,). For periodic 
crystals, CRYSTALLOGRAPHY RESTRICTION allows only 
1, 2, 3, 4, and 6. 


Symmetry operations can be indicated with symbols 
such as Cyn, Sn, FE, i, noy, and non. 


1. C, indicates ROTATION about an n-fold symmetry 
axis. 


2. Sy, indicates IMPROPER ROTATION about an n-fold 
symmetry axis. 


3. E (or I) indicates invariance under TRANSLATION. 


4. 7 indicates a center of symmetry under INVERSION. 


Symmetry Principle 


5. Noy indicates invariance under n vertical REFLEC- 
TIONS. 


6. no», indicates invariance under n horizontal REFLEC- 
TIONS. 


see also CRYSTALLOGRAPHY RESTRICTION, IMPROPER 
ROTATION, INVERSION OPERATION, MIRROR PLANE, 
POINT Groups, ROTATION, SYMMETRY 


Symmetry Principle 
SYMMETRIC POINTS are preserved under a MOBIUS 
TRANSFORMATION. 


see also MOBIUS 
POINTS 


TRANSFORMATION, SYMMETRIC 


Symplectic Diffeomorphism 

A Map T : (Mi,w1) > (M2,w2) between the SyM- 
PLECTIC MANIFOLDS (Mi,w1) and (M2,w2) which is a 
DIFFEOMORPHISM and T"(w2) = wi (where IT” is the 
PULLBACK MapP induced by T’, i.e., the derivative of 
the DIFFEOMORPHISM T' acting on tangent vectors). A 
symplectic diffeomorphism is also known as a SYMPLEC- 
TOMORPHISM or CANONICAL TRANSFORMATION. 


see also DIFFEOMORPHISM, PULLBACK MAP, SYMPLEC- 
TIC MANIFOLD 
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Symplectic Form 

A symplectic form on a SMOOTH MANIFOLD M is a 
smooth closed 2-FORM w on M which is nondegenerate 
such that at every point m, the alternating bilinear form 
wr, on the TANGENT SPACE T,,,M is nondegenerate. 


A symplectic form on a VECTOR SPACE V over Fy is 
a function f(x,y) (defined for all z,y € V and taking 
values in Fy) which satisfies 


J(Arai + Agta, y) — Aif(x1,y) + A2f (2,9), 


f(y.) a —f(z,y), 


and 
f(x,z) = 0. 


Symplectic forms can exist on M (or V) only if M (or 
V) is EVEN-dimensional. 


Symplectic Group 

The symplectic group Sp,,(q) for n EVEN is the GROUP 
of elements of the GENERAL LINEAR GROUP GL, that 
preserve a given nonsingular SYMPLECTIC FORM. Any 
such MATRIX has DETERMINANT 1. 


see also GENERAL LINEAR GROUP, LIE-TYPE GROUP, 
PROJECTIVE SYMPLECTIC GROUP, SYMPLECTIC FORM 
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Symplectic Manifold 

A pair (M,w), where M is a MANIFOLD and w is a 
SYMPLECTIC FORM on M. The PHase SPACE R*” = 
R” x R” is a symplectic manifold. Near every point 
on a symplectic manifold, it is possible to find a set of 
local “Darboux coordinates” in which the SYMPLECTIC 
FORM has the simple form 


w= dan A dpe 
k 


(Sjamaar 1996), where dq, Adp; is a WEDGE PRODUCT. 


see also MANIFOLD, SYMPLECTIC DIFFEOMORPHISM, 
SYMPLECTIC FORM 
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Symplectic Map 

A Map which preserves the sum of AREAS projected 
onto the set of (pi, qi) planes. It is the generalization of 
an AREA-PRESERVING MAP. 


see also AREA-PRESERVING Map, LIOUVILLE’S PHASE 
SPACE THEOREM 


Symplectomorphism 
see SYMPLECTIC DIFFEOMORPHISM 


Synclastic 

A surface on which the GAUSSIAN CURVATURE K is ev- 
erywhere POSITIVE. When K is everywhere NEGATIVE, 
a surface is called ANTICLASTIC. A point at which the 
GAUSSIAN CURVATURE is POSITIVE is called an ELLIP- 
Tic POINT. 


see also ANTICLASTIC, ELLIPTIC POINT, GAUS- 
SIAN QUADRATURE, HYPERBOLIC POINT, PARABOLIC 
POINT, PLANAR POINT 


Synergctics 

Synergetics deals with systems composed of many sub- 
systems which may each be of a very different nature. 
In particular, synergetics treats systems in which co- 
operation among subsystems creates organized struc- 
ture on macroscopic scales (Haken 1993). Examples 
of problems treated by synergetics include BIFURCA- 
TIONS, phase transitions in physics, convective instabili- 
ties, coherent oscillations in lasers, nonlinear oscillations 
in electrical circuits, population dynamics, etc. 


1776 Synthesized Beam 


see also BIFURCATION, CHAOS, DYNAMICAL SYSTEM 
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Synthesized Beam 
see DIRTY BEAM 


Syntonic Comma 
see COMMA OF DIDYMUS 


Syracuse Algorithm 
see COLLATZ PROBLEM 


Syracuse Problem 
see COLLATZ PROBLEM 


System of Differential Equations 
see ORDINARY DIFFERENTIAL EQUATION 


System of Equations 
Let a linear system of equations be denoted 


AX = Y, (1) 


where A is a MATRIX and X and Y are VECTORS. As 
shown by CRAMER’S RULE, there is a unique solution if 
A has a MATRIX INVERSE A7?. In this case, 


X=A7ly, (2) 


If Y = 0, then the solution is X = 0. If A has no Ma- 
TRIX INVERSE, then the solution SUBSPACE is either a 
LINE or the Empty SET. If two equations are multiples 
of each other, solutions are of the form 


X=A+1B, (3) 


for t a REAL NUMBER. 
see also CRAMER’S RULE, MATRIX INVERSE 


Syzygies Problem 
The problem of finding all independent irreducible alge- 
braic relations among any finite set of QUANTICS. 


see also QUANTIC 


Szilassi Polyhedron 


Syzygy 
A technical mathematical object defined in terms of a 
POLYNOMIAL RING of n variables over a FIELD k. 


see also FUNDAMENTAL SYSTEM, HILBERT BASIS THE- 
OREM, SYZYGIES PROBLEM 


References 

Hilbert, D. “Uber die Theorie der algebraischen Formen.” 
Math. Ann. 36, 473-534, 1890. 

Iyanaga, 5. and Kawada, Y. (Eds.). “Syzygy Theory.” §364F 
in Encyclopedic Dictionary of Mathematics. Cambridge, 
MA: MIT Press, p. 1140, 1980. 


Szilassi Polyhedron 


A POLYHEDRON which is topologically equivalent to a 
TORUS and for which every pair of faces has an EDGE in 
common. This polyhedron was discovered by L. Szilassi 
in 1977. Its SKELETON is equivalent to the seven-color 
torus map illustrated below. 


Szpiro’s Conjecture 


The Szilassi polyhedron has 14 VERTICES, seven faces, 
and 21 EDGES, and is the DUAL POLYHEDRON of the 
CsAsSzAR POLYHEDRON. 


see also CSASZAR POLYHEDRON, TOROIDAL POLYHE- 
DRON 
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Szpiro’s Conjecture 

A conjecture which relates the minimal DISCRIMINANT 
of an ELLIPTIC CURVE to the CONDUCTOR. If true, it 
would imply FERMAT’s LAST THEOREM for sufficiently 
large exponents. 


see also CONDUCTOR, DISCRIMINANT (ELLIPTIC 
CURVE), ELLIPTIC CURVE 
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t-Distribution 


a B 


t-Distribution 
see STUDENT’S t-DISTRIBUTION 


T-Polyomino 


epPr et 


The order n T-polyomino consists of a vertical line of 
n—3 squares capped by a horizontal line of three squares 
centered on the line. 


see also L-POLYOMINO, SKEW POLYOMINO, SQUARE 
POLYOMINO, STRAIGHT POLYOMINO 


T-Puzzle 


NS 


The DISSECTION of the four pieces shown at left into the 
capital letter “T” shown at right. 


see also DISSECTION 
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T2-Separation Axiom 
Finite SUBSETS are CLOSED. 


see also CLOSURE 


Tableau 
see YOUNG TABLEAU 


Tabu Search 
A heuristic procedure which has proven efficient at solv- 
ing COMBINATORIAL optimization problems. 
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Tacnode 


A DOUBLE POINT at which two OSCULATING CURVES 
are tangent. The above plot shows the tacnode of the 
curve 2x4 —327y+y? —2y>+y* = 0. The LiInKs CURVE 
also has a tacnode at the origin. 


see also ACNODE, CRUNODE, DOUBLE POINT SPINODE 


References 
Walker, R. J. Algebraic Curves. New York: Springer-Verlag, 
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Tacpoint 
A tangent point of two similar curves. 


Tactix 
see NIM 


Tail Probability 

Define T as the set of all points ¢ with probabilities 
P(x) such that a > t > Pla < x < a+da) < Po 
ora <t => Pla < « < a+da < Po, where Pp is 
a POINT PROBABILITY (often, the likelihood of an ob- 
served event). Then the associated tail probability is 
given by f/. P(x) de. 


see also P-VALUE, POINT PROBABILITY 


Tait Coloring 

A 3-coloring of GRAPH EDGES so that no two EDGES 
of the same color meet at a VERTEX (Ball and Coxeter 
1987, pp. 265-266). 


see also EDGE (GRAPH), TaIT CYCLE, VERTEX 
(GRAPH) 
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Tait Cycle 

A set of circuits going along the EDGES of a GRAPH, 
each with an EVEN number of EDGES, such that just 
one of the circuits passes through each VERTEX (Ball 
and Coxeter 1987, pp. 265-266). 

see also ENGE (GRAPH), EULERIAN CYCLE, HAMILTON- 
IAN CYCLE, TAIT COLORING, VERTEX (GRAPH) 
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Tait Flyping Conjecture 
see FLYPING CONJECTURE 
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Tait’s Hamiltonian Graph Conjecture 

Every 3-connected cubic GRAPH (each VERTEX has Va- 
LENCY 3) has a HAMILTONIAN CIRCUIT. Proposed by 
Tait in 1880 and refuted by W. T. Tutte in 1946 with a 
counterexample, TUTTE’S GRAPH. If it had been true, 
it would have implied the FOUR-COLOR THEOREM. A 
simpler counterexample was later given by Kozyrev and 
Grinberg. 


see also HAMILTONIAN Circuit, TUTTE’S GRAPH, 
VERTEX (GRAPH) 
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Tait’s Knot Conjectures 

P. G. Tait undertook a study of KNOTS in response to 
Kelvin’s conjecture that the atoms were composed of 
knotted vortex tubes of ether (‘Uhomson 1869). He cat- 
egorized KNOTS in terms of the number of crossings in a 
plane projection. He also made some conjectures which 
remained unproven until the discovery of JONES POLY- 
NOMIALS. 


Tait’s FLYPING CONJECTURE states that the number of 
crossings is the same for any diagram of an ALTERNAT- 
ING KNOT. This was proved true in 1986. 

see also ALTERNATING KNOT, FLYPING CONJECTURE, 
JONES POLYNOMIAL, KNOT 
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TAK Function 
A RECURSIVE FUNCTION devised by I. Takeuchi. For 
INTEGERS 2, y, and z, and a function h, it is 


TAK; (x, y; Zz) 
forz<y 
for @ > y. 


h(x, y, z) 
= h(h(x — 1, y, 2), h(y — 1,2, 2), 
h(z — 1,2, y)) 


The number of function calls Fo(a, 6) required to com- 
pute TAKo(a, b,0) for a > b > Vis 


b 
a-b (a+b-—2k 
Fi; =4 ——_—__— —¢ 
oe) eel b—k ) c 
— b (atb—2k 
a- a aa 
=a b—k ) 
k=0 
(Vardi 1991). 


The TAK function is also connected with the BALLOT 
PROBLEM (Vardi 1991). 


see also ACKERMANN FUNCTION, BALLOT PROBLEM 


Tait’s Hamiltonian Graph Conjecture 


Talisman Hexagon 
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Takagi Fractal Curve 
see BLANCMANGE FUNCTION 


Take-Away Game 
see NIM-HEAP 


Takeuchi Function 
see TAK FUNCTION 


Talbot’s Curve 


A curve investigated by Talbot which is the NEGATIVE 
PEDAL CURVE of an ELLIPSE with respect to its center. 
It has four CUSPS and two NODES, provided the Ec- 
CENTRICITY of the ELLIPSE is greater than 1/V2. Its 
CARTESIAN EQUATION is 


ee (a? + f? sin? t) cost 
~ a 
= (a? ~ 2f? + f? sin? t) sint 
= ; ; 


where f is a constant. 
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Talisman Hexagon 


An (n, k)-talisman hexagon is an arrangement of nested 
hexagons containing the integers 1, 2,..., Hn = 3n(n- 


Talisman Square 


1) +1, where H, is the nth HEX NUMBER, such that 
the difference between all adjacent hexagons is at least 
as large as k. The hexagon illustrated above is a (3, 
5)-talisman hexagon. 

see also HEX NUMBER, MAGIC SQUARE, TALISMAN 
SQUARE 
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Madachy, J. S. Madachy’s Mathematical Recreations. New 
York: Dover, pp. 111-112, 1979. 


Talisman Square 


FECES 
FEES CANCE 
Ens SECIS 
20) 2 [23] 5 [26 


BEET 
o> [>a 


FICEN ES 
raf fa fis fs 
Pl ele Fs] 


0 
fo faa | sae 
EXENCIEIEIER 


Annxn ARRAY of the integers from 1 to n? such that 
the difference between any one integer and its neighbor 
(horizontally, vertically, or diagonally, without wrapping 
around) is greater than or equal to some value k is called 
a (n,k)-talisman square. The above illustrations show 
(4, 2)-, (4, 3)-, (5, 4)-, and (6, 8)-talisman squares. 

see also ANTIMAGIC SQUARE, HETEROSQUARE, MAGIC 
SQUARE, TALISMAN HEXAGON 
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Tame Algebra 
Let A denote an R-algebra, so that A is a VECTOR 
SPACE over R and 


AxA-A 


(2, y) >z-y, 


where x: y is vector multiplication which is assumed to 
be BILINEAR. Now define 


Z={x€a:z-y=0 for some nonzero y € A}, 


where 0 € Z. A is said to be tame if Z is a finite union 
of SUBSPACES of A. A 2-D 0-ASSOCIATIVE algebra is 


Tangent 1781 


tame, but a 4-D 4-ASSOCIATIVE algebra and a 3-D 1- 
ASSOCIATIVE algebra need not be tame. It is conjec- 
tured that a 3-D 2-ASSOCIATIVE algebra is tame, and 
proven that a 3-D 3-ASSOCIATIVE algebra is tame if it 
possesses a multiplicative IDENTITY ELEMENT. 


References 
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Tame Knot 
A KNOT equivalent to a POLYGONAL KNOT. Knots 
which are not tame are called WILD KNOTS. 
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Tangency Theorem 
The external (internal) SIMILARITY POINT of two fixed 
CIRCLES is the point at which all the CIRCLES homoge- 
neously (nonhomogeneously) tangent to the fixed Cir- 
CLES have the same POWER and at which all the tan- 
gency secants intersect. 
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Dorrie, H. 100 Great Problems of Elementary Mathematics: 
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Tangent 


Re[Tan z} 


The tangent function is defined by 


sin 8 


= 1 
tan @ SaEb? (1) 


where sin z is the SINE function and cosz is the COSINE 


. function. The word “tangent,” however, also has an 


important related meaning as a LINE or PLANE which 
touches a given curve or solid at a single point. These 
geometrical objects are then called a TANGENT LINE or 
TANGENT PLANE, respectively. 


1782 Tangent Bifurcation 


The MACLAURIN SERIES for the tangent function is 


= (—1)"—12?" 2?" = 1) Bon an-1 
tanz ss (an)! x as eee 


1.3 275 17 7 62 9 
E+ 5a + fee + asf + aggse +---, (2) 


where B,, is a BERNOULLI NUMBER. 


tan z is IRRATIONAL for any RATIONAL z ¥ 0, which can 
be proved by writing tanx as a CONTINUED FRACTION 


tanz = 5) : (3) 


Lambert derived another CONTINUED FRACTION ex- 
pression for the tangent, 


taaz = ————_____—. (4) 


An interesting identity involving the PRODUCT of tan- 
gents is 


L(n—1)/2] 


1 for n even, 


tan (“*) -{" for n odd (5) 


k=1 


where |x| is the FLOOR FUNCTION. Another tangent 
identity is 


1 (L1+ix)” - (1—- iz)” 
a (1+ix)" 4+ (1-—iz)™ 


1 


tan(ntan”° x) = (6) 


(Beeler et al. 1972, Item 16). 


see also ALTERNATING PERMUTATION, COSINE, CO- 
TANGENT, INVERSE TANGENT, MORRIE’S LAW, SINE, 
TANGENT LINE, TANGENT PLANE 
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Tangent Bifurcation 
see FOLD BIFURCATION 


Tangent Line 


Tangent Bundle 

The tangent bundle TM of a SMOOTH MANIFOLD M 
is the SPACE of TANGENT VECTORS to points in the 
manifold, i.e., it is the set (z,v) where z € M and v is 
tangent to « € M. For example, the tangent bundle to 
the CIRCLE is the CYLINDER. 


see also COTANGENT BUNDLE, TANGENT VECTOR 


Tangent Developable 

A RULED SURFACE M is a tangent developable of a 
curve y if M can be parameterized by x(u, v) = y(u) + 
vy'(u). A tangent developable is a FLAT SURFACE. 

see also BINORMAL DEVELOPABLE, NORMAL DEVEL- 
OPABLE 
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Tangent Hyperbolas Method 
see HALLEY’S METHOD 


Tangent Indicatrix 
Let the SPEED o of a closed curve on the unit sphere 
S? never vanish. Then the tangent indicatrix 
o 
T= 7 


|o| 
is another closed curve on S?. It is sometimes called the 
TANTRIX. If o IMMERSES in S?, then so will T. 
References 


Solomon, B. “Tantrices of Spherical Curves.” Amer. Math. 
Monthly 103, 30-39, 1996. 


Tangent Line 


tangent line Po 


secant line 


A tangent line is a LINE which meets a given curve at a 
single POINT. 


see also CIRCLE TANGENTS, SECANT LINE, TANGENT, 
TANGENT PLANE, TANGENT SPACE, TANGENT VECTOR 
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Tangent Map 


Tangent Map 

If f : M +N, then the tangent map Tf associated to 
f isa VECTOR BUNDLE HOMEOMORPHISM Tf : TM — 
TN (i.e., a MAP between the TANGENT BUNDLES of M 
and N respectively). The tangent map corresponds to 
DIFFERENTIATION by the formula 


Tf(v) = (f o¢)'(0), (1) 


where ¢'(0) = v (ie., ¢ is a curve passing through the 
base point to v in TM at time 0 with velocity v). In 
this case, if f: M — Nandg: N — O, then the CHAIN 
RULE is expressed as 


T(fog) =TfoTg. (2) 


In other words, with this way of formalizing differenti- 
ation, the CHAIN RULE can be remembered by saying 
that “the process of taking the tangent map of a map is 
functorial.” To a topologist, the form 


(fog)'(a) = f'(g(a)) o9'(a), (3) 


for all a, is more intuitive than the usual form of the 
CHAIN RULE. 


see also DIFFEOMORPHISM 
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Tangent Number 

A number also called a ZAG NUMBER giving the number 
of EVEN ALTERNATING PERMUTATIONS. The first few 
are 1, 2, 16, 272, 7936, ... (Sloane’s A000182). 


see also ALTERNATING PERMUTATION, EULER ZIGZAG 
NUMBER, SECANT NUMBER 
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Tangent Plane 

A tangent plane is a PLANE which meets a given SUR- 
FACE at a single PoInT. Let (zo, yo) be any point of a 
surface function z = f(x,y). The surface has a nonver- 
tical tangent plane at (ro, yo) with equation 


z= f(20, yo) + fa(e0, yo)(x — zo) + fy(x0, yo)(y — yo). 


see also NORMAL VECTOR, TANGENT, TANGENT LINE, 
TANGENT SPACE, TANGENT VECTOR 


Tangent Vector 1783 


Tangent Space 

Let x be a point in an n-dimensional COMPACT MANI- 
FOLD M, and attach at x a copy of R” tangential to M. 
The resulting structure is called the TANGENT SPACE 
of M at x and is denoted T,M. If y is a smooth curve 
passing through zx, then the derivative of y at xz is a 
VECTOR in T, M. 


see also TANGENT, TANGENT BUNDLE, TANGENT 
PLANE, TANGENT VECTOR 


Tangent Vector 
For a curve with POSITION VECTOR r(¢), the unit tan- 
gent vector T(t) is defined by 


' dr 
T(t) = ey = le) (1) 
-@ (2) 
dr 


where ¢ is a parameterization variable and s is the 
Arc LENGTH. For a function given parametrically 
by (f(t), 9(0), the tangent vector relative to the point 
(f(t), 9(t)) is therefore given by 


a(t) = aa (4) 
= (5) 


t= —=_=-—.. 
O° Tiara 


To actually place the vector tangent to the curve, it must 
be displaced by (f(t), g(t)). It is also true that 


dT R 
dv ds 
aoa (7) 
a oe dfr 
[T, T, T] = ies (=) , (8) 


where N is the NORMAL VECTOR, « is the CURVATURE, 
and 7 is the TORSION. 


see also CURVATURE, NORMAL VECTOR, TANGENT, 
TANGENT BUNDLE, TANGENT PLANE, TANGENT 
SPACE, TORSION (DIFFERENTIAL GEOMETRY) 
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Gray, A. “Tangent and Normal Lines to Plane Curves.” §5.5 
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1784 Tangential Angle 
Tangential Angle 
For a PLANE CURVE, the tangential angle ¢ is defined 
by 
pd = ds, (1) 


where s is the ARC LENGTH and p is the RADIUS OF 
CURVATURE. The tangential angle is therefore given by 


ee / s'(t)x(t) a, (2) 


where x(t) is the CURVATURE. For a plane curve r(¢), 
the tangential angle ¢(t) can also be defined by 


r'(t) _ | cos[¢(t)] 
, >, * t F (3) 

Ir’(#)| sin(9(t)] 

Gray (1993) calls ¢ the TURNING ANGLE instead of the 

tangential angle. 

see also ARC LENGTH, CURVATURE, PLANE CuRVE, RA- 

DIUS OF CURVATURE, TORSION (DIFFERENTIAL GEOM- 

ETRY) 
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Tangential Triangle 
A, 


The TRIANGLE AT\T2T3 formed by the lines tangent to 
the CIRCUMCIRCLE of a given TRIANGLE AA, A2A3 at 
its VERTICES. It is the PEDAL TRIANGLE of AA; A2A3 
with the CIRCUMCENTER as the PEDAL POINT. The 
TRILINEAR COORDINATES of the VERTICES of the tan- 
gential triangle are 


A'=—a:b:c 
B'=a:-—b:c 
C'=a:6:-e. 


The CONTACT TRIANGLE and tangential triangle are 
perspective from the GERGONNE POINT. 


see also CIRCUMCIRCLE, CONTACT TRIANGLE, GER- 
GONNE POINT, PEDAL TRIANGLE, PERSPECTIVE 


Tangle 


Tangential Triangle Circumcenter 
A Point with TRIANGLE CENTER FUNCTION 


a = alb® cos(2B) + c’ cos(2C) — a? cos(2A)]. 


It lies on the EULER LINE. 
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Tangents Law 
see LAW OF TANGENTS 


A ey 
Vik fea 
°° 0 


A region in a KNOT or LINK projection plane surrounded 
by a CIRCLE such that the KNoT or LINK crosses the 
circle exactly four times. Two tangles are equivalent if a 
sequence of REIDEMEISTER MOVES can be used to trans- 
form one into the other while keeping the four string 
endpoints fixed and not allowing strings to pass outside 
the CIRCLE. , 


Tangle 


The simplest tangles are the oo-tangle and 0-tangle, 
shown above. A tangle with n left-handed twists is 
called an n-tangle, and one with n right-handed twists 
is called a —n-tangle. By placing tangles side by side, 
more complicated tangles can be built up such as (--2, 3, 
2), etc. The link created by connecting the ends of the 
tangles is now described by the sequence of tangle sym- 
bols, known as CONWAY’S KNOT NOTATION. If tangles 
are multiplied by 0 and then added, the resulting tangle 
symbols are separated by commas. Additional symbols 
which are used are the period, colon, and asterisk. 


Amazingly enough, two tangles described in this NoTa- 
TION are equivalent IFF the CONTINUED FRACTIONS of 


the form 


1 
2+ 


1 
3+ — 
are equal (Burde and Zieschang 1985)! An ALGEBRAIC 
TANGLE is any tangle obtained by ADDITIONS and MUuL- 
TIPLICATIONS of rational tangles (Adams 1994). Not all 
tangles are ALGEBRAIC. 


see also ALGEBRAIC LINK, FLYPE, PRETZEL KNOT 
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Tanglecube 


Tanglecube 


A QUARTIC SURFACE given by the implicit equation 


xt — 5a? + yt — 5y* + 24 ~ 527 411.8 =0. 
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Tangled Hierarchy 
A system in which a STRANGE LOOP appears. 


see also STRANGE LOOP 
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“yp 


A combination of the above plane polygonal pieces such 
that the EDGES are coincident. There are 13 convex 
tangrams (where a “convex tangram” is a set of tangram 
pieces arranged into a CONVEX POLYGON). 


see also ORIGAMI, STOMACHION 


Tangram 


2N2 
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Taniyama-Shimura Conjecture 1785 


Tanh 
see HYPERBOLIC TANGENT 


Taniyama Conjecture 
see TANIYAMA-SHIMURA CONJECTURE 


Taniyama-Shimura Conjecture 

A conjecture which arose from several problems pro- 
posed by Taniyama in an international mathematics 
symposium in 1955. Let EB be an ELLIPTIC CURVE 
whose equation has INTEGER COEFFICIENTS, let N be 
the CONDUCTOR of F and, for each n, let an be the num- 
ber appearing in the L-function of #. Then there exists 
a MODULAR FORM of weight two and level N which is 
an eigenform under the IHECKE OPERATORS and has a 
FOURIER SERIES )> ang”. 


The conjecture says, in effect, that every rational ELLIP- 
TIC CURVE is a MODULAR FORM in disguise. Stated for- 
mally, the conjecture suggests that, for every ELLIPTIC 
CurvVE y® = Ax? + Bx? + Cr+ D over the RATIONALS, 
there cxist nonconstant MODULAR FUNCTIONS f(z) and 
g(z) of the same level N such that 


[f(z)]? = Alg(z)?? + Co(z) + D. 


Equivalently, for every ELLIPTIC CURVE, there is a 
MODULAR FORM with the same DIRICHLET L-SERIES. 


In 1985, starting with a fictitious solution to FERMAT’S 
LAST THEOREM, G. Frey showed that he could create 
an unusual ELLIPTIC CURVE which appeared not to be 
modular. If the curve were not modular, then this would 
show that if FERMAT’s LAST THEOREM were false, then 
the Taniyama-Shimura conjecture would also be false. 
Furthermore, if the Taniyama-Shimura conjecture were 
true, then so would be FERMAT’S LAST THEOREM! 


However, Frey did not actually prove whether his curve 
was modular. The conjecture that Frey’s curve was 
modular came to be called the “epsilon conjecture,” and 
was quickly proved by Ribet (RIBET’S THEOREM) in 
1986, establishing a very close link between two math- 
ematical structures (the Taniyama-Shimura conjecture 
and FERMAT’S LAST TIIEOREM) which appeared previ- 
ously to be completely unrelated. 


As of the early 1990s, most mathematicians believed 
that the Taniyama-Shimura conjecture was not accessi- 
ble to proof. However, A. Wiles was not one of these. He 
attempted to establish the correspondence between the 
set of ELLIPTIC CURVES and the set of modular elliptic 
curves by showing that the number of each was the same. 
Wiles accomplished this by “counting” Galois represen- 
tations and comparing them with the number of mod- 
ular forms. In 1993, after a monumental seven-year ef- 
fort, Wiles (almost) proved the Taniyama-Shimura con- 
jecture for special classes of curves called SEMISTABLE 
ELLIPTIC CURVES. 


1786 Tank 


Wiles had tried to use horizontal Iwasawa theory to cre- 
ate a so-called CLASS NUMBER formula, but was initially 
unsuccessful and therefore used instead an extension of 
a result of Flach based on ideas from Kolyvagin. How- 
ever, there was a problem with this extension which 
was discovered during review of Wiles’ manuscript in 
September 1993. Former student Richard Taylor came 
to Princeton in early 1994 to help Wiles patch up this 
error. After additional effort, Wiles discovered the rea- 
son that the Flach/Kolyvagin approach was failing, and 
also discovered that it was precisely what had prevented 
Iwasawa theory from working. 


With this additional insight, he was able to success- 
fully complete the erroneous portion of the proof us- 
ing Iwasawa theory, proving the SEMISTABLE case of the 
Taniyama-Shimura conjecture (Taylor and Wiles 1995, 
Wiles 1995) and, at the same time, establishing FER- 
MAT’S LAST THEOREM as a true theorem. 


see also ELLIPTIC CURVE, FERMAT’S LAST THEOREM, 
MODULAR FORM, MODULAR FUNCTION, RIBET’S THE- 
OREM 
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Tank 
see CYLINDRICAL SEGMENT 


Tantrix 
see TANGENT INDICATRIX 


Tapering Function 
see APODIZATION FUNCTION 


Tarry-Escott Problem 

For each POSITIVE INTEGER I, there exists a POSITIVE 
INTEGER 7 and a PARTITION of {1, ..., m} as a disjoint 
union of two sets A and B, such that for 1 <i < J, 


Se Seb 


acA bEeB 


The results extended to three or more sets of INTEGERS 
are called PROUHET’S PROBLEM. 


see also PROUHET’S PROBLEM 
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Tau Conjecture 


Tarry Point 

The point at which the lines through the VERTICES of a 
TRIANGLE PERPENDICULAR to the corresponding sides 
of the first BROCARD TRIANGLE, are CONCURRENT. 
The Tarry point lies on the CIRCUMCIRCLE opposite the 
STEINER Point. It has TRIANGLE CENTER FUNCTION 


= be 
~ bt + ct — a2b? ~ a2c? 


a = sec(A+w), 

where w is the BROCARD ANGLE. The SIMSON LINE 
of the Tarry point is PERPENDICULAR to the line OK, 
when O is the CIRCUMCENTER and K is the LEMOINE 
POINT. 


see also BROCARD ANGLE, BROCARD TRIANGLES, CIR- 
CUMCIRCLE, LEMOINE POINT, SIMSON LINE, STEINER 
POINTS 
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Tarski’s Theorem 

Tarski’s theorem states that the first-order theory of the 
FIELD of REAL NUMBERS is DECIDABLE. However, the 
best-known ALGORITHM for eliminating QUANTIFIERS 
is doubly exponential in the number of QUANTIFIER 
blocks (Heintz et al. 1989). 
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Tau Conjecture 
Also known as RAMANUJAN’S HYPOTHESIS. Ramanujan 
proposed that 


r(n) ~ O(n?**), 


where r(n) is the TAU FUNCTION, defined by 
So r(n)a” = 2(1— 32+ 52° — 72° +...)°. 
n=1 
This was proven by Deligne (1974), who was subse- 
quently awarded the FIELDS MEDAL for his proof. 
see also TAU FUNCTION 
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Tau-Dirichlet Series 


Deligne, P. “La conjecture de Weil. II.” Inst. Hautes Etudes 
Sci. Publ. Math. 52, 137-252, 1980. 

Hardy, G. H. Ramanujan: Twelve Lectures on Subjects Sug- 
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Tau-Dirichlet Series 


where t(n) is the TAU FUNCTION. Ramanujan conjec- 
tured that all nontrivial zeros of f(z) lie on the line 
R[s] = 6, where 


oO 


f(s) = SC tT(n)n-* 


n=1 


and r(n) is the TAU FUNCTION. 
see also TAU FUNCTION 
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Tau Function 

A function t(n) related to the DIvisorR FUNCTION 
ox (n), also sometimes called RAMANUJAN’S TAU FUNC- 
TION. It is given by the GENERATING FUNCTION 


So r(nje” = [[a-2")%, (1) 


and the first few values are 1, —24, 252, —1472, 4380, 
. (Sloane’s A000594). 7(7) is also given by 


co 


g(-2) = $°(-1)"r(n)2” (2) 
92”) = So r(4n)e” (3) 


(1 —3a+5a° —72°+4...)8. (4) 


a (nje” =z 


In ORE’S CONJECTURE, the tau function appears as the 
number of DIvISORS of n. Ramanujan conjectured and 
Mordelt proved that if (n,n’), then 


t(nn') = 7(n)r(n’). (5) 


Ramanujan conjectured and Watson proved that 7(n) is 
divisible by 691 for almost all n. If 


t(p) =0 (mod p}), (6) 


Tau Function 1787 


then 
t(pn) = 0 (mod p). (7) 


Values of p for which the first equation holds are p = 2, 
3, 5, 7, 23. 


Ramanujan also studied 


foo] 


So r(n)n-’, (8) 


n=1 


f(z) 


which has properties analogous to the RIEMANN ZETA 
FUNCTION. It satisfies 


f(s)T(s) _ fG2—s) 
(29)? ~ (27)12-s 3 (9) 


and Ramanujan’s TAU-DIRICHLET SERIES conjecture al- 
leges that all nontrivial zeros of f(s) lie on the line 
R[s] = 6. f can be split up into 


f(6 + it) = 2(t)e (10) 
where 


z(t) =T(6 + it) f(6 + it)(2r)~* 
sinh(7t) 


MAF AE+AO+A)O+EO5+e) 

g(t) = —2 Rete + 3 — tin(2z). (12) 
The SUMMATORY tau function is given by 

T(n) => r(n). (13) 


noe 


Here, the prime indicates that when z is an INTEGER, 
the last term r(x) should be replaced by $7(2). 


Ramanujan’s tau theta function Z(t) is a REAL function 
for REAL t¢ and is analogous to the RIEMANN-SIEGEL 
FUNCTION Z. The number of zeros in the critical strip 
from t = 0 to T’ is given by 


O(T) + S{ln[rpos(6 + iT)}} 


N(t) = 


(14) 


where © is the RIEMANN THETA FUNCTION and Tpg is 
the Tau-DIRICHLET SERIES, defined by 


» re) (15) 


n=1 


Tps(s) = 


Ramanujan conjectured that the nontrivial zeros of the 
function are all real. 


1788 Tauberian Theorem 


Ramannujan’s rz function is defined by 


(6 + it)(2r)—* 
(4) = ews) , (16) 
Tps(6 + it) sinh( rt) 


a 2 
nt Tle, k24t 


where Tps(z) is the TAU-DIRICHLET SERIES. 


see also ORE’S CONJECTURE, TAU CONJECTURE, TAU- 
DIRICHLET SERIES 
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Tauberian Theorem 

A Tauberian theorem is a theorem which deduces the 
convergence of an INFINITE SERIES on the basis of the 
properties of the function it defines and any kind of aux- 
iliary HYPOTHESIS which prevents the general term of 
the series from converging to zero too slowly. 


see also HARDY-LITTLEWOOD ‘TAUBERIAN THEOREM 


Tautochrone Problem 

Find the curve down which a bead placed anywhere will 
fall to the bottom in the same amount of time. The solu- 
tion is a CYCLOID, a fact first discovered and published 
by Huygens in Horologium oscillatorium (1673). Huy- 
gens also constructed the first pendulum clock with a 
device to ensure that the pendulum was isochronous by 
forcing the pendulum to swing in an arc of a CYCLOID. 


The parametric equations of the CYCLOID are 


xz = a(@ — sin @) (1) 
y = a(1 —cos6). (2) 


To see that the CYCLOID satisfies the tautochrone prop- 
erty, consider the derivatives 


zg’ = a(1 — cos@) (3) 
y = asin@, (4) 
and 
x? + y"* = a?[(1 — 2cos6 + cos” 6) + sin” 6] 
= 2a7(1 — cos). (5) 
Now 
dmv” = mgy (6) 


ds 
v= a = V29u (7) 


Tautology 


at ds 4/ dx? + dy? 


~ f2gy 2g 
2(1 — cos@) dé 
ay 2( uae (i@ (8) 
/2g9a(1 — cos @) 9 


so the time required to travel from the top of the Cr- 
CLOID to the bottom is 


r= [a= [on (9) 


However, from an intermediate point 6, 


ds 
= = = 1/29(y — yo), 10 
v= 5 a(y — Yo) (10) 
so 
™ 4/2a?(1 — cos @) 
P= dé 
Jo, 249(cos 90 — cos 8) 
_ fa " 1 — cos 
~ Aig a ¥ cos 8 — cos @ 
- fz fo sin(40) dé (11) 
9 Jon /cos?($60) — cos?{ 46) 
Now let 
cos($@) 
“= — (12) 
cos( 50) 
sod 
sin({ 50@)d@ 
Ree. (13) 
2 cos(8o) 
so 
a [f° du a a 
T=-2,/- | —=== =2,/-=[sin™ + uJg —7,/-, 
/3f vl-w is g 
(14) 
and the amount of time is the same from any point! 
see also BRACHISTOCHRONFE PROBLEM, CYCLOID 
References 
Muterspaugh, J.; Driver, T.; and Dick, J. E. “The Cycloid 
and Tautochronism.” http://ezinfo.ucs.indiana.edu/ 


~jedick/project/intro.html. 

Muterspaugh, J.; Driver, T.; and Dick, J. E. “P221 Tau- 
tochrone Problem.”  http://ezinfo.ucs.indiana.edu/ 
~jedick/project/project. html. 

Wagon, S. Mathematica in Action. New York: W. H. Free- 
man, pp. 54-60 and 384-385, 1991. 


Tautology 
A logical statement in which the conclusion is equivalent 
to the premise. If p is a tautology, it is written - p. 


Taxicab Number 


Taxicab Number 

The nth taxicab number Ta(n) is the smallest num- 
ber representable in n ways as a sum of POSITIVE 
CuBEs. The numbers derive their name from the 
HARDY-RAMANUJAN NUMBER 


Ta(2) = 1729 
=1°+123 
= 9° + 10°, (1) 


which is associated with the following story told about 
Ramanujan by G. H. Hardy. “Once, in the taxi from 
London, Hardy noticed its number, 1729. He must have 
thought about it a little because he entered the room 
where Ramanujan lay in bed and, with scarcely a hello, 
blurted out his disappointment with it. It was, he de- 
clared, ‘rather a dull number,’ adding that he hoped that 
wasn’t a bad omen. ‘No, Hardy,’ said Ramanujan, ‘it is 
a very interesting number. It is the smallest number 
expressible as the sum of two [POSITIVE] cubes in two 
different ways’” (Hofstadter 1989, Kanigel 1991, Snow 
1993). 


However, this property was also known as early as 1657 
by F. de Bessy (Berndt and Bhargava 1993, Guy 1994). 
Leech (1957) found 


Ta(3) = 87539319 
= 167° + 436° 
= 228° + 423° 
= 255° + 414°, (2) 


Rosenstiel ef al. (1991) recently found 


Ta(4) = 6963472309248 
= 2421° + 19083° 
= 5436° + 18948° 
10200° + 18072° 
= 13322° + 16630°. (3) 


D. Wilson found 


Ta(5) = 48988659276962496 
= 38787° + 365757° 
= 107839° + 362753° 
= 205292° + 342952° 
= 221424° + 336588" 
= 231518° + 331954°. (4) 


The first few taxicab numbers are therefore 2, 1729, 
87539319, 6963472309248, ... (Sloane’s A011541). 


Hardy and Wright (Theorem 412, 1979) show that the 
number of such sums can be made arbitrarily large but, 
updating Guy (1994) with Wilson’s result, the least ex- 
ample is not known for six or more equal sums. 
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Sloane defines a slightly different type of taxicab num- 
bers, namely numbers which are sums of two cubes in 
two or more ways, the first few of which are 1729, 4104, 
13832, 20683, 32832, 39312, 40033, 46683, 64232, ... 
(Sloane’s A001235). 


see also DIOPHANTINE EQUATION—CUBIC, HARDY- 
RAMANUJAN NUMBER 
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Taylor Center 
The center of the TAYLOR CIRCLE, which is the SPIEKER 
CENTER of AH; H2H3, where H; are the ALTITUDES. 
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Taylor Circle 
From the feet of each ALTITUDE of a TRIANGLE, draw 
lines PERPENDICULAR to the adjacent sides. Then the 
feet of these perpendiculars lie on a CIRCLE called the 
TAYLOR CIRCLE. 


see also TUCKER CIRCLES 
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1790 Taylor’s Condition 


Taylor’s Condition 


n=2 n=3 


n=4 
For a given POSITIVE INTEGER n, does there exist a 
WEIGHTED TREE with n VERTICES whose paths have 
weights 1, 2,..., (}), where (3) is a BrnomiaL Coznr- 
FICIENT? Taylor showed that no such TREE can exist 
unless it is a PERFECT SQUARE or a PERFECT SQUARE 
plus 2. No such TREES are known except n = 2, 3, 4, 
and 6. 


see also GOLOMB RULER, PERFECT DIFFERENCE SET 
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Taylor Expansion 
see TAYLOR SERIES 


Taylor-Greene-Chirikov Map 
see STANDARD MAp 


Taylor Polynomial 
see TAYLOR SERIES 


Taylor Series 

A Taylor series is a series expansion of a FUNCTION 
about a point. A 1-D Taylor series is an expansion of a 
SCALAR FUNCTION f(x) about a point x — a. If a= 0, 
the expansion is known as a MACLAURIN SERIES. 


ii © f(a) de = [FY (WE = FOP (a) = FY (a) 
° (2) 
a ‘a F(a) a dx = [Uf (x) f(a) ae 


= f(z) - f(a) — (@ - a) f(a). (2) 


Continuing, 


[Lf ean = @ ~@- 07™@) 


sale ~a) fey) 


Taylor Series 


; = | #(x) (dx)" = fle) — fla) ~ (@ — @)f"(a) 
toes 


n 


—3 (wa)? f"(a)—...— Ag (ea) F" (a). (A) 


Therefore, we obtain the 1-D Taylor series 


F(x) = f(a) + (x —a)f'(a) + H(z — a)’ f"(a) +... 
+ ota (e —ay? 7 FO"P(a) + Rn, (5) 


where RA, is a remainder term defined by 


ae fof f(r) (da)”. (6) 


Ne 


nm 


Using the MEAN-VALUE THEOREM for a function g, it 
must be true that 


, “Shae @saae) (7) 


for some x* € [a,x]. Therefore, integrating n times gives 
the result 
a)” 


oe f™ (a). (8) 


ni 


The maximum error is then the maximum value of (8) 
for all possible x* € [a, 2]. 


An alternative form of the 1-D Taylor series may be 
obtained by letting 
c-a=Az (9) 
so that 
e=atArsat Ac. (10) 
Substitute this result into (5) to give 
(zo + Az) = f (x0) + Awf' (x0) + 4 (Az)? f"(x0) +-.-. 
(11) 
A Taylor series of a FUNCTION in two variables f(x, y) 
is given hy 
f(w@+Az,y+ Ay) = f(x,y) +[fe(z, y)Aet fy(z, y)Ay] 
+y[(Ae)’ fer (x,y) + 2AcAyfey(z,y) + (Ay) fyy(z,¥)] 
+3[(Az)* feee(t,y) + 3(Az)’ Ay feey(z,y) 
+3Azn(Ay)? feyy(2, y) + (Ay)* fyyy (x, y)J+.... (12) 


This can be further generalized for a FUNCTION in n 
variables, 


f(ti,..-,2n) 
co n a j 
1 ¢ 
= y ji (z, — a) SF f(ej,..-,x)) ’ 
j=0 kat t Bt ere =an 


(13) 


Taylor Series 


Rewriting, 


F(wmi1t+a,...,@, +4,) 
oO mn 3 
1 0 P ‘ 
=3245 (Soak) seo} 
j=0 k=1 esa, 


Taking n = 2 in (13) gives 


f(a1,22) = S- ti tes = = 


j=0 


+(0— a2) 325 ” F(a, 24) } 


= f(ai1,a2) + [(x - ar) se + (a2 ~ a2) Pal 


eh=ee 


2 
65 & aio F P+ 2a — a1)(02 ~ an) oe 
+(x2 - ay £5 +.... (15) 


Taking n = 3 in (14) gives 


f(a + a1, 272 + 42,23 + a3) 
Swe ge So Oe he SOON 
att ‘Oa, 7 Oz, | Ozh 
«F252 ‘ 


or, in VECTOR form 


oo 


fr+a)— > | (a: ve Ae)| 


j=0 r/=r 


The zeroth- and first-order terms are 


f(r) 


and 
(a- Ver) f(t") [pees 


respectively. The second-order term is 


pa: Ve )(a+ Ver) F(t) ere 
a 7a “Vela (Vf(r')))ror 
i 3a : [a . Vee(Vef(r’) lear 


so the first few terms of the expansion are 


f(r ta) = f(r) + (a- Ver) f(r’) lear 


tha fa: Ve(Vef(r))Iieae- 


(16) 


(17) 


(18) 


(19) 


(20) 


(21) 
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Taylor series can also be defined for functions of a COM- 
PLEX variable. By the CAUCHY INTEGRAL FORMULA, 


pies eg fs ae 
~ Qni fy z'—z ~ 2i Jy (2! — 2) — (z — 20) 
oy semen ACS 5. aes (22) 
2ni Jo (2! — zn) (1- 238) 
In the interior of C, 
{z~ zo] <1 (23) 
|z" — zo| 
so, using 
i ae 
t=” (24) 
n-0 
it follows that 
1 PS &= 20)" fe) de’ 
jer | eee 
Li * f(z')dz 
sad te _ . (25 
mnt 2.6 eo i. (2' aa zo)r+4 ( ) 


Using the the CAUCHY INTEGRAL FORMULA for deriva- 
tives, 


f(a) = fe - my LO), (26) 


n=0 


see also CAUCHY REMAINDER FORM, LAGRANGE EX- 
PANSION, LAURENT SERIES, LEGENDRE SERIES, MAC- 
LAURIN SERIES, NEWYTON’S FORWARD DIFFERENCE 
FORMULA 
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Tchebycheff 


see CHEBYSHEV APPROXIMATION FORMULA, CHEBY- 
SHEV CONSTANTS, CHEBYSHEV DEVIATION, CHEBY- 
SHEV DIFFERENTIAL EQUATION, CHEBYSHEV FUNC- 
TION, CHEBYSHEV-GAUSS QUADRATURE, CHEBY- 
SHEV INEQUALITY, CHEBYSHEV INEQUALITY, CHEBY- 
SHEV INTEGRAL, CHEBYSHEV PHENOMENON, CHEBY- 
SHEV POLYNOMIAL OF THE FIRST KIND, CHEBY- 
SHEV POLYNOMIAL OF THE SECOND KIND, CHEBY- 
SHEV QUADRATURE, CHEBYSHEV-RADAU QUADRA- 
TURE, CHEBYSHEV-SYLVESTER CONSTANT 
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Teardrop Curve 
A plane curve given by the parametric equations 


xz = cost 


y = sintsin™ (3%). 


see also PEAR-SHAPED CURVE 
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Technique 

A specific method of performing an operation. The 
terms ALGORITHM, METHOD, and PROCEDURE are also 
used interchangeably. 


see also ALGORITHM, METHOD, PROCEDURE 


Teichmiller Space 

TEICHMULLER’S THEOREM asserts the EXISTENCE and 
UNIQUENESS of the extremal quasiconformal map be- 
tween two compact RIEMANN SURFACES of the same 
GENUS modulo an EQUIVALENCE RELATION. The 
equivalence classes form the Teichmiiller space J, of 
compact RIEMANN SURFACES of GENUS p. 


see also RIEMANN’S MODULI PROBLEM 


Teichmiiller’s Theorem 

Asserts the EXISTENCE and UNIQUENESS of the ex- 
tremal quasiconformal map between two compact RIE- 
MANN SURFACES of the same GENUS modulo an EqQuiv- 
ALENCE RELATION. 


see also TEICHMULLER SPACE 


Telescoping Sum 
A sum in which subsequent terms cancel each other, 
leaving only initial and final terms. For example, 


1 1 1 1 
=(—-—)+(—-—})+ 
ai a2 a2 a3 
1 1 1 1 
~ - + -~— 
Qn-2 Qn-1 Qn-1 an 


is a telescoping sum. 


see also ZEILBERGER’S ALGORITHM 


Tennis Ball Theorem 


Temperature 
The “temperature” of a curve I is defined as 


ee Dee 
In (75) 


where I is the length of I and h is the length of the 
PERIMETER of the CONVEX HULL. The temperature 
of a curve is 0 only if the curve is a straight line, and 
increases as the curve becomes more “wiggly.” 


T= 


see also CURLICUE FRACTAL 
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Templar Magic Square 


A MAGIc SQUARE-type arrangement of the words in the 
Latin sentence “Sator Arepo tenet opera rotas” (“the 
farmer Arepo keeps the world rolling”). This square has 
been found in excavations of ancient Pompeii. 


see also MAGIC SQUARE 


References 

Bouisson, S$. M. La Magie: Ses Grands Rites, Son Histoire. 
Paris, pp. 147-148, 1958. 

Grosser, F. “Ein neuer Vorschlag zur Deutung der Sator- 
Formel.” Archiv. f. Relig. 29, 165-169, 1926. 

Heietala, H. “The Templar Magic Square.” http://www. 
trantex.fi/staff/heikkih/knights/pubsator.htm. 

Hocke, G. R. Manierismus in der Literatur: Sprach-Alchimie 
und esoterische Kombinationskunst. Hamburg, Germany: 
Rowohlt, p. 24, 1967. 


Tennis Ball Theorem 

A closed simple smooth spherical curve dividing the 
SPHERE into two parts of equal areas has at least four 
inflection points. 


see also BALL, BASEBALL COVER 
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Tensor 


Tensor 

An nth-RANK tensor of order m is a mathematical ob- 
ject in m-dimensional space which has n indices and 
m” components and obeys ccrtain transformation rules. 
Each index of a tensor ranges over the number of dimen- 
sions of SPACE. If the components of any tensor of any 
RANK vanish in one particular coordinate system, they 
vanish in all coordinate systems. 


Zeroth-RANK tensors are called SCALARS, and first- 
RANK tensors are called VECTORS. In tensor notation, 
a vector v would be written vi, where i = 1, ..., m. 
Tensor notation can provide a very concise way of writ- 
ing vector and more general identities. For example, 
in tensor notation, the DOT PRODUCT u- v is simply 
written 

Uv = Udi, (1) 


where repeated indices are summed over (EINSTEIN 
SUMMATION) so that u,v; stands for uiv1 +...+UmUm. 
Similarly, the Cross PRODUCT can be concisely written 
as . 

uxv= exjrulv®, (2) 


where €i;~ is the LEVI-CiviTA TENSOR. 


Second-RANK tensors resemble square MATRICES. CON- 
TRAVARIANT second-RANK tensors are objects which 
transform as iad 
AM = Oxy OX; set (3) 
Oxr Oz, 
COVARIANT second-RANK tensors are objects which 
transform as 


a Oxk Ox1 


MIXED second-RANK tensors are objects which trans- 

form as Asien 

BY = tS Be. (5) 
Oxy Ox’, 


If two tensors A and B have the same RANK and the 
same COVARIANT and CONTRAVARIANT indices, then 


A? 4+ BY = Cc? (6) 
Aij + Biz = Ci; (7) 
A} + By =C}. (8) 


A transformation of the variables of a tensor changes the 
tensor into another whose components are linear HOMO- 
GENEOUS FUNCTIONS of the components of the original 
tensor. 


see also ANTISYMMETRIC TENSOR, CURL, DIVER- 
GENCE, GRADIENT, IRREDUCIBLE TENSOR, ISOTROPIC 
TENSOR, JACOBI TENSOR, Ricci TENSOR, RIEMANN 
TENSOR, SCALAR, SYMMETRIC TENSOR, TORSION 
TENSOR, VECTOR, WEYL TENSOR 
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Tensor Calculus 
The set of rules for manipulating and calculating with 
TENSORS. 


Tensor Density 
A quantity which transforms like a TENSOR except for 
a scalar factor of a JACOBIAN. 


Tensor Dual 
see DUAL TENSOR 


Tensor Product 
see DIRECT PRODUCT (TENSOR) 


Tensor Space 

Let E be a linear space over a FIELD K. Then the 
DIRECT PRODUCT @*_, E is called a tensor space of 
degree k. 
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Tensor Spherical Harmonic 
see DOUBLE CONTRACTION RELATION 
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Tensor Transpose 
see TRANSPOSE 


Tent Map 
A piecewise linear, 1-D Map on the interval [0,1] ex- 
hibiting CHAOTIC dynamics and given by 


B41 = u(1 ~ len — 3)). 


The case : = 1 is equivalent to the LOGISTIC EQUATION 
WITH r = 4, so the NATURAL INVARIANT in this case is 


1 


en man 


see also 2x MOD 1 MAP, LOGISTIC EQUATION, LOGISTIC 
EQUATION WITH r=4 


Terminal 
see SINK (DIRECTED GRAPH) 


Ternary 

The BASE 3 method of counting in which only the digits 
0, 1, and 2 are used. These digits have the following 
multiplication table. 


Erdés and Graham (1980) conjectured that no POWER 
of 2, 2”, is a SuM of distinct powers of 3 for n > 8. 
This is equivalent to the requirement that the ternary 
expansion of 2” always contains a 2. This has been 
verified by Vardi (1991) up ton = 2-37°. N. J. A. Sloane 
has conjectured that any POWER of 2 has a 0 in its 
ternary expansion (Vardi 1991, p. 28). 


see also BASE (NUMBER), BINARY, DECIMAL, HEXA- 
DECIMAL, OCTAL, QUATERNARY 


References 

Erdés, P. and Graham, R. L. Old and New Problems 
and Results in Combinatorial Number Theory. Geneva, 
Switzerland: L’Enseignement Mathématique Université de 
Genéve, Vol. 28, 1980. 

Lauwerier, H. Fractals: Endlessly Repeated Geometric Fig- 
ures. Princeton, NJ: Princeton University Press, pp. 10- 
11, 1991. 

Vardi, I. “The Digits of 2” in Base Three.” Computational 
Recreations in Mathematica. Reading, MA: Addison- 
Wesley, pp. 20-25, 1991. 

%& Weisstein, E. W. “Bases.” http://www.astro.virginia. 
edu/~eww6n/math/notebooks/Bases.m. 


Tessellation 


Tessellation 

A regular TILING of POLYGONS (in 2-D), POLYHEDRA 
(3-D), or POLYTOPES (n-D) is called a tessellation. Tes- 
sellations can be specified using a SCHLAFLI SYMBOL. 


Consider a 2-D tessellation with g regular p-gons at each 
VERTEX. In the PLANE, 


2) 2 
(1-2)n=% (1) 


1 
= 3? (2) 


(p—2)(q-2)=4 (3) 


(Ball and Coxeter 1987), and the only factorizations are 


4=4.1=(6—2)(3—2) = {6,3} (4) 
—2-2=—(4—2)(4— 2) > {4,4} (5) 
=1-4=(3—2)(6 — 2) > {3,6}. (6) 


Therefore, there are only three regular tessellations 
(composed of the HEXAGON, SQUARE, and TRIANGLE), 
illustrated as follows. 


{6, 3} {4, 4} {3, 6} 


There do not exist any regular STAR POLYGON tes- 
sellations in the PLANE. Regular tessellations of the 
SPHERE by SPHERICAL TRIANGLES are called TRIAN- 
GULAR SYMMETRY GROUPS. 


Regular tilings of the plane by two or more convex reg- 
ular POLYGONS such that the same POLYGONS in the 
same order surround each VERTEX are called semireg- 
ular tilings. In the plane, there are eight such tessella- 
tions, illustrated below. 


Tessellation 


Re 
stes 
ae 
Cee & 


In 3-D, a POLYHEDRON which is capable of tessellating 
space is called a‘SPACE-FILLING POLYHEDRON. Exam- 
ples include the CUBE, RHOMBIC DODECAHEDRON, and 
TRUNCATED OCTAHEDRON. There is also a 16-sided 
space-filler and a convex POLYHEDRON known as the 
SCHMITT-CONWAY BIPRISM which fills space only ape- 
riodically. 


A tessellation of n-D polytopes is called a HONEYCOMB. 


see also ARCHIMEDEAN SOLID, CELL, HONEY- 
COMB, SCHLAFLI SYMBOL, SEMIREGULAR POLYHE- 
DRON, SPACE-FILLING POLYHEDRON, TILING, TRIAN- 
GULAR SYMMETRY GROUP 
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Tesseract 


The HypercuBe in R* is called a tesseract. It 
has the SCHLAFLI SYMBOL {4,3,3}, and VERTICES 
(41,+1,+1,+1). The above figures show two visual- 
izations of the TESSERACT. The figure on the left is a 
projection of the TESSERACT in 3-space (Gardner 1977), 
and the figure on the right is the GRAPH of the TESSER- 
ACT symmetrically projected into the PLANE (Coxeter 
1973). A TESSERACT has 16 VERTICES, 32 EDGEs, 4 
SQUARES, and 8 CUBES. 


see also HYPERCUBE, POLYTOPE 
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Tesseral Harmonic 

A SPHERICAL HARMONIC which is expressible as prod- 
ucts of factors linear in x”, y?, and z? multiplied by one 
of 1, 2, y, z, yz, zu, ry, and xyz. 


see also ZONAL HARMONIC 


Tethered Bull Problem 
Let a bull be tethered to a silo whose horizontal Cross- 
SECTION is a CIRCLE of RADIUS R by a leash of length 
L. Then the AREA which the bull can graze if LD < Rr 
is 

nL? 1 


A= 2 + 3R° 
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Tetrabolo 
A 4-POLYABOLO. 


Tetrachoric Function 
The function defined by 


= ZV a), 


(= 
Vn 


1796 Tetracontagon 
where 1 
= ~27/2 
Z(x) = a ; 


see also NORMAL DISTRIBUTION 
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Tetracontagon 
A 40-sided POLYGON. 


Tetracuspid 
see HYPOCYCLOID—4-CUSPED 


Tetrad 
A SET of four, also called a QUARTET. 


see also HEXAD, MONAD, PAIR, QUARTET, QUINTET, 
TRIAD, TRIPLE, TWINS 


Tetradecagon 
A 14-sided POLYGON, sometimes called a TETRAKAI- 
DECAGON. 


Tetradecahedron 
A 14-sided POLYHEDRON, sometimes called a TETRA- 
KAIDECAHEDRON. 


see also CUBOCTAHEDRON, TRUNCATED OCTAHEDRON 
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Tetradic 

Tetradics transform DYADICS in much the same way 
that DyADICS transform VECTORS. They are repre- 
sented using Hebrew characters and have 81 compo- 
nents (Morse and Feshbach 1953, pp. 72-73). The use 
of tetradics is archaic, since TENSORS perform the same 
function but are notationally simpler. 
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Tetradyakis Hexahedron 
The DUAL POLYHEDRON of the CUBITRUNCATED CUB- 
OCTAHEDRON. 


Tetraflexagon 


Tetraflexagon 
A FLEXAGON made with SQUARE faces. Gardner (1961) 
shows how to construct a tri-tetraflexagon, 


see also FLEXAGON, FLEXATUBE, HEXAFLEXAGON 
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Tetragon 


Tetragon 
see QUADRILATERAL 


Tetrahedral Coordinates 
Coordinates useful for plotting projective 3-D curves of 
the form f(xo,21, 22,23) = 0 which are defined by 


tw =l—-z—v2e2 
a-1l—-z4+vV22 
zg=1l+z4+vV2y 
z3=l+z2—-Vv2y. 


see also CAYLEY CUBIC, KUMMER SURFACE 


Tetrahedral Graph 


A POLYHEDRAL GRAPH which is also the COMPLETE 
GRAPH Kg4. 


see also CUBICAL GRAPH, DODECAHEDRAL GRAPH, 
ICOSAHEDRAL GRAPH, OCTAHEDRAL GRAPH, TETRA- 
HEDRON 


Tetrahedral Group 

The POINT GROUP of symmetries of the TETRAHE- 
DRON, denoted Ty. The tetrahedral group has symmetry 
operations £, 8C3, 3C2, 6S4, and 60g (Cotton 1990). 


see also ICOSAHEDRAL GROUP, OCTAHEDRAL GROUP, 
POINT GROUPS, TETRAHEDRON 
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Tetrahedral Number 
A FIGURATE NUMBER Te,, of the form 


Ten =D) Ta = gn(n+1)(n +2) = coh (1) 


where T, is the nth TRIANGULAR NUMBER and (7) isa 
BINOMIAL COEFFICIENT. These numbers correspond to 
placing discrete points in the configuration of a TETRA- 
HEDRON (triangular base pyramid). Tetrahedral num- 
bers are PYRAMIDAL NUMBERS with r = 3, and are 
the sum of consecutive TRIANGULAR NUMBERS. The 
first few are 1, 4, 10, 20, 35, 56, 84, 120, ... (Sloane’s 
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A000292). The GENERATING FUNCTION of the tetrahe- 
dral numbers is 


ni = 2 3 4 
Tetrahedral numbers are EVEN, except for every fourth 
tetrahedral number, which is ODD (Conway and Guy 
1996). 


The only numbers which are simultaneously SQUARE 
and TETRAHEDRAL are Te, = 1, Tez = 4, and Tesg = 
19600 (giving Si; = 1, So = 4, and Si49 = 19600), as 
proved by Meyl (1878; cited in Dickson 1952, p. 25). 
Numbers which are simultaneously TRIANGULAR and 
tetrahedral satisfy the BINOMIAL COEFFICIENT equa- 


tion 
n m 
(2) = (3) @ 


the only solutions of which are (m,n) = (10,16), (22, 
56), and (36, 120) (Guy 1994, p. 147). Beukers (1988) 
has studied the problem of finding numbers which are 
simultaneously tetrahedral and PYRAMIDAL via INTE- 
GER points on an ELLIPTIC CURVE, and finds that the 
only solution is the trivial Te1 = P, = 1. 


see also PYRAMIDAL NUMBER, TRUNCATED TETRAHE- 
DRAL NUMBER 
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Tetrahedral Surface 
A SURPACE given by the parametric equations 


z= A(u-—a)”"(v—a)” 
y = B(u — b)™(u — b)” 
z=CO(u-c)"(vu—c)”. 
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1798 Tetrahedroid 


Tetrahedroid 
A special case of a quartic KUMMER SURFACE. 
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Tetrahedron 


The regular tetrahedron, often simply called “the” tetra- 
hedron, is the PLATONIC SOLID P; with four VERTICES, 
six EDGES, and four equivalent EQUILATERAL TRIAN- 
GULAR faces (4{3}). It is also UNIFORM POLYHEDRON 
U,. It is described by the SCHLAFLI SYMBOL {3,3} and 
the WYTHOFF SYMBOL is 3| 23. It is the prototype of 
the TETRAHEDRAL GROUP Tu, 


The tetrahedron is its own DUAL POLYHEDRON. It 
is the only simple POLYHEDRON with no DIAGONALS, 
and cannot be STELLATED. The hea ad of a 
tetrahedron are given by (0,0, V3), 1/3), 
(-v2,-4.V6, -}V3), and (fae Ry, or by 
(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0). In the latter case, 
the face planes are 


eEtytz=2 (1) 
zE~y~z=0 (2) 
—-z+y—z=0 (3) 
r+y-z=0. (4) 


Let a tetrahedron be length a on a side. The VERTICES 
are located at (z, 0, 0), (—d, +a/2, 0), and (0, 0, h). 
From the figure, 

Perspective View Bottom View Side View 
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Tetrahedron 
This gives the AREA of the base as 
V3 1 
apd ae 
A=5a(R+2) za(% at a0 
2f{v3 273 

=e (¢ ae ) 
= iiss = 13a’. (7) 


The height is 


h= Va? —2? =a\/1—- 5 = iva. (8) 
The CIRCUMRADIUS BR is found from 
2? +(h—R)? = R? (9) 


a? +h? ~2hR+ R? = R?. (10) 


Solving gives 


a+h? §+§ 1/8 _, 
ar me 73 5 = 4V6a x 0.612370. 
(11) 
The INRADIUS r is 
r=h-R= 2a Ba = 4V6a~ 0.20412, (12) 
which is also 
r= $h=iR (13) 


The MIDRADIUS is 
pa Vt =a +S=Vfia=hvia 
e 0.35355a. (14) 
Plugging in for the VERTICES gives 
(aV3, 0,0), (—4V3.a,-+4a,0), and (0,0,3V6a). (15) 


Since a tetrahedron is a PYRAMID with a triangular base, 
V = 3 Aph, and 


V =3(5v307) (3+) =iv2a°. (16) 


The DIHEDRAL ANGLE is 


6 = tan™*(2V2) = 2sin-*(3 V6) =cos *(4). (17) 


Tetrahedron 


By slicing a tetrahedron as shown above, a SQUARE can 
be obtained. This cut divides the tetrahedron into two 
congruent solids rotated by 90°. 


Now consider a general (not necessarily regular) tetra- 
hedron, defined as a convex POLYHEDRON consisting of 
four (not necessarily identical) TRIANGULAR faces. Let 
the tetrahedron be specified by its VERTICES at (2;, yi) 
where 1 = 1,..., 4. Then the VOLUME is given by 


ZT Yl 21 
1 2 Yo 22 
3!}@3 ys 23 
Ta Ya 4 


(18) 


a 


Specifying the tetrahedron by the three EDGE vectors 
a, b, and c from a given VERTEX, the VOLUME is 


V = gla: (bx ce). (19) 


If the faces are congruent and the sides have lengths a, 
b, and c, then 


2 cae CEE (aa) 


(Klee and Wagon 1991, p. 205). Let a, b, c, and d be 
the areas of the four faces, and define 


B=Lcd (21) 
C= Lbd (22) 
D = Lbe, (23) 


where 4jk means here the ANGLE between the PLANES 
formed by the FACES j and k, with VERTEX along their 
intersecting EDGE. Then 


a? = b? +c? +d? —2cd cos B—2bd cos C —2be cos D. (24) 


The analog of GAUSS’S CIRCLE PROBLEM can be asked 
for tetrahedra: how many LATTICE POINTS lie within a 
tetrahedron centered at the ORIGIN with a given INRA- 
pius (Lehmer 1940, Granville 1991, Xu and Yau 1992, 
Guy 1994). 


see also AUGMENTED TRUNCATED TETRAHEDRON, 
BANG’S THEOREM, EHRHART POLYNOMIAL, HERONIAN 
TETRAHEDRON, HILBERT’S 3RD PROBLEM, ISOSCELES 
TETRAHEDRON, SIERPINSKI TETRAHEDRON, STELLA 
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OCTANGULA, TETRAHEDRON 5-COMPOUND, TETRAHE- 
DRON 10-COMPOUND, TRUNCATED TETRAHEDRON 
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Tetrahedron 5-Compound 


A POLYHEDRON COMPOUND composed of 5 TETRA- 
HEDRA. Two tetrahedron 5-compounds of opposite 
CHIRALITY combine to make a TETRAHEDRON 10- 
COMPOUND. The following diagram shows pieces which 
can be assembled to form a tetrahedron 5-compound 
(Cundy and Rollett 1989). 


see also POLYHEDRON COMPOUND, TETRAHEDRON 10- 
COMPOUND 
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Tetrahedron 10-Compound 


4 
& 


Two TETRAHEDRON 5-COMPOUNDS of opposite CHI- 
RALITY combined. 


see also POLYHEDRON COMPOUND, TETRAHEDRON 5- 
COMPOUND 
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Tetrahedron Inscribing 

Pick four points at random on the surface of a unit 
SPHERE. Find the distribution of possible volumes of 
(nonregular) TETRAHEDRA. Without loss of generality, 
the first point can be chosen as (1, 0, 0). Designate the 
other points a, b, and c. Then the distances from the 
first VERTEX are 


cos$; — 1 
a= sin 4, (1) 
0 
cos 82 sin dz — 1 
b= sin 02 sin ¢2 (2) 
cos da 
cos 63 sin gs — 1 
c= sin 63 sin d3 : (3) 
cos $3 


The average volume is then 
2 1 20 2a 2x n/2 an f2 
Al LL Lo Llamo 
0 0 0 —n/24—xn/2 
d¢3 ddz d63 d02 d0,, (4) 
where 


2m 20 2n {2 
C= : | / | dd3 dz dO3 dOz dO, = 8° 
0 ft) 0 —1/2 


(5) 


Tetrakaidecahedron 
and 


a-(b x c) = —cos¢2 sin A; 4+ cos ds sin 63 
— cos $3 cos 92 sin $2 sin #; + cos ¢2 cos 93 sin }3 sin #1 
— cos $3 sin 2 sin 02 + cos 3 cos 61 sin 2 sin 62 


+ cos $2 sin @3 sin #3 — cos d2 cos 6; sin@3 sin93. (6) 


The integrals are difficult to compute analytically, but 
10’ computer TRIALS give 


(V) = 0.1080 (7) 
(Vv?) ~ 0.02128 (8) 
av = (V") — (V)? = 0.009937. (9) 


see also POINT-POINT DISTANCE—1-D, TRIANGLE IN- 
SCRIBING IN A CIRCLE, TRIANGLE INSCRIBING IN AN 
ELLIPSE 
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Tetrahemihexacron 
The DUAL POLYHEDRON of the TETRAHEMIHEXAHE- 
DRON. 


Tetrahemihexahedron 


The UNIFORM POLYHEDRON U4 whose DUAL POLYHE- 
DRON is the TETRAHEMIHEXACRON. It has SCHLAFLI 
SYMBOL r'{$} and WYTHOFF SYMBOL § 3/2. Its faces 
are 4{3} + 3{4}. It is a faceted form of the OCTAHE- 
DRON. Its CIRCUMRADIUS is 


R= iv2. 


References 
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Tetrakaidecagon 
see TETRADECAGON 


Tetrakaidecahedron 
see TETRADECAHEDRON 


Tetrakis Hexahedron 


Tetrakis Hexahedron 


The DUAL POLYHEDRON of the TRUNCATED OCTAHE- 
DRON. 


Tetranacci Number 

The tetranacci numbers are a generalization of the FI- 
BONACCI NUMBERS defined by Ty = 0, 7, = 1, Tz = 1, 
T; = 2, and the RECURRENCE RELATION 


Th = Tn-1 + Tn-2 + Trh-3 + Tr—a 


for n > 4. They represent the n = 4 case of the FI- 
BONACCI n-STEP NUMBERS. The first few terms are 1, 
1, 2, 4, 8, 15, 29, 56, 108, 208, ... (Sloane’s A000078). 
The ratio of adjacent terms tends to 1.92756, which is 
the REAL Root of 2° — 224 +1=0. 


see also FIBONACCI n-STEP NUMBER, FIBONACCI NUM- 
BER, TRIBONACCI NUMBER 


References 
Sloane, N. J. A. Sequence A000078/M1108 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 


Tetrix 


RY VN 


The 3-D analog of the SIERPINSKI SIEVE illustrat 
above, also called the SIERPINSKI SPONGE or SIERPINSKI 
TETRAHEDRON. Let N, be the number of tetrahedra, 
Ly, the length of a side, and A, the fractional VOLUME 
of tetrahedra after the nth iteration. Then 


N,, = 4” (1) 
In = (3)" = 2 (2) 
An = Ln? Nn = (4)". (3) 


The Capacity DIMENSION is therefore 


. nNn In(4”) 
— ] = 
Cee eae a) 
In4 2In2 
In2 In 2 2; (4) 


Theorem 1801 
so the tetrix has an INTEGRAL CAPACITY DIMENSION 
(albeit one less than the DIMENSION of the 3-D TETRA- 
HEDRA from which it is built), despite the fact that it is 
a FRACTAL, 


The following illustration demonstrates how this coun- 
terintuitive fact can be true by showing three stages of 
the rotation of a tetrix, viewed along one of its edges. 
In the last frame, the tetrix “looks” like the 2-D PLANE. 


see also MENGER SPONGE, SIERPINSKI SIEVE 
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Tetromino 


| EP Eb 


The five 4-POLYOMINOES, known as STRAIGHT, L-, T-, 
SQUARE, and SKEw. 
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Thales’ Theorem 


An ANGLE inscribed in a SEMICIRCLE is a RIGHT AN- 
GLE. 


see also RIGHT ANGLE, SEMICIRCLE 


Theorem 

A statement which can be demonstrated to be true by 
accepted mathematical operations and arguments. In 
general, a theorem is an embodiment of some general 
principle that makes it part of a larger theory. 


According to the Nobel Prize-winning physicist Richard 
Feynman (1985), any theorem, no matter how diffi- 
cult to prove in the first place, is viewed as “TRIVIAL” 


1802 Theorema Egregium 


by mathematicians once it has been proven. There- 
fore, there are exactly two types of mathematical ob- 
jects: TRIVIAL ones, and those which have not yet been 
proven. 

see also AXIOM, AXIOMATIC SYSTEM, COROLLARY, 
DEEP THEOREM, PORISM, LEMMA, POSTULATE, PRIN- 
CIPLE, PROPOSITION 

References 


Feynman, R. P. and Leighton, R. Surely You’re Joking, Mr. 
Feynman! New York: Bantam Books, 1985. 


Theorema Egregium 
see GAUSS’S THEOREMA EGREGIUM 


Theta Function 

The theta functions are the elliptic analogs of the Ex- 
PONENTIAL FUNCTION, and may be used to express the 
JACOBI ELLIPTIC FUNCTIONS. Let t be a constant COM- 
PLEX NUMBER with S[é] > 0. Define the NOME 


que™ = er (k)/K(h) (1) 
where K'(k) 
t= ~" K(k)’ (2) 


and K(k) is a complete ELLIPTIC INTEGRAL OF THE 
First KIND, k is the MODULUS, and k’ is the comple- 
mentary MODULUS. Then the theta functions are, in 
the NOTATION of Whittaker and Watson, 


Bi(z,g) = 2 (-1)"g"*/™ sin((2n + 1)z] 


n=0 


= zq'/4 Sear sin{(2n + 1)z] (3) 
=0 


02(z,q) =2 SS gener cos[(2n + 1)z] 


n=0 


oO 
= 2q'/* ye g"*F) cos[(2n + 1)z] (4) 


n=0 


Y3(z,q) =1+ 25 oq" cos(2nz) (5) 


n=1 


fo) 
be (gt ernie 


n=O 


=1+2 So(-1)"a" cos(2nz). (6) 


8a(z,q) 


Written in terms of ¢, 


= 2 

Oia) SY. gre (7) 
a 2 

3(t,q)= So gr er", (8) 


nm=— oo 


Theta Function 


These functions are sometimes denoted ©; or #;, and a 
number of indexing conventions have been used. For a 
summary of these notations, see Whittaker and Watson 
(1990). The theta functions are quasidoubly periodic, 
as illustrated in the following table. 


| Bi Vi(z + mw) /9i(z) | Oi(z + tr) /09;(z) 


Or —1 —-N 
Va —1 N 
Os 1 N 
Da 1 —N 
Here, 
NS giTte (9) 


The quasiperiodicity can be established as follows for 
the specific case of 34, 


fone) 
2 . cf 
Ba(z +7, q) = S> (—1)"q" e2rtz p2nin 
as 
nn? 2niz 
me » (-1)"q" e = 0a(z,q) (10) 
— 2 , . 
0a(z + mt, q) = yy (-1)"q" e2tint p2niz 
m= 0O 
or) 
nn? 2n_ 2niz 
= Ye cyragre 
n=—0o 
= 2 
= Lge ye (4a) tg? quantile 
= 2 
= Lge? > (=1)" 9" qin 
n=-—0o 
~1_ ~—2iz 
=—q e '04(z,9)- (11) 


The theta functions can be written in terms of each 
other: 


O1(z,q) = te? t7*/494(z + Lat, g) (12) 
92(z, q) = V1 (z + $m, q) (13) 
03(z,q) = Va(z + 57,9). (14) 


Any theta function of given arguments can be expressed 
in terms of any other two theta functions with the same 
arguments. 


0. 10 
ny 8 
6 
-1 -0.5 0.5 1 4 
-0.2 2 
-0.4 
0.20.40.60.8 1 
16 
8 8 
6 6 
4 4 
2 2 
{ 
-1 -0.5 0.5 2 -2 -0.5 0.5 1 


Theta Function 


Define 
0; = Bi(z — 0), (15) 


which are plotted above. Then we have the identities 


917 (z)04? = V3? (z) 92” — 2? (z) 07 (16) 


02? (z)04" = 947 (z)92" - 917 (z)03" (17) 
93°(z)04" = Ya? (z)037 — 017 (z)92” (18) 
a? (z) 04? — 937 (z)03? > 927 (z)9o?. (19) 


Taking z = 0 in the last gives the special case 
044 = 034 — 024. (20) 


In addition, 


fo) 


s(x) = Se 


a” =1+22+204+ 209+... (21) 


3 


: x x aé a? ) 
D3 (2) =14+4(—*— Foat Loe Foe tee 

(22) 

ede x 22? 32% 4x4 ) 

us (2) =1+8(; 1+a2? 1-28 ae ; 

(23) 


The theta functions obey addition rules such as 


937 (y)93?(z) + 917 (y)d17(z). 
(24) 


03(z + y)8a(z — y)0s" = 
Letting y = z gives a duplication FORMULA 

03(2z)03° = 03°(z) + 01°(z). (25) 
For more addition FORMULAS, see Whittaker and Wat- 


son (1990, pp. 487-488). Ratios of theta function deriva- 
tives to the functions themselves have the simple forms 


a =cotz+4 ur Te aw Sin(2nz) (26) 
v2 5 =-—tanz+4 yor ; _ sin(2nz) 
(27) 

03(z) — ee ee 
Isl) = #2) i-@ sin(2nz) (28) 
84(z) g’"~* sin(2z) 
Ba(z) => Le rc 1 cos(2z) + q47~? 

- => ee. (29) 


Theta Function 1803 


The theta functions can be expressed as products in- 
stead of sums by 


91(z) = 2Gq'/4 sinz [{a — 24°” cos(2z) + q*”] (30) 
n=1 

02(z) = 2Gqi/4 cos z [[e + 2q°" cos(2z) + q*"|(31) 
n=1 


93(z) =G [[t + 2q?"~" cos(2z) + q*”~?] (32) 


da(z)=G] I 


where 


2q?7"- cos(2z) + rag (33) 


c=|[[a-¢) (34) 


(Whittaker and Watson 1990, pp. 469-470). 


The theta functions satisfy the PARTIAL DIFFERENTIAL 
EQUATION 


2 
1772 ¥ 4 TY _ 0, (35) 


where y = 0;(z|t). Ratios of the theta functions with 04 
in the DENOMINATOR also satisfy differential equations 


ad Pi(z)} 9 2 Be(z)9s(z) 
dz Bal rie B47 (z) ee 


d [2(z) 2 01(z)93(z) 
— || = - 33° — 37 
dz bal (2) me 

d | 03(z) 2 01(z)V2(z) 
ea = —$2° 38 
dz bx 8G) as 

Some additional remarkable identities are 

B, = 920304 (39) 


9a(z, t) = —(it)/2e"/ #94 (5. -;). (40) 


which were discovered by Poisson in 1827 and are equiv- 
alent to 


foe] 


~t(ztn)? {7 = 2wikz—(n7k? /t) 
Sve =V5 >> 2 . (41) 


n=—oCo k=—0o 
Another amazing identity is 
29:{4(—b+c+d+e)]¥2[4(b—ct+d+e)}93[3(b+c—dt+e)] 
x 04[5(b +et+ d— e)] = 03(b)Ba(c)04 (d)82(e) 


+82 (b)01 (c)8a(d)0s(e) — V1 (b)92(c)0s(d) 3a(e) 
+94(b)9s (c)92(d)0 (e) (42) 


(Whittaker and Watson 1990, p. 469). 


1804 Theta Function 


The complete ELLIPTIC INTEGRALS OF THE FIRST and 

SECOND KINDS can be expressed using theta functions. 
Let 1(2) 
Zz 

=, 43 


and plug into (36) 


=, = (2? ~ €783?)(8s? — €7427). (44) 


dz 
Now write 4 
65. SY (45) 
and 
2037 =u. (46) 
Then get 
(4) =a-va-#y), (47) 


where the MODULUS is defined by 


927(q) 


k=k(q) = : 48 
(q) 357(q) (48) 
Define also the complementary MODULUS 
1 84? (—q) 
k'=k =>. (49 
Now, since 
824 4+ 047 = 934, (50) 
we have shown 
+k? =1., (51) 
The solution to the equation is 
—2 
= Betiluis |) = sn(u,k), (52) 


YD O4(ud3 (1) 
which is a JACOBI ELLIPTIC FUNCTION with periods 
4K (k) = 293"(q) (53) 


and 
2iK'(k) = xtd3"(q). (54) 


Here, K is the complete ELLIPTIC INTEGRAL OF THE 
First KIND, 
K(k) = }103"(q). (55) 


see also BLECKSMITH-BRILLHART-GERST THEOREM, 
ELLIPTIC FUNCTION, ETA FUNCTION, EULER’S PEN- 
TAGONAL NUMBER THEOREM, JACOBI ELLIPTIC FUNC- 
TIONS, JACOBI TRIPLE PRODUCT, LANDEN’S ForR- 
MULA, Mock THETA FUNCTION, MODULAR EQUATION, 
MODULAR TRANSFORMATION, MORDELL INTEGRAL, 
NEVILLE THETA FUNCTION, NOME, POINCARE-FUCHS- 
KLEIN AUTOMORPHIC FUNCTION, PRIME THETA 


Third Curvature 


FUNCTION, QUINTUPLE PRODUCT IDENTITY, RAMANU- 
JAN THETA FUNCTIONS, SCHROTER’S FORMULA, WE- 
BER FUNCTIONS 
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Theta Operator 
In the NOTATION of Watson (1966), 


__d 
vez: 
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Theta Subgroup 
see LAMBDA GROUP 


Thiele’s Interpolation Formula 
Let p be a RECIPROCAL DIFFERENCE. Then Thiele’s 
interpolation formula is the CONTINUED FRACTION 


= L-L v~ £2 
F(a) = fli) + p(1,@2)+ p2(#1, 22,23) — f(xi)+ 
x x3 


p3(@1,22,23,24) — p(z1,22) +... 
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Thiessen Polytope 
see VORONOI POLYGON 


Third Curvature 


Also known as the TOTAL CURVATURE. The linear ele- 
ment. of the INDICATRIX 


dsp =v dsr? + dsg*. 


see also LANCRET EQUATION 


Thirteenth 


Thirteenth 
see FRIDAY THE THIRTEENTH 


Thom’s Eggs 


EGG-shaped curves constructed using multiple CIRCLES 
which Thom (1967) used to model Megalithic stone rings 
in Britain. 

see also EGG, OVAL 
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Thomae’s Theorem 


T(e@+y+3+1) Here ee 
Piets+il(iyt+stl) *\ ct+stilyts+1’ 
— Ta+b+s+1) FE —2,-yatbt+s+1, 
“Tats+iP(b+s¢1)° °\ at+st+l1bt+s41 *)° 


where I'(z) is the GAMMA FUNCTION and the function 
3F2(a, b,c; d,e; z) is a GENERALIZED HYPERGEOMETRIC 
FUNCTION. 


see also GENERALIZED HYPERGEOMETRIC FUNCTION 
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Thomassen Graph 


The GRAPH illustrated above. 
see also THOMSEN GRAPH 


Thompson’s Functions 
see BEI, BER, KELVIN FUNCTIONS 


Thomson Problem 1805 


Thompson Group 
The SPORADIC GROUP Th. 
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Thomsen’s Figure 


Take any TRIANGLE with VERTICES A, B, and C. Pick 
a point A; on the side opposite A, and draw a line PAR- 
ALLEL to AB. Upon reaching the side AC at B,, draw 
the line PARALLEL to BC. Continue (left figure). Then 
A3 = A; for any TRIANGLE. If A; is the MIDPOINT of 
BC, then A2 = A, (right figure). 


see also MIDPOINT, TRIANGLE 
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Thomsen Graph 

The COMPLETE BIPARTITE GRAPH K3,3, which is 
equivalent to the UTILITY GRAPH. It has a CROSSING 
NUMBER 1. 


see also COMPLETE BIPARTITE GRAPH, CROSSING 
NUMBER (GRAPH), THOMASSEN GRAPH, UTILITY 
GRAPH 


Thomson Lamp Paradox 

A lamp is turned on for 1/2 minute, off for 1/4 minute, 
on for 1/8 minute, etc. At the end of one minute, the 
lamp switch will have been moved No times, where No is 
ALEPH-0. Will the lamp be on or off? This PARADOX 
is actually nonsensical, since it is equivalent to asking if 
the “last” INTEGER is EVEN or ODD. 
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Thomson’s Principle 
see DIRICHLET’S PRINCIPLE 


Thomson Problem 

Determine the stable equilibrium positions of N clas- 
sical electrons constrained to move on the surface of a 
SPHERE and repelling each other by an inverse square 
law. Exact solutions for N = 2 to 8 are known, but 
N =9 and 11 are still unknown. 


1806 Thousand 


In reality, Earnshaw’s theorem guarantees that no sys- 
tem of discrete electric charges can be held in stable 
equilibrium under the influence of their electrical inter- 
action alone (Aspden 1987). 


see also FEJES TOTH’S PROBLEM 
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Thousand 

1,000 = 10°. The word “thousand” appears in com- 
mon expressions in a number of languages, for example, 
“a thousand pardons” in English and “tusen takk” (“a 
thousand thanks”) in Norwegian. 


see also HUNDRED, LARGE NUMBER, MILLION 


Three 


see 3 


Three-Colorable 
see COLORABLE 


Three-In-A-Row 
see Tic-TAC-TOE 


Three Jug Problem 

Given three jugs with x pints in the first, y in the second, 
and z in the third, obtain a desired amount in one of the 
vessels by completely filling up and/or emptying vessels 
into others. This problem can be solved with the aid of 
TRILINEAR COORDINATES. 
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Thue-Morse Constant 


Three- Valued Logic 

A logical structure which does not assume the Ex- 
CLUDED MIDDLE LAw. Three possible truth values are 
possible: true, false, or undecided. There are 3072 such 
logics. 

see also EXCLUDED MIDDLE Law, Fuzzy LoGic, LOGIc 


Threefoil Knot 
see TREFOIL KNOT 


Thue Constant 
The base-2 TRANSCENDENTAL NUMBER 


0.11011011111011011111...2, 


where the nth bit is 1 if n is not divisible by 3 and is 
the complement of the (n/3)th bit if n is divisible by 3. 
It is also given by the SUBSTITUTION MAP 


0-111 
1—> 110. 


In decimal, the Thue constant equals 0.8590997969.... 
see also RABBIT CONSTANT, THUE-MORSE CONSTANT 


References 


Thue-Morse Constant 
The constant also called the PARITY CONSTANT and 
defined by 


foe] 
P=15~ P(n)2- = 0.4124540336401075977... (1) 


n=0 


(Sloane’s A0Q14571), where P(n) is the PARITY of n. 
Dekking (1977) proved that the Thue-Morse constant 
is TRANSCENDENTAL, and Allouche and Shallit give a 
complete proof correcting a minor error of Dekking. 


The Thue-Morse constant can be written in base 2 by 
stages by taking the previous iteration an, taking the 
complement @,, and appending, producing 


ao = 0.02 

a; = 0.012 

a2 = 0.01102 

a3 = 0.011010012 

a4 = 0.01101001100101103. (2) 


This can be written symbolically as 
Q@n41 = Qn + an ¢ > ai (3) 


with ap = 0. Here, the complement is the number a, 
such that an + G@ = 0.11...2, which can be found from 


= pan(ty" - 
an tin =) (4)* = 2 1-2". 4) 
k=1 


1 
2 


Thue-Morse Sequence 


Therefore, - 
m= Tan 32* (5) 


and A * 
Gnti =An+(1—-2°7 —an)2-”. (6) 


The regular CONTINUED FRACTION for the Thue-Morse 
constant is [0222143521421544141241 
115141501551114214143141213161 
21215012 4241252111552 2251141 1274 
352111411415 154721221211650141 
2 86737411155116127 2 1650 23311125 
3 84111 1284 ...] (Sloane’s A014572), and seems to 
continue with sporadic large terms in suspicious-looking 
patterns. A nonregular CONTINUED FRACTION is 


P= 50 VB 


A related infinite product is 


1-3-15-255-65535--- 
4P = 2—~ 5716 256655305. (8) 


The SEQUENCE a4. = 0110100110010110100101100... 
(Sloane’s A010060) is known as the THUE-MORSE SE- 
QUENCE, 


see also RABBIT CONSTANT, THUE CONSTANT 
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Thue-Morse Sequence 
The INTEGER SEQUENCE (also called the MORSE-THUE 
SEQUENCE) 


01101001100101101001011001101001... (1) 


(Sloane’s A010060) which arises in the THUE-MORSE 
CONSTANT. It can be generated from the SUBSTITUTION 
MAP 
Q- OL (2) 
1— 10 (3) 


Thue-Morse Sequence 1807 
starting with 0 as follows: 
0 + 01 + 0110 > 01101001 >... (4) 


Writing the sequence as a POWER SERIES over the Ga- 
LOIS FIELD GF(2), 


F(z) =0+12+1274+ 027+ 12*+..., (5) 


then F satisfies the quadratic equation 


Hb 
1+ 2? 


(l+2)F°+F= (mod 2). (6) 


This equation has two solutions, F and F’, where F’ is 
the complement of F, i.e., 


F+P=l+erter¢e?+...= 


» (7) 


which is consistent with the formula for the sum of the 
roots of a quadratic. The equality (6) can be demon- 
strated as follows. Let (abcdef...) be a shorthand for 
the POWER series 


a+br+cx*+dx°+..., (8) 


so F(x) is (0110100110010110...). To get F®, simply 
use the rule for squaring POWER SERIES over GF(2) 


(A+ B)? = A? + B? (mod 2), (9) 


which extends to the simple rule for squaring a POWER 
SERIES 


(ag ta1z+az7+...)? = ap+aiz?+a2z*+... (mod 2), 
(10) 

i.e., space the series out by a factor of 2,(0110100 

1...), and insert zeros in the ODD places to get 


F? = (0010100010000010. ..). (11) 


Then multiply by z (which just adds a zero at the front) 
to get 
2F* = (00010100010000010...). (12) 


Adding to F? gives 

(1+ 2)F? = (0011110011000011...). (13) 
This is the first term of the quadratic equation, which 
is the Thue-Morse sequence with each term doubled up. 


The next term is F, so we have 


(1+ 2)F? = (0011110011000011. ..) (14) 
F = (0110100110010110...). (15) 


1808 Thue Sequence 


The sum is the above two sequences XORed together 
(there are no CARRIES because we’re working over 
GF(2)), giving 


(1+2)F? + F = (0101010101010101...). (16) 


We therefore have 


x 
14 2? 
=etortar> +e’ +a°4+2''4+... (mod 2). (17) 


(+2)? +F= 


The Thue-Morse sequence is an example of a cube- 
free sequence on two symbols (Morse and Hedlund 
1944), ie., it contains no substrings of the form WWW, 
where W is any WoRD. For example, it does not con- 
tain the WorpDs 000, 010101 or 010010010. In fact, 
the following stronger statement is true: the Thue- 
Morse sequence does not contain any substrings of the 
form WWa, where a is the first symbol of W. We 
can obtain a SQUAREFREE sequence on three sym- 
bols by doing the following: take the Thue-Morse se- 
quence 0110100110010110... and look at the sequence 
of WORDS of length 2 that appear: 01 11 10 01 10 00 
011110.... Replace 01 by 0, 10 by 1, 00 by 2 and 
11 by 2 to get the following: 021012021.... Then this 
SEQUENCE is SQUAREFREE (Morse and Hedlund 1944). 


The Thue-Morse sequence has important connections 
with the GRAY CoDE. Kindermann generates fractal 
music using the SELF-SIMILARITY of the Thue-Morse 
sequence. 


see also GRAY CODE, PARITY CONSTANT, RABBIT SE- 
QUENCE, THUE SEQUENCE 
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Thue Sequence 

The SEQUENCE of BINARY DIGITS of the THUE CON- 
STANT, 0.110110111110110111110110110...2 (Sloane’s 
A014578). 


see also RABBIT CONSTANT, THUE CONSTANT 
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Thurston’s Geometrization Conjecture 


Thue-Siegel-Roth Theorem 

If a is a TRANSCENDENTAL NUMBER, it can be approx- 
imated by infinitely many RATIONAL NUMBERS m/n to 
within n~”, where r is any POSITIVE number. 


see also LIOUVILLE’S RATIONAL APPROXIMATION THE- 
OREM, LIOUVILLE-ROTH CONSTANT, ROTH’S THEO- 
REM 


Thue-Siegel-Schneider-Roth Theorem 
see THUE-SIEGEL-ROTH THEOREM 


Thue’s Theorem 

If n > 1, (a,n) = 1 (i.e., a and n are RELATIVELY 
PRIME), and m is the least integer > \/n, then there 
exist an xz and y such that 


ay = +2 (mod n) 


where 0 <2<mandO0<y<m. 
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Thurston’s Geometrization Conjecture 
Thurston’s conjecture has to do with geometric struc- 
tures on 3-D MANIFOLDS. Before stating Thurston’s 
conjecture, some background information is useful. 3- 
dimensional MANIFOLDS possess what is known as a 
standard 2-level DECOMPOSITION. First, there is the 
CONNECTED SUM DECOMPOSITION, which says that ev- 
ery COMPACT 3-MANIFOLD is the CONNECTED SUM of 
a unique collection of PRIME 3-MANIFOLDS. 


The second DECOMPOSITION is the JACO-SHALEN- 
JOHANNSON TORUS DECOMPOSITION, which states that 
irreducible orientable COMPACT 3-MANIFOLDS have a 
canonical (up to ISOTOPY) minimal collection of dis- 
jointly EMBEDDED incompressible TORI such that each 
component of the 3-MANIFOLD removed by the TORI is 
either “atoroidal” or “Seifert-fibered.” 


Thurston’s conjecture is that, after you split a 3- 
MANIFOLD into its CONNECTED SuM and then JACO- 
SHALEN-JOHANNSON TORUS DECOMPOSITION, the re- 
maining components each admit exactly one of the fol- 
lowing geometries: 


1. EUCLIDEAN GEOMETRY, 
HYPERBOLIC GEOMETRY, 
SPHERICAL GEOMETRY, 
the GEOMETRY of S’ x R, 
the GEOMETRY of H? x R, 
the GEOMETRY of SL2R, 
NIL GEOMETRY, or 


BO SPO Rr ee IRS 


SoL GEOMETRY. 


Thwaites Conjecture 


Here, S? is the 2-SPHERE and H” is the HYPERBOLIC 
PLANE. If Thurston’s conjecture is true, the truth of 
the POINCARE CONJECTURE immediately follows. 


see also CONNECTED SUM DECOMPOSITION, EUCLID- 
EAN GEOMETRY, HYPERBOLIC GEOMETRY, JACO- 
SHALEN- JOHANNSON TORUS DECOMPOSITION, NIL GE- 
OMETRY, POINCARE CONJECTURE, SOL GEOMETRY, 
SPHERICAL GEOMETRY 


Thwaites Conjecture 
see COLLATZ PROBLEM 


Tic-Tac-Toe 

The usual game of tic-tac-toe (also called TICKTACK- 
TOE) is 3-in-a-row on a 3 x 3 board. However, a gen- 
eralized n-IN-A-ROW on an n x m board can also be 
considered. For n = 1 and 2 the first player can always 
win. If the board is at least 3 x 4, the first player can 
win for n = 3. 


However, for Tic-Tac-TOE which uses a 3 x 3 board, 
a draw can always be obtained. If the board is at least 
4 x 30, the first player can win forn = 4. Forn = 5,a 
draw can always be obtained on a 5 x 5 board, but the 
first player can win if the board is at least 15 x 15. The 
cases n = 6 and 7 have not yet been fully analyzed for 
an n xX n board, although draws can always be forced 
for n = 8 and 9. On an oo x oo board, the first player 
can win for n = 1, 2, 3, and 4, but a tie can always be 
forced for n > 8. For 3 x 3 x 3 and 4 x 4 x 4, the first 
player can always win (Gardner 1979). 


see also PONG HAU K’I 
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Ticktacktoe 
see T1c-Tac-ToOE 


Tight Closure 

The application of characteristic p methods in COMMU- 
TATIVE ALGEBRA, which is a synthesis of some areas of 
COMMUTATIVE ALGEBRA and ALGEBRAIC GEOMETRY. 


see also ALGEBRAIC GEOMETRY, COMMUTATIVE ALGE- 
BRA 
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Tightly Embedded 

Q is said to be tightly embedded if |Q.M Q9| is ODD for 
all g € G— Ng(Q), where Ng(Q) is the NORMALIZER 
of Q in G. 


Tiling 

A plane-filling arrangement of plane figures or its gener- 
alization to higher dimensions. Formally, a tiling is a col- 
lection of disjoint open sets, the closures of which cover 
the plane. Given a single tile, the so-called first CORONA 
is the set of all tiles that have a common boundary point 
with the tile (including the original tile itself). 


WANG’S CONJECTURE (1961) stated that if a set of tiles 
tiled the plane, then they could always be arranged to 
do so periodically. A periodic tiling of the PLANE by 
POLYGONS or SPACE by POLYHEDRA is called a TES- 
SELLATION. The conjecture was refuted in 1966 when 
R. Berger showed that an aperiodic set of 20,426 tiles 
exists. By 1971, R. Robinson had reduced the num- 
ber to six and, in 1974, R. Penrose discovered an aperi- 
odic set (when color-matching rules are included) of two 
tiles: the so-called PENROSE TILES. (Penrose also sued 
the Kimberly Clark Corporation over their quilted toi- 
let paper, which allegedly resembles a Penrose aperiodic 
tiling; Mirsky 1997.) 


It is not known if there is a single aperiodic tile. 


3 any 
4 any 
5 14 
3 


The number of tilings possible for convex irregular 
POLYGONS are given in the above table. Any TRIAN- 
GLE or convex QUADRILATERAL tiles the plane. There 
are at least 14 classes of convex PENTAGONAL tilings. 
There are at least three aperiodic tilings of HEXAGONS, 
given by the following types: 


A+B+C = 360° 
A+B+D = 360° 
A=C=E 


a=d,c=e (1) 


(Gardner 1988). Note that the periodic hexagonal TEs- 
SELLATION is a degenerate case of all three tilings with 


a=b=c=d=e=f. 
(2) 


1810 Tiling Theorem 


There are no tilings for convex n-gons for n > 7. 


see also ANISOHEDRAL TILING, CoRONA (TILING), 
GOSPER ISLAND, HEESCH’S PROBLEM, ISOHEDRAL 
TILING, KOCH SNOWFLAKE, MONOHEDRAL TILING, 
PENROSE TILES, POLYOMINO TILING, SPACE-FILLING 
POLYHEDRON, TILING THEOREM, TRIANGLE TILING 
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Tiling Theorem 

Due to Lebesgue and Brouwer. If an n-D figure is cov- 
ered in any way by sufficiently small subregions, then 
there will exist points which belong to at least n + 1 of 
these subareas. Moreover, it is always possible to find a 
covering by arbitrarily small regions for which no point 
will belong to more than n + 1 regions. 


see also TESSELLATION, TILING 


Times 

The operation of MULTIPLICATION, i.e., a times b. Vari- 
ous notations are a x b, a-b, ab, and (a)(b). The “multi- 
plication sign” x is based on SAINT ANDREW’S C_.OSS 
(Bergamini 1969). Floating point MULTIPLICA‘ION is 
sometimes denoted @. 


see also Cross PRopuctT, DoT PrRobDucT, MINUS, 
MULTIPLICATION, PLUS, PRODUCT 
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Toeplitz Matrix 


Tit-for-Tat 

A strategy for the iterated PRISONER’S DILEMMA in 
which a prisoner cooperates on the first. move, and there- 
after copies the previous move of the other prisoner. Any 
better strategy has more complicated rules. 


see also PRISONER’S DILEMMA 
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Titanic Prime 

A PRIME with > 1000 Dicits. As of 1990, there were 
more than 1400 known (Ribenboim 1990). The table 
below gives the number of known titanic primes as a 
function of year end. 


Year Titanic Primes 


1992 2254 
1993 9166 
1994 9779 
1995 12391 
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Titchmarsh Theorem 

If f(w) is SQUARE INTEGRABLE over the REAL w axis, 

then any one of the following implies the other two: 

1. The FOURIER TRANSFORM of f(w) is 0 for t < 0. 

2. Replacing w by z, the function f(z) is analytic in 
the COMPLEX PLANE z for y > 0 and approaches 
f(x) almost everywhere as y > 0. Furthermore, 
ae |f(a+iy)|? dx < k for some number k and y > 0 
(i.e., the integral is bounded). 

3. The REAL and IMAGINARY PaRTS of f(z) are 
HILBERT TRANSFORMS of each other. 


Tits Group 
A finite SIMPLE GROUP which is a SUBGROUP of the 
TWISTED CHEVALLEY GRouP ?F,4(2). 


Toeplitz Matrix 


Given 2N — 1 numbers rx, where k = —-N+1,..., —1, 
0,1,..., W—1, a MATRIX of the form 

TO ry r_2 T—n4+1 

Ty To Pr. TP 2-2 


Tn-1 Tn-2 Tn-3 °°" Tro 


Togliatti Surface 


is called a Toeplitz matrix. MATRIX equations of the 


form 
N 


5 Pi-j2j = Yi 


j=l 


can be solved with O(N”) operations. 
see also VANDERMONDE MATRIX 
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Togliatti Surface 

Togliatti (1940, 1949) showed that QUINTIC SURFACES 
having 31 ORDINARY DOUBLE POINTS exist, although 
he did not explicitly derive equations for such sur- 
faces. Beauville (1978) subsequently proved that 31 dou- 
ble points are the maximum possible, and quintic sur- 
faces having 31 ORDINARY DOUBLE POINTS are there- 
fore sometimes called Togliatti surfaces. van Straten 
(1993) subsequently constructed a 3-D family of solu- 
tions and in 1994, Barth derived the example known as 
the DERVISH. 


see also DERVISH, ORDINARY DOUBLE POINT, QUINTIC 
SURFACE 


References 

Beauville, A. “Surfaces algébriques complexes.” Astérisque 
54, 1-172, 1978. 

EndraB, S. “Togliatti Surfaces.” http://www. mathematik . 
uni - mainz . de / Algebraische Geometrie / docs / 
Etogliatti.shtml. 

Hunt, B. “Algebraic Surfaces.” http://www.mathematik. 
uni-kl.de/-wwwagag/Galerie.html. 

Togliatti, E. G. “Una notevole superficie de 5° ordine con 
soli punti doppi isolati.” Vierteljschr. Naturforsch. Ges. 
Zurich 85, 127-132, 1940. 

Togliatti, E. “Sulle superficie monoidi col massimo numero di 
punti doppi.” Ann. Mat. Pura Appl. 30, 201-209, 1949. 
van Straten, D. “A Quintic Hypersurface in P* with 130 

Nodes.” Topology 32, 857-864, 1993. 


Tomography 

Tomography is the study of the reconstruction of 2- and 
3-dimensional objects from 1-dimensional slices. The 
RADON TRANSFORM is an important tool in tomogra- 


phy. 


Rather surprisingly, there exist certain sets of four direc- 
tions in Euclidean n-space such that X-rays of a convex 
body in these directions distinguish it from all other 
convex bodies. 


see also ALEKSANDROV’S UNIQUENESS THEOREM, 
BRUNN-MINKOWSKI INEQUALITY, BUSEMANN-PETTY 
PROBLEM, DVORETZKY’S THEOREM, RADON TRANS- 
FORM, STEREOLOGY 
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Tooth Surface 


The QUARTIC SURFACE given by the equation 
at tytt24—(2? +y? 427) =0. 
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Topological Basis 

A topological basis is a SuBsET B of a SET T in which 
all other OPEN SETS can be written as UNIONS or finite 
INTERSECTIONS of B. For the REAL NUMBERS, the SET 
of all OPEN INTERVALS is a basis. 


Topological Completion 

The topological completion C of a FIELD F’ with respect 
to the ABSOLUTE VALUE |-| is the smallest FIELD con- 
taining F for which all CAUCHY SEQUENCES or rationals 
converge. 
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Topologically Conjugate 

Two Mapes ¢,y: M — M are said to be topologically 
conjugate if there EXISTS a HOMEOMORPHISM hl: M > 
M such that doh = hoy, ie., h maps y-orbits onto 
g-orbits. Two maps which are topologically conjugate 
cannot be distinguished topologically. 

see also ANOSOV DIFFEOMORPHISM, STRUCTURALLY 
STABLE 


Topological Dimension 
see LEBESGUE COVERING DIMENSION 


Topological Entropy 
The topological entropy of a MAP M is defined as 


hr(M) = ee {W:}), 


where {W,} is a partition of a bounded region W con- 
taining a probability measure which is invariant under 
M, and sup is the SUPREMUM. 
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1812 Topological Groupoid 


Topological Groupoid 

A topological groupoid over B is a GROUPOID G such 
that B and G are TOPOLOGICAL SPACES and a, G, and 
multiplication are continuous maps. Here, a and @ are 
maps from G onto R? with a : (z,7,y) 4 x and @: 
any y. 
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Topological Manifold 

A TOPOLOGICAL SPACE M satisfying some separability 
(i.e., it is a HAUSDORFF SPACE) and countability (i.e., it 
is a PARACOMPACT SPACE) conditions such that every 
point p € M has a NEIGHBORHOOD homeomorphic to 
an OPEN SET in R” for some n > 0. Every SMOOTH 
MANIFOLD is a topological manifold, but not necessarily 
vice versa. The first nonsmooth topological manifold 
occurs in 4-D. 


Nonparacompact manifolds are of little use in math- 
ematics, but non-Hausdorff manifolds do occasionally 
arise in research (Hawking and Ellis 1975). For man- 
ifolds, Hausdorff and second countable are equivalent 
to Hausdorff and paracompact, and both are equiva- 
lent to the manifold being embeddable in some large- 
dimensional Euclidean space. 


see also HAUSDORFF SPACE, MANIFOLD, PARACOM- 
PACT SPACE, SMOOTH MANIFOLD, TOPOLOGICAL 
SPACE 
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Topological Space 
A SET X for which a TOPOLOGY T' has been specified 
is called a topological space (Munkres 1975, p. 76). 


see also KURATOWSKI’S CLOSURE-COMPONENT PROB- 
LEM, OPEN SET, TOPOLOGICAL VECTOR SPACE 


References 

Berge, C. Topological Spaces Including a Treatment of Multi- 
Valued Functions, Vector Spaces and Converity. New 
York: Dover, 1997. 

Munkres, J. R. Topology: A First Course. Englewood Cliffs, 
NJ: Prentice-Hall, 1975. 


Topological Vector Space 

A TOPOLOGICAL SPACE such that the two algebraic op- 
erations of VECTOR SPACE are continuous in the topol- 
ogy. 
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Topology 


Topologically Transitive 

A FUNCTION f is topologically transitive if, given any 
two intervals U and V, there is some POSITIVE INTEGER 
k such that f*(U) NV = ©. Vaguely, this means that 
neighborhoods of points eventually get flung out to “big” 
sets so that they don’t necessarily stick together in one 
localized clump. 


see also CHAOS 


Topology 

Topology is the mathematical study of properties of ob- 
jects which are preserved through deformations, twist- 
ings, and stretchings. (Tearing, however, is not allowed.) 
A CIRCLE is topologically equivalent to an ELLIPSE (into 
which it can be deformed by stretching) and a SPHERE 
is equivalent to an ELLIPSOID. Continuing along these 
lines, the SPACE of all positions of the minute hand on 
a clock is topologically equivalent to a CIRCLE (where 
SPACE of all positions means “the collection of all po- 
sitions”). Similarly, the SPACE of all positions of the 
minute and hour hands is equivalent to a TORUS. The 
SPACE of all positions of the hour, minute and second 
hands form a 4-D object that cannot be visualized quite 
as simply as the former objects since it cannot be placed 
in our 3-D world, although it can be visualized by other 
means. 


There is more to topology, though. Topology began with 
the study of curves, surfaces, and other objects in the 
plane and 3-space. One of the central ideas in topology 
is that spatial objects like CIRCLES and SPHERES can 
be treated as objects in their own right, and knowledge 
of objects is independent of how they are “represented” 
or “embedded” in space. For example, the statement 
‘af you remove a point from a CIRCLE, you get a line 
segment” applies just as well to the CIRCLE as to an 
ELLIPSE, and even to tangled or knotted CIRCLES, since 
the statement involves only topological properties. 


Topology has to do with the study of spatial objects 
such as curves, surfaces, the space we call our universe, 
the space-time of general relativity, fractals, knots, man- 
ifolds (objects with some of the same basic spatial prop- 
erties as our universe), phase spaces that are encoun- 
tered in physics (such as the space of hand-positions of 
a clock), symmetry groups like the collection of ways of 
rotating a top, etc. 


The “objects” of topology are often formally defined as 
TOPOLOGICAL SPACES. If two objects have the same 
topological properties, they are said to be HOMEOMOR- 
PHIC (although, strictly speaking, properties that are 
not destroyed by stretching and distorting an object are 
really properties preserved by ISOTOPY, not HOMEO- 
MORPHISM; ISOTOPY has to do with distorting embed- 
ded objects, while HOMEOMORPHISM is intrinsic). 


Topology is divided into ALGEBRAIC TOPOLOGY (also 
called COMBINATORIAL TOPOLOGY), DIFFERENTIAL 
TOPOLOGY, and LOW-DIMENSIONAL TOPOLOGY. 


Topology 


There is also a formal definition for a topology defined in 
terms of set operations. A SET X along with a collection 
T of SUBSETS of it is said to be a topology if the SUBSETS 
in T obey the following properties: 


1. The (trivial) subsets X and the EMPTY SET © are 
in T. 
2. Whenever sets A and B are in T, then so is ANB. 


3. Whenever two or more sets are in T, then so is their 
UNION 


(Bishop and Goldberg 1980). 


A Set X for which a topology T has been specified 
is called a TOPOLOGICAL SPACE (Munkres 1975, p. 76). 
For example, the SET X = {0, 1, 2, 3} together with the 
SuBsETs T = {0}, {1, 2, 3}, OS, {0, 1, 2, 3}} comprises 
a topology, and X is a TOPOLOGICAL SPACE. 


Topologies can be built up from TOPOLOGICAL BASES. 
For the REAL NUMBERS, the topology is the UNION of 
OPEN INTERVALS. 


see also ALGEBRAIC TOPOLOGY, DIFFERENTIAL To- 
POLOGY, GENUS, KLEIN BOTTLE, KURATOWSKI RE- 
DUCTION THEOREM, LEFSHETZ TRACE FORMULA, 
Low-DIMENSIONAL TOPOLOGY, POINT-SET TOPOL- 
OGY, ZARISKI TOPOLOGY 
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Topos 
A CATEGORY modeled after the properties of the CaT- 
EGORY of sets. 


see also CATEGORY, LOGOS 
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Toric Variety 

Let mi, M2, ..., Mn be distinct primitive elements of 
a 2-D LATTICE M such that det(mi,mi+1) > 0 for i = 
1, ..., n. Each collection [ = {mi,m2,...,mMn} then 
forms a set of rays of a unique complete fan in M, and 
therefore determines a 2-D toric variety Xr. 


References 

Danilov, V. I. “The Geometry of Toric Varieties.” Russ. 
Math. Surv. 33, 97-154, 1978. 

Fulton, W. Introduction to Toric Varieties. Princeton, NJ: 
Princeton University Press, 1993. 

Morelli, R. “Pick’s Theorem and the Todd Class of a Toric 
Variety.” Adv. Math. 100, 183-231, 1993. 

Oda, T. Convex Bodies and Algebraic Geometry. New York: 
Springer-Verlag, 1987. 

Pommersheim, J. E. “Toric Varieties, Lattice Points, and 
Dedekind Sums.” Math. Ann. 295, 1-24, 1993. 


Torispherical Dome 


A torispherical dome is the surface obtained from the 
intersection of a SPHERICAL CAP with a tangent TORUS, 
as illustrated above. The radius of the sphere R is called 


1814 Torn Square Fractal 


the “crown radius,” and the radius of the torus is called 


the “knuckle radius.” Torispherical domes are used to 
construct pressure vessels. 


see also DOME, SPHERICAL CAP 


Torn Square Fractal 
see CESARO FRACTAL 


Toroid 


A SURFACE OF REVOLUTION obtained by rotating a 
closed PLANE CURVE about an axis parallel to the plane 
which does not intersect the curve. The simplest toroid 
is the TORUS. 


see also PAPPUS’S CENTROID THEOREM, SURFACE OF 
REVOLUTION, TORUS 


Toroidal Coordinates 


oie a, 


AATATLIPEN 
Hy | UMA y 


LV) 


A system of CURVILINEAR COORDINATES for which sev- 
eral different notations are commonly used. In this work 
(u, v, @) is used, whereas Arfken (1970) uses (€, 7, y). 
The toroidal coordinates are defined by 


asinh vcos ¢ 


= 1 
cosh v — cosu (1) 
asinh vsin @ 

= 2 

sf coshv — cosu (2) 
asinu 

z= ————_ ,, 3 

cosh v — cosu (3) 


Toroidal Field 


where sinh z is the HYPERBOLIC SINE and cosh z is the 
HYPERBOLIC COSINE. The SCALE FACTORS are 


a 
“2 4 
& cosh v — cos u (4) 
a 
. = 5 
& cosh v — cos u (5) 
asinhv 
hg = ————_ (6) 


coshv — cosu’ 


The LAPLACIAN is 


vf = (cosh coon)’ 2 1 of) 
~ a? du \coshv — cosu du 
, (coshy —cosu)? 0 ( sinh v of) 
a? sinhv dv \coshv — cosu Ov 
(cosh v — cosu)? 8? f (7) 
a? sinhv 0¢? 
—3coscoth? v + cosh v coth? » 
coshv — cosu 
+3 cos? ucoth v csch v — cos? ucsch? v a 
cosh v — cosu 0¢? 
+(cos u — cosh v) sin ue + (cosh v ~ cos u)? os 
+(coshv — cos u)(cosh v coth v — sinh v 
2 
aeadweneeay + (cosh? v — eeu. (8) 


Ov Ov? 

The HELMHOLTZ DIFFERENTIAL EQUATION is not sepa- 
rable in toroidal coordinates, but LAPLACE’S EQUATION 
is. 


see also BISPHERICAL COORDINATES, LAPLACE’S 


EQUATION—TOROIDAL COORDINATES 
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Toroidal Field 

A VECTOR FIELD resembling a TORUS which is purely 
circular about the z-AXIS of a SPHERE (i.e., follows lines 
of LATITUDE). A toroidal field takes the form 


see also DIVERGENCELESS FIELD, POLOIDAL FIELD 
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Toroidal Function 


Toroidal Function 

A class of functions also called RING FUNCTIONS which 
appear in systems having toroidal symmetry. Toroidal 
functions can be expressed in terms of the LEGENDRE 
FUNCTIONS and SECOND KINDS (Abramowitz and Ste- 
gun 1972, p. 336): 


P#_, g(cosh) = (P(1 — )}7*27#(1 — e777) He 44/29 
x2Fi(4 — pw, 4+ — p31 -2yu;1-e 77) 
I(n +m + 4)(sinh)™ 
P(n —m + 4)2™/rT(m + 4) 
> (coshn + cos ¢sinh n)"+™41/2 
QP_1/(coshn) = [P(A + uv)" Vre™"T(5 + + 1) 
x (nee H/F (Lp, d-ty-tys Lu; Le") 
(-1)"0(n + 3) 
I'(n-m+ 34) 
re ie cosh(mt) dt 
9 (cosh + cosh t sinh 7)"+1/2 


Pr1/2(cosh 7) = 


x 


Qn-1/2(cosh 7) = 


for n > m. Byerly (1959) identifies 


1 
yn/2 


o _ n.d” P,»(cothz) 
Py. (cothz) = csch” x dcoth a)" 


as a TOROIDAL HARMONIC. 
see also CONICAL FUNCTION 
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Toroidal Harmonic 
see TOROIDAL FUNCTION 


Toroidal Polyhedron 

A toroidal polyhedron is a POLYHEDRON with GENUS 
g > 1 (ie., having one or more HOLES). Examples of 
toroidal polyhedra include the CsASZAR POLYHEDRON 
and SZILASSI POLYHEDRON, both of which have GENUS 
1 (ie., the TOPOLOGY of a ToRUus). 


The only known TOROIDAL POLYHEDRON with no DI- 
AGONALS is the CsASzAR POLYHEDRON. If another ex- 
ists, it must have 12 or more VERTICES and GENUS 
g > 6. The smallest known single-hole toroidal POLy- 
HEDRON made up of only EQUILATERAL TRIANGLES is 
composed of 48 of them. 


Torsion (Differential Geometry) 1815 


see also CSASZAR POLYHEDRON, SZILASSI POLYHEDRON 
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Toronto Function 


T(4m+ 3) 
ie 2 2 1.; xe 
T(m,n,r) = asain 1Fi(zittnjr’), 
where 1Fi(a;6;z) is a CONFLUENT HYPERGEOMET- 
RIC FUNCTION and [(z) is the GAMMA FUNCTION 


(Abramowitz and Stegun 1972). 
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Torricelli Point 
see FERMAT POINT 


Torsion (Differential Geometry) 

The rate of change of the OSCULATING PLANE of a 
SPACE CuRVE. The torsion 7 is POSITIVE for a right- 
handed curve, and NEGATIVE for a left-handed curve. 
A curve with CURVATURE & # 0 is planar IFF r = 0. 


The torsion can be defined by 
rT=-N-B, 


where N is the unit NORMAL VECTOR and B is the 
unit BINORMAL VECTOR. Written explicitly in terms of 
a parameterized VECTOR FUNCTION x, 


where |jabc| denotes a SCALAR TRIPLE PRODUCT and 
pis the RADIUS OF CURVATURE. The quantity 1/7 is 
called the RADIUS OF TORSION and is denoted o or ¢. 


see also CURVATURE, RADIUS OF CURVATURE, RADIUS 
OF TORSION 


References 

Gray, A. “Drawing Space Curves with Assigned Curvature.” 
§7.8 in Modern Differential Geometry of Curves and Sur- 
faces. Boca Raton, FL: CRC Press, pp. 145-147, 1993. 

Kreyszig, E. “Torsion.” §14 in Differential Geometry. New 
York: Dover, pp. 37-40, 1991. 


1816 Torsion (Group Theory) 


Torsion (Group Theory) 

If G is a Group, then the torsion elements Tor(G) of G 
(also called the torsion of G) are defined to be the set 
of elements g in G such that g” = e for some NATURAL 
NUMBER 7, where e is the IDENTITY ELEMENT of the 
GRouP G. 


In the case that G is ABELIAN, Tor(G) is a SUBGROUP 
and is called the torsion subgroup of G. If Tor(G) con- 
sists only of the IDENTITY ELEMENT, the GROUP G is 
called torsion-free. 


see also ABELIAN GROUP, GROUP, IDENTITY ELEMENT 


Torsion Number 

One of a set of numbers defined in terms of an invariant. 
generated by the finite cyclic covering spaces of a KNOT 
complement. The torsion numbers for KNOTS up to 9 
crossings were cataloged by Reidemeister (1948). 
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Torsion Tensor 
The TENSOR defined by 


T" sk _ =(T ye a Tay): 


where I'';, are CONNECTION COEFFICIENTS. 
see also CONNECTION COEFFICIENT 


Torus 


A torus is a surface having GENUS 1, and therefore pos- 
sessing a single “HOLE.” The usual torus in 3-D space is 
shaped like a donut, but the concept of the torus is ex- 
tremely useful in higher dimensional space as well. One 
of the more common uses of n-D tori is in DYNAMICAL 
Sysrems. A fundamental result states that the PHASE 
SPACE trajectories of a HAMILTONIAN SYSTEM with n 
DEGREES OF FREEDOM and possessing n INTEGRALS OF 
MOTION lie on an n-D MANIFOLD which is topologically 
equivalent to an n-torus (‘Tabor 1989). 


The usual 3-D “ring” torus is known in older literature 
as an “ANCHOR RING.” Let the radius from the center 
of the hole to the center of the torus tube be c, and the 


Torus 


radius of the tube be a. Then the equation in CARTE- 
SIAN COORDINATES is 


(c— s/a? + y?)? +2? =a’. (1) 


The parametric equations of a torus are 


z= (e+ acosv)cosu (2) 
y = (c+ acosv) sinu (3) 
z=asinu (4} 


for u,v € (0,27). Three types of torus, known as the 
STANDARD TORI, are possible, depending on the relative 
sizes of a and c. c > a corresponds to the RING Torus 
(shown above), c = a corresponds to a Horn Torus 
which is tangent to itself at the point (0, 0, 0), and 
c < a corresponds to a self-intersecting SPINDLE TORUS 
(Pinkall 1986). 


If no specification ts made, “torus” is taken to mean 
RING Torus. The three STANDARD TOR! are illustrated 
below, where the first image shows the full torus, the 
second a cut-away of the bottom half, and the third a 
CROSS-SECTION of a plane passing through the z-AXIs. 


full view cutaway cross-section 
ring ns : 
torus 

aN aN 

horn 
torus 
spindle 
torus 


The STANDARD ToRI and their inversions are Cy- 
CLIDES. If the coefficient of sinv in the formula for z 
is changed to 6b # a, an ELLIPTIC TORUS results. 


Zz 


To compute the metric properties of the ring torus, de- 
fine the inner and outer radii by 


| 


=c-a (5) 
Zeta. (6) 


i 
| 


Torus 


Solving for a and c gives 


a= 5(R —r) (7) 
c= a(R +r). (8) 
Then the SURFACE AREA of this torus is 
S = (2ma)(2mc) = 4x7 ac (9) 
=n (R+r)(R—r), (10) 


and the VOLUME can be computed from PAPPUS’S CEN- 
TROID THEOREM 


(ra*)? xe = 20a" (11) 


177(R+r)(R—r)?. (12) 


Vv 


The coefficients of the first and second FUNDAMENTAL 
ForMsS of the torus are given by 


e = —(c+ acosv) cosv (13) 
f=0 (14) 
g=-a (15) 
E = (¢+acosv)* (16) 
F=0 (17) 
G=a’, (18) 


giving RIEMANNIAN METRIC 
ds? = (c+ acosv)? du? + a? dv’, (19) 
AREA ELEMENT 
dA = a(c+ acosv) du A du (20) 


(where du A du is a WEDGE PRODUCT), and GAUSSIAN 
and MEAN CURVATURES as 
_ COS U 
~ a(e+acosv) 
2 
a c+ 2acosv 
2a(c + acosv) 


(21) 
(22) 


(Gray 1993, pp. 289-291). 


A torus with a HOLE in its surface can be turned inside 
out to yield an identical torus. A torus can be knotted 
externally or internally, but not both. These two cases 
are AMBIENT ISOTOPIES, but not REGULAR ISOTOPIES. 
There are therefore three possible ways of embedding a 
torus with zero or one KNOT. 


Torus 1817 
An arbitrary point P on a torus (not lying in the zy- 
plane) can have four CIRCLES drawn through it. The 
first circle is in the plane of the torus and the second 
is PERPENDICULAR to it. The third and fourth Cir- 
CLES are called VILLARCEAU CIRCLES (Villarceau 1848, 
Schmidt 1950, Coxeter 1969, Melnick 1983). 


To see that two additional CIRCLES exist, consider a 
coordinate system with origin at the center of torus, with 
% pointing up. Specify the position of P by its ANGLE ¢ 
measured around the tube of the torus. Define ¢ = 0 for 
the circle of points farthest away from the center of the 
torus (i.e., the points with 2? + y? = R?), and draw the 
x-AXIS as the intersection of a plane through the z-axis 
and passing through P with the zy-plane. Rotate about 
the y-AXIS by an ANGLE @, where 


6 = sin * ‘) ; (23) 
c 
In terms of the old coordinates, the new coordinates are 
x = £1 cos 6 — z sind (24) 
z= 21 sin@ + 21 cos@. (25) 


So in (1, y1, 21) coordinates, equation (1) of the torus 
becomes 


[/ (21 cos 6 — x sin 8)? + yi? — ¢}” 


+(wx1 sin@ + z: cos@)* =a?. (26) 
Squaring both sides gives 


(x1 cos@ — z1 sind)? +y17 +c” 
—2e/ (x1 cos 6 — z; sin 8)? + yi? 
+(z1 sin@ + z,cos@)* =a”. (27) 


But 


(x1 cos @ — 2, sin6)” + (x1 sin@ + 2, cos9)? = x17 + 217, 
(28) 
so 


ay +y +217 +c? -2e,/ (a1 cos @ — z, sin@)? + yi? =a’. 

(29) 

In the z; = 0 plane, plugging in (23) and factoring gives 

[217 + (y: — a)” — *][ai? + (yx +a) —c7]=0. (30) 
This gives the CIRCLES 


a1” + (yi —a)? =e (31) 


and 
ai’ +(y+a)? =e (32) 


1818 Torus 


in the z; plane. Written in MATRIX form with parameter 
t € [0, 27), these are 


ccost 
C,; = | csint+ea (33) 
0 
ccost 
Co= |csint-—aj. (34) 
0 


In the original (a, y, z) coordinates, 


cos? 0 -—siné@ ccost 
Cy = 0 1 0 csint+a 


—sin@ 0 cos@ 0 
ecos 6 cost 
= csint+a (35) 
—csin@ cost 
cos6 0. sin@ ccost 
Cp= 0 1 0 csint—a 
—sin@ 0 cosé 0 
ccos@ cost 
— csint —a : (36) 
—csin@ cost 
The point P must satisfy 
z=asing = csin@ cost, (37) 


so ; 
asin d 


(38) 


t= : 
eae csin6 
Plugging this in for x; and y: gives the ANGLE w by 
which the CIRCLE must be rotated about the z-AXIS in 
order to make it pass through P, 


ere (4) _ csinté+a — cV¥1—cos*t+a 


z ccosOcost  —s c cos cost 
39) 
The four CIRCLES passing through P are therefore 
cosy sinw O ccos@ cost 
Ci, =]-siny cosy 0 csint+a (40) 
0 0 1 —csin@ cost 
cosy siny O ccos@ cost 
Cyz=|-siny cosy 0 csint—a (41) 
0 0 1 —csin@cost 
(c + acos ¢) cost 
C3 = | (c+acos@) sint (42) 
asin g 
c+acost 
C4= 0 : (43) 
asint 


see also APPLE, CYCLIDE, ELLIPTIC TORUS, GENUS 
(SURFACE), HoRN ToRuS, KLEIN QUARTIC, LEMON, 


Torus Coloring 


RING TORUS, SPINDLE TORUS, SPIRIC SECTION, STAN- 
DARD TORI, TOROID, TORUS COLORING, TORUS CUT- 
TING 
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Torus Coloring 

The number of colors SUFFICIENT for MAP COLORING 
on a surface of GENUS g is given by the HEAWOOD Con- 
JECTURE, 


x(9) = | HT + 489 +1)| 


where |x| is the FLOOR FUNCTION. The fact that x(g) 
(which is called the CHROMATIC NUMBER) is also NEC- 
ESSARY was proved by Ringel and Youngs (1968) with 
two exceptions: the SPHERE (which requires the same 
number of colors as the PLANE) and the KLEIN Bot- 
TLE. A g-holed Torus therefore requires x(g) colors. 
For g = 0, 1, ..., the first few values of x(g) are 4, 7, 
8, 9, 10, 11, 12, 12, 13, 13, 14, 15, 15, 16, ... (Sloane’s 
A000934). 


see also CHROMATIC NUMBER, FOUR-COLOR THEO- 
REM, HEAWOOD CONJECTURE, KLEIN BOTTLE, Map 
COLORING 


References 

Gardner, M. “Mathematical Games: The Celebrated Four- 
Color Map Problem of Topology.” Sci. Amer. 203, 218- 
222, Sep. 1960. 

Ringel, G. Map Color Theorem. New York: Springer-Verlag, 
1974. 

Ringel, G. and Youngs, J. W. T. “Solution of the Heawood 
Map-Coloring Problem.” Proc. Nat. Acad. Sci. USA 60, 
438-445, 1968. 

Sloane, N. J. A. Sequence A000934/M3292 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 

Wagon, S. “Map Coloring on a Torus.” §7.5 in Mathematica 
in Action. New York: W. H. Freeman, pp. 232-237, 1991. 


Torus Cutting 


Torus Cutting 
With n cuts of a Torus of GENUS 1, the maximum 
number of pieces which can be obtained is 


N(n) = g(r? + 3n? + 8n). 


The first few terms are 2, 6, 13, 24, 40, 62, 91, 128, 174, 
230, ... (Sloane’s A003600). 


see also CAKE CUTTING, CIRCLE CUTTING, CYLINDER 
CUTTING, PANCAKE CUTTING, PLANE CUTTING, PIE 
CUTTING, SQUARE CUTTING 
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Torus Knot 

A (p,q)-torus KNoT is obtained by looping a string 
through the HOLE of a TORUS p times with q revolutions 
before joining its ends, where p and g are RELATIVELY 
PRIME. A (p,q)-torus knot is equivalent to a (gq, p)-torus 
knot. The CROSSING NUMBER of a (p,q)-torus knot is 


c = min{p(q — 1), q(p — 1)} (1) 
(Murasugi 1991). The UNKNOTTING NUMBER of a 
(p, g)-torus knot is 


u=i(p-1)(q-1) (2) 


(Adams 1991). 


Torus knots with fewer than 11 crossings are the TRE- 
FOIL KNOT 03001 (3, 2), SOLOMON’S SEAL KNOT 05001 
(5, 2), O7o01 (7, 2), O8o19 (4, 3), 09001 (9, 2), and 10124 
(5, 3) (Adams et al. 1991). The only KNOTS which are 
not HYPERBOLIC KNOTS are torus knots and SATEL- 
LITE KNotTs (including COMPOSITE KNoTS). The (2, q), 
(3,4), and (3,5)-torus knots are ALMOST ALTERNATING 
KNOTS. 


The JONES POLYNOMIAL of an (m,n)-TORUS KNOT is 


sedate amt o gmt = grt a pmtn 


1—-? (3) 


The BRACKET POLYNOMIAL for the torus knot K, = 
(2,n) is given by the RECURRENCE RELATION 


(Kn) = A(Kn-1) + (-1)" 1A" F?, (4) 


where 


(Ki) =—A’. (5) 


see also ALMOST ALTERNATING KNOT, HYPERBOLIC 
KNOT, KNOT, SATELLITE KNOT, SOLOMON’S SEAL 
KNoT, TREFOIL KNOT 


Total Space 1819 
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Total Angular Defect 
see DESCARTES TOTAL ANGULAR DEFECT 


Total Curvature 

The total curvature of a curve is the quantity /7r? + «?, 
where 7 is the TORSION and « is the CURVATURE. The 
total curvature is also called the THIRD CURVATURE. 
see also CURVATURE, TORSION (DIFFERENTIAL GEOM- 
ETRY) 


Total Differential 
see EXACT DIFFERENTIAL 


Total Function 
A FUNCTION defined for all possible input values. 


Total Intersection Theorem 

If one part of the total intersection group of a curve 
of order n with a curve of order ni + nz constitutes 
the total intersection with a curve of order ni, then the 
other part will constitute the total intersection with a 
curve of order no. 
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Total Order 

A total order satisfies the conditions for a PARTIAL OR- 
DER plus the comparability condition. A RELATION < 
is a partial order on a SET S if 


1. Reflexivity: a<aforallae S 
2. Antisymmetry: a < 6 and 6 < a implies a= 6 
3. Transitivity: a < b and b < c implies a < c, 


and is a total order if, in addition, 
4. Comparability: For any a,b € S, either a < 6 or 
b<a. 


see also PARTIAL ORDER, RELATION 


Total Space 

The SPACE E of a FIBER BUNDLE given by the Map 
f :E- B, where B is the BASE SPACE of the FIBER 
BUNDLE. 


see also BASE SPACE, FIBER BUNDLE, SPACE 


1820 Totative 


Totative 

A POSITIVE INTEGER less than or equal to a number 
n which is also RELATIVELY PRIME to n, where 1 is 
counted as being RELATIVELY PRIME to all numbers. 
The number of totatives of n is the value of the TOTIENT 
FUNCTION ¢(n). 

see also RELATIVELY PRIME, TOTIENT FUNCTION 


Totient Function 
B0t 
60} 
bi 


20 


20 ~ 40 60. 80 100 

The totient function ¢(n), also called Euler’s totient 
function, is defined as the number of POSITIVE INTE- 
GERS < n which are RELATIVELY PRIME to (i.e., do 
not contain any factor in common with) n, where 1 is 
counted as being RELATIVELY PRIME to all numbers. 
Since a number less than or equal to and RELATIVELY 
PRIME to a given number is called a TOTATIVE, the to- 
tient function ¢(n) can be simply defined as the number 
of TOTATIVES of n. For example, there are eight TOTA- 
TIVES of 24 (1, 5, 7, 11, 13, 17, 19, and 23), so ¢(24) = 8. 


By convention, ¢(0) = 1. The first few values of ¢(n) 
for n = 1, 2,... are 1, 1, 2, 2, 4, 2, 6, 4, 6, 4, 10,... 
(Sloane’s A000010). (mn) is plotted above for small n. 


For a PRIME p, 


d(p) =p—1, (1) 
since all numbers less than p are RELATIVELY PRIME to 
p. If m = p® is a POWER of a PRIME, then the numbers 
which have a common factor with m are the multiples of 
p: p, 2p, ..., (p**)p. There are p*~* of these multiples, 
so the number of factors RELATIVELY PRIME to p® is 


o(p*) = p* — p*"* = p*"*(p — 1) = p* (: - 2) eo) 


Now take a general m divisible by p. Let ¢p(m) be the 
number of POSITIVE INTEGERS < m not DIVISIBLE by 
p. As before, p, 2p, ..., (m/p)p have common factors, 


so 
eat awa S 
m (2 ) ; (3) 


Now let g be some other PRIME dividing m. The INTE- 
GERS divisible by q are qg, 2g, ..., (m/q)q. But these du- 
plicate pq, 2pq, ..., (m/pq)pg. So the number of terms 
which must be subtracted from @, to obtain pq is 


™m m 1 
pq (1 ae (4) 


p(m) 


Adg(m) = 


Totient Function 


and 


bpq(m) = $4(m) — Ad,(m) 
Seg alo) 
P qd Pp 
1 1 
m{1l—-— 1——j]. 5 
ee © 
By induction, the general case is then 


on) =n (1-2) (:-2)..-(1-2). (6) 


An interesting identity relates (n”) to 6(n), 


$(n?) = nd(n). (7) 


Another identity relates the DIVISORS d of n to n via 


3S o(d) =n. (8) 


The DIVISOR FUNCTION satisfies the CONGRUENCE 
no(n) = 2 (mod ¢(n)) (9) 


for all PRIMES and no COMPOSITE with the exceptions of 
4, 6, and 22 (Subbarao 1974), where o(n) is the DIVISOR 
FuNCTION. No COMPOSITE solution is currently known 
to 

n-~1=0 (mod ¢(n)) (10) 


(Honsberger 1976, p. 35). 


Walfisz (1963), building on the work of others, showed 
that 


»: $(n) = 


and Landau (1900, quoted in Dickson 1952) showed that 


— “4 O[N(In N)?/4(InIn N)*/7}, (11) 


amp 4mN+B+0(55), (12) 
where 
> [u(k)}? _ ¢(2)6(38) _ 315 
as oe Ro(k) ~~ (6) an) 
1.9435964368 . (13) 
= 315 ‘[ulk) ak 
B= oe 574 $(3) — = kd(k) 
= —0.0595536246..., (14) 


Totient Function 


u(k) is the MOBIuS FUNCTION, ¢(z) is the RIEMANN 
ZETA FUNCTION, and vy is the EULER-MASCHERONI 
CONSTANT (Dickson). A can also be written 


- 1 — p,® vat 1 
A= — Pk = 14+ ———__/. 
i (1 — pe?) (1 — pe—3) TI oe 
: (15) 
Note that this constant is similar to ARTIN’S CONSTANT. 


If the GOLDBACH CONJECTURE is true, then for every 
number m, there are PRIMES p and q such that 


o(p) + $(q) = 2m (16) 


(Guy 1994, p. 105). 


Curious equalities of consecutive values include 
$(5186) = ¢(5187) = 6(5188) = 2°3* (17) 


$(25930) = $(25935) = $(25940) = ¢(25942) = 273° 
(18) 
(404471) = $(404473) = 6(404477) = 2°37577 (19) 


(Guy 1994, p. 91). 
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The SUMMATORY totient function, plotted above, is de- 
fined by 


&(n) = >> o(k) (20) 
k=1 
and has the asymptotic series 
Bia) a ae ee) (21) 
2¢ (2) 
3 2 
a + O(xlnz), (22) 


where ¢(z) is the RIEMANN ZETA FUNCTION (Perrot 
1881). The first values of ®(n) are 1, 2, 4, 6, 10, 12, 18, 
22, 28, ... (Sloane’s A002088). 


see also DEDEKIND FUNCTION, EULER’S TOTIENT 
RULE, FERMAT’S LITTLE THEOREM, LEHMER’S PROB- 
LEM, LEUDESDORF THEOREM, NONCOTOTIENT, NON- 
TOTIENT, SILVERMAN CONSTANT, TOTATIVE, TOTIENT 
VALENCE FUNCTION 


Totient Valence Function 1821 
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Totient Function Constants 
see SILVERMAN CONSTANT, TOTIENT FUNCTION 


Totient Valence Function 

N¢(m) is the number of INTEGERS n for which ¢(n) = 
m, also called the MULTIPLICITY of m (Guy 1994). The 
table below lists values for ¢(V) < 50. 


1822 Totient Valence Function 
o(N) | m [N 
1/2 /1,2 
2/3 1|3,4,6 
4 4 15, 8, 10, 12 
6 4 17,9, 14,18 
8 5 | 15, 16, 20, 24, 30 
10 2 |11, 22 
12 | 6 | 13, 21, 26, 28, 36, 42 
16 | 6 |17, 32, 34, 40, 48, 60 
18 4 | 19, 27, 38, 54 
20 5 | 25, 33, 44, 50, 66 
22 | 2 | 23, 46 
24 [10 | 35, 39, 45, 52, 56, 70, 72, 78, 84, 90 
28 2 | 29, 58 
30 2 | 31, 62 
32 | 7 | 51, 64, 68, 80, 96, 102, 120 
36 | 8 | 37, 57, 63, 74, 76, 108, 114, 126 
40 | 9 | 41, 55, 75, 82, 88, 100, 110, 132, 150 
42 | 4 | 43, 49, 86, 98 
44 3 |69, 92, 138 
46 2 | 47, 94 
48 |11 | 65, 104, 105, 112, 130, 140, 144, 
156, 168, 180, 210 


A table listing the first value of ¢(N) with multiplicities 
up to 100 follows (Sloane’s A014573). 


2560 
27 = 3384 
28 288 
29 1320 
30 ©3696 
31 240 
32 768 


21840 
52 17640 | 77 9072 
53 2016 | 78 38640 
54 1152 | 79 9360 
55 6000 | 80 81216 
56 12288 | 81 4032 
57 4752 | 82 5280 


OONIoa Wn OS 
00 


36 | 33 9000 |58 2688 | 83 4800 

40 |34 4382 |59 3024 | 84 4608 
10 «924 | 35 7128 | 60 13680 | 85 16896 
11 48 |} 36 4200 |61 9984 | 86 3456 
12 160 |}37 480 |62 1728 | 87 3840 
13. 396 | 38 576 | 63 1920 | 88 10800 
14 2268 | 39 1296 |64 2400 | 89 9504 
15 704 |40 1200 |65 7560 | 90 18000 
16 312 | 41 15936 | 66 2304 | 91 23520 
17 72 |42 3312 | 67 22848 | 92 39936 


18 336 /43 3072 |68 8400 | 93 5040 
19 216 |44 3240 | 69 29160 | 94 26208 
20 936 |45 864 | 70 5376 | 95 27360 
21 144 |46 3120 |71 3360 | 96 6480 
22 624 |47 7344 | 72 1440 | 97 9216 
23 1056 | 48 3888 | 73 13248 | 98 2880 
24 1760 |49 720 | 74 11040 | 99 26496 
25 360 | 50 1680 | 75 27720 {100 34272 


It is thought that Ng(m) > 2 (i.e., the totient valence 
function never takes on the value 1), but this has not 
been proven. This assertion is called CARMICHAEL’S 
TOTIENT FUNCTION CONJECTURE and is equivalent to 
the statement that for all n, there exists m # n such 
that ¢(n) = ¢(m) (Ribenboim 1996, pp. 39-40). Any 
counterexample must have more than 10,000,000 Dicits 
(Schlafly and Wagon 1994, Conway and Guy 1996). 


Tournament Matrix 


see also CARMICHAEL’S TOTIENT FUNCTION CONJEC- 
TURE, TOTIENT FUNCTION 
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Touchard’s Congruence 


Bork = Be+ Beri (mod P) 5 


when p is PRIME and B,, is a BELL NUMBER. 
see also BELL NUMBER 


Tour 

A sequence of moves on a chessboard by a CHESS piece 
in which each square of a CHESSBOARD is visited exactly 
once. 


see also CHESS, KNIGHT’S TOUR, MAGIC TOUR, TRAV- 
ELING SALESMAN CONSTANTS 


Tournament 

A COMPLETE DIRECTED GRAPH. A so-called SCORE 
SEQUENCE can be associated with every tournament, 
Every tournament contains a HAMILTONIAN PATH. 


see also COMPLETE GRAPH, DIRECTED GRAPH, HAM- 
ILTONIAN PATH, SCORE SEQUENCE 
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Tournament Matrix 

A matrix for a round-robin tournament involving n play- 
ers competing in n(n ~ 1)/2 matches (no ties allowed) 
having entries 


1 if player i defeats player j 

ai; =< —1 if player z loses to player j 
0 ifi = j. 

The MATRIX satisfies 


TP ae a 8 


where | is the IDENTITY MATRIX, J is an n x n MATRIX 
of all 1s, and A™ is the MATRIX TRANSPOSE of A. 


Tower of Power 


The tournament matrix for n players has zero DETER- 
MINANT IFF n is ODD (McCarthy and Benjamin 1996). 
The dimension of the NULLSPACE of an n-player tour- 
nament matrix is 


0 for n even 


dim (nullspace] = i? foede cad 
or no 


(McCarthy 1996). 
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Tower of Power 
see POWER TOWER 


Towers of Hanoi 


A PUZZLE invented by E. Lucas in 1883. Given a stack of 
n disks arranged from largest on the bottom to smallest 
on top placed on a rod, together with two empty rods, 
the towers of Hanoi puzzle asks for the minimum number 
of moves required to reverse the order of the stack (where 
moves are allowed only if they place smaller disks on top 
of larger disks). The problem is ISOMORPHIC to finding 
a HAMILTONIAN PATH on an n-HYPERCUBE. 


For n disks, the number of moves h, required is given 
by the RECURRENCE RELATION 


hn = Qhn—1 + dee 


Solving gives 
hy, = 2" —1. 


The number of disks moved after the kth step is the 
same as the element which needs to be added or deleted 
in the kth ADDEND of the RYSER FORMULA (Gardner 
1988, Vardi 1991). 


A HANOI GRAPH can be constructed whose VERTICES 
correspond to legal configurations of n towers of Hanoi, 
where the VERTICES are adjacent if the corresponding 
configurations can be obtained by a legal move. It can 
be solved using a binary GRAY CODE. 


Poole (1994) gives Mathematica® (Wolfram Research, 
Champaign, IL) routines for solving an arbitrary disk 
configuration in the fewest possible moves. The proof 
of minimality is achieved using the LUCAS CORRESPON- 
DENCE which relates PASCAL’S TRIANGLE to the HANOI 
GRAPH. ALGORITHMS are known for transferring disks 
for four pegs, but none has been proved minimal. For 
additional references, see Poole (1994). 


Trace (Matrix) 1823 


see also GRAY CODE, RYSER FORMULA 
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Trace (Complex) 

The image of the path y in C under the FUNCTION f is 
called the trace. This term is unrelated to that applied 
to MATRICES and TENSORS. 


Trace (Group) 
see CHARACTER (GROUP) 


Trace (Map) 

Let a PATCH be given by the map x: U -> R”, where U 
is an open subset of R?, or more generally by x: A > 
IR", where A is any SUBSET of R*. Then x(U) (or more 
generally, x(A)) is called the trace of x. 


see also PATCH 
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Trace (Matrix) 
The trace of an n * n SQUARE MartTRIX A is defined by 


Tr(A) = Qi, (1) 


where EINSTEIN SUMMATION is used (ie., the ai is 
summed over i = 1, ..., n). For SQUARE MATRICES 
A and B, it is true that 


Tr(A) = Tr(A*) (2) 
Tr(A + B) = Tr(A) + Tr(B) (3) 
Tr(aA) = a Tr(A) (4) 


1824 Trace (Matrix) 


(Lange 1987, p. 40). The trace is invariant under a SIm- 
ILARITY TRANSFORMATION 


A’ = BAB“ (5) 
(Lange 1987, p. 64). Since 


(bab~*):; = binand;; 5 (6) 


Tr(BAB~?) = bya,d "Ki 
= (b-*b) xian = Snare 
ark = Tr(A), (7) 


i 


where 6:; is the KRONECKER DELTA. 


The trace of a product of square matrices is independent 
of the order of the multiplication since 


Tr(AB) = (ab)si = aijbyi = b;103; 
= (ba);; = Tr(BA). (8) 


Therefore, the trace of the COMMUTATOR of A and B is 
given by 


Tr([A, B]) = Tr(AB) — Tr(BA) = 0. (9) 


The product of a SYMMETRIC and an ANTISYMMETRIC 
MATRIX has zero trace, 


Tr(AsBa) =0. (10) 


The value of the trace can be found using the fact that 
the matrix can always be transformed to a coordinate 
system where the z-AX1IS lies along the axis of rotation. 
In the new coordinate system, the MATRIX is © 


cos@ sing 0 
A= [sn cos | ‘ (11) 
0 0 1 
so the trace is 
Tr(A’) = Tr(A) = ai =1+2cos¢. (12) 
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Tractrix 


Trace (Tensor) 
The trace of a second-RANK TENSOR T is a SCALAR 
given by the CONTRACTED mixed TENSOR equal to T?. 
The trace satisfies 


Tr [M-*(x) <M (a)| = aa In[det(z)], 
and 


6 In[det M] = In[det(M + 6M)] — In(detM) 
= fer + 2m) 
detM 
= In[detM~*(M + 6M)] 
= In[det(1 + M7*6M)] 
~ In{1 + Tr(M~'6M)] 
~ Tr(M~1'6M). 


see also CONTRACTION (TENSOR) 


Tractory 
see TRACTRIX 


Tractrix 


The tractrix is the CATENARY INVOLUTE described by a 
point initially on the vertex. It has a constant NEGATIVE 
CURVATURE and is sometimes called the TRACTORY or 
EQUITANGENTIAL CURVE. The tractrix was first studied 
by Huygens in 1692, who gave it the name “tractrix.” 
Later, Leibniz, Johann Bernoulli, and others studied the 
curve. 


dog 
leash 


master 

The tractrix arises from the following problem posed to 
Leibniz: What is the path of an object starting off with 
a vertical offset when it is dragged along by a string of 
constant length being pulled along a straight horizontal 
line? By associating the object with a dog, the string 
with a leash, and the pull along a horizontal line with 
the dog’s master, the curve has the descriptive name 
HUNDKURVE (hound curve) in German. Leibniz found 
the curve using the fact that the axis is an asymptote 
to the tractrix (MacTutor Archive). 


In CARTESIAN COORDINATES the tractrix has equation 


x = asech™* (%) ~ Ja? — y?. (1) 


Tractrix 


One parametric form is 


a(t) = a(t — tanht) (2) 
y(t) = asecht. (3) 


3 
: “ 
z sre 


The Arc LENGTH, CURVATURE, and TANGENTIAL AN- 
GLE are 


s(t) 
phi(t} 


s(t) = In(cosh t) (4) 
w(t) = escht (5) 
o(t) = 2tan} [tanh(3¢)]. (6) 


A second parametric form in terms of the ANGLE ¢ of 
the straight line tangent to the tractrix is 


x = a{In{tan(3¢)] + cos ¢} (7) 
y =asing (8) 


(Gray 1993). This parameterization has CURVATURE 


«(@) = | tan |. (9) 


A parameterization which traverses the tractrix with 
constant speed a is given by 


e’/* for v € (—00, 0] 


a{tanh~*(V/1 — e~2”/2) ~ V1 — e— 20/2] 
for v € [0, 00) 
a{—tanh—1(V/1 — e?*/2) + V1 — e?*/4] 


for v € (—oo, 0}. 


(11) 


a(t) = (oe for v € [0, 00) (10) 


y(t) = 


When a tractrix is rotated around its asymptote, a 
PSEUDOSPHERE results. This is a surface of constant 
NEGATIVE CURVATURE. For a tractrix, the length of 
a TANGENT from its point of contact to an asymptote 
is constant. The AREA between the tractrix and its 
asymptote is finite. 


see also CURVATURE, DINI’S SURFACE, MICE PROBLEM, 
PSEUDOSPHERE, PURSUIT CURVE, TRACTROID 
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Transcendental Equation 1825 
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Book of Curves. Cambridge, England: Cambridge Univer- 
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Tractrix Evolute 
The EVOLUTE of the TRACTRIX is the CATENARY. 


Tractrix Radial Curve 
The RADIAL CURVE of the TRACTRIX is the KAPPA 
CURVE. 


Tractroid 


The SURFACE OF REVOLUTION produced by revolving 
the TRACTRIX 


x = sechu (1) 


z=u-—tanhu (2) 


about the z-AXISs is a tractroid given by 


x = sechucosv (3) 
y = sech usin v (4) 
z=u-—tanhu. (5) 


see also PSEUDOSPHERE, SURFACE OF REVOLUTION, 
TRACTRIX 


Transcendental Curve 

A curve which intersects some straight line in an infin- 
ity of points (but for which not every point lies on this 
curve). 
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Transcendental Equation 
An equation or formula involving TRANSCENDENTAL 
FUNCTIONS. 


1826 Transcendental Function 
Transcendental Function 

A function which “transcends,” i.e., cannot be expressed 
in terms of, the usual ELEMENTARY FUNCTIONS. Define 


li(z) = l(z) = In(z) 


e1(z) = e(z) = e” 


eine ‘| Ae\az 


and let [2 = I{l(z)), etc. These are called the “elemen- 
tary” transcendental functions (Watson 1966, p. 111). 


see also ALGEBRAIC FUNCTION, ELEMENTARY FUNC- 
TION 
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Transcendental Number 

A number which is not the Roor of any POLYNOMIAL 
equation with INTEGER COEFFICIENTS, meaning that it 
not an ALGEBRAIC NUMBER of any degree, is said to be 
transcendental. This definition guarantees that every 
transcendental number must also be IRRATIONAL, since 
a RATIONAL NUMBER is, by definition, an ALGEBRAIC 
NUMBER of degree one. 


Transcendental numbers are important in the history 
of mathematics because their investigation provided the 
first proof that CIRCLE SQUARING, one of the GEOMET- 
RIC PROBLEMS OF ANTIQUITY which had baffled math- 
ematicians for more than 2000 years was, in fact, insolu- 
ble. Specifically, in order for a number to be produced by 
a GEOMETRIC CONSTRUCTION using the ancient Greek 
rules, it must be either RATIONAL or a very special kind 
of ALGEBRAIC NUMBER known as a EUCLIDEAN NuM- 
BER. Because the number 7 is transcendental, the con- 
struction cannot be done according to the Greek rules. 


Georg Cantor was the first to prove the EXISTENCE of 
transcendental numbers. Liouville subsequently showed 
how to construct special cases (such as LIOUVILLE’S 
CONSTANT) using LIOUVILLE’S RATIONAL APPROXIMA- 
TION THEOREM. In particular, he showed that any num- 
ber which has a rapidly converging sequence of ratio- 
nal approximations must be transcendental. For many 
years, it. was only known how to determine if special 
classes of numbers were transcendental. The determi- 
nation of the status of more general numbers was con- 
sidered an important enough unsolved problem that it 
was one of HILBERT’S PROBLEMS. 


Great progress was subsequently made by GELFOND’S 
THEOREM, which gives a general rule for determining if 
special cases of numbers of the form a% are transcen- 
dental. Baker produced a further revolution by proving 
the transcendence of sums of numbers of the form alnZ 
for ALGEBRAIC NUMBERS a and @. 


Transcendental Number 


The number e was proven to be transcendental by Her- 
mite in 1873, and Pi (7) by Lindemann in 1882. e” is 
transcendental by GELFOND’S THEOREM since 


en = (ey =e". 


The GELFOND-SCHNEIDER CONSTANT 2? is also trans- 
cendental. Othcr known transcendentals are sin 1 where 
sinz is the SINE function, Jo(1) where Jo(z) is a BES- 
SEL FUNCTION OF THE First KiInbD (Hardy and Wright 
1985), In 2, In3/In 2, the first zero zo = 2.4048255... of 
the BESSEL FUNCTION Jo(xo) (Le Lionnais 1983, p. 46), 
n+ In2+ /21n3 (Borwein et al. 1989), the THUE- 
MoRSE CONSTANT P = 0.4124540336... (Dekking 
1977, Allouche and Shallit), the CHAMPERNOWNE CON- 
STANT 0.1234567891011..., the THUE CONSTANT 


0.110110111110110111110110110..., 


I(4) (Le Lionnais 1983, p. 46), P(4)~7/4 (Davis 1959), 
and I'(}) (Chudnovsky, Waldschmidt), where I'(z) is the 
GAMMA FUNCTION. At least one of we and wm +e (and 
probably both) are transcendental, but transcendence 
has not been proven for either number on its own. 


It is not known if e°, 7”, 7°, -y (the EULER- MASCHERONI 
CONSTANT), Io(2), or J1(2) (where I, (z) is a MODIFIED 
BESSEL FUNCTION OF THE FIRST KIND) are transcen- 
dental. 


The “degree” of transcendence of a number can be char- 
acterized by a so-called LIOUVILLE-ROTH CONSTANT. 
There are still many fundamental and outstanding prob- 
lems in transcendental number theory, including the 
CONSTANT PROBLEM and SCHANUEL’S CONJECTURE. 


see also ALGEBRAIC NUMBER, CONSTANT PROB- 
LEM, GELFOND’S THEOREM, IRRATIONAL NUM- 
BER, LINDEMANN-WEIERSTRAB THEOREM, LIOUVILLE- 
ROTH CONSTANT, ROTH’S THEOREM, SCHANUEL’S 
CONJECTURE, THUE-SIEGEL-ROTH THEOREM 
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Transcritical Bifurcation 
Let f : Rx R > R be a one-parameter family of C? 
maps satisfying 


f (0, ») =0 (1) 

B21 oveno =e (2) 
of _ [of 

Peer () 
arf 

[acoc|, ~ (4) 
Of 

il a (5) 


Then there are two branches, one stable and one unsta- 
ble. This BIFURCATION is called a transcritical bifurca- 
tion. An example of an equation displaying a transcrit- 
ical bifurcation is 


& = pe — 2. (6) 


(Guckenheimer and Holmes 1997, p. 145). 
see also BIFURCATION 
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Transfer Function 

The engineering terminology for one use of FOURIER 
TRANSFORMS. By breaking up a wave pulse into its 
frequency spectrum 


fr= Fue (1) 


the entire signal can be written as a sum of contributions 
from each frequency, 


oo 


f= / fudv= / F(vye?"*“* dv. (2) 


Transform 1827 


If the signal is modified in some way, it will become 


g(t) = bo) f(t) = 6) F(v)er"™"* (3) 
att) = f a.(tyat = f o(v)F(v)e2"""* du, 


(4) 


where $(v) is known as the “transfer function.” FOUR- 
IER TRANSFORMING @ and F, 


soe i) B(t)e-2" at (5) 
F(v) = / * f(t)e 2 at. (6) 


From the CONVOLUTION THEOREM, 
a(t) = f(t) * 8(t) = i f(t)®(t—r)dr. (7) 


see also CONVOLUTION THEOREM, FOURIER TRANS- 
FORM 


Transfinite Diameter 
Let. 


2 


o(z) = ez +eoteiz '+cez77* +... 


be an ANALYTIC FUNCTION, REGULAR and UNIVALENT 
for |z| > 1, which maps |z| > 1 CONFORMALLY onto the 
region T preserving the POINT AT INFINITY and its di- 
rection. Then the function ¢$(z) is uniquely determined 
and c is called the transfinite diameter, sometimes also 
known as ROBIN’S CONSTANT or the CAPACITY of ¢(z). 


see also ANALYTIC FUNCTION, REGULAR FUNCTION, 
UNIVALENT FUNCTION 


Transfinite Number 

One of Cantor’s ORDINAL NUMBERS w, w+1,w+2,..., 
w+w,w+tw+i1,...which is “larger” than any WHOLE 
NUMBER. 


see also Xo, N1, CARDINAL NUMBER, CONTINUUM, OR- 
DINAL NUMBER, WHOLE NUMBER 


References 

Pappas, T. “Transfinite Numbers.” The Joy of Mathematics. 
San Carlos, CA: Wide World Publ./Tetra, pp. 156~158, 
1989. 


Transform 
A shortened term for INTEGRAL TRANSFORM. 


Geometrically, if S and T are two transformations, then 
the SIMILARITY TRANSFORMATION TST" is some- 
times called the transform (Woods 1961). 


1828 Transformation 

see also ABEL TRANSFORM, BOUSTROPHEDON TRANS- 
FORM, DISCRETE FOURIER TRANSFORM, FAST FOUR- 
IER TRANSFORM, FOURIER TRANSFORM, FRAC- 
TIONAL FOURIER TRANSFORM, HANKEL TRANS- 
FORM, HARTLEY TRANSFORM, HILBERT TRANSFORM, 
LAPLACE-STIELTJES TRANSFORM, LAPLACE TRANS- 
FORM, MELLIN TRANSFORM, NUMBER THEORETIC 
TRANSFORM, PONCELET TRANSFORM, RADON TRANS- 
FORM, WAVELET TRANSFORM, z-TRANSFORM, Z- 
TRANSFORM 
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Transformation 
see FUNCTION, Map 


Transitive 

A RELATION # on a SET S is transitive provided that 
for all z, y and z in S such that Ry and yz, we also 
have zRz. 


see also ASSOCIATIVE, COMMUTATIVE, RELATION 


Transitive Closure 

The transitive closure of a binary RELATION R on a 
SET X is the minimal TRANSITIVE relation R’ on X 
that contains R. Thus aR’b for any elements a and b of 
X, provided either that aRb or that there exists some 
element c of X such that aRc and cRb. 


see also REFLEXIVE CLOSURE, TRANSITIVE REDUC- 
TION 


Transitive Reduction 

The transitive reduction of a binary RELATION R on 
a SET X is the minimum relation R’ on X with the 
same TRANSITIVE CLOSURE as R. Thus aR’b for any 
elements a and b of X, provided that aRb and there 
exists no element c of X such that afc and cRb. 


see also REFLEXIVE REDUCTION, TRANSITIVE CLO- 
SURE 


Transitivity Class 

Let S(I) be the group of symmetries which map a 
MONOHEDRAL TILING T onto itself. The TRANSITIV- 
ITY CLASS of a given tile T is then the collection of all 
tiles to which T can be mapped by one of the symmetries 
of S(T). 

see also MONOHEDRAL TILING 
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Transposition Group 


Translation 

A transformation consisting of a constant offset with no 
ROTATION or distortion. In n-D EUCLIDEAN SPACE, a 
translation may be specified simply as a VECTOR giving 
the offset in each of the n coordinates. 


see also AFFINE GROUP, DILATION, EUCLIDEAN 
GROUP, EXPANSION, GLIDE, IMPROPER ROTATION, IN- 
VERSION OPERATION, MIRROR IMAGE, REFLECTION, 
ROTATION 
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Translation Relation 
A mathematical relationship transforming a function 


f(z) to the form f(z +a). 


see also ARGUMENT ADDITION RELATION, ARGUMENT 
MULTIPLICATION RELATION, RECURRENCE RELATION, 
REFLECTION RELATION 


Transpose 

The object obtained by replacing all elements ai; with 
a;;. For a second-RANK TENSOR a;;, the tensor trans- 
pose is simply a;;. The matrix transpose, written A’, 
is the MATRIX obtained by exchanging A’s rows and 
columns, and satisfies the identity 


(AT)~? = (A7*)?. 


The product of two transposes satisfies 


(B7A™):; = (07 )ix(a™ aj = beiaje = ajnbes = (AB) ji 
= (AB);5. 
Therefore, 
(AB)? = BTA’. 


Transpose Map 
see PULLBACK MAP 


Transposition 

An exchange of two elements of a SET with all others 
staying the same. A transposition is therefore a PER- 
MUTATION of two elements. For example, the swapping 
of 2 and 5 to take the list 123456 to 153426 is a trans- 
position. 


see also PERMUTATION, TRANSPOSITION ORDER 


Transposition Group 
A PERMUTATION GROUP in which the PERMUTATIONS 
are limited to TRANSPOSITIONS. 


see also PERMUTATION GROUP 


Transposition Order 


Transposition Order 

An ordering of PERMUTATIONS in which each two adja- 
cent permutations differ by the TRANSPOSITION of two 
elements. For the permutations of {1,2,3} there are 
two listings which are in transposition order. One is 
123, 132, 312, 321, 231, 213, and the other is 123, 321, 
312, 213, 231, 132. 


see also LEXICOGRAPHIC ORDER, PERMUTATION 
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Transversal Array 

A set of n cells in an n X n SQUARE such that no two 
come from the same row and no two come from the same 
column. The number of transversals of ann xn SQUARE 
is n! (n FACTORIAL). 


Transversal Design 
A transversal design TD, (k,n) of order n, block size k, 
and index A is a triple (V, G, B) such that 


1. V is a set of kn elements, 

2. G is a partition of V into k classes, each of size n 
(the “groups”), 

3. B is a collection of k-subsets of V (the “blocks”), 
and 


4, Every unordered pair of elements from V is contained 
in either exactly one group or in exactly A blocks, but 
not both. 
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Transversal Line 
A transversal line is a LINE which intersects each of a 
given set of other lines. It is also called a SEMISECANT. 


see also LINE 


Transylvania Lottery 
A lottery in which three numbers are picked at random 
from the INTEGERS 1-14. 


see also FANO PLANE 


Trapdoor Function 

An easily computed function whose inverse is extremely 
difficult to compute. An example is the multiplication 
of two large PRIMES. Finding and verifying two large 
PRIMES is easy, as is their multiplication. But factoriza- 
tion of the resultant product is very difficult. 


see also RSA ENCRYPTION 
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Trapezoidal Hexecontahedron 1829 


Trapezium 

There are two common definitions of the trapezium. The 
American definition is a QUADRILATERAL with no PAR- 
ALLEL sides. The British definition for a trapezium is 
a QUADRILATERAL with two sides PARALLEL. Such a 
trapezium is equivalent to a TRAPEZOID and therefore 
has AREA 

A=i(a+b)h. 


see also DIAMOND, LOZENGE, PARALLELOGRAM, 


QUADRILATERAL, RHOMBOID, RHOMBUS, SKEW QUAD- 
RILATERAL, TRAPEZOID 


Trapezohedron 


The trapezohedra are the DUAL POLYHEDRA of the Ar- 
chimedean ANTIPRISMS. However, their faces are not 
TRAPEZOIDS. 


see also ANTIPRISM, DIPYRAMID, HEXAGONAL SCALEN- 
OHEDRON, PRISM, TRAPEZOID 
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io 
' b 


A QUADRILATERAL with two sides PARALLEL. The 
trapezoid depicted above satisfies 


Trapezoid 


m= (a +b) 
and has AREA 


The trapezoid is equivalent to the British definition of 
TRAPEZIUM. 


see also PYRAMIDAL FRUSTUM, TRAPEZIUM 
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Trapezoidal Hexecontahedron 
see DELTOIDAL HEXECONTAHEDRON 


1830 Trapezoidal Icositetrahedron 


Trapezoidal Icositetrahedron 
see DELTOIDAL ICOSITETRAHEDRON 


Trapezoidal Rule 
fx) 


ff 


%, 
<< h— 


The 2-point NEWTON-COTES FORMULA 
w2 
i f(x) dz = 3R(fa + fa) — 18°F"), 
Ty 


where f; = f(zi), h is the separation between the points, 
and € is a point satisfying 71 < € < x2. Picking € to 
maximize f”(€) gives an upper bound for the error in 
the trapezoidal approximation to the INTEGRAL. 


see also BODE’S RULE, HARDY’S RULE, NEWTON- 
COTES FORMULAS, SIMPSON’sS 3/8 RULE, SIMPSON’S 
RULE, WEDDLE’S RULE 
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Traveling Salesman Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let L(n, d) be the smallest TOuR length for n points in a 
d-D HyPERCUBE. Then there exists a smallest constant 
a(d) such that for all optimal Tours in the HYPER- 
CUBE, 
: L(n, d) 
lim sup ——--——> 
n-rco n(d-1)/d./d 


and a constant G(d) such that for almost all optimal 
tours in the HYPERCUBE, 


< a(d), (1) 


ieee 


ios WUE J/g Ad). (2) 


These constants satisfy the inequalities 


0.44194 < y2 = £V2 < (2) 
<6 < 0.6508 < 0.75983 < 37*/* < a(2) 
< @ < 0.98398 (3) 


0.37313 < ys < G(3) < 12'/°6-?”? < 0.61772 < 0.64805 
< 27/837"? < a(3) < 0.90422 (4) 


Traveling Salesman Constants 


0.34207 < ya < (4) < 12/8671? < 0.55696 
< 0.59460 < 27°/4 < a(4) < 0.8364 (5) 


(Fejes Téth 1940, Verblunsky 1951, Few 1955, Beard- 
wood et al, 1959), where 


r (3+ 4) ((4d4+1)/4 
ve Oa (6) 


I'(z) is the GAMMA FUNCTION, 6 is an expression involy- 
ing STRUVE FUNCTIONS and NEUMANN FUNCTIONS, 


es 280(3 — V3) (7) 
840 — 280/73 + 475 — 10 
(Karloff 1989), and 
wy = 1377/3(4 + 1n3)?/8 (8) 


(Goddyn 1990). In the Limit d -~ co, 


0.24197 < Jim ya = a < lim inf B(d) 
TE 


< lim sup G@(d) < jim, Vv CNg-4 


d--+00 
= —= < 0.40825 (9 
a (9) 
and 
1 
0.24197 < < lim a(d 
J 27e d—0o ( ) 
2(3 — V3)0 
< ——————- < 0.4052, (10 
=~" Jane (10) 
where 
L<o= Jim [6(4)]'/* < 0.6602, (11) 


and 6(d) is the best SPHERE PACKING density in d-D 
space (Goddyn 1990, Moran 1984, Kabatyanskii and 
Levenshtein 1978). Steele and Snyder (1989) proved 
that the limit a(d) exists. 


Now consider the constant 


K= ian aD) = B(2)Vv2, (12) 
so 
5 V2 << 5V2 < 0.9204. (13) 


The best current estimate is x ~ 0.7124. 


A certain self-avoiding SPACE-FILLING CURVE is an op- 
timal Tour through a set of n points, where n can be 
arbitrarily large. It has length 


d= tim Lm a 41+ 2v2)v51 


moo fim 153 


= 0.7147827..., 
(14) 


Traveling Salesman Problem 


where L,,, is the length of the curve at the mth iteration 
and nm is the point-set size (Moscato and Norman). 
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Traveling Salesman Problem 

A problem in GRAPH THEORY requiring the most effi- 
cient (i.e., least total distance) TOUR (i.e., closed path) 
a salesman can take through each of n cities. No gen- 
eral method of solution is known, and the problem is 
NP-HARD. 


see also TRAVELING SALESMAN CONSTANTS 
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Trawler Problem 

A fast boat is overtaking a slower one when fog suddenly 
sets in. At this point, the boat being pursued changes 
course, but not speed. How should the pursuing vessel 
proceed in order to be sure of catching the other boat? 


The amazing answer is that the pursuing boat should 
continue to the point where the slow boat would be if it 
had set its course directly for the pursuing boat when the 
fog set in. If the boat is not there, it should proceed in 
a SPIRAL whose origin is the point where the slow boat 
was when the fog set in. The SPIRAL can be constructed 
in such a way that the two boats will intersect before a 
complete turn is made. 


Tree 1831 
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Trebly Magic Square 
see TRIMAGIC SQUARE 


Tredecillion 
In the American system, 107. 


see also LARGE NUMBER 


Tree 
1 e 
o eo 
3 ee 


tok OM 


A tree is a mathematical structure which can be viewed 
as either a GRAPH or as a DATA STRUCTURE. The two 
views are equivalent, since a tree DATA STRUCTURE con- 
tains not only a set of elements, but also connections 
between elements, giving a tree graph. 


A tree graph is a set of straight line segments connected 
at their ends containing no closed loops (cycles). A tree 
with n nodes has n—1 EDGES. The points of connection 
are known as FORKS and the segments as BRANCHES. 
Final segments and the nodes at their ends are called 
LEAVES. A tree with two BRANCHES at each FORK and 
with one or two LEAVES at the end of each branch is 
called a BINARY TREE. 


When a special node is designated to turn a tree into 
a ROOTED TREE, it is called the ROOT (or sometimes 
“EVE.”) In such a tree, each of the nodes which is one 
EDGE further away from a given EDGE is called a CHILD, 
and nodes connected to the same node are then called 
SIBLINGS. 


Note that two BRANCHES placed end-to-end are equiva- 
lent to a single BRANCH which means, for example, that 
there is only one tree of order 3. The number t(n) of 
nonisomorphic trees of order n = 1, 2, ... (where trees _ 


1832 Tree 


of orders 1, 2, ..., 6 are illustrated above), are 1, 1, 1, 
2, 3, 6, 11, 23, 47, 106, 235, ... (Sloane’s A000055). 


Otter showed that 


li 


TR OO a 


B, (1) 


t 5/2 
im ion 2 


(Otter 1948, Harary and Palmer 1973, Knuth 1969), 
where the constants a@ and @ are sometimes called OT- 
TER’S TREE ENUMERATION CONSTANTS. Write the 
GENERATING FUNCTION for ROOTED TREES as 


Co ee Ce (2) 


where the COEFFICIENTS are 
1 a 
fia = >>) | > aa] fsa, (3) 
g=1 \ dij 
with fo = 0 and fi = 1. Then 
a = 2.955765... (4) 


is the unique POSITIVE Root of 


(2) =3 ©) 
and 
1 = ee Ble 
at = te aa) ae = 0.5349485.... 
(6) 


see also B-TREE, BINARY TREE, CATERPILLAR GRAPH, 
CAYLEY TREE, CHILD, DIJKSTRA TREE, EVE, FOREST, 
KRUSKAL’S ALGORITHM, KRUSKAL’S TREE THEOREM, 
LEAF (TREE), ORCHARD-PLANTING PROBLEM, OR- 
DERED TREE, PATH GRAPH, PLANTED PLANAR TREE, 
POLYA ENUMERATION THEOREM, QUADTREE, RED- 
BLACK TREE, ROOT (TREE), ROOTED TREE, SIBLING, 
STAR GRAPH, STERN-BROCOT TREE, WEAKLY BINARY 
TREE, WEIGHTED TREE 


References 

Finch, S. “Favorite Mathematical Constants.” http://www. 
mathsoft.com/asolve/constant/otter/otter.html. 

Chauvin, B.; Cohen, S.; and Rouault, A. (Eds.). Trees: 
Workshop in Versailles, June 14-16, 1995. Basel, Switzer- 
land: Birkhauser, 1996. 

Gardner, M. “Trees.” Ch. 17 in Mathematical Magic Show: 
More Puzzles, Games, Diversions, Illusions and Other 
Mathematical Sleight-of-Mind from Scientific American. 
New York: Vintage, pp. 240—250, 1978. 

Harary, F. Graph Theory. Reading, MA: Addison-Wesley, 
1994. 

Harary, F. and Manvel, B. “Trees.” Scripta Math. 28, 327- 
333, 1970. 

Harary, F. and Palmer, E. M. Graphical Enumeration. New 
York: Academic Press, 1973. 


Tree Searching 


Knuth, D. E. The Art of Computer Programming, Vol. 1: 
Fundamental Algorithms, 2nd ed. Reading, MA: Addison- 
Wesley, 1973. 

Otter, R. “The Number of Trees.” Ann. Math. 49, 583-599, 
1948. 

Sloane, N. J. A. Sequences A000055/M0791 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 

Sloane, N. J. A. and Plouffe, S. Extended entry in The Ency- 
clopedia of Integer Sequences. San Diego: Academic Press, 
1995. 


Tree-Planting Problem 
see ORCHARD-PLANTING PROBLEM 


Tree Searching 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


In database structures, two quantities are generally of 
interest: the average number of comparisons required to 
1. Find an existing random record, and 

2. Insert a new random record into a data structure. 


Some constants which arise in the theory of digital tree 
searching are 


= 16066951524... (1) 


1 
2e — 1 
1 


a 
B 


k 
(ae ape = 1:1878387363.... (2) 


k=1 
oO 
n=1 
Erdés (1948) proved that a is IRRATIONAL. The ex- 


pected number of comparisons for a successful search 
is 


= Inn yee dT 3 -1/2 
~ Ign — 0.716644...+ d(n), (4) 


and for an unsuccessful search is 


eS Lar ee -1/2 
nd a ee Oe te) 
~ Ign — 0.273948... + d(n). (6) 


Here 6(n), €(s), and p(n) are small-amplitude periodic 
functions, and LG is the base 2 LOGARITHM. The VARI- 
ANCE for searching is 


1 2 
+ t6 _ Brel) « 2.844383...+€(8) (7) 


VY ~ 727 6fina)? 


and for inserting is 


1 x? 
Vr 
12° 6(n2?2 


B+ e(s) ~ 0.763014... + e(s). 


(8) 


Tree Searching 


The expected number of pairs of twin vacancies in a 
digital search tree is 


= ~ift4i.- 
aie joa 5 (S +a a) + a(n) n 
+ O(/n), (9) 
where 
e=]] (a - =) = 0.2887880950... (10) 
k=l] 
ta 1 1 
373-713-6013 3-8-1501 17 OD 
= 1 
= exp - os ea] (12) 
= | 2™ ogy (m2 n 
“NV ing P\ 24 ~ 6in2 
a Anr’n 
«TI [on (-2)] (13) 
n=1 
and 
oO k+1 k 
6 k2 3 1 
19867216 (OF = 4) 2 1 
k=1 j=l 
= 7.7431319855.... (14) 


(Flajolet and Sedgewick 1986). The linear COEFFICIENT 
of (An) fluctuates around 


ee eae (a5 +07-2) = 0.3720486812..., 
Tn 


Q \in2 
(15) 
which can also be written 
1 “2 
c= — 
In2 o itz 
dz (16) 


“G+ a) + da) + iz)(1+ sa) 


(Flajolet and Richmond 1992). 
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Trefoil Knot 1833 


Trefoil Curve 


The plane curve given by the equation 


x4 = xy? as y? = a(x? = y’). 


/\ 


The knot 030901, also called the THREEFOIL KNOT, which 
is the unique PRIME KNOT of three crossings. It has 
BRAID WORD o1°. The trefoil and its MIRROR IMAGE 
are not equivalent. The trefoil has ALEXANDER POLY- 
NOMIAL —2* + 2 —1 and is a (3, 2)-Torus Knot. The 
BRACKET POLYNOMIAL can be computed as follows. 


(L) = A®g2-1 4 4? Bd!-1 4 A? Bd!) 4+ AB? a2-! 
+ A*Bd'-! + AB*d?-! + AB?d?-!+ Bea 
= A’d' + 3A°Bd° + 3AB7d' + B*d’. 


Trefoil Knot 


Plugging in 


B=A™! 
d= -A*-—A~? 


gives 


(L) = At Am? — Ab, 


The normalized one-variable KAUFFMAN POLYNOMIAL 
X is then given by 


Xr = (-A®) -¥™ (L) = (-A®)9(A77 - A - A®) 
=A*4 A472 _ 4-18 


where the WRITHE w(L) = 3. The JONES POLYNOMIAL 
is therefore 


Vit) =L(A=t*) =t4+8—-t* =t4+8 — 2°). 


Since V(t-') # V(t), we have shown that the mirror 
images are not equivalent. 
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1834 Trench Diggers’ Constant 


Trench Diggers’ Constant 
see BEAM DETECTOR 


Triabolo 
A 3-POLYABOLO. 


Triacontagon 
A 30-sided POLYGON. 


Triacontahedron 
A 30-sided POLYHEDRON such as the RHOMBIC TRIA- 
CONTAHEDRON. 


Triad 
A SET with three elements. 


see also HEXAD, MONAD, 
TETRAD 


QUINTET, 


QUARTET, 


Triakis Icosahedron 


The DUAL POLYHEDRON of the TRUNCATED DODECA- 
HEDRON ARCHIMEDEAN SOLID. The triakis icosahedron 
is also ICOSAHEDRON STELLATION #2. 

References 
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Triakis Octahedron 


see GREAT TRIAKIS OCTAHEDRON, SMALL TRIAKIS 
OCTAHEDRON 


Triakis Tetrahedron 


The DUAL POLYHEDRON of the TRUNCATED TETRAHE- 
DRON ARCHIMEDEAN SOLID. 


Triangle 


Trial 

In statistics, a trial is a single measurable random event, 
such as the flipping of a COIN, the generation of a RAN- 
DOM NUMBER, the dropping of a ball down the apex of 
a triangular lattice and having it fall into a single bin at 
the bottom, etc. 


see also BERNOULLI TRIAL, LEXIS TRIALS, POISSON 
TRIALS 


Trial Division 

A brute-force method of finding a DIVISOR of an INTE- 
GER n by simply plugging in one or a set of INTEGERS 
and seeing if they DIVIDE n. Repeated application of 
trial division to obtain the complete PRIME FACTOR- 
IZATION of a number is called DIRECT SEARCH FACTOR- 
IZATION. An individual integer being tested is called a 
TRIAL DIVISOR. 

see also DIRECT SEARCH FACTORIZATION, DIVISION, 
PRIME FACTORIZATION 


Trial Divisor 
An INTEGER n which is tested to see if it divides a given 
number. 


see also TRIAL DIVISION 


Triamond 


The unique 3-POLYIAMOND, illustrated above. 
see also POLYIAMOND, TRAPEZOID 


Triangle 
Acute Equilateral _—_sosceles Obtuse Right 
Scalene Triangle Triangle Triangle Scalene Triangle Triangle 


A triangle is a 3-sided POLYGON sometimes (but not 
very commonly) called the TRIGON. All triangles are 
convex. An ACUTE TRIANGLE is a triangle whose three 
angles are all ACUTE. A triangle with all sides equal is 
called EQUILATERAL. A triangle with two sides equal 
is called ISOSCELES. A triangle having an OBTUSE AN- 
GLE is called an OBTUSE TRIANGLE. A triangle with a 
RIGHT ANGLE is called RiGuT. A triangle with all sides 
a different length is called SCALENE. 


D A E 
eo B 


B ey 


The sum of ANGLES in a triangle is 180°. This can be es- 
tablished as follows. Let DAE||BC (DAE be PARALLEL 
to BC) in the above diagram, then the angles a and 3 


Triangle 


satisfy a = DAB = £ABC and § = 4EAC = 2BCE, 
as indicated. Adding 7, it follows that 


a+B+y7 = 180°, (1) 


since the sum of angles for the line segment must equal 
two RIGHT ANGLES. Therefore, the sum of angles in the 
triangle is also 180°. 


Let S stand for a triangle side and A for an angle, and 
let a set of Ss and As be concatenated such that adja- 
cent letters correspond to adjacent sides and angles in a 
triangle. Triangles are uniquely determined by specify- 
ing three sides (SSS THEOREM), two angles and a side 
(AAS THEOREM), or two sides with an adjacent angle 
(SAS THEOREM). In each of these cases, the unknown 
three quantities (there are three sides and three angles 
total) can be uniquely determined. Other combinations 
of sides and angles do not uniquely determine a trian- 
gle: three angles specify a triangle only modulo a scale 
size (AAA THEOREM), and one angle and two sides not 
containing it may specify one, two, or no triangles (ASS 
THEOREM). 


aiainedeas Triangle 
The RULER and COMPASS construction of the triangle 
can be accomplished as follows. In the above figure, take 
OF as a RADIUS and draw OB 1 OFPo. Then bisect OB 
and construct P2P,||OPy. Extending BO to locate P3 
then gives the EQUILATERAL TRIANGLE AP, P2P3. 


In Proposition IV.4 of the Elements, Euclid showed how 
to inscribe a CIRCLE (the INCIRCLE) in a given triangle 
by locating the CENTER as the point of intersection of 
ANGLE BISEC'TORS. In Proposition IV.5, he showed how 
to circumscribe a CIRCLE (the CIRCUMCIRCLE) about a 
given triangle by locating the CENTER as the point of 
intersection of the perpendicular bisectors. 


If the coordinates of the triangle VERTICES are given by 
(zi, yi) where 2 = 1, 2, 3, then the AREA A is given by 
the DETERMINANT 


1/2 mi 
A= a(t? ¥ 1 (2) 
‘|@3 ys 1 


Triangle 1835 


If the coordinates of the triangle VERTICES are given in 
3-D by (ai, yi, 21) where i = 1, 2, 3, then 


A= 
1 y 4 «(1 : Z 61 ake Zi ys il i 
5A||92 22 1) +)z2 w2 2] +)a2 yw 1 
ys 2% 1 23 @3 1 zz ys 1 
(3) 


In the above figure, let the CIRCUMCIRCLE passing 
through a triangle’s VERTICES have RADIUS r, and de- 
note the CENTRAL ANGLES from the first point to the 
second 6,, and to the third point by 62. Then the AREA 
of the triangle is given by 


A = 2r? |sin( 31) sin(} 42) sin[} (01 — 92)]|. (4) 


b 
If a triangle has sides a, b, c, call the angles opposite 
these sides A, B, and C, respectively. Also define the 
SEMIPERIMETER s as HALF the PERIMETER: 


8 = j5p= }(a+b+ce). (5) 

The AREA of a triangle is then given by HERON’S FOR- 
MULA 

A = /s(s — a)(s — b)(s —¢), (6) 


as well by the FORMULAS 


A= jV(a+b+e)(b+c-a)(eta—b)(a+b—c) 


(7) 
= 1,/2(a2b? + a2c? + b2c?) — (at +b4+c1) (8) 
= iV (e+ 6)? — elle? — (a — 6)? (9) 
= 1\/p(p — 2a)(p ~ 2b)(p — 2c), (10) 
= 2R’ sin Asin BsinC (11) 
Z ~ = (12) 
= haha (13) 


Em dbcsin A. (14). 


1836 Triangle 

In the above formulas, fh; is the ALTITUDE on side i, R 
is the CIRCUMRADIUS, and r is the INRADIUS (Johnson 
1929, p. 11). Expressing the side lengths a, b, and c in 
terms of the radii a’, 6’, and c’ of the mutually tangent 
circles centered on the TRIANGLE vertices (which define 
the SODDY CIRCLES), 


a=b'+e' (15) 
b=at+e (16) 
czal +0, (17) 


gives the particularly pretty form 


A= va'bic'(a’ +b’ +c’). (18) 


For additional FORMULAS, see Beyer (1987) and Baker 
(1884), who gives 110 FormuLAS for the AREA of a 
triangle. 


The ANGLES of a triangle satisfy 
be +c?—a? 


where A is the AREA (Johnson 1929, p. 11, with missing 
squared symbol added). This gives the pretty identity 


cot A+ cot B+ cote = St FE (20) 
Let a triangle have ANGLES A, B, and C. Then 
sin Asin BsinC < kABC, (21) 
where " 
r= (88) o 


(Abi-Khuzam 1974, Le Lionnais 1983). This can be used 
to prove that 
8w* < ABC, (23) 


where w is the BROCARD ANGLE. 


TRIGONOMETRIC FUNCTIONS of half angles can be ex- 
pressed in terms of the triangle sides: 


cos(}.A) = e a) (24) 
sin(}.A) = Ble 3 (25) 
tan(4 A) = a (26) 


where s is the SEMIPERIMETER. 


Triangle 


The number of different triangles which have INTEGRAL 
sides and PERIMETER n is 


T(n) = Pa(n) — > P2(3) 


1<j<[n/2} 
- n? n n+2 
-(5]- IEE 
2 
Ea for n even 


II 


(27) 
[ 3" | for nm odd, 


where P2 aud P3 are PARTITION Functions P, [x] is 
the NinT function, and |z| is the FLOOR FUNCTION 
(Jordan et al. 1979, Andrews 1979, Honsberger 1985). 
The values of T(n) for n = 1, 2,... are 0, 0,1, 0, 1, 1, 2, 
1, 3, 2, 4, 3, 5, 4, 7, 5, 8, 7, 10, 8, 12, 10, 14, 12, 16,... 
(Sloane’s A005044), which is also ALCUIN’S SEQUENCE 
padded with two initial 0s. T(n) also satisfies 


T(2n) = T(2n — 3) = Ps(n). (28) 


It is not known if a triangle with INTEGER sides, ME- 
DIANS, and AREA exists (although there are incorrect 
PROOFS of the impossibility in the literature). How- 
ever, R. L. Rathbun, A. Kemnitz, and R. H. Buchholz 
have shown that there are infinitely many triangles with 
RATIONAL sides (HERONIAN TRIANGLES) with two Ra- 
TIONAL MEDIANS (Cuy 1994), 


In the following paragraph, assume the specitied sides 
and angles are adjacent to each other. Specifying three 
ANGLES does not uniquely define a triangle, but any two 
triangles with the same ANGLES are similar (the AAA 
THEOREM). Specifying two ANGLES A and B and a side 
a uniquely determines a triangle with AREA 


a’sinBsinC _ a’sin Bsin(x — A— B) 
2sin A = 2sin A 


A= (29) 


(the AAS THEOREM). Specifying an ANGLE A, a side 


c, and an ANGLE B uniquely specifies a triangle with 


AREA 
ec 


ae 2(cot A + cot B) (30) 


(the ASA THEOREM). Given a triangle with two sides, 
a the smaller and c the larger, and one known ANGLE 
A, ACUTE and opposite a, if sin A < a/c, there are two 
possible triangles. If sin A — a/c, there is one possible 
triangle. If sin A > a/c, there are no possible triangles. 
This is the ASS THEOREM. Let a be the base length 
and h be the height. Then 


A = hah = jacsinB (31) 


Triangle 


(the SAS THEOREM). Finally, if all three sides are spec- 
ified, a unique triangle is determined with AREA given 
by HERON’S FORMULA or by 


A= & (32) 


where R is the CIRCUMRADIUS. This is the SSS THEO- 
REM. 


There are four CIRCLES which are tangent to the sides 
of a triangle, one internal and the rest external. Their 
centers are the points of intersection of the ANGLE BI- 
SECTORS of the triangle. 


Any triangle can be positioned such that its shadow un- 
der an orthogonal projection is EQUILATERAL. 


see also AAA THEOREM, AAS THEOREM, ACUTE TRI- 
ANGLE, ALCUIN’S SEQUENCE, ALTITUDE, ANGLE BI- 
SECTOR, ANTICEVIAN TRIANGLE, ANTICOMPLEMEN- 
TARY TRIANGLE, ANTIPEDAL TRIANGLE, ASS THE- 
OREM, BELL TRIANGLE, BRIANCHON POINT, BRO- 
CARD ANGLE, BROCARD CIRCLE, BROCARD MID- 
POINT, BROCARD POINTS, BUTTERFLY THEOREM, 
CENTROID (TRIANGLE), CEVA’S THEOREM, CEVIAN, 
CEVIAN TRIANGLE, CHASLES’S THEOREM, CIRCUM- 
CENTER, CIRCUMCIRCLE, CIRCUMRADIUS, CONTACT 
TRIANGLE, CROSSED LADDERS PROBLEM, CRUCIAL 
POINT, D-TRIANGLE, DE LONGCHAMPS POINT, DESAR- 
GUES’ THEOREM, DISSECTION, ELKIES POINT, EQUAL 
DETOUR POINT, EQUILATERAL TRIANGLE, EULER 
LINE, EULER’S TRIANGLE, EULER TRIANGLE FOR- 
MULA, EXCENTER, EXCENTRAL TRIANGLE, EXCIR- 
CLE, EXETER POINT, EXMEDIAN, EXMEDIAN POINT, 
EXRADIUS, EXTERIOR ANGLE THEOREM, FAGNANO’S 
PROBLEM, FAR-OUT POINT, FERMAT POINT, FER- 
MAT’S PROBLEM, FEUERBACH POINT, FEUERBACH’S 
THEOREM, FUHRMANN TRIANGLE, GERGONNE POINT, 
GREBE POINT, GRIFFITHS POINTS, GRIFFITHS’ THE- 
OREM, HARMONIC CONJUGATE POINTS, HEILBRONN 
TRIANGLE PROBLEM, HERON’S FORMULA, HERO- 
NIAN TRIANGLE, HOFSTADTER TRIANGLE, HOMOTH- 
ETIC TRIANGLES, INCENTER, INCIRCLE, INRADIUS, 
ISODYNAMIC POINTS, ISOGONAL CONJUGATE, ISO- 
GONIC CENTERS, ISOPERIMETRIC POINT, ISOSCELES 
TRIANGLE, KABON TRIANGLES, KANIZSA TRIANGLE, 
KIEPERT’S HYPERBOLA, KIEPERT’S PARABOLA, LAW 
OF COSINES, LAW OF SINES, LAW OF TANGENTS, LEIB- 
NIZ HARMONIC TRIANGLE, LEMOINE CIRCLE, LEMOINE 
POINT, LINE AT INFINITY, MALFATTI POINTS, MEDIAL 
TRIANGLE, MEDIAN (TRIANGLE), MEDIAN TRIANGLE, 
MENELAUS’ THEOREM, Mip-Arc Points, MITTEN- 
PUNKT, MOLLWEIDE’S FORMULAS, MORLEY CENTERS, 
MORLEY’S THEOREM, NAGEL POINT, NAPOLEON’S 
THEOREM, NAPOLEON TRIANGLES, NEWTON’S FOR- 
MULAS, NINE-POINT CIRCLE, NUMBER TRIANGLE, 


Triangle 1837 


OBTUSE TRIANGLE, ORTHIC TRIANGLE, ORTHOCEN- 
TER, ORTHOLOGIC, PARALOGIC TRIANGLES, PAs- 
CAL’S TRIANGLE, PASCH’S AXIOM, PEDAL TRIAN- 
GLE, PERPENDICULAR BISECTOR, PERSPECTIVE TRI- 
ANGLES, PETERSEN-SHOUTE THEOREM, PivoT THEO- 
REM, POWER POINT, POWER (TRIANGLE), PRIME TRI- 
ANGLE, PURSER’S THEOREM, QUADRILATERAL, RATIO- 
NAL TRIANGLE, ROUTH’S THEOREM, SAS THEOREM, 
SCALENE TRIANGLE, SCHIFFLER POINT, SCHWARZ 
TRIANGLE, SCHWARZ’S TRIANGLE PROBLEM, SEIDEL- 
ENTRINGER-ARNOLD TRIANGLE, SEYDEWITZ’S THE- 
OREM, SIMSON LINE, SPIEKER CENTER, SSS THEO- 
REM, STEINER-LEHMUS THEOREM, STEINER POINTS, 
STEWART’S THEOREM, SYMMEDIAN POINT, TANGEN- 
TIAL TRIANGLE, TANGENTIAL TRIANGLE CIRCUMCEN- 
TER, TARRY POINT, THOMSEN’S FIGURE, TORRICELLI 
POINT, TRIANGLE TILING, TRIANGLE TRANSFORMA- 
TION PRINCIPLE, YFF POINTS, YFF TRIANGLES 
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1838 Triangle Arcs 


Triangle Arcs 


B P Q Cc 
In the above figure, the curves are arcs of a CIRCLE and 


a= BC (1) 
b=CA=CP (2) 
c= BA=Bda. (3) 
Then 
PQ? = 2BP -QC. (4) 


The figure also yields the algebraic identity 


(b+c— V/b? +02)? = 2(4/b? + c? — b)(4/b? + 2 — cc). 
(5) 


see also ARC 
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Triangle Center 

A triangle center is a point whose TRILINEAR COORDI- 
NATES are defined in terms of the side lengths and an- 
gles of a TRIANGLE. The function giving the coordinates 
a: 8:7 is called the TRIANGLE CENTER FUNCTION. 
The four ancient centers are the CENTROID, INCENTER, 
CIRCUMCENTER, and ORTHOCENTER. For a listing of 
these and other triangle centers, see Kimberling (1994). 


A triangle center is said to be REGULAR IFF there is a 
TRIANGLE CENTER FUNCTION which is a POLYNOMIAL 
in A, a, b, and c (where A is the AREA of the TRIANGLE) 
such that the TRILINEAR COORDINATES of the center 
are 


f(a,b,c) : f(b, c,a) : f(c,a,6). 


A triangle center is said to be a MAJOR TRIANGLE CEN- 
TER if the TRIANGLE CENTER FUNCTION ais a function 
of ANGLE A alone, and therefore @ and y of B and C 
alone, respectively. 


see also MAJOR TRIANGLE CENTER, REGULAR TRIAN- 
GLE CENTER, TRIANGLE, ‘TRIANGLE CENTER FUNC- 
TION, TRILINEAR COORDINATES, TRILINEAR POLAR 
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Triangle Condition 


Gale, D. “From Euclid to Descartes to Mathematica to Obliv- 
ion?” Math. Intell. 14, 68-69, 1992. 
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Triangle Center Function 
A HOMOGENEOUS FUNCTION ff{a, b,c), ie., a function 
f such that 


f (ta, tb, tc) = t” f(a, b,c), 


which gives the TRILINEAR COORDINATES of a TRIAN- 
GLE CENTER as 


a:Biy= f(a, b,c) : f (b,c, a) : f(c,a, 6). 


The variables may correspond to angles (A, B, C) or 
side lengths (a, b, c), since these can be interconverted 
using the LAW OF COSINES. 


see also MAJOR TRIANGLE CENTER, REGULAR TRIAN- 
GLE CENTER, TRIANGLE CENTER, TRILINEAR COOR- 
DINATES 
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Triangle Coefficient 
A function of three variables written A(abc) = A(a, b,c) 
and defined by 


o (a+b—ec)!(a—b+c)!(-a+b+c)! 
A(abe) = y/ (atb+e+ 1)! 


References 
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Triangle Condition 
The condition that 7 takes on the values 


I= + Je. +jo-1,...5|91 — jal, 


denoted A{j1j2j). 
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Triangle Counting 


Triangle Counting 
Given rods of length 1, 2, ..., n, how many distinct 
triangles T(n) can be made? Lengths for which 


L=t4+kh 


obviously do not give triangles, but all other combina- 
tions of three rods do. The answer is 


T(n) = { ayn(n — 2)(2n — 5) for n even 


aq(n—1)(n—3)(2n—1) for n odd. 


The values for n = 1, 2, ...are 0, 0, 0, 1, 3, 7, 13, 22, 34, 
50,... (Sloane’s A002623). Somewhat surprisingly, this 
sequence is also given by the GENERATING FUNCTION 


4 
f(a) = —————_ = 21 +:32° + 72° +: 1827+... 
(1 ~ )9(1 — 2?) 
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Triangle of Figurate Numbers 
see FIGURATE NUMBER TRIANGLE 


Triangle Function 


jz] >1 
lx] <1 


(1) 


0 
A(z) = con 


= I(x) * T(x) (2) 
= T(x) « A(x + 5) — I(x) * H(z—§), (3) 


where II is the RECTANGLE FUNCTION and H is the 
HEAVISIDE STEP FUNCTION. An obvious generalization 
used as an APODIZATION FUNCTION goes by the name 
of the BARTLETT FUNCTION. 


There is also a three-argument function known as the 
triangle function: 


A(z, yz) = a” + y° +27 — 2ry — 2ez — 2yz. (4) 


It follows that 


d(a”, 67, c?) = (a+b+c)(a+b—c)(a—b+e)(a—b—c). (5) 


see also ABSOLUTE VALUE, BARTLETT FUNCTION, 
HEAVISIDE STEP FUNCTION, RAMP FUNCTION, SGN, 
TRIANGLE COEFFICIENT 


Triangle Inscribing in a Circle 1839 
Triangle Inequality 
Let x and y be vectors 
[x| — ly] < |x+y| < [x] + ly]. (1) 
Equivalently, for COMPLEX NUMBERS 21 and 22, 
|z1] — [za] < |za + 22] < lza| + |z2l. (2) 


A generalization is 


n 
a 
k=1 


< SF larl. (3) 


see also p-ADIC NUMBER, STRONG TRIANGLE INEQUAL- 
ITY 
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Triangle Inscribing in a Circle 


TA) (1, 0) 


Select three points at random on a unit CIRCLE. Find 
the distribution of possible areas. The first point can 
be assigned coordinates (1, 0) without loss of generality. 
Call the central angles from the first point to the second 
and third @; and 62. The range of 6; can be restricted 
to [0, 2] because of symmetry, but 62 can range from 
[0, 27). Then 


A(6;, 62) = 2|sin(461) sin(362) sin[}(01 — @2)]|, (1) 


so 
~ Se fe" A(@1, 02) dO2 dO 
sad C , (2) 


nw 2a 
C= | / dOz dO, = 2x’. (3) 
0 ie) 


where 


1840 Triangle Inscribing in a Circle 


Therefore, 
2 wT Qn 
A= 2 | i |sin(}93) sin(202) sin{2 (6: — @2)]| d82 dO, 
3) 0 


eo sin($61) Ee sin( +62) |sin(} (02 ~,))| a,| dé, 


= 1 fF i “aint 26,) sin(3 62) sin[}(61 — 42)] d@2 a0, 


nT 62-61 >0 


r 


ess 1 fS Jo : aac; 01) sin(4 62) sin{2 (01 — 92)| d0z dO, 


wT 62-6; 


nm 2a 
ae sin(0;) / sin( $02) sin[3 (82 — 41)} a,| dé, 
0 Oy 


7” Oy 
+ a sin(46,) |/ sin( $62) sin{3(@2 — 61)} a, d6,. 
T 
) 
(4) 


But 
[omsmuc, — 6,)] d@2 


= [sce [sin( 42) cos( $62) ~ sin( 361) cos(62)] 46, 


cont) sinh 40 a ~ sin(}0n) ff snc4en oon 400) a 


= peosten fa — cos 62) dé. — pringen) [ sna, d0. 
= }cos($61)(82 — sin @2) + $ sin($61) cos(@2). (5) 


Write (4) as 


A= a / sin( 501); d0y +f sin($41) 2 a : 
0 0 
(6) 
then a 
= - sin($62) sin[} (42 = 41)] dz, (7) 
61 
and 
61 
h= | sin( 562) sin[} (01 — 62)] dO2. (8) 
0 
From (6), 
I, = 4 cos(32) [42 — sin 62]§7 + 3 sin(46,){cos 62)" 
= } cos($@1)(27 — 6; +sin 61) 
+ $sin($61)(1 — cos @1) 
= mcos($41) — $0, cos(31) + $[cos(+61) sin A 
— cos 6; sin(261) + dsin(46;) 
= mcos(461) — 30, cos(20,) + 4+ } sin(@, — 461) 


+ $sin($4) 


= wcos($1) — $91 cos($61) + sin($41), (9) 


Triangle Inscribing in an Ellipse 


so 


vi qh sin($1) dO; = or. (10) 
0 


Ip = 4 cos($91) [sin 02 — 62)6: — 1 sin(401)[cos 62]6° 
= 4 cos(362)(sin 61 — 61) — 4 sin($@1)(cos@ — 1) 
= —36, cos($61) 

+ ges cos($61) — cos 6; sin(362)] 


+ $sin($61) 
= —$61 cos($01) + sin($01), (11) 
so " 
/ Io sin(4 41) d§x = in. (12) 
i) 
Combining (10) and (12) gives 
z 1 (5% a 3 
A= ( = + *) = 504775. (13) 


The VARIANCE is 


of [ome 
-af a [2 |sin(2 6;) sin(262) sin{3 (8, ~ 62)]| 


? dO. dO, 


3 2 
= d6. d0, 
oro Sf s {4sin? (54, ) sin? (262) sin” [$(@2 ~ 6,)] 
= © |sin( $6) sin( 16) sin{} (0; — 62)]| + a} d6, a0, 
me 
1 ne on 
= a m(2 + 4;) sin (391) dO, 
ct} 
6 {5a 7 9 2 
= 2 
*(5 +7)+ 200) 
1 BHP gee at 3x? 9 
Qn? \ 4 2 Qn? \ 4° 2 
2 
—6 
= ro = 0.1470. (14) 
re 


see also POINT-POINT DISTANCE-—1-D, TETRAHEDRON 
INSCRIBING 


Triangle Inscribing in an Ellipse 
(0, b) 


(a, 0) 


(+x, y) 


Triangle Postulate 


To inscribe an EQUILATERAL TRIANGLE in an ELLIPSE, 
place the top VERTEX at (0,5), then solve to find the 
(z,y) coordinate of the other two VERTICES. 


Ja? + (b— y)? = 2a (1) 
x’ + (b—y)? = 42? (2) 
327 = (b—y)?. (3) 


Now plugging in the equation of the ELLIPSE 


vm y? 
gtgo-h (4) 
gives 
2 y 2 2 
3a 1-p = b° — Qby+y (5) 
2 a? 2 2) _ 
y 1+35 — 2by + (b° — 3a“) =0 (6) 
2b — ,/4b? — 4(b? — 3a?) (1+ 325) 
y = —— 
2(1+ 387) 
1—4/1— (1-34) (14+ 347) ee 
= —t___,-— "4, 7 
1+3% 
and 
y? 
z= ta 1- (8) 


Triangle Postulate 

The sum: of the ANGLES of a TRIANGLE is two RIGHT 
ANGLES. This POSTULATE is equivalent to the PARAL- 
LEL AXIOM. 
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Triangle Squaring 


\ 


A D B 
Let CD be the ALTITUDE of a TRIANGLE AABC and 
let B be its MIDPOINT. Then 


area(AABC) = 5AB-CD = AB- DE, 


Triangular Cupola 1841 


and LJABFG can be squared by RECTANGLE SQUAR- 
ING. The general POLYGON can be treated by draw- 
ing diagonals, squaring the constituent triangles, and 


then combining the squares together using the PYTHAG- 

OREAN THEOREM. 

see also PYTHAGOREAN THEOREM, RECTANGLE 

SQUARING 
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Triangle Tiling 


a Ad 


n=] n=2 n=3 


The total number of triangle (including inverted ones) 
in the above figures is given by 


_ J gn(n + 2)(2n + 1) for n even 
EE { Fin(n +2)(2n+1)—1] for n odd. 


The first few values are 1, 5, 13, 27, 48, 78, 118, 170, 
235, 315, 411, 525, 658, 812, 988, 1188, 1413, 1665, ... 
(Sloane’s A002717). 
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Triangle Transformation Principle 

The triangle transformation principle gives rules for 
transforming equations involving an INCIRCLE to equa- 
tions about EXCIRCLES. 


see also EXCIRCLE, INCIRCLE 
References 
Johnson, R. A. Modern Geometry: An Elementary Treatise 


on the Geometry of the Triangle and the Circle. Boston, 
MA: Houghton Mifflin, pp. 191-192, 1929. 


Triangular Cupola 


JOHNSON SOLID J3. The bottom six VERTICES are 


(+3V3, 1,0), (0, £1, 9), 


1842 Triangular Dipyramid 


and the top three VERTICES are 
1 2 1 1 2 
— ? 0, ~~ ef a Sy | as a ? DR = 
( V3 V3) ( 2/3’ 2 V3) 


see also JOHNSON SOLID 


Triangular Dipyramid 


The triangular (or TRIGONAL) dipyramid is one of the 
convex DELTAHEDRA, and JOHNSON SOLID Jie. 

see also DELTAHEDRON, DIPYRAMID, JOHNSON SOLID, 
PENTAGONAL DIPYRAMID 


Triangular Graph 


n 
The triangular graph with n nodes on a side is denoted 
T(n). Tutte (1970) showed that the CHROMATIC POLy- 
NOMIALS of planar triangular graphs possess a ROOT 
close to ¢ = 2.618033..., where ¢ is the GOLDEN 
MEAN. More precisely, if n is the number of VERTICES 
of G, then 
Po(¢")< ¢ 


(Le Lionnais 1983, p. 46). Every planar triangular graph 
possesses a VERTEX of degree 3, 4, or 5 (Le Lionnais 
1983, pp. 49 and 53). 


see also LATTICE GRAPH 
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Triangular Hebesphenorotunda 
see JOHNSON SOLID 


Triangular Matrix 
An upper triangular MATRIX U is defined by 


tis = Qij fori < j 


0 fori >j. 
Written explicitly, 
@it G12 -** Gin 
i= : Mca: eles (2) 


Triangular Number 


A lower triangular MATRIX L is defined by 


az fori>g 


Be Var eras (3) 
Written explicitly, 
ani 0 0 
421 G22 0 
L= (4) 
: 0 
Qnl An2 pea Ann 


see also HESSENBERG MATRIX, HILBERT MaTRIX, MaA- 
TRIX, VANDERMONDE MATRIX 


Triangular Number 


A FIGURATE NUMBER of the form T, = n(n + 1)/2 ob- 
tained by building up regular triangles out of dots. The 
first few triangle numbers are 1, 3, 6, 10, 15, 21, ... 
(Sloane’s A000217). T4 = 10 gives the number and ar- 
rangement of BOWLING pins, while Ts = 15 gives the 
number and arrangement of balls in BILLIARDS. Trian- 
gular numbers satisfy the RECURRENCE RELATION 


Tati” — Tr” = (n +1)’, (1) 

as well as 
3Thn + Tn-1 at Ton (2) 
3T pn + Tn41 ome Ton41 (3) 


143+5+...+(2n-1)=Tr+Th-i (4) 

and 
(Qn+1)? =8T4+1=Ta-1+6Tn+Tnii (5) 
(Conway and Guy 1996). They have the simple GEN- 


ERATING FUNCTION 


x 


f(z) = 


Every triangular number is also a HEXAGONAL NUM- 
BER, since 


ire ={f (7 


for r even. 


Triangular Number 


Also, every PENTAGONAL NUMBER is 1/3 of a triangular 
number. The sum of consecutive triangular numbers is 
a SQUARE NUMBER, since 

T, + Tp-1 = ér(r of 1) + 3 (r = 1)r 
= rl(rt+l)t+(r-DJ=r*. (8) 


Interesting identities involving triangular numbers and 
SQUARE NUMBERS are 


2n-1 


doa Te =n? (9) 
k=1 
Tr? = Sk = bn?(n + 1)? (10) 
k=1 
bee ges (11) 
k=1,3,...4g 
for q ODD and 
1/2 
n= 3(q° + 2q-1). (12) 


All EVEN PERFECT NUMBERS are triangular T, with 
PRIME p. Furthermore, every EVEN PERFECT NUMBER 
P > 6 is of the form 


P=1+9T, =T3n41; (13) 


where T,, is a triangular number with n = 8j +2 (Eaton 
1995, 1996). Therefore, the nested expression 


9(9--- (9(9(9(9Tn +1) +1) +1)41)...4+1)41 (14) 


generates triangular numbers for any T,. Au INTEGER k 
is a triangular number IrF 8k +1 is a SQUARE NUMBER 
> 1. 


The numbers 1, 36, 1225, 41616, 1413721, 48024900, 
... (Sloane’s A001110) are SQUARE TRIANGULAR NuM- 
BERS, i.e., numbers which are simultaneously triangular 
aud SQUARE (Pietenpol 1962). Numbers which are si- 
multaneously triangular and TETRAHEDRAL satisfy the 
BINOMIAL COEFFICIENT equation 


Q)-(—) 


the only solutions of which are (m,n) = (10,16), (22, 
56), and (36, 120) (Guy 1994, p. 147). 


The smallest of two INTEGERS for which n? — 13 is four 
times a triangular number is 5 (Cesaro 1886; Le Lionnais 
1983, p. 56). The only Fisonacci NUMBERS which are 
triangular are 1, 3, 21, and 55 (Ming 1989), and the only 


Triangular Number 1843 


PELL NUMBER which is triangular is 1 (McDaniel 1996). 
The BEAST NUMBER 666 is triangular, since 


Ts.6 = T35 = 666. (16) 


In fact, it is the largest REPDIGIT triangular number 
(Bellew and Weger 1975-76). 


FERMAT’S POLYGONAL NUMBER THEOREM states that 
every POSITIVE INTEGER is a sum of most three TRI- 
ANGULAR NUMBERS, four SQUARE NUMBERS, five PEN- 
TAGONAL NUMBERS, and n n-POLYGONAL NUMBERS. 
Gauss proved the triangular case, and noted the event 
in his diary on July 10, 1796, with the notation 

xx EYRHKA num=A+A+A. (17) 
This case is equivalent to the statement that every num- 
ber of the form 8m-+ 3 is a sum of three ODN SQUARES 
(Duke 1997). Dirichlet derived the number of ways in 
which an INTEGER m can be expressed as the sum of 
three triangular numbers (Duke 1997). The result is 
particularly simple for a PRIME of the form 8m + 3, in 
which case it is the number of squares mod 8m+3 minus 
the number of nonsquares mod 8m + 3 in the INTERVAL 
4m + 1 (Deligne 1973). 


The only triangular numbers which are the PRODUCT of 
three consecutive INTEGERS are 6, 120, 210, 990, 185136, 
258474216 (Guy 1994, p. 148). 


see also FIGURATE NUMBER, 
SQUARE TRIANGULAR NUMBER 


PRoONiIc NUMBER, 
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1844 Triangular Orthobicupola 
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Triangular Orthobicupola 
see JOHNSON SOLID 


Triangular Pyramid 
see TETRAHEDRON 


Triangular Square Number 
see SQUARE TRIANGULAR NUMBER 


Triangular Symmetry Group 


(2, 3, 3) (2, 3,4) 
Given a TRIANGLE with angles (z/p, m/q, a/r), the 
resulting symmetry GROUP is called a (p,q,r) triangle 
group (also known as a SPHERICAL TESSELLATION). In 
3-D, such GROUPS must satisfy 


(2, 3, 5) 


OR ae 
~+-+4+=>1, 
pq? 


and so the only solutions are (2,2,n), (2,3,3), (2,3, 4), 
and (2, 3,5) (Ball and Coxeter 1987). The group (2, 3,6) 
gives rise to the semiregular planar TESSELLATIONS of 
types 1, 2,5, and 7. The group (2, 3, 7) gives hyperbolic 
tessellations. 


see also GEODESIC DOME 
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Tribar 


Triangulation 

Triangulation is the division of a surface into a set of 
TRIANGLES, usually with the restriction that each TRI- 
ANGLE side is entirely shared by two adjacent TRIAN- 
GLES. It was proved in 1930 that every surface has a 
triangulation, but it might require an infinite number 
of TRIANGLES. A surface with a finite number of trian- 
gles in its triangulation is called COMPACT. B. Chazelle 
showed that an arbitrary SIMPLE POLYGON can be tri- 
angulated in linear time. 


see also COMPACT SURFACE, DELAUNAY TRIANGULA- 
TION, JAPANESE TRIANGULATION THEOREM, SIMPLE 
POLYGON 


Triaugmented Dodecahedron 
see JOHNSON SOLID 


Triaugmented Hexagonal Prism 
see JOHNSON SOLID 


Triaugmented Triangular Prism 


ae 

One of the convex DELTAHEDRA and JOHNSON SOLID 
Js. The VERTICES are (+1,+1,0), (0,0, V2), 
(0, +1,-V3), (E(1 + V6)/2, 0, -(V2 + V3)/2), where 


the x and z coordinates of the last are found by solving 


2? 4+17+(z+v3)? =2? 
(2 — 1)? +1° +27 = 2?. 


see also DELTAHEDRON, JOHNSON SOLID 


Triaugmented Truncated Dodecahedron 
see JOHNSON SOLID 


Triaxial Ellipsoid 
see ELLIPSOID 


Tribar 


An IMPOSSIBLE FIGURE published by R. Penrose (1958). 
It also exists as a TRIBOX. 
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Tribox 


An IMPOSSIBLE FIGURE. 
see also IMPOSSIBLE FIGURE, TRIBAR 
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Tribonacci Number 

The tribonacci numbers are a generalization of the FI- 
BONACCI NUMBERS defined by JT, = 1, T2 = 1, Tz = 2, 
and the RECURRENCE RELATION 


Tr = Tr-1 + Tr-2 + Tr-3 (1) 


for n > 4. The represent the n = 3 case of the FI- 
BONACCI n-STEP NUMBERS. The first few terms are 1, 
1, 2, 4, 7, 13, 24, 44, 81, 149, ... (Sloane’s A000073). 
The ratio of adjacent terms tends to 1.83929, which is 
the REAL Root of 2* — 2x3 + 1 = 0. The Tribonacci 
numbers can also be computed using the GENERATING 
FUNCTION 


= 1424227 44254 72% 
l—z-— 27 ~ 23 
+132° + 242° + 442” + 8125 + 14929 +.... (2) 


An explicit FORMULA for 7), is also given by 


3 (5(19 +333)" + 3 (19 -3V33)!7? + 5 "(586+ 102,33)" 
(586 + 102/33)2/5 + 4 — 2(586 + 102/33)!/3 


? 


(3) 
where (z] denotes the NINT function (Plouffe). The first 
part of a NUMERATOR is related to the REAL root of 
x® ~2* —x ~1, but determination of the DENOMINATOR 
requires an application of the LLL ALGORITHM. The 
numbers increase asymptotically to 


Th ~e”™, (4) 
where 


c= (19 + 2/33)'/5 + 2(28 + 293) 1/5 + 2 
= 1.83928675521... (5) 


(Plouffe). 


Trident 1845 
see also FIBONACCI n-STEP NUMBER, FIBONACCI NUM- 
BER, TETRANACCI NUMBER 
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Trichotomy Law 
Every REAL NUMBER is NEGATIVE, 0, or POSITIVE. 


Tricolorable 

A projection of a LINK is tricolorable if each of the 
strands in the projection can be colored in one of three 
different colors such that, at each crossing, all three col- 
ors come together or only one does and at least two dif- 
ferent colors are used. The TREFOIL KNOT and trivial 
2-link are tricolorable, but the UNKNOT, WHITEHEAD 
LINK, and FIGURE-OF-EIGHT KNOT are not. 


If the projection of a knot is tricolorable, then REIDE- 
MEISTER MOVES on the knot preserve tricolorability, so 
either every projection of a knot is tricolorable or none 
is. 


Tricomi Function 


see CONFLUENT HYPERGEOMETRIC FUNCTION OF THE 
SECOND KIND, GORDON FUNCTION 


Tricuspoid 
see DELTOID 


Tricylinder 

see STEINMETZ SOLID 

Tridecagon 

A 13-sided POLYGON, sometimes also called the 


TRISKAIDECAGON. 


Trident 


The plane curve given by the equation 


cy=2° erie 


see also TRIDENT OF DESCARTES, TRIDENT OF NEW- 
TON 


1846 Trident of Descartes 


Trident of Descartes 


The plane curve given by the equation 
(a+ 2)(a — x)(2a— 2) = 2° — 2az? — a?a + 20° = ary 


_ (a+2)(a — z)(2a — x) 
ae ax 


The above plot has a = 2. 


Trident of Newton 
The CuBIC CURVE defined by 


ax*+ba*+cr+d=xzy 


with a #4 0. The curve cuts the axis in either one or 
three points. It was the 66th curve in Newton’s classi- 
fication of CuBICS. Newton stated that the curve has 
four infinite legs and that the y-axis is an ASYMPTOTE 
to two tending toward contrary parts. 
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Curves/Trident .html1. 


Tridiagonal Matrix 

A MATRIX with NONZERO elements only on the diagonal 
and slots horizontally or vertically adjacent the diagonal. 
A general 4 x 4 tridiagonal MATRIX has the form 


Gil 412 0 0 

Q21 a22 G23 O 
0 a32 33 a34 
0 0 @Qa3 G44 


Inversion of such a matrix requires only n (as opposed 
to n°) arithmetic operations (Acton 1990). 


see also DIAGONAL MATRIX, JACOBI ALGORITHM 


References 


Acton, F. S. Numerical Methods That Work, 2nd printing. 
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Trigonal Dodecahedron 


Tridiminished Icosahedron 
see JOHNSON SOLID 


Tridiminished Rhombicosidodecahedron 


see JOHNSON SOLID 
Tridyakis Icosahedron 
The DUAL POLYHEDRON of the ICOSITRUNCATED Do- 


DECADODECAHEDRON. 


Trifolium 


Lawrence (1972) defines a trifolium as a FOLIUM with 
b € (0,4a). However, the term “the” trifolium is some- 
times applied to the Fouium with b = a, which is then 
the 3-petalled ROSE with Cartesian equation 


(2? +y°)[y? + 2(a + a)] = dacy” 
and polar equation 
r — acos6(4sin? @ — 1) = —acos(36). 


The trifolium with 6 = a is the RADIAL CURVE of the 
DELTOID. 


see also BIFOLIUM, FOLIUM, QUADRIFOLIUM 
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Trigon 
see TRIANCLE 


Trigonal Dipyramid 
see TRIANGULAR DIPYRAMID 


Trigonal Dodecahedron 


An irregular DODECAHEDRON. 


Trigonometric Functions 

see also DODECAHEDRON, PYRITOHEDRON, RHOMBIC 
DODECAHEDRON 

References 


Cotton, F. A. Chemical Applications of Group Theory, 3rd 
ed. New York: Wiley, p. 62, 1990. 


Trigonometric Functions 
see TRIGONOMETRY 


Trigonometric Series 


Asin(2¢) + Bsin(4¢) + C'sin(6¢) + Dsin(8¢) 
= sin(2¢)(A’ + cos(2¢)(B’ + cos(2¢)(C’ + D’ cos(2¢)))), 


where 
AZ=A-C 
B'=2B-—4D 
C'=4c 
D'=8D 


Asing + Bsin(3¢) + C sin(5¢) + Dsin(7¢) 
= sin¢(A’ + sin? 6(B’ + sin? (C’ + D’ sin? ¢))), 


where 


A'=A1+3B+5C+7D 


B' = -4B — 20C — 56D 
C' =16C4+112D 
D' = -64D. 


A+ Bcos(2¢) + Ccos(4¢) + Dcos(6¢) + Ecos(8¢@) 
= A’ + cos(2¢)(B’ + cos(2)(C’ + cos(2¢) 
x(D' + E’ cos(2¢)))), 


where 
A=A-C+E 
B’=B-3D 
C'=2C -8E 
D'=4D 
E' =8E. 
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Trigonometric Substitution 
INTEGRALS of the form 


J $(0080, sino) dé (1) 


can be solved by making the substitution z = e” so that 
dz = ie*’ dO and expressing 


+e z+2z 
= a 2 
cos 6 5 5 (2) 
i8 —ié -1 
ee" —e Z-2 
in? = —————_ = ——__.. 3 
sin? a i (3) 


The integral can then be solved by CONTOUR INTEGRA- 
TION. 


Alternatively, making the substitution t = tan(6/2) 
transforms (1) into 


2. Vat, 22dt 
f*(e) 1+%° (4) 


The following table gives trigonometric substitutions 
which can be used to transform integrals involving 
square roots. 


Substitution 


xz = asin@ 


xz =atan§ 
x =asecO 


see also HYPERBOLIC SUBSTITUTION 


Trigonometry 

The study of ANGLES and of the angular relationships 
of planar and 3-D figures is known as trigonometry. 
The trigonometric functions (also called the CIRCULAR 
FUNCTIONS) comprising trigonometry are the COSE- 
CANT csc x, COSINE cosxz, COTANGENT cotz, SECANT 
secz, SINE sing, and TANGENT tanz. The inverses of 
these functions are denoted csc~} 2, cos~/ 2, cot~) 2, 
sec ‘2, sin ‘az, and tan ‘2. Note that the f-’ NoTa- 
TION here means INVERSE FUNCTION, not f to the -1 
POWER. 


The trigonometric functions are most simply defined us- 
ing the UNIT CIRCLE. Let 6 be an ANGLE measured 
counterclockwise from the z-AXIS along an ARC of the 
CIRCLE. Then cos @ is the horizontal coordinate of the 
ARC endpoint, and sin @ is the vertical component. The 
RATIO sin 6/ cos @ is defined as tan@. As a result of this 
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definition, the trigonometric functions are periodic with 
period 27, so 


func(27n + 0) = func(6), (1) 


where n is an INTEGER and func is a trigonometric func- 
tion. 


From the PYTHAGOREAN THEOREM, 

sin? 9 + cos? @ = 1. (2) 
Therefore, it is also true that 

tan? @ +1 =sec” 6 (3) 


1+ cot? 6 = csc? 6. (4) 


The trigonometric functions can be defined algebraically 
in terms of COMPLEX EXPONENTIALS (i.e., using the 
EULER FORMULA) as 

iz 


i 


e* —e” 


i = —-— 5 
sin z i (5) 
cscz = it a ee ee (6) 

sin z Ee? er i* 
cosz = Rah ae (7) 
2 
1 2 
cos z ere ies i 
tanz = Siz = 2G (9) 


cosz  i(e** + e~ #2) 
i(1+e77**) 


1 i(e* + e7**) 
tan z e7? — e~%2 1 — e722 Qo) 


OSBORNE’S RULE gives a prescription for converting 
trigonometric identities to analogous identities for Hy- 
PERBOLIC FUNCTIONS. 


The ANGLES n/m (with m,n integers) for which the 
trigonometric function may be expressed in terms of fi- 
nite root extraction of real numbers are limited to val- 
ues of m which are precisely those which produce con- 
structible POLYGONS. Gauss showed these to be of the 
form 

m = 2*pip2- Ps; (11) 


where k is an INTEGER > 0 and the p; are distinct FER- 
MAT PRIMES. The first few values are m = 1, 2, 3, 4, 
5, 6, 8, 10, 12, 15, 16, 17, 20, ... (Sloane’s A003401). 
Although formulas for trigonometric functions may be 
found analytically for other m as well, the expressions 
involve Roots of COMPLEX NUMBERS obtained by solv- 
ing a CUBIC, QUARTIC, or higher order equation. The 
cases m = 7 and m = 9 involve the CUBIC EQUATION 
and QUARTIC EQUATION, respectively. A partial table 
of the analytic values of SINE, COSINE, and TANGENT 
for arguments 1/m is given below. Derivations of these 
formulas appear in the following entries. 


Trigonometry 


° rad sina COS & tan x 

0.0 0 0 1 0 
15.0 5a $(V6- V2) 3(V6+V2) 2-3 
18.0 be (75 —1) 1/104 2V5 1y/25 - 1075 
22.5 te 22-72 E2472 V2=1 
30.0 in b 3V3 3Vv3 
36.0 tw 41/10-2V5 }(1+ V5) 5-2/5 
45.0 1 iV2 5Vv2 1 
60.0 1x 1V3 5 v3 
90.0 $7 1 0 oo 
180.0 7 0 -1 0 


The INVERSE TRIGONOMETRIC FUNCTIONS are gener- 
ally defined on the following domains. 


Function | Domain 

sin” £ ~in<y< 50 

cost az O<y<a7 

tan! —im<y< i0 

esc te |0<y<trorm<y<% 
sec la |O<y<r 

cot tz |O0<y<inor-a<y<-—in 


Inverse-forward identities are 


tan ‘(cot x) = in—z (12) 
sin~*(cos x) = in —x (13) 
sec "(csc z) = 57 — 2, (14) 


and forward-inverse identities are 


cos(sin™* x) = 1/1 ~ 2? (15) 


1 
cos(tan~? x) = ——=—— 16 
Gee aS aes a 
sin(cos”' x) = 1/1 — 2? 
x 
sin(tan-' 7) = ———— 17 
eee Taper _ 
7 Ji —2? 
tan(cos~* x) = Lent (18) 
x 
oe x 
tan(sin “z) = ——=. 19 
Inverse sum identities include 
sin} z+cos +a = $0 (20) 
tan 'a2+cot ‘a= $n (21) 
sec 'a+esc 1x = in, (22) 


where (20) follows from 


2 = sin(sin™* x) = cos($7 — sin™* 2). (23) 


Trigonometry 


Complex inverse identities in terms of LOGARITHMS in- 
clude 


sin~*(z) = —iln(éz + V/1 — 2?) (24) 
cos *(z) = —iln(z +iv/1-— 2?) (25) 


tan '(z) = —iln (S45) (26) 


: 1—iz 
= File (FE). Qn) 


For IMAGINARY arguments, 


sin(tz) = isinh z (28) 
cos(iz) = cosh z. (29) 


For COMPLEX arguments, 


sin(z + iy) = sinzcoshy + icoszsinhy (30) 
cos(x + ty) = cosrcoshy—isinzsinhy. (31) 


For the ABSOLUTE SQUARE of COMPLEX arguments z = 
x+ ty, 


| sin(a + éy)|? = sin? 2 + sinh” y (32) 
| cos(a + iy)|* = cos” 2 + sinh? y. (33) 


The MODULUS also satisfies the curious identity 
| sin(w + zy)| = | sin x + sin(iy)|. (34) 
The only functions satisfying identities of this form, 
|f(w + zy)| = [f(x) + Fléy)| (35) 


are f(z) = Az, f(z) = Asin(bz), and f(z) = Asinh(bz) 
(Robinson 1957). 


Trigonometric product formulas can be derived using 
the following figure (Kung 1996). 


(cos @, sin @) 


(cos B, sin B) 


eo as 
=] 0 17% 


In the figure, 


= 3(a- f) (36) 
y= i(a+8), (37) 


Trigonometry 1849 


so 


s= (sina + sin 3) = cos[| 5 (a — B)| sin[$(a + f)] 


(38) 
t = 4(cosa + cos) = cos[4 (a — B)] cos[$ (a + B)]. 
(39) 
y 
(cos a, sin a) 
2 sin{+(a-f)] 
(cos B, sin B) 
x 


-l 0 1 


With @ and y as previously defined, the above figure 
(Kung 1996) gives 


u = cos B ~ cosa = 2sin{} (a — )]sin[$ (a+ )| 
(40) 

v = sina —sin@ = 2sin[5(a — B)] cos[}(a + A)]. 
(41) 


Angle addition FORMULAS express trigonometric func- 
tions of sums of angles a + @ in terms of functions of 
a and 8. They can be simply derived used COMPLEX 
exponentials and the EULER FORMULA, 


eilet9) _ e-i(atB) eit ei — er iag 8 
tial ta om 2i = 2i 
_ (cosa +isina)(cosB + isin B) 
= 2i 
(cosa — isina)(cos B — isin B) 
~ Qi 
cosacos (+ itsin8cosa+isinacos@ — sinasin# 
a 2i 
—cosacos$ +icosasin§ +isinacos# +sinasing 
2% 
= sinacos + sin cosa (42) 
eilet) 4. e-iats) ef el 4 en ie 8 
cos(a+B) = 2 = 3 
_ (cosa +isina)(cos 8 + isin #) 
a2 2 
(cosa — isina)(cos G — isin 8) 
2 
_ cosacos# +icosasin# + isinacos@ — sinasinB 
2 
cosacos§ — icosasin§ —isinacos# — sinasin# 
2 
= cos acos § — sinasin £. (43) 
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Taking the ratio gives the tangent angle addition For- 
MULA 


_ sin(a + 8) sinacos $+ sin {cosa 
tan(at+Z) = = 5 7 
cos(a+ ZB) cosacos§ —sinasing 
; ia 
ext! coe oo _ tana + tan @ (44) 
4 — Sinasing— 1 —tanatanf" 


cos a cos af 


The angle addition FORMULAS can also be derived 
purely algebraically without the use of COMPLEX NUM- 
BERS. Consider the following figure. 


oo 
ay py 


tora 


T.cos B 
From the large RIGHT TRIANGLE, 


: Lsin8+a 

sin(a + 8) = Tecan (45) 
_ Leos 
Ee cath (66) 
But, from the small triangle (inset at upper right), 
Lsina 

= 47 
. cos(a + 3) ar) 
b= Lsinatan(a + 8). (48) 


Plugging a and b from (47) and (48) into (45) and (46) 
gives 


Lsing+ ee ce 


Leosa+ Lsinasin(a+) 


cos(a+f) 
= sin 3 cos(a + B)+ sina 
~ cosacos(a + 8) +sinasin(a +B)’ 
(49) 


sin(a + 8) = 


and 


Lcos 8 


EL sin « sin(ae+f) 
Lcoosa + ~—eos(a4+B) 


cos(a + 8) 


cos 3 
ry cosa + sin a sin(a+) * (50) 
cos(a+f) 


Now solve (50) for cos(a + 8), 
cos(a + 8)cosa + sinasin(a + 3) = cos (51) 


to obtain 


cos 3 — sina sin(a + BZ) 


cos(a+ 6) = a 


(52) 


Trigonometry 
Plugging (52) into (49) gives 


¥ —si 4 : 
sin 3 [ seen ecinate) sn esintet#)) +sina 


cos a | seeosnceintete) | + sina sin(a + 8) 


sin(a + 8) = 


sin G cos @ — sinasin @ sin(a + Z) + sinacosa 


cosacos # — sina cosasin(a + 8) + sinacosasin(a + f) 
sin B cos § — sinasin# sin(a + 3) +sinacosa 


cos a cos 3 
sina cosa + sin G cos sin asin ‘ 
= pcose B inlat+B), (53) 
cos a cos 3 cos a cos 3 
so 
. sin asin sin a cos a + sin 3 cos 
cos a cos 3 cos a: cos 3 


(54) 


sin(a + 8)(cosacos 8 + sin asin B) 
=sinacosa+sinfcos$, (55) 


and 


sina cosa + sin {cos 3 


sin(a@ = 
0) sinasin B + cos acos G 


_ sinacosa + sin @ cos @ sinacos @ + sin 8 cosa 
~ sinasin 8 + cosacos# sinacos @ + sinG cosa’ 
(56) 


Multiplying out the DENOMINATOR gives 


(cos acos 3 + sin asin 8)(sin acos 8 + sin 3 cos m) 
= sina cos a cos” 3 + cos” asin 6 cos 8 
+ sin? asin § cos @ + sinacosasin® 3 


=sinacosa + sin {cos P, (57) 


so 
sin(a + @) = sinacos@ + sin Gcosa. (58) 


Multiplying out (50), 
cos(a + G) cosa +sinasin(a + 8) = cosf (59) 
cos 3 — sina sin(a + 8) 


COS & 
__ cos 8 — sina(sin a cos B + sin f cos a) 


cos(a+) = 


cos a 
cos §(1 — sin? a) + sina cosasin 
cosa 
cos? a cos 6 + sin acosasinB 


COS 
cosacos § + sinasin f. (60) 


Trigonometry 


Summarizing, 


sin(a + 8) = sinacos# + sin G cosa (61) 


sin(a — 3) = sinacos 6 — sin B cosa (62) 
cos(a + 8) = cosacos § — sinasin B (63) 
cos(a@ — 8) = cosacos@ + sinasin G (64) 
tan(a + 8) = taney ten8 (65) 


1—tanatan@ 
tana — tanZ 
1+tanatanZ’ 


tan(a — 8B) = (66) 


The sine and cosine angle addition identities can be sum- 
marized by the MATRIX EQUATION 


cosxz sing cosy siny 
—sing cos —siny cosy 
_ | cos(a+y)— sin(a+y) (67) 
~ | —sin(z +y) cos(z+y) |” 


The double angle formulas are 


sin(2a) = 2sina cosa (68) 
cos(2a) = cos? a — sin? a (69) 
= 2cos?a—1 (70) 
=1-2sin’?a (71) 

2tan a 
tan(2a) = Lotana’ (72) 


General multiple angle formulas are 


sin(na) = 2sin[(n — 1)a] cosa — sin[(n — 2)a] (73) 


n-1 


sin(nz) = ncos™”° xsing 


n(n—1)(n— 2) na is 
- 1-203 cos" "asin" x+... (74) 
cos(n@) = 2cos[(n — 1)a] cosa — cos[(n — 2)a] (75) 
cos(nx) = cos” £ — ate-U) cos”~? x sin? x 
n(n —l1)(n-2)(n—-3) nia 4 
+ 1.2.3.4 cos" “asin'z—... (76) 


tan[(n — 1)a] + tana 


T= tan[le —Iojtana (77) 


tan(na) = 
Therefore, any trigonometric function of a sum can be 
broken up into a sum of trigonometric functions with 
sin acos @ cross terms. Particular cases for multiple an- 
gle formulas up to n = 4 are given below. 


sin(3a) = 3sina — 4sin* a (78) 
cos(3a) = 4cos* a — 3cosa (79) 
3tana — tan? a 
pane aa (60) 
sin(4a) = 4sinacosa — 8sin® acosa (81) 
cos(4a) = 8cos* a — 8cos’a+1 (82) 
= 3 
miaa= 4tana — 4tan” a (83) 


1 —6tan? a+ tanta’ 
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Beyer (1987, p. 139) gives formulas up to n = 6. 


Sum identities include 


tan(a—f) _ sin(a — 8) cos(a+ f) 
tan(a+ 8) cos(a — 8) sin(a + #) 
_ (sina cos § — sin f cos a)(cos a cos § — sin asin 3) 
~ (cosa cos # + sin asin 3)(sin a cos G + sin B cos a) 
sin @ cos a — sin Gcos 8 


= OeteeeeeeO(84 
sinacosa +sinfcos $ (84) 
Infinite sum identities include 
been —kr i 
e “"sin(ky) 1, 1 ( sin y ) 
ys : = 5tan* (=>). (85) 
k=1, 3, 5... 


Trigonometric half-angle formulas include 


sin ($) =4/ oe —— (86) 
a (2) et paciesse (87) 


a sin a 
a (3) ~ 1+ cosa@ (88) 
1 — cosa 
~ sing (89) 
_ 1+v1+tan?a (90) 
~ tana 
= tanasina (91) 


tana +sina’ 


The PROSTHAPHAERESIS FORMULAS are 
sina + sin B = 2sin[$(a+ )|cos[$(a—B)] (92) 
sina — sin = 2cos[4(a+ A)]sin[s(a—)] (93) 
sina + cos 8 = 2cos[$(a+ B)] cos[f(a—B)} (94) 
cos a ~ cos 3 = ~2sin[$(a+ f)]sin[3(a—B)]. (95) 
Related formulas are 


sinacosZ = 5|sin(a—8)+sin(a+)] (96) 


cos a cos 3 = $[cos(a — 8) + cos(a + 8)} (97) 
cosasin#§ = $[sin(a+)-—sin(a—f)] (98) 
sinasin B = }[cos(a — 8) — cos(a + 8). (99) 


Multiplying both sides by 2 gives the equations some- 

times known as the WERNER FORMULAS. 

Trigonometric product/sum formulas are 

sin(a + 3) sin(a — 8) = sin? a — sin? @ = cos” 8 — cos’ a 
(100) 


1852 Trigonometry 
2 + 2 2 raey’) 
cos(a + (3) cos(a — 8) = cos” a—sin” 8 = cos” G—sin* a. 
(101) 
Power formulas include 
sin? 2 = 3[1 — cos(2x)] (102) 
sin* z = 1([3sinz — sin(3z)| (103) 
sin* x = 3[3 — 4cos(2z) + cos(42)] (104) 
and 
cos’ t = §[1 + cos(2z)] (105) 
cos* x = +(3cosx + cos(3z)] (106) 
cos’ z = 1[3 + 4cos(2x) + cos(4a)] (107) 


(Beyer 1987, p. 140). Formulas of these types can also 
be given analytically as 


sin?” x £4 38 
L =_—_ 
227 \n 


+o" 0" ip cos[2(n - k)2] (108) 


sin?**' = oe Cn re : sin{(2n + 1 — 2k) 


k=0 


(109) 


n-1 Qn 
+ 3anci a a ) cos[2(n — k)a] (110) 


1 wn f2n41 
2n4+1 pat 
cos aS 2 ( k ) cos[(2n + 1 — 2k)z] (111) 


(Kogan), where (3) is a BINOMIAL COEFFICIENT. 


see also COSECANT, COSINE, COTANGENT, EUCLIDEAN 
NUMBER, INVERSE COSECANT, INVERSE COSINE, IN- 
VERSE COTANGENT, INVERSE SECANT, INVERSE SINE, 
INVERSE TANGENT, INVERSE TRIGONOMETRIC FUNC- 
TIONS, OSBORNE’S RULE, POLYGON, SECANT, SINE, 
TANGENT, TRIGONOMETRY VALUES: 7, 1/2, 7/3, 7/4, 
x/5, 7/6, 7/7, 1/8, 7/9, 7/10, w/11, 2/12, 7/15, 7/16, 
w/17, 7/18, 7/20, 0, WERNER FORMULAS 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Circular Func- 
tions.” §4.3 in Handbook of Mathematical Functions with 
Formulas, Graphs, and Mathematical Tables, 9th printing. 
New York: Dover, pp. 71-79, 1972. 

Bahn, L. B. The New Trigonometry on Your Own. Patter- 
son, NJ: Littlefield, Adams & Co., 1964. 

Beyer, W. H. “Trigonometry.” CRC Standard Mathematical 
Tables, 28th ed. Boca Raton, FL: CRC Press, pp. 134-152, 
1987. 

Dixon, R. “The Story of Sine and Cosine.” § 4.4 in Matho- 
graphics. New York: Dover, pp. 102-106, 1991. 


Trigonometry Values—n /2 


Hobson, E. W. A Treatise on Plane Trigonometry. London: 
Cambridge University Press, 1925. 

Kells, L. M.; Kern, W. F.; and Bland, J. R. Plane and Spher- 
ical Trigonometry. New York: McGraw-Hill, 1940. 

Kogan, S. “A Note on Definite Integrals Involving Trigono- 
metric Functions.” http://www.mathsoft.com/asolve/ 
constant/pi/sin/sin.html. 

Kung, S. H. “Proof Without Words: The Difference-Product. 
Identities” and “Proof Without Words: The Sum-Product 
Identities.” Math. Mag. 69, 269, 1996. 

Maor, E. Trigonometric Delights. Princeton, NJ: Princeton 
University Press, 1998. 

Morrill, W. K. Plane Trigonometry, rev. ed. Dubuque, IA: 
Wm. C. Brown, 1964. 

Robinson, R. M. “A Curious Mathematical Identity.” Asner. 
Math. Monthly 64, 83-85, 1957. 

Sloane, N. J. A. Sequence A003401/M0505 in “An On-Line 
Version of the Encyclopedia of Integer Sequences.” 

Thompson, J. E. Trigonometry for the Practical Man. 
Princeton, NJ: Van Nostrand. 

¥% Weisstein, E. W. “Exact Values of Trigonometric Func- 
tions.” http://www.astro.virginia.edu/~eww6n/math/ 
notebooks/TrigExact .m. 

Yates, R. C. “Trigonometric Functions.” A Handbook on 
Curves and Their Properties. Ann Arbor, MI: J. W. Ed- 
wards, pp. 225-232, 1952. 

Zill, D. G. and Dewar, J. M. Trigonometry. New York: 
McGraw-Hill 1990. 


Trigonometry Values—xz 
By the definition of the trigonometric functions, 


sinz = 0 (1) 
cost = —1 (2) 
tana = 0 (3) 
csc 1 = 00 (4) 
secn = —1 (5) 
cota = co. (6) 


Trigonometry Values—r /2 
By the definition of the trigonometric functions, 


sin (7) =1 (1) 
cos (=) =0 (2) 
tan (5) =o (3) 
esc (5) = (4) 
sec (5) = 00 (5) 
cot () =0. (6) 


see also DIGON 
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Trigonometry Values—z /3 
From TRIGONOMETRY VALUES: 7/6 


<2] 
<a 
i] 
on 
aA 
~” 
ll 
Ne 
~ 
-_ 
~ 


cos (z) = 3v3 (2) 
together with the trigonometric identity 
sin(2a) = 2sinacosa, (3) 
the identity 


sin (5) = 2sin (=) cos (5) = 2(1)(3V3) = iv3 


3 6 6 
(4) 
is obtained. Using the identity 
cos(2a) = 1 — 2sin’ a, (5) 


then gives 


cos (5) = 1-2sin? (=) =1-2(1)?=2. (6) 


Summarizing, 
sin (=) = i/3 (7) 
cos (3) =} (8) 
tan (=) = 73 (9) 


see also EQUILATERAL TRIANGLE 

Trigonometry Values—z /4 

For a RIGHT ISOSCELES TRIANGLE, symmetry requires 
that the angle at each VERTEX be given by 


gn +2a=T7, (1) 


so a = 7/4. The sides are equal, so 


sin’ a + cos? a = 2sin? a = 1. (2) 
Solving, 
sin (3) =1/2 (3) 
cos (5) = i/2 (4) 
ci 
tan (7) =1 (5) 


see also SQUARE 


Trigonometry Values—z /5 1853 
Trigonometry Values—z /5 
Use the identity 
sin(5a) = 5sina — 20sin* a + 16sin’ a, (1) 
Now, let a = 7/5 and z = sina. Then 
sina = 0 = 5x — 202° + 162° (2) 
162* ~ 2027 +5 =0. (3) 


Solving the QUADRATIC EQUATION for x? gives 
—90)2 —4-16- 
sin? @) _ 2 — 204 a/(—20)? — 4-16 -5 
5 2-16 


_ 204+ V80 | 
= = 


4(54 V5). (4) 
Now, sin(7/5) must be less than 


sin (3) = iv2, (5) 


so taking the MINUS SIGN and simplifying gives 


sin (£) = B- V5 Liga. (6) 


5 8 


cos(7/5) can be computed from 


cos (7) = 4/1 sin? (=) =}(1+V5). (7) 


Summarizing, 

sin (Z) = 3/10 - 25 (8) 
sin (=) = 1/10 + 2V5 (9) 
sin (=) = 14/10 + 2V5 (10) 
sin (=) = 1710-25 (11) 

cos (=) = 1(1+ 75) (12) 
cos (=) = 1(-1+ V5) (13) 
cos (=) =1(1-V5) (14) 
cos (=) =-1(1+ V5) (15) 
tan (=) = /5—25 (16) 
tan (+) = V5 +425 (17) 
tan (=) =-V5+2v5 (18) 
tan (=) en ee (19) 


see also DODECAHEDRON, ICOSAHEDRON, PENTAGON, 
PENTAGRAM 
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Trigonometry Values—r /6 
Given a RIGHT TRIANGLE with angles defined to be a 
and 2a, it must be true that 


a+2a0+in=n, (1) 


so a = 7/6. Define the hypotenuse to have length 1 
and the side opposite a to have length x, then the side 
opposite 2a has length /1-—2?. This gives sina = zx 


and 
sin(2a) = V1-2?. (2) 
But 
sin(2a) = 2sinacosa = 2z21/1- z?, (3) 
so we have 


V1l- a2? = 22aV/1—2?. (4) 


This gives 2x = 1, or 


an(3)- 


cos(z/6) is then computed from 


cos (3) = 4/1 —sin? (3) = 4/1- (3)? =4v3. (6) 


Ni- 

=—~ 
an 

— 


Summarizing, 
sin (4) =i (7) 
eas (=) =13 (8) 
tan (7) = 3V3. (9) 


see also HEXAGON, HEXAGRAM 


Trigonometry Values—z /7 

Trigonometric functions of nz /7 for n an integer cannot 
be expressed in terms of sums, products, and finite root 
extractions on real rational numbers because 7 is not a 
FERMAT PRIME. This also means that the HEPTAGON 
is not a CONSTRUCTIBLE POLYGON. 


However, exact expressions involving roots of complex 
numbers can still be derived using the trigonometric 
identity 


sin(na) = 2sin[(n — 1)a] cosa —sin[(n—2)a]. (1) 
The case n = 7 gives 


sin(7a) = 2sin(6a) cos a — sin(5a) 
= 2(32 cos’ a sin a—32 cos* asin a+6 cos asin a) cos a 
—(5sina — 20sin® a + 16sin° a) 

= 64cos® asin a — 64cos* asina + 12 cos” asina 
—5sin a + 20(1 — cos* a) sina 
—16(1 — 2cos* a + cos* a) sina 


= sin a(64cos® a — 80 cos* a + 24cos” a — 1). (2) 


Trigonometry Values—n /7 
Rewrite this using the identity cos* a = 1 — sin’ a, 


sin (5) = sina(7 — 56sin? a + 112sin* a — 64sin® a) 


ee . +6 112 6 4 BG oe 2 OT 
= —64sina(sin° a — 4 sin"at+ Bsin°a-— 4). (3) 


Now, let a = 7/7 and z = sin? a, then 


sin(r) = 0 = 2° — 12? 4 Ie - Z, (4) 


which is a CUBIC EQUATION in z. The ROOTS are 
numerically found to be z * 0.188255, 0.611260..., 
0.950484.... But sina = /z, so these ROOTS corre- 
spond to sina * 0.4338, sin(2a) ~ 0.7817, sin(3a) ~ 
0.9749. By NEWTON’S RELATION 


If: =-dao, (5) 


we have 


or 


Similarly, 


2 3 1 
con(F)oos(F)ea(F)=5 ©) 
The constants of the CUBIC EQUATION are given by 
Q = 4(3a1 — a2”) = £(3- 7 - 
R= 4(9a2a1 — 2a} — 27a0) 


= 37 19(—5)(38) = a(—£ —— 27(-4)] 
= oss: (10) 


aaa: 8) 


ou 


The DISCRIMINANT is then 


3 2_ 343 49 
D=Q' + R = ~ 7585.98 + 17,943,036 


=—-7~*.— <0, (11) 


~~ 442,368 


Ml 


so there are three distinct REAL Roots. Finding the 
first one, 


a= VR+VD+VR-VD-}a2. (12) 


Writing 
VD =3°37 2; (13) 


plugging in from above, and anticipating that the solu- 
tion we have picked corresponds to sin(37/7), 
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i/ Fn aie i+ 3/ 7 er rene © ee 
3456 128 3456 128° «3\ 4 
7 7 7 7 7 
: 3-2/2 i 4 Af 3-9/2 gy 
iV 3456 * 12a * V ~ 3456 128° 
7 7 7 
= fy ee ne Goa 3/24) — ¢/ —_ (1 33/24 a 
rh gape (E+ 9°78) — VY sagg AT 5H°8) + S 
oe a x/ id (—1 + 38/24) — ¥/ £ (1+39/7i) +7]. (14) 
12 2 2 


see also HEPTAGON 
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a ue ae nels = 5 (1 - cos 5) 
eae, a 


Now, checking to see if the SQUARE ROOT can be sim- 
plified gives 
a —be= 2? ~1?.2=4—~2=2, (2) 


which is not a PERFECT SQUARE, so the above expres- 
sion cannot be simplified. Similarly, 


= (§) - eS (53) a : (a + cos *) 
=\2 (1+ ?) = iv24v2 (3) 


tan (2) = \/2=%2 = fee tae 


$= Ava _ 3 — 2/2. (4) 


But 


a? — bc = 87-272 =9-8=1 (5) 


is a PERFECT SQUARE, so we can find 
= $341) =1,2 
Rewrite the above as 
tan (=) =V2~-1 (6) 


ri 1 Y24+1 
cot (F)= B47 Fo = V2+1. (7) 
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Summarizing, 

sin (z) = 2—-V2 (8) 

sin (57) =3 24/2 (9) 

cos (=) =iV2+v2 (10) 

cos (=) =ivV2-Vv2 (11) 

tan (=) =V2-1 (12) 

tan (=) = V24+1. (13) 


see also OCTAGON 


Trigonometry Values—z /9 

Trigonometric functions of nw/9 radians for n an in- 
teger not divisible by 3 (e.g., 40° and 80°) cannot be 
expressed in terms of sums, products, and finite root 
extractions on real rational numbers because 9 is not a 
product of distinct FERMAT PRIMES. This also means 
that the NONAGON is not a CONSTRUCTIBLE POLYGON. 


However, exact expressions involving roots of complex 
numbers can still be derived using the trigonometric 
identity 

sin(3a) = 3sina — 4sin® a. (1) 
Let a = 1/9 and x = sina. Then the above identity 
gives the CUBIC EQUATION 


40° — 3a + 4V3 =0 (2) 


a — $4 = -i V3. (3) 


This cubic is of the form 


a +pe=q, (4) 

where 
p=-3 (5) 
= —}v3. (6) 


=(4)'3 VEN on gl roe: 443 
= 16 16 16-16 256 
1 
356 <2 (7) 
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There are therefore three REAL distinct roots, which are 
approximately —0.9848, 0.3240, and 0.6428. We want 
the one in the first QUADRANT, which is 0.3240. 


sin (5) (meee ee ene — 
9) 16 256 16 256 

7 Vee. 4 3/ V3 3; 

16° 16 


= 2-4/9 Vi — V3 — Vit v3) 
= 0.3240... (8) 


Similarly, 


cos (=) = 2/84/1484 V1 -iV3) 
~ 0.7660... (9) 


Because of the NEWTON’S RELATIONS, we have the iden- 


tities 2 4 
se we Og (SE et 
sin (©) sin ( =) sin (=) 3 (10) 


cos (=) cos (=) cos (=) = iv3 (11) 


tan (7) tan (=) tan (=) = V3. (12) 


see also NONAGON, STAR OF GOLIATH 
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n(3) = (5-8) -vilh-@)] 
=4/1[1- 304+ ¥5)) =32(Vv5-2. () 


So we have 


cos (%) oa 2-2) 
10/ 2 5/ 


4/10 + 2V5, (2) 


and 


tan (7) = ra Le ny 10V5. (3) 
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14/25 + 10V5. (9) 


of 
© 
po} 


Summarizing, 
sin (=) = 1(¥5 ~1) (4) 
cos (=) = 4V10 + 2V5 (5) 
tan (7) = 1/25 — 10V5 (6) 
sin (=) = 1714 V5) (7) 
cos (=) = 1(10 -2V5) (8) 
(35) 


An interesting near-identity is given by 


; [cos( 45) + cosh(;4) + 2 cos(4, V2) cosh(+, V2)] 1. 

(10) 
In fact, the left-hand side is approximately equal to 1+ 
2.480 x 107*%, 


see also DECAGON, DECAGRAM 


Trigonometry Values—7z/11 

Trigonometric functions of n7/11 for n an integer cannot 
be expressed in terms of sums, products, and finite root 
extractions on real rational numbers because 11 is not a 
FERMAT PRIME. This also means that the UNDECAGON 
is not a CONSTRUCTIBLE POLYGON. 


However, exact expressions involving roots of complex 
numbers can still be derived using the trigonometric 
identity 


sin(1la) = sin(12a — a) cosa — cos(12a@) sina 


= 2sin(6a) cos(6a) cosa — [1 ~— 2sin”(6a)]sina. (1) 
Using the identities from Beyer (1987, p. 139), 
sin(6a) = sin a cos a[32 cos* a — 32cos"a +6] (2) 
cos(6a) = 32cos° a — 48cos*a+18cos*?a—1 (3) 
gives 


sin(1la) = 2cos” asin a(32cos* a — 32 cos” a + 6) 

x (32. cos® a — 48 cos* a + 18 cos? a — 1) 

— sin a[1 — 2sin? a cos” a(32.cos* a — 32cos* a + 6)”] 
= sina(11— 220sin? a + 1232 sin‘ aa 

—2816 sin’ a + 2816 sin® —1024sin?° a). (4) 


Now, let a = 7/11 and x = sin’ a, then 


sinx = 0 
= 11-2202 + 12322? — 2816x° + 281624 -—1024z°. (5) 
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This equation is an irreducible QUINTIC EQUATION, so 
an analytic solution involving FINITE ROOT extractions 
does not exist. The numerical ROOTS are z = 0.07937, 
0.29229, 0.57115, 0.82743, 0.97974. So sina = 0.2817, 
sin(2a@) = 0.5406, sin(3a) = 0.7557, sin(4a) = 0.9096, 
sin(5a) = 0.9898. From one of NEWTON’s IDENTITIES, 


sin (= ) in (27) sin (T*) sin ($2) sin (57) 
i) \ At ll ll Il 


11 Vil 
jou ~ 32-9) 
cos (=) cos (=) cos (3) cos (=) cos (=) 
11 11 11 11 11 
1 
RG (7) 
tan (= ) tan (=) tan (+) tan (=) tan (=) 
41 11 1l 11 11 
=vi1l. (8) 


The trigonometric functions of 7/11 also obey the iden- 
tity 
tan (+7 \+4 sin (7 )=va (9) 
11 ty ee 
see also UNDECAGON 
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= 39V2) + 3v3(-3V2) 
= 3(V6 + V2). (2) 
Summarizing, 
F us 1 

sin (=) = (V6 — V2) ~ 0.25881 (3) 
Gas (=) = 1(V6 + V2) 0.96592 (4) 
tan (3) = 2-— /3 = 0.26794 (5) 
eee (3) = V6 + V2 = 3.86370 (6) 
sec (3) = V6 — V2 = 1.03527 (7) 
cot (3) = 2+ V3 © 3.73205. (8) 
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Trigonometry Values—~7/15 


. WT x: vis ris 
sin (4) =sin (7 7 a) 
WT rT A as Tv 
= sin (4) cos (7) sin (%) cos (4) 


= L(av3 — 2V15 + 40 + 8v5) (1) 


and 
cos (=) = cos (= - =) 
15/ 6 10 
- (9) Cio) +66) in (75) 
= 6) ~°S \ io 6) °"\ 50 


= vs 5 (5 + v5) +5 i(v5 =) 
Ree ee (2) 
Summarizing, 
sin (=) = 1(2V3 — 215 + V/40 + 8V5) 
= 0.20791 (3) 
sin a = 3(V3 + V15 — V10 - 2v5) 
wz 0.40673 (4) 


1(/30 + 6V5 + V5 — 1) = 0.97814 (5) 
(30 — 6V5 + 1) + 0.91354 (6) 
1(373 — V15 — /50 — 22V5) 


0.21255. (7) 


i 


Nee NY NL” wee” 
Hl 


ala &l2 ala 


re 
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~(i)-mG-9 


(1 - cos =) 


Nie 


=yVi-ive2 ay slay V¥2+ V2 (1) 
cos (=) = cos (5 - x) 


Ve ee = (a+3 aa 
14/24/24 v2 


=(5)- 


= 744 2V2—-V2-1. (3) 


1858 Trigonometry Values—r /17 
Summarizing, 
sin (=) = 12~- V2+ V2 ~ 0.19509 (4) 
sin (=) = $V 2- V2- V2 ~ 0.55557 (5) 
COs (#5) = iV 2+ V2+ V2 ~ 0.98079 (6) 
3r 1 
cos (57) = 1/24 /2- V2 ~~ 0.83147 (7) 
tan (33) = V44+ 2V2—- V2—1% 0.19891. (8) 


Trigonometry Values—7/17 

Rather surprisingly, trigonometric functions of nw/17 
for n an integer can be expressed in terms of sums, prod- 
ucts, and finite root extractions because 17 is a FER- 
MAT PRIME. This makes the HEPTADECAGON a CON- 
STRUCTIBLE, as first proved by Gauss. Although Gauss 
did not actually explicitly provide a construction, he did 
derive the trigonometric formulas below using a series of 
intermediate variables from which the final expressions 
were then built up. 


Let 
c= V174+ V7 
e = V17-V17 
B=2V 174 3V17 — 22 — V2e" 

Then 


un (3) = 5(34-2v1 —2V2€" 


~24/68 + 12V17 + 2V2(Vi7 — 1)er — 
= 0.18375 


cos (7) = 80-4 2v77 7+2V2e° 


16V2€}'/? 


424/68 + 12V17 4+ 2V2(VI17 — l)er — 16V2 €]'”? 
= 0.98297 


sin (3) = 3[136 — 8V17 +. 4V2(1 — Vi7)e" + 16V2€ 


42(V2 — V34 — 267) 4/34 + 6VI1T F (V4 — V2)e* — BV]? 


& 0.36124 
20 
cos (3) = #[-l+vi 74+ V2e° 
68 + 12V17 — 2V2(1 — V17 Jer — 16V2€] 
% 0.0.93247 
4n 
sin (3) = aC V2 + V34 + 26° + 2a) 


x of 68 — 4V17 — 2(V34 — V2 Jer + 8V2€ 4 (V2 — V34 — 2c") 


= 0.0.67370 


Trigonometry Values—n /18 


= (3) = £ [136 - 8VI7 + 8V2e — 2(V34 — 3V2)e" 


—286(1 — V17 — V2e")]'? 
= 0.99573 


8 
cos (3) = £(-14+ Vi74 V2 


217+ 3V17 — V2e* — 2V2e). 


= 0.09227 


There are some interesting analytic formulas involving 
the trigonometric functions of n7/17. Define 


P(x) = (x — 1)(x — 2)(a? +1) 


_ 24+ /P(z) 
st aaa 
aja 
fi(z) = §lgi(x) — 1] 

=itan”’4, 


where i = 1 or 4. Then 
2 
fi(tan a) = cos (3) 


fa(tana) = cos (FF) 


see also CONSTRUCTIBLE POLYGON, FERMAT PRIME, 
HEPTADECAGON 
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The exact values of cos(7/18) and sin(7/18) are given 
by infinite NESTED RADICALS. 


sin ( a) =3V2- 2+ 
0.1 


where the sequence of signs +, +, — repeats with period 
3, and 


cos (7 =) = v3 /s—/8- 8+V8—...4+1 


= 0.98481, 


V2+V2-... 


where the sequence of signs —, —, + repeats with period 
3. 


Trigonometry Values—r /20 


Trigonometry Values—z/20 


= 184+2V10+2V5 


~ 0.98768... (2) 
tan (37) Eqs 9/5 a5 
ew 0.15838. (3) 


An interesting near-identity is given by 


; [cos( #5) + cosh(;5) + 2.cos( 35. V2) cosh(35 V2)] ~ 1. 

(4) 
In fact, the left-hand side is approximately equal to 1+ 
2.480 x 10723, 


Trigonometry Values—0O 
By the definition of the trigonometric functions, 


sin0 = 0 
cosO=1 
tan0 = 0 
csc 0 = 00 
secQ =1 
cot 0 = oo. 


Trigyrate Rhombicosidodecahedron 
see JOHNSON SOLID 


Trihedron 

The TRIPLE of unit ORTHOGONAL VECTORS T, N, and 
B (TANGENT VECTOR, NORMAL VECTOR, and BINOR- 
MAL VECTOR). 

see also BINORMAL VECTOR, NORMAL VECTOR, TAN- 
GENT VECTOR 


Trilinear Coordinates 


Trilinear Coordinates 1859 


Given a TRIANGLE AABC, the trilinear coordinates of 
a point P with respect to AABC are an ordered TRIPLE 
of numbers, each of which is PROPORTIONAL to the di- 
rected distance from P to one of the side lines. Trilinear 
coordinates are denoted a : 6: y or (a,§,7) and also 
are known as BARYCENTRIC COORDINATES, HOMOGE- 
NEOUS COORDINATES, or “trilinears.” 


In trilinear coordinates, the three VERTICES A, B, and 
C are given by 1:0:0,0:1:0, and0Q:0:1. Let the 
point P in the above diagram have trilinear coordinates 
a: @: ¥ and lie at distances a’, 6’, and c’ from the 
sides BC’, AC, and AB, respectively. Then the distances 
a’ = ka, 6' = kG, and ce’ = ky can be found by writing 
Aa for the AREA of ABPC, and similarly for A, and 
A.. We then have 


A=A,+Ay+ Ac = faa’ + 306 + ec’ 
3 (aka + bkB + cky) = $k(aa+bB+cy). (1) 


so 


2A 
Hoe, 2 
aa +bB+4+ cy (2) 


where A is the AREA of AABC and a, b, and c are the 
lengths of its sides. When the values of the coordinates 
are taken as the actual lengths (i.e., the trilinears are 
chosen so that k = 1), the coordinates are known as 
EXACT TRILINEAR COORDINATES. 


Trilinear coordinates are unchanged when each is mul- 
tiplied by any constant pz, so 
ti : te: tg = pti : pte : pts. (3) 
When normalized so that 
ti +t2+¢3 =1, (4) 


trilinear coordinates are called AREAL COORDINATES. 
The trilinear coordinates of the line 


ue -+ovy+wz=0 (5) 


are 
u:v:w-=ada :bdg: cdc, (6) 


where d; is the POINT-LINE DISTANCE from VERTEX A 
to the LINE. 


Trilinear coordinates for some common POINTS are sum- 
marized in the following table, where A, B, and C are 
the angles at the corresponding vertices and a, b, and c 
are the opposite side lengths. 


1860 Trilinear Coordinates 
Point Triangle Center Function 
centroid M esc A, 1/a 
circumcenter O cos A 


cos A — cos BcosC 
sec(3.A) cos($B)cos($C) +1 


de Longchamps point 
equal detour point 


Feuerbach point F 1—cos(B -—C) 

incenter I 1 

isoperimetric point sec(4.A) cos($B) cos($C) — 1 
Lemoine point a 

nine-point center N — cos(B — C) 

orthocenter H cos BcosC 

vertex A 1:0:0 

vertex B 0:1:0 

vertex C 0:0:1 


To convert trilinear coordinates to a vector position for 
a given triangle specified by the x- and y-coordinates of 
its axes, pick two UNIT VECTORS along the sides. For 


instance, pick 
2 | @1 
a= 2] (7) 


= [3], ) 


where these are the UNIT VECTORS BC and AB. As- 
sume the TRIANGLE has been labeled such that A = x) 
is the lower rightmost VERTEX and C' = x2. Then the 
VECTORS obtained by traveling /, and I, along the sides 
and then inward PERPENDICULAR to them must meet 


e]+*[a]-»[2.] 


Solving the two equations 
£1 +1ec1 — kyco = Zalaa, — kaa (10) 
yr tlec2 + kyei = yelaae + kaa, (11) 
gives 


ka(ayc, + agce) — yR(c1? + c27) + co(ai — B2) + 1 (y2 — 91) 
1C2 — 2C, 


i, 
(12) 
by 
01402 — A2C, 
(13) 
But 4 and ¢ are UNIT VECTORS, so 
l= 
ka(arci + a2ce) — yk + co(ai — @2) + e1(y2 — ys) 
a1C2 — agc, 


(14) 


ka — yk(a1e1 + aoc2) + @2(x1 — 22) + ai(ye — y1) 
Q@1C2 — @2C1 : 


(15) 


at kea(a,? + a2”) — yk(aye. + aocz) + a2(@1 — &2) + ai(y2 — y1) 


Trimagic Square 


And the VECTOR coordinates of the point a: (@: y are 


then 
xom +t {2] —er| % ]. (16) 


—c1 


see also AREAL COORDINATES, EXACT TRILINEAR Co- 
ORDINATES, ORTHOCENTRIC COORDINATES, POWER 
CURVE, QUADRIPLANAR COORDINATES, TRIANGLE, 
TRILINEAR POLAR 
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Trilinear Line 
A LINE is given in TRILINEAR COORDINATES by 


la+mB+ny=0. 
see also LINE, TRILINEAR COORDINATES 


Trilinear Polar 
Given a TRIANGLE CENTER X =I1: m:n, the line 


lat+mB+ny=0 


is called the trilinear polar of X~* and is denoted L. 
see also CHASLES’S POLARS THEOREM 


Trillion 

The word trillion denotes different numbers in Amer- 
ican and British usage. In the American system, one 
trillion equals 10'”. In the British, French, and German 
systems, one trillion equals 107°. 


see also BILLION, LARGE NUMBER, MILLION 


Trimagic Square 

If replacing each number by its square or cube in a 
MAGIC SQUARE produces another MAGIC SQUARE, the 
square is said to be a trimagic square. Trimagic squares 
of order 32, 64, 81, and 128 are known. Tarry gave a 
method for constructing a trimagic square of order 128, 
Cazalas a method for trimagic squares of orders 64 and 
81, and R. V. Heath a method for constructing an or- 
der 64 trimagic square which is different from Cazalas’s 
(Kraitchik 1942). 


Trimean 


Trimagic squares are also called TREBLY MAGIC 
SQUARES, and are 3-MULTIMAGIC SQUARES. 


see also BIMAGIC SQUARE, MAGIC SQUARE, MUL- 
TIMAGIC SQUARE 
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Trimean 
The trimean is defined to be 


TM = 5( + 2M + H2), 


where H; are the HINGES and M is the MEDIAN. Press 
et al. (1992) call this TUKEY’s TRIMEAN. It is an L- 
ESTIMATE. 


see also HINGE, L-ESTIMATE, MEAN, MEDIAN (STATIS- 
TICS) 
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Trimorphic Number 

A number n such that the last digits of n® are the same 
as n. 49 is trimorphic since 49° = 117649 (Wells 1986, 
p. 124). The first few are 1, 4, 5, 6, 9, 24, 25, 49, 51, 75, 
76, 99, 125, 249, 251, 375, 376, 499,.... 

see also AUTOMORPHIC NUMBER, NARCISSISTIC NUM- 
BER, SUPER-3 NUMBER 
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Trinoid 


Trinomial Triangle 1861 


A MINIMAL SURFACE discovered by L. P. M. Jorge and 
W. Meeks III in 1983 with ENNEPER-WEIERSTRA8 Pa- 
RAMETERIZATION 


on 1 
i= (erp c 


ge (2) 


(Dickson 1990). Explicitly, it is given by 


TER rev? oo 4In(re’® — 1) 
3(1 + re%® + 726248) 9 
21n(1 ie 2240 
n(1 + re” + r°e**’) (3) 
9 
Sale —3re*? (1 + re®®) 
yY=— 3 73e3i8 — |] 
3,310 —1 ( 1+2re*? 
4V/3 (ree 1) tan ( 2 ) 
a r3e3i8 — | me (4) 
2 2 
z=R|---=->S 5 
| 3 8(r3e3#9 — 3 | : (5) 
for 6 € [0, 27) and r € [0,4]. 
see also MINIMAL SURFACE 
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Wolfram Research “Mathematica Version 2.0 Graphics 
Gallery.” http://www. mathsource . com/cgi-bin/Math 
Source/Applications/Graphics/3D/0207-155. 


Trinomial 
A POLYNOMIAL with three terms. 


see also BINOMIAL, MONOMIAL, POLYNOMIAL 


Trinomial Identity 


(a? + ay + by?) (t? + atu + bu?) = r? + ars + bs’, (1) 
where 


r= at — byu (2) 
s=yt+cu-+t ayu. (3) 


Trinomial Triangle 

The NUMBER TRIANGLE obtained by starting with a 
row containing a single “1” and the next row containing 
three 1s and then letting subsequent row elements be 


1862 Triomino 


computed by summing the elements above to the left, 
directly above, and above to the right: 


1 
1 $11 
1 2 3 2 1 
1 3 6 7 6 3 #1 
1 4 10 16 19 16 10 4 1 


(Sloane’s A027907). The mth row can also be obtained 
by expanding (1 + x +7)" and taking coefficients: 


(l+2+27)° =1 
(lt+a+a?)=1+4+242? 
(l+e2+a7)? =1+4 2x + 32? + 227 + x4 


and so on. 


see also PASCAL’S TRIANGLE 
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__ 


The two 3-POLYOMINOES are called triominoes, and are 
also known as the TROMINOES. The left triomino above 
is “STRAIGHT,” while the right triomino is called “right” 
or L-. 

see also L-POLYOMINO, POLYOMINO, STRAIGHT POLY- 
OMINO 


Triomino 
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Trip-Let 

A 3-dimensional solid which is shaped in such a way that 
its projections along three mutually perpendicular axes 
are three different letters of the alphabet. Hofstadter 
(1989) has constructed such a solid for the letters G, E, 
and B. 


see also CORK PLUG 
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Triple Scalar Product 


Triple 
A group of three elements, also called a TRIAD. 


see also AMICABLE TRIPLE, MONAD, PAIR, PYTHAG- 
OREAN TRIPLE, QUADRUPLET, QUINTUPLET, TETRAD, 
TRIAD, TWINS 


Triple-Free Set 

A SET of POSITIVE integers is called weakly triple-free 
if, for any integer z, the Ser {z, 2x, 3x} Z S. It is called 
strongly triple-free if z € S IMPLIES 22 ¢ S and 3z ¢ S. 
Define 


p(n) = max{|S|: S$ Cc {1,2,...,n} 
is weakly triple-free} 
q(n) = max{|S|: 5 c {1,2,...,n} 
is strongly triple-free}, 


where |S| denotes the CARDINALITY of S, then 


and 


(Finch). 
see also DOUBLE-FREE SET 
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Triple Jacobi Product 
see JACOBI TRIPLE PRODUCT 


Triple Point 


A point where a curve intersects itself along three arcs. 
The above plot shows the triple point at the ORIGIN of 
the TRIFOLIUM (a? 4+ y?)? + 3a27y — y? =0. 

see also DOUBLE POINT, QUADRUPLE POINT 
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Triple Scalar Product 
see SCALAR TRIPLE PRODUCT 


Triple Vector Product 


Triple Vector Product 
see VECTOR TRIPLE PRODUCT 


Triplet 
see TRIPLE 


Triplicate-Ratio Circle 
see LEMOINE CIRCLE 


Trisected Perimeter Point 
A triangle center which has a TRIANGLE CENTER FUNC- 
TION 

a= bev -—c+a)(v—a+bd), 


where vw is the unique REAL Root of 


dx* — 3(a+b+c)x? + (a? +7 +c? + 8bce + 8ca + 8ab)z 
—(b?c+c?a + ab + 5bc* + 5ca” + 5ab* + Yabc) = 0. 
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Trisection 


0/3 trisection 


Angle trisection is the division of an arbitrary ANGLE 
into three equal ANGLES. It was one of the three GEO- 
METRIC PROBLEMS OF ANTIQUITY for which solutions 
using only COMPASS and STRAIGHTEDGE were sought. 
The problem was algebraically proved impossible by 
Wantzel (1836). 


Although trisection is not possible for a general ANGLE 
using a Greek construction, there are some specific an- 
gles, such as 7/2 and 7 radians (90° and 180°, respec- 
tively), which can be trisected. Furthermore, some AN- 
GLES are geometrically trisectable, but cannot be con- 
structed in the first place, such as 37/7 (Honsberger 
1991). In addition, trisection of an arbitrary angle can 
be accomplished using a marked RULER (a NEUSIS Con- 
STRUCTION) as illustrated below (Courant and Robbins 
1996). 


An ANGLE can also be divided into three (or any WHOLE 
NUMBER) of equal parts using the QUADRATRIX OF HIP- 
PIAS or TRISECTRIX. 


Tritangent 1863 


see also ANGLE BISECTOR, MACLAURIN TRISECTRIX, 
QUADRATRIX OF HIPPIAS, TRISECTRIX 
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Trisectrix 
see CATALAN’S TRISECTRIX, MACLAURIN TRISECTRIX 


Trisectrix of Catalan 
see CATALAN’S TRISECTRIX 


Trisectrix of Maclaurin 
see MACLAURIN TRISECTRIX 


Triskaidecagon 
see TRIDECAGON 


Triskaidekaphobia 

The number 13 is traditionally associated with bad luck. 
This superstition leads some people to fear or avoid 
anything involving this number, a condition known as 
triskaidekaphobia. Triskaidekaphobia leads to interest- 
ing practices such as the numbering of floors as 1, 2, 
..-, 11, 12, 14, 15, ..., omitting the number 13, in many 
high-rise hotels. 

see also 13, BAKER’S DOZEN, FRIDAY THE THIR- 
TEENTH, TRISKAIDEKAPHOBIA 


Tritangent 

The tritangent of a CUBIC SURFACE is a PLANE which 
intersects the surface in three mutually intersecting 
lines. Each intersection of two lines is then a tangent 
point of the surface. 


see also CUBIC SURFACE 
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1864 Tritangent Triangle 


Tritangent Triangle 
see EXCENTRAL TRIANGLE 


Trivial 

According to the Nobel Prize-winning physicist Richard 
Feynman (1985), mathcmaticians designate any THE- 
OREM as “trivial” once a proof has been obtained—no 
matter how difficult the theorem was to prove in the 
first place. There are thercfore exactly two types of 
true mathematical propositions: trivial ones, and thase 
which have not yet been proven. 


see also PROOF, THEOREM 
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Trivialization 

In the definition of a FIBER BUNDLE f : & — B, the 
homeomorphisms gy : f~'(U) > U x F that commute 
with projection are called local trivializations for the 
FIBER BUNDLE f. 


see also FIBER BUNDLE 


Trochoid 
The curve described by a point at a distance b from the 
center of a rolling CIRCLE of RADIUS a. 


z= agd— bsing 
y=a-— beos¢. 


If 6 < a, the curve is a CURTATE CYCLOID. If b= a, the 
curve is a CycLoip. If b > a, the curve is a PROLATE 
CYCLOID. 


see also CURTATE CYCLOID, CYCLOID, PROLATE CyY- 
CLOID 
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Tromino 
see ‘TRIOMINO 


True 

A statement which is rigorously known to be correct. A 
statement which is not true is called FALSE, although 
certain statements can be proved to be rigorously UN- 
DECIDABLE within the confines of a given set of assump- 
tions and definitions. Regular two-valued Locic allows 
statements to be only true or FALSE, but Fuzzy Locic 
treats “truth” as a continuum which can have any value 
between 0 and 1. 


see also ALETHIC, FALSE, Fuzzy Locic, Locic, TRUTH 
TABLE, UNDECIDABLE 


Truncated Dodecadodecahedron 


Truncate 

To truncate a REAL NUMBER is to remove its nonin- 
tegral part. Truncation of a number x therefore corre- 
sponds to taking the FLOOK FUNCTION |[z]. 


see also CEILING FUNCTION, FLOOR FUNCTION, NINT, 
RouND 


Truncated Cone 
see CONICAL FRUSTUM 


Truncated Cube 


ieee 


An ARCHIMEDEAN SOLID whose DUAL POLYHEDRON is 
the TRIAKIS OCTAHEDRON. It has SCHLAFLI SYMBOL 
t{4,3}. It is also UNIFORM POLYHEDRON Uy and has 
WYTHOFF SYMBOL 234. Its faces are 8{3}+6{8}. The 
INRADIUS, MIDRADIUS, and CIRCUMRADIUS for a = 1 
are 


r= £(5 + 2V2)V7 + 4V2 & 1.63828 
(2+ V2) = 1.70711 


7 + 4/2 = 1.77882. 


as) 
ll 
Nie tle 
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Truncated Cuboctahedron 


see GREAT RHOMBICUBOCTAHEDRON (ARCHIMEDEAN) 


The UNIFORM POLYHEDRON Usp, also called the Qua- 
SITRUNCATED DODECAHEDRON, whose DUAL POLYHE- 
DRON is the MEDIAL DISDYAKIS TRIACONTAHEDRON. 


It has SCHLAFLI SYMBOL 4 2 


BOL 23{5. Its faces are 12{10} + 30{4} + 12{42}. Its 
CIRCUMRADIUS for a = 1 is 


R= 3Vv11. 


\ and WYTHOFF SYM- 


Truncated Dodecahedron 
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Truncated Dodecahedron 


An ARCHIMEDEAN SOLID whose DUAL POLYHEDRON is 
the TRIAKIS ICOSAHEDRON. It has SCHLAFLI SYMBOL 
t{5,3}. It is also UNIFORM POLYHEDRON U2¢ and has 
WYTHOFF SYMBOL 23[5. Its faces are 20{3} + 12{10}. 
The INRADIUS, MIDRADIUS, and CIRCUMRADIUS for a = 
1 are 


r= gg (17V2 + 3V10) V 37 + 15V5 © 2.88526 
p= (5+ 3V5) ~ 2.92705 


1/74 + 30V5 = 2.96945. 


Truncated Great Dodecahedron 


The UNIFORM POLYHEDRON U37 whose DUAL POLYHE- 
DRON is the SMALL STELLAPENTAKIS DODECAHEDRON. 
It has SCHLAFLI SymBox t{5,$}. It has WyYTHOFF 
SYMBOL 235. Its faces are 12{3} + 12{10}. Its Crr- 
CUMRADIUS for a = 1 is 


R= 1V 34+ 10V5. 


see also GREAT ICOSAHEDRON 


References 
Wenninger, M. J. Polyhedron Models. Cambridge, England: 


Cambridge University Press, p. 115, 1971. 


Truncatcd Octahedral Number 1865 


Truncated Great Icosahedron 
see GREAT TRUNCATED ICOSAHEDRON 


Truncated Hexahedron 
see TRUNCATED CUBE 


Truncated Icosahedron 


An ARCHIMEDEAN SOLID used in the construction of 
SOCCER BALLS. Its DUAL POLYHEDRON is the PEN- 
TAKIS DODECAHEDRON. It has SCHLAFLI SYMBOL 
t{3,5}. It is also UNIFORM POLYHEDRON Uns and has 
WYTHOFF SYMBOL 25|3. Its faces are 20{6} + 12{5}. 
The INRADIUS, MIDRADIUS, and CIRCUMRADIUS for 
a=lare 
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Truncated Icosidodecahedron 


see GREAT RHOMBICOSIDODECAHEDRON (ARCHIMED- 
EAN) 


Truncated Octahedral Number 

A FIGURATE NUMBER which is constructed as an OCT- 
AHEDRAL NUMBER with a SQUARE PYRAMID removed 
from each of the six VERTICES, 


On = O3n-2 — 6Pn—1 = Z(3n — 2)[2(3n — 2)" + 1], 


where O, is an OCTAHEDRAL NUMBER and P, is a 
PYRAMIDAL NUMBER. The first few are 1, 38, 201, 586, 
... (Sloane’s AQ05910). The GENERATING FUNCTION 
for the truncated octahedral numbers is 


z(6x* + 55x? + 34241) 


2 3 
Ga = 2+ 38x + 201z°+.... 


1866 Truncated Octahedron 


see also OCTAHEDRAL NUMBER 
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Truncated Octahedron 


An ARCHIMEDEAN SOLID, also known as the MECON, 
whose DUAL POLYHEDRON is the TETRAKIS HEXA- 
HEDRON. It is also UNIFORM POLYHEDRON Ug and 
has SCHLAFLI SYMBOL t{3,4} and WYTHOFF SymM- 
BOL 24|/3. The faces of the truncated octahedron are 
8{6}+6{4}. The truncated octahedron has the O;, OcT- 
AHEDRAL GROUP of symmetries. 


nd \ 
‘2 


al2 


The solid can be formed from an OCTAHEDRON via 
TRUNCATION by removing six SQUARE PYRAMIDS, each 
with edge slant height a = s/3 and height h, where s is 
the side length of the original OCTAHEDRON. From the 
above diagram, the height and base area of the SQUARE 
PYRAMID are 


h=vVa?-d=i1V2a (1) 
Ap =a’. (2) 


The VOLUME of the truncated octahedron is then given 
by the VOLUME of the OCTAHEDRON 


Voctahedron = iV28° = 9V2a° (3) 
minus six times the volume of the SQUARE PYRAMID, 


V= Voctahedron = 6(} Ash) = (9V2 =, V2)a* = 8V2a°. 

(4) 
The truncated octahedron is a SPACE-FILLING POLYHE- 
DRON. The INRADIUS, MIDRADIUS, and CIRCUMRADIUS 
for a = 1 are 


r= £V10 © 1.42302 (5) 
p= zal (6) 


R= $V10 = 1.58114. (7) 


Truncated Tetrahedral Number 


see also OCTAHEDRON, SQUARE PYRAMID, TRUNCA- 
TION 
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Truncated Polyhedron 
A polyhedron with truncated faces, given by the 
ScuLAFLI Sympot t{?}. 


see also RHOMBIC POLYHEDRON, SNUB POLYHEDRON 


Truncated Pyramid 
see PYRAMIDAL FRUSTUM 


Truncated Square Pyramid 

The truncated square pyramid is a special case of a 
PYRAMIDAL FRUSTUM for a SQUARE PYRAMID. Let 
the base and top side lengths of the truncated pyramid 
be a and B, and let the height be h. Then the VOLUME 
of the solid is 


V = i(a? +ab+0b")h. 


This FORMULA was known to the Egyptians ca. 1850 
BC. The Egyptians cannot have proved it without calcu- 
lus, however, since Dehn showed in 1900 that no proof of 
this equation exists which does not rely on the concept of 
continuity (and therefore some form of INTEGRATION). 


see also FRUSTUM, PYRAMID, PYRAMIDAL FRUSTUM, 
SQUARE PYRAMID 


Truncated Tetrahedral Number 

A FIGURATE NUMBER constructed by taking the (3n — 
2)th TETRAHEDRAL NUMBER and removing the (n — 
1)th TETRAHEDRAL NUMBER from each of the four cor- 
ners, 


Ttetn = Tean-3 — 4Ten—1 = 4n(23n? — 27n + 10). 


1 
6 
The first few are 1, 16, 68, 180, 375, ... (Sloane’s 
A005906). The GENERATING FUNCTION for the trun- 
cated tetrahedral numbers is 


1 2 
w (10a Feet) a ibe hehe” 2 180e a... 
(x —1)4 
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Truncated Tetrahedron 


Truncated Tetrahedron 


om 


An ARCHIMEDEAN SOLID whose dual is the TRIAKIS 
TETRAHEDRON. It has SCHLAFLI SYMBOL t{3,3}. It 
is also UNIFORM POLYHEDRON Uy, and has WYTHOFF 
SYMBOL 23|3. Its faces are 4{3} + 4{6}. The INRa- 
DIUS, MIDRADIUS, and CIRCUMRADIUS for a truncated 
tetrahedron with a = 1 are 


r= 2/22 = 0.95940 
p = 3/2 = 1.06066 
R= 122 = 1.17260. 


Truncation 

The removal of portions of SOLIDS falling outside a set 
of symmetrically placed planes. The five PLATONIC 
SOLIDS belong to one of the following three truncation 
series (which, in the first two cases, carry the solid to its 


DUAL POLYHEDRON). 


wee 


Cube Truncated Cuboctahedron Truncated 
Cube Octahedron 


Cw lb 


Truncated Dodecahedron 
Dodecahedron 


Icosidodec- 
ahedron 


Truncated 
Icosahedron 


Icosahedron 


Octahedron 


Truncated 
Tetrahedron 


Tetrahedron 


see also STELLATION, TRUNCATED CUBE, TRUNCATED 
DODECAHEDRON, TRUNCATED ICOSAHEDRON, TRUN- 
CATED OCTAHEDRON, TRUNCATED TETRAHEDRON, 
VERTEX FIGURE 


Truth Table 

A truth table is a 2-D array with n+ 1 columns. The 
first nm columns correspond to the possible values of n 
inputs, and the last column to the operation being per- 
formed. The rows list all possible combinations of inputs 


Tschirnhausen Cubic Caustic 1867 
together with the corresponding outputs. For example, 
the following truth table shows the result of the binary 
AND operator acting on two inputs A and B, each of 
which may be true or false. 


A B ANAB 
F F F 
Ei “SP F 
T F F 
T T T 


see also AND, MULTIPLICATION TABLE, OR, XOR 


Tschebyshev 
An alternative spelling of the name “Chebyshev.” 


see also CHEBYSHEV APPROXIMATION FORMULA, 
CHEBYSHEV CONSTANTS, CHEBYSHEV DEVIATION, 
CHEBYSHEV DIFFERENTIAL EQUATION, CHEBYSHEV 
FUNCTION, CHEBYSHEV-GAUSS QUADRATURE, CHEBY- 
SHEV INEQUALITY, CHEBYSHEV INTEGRAL, CHEBY- 
SHEV PHENOMENON, CHEBYSHEV POLYNOMIAL OF THE 
First KIND, CHEBYSHEV POLYNOMIAL OF THE SEC- 
OND KIND, CHEBYSHEV QUADRATURE, CHEBYSHEV- 
RADAU QUADRATURE, CHEBYSHEV-SYLVESTER CON- 
STANT 


Tschirnhausen Cubic 


The Tschirnhausen cubic is a plane curve given by 
a= rcos® (39) ; 


and is also known as CATALAN’S TRISECTRIX and 
L’HOSPITAL’S CuBic. The name Tschirnhaus’s cubic 
is given in R. C. Archibald’s 1900 paper attempting to 
classify curves (MacTutor Archive). Tschirnhaus’s cu- 
bic is the NEGATIVE PEDAL CURVE of a PARABOLA with 
respect to the Focus. 
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Tschirnhausen Cubic Caustic 
The Caustic of the TSCHIRNHAUSEN CUBIC taking the 
RADIANT POINT as the pole is NEILE’S PARABOLA. 


1868 Tschirnhausen Cubic Pedal Curve 


Tschirnhausen Cubic Pedal Curve 


The PEDAL CURVE to the TSCHIRNHAUSEN CUBIC for 
PEDAL POINT at the origin is the PARABOLA 


gr=1-?? 


y = 2t. 


see also PARABOLA, PEDAL CURVE, PEDAL POINT, 
TSCHIRNHAUSEN CUBIC 


Tschirnhausen Transformation 

A transformation of a POLYNOMIAL equation f(x) = 0 
which is of the form y = g(x)/h(x) where g and h are 
POLYNOMIALS and A(x) does not vanish at a root of 
f(x) = 0. The CuBic EQUATION is a special case of such 
a transformation. Tschirnhaus (1683) showed that a 
POLYNOMIAL of degree n > 2 can be reduced to a form in 
which the z"~* and x”~? terms have 0 COEFFICIENTS. 
In 1786, E. 8. Bring showed that a general QUINTIC 
EQUATION can be reduced to the form 


oe +pr+q=0. 


In 1834, G. B. Jerrard showed that a Tschirnhaus trans- 
formation can be used to eliminate the «”~+, 2™~?, and 
x”—* terms for a general POLYNOMIAL equation of de- 
gree n > 3. 


see also BRING QUINTIC FORM, CUBIC EQUATION 
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Tubular Neighborhood 

The tubular embedding of a SUBMANIFOLD M™ Cc N” 
of another MANIFOLD N” is an EMBEDDING t: M x 
B"~™ — N such that t(2,0) = x whenever z € M, 
where B””™ is the unit BALL in R” ™ centered at 0. 
The tubular neighborhood is also called the PRODUCT 
NEIGHBORHOOD. 


see also BALL, EMBEDDING, PRODUCT NEIGHBORHOOD 
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Tukey’s Biweight 


Tucker Circles 

Let three equal lines Pi, Qi, PeQ2, and P3Q3 be drawn 
ANTIPARALLEL to the sides of a triangle so that two (say 
P2Q2 and P3Q3) are on the same side of the third line as 
Ao P2Q3A3. Then P2Q3P3Qz is an isosceles TRAPEZOID, 
ie., P3Q2, PiQ3, and P2Q, are parallel to the respective 
sides. The MIDPOINTS CC), C2, and C3 of the antiparal- 
lels are on the respective symmedians and divide them 
proportionally. 


If T divides KO in the same ratio, TC,, TC2, TC3 are 
parallel to the radii OAi, OA2, and OA3 and equal. 
Since the antiparallels are perpendicular to the symme- 
dians, they are equal chords of a circle with center T 
which passes through the six given points. This circle is 
called the Tucker circle. 


If 


KC, _KC2 _ KC, 
KAi KA2 KA3 
then the radius of the Tucker circle is 


_ KT 


C= a 
KO 


R/c? + (1— cc)? tanw, 


where w is the BROCARD ANGLE. 


The COSINE CIRCLE, LEMOINE CIRCLE, and TAYLOR 
CIRCLE are Tucker circles. 


see also ANTIPARALLEL, BROCARD ANGLE, COSINE 
CIRCLE, LEMOINE CIRCLE, TAYLOR CIRCLE 
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Tukey’s Biweight 


The function 


2 
for |z| <c¢ 


v(y= 12 (1-#) 
0 for |z| >c 


sometimes used in ROBUST ESTIMATION. It has a min- 
imum at z = —c/V3 and a maximum at z = c/V3, 
where 


Tukey’s Trimean 


and an inflection point at z = 0, where 
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Tukey’s Trimean 
see TRIMEAN 


Tunnel Number 
Let a Knot K be n-EMBEDDABLE. Then its tunnel 
number is a KNOT invariant which is related to n. 


see also EMBEDDABLE KNOT 
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Turan Graph 

The (n, k)-Turdn graph is the EXTREMAL GRAPH on n 
VERTICES which contains no k-CLIQUE. In other words, 
the Turdn graph has the maximum possible number of 
EDGEs of any n-vertex graph not containing a COM- 
PLETE GRAPH K;,. TURAN’S THEOREM gives the maxi- 
mum number of edges t(n, k) for the (n, k)-Turdn graph. 
For k = 3, 


t(n, 3) = in}, 


so the Turdn graph is given by the COMPLETE BIPAR- 
TITE GRAPHS 


Knjajn/2 
K(n-1)/2,(n+1)/2 


n even 


n. odd. 


see also CLIQUE, 
TuRAN’S THEOREM 


COMPLETE BIPARTITE GRAPH, 
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Amer. Math. 


Turdan’s Inequalities 
For a set of POSITIVE yx, k = 0, 1, 2..., Turdn’s in- 
equalities are given by 


Yk” — Yk~1Ye41 > 0 


fork = 1, 2,.... 
see also JENSEN POLYNOMIAL 
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Turning Angle 1869 
Turan’s Theorem 

Let G(V, E) be a GRAPH with VERTICES V and EDGES 
E on n VERTICES without a k-CLIQUE. Then 


(k — 2)n? 
NE, 
where t(n,k) = |E| is the EDGE NUMBER. More pre- 
cisely, the K-GRAPH Kny,....n,_, With |ni — nj] < 1 for 
i #j is the unique GRAPH without a k-CLIQUE with the 
maximal number of EDGES t(n,k). 


see also CLIQUE, K-GRAPH, TURAN GRAPH 
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Turbine 
A VECTOR FIELD on a CIRCLE in which the directions of 
the VECTORS are all at the same ANGLE to the CIRCLE. 


see also CIRCLE, VECTOR FIELD 


Turing Machine 

A theoretical computing machine which consists of an 
infinitely long magnetic tape on which instructions can 
be written and erased, a single-bit register of memory, 
and a processor capable of carrying out the following 
instructions: move the tape right, move the tape left, 
change the state of the register based on its current value 
and a value on the tape, and write or erase a value on the 
tape. The machine keeps processing instructions until 
it reaches a particular state, causing it to halt. Deter- 
mining whether a Turing machine will halt for a given 
input and set of rules is called the HALTING PROBLEM. 


see also Busy BEAVER, CELLULAR AUTOMATON, 
CHAITIN’S OMEGA, CHURCH-TURING THESIS, COM- 
PUTABLE NUMBER, HALTING PROBLEM, UNIVERSAL 
TURING MACHINE 
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Turning Angle 
see TANGENTIAL ANGLE. 


1870 Tutte’s Graph 


Tutte’s Graph 


A counterexample to Tarr’s HAMILTONIAN GRAPH 
CONJECTURE given by Tutte (1946). A simpler coun- 
terexample was later given by Kozyrev and Grinberg. 


see also HAMILTONIAN CIRCUIT, TAIT’S HAMILTONIAN 
GRAPH CONJECTURE 
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Tutte Polynomial 

Let G be a GRAPH, and let ea(T) denote the cardinality 
of the set of externally active edges of a spanning tree 
T of G and ia(T) denote the cardinality of the set of 
internally active edges of T. Then 


te(z,y) = So aly), 
TCG 
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Tutte’s Theorem 

Let G be a GRAPH and S a SUBGRAPH of G. Let the 
number of ODD components in G — S be denoted S$’, 
and |S| the number of VERTICES of S. The condition 
|S| > S’ for every SUBSET of VERTICES is NECESSARY 
and SUFFICIENT for G to have a 1-FACTOR, 


see also FACTOR (GRAPH) 
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Twin Peaks 


Twin Peaks 
For an INTEGER n > 2, let Ipf(z) denote the LEAST 
PRIME FACTOR of n. A PAIR of INTEGERS (a, y) is called 
a twin peak if 


l.r<y, 


2. Ipf(z) = Ipf(y), 
3. For all z, x < z < y IMPLIES Ipf(z) < Ipf(z). 


A broken-line graph of the least prime factor function 
resembles a jagged terrain of mountains. In terms of 
this terrain, a twin peak consists of two mountains of 
equal height with no mountain of equal or greater height 
between them. Denote the height of twin peak (zx, y) by 
p = \pf(x) = Ipf(y). By definition of the LEAST PRIME 
FACTOR function, p must be PRIME. 


Call the distance between two twin peaks (z, y) 
=y-2. 


Then s must be an EVEN multiple of p; that is, s = kp 
where k is EVEN. A twin peak with s = kp is called a 
kp-twin peak. Thus we can speak of 2p-twin peaks, 4p- 
twin peaks, etc. A kp-twin peak is fully specified by &, 
p, and z, from which we can easily compute y = « + kp. 


The set of kp-twin peaks is periodic with period gq = p#, 
where p# is the PRIMORIAL of p. That is, if (x,y) is a 
kp-twin peak, then so is (c +q,y+q). A fundamental 
kp-twin peak is a twin peak having z in the fundamental 
period [0,q). The set of fundamental kp-twin peaks is 
symmetric with respect to the fundamental period; that 
is, if (x, y) is a twin peak on [0, q), then so is (q—y, q—2). 


The question of the EXISTENCE of twin peaks was first 
raised by David Wilson in the math-fun mailing list on 
Feb. 10, 1997. Wilson already had privately showed the 
EXISTENCE of twin peaks of height p < 13 to be unlikely, 
but was unable to rule them out altogether. Later that 
same day, John H. Conway, Johan de Jong, Derek Smith, 
and Manjul Bhargava collaborated to discover the first 
twin peak. Two hours at the blackboard revealed that 
p = 113 admits the 2p-twin peak 


xz = 126972592296404970720882679404584182254788131, 


which settled the EXISTENCE question. Immediately 
thereafter, Fred Helenius found the smaller 2p-twin peak 
with p = 89 and 


x = 9503844926749390990454854843625839. 


The effort now shifted to finding the least PRIME p ad- 
mitting a 2p-twin peak. On Feb. 12, 1997, Fred Helenius 
found p = 71, which admits 240 fundamental 2p-twin 
peaks, the least being 


x = 7310131732015251470110369. 


Twin Prime Conjecture 


Helenius’s results were confirmed by Dan Hoey, who also 
computed the least 2p-twin peak L(2p) and number of 
fundamental 2p-twin peaks N(2p) for p = 73, 79, and 
83. His results are summarized in the following table. 


p__L(2p) N (2p) 
71  7310131732015251470110369 240 
73 2061519317176132799110061 40296 
79 3756800873017263196139951 164440 
83 6316254452384500173544921 6625240 


The 2p-twin peak of height p = 73 is the smallest known 
twin peak. Wilson found the smallest known 4p-twin 
peak with p = 1327, as well as another very large 4p-twin 
peak with p = 3203. Richard Schroeppel noted that the 
latter twin peak is at the high end of its fundamental 
period and that its reflection within the fundamental 
period [0, p#) is smaller. 


Many open questions remain concerning twin peaks, 
e.g, 

. What is the smallest twin peak (smallest »)? 

. What is the least PRIME p admitting a 4p-twin peak? 
. Do 6p-twin peaks exist? 


RPO nN 


. Is there, as Conway has argued, an upper bound on 
the span of twin peaks? 

. Let p < q <r be PRIME. If p and r each admit kp- 
twin peaks, does gq then necessarily admit a kp-twin 
peak? 


cr 


see also ANDRICA’S CONJECTURE, DIVISOR FUNCTION, 
LEAST COMMON MULTIPLE, LEAST PRIME FACTOR 


Twin Prime Conjecture 

Adding a correction proportional to 1/Inp to a compu- 
tation of BRUN’S CONSTANT ending with ... + 1/p+ 
1/(p + 2) will give an estimate with error less than 
c(./p Inp)~*. An extended form of the conjecture states 
that 


P,(p,p + 2) ~ 201 fe - 
x i a oy Ss 2 71....\2? 
» (na)? 


where Iz is the TWIN PRIMES CONSTANT. The twin 
prime conjecture is a special case of the more general 
PRIME PATTERNS CONJECTURE corresponding to the 
set S = {0,2}. 

see also BRUN’S CONSTANT, PRIME ARITHMETIC PRO- 
GRESSION, PRIME CONSTELLATION, PRIME PATTERNS 
CONJECTURE, TWIN PRIMES 


Twin Primes 

Twin primes are PRIMES (p, g) such that p—q = 2. The 
first few twin primes are n+ 1 for n = 4, 6, 12, 18, 30, 
42, 60, 72, 102, 108, 138, 150, 180, 192, 198, 228, 240, 
270, 282, ... (Sloane’s A014574). Explicitly, these are 
(3, 5), (5, 7), (11, 13), (17, 19), (29, 31), (41, 43), ... 
(Sloane’s A001359 and A006512). 


Twin Primes 1871 


Let 72(n) be the number of twin primes p and p+2 such 
that p < n. It is not known if there are an infinite num- 
ber of such PRIMES (Shanks 1993), but all twin primes 
except (3, 5) are of the form 6n+1. J. R. Chen has shown 
there exists an INFINITE number of PRIMES p such that 
p+ 2 has at most two factors (Le Lionnais 1983, p. 49). 
Bruns proved that there exists a computable INTEGER 
Zo such that if x > zo, then 


100z 
T(z) < (na)? (1) 


(Ribenboim 1989, p. 201). It has been shown that 


1 x InIng 
ma(a) S el] E ~ (p— | (In x)? 1 +0( Inz )| , 
p>2 

(2) 
where c has been reduced to 68/9 ~ 7.5556 (Fouvry and 
Iwaniec 1983), 128/17 = 7.5294 (Fouvry 1984), 7 (Bom- 
bieri et al. 1986), 6.9075 (Fouvry and Grupp 1986), and 
6.8354 (Wu 1990). The bound on c is further reduced 
to 6.8324107886 in a forthcoming thesis by Haugland 
(1998). This calculation involved evaluation of 7-fold in- 
tegrals and fitting of three different parameters. Hardy 
and Littlewood conjectured that c = 2 (Ribenboim 1989, 
p. 202). 


Define 


E = liminf 2+) — Pe (3) 
noo NnDPn 

If there are an infinite number of twin primes, then 
E = 0. The best upper limit to date is B < } + 7/16 = 
0.44634... (Huxley 1973, 1977). The best previous 
values were 15/16 (Ricci), (2+ V3)/8 = 0.46650... 
(Bombieri and Davenport 1966), and (2/2 — 1)/4 = 
0.45706... (Pil’Tai 1972), as quoted in Le Lionnais 
(1983, p. 26). 


Some large twin primes are 10,006, 428+1, 1, 706,595 x 
277785 +1, and 571,305 x 277° +1. An up-to-date table 
of known twin primes with 2000 or more digits follows. 
An extensive list is maintained by Caldwell. 


(p,p +1) dig. Reference 
260,497,545 x 28675 4 1 2003 Atkin & Rickert 1984 
43,690,485,351,513 x 10° +1 2009 Dubner, Atkin 1985 
2,846 +1 2151 Dubner 1992 
10,757,0463 x 107° 41 2259 Dubner, Atkin 1985 
663,777 x 279 4.1 2309 Brown et al. 1989 
75,188,117,004 x 10779? +1 2309 Dubner 1989 

571305 x 27714 4 2324 Brown et al. 1989 
1,171,452,282 x 107499 +1 2500 Dubner 1991 

459 - 28579 47 2571 Dubner 1993 
1,706,595 - 244755 4. 7 3389 Noll et al. 1989 
4,655,478,828 - 109479 + 1 3439 Dubner 1993 
1,692,923,232 - 10° +1 4030 Dubner 1993 
6,797,727 - 215328 4 7 4622 Forbes 1995 
697,053,81327°°? +1 4932 Indlekofer & Ja’rai 1994 
570,918,348 - 10°79 4.1 5129 Dubner 1995 


242,206,083 - 278889 4.1 11713 Indlekofer & Ja’rai 1995 


1872 Twin Primes 


The last of these is the largest known twin prime 
pair. In 1995, Nicely discovered a flaw in the Intel® 
Pentium™® microprocessor by computing the recip- 
rocals of 824,633,702,441 and 824,633,702,443, which 
should have been accurate to 19 decimal places but were 
incorrect from the tenth decimal place on (Cipra 1995, 
1996; Nicely 1996). 


If n > 2, the INTEGERS n and n+ 2 form a pair of twin 
primes IFF 
4{(n —1)!+ 1] +n =0 (mod n(n + 2)). (4) 
n = pp’ where (p,p’) is a pair of twin primes IFF 
o(n)o(n) = (n — 3)(n +1) (5) 


(Ribenboim 1989). The values of 72(n) were found by 
Brent (1976) up to n = 10**. T. Nicely calculated them 
up to 1074 in his calculation of BRUN’s CONSTANT. The 
following table gives the number less than increasing 
powers of 10 (Sloane’s A007508). 


n w2(n) 

“108 35 
104 205 
10° 1224 
10° 8,169 
10” 58,980 
10° 440,312 
10° 3,424,506 
10° 27,412,679 
101? 224,376,048 


10}? 1,870,585,220 
10'3 =: 15,834,664,872 
10'* = 135,780,321,665 


see also BRUN’S CONSTANT, DE POLIGNAC’S CONJEC- 
TURE PRIME CONSTELLATION, SEXY PRIMES, TWIN 
PRIME CONJECTURE, TWIN PRIMES CONSTANT 
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Twin Primes Constant 
The twin primes constant Il2 is defined by 


= 1 
Tl, = U h ec 7 (1) 
p prime 
n(i = p(p — 2) 
win E oll 
S O-2)-#(-3) 
p23 e. 
=-7S? ye, (2) 
j=2 p23 


where the ps in sums and products are taken over 
PRIMES only. Flajolet and Vardi (1996) give series with 
accelerated convergence 


co 


Te = | [ena - 27)" (3) 


n=2 


= 21835 T][¢(n)(1-2-)(- 3") - 5) 


x(l-7 "I, (4) 


Twins 


with 1 
In = = 37 a(ayer’’, (5) 
din 


where p(x) is the M6nius FUNCTION. (4) has conver- 
gence like ~ (11/2)~”. 


The most accurately known value of IT2 is 
Te = 0.6601618158.... (6) 


Le Lionnais (1983, p. 30) calls Cz the SHAH-~WILSON 
CONSTANT, and 2C2 the twin prime constant (Le Lion- 
nais 1983, p. 37). 


see also BRUN’S CONSTANT, GOLDBACH CONJECTURE, 
MERTENS CONSTANT 
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Twins 
see BROTHERS, PAIR 


Twirl 
A ROTATION combined with an EXPANSION or DILA- 
TION. 


see also SCREW, SHIFT 


Twist 

The twist of a ribbon measures how much it twists 
around its axis and is defined as the integral of the in- 
cremental twist around the ribbon. Letting Lk be the 
linking number of the two components of a ribbon, Tw 
be the twist, and Wr be the WRITHE, then 


Lk(R) = Tw(R) + Wr(R) 


(Adams 1994, p. 187). 
see also SCREW, WRITHE 
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Two-Ears Theorem 1873 


Twist Map 
A class of AREA-PRESERVING MapPS of the form 


6:41 = 6; + 27a(r:) 


Ti+ = Ti, 


which maps CIRCLES into CIRCLES but with a twist re- 
sulting from the a = a(r;) term. 


Twist Move 
yO ++ 
twist untwist 


The REIDEMEISTER MOVE of type II. 
see also REIDEMEISTER MOVES 


Twist Number 
see WRITHE 


Twist-Spun Knot 

A generalization of SPUN KNOTS due to Zeeman. This 
method produces 4-D KNOT types that cannot be pro- 
duced by ordinary spinning. 

see also SPUN KNOT 


Twisted Chevalley Groups 

FINITE SIMPLE GROUPS of LIE-TYPE of ORDERS 14, 
52, 78, 133, and 248. They are denoted *D4(g), Es(q), 
Ex(q), Es(q), Fa(q), °Fa(2")’, G2(q),?G2(3"), ?B(2”). 
see also CHEVALLEY GROUPS, FINITE GROUP, SIMPLE 
GROUP, TITS GROUP 
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Twisted Conic 
see SKEW CONIC 


Twisted Sphere 
see CORKSCREW SURFACE 


Two 


see 2 


Two-Ears Theorem 
Except for TRIANGLES, every SIMPLE POLYGON has at 
least two nonoverlapping EARS. 


see also EAR, ONE-MOUTH THEOREM, PRINCIPAL VER- 
TEX 
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1874 Two-Point Distance 


Two-Point Distance 


see Point-Point DISTANCE—1-D, PoINt-POINT 
DISTANCE—-2-D, POINT-POINT DISTANCE——3-D 


Two Triangle Theorem 
see DESARGUES’ THEOREM 


Tychonof Compactness Theorem 
The topological product of any number of COMPACT 
SPACES is COMPACT. 


Type 

Whitehead and Russell (1927) devised a hierarchy of 
“types” in order to eliminate self-referential statements 
from Principia Mathematica, which purported to derive 
all of mathematics from logic. A set of the lowest type 
contained only objects (not sets), a set of the next higher 
type could contain only objects or sets of the lower type, 
and so on. Unfortunately, GODEL’s INCOMPLETENESS 
THEOREM showed that both Principia Mathematica and 
all consistent formal systems must be incomplete. 


see also GODEL’S INCOMPLETENESS THEOREM 
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Type I Error 

An error in a STATISTICAL TEST which occurs when a 
true hypothesis is rejected (a false negative in terms of 
the NULL HYPOTHESIS). 


see also NULL HYPOTHESIS, SENSITIVITY, SPECIFICITY, 
STATISTICAL TEST, TYPE II ERROR 


Type II Error 

An error in a STATISTICAL TEST which occurs when a 
false hypothesis is accepted (a false positive in terms of 
the NULL HYPOTHESIS). 

see also NULL HYPOTHESIS, SENSITIVITY, SPECIFICITY, 
STATISTICAL TEST, TYPE I ERROR 


Type ITI Error 


U-Number 


U 


U-Number 
see ULAM SEQUENCE 


Ulam Map 


-1t 
f(z) = 1-22” 


for x € [~1,1]. Fixed points occur at x = —1, 1/2, and 
order 2 fixed points at « = (1+ /5)/4. The INVARIANT 
DENSITY of the map is 


oly) = ———=. 
( wr /1—y? 
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Ulam Number 
see ULAM SEQUENCE 


Ulam’s Problem 
see COLLATZ PROBLEM 


Ulam Sequence 

The Ulam sequence {a:} = (u,v) is defined by a1 = u, 
a2 = v, with the general term an for n > 2 given by 
the least INTEGER expressible uniquely as the SUM of 
two distinct earlier terms. The numbers so produced 
are sometimes called U-NUMBERS or ULAM NUMBERS. 


The first few numbers in the (1, 2) Ulam sequence are 
1, 2, 3, 4, 6, 8, 11, 13, 16,... (Sloane’s A002858). Here, 
the first term after the initial 1, 2 is obviously 3 since 
3 = 1+2. The next term is 4 = 1+ 3. (We don’t 
have to worry about 4 = 24 2 since it is a sum of a 
single term instead of unique terms.) 5 is not a member 
of the sequence since it is representable in two ways, 
5-14+4=-2+43, but 6 = 2+ 4 is a member. 


Ultrametric 1875 


Proceeding in the manner, we can generate Ulam se- 
quences for any (u,v), examples of which are given be- 
low. 


(1,2) = {1, 2,3, 4, 6, 8, 11, 13, 16, 18,...} 
(1,3) = {1,3,4,5, 6, 8, 10, 12,17, 21,...} 
(1,4) = {1,4,5,6, 7, 8, 10, 16, 18, 19,...} 
(1,5) = {1,5, 6, 7, 8, 9, 10, 12, 20, 22,...} 
(2,3) = {2,3,5,7,8, 9, 13, 14, 18, 19,...} 
(2,4) = {2,4, 6, 8, 12, 16, 22, 26, 32, 36, ...} 
(2,5) = {2,5,7,9, 11, 12, 13, 15, 19, 23, ...}. 


Schmerl and Spiegel (1994) proved that Ulam sequences 
(2,v) for ODD v > 5 have exactly two EVEN terms. 
Ulam sequences with only finitely many EVEN terms 
eventually must have periodic successive differences 
(Finch 1991, 1992abc). Cassaigne and Finch (1995) 
proved that the Ulam sequences (4,v) for 5 < v = 1 
(mod 4) have exactly three EVEN terms. 


The Ulam sequence can be generalized by the s- 
ADDITIVE SEQUENCE. 


see also GREEDY ALGORITHM, s-ADDITIVE SEQUENCE, 
STOHR SEQUENCE 
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Ultrametric 
An ultrametric is a METRIC which satisfies the folowing 
strengthened version of the TRIANGLE INEQUALITY, 


d(x, z) < max(d(z, y), d(y, z)) 


1876 Ultraradical 
for all x,y,z. At least two of d{z, y), d(y,z), and d(x, z) 


are the same. 


Let X be a SET, and let xN (where N is the SET of 
NATURAL NUMBERS) denote the collection of sequences 
of elements of X (i.e., all the possible sequences 21, 22, 


@3,...). For sequences a = (a1, @2,...), 6 = (bi, b2,...), 
let n be the number of initial places where the sequences 
agree, i.e., a1 = b1, @2 = bo, ..., Qn = bp, but Anyi F 


bn4i. Take n = 0 if a; # 61. Then defining d(a,b) = 2~” 


gives an ultrametric. 


The p-ADIC NUMBER metric is another example of an 
ultrametric. 


see also METRIC, p-ADIC NUMBER 


Ultraradical 

A symbol which can be used to express solutions not 
obtainable by finite ROOT extraction. The solution to 
the irreducible QUINTIC EQUATION 


g+z2=a 


is written Ja. 
see also RADICAL 


Ultraspherical Differential Equation 


(1 —2)y” — (Qa + 1)ry’ +n(n+2a)y=0. (1) 


Alternate forms are 


(1—a7)¥"+(2A—3)2Y" +(n+1)(n+2A-1)Y¥ =0, (2) 


where 
Ye(eec) "PR @); (3) 
2 2 1 2,1,2 
s+tA-A+4 
du. (n+ A) 5 rte cy 
dx? 1-2? (1 — 2”)? 
where 
u= (1 — 27)2/241/4 pl) (2), (5) 
and 3 
d*u 2 A(1 = A) C 
ie? + [ins Ayo + sin? @ u = 0, (6) 
where 
u = sin* 6 P) (cos 6). (7) 


The solutions are the ULTRASPHERICAL FUNCTIONS 
PP (2). For integral n with a < 1/2, the function con- 
verges to the ULTRASPHERICAL POLYNOMIALS Ci?) (a). 
References 
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Ultraspherical Polynomial 


Ultraspherical Function 
A function defined by a POWER SERIES whose coefh- 
cients satisfy the RECURRENCE RELATION 


(k+9)(K+ 9+ 2a) — n(n + 2a) 
(k+j+1)(k+ 942) ; 


Qj4+2 = Qj 


For xz # —1, the function converges for a < 1/2 and 
diverges for a > 1/2. 


Ultraspherical Polynomial 

The ultraspherical polynomials are solutions PO) (2) to 
the ULTRASPHERICAL DIFFERENTIAL EQUATION for IN- 
TEGER n and a < 1/2. They are generalizations of LEG- 
ENDRE POLYNOMIALS to (n + 2)-D space and are pro- 
portional to (or, depending on the normalization, equal 
to) the GEGENBAUER POLYNOMIALS CO (x), denoted 
in Mathematica® (Wolfram Research, Champaign, IL) 
GegenbauerC{n,lambda,x]. The ultraspherical polyno- 
mials are also JACOBI POLYNOMIALS with a = 3. They 
are given by the GENERATING FUNCTION 


CO 


Sera 7 yo PM ey, (1) 


n=0 


and can be given explicitly by 


T(A+ 3) [(n +2) 
PY (a) = 2 (A=1/2,A~1/2) 
(2) 
where P(*~*/?~1/2) is a JacoBI POLYNOMIAL (Szegé 


1975, p. 80). The first few ultraspherical polynomials 
are 


PG) S41 (3) 
P (2) = 2x (4) 
PO) (x) = —A 4 2A(1 + A)? (5) 


PL) (x) = -2A(1 + Aa + 4A(1 + AY(2+-A)z*. (6) 


In terms of the HYPERGEOMETRIC FUNCTIONS, 


PY (gz) _ ans ‘) 


nm 


x 2Fi(—n,n+ 2\;A4 $;$(1—2)) (7) 


nf{nm+aA-1 ‘i 
= ( a Jen 
1 2 
x 2Fi ( n,—n A+ 53 2n ~ 20+ 1; ——) 
l-—z 
(8) 
— f{n+2r441 (= )" 
i n 2 


X 2F, (-n,-n-aA+ hath S55). (9) 


Ultraspherical Polynomial 
They are normalized by 


1 
i (ie a? )>-'/2;pOryp us 
-1 


T'(n + 2A) 


_ 91-2d 
SS GEE)? 
Derivative identities include 
& PO) (a) = 2APOLY (2) (11) 
(1-27) 4 (PO) = ant ay Min + 2a~ 1) 
x(n + 2) PO, (x) — n(n + 1)PO,(a)] (12) 
= —nzP) (2) + (n+ 2d — 1)P™, (2) (13) 
= (n+ 2d)eP) (a) — (n+ 1) PY, (2) (14) 
nPO' (a) = 2[P(e)| - Z[P (2)) (15) 


d 


ag lPa” (@)] (16) 


(n+ 2)PO (2) = 2 [PO (@)] — 2 


[PO (2) — PO (2)] = 2(n 4+ )PO)PM(z) (17) 
= [Pit (2) — PS? (2)] (18) 


(Szegd 1975, pp. 80-83). 
A RECURRENCE RELATION is 
nP, (2) =2(n+A-1)2P, (2) (nm | 2A—2)P, (2) 


(19) 
for n = 2, 3,.... 


Special double-vy FORMULAS also exist 


—1)\- 
pen (A? Jahicuetvat b= 2%) 


2v 
(20) 
= (-1)” (" — ~ "Vari(-ny +A; 527) 
(21) 
PO) (2) = eo tohi(—v,y +A+1;A+ 431-27) 
(22) 


_ (-1)”2d C i 4 reF,(—p, y+X+1; 3527). 


(23) 


Special values are given in the following table. 


Special Polynomial 
Legendre 
Chebyshev polynomial of the second kind 


Koschmieder (1920) gives representations in terms of 
ELLIPTIC FUNCTIONS for a = —3/4 and a = —2/3. 


Umbral Calculus 1877 


see also BIRTHDAY PROBLEM, CHEBYSHEV POLYNOM- 
IAL OF THE SECOND KIND, ELLIPTIC FUNCTION, Hy- 
PERGEOMETRIC FUNCTION, JACOBI POLYNOMIAL 
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Umbilic Point 
A point on a surface at which the CURVATURE is the 
same in any direction. 


Umbral Calculus 

The study of certain properties of FINITE DIFFERENCES. 
The term was coined by Sylvester from the word “um- 
bra” (meaning “shadow” in Latin), and reflects the fact 
that for many types of identities involving sequences of 
polynomials with POWERS a”, “shadow” identities are 
obtained when the polynomials are changed to discrete 
values and the exponent in a” is changed to the POcH- 
HAMMER SYMBOL (a)n = a(a — 1)---(a—n+1). 


For example, NEWTON’S FORWARD DIFFERENCE FOR- 
MULA written in the form 


fle ta) = 5, nA" f@) (a) 


n=O 


with f(z +a) = fe; looks suspiciously like a finite 
analog of the TAYLOR SERIES expansion 
a" D" f(x 

(can 2 (2) 


ni 
n=0 


where D is the DIFFERENTIAL OPERATOR. Similarly, 
the CHU- VANDERMONDE IDENTITY 


(@+a).— >> @) (a) (@)n—e (3) 
k=0 


with (7) a BINOMIAL COEFFICIENT, looks suspiciously 
like an analog of the BINOMIAL THEOREM 


(c+a)"= 5° @ akgn—* (4) 


k=0 


1878 Umbrella 


(Di Bucchianico and Loeb). 
see also BINOMIAL THEOREM, CHU-VANDERMONDE 
IDENTITY, FINITE DIFFERENCE 
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Umbrella 
see WHITNEY UMBRELLA 


Unambiguous 
see WELL-DEFINED 


Unbiased 
A quantity which does not exhibit Bias. An ESTIMATOR 
9 is an UNBIASED ESTIMATOR of @ if 


(Oy =8. 
see also BIAS (ESTIMATOR), ESTIMATOR 


Uncia 


ae 
1 uncia = i2° 


The word uncia was Latin for a unit equal to 1/12 of 
another unit called the as. The words “inch” (1/12 of a 
foot) and “ounce” (originally 1/12 of a pound and still 
1/12 of a “Troy pound,” now used primarily to weigh 
precious metals) are derived from the word uncia. 

see also CALCUS, HALF, QUARTER, SCRUPLE, UNIT 
FRACTION 
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Uncorrelated 
Variables 2; and x; are said to be uncorrelated if their 
COVARIANCE is zero: 


cov (ai, 2;) = 0. 


INDEPENDENT STATISTICS are always uncorrelated, but 
the converse is not necessarily true. 


see also COVARIANCE, INDEPENDENT STATISTICS 


Uncountable Set 
see UNCOUNTABLY INFINITE SET 


Uncountably Infinite Set 

An INFINITE SET which is not a COUNTABLY INFINITE 
SET. 

see also ALEPH-0, ALEPH-1, COUNTABLE SET, COUNT- 
ABLY INFINITE SET, FINITE, INFINITE 


Undulating Number 


Undecagon 


The unconstructible 11-sided POLYGON with SCHLAFLI 
SYMBOL {11}. 


see also DECAGON, DODECAGON, TRIGONOMETRY 
VALUES—z7/11 


Undecidable 
Not DECIDABLE as a result of being neither formally 
provable nor unprovable. 


see also GODEL’S INCOMPLETENESS 
RICHARDSON’S THEOREM 


THEOREM, 


Undecillion 
In the American system, 10°°. 


see also LARGE NUMBER 


Undetermined Coefficients Method 

Given a nonhomogeneous ORDINARY DIFFERENTIAL 
EQUATION, select a differential operator which will an- 
nihilate the right side, and apply it to both sides. Find 
the solution to the homogeneous equation, plug it into 
the left side of the original equation, and solve for con- 
stants by setting it equal to the right side. The solution 
is then obtained by plugging the determined constants 
into the homogeneous equation. 


see also ORDINARY DIFFERENTIAL EQUATION 


Undulating Number 

A number of the form aba---, abab:--, etc. The first few 
nontrivial undulants (with the stipulation that a 4 6) 
are 101, 121, 131, 141, 151, 161, 171, 181, 191, 202, 212, 
... (Sloane’s A046075). Including the trivial 1- and 2- 
digit undulants and dropping the requirement that a 4 6 
gives Sloane’s A033619. 


The first few undulating SQUARES are 121, 484, 676, 
69696, ... (Sloane’s A016073), with no larger such num- 
bers of fewer than a million digits (Pickover 1995). Sev- 
eral tricks can be used to speed the search for square un- 
dulating numbers, especially by examining the possible 
patterns of ending digits. For example, the only possible 
sets of four trailing digits for undulating SQUARES are 
0404, 1616, 2121, 2929, 3636, 6161, 6464, 6969, 8484, 
and 9696. 


The only undulating POWER n? = aba--: for3 < p< 31 
and up to 100 digits is 7* = 343 (Pickover 1995). A 
large undulating prime is given by 7 + 720(100*° — 1)/99 
(Pickover 1995). 


Unduloid 


A binary undulant is a POWER of 2 whose base-10 rep- 
resentation contains one or both of the sequences 010--- 
and 101---. The first few are 2” for n = 103, 107, 138, 
159, 179, 187, 192, 199, 205, ... (Sloane’s A046076). 
The smallest n for which an undulating sequence of ez- 
actly d-digit occurs for d = 3, 4,... are n = 103, 138, 
875, 949, 6617, 1802, 14545, ... (Sloane’s A046077). 
An undulating binary sequence of length 10 occurs for 
n = 1,748,219 (Pickover 1995). 
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Unduloid 

A SURFACE OF REVOLUTION with constant NONZERO 
MEAN CURVATURE also called an ONDULOID. It is a 
ROULETTE obtained from the path described by the 
Foci of a CONIC SECTION when rolled on a LINE. This 
curve then generates an unduloid when revolved about 
the LINE. These curves are special cases of the shapes 
assumed by soap film spanning the gap between pre- 
scribed boundaries. The unduloid of a PARABOLA gives 
a CATENOID. 


see also CALCULUS OF VARIATIONS, 
ROULETTE 


CATENOID, 
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Unexpected Hanging Paradox 
A PARADOX also known as the SURPRISE EXAMINATION 
PARADOX or PREDICTION PARADOX. 


A prisoner is told that he will be hanged on some day 
between Monday and Friday, but that he will not know 
on which day the hanging will occur before it happens. 
He cannot be hanged on Friday, because if he were still 
alive on Thursday, he would know that the hanging will 
occur on Friday, but he has been told he will not know 
the day of his hanging in advance. He cannot be hanged 
Thursday for the same reason, and the same argument 


Uniform Apodization Function 1879 


shows that he cannot be hanged on any other day. Nev- 
ertheless, the executioner unexpectedly arrives on some 
day other than Friday, surprising the prisoner. 


This PARADOX is similar to that in Robert Louis Steven- 
son’s “The Imp in the Bottle,” in which you are offered 
the opportunity to buy, for whatever price you wish, a 
bottle containing a genie who will fulfill your every de- 
sire. The only catch is that the bottle must thereafter 
be resold for a price smaller than what you paid for it, or 
you will be condemned to live out the rest of your days 
in excrutiating torment. Obviously, no one would buy 
the bottle for 1¢ since he would have to give the bottle 
away, but no one would accept the bottle knowing he 
would be unable to get rid of it. Similarly, no one would 
buy it for 2¢, and so on. However, for some reasonably 
large amount, it will always be possible to find a next 
buyer, so the bottle will be bought (Paulos 1995). 


see also SORITES PARADOX 
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Unfinished Game 
see SHARING PROBLEM 


Unhappy Number 
A number which is not HAPPY is said to be unhappy. 


see also HAPPY NUMBER 


Unicursal Circuit 

A CIRCUIT in which an entire GRAPH is traversed in 
one route. An example of a curve which can be traced 
unicursally is the MOHAMMED SIGN. 


Uniform Apodization Function 


An APODIZATION FUNCTION 


f(x) =1, (1) 


1880 Uniform Boundedness Principle 


having INSTRUMENT FUNCTION 


I(x) = / erik de=— = (a oar _ etmek) 
= sinl2rko) = 2asinc(27ka). (2) 


The peak (in units of a) is 2. The extrema are given by 
letting @ = 27ka and solving 


sin @ — BcosZ = 


d : 
ap? sin @) = B? 0 (3) 
sin G@ — BcosB = 0 (4) 
tan ZB = G. (5) 


Solving this numerically gives Go = 0, G1 = 4.49341, 
B2 = 7.72525, ...for the first few solutions. The second 
of these is the peak POSITIVE sidelobe, and the third is 
the peak NEGATIVE sidelobe. As a fraction of the peak, 
they are 0.128375 and —0.217234. The FULL WIDTH AT 
HALF MAXIMUM is found by setting I(r) = 1 


sinc(z) = $, (6) 
and solving for x1/2, yielding 
21/2 = 2rky/2a = 1.89549. (7) 
Therefore, with L = 2a, 


0.603353 1.20671 


FWHM = 2k1;2 = I (8) 


see also APODIZATION FUNCTION 


Uniform Boundedness Principle 

If a “pointwise-bounded” family of continuous linear 
OPERATORS from a BANACH SPACE to a NORMED 
SPACE is “uniformly bounded.” Symbolically, if 
sup ||7;(x)|| is FINITE for each x in the unit BALL, then 
sup ||7;|| is FINITE. The theorem is also called the 
BANACH-STEINHAUS THEOREM. 
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Uniform Convergence 

A SERIES }0*°_, un(z) is uniformly convergent to S(zx) 
for a set E of values of z if, for each € > 0, an INTEGER 
N can be found such that 


[Sn(x) ~ S(x)| <e (1) 


for n > N and all x € E. To test for uniform conver- 
gence, use ABEL’S UNIFORM CONVERGENCE TEST or 
the WEIERSTRAG M-TEsT. If individual terms u,(z) of 
a uniformly converging series are continuous, then 


Uniform Distribution 


1. The series sum 
f(z) = > un(zx) (2) 
n=1 


is continuous, 


2. The series may be integrated term by term 


i f(x) dx = » 7 un(x) de, (3) 


and 


3. The series may be differentiated term by term 
d d 
qf lt) = Ding un(2). (4) 


see also ABEL’S THEOREM, ABEL’S UNIFORM CONVER- 
GENCE TEST, WEIERSTRAB M-TEST 
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Uniform Distribution 

A distribution which has constant probability is called a 
uniform distribution, sometimes also called a RECTAN- 
GULAR DISTRIBUTION. The probability density function 
and cumulative distribution function for a continuous 
uniform distribution are 


fora<a2<b (1) 
forr<a,z>b 


0 forz<a 
D(z)=4 f= fora<x<b (2) 
1 for xz > 6. 


With a = 0 and b = 1, these can be written 


P(e) = } sgn(z) — sgn(z — 1) (3) 
D(z) = 4{1 -(1- x)* sgn(1—x)+zsgn(z)]. (4) 


The CHARACTERISTIC FUNCTION is 


2 : im 
o(t) =F sin(dhe)e™, (5) 
where 
a=m-—th (6) 
b=m+ 5h. (7) 


The MOMENT-GENERATING FUNCTION is 


b xt et b 
M(t) = (e**) = [ = — dx = Fa 5 (8) 


> 
a 


Uniform Distribution 


so 
for t # 0 (9) 


(be®* ae”) 1 (e* | 


et (bt — 1) — e** (at —1 
Ble ete) an 


The function is not differentiable at zero, so the Mo- 
MENTS cannot be found using the standard technique. 
They can, however, be found by direct integration. The 
MOMENTS about. 0 are 


Hy = (a +6) (11) 
[ig = 1(q? + ab+ 0’) (12) 
Hs = 3(a + b)(a” +b") (13) 
uy = £(a* + 0°b + ab? + ab? + b*). (14) 


The MOMENTS about the MEAN are 


pi = 0 (15) 
Ha = 4 (b-a)? (16) 
b3 = 0 (17) 
Ha = 3 (b—- a)*, (18) 


so the MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 


= 3(a +5) (19) 

o” = pp = 3 (b- a)? (20) 
3 

w= a (21) 

2 = —§- (22) 


The probability distribution function and cumulative 
distributions function for a discrete uniform distribution 
are 


1 
Tm 
D(n) = W (24) 
forn =1,..., N. The MOMENT-GENERATING FUNC- 
TION is 
N 
ae con ol et — et(Nt+1) 
MOE )= Dawe “N° Le 
t¢y _ ,Nt 
et al NO (25) 


N(1 - e*) 


The MOMENTS about 0 are 


N 
1 s- 

ON fn gee m 
n=l 


Uniform Polyhedron 1881 
sO 
wi, = 1(N +1) (27) 
He = 4(N+1)2QN +1) (28) 
us = 3N(N +1)? (29) 


ba = B(N+1)(2N+1)(3N?+3N—1), (30) 


and the MoMENTs about the MEAN are 


pe = 5 (N-1)(N +1) (31) 
3 = 0 (32) 
a = gig(N — 1)(N +1)(3N? — 7). (33) 


The MEAN, VARIANCE, SKEWNESS, and KURTOSIS are 


w= 3(N +1) (34) 
oo =p= 3(N-1)(N41) (35) 
M3) 
6(N? + 1) 


2 3(N-1(N +1) (en) 
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Uniform Polyhedron 

The uniform polyhedra are POLYHEDRA with identical 
VERTICES. Coxeter et al. (1954) conjectured that there 
are 75 such polyhedra in which only two faces are al- 
lowed to meet at an EDGE, and this was subsequently 
proven. (However, when any EVEN number of faces may 
meet, there are 76 polyhedra.) If the five pentagonal 
PRISMS are included, the number rises to 80. 


The VERTICES of a uniform polyhedron all lie on a 
SPHERE whose center is their CENTROID. The VER- 
TICES joined to another VERTEX lie on a CIRCLE. 


Source code and binary programs for _ generat- 
ing and viewing the uniform polyhedra are also 
available at http://www.math.technion.ac.il/~rl/ 
kaleido/. The following depictions of the polyhedra 
were produced by R. Maeder’s UniformPolyhedra.m 
package for Mathematica® (Wolfram Research, Cham- 
paign, IL). Due to a limitation in Mathematica’s ren- 
derer, uniform polyhedra 69, 72, 74, and 75 cannot be 
displayed using this package. 


1882 


Uniform Polyhedron 


in Name/Dual 
1 | tetrahedron 
tetrahedron 

2 | truncated tetrahedron 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


22 


23 


24 


triakis tetrahedron 
octahemioctahedron 
octahemioctacron 
tetrahemihexahedron 
tetrahemihexacron 
octahedron 

cube 

cube 

octahedron 
cuboctahedron 
rhombic dodecahedron 
truncated octahedron 
tetrakis hexahedron 
truncated cube 
triakis octahedron 
small rhombicuboctahedron 
deltoidal icositetrahedron 
truncated cuboctahedron 
disdyakis dodecahedron 

snub cube 

pentagonal icositetrahedron 
small cubicuboctahedron 

small hexacronic icositetrahedron 
great cubicuboctahedron 

great hexacronic icositetrahedron 
cubohemioctahedron 
hexahemioctahedron 
cubitruncated cuboctahedron 
tetradyakis hexahedron 

great rhombicuboctahedron 
great deltoidal icositetrahedron 
small rhombihexahedron 

small rhombihexacron 

stellated truncated hexahedron 
great triakis octahedron 

great truncated cuboctahedron 
great disdyakis dodecahedron 
great rhombihexahedron 

great rhombihexacron 
icosahedron 

dodecahedron 

dodecahedron 

icosahedron 

icosidodecahedron 

rhombic triacontahedron 


truncated icosahedron 


pentakis dodecahedron 
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27 


28 


29 


30 


31 


32 


33 


34 


35 


36 


37 


38 


39 


40 


41 


42 


43 


44 


46 


47 


48 


49 


50 


nm | Name/Dual 
26 | truncated dodecahedron 


triakis icosahedron 

small rhombicosidodecahedron 
deltoidal hexecontahedron 
truncated icosidodecahedron 
disdyakis triacontahedron 

snub dodecahedron 

pentagonal hexecontahedron 
small ditrigonal icosidodecahedron 
small triambic icosahedron 

small icosicosidodecahedron 

small icosacronic hexecontahedron 
small snub icosicosidodecahedron 
small hexagonal hexecontahedron 
small dodecicosidodecahedron 
small dodecacronic hexecontahedron 
small stellated dodecahedron 
great dodecahedron 

great dodecahedron 

small stellated dodecahedron 
dodecadodecahedron 

medial rhombic triacontahedron 
truncated great dodecahedron 
small stellapentakis dodecahedron 
rhombidodecadodecahedron 
medial deltoidal hexecontahedron 
small rhombidodecahedron 

small rhombidodecacron 

snub dodecadodecahedron 

medial pentagonal hexecontahedron 
ditrigonal dodecadodecahedron 
medial triambic icosahedron 


great ditrigonal dodecicosidodecahedron 

great ditrigonal dodecacronic hexecontahedron 
small ditrigonal dodecicosidodecahedron 

small ditrigonal dodecacronic hexecontahedron 
icosidodecadodecahedron 

medial icosacronic hexecontahedron 
icositruncated dodecadodecahedron 

tridyakis icosahedron 

snub icosidodecadodecahedron 

medial hexagonal hexecontahedron 

great ditrigonal icosidodecahedron 

great triambic icosahedron 

grcat icosicosidodecahedron 

great icosacronic hexecontahedron 

small icosihemidodecahedron 

small icosihemidodecacron 

small dodecicosahedron 


small dodecicosacron 


Uniform Polyhedron 


i 


n | Name/Dual 
51 {small dodecahemidodecahedron 
small dodecahemidodecacron 
52 | great stellated dodecahedron 
great icosahedron 
53 | great icosahedron 
great stellated dodecahedron 
54 | great icosidodecahedron 
great rhombic triacontahedron 
55 | great truncated icosahedron 
great stellapentakis dodecahedron 
56 | rhombicosahedron 
rhombicosacron 
57 | great snub icosidodecahedran 
great pentagonal hexecontahedron 
58 | small stellated truncated dodecahedron 
great pentakis dodecahedron 
59 | truncated dodecadodecahedron 
iedial disdyakis triacontahedron 
60 | inverted snub dodecadodecahedron 
medial inverted pentagonal hexecontahedron 
61 | great dodecicosidodecahedron 
great dodecacronic hexecontahedron 
62 | small dodecahemicosahedron 
small dodecahemicosacron 
63 | great dodecicosahedron 
great dodecicosacron 
64 | great snub dodecicosidodecahedron 
great, hexagonal hexecontahedron 
65 | great dodecahemicosahedron 
great dodecahemicosacron 
66 | great stellated truncated dodecahedron 
great triakis icosahedron 
67 | great rhombicosidodecahedron 
great deltoidal hexecontahedron 
68 | great truncated icosidodecahedron 
great disdyakis triacontahedron 
69 | great inverted snub icosidodecahedron 
great inverted pentagonal hexecontahedron 
70 | great dodecahemidodecahedron 
great dodecahemidodecacron 
71 | great icosihemidodecahedron 
great icosihemidodecacron 
72 | small retrosnub icosicosidodecahedron 
small hexagrammic hexecontahedron 
73 | great rhombidodecahedron 
great rhombidodecacron 
74 | great retrasnub icosidodecahedron 
great pentagrammic hexccontahcdron 
75 | great dirhombicosidodecahedron 


great dirhombicosidodecacron 


Uniform Polyhedron 


76 


78 


79 


80 


Name/Dual 
(Eee 


pentagonal prism 

pentagonal dipyramid 
pentagonal antiprism 
pentagonal deltahedron 
pentagrammic prism 
pentagrammic dipyramid 
pentagrammic antiprism 
pentagrammic deltahedron 
pentagrammic crossed antiprism 


pentagrammic concave deltahedron 


‘ 
j 


7 
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see also ARCHIMEDEAN SOLID, AUGMENTED POLYHE- 
DRON, JOHNSON SOLID, KEPLER-POINSOT SOLID, PLA- 
TONIC SOLID, POLYHEDRON, VERTEX FIGURE, WYTH- 


OFF SYMBOL 


1884 Uniform Variate 
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Uniform Variate 

A RANDOM NUMBER which lies within a specified range 
(which can, without loss of gencrality, be taken as (0, 
1}), with a UNIFORM DISTRIBUTION. 
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Unimodal Distribution 
A DISTRIBUTION such as the GAUSSIAN DISTRIBUTION 
which has a single “peak.” 


see also BIMODAL DISTRIBUTION 


Unimodular Matrix 


Unimodal Sequence 
A finite SEQUENCE which first increases and then de- 
creases. A SEQUENCE {s1, S2, ..., Sn} is unimodal if 
there exists a ¢ such that 


81S S82 5...5 8% 
and 
St > S#41 Posie Onis 


Unimodular Group 
A group whose left HAAR MEASURE equals its right 
HAAR MEASURE. 


see also HAAR MEASURE 
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Unimodular Matrix 
A Matrix A with INTEGER elements and DETERMI- 
NANT det(A) = + 1, also called a UNIT MaTRIx. 


The inverse of a unimodular matrix is another uni- 
modular matrix. A POSITIVE unimodular matrix has 
det(A) = +1. The nth POWER of a PosITIVE UNIMOD- 
ULAR MATRIX 


M= ee (1) 


is 


M”? = 
ee — Un-2(a) 


m21U,-1(a) 


mi2Un-1(@) | 
m22U,_1(a) — Un—2(a) |’ 


where 
a= $(mir + m22) (3) 


and the U, are CHEBYSHEV POLYNOMIALS OF THE SEC- 
OND KIND, 


sin[(m + 1) cos~* 


V1-x? 


see also CHERYSHEV POLYNOMIAL OF THE SECOND 
KIND 
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Unimodular Transformation 


Unimodular Transformation 
A transformation x’ = Ax is unimodular if the DETER- 
MINANT of the MaTRIX A satisfies 


det(A) = +1. 


A NECESSARY and SUFFICIENT condition that a linear 
transformation transform a lattice to itself is that the 
transformation be unimodular. 


Union 

The union of two sets A and B is the set obtained by 
combining the members of each. This is written AU B, 
and is pronounced “A union B” or “A cup B.” The 
union of sets A; through A, is written J”, Ai. 


Let A, B, C,... be sets, and let P(S) denote the prob- 
ability of S. Then 


P(AUB) = P(A) + P(B) — P(ANB). (1) 
Similarly, 


P(AUBUC) = P[AU(BUC)] 

= P(A)+ P(BUC)-— P[AN(BUC)] 

= P(A) + [P(B) + P(C) — P(BNC)| 
-P[(AN B)U(ANC)] 

= P(A)+ P(B)+ P(C) — P(BNC) 
—{P(AN B) + P(ANC) — P[((ANB)N(Anc)}} 

= P(A) + P(B) + P(C) - P(ANB) 
-P(ANC)~P(BNC)+P(ANBNC). (2) 


If A and B are DISJOINT, by definition P(AM B) = 0, 
so 
P(AU B) = P(A) + P(B). (3) 


Continuing, for a set of n disjoint elements EF, E2,..., 


En 
P (U ®) = > P(Ei), (4) 


i=l 


which is the COUNTABLE ADDITIVITY PROBABILITY 
AXIOM. Now let 
EB, = ANB, (5) 


then 
»(Yena] => P(EN Bi). (6) 
i=l 41 
see also INTERSECTION, OR 


Uniplanar Double Point 
see ISOLATED SINGULARITY 


Unit Fraction 1885 
Unipotent 

A p-ELEMENT z of a GROUP G is unipotent if F*(Ce(x)) 
is a p-GROUP, where F" is the generalized FITTING SUB- 
GROUP. 


see also FITTING SUBGROUP, p-ELEMENT, p-GROUP 


Unique 

The property of being the only possible solution (per- 
haps modulo a constant, class of transformation, etc.). 
see also ALEKSANDROV’S UNIQUENESS THEOREM, EX- 
ISTENCE, MAY-THOMASON UNIQUENESS THEOREM 


Unique Factorization Theorem 
see FUNDAMENTAL THEOREM OF ARITHMETIC 


Unit 

A unit is an element in a RING that has a multiplicative 
inverse. If n is an ALGEBRAIC INTEGER which divides 
every ALGEBRAIC INTEGER in the FIELD, n is called a 
unit in that FreELD. A given FIELD may contain an in- 
finity of units. The units of Z, are the elements RELA- 
TIVELY PRIME ton. The units in Z, which are SQUARES 
are called QUADRATIC RESIDUES. 

see also EISENSTEIN UNIT, FUNDAMENTAL UNIT, 
PRIME UNIT, QUADRATIC RESIDUE 


Unit Circle 


A CIRCLE of RADIUS 1, such as the one used to defined 
the functions of TRIGONOMETRY. 


see also UNIT DISK, UNIT SQUARE 


Unit Disk 


A DIskK with RADIUS 1. 


see also FIVE DISKS PROBLEM, UNIT CIRCLE, UNIT 
SQUARE 


Unit Fraction 

A unit fraction is a FRACTION with NUMERATOR 1, also 
known as an EGYPTIAN FRACTION. Any RATIONAL 
NUMBER has infinitely many unit fraction representa- 
tions, although only finitely many have a given fixed 
number of terms. Each FRACTION z/y with y ODD has 
a unit fraction representation in which each DENOMINA- 
TOR is ODD (Breusch 1954; Guy 1994, p. 160). Every 
z/y has a t-term representation where t = O(,/logy) 
(Vose 1985). 


1886 Unit Matrix 


There are a number of ALGORITHMS (including the 
BINARY REMAINDER METHOD, CONTINUED FRAC- 
TION UNIT FRACTION ALGORITHM, GENERALIZED RE- 
MAINDER METHOD, GREEDY ALGORITHM, REVERSE 
GREEDY ALGORITHM, SMALL MULTIPLE METHOD, and 
SPLITTING ALGORITHM) for decomposing an arbitrary 
FRACTION into unit fractions. 


see also CALCUS, HALF, QUARTER, SCRUPLE, UNCIA 
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Unit Matrix 
see UNIMODULAR MATRIX 


Unit Point 

The point in the PLANE with Cartesian coordinates (1, 
1). 
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Unit Ring 

A unit ring is a set together with two BINARY OPERA- 

TORS S(+, *) satisfying the following conditions: 

1. Additive associativity: For all a,b,c € S, (a+b)+e = 
a+(b+c), : 

2. Additive commutativity: For all a,b € S,;a+b= 
b+a, 


Unit Vector 


3. Additive identity: There exists an element 0 € S 
such that for allac S:0+a=a+0=a, 

4. Additive inverse: For every a € S, there exists a 
—a € S such that a+ (—a) = (-a)+a=0, 

5. Multiplicative associativity: For all a,b,c € S, {ax 
b)*c=ax*(bxc), 

6. Multiplicative identity: There exists an element 1 € 
S such that for alla €é S,1l*a=a+l=a, 

7. Left and right distributivity: For all a,b,c € S,a* 
(b+c) = (a*b)+(ax*c) and (b+c)*a = (b*a)+(cxa). 

Thus, a unit ring is a RING with a multiplicative identity. 

see also BINARY OPERATOR, RING 
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Unit Sphere 
A SPHERE of RADIUS 1. 


see also SPHERE, UNIT CIRCLE 


Unit Square 
1 


a 


A SQUARE with side lengths 1. The unit square usually 
means the one with coordinates (0, 0), (1, 0), (1, 1), (0, 
1) in the real plane, or 0, 1, 1+, and i in the COMPLEX 
PLANE. 

see also HEILBRONN TRIANGLE PROBLEM, UNIT CIR- 
CLE, UNIT DISK 


Unit Step 
see HEAVISIDE STEP FUNCTION 


Unit Vector 

A VECTOR of unit length. The unit vector v having the 
same direction as a given (nonzero) vector v is defined 
by 


v= 


where |v| denotes the NORM of v, is the unit vector in 
the same direction as the (finite) VECTOR v. A unit 
VECTOR in the x, direction is given by 


where r is the RADIUS VECTOR. 
see also NORM, RADIUS VECTOR, VECTOR 


Unital 


Unital 
A BLOcK DESIGN of the form (g? +1, ¢+ 1, 1). 
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Unitary Aliquot Sequence 

An ALIQUOT SEQUENCE computed using the analog of 
the RESTRICTED DIVISOR FUNCTION s*(n) in which 
only UNITARY DIVISORS are included. 


see also ALIQUOT SEQUENCE, UNITARY SOCIABLE 
NUMBERS 
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Unitary Amicable Pair 
A PArir of numbers m and n such that 


a (m)=a"(n)=mt+n, 


where o*(n) is the sum of UNITARY DiIvisors. Hagis 
(1971) and Garcia (1987) give 82 such pairs. The first 
few are (114, 126), (1140, 1260), (18018, 22302), (32130, 
40446), ... (Sloane’s A002952 and A002953). 
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Unitary Divisor 
A DIvisor d of c for which 


GCD(d,¢/d) = 1, 


where GCD is the GREATEST COMMON DIVvISOR. 


see also DIVISOR, GREATEST COMMON Divisor, UNI- 
TARY PERFECT NUMBER 
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Unitary Group 
The unitary group U;,(q) is the set of n x n UNITARY 
MATRICES. 


see also LIE-TYPE GROUP, UNITARY MATRIX 
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Unitary Multiplicative Character 1887 
Unitary Matrix 
A unitary matrix is a MATRIX U for which 
Wey, (1) 


where { denotes the ADJOINT OPERATOR. This guaran- 
tees that 
UTU =1. (2) 


Unitary matrices leave the length of a COMPLEX vector 
unchanged. The product of two unitary matrices is itself 
unitary. If U is unitary, then so is U-?. A SIMILARITY 
TRANSFORMATION of a HERMITIAN MATRIX with a uni- 
tary matrix gives 


Il 


(uau~*)! = [(ua)(u-")]? = (u~*)"(ua)! = (u!)"(atul) 


=uaut = uau'. (3) 


For REAL MATRICES, HERMITIAN is the same as OR- 
THOGONAL. Unitary matrices are NORMAL MATRICES. 


If M is a unitary matrix, then the PERMANENT 
| perm(M)| < 1 (4) 


(Minc 1978, p. 25, Vardi 1991). 


see also ADJOINT OPERATOR, HERMITIAN MATRIX, 
NORMAL MATRIX, ORTHOGONAL MATRIX, PERMA- 
NENT 
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Unitary Multiperfect Number 

A number n which is an INTEGER multiple k of the SUM 
of its UNITARY Divisors o*(n) is called a unitary k- 
multiperfect number. There are no ODD unitary multi- 
perfect numbers. 
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Unitary Multiplicative Character 
A MULTIPLICATIVE CHARACTER is called unitary if it 
has ABSOLUTE VALUE 1 everywhere. 


see also CHARACTER (MULTIPLICATIVE) 


1888 Unitary Perfect Number 


Unitary Perfect Number 

A number n which is the sum of its UNITARY DIVISORS 
with the exception of n itself. There are no ODD unitary 
perfect numbers, and it has been conjectured that there 
are only a FINITE number of EVEN ones. The first few 
are 6, 60, 90, 87360, 146361946186458562560000, ... 
(Sloane’s A002827). 
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Unitary Sociable Numbers 
SOCIABLE NUMBERS computed using the analog of the 
RESTRICTED DIVISOR FUNCTION s*(n) in which only 
UNITARY DIVISORS are included. 


see also SOCIABLE NUMBERS 


References 

Guy, R. K. “Unitary Aliquot Sequences.” §B8 in Unsolved 
Problems in Number Theory, 2nd ed. New York: Springer- 
Verlag, pp. 63-65, 1994. 


Unitary Transformation 
A transformation of the form 


A’ = UAU, 


where ¢ denotes the ADJOINT OPERATOR. 
see also ADJOINT OPERATOR, TRANSFORMATION 


Unitary Unimodular Group 
see SPECIAL UNITARY GROUP 


Unity 
The number 1. There are n nth ROOTS OF UNITY, 
known as the DE MOIVRE NUMBERS. 


see also 1, PRIMITIVE ROOT OF UNITY 


Univalent Function 
A function or transformation f in which f(z) does not 
overlap z. 


Univariate Function 
A FUNCTION of a single variable (e.g., f(x), g(z), 9(€), 
etc.). 


see also MULTIVARIATE FUNCTION 


Univariate Polynomial 

A POLYNOMIAL in a single variable. In common usage, 
univariate POLYNOMIALS are sometimes simply called 
“POLYNOMIALS.” 


see also POLYNOMIAL 


Unknotting Number 


Universal Graph 
see COMPLETE GRAPH 


Universal Statement 
A universal statement S is a FORMULA whose FREE vari- 
ables are all in the scope of universal quantifiers. 


Universal Turing Machine 

A TURING MACHINE which, by appropriate program- 
ming using a finite length of input tape, can act as any 
TURING MACHINE whatsoever. 


see CHAITIN’S CONSTANT, HALTING PROBLEM, TURING 
MACHINE 
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Unknot 

A closed loop which is not KNOTTED. In the 1930s, 
by making use of REIDEMEISTER MOVES, Reidemeister 
first proved that KNOTS exist which are distinct from 
the unknot. He proved this by COLORING each part of 
a knot diagram with one of three colors. 


The KNoT Sum of two unknots is another unknot. 


The JONES POLYNOMIAL of the unknot is defined to give 
the normalization 
V(t) =1. 


Haken (1961) devised an ALGORITHM to tell if a knot 
projection is the unknot. The ALGORITHM is so com- 
plicated, however, that it has never been implemented. 
Although it is not immediately obvious, the unknot is a 
PRIME KNOT. 


see also COLORABLE, KNOT, KNOT THEORY, LINK, 
REIDEMEISTER MOVES, UNKNOTTING NUMBER 
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Unknotting Number 

The smallest number of times a KNOT must be passed 
through itself to untie it. Lower bounds can be com- 
puted using relatively straightforward techniques, but it 
is in general difficult to determine exact values. Many 
unknotting numbers can be determined from a knot’s 
SIGNATURE. A KNOT with unknotting number 1 is a 
PRIME KNOT (Scharlemann 1985). It is not always true 
that the unknotting number is achieved in a projection 
with the minimal number of crossings. 


The following table is from Kirby (1997, pp. 88-89), with 
the values for 10139 and 10152 taken from Kawamura. 
The unknotting numbers for 10isq and 10ig1 can be 
found using MENASCO’s THEOREM (Stoimenow 1998). 


Unless 


31 1 89 1 910 2or 3 932 l or 2 
4, 1 8:19 lor2 911 2 933 1 
51 2 811 1 9i2 1 9341 
52 1 8i2 2 913 2 or 3 935 2 or 3 
6, 1 83 1 O14 1 936 2 
62 1 814 1 915 2 9372 
63 1 815 2 916 3 938 2or3 
71 3 816 2 917 2 939 1 
72 1 817 1 9ig 2 940 2 
73 2 81g 2 9i9 1 941 2 
74 2 819 3 920 2 9421 
75 2 820 1 921 1 943 2 
76 1 821 1 922 1 944 1 
Tr 129, 4 923 2 945 1 
8; 1 92 1 9o, 1 946 2 
82 2 93 3 925 2 947 2 
83 2 94 2 926 1 94g 2 
84 2 95 2 Gor 1 949 2or3 
85 2 6 3 9o8 1 10130 4 
8&8 2 97 2 Yoo 1 10152 4 
8, 1 9g 2 930 1 10154 3 
83 2 99 3 931 2 10:61 3 


see also BENNEQUIN’S CONJECTURE, MENASCO’S THE- 
OREM, MILNOR’S CONJECTURE, SIGNATURE (KNOT) 
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Unless 
If A is true unless B, then not-B implies A, but B does 
not necessarily imply not-A. 


see also PRECISELY UNLESS 


Unlesss 
see PRECISELY UNLESS 


Unmixed 

A homogeneous IDEAL defining a projective ALGEBRAIC 
VARIETY is unmixed if it has no embedded PRIME divi- 
sors. 


Unstable Spiral Point 1889 


Unpoke Move 
see POKE MOVE 


Unsafe 

A position in a GAME is unsafe if the person who plays 
next can win. Every unsafe position can be made SAFE 
by at least one move. 


see also GAME, SAFE 


Unsolved Problem 
see PROBLEM 


Unstable Improper Node 
A FIXED POINT for which the STABILITY MATRIX has 
equal POSITIVE EIGENVALUES. 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL 
EQUATIONS), FIXED POINT, HYPERBOLIC FIXED 
POINT (DIFFERENTIAL EQUATIONS), STABLE Im- 
PROPER NODE, STABLE NODE, STABLE SPIRAL POINT, 
UNSTABLE NODE, UNSTABLE SPIRAL POINT, UNSTA- 
BLE STAR 
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Unstable Node 
A FIXED POINT for which the STABILITY MATRIX has 
both EIGENVALUES POSITIVE, so Ai > Az > 0. 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL 
EQUATIONS), FIXED POINT, HYPERBOLIC FIXED 
POINT (DIFFERENTIAL EQUATIONS), STABLE IM- 
PROPER NODE, STABLE NODE, STABLE SPIRAL POINT, 
STABLE STAR, UNSTABLE IMPROPER NODE, UNSTABLE 
SPIRAL POINT, UNSTABLE STAR 
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Unstable Spiral Point 
A FIXED POINT for which the STABILITY MATRIX has 
EIGENVALUES of the form 4+ = a +7@ (with a, 8 > 0). 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL 
EQUATIONS), FIXED POINT, HYPERBOLIC FIXED 
POINT (DIFFERENTIAL EQUATIONS), STABLE IM- 
PROPER NODE, STABLE NODE, STABLE SPIRAL POINT, 
STABLE STAR, UNSTABLE IMPROPER NODE, UNSTABLE 
NODE, UNSTABLE STAR 
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1890 Unstable Star 

Unstable Star 

A FIXED POINT for which the STABILITY MATRIX has 
one zero EIGENVECTOR with POSITIVE EIGENVALUE 
A> 0. 


see also ELLIPTIC FIXED POINT (DIFFERENTIAL 
EQUATIONS), FIXED POINT, HYPERBOLIC FIXED 
POINT (DIFFERENTIAL EQUATIONS), STABLE Im- 
PROPER NODE, STABLE NODE, STABLE SPIRAL POINT, 
STABLE STAR, UNSTABLE IMPROPER NODE, UNSTABLE 
Nope, UNSTABLE SPIRAL POINT 
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Untouchable Number 

An untouchable number is an INTEGER which is not the 
sum of the PROPER DIVISORS of any other number. The 
first few are 2, 5, 52, 88, 96, 120, 124, 146, ... (Sloane’s 
A005114). Erdés has proven that there are infinitely 
many. It is thought that 5 is the only ODD untouchable 
number. 
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Upper Bound 
see LEAST UPPER BOUND 


Upper Integral 


The limit of an UPPER SUM, when it exists, as the MESH 
SIZE approaches 0. 


see also LOWER INTEGRAL, RIEMANN INTEGRAL, UP- 
PER SUM 


Urchin 


Upper Limit 

Let the greatest term H of a SEQUENCE be a term which 
is greater than all but a finite number of the terms which 
are equal to H. Then Z is called the upper limit of the 
SEQUENCE. 


An upper limit of a SERIES 


upper lim S, = lim S, =k 
noo lh 00 


is said to exist if, for every « > 0, |S. —k| < e for 
infinitely many values of n and if no number larger than 
k has this property. 

see also LIMIT, LOWER LIMIT 
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Upper Sum 


For a given function f(x) over a partition of a given in- 
terval, the upper sum is the sum of box areas f(r, )Az, 
using the greatest value of the function f(xj{) in each 
subinterval Az,. 


see also LOWER SUM, RIEMANN INTEGRAL, UPPER IN- 
TEGRAL 


Upper-Trimmed Subsequence 

The upper-trimmed subsequence of x = {z,} is the se- 
quence A(x) obtained by dropping the first occurrence 
of n for each n. If x is a FRACTAL SEQUENCE, then 
A(x) = x. 

see also LOWER-TRIMMED SUBSEQUENCE 
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Upward Drawing 
see HASSE DIAGRAM 


Urchin 
Kepler’s original name for the SMALL STELLATED Do- 
DECAHEDRON. 


Utility Graph Utility Problem 1891 


Utility Graph 


The utility problem asks, “Can a PLANAR GRAPH be 
constructed from each of three nodes (‘house owners’) to 
each of three other nodes (‘wells’)?” The answer is no, 
and the proof can be effected using the JORDAN CURVE 
THEOREM, while a more general result encompassing 
this one is the KURATOWSKI REDUCTION ‘THEOREM. 
The utility graph UG is the graph showing the rela- 
tionships described above. It is identical to the THOM- 
SEN GRAPH and, in the more formal parlance of GRAPH 
THEORY, is known as the COMPLETE BIPARTITE GRAPH 
Kj3. 


see also COMPLETE BIPARTITE GRAPH, KURATOWSKI 
REDUCTION ‘CHEOREM, PLANAR GRAPH, THOMSEN 
GRAPH 
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Utility Problem 
see UTILITY GRAPH 


Valence 


Vv 


Valence 
see VALENCY 


Valency 
The number of EDGES at a CRAPH VERTEX. 


Valuation 

A generalization of the p-ADIC NUMBERS first proposed 
by Kurschdk in 1913. A valuation |.| on a FIELD K is a 
FUNCTION from K to the REAL NUMBERS R such that 
the following properties hold for all z,y € K: 


1. |x| > 0, 
2. lz] = O IrF c = 0, 


3. |zyl = lz} lyl, 
4. |x| < 1 IMPLIES |1+2] < C for some constant C' > L 
(independent of x). 


If (4) is satisfied for C = 2, then |-| satisfies the TRI- 
ANGLE INEQUALITY, 


4a. [x +y| < [x] + ly! for all z,y € K. 


If (4) is satisfied for C = 1 then |-| satisfies the stronger 
TRIANGLE INEQUALITY 


4b. |x + y| < max(|z|, |yl). 

The simplest valuation is the ABSOLUTE VALUE for 
REAL NUMBERS. A valuation satisfying (4b) is called 
non-ARCHIMEDEAN VALUATION; otherwise, it is called 
ARCHIMEDEAN. 


If |-|1 is a valuation on K and A > 1, then we can define 
a new valuation |-|z by 


|z|2 = |2|?. (1) 


This does indeed give a valuation, but possibly with a 
different constant C in Ax1oM 4. If two valuations are 
related in this way, they are said to be equivalent, and 
this gives an equivalence relation on the collection of 
all valuations on &. Any valuation is equivalent to one 
which satisfies the triangle inequality (4a). In view of 
this, we need only to study valuations satisfying (4a), 
and we often view axioms (4) and (4a) as interchange- 
able (although this is not strictly true). 


If two valuations are equivalent, then they are both non- 
ARCIIMEDEAN or both ARCHIMEDEAN. Q, R, and C 
with the usual Euclidean norms are Archimedean val- 
uated fields. For any PRIME p, the p-ADIC NUMBERS 
Q, with the p-adic valuation |-|p is a non-Archimedean 
valuated field. 


If K is any FIELD, we can define the trivial valuation 
on K by |x| = 1 for all ¢ # O and |0| = 0, which is 
a non-Archimedean valuation. If K is a FINITE FIELD, 
then the only possible valuation over K is the trivial one. 
It can be shown that any valuation on Q is equivalent 
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to one of the following: the trivial valuation, Euclidean 
absolute norm | - |, or p-adic valuation | - |p. 


The equivalence of any nontrivial valuation of Q to ei- 
ther the usual ABSOLUTE VALUE or to a p-ADIC NuM- 
BER absolute value was proved by Ostrowski (1935). 
Equivalent valuations give rise to the same topology. 
Conversely, if two valuations have the same topology, 
then they are equivalent. A stronger result is the fol- 
lowing: Let |+|1, |-|2, --., | + |e be valuations over K 
which are pairwise inequivalent and let a1, a2, ..., Qk 
be elements of K. Then there exists an infinite sequence 


(1, ©2,...) of elements of K such that 
i Ln = Q1 (2) 
noo w.r.t. [+2 
lim Ln = Ae, (3) 


noo w.r.t. |-|2 


etc. This says that inequivalent valuations are, in some 
sense, completely independent of each other. For exam- 
ple, consider the rationals Q with the 3-adic and 5-adic 
valuations |-|3 and |-|5, and consider the sequence of 
numbers given by 


43-5" + 92-3" 


= 4 

In 37 4 5” ( ) 

Then zn — 43 as n —* oo with respect to |- |3, but 
fn — 92 as n — oo with respect to | - |s, illustrating 


that a sequence of numbers can tend to two different 
limits under two different valuations. 


A discrete valuation is a valuation for which the VALUA- 
TION GROUP is a discrete subset of the REAL NUMBERS 
R. Equivalently, a valuation (on a FIELD K) is discrete 
if there exists a REAT. NUMBER e€ > 0 such that 


jefe (l-—el+e) => |z|=lforalze K. (5) 


The p-adic valuation on Q is discrete, but the ordinary 
absolute valuation is not. 


If |-| is a valuation on K, then it induces a metric 


d(z,y) = |x — y| (6) 


on K, which in turn induces a TOPOLOGY on K. If 
|- | satisfies (4b) then the metric is an ULTRAMETRIC. 
We say that (K,|-|) is a complete valuated field if the 
METRIC SPACE is complete. 


see also ABSOLUTE VALUE, LOCAL FIELD, METRIC 
SPACE, p-ADIC NUMBER, STRASSMAN’S THEOREM, UL- 
TRAMETRIC, VALUATION GROUP 
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Valuation Group 
Let (K,|-|) be a valuated field. The valuation group G 
is defined to be the set 


G = {|z|: ce K,x 40}, 


with the group operation being multiplication. It is 
a SUBGROUP of the PosITIVE REAL NUMBERS, under 
multiplication. 


Valuation Ring 
Let (K,|- |) be a non-Archimedean valuated field. Its 
valuation ring R is defined to be 


R={xeK: |z| <1}. 
The valuation ring has maximal IDEAL 
M = {ze K:|2| <1}, 


and the field R/M is called the residue field, class field, 
or field of digits. For example, if K = Q, (p-adic num- 
bers), then R = Zp (p-adic integers), M = pZp (p-adic 
integers congruent to 0 mod p), and R/M = GF(p), the 
FINITE FIELD of order p. 


Valuation Theory 
The study of VALUATIONS which simplifies class field 
theory and the theory of algebraic function fields. 


see also VALUATION 
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Value 
The quantity which a FUNCTION f takes upon applica- 
tion to a given quantity. ; 


see also VALUE (GAME) 


Value (Game) 
The solution to a GAME in GAME THEORY. When a 
SADDLE POINT is present 


min minaij = min maxa;; = v, 
i<m jg<n jin i<m 
and v is the value for pure strategies. 


see also ABSOLUTE VALUE, GAME THEORY, MINIMAX 
THEOREM, VALUATION 


Vampire Number 


Vampire Number 

A number vy = zy with an EVEN number n of Dic- 
ITS formed by multiplying a pair of n/2-DIGIT numbers 
(where the Dicirs are taken from the original number 
in any order) z and y together. Pairs of trailing zcros 
are not allowed. If » is a vampire number, then x and 
y are called its “fangs.” Examples of vampire numbers 
include 


1260 = 21 x 60 
1395 = 15 x 93 
1435 = 35 x 41 
1530 = 30 x 51 
1827 = 21 x 87 
2187 = 27 x 81 
6880 = 80 x 86 


(Sloane’s A014575). There are seven 4-digit vampires, 
155 6-digit vampires, and 3382 8-digit vampires. Gen- 
eral formulas can be constructed for special classes of 
vampires, such as the fangs 


e=25-10"+1 
y — 100(10**! + 52)/25, 


giving the vampire 


v = ay = (10*t? + 52)10*+? + 100(10**? + 52)/25 
ee ae 10*+? +t 
= 8(26+5-10*)(1 + 25-10"), 


where x* denotes x with the DiciTs reversed (Roushe 
and Rogers). 


Pickover (1995) also defines pseudovampire numbers, in 
which the multiplicands have different number of digits. 
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van der Grinten Projection 


A Map PROJECTION given by the transformation 


x = sgn(A — Ao) 


w|A(G — P?) — ,/A?(G — P?)? — (P? + A2)(G? — P?)| 
. P? + A 
(1) 
Z n|PQ ~ Ay/(A? + 1)(P? + A?) — Q? 5 
Meee) —————— gas (2) 
where 
iz 1 us A- Ao 
ae 2 lx — Xo T (3) 
cos@ 
~ sin@ +cos@—-—1 (4) 
2 
P= —-1 5 
S fr ) (5) 
6 =sin* 2] (6) 
is 
Q=A?+G. (7) 
The inverse FORMULAS are 
@ = sen(y)m [-m, cos(@ + $x) ~ <2] (8) 
3c3 
m|X? + ¥?-14 fl +X? -¥2) + (X74 ¥7)4] 
= Ox + Ao, 
(9) 
where 
z 
=— 10 
x== (10) 
y=4 (11) 
is 
a =—-|¥|(1+X?+Y’) (12) 
ce =e, — 2¥7 4 Xx? (13) 
c3 = —2e, +14+2¥°+(X*?4+¥7)? (14) 
y? 1 2c 9eic2 
eo C3 - 27 ( c33 C32 (15) 
1 C2” 
a, >= és (« oe a (16) 
my = 24/—fa1 (17) 
A= i cos" ( ae ) : (18) 


van Kampen’s Theorem 1895 
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van der Pol Equation 

An ORDINARY DIFFERENTIAL EQUATION which can be 
derived from the RAYLEIGH DIFFERENTIAL EQUATION 
by differentiating and setting y = y’. It is an equation 
describing self-sustaining oscillations in which energy is 
fed into small oscillations and removed from large os- 
cillations. This equation arises in the study of circuits 
containing vacuum tubes and is given by 


y —p(l—y?)y' +y=0. 


see also RAYLEIGH DIFFERENTIAL EQUATION 
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van der Waerden Number 

The threshold numbers proven to exist by VAN DER 
WAERDEN’S THEOREM. The first few are 1, 3, 9, 35, 
178, ... (Sloane’s A005346). 
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van der Waerden’s Theorem 

For any given POSITIVE INTEGERS k and r, there exists 
a threshold number n(k,7r) (known as a VAN DER WAER- 
DEN NUMBER) such that no matter how the numbers 1, 
2, ..., 2 are partitioned into k classes, at least one of 
the classes contains an ARITHMETIC PROGRESSION of 
length at least r. However, no FORMULA for n(k,r) is 
known. 


see also ARITHMETIC PROGRESSION 
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van Kampen’s Theorem 

In the usual diagram of inclusion homeomorphisms, if 
the upper two maps are injective, then so are the other 
two. 
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van Wijngaarden-Deker-Brent Method 
see BRENT’S METHOD 


Vandermonde Determinant 


loa “1 my"? 
1 x2 2 za" * 
A(a1,..-;fn) = : . 

-1 

1 an @n* +--+ Bn "| 

= |[@-=,) 
ig 
i>j 


(Sharpe 1987). For INTEGERS ai, ..., @n, A(ai,..-,@n) 
is divisible by [[7_, (i — 1)! (Chapman 1996). 


see also VANDERMONDE MATRIX 
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Vandermonde Identity 
see CHU- VANDERMONDE IDENTITY 


Vandermonde Matrix 

A type of matrix which arises in the LEAST SQUARES 
FITTING of POLYNOMIALS and the reconstruction of a 
DISTRIBUTION from the distribution’s MOMENTS. The 
solution of an n x n Vandermonde matrix equation re- 
quires O(n?) operations. A Vandermonde matrix of or- 
der 7 is of the form 


1 7 Ly Z1 a 
1 2 ZX2 2 = 
1 oan tnt et ay 


see also TOEPLITZ MATRIX, TRIDIAGONAL MATRIX, 
VANDERMONDE DETERMINANT 
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Vandermonde’s Sum 
see CHU- VANDERMONDE IDENTITY 


van Wijngaarden-Deker-Brent Method 


Vanishing Point 


Vandermonde Theorem 
A special case of GAUSS’S THEOREM with a a NEGATIVE 
INTEGER —n: 


(c — b)n 
(c)n ? 


where 2F\(a,6b;c;z) is a HYPERGEOMETRIC FUNCTION 
and (a)n isa POCHHAMMER SYMBOL (Bailey 1935, p. 3). 


see also GAUSS’S THEOREM 


2F\(—n,6;¢;1) = 
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Vandiver’s Criteria 

Let p be a IRREGULAR PRIME, and let P= rp+1bea 
PRIME with P < p* — p. Also let t be an INTEGER such 
that t? # 1 (mod P). For an IRREGULAR PAIR (p, 2k), 
form the product 


m 


mL—2k 
Ou ius p-7d/2 [[e” = i ; 


b=1 
where 
m = 3(p1— 1) 
= = p—2k 
d= a. n 


If Qox” # 1 (mod P) for all such IRREGULAR PAIRS, 
then FERMAT’S LAST THEOREM holds for exponent p. 


see also FERMAT’S LAST THEOREM, IRREGULAR PAIR, 
IRREGULAR PRIME 
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perspective 
The point or points to which the extensions of PARALLEL 
lines appear to converge in a PERSPECTIVE drawing. 
see also PERSPECTIVE, PROJECTIVE GEOMETRY 
References 


Dixon, R. “Perspective Drawings.” Ch. 3 in Mathographics. 
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Varga’s Constant 
Varga’s Constant 


V= + = 9.2890254919..., 


where A is the ONE-NINTH CONSTANT. 
see also ONE-NINTH CONSTANT 


Variance 

For N samples of a variate having a distribution with 
known MEAN yp, the “population variance” (usually 
called “variance” for short, although the word “popu- 
lation” should be added when needed to distinguish it 
from the SAMPLE VARIANCE) is defined by 


var(z) = > yD (e =H)? = (2? = Que + 4?) 
= je ) — (Qua) + (uw?) 
= (2) — 2p (2) +n, (1) 
where 


)= we (2) 


But since (x) is an UNBIASED ESTIMATOR for the MEAN 


B= (x), (3) 

it follows that the variance 
o” = var(r) = (=) — p’. (4) 
The population STANDARD DEVIATION is then defined 
. o = y/var(x) = V/(2?) = w?. (5) 


A useful identity involving the variance is 


var( f(x) + g(x)) = var(f(x)) + var(g(x)). (6) 


Therefore, 


var(az + b) = ([(ax + b) — (az + b)]?) 
= ((az + b- a (x) —b)”) 
= ((az — ap)*) = (a?(x — p)”) 
=a’ ((x - u)”) = a’ var(z) (7) 
var(b) = 0. (8) 


If the population MEAN is not known, using the sample 
mean Z instead of the population mean yz to compute 


s =6y = — x te (9) 


gives a BIASED ESTIMATOR of the population variance. 
In such cases, it is appropriate to use a STUDENT’S t- 
DISTRIBUTION instead of a GAUSSIAN DISTRIBUTION. 
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However, it turns out (as discussed below) that an UN- 
BIASED ESTIMATOR for the population variance is given 
by 


w 
i 


eo wai XS y= ay: (10) 


The MEAN and VARIANCE of the sample standard de- 
viation for a distribution with population mean yp and 
VARIANCE are 


= 
] 


Msn? => N $s (11) 


2 


Coy?” = ag [CN — Ya — (N— 3)qn7]. (12) 


The quantity Nsn?/o? has a CHI-SQUARED DisTRIBU- 


TION. 


For multiple variables, the variance is given using the 
definition of COVARIANCE, 


var (3: «| = cov (d=. y=] 
= s oy cov(xi, z;) 


i=1 j=1 


= y s cov(zi,2;) + Soy aa) 


i=l j=1 t=1 j=1 


=i At 
= Yorten a + > Sr i, 25) 
tisz1 j=l 
At 
= Yo vee) + 237 3 cov(x;, £;)- 
4=1 g=i41 
(13) 
A linear sum has a similar form: 
nr 
r (Sas:] = cov (>: con as 
i=1 ?=1 
= se cov(2i, 25) 
#=1 j=l 
= =o var(x;) + 237 3 aja; cov(ai,2;). (14) 
i=1 j=i41 


These equations can be expressed using the COVARI- 
ANCE MATRIX. 


To estimate the population VARIANCE from a sample 
of N elements with a priori unknown MEAN ({i.e., the 
MEAN is estimated from the sample itself), we need an 
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UNBIASED ESTIMATOR for o. This is given by the k- 
STATISTIC kz, where 


N 


Pa Nae 


(15) 


and mz = s? is the SAMPLE VARIANCE 


lll 


2 
s§ 


Tle - 2). (16) 


Note that some authors prefer the definition 


N 
2 1 . m\2 
8 Wri D(a — 2)", (17) 


since this makes the sample variance an UNBIASED Es- 
TIMATOR for the population variance. 


When computing numerically, the MEAN must be com- 
puted before s? can be determined. This requires stor- 
ing the set of sample values. It is possible to calculate 
s’? using a recursion relationship involving only the last 
sample as follows. Here, use yz; to denote ps calculated 
from the first 7 samples (not the jth MOMENT) 

nak vi 


=e, 18 
3 j (18) 


and s;” denotes the value for the sample variance s’* 


calculated from the first 7 samples. The first few values 
calculated for the MEAN are 


Mi = 21 (19) 
1: 

[2 = eB (20) 
2 

3 = ae (21) 


Therefore, for 7 = 2, 3 it is true that 


}— lyj-1 + 2; 


Therefore, by induction, 


— 1G +1) = Yeger—a t+ tit 


Mj+1 yak 
Joy + 2541 
= 23 
g+1 ( ) 
Hg4i(9 +1) = (9 + 1) yg + (2541 — By) (24) 
Lj — By 
ene 9 

Hyaa = By t+ ree (25) 


and ; 
2 dopa (Fi — H4) 


i (26) 


8j 


Variance 


for 7 > 2, so 
j+1 Cae 2 gt+1 
‘ 3 peas a be 41) 
jeu? =) : 5 “ = dite — pj41)” 
t= 
j+1 
= Soles ~ a5) (es ~ 41)? 
1=1 
j+1 j+1 
= Soa: = 45)? + Sous - wi)? 
i=l i=1 
gt+1 
+250 (ai — 45)(H5 — #5+1)- (27) 
w=1 
Working on the first term, 
jt+l 3 
So (ee — 13)? = So (es = 5)? + (e421 — 1s)? 
i=l i=l 


= (jf — 1)8;? + (wj41 — 5)”. (28) 
Use (24) to write 


Uj41 — by = (J + 1) (Hy +1 — Hy), (29) 
so 
j+1 
Soles = 4s)? = G— 1) 85? + (G+ YP? (Hs — Hs)”. (30) 


i=1 
Now work on the second term in (27), 
g+1 
ous — as)? = (G+ Dj - ws)? (31) 
i=1 


Considering the third term in (27), 


ott j+1 


Sow — p15) (45 — Bj 41) = (Hg — Hy 41) So (zi — 13) 
jet i=1 
j 
= (M3 — Mj41) pe — By) + (e541 - | 
i=1 
j 
= (Hj — 541) | Ti+. — My — Jug + y=] . (32) 
i=l 
But 
3. 
>) mi = Gass (33) 
a1 
so 
jt 
So (us ~ m541)(2541 — 15) 
i=l 
j+1 
=D (oa — Hy t1)(G + 1) (Hst1 — Hs) 
i=l 


= —(J + 1)(uj — wi4+1)’. (34) 


Variance 
Plugging (30), (31), and (34) into (27), 


spar” = [G9 — 183? + (9 +1)? (esta — 45)” 
+ [9 + 1) (ug — wy41) + 2[-G + 1) (4g — 45 41)] 
= (§ —1)8;7 + (9 + 1)? (uj41 — Wy)” 
— (fF +1)(Hy — oy 41)? 
= (fF - 1337 + (9 + DIG + DY — Wasa — 23)? 
= (9 = 1)837 +5 + W)(us41 — 43)’, (35) 


so 


1 ’ 
8j41° = (2 = *) 33° + (9 + 1) (p54 baer hy)’. (36) 


To find the variance of s? itself, remember that 
var(s”) = (s*) - (s?)’ ; (37) 


and 
(8?) = Li2. (38) 


Now find ey. 
(s*) = ((8°)’) = (((a") = (@)")") 
-([de- (8X4) )) 


Working on the first term of (39), 


((De?)') = (Late Dos) 
= (Eat) + (Ears) 


= N (x:*) + N(N — 1) (ai7) (237) 
= Nyy + N(N- 1p)’. (40) 


The second term of (39) is known from k-STATISTICS, 


(Sis (Sls)") = +d, (a) 


as is the third term, 


((Sa)") = (oat) + amen (Sar0,") 


= Ny, +3N(N —1)u)’. (42) 
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Combining (39)-(42) gives 


(s*) = Nui + N(N - 1237] 


N2 
2 t 2 
~ zya Nea + N(N = 1h") 
1 ; 
+ ya lN os + 3N(N — 1)u4"] 


eS ee ee ee 
- ‘€ yet x) Ma 

N-1 2(N-1) , 3\N-1)] 42 
PAA 7 ae 


N?-2N41)\ , 
NS Ha 
N —1)(N? —-2N+3 
ei M as ) 1b? 


_ (N= 1)[(N — 1)u4 + (N? — 2N + 3)u27] 
N38 ' 
(43) 


so plugging in (38) and (43) gives 


var(s’) = (s*) — (s?)" 
_ (N= I[(N = ys + (N? — 2N + 3) 57] 
=e eee 
a eae = Ns 


= “= * (N — 1)u + [(N? —2N 43) 
~ N(N — 1)]|2"} 
_ (N= f= 1) = (N= 347] gy 


N3 


Student calculated the SKEWNESS and KURTOSIS of the 
distribution of s? as 


(45) 


(46) 


and conjectured that the true distribution is PEARSON 
Type III DISTRIBUTION 


f(s?) = Cy OP errr. (47) 
where 
2 
of = eee ; (48) 
(eye 
C= V2 (49) 
r (>) 


This was proven by R. A. Fisher. 
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The distribution of s itself is given by 


fo) =) 


r(*3*) 
(s) = (oo Al cg =)(N)o, (51) 


e7?8?/207 .N-2 (50) 


where (2) 
2 T(> 
(N) =4/—= (52) 
V Vr (e) 
The MOMENTS are given by 
2 r/a[ (So}+) 

w=(%) poe oe 

and the variance is 
2 1 
var(s) = 12-14" = a” —[B(N)o] 


= [yeah |. (54) 


An UNBIASED ESTIMATOR of a is s/b(N). Romanovsky 
showed that 
3 7 139 


(N)=1- 75 - 39n2 ~ Biagona tS (5) 


see also CORRELATION (STATISTICAL), COVARIANCE, 
COVARIANCE MATRIX, k-STATISTIC, MEAN, SAMPLE 
VARIANCE 
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Variate 
A RANDOM VARIABLE in statistics. 


Variation 

The A-variation is a variation in which the varied path 
over which an integral is evaluated may end at different 
times than the correct path, and there may be variation 
in the coordinates at the endpoints. 


The 6-variation is a variation in which the varied path 
in configuration space terminates at the endpoints rep- 
resenting the system configuration at the same time t, 
and t2 as the correct path; i.e., the varied path always 
returns to the same endpoints in configuration space, so 


dqi(t1) = dqi(tz) = 


see also CALCULUS OF VARIATIONS, VARIATION OF AR- 
GUMENT, VARIATION OF PARAMETERS 


Variation Coefficient 
Variation of Argument 
Let [arg f(z)] denote the change in argument of a func- 
tion f(z) around a closed loop +. Also let N denote the 


number of Roots of f(z) in y and P denote the number 
of PoLEs of f(z) in y. Then 


larg f(z)] = 5-(N - P). (1) 


To find [arg f(z)] in a given region R, break R into paths 
and find [arg f(z)| for each path. On a circular ARC 


geahe: (2) 


let f(z) be a POLYNOMIAL P(z) of degree n. Then 


larg P(2)] = [ers (221) ] 
are2"|+ [arg (22)). 


Plugging in z = Re’® gives 


: 10 
[arg P(z)] = [arg Re®"] + + [ave | (4) 
jim a aCe) = [constant], (5) 
so Scie 
and 
[arg P(z)] = [arge’?”] = n(62 ~ 01). (7) 
For a REAL segment z = 2, 
[arg f(e)] = tan} lz =0. (8) 
For an IMAGINARY segment z = iy, 
tine l a Ea 
[arg f(ty)] = {! RIP iy] \. (9) 


Note that the ARGUMENT must change continuously, so 
“jumps” occur across inverse tangent asymptotes. 


Variation Coefficient 
If sz is the STANDARD DEVIATION of a set of samples 2; 
and Z its MEAN, then 


Variation of Parameters 


Variation of Parameters 
For a second-order ORDINARY DIFFERENTIAL EQUA- 
TION, 

y" + p(z)y’ + a(x)y = 9(z). (1) 


Assume that linearly independent solutions yi(x) and 
yo(z) are known. Find vi and v2 such that 


y" (x) = vi(w)yi (x) + v2(x)y2(x) (2) 
y*' (x) = (v1 + voye) + (viyi + v2y2). (3) 


Now, impose the additional condition that 


viyn t vgye = 0 (4) 

so that 
y' (a) = (vy, + v2y2) (5) 
y* (x) = vyyi + vay2 + viyl + v2yr- (6) 


wt 


Plug y*, y*’, and y*” back into the original equation to 


obtain 


vi(yi +pyi tay1)+v2(y2 +py2tay2)+uiyitv2y2 = g(x) 


tog ee (7) 
viyi + vay2 = g(x). (8) 
Therefore, 
viy1 + U2y2 = 0 (9) 
Uiyi + v2¥2 = 9(z). (10) 
Generalizing to an nth degree ODE, let y1, ..., yn be 


the solutions to the homogeneous ODE and let v;(z), 
«+43 Un(x) be chosen such that 


yi; + y2vg +... + YnUn = 0 
yivy + ygug +... tyhvh = 0 
; (11) 


; (n—1) 4 (n—-1) (n-1) 


yy Up ty VE... t+ yn Un = g(2). 


Then the particular solution is 


y"(z) = (z)yi(z) +... + un(z)yn(z). (12) 


Variety 
see ALGEBRAIC VARIETY 
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Varignon Parallelogram 


The figure formed when the BIMEDIANS (MIDPOINTS 
of the sides) of a convex QUADRILATERAL are joined. 
VARIGNON’S THEOREM demonstrated that this figure is 
a PARALLELOGRAM. The center of the Varignon paral- 
lelogram is the CENTROID if four point masses are placed 
on the VERTICES of the QUADRILATERAL. 


see also MIDPOINT, PARALLELOGRAM, QUADRILAT- 
ERAL, VARIGNON’S THEOREM 


Varignon’s Theorem 

The figure formed when the BIMEDIANS (MIDPOINTS of 
the sides) of a convex QUADRILATERAL are joined in 
order is a PARALLELOGRAM. Equivalently, the BIME- 
DIANS bisect each other. The AREA of this VARIGNON 
PARALLELOGRAM is half that of the QUADRILATERAL. 
The PERIMETER is equal to the sum of the diagonals of 
the original QUADRILATERAL. 


see also BIMEDIAN, MIDPOINT, 
VARIGNON PARALLELOGRAM 


QUADRILATERAL, 
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Vassiliev Polynomial 

Vassiliev (1990) introduced a radically new way of look- 
ing at KNOTS by considering a multidimensional space 
in which each point represents a possible 3-D knot con- 
figuration. If two KNOTS are equivalent, a path then 
exists in this space from one to the other. The paths 
can be associated with polynomial invariants. 


Birman and Lin (1993) subsequently found a way to 
translate this scheme into a set of rules and list of po- 
tential starting points, which makes analysis of Vassiliev 
polynomials much simpler. Bar-Natan (1995) and Bir- 
man and Lin (1993) proved that JONES POLYNOMIALS 
and several related expressions are directly connected 
(Peterson 1992). In fact, substituting the POWER se- 
ries for e* as the variable in the JONES POLYNOMIAL 
yields a POWER SERIES whose COEFFICIENTS are Vas- 
siliev polynomials (Birman and Lin 1993). Bar-Natan 
(1995) also discovered a link with Feynman diagrams 
(Peterson 1992). 
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Vault 

Let a vault consist of two equal half-CYLINDERS of 
length and diameter 2a which intersect at RIGHT 
ANGLES so that the lines of their intersections (the 
“groins”) terminate in the VERTICES of a SQUARE. 
Then the SURFACE AREA of the vault is given by 


A = 4(x — 2)a’. 


see also DOME 
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Vector 
A vector is a set of numbers Apo, .. 
as 


., An that transform 


Aj = 043 Aj. (1) 


This makes a vector a TENSOR of RANK 1. Vectors 
are invariant under TRANSLATION, and they reverse sign 
upon inversion. 


A vector is uniquely specified by giving its DIVERGENCE 
and CURL within a region and its normal component 
over the boundary, a result known as HELMHOLTZ2’S 
THEOREM (Arfken 1985, p. 79). A vector from a point 
A to a point B is denoted AB, and a vector v may be 
denoted @, or more commonly, v. 


A vector with unit length is called a UNIT VECTOR and 
is denoted with a Hat. An arbitrary vector may be 
converted to a UNIT VECTOR by dividing by its Norm, 
i.e., 


v=—. 2 
vj] (2) 
Let n be the UNIT VECTOR defined by 
cos @sing 
h= | sin@sing]. (3) 
cos 


Vector Bundle 


Then the vectors n, a, b, c, d satisfy the identities 


an bs 
(nz) = i ; (cos # sin ¢) sin ¢ dé do 
0 o 


Qn 
= [sin 6]3” | sin’?ddp=0 (4) 
0 


(ni) =0 (5) 

(nin3) = 3645 (6) 

(ninknk) = 0 (7) 
(nineninm) = 4 (Oikdtm + Fitdkm + Simdnt) (8) 
((a-)?) = Be? ( 
(a-A)(b-A)) = tab (10) 
((a-A)a) = 2a (11) 

((a x a)” — 24? (12) 

((a x &)-(b x A) = 2a-b, (13) 


and 


((a- 8)(b - A)(c - )(d - H)) 
= igl(bfa-b)(bfe-d)+ (bfa-c)(bfb-d) + (bfa-d)(bfb-c)| 
(14) 


where 6,; is the KRONECKER DELTA, a-b is a DOT 
PRODUCT, and EINSTEIN SUMMATION has been used. 


see also FOUR-VECTOR, HELMHOLTZ’S THEOREM, 
NorM, PSEUDOVECTOR, SCALAR, TENSOR, UNIT VEC- 
TOR, VECTOR FIELD 
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Vector Bundle 

A special class of FIBER BUNDLE in which the FIBER 
is a VECTOR SPACE. Technically, a little more is re- 
quired; namely, if f : & + Bis a BUNDLE with FIBER 
RR", to be a vector bundle, all of the Fipers f~*(2) for 


Vector Derivative 


xz € B need to have a coherent VECTOR SPACE struc- 
ture. One way to say this is that the “trivializations” 
h: f-\(U) > U x R”, are FIBER-for-FIBER VECTOR 
SPACE ISOMORPHISMS. 

see also BUNDLE, FIBER, FIBER BUNDLE, LIE ALGE- 
BROID, STABLE EQUIVALENCE, TANGENT MapP, VEC- 
TOR SPACE, WHITNEY SUM 


Vector Derivative 

The basic types of derivatives operating on a VECTOR 
FIELD are the CURL Vx, DIVERGENCE V-, and GRADI- 
ENT V. 


Vector derivative identities involving the CURL include 
Vx (kA) =kV x A (1) 
Vx (FA) =f(V xX A) F(VF) XA (2) 
Vx (Ax B)=(B-V)A—(A-V)B 

+A(V-B)-B(V-A) (3) 


v4) eee ews iy 
Vx(A+B)=VxA+V XB. (5) 
In SPHERICAL COORDINATES, 
Vxr=0 (6) 
Vxt=0 (7) 
V x [rf(r)] = f(r)(V xr) +[VE(r)] xr 
= s(r)(0) + Le xr=0+0=0. (8) 


Vector derivative identities involving the DIVERGENCE 
include 


V- (kA) =kV-A (9) 
V- (fA) =f(V-A)+(Vf)-A (10) 
V- (Ax B)=B.(V x A)—-A-(V xB) (11) 
V-(A+B)=V-A+V-B (13) 
V(uv) = uV-v+(Vu)-v.- (14) 


In SPHERICAL COORDINATES, 
Ver=3 (15) 
V-r=- (16) 


(17) 
oO = OF Of Or 
aef(nl=25 +faeS otf (18) 
dr 8 2 2 2\1/2 _ 2 2 2\-1/2 __ © 
Re ee +y 42°)" =al(x+y +27) ig 
(19) 


Vector Derivative 1903 

By symmetry, 
V-[rf(r)] = 3f(r)+ (a setae - sp(r) tr 
(21) 
v-(éfr)) = 24+ 4 (22) 


VV: (ér") = 3r®- 1 + (n—1)r”"* = (n+ 2)r"7*. (23) 


Vector derivative identities involving the GRADIENT in- 
clude 


V(kf) =kVf (24) 
Vifg)=fV9+9VF (25) 
V(A-B)=Ax(V x B)+Bx (Vx A) 
+(A-V)B+(B-V)A (26) 
V(A-Vf)=Ax(V x VA)+VE (Vx A) 
+A -V(Vf)+VF-VA 
=VFX(VxXA)+A-V(VA)+VF-VA (27) 


Vv (4) ME tee AE (28) 
g 9 

V(f+9)=VF+V9 (29) 

V(A-A)=2Ax (Vx A)+2(A-V)A (30) 

(A- V)A = V($A7)~ Ax (Vx A). (31) 


Vector second derivative identities include 


2, Ot Ot Ft 
Vt=V-(Vt)= dai + on aiaea 


VWA=V(V-A)-Vx(VxA). (33) 


(32) 


This very important second derivative is known as the 
LAPLACIAN. 


V x (Vt) =0 (34) 
V(V-A)=V7A+V x (Vx A) (35) 
V-(VxA)=0 (36) 


Vx(VxA)=V(V-A)-V7A 
Vx(V?A)=Vx([V(V-A)]-V x [Vx (V x A)] 

=-Vx [Vx (V x A)] 

=-{V[V-(V x A)]- V°(V x A)]} 

= V7(V x A) (37) 
V7(V-A)=V-[V(V-A)] 

=V:-[WA+V x (Vx A)] =V-(V7A) (38) 
V7[V x (V x A)] = V7[(V(V- A) — V7A] 


=V(V(V-A)]-V*A (39) 
V x [V7(V x A)] = V7[V(V-A)] — VA (40) 
ViA=-V7[V x (Vx A)] + V7[V(V-A)] 

=Vx{[V7(V x A)]-V7[V x (Vx A)]. (41) 
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Combination identities include 


Ax (VA) =1V(A-A)—(A-V)A (42) 
V x (@V¢) = V x (Vd) + (Vd) x (Vd) = 0 (48) 
(acmex ATHA’H (44) 
Vf-A=V-(fA)—f(V-A) (45) 
f(V-A)=V- (fA) —- AVF, (46) 


where (45) and (46) follow from divergence rule (2). 


see also CURL, DIVERGENCE, GRADIENT, LAPLACIAN, 
VECTOR INTEGRAL, VECTOR QUADRUPLE PRODUCT, 
VECTOR TRIPLE PRODUCT 
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Vector Direct Product 
Given VECTORS u and v, the vector direct product is 


uv =u®vi, 


where @ is the MATRIX DIRECT PRODUCT and v? is 
the matrix TRANSPOSE. For 3 x 3 vectors 


uv? U1U1  «—U1V2 0 « U1U3 
uv = ugve = | U2VU~ U2U2 U2U3 
u3v> U3U1 =U3U2 U3U3 


Note that if u = x;, then uj; = 6:3, where 6;; is the 
KRONECKER DELTA. 


see also MATRIX DIRECT PRODUCT, SHERMAN- 
MORRISON FORMULA, WOODBURY FORMULA 


Vector Division 

There is no unique solution A to the MATRIX equation 
y = Ax unless x is PARALLEL to y, in which case A is a 
SCALAR. Therefore, vector division is not defined. 


see also MATRIX, SCALAR 


Vector Field 
A Map f : R” +> R” which assigns each x a VECTOR 
FUNCTION f(x). FLOWS are generated by vector fields 
and vice versa. A vector field is a SECTION of its TAN- 
GENT BUNDLE. 


see also FLOW, SCALAR FIELD, SEIFERT CONJECTURE, 
TANGENT BUNDLE, VECTOR, WILSON PLUG 
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Vector Norm 


Vector Function 

A function of one or more variables whose RANGE is 
3-dimensional, as compared to a SCALAR FUNCTION, 
whose RANGE is 1-dimensional. 


see also COMPLEX FUNCTION, 
SCALAR FUNCTION 


REAL FUNCTION, 


Vector Harmonic 
see VECTOR SPHERICAL HARMONIC 


Vector Integral 
The following vector integrals are related to the CURL 
THEOREM. If 


F=cx P(z,y,z), (1) 
then 
[asxe= [(daxv) xP, (2) 
Cc s 
If 
F=cF, (3) 
then 


[Fass faax ve. (4) 


The following are related to the DIVERGENCE THEO- 
REM. If 


F=c x P(z,y,z), (5) 
then 
[vxra f axe. (6) 
Vv s 
Finally, if 
F=cF, (7) 
then 


[vrav = [ Fae (8) 


see also CURL THEOREM, DIVERGENCE THEOREM, 
GRADIENT THEOREM, GREEN’S FIRST IDENTITY, 
GREEN’S SECOND IDENTITY, LINE INTEGRAL, SURFACE 
INTEGRAL, VECTOR DERIVATIVE, VOLUME INTEGRAL 


Vector Norm 
Given an n-D VECTOR 


a vector norm ||x!| (sometimes written simply |x|) is a 
NONNEGATIVE number satisfying 


1. |{z|| > O when x 4 O and ||x|| = 0 IrFF x = 0, 
2. |{kx|| = [Kk] ||x|| for any SCALAR k, 
3. [Ix + yl] < |b<ll + Ilyll- 


Vector Ordering 


see also COMPATIBLE, MATRIX NORM, NATURAL 
Norm, NORM 
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Vector Ordering 

If the first NONZERO component of the vector difference 
A —B is > 0, then A > B. If the first NONZERO 
component of A — B is < 0, then A < B. 


see also PRECEDES, SUCCEEDS 


Vector Potential 
A function A such that 


B=VxA. 


The most common use of a vector potential is the rep- 
resentation of a magnetic field. If a VECTOR FIELD has 
zero DIVERGENCE, it may be represented by a vector 
potential. 


see also DIVERGENCE, HELMHOLTZ’S THEOREM, Po- 
TENTIAL FUNCTION, SOLENOIDAL FIELD, VECTOR 
FIELD 


Vector Quadruple Product 


(A x B):(C x D) =(A-C)(B-D) —(A-D)(B-C) 


(1) 
(A x B)? =(A x B)- (A xB) 
= (A-A)(B-B)-(A-B)(B- A) 
= A’B’ —-(A-B)’ (2) 
Ax (Bx(CxD)) = B(A-(C x D)) -—(A-B)(Cx D) 
(3) 


(A x B) x (C x D) =[A,B, D]C —[A, B, C]D 
=(CxD)x(Bx A)=[C,D,AJD-[C,D,BJA, (4) 


where [A,B,D] denotes the VECTOR TRIPLE PROD- 
ucT. Equation (1) is known as LAGRANGE’S IDENTITY. 


see also LAGRANGE’S IDENTITY, VECTOR TRIPLE 
PRODUCT 


Vector Space 

A vector space over R” is a set of VECTORS for which 
any VEcToRS X, Y, and Z € IR” and any SCALARS r, 
s € R have the following properties: 


1. COMMUTATIVITY: 
X+Y=Y++X. 
2. ASSOCIATIVITY of vector addition: 


(X+Y)+Z=X4+(V+4+2Z). 
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3. Additive identity: For all X, 
O04 X=-X+0=X. 


4. Existence of additive inverse: For any X, there exists 
a —X such that 


X+(-X)=0. 

5. ASSOCIATIVITY of scalar multiplication: 
r(sX) — (rs)X. 

6. DISTRIBUTIVITY of scalar sums: 


(r+s)K=rX+ sX. 


7. DISTRIBUTIVITY of vector sums: 


(X+¥)=rK+ry. 


8. Scalar multiplication identity: 


1X =X. 


An n-D vector space of characteristic two has 


Skin) = 0" —97)00? = 2) 302" 2") 


distinct SUBSPACES of DIMENSION k. 


A MODULE is abstractly similar to a vector space, but 
it uses a RING to define COEFFICIENTS instead of the 
FIELD used for vector spaces. MODULES have COEFFI- 
CIENTS in much more general algebraic objects. 

see also BANACH SPACE, FIELD, FUNCTION SPACE, 
HILBERT SPACE, INNER PRODUCT SPACE, MODULE, 
RING, TOPOLOGICAL VECTOR SPACE 
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Vector Spherical Harmonic 

The SPHERICAL HARMONICS can be generalized to vec- 
tor spherical harmonics by looking for a SCALAR FUNC- 
TION w and a constant VECTOR c such that 


M=V x (ew) = ¥(V xc) + (VY) xe 
= (Vy) xe=-exV,% (1) 


so 
V:-M=0. (2) 
Now use the vector identities 
VM = V?(V x M) = V x (VM) 
=Vx(V’ew) = V x (cV7v) (3) 
k?M = kV x (ew) = V x (cV"¥), (4) 
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so 
V?7M + k?M = V x [c(V7o + 7 y)], (5) 


and M satisfies the vector HELMHOLTZ DIFFERENTIAL 
EQUATION if w& satisfies the scalar HELMHOLTZ DIFFER- 
ENTIAL EQUATION 


Vuotky =0. (6) 


Construct another vector function 


VxM 
— (7) 


N 


which also satisfies the vector HELMHOLTZ DIFFEREN- 
TIAL EQUATION since 
2 1 ue 1 2 
VNS Vv (VxM)=;,Vx(Vv M) 


= iV x (-k?M) = —kV x M= —k°N, (8) 


which gives 
V*N+kK°N = 0. (9) 


We have the additional identity 
1 1 
VxN= RY *(VxM)= Viv M) 


_ loan, loa, —V?7M 
= -VM - 7VM= — 


= kM. (10) 


In this formalism, 7 is called the generating function and 
c is called the PILOT VECTOR. The choice of generating 
function is determined by the symmetry of the scalar 
equation, i.e., it is chosen to solve the desired scalar 
differential equation. If M is taken as 


M=V x (rv), (11) 


where r is the radius vector, then M is a solution to 
the vector wave equation in spherical coordinates. If we 
want vector solutions which are tangential to the radius 
vector, 


M-r=r-(V~xc)=(Ve)(e xr) =0, (12) 


sO 
cxr=0 (13) 


and we may take 
c=r (14) 


(Arfken 1985, pp. 707-711; Bohren and Huffman 1983, 
p. 88). 


Vector Transformation Law 


A number of conventions are in use. Hill (1954) defines 


oe +1 em. 1 OY; - 
VS Y; eee ee ee 
2410! (i+1)(2i+1) 06 
4+iM./(1+ 1)(21 + 1)sin bY," (15) 
i . 1 ay,” 2 
wr =,/——Y,"? + ———— — @ 
F +1! 1(2l+1) 00 
ie sn ys i (16) 
,/1(21 + 1)sin@ 
m= M___ym@ os EG 
Jl + 1) sin @ Wi+1) 00 
(17) 


Morse and Feshbach (1953) define vector harmonics 
called B, C, and P using rather complicated expres- 
sions. 
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Vector Transformation Law 
The set of n quantities v; are components of an n-D 


VECTOR v IFF, under ROTATION, 


' 
Uy = QijU; 


fori = 1, 2,..., n. The DIRECTION COSINES between 
x, and x; are 
ai; = On, a Ou; 
7 Oa; Ox,” 


They satisfy the orthogonality condition 


_. _ Ox; On; _ On; =5, 
QijQik = =, — Cjk; 


Ox, Ox, Oxy, 


where 6; is the KRONECKER DELTA. 
see also TENSOR, VECTOR 


Vector Triple Product 


Vector Triple Product 
The triple product can be written in terms of the LEVI- 
CIVITA SYMBOL €;;% as 

A- (Bx C) = 6j.A°B'C*. (1) 
The BAC-CAB RULE can be written in the form 


A x (B x C) = B(A.-C)-— C(A-B) (2) 
(A x B) x C=—C x (Ax B) 
= —-A(B-C)+ B(A-C). (3) 


Addition identities are 


A-(Bx C)=B-(C x A) =C-(A xB) (4) 
[A, B, C]D = [D, B, CJA + [A, D, C]B + [A, B, DIC 
(5) 
q:r q:r' q:r’ 
iaq.q |e yr )=|qi-r qi-r qr’ |. (6) 
q’ or q’ el q’ et 


see also BAC-CAB RULE, Cross PRODUCT, DOT 
PropuctT, LEvI-CIVITA SYMBOL, SCALAR TRIPLE 
PRODUCT, VECTOR QUADRUPLE PRODUCT 
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Vee 
The symbol V variously means “disjunction” (in LOGIC) 
or “join” (for a LATTICE). 


see also WEDGE 


- Velocity 


where r is the POSITION VECTOR and d/dt is the de- 
rivative with respect to time. Expressed in terms of the 
Arc LENGTH, 

_ ds 


v ’ 
dt 


where T is the unit TANGENT VECTOR, so the SPEED 
(which is the magnitude of the velocity) is 


see also ANGULAR VELOCITY, POSITION VECTOR, 
SPEED 


Veronese Surface 1907 


Venn Diagram 


(SZ) 


The simplest Venn diagram consists of three symmetri- 
cally placed mutually intersecting CIRCLES. It is used 
in Locic theory to represent collections of sets. The 
region of intersection of the three CIRCLES AN BNC, 
in the special case of the center of each being located at 
the intersection of the other two, is called a REULEAUX 
TRIANGLE. 


In general, an order n Venn diagram is a collection of n 
simple closed curves in the PLANE such that 


1. The curves partition the PLANE into 2” connected 
regions, and 

2. Each SuBSET S of {1, 2, ..., n} corresponds to a 
unique region formed by the intersection of the inte- 
riors of the curves in S (Ruskey). 


see also CIRCLE, FLOWER OF LIFE, LENS, MAGIC CIR- 
CLES, REULEAUX TRIANGLE, SEED OF LIFE 
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Verging Construction 
see NEUSIS CONSTRUCTION 


Verhulst Model 
see LOGISTIC MAP 


Veronese Surface 
A smooth 2-D surface given by embedding the PROJEC- 
TIVE PLANE into projective 5-space by the homogeneous 
parametric equations 


v(z,y, 2) = (2”, y", 27, zy, ez, yz). 


The surface can be projected smoothly into 4-space, but 
all 3-D projections have singularities (Coffman). The 
projections of these surfaces in 3-D are called STEINER 
SURFACES. The VOLUME of the Veronese surface is 27. 


see also STEINER SURFACE 
References 
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1908 Veronese Variety 


Veronese Variety 
see VERONESE SURFACE 


Versed Sine 
see VERSINE 


Versiera 
see WITCH OF AGNESI 


Versine 


vers(z) = 1—cosz, 


where cos z is the COSINE. Using a trigonometric iden- 
tity, the versine is equal to 


vers(z) = 2 sin?(4z). 


see also COSINE, COVERSINE, EXSECANT, HAVERSINE 
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p. 78, 1972. 


Vertex Angle 


vertex 


The point about which an ANGLE is measured is called 
the angle’s vertex, and the angle associated with a given 
vertex is called the vertex angle. 


see also ANGLE 


Vertex Coloring 

BRELAZ’S HEURISTIC ALGORITHM can be used to find 
a good, but not necessarily minimal, VERTEX coloring 
of a GRAPH. 


see also BRELAZ’S HEURISTIC ALGORITHM, COLORING 


Vertex Connectivity 
The minimum number of VERTICES whose deletion from 
a GRAPH disconnects it. 


see also EDGE CONNECTIVITY 


Vertex Cover 
see HITTING SET 


Vertex (Parabola) 


Vertex Degree 

The degree of a VERTEX of a GRAPH is the number of 
EDGES which touch the VERTEX, also called the LOCAL 
DEGREE. The VERTEX degree of a point A in a GRAPH, 
denoted p(A), satisfies 


S_ o( Ai) = 2B, 
i=l 


where F is the total number of EDGES. DIRECTED 
GRAPHS have two types of degrees, known as the IN- 
DEGREE and the OUTDEGREE. 


see also DIRECTED GRAPH, INDEGREE, LOCAL DE- 
GREE, OUTDEGREE 


Vertex Enumeration 
A CONVEX POLYHEDRON is defined as the set of solu- 
tions to a system of linear inequalities 


mx <b, 


where m is a REAL s xX d MATRIX and b is a REAL s- 
VECTOR. Given m and b, vertex enumeration is the 
determination of the polyhedron’s VERTICES. 


see also CONVEX POLYHEDRON, POLYHEDRON 
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Vertex Figure 

The line joining the MIDPOINTS of adjacent sides in a 
POLYGON is called the polygon’s vertex figure. For a 
regular n-gon with side length s, 


= scos|—]}. 
nm 
For a POLYHEDRON, the faces that join at a VERTEX 


form a solid angle whose section by the plane is the 
vertex figure. 


see also TRUNCATION 


Vertex (Graph) 

A point of a GRAPH, also called a NODE. 

see also EDGE (GRAPH), NULL GRAPH, TAIT COLOR- 
ING, TAIT CYCLE, TAIT’S HAMILTONIAN GRAPH CON- 
JECTURE, VERTEX (POLYGON) 


Vertex (Parabola) 

For a PARABOLA oriented vertically and opening up- 
wards, the vertex is the point where the curve reaches a 
minimum. 


Vertex (Polygon) 


Vertex (Polygon) 


vertex 


edge 


A point at which two EDGES of a POLYGON meet. 


see also PRINCIPAL VERTEX, VERTEX (GRAPH), VER- 
TEX (POLYHEDRON) 


Vertex (Polyhedron) 


A point at which three of more EDGES of a POLYHE- 
DRON meet. The concept can also be generalized to a 
POLYTOPE. 


see also VERTEX (GRAPH), VERTEX (POLYGON) 


Vertex (Polytope) 
The vertex of a POLYTOPE is a point where edges of the 
POLYTOPE meet. 


Vertical 
Oriented in an up-down position. 


see also HORIZONTAL 


Vertical-Horizontal Illusion 


The HORIZONTAL line segment in the above figure ap- 
pears to be shorter than the VERTICAL line segment, 
despite the fact that it has the same length. 


see also ILLUSION, MULLER-LYER ILLUSION, POGGEN- 
DORFF ILLUSION, PONZO’S ILLUSION 
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Vibration Problem 1909 


Vertical Perspective Projection 


A MAP PROJECTION given by the transformation equa- 
tions 
z = k' cosdsin(A — Xo) (1) 
y — k'[cos ¢1 sing — sing: cosdcos(A — Ao)], (2) 
where P is the distance of the point of perspective in 
units of SPHERE RADII and 


P-1 
P—cosc (3) 


cosc = sing: sing + cos ¢1 cos@cos(A — ro). (4) 


k= 
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Vertical Tangent 
A function f(x) has a vertical tangent line at xo if f is 
continuous at zo and 

lim f'(x) = too. 


Z—+rQ 


Vesica Piscis 
see LENS 


Vibration Problem 
Solution of a system of second-order homogeneous ordi- 
nary differential equations with constant COEFFICIENTS 
of the form 3 

d*x 

ae + Bx = 0, 
where B is a POSITIVE DEFINITE MATRIX. To solve the 
vibration problem, 


1. Solve the CHARACTERISTIC EQUATION of B to get 
EIGENVALUES Aq, .--, An. Define w; = VAj- 

2. Compute the corresponding EIGENVECTORS e},..., 
en. 

3. The normal modes of oscillation are given by x; = 
A; sin(ayt + aije1, ..., Xn = Ansin(wnt + anjen, 
where Ai, ..., An and a1, ..., Qn are arbitrary con- 


stants. 


4. The general solution is x = yey Xj. 


1910 Vickery Auction 


Vickery Auction 

An AUCTION in which the highest bidder wins but pays 
only the second-highest bid. This variation over the nor- 
mal bidding procedure is supposed to encourage bidders 
to bid the largest amount they are willing to pay. 


see also AUCTION 


Viergruppe 
The mathematical group Z4 @ Z4, also denoted D2. Its 
multiplication table is 


V3 |} V3 V2 WU Tf 
see also DIHEDRAL GROUP, FINITE GROUP—Z4 


Vieta’s Substitution 
The substitution of 
Pp 


Lr=w- > 
3w 


into the standard form CUBIC EQUATION 
z* + pr =4q, 


which reduces the cubic to a QUADRATIC EQUATION in 


w>, 
(w*)? — Fp*(w*) —q =0. 


see also CUBIC EQUATION 


Vigesimal 

The base-20 notational system for representing REAL 
NUMBERS. The digits used to represent numbers using 
vigesimal NOTATION are 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, 
C, D, E, F, G, H, I, and J. A base-20 number system was 
used by the Aztecs and Mayans. The Mayans compiled 
extensive observations of planetary positions in base-20 
notation. 


see also BASE (NUMBER), BINARY, DECIMAL, HEXA- 
DECIMAL, OCTAL, QUATERNARY, TERNARY 
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Vigintillion 
In the American system, 10%. 
see also LARGE NUMBER 


Villarceau Circles 

Given an arbitrary point on a TORUS, four CIRCLES can 
be drawn through it. The first is in the plane of the torus 
and the second is PERPENDICULAR to it. The third and 
fourth CIRCLES are called Villarceau circles. 


see also TORUS 


Visible Point 
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Vinculum 

A horizontal line placed above multiple quantities to 
indicate that they form a unit. It is most commonly 
used to denote ROOTS (12345 ) and repeating decimals 
(0.111). 


Vinogradov’s Theorem 
Every sufficiently large ODD number is a sum of three 
PRIMES. Proved in 1937. 


see also GOLDBACH CONJECTURE 


Virtual Group 
see GROUPOID 
Visibility 

see VISIBLE POINT 


Visible Point 
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Two LATTICE PoINTs (z,y) and (2’,y’) are mutually 
visible if the line segment joining them contains no fur- 
ther LATTICE POINTS. This corresponds to the require- 
ment that (x2’ — 2, y’ — y) = 1, where (m,n) denotes the 
GREATEST COMMON Divisor. The plots above show 
the first few points visible from the ORIGIN. 


If a LATTICE POINT is selected at random in 2-D, the 
probability that it is visible from the origin is 6/m?. This 
is also the probability that two INTEGERS picked at ran- 
dom are RELATIVELY PRIME. If a LATTICE POINT is 
picked at random in n-D, the probability that it is visible 


Visible Point Vector Identity 


from the ORIGIN is 1/¢(n), where ¢(n) is the RIEMANN 
ZETA FUNCTION. 


An invisible figure is a POLYGON all of whose corners are 
invisible. There are invisible sets of every finite shape. 
The lower left-hand corner of the invisible squares with 
smallest « coordinate of AREAS 2 and 3 are (14, 20) and 
(104, 6200). 


see also LATTICE POINT, ORCHARD VISIBILITY PROB- 
LEM, RIEMANN ZETA FUNCTION 
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Visible Point Vector Identity 
A set of identities involving n-D visible lattice points 
was discovered by Campbell (1994). Examples include 


Il (1 —yt2?) VP = 1 — zy) VO-) 
{a,b)=1 
a>0.b<1 


for |yz|,|z| < 1 and 


Il (es aty?ze) ie = qd oe z) /IG-2)0-y)] 


(a,b,ce)=1 
a,b>0,c<1 


for |xyz|, |rz|, lyz|, |2| < 1. 
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Vitali’s Convergence Theorem 

Let fn (z) be a sequence of functions, each regular in a 
region D, let |fn(z)| < M for every n and z in D, and let 
fn(z) tend to a limit as n > oo at a set of points having 
a Limit PornT inside D. Then f,(z) tends uniformly 
to a limit in any region bounded by a contour interior 
to D, the limit therefore being an analytic function of 
ze 


see also MONTEL’S THEOREM 
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Viviani’s Theorem 1911 


Viviani’s Curve 


The SPACE CURVE giving the intersection of the CYL- 
INDER 


(z—a)?+y? =a? (1) 


and the SPHERE 
ety +27 = 4. (2) 


It is given by the parametric equations 


zx =a(1+cost) (3) 
y =asint (4) 
z = 2asin($t). (5) 


The CURVATURE and TORSION are given by 


_ V13+3cost 
os ae a(3 + cos t)3/? (8) 
ie 6 cos($t) (7) 


a(13 + 3 cost)” 


see also CYLINDER, SPHERE, STEINMETZ SOLID 
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Viviani’s Theorem 

For a point P inside an EQUILATERAL TRIANGLE 
AABC, the sum of the perpendiculars p; from P to 
the sides of the TRIANGLE is equal to the ALTITUDE h. 
This result is simply proved as follows, 


AABC = APBC + APCA+ APAB. (1) 
With s the side length, 
ssh = $SDa + $SDb + + SDe, (2) 


so 
h=Dpa+ ppt De. (3) 


see also ALTITUDE, EQUILATERAL TRIANGLE 


1912 Vojta’s Conjecture 


Vojta’s Conjecture 

A conjecture which treats the heights of points relative 
to a canonical class of a curve defined over the INTE- 
GERS. 
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Volterra Integral Equation of the First Kind 
An INTEGRAL EQUATION of the form 


f(z) = i k(2, t) A(t) dt. 


see also FREDHOLM INTEGRAL EQUATION OF THE 
FIRST KIND, FREDHOLM INTEGRAL EQUATION OF THE 
SECOND KIND, INTEGRAL EQUATION, VOLTERRA IN- 
TEGRAL EQUATION OF THE SECOND KIND 
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Volterra Integral Equation of the Second 
Kind 
An INTEGRAL EQUATION of the form 


(x) = f(z) + fl k(a, t) A(t) dt. 


a 


see also FREDHOLM INTEGRAL EQUATION OF THE 
First KIND, FREDHOLM INTEGRAL EQUATION OF THE 
SECOND KIND, INTEGRAL EQUATION, VOLTERRA IN- 
TEGRAL EQUATION OF THE FIRST KIND 
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Volume 

The volume of a solid body is the amount of “space” it 
occupies. Volume has units of LENGTH cubed (i.e., cm*, 
m’, in®, etc.) For example, the volume of a box (RECT- 
ANGULAR PARALLELEPIPED) of LENGTH L, WIDTH W, 


and HEIGHT H is given by 
V=LxwWwsx H. 


The volume can also be computed for irregularly-shaped 
and curved solids such as the CYLINDER and CUBE. The 


Volume Element 


volume of a SURFACE OF REVOLUTION is particularly 
simple to compute due to its symmetry. 


The following table gives volumes for some common 
SURFACES. Here r denotes the Rapius, h the height, A 
the base AREA, and s the SLANT HEIGHT (Beyer 1987). 


Surface Vv 

cone anreh 

conical frustum g7h(Ri? + R27 + RiR2) 
cube ae 

cylinder nr?h 

ellipsoid $ mabe 

oblate spheroid $ma7b 

prolate spheroid 2 mrab” 
pyramid 3 Ah 
pyramidal frustum $h(A1 + A2+VAj1A2) 
sphere 4x8 
spherical sector 2nr?h 


spherical segment gah? r(3r —h) 
torus 2x? Rr? 


Even simple SURFACES can display surprisingly coun- 
terintuitive properties. For instance, the SURFACE OF 
REVOLUTION of y = 1/x around the z-axis for x > 1 
is called GABRIEL’S HORN, and has finite volume, but 
infinite SURFACE AREA. 


The generalization of volume to n DIMENSIONS for n > 4 
is known as CONTENT. 

see also ARC LENGTH, AREA, CONTENT, HEIGHT, 
LENGTH (SIZE), SURFACE AREA, SURFACE OF REVO- 
LUTION, VOLUME ELEMENT, WIDTH (SIZE) 
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Volume Element 

A volume element is the differential element dV whose 
VOLUME INTEGRAL over some range in a given coordi- 
nate system gives the VOLUME of a solid, 


va [ff aeayas (1) 


In IR”, the volume of the infinitesimal n-HyPERCUBF 
bounded by dai, ..., dt, has volume given by the 
WEDGE PRODUCT 


dV =dziA...ANdtn (2) 


(Gray 1993). 


The use of the antisymmetric WEDGE PRODUCT instead 
of the symmetric product dz;...dz, is a technical re- 
finement often omitted in informal usage. Dropping the 


Volume Integral 


wedges, the volume element for CURVILINEAR COORDI- 
NATES in R? is given by 


dV = |(hy ty dur) - (hatig duz) x (hgttz3dus)| (3) 
= Ayhohs dui duz duz (4) 
Or Or Or 
Fan . Fun x du du, duz du3 (5) 
ox Oe Ox 
Ouy, Gua us 
fd ou ay Bis dui du2 dug (6) 
Oz Oz Oz 
Buy Ou2 dug 
_ | Ox, y,2) 
= Du, a as) du; duz dus, (7) 


where the latter is the JACOBIAN and the h; are SCALE 
FACTORS. 


see also AREA ELEMENT, JACOBIAN, LINE ELEMENT, 
RIEMANNIAN METRIC, SCALE FACTOR, SURFACE IN- 
TEGRAL, VOLUME INTEGRAL 
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Volume Integral 
A triple integral over three coordinates giving the VOL- 
UME within some region R, 


va [ff asdyas 


see also INTEGRAL, LINE INTEGRAL, MULTIPLE INTE- 
GRAL, SURFACE INTEGRAL, VOLUME, VOLUME ELE- 
MENT 


von Aubel’s Theorem 


ee, 


Given an arbitrary QUADRILATERAL, place a SQUARE 
outwardly on each side, and connect the centers of op- 
posite SQUARES. Then the two lines are of equal length 
and cross at a RIGHT ANGLE. 


see also QUADRILATERAL, RIGHT ANGLE, SQUARE 
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von Staudt-Clausen Theorem 1913 


von Dyck’s Theorem 
Let a GROUP G have a presentation 


G = (a1,...,2n|r;(@1,---,2n),9 € J) 


so that G = F/R, where F is the FREE GROUP with ba- 
sis {71,...,2n} and R is the NORMAL SUBGROUP gen- 
erated by the r;. If H isa GROUP with H = (y1,...,yn) 
and if r;(y1,-.-, Yn) = 1 for all 7, then there is a surjec- 
tive homomorphism G — H with x; +> y; for all z. 


see also FREE GROUP, NORMAL SUBGROUP 
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von Mangoldt Function 
see MANGOLDT FUNCTION 


von Neumann Algebra 

A Group “with bells and whistles.” It was while study- 
ing von Neumann algebras that Jones discovered the 
amazing and highly unexpected connections with KNOT 
THEORY which led to the formulation of the JONES 
POLYNOMIAL. 
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von Staudt-Clausen Theorem 


where 52, is a BERNOULLI NUMBER, A, is an INTEGER, 
and the pxs are the PRIMES satisfying p, — 1|2k. For 
example, for k = 1, the primes included in the sum are 
2 and 3, since (2—1)|2 and (3—1)|2. Similarly, for k = 6, 
the included primes are (2, 3, 5, 7, 13), since (1, 2, 3, 
6, 12) divide 12 = 2-6. The first few values of An for 
n= 1, 2,... are 1,1, 1,1, 1, 1, 2, —6, 56, ~528, ... 
(Sloane’s A000164). 


The theorem was rediscovered by Ramanujan (Hardy 
1959, p. 11) and can be proved using p-ADIC NUMBERS. 


see also BERNOULLI NUMBER, p-ADIC NUMBER 
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1914 von Staudt Theorem 


von Staudt Theorem 
see VON STAUDT-CLAUSEN THEOREM 


Voronoi Cell 
The generalization of a VORONOI POLYGON to n-D, for 
n> 2. 


Voronoi Diagram 


The partitioning of a plane with n points into n con- 
vex POLYGONS such that each POLYGON contains ex- 
actly one point and every point in a given POLYGON is 
closer to its central point than to any other. A Voronoi 
diagram is sometimes also known as a DIRICHLET TES- 
SELLATION. The cells are called DIRICHLET REGIONS, 
THIESSEN POLYTOPES, or VORONOI POLYGONS. 


see also DELAUNAY TRIANGULATION, MEDIAL AXIS, 
VORONOL POLYGON 
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Voronoi Polygon 

A POLYGON whose interior consists of all points in the 
plane which are closer to a particular LATTICE POINT 
than to any other. The generalization to n-D is called a 
DIRICHLET REGION, THIESSEN POLYTOPE, or VORONOI 
CELL. 


Voting 

It is possible to conduct a secret ballot even if the 
votes are sent in to a central polling station (Lipton 
and Widgerson, Honsberger 1985). 


see also ARROW’S PARADOX, BALLOT PROBLEM, 
May’s THEOREM, QUOTA SYSTEM, SOCIAL CHOICE 
THEORY 
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Vulgar Series 


VR Number 
A “visual representation” number which is a sum of 
some simple function of its digits. For example, 


1233 = 12? + 33? 


2661653 = 16537 — 2667 
221859 = 22° + 18° + 59° 
40585 + 4!+ 0!4+5!+8!+5! 
148349 =!114144184134!4419 
4913 = (4+94+1+3)° 
are all VR numbers given by Madachy (1979). 
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Vulgar Series 
see FAREY SERIES 


W2-Constant 


W 


W2-Constant 
We. = 1.529954037.... 
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W-Function 
see LAMBERT’S W-FUNCTION 


Wada Basin 

A BASIN OF ATTRACTION in which every point on the 
common boundary of that basin and another basin is 
also a boundary of a third basin. In other words, no 
matter how closely a boundary point is zoomed into, all 
three basins appear in the picture. 


see also BASIN OF ATTRACTION 
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Walk 

A sequence of VERTICES and EDGEs such that the VER- 
TICES and EDGES are adjacent. A walk is therefore 
equivalent to a graph CYCLE, but with the VERTICES 
along the walk enumerated as well as the EDGES. 


see also CIRCUIT, CYCLE (GRAPH), PATH, RANDOM 
WALK 


Wallace-Bolyai-Gerwein Theorem 

Two POLYGONS are congruent by DISSECTION IFF they 
have the same AREA. In particular, any POLYGON is 
congruent by DISSECTION to a SQUARE of the same 
AREA. Laczkovich (1988) also proved that a CIRCLE 
is congruent by DISSECTION to a SQUARE (furthermore, 
the DISSECTION can be accomplished using TRANSLA- 
TIONS only). 


see also DISSECTION 
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Wallace-Simson Line 
see SIMSON LINE 


Wallis Formula 1915 


Wallis’s Conical Edge 


SY 


Ni AOS 


) 
i 


The RIGHT CONOID surface given by the parametric 
equations 


z(u,v) = vcosu 


y(u,v) = vsinu 


z(u,v) = crv/a? — b? cos? u. 


see also RIGHT CONOID 
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Wallis Cosine Formula 


n/2 aw 1-3-5-+(n—1) is 
cos” xdz = guys for n = 2, 4,... 
2:4-6---(n—1) f —~35 
9 “T3512 Or n= 35, 9,...-- 


see also WALLIS FORMULA, WALLIS SINE FORMULA 
Wallis Formula 


The Wallis formula follows from the INFINITE PRODUCT 
representation of the SINE 


sine = 2] (1- 3). (1) 


so 


7 TT (2n)? _ 2-24-46-6 


=1 
=a 


1916 Wallis’s Problem 


A derivation due to Y. L. Yung uses the RIEMANN ZETA 
FUNCTION. Define 


F(s) = —Li,(-1) = 5° —s 
= (1 — 2'7*)¢(s) (4) 
F'(s) = Ss a (5) 


s0 


F'(0) = S0(-1)"Inn= —Inl+In2-—I1n3+... 


win (E40), (6) 


Taking the derivative of the zeta function expression 
gives 


Z (1-2) (8) = 24 "(in 2)6(8) + (1=2"-*)6"(8) (1) 


[a-2-(s)] = -m2-¢'0) 


= =1n2+ $1n(2n) =n (4 ) = n ( =). (8) 


Equating and squaring then gives the Wallis formula, 
which can also be expressed 


’ 2 
: = james ey (9) 


The g-ANALOG of the Wallis formula for g = 2 is 


IIc —q_ *)~1 = 3.4627466194... (10) 


k=1 


(Finch). 
see also WALLIS COSINE FORMULA, WALLIS SINE FoR- 
MULA 
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Wallis’s Problem 
Find solutions to a(x?) = o(y*) other than (z,y) = 
(4,5), where o is the DIVISOR FUNCTION. 


see also FERMAT’S SIGMA PROBLEM 


Walsh Function 


Wallis Sieve 
A compact set W.. with AREA 


_82448 if 
4 


W(Weo) = 9 35 Gg 


created by punching a square hole of length 1/3 in the 
center of a square. In each of the eight squares remain- 
ing, punch out another hole of length 1/(3-5), and so 


on. 


Wallis Sine Formula 


n/2 mw 1:3-5+-(n—1) 
+n — J 2 246--n 
/ sin” edz = Dadian 1) 
0 isbn 


1-3-5---n 


forn = 2, 4,... 
for n = 3, 5,.... 


see also WALLIS COSINE FORMULA, WALLIS FORMULA 


Wallpaper Groups 

The 17 PLANE SYMMETRY GROUPS. Their symbols are 
pl, p2, pm, pg, cm, pmm, pmg, pgg, cmm, p4, p4m, 
p4g, p3, p3lm, p3m1, p6, and p6m. For a description 
of the symmetry elements present in each space group, 
see Coxeter (1969, p. 413). 
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Walsh Function 

Functions consisting of a number of fixed-amplitude 
square pulses interposed with zeros. Following Harmuth 
(1969), designate those with EVEN symmetry Cal(k, ¢) 
and those with ODD symmetry Sal{k,t). Define the SE- 
QUENCY k as half the number of zero crossings in the 
time base. Walsh functions with nonidentical SEQUEN- 
CIES are ORTHOGONAL, as are the functions Cal(k, t) 
and Sal(k,t). The product of two Walsh functions is 
also a Walsh function. The Walsh functions 


_ J Cal(k/2, €) for k = 0, 2, 4,... 
Hee Oe eae 4 Ay ael fork 1, 4, B40 0, 


The Walsh functions Cal(k,t) fork =0,1,...,n/2-—1 
and Sal(k,t) fork = 1, 2,..., /2 are given by the rows 
of the HADAMARD MATRIX H,. 


see also HADAMARD MATRIX, SEQUENCY 


Walsh Index 
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Walsh Index 
The statistical INDEX 


Ace >. V409n Pn 
~ > Vn Po ; 


where p, is the price per unit in period n and gq, is the 
quantity produced in period n. 


see also INDEX 
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Wang’s Conjecture 

Wang’s conjecture states that if a set of tiles can tile 
the plane, then they can always be arranged to do so 
periodically (Wang 1961). The CONJECTURE was re- 
futed when Berger (1966) showed that an aperiodic set 
of tiles existed. Berger used 20,426 tiles, but the number 
has subsequently been greatly reduced. 


see also TILING 
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Ward’s Primality Test 

Let N be an ODD INTEGER, and assume there exists 
a LUCAS SEQUENCE {U,} with associated SYLVESTER 
CYCLOTOMIC NUMBERS {@Q,} such that there is an n > 
VN (with n and N RELATIVELY PRIME) for which N 
DIVIDES Qn. Then N is a PRIME unless it has one of 
the following two forms: 


1. N= (n-1)’, with n—1 PRIME and n > 4, or 


Waring’s Problem 1917 


2. N =n? —1, with n—1 and n+1 PRIME. 


see also LUCAS SEQUENCE, SYLVESTER CYCLOTOMIC 
NUMBER 
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Waring’s Conjecture 


see WARING’S PRIME CONJECTURE, WARING’S SUM 
CONJECTURE 


Waring Formula 


[n/2} 
A"+B" = ay ("7") AB)3(A+B)"~?3, 
DV (0; ) 4ABY (4+ 8) 


j=0 


where |z]| is the FLOOR FUNCTION and (7) is a BINO- 
MIAL COEFFICIENT. 


see also FERMAT’S LAST THEOREM 


Waring’s Prime Conjecture 
Every ODD INTEGER is a PRIME or the sum of three 
PRIMES. 


Waring’s Problem 

Waring proposed a generalization of LAGRANGE’S 
FOUR-SQUARE THEOREM, stating that every RaATIO- 
NAL INTEGER is the sum of a fixed number g(n) of nth 
POWERS of INTEGERS, where n is any given POSITIVE 
INTEGER and g(n) depends only on n. Waring origi- 
nally speculated that g(2) = 4, 9(3) = 9, and 9(4) = 19. 
In 1909, Hilbert proved the general conjecture using an 
identity in 25-fold multiple integrals (Rademacher and 
Toeplitz 1957, pp. 52-61). 


In LAGRANGE’S FOUR-SQUARE THEOREM, Lagrange 
proved that g(2) = 4, where 4 may be reduced to 3 
except for numbers of the form 4"(8k + 7) (as proved 
by Legendre). In the early twentieth century, Dickson, 
Pillai, and Niven proved that g(3) = 9. Hilbert, Hardy, 
and Vinogradov proved g{4) < 21, and this was sub- 
sequently reduced to g(4) = 19 by Balasubramanian 
et al. (1986). Liouville proved (using LAGRANGE’S 
FOUR-SQUARE THEOREM and LIOUVILLE POLYNOMIAL 
IDENTITY) that g(5) < 53, and this was improved to 
47, 45, 41, 39, 38, and finally g(5) < 37 by Wieferich. 
See Rademacher and Toeplitz (1957, p. 56) for a simple 
proof. J.-J. Chen (1964) proved that g(5) = 37. 


Dickson, Pillai, and Niven also conjectured an explicit 
formula for g{s) for s > 6 (Bell 1945), based on the 
relationship 


1918 Waring’s Problem 


If the DIOPHANTINE (i.e., n is restricted to being an 
INTEGER) inequality 


iG) }st- Ga) ) 


is true, then 


g(n) = 2" + (GS) | — 2. (3) 


This was given as a lower bound by Euler, and has been 
verified to be correct for 6 < n < 200,000. Since 1957, 
it has been known that at most a FINITE number of k 
exceed Euler’s lower bound. 


There is also a related problem of finding the least IN- 
TEGER n such that every POSITIVE INTEGER beyond a 
certain point (i.e., all but a FINITE number) is the Sum 
of G(n) nth Powers. From 1920-1928, Hardy and Lit- 
tlewood showed that 


G(n) < (n— 2277" +5 (4) 
and conjectured that 


2k+1 for k not a power of 2 . 
Gus 4k for k a power of 2. 3) 
The best currently known bound is 

G(k) < cklInk (6) 


for some constant c. Heilbronn (1936) improved Vino- 
gradov’s results to obtain 


G(n) < 6nInn + [4+amn(3+=)|n+3. (7) 


It has long been known that G(2) = 4. Dickson and 
Landau proved that the only INTEGERS requiring nine 
CUBES are 23 and 239, thus establishing G(3) < 8. 
Wieferich proved that only 15 INTEGERS require eight 
CuBES: 15, 22, 50, 114, 167, 175, 186, 212, 213, 238, 
303, 364, 420, 428, and 454, establishing G(3) < 7. The 
largest number known requiring seven CUBES is 8042. 
In 1933, Hardy and Littlewood showed that G(4) < 19, 
but this was improved in 1936 to 16 or 17, and shown to 
be exactly 16 by Davenport (1939b). Vaughan (1986) 
greatly improved on the method of Hardy and Little- 
wood, obtaining improved results for n > 5. These 
results were then further improved by Briidern (1990), 
who gave G(5) < 18, and Wooley (1992), who gave G(n) 
for n = 6 to 20. Vaughan and Wooley (1993) showed 
G(8) < 42. 


Let Gt (n) denote the smallest number such that almost 
all sufficiently large INTEGERS are the sum of Gt(n) 
nth Powers. Then Gt(3) = 4 (Davenport 1939a), 
Gt (4) = 15 (Hardy and Littlewood 1925), G*(8) = 32 
(Vaughan 1986), and G*(16) = 64 (Wooley 1992). If 


Waring’s Problem 


the negatives of POWERS are permitted in addition to 
the powers themselves, the largest number of nth Pow- 
ERS needed to represent an aribtrary integer are denoted 
eg(n) and EG(n) (Wright 1934, Hunter 1941, Gardner 
1986). In general, these values are much harder to cal- 
culate than are g(n) and G(n). 


The following table gives g(n), G(n), Gt (n), eg(n), and 
EG(n) for n < 20. The sequence of g(r) is Sloane’s 
A002804. 


[nr g(r) | G(r) [G*(n) | eg(n) | EG(n) 
2 4 4 3 3 
3 9| <7 <4] [4,5] 

4 19 16 | <15 | (9, 10] 
5 37 | <18 
6 13) |\ S2t 
7 143 | < 36 
8 279 | <42| <32 
9 548 | <55 
10 1079 | <63 
11 2132 | < 70 
12 4223 | <79 
13 8384 | < 87 
14] 16673 | <95 
15 | 33203 | < 103 
16 | 66190 |<112 | <64 
17 | 132055 | < 120 
18 | 263619 | < 129 
19 | 526502 | < 138 
1051899 | < 146 


see also EULER’S CONJECTURE, SCHNIRELMANN’S THE- 
OREM, VINOGRADOV’S THEOREM 
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Waring’s Sum Conjecture 
see WARING’S PROBLEM 


Waring’s Theorem 

If each of two curves meets the LINE AT INFINITY in 
distinct, nonsingular points, and if all their intersections 
are finite, then if to each common point there is attached 
a weight cqual to the number of intersections absorbed 
therein, the CENTER OF MASS of these points is the 
center of gravity of the intersections of the asymptotes. 
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Watchman Theorem 
see ART GALLERY THEOREM 


Watson’s Formula 

Let J.(z) be a BESSEL FUNCTION OF THE FIRST KIND, 
Y_(z) a BESSEL FUNCTION OF THE SECOND KIND, and 
K.(z) a MODIFIED BESSEL FUNCTION OF THE FIRST 
KinpD. Also let R[z] > 0 and require Rip —v] <1. Then 


Ju (z)¥u(z) — Jv(z)¥u(z) 


4 : 32! oo 
= ssnliy =n) f Kyau22 sinh tye “rve dt. 
1 
0 


The fourth edition of Gradshteyn and Ryzhik (1979), 
Iyanaga and Kawada (1980), and Ito (1987) erroneously 
give the exponential with a PLus SIGN. A related inte- 
gral is given by 


AF(z) 
Ov 


4 f° . 
=-- i Ko(2z sinh t)e 74 dt 
W Jo 


OY. {z) 


Jule) Ov 


~ ¥,(z) 


for R[z] > 0. 
see also DIXON-FFRRAR. FORMULA, NICHOLSON’S FOR- 
MULA 


Watt’s Curve 1919 
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Watson-Nicholson Formula 
Let HM be a HANKEL FUNCTION OF THE FIRST or 
SECOND KIND, let z,v > 0, and define 


Then 


H (x) = 373? w exp{(—1)'* a[r/6 + v(w — 1y% 


— tan* w))}H{),(Zvw) + Oly". 
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Watson Quintuple Product Identity 
see QUINTUPLE PRODUCT IDENTITY 


Watson’s Theorem 


a,b,e¢ 
3F Piece 
L(4)04G +ol[kQ+a4+)0(3 -— fa- fb+c) 


~ TE + a)E [i + PG — da +o — fb +e)’ 


where 3F2(a, b,c; d,¢;z) is a GENERALIZED HYPERCEO- 
METRIC FUNCTION and T(z) is the GAMMA FUNCTION. 


Watt’s Curve 


Lae 
A curve named after James Watt (1736-1819), the Scot- 
tish engineer who developed the steam engine (MacTu- 
tor Archive). The curve is produced by a LINKAGE of 


1920 Watt’s Parallelogram 


rods connecting two wheels of equal diameter. Let the 
two wheels have RabDius 6 and let their centers be lo- 
cated a distance 2a apart. Further suppose that a rod 
of length 2c is fixed at each end to the CIRCUMFERENCE 
of the two wheels. Let P be the MIDPOINT of the rod. 
Then Watt’s curve C is the Locus of P. 


The POLAR equation of Watt’s curve is 


r? = 0b — (asinO + \/c? — a? cos? 6)’. 


If a= c, then C is a CIRCLE of RADIUS 6 with a figure 
of eight inside it. 
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Watt’s Parallelogram 

A LINKAGE used in the original steam engine to turn 
back-and-forth motion into approximately straight-line 
motion. 


see also LINKAGE 
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Wave 


A 4-POLYHEX. 
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Wave Equation 
The wave equation is 
2, 1 Op 
where V? is the LAPLACIAN. 
The 1-D wave equation is 
eo 1 @ 
ya act (2) 
Ox? vu? Ot? 


In order to specify a wave, the equation is subject to 
boundary conditions 


y(0,t) =90 (3) 


Wave Equation 


w(L, t) = 0, (4) 

and initial conditions 
¥(z,0) = f(z) (5) 
SE (#0) = ofc). (6) 


The wave equation can be solved using the so-called 
d’Alembert’s solution, a FOURIER TRANSFORM method, 
or SEPARATION OF VARIABLES. 


d’Alembert devised his solution in 1746, and Euler sub- 
sequently expanded the method in 1748. Let 


€=2—-at (7) 
n=x+at. (8) 
By the CHAIN RULE, 
ay Aa Py Ap 
da? ~ a2 * *€0n * On (9) 
10°y oy ey ay 
oF OF ~ BE? "BEB On?’ 
The wave equation then becomes 
ay _ 
Dean ~ 0. (11) 


Any solution of this equation is of the form 


w(E,n) = f(n) + 9(€) = f(t vt) + g(x — vt), (12) 


where f and g are any functions. They represent two 
waveforms traveling in opposite directions, f in the 
NEGATIVE z direction and g in the POSITIVE x direc- 
tion. 


The 1-D wave equation can also be solved by applying 
a FOURIER TRANSFORM to each side, 


[ O(a, t) .-2mikz dx 


Ox? 
1 = 0? (a, t) —2rike 
v? / 8t? e dz, (13) 


oo 


which is given, with the help of the FOURIER TRANS- 
FORM DERIVATIVE identity, by 


1 #P¥(k,t) 


+7,\2 
(27ik) W(k, t) = ve ae” 


(14) 
where 


U(k,t) = F[(a, t)] = ie (a, t)e"?"*** dx. (15) 


Wave Equation 


This has solution 
U(k, t) = A(k)e?7**?* Ee Bike. (16) 


Taking the inverse FOURIER TRANSFORM gives 
w(x, t) = / W(k, the?"*** dx 


= a ” Layee" 


ae Bikje tr er re" dk 


oS : 
2. i Alhje There!) dk 


a ‘| B(k)e~27#*(e+##) dk 


co 


= file —vt)+0(k) fale +t), (17) 


where 


fi(u) = F[A(k)] = 7 A(k)e?"**" dk (18) 


fo(u) = F[B(k)] = i B(k)e?™**™ dk. (19) 


This solution is still subject to all other initial and 
boundary conditions. 


The 1-D wave equation can be solved by SEPARATION 
OF VARIABLES using a trial solution 


w(x, t) = X(x)T(t). (20) 
This gives 
@X 12,aT 
a ~~ ap (21) 
1 dX 1l1idTvT 3 
= =o = : 2 
X dx? wT dt? e G2) 


So the solution for X is 
X (x) = Ccos(kx) + Dsin(ka). (23) 
Rewriting (22) gives 


ie oe 


272 _ 2 
Fer ee Sw (24) 

so the solution for T is 
T(t) = Ecos(wt) + F sin(wt), (25) 


where v = w/k. Applying the boundary conditions 
w(0,t) = w(L,t) — 0 to (23) gives 


c=0 kL = maz, (26) 
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where m is an INTEGER. Plugging (23), (25) and (26) 
back in for # in (21) gives, for a particular value of m, 


tm (2, t) = [Em sin(wmt) + Fin cos(Wmt)|Dm sin (™=*) 


= [Am cos(wmt) + Bm sin(wmt)] sin (=) : 


L 
(27) 


The initial condition ob(x, 0) = 0 then gives B,, = 0, so 
(27) becomes 


bm (az, t) = Am cos(wmt) sin (™) 


(28) 


The general solution is a sum over all possible values of 
m, SO 


Mr ) 


a(a,t) = 3 Am COS(Wmt) sin ("= (29) 
m=1 


Using ORTHOGONALITY of sines again, 


L 
[ sin (=) sin (“) dx = $L5im, (30) 


where dim is the KRONECKER DELTA defined by 


_fil m=n 
bmn = { 6 mén’ (31) 


gives 


7. (a, 0) sin (™) dz 


so we have 


L 
Bd ae (a, 0) sin (“) dz. (33) 


The computation of Ams for specific initial distortions 
is derived in the FOURIER SINE SERIES section. We 
already have found that Bm = 0, so the equation of 
motion for the string (29), with 


Wm =vkm = Ad (34) 


is 
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where the A,, COEFFICIENTS are given by (33). 


A damped 1-D wave 


ey 10°p  , dy 
da? v2 oe toe” 136) 


given boundary conditions 


w(0,t) =0 (37) 
w(L,t) =0, (38) 
initial conditions 
w(zx,0) = f(x) (39) 
2 (#,0) = 9(2) (40) 
and the additional constraint 
27 
—_ 41 
0O<b< To’ (41) 
can also be solved as a FOURIER SERIES. 
w(z, t) 
= So sin (“) en? b/g, sin(jnt) + bn cos(jint)], 
nol 
(42) 
where 
_ V4u?ntn? — b?L2ut uv 4n? a? — b?L2v? (43) 
o> aL as aL 
2 : nx 
ba = oh. sin (=) f(a) de (44) 
L 2 
an = Ln if sin (=) te) + re) dz. 
(45) 


To find the motion of a rectangular membrane with sides 
of length L, and Ly, (in the absence of gravity), use the 
2-D wave equation 

1 82 


= v2 Of?” (46) 


Oz dz 
Ox? — Oy? 


where z(z,y,t) is the vertical displacement of a point _ 


on the membrane at position (z,y) and time ¢. Use 
SEPARATION OF VARIABLES to look for solutions of the 
form 


z(x,y, t) = X(x)¥(y)T@). (47) 
Plugging (47) into (46) gives 


Wave Equation 


where the partial derivatives have now become complete 
derivatives. Multiplying (48) by v?/XYT gives 
way Lee 
Y dy? T dt?’ 


v? dx 
X dx? 


(49) 


The left and right sides must both be equal to a con- 
stant, so we can separate the equation by writing the 
right side as 


1 aT 4 
Tae =! om) 
This has solution 
T(t) = C., cos(wt) + Du sin(wt). (51) 


Plugging (50) back into (49), 


2 32 2 92 
vid X vu d°Y 2 
X dx? Yd ~? (52) 
which we can rewrite as 
Baek! ey i? (53) 
X dx? Ydy2 vw 


since the left and right sides again must both be equal to 
a constant. We can now separate out the Y(y) equation 


‘2 Gy es 
2 


Yaz o ke? = he, (54) 
where we have defined a new constant ky satisfying 
2 2 Ww 
ke? + hy? =. (55) 
Equations (53) and (54) have solutions 
X(x) = Ecos(kzz) + F'sin(kz2) (56) 


Y(y) = Gcos(kyy) + H sin(kyy). (57) 


We now apply the boundary conditions to (56) and (57). 
The conditions z(0, y,t) = 0 and z(z,0,t) = 0 mean that 


E=0 G=0. (58) 


Similarly, the conditions z(Lz,y,t) = 0 and z(az, Ly,t) = 
0 give sin(k,z Lz) = 0 and sin(k,L,) = 0, so Lak, = pr 
and Lyk, = qx, where p and q are INTEGERS. Solving 
for the allowed values of kz and k, then gives 


ke = B® 


qr 
° ky = =. (59) 


Plugging (52), (56), (57), (58), and (59) back into (22) 
gives the solution for particular values of p and q, 


Zpq(x,y,t) = [C., cos(wt) + D., sin(wt)] 


« [Fosin (FFE)] [atgsin (B2)]. (00 


Wave Equation 


Lumping the constants together by writing Apg = 
C.F, HH, (we can do this since w is a function of p and 
q, so C., can be written as C,,) and Bp, = D.,FpHq, we 
obtain 


Zpq(Z,Y,t) = [Apq cos(Wpgt) + Bpg sin(wpgt)] 
: Pre ; qry 
x sin ( L, ) sin (F¥), (61) 


Plots of the spatial part for modes (1, 1), (1, 2), (2, 1), 
and (2, 2) follow. 


Oi 

SAT apr, 

ee, HESS 
B» 
LZ 


The general solution is a sum over all possible values of 
p and gq, so the final solution is 


2(2,y,t) = > S "(Ara cos(Wpqt) + Bpq sin(wpgt)] 
p=1l q=1 


~ (prc) .. qry 
x sin ( - ) ain (2 I (62) 


where w is defined by combining (55) and (59) to yield 
p\* a)" 
Wpq = TV (4) + (4) : (63) 


Given the initial conditions z(z,y,0) and oz (x, y,0), we 
can compute the Ap,s and Bpgs explicitly. To accom- 
plish this, we make use of the orthogonality of the SINE 
function in the form 


L 
I =[ ain (=) sin (=) dx =1L5mn, (64) 


where dmn is the KRONECKER DELTA. This can be 
demonstrated by direct INTEGRATION. Let u = nma/L 
so du = (a/L) dz in (64), then 


L oy. 
I= =f sin(mu) sin(nu) du. (65) 
0 
Now use the trigonometric identity 
sinasin§ = }[cos(a — 8) — cos(a + £)| (66) 


to write 


I= = a cos[(m — n)u] du + We cos[(m + n)u] du. 
(67) 
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Note that for an INTEGER | ¥ 0, the following INTEGRAL 
vanishes 


fe cos(lu) du = 1 sin(Iu)|q = 7 [sin(In) — sin 0] 


(68) 
since sin(Ix) = 0 when / is an INTEGER. Therefore, 


I=0 whenl=m-—n#0. However, I does not vanish 
when 1 = 0, since 


[fF s(0-w) du = iy du =m. (69) 
0 ) 


We therefore have that I = Lémn/2, so we have derived 
(64). Now we multiply z(x,y,0) by two sine terms and 
integrate between 0 and Lz and between 0 and L,, 


I= he is z(x,y, 0) sin (=) az| 


Now plug in z(z,y,t), set £ = 0, and prime the indices 
to distinguish them from the p and q in (70), 


foe} Ly oo Lz / 
_ (prz\ . {pre 
r=) ih 3 Ave [ an (72) sin (22) a 
p'=1 


g’=1 


_ (any\ . (any 
x sin ( L, ) sin ( i ) dy. (71) 


Making use of (64) in (71), 
fore) Ly © 
Le 
t=O [OS Ane Fhe 
q’=1"0 


p'=1 
i 
aii (2) sin (") dy, (72) 


so the sums over p’ and q’ collapse to a single term 


oO 
Le L, LoL 
T= - >, Apa! > Sa.a! = 7 Apa: (73) 
q= 


Equating (72) and (73) and solving for Ap, then gives 


yen a oy o)sin (FE) a 
a halyy e f : 2(z, y, 0) sin | xe 


x sin (#2) dy. (74) 


y 
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An analogous derivation gives the By,s as 


4 ty Pe Oz _ (pre 
Clay i. |/ Beery 0) sin (=) as) 


x sin (<2) dy. (75) 


¥y 


Boq = 


The equation of motion for a membrane shaped as a 
RIGHT ISOSCELES TRIANGLE of length c on a side and 
with the sides oriented along the POSITIVE x and y axes 
is given by 


w(x, y,t) = [Cpq cos(wygt) + Dpg sin(wpgt)] 


x [sin (=) sin a) — sin (=) sin (=) ; 
Cc c Cc c 


(76) 


where — 

Wpq = —— VPP + @? (77) 
and p, g INTEGERS with p > q. This solution can be 
obtained by subtracting two wave solutions for a square 
membrane with the indices reversed. Since points on 
the diagonal which are equidistant from the center must 
have the same wave equation solution (by symmetry), 
this procedure gives a wavefunction which will vanish 
along the diagonal as long as p and q are both EVEN or 
Opp. We must further restrict the modes since those 
with p < q give wavefunctions which are just the NEG- 
ATIVE of (q,p) and (p,p) give an identically zero wave- 
function. The following plots show (3, 1), (4, 2), (5, 1), 
and (5,3). 
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Wave Operator 
An OPERATOR relating the asymptotic state of a Dy- 
NAMICAL SYSTEM governed by the Schr6édinger equation 


_d 
i Sv) = v(t) 


to its original asymptotic state. 
see also SCATTERING OPERATOR 


Wavelet 


Wave Surface 
A SURFACE represented parametrically by ELLIPTIC 
FUNCTIONS. 


Wavelet 

Wavelets are a class of a functions used to localize a 
given function in both space and scaling. A family of 
wavelets can be constructed from a function w(x), some- 
times known as a “mother wavelet,” which is confined in 
a finite interval. “Daughter wavelets” (x) are then 
formed by translation (b) and contraction (a). Wavelets 
are especially useful for compressing image data, since a 
WAVELET TRANSFORM has properties which are in some 
ways superior to a conventional FOURIER TRANSFORM. 


An individual wavelet can be defined by 


vo x) = al 2p (2). (1) 


Then 
wolNlar)= ef sow (%*) a, @ 
—0o 
and CALDERON’S FORMULA gives 


pay-off (fo) (za? dadb. (3) 


A common type of wavelet is defined using HAAR FUNC- 
TIONS. 


see also FOURIER TRANSFORM, HAAR FUNCTION, 
LEMARIEB’S WAVELET, WAVELET TRANSFORM 
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Wavelet Matrix 

A MATRIX composed of HAAR FUNCTIONS which is used 
in the WAVELET TRANSFORM. The fourth-order wavelet 
matrix is given by 


1 1 #1 =« 0 
1 1 -1 =O 
a ee 
1-1 0 =-1l 
ae de) 1 
_ fi. -1 1 
= 1 1 1 
1 -1 0 
1 1 
gg en el 


A wavelet matrix can be computed in O(n) steps, com- 
pared to O(nlg2) for the FouRIER MATRIX. 


see also FOURIER MATRIX, WAVELET, WAVELET 
TRANSFORM 


Wavelet Transform 

A transform which localizes a function both in space 
and scaling and has some desirable properties compared 
to the FOURIER TRANSFORM. The transform is based 
on a WAVELET MATRIX, which can be computed more 
quickly than the analogous FOURIER MATRIX. 


see also DAUBECHIES WAVELET FILTER, LEMARIE’S 
WAVELET . 
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Weak Convergence 

Weak convergence is usually either denoted z, “az or 
Zn — x. A SEQUENCE {zp} of VECTORS in an IN- 
NER PRODUCT SPACE E is called weakly convergent to 
a VECTOR in EF if 


asn—oo, forallyc€ E. 


(tn, y) + (2, y) 
Every STRONGLY CONVERGENT sequence is also weakly 
convergent (but the opposite does not usually hold). 
This can be seen as follows. Consider the sequence 
{zn} that converges strongly to z, ie., |lan — 2|| > 0 as 
n — co. SCHWARZ’S INEQUALITY now gives 


| {tn — ,y)| S |lan — 2|||lyl]|_ as m + 0. 


The definition of weak convergence is therefore satisfied. 


see also INNER PRODUCT SPACE, SCHWARZ’S INEQUAL- 
ITY, STRONG CONVERGENCE 


Weak Law of Large Numbers 

Also known as BERNOULLI’S THEOREM. Let 11,..., fn 
be a sequence of independent and identically distributed 
random variables, each having a MEAN (ai) = y and 
STANDARD DEVIATION og. Define a new variable 


Zit... ten 
SS (a) 


x 


Mlk 


Then, as 7 — 00, the sample mean (x) equals the pop- 
ulation MEAN yp of each variable. 


ine @ feo) = = ((21)-+...+(en)) = “=u 


n 
(2) 
(7 + 2) 
var(x) = var 
n 
Z1 
=var (=) +... +var (=) 
2 2 2 
o o 
— += =. 3 
n? ae n (3) 


Therefore, by the CHEBYSHEV INEQUALITY, for all « > 
0, 
var(x) a 
P(|z—- p| > «) < — 3 = -. 4 
(Iz-wl 26) <4 = (4) 
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As n — oo, it then follows that 
lim P(|x — w| 2 €) =0 (5) 


for ¢ arbitrarily small; i.e., as m — 00, the sample MEAN 
is the same as the population MEAN. 


Stated another way, if an event occurs x times in s 
TRIALS and if p is the probability of success in a sin- 
gle TRIAL, then the probability that the relative fre- 
quency of successes is 2/s differs from p by less than 
any arbitrary POSITIVE quantity « which approaches 1 
as 8 + 0O. 


see also LAW OF TRULY LARGE NUMBERS, STRONG 
Law OF LARGE NUMBERS 


Weakly Binary Tree 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


A ROOTED TREE for which the ROOT is adjacent to 
at most two VERTICES, and all nonroot VERTICES are 
adjacent to at most three VERTICES. Let b(n) be the 
number of weakly binary trees of order n, then b(5) = 6. 
Let 


az) = >> a2", (1) 
i=0 
where 
go =0 (2) 
nQ=9=93=1 (3) 
g2i41 = S > g2it1-595 (4) 
j=l 

z-1 
g2i = 39:(91 +1) + D> g2i-595- (5) 

g=l 


Otter (Otter 1948, Harary and Palmer 1973, Knuth 
1969) showed that 


_ b(n)n3/? 
in 6) 
where 
€ = 2.48325... (7) 
is the unique POSITIVE Root of 
1 
a(z)=% 
and 
7 = 0.7916032.... (8) 


€ is also given by 


€= lim (cn)? ", (9) 


Web Graph 


where c,, is given by 


Co = 2 (10) 
Cn = (Cn-1)* + 2, (11) 
giving 
1 /€ 1 1 1 
-_ 3 Pee 12 
“ AE ,/ C1 - c1C2 v C1 C23 = ue 
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Weakly Complete Sequence 

A SEQUENCE of numbers V = {v,} is said to be weakly 
complete if every POSITIVE INTEGER n beyond a cer- 
tain point N is the sum of some SUBSEQUENCE of V 
(Honsberger 1985). Dropping two terms from the F1- 
BONACCI NUMBERS produces a SEQUENCE which is not 
even weakly complete. However, the SEQUENCE 


Fy, = F, — (-1)" 


is weakly complete, even with any finite subsequence 
deleted (Graham 1964). 


see also COMPLETE SEQUENCE 
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Weakly Independent 

An infinite sequence {a;} of POSITIVE INTEGERS is 
called weakly independent if any relation Sia: with 
é, = 0 or +1 and e; = 0, except finitely often, IMPLIES 
€; = 0 for all 7. 


see also STRONGLY INDEPENDENT 
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Weakly Triple-Free Set 
see TRIPLE-FREE SET 


Web Graph 


A graph formed by connecting several concentric 
WHEEL GRAPHS along spokes. 


see also WHEEL GRAPH 


Weber Differential Equations 


Weber Differential Equations 
Consider the differential equation satisfied by 
waz Wy aa(3z7), (1) 


where W is a WHITTAKER FUNCTION. 


d [ae +( 1 2k, 3 J wet? = 0 (2) 


zdz zdz 4° 22 " 4z4 
d? 
SF + (2k ~ 427)w = 0. (3) 
This is usually rewritten 
a’ Dalz 
et) I (n 4 }-- 1 2?) Da(z) =0. (4) 


The solutions are PARABOLIC CYLINDER FUNCTIONS. 
The equations 


aU 


Wa =. (e+ k?u?)U =0 (5) 
2 
oe 1 (ce k?v)V =0, (6) 


which arise by separating variables in LAPLACE’S EQUA- 
TION in PARABOLIC CYLINDRICAL COORDINATES, are 
also known as the Weber differential equations. As 
above, the solutions are known as PARABOLIC CYLIN- 
DER FUNCTIONS. 


Weber’s Discontinuous Integrals 


ey 0 a<c 
7 Jo(an) cos(cx) dx = { 1 ee 
) 


fate? 
oe I a<ec 
i Jo(az) sin(ex) dz = ¢ vVc?-? 
) 0 a>ec, 


where Jo(z) is a zeroth order BESSEL FUNCTION OF THE 
FIRST KIND. 
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Weber’s Formula 


1 (g2-4.5? 2 b 
=e! +07)/(4p*) (#) 
2p 'p 


oo 
=| e-? * J, (at) J, (bt)t dt, 
1] 


where R[v] > —1, jargp| < 7/4, and a, 6 > 0, Jr{z) is 
a BESSEL FUNCTION OF THE FIRST KIND, and I,{z) is 
a MODIFIED BESSEL FUNCTION OF THE FIRST KIND. 


see also BESSEL FUNCTION OF THE FIRST KIND, MOD- 
IFIED BESSEL FUNCTION OF THE FIRST KIND 
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Weber Functions 1927 
Weber Functions 

Although BESSEL FUNCTIONS OF THE SECOND KIND 
are sometimes called Weber functions, Abramowitz and 
Stegun (1972) define a separate Weber function as 


Ev(z) = bs [ sin(v@ — zsin 6) dé. (1) 
™ Jo 


Letting C, = e?"*/™ be a ROOT OF UNITY, another set 
of Weber functions is defined as 


faz) = mae (3) 
fo(e) = v2) (4) 
ne © 
Hee Pa + all’) — fr®()| (6) 


(Weber 1902, Atkin and Morain 1993), where 7(z) is 
the DEDEKIND ETA FUNCTION. The Weber functions 
satisfy the identities 


f(z+l)= oo (7) 
fle+ = 42 (5 
fe(z + 1) = C24 fa(z) (9) 
#(-5) =4@ (10) 
fi (-=) = fo(z) (11) 
fi (-5) =Alo (12) 


(Weber 1902, Atkin and Morain 1993). 


see also ANGER FUNCTION, BESSEL FUNCTION OF 
THE SECOND KIND, DEDEKIND ETA FUNCTION, j- 
FuNCTION, JACOBI IDENTITIES, JACOBI TRIPLE PROD- 
ucT, MODIFIED STRUVE FUNCTION, Q-FUNCTION, 
STRUVE FUNCTION 
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1928 Weber-Sonine Formula 


Weber-Sonine Formula 
For R[w + nu] > 0, |argp| < 7/4, and a > 0, 


pt? jul 
JL{at)e"? * t#~~ dt 
0 


a \” Tisv+yn)] ; . gg 
($) 2pHT(y + 1) Fi (30+ wie + 1-33) 


where J,(z) is a BESSEL FUNCTION OF THE FIRST 
Kinp, ['(z) is the GAMMA FUNCTION, and 1 F(a; ; z) 
is a CONFLUENT HYPERGEOMETRIC FUNCTION. 
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Weber’s Theorem 

If two curves of the same GENUS (CURVE) > 1 are in 
rational correspondence, then that correspondence is BI- 
RATIONAL. 

References 
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Wedderburn’s Theorem 
A FINITE DIVISION RING is a FIELD. 


Weddle’s Rule 


i 7 f(x) dc = Zh(fi + 5fet fs 


zy 


+6fa+5fs+ fet...+5fen-1 + fen) 


see also BODE’S RULE, HARDY’S RULE, NEWTON- 
CoTES FORMULAS, SIMPSON’S 3/8 RULE, SIMPSON’S 
RULE, TRAPEZOIDAL RULE, WEDDLE’S RULE 


Wedge 

A right triangular PRISM turned so that it rests on one 
of its lateral faces. 

see also CONICAL WEDGE, CYLINDRICAL WEDGE, 
PRISM 


Wedge Product 
An antisymmetric operation on DIFFERENTIAL FORMS 
{also called the EXTERIOR DERIVATIVE) 


dz; iN dz; = —dzx; A dxi, (1) 
which IMPLIES 
dz, \dxi = 90 (2) 
b, Adz; = dx; Ab; = b; dz; (3) 
dx; A (bj dz;) = 6; dx; A dz; (4) 


6, A@2 = (b1 dz; + bo dz2) A (ci dzi + c2 dx2) 
(b1c2 _ beer) dz; A dx2 
= —62 A641. (5) 


Weekday 


The wedge product is ASSOCIATIVE 
(sAthAu=sA(tAu), (6) 
and BILINEAR 
(0181 + @282)At=ar(siAt)+a2(s2At) (7) 


s A (ayti + agte) = ai(s Ati) + aa(s A ta), (8) 


but not (in general) COMMUTATIVE 
sAt=(-1)?*(tAs), (9) 


where s is a p-form and ¢ is a q-form. For a 0-form s 
and 1-form ¢, 
(sAt), = sty. (10) 


For a 1-form s and 1-form ¢, 
(sAt)u = 3(sutv — svt). (11) 


The wedge product is the “correct” type of product to 
use in computing a VOLUME ELEMENT 


dV = di... Adan. (12) 


see also DIFFERENTIAL FORM, EXTERIOR DERIVATIVE, 
INNER PRODUCT, VOLUME ELEMENT 


Weekday 

The day of the week W for a given day of the month D, 
month M, and year 100C + Y can be determined from 
the simple cquation 


W = D+ |2.6M — 0.2) + |4¥|+|3C]-2C (mod 7), 


where months are numbered beginning with March and 
W = 0 for Sunday, W = 1 for Monday, etc. (Uspensky 
and Heaslet 1939, Vardi 1991). 


A more complicated form is given by 
W=D+M+C+Y (mod 7), 


where W = 1 for Sunday, W = 2 for Monday, etc. and 
the numbers assigned to months, centuries, and years 
are given in the tables below (Kraitchik 1942, pp. 110— 
111). 


Month 


January 
February 
March 
April 

May 

June 

July 
August 
September 
October 
November 
December 


x 


Awow>»noarre OW Ke 


Weibull Distribution 


Gregorian 
Century Cc 
15,19, 23 1 
16, 20,24 0 
17, 21,25 5 
18, 22,26 3 
Julian 
Century C_ 
00,07,14 5 
01,08,15 4 
02, 09,16 3 
03,10,17 2 
04,11,18 1 
05, 12,19 0O 
06, 13, 20 6 
Year Y 
00 06 17 23 28 34 45 0 
01 07 12 #18 29 35 40 46 1 
02 13 19 24 30 41 47 2 
03 08 14 25 31 36 42 3 
09 #15 20 26 37 43 48 4 
04 10 21 27 32 38 49 5 
05 11 16 22 33 39 44 50 6 
51 56 62 73 79 84 90 0 
57 63 68 74 8 91 96 1 
52 58 69 75 80 86 97 2 
53 59 64 70 81 87 92 98 3 
54 65 71 76 82 93 99 4 
55 60 66 77 83 88 94 5 
61 67 72 78 89 95 6 


see also FRIDAY THE THIRTEENTH 
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Weibull Distribution 
The Weibull distribution is given by 


P(x) = aB~%2%71@7 2/8)" (1) 
D(z) = 1—e7@/P)" (2) 


for x € [0,00) (Mathematica® Statistics ‘Continuous 
Distributions ‘WeibullDistribution[a,b], Wolfram 
Research, Champaign, IL). The MEAN, VARIANCE, 
SKEWNESS, and KuURTOSIS of this distribution are 


p= ABl(1+a~*) (3) 
of = (T(1+2a')-MP(1+a7')| (4) 
are(1 + a7?) — 3P (1 + a)P(1 + 207") 

[PQ + 2a~1) — P2(1 + a-1)]8/2 


a= 


Weierstrag-Casorati Theorem 1929 
T(1+ 3a7*) 

+ PGs 20) Pa +o)? (5) 

f(a) 6) 


= (Pd + 20-!) -P2(1 + a-')]?’ 
where ['(z) is the GAMMA FUNCTION and 


f(a) = —614(1 + a") +: 12F?(1 + a" )P(1 + 207") 
$07 (1.420 *)—4r(i ard +3e°°) 
+I(1+4a7*). (7) 


A slightly different form of the distribution is 


P(x) = ao ee (8) 
D(z) =1-e7" (9) 


(Mendenhall and Sincich 1995). The MEAN and VARI- 
ANCE for this form are 


w= °T(1+a7*) (10) 
o? = B/*1N1 4 2a7!) -P(1+e074)). (11) 


The Weibull distribution gives the distribution of life- 
times of objects. It was originally proposed to quantify 
fatigue data, but it is also used in analysis of systems 
involving a “weakest link.” 


see also FISHER-TIPPETT DISTRIBUTION 
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Weierstrag Approximation Theorem 
If f is continuous on [a,6], then there exists a POLY- 
NOMIAL p on {a, 6] such that 


[f(z) — P(x)| <e 


for all z € [a,b] and « > 0. In words, any continuous 
function on a closed and bounded interval can be uni- 
formly approximated on that interval by POLYNOMIALS 
to any degree of accuracy. 


see also MUNTZ’S THEOREM 


Weierstraf-Casorati Theorem 

An ANALYTIC FUNCTION approaches any given value 
arbitrarily closely in any e-NEIGHBORHOOD of an Es- 
SENTIAL SINGULARITY. 


1930 Weierstra8& Constant 


Weierstraf Constant 


1 
F 2m + =a 


o3)=3 I] 


(myn)# 
(9,0) 
x el/l2Am+nd]+1/[8(m+ni)?] 
95/4 e7/8 
= aie i ie = 0.4749493799.... 
1(4) 
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Weierstraf Elliptic Function 


The Weierstraf elliptic functions are elliptic functions 
which, unlike the JACOBI ELLIPTIC FUNCTIONS, have a 
second-order POLE at z = 0. The above plots show the 
Weierstra8 elliptic function g(z) and its derivative g'(z) 
for invariants (defined below) of g2 = 0 and g3 = 0. 
WeierstraB elliptic functions are denoted g(z) and can 
be defined by 


@Q=—+ gore sce Nw = 
EL ioe (z — 2mw, — 2nwe)? 


! |. (1) 


(2mw i + 2nw2)? 


Thy — OO 


Write QOmn = 21mw, + 2nw2. Then this can be written 


plz) = 27 + So [2 -Aan)? — WZ]. (2) 


Weierstra8 Elliptic Function 


An equivalent definition which converges more rapidly 
is 


a x \2 1 oa 2 (Z— 2nwe 
et) = (557) [f+ doe aa 7) 


g(z) is an EVEN FUNCTION since g(—z) gives the 
same terms in a different order. To specify g com- 
pletely, its periods or invariants, written g(z|w1,w2) and 
(Zz; 92,93), respectively, must also be specified. 


The differential equation from which Weierstraf elliptic 
functions arise can be found by expanding about the 
origin the function f(z) = e(z) — z~?. 


p(z) ~ 277 = f(0) + f(z + HF" (O)2” 
+h f(oyz? + df (0)z4 +2... (4) 


But f(0) = O and the function is even, so f’(0) = 
f'" (0) = 0 and 


f(z) = (2) — 27? = BF" (0)2? + EFM (O)z* +.... (5) 


Taking the derivatives 


f' = -25"[(z ~ Qma)~*] (6) 
f" = 62" (2 — nn) ~* (7) 
fl! = -245'(z -—Qma)* (8) 
f = 120E'(z — Qmn)7*. (9) 
So 
f"(0) = 62057, (10) 
f (0) = 1205'0;,8.. (i) 


Plugging in, 
g(z) — 277 = 3D'N7 2? + BD'OFS 24 + (2°). (12) 


Define the INVARIANTS 


92 = 60E' Qn (13) 
gs = 140D'07,8, (14) 
then 
p(z) = 2-7 + dogaz? + dgsz*+O(z°) (15) 
p'(z) = -2273 + Dgozt+ tgsz® + O(z*). (16) 


Now cube (15) and square (16) 


2 


p'(z) = 2 8 + Sgoz7? + S934 O(2?) (17) 


Weierstras Elliptic Function 


p(z) = 427° — Egaz > — $934 O(z?). (18) 


Taking (18) — 4 x (17) cancels out the z~® term, giving 
= (-2 ~_ 3) gaz + (-4 — 3) gs + O(2?) 
—-g2z~* —g3+O(27) (19) 
p'"(2) - 4p°(2) +9227? +93 = O(2"). (20) 
But, from (5) 


p(z) =z? +a pr(oje? +2 fMojet+..., (21) 


80 p(z) = 27? + O(2?) and (20) can be written 
p'"(z) — 4p*(2) + g2@(z) +93 = O(2"). (22) 


The Weierstra® elliptic function is analytic at the ori- 
gin and therefore at all points congruent to the origin. 
There are no other places where a singularity can oc- 
cur, so this fiinction is an ELLIPTIC FUNCTION with no 
SINGULARITIES. By LIOQUVILLE’S ELLIPTIC FUNCTION 
THEOREM, it is therefore a constant. But as z — 0, 
O(z?7) > 0, so 


@'?(z) = 4p°(z) — g2@(z) — 9s. (23) 


The solution to the differential equation 


2 
y’” = 4y° — goy ~ gs (24) 


is therefore given by y = e(z-+ a), providing that num- 
bers w, and w2 exist which satisfy the equations defin- 
ing the INVARIANTS. Writing the differential equation 
in terms of its roots e1, eg, and es, 


12 


y” = 4y° — goy — gs = 4(y — e1)(y — e2)(y— es) (25) 
3 
2In(y’) =In4+ y. In(y — er) (26) 
rol 
ay" : 1 
i _ 
—=y' > (y—er) (27) 
¥y r=1 
3 
Qy" = 
= Sow er) (28) 
ral 
yy” _ y" (2y'y") 3 5 
t rent 
2 3 =~y' So(y~er) (29) 
rol 
Qy!” Ay"? 3 . 
oe Soyer). (30) 


Weierstrag Elliptic Function 1931 


Now take (30)/4 + [(30)/4]’, 


3 
ft ag ~ Be Deer) Bu Tuer). (82) 
r=1 


The term on the right is half the SCHWARZIAN DERIV- 
ATIVE. 


The DERIVATIVE of the Weierstraf elliptic function is 
given by 


b= $e) = ap 


Se ae yao. 103) 


This is an ODD FUNCTION which is itself an elliptic func- 
tion with pole of order 3 at z = 0. The INTEGRAL is 
given by 


oO 
z= / (4t3 — got — g3)~*/? dt. (34) 
@(2) 


A duplication formula is obtained as follows. 


1 
lim g(y -+ z) = ~ lim 


pore 4 yo: 
~ p(z) — lim p(y) 
yore 


1. ele) — pte +) 4 
ace p(z) — e(z +h) 2p(2) 


; { [tes eeaeee | [2s plz) — aC za al ‘ 
— 29(z) 


_ 1 feta] _ 
=i Kal 2p(2). (35) 


@(2z) 


Ii 


[ee - ew! 
(z) ~ ely) 


4 aso 


A general addition theorem is obtained as follows. Given 
p'(z) = Ap(z) +B (36) 


p(y) = Ap(y) +B (37) 


with zero y and z where z # ty (mod 2w1, 2we2), find the 
third zero ¢. Consider o’(C) — Ap(¢) - B. This has a 
pole of order three at ¢ = 0, but the sum of zeros (= 0) 
equals the sum of poles for an ELLIPTIC FUNCTION, so 
z+yt+¢C=Oand¢=-2z-y. 


p (-z-—y) = Ap(—-z-y) +B (38) 


1932 Weierstra8 Elliptic Function 


—g'(z+y) = Ap(z+y)4+B. (39) 
Combining (36), (37), and (39) gives 


(2) g'(z) 1] 7A 0 
| p(y) @'(y) 1 <3] = HE (40) 


e(z+y) -p(z+y) 1] LB 0 
so 
9(2) @'(z) 1 
e(y) e’(y) 1) =0. (41) 
p(z+y) —w(z+y) 1 


Defining u+v+w = 0 where u =z and v = y gives the 
symmetric form 


p{u) p'(u) 1 
e(v) p’(v) 1 
p(w) p(w) 1 


= 0. (42) 


To get the expression explicitly, start again with 
'(¢) - Ap(¢) - B=0, (43) 
where € = 2,y,-z — y. 
e'° (6) — [Ap(¢) + BP = 0. (44) 
But 97(¢) = 49%(¢) — ga@(¢) — gs, so 
40°(¢)—A"p"(¢)—(2AB +92) (6) -(B? +93) = 0. (45) 
The solutions 9(¢) = z are given by 
42° — A?z? — (2AB + go)z—(B?+93)=0. (46) 


But the sum of roots equals the COEFFICIENT of the 
squared term, so 


e(z) + p(y) + e(z +y) = 5A” (47) 

9 (z) -— »'(y) = Ale(z) — e(y)] (48) 
_ g'(z)— @'(y) 

a 9(z) — p(y) mm) 


‘ 1 folz)~e'@)]"_ oy, 
plz+y=7 Eos p(z)— ply). (50) 


Half-period identities include 


(e1 — e2)(e1 — €3) 
e(—341) — 1 
(e1 — e2)(e1 — €3) (51) 


=e, + +. 
EL €1 


z= p(5w1) = 9p(—hw, +41) = e1 + 


Multiplying through, 
aw” — e\x = eyx — 1” + (e; — €2)(e1 — €3) (52) 


x” — Qe: + [e:” — (e1 — e2)(e1 — e3)] = 0, (53) 


Weierstra8 Elliptic Function 


which gives 


rie) = fee Via HRT a =a} 


=eyt V(e1 — €2)(e1 — €3). (54) 


From Whittaker and Watson (1990, p. 445), 


ACO Een (Ceara eT 
x(Ve1 — e2 + Vei — e3). (55) 


The function is HOMOGENEOUS, 
p{Az]Awr, Awe) = A? (z|wi, w2) (56) 
(Az; A" ga, A ° 93) = A~* (23 92,93). (57) 
To invert the function, find 2w; and 2we of ¢(z|wi, wa) 
when given ¢(z; 92,93). Let e1, e2, and eg be the roots 


such that (e1 — e2)/(e1 —e3) is not a REAL NUMBER > 1 
or <0. Determine the PARAMETER 7 from 


tel ae 044(0|7) (58) 
€1—e€3 3*(O|T) 
Now pick 
Vel — €2 
A= -> 59 
947 (O|r) eo 
As long as gz? 4 279s, the periods are then 
2uy = 7A (60) 
pee, (61) 


A 


Weierstraf elliptic functions can be expressed in terms 
of JACOBI ELLIPTIC FUNCTIONS by 


p(u; 92,93) = e3 + (e1 — €3) 


xns” (wars, ane), (62) 
\ 1 — €3 


where 
§0(w) =e, (63) 
go(we) = e2 (64) 
e(ws) = —pe(—w1 — we) = es, (65) 


and the INVARIANTS are 


go = 60D'N;4 (66) 
gs = 140D'07%.. (67) 


Here, Qmn = 2mui — 2nwe. 


Weierstra8 Elliptic Function 


An addition formula for the Weierstra8 elliptic function 
can be derived as follows. 


p(z + wi) + p(z) + p(w) 


1[e'@-e'@)]* _ 1 »(2) 
: p(z) — plw1) aie 
Use 
3 
e'(z) = 4] [[e(z) - er], (69) 
Bete 4] TFs le(z) — er] 
(z+ w1) = 9(z) +5 (ep (z )—e,)? 
= —o(z) — e, + Ww) = e2llo(z) — es] 
= e( ) 1 + 9(z) —e, : 
(70) 
Use ye 


piece: ee PIPE) Sa] 


p(z) — en 
9° (z) — p(z)(e2 + 3) + e2€s 
ep EA BONNE ES SPE 
p(z) — e1 
Beck —p(z)(e1 +ée2+ e3) + €2€3 + 2e1? (71) 
e(z) — e1 
But yy er =0 and 
2e17 +e2€3 = e17 —e1(e2 +e3)+e2€3 = (€1 —e2)(e1—e3), 
(72) 
o (e1 —e2)(e1 ~e3) 
— — €2)\€1 — €3 
p(z+ur) =e. + Bayes (73) 


The periods of the Weierstra8 elliptic function are given 
as follows. When gz and g3 are REAL and go” — 2793” > 
0, then €1, e2, and eg are REAL and defined such that 
€1 > €2 > €3. 


wy = ‘| (4e8 — got — gs)? dt (74) 


€3 
wW3 = -i | (g3 + gat — Vg ae dt (75) 


—oco 


Wg = —W1 — W3. (76) 


The roots of the Weierstra8 elliptic function satisfy 
e€1 = p(w1) (77) 


€2 = p(w2) (78) 
€3 = 9(ws), (79) 


Weierstra8 Function 1933 
where w3 = —w1—wy. The e;s are ROOTS of 4t® —got—gs 
and are unequal so that ey # e2 # e3. They can be 
found from the relationships 

€1 + €2 +€3 = —a2 = 0 (80) 
e2e3 + e3€1 + €1€2 = a1 = —$g2 (81) 
€1e2e€3 = —dao = +93. (82) 


see also EQUIANHARMONIC CASE, LEMNISCATE CASE, 
PSEUDOLEMNISCATE CASE 
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Weierstrai-Erdman Corner Condition 
In the CALCULUS OF VARIATIONS, the condition 


fy (ayy (2-)) = fy (ey, y'(+)) 


must hold at a corner (x,y) of a minimizing arc Ej2. 


Weierstraf Extreme Value Theorem 
see EXTREME VALUE THEOREM 


Weierstra8 Form 
A general form into which an ELLIPTIC CURVE over any 
FIELD K can be transformed is called the Weierstra8 
form, and is given by 

y t+ay=2° + bx* + cay + dz +e, 


where a, b, c, d, and e are elements of K. 


Weierstra8 Function 


1934 Weierstra8’s Gap Theorem 


A CONTINUOUS FUNCTION which is nowhere DiIFFER- 
ENTIABLE. It is given by 


f(x) = >. b” cos(a” rz) 


where n is an ODD INTEGER, 6 € (0,1), and ab > 14+ 
37/2. The above plot is for a = 10 and b = 1/2. 


see also BLANCMANGE FUNCTION, CONTINUOUS FUNC- 
TION, DIFFERENTIABLE 
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Weierstrai’s Gap Theorem 

Given a succession of nonsingular points which are on a 
nonhyperelliptic curve of GENUS p, but are not a group 
of the canonical series, the number of groups of the first 
k which cannot constitute the group of simple POLES 
of a RATIONAL FUNCTION is p. If points next to each 
other are taken, then the theorem becomes: Given a 
nonsingular point of a nonhyperelliptic curve of GENUS 
p, then the orders which it cannot possess as the single 
pole of a RATIONAL FUNCTION are p in number. 
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Weierstra8 Intermediate Value Theorem 

If a continuous function defined on an interval is some- 
times POSITIVE and sometimes NEGATIVE, it must be 0 
at some point. 


Weierstrafi M-Test 
Let $7, Un(z) be a SERIES of functions all defined for 
a set & of values of x. If there is a CONVERGENT series 


of constants 
oo 


> Mn 


Weierstra8 Sigma Function 


such that 
jun(a)| < Mn 


for all x € E, then the series exhibits ABSOLUTE CON- 
VERGENCE for each x € E as well as UNIFORM CON- 
VERGENCE in &. 


see also ABSOLUTE CONVERGENCE, UNIFORM CONVER- 
GENCE 


References 
Arfken, G. Mathematical Methods for Physicists, 8rd ed. Or- 
lando, FL: Academic Press, pp. 301-303, 1985. 


Weierstra’ Point 
A POLE of multiplicity less than p + 1. 


References 
Coolidge, J. L. A Treatise on Algebraic Plane Curves. New 
York: Dover, pp. 290-291, 1959. 


Weierstrai’s Polynomial Theorem 

A function, continuous in a finite close interval, can be 
approximated with a preassigned accuracy by POLYNO- 
MIALS. A function of a REAL variable which is continu- 
ous and has period 27 can be approximated by trigono- 
metric POLYNOMIALS. 


References 


Szegé, G. Orthogonal Polynomials, 4th ed. Providence, RI: 
Amer. Math. Soc., p. 5, 1975. 


Weierstraf$ Product Inequality 
If 0 < a,b,c,d < 1, then 


(1 -a)(1—6)(1—c)(1-d) tatb+c+d>1. 


References 
Honsberger, R. Mathematical Gems IJ. Washington, DC: 
Math. Assoc. Amer., pp. 244-245, 1985. 


Weierstraf Sigma Function 
The QUASIPERIODIC FUNCTION defined by 


d 
qe nol) = Sz), (1) 


where ¢€(z) is the WEIERSTRAB ZETA FUNCTION and 


 o(2) _ 
Hig = @ 
Then 
ae) =<] [(1- gi )ow (a + aie) (3) 
o(z + 2uy) = —e? 24) g(x) (4) 
o(z + 2we) = —e? BETH) 5/2) (5) 


Weierstrag’s Theorem 


e-"*o(z+ wr) 


o(w,) 


(6) 


or{z) = 


for r = 1, 2, 3. 


a(zlwi,we) = 


2w4 yo we 
roi exo ( ea, ) ( a) (7) 


where v = mz/(2wi), and 


2 gui 
ned 
m= - a (8) 
12u10) 
rw. OY! ri 
W2 = ~ 7S oor > (9) 
12w1 oH 2w4 
References 
Abramowitz, M. and Stegun, C. A. (Eds.). “Weierstrass 
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Weierstrafi’s Theorem 

The only hypercomplex number systems with commu- 
tative multiplication and addition are the algebra with 
one unit such that e = e? and the GAUSSIAN INTEGERS. 


see also GAUSSIAN INTEGER, PEIRCE’S THEOREM 


Weierstra8 Zeta Function 
The QUASIPERIODIC FUNCTION defined by 


ME) = _9(2) (a) 

with 
lim {¢(z) — 27 *] = 0. (2) 

Then 


((z)-2' = -| [o(2) — 27] dz 


= -z [ [(2=Qma)? = 9732) dz (3) 


Cz)=2 t+ So [(2-Qmn) + Mma + 20mm] (4) 
so ¢(z) is an ODD FUNCTION. Integrating go(z+2w1) = 
p(z) gives 

C(2 + 2un) = C(z) + 2m. (5) 


Letting z = —w1 gives ¢(—wi) + 2m = —C(w1) + 271, so 
™m = ¢(wi). Similarly, n2 = ¢(w2). From Whittaker and 
Watson (1990), 


Mw. — New, = dri. (6) 


Weighings 1935 
Ifzg+y+z=0, then 


(C(x) + C(y) + C(2)PP + C'(2) + C'(y)C(z) = 0. (7) 


Also, 
1 p(x) 9*(x) 
ul aod ae 
1 plz er (z =: 
2 oy aay] = SB ty 2) — S@) — SW) 2) 
1 p(y) g'{y) 
1 p(z) #'(z) 


(8) 
(Whittaker and Watson 1990, p. 446). 
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Weighings 

n weighings are SUFFICIENT to find a bad COIN among 
(3” —1)/2 COINS. vos Savant (1993) gives an algorithm 
for finding a bad ball among 12 balls in three weighings 
(which, in addition, determines if the bad ball is heavier 
or lighter than the other 11). 


Bachet’s weights problem asks for the minimum number 
of weights (which can be placed in either pan of a two- 
arm balance) required to weigh any integral number of 
pounds from 1 to 40. The solution is 1, 3, 9, and 27: 1, 
2=-1+3,3,4=1+3,5=-1—-349, 6 =-3+4+9, 
7=1-349,8=-1+9,9,10=1+9, 11 = -14349, 
12 = 349,13 = 14+349, 14 = -1-—3-—9+4 27, 
15 = —3-—9+ 27, 16 =1—3—9+4 27,17 = -1-—-9+27, 
and so on. 


see also GOLOMB RULER, PERFECT DIFFERENCE SET, 
THREE JUG PROBLEM 
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1936 Weight 

Weight 

The word weight has many uses in mathematics. It 
can refer to a function w(z) (also called a WEIGHTING 
FUNCTION or WEIGHT FUNCTION) used to normalize 
ORTHONORMAL FUNCTIONS. It can also be used to in- 
dicate one of a set of a multiplicative constants placed in 
front of terms in a MOVING AVERAGE, NEWTON-COTES 
FORMULAS, edge or vertex of a GRAPH or TREE, etc. 


see also WEIGHTED TREE, WEIGHTING FUNCTION 


Weight Function 
see WEIGHTING FUNCTION 


Weighted Tree 
A TREE in which each branch is given a numerical 
WEIGHT (ie., a labelled TREE). 


see also LABELLED GRAPH, TAYLOR’S CONDITION, 
TREE 


Weighting Function 
A function w(z) used to normalize ORTHONORMAL 
FUNCTIONS 


/ [fa(a)|? w(a) de = Nn. 


see also WEIGHT 


Weingarten Equations 

The Weingarten equations express the derivatives of the 
NORMAL using derivatives of the position vector. Let 
x : U + R® a REGULAR PATCH, then the SHAPE Op- 
ERATOR S of x is given in terms of the basis {xy, xv} 
by 


fF-eG eF — fE 
“Stm) = N= 5G ga + Gp (1) 
ss =n, = f= fG fF -gE 
S(x,) = Ny = EG. F?*"** Re Re” (2) 


where N is the NORMAL VEcTOR, E, F, and G the 
coefficients of the first FUNDAMENTAL FORM 


ds? = Edu” + 2F dudv + Gdv’, (3) 


and e, f, and g the coefficients of the second FUNDa- 
MENTAL FORM given by 


e=—-Nu-xX, = N-Xuu (4) 
= —-N,- x, =N-Xu 
= Neus Xvu = Nu: Xe (5) 
g= —Ny xe = N- Xu. (6) 


see also FUNDAMENTAL FORMS, SHAPE OPERATOR 
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Welch Apodization Function 


Weingarten Map 
see SHAPE OPERATOR 


Weird Number 

A number which is ABUNDANT without being SEMIPER- 
FECT. (A SEMIPERFECT NUMBER is the sum of any 
set of its own Divisors.) The first few weird numbers 
are 70, 836, 4030, 5830, 7192, 7912, 9272, 10430, ... 
(Sloane’s A006037). No OpD weird numbers are known, 
but an infinite number of weird numbers are known to 
exist. The SEQUENCE of weird numbers has POSITIVE 
SCHNIRELMANN DENSITY. 


see also ABUNDANT NUMBER, SCHNIRELMANN DEN- 
SITY, SEMIPERFECT NUMBER 
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ed. New York: Springer-Verlag, pp. 45-53, 1994. 

Sloane, N. J. A. Sequence A006037/M5339 in “An On-Line 
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Welch Apodization Function 


-1--0. oS 1 ~0.5 


The APODIZATION FUNCTION 


Its FULL WIDTH AT HALF MAXIMUM is 2a. Its IN- 
STRUMENT FUNCTION is 


_ J3/2(2rka) 
I(k) = a2vVv2n “Qrkay3/2 


= qin(2tka) — 2nak cos(2rak) 
. 2a3 k373 ’ 


where J,(z) is a BESSEL FUNCTION OF THE FIRST 
KIND. It has a width of 1.59044, a maximum of 4, maxi- 
mum NEGATIVE sidelobe of —0.0861713 times the peak, 
and maximum POSITIVE sidelobe of 0.356044 times the 
peak. 


see also APODIZATION FUNCTION, INSTRUMENT FUNC- 
TION 
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Well-Defined 


Well-Defined 

An expression is called well-defined (or UNAMBIGUOUS) 
if its definition assigns it a unique interpretation or 
value. Otherwise, the expression is said to not be well 
defined or to be AMBIGUOUS. 


For example, the expression abc (the PRODUCT) is well- 
defined if a, b, and c are integers. Because integers are 
ASSOCIATIVE, abc has the same value whether it is in- 
terpreted to mean (ab)c or a(bc). However, if a, b, and 
c are MATRICES or CAYLEY NUMBERS, then the expres- 
sion abc is not well-defined, since MATRICES and CAy- 
LEY NuMBER are not, in general, ASSOCIATIVE, so that 
the two interpretations (ab)c and a(bc) can be different. 


Sometimes, ambiguities are implicitly resolved by no- 
tational convention. For example, the conventional in- 
terpretation of aAbAc =a" is a’), never (a’)*, so 
that the expression a A b/c is well-defined even though 
exponentiation is nonassociative. 


Well-Orderced Set 

A SET having the property that every nonempty SUBSET 
has a least member. 

see also AXIOM OF CHOICE, HILBERT’S PROBLEMS, 
SUBSET, WELL-ORDERING PRINCIPLE 


Well-Ordering Principle 
Every nonempty set of POSITIVE integers contains a 
smallest member. 


see also WELL-ORDERED SET 
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Shanks, D. Solved and Unsolved Problems in Number Theory, 
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Werner Formulas 


2sinacos @ = sin(a — 8) + sin(a + £) (1) 
2 cos a cos 3 = cos(a — 3) + cos(a + 8) (2) 
2cos asin @ = sin(a + @) — sin(a — ~) (3) 
2sin asin 8 = cos(a — B) ~ cos(a + B). (4) 


see also TRIGONOMETRY 


Weyl’s Criterion 


A SEQUENCE {71, Z2,...} is EQUIDISTRIBUTED IFF 


for each m = 1, 2,.... 


see also EQUIDISTRIBUTED SEQUENCE, RAMANUJAN’S 
SUM 
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Wheel 1937 
Weyl Tensor 
The TENSOR 


OF g = Rijy, — 269 KR) + 16" K 67 R, 


where R*j,, is the RIEMANN TENSOR and RB is the CuR- 
VATURE SCALAR. The Weyl tensor is defined so that 
every CONTRACTION between indices gives 0. In partic- 
ular, C*,,1. = 0. The number of independent compo- 
nents for a Wey] tensor in N-D is given by 


Cn = 4 N(N +1)(N 4 2)(N — 3). 


see also CURVATURE SCALAR, RIEFMANN TENSOR 
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Weinberg, S. Gravitation and Cosmology: Principles and 
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Weyrich’s Formula 
Under appropriate constraints, 


1. £2 a a ek re +k? 
st Hy (rv k? — r? je”? dr = —==——, 
2 iz a vr? + x? 


where H(z) is a HANKEL FUNCTION OF THE FIRST 
KIND. 
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Wheat and Chessboard Problem 

Let one grain of wheat be placed on the first square of a 
CHESSBOARD, two on the second, three on the third, etc. 
How many grains total are placed ou an 8 x 8 CHESS- 
BOARD? Since this is a GEOMETRIC SERIES, the answer 
for n squares is 


Sivarraa. 


i=x0 


Plugging in n = 8 x 8 = 64 then gives 2%*# 4 = 
18446744073709551615. 
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Wheel 


see ARISTOTLE’S WHEEL 
WHEEL, WHEEL GRAPH 


PARADOX, BENHAM’S 


1938 Wheel Graph 


Wheel Graph 


W, W; Ws 
A GRAPH W,, of order n which contains a CYCLE of 
order n ~— 1, and for which every NODE in the cycle is 
connected to one other NODE (known as the Hus). In 
a wheel graph, the HUB has DEGREE n — 1, and other 
nodes have degree 3. Wa = K4, where Ky, is the COM- 
PLETE GRAPH of order four. 


see also COMPLETE GRAPH, GEAR GRAPH, HuB, WEB 
GRAPH 


Wheel Paradox 
see ARISTOTLE’S WHEEL PARADOX 


Whewell Equation 

An INTRINSIC EQUATION which expresses a curve in 
terms of its ARC LENGTH s and TANGENTIAL ANGLE 
dp. 

see also ARC LENGTH, CESARO EQUATION, INTRINSIC 
EQUATION, NATURAL EQUATION, TANGENTIAL ANGLE 
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Yates, R. C. “Intrinsic Equations.” A Handbook on Curves 
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Whipple’s Transformation 


a,1+ $a,b,c,d,e,—m 
7F¢6 5a,1+a—b,1+a—e, 
l+a-dl+a-—-e,l+a+m 
_ +a)m(1+a—d—e)m 
~ (lL+a-—d)n(1+a-e)m 


x 4F: l+a-—b-c,d,e,—m 
boa lt+a-—b,l+a—c,d+e-—a-—m|’ 


where 7f¢ and 4F3 are GENERALIZED HYPERGEOMET- 
RIC FUNCTIONS and ['(z) is the GAMMA FUNCTION. 


see also GENERALIZED HYPERGEOMETRIC FUNCTION 


Whitehead Link 


Whirl 


Whirls are figures constructed by nesting a sequence of 
polygons (each having the same number of sides), each 
slightly smaller and rotated relative to the previous one. 


see also DAISY, SWIRL 
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Whisker Plot 
see BOX-AND-WHISKER PLOT 


Whitehead Double 
The SATELLITE KNOT of an UNKNOT twisted inside a 
Torus. 


see also SATELLITE KNOT, TORUS, UNKNOT 
References 
Adams, C. C. The Knot Book: An Elementary Introduction 


to the Mathematical Theory of Knots. New York: W. H. 
Freeman, pp. 115-116, 1994. 


Whitehead Link 


The LINK 593, illustrated above, with BRaID WorD 


0120220110277 and JONES POLYNOMIAL 


Vij Pre of he So PR): 


The Whitehead link has LINKING NUMBER 0. 


Whitehead Manifold 


Whitehead Manifold 
An open 3-MANIFOLD which is simply connected but is 
topologically distinct from Euclidean 3-space. 


References 
Rolfsen, D. Knots and Links. Wilmington, DE: Publish or 
Perish Press, p. 82, 1976. 


Whitehead’s Theorem 

Maps between CW-COMPLEXES that induce ISOMOR- 
PHISMS on all HOMOTOPY GROUPS are actually HOMO- 
TOPY equivalences. 


see also CW-COMPLEX, HOMOTOPY GROUP, ISOMOR- 
PHISM 


Whitney-Graustein Theorem 

A 1937 theorem which classified planar regular closed 
curves up to regular HOMOTOPY by their WINDING 
NuMBERS. In his thesis, S. Smale generalized this re- 
sult to regular closed curves on an n-MANIFOLD. 


Whitney-Mikhlin Extension Constants 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let B,(r) be the n-D closed BALL of RADIUS r > 1 
centered at the ORIGIN. A function which is defined 
on B(r) is called an extension to B(r) of a function f 
defined on B(1) if 


F(x) = f(x)V « € B(1). (1) 


Given 2 BANACH SPACES of functions defined on B(1) 
and B(r), find the extension operator from one to the 
other of minimal norm. Mikhlin (1986) found the best 
constants x such that this condition, corresponding to 
the Sobolev W(1, 2) integral norm, is satisfied, 


x(1,r) = 1. Let 
v= 5(n = 2), (3) 


then for n > 2, 


i LQ) I(r) Ki4i(1) + Ki (r)14101) 
x(n) = fae EO ERD) Kale) 


Whitney-Mikhlin Extension Constants 


1939 


where I,(z) is a MODIFIED BESSEL FUNCTION OF THE 
First KIND and K,(z) is a MODIFIED BESSEL FUNC- 
TION OF THE SECOND KIND. For n= 2, 


x(2,r) = max 


{ [a+ fe Oe 
heaG) L(r)K.() — KL(r) (0) 


11(1) Ih(r)Ko(1) + Ki(r)Io(1) 
jf reat [+ Mee to |. 
(5) 
For r > ©, 
- 1,1) Kv(1) 
x(n, 00) =~ "E ae Thai() K.(1)’ (6) 


which is bounded by 


n-1<y(n,c) < Jf/(n—- 1)? +4. (7) 


For OpD n, the RECURRENCE RELATIONS 


Qk+1 = Ak-1 — (2k oe 1)ax (8) 
bei = be-1 + (2k — 1), (9) 
with 
ag =e+e" (10) 
a, =e-—e! (11) 
bo =e * (12) 
by = e} (13) 


where e is the constant 2.71828..., give 


Okt hee) S/T, (14) 
Gk+1 Ok 
The first few are 
X(3, 00) =e (15) 


x(5, 00) = Va (16) 
2 e? 
x(7, 00) = V2y 37 — Bet (17) 
e? 


1 


ee eens ree 18 

x(9, 00) az \| ee? — 133 (18) 
1 e? 

a 19 

x(11, 00) = a5 4/ 9431 — 32002 (9) 


2 e? 
= . (20 
x(13, 00) Van (ae e707, (0) 


Similar formulas can be given for even n in terms of 


Io(1), i,(1), Ko(1), Ky (1). 
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1940 Whitney Singularity 
Whitney Singularity 
see PINCH POINT 


Whitney Sum 

An operation that takes two VECTOR BUNDLES over a 
fixed SPACE and produces a new VECTOR BUNDLE over 
the same SPACE. If EF; and Ez are VECTOR BUNDLES 
over B, then the Whitney sum £; 6 E2 is the VECTOR 
BUNDLE over B such that each FIBER over B is naturally 
the direct sum of the #, and F2 FIBERS over B. 


The Whitney sum is therefore the FIBER for FIBER di- 
rect sum of the two BUNDLES &; and £2. An easy for- 
mal definition of the Whitney sum is that FE, © Ee is 
the pull-back BUNDLE of the diagonal map from B to 
B x B, where the BUNDLE over B x B is Fy x Ex. 


see also BUNDLE, FIBER, VECTOR BUNDLE 


Whitney Umbrella 


A surface which can be interpreted as a self-intersecting 
RECTANGLE in 3-D. It is given by the parametric equa- 
tions 


z= uv (1) 
y=u (2) 
2 wr (3) 


for u,v € [—1,1]. The center of the “plus” shape which 
is the end of the line of self-intersection is a PINCH 


POINT. The coefficients of the first FUNDAMENTAL 
FORM are 

E=0 (4) 

2 
a (5) 
Vu? + 4u2 + 4v4 
G= 2 ; (6) 
Vu? + Av? + 4v4 


and the coefficients of the second FUNDAMENTAL FORM 
are 
e=1l+v (7) 
f=w (8) 
g=u’ +4v’, (9) 


Whittaker Differential Equation 


giving GAUSSIAN CURVATURE and MEAN CURVATURE 


4v? 
K= 10 
(u? + 4vu? + 4v4)? G0) 
u(1 + 3v? 
H= (are ee (11) 
(u2 + 4v? + 4y4)3/2 
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Whittaker Differential Equation 


du du, (k,i-m 
oes es (Fea u=Q0. (1) 


Let u = e7*/* Wp m(z), where Wz,m(z) denotes a WHIT- 
TAKER FUNCTION. Then (1) becomes 


Rearranging, 


(je? w _ Le ?/2 yy! ze bey! x e PW" \p 


2 k t—m? 
+(~—he7*/ W +677? Wy’) +4 (: ae Le) enw 
z z 


=0 (3) 
1 2 
—1e7?w ses yt 4. (: + i) e*/?w =o, 
z & 
(4) 
so 
1 k. i-7m 
ws ( rae ae ) w= (5) 


where W’ = dW/dz. The solutions are known as WHIT- 
TAKER FUNCTIONS. 
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Abramowitz, M. and Stegun, C. A. (Eds.). Handbook 
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Whittaker Function 


Whittaker Function 
Solutions to the WHITTAKER DIFFERENTIAL EQUA- 
TION. The linearly independent solutions are 


Mg,m(z) = gi/2tme—2z/2 
Py Ger ncaa 
(2m +1) 
(1) 


and My,—m(z), where Mj,m(z) is a CONFLUENT HYPER- 
GEOMETRIC FUNCTION. In terms of CONFLUENT Hy- 
PERGEOMETRIC FUNCTIONS, the Whittaker functions 
are 


Mim (z) = eT 2/2 zm 41/2) Fd +m—k,1+2m;z) (2) 


(4+m—k)(2+m-—k) , 
21(2m + 1)(2m + 2) a 


We,m(z) = e Amt y(t +m—k,1+2m;z) (3) 


(see Whittaker and Watson 1990, pp. 339-351). How- 
ever, the CONFLUENT HYPERGEOMETRIC FUNCTION 
disappears when 2m is an INTEGER, so Whittaker func- 
tions are often defined instead. The Whittaker functions 
are related to the PARABOLIC CYLINDER FUNCTIONS. 
When |arg z| < 37/2 and 2m is not an INTEGER, 


Wi m2) = FE ay Mal) 
ee Mem(). (4) 
When | arg(—z)| < 37/2 and 2m is not an INTEGER, 
W~k,m(-z) = eee Bae 
Eg nl) (5) 


Whittaker functions satisfy the RECURRENCE RELA- 
TIONS 


Wrjm(Z) = 2°/? Wy—1/2,m—1/a(z)+(4 —k-+m)We—1,m(z) 


(6) 
Wr,m(z) = 2 Wha j2jm41/2(z) + (4 —k—m)We_1,m(z) 
(7) 
ZWim(z) = (K-42) We m(z)—[m? —(k—-4)"] We-1,m(z)- 
(8) 


see also CONFLUENT HYPERGEOMETRIC FUNCTION, 
KUMMER’S FORMULAS, PEARSON-CUNNINGHAM FUNC- 
TION, SCHLOMILCH’S FUNCTION, SONINE POLYNOMIAL 


References 

Abramowitz, M. and Stegun, C. A. (Eds.). “Confluent Hy- 
pergeometric Functions.” Ch. 13 in Handbook of Mathe- 
matical Functions with Formulas, Graphs, and Mathemat- 
ical Tables, 9th printing. New York: Dover, pp. 503-515, 
1972. 

Iyanaga, S. and Kawada, Y. (Eds.). “Whittaker Functions.” 
Appendix A, Table 19.II in Encyclopedic Dictionary of 
Mathematics. Cambridge, MA: MIT Press, pp. 1469-1471, 
1980. 

Whittaker, E. T. and Watson, G. N. A Course in Modern 
Analysis, 4th ed. Cambridge, England: Cambridge Uni- 
versity Press, 1990. 


Wieferich Prime 1941 
Whole Number 

One of the numbers 1, 2, 3, ... (Sloane’s A000027), also 
called the COUNTING NUMBERS or NATURAL NUMBERS. 
0 is sometimes included in the list of “whole” numbers 
(Bourbaki 1968, Halmos 1974), but there seems to be no 
general agreement. Some authors also interpret “whole 
number” to mean “a number having FRACTIONAL PART 
of zero,” making the whole numbers equivalent to the 
integers. 


Due to lack of standard terminology, the following terms 
are recommended in preference to “COUNTING NUM- 
BER,” “NATURAL NUMBER,” and “whole number.” 


Set Name Symbol 
., -2, -1, 0,1, 2,... integers VA 

13:2, Sy 45 8 positive integers Zt 

0,1,2,3,4... nonnegative integers Z" 

—1, —2, —3, —4,... negative integers Z 


see also COUNTING NUMBER, FRACTIONAL PART, IN- 
TEGER, N, NATURAL NuMBER, Z, Z*, Z*, Z* 
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Width (Partial Order) 
For a PARTIAL ORDER, the size of the longest AN- 
TICHAIN is called the width. 


see also ANTICHAIN, LENGTH (PARTIAL ORDER), PAR- 
TIAL ORDER 


Width (Size) 

The width of a box is the horizontal distance from side 
to side (usually defined to be greater than the DEPTH, 
the horizontal distance from front to back). 


see also DEPTH (SIZE), HEIGHT 
References 
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Wiedersehen Manifold 

The only Wiedersehen manifolds are the standard round 
spheres, as was established by proof of the BLASCHKE 
CONJECTURE. 


see also BLASCHKE CONJECTURE 


Wieferich Prime 


A Wieferich prime is a PRIME p which is a solution to 
the CONGRUENCE equation 


gp-t =] (mod p’) : 


1942 Wieferich Prime 


Note the similarity of this expression to the special case 
of FERMAT’S LITTLE THEOREM 


2?-* =1 (mod p), 


which holds for all ODD PRIMES. However, the only 
Wieferich primes less than 4 x 10!” are p = 1093 and 
3511 (Lehmer 1981, Crandall 1986, Crandall et al. 1997). 
Interestingly, one less than these numbers have sugges- 
tive periodic BINARY representations 


1092 = 100010001002 
3510 = 1101101101102. 


A PRIME factor p of a MERSENNE NUMBER M, = 27-1 
is a Wieferich prime IFF p?|2%—1. Therefore, MERSENNE 
PRIMES are not Wieferich primes. 


If the first case of FERMAT’S LAST THEOREM is false for 
exponent p, then p must be a Wieferich prime (Wieferich 
1909). If p\2”+1 with p and n RELATIVELY PRIME, then 
p is a Wieferich prime IrF p* also divides 2" +1. The 
CONJECTURE that there are no three POWERFUL NUM- 
BERS implies that there are infinitely many Wieferich 
primes (Granville 1986, Vardi 1991). In addition, the 
ABC CONJECTURE implies that there are at least Clnz 
Wieferich primes < x for some constant C’ (Silverman 
1988, Vardi 1991). 


see also ABC CONJECTURE, FERMAT’S LAST THEO- 
REM, FERMAT QUOTIENT, MERSENNE NUMBER, MIRI- 
MANOFF’S CONGRUENCE, POWERFUL NUMBER 
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Wiener-Khintchine Theorem 


Wielandt’s Theorem 
Let the n X n MatTRIx A satisfy the conditions of the 
PERRON-FROBENIUS THEOREM and the n x n MATRIX 
C= ci; satisfy 

leag| < aay 


for 7,7 = 1, 2,..., n. Then any EIGENVALUE Ao of C 
satisfies the inequality |Ao| < R with the equality sign 
holding only when there exists ann xn MATRIX D = 6;; 
(where 6:; is the KRONECKER DELTA) and 


_ Ao -1 
C= R DAD : 
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Wiener Filter 

An optimal FILTER used for the removal of noise from 
a signal which is corrupted by the measuring process 
itself. 


see also FILTER 
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Wiener Function 
see BROWN FUNCTION 


Wiener-Khintchine Theorem 
Recall the definition of the AUTOCORRELATION function 
C(t) of a function E(t), 


C(t) 


Hl 


ie E*(r)E(t +17) dr. (1) 


co 


Also recall that the FOURIER TRANSFORM of E(t) is 
defined by 


Co 
E(r) = / Eve~?**”7 du, (2) 
—c 
giving a COMPLEX CONJUGATE of 


E*(r) = / Ere?™"’" dv, (3) 


co 


Wiener Measure 


Plugging E*(r) and E(t +7) into the AUTOCORRELA- 
TION function therefore gives 


C(t) = i) | / Een w| 
ha io ase . 
x [/ Ber tre Sie a dr - 
oo 
/ / / BOR yes Oe eget ae dv dv' 


/ ELE, é(v' — mere du dv’ 


=| EX E,e?™™* dv 


aoe n 
aes y) |By|*e—*7*"! dv 


—oo 


ll 


It 


=F |2s)), (4) 


sO, amazingly, the AUTOCORRELATION is simply given 
by the FOURIER TRANSFORM of the ABSOLUTE SQUARE 
of E(v), 

C(t) = FIIE())*). (5) 
The Wiener-Khintchine theorem is a special case of the 
CROSS-CORRELATION THEOREM with f = g. 


see also AUTOCORRELATION, CROSS-CORRELATION 
THEOREM, FOURIER TRANSFORM 


Wiener Measure 

The distribution which arises whenever a central limit 
scaling procedure is carried out on path-space valued 
random variables. 


Wiener Space 
see MALLIAVIN CALCULUS 


Wigner 3j-Symbol 
The Wigner 37 symbols are written 


ji je j (1) 
my m2 m 
and are sometimes expressed using the related 
CLEBSCH-GORDON COEFFICIENTS 
Chiymy = (Jijamima|jijajm) (2) 


(Condon and Shortley 1951, pp. 74-75; Wigner 1959, 
p. 206), or RACAH V-COEFFICIENTS 


V(j1j2j;mimom). (3) 
Connections among the three are 
(Jaj2m1ma|jrjom) 


= (seem aga (3 - oe (4) 


my 


Wigner 3j-Symbol 1943 


(jig2mime|jijojm) 


= (-1)717" 4/25 + 1V(jrjaj;mim2 —m) (5) 


V(jij2j3 mimzm) = os) aaa @ - 1) 
(6) 


The Wigner 3j-symbols have the symmetries 


B.Ed. ae ia 

Mi m2 m m2 Mm M1 

_fjJ nA fp (saya tats Ga jde 9 
mm my me moa msy mm 


= (-1) +243 ( jaooj fe ) 


my m m2 


= (—1)2) +9249 ( j j2 na ) 


m m2 my 


aa | ju ja J (7) 


—m, —-m2 -m 
The symbols obey the orthogonality relations 
Terry (2 ja Ae ja ;) 
m, m2 m m, ms, m 
am 


= Oma mi Omam!, (8) 


S> ji je j ju j2 iq = 655 F 
mi me. ™m my m2 m’ jy umimy? 
™m4,,™m2 
(9) 
where 6;; is the KRONECKER DELTA. 


General formulas are very complicated, but some spe- 
cific cases are 


ji ja 

my m2 
. (291) !(2j2)! 

(2j1 + 2j2 + 1)'(j1 + m1)! 


jit je 
—m, — m2 


) = (<1) +m 


. . . ; 1/2 
5 (j1 + Jj2 + mi + ma)'(j1 + j2 — m1 — m2)! / 


(j1 — m1)! (J2 + mM2)!(J2 — m2)! 


(10) 


(3 Je j ) = (aij ere 


yA -fji- om 


ss (271) '(—ji + j2 + 3)! 
(ji t+j2+97 +1)! -—jo+7)! 
2 
(j1 + j2 +m)'(j — m)! ae 
(ji + J2 — 9) di + J2 — mG +m)! 


(11) 


1944 


ji jez 9 
0 0 Q 


Wigner 37-Symbol 


(—1)9 (29—291)(29—232)!(29—23)! g! 
(2g9+1)! (9-31) (9-52) 9-37)! 
= if J = 2g 
0 
if J=2g+1, 


(12) 


for J=jitjety. 


For SPHERICAL HARMONICS Yim(6, $), 


Yims (9, $)Yigme (6, ¢) 
Ls / 2h +YQ2b+V2+Y) (hb hb | 
. : 4n m1 Mm. ™m 


xvin(vy(G Bb). a9 


For values of ls obeying the TRIANGLE CONDITION 
A(lilals), 


7 Yiymi (6, )Vigme (9, b)Yigms (6, ¢) sin 6 dé do 


Me (CORENCIESCCERD 
An 


and 


5 | Pi (c0s0) Fi (cox8) Fi (cos8) sin 6 d@ 


2 
2 
oe ae are 
=(4 0 aie 38) 


see also CLEBSCH-GORDON COEFFICIENT, RACAH V- 
COEFFICIENT, RACAH W-COEFFICIENT, WIGNER 6]7- 
SYMBOL, WIGNER 97-SYMBOL 
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Wigner 6j-Symbol 

A generalization of CLEBSCH-GORDON COEFFICIENTS 
and WIGNER 37-SYMBOL which arises in the coupling of 
three angular momenta. Let tensor operators T™) and 
U™) act, respectively, on subsystems 1 and 2 of asystem, 
with subsystem 1 characterized by angular momentum 
ji and subsystem 2 by the angular momentum je. Then 
the matrix elements of the scalar product of these two 
tensor operators in the coupled basis J = ji + jo are 
given by 


(1917252 I'M’ [ee oe |mT1jiT2j2JM) 


: ” J do oH 
= 67716 i(-1 Aitig¢tT 2 ‘1 
JJ'OMM ( ) k i je 


(ANIL [Ij )(r292IU™ |Ir2j2), (1) 


kin 
and 72 represent additional pertinent quantum numbers 
characterizing subsystems 1 and 2 (Gordy and Cook 
1984). 


of of 
where Ja 4 \ is the Wigner 6j-symbol and 7 
2 


Edmonds (1968) gives analytic forms of the 6j-symbol 
for simple cases, and Shore and Menzel (1968) and 
Gordy and Cook (1984) give 


a b cl_- (—1)° 
e c s} 4/(2b + 1)(2c + 1) @) 
i b to 2(—1)°t?*X 
loc 6 4/2b(2b + 1)(2b + 2)2c(2c + 1)(2c + 2) 
(3) 


es 
Na 
QO oo 
rw 0 


\ _ 2(=1)*[13X(X — 1) — 4b(b + Ie(e + 1)] 


a/(2b — 1)2b(2b + 1)(2b + 2)(26 + 3) 
1 


x p] (4) 
4/ (2c — 1)2c(2e + 1)(2c + 2)(2c + 3) 
where 
s=at+bt+e (5) 
X =b(b+1)+c(c4+ 1) —- ala +1). (6) 


see also CLEBSCH-GORDON COEFFICIENT, RACAH V- 
COEFFICIENT, RACAH W-COEFFICIENT, WIGNER 3)- 
SYMBOL, WIGNER 9j7-SYMBOL 
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Wigner 9j-Symbol 

A generalization of CLEBSCH-GORDON COEFFICIENTS 
and WIGNER 3j- and 67-SYMBOLS which arises in the 
coupling of four angular momenta and can be written in 
terms of the WIGNER 3j- and 6j7-SYMBOLS. Let tensor 
operators T*) and Ul) act, respectively, on subsys- 
tems 1 and 2. Then the reduced matrix element of the 
product T*1) x U‘*2) of these two irreducible operators 
in the coupled representation is given in terms of the 
reduced matrix elements of the individual operators in 
the uncoupled representation by 


(r' 7191252 J ||[TOY x US| || ory ja te 52J) 
aoa ks 
= J2F+ QI F124) > 4 2 ja he 


7 LJ’ J ok 
Cr ANTE? |e" nda) (r" t292||U |I77252), (1) 


AoA At 
where ¢ ja j2 ke > is a Wigner 9j-symbol (Gordy 
J' J ek 


and Cook 1984). 
Shore and Menzel (1968) give the explicit formulas 


a b C 
doe F>= YS (-1)*(2x+1) 
GHdJ m5 
e a 6 CGC de F G H J (2) 
F J b « H zad 
ab J 4) bte+ d+ 
ee (—1) 1 b | 
K K 0 J/27+12kK+1)l¢ ¢ 
(3) 
SL J I 5 8 
SS 1 Ls i | a oe 
LL 2se 
ian ame {7 L 7 
[ea a | 
S JL 
Care JS il 
: 15(2L+1) (2 Lb L) (4) 
Bou 3 


Wigner-Eckart Theorem 1945 


see also CLEBSCH-GORDON COEFFICIENT, RACAH V- 
COEFFICIENT, RACAH W-COEFFICIENT, WIGNER 3j- 
SYMBOL, WIGNER 6j-SYMBOL 
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Wigner-Eckart Theorem 

A theorem of fundamental importance in spectroscopy 
and angular momentum theory which provides both (1) 
an explicit form for the dependence of all matrix ele- 
ments of irreducible tensors on the projection quantum 
numbers and (2) a formal expression of the conservation 
laws of angular momentum (Rose 1995). 


The theorem states that the dependence of the ma- 
trix element (j’m'|Tia|jm) on the projection quan- 
tum numbers is entirely contained in the WIGNER 3j- 
SYMBOL (or, equivalently, the CLEBSCH-GORDON Co- 
EFFICIENT), given by 


(j'm'|Tra|jm) = C(j Lj’; mMm’')(j'||Tr 9), 


where C(jLj';mMm’) is a CLEBSCH-GORDON COEFFI- 
CIENT and Tym is a set of tensor operators (Rose 1995, 
p. 85). 


see also CLEBSCH-GORDON COEFFICIENT, WIGNER 3j- 
SYMBOL 
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1946 Wilbraham-Gibbs Constant 
Wilbraham-Gibbs Constant 

N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


Let a piecewise smooth function f with only finitely 
many discontinuities (which are all jumps) be defined 
on [~7,7] with FOURIER SERIES 


ak 


2 ff f(t) cos(kt) dt (1) 


br 


: i; ” F(t) sin(kt) de, (2) 


Sr(f,2) = $a + {> cos(ka) + bg stn} . (3) 


k=1 


Let a discontinuity be at 2 = c, with 


Jim f(z) > lim, f(z), (4) 
© 0s (te se]-[ae sel]>o © 
Define 


oe) =5 [lim f(@)+ Jim f@)], ©) 


and let x = @n < c be the first local minimum and 
x = &, > c the first local maximum of S,,(f, x) on either 
side of z,. Then 


Jim Sn(J,en) = o(¢) + 26" (7) 
Jim Sa(f,én) = d(e) - 26", (8) 
where 
Ge ia sinc 6 dO = 1.851937052.... (9) 
0 


Here, since = sinaz/z is the SINC FUNCTION. The 
FOURIER SERIES of y = z therefore does not converge 
to —x and zw at the ends, but to —2G’ and 2G". This 
phenomenon was observed by Wilbraham (1848) and 
Gibbs (1899). Although Wilbraham was the first to note 
the phenomenon, the constant G' is frequently (and un- 
fairly) credited to Gibbs and known as the GIBBS CON- 
STANT. A related constant sometimes also called the 
GIBBS CONSTANT is 


Ge= a = = / sinc x dx = 1.17897974447216727... 
rig wT 
0 


(10) 
(Le Lionnais 1983). 
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Wilf-Zeilberger Pair 


Wilcoxon Rank Sum Test 
A nonparametric alternative to the two-sample t-test. 


see also PAIRED t-TEST, PARAMETRIC TEST 


Wilcoxon Signed Rank Test 

A nonparametric alternative to the PAIRED t-TEST 
which is similar to the FISHER SIGN TEST. This test as- 
sumes that there is information in the magnitudes of the 
differences between paired observations, as well as the 
signs. Take the paired observations, calculate the differ- 
ences, and rank them from smallest to largest by ABSO- 
LUTE VALUE. Add all the ranks associated with Posi 
TIVE differences, giving the T, statistic. Finally, the P- 
VALUE associated with this statistic is found from an ap- 
propriate table. The Wilcoxon test is an R-ESTIMATE. 


see also FISHER SIGN TEST, HYPOTHESIS TESTING, 
PAIRED t-TEST, PARAMETRIC TEST 


Wild Knot 
A KNOT which is not a TAME KNOT. 


see also TAME KNOT 
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Wild Point 

For any point P on the boundary of an ordinary BALL, 
find a NEIGHBORHOOD of P in which the intersection 
with the BALL’s boundary cuts the NEIGHBORHOOD 
into two parts, each HOMEOMORPHIC to a BALL. A 
wild point is a point on the boundary that has no such 
NEIGHBORHOOD. 


see also BALL, HOMEOMORPHIC, NEIGHBORHOOD 


Wilf-Zeilberger Pair 
A pair of CLOSED Foro functions (F,G) is said to be 
a Wilf-Zeilberger pair if 


F(n+1,k) — F(n,k) = G(n,k +1)—G(n,k). (1) 


The Wilf-Zeilberger formalism provides succinct proofs 
of known identities and allows new identities to be dis- 
covered whenever it succeeds in finding a proof cer- 
tificate for a known identity. However, if the starting 
point is an unknown hypergeometric sum, then the Wilf- 
Zeilberger method cannot discover a closed form solu- 
tion, while ZEILBERGER’S ALGORITHM can. 


Wilf-Zeilberger pairs are very useful in proving HYPER- 
GEOMETRIC IDENTITIES of the form 


S—t(n, k) = rhs(n) (2) 


k 


for which the SUMMAND t(n, k) vanishes for all k outside 
some finite interval. Now divide by the right-hand side 


to obtain 
S_ F(n,k) = 1, (3) 
k 


Wilf-Zeilberger Pair 


where t(n, &) 
rhs(n) (4) 


Now use a RATIONAL FUNCTION R(n,k) provided by 
ZEILBERGER’S ALGORITHM, define 


F(n,k) = 


G(n,k) = R(n,k)F (n,k). (5) 


The identity (1) then results. Summing the relation over 
all integers then telescopes the right side to 0, giving 


So F(n + 1k) = D> F(n,k). (6) 


Therefore, )_, F(n, k) is independent of n, and so must 
be a constant. If F is properly normalized, then it will 
be true that 5°, F(0,k) = 1. 


For example, consider the BINOMIAL COEFFICIENT 


identity 
=> (2) oe (7) 


n 
k k=0 


the function R(n,k) returned by ZEILBERGER’S ALGO- 


RITHM is 
k 


R(n,k) = akan iy" (8) 


Therefore, 
F(n,k) = @) one (9) 


and 


G(n,k) = R(n, k)F(n, k) = Tey (7) eer 


ars kn!2-” be n g-n-1 
~~ Bin+1—kki(n—k)l  \k-1 


Taking 
F(n+1,k) — F(n,k) = G(n,k+1)-—G(n,k) (11) 


then gives the alleged identity 


n+1\. n-1 n\n en 
ea: 
=-(Hemta(." Jem an 


Expanding and evaluating shows that the identity does 
actually hold, and it can also be verified that 


ae 1 fork=0 (13) 


F(0,k) = € ~ 10 otherwise, 


so >, F(0,k) = 1 (Petkovaek et al. 1996, pp. 25-27). 


Wilf-Zeilberger Pair 1947 


For any Wilf-Zeilberger pair (F,G), 


37 G(n, 0) = Ss 1Finyn —1)+G(n-1,n-1)] (14) 


n=0 n=1 


whenever either side converges (Zeilberger 1993). In ad- 
dition, 


S°G(n,0) = > Ht +1),n)+ y G(sn +i,n)} , 


n=0 n=0 i=0 
(15) 
S_ F(0,k) = }° G(n,0), (16) 
k=0 n=0 
and 
Pe G(n,0) = > b» F(s(n + 1), tn+J) 
n=0 n=0 Lj=0 
+ ¥. G(sn +1, 2) » (17) 
i=0 
where 
t~1 
Fy(n,k) = S$ F(sn, th + j) (18) 
a 
Got(n, k) = 5° G(sn + 4, tk) (19) 


(Amdeberhan and Zeilberger 1997). The latter identity 
has been used to compute APERY’S CONSTANT to a large 
number of decimal places (Plouffe). 


see also APERY’S CONSTANT, CONVERGENCE IMPROVE- 
MENT, ZEILBERGER’S ALGORITHM 
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1948 Wilkie’s Theorem 


Wilkie’s Theorem 
Let #(21,...,2n) be an Lexp formula, where Lexp = 
LU {e*} and C£ is the language of ordered rings L 


{+,-,:,<,0,1}. Then there are n > mand fi,..., fs € 
Zlwi,...,¢n,e71,...,e°"] such that ¢(a1,...,2n) is 
equivalent to 
Fame1 °°? Ben fi(vi,.-.,2n,€7,...,€") =... 

= f,(21,-.+,2n,€71,-..,€°") =0 


(Wilkie 1996). In other words, every formula is equiva- 
lent to an existential formula and every definable set is 
the projection of an exponential variety (Marker 1996). 


References 

Marker, D. “Model Theory and Exponentiation.” Not. 
Amer. Math. Soc. 43, 753-759, 1996. 

Wilkie, A. J. “Model Completeness Results for Expansions of 
the Ordered Field of Real Numbers by Restricted Pfaffian 
Functions and the Exponential Function.” J. Amer. Math. 
Soc. 9, 1051-1094, 1996. 


Williams p + 1 Factorization Method 

A variant of the POLLARD p— 1 METHOD which uses 
LUCAS SEQUENCES to achieve rapid factorization if some 
factor p of N has a decomposition of p+1 in small PRIME 
factors. 


see also LUCAS SEQUENCE, POLLARD p — 1 METHOD, 
PRIME FACTORIZATION ALGORITHMS 
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Wilson Plug 

A 3-D surface with constant VECTOR FIELD on its 
boundary which traps at least one trajectory which en- 
ters it. 


see also VECTOR FIELD 


Wilson’s Primality Test 
see WILSON’S THEOREM 


Wilson Prime 
A PRIME satisfying 


W(p) = 0 (mod p), 
where W(p) is the WILSON QUOTIENT, or equivalently, 
(p-1)!=-1 (mod p’) ; 


5, 13, and 563 are the only Wilson primes less than 
5 x 108 (Crandall et al. 1997). 
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Winding Number (Contour) 
Wilson Quotient 


W(p) = 2. 


Wilson’s Theorem 
IFF p is a PRIME, then (p — 1)! + 1 is a multiple of p, 
that is 

(p — 1)! = —-1 (mod p). 


This theorem was proposed by John Wilson in 1770 and 
proved by Lagrange in 1773. Unlike FERMAT’S LITTLE 
THEOREM, Wilson’s theorem is both NECESSARY and 
SUFFICIENT for primality. For a COMPOSITE NUMBER, 
(n — 1)! =0 (mod n) except when n = 4. 

see also FERMAT’S LITTLE THEOREM, WILSON’S THEO- 
REM COROLLARY, WILSON’S THEOREM (GAUSS’S GEN- 
ERALIZATION) 
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Wilson’s Theorem Corollary 
Iff a PRIME p is of the form 4x7 + 1, then 


[(2x)!]? = -1 (mod p). 
Wilson’s Theorem (Gauss’s Generalization) 


Let P be the product of INTEGERS less than or equal to 
nm and RELATIVELY PRIME to n. Then 


_ TT _ f -1 (mod n) 
Pal 


k=2 
kin 


for n = 4, p%, 2p™ 
otherwise. 


When m = 2, this reduces to P = 1 (mod 2) which is 
equivalent to P = —1 (mod 2). 


see also WILSON’S THEOREM, WILSON’S THEOREM 
COROLLARY 


Winding Number (Contour) 
Denoted n(v¥, 20) and defined as the number of times a 
path + curve passes around a point. 


nna) = > f 


nif z-a’ 
¥ 


The contour winding number was part of the inspiration 
for the idea of the DEGREE of a MaP between two COM- 
PACT, oriented MANIFOLDS of the same DIMENSION. In 
the language of the DEGREE of a Map, if 7: [0,1] + C 


Winding Number (Map) 


is a closed curve (i.e., y(0) = y(1)), then it can be con- 
sidered as a FUNCTION from S’ to C. In that context, 
the winding number of y around a point p in C is given 
by the degree of the Map 


¥—D 
ly — pl 


from the CIRCLE to the CIRCLE. 


Winding Number (Map) 


The winding number of a map is defined by 


W = lim 


fr(0)- 8 

n> oo nr > 

which represents the average increase in the angle @ per 
unit time (average frequency). A system with a RA- 
TIONAL winding number W = p/g is MODE-LOCKED, 
whereas a system with an IRRATIONAL winding number 
is QUASIPERIODIC. Note that since the RATIONALS are 
a set of zero MEASURE on any finite interval, almost all 
winding numbers will be irrational, so almost all maps 
will be QUASIPERIODIC. 


Windmill 
One name for the figure used by Euclid to prove the 
PYTHAGOREAN THEOREM. 


see BRIDE’S CHAIR, PEACOCK’S TAIL 


Window Function 
see RECTANGLE FUNCTION 


Winkler Conditions 

Conditions arising in the study of the ROBBINS EQua- 
TION and its connection with BOOLEAN ALGEBRA. Win- 
kler studied Boolean conditions (such as idempotence or 
existence of a zero) which would make a ROBBINS AL- 
GEBRA become a BOOLEAN ALGEBRA. Winkler showed 
that each of the conditions 


3C,5D,C+D=C 


dC, 43D,n(C + D) = n(C), 


known as the first and second Winkler conditions, SUF- 
FICES. A computer proof demonstrated that every RoB- 
BINS ALGEBRA Satisfies the second Winkler condition, 
from which it follows immediately that all RoBBINS AL- 
GEBRAS are BOOLEAN. 
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Witch of Agnesi 1949 


Winograd Transform 

A discrete FAST FOURIER TRANSFORM ALGORITHM 
which can be implemented for N = 2, 3, 4, 5, 7, 8, 
11, 13, and 16 points. 


see also FAST FOURIER TRANSFORM 


Wirtinger’s Inequality 
If y has period 27, y' is L?, and 


an 
| ydz = 0, 
0 


then 
20 Qn 
i y dz < / y” dz 
0 0 
unless 
y = Acosx+ Bsing. 
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Wirtinger-Sobolev Isoperimetric Constants 
Constants such that 


; 1/q N of 
| fn ac| ae pelea 


where f is a real-valued smooth function on a region 2 
satisfying some BOUNDARY CONDITIONS. 


1 
Pp 
dx i 
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Witch of Agnesi 


an 


YQ | 7% 


A curve studied and named “versiera” (Italian for “she- 
devil” or “witch”) by Maria Agnesi in 1748 in her book 
Istituzioni Analitiche (MacTutor Archive). It is also 
known as CUBIQUE D’AGNESI or AGNESIENNE. Some 
suggest that Agnesi confused an old Italian word mean- 
ing “free to move” with another meaning “witch.” The 
curve had been studied earlier by Fermat and Guido 
Grandi in 1703. 


It is the curve obtained by drawing a line from the origin 
through the CIRCLE of radius 2a (OB), then picking the 
point with the y coordinate of the intersection with the 
circle and the x coordinate of the intersection of the 
extension of line OB with the line y = 2a. The curve 


1950 Witness 


has INFLECTION POINTS at y = 3a/2. The line y = 0 is 
an ASYMPTOTE to the curve. 


In parametric form, 


xz = 2acoté (1) 
= all — cos(26)], (2) 
or 
xz = 2at (3) 
2a 
eam TE (4) 


In rectangular coordinates, 


8a? 


az? + 4a?" (5) 


y= 


see also LAME CURVE 
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Witness 

A witness is a number which, as a result of its number 
theoretic properties, guarantees either the composite- 
ness or primality of a number n. Witnesses are most 
commonly used in connection with FERMAT’S LITTLE 
THEOREM CONVERSE. A PRATT CERTIFICATE uses 
witnesses to prove primality, and MILLER’S PRIMALITY 
TEST uses witnesses to prove compositeness. 


see also ADLEMAN-POMERANCE-RUMELY PRIMALITY 
TEST, FERMAT’S LITTLE THEOREM CONVERSE, MIL- 
LER’S PRIMALITY TEST, PRATT CERTIFICATE, PRIMAL- 
ITY CERTIFICATE 


Witten’s Equations 
Also calied the SEIBERG-WITTEN INVARIANTS. For a 
connection A and a POSITIVE SPINOR ¢ € T'(V1), 


Dad =0 
F4 = io(¢,¢). 


The solutions are called monopoles and are the minima 
of the functional 


| (IFA — io(6,4)I? + [Dadl?). 
x 


Wolstenholme’s Theorem 


see also LICHNEROWICZ FORMULA, LICHNEROWICZ- 
WEITZENBOCK FORMULA, SEIBERG-WITTEN EQuaA- 
TIONS 
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Wittenbauer’s Parallelogram 


Divide the sides of a QUADRILATERAL into three equal 
parts. The figure formed by connecting and extending 
adjacent points on either side of a VERTEX is a PARAL- 
LELOGRAM known as Wittenbauer’s parallelogram. 


see also QUADRILATERAL, WITTENBAUER’S THEOREM 


Wittenbauer’s Theorem 
The CENTROID of a QUADRILATERAL LAMINA is the 
center of its WITTENBAUER’S PARALLELOGRAM. 


see also CENTROID (GEOMETRIC), LAMINA, QUADRI- 
LATERAL, WITTENBAUER’S PARALLELOGRAM 


Wolstenholme’s Theorem 
If p is a PRIME > 3, then the NUMERATOR of 


1 di: 1 
Ly eg eee p-1 
is divisible by p? and the NUMERATOR of 


1 


1 
tae 
(p — 1)? 


1 
22 * 32 
is divisible by p. These imply that if p > 5 is PRIME, 


then 
2p—-1\ _ 3 
i) = 1 (mod p’). 
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Woodall Number 


Woodall Number 


Numbers of the form 
W, = 2"n-1. 


The first few are 1, 7, 23, 63, 159, 383, ... (Sloane’s 
A003261). The only Woodall numbers W, for n < 
100,000 which are PRIME are for n = 5312, 7755, 9531, 
12379, 15822, 18885, 22971, 23005, 98726, ... (Sloane’s 
A014617; Ballinger). 


see also CULLEN NUMBER, CUNNINGHAM NUMBER, 
FERMAT NUMBER, MERSENNE NUMBER, SIERPINSKI 
NUMBER OF THE FIRST KIND 
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Woodbury Formula 


(A + UV?)-? = Am — [A71U(. + VTATTU) EVE AH 4). 


Word 
N.B. A detailed on-line essay by S. Finch was the start- 
ing point for this entry. 


A finite sequence of n letters from some ALPHABET is 
said to be an n-ary word. A “square” word consists of 
two identical subwords (for example, acbach). A square- 
free word contains no square words as subwords (for ex- 
ample, abcacbabcb). The only squarefree binary words 
are a, b, ab, ba, aba, and bab. However, there are ar- 
bitrarily long ternary squarefree words. The number of 
ternary squarefree words of length n is bounded by 


6 - 1.032" < s(n) < 6- 1.379” (1) 
(Brandenburg 1983). In addition, 


$ = lim [s(n)]'/ = 1.302... (2) 


noo 


(Brinkhuis 1983, Noonan and Zeilberger). Binary cube- 
free words satisfy 


2+ 1.080" < c(n) < 2- 1.522", (3) 


A word is said to be overlapfree if it has no subwords of 
the form xyzyz. A squarefree word is overlapfree, and an 


Worm 1951 


overlapfree word is cubefree. The number t(n) of binary 
overlapfree words of length n satisfies 


p- 155 < t(n) < q- nb 587 (4) 


for some constants p and q (Restivo and Selemi 1985, 
Kobayashi 1988). In addition, while 


Int(n) 
li 5 
oe ian ©) 
does not exist, 


1.155 < Tr < 1.276 < 1.332 < Ty < 1.587, (6) 


where 


Tr = liminf neta) (7) 


Rt OO Inn 


Tu = limsup ei) 
noo mn 


(8) 


(Cassaigne 1993). 
see also ALPHABET 
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World Line 
The path of an object through PHASE SPACE. 


Worm 


A 4-POLYHEX. 


References 

Gardner, M. Mathematical Magic Show: More Puzzles, 
Games, Diversions, Illusions and Other Mathematical 
Sleight-of-Mind from Scientific American. New York: 
Vintage, p. 147, 1978. 


1952 Worpitzky’s Identity 


Worpitzky’s Identity 


nel 
ay (r\ n+k 
= k np? 
k=0 
where ee is an EULERIAN NUMBER and ({) is a Br- 
NOMIAL COEFFICIENT. 


Writhe 
Also called the Twist NUMBER. The sum of crossings 
p of a LINK L, 


w(L)= S° ep), 


pec(L) 


where ¢(p) defined to be +1 if the overpass slants from 
top left to bottom right or bottom left to top right and 
C(L) is the set of crossings of an oriented Link. If a 
Knot K is AMPHICHIRAL, then w(K) = 0 (Thistle- 
thwaite). Letting Lk be the LINKING NUMBER of the 
two components of a ribbon, Tw be the TWIST, and Wr 
be the writhe, then 


Lk(K) = Tw(K) + Wr(K). 


(Adams 1994, p. 187). 
see also SCREW, TWIST 
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Wronskian 


1 2 ae dn 
4 ns bn 


W(¢1,..-,¢n) = 


gi) ga (A-0) bait), 

If the Wronskian is NONZERO in some region, the func- 
tions ¢@; are LINEARLY INDEPENDENT. If W = 0 over 
some range, the functions are linearly dependent some- 
where in the range. 


see also ABEL’S IDENTITY, GRAM DETERMINANT, LIN- 
EARLY DEPENDENT FUNCTIONS 
References 
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Wulff Shape 

An equilibrium MINIMAL SURFACE for a crystal which 
has the least anisotropic surface energy for a given vol- 
ume. It is the anisotropic analog of a SPHERE. 


see also SPHERE 


Wythoff’s Game 


Wynn’s Epsilon Method 

A method for numerical evaluation of SUMS and PROD- 
UCTS which samples a number of additional terms in the 
series and then trics to fit them to a POLYNOMIAL mul- 
tiplied by a decaying exponential. 


see also EULER-MACLAURIN INTEGRATION FORMULAS 


Wythoff Array 
A INTERSPERSION array given by 


1 2 3 #5 8 13 21234 55 

4 7 11 18 29 47 76 123 199 
6 10 16 26 42 68 110 178 288 
9 15 24 39 63 102 165 267 432 
12 20 32 52 84 136 220 356 576 
14 23 37 60 97 157 #254 411 665 
17 28 45 73 118 191 309 500 809 
19 31 50 81 131 212 343 555 898 
22 36 58 94 152 246 398 644 1042 


the first row of which is the FIBONACCI NUMBERS. 


see also FIBONACCI NUMBER, INTERSPERSION, STO- 
LARSKY ARRAY 
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Wythoff Construction 
A method of constructing UNIFORM POLYHEDRA. 


see also UNIFORM POLYHEDRON 
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Wythoff’s Game 

A game played with two heaps of counters in which a 
player may take any number from either heap or the 
same number from both. The player taking the last 
counter wins. The rth SAFE combination is (z,2 + 71), 
where z = |¢r|, with ¢@ the GOLDEN RATIO and [2] the 
FLOOR FUNCTION. It is also true that +r = |¢*r|. 
The first few SAFE combinations are (1, 2), (3, 5), (4, 
7), (6, 10),.... 


see also NIM, SAFE 
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Wythoff Symbol 


Wythoff Symbol 

A symbol used to describe UNIFORM POLYHEDRA. For 
example, the Wythoff symbol for the TETRAHEDRON 
is 3|23. There are three types of Wythoff symbols 
plar, pq|r and pqrl, and one exccptional symbol 
| 223% used for the GREAT DIRHOMRBICOSIDONECAHE- 
DRON. Some special cases in terms of SCHLAFLI SYM- 
BOLS are 


p|q2=p|2q= {a,p} 


vo ( 
mie-e(t] 


2q|p= t{p, a} 


apal=+{? 

q 

j2na=s 4?) 
q 


For the symbol pqr|, permuting the letters gives the 
same POLYHEDRON. 


see also UNIFORM POLYHEDRON 
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Wythoff Symbol 


1953 


x-Axis 
»< 


z-Axis 
Z-axis 


X-axis : 
y-axis 


The horizontal axis of a 2-D plot in CARTESIAN COOR- 
DINATES, also called the ABSCISSA. 


see also ABSCISSA, ORDINATE, y-AXIS, z-AXIS 


x-Intercept 


y-axis 


4 y-intercept 


x-intercept 


X-axis 


The point at which a curve or function crosses the zx- 
AXIS (i.e., when y = 0 in 2-D). 
see also LINE, y-INTERCEPT 


Xi Function 


T(hz = i, z 
&(z) = 42(z -1) (2) (2) = SI 


(1) 
where ¢(z) is the RIEMANN ZETA FUNCTION and I(z) is 
the GAMMA FUNCTION (Gradshteyn and Ryzhik 1980, 
p. 1076). The € function satisfies the identity 


g(1— z) = &(2). (2) 


XOR 1955 
The zeros of €(z) and of its DERIVATIVES are all located 
on the CRITICAL STRIP z = o + it, where 0 < o < 1. 
Therefore, the nontrivial zeros of the RIEMANN ZETA 
FUNCTION exactly correspond to those of €{z). The 
function €{z) is related to what Gradshteyn and Ryzhik 
(1980, p. 1074) call (t) by 


E(t) = €(z), (3) 

where z = 4 + it. This function can also be defined as 

E(it) = 40? — 1)e */? 97244 1c 4+4), (4) 
giving 


E(t) = —3(t? + 1)a*/? 4/402 — Lityc(4 — it). (5) 
The DE BRUIJIN-NEWMAN CONSTANT is defined in terms 
of the =(t) function. 


see also DE BRUIJN- NEWMAN CONSTANT 


References 

Gradshteyn, I. S. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, corr. enl. 4th ed. San Diego, CA: Aca- 
demic Press, 1980. 


XOR 

An operation in LoGIc known as EXCLUSIVE OR. It 
yields true if exactly one (but not both) of two condi- 
tions is true. The BINARY XOR operator has the fol- 
lowing TRUTH TABLE. 


A B AXORB 


F F F 
F T T 
T F T 
T T F 


The BINOMIAL COEFFICIENT (”") mod 2 can be com- 
puted using the XOR operation n XOR m, making PAs- 
CAL’S TRIANGLE mod 2 very easy to construct. 


see also AND, BINARY OPERATOR, BOOLEAN ALGEBRA, 
Loaic, NoT, OR, PASCAL’S TRIANGLE, TRUTH TABLE 


Z-axis 


X-axis : 
y-axis 


The vertical axis of a 2-D plot in CARTESIAN COORDI- 
NATES, also called the ORDINATE. 


see also ABSCISSA, ORDINATE, 2-AXIS, z-AXIS 


y-Intercept 


y-axis 


Coes 


x-intercept 


x-axis 


The point at which a curve or function crosses the y- 
AXIS (i.e., when x = 0 in 2-D). 


see also LINE, z-INTERCEPT 


Yacht 


A 6-POLYIAMOND. 


References 

Golomb, 8S. W. Polyominoes: Puzzles, Patterns, Problems, 
and Packings, 2nd ed. Princeton, NJ: Princeton University 
Press, p. 92, 1994. 


Yanghui Triangle 
see PASCAL’S TRIANGLE 


Yff Center of Congruence 

Let three ISOSCELIZERS, one for each side, be con- 
structed on a TRIANGLE such that the four interior 
triangles they determine are congruent. Now parallel- 
displace these ISOSCELIZERS until they concur in a single 
point. This point is called the Yff center of congruence 
and has TRIANGLE CENTER FUNCTION 


a = sec(} A). 


see also CONGRUENT ISOSCELIZERS POINT, ISOSCE- 
LIZER 


References 
Kimberling, C. “Yff Center of Congruence.” http://www. 
evansville.edu/~ck6/tcenters/recent/yffcc. html. 


Yf Points 


1957 


YF Points 


Let points A’, B’, and C’ be marked off some fixed dis- 
tance zx along each of the sides BC, CA, and AB. Then 
the lines AA’, BB’, and CC’ concur in a point U known 
as the first YffF point if 


z® = (a—2)(b—z)(c— 2). (1) 


This equation has a single real root u, which can by 
obtained by solving the CUBIC EQUATION 


f(z) = 22° — pz? + qx —r =0, (2) 
where 
p=at+b+c (3) 
q=ab+ac+ be (4) 
r = abe. (5) 


The IsoTOMIC CONJUGATE POINT U’ is called the sec- 
ond Yff point. The TRIANGLE CENTER FUNCTIONS of 
the first and second points are given by 


1 fe~—u\i/3 
a= 7 (5) (6) 
and a 
. 1 /b-wu 
Be Ghceu) 3 w 


respectively. Analogous to the inequality w < 7/6 for 
the BROCARD ANGLE w, u < p/6 holds for the Yff 
points, with equality in the case of an EQUILATERAL 
TRIANGLE. Analogous to 


w<ai<m- 3w (8) 
for 7 = 1, 2, 3, the Yf points satisfy 


u<ai<p-— 3u. (9) 


Yff (1963) gives a number of other interesting properties. 
The line UU’ is PERPENDICULAR to the line containing 
the INCENTER I and CIRCUMCENTER QO, and its length 
is given by 


UU' = ———-, (10) 
where A is the AREA of the TRIANGLE. 
see also BROCARD POINTS, YFF TRIANGLES 


References 
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1958 Yff Triangles 


Yff Triangies 


Cc 


The TRIANGLE AA'B'C’ formed by connecting the 
points used to construct the YFF POINTS is called the 
first Yff triangle. The AREA of the triangle is 
3 
Uu 
A=-, 
2R 
where R is the CIRCUMRADIUS of the original TRIANGLE 
AABC. The second Yff triangle is formed by connecting 
the IsoTOMIG CONJUGATE Points of A’, B’, and C’. 


see also YFF POINTS 


References 
Yff, P. “An Analog of the Brocard Points.” Amer. Math. 
Monthly 70, 495-501, 1963. 


Yin- Yang 


A figure used in many Asian cultures to symbolize the 
unity of the two “opposite” male and female elements, 
the “yin” and “yang.” The solid and hollow parts com- 
posing the symbol are similar and combine to make a 
CIRCLE. Each part consists of two cqual oppositcly ori- 
ented SEMICIRCLES of radius 1/2 joined at their edges, 
plus a SEMICIRCLE of radius 1 joining the other edges. 


see also BASEBALL COVER, CIRCLE, PIECEWISE CIR- 
CULAR CURVE, SEMICIRCLE 
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Young Diagram 


eeeceeeeseesonsevresens 


@rnaeescecoanseane 


Young’s Integral 


A Young diagram, also called a FERRERS DIAGRAM, rep- 
resents PARTITIONS as patterns of dots, with the nth row 
having the same number of dots as the nth term in the 
PARTITION. A Young diagram of the PARTITION 


n=atb+...+6¢, 


for a list a, 6, ..., c of k POSITIVE INTEGERS with a > 
b >... > c is therefore the arrangement of n dots or 
square boxes in k rows, such that the dots or boxes are 
left-justified, the first row is of length a, the second row 
is of length b, and so on, with the kth row of length c. 
The above diagram corresponds to one of the possible 
partitions of 100. 


see also DURFEE SQUARE, Hook LENGTH FORMULA, 
PARTITION, PARTITION FUNCTION P, YOUNG TABLEAU 
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Young Girl-Old Woman Illusion 


A perceptual ILLUSION in which the brain switches be- 
tween seeing a young girl and an old woman. 


see also RABBIT-DUCK ILLUSION 


References 
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World Publ./Tetra, p. 173, 1989. 


Young Inequality 
For 0 < p <1, 


ab < % 4 (1-1) pva-w, 
Pp Pp 


Young’s Integral 

Let f(z) be a REAL continuous monotonic strictly in- 
creasing function on the interval [0,a] with f(0) = 0 
and b < f(a), then 


aii b 
av< [ fa)de+ | f7*(y) dy, 
0 0 


where f~*(y) is the INVERSE FUNCTION. Equality holds 
IrF b = f(a). 


References 

Gradshteyn, I. 8. and Ryzhik, I. M. Tables of Integrals, Se- 
ries, and Products, 5th ed. San Diego, CA: Academic 
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Young Tableau 


Young Tableau 

The YOUNG TABLEAU of a YOUNG DIAGRAM is ob- 
tained by placing the numbers 1, ..., n in the n 
boxes of the diagram. A “standard” Young tableau 
is a Young tableau in which the numbers form a non- 
decreasing sequence along each line and along each 
column. The standard Young tableaux of size three 
are given by {{1,2,3}}, {{1,3},{2}}, {{1,2}, {3}}, 
and {{1}, {2},{3}}. The number of standard Young 
tableaux of size 1, 2, 3, ... are 1, 2, 4, 10, 26, 76, 232, 
764, 2620, 9496, ... (Sloane’s A000085). These numbers 
can be generated by the RECURRENCE RELATION 


a(n) = a(n — 1) + (n — 1)a{n — 2) 


with a(1) = 1 and a(2) = 2. 


There is a correspondence between a PERMUTATION 
and a pair of Young tableaux, known as the SCHEN- 
STED CORRESPONDENCE. The number of all standard 
Young tableaux with a given shape (corresponding to a 
given YOUNG DIAGRAM) is calculated with the HooK 
LENGTH FORMULA. The BUMPING ALGORITHM is used 
to construct a standard Young tableau from a permuta- 
tion of {1, ..., n}. 


see also BUMPING ALGORITHM, HOOK LENGTH FOR- 
MULA, INVOLUTION (SET), SCHENSTED CORRESPON- 
DENCE, YOUNG DIAGRAM 
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Young Tableau 


1959 


Z 


Z 

The RING of INTECERS ... 
denoted I. 

see also C, C*, CountiInG Numper, I, N, NaATuRAT. 
NuMBER, Q, IR, WHOLE NuMBER, Z , Z™ 


SAO, dau, alee 


7 
The NEGATIVE INTEGERS ..., —3, —2, —1. 


see also COUNTING NUMBER, NATURAL NUMBER, NEG- 
ATIVE, WHOLE Numpser, Z, Z7, Z” 


Vian 
The PosITIVE INTEGERS 1, 2, 3, ..., equivalent to N. 


see alsy COUNTING NumBER, N, NATURAL NUMBER, 
POSITIVE, WHOLE NuMBER, Z, Z’, Z* 


7" 
The NONNEGATIVE INTEGERS 0, 1, 2,.... 


see also COUNTING NUMBER, NATURAL NUMBER, NON- 
NEGATIVE, WHOLE NUMBER Z, Z, ZT 


z-Axis 
z-axis 


AX . 
X-axis y-axis 


The axis in 3-D CARTESIAN COORDINATES which is usu- 
ally oriented vertically. CYLINDRICAL COORDINATES 
are defined such that the z-axis is the axis about which 
the azimuthal coordinate 8 is mcasured. 


see also AXIS, z-AXIS, y-AXIS 


z~Distribution 


sec FISHER’S z-DISTRIBUTION, STUDENT’S 2-DISTRIBU- 
TION 


Z-Number 
A Z-number is a REAL NUMBER € such that 


0 < frac (3) ¢ <3 


for all k = 1, 2, ..., where frac(z) is the fractional part 
of x. Mahler (1968) showed that there is at most one Z- 
number in each interval [n,n-+ 1) for integral n. Mahler 
(1968) therefore concluded that it is unlikely that any 
Z-numbers exist. The Z-numbers arise in the analysis 
of the COLLATZ PROBLEM. 


see also COLLATZ PROBLEM 


Z-Transform 1961 
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z-Score 
The z-score associated with the ith observation of a ran- 
dom variable x is given by 


where Z is the MEAN and a the STANDARD DEVIATION 
of all observations 71, ..., Zn. 


z-Transform 
The discrete z-transform is defined as 


N-1 


Z{a] = So anz*. (1) 


n=0 


The DiscRETE FOURIER TRANSFORM is a special case 
of the z-transform with 


ae an (2) 
A z-transform with 


z= e 2mta/N (3) 


for a #4 +1 is called a FRACTIONAL FOURIER TRANS- 
FORM. 


see also DISCRETE FOURIER TRANSFORM, FRACTIONAL 
FOURIER TRANSFORM 
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z-Transform (Population) 
see POPULATION COMPARISON 


Z-Transform 
The Z-transform of F(t) is defined by 


ZF(t)] = LF" (8), (1) 


where 


F*(t) = F()6r(t) = S)F(T)s(t—nT), (2) 


n=O 


1962 Z-Transform 


6(£) is the DELTA FUNCTION, T' is the sampling period, 
and £ is the LAPLACE TRANSFORM. An alternative def- 
inition is 


ZiFOl= 30 (goa 


residues 


\f@, 8) 


where 


f(z) = So F(nT)z. (4) 
The inverse Z-transform is 
Zl = FO) = 5h ¢ flzje""dz. (8) 


It satisfies 


Z|aF(t) + bG(t)] = aZ[F(t)] + b2Z[F(t)] (6) 
Z2[F(t+ T)] = 2Z[F(t)] — zF(0) (7) 
Z(F(t + 2T)] = 2°Z[F(t)] — z?F(0) — zF(t) (8) 
Z[F(t+ mT) = 2 Z[F(t)] — $0 2" F(rt) (9) 
Z[F(t —mT)] =z ™2Z[F(t)] 7 (10) 
Ze" F(t)] = Zle°" z] (11) 

Ze“ F(t)] = Z{e** z] (12) 
tF(t) = -T2 4 Z[F()] (13) 

t F(t) = yi £2) ay (14) 


Transforms of special functions (Beyer 1987, pp. 426— 
427) include 


Z[5(t)] = 1 (18) 
Z(d(t —mT)| = 2°™ (16) 
Z[H(t)] = = = ; (17) 
Z{H(t — mT)} = ae (18) 
Zt = eo (19) 

2, z4 
zit) = es) (20) 

3 2 
Z(°) = Tt a 1) (21) 
Zila”? = —= (22) 
Aeoswl = zee 
FACE Nees rice A 


2 — 2zcos(wT) +1’ 


Zaslavskii Map 


where H(t) is the HEAVISIDE STEP FUNCTION. In gen- 
eral, 


Ze") = (-1)" im 2 (=) ®) 


z-+0 Ox" 


7 Tz A ( > a (26) 


(2 —1)"+1 : 


where the are EULERIAN NUMBERS. Amazingly, 


n 
k 
the Z-transforms of ¢” are therefore generators for Eu- 
LER’S TRIANGLE. 


see also EULER’S TRIANGLE, EULERIAN NUMBER 
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Zag Number 
An EVEN ALTERNATING PERMUTATION number, more 
commonly called a TANGENT NUMBER. 


see also ALTERNATING PERMUTATION, TANGENT NuM- 
BER, ZIG NUMBER 


Zarankiewicz’s Conjecture 
The CrossiING NUMBER for a COMPLETE BIGRAPH is 


ni|jn-1l mj)|m—1 

Fallteree alee 
where [x] is the FLOOR FUNCTION. This has been 
shown to be true for all m,n < 7. Zarankiewicz has 
shown that, in general, the FORMULA provides an up- 
per bound to the actual number. 


see also COMPLETE BIGRAPH, CROSSING NUMBER 
(GRAPH) 


Zariski Topology 
A Topo.Locy of an infinite set whose OPEN SETS have 
finite complements. 


Zaslavskii Map 


The 2-D map 
+v(14+ pyn) + evpcos(2rz,)]} (mod 1) 


"lyn + €cos(272n)], 


En+1 = [tn 


Ynt1 =e 
where 
_ 1—-eF 
= T 


(Zaslavskii 1978). It has CORRELATION EXPONENT v = 
1.5 (Grassberger and Procaccia 1983) and CAPACITY 
DIMENSION 1.39 (Russell eé al. 1980). 
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Zassenhaus-Berlekamp Algorithm 


Zassenhaus-Berlekamp Algorithm 
A method for factoring POLYNOMIALS. 


Zeckendorf Representation 
A number written as a sum of nonconsecutive FI- 
BONACCI NUMBERS, 


where e, are 0 or 1 and 
Ckhek+1 = 0. 


Every POSITIVE INTEGER can be written uniquely in 
such a form. 


see also ZECKENDORF’S THEOREM 
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Zeckendorf’s Theorem 

The SEQUENCE {F;, —1} is COMPLETE even if restricted 
to subsequences which contain no two consecutive terms, 
where F,, is a FIBONACCI NUMBER. 


see also FIBONACCI] DUAL THEOREM, ZECKENDORF 
REPRESENTATION 
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Zeeman’s Paradox 

There is only one point in front of a PERSPECTIVE draw- 
ing where its three mutually PERPENDICULAR VANISH- 
ING POINTS appear in mutually PERPENDICULAR direc- 
tions, but such a drawing nonetheless appears realistic 
from a variety of distances and angles. 


see also LEONARDO’S PARADOX, PERSPECTIVE, VAN- 
ISHING POINT 
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Zeilberger’s Algorithm 1963 


Zeilberger’s Algorithm 

An ALGORITHM which finds a POLYNOMIAL recurrence 
for a terminating HYPERGEOMETRIC IDENTITIES of the 
form 


k 
k) T]?., (bin + bk + bY”)! 


k 


nr 


where ({) is a BINOMIAL COEFFICIENT, ai, aj, ai, bi, 


bi, b; are constant integers and a’, a}, bi’, bi, C, x, and 
z are complex numbers (Zeilberger 1990). The method 
was called CREATIVE TELESCOPING by van der Poorten 
(1979), and led to the development of the amazing ma- 
chinery of WILF-ZEILBERGER PAIRS. 


see also BINOMIAL SERIES, GOSPER’S ALGORITHM, Hy- 
PERGEOMETRIC IDENTITY, SISTER CELINE’S METHOD, 
WILF-ZEILBERGER PAIR 
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1964 Zeisel Number 

Zeisel Number 

A number N = pip2---pr (where the pis are distinct 
PRIMES) such that 


Pn = Apn-1i + B, 


with A and B constants and pp = 1. For example, 
1885 = 1-5-13-29 and 114985 = 1-5-13-29-61 
are Zeisel numbers with (A, B) = (2,3). 
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Zeno’s Paradoxes 
A set of four PARADOXES dealing with counterintuitive 
aspects of continuous space and time. 


1. Dichotomy paradox: Before an object can travel a 
given distance d, it must travel a distance d/2. In 
order to travel d/2, it must travel d/4, etc. Since this 
sequence goes on forever, it therefore appears that 
the distance d cannot be traveled. The resolution of 
the paradox awaited CALCULUS and the proof that 
infinite GEOMETRIC SERIES such as )>°, (1/2)' = 
can converge, so that the infinite number of “half- 
steps” needed is balanced by the increasingly short 
amount of time needed to traverse the distances. 


2. Achilles and the tortoise paradox: A fleet-of-foot 
Achilles is unable to catch a plodding tortoise which 
has been given a head start, since during the time 
it takes Achilles to catch up to a given position, the 
tortoise has moved forward some distance. But this 
is obviously fallacious since Achilles will clearly pass 
the tortoise! The resolution is similar to that of the 
dichotomy paradox. 


3. Arrow paradox: An arrow in flight has an instanta- 
neous position at a given instant of time. At that 
instant, however, it is indistinguishable from a mo- 
tionless arrow in the same position, so how is the 
motion of the arrow perceived? 


4. Stade paradox: A paradox arising from the assump- 
tion that space and time can be divided only by a 
definite amount. 


References 

Pappas, T. “Zeno’s Paradox—Achilles & the Tortoise.” The 
Joy of Mathematics. San Carlos, CA: Wide World Publ./ 
Tetra, pp. 116-117, 1989. 

Russell, B. Our Knowledge and the External World as a Field 
for Scientific Method in Philosophy. New York: Rout- 
ledge, 1993. 

Salmon, W. (Ed.). Zeno’s Paradoxes. New York: Bobs- 
Merrill, 1970. 

Stewart, I. “Objections from Elea.” In From Here to Infin- 
ity: A Guide to Today’s Mathematics. Oxford, England: 
Oxford University Press, p. 72, 1996. 

vos Savant, M. The World’s Most Famous Math Problem. 
New York: St. Martin’s Press, pp. 50-55, 1993. 


Zermelo-Fraenkel Axioms 


Zermelo’s Axiom of Choice 
see AXIOM OF CHOICE 


Zermelo-Fraenkel Axioms 

The Zermelo-Fraenkel axioms are the basis for 
ZERMELO-FRAENKEL SET THEORY. In the following, 
stands for ExisTs, € for “is an element of,” V for FoR 
ALL, => for IMPLIES, — for NoT (NEGATION), A for AND, 
V for OR, = for “is EQUIVALENT to,” and S denotes the 
union y of all the sets that are the elements of z. 


1. Existence of the empty set: JrVu-(u € a). 

2. Extensionality axiom: VzeVy(Vu(u € « = u € y) > 
r= y). 

3. Unordered pair axiom: VeVydzVu(u € z = u=a2Vv 
u=y). 

4, Union (or “sum-set”) axiom: VadyVu(u € y = 
du(uEvAvea)). 

5. Subset axiom: VadyVu(u € y = Vo(v Curve 

6. Replacement axiom: For any set-theoretic formula 


A(u,v), 


VuVoVw(A(u,v) A A(u,w) 4 v = w) 
+ VedyVo(u € y S du(u € eA Alu, v))). 


7. Regularity axiom: For any set-theoretic formula 
A(u), ar A(x) > Ja(A(x) A mAy(A(y) A y € 2)). 
8. AXIOM OF CHOICE: 


Va[Vu(u € x > Av(v E€ u)) 
AWWuVvu((ue crAvErA-u=v) 
> adw(w € uAw € v)) > Jyf{y C S(z) 
MWu(u E24 dz(zeuAzey 
MWw(weurw €y— w= z)))}) 


9. Infinity axiom: Ja(Ju(u € zr) AVu(u € x > Su(u € 
rAuCuAnv=u))). 


If Axiom 6 is replaced by 


6’. Axiom of subsets: for any set-theoretic formula A(u), 
VaeryVu(u € y= ue rr A(u)), 


which can be deduced from Axiom 6, then the set theory 
is called ZERMELO SET THEORY instead of ZERMELO- 
FRAENKEL SET THEORY. 


Abian (1969) proved CONSISTENCY and independence 
of four of the Zermelo-Fraenkel axioms. 


see also ZERMELO-FRAENKEL SET THEORY 
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Zermelo-Fraenkel Set Theory 


Zermelo-Fraenkel Set Theory 

A version of SET THEORY which is a formal system 
expressed in first-order predicate Locic. Zermelo- 
Fraenkel set theory is based on the ZERMELO-FRAENKEL 
AXIOMS. 

see also LOGIC, SET THEORY, ZERMELO-FRAENKEL 
AXIOMS, ZERMELO SET THEORY 


Zermelo Set Theory 
The version of set theory obtained if Axiom 6 of 
ZERMELO-FRAENKEL SET THEORY is replaced by 


6’. Axiom of subsets: for any set-theoretic formula A(u), 
Vetyvu(ue ye ue an A(u)), 


which can be deduced from Axiom 6. 
see also ZERMELO-FRAENKEL SET THEORY 
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Zernike Polynomial 

ORTHOGONAL POLYNOMIALS which arise in the expan- 
sion of a wavefront function for optical systems with cir- 
cular pupils. The ODD and EVEN Zernike polynomials 
are given by 


°Un' (0; %) _ pm, _y sin 
<U™(p, d) = R, () oo 5 (9) (1) 
with radial function 
(n—m)/2 
may (-1)'(n- 1)! n—2l 
Re(e)= D) iif +m) — iain —m) — I!” 


t=0 


(2) 


for n and m integers with n > m > 0 and n — m EVEN. 
Otherwise, 
Ry (p) = 0. (3) 


Here, ¢ is the azimuthal angle with 0 < ¢ < 27 and p 
is the radial distance with 0 < p < 1 (Prata and Rusch 
1989). The radial functions satisfy the orthogonality 
relation 


| RP (p)R™ (p)p dp = fo 


ee ame 
2(n + 1) 


where 6;; is the KRONECKER DELTA, and are related to 
the BESSEL FUNCTION OF THE FIRST KIND by 


2 In+i(v) 


v 


f R"(p)Jm(vp)p dp = (—1)"-™/ (5) 
0 


(Born and Wolf 1989, p. 466). The radial Zernike poly- 
nomials have the GENERATING FUNCTION 


=r 


[l+z—- 4/1 — 22( (1 — 2p?) + 2? ]™ 
(2zp)™ 4/1 — 2z(1 — 2p?) + 2? 


sli (p), 
(6) 


Zernike Polynomial 1965 
and are normalized so that 
A ayS4 (7) 


(Born and Wolf 1989, p. 465). The first few NONZERO 
radial polynomials are 


Ro(p) = 1 

Ri(p) = p 

R2(p) = 2p? - 1 
R3(p) =p” 

R3(p) = 3p* — 2p 
R3(p) = p® 


R5(p) = 6p* — 6p? +1 
Ri(p) = 4p* — 3p” 
Ri(p) = p* 

(Born and Wolf 1989, p. 465). 


The Zernike polynomial is a special case of the JACOBI 
POLYNOMIAL with 


PEM (2) = (-1)" SEE) (8) 
and 
x = 1 — 2p)? (9) 
B=0 (10) 
a=m (11) 
n' = i(n—m). (12) 


The Zernike polynomials: also satisfy the RECURRENCE 
RELATIONS 


pRn (p) = xn cyl” + m+ 2) BR (0) 
+(n—m)Re}(p)] (13) 
R™,5(p) = aoa { [acm + 1)p? - aon 
BUbsael Re (p) - 2 —™ Re 20) (14) 
_ Por emma ef et) eee een) 
R™(p) + RE*?(p) rate) = dp a) 


(Prata and Rusch 1989). The coefficients Aj’ and BY 
in the expansion of an arbitrary radia] function F(p, ¢) 
in terms of Zernike polynomials 


Co 


F(p,9) = 5) So[AR PUR (0, 6) + BY UR (0, 4)] 


(16) 


1966 Zernike Polynomial 


are given by 


go. = ot Uz(0,8) 
Bt ema ff ie Fle: ®) ery (p, 4) 0 ab a 
(17) 
where 
=, 1 _ 
Sees wa Bee «Gs) 
1 otherwise 
Let a “primary” aberration be given by 
ay ee ms (8, ¢)p” cos™ 6 (19) 


with 21+ m-+%7 = 4 and where Y* is the COMPLEX 
CONJUGATE of Y, and define 


Aimn =F QimnY; Ya (9, ¢), (20) 
giving 
d= A 5 AimnRy (p) cos(mé). (21) 


Then the types of primary aberrations are given in the 
following table (Born and Wolf 1989, p. 470). 


Aberration iomin_ia A’ 

spherical 0 4 O Abj4op* €Aoao R8(p) 
aberration 

coma 0 3 1 = Ajs,p? cos@ = =Ao31 R3(p) cos 8 

astigmatism 0 2 2 Ajsp? cos? @ Ao22R?2(p) cos(26) 

field curvature 1 2 O Abaop? €Aji20R3(p) 

distortion 1 1 #1 Ajy,pcosé Aiii R}(p) cos 6 


see also JACOBI POLYNOMIAL 
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Zero 


Zero 

The INTEGER denoted 0 which, when used as a counting 
number, means that no objects are present. It is the only 
INTEGER (and, in fact, the only REAL NUMBER) which 
is neither NEGATIVE nor POSITIVE. A number which is 
not zero is said to be NONZERO. 


Because the number of PERMUTATIONS of 0 elements is 
1, O! (zero FACTORIAL) is often defined as 1. This def- 
inition is useful in expressing many mathematical iden- 
tities in simple form. A number other than 0 taken to 
the PowER 0 is defined to be 1. 0° is undefined, but 
defining 0° = 1 allows concise statement of the beauti- 
ful analytical formula for the integral of the generalized 
SINC FUNCTION 


co . a 
sin® £ wT 
dz = 
ze 
0 


la/2J—e 


x » (1) (2) (a= 24)? ata ~ 24) 


given by Kogan, where a > b > c,c = a—b (mod 2), 
and |2| is the FLOOR FUNCTION. 


1—e(_)l(a—b)/2) 
28-<(b — 1)! 


The following table gives the first few numbers n such 
that n* contains no zeros, for small k. The largest known 
n for which 2” contain no zeros is 86 (Madachy 1979), 
with no other n < 4.6 x 10’ (M. Cook), improving the 
3.0739 x 10” limit obtained by Beeler et al. (1972). The 
values a(n) such that the positions of the right-most 
zero in 2“'") increases are 10, 20, 30, 40, 46, 68, 93, 95, 
129, 176, 229, 700, 1757, 1958, 7931, 57356, 269518, ... 
(Sloane’s A031140). The positions in which the right- 
most zeros occur are 2, 5, 8, 11, 12, 13, 14, 23, 36, 38, 
54, 57, 59, 93, 115, 119, 120, 121, 136, 138, 164, . 
(Sloane’s A031141). The right-most zero of 2781:717:865 
occurs at the 217th decimal place, the farthest over for 
powers up to 2.5 x 10°. 


i=" 
© 
ct 


k Sloane nsucht n” contains no 0s 

2 007377 1, 2, 3, 4, 5, 6, 7, 8,9, 13, 14, 15, 16,... 

3 030700 1, 2, 3, 4,5, 6, 7, 8, 9, 11, 12,13, 14,... 
4 030701 1, 2, 3, 4, 7, 8, 9, 12, 14, 16, 17, 18, 

5 008839 1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 17, 18, 30, eh 
6 030702 1, 2, 3, 4, 5, 6, 7, 8, 12, 17, 24, 29, 44, .. 
7 030703 1, 2, 3, 6, 7, 10, 11, 19, 35,... 

8 030704 1, 2, 3, 5, 6, 8, 9, 11, 12, 13, 17, 24, 27,... 
9 030705 1, 2, 3, 4, 6, 7, 12, 13, 14, 17, 34,... 
11 030706 1, 2, 3, 4, 6, 7, 8, 9, 12, 13, 14, 15, 16,... 


While it has not been proven that the numbers listed 

above are the only ones without zeros for a given base, 

the probability that any additional ones exist is van- 

ishingly small. Under this assumption, the sequence of 

largest n such that k” contains no zeros for k = 2, 3, 
. is then given by 86, 68, 43, 58, 44, 35, 27, 34, 0, 41, 
. (Sloane’s A020665). 


Zero Divisor 


see also 10, NAUGHT, NEGATIVE, NONNEGATIVE, NON- 
ZERO, ONE, POSITIVE, Two 
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Zero Divisor 

A NONZERO element x of a RING for which z-y = 0, 
where y is some other NONZERO element and the vec- 
tor multiplication z- y is assumed to be BILINEAR. A 
RING with no zero divisors is known as an INTEGRAL 
DOMAIN. Let A denote an R-algebra, so that A is a 
VECTOR SPACE over & and 


AxAOA 


(x, y) ro Dey. 
Now define 


Z={xeEA:x-y =0 for some NONZERO y € A}, 


where 0 € Z. A is said to be m-ASSOCIATIVE if there 
exists an m-dimensional SUBSPACE S of A such that 
(y:2)-z=y-(x-z) forally,z€ AandaeS. Ais said 
to be TAME if Z is a finite union of SUBSPACES of A. 
References 
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Zero (Root) 
see ROOT 


Zero-Sum Game 

A GAME in which players make payments only to each 
other. One player’s loss is the other player’s gain, so the 
total amount of “money” available remains constant. 


see also FINITE GAME, GAME 
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Zeta Fuchsian 


A class of functions discovered by Poincaré which are 
related to the AUTOMORPHIC FUNCTIONS. 


see also AUTOMORPHIC FUNCTION 


Zigzag Permutation 1967 


Zeta Function 

A function satisfying certain properties which is com- 
puted as an INFINITE SUM of NEGATIVE POWERS. The 
most commonly encountered zeta function is the RIE- 
MANN ZETA FUNCTION, 


¢(n) 


aS | 
De: 
k=1 


see also DEDEKIND FUNCTION, DIRICHLET BETA 
FUNCTION, DIRICHLET ETA FUNCTION, DIRICHLET 
E-SERIES, DIRICHLET LAMBDA FUNCTION, EPSTEIN 
ZETA FUNCTION, JACOBI ZETA FUNCTION, NINT ZETA 
FUNCTION, PRIME ZETA FUNCTION, RIEMANN ZETA 
FUNCTION 
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Zeuthen’s Rule 

On an ALGEBRAIC CURVE, the sum of the number of 
coincidences at a noncuspidal point C' is the sum of the 
orders of the infinitesimal distances from a nearby point 
P to the corresponding points when the distance PC is 
taken as the principal infinitesimal. 
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Zeuthen’s Theorem 

If there is a (v,v’) correspondence between two curves 
of GENUS p and p’ and the number of BRANCH POINTS 
properly counted are @ and #’, then 


B+ 2v'(p—1) = B’ + 2v(p' — 1). 


see also CHASLES-CAYLEY-BRILL FORMULA 
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Zig Number 

An OpD ALTERNATING PERMUTATION number, more 
commonly called an EULER NUMBER or SECANT Num- 
BER. 


see also ALTERNATING PERMUTATION, EULER NuM- 
BER, ZAG NUMBER 


Zig-Zag Triangle 
see also SEIDEL-ENTRINGER-ARNOLD TRIANGLE 


Zigzag Permutation 
see ALTERNATING PERMUTATION 


1968 Zillion 

Zillion 

A generic word for a very LARGE NUMBER. The term 
has no well-defined mathematical meaning. Conway and 
Guy (1996) define the nth zillion as 10°"+3 in the Ameri- 
can system (million = 10°, billion = 10°, trillion = 107”, 
...) and 10°” in the British system (million = 10°, 
billion = 107°, trillion = 1018, ...). Conway and Guy 
(1996) also define the words n-PLEX and n-MINEX for 
10” and 10~”, respectively. 


see also LARGE NUMBER 
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Zipf’s Law 

In the English language, the probability of encountering 
the rth most common word is given roughly by P(r) = 
0.1/r for r up to 1000 or so. The law breaks down for less 
frequent words, since the HARMONIC SERIES diverges. 
Pierce’s (1980, p. 87) statement that )* P(r) > 1 for 
r = 8727 is incorrect. Goetz states the law as follows: 
The frequency of a word is inversely proportional to its 
RANK r such that 


1 


EOVS rin(1.78R)’ 


where R is the number of different words. 


see also HARMONIC SERIES, RANK (STATISTICS) 
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Zollner’s Illusion 


In this ILLUSION, the VERTICAL lines in the above figure 
are PARALLEL, but appear to be tilted at an angle. 


see also ILLUSION 
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Zonal Harmonic 

A SPHERICAL HARMONIC which is a product of factors 
linear in x”, y?, and z?, with the product multiplied by 
z when n is ODD. 


see also TESSERAL HARMONIC 


Zonohedron 


Zone 


The SURFACE AREA of a SPHERICAL SEGMENT. Call the 
RapIus of the SPHERE R, the upper and lower RADII 
b and a, respectively, and the height of the SPHERICAL 
SEGMENT h. The zone is a SURFACE OF REVOLUTION 
about the z-AXIS, so the SURFACE AREA is given by 


saan fe 1+ a2!? dz. (1) 
In the xz-plane, the equation of the zone is simply that 
of a CIRCLE, 
z= VR? — z?, (2) 
so 
a’ = —2(R? — 27)71/? (3) 
2 
12 z 
and 


4/ R2 —b2 aa 
V R? 244 [Lb jpop 
4/ R2—~—a2 = 


S = 20 
4/ R2—~b2 
=2ne | dz = 27 R(\/ R? — b? — / R? - a?) 
a/R? —a2 
= 27Rh. (5) 


This result is somewhat surprising since it depends only 
on the height of the zone, not its vertical position with 
respect to the SPHERE. 


see also SPHERE, SPHERICAL CAP, SPHERICAL SBEG- 
MENT, ZONOHEDRON 
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Zonohedron 

A convex POLYHEDRON whose faces are PARALLEL-sided 
2m-gons. There exist n(n — 1) PARALLELOGRAMS in a 
nonsingular zonohedron, where n is the number of differ- 
ent directions in which EDGES occur (Ball and Coxeter 


Zonotype 


1987, pp. 141-144). Zonohedra include the CUBE, EN- 
NEACONTAHEDRON, GREAT RHOMBIC TRIACONTAHE- 
DRON, MEDIAL RHOMBIC TRIACONTAHEDRON, RHOM- 
BIC DODECAHEDRON, RHOMBIC ICOSAHEDRON, RHOM- 
BIC TRIACONTAHEDRON, RHOMBOHEDRON, and TRUN- 
CATED CUBOCTAHEDRON, as well as the entire class of 
PARALLELEPIPEDS. 


Regular zonohedra have bands of PARALLELOGRAMS 
which form equators and are called “ZONES.” Eyvy- 
ery convex polyhedron bounded solely by PARALLELO- 
GRAMS is a zonohedron (Coxeter 1973, p. 27). Plate 
II (following p. 32 of Coxeter 1973) illustrates some 
equilateral zonohedra. Equilateral zonohedra can be 
regarded as 3-dimensional projections of n-D HYPER- 
CUBES (Ball and Coxeter 1987). 


see also HYPERCUBE 
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Zonotype 
The MINKOWSKI SUM of line segments. 


Zorn’s Lemma 

If S is any nonempty PARTIALLY ORDERED SET in 
which every CHAIN has an upper bound, then S has 
a maximal element. This statement is equivalent to the 
AXIOM OF CHOICE. 


see also AXIOM OF CHOICE 


Zsigmondy Theorem 

If 1 <6 < aand (a,b) = 1 (i-e., a and b are RELATIVELY 
PRIME), then a” — 6” has a PRIMITIVE PRIME FACTOR 
with the following two possible exceptions: 


12° = 1%: 
2.nr=2anda+b is a POWER of 2. 


Similarly, if a > b > 1, then a” + b” has a PRIMITIVE 
PRIME FACTOR with the exception 2? + 1° = 9. 
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